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The high complexity of many-body quantum dynamics means that essentially all analytical or numerical
approaches either exploit special structure or are approximate in nature. One such approach—the memory
function formalism—involves a carefully chosen split into “fast” and “slow” modes. An approximate
model for the fast modes can then be used to solve for Green’s functions GðzÞ of the slow modes, and the
success of this approach depends on the accuracy of the fast space approximation. Using a formulation in
operator Krylov space known as the recursion method, we prove the emergence of a universal random
matrix description of the fast mode dynamics. This is captured by the “level-n Green’s function” GnðzÞ,
which we show approaches universal scaling forms in the “fast limit” n → ∞. Notably, this emergent
universality can occur in both chaotic and nonchaotic systems, provided their spectral functions are
sufficiently smooth. This universality of GnðzÞ turns out to be precisely analogous to the universality of
eigenvalue correlations in random matrix theory (RMT), even though there is no explicit randomness
present in the Hamiltonian. Concretely, at finite z we show that GnðzÞ approaches the Wigner semicircle
law, while if GðzÞ is the Green’s function of certain hydrodynamical variables, we show that at low
frequencies GnðzÞ is instead governed by the Bessel universality class from RMT. As an application of this
universality, we give a new numerical method, the spectral bootstrap, for approximating spectral functions,
including hydrodynamic transport data, from a finite number of Lanczos coefficients. Our proof involves a
map to a Riemann-Hilbert problem which we solve using a steepest-descent-type method, rigorously
controlled in the n → ∞ limit. Via the steepest-descent procedure, we are led to a related Coulomb gas
optimization problem, and we discuss how a recent conjecture—the “Operator Growth Hypothesis”—
implies that chaotic operator dynamics can generically be identified with the critical point of a confinement
transition in this Coulomb gas. These results elevate the recursion method from a useful numerical
technique to a theoretically principled framework with universal content.
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I. INTRODUCTION

Improvements in our understanding of many-body
quantum systems can inform the development of new
numerical algorithms to simulate them. For example, the
realization that gapped 1D ground states have area law
entanglement [1] justifies the great success of variational
tensor network algorithms [2]. Moving beyond ground
states, the study of many-body quantum dynamics presents
a long-standing challenge. Due to the rapid growth of
entanglement for generic interacting systems [3], the
memory requirements for faithful tensor network descrip-
tions typically grow exponentially in time [4]. Given this
difficult state of affairs, it is worth asking: are there
universal features of many-body quantum dynamics, and
if so, how can we utilize this universality to design better
algorithms?
Recently an array of algorithms have been proposed that

apply new insights from quantum information and quantum
chaos to the old problem of hydrodynamics [5–15]. These
algorithms work by discarding information about a time-
evolved quantum operator that can only be detected using
very nonlocal probes, like high-order correlation functions.

If one is primarily interested in physics described by low-
order correlation functions, like linear response hydro-
dynamics, then such approximations can be worthwhile in
order to reduce computational requirements. To develop
intuition for why this could work, consider the autocorre-
lation function CðtÞ ¼ (O0jO0ðtÞ) of a normalized local
operator O0 evolving in the Heisenberg picture as O0ðtÞ ¼
eiHtO0e−iHt, and for simplicity let us work at infinite
temperature so that ðAjBÞ ¼ tr½A†B�=tr½1�. The correlation
function gives the probability amplitude at time t for the
time-evolved operator to return to its starting point—that is,
it measures the operator “backflow.” Decomposing O0ðtÞ
as a superposition over operator paths, the dominant paths
that contribute to CðtÞ are those that involve only “simple”
local operators [13,16]. The intuition is that, at least for
ergodic dynamics, once an operator becomes sufficiently
non-local, it is very unlikely to shrink down to a small
operator again, and will therefore give a negligible con-
tribution to CðtÞ. This suggests that one should be able to
neglect such nonlocal operator histories while incurring
only a small error in CðtÞ. Where these algorithms differ is
in precisely how they choose to discard or approximate
these nonlocal operators.
In this paper we give a new approach to systematically

approximate the contributions from complicated operator
paths. Our approach exploits an emergent random-matrix
like universality of quantum operator dynamics. As well as
having a practical application in estimating Green’s func-
tions, this therefore also yields a new connection between
quantum operator dynamics and random matrix theory. Our
results can be phrased in the language of a standard tool
from hydrodynamics, the Mori-Zwanzig memory function
formalism [17–19]. Given a Hamiltonian H and an initial
operator O0, consider the Green’s function

GðzÞ ¼
�
O0

���� 1

z − L

����O0

�
; ð1Þ

where Lð·Þ ¼ ½H; ·� is the Liouvillian, and we are using
a vectorized notation for operators, O0 ↔ jO0). At the
level of linear response, this Green’s function describes
the system’s behavior under a perturbation generated
by O0 [19]. In order to link theoretical models with
experimental measurements, it is therefore of strong inter-
est to be able to compute objects likeGðzÞ. However, doing
this analytically is usually intractable for generic interacting
systems, and even numerically it remains challenging to
compute exactly when the system is large or the frequency
z is small, so some approximate treatment is required.
The memory function formalism gives a framework in

which to approximately calculate GðzÞ by separating
operators into “fast” and “slow” modes, according to some
choice (to be discussed below). The internal dynamics of
the fast modes is approximated by making some assump-
tions about correlation functions between fast operators,
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e.g., that they decay exponentially in time. Having reduced
this complicated operator dynamics down to the specifi-
cation of a few free parameters, like exponential decay
rates, this fast mode approximation can then be used to
close the equations of motion for the slow modes, allowing
for an evaluation of their Green’s functions. The effective-
ness of this approach depends on

(i) Making a judicious choice of fast and slow modes.
(ii) The accuracy of the approximation for the fast mode

dynamics.
Given the generality of this framework, there are a

number of reasonable schemes one could choose to define
the fast and slow modes. One approach is “hydrodynamic,”
where the slow modes are taken to be those operators that
overlap with any conserved quantities related to sym-
metries of H [19]; they are slow in the sense that their
correlation functions typically decay algebraically in time,
as opposed to superpolynomial decay for nonconserved
operators. This is physically well motivated, but requires a
degree of physical insight, particularly if the symmetries
are not obvious, such as in integrable systems [20].
We will take a different approach, which in modern

language can be thought of in terms of “operator complex-
ity,” although its origins date back to the 1970s [21]. It can be
motivated by formally expanding the resolvent ðz − LÞ−1 in
Eq. (1), from which we see that GðzÞ will contain con-
tributions from operator paths involving operators of the
formLnjO0), n ¼ 0; 1;…. Generically, the higher the power
of n, the more “complicated” and nonlocal these operators
become. The rough intuition is that, as these operators
become more nonlocal, their internal dynamics becomes
faster (this will later be made sharp). One then chooses the
slow space to consist of those operators that can be generated
by acting only n < nmax times with the Liouvillian L, up to
some nmax dictated by computational constraints.
To make this precise, one first forms an orthonormal

basis of the operator Krylov space spanned by the operators
fLnjO0Þg∞n¼0. If L is self-adjoint, this orthogonalization is

called the Lanczos algorithm, but it is really just Gram-
Schmidt orthogonalization on the Krylov space [22]. This
produces two outputs: an orthonormal operator basis
fOng∞n¼0, called the Lanczos basis, and a set of non-
negative real numbers fbng∞n¼1, called the Lanczos coef-
ficients. The Lanczos coefficients have a simple origin:
they are just the Gram-Schmidt normalization constants.
But they play a privileged role, because it turns out that the
matrix representation of the Liouvillian L restricted to the
Lanczos basis is a tridiagonal matrix, where the nonzero
matrix elements are given by the Lanczos coefficients:

L ¼

0BBBBBBBB@

0 b1 0 0 � � �
b1 0 b2 0 � � �
0 b2 0 b3 � � �

0 0 b3 0 . .
.

..

. ..
. ..

. . .
. . .

.

1CCCCCCCCA
: ð2Þ

This matrix can be thought of as a Hamiltonian for an
effective 1D hopping model, where the sites of the chain are
the basis operators On, and the hopping strengths are given
by the Lanczos coefficients [see Fig. 1(a)]. The operator
dynamics can then be visualized as the evolution of a
single-particle wave function O0ðtÞ on this 1D operator
chain. One can associate a notion of operator complexity
with this evolution through, say, its average position
KðtÞ ¼P∞

n¼0 n × jðOnjO0ðtÞÞj2 along the Lanczos chain.
This is known as “operator Krylov complexity,” as intro-
duced in Ref. [11], and has seen a large amount of interest
as a tractable measure of operator complexity [23].
Reference [24] proved there is a natural sense in which
the Lanczos basis is the “minimal complexity” basis, at
least at early times. See Ref. [23] for a review of Krylov
complexity, and Ref. [25] for a more general review of
quantum dynamics in Krylov space.

(a) (b)

FIG. 1. (a) The semi-infinite 1D operator chain produced by the Lanczos algorithm. The level-n Green’s function GnðzÞ ¼
ðOnjðz − LnÞ−1jOnÞ is the effective Green’s function for operator dynamics restricted to operators On and above, which we call the fast
space (indicated by the dashed box). A good model for the fast space dynamics encoded inGnðzÞ can be used to estimate the full Green’s
function GðzÞ via the continued fraction in Eq. (3). Intuitively, GnðzÞ captures the “backflow” (indicated by the curved arrow) from the
fast space to the slow space. (b) We prove that GnðzÞ approaches universal scaling forms as n → ∞, with different limits for different
regions of the complex z plane. The most prominent example is that GnðzÞ approaches the Wigner semicircle law in the bulk of the
spectrum, but there can be different behavior near the origin and the spectral edge. This emergent universality is precisely analogous to
the universality of eigenvalue correlations of random matrices, even though there is no explicit randomness here. For illustration we
show only the first quadrant, with the other quadrants obtained by reflection about the axes. Here δ0 and δ1 are small Oð1Þ constants in
units of the microscopic couplings, and βn ≈ 2bn determines the bandwidth of the bulk spectrum.
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Returning to the memory function formalism, having
formed this orthonormal operator basis, we take the fast
space to be the span of fOmgm≥n for some large n, with
orthogonal fast space projectorQn ≔ 1 −

P
n−1
m¼0 jOmÞðOmj.

One useful output of this choice is a continued fraction
representation for the original Green’s function [26]:

GðzÞ ¼ 1

z − b2
1

z−��� � � � − b2n−1
z−b2nGnðzÞ:

ð3Þ

The function GnðzÞ appearing at level n of the continued
fraction is known as the level-n Green’s function, and is
defined as

GnðzÞ ≔
�
On

���� 1

z − Ln

����On

�
; ð4Þ

where Ln ¼ QnLQn is the Liouvillian restricted to the fast
space, corresponding to the lower right block of the
tridiagonal matrix in Eq. (2). As such, GnðzÞ is a Green’s
function representing the internal dynamics of the fast
space. In terms of the 1D hopping model, it describes
dynamics restricted to sites n and above, indicated by the
boxed region in Fig. 1(a). The continued fraction repre-
sentation shows that, if one can accurately describe the fast
space dynamics, then one can leverage this to estimate the
full many-body Green’s function GðzÞ. Choosing such an
appropriate “terminator” for GnðzÞ forms the basis of a
numerical approach called the recursion method [26].

A. Relation to previous work

The foundations of the recursion method were developed
in the 1970s–1990s [21,26–28]. Making a good choice for
GnðzÞ is key to the success of the method, and the nature of
the continued fraction means this is more nontrivial than,
say, simply setting GnðzÞ ¼ 0 like one might truncate a
Taylor series (indeed, this is a very poor approximation
[26]). It was quickly recognized that this choice for GnðzÞ
should be dictated by various “high-level” features of the
underlying spectral function

ΦðωÞ ≔
Z
R
e−iωtðO0jO0ðtÞÞdt; ð5Þ

such as its behavior at high and low frequencies, and any
gaps in the spectrum. The relevance of ΦðωÞ is that it turns
out to completely determine all the properties of the
Lanczos basis (see Secs. II B and III). To some degree,
the original practice of the recursion method consisted of
finding a toy spectral function with similar high-level
features to those expected of ΦðωÞ on physical grounds,
but having analytically computable Lanczos coefficients

and Green’s function, which could then be used to
terminate the continued fraction [26]. This procedure is
not systematic, and depends heavily on the existence of an
appropriate solvable toy model, which is not always
available. A central goal of our work is to put the recursion
method on a more systematic footing, with a particular
focus on computing hydrodynamic transport coefficients
by estimating ΦðωÞ at low frequencies.
The recursion method received renewed attention in the

late 2010s during an explosion of interest in operator
dynamics and scrambling [29], prompted by questions
related to the black hole information paradox [30–32] and
the dynamics of quantum many-body systems [33,34]. In
particular, Ref. [11] stated the “operator growth hypoth-
esis” (OGH). The OGH conjectures that one characteristic
of quantum chaotic systems is that operators grow as fast
as possible, limited only by the locality of interactions.
Locality places an upper limit on operator growth by
bounding the possible number of operator trajectories.
The OGH can be formulated precisely as the statement
that, in a generic quantum chaotic system, the Lanczos
coefficients bn grow linearly as n → ∞ (with a logarithmic
correction in one dimensional systems). This is the fastest
possible growth rate in lattice systems with a local
Hamiltonian [11]. Under mild assumptions on the spectral
function ΦðωÞ, linear growth of bn is implied by ΦðωÞ
decaying exponentially as jωj → ∞ [35]; that is, the OGH
is a statement about high-frequency behavior. Although this
upper bound on bn does seem to be saturated in many
quantum chaotic systems [11], it turns out that some non-
chaotic systems also saturate the upper bound [36–38], so
satisfying the OGH can be seen only as a necessary but not
sufficient requirement for a system to be considered
quantum chaotic.
A challenging aspect of the recursion method is that,

while high-frequency features are clearly reflected in the
gross structure of the Lanczos coefficients, the imprints of
low-frequency behavior are reflected in finer structure.
Various solvable models have helped decode how different
low-frequency phenomena are exhibited in subleading
effects, particularly in differences between the Lanczos
coefficients for odd and even n, referred to as “staggering.”
Reference [26] shows some examples where the spectral
function ΦðωÞ has a power law at low frequencies,
Φðω → 0Þ ∼ jωjρ, and how the value of ρ shows up in the
coefficient of a subleading staggered term in the Lanczos
coefficients. Other authors have studied the signatures of
long-lived zero modes [39–42], many-body localization
[43], and mass gaps in quantum field theories [44].
Motivated by the OGH, Ref. [11] provides an exactly

solvable spectral function with asymptotically linear
Lanczos coefficients, and uses this model as a terminator
for GnðzÞ in order to estimate the energy diffusion constant
of the chaotic mixed field Ising model (see also
Refs. [45,46] for similar approaches). This toy spectral
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function was effectively chosen only to match the high-
frequency behavior of ΦðωÞ through the linear growth of
Lanczos coefficients. But the relation between GðzÞ and
GnðzÞ in the continued fraction in Eq. (3) holds pointwise
in the frequency z, so it is a priori unclear why a choice of
GnðzÞ catered to the high-frequency behavior should have
been successful at reproducing a low-frequency property like
a diffusion constant. We address this question in Sec. VI.
While these solvable examples are illustrative, there are

relatively few general results proving a definitive link
between a given low-frequency feature and its signature
in Lanczos space. Such results would be valuable for
laying solid foundations for new numerical methods.
Most existing general results are limited to spectral func-
tions with finite bandwidth [47,48], corresponding to
Lanczos coefficients with bounded growth—these results
are appropriate for non-interacting systems [26] and finite-
size systems. By contrast, interacting systems have spectral
functions with infinite support in the thermodynamic
limit [26], corresponding to Lanczos coefficients with un-
bounded growth, and rigorous results [49] on these systems
are rare and usually disconnected from the recursion method
literature. Within this class, results on systems with asymp-
totically linear Lanczos coefficients—the generic case
according to the OGH—are even more technically chal-
lenging, because these systems turn out to be “marginal”
[50,51] in a sense we will describe in Secs. II D and II G, and
this marginality makes proofs particularly delicate.
Assuming only a few physically motivated conditions on

ΦðωÞ, stated in Sec. IV, one of our main results is that, as
n → ∞, GnðzÞ approaches universal scaling forms, to be
discussed further in Secs. II A and VI. This universality can
then be exploited to estimate the original Green’s function
GðzÞ. As we will explain in Sec. II C, the universality of
GnðzÞ turns out to be precisely analogous to the universality
of eigenvalue correlations of n × n random matrices.
Importantly, our assumptions on the spectral function
include the generic case of linearly growing Lanczos co-
efficients, and much of the technical work in our proof is
targeted at this case. One notable difference from previous
approaches based on the recursion method [45,46,52] is
that we explicitly consider the role of conservation laws in
determining the operator backflow encoded in GnðzÞ. This
is particularly relevant for spectral functionsΦðωÞ that have
power-law divergences as ω → 0, which we show leads to
a new “Bessel universality class” describing the behavior
of GnðzÞ near z ¼ 0. Not accounting for this modified
universality can lead to erroneous estimates of the spectral
function at low frequencies, as we discuss in Sec. IX. These
results thus give a principled theoretical framework for
numerical approaches based on the recursion method.
The appearance of random matrix theory (RMT) in this

context may seem surprising a priori, since we did not
explicitly impose any randomness in either the Hamiltonian
H or the initial operator O0. Of course, RMT is also very

well studied in the context of quantum chaos [53], where it
is conjectured that quantum chaotic systems have energy
eigenvalue statistics that can be described in terms of
random matrix ensembles. A natural question to ask is
whether the RMT universality we discuss here is related to
the appearance of RMT in quantum chaos, and we delineate
the differences in Sec. II E. Connections between the
Lanczos algorithm and random matrix theory were also
discussed in Ref. [54], but not with a focus on universality
akin to that of eigenvalue correlations, as we discuss here;
instead they focused on the resulting Lanczos coefficients
when H itself is a random matrix.
At a higher level, the recursion method is one of a number

of approaches that seek to simplify quantum operator dyna-
mics by somehow approximating the contributions from
nonlocal operators. Some approaches, including dissipation-
assisted operator evolution (DAOE) [5,13,15,55] and density
matrix truncation (DMT) [10], suppress nonlocal operators
based on a fairly explicit notion of weight or size. The
recursion method is distinct from these approaches in that
it seeks to approximate, rather than explicitly discard, the
contributions from nonlocal operators On≫1. In this sense it
has parallels with local information time evolution (LITE)
[7,8], but there are also moral similarities with DAOE and
DMT since the common assumption is that the contributions
from nonlocal operators should be “small” in some sense.
One advantage of the Lanczos setting is that it has enough
mathematical structure that one can really prove rigorous
results about the “operator backflow” that is the subject of
these approximations. Furthermore, we view the recursion
method not as a direct competitor to those approaches but
rather as complementary, and we discuss in Sec. II H how
one might utilize a “DAOE-enhanced” Lanczos algorithm to
improve the rate of convergence with n for estimates of
hydrodynamic transport coefficients.

II. SYNOPSIS

A. Emergent universality in the n → ∞ limit

When the memory function formalism was first devel-
oped it was hoped that, if n is sufficiently large, then all
non-universal features of the original dynamical problem
would be filtered out into the coefficients fbng, and then
the level-n Green’s function GnðzÞ could be approximated
by assuming it is ultra short-range correlated in time, which
amounts to setting GnðzÞ to be constant [19,26]. In certain
cases this turns out to be well founded. As discussed in
Sec. VI, one of our main results is that, as n → ∞, for z in
the “bulk” of the spectrum, GnðzÞ approaches the Wigner
semicircle law:

GnðzÞ ≈
2

β2n

�
z −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
zþ βn

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
z − βn

p �
: ð6Þ

Here βn is an effective n-dependent frequency bandwidth
approximated by βn ≈ 2bn as n → ∞, and bulk means
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jzj > δ0 and jz=βn � 1j > δ1 for some smallOð1Þ constants
δ0, δ1 in units of the microscopic couplings [see Fig. 1(b)].
That this should be called a semicircle is perhaps clearer
from considering the corresponding bulk spectral function,

ΦnðωÞ ¼ 2 Im ½Gnðω − i0þÞ� ≈ 4

βn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðω=βnÞ2

q
: ð7Þ

Note that this semicircle form of GnðzÞ is identical to the
average global resolvent ð1=nÞtr½1=ðz −MÞ�—which enc-
odes dynamics in randommatrix theory—for random n × n
matrices M drawn from the Gaussian unitary ensemble
[56], rescaled so that the bulk eigenvalue spectrum corre-
sponds to the interval ½−βn; βn�. Thus we see the emergence
of random matrix universality—even though there is no
explicit randomness present—in the bulk frequency profile
of the “fast space” operator dynamics, i.e., restricted to
fOmgm≥n. Since the bandwidth scales like βn ≈ 2bn to
leading order in n, if the Lanczos coefficients grow
indefinitely, bn → ∞, we conclude that GnðzÞ ≈�2i=βn þ
Oðz=β2nÞ is approximately constant to leading order in z=βn,
thereby justifying the assumption of short-range time
correlations as n → ∞. This also provides a precise sense
in which the large-n dynamics are “fast,” since GnðzÞ ¼
Oð1=βnÞ tends to zero as n → ∞.
For spectral functions ΦðωÞ that are complex analytic at

ω ¼ 0, corresponding to autocorrelation functions CðtÞ,
that decay exponentially in time, we further show that this
semicircle behavior persists all the way down to zero fre-
quency. We conjecture that this remains true even if CðtÞ
decays algebraically, provided it is faster than 1=t—but that
there is a slower decay of the finite-n correction to the
semicircle law in this case. This conjecture is based on
similar asymptotic analysis in prior work [57], which
demonstrated how the assumed degree of differentiability
affects the scaling of the error term, not the leading term.
We note that the appearance of theWigner semicircle law

in the level-n Green’s function GnðzÞ was recognized by
Ref. [58], but only in the context of a finite-dimensional
system where n is so large that the Lanczos coefficients
have plateaued (typically this happens once n is of order the
system size), so they can utilize rigorous results from
Ref. [59]. Our analysis is instead focused on interacting
systems in the thermodynamic limit, where the Lanczos
coefficients will generically grow indefinitely. We show
that it is the n → ∞ limit (i.e., not the plateau itself), which
results in emergent random matrix universality. Besides the
interpretational difference, this is relevant for numerical
applications to interacting systems, where one will generi-
cally not see a plateau without incurring finite-size effects.
When the autocorrelation function CðtÞ decays as a

power-law slower than 1=t, this results in power-law
behavior of GnðzÞ near z ¼ 0, so that the semicircle form
is no longer appropriate. Such power-law decay in CðtÞ is
typical if the initial operator overlaps with a conserved

quantity with sufficiently slow transport, say diffusive in
one dimension [19]. With hydrodynamics in mind, one of
our principal goals will be to characterize how signatures of
the long-time behavior of the autocorrelation function CðtÞ
imprint themselves on the Lanczos basis, and in turn how
this affects the operator backflow encoded in the Green’s
functions GnðzÞ. When the spectral function behaves like a
power law at low frequencies, we show that this modifies
the behavior of GnðzÞ for z → 0, such that the semicircle
form breaks down, and GnðzÞ instead has an explicit
expression in terms of Bessel functions (see Sec. VI B).
This is a reflection of “Bessel universality” that governs the
low frequency behavior (see Fig. 1). With these fingerprints
of low-frequency behavior in hand, we show how to
approximate low-frequency data like hydrodynamic trans-
port coefficients, using only a finite number of Lanczos
coefficients as input (see Sec. VIII). We benchmark this
approach on a range of physical models, including the
mixed field Ising model and the XXZ spin chain, finding
results that are competitive with tensor network methods.
Finally, for frequencies near the edge of the spectrum

z ¼ �βn, there is a third “Airy” universality class [see
Fig. 1(b)], so-called because GnðzÞ approaches a universal
scaling form in terms of Airy functions (see Sec. VI C).
This is analogous to the modified behavior of eigenvalue
correlations near the edge of the spectrum of a random
matrix [60]. In Sec. S6 we also show how to utilize this
Airy universality to estimate spectral functions at very high
frequencies.

B. Orthogonal polynomials and large-n expansions

Our proof makes use of some powerful machinery from
complex analysis, developed in the study of orthogonal
polynomials [61–67]. This is relevant because the Lanczos
algorithm can be naturally phrased in the language of
orthogonal polynomials (see Sec. III). Indeed, the nth
Lanczos basis operator jOn) is given by

jOnÞ ¼ pnðLÞjO0Þ; ð8Þ

where the polynomials pnðωÞ are orthonormal with respect
to the spectral function, i.e.,Z

R
pmðωÞpnðωÞ

ΦðωÞ
2π

dω ¼ δmn: ð9Þ

One can similarly write an expression for the level-n
Green’s function GnðzÞ in terms of these orthogonal
polynomials [see Eq. (10)]. The complex analytic machi-
nery works by devising a Riemann-Hilbert problem whose
solution encodes essential data about these orthogonal
polynomials with respect to ΦðωÞ, which in turn gives
us information about the Lanczos basis (see Sec. S2 for
details [68]). The advantage of this formulation is that it
permits approximate solutions, controlled in the limit
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n → ∞, even without knowing the explicit form of the
spectral function ΦðωÞ. Instead one only needs to know
some “high level” features of ΦðωÞ, like its rate of decay at
high frequencies, and whether it has a power-law at low
frequencies. Then one can use a technique similar to
steepest descent to obtain a 1=n expansion of the poly-
nomials pnðωÞ (Secs. VIII and IX), the recurrence coef-
ficients bn (Theorem 1), the level-n Green’s function GnðzÞ
(Sec. VI), and other related quantities. We remark that the
n → ∞ limit is quite natural, in the sense that we expect the
operator Krylov space K ¼ spanfLnO0gn≥0 to be infinite
dimensional in the thermodynamic limit, for generic local
operators O0 and generic Hamiltonians. This provides one
with the means to perform a large-n expansion of the
operator dynamics, even when there is no explicit large
parameter in the Hamiltonian.
Since this steepest descent approach involves deforma-

tion of contours into the complex plane, our proof tech-
nique requires us to make some assumptions about the
complex analytic structure of the spectral function ΦðωÞ
near the real frequency axis; this is the main technical
caveat to our work, and we discuss it in more detail in
Secs. IV and IV C. However, numerical evidence suggests
that some of our results may remain valid, at least to leading
order in n, assuming only weaker conditions than analy-
ticity, such as differentiability of ΦðωÞ. Indeed, a recent
breakthrough result in random matrix theory proved uni-
versality assuming only a very mild local continuity
condition [69], and it would be interesting to see if these
techniques could be adapted for our purposes. Finally, we
emphasize that the Riemann-Hilbert formulation is used
only for the proof, and readers only interested in practical
applications do not need to make use of it.

C. Lanczos dynamics and random matrix universality

As previously discussed, one of our main results is that,
as n → ∞, the level-n Green’s function GnðzÞ approaches
universal scaling forms, the most prominent example being
the Wigner semicircle law for z in the bulk of the spectrum.
In what follows, we will discuss how the universality of
GnðzÞ and related quantities is analogous, in a precise
sense, to the universality of eigenvalue correlations of
random matrices. Mathematically, this shared universality
can be understood from the fact that both Lanczos operator
dynamics and random matrix theory can be formulated in
the language of orthogonal polynomials. These polyno-
mials themselves exhibit universal scaling forms in the
n → ∞ limit, which then implies universality in both
Lanczos operator dynamics and random matrix theory.

While these formulations in terms of orthogonal polyno-
mials are well known to practioners of both fields, it is
worth spelling out how they work in some detail.
In the Lanczos context, we already saw the connection

with orthogonal polynomials in Eqs. (8) and (9): the nth
Lanczos operator On can be written in terms of the nth
orthogonal polynomial pnðωÞ with respect to the spectral
function ΦðωÞ ¼ RR e−iωtCðtÞdt. To get from there to the
level-n Green’s function, one can employ the useful
identity [59]

GnðzÞ ¼
1

bn

CnðzÞ
Cn−1ðzÞ

;

where CnðzÞ≡
Z
R

pnðωÞ
z − ω

ΦðωÞ
2π

dω: ð10Þ

Unfortunately, GnðzÞ does not, in general, have an inter-
pretation as a simple low-order correlation function of a
random matrix ensemble. In that sense, the result for the
bulk of the spectrum is a special case—albeit one that
applies almost everywhere in the complex z plane—where
GnðzÞ approaches the Wigner semicircle law, and can
then indeed be identified with a simple RMT correlation
function. But nonetheless, even away from the bulk, GnðzÞ
does still approach universal scaling forms, which can be
understood in terms of universality of the orthogonal
polynomials pnðωÞ in the n → ∞ limit.
In the random matrix theory context, orthogonal poly-

nomials provide a useful tool for computing eigenvalue
correlation functions [70]. Consider an ensemble of n × n
random Hermitian matrices M with probability density
PðMÞ ∝ expð−tr½QðMÞ�Þ, for some function Q called the
potential. The Gaussian unitary ensemble (GUE) corre-
sponds to QðxÞ ¼ x2, but it can be useful to consider more
general functions Q to introduce correlations between
matrix elements. One can instead consider the distribution
on the eigensystem ofM rather than its matrix elements; for
general Q, integrating out the eigenvectors produces a
distribution on the eigenvalues given by

PQðλ1;…; λnÞ ∝
 Y

i<j

jλi − λjj2
!Y

i

e−QðλiÞ; ð11Þ

resulting in the familiar Vandermonde determinantQ
i<j jλi − λjj2 responsible for eigenvalue repulsion. It is

then natural to consider the k-point eigenvalue correlation
function Rkðλ1;…; λkÞ defined by

Rkðλ1;…; λkÞ ¼
n!

ðn − kÞ!
Z
R
� � �
Z
R
PQðλ1;…; λk; λkþ1;…; λnÞdλkþ1 � � � dλn: ð12Þ
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The key fact linking RMT and orthogonal polynomials is
that Rk can be expressed as a k × k matrix determinant,

Rkðλ1;…; λkÞ ¼ det
h
ðK̂nðλi; λjÞÞ1≤i;j≤k

i
; ð13Þ

where each matrix element is given by evaluating a 2-point
correlation kernel K̂nðλi; λjÞ. The kernel is defined by

K̂nðλi; λjÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−QðλiÞe−QðλjÞ

p Xn−1
m¼0

pmðλiÞpmðλjÞ; ð14Þ

where the pm are orthogonal polynomials satisfyingZ
R
pkðλÞplðλÞe−QðλÞdλ ¼ δkl: ð15Þ

Thus we see that eigenvalue statistics of random matrices
can be described in terms of orthogonal polynomials with
respect to e−QðλÞ, the potential defining the random matrix
ensemble. One of the deepest facts about random matrices
is that their eigenvalue statistics can be universal, when
probed on a local scale [60]. Here “local scale” means that
we consider correlations over Oð1Þ separations in units of
the inverse local eigenvalue density, and “universal” means
they are independent of the exact eigenvalue probability
distribution. Given the formulation in terms of ortho-
gonal polynomials in Eq. (15), one can derive RMT
universality from universality of the orthogonal polyno-
mials themselves.
To relate Lanczos operator dynamics to random matrix

theory, let us summarize the discussion so far: the Lanczos
basis operators On are related to orthogonal polynomials
with respect to ΦðωÞ=2π [see Eq. (9)], while RMT
eigenvalue statistics are related to orthogonal polynomials
with respect to e−QðλÞ [see Eq. (15)]. Therefore, under the
identification of weight functions:

ΦðωÞ
2π

≡ e−QðωÞ; ð16Þ

we see that there is a connection between

nth Lanczos operator On ↭ n × n random matrices:

Much as one can derive RMTuniversality from universality
of the orthogonal polynomials defining the matrix ensem-
ble, one can derive universality of the level-n Green’s
function GnðzÞ and related quantities from universality of
the orthogonal polynomials with respect to the spectral
function ΦðωÞ. Universal asymptotics of orthogonal poly-
nomials is a much older phenomenon than RMT univer-
sality, going back to work in the 1920s of Plancherel and
Rotach on n → ∞ asymptotics for the Hermite polynomials
[QðxÞ ¼ x2] [71]. One of our technical contributions is
proving so-called “Plancherel-Rotach asymptotics” of the

orthogonal polynomials for a large class of spectral func-
tions obeying physically-motivated conditions (described
in Sec. IV). From there, one is led to universality for the
level-n Green’s function.

D. Coulomb gas confinement transition, quantum
chaos, and the operator growth hypothesis

Stemming from the foundational work of Dyson [72],
a key concept in random matrix theory (RMT) is the
Coulomb gas [73]. To give context for our result about a
Coulomb gas confinement transition, let us briefly illustrate
where this comes from, both in random matrix theory and
in Lanczos operator dynamics.
To compute eigenvalue correlation functions in RMT,

one needs to consider integrals with respect to the eigen-
value probability distribution PQðλ1;…; λnÞ. For reasons
that will soon become apparent, it turns out to be important
to rescale by an n-dependent factor, λi → βnxi, where the
scale factor βn is determined by Q and the xi are Oð1Þ; for
QðλÞ ¼ λ2 we have βn ¼

ffiffiffiffiffiffi
2n

p
. Then, defining the rescaled

potential VnðxÞ≡QðβnxÞ=n, one can rewrite Eq. (11) as

PQðλ1;…; λnÞ ∝ e−
�P

i≠j
log jxi−xjj−1þn

P
i
VnðxiÞ

	
; ð17Þ

and so one expects the leading contributions to come from
tuples x ¼ ðx1;…; xnÞ for which the exponent is minimal.
For any such tuple x, if we introduce the normalized
counting measure dψxðyÞ ¼ ð1=nÞPn

i¼1 δðy − xiÞdy, then
we are led to consider the Coulomb gas energy functional

EVn
½ψ � ¼

Z
R

Z
R
log jx − yj−1dψðxÞdψðyÞ

þ
Z
R
VnðxÞdψðxÞ: ð18Þ

In the n → ∞ limit, eigenvalue correlation functions will
be dominated by configurations ψ which minimize this
Coulomb gas energy. The rescaling λi → βnxi served the
purpose of ensuring that the two energy terms are of
comparable magnitude as n → ∞. In general, this minimal
configuration gives the mean eigenvalue density profile for
the randommatrix ensemble defined by the potentialQ. For
QðλÞ ¼ λ2, the minimizing configuration is the Wigner
semicircle law.
Remarkably, the same Coulomb gas ensemble also plays

a central role in the n → ∞ asymptotics of orthogonal
polynomials [65]. The easiest way to see this is through the
following explicit formula for the orthogonal polynomials
pnðωÞ with respect to the weight function e−QðωÞ:

pnðωÞ ∝
Z

� � �
Z �Yn

i¼1

ðω − ωiÞ
�

× PQðω1;…;ωnÞdω1 � � � dωn; ð19Þ

OLIVER LUNT et al. PHYS. REV. X 16, 011033 (2026)

011033-8



where the probability density PQðω1;…;ωnÞ was defined
in Eq. (15). In other words, pnðωÞ can be expressed as an
average over all degree-n polynomials, weighted by the
same probability measure as that which governed the
eigenvalue distribution of the random matrix ensemble
defined by the potential Q. In this context, the minimal
energy configuration of the charge-n Coulomb gas—which
we call σnðωÞ—gives the limiting density distribution of
zeros of the orthogonal polynomials with respect to e−QðωÞ.
In our Riemann-Hilbert steepest descent analysis (Sec. S2
[68]), the support of this minimal energy configuration is
analogous to the “oscillatory region” of a WKB approxi-
mation, and yields the dominant contribution to the steepest
descent problem as n → ∞.
With the relevance of the Coulomb gas established, we

can now discuss its confinement transition and the con-
nection to quantum chaos. For systems with local inter-
actions, one can show that the spectral function must decay
at least exponentially as jωj → ∞ [74–76], which trans-
lates, via Eq. (16), into the requirement that the potential
QðωÞ grow at least linearly at large ω. This is enough to
conclude that the Coulomb gas is always confined, in the
sense that, for any finite n, the equilibrium Coulomb gas
density σnðωÞ has finite support. However, within the
confined phase, there can be a further phase transition
between “weak confinement” and “strong confinement”
(see Fig. 2) [77–80]. These phases are distinguished by
whether the Coulomb gas density is approximately uniform
or not within the bulk of its support.
Importantly, the order parameter for this transition is the

equilibrium density at low frequencies, σnðω ≈ 0Þ. In the
weakly confined phase, σnðωÞ has an algebraic divergence
as ω → 0, while in the strongly confined phase it is
approximately constant there; at the critical point, there
is instead a logarithmic divergence as ω → 0 (see Fig. 5 for
an example). What is interesting is that, despite being
diagnosed by the density near ω ¼ 0, the transition itself is
primarily driven by the rate of high frequency decay of the

spectral function. In particular, the weakly confined phase,
the critical point, and the strongly confined phase, corre-
spond to Φðω → ∞Þ decaying subexponentially, exponen-
tially, and superexponentially respectively (Fig. 2). This
critical exponential decay—the slowest possible decay
consistent with locality [74–76]—coincides with the
behavior that is expected to occur generically for chaotic
systems with local interactions; this is the content of a
recent conjecture in quantum chaos, the operator growth
hypothesis [11]. Thus, assuming the OGH, there is a sense
in which chaotic systems are generically marginal. Since
this confinement transition is related to the density of zeros
of the orthogonal polynomials pnðωÞ, which in turn govern
the Lanczos operators On via Eq. (8), this marginality has
implications for the computational efficiency of numerical
applications, as we will discuss. One of our contribu-
tions (Lemma 2) is showing that this confinement phase
structure is robust, in the sense that we prove it occurs for a
wide class of spectral functions assuming only a fairly
weak specification of how they decay at high frequencies
(see Sec. IV).

E. Comparison with eigenstate thermalization

The main technical caveat to our work is that we also
impose some regularity and analyticity conditions on ΦðωÞ
in order to prove rigorous statements; we discuss this in
detail in Sec. IV. But with these conditions in mind, let us
discuss the relationship between the appearance of random
matrix theory in our work, and more familiar appearances
of RMT in quantum many-body physics, namely through
the eigenstate thermalization hypothesis (ETH) [53,81].
The ETH postulates that the matrix elements of a local
operator O in the energy eigenbasis of a chaotic local
Hamiltonian take the form

hEmjOjEni ¼ OðĒÞδmn þ e−SðĒÞ=2fOðĒ;ωÞRmn; ð20Þ

where Ē≡ ðEm þ EnÞ=2, ω≡ En − Em, and SðĒÞ is the
thermodynamic entropy at energy Ē. RMT appears through
the entropic factor e−SðĒÞ=2 and the random matrix R, which
is postulated to be distributed according to a Gaussian
random matrix ensemble [53].
An important part of the ETH is that the functions OðĒÞ

and fOðĒ;ωÞ are postulated to be smooth functions of their
arguments. For our purposes, working in the thermody-
namic limit, we do assume some smoothness properties of
the spectral function ΦðωÞ, which coincides with the func-
tion jfOðEav;ωÞj2 at the average energy Eav ¼ tr½H�=tr½1�
of the infinite temperature state [53]. Therefore, arguably
the most natural class of physical systems that one might
expect to obey our assumptions about the spectral function
are those that obey the ETH. However, the RMT univer-
sality we discuss in our work appears to be distinct in nature
from the appearance of random matrix theory in the ETH,

FIG. 2. Phase diagram of Coulomb gas confinement with a
single-particle potential QðωÞ, controlled by the large frequency
decay of the spectral function ΦðωÞ ∼ exp½−QðωÞ�. Locality of
the Hamiltonian forces the potential to grow polynomially at
large ω, Qðjωj → ∞Þ ∼ jωjp, with p ≥ 1. The operator growth
hypothesis [11] posits that chaotic systems generically have
p ¼ 1. A Coulomb gas with finite charge (i.e., finite n) is
confined for all p > 0 since the two-particle repulsion is only
logarithmic, while the potential is polynomial. However, there is
a transition between weak and strong confinement at p ¼ 1,
precisely at the boundary imposed by locality. This has impli-
cations for numerical applications.
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since it really owes itself to the regularity of spectral
functions (and the consequence of that on the Lanczos
orthogonal polynomials), which can be achieved even in
nonergodic single-particle and integrable systems. Indeed,
we also find some evidence of this RMT universality in the
integrable XXZ chain, where the presence of integrability
should violate the ETH (although a weak version may
persist [82]). Validity of the ETH may therefore be a
sufficient but not necessary condition for the RMT uni-
versality we discuss here, but a fuller investigation of these
connections is an important topic for future work.
We also give some evidence in Sec. XI that smoothness

of spectral functions is indeed a necessary condition for this
fast space universality. We focus on the 1D transverse field
Ising model with quenched disorder, which, owing to the
disorder, is provably Anderson localized and has point-
like spectrum even in the thermodynamic limit [83]. We
perform a self-consistency check for the presence of
universality in this model—which was passed by the clean
version—and find that this check fails in the presence of
disorder, suggesting the breakdown of fast space universality.

F. Numerical application: The spectral bootstrap

As described in the Introduction, the recursion method is
a numerical technique based around the continued fraction
representation for the full Green’s function GðzÞ; tradi-
tionally it requires one to make an educated guess for the
functional form of the level-n Green’s function GnðzÞ [26].
Our approach allows us to rigorously derive the functional
behavior of GnðzÞ, showing how this changes for z in
different regions of the complex plane (see Fig. 1). This
provides a principled means of terminating the continued
fraction and thereby approximating the full Green’s
function GðzÞ.
We show how to use this control afforded by the large-n

limit to produce an approximation of the spectral function
ΦðωÞ using a finite number of Lanczos coefficients. Our
focus is particularly on the low frequency behavior, and we
show how to extract diffusion constants, as well as transport
coefficients in models with nondiffusive transport, such as
the isotropic Heisenberg model which has superdiffusive
spin transport [84]. We also show how to generalize these
ideas to finite frequencies. The simplest case is when the
semicircle form for the level-n Green’s function GnðzÞ is
valid at the target frequency, because then only a single
parameter, the frequency bandwidth βn, needs to be
specified in order to fully fix the semicircle Green’s
function—and βn can be simply approximated from the
Lanczos coefficients via βn ¼ 2bn½1þOð1=nÞ� (see
Theorem 1). However, there are also more complicated
cases, such as when ΦðωÞ has a low-frequency power-law,
where an additional phase, arising from an integral over the
Coulomb gas density, needs to be specified in order to
approximate GnðzÞ. This is the content of our “spectral
bootstrap” algorithm. It works by using the appropriate

n → ∞ asymptotics of the orthogonal polynomials pnðωÞ
to formulate a first-order ordinary differential equation in
frequency space involving the spectral function and the
desired phase factor. Iteratively solving this ODE gives a
finite-n approximation to the spectral function, using only
the first n Lanczos coefficients as input.
One interesting aspect of this is that the convergence

rate of this approximation at ω ¼ 0 is determined by a
combination of the high- and low-frequency behavior of the
spectral function ΦðωÞ, owing to the manifestation of the
Coulomb gas confinement transition in the Coulomb gas
density at low frequencies. We show that the rate of
convergence is 1=polyðnÞ when the spectral function
Φðω → ∞Þ decays superexponentially, regardless of the
low-frequency scaling ofΦðωÞ. However, whenΦðω→∞Þ
decays only (quasi-)exponentially—which is the case
conjectured to be generic for chaotic quantum systems
by the operator growth hypothesis [11]—then the con-
vergence rate is only 1=polyðlog nÞ if Φðω → 0Þ ∼ jωjρ
with ρ ≠ 0. We recover 1=polyðnÞ scaling when ρ ¼ 0, but
this is likely a consequence of the fact that, for ρ ¼ 0,
our assumptions on ΦðωÞ amount to assuming analyticity
at ω ¼ 0, i.e. that the correlation function CðtÞ decays
exponentially in time. We conjecture that when 0 <
Φð0Þ < ∞ but ΦðωÞ is not analytic at ω ¼ 0 due to hydro-
dynamic tails, then the convergence rate again reduces to
1=polyðlog nÞ. However, despite this worst-case theoretical
convergence, in practice we find that the spectral bootstrap
can still often give surprisingly accurate estimates using
only a modest number of Lanczos coefficients (see, e.g.,
Fig. 9). Alternatively, since the convergence rate of the
spectral bootstrap is better for nonchaotic systems than
chaotic ones, one can view it as being complementary to
other methods like dissipation-assisted operator evolution
[5,13,15,55], whose accuracy is best justified for chaotic
systems [13].

G. Marginality and quantum chaos

One curious aspect of this work concerns the connection
between “marginality” and chaotic operator dynamics. In
our work the spectral function ΦðωÞ takes center stage,
since it completely characterizes the Lanczos basis. In
that role it functions mainly as the density of a measure
dμðωÞ ¼ ½ΦðωÞ=2π�dω on R, where it defines the particu-
lar set of orthogonal polynomials constructed by the
Lanczos algorithm. Its origin in quantum operator dynam-
ics is left somewhat implicit, entering only through
constraints at high- and low-frequencies coming from
considerations of locality and hydrodynamics.
Our numerical algorithm, the spectral bootstrap, gives

one solution to the “spectral inverse problem” of recovering
the measure ΦðωÞ=2π from its moments (which is equiv-
alent to recovery from the Lanczos coefficients [85]).
Relatedly, the “Hamburger moment problem” asks whether
there exists a measure μ generating a given set of moments,
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and if so whether this measure is unique [86]. If it is unique
then we say the moment problem for μ is determinate, and
if not then it is indeterminate. By definition it is then
impossible to uniquely recover a measure from its moments
if the corresponding moment problem is indeterminate.
Crucially, it is well known that the moment problem is
determinate for all measures which decay at least exponen-
tially at infinity, meaning

R
R ecjxjdμðxÞ < ∞ for some

c > 0 [51]. For example, the “Freud weights” dμðxÞ ¼
expð−jxjpÞdx are determinate for p ≥ 1 and indeterminate
for p < 1 [51].
What seems curious is that this determinate-indetermi-

nate boundary happens to be precisely where the operator
growth hypothesis conjectures generic spectral functions of
locally interacting quantum chaotic systems should fall, in
the sense that they should generically have exponentially
decaying spectral functions, Φðω → ∞Þ ∼ exp½−OðωÞ�
[11]. It is fitting, then, that in our spectral bootstrap
algorithm we find that the error bounds at ω ¼ 0 decay
increasingly slowly the slower the high-frequency decay
of the spectral function, as discussed in the previous
section. These error bounds control how large n must be
to approximate Φðω ¼ 0Þ to a given precision ϵ, so we see
that the inverse problem becomes increasingly difficult
as the determinate-indeterminate boundary is approached,
before becoming impossible (by definition) in the indeter-
minate regime.
Thus, according to the OGH, recovery of spectral

functions of chaotic systems is exponentially hard in n
as a function of the inverse precision 1=ϵ. From the vantage
of the original operator growth problem, it is not so
surprising that chaotic systems are hard to simulate; for
example, it is known that the operator entanglement
entropy generically grows linearly in time for chaotic
systems [87], rendering tensor network descriptions chal-
lenging. But it is perhaps surprising that, in the context of
the Lanczos algorithm, where entanglement entropy plays
no obvious role, nonetheless the spectral theory should
conspire so as to make this problem hard.
To be clear, in the context of this section, quantum

chaos is a sufficient but not necessary condition for
marginality. More generally the requirement for margin-
ality is (quasi-)linear growth of Lanczos coefficients, and
there are examples of nonchaotic systems exhibiting this
growth, such as certain operators in many-body localized
systems [36].

H. Future directions

1. Combining the spectral bootstrap with
dissipation-assisted approaches

In Sec. II F we discussed that, in the Lanczos context, it
is actually the high-frequency scaling of the spectral
function ΦðωÞ that determines the computational difficulty
of recovering ΦðωÞ at low frequencies. But it is often the

case that one is principally interested in characterizing the
low-frequency behavior of a system, say for computing
hydrodynamic transport coefficients, and the accuracy
of estimates of high-frequency properties are of lesser
concern. That motivates studying potential modifications of
the system’s dynamics which cause ΦðωÞ to decay super-
exponentially as ω → ∞, thereby improving the error
bound scaling, while ideally having minimal impact on
ΦðωÞ near ω ¼ 0. One possibility is to use operator
truncation approaches, such as in dissipaton-assisted oper-
ator evolution [5] and similar techniques. Provided the
modification is such that the effective Liouvillian is still
self-adjoint, then the Lanczos approach is valid; anything of
the form Leff ¼ DLD for some self-adjoint dissipator D
would suffice.
A concrete choice is the DAOE dissipator DDAOE, which

suppresses Pauli strings σα ≔ ⊗i σ
αi
i , αi ∈ f0; 1; 2; 3g,

according to their Pauli weight jαj ≔ jfi∶αi ≠ 0gj; if jαj
is above some chosen cutoff length l� then the dissipator
acts as DDAOE½σα� ¼ e−γðjαj−l�Þσα, where γ is a dissipation
strength. Our initial experiments suggest that applying
DDAOE as part of the Lanczos algorithm generically arrests
the growth of the Lanczos coefficients from bn ∼OðnÞ
to bn ∼Oð1Þ, which should exponentially improve the
convergence of the spectral bootstrap approach to comput-
ing transport coefficients from ϵ ∼ 1=polyðlognÞ to
ϵ ∼ 1=OðnÞ. It also has the benefit of reducing the
computational requirements to compute the Lanczos coef-
ficients up to a given n, due to a suppression of operator
trajectories. But it is worth investigating to what extent one
can smoothly extrapolate the resulting transport coeffi-
cients in the limit of vanishing dissipation γ → 0 [5].

2. Universal dynamics of large operators

In this work we have demonstrated that operator dynam-
ics restricted to the large-n “fast space” of Lanczos
dynamics exhibits an emergent universality, akin to that
of eigenvalue correlations in random matrix theory. The
Lanczos setting is useful because it has enough mathemati-
cal structure to enable rigorous results, but one could
speculate that this universality is more generally a state-
ment about the universal dynamics of large operators
restricted to the space of large operators. Practically, one
way to investigate this in a tensor network approach would
be to use the matrix product operator (MPO) formulation of
the DAOE dissipator (see Ref. [5] for details), but change
the boundary conditions of the MPO to keep only operators
with weight jαj > l�, rather than keeping jαj ≤ l� as in the
standard DAOE approach.

3. Universality in unitary and open system dynamics

All of the results in this paper concern operator dyna-
mics generated by a time-independent and Hermitian
Hamiltonian H. An obvious question is whether the notion
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of universality discussed in this paper can be generalized to
other types of operator dynamics. For Floquet dynamics
generated by a unitary U, this question is likely quite
tractable, and will involve asymptotics of orthogonal
polynomials on the unit circle [88], corresponding to the
spectra of unitary operators (for related work see Ref. [89]).
Where the situation is both less clear and possibly richer is
that of open quantum system dynamics [55,90–93]. With
dynamics generated by a Lindbladian L with nontrivial
jump operators, the spectrum of L now generically lies in
the complex plane. It is still possible to get a banded matrix
representation of L—which was necessary to get a simple
recursion between GnðzÞ and Gnþ1ðzÞ—by performing the
biorthogonal version of the Lanczos algorithm. However,
this will now involve polynomials whose orthogonality
relation is defined not on a contour but on a subset of the
complex plane [22,55,93]. This complex spectrum could
lead to new universality classes for open system operator
dynamics, but characterizing the nature of this universality
is an open question. The technical machinery of poly-
nomials orthogonal on 2D complex domains is much less
well developed [94,95], although in certain special cases
there have been generalizations of our Riemann-Hilbert
approach to this case.

4. Connection to the generalized ETH

One of our main results is the appearance of the Wigner
semicircle law in the level-n Green’s function GnðzÞ
describing the dynamics restricted to the fast space
fOmgm≥n. One can heuristically argue for this result using
the recursion relation Eq. (62) between GnðzÞ and Gnþ1ðzÞ,
where the Wigner semicircle appears as a fixed point
(see Sec. VI). This recursion bears some resemblance to
the R-transform from free probability [96], but “deformed”
by the ratio bnþ1=bn. Recently, the language of free
probability was used to generalize the eigenstate thermal-
ization hypothesis to higher-order correlation functions
[97,98]. It is an interesting topic for future work to explore
potential connections between universality in Lanczos
dynamics and the generalized ETH.

5. Krylov complexity and conservation laws

Much of the recent interest in Krylov space dynamics
has been through the lens of Krylov complexity [23].
Stemming from the original work of Ref. [11], there is by
now a reasonably good understanding of how the leading
behavior of the Lanczos coefficients affects the early-time
behavior of the Krylov complexity KðtÞ, and in particular
how the linear growth bn ∼OðnÞ postulated by the OGH
translates into exponential growth KðtÞ ∼ exp½OðtÞ� of the
complexity at early times. There have also been studies of
Krylov complexity in finite-sized systems, examining how
the finite-size plateau of the Lanczos coefficients arrests the
initial complexity growth [99]. However, what is relatively
less well understood is the effect of conservation laws

on Krylov complexity, which should be increasingly
important for the mid-to-late time complexity of thermo-
dynamically large systems. Our work, and particularly our
discussion of Bessel universality, lays the mathematical
foundations for a systematic study of these effects. Indeed,
if one expands the time-evolved operator jO0ðtÞÞ ¼P∞

n¼0 cnðtÞjOnÞ in the Lanczos basis, then a quick calcu-
lation shows that the coefficient cnðtÞ is given by cnðtÞ ¼R
R eiωtpnðωÞΦðωÞdω=2π. By exploiting the universal
description of the orthogonal polynomials pnðωÞ we
have derived for n ≫ 1 [e.g., Eq. (99) or expressions in
Sec. S4 A1 in [68] ], one could probe the large-n con-
tributions to the Krylov complexity.

6. New quantum algorithms for quantum dynamics

Our results focus on the “postprocessing” step of
converting Lanczos coefficients into estimates of spectral
functions, and as such are agnostic about how these
Lanczos coefficients were actually obtained. In classical
implementations of the Lanczos algorithm, a lightcone
argument suggests that the memory requirement for a brute
force computation of the nth Lanczos coefficient scales
like exp½OðnÞ�, which can become prohibitively large for
modest n. (Though see Ref. [52] for a potentially better
scaling approach using tensor networks.) While one
approach to ameliorating these memory requirements is
to use the dissipation-assisted methods discussed above,
one could also implement the Lanczos algorithm on a
quantum computer [100,101]. One reason to consider this
approach over direct real-time evolution is that it does not
face the latter’s tradeoff between Trotter error and circuit
depth (for a review of related methods see Ref. [102]).

7. Improved treatment of hydrodynamic tails

The main technical caveat to our proof technique is that
we need to make some quite strong analyticity assumptions
on the spectral function (see Sec. IVA), in order to perform
the contour deformation involved in a steepest descent
analysis of an associated Riemann-Hilbert problem. It
would be desirable to prove our results under weaker
assumptions, not just mathematically but also from a
physical perspective, since it allows for a better treatment
of hydrodynamic tails. In particular, for autocorrelation
functions CðtÞ that decay algebraically, Cðt → ∞Þ ∼ 1=tα,
standard Fourier arguments suggest that the spectral
function ΦðωÞ should possess only a finite number of
derivatives at ω ¼ 0. In a sense, our results adequately
cover the case where 0 < α < 1, since then ΦðωÞ should
have a power-law divergence at ω ¼ 0, and we explicitly
address this case by decomposing ΦðωÞ=2π ≡ jωjρe−QðωÞ.
However, our results do not adequately cover the case
where α > 1, because in this case ΦðωÞ is finite at ω ¼ 0
(so ρ ¼ 0) but is not infinitely differentiable, whereas we
need to assume full analyticity for our proof. We have
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conjectured that our results should still be correct to leading
order in n, but the lack of full analyticity will result in a
more slowly decaying error term. One way to address this
rigorously would be to replace our Riemann-Hilbert
problem approach with a ∂-problem approach [57,103],
which is still treatable with nonlinear steepest descent
controlled in the n → ∞ limit.

I. Reader’s guide

We outline the contents of the paper below, and have
attempted to indicate how readers can focus on those
sections most relevant to their interests. There is also a
glossary at the end of the Supplemental Material [68].
Section III provides background material, and in par-

ticular illustrates the connection between the Lanczos
algorithm and orthogonal polynomials generated by the
spectral function ΦðωÞ. We recommend all readers to
ensure they are familiar with the contents of this section,
since it explains the central role that the spectral function
plays in our analysis.
Section IV is where we state the assumptions on the

spectral function under which we can prove our results. We
recommend readers follow the high-level summary in
Sec. IVA, and skip the precise definitions in Sec. IV B
until they are interested in the proof. Section IV C provides
some discussion of our analyticity requirements on ΦðωÞ,
and can also be skipped on a first reading. For interested
readers, we note that various properties of these spectral
functions are derived in Sec. S1 B [68], which is not too
technical and is independent of the later Riemann-Hilbert
analysis.
Section V introduces the Coulomb gas problem asso-

ciated with the spectral function. Section VA defines the
Coulomb gas and introduces some useful notation that will
appear in later sections, so we recommend it for all readers.
This is enough to understand the later Sec. VI on univer-
sality of the level-n Green’s function. Section V B intro-
duces some further notation related to a rescaled version
of the Coulomb gas; this does appear in the statements of
some theorems (e.g., Theorem 3), but is less essential to
understand immediately. Section V C is where we discuss
the confinement transition in the Coulomb gas. We rec-
ommend this subsection to readers interested in the con-
nections between quantum chaos, the operator growth
hypothesis, and marginality.
Section VI is where we discuss our results on the

universality of the level-n Green’s function GnðzÞ. We
expect this section to be of interest to most readers.
In Sec. VII we move focus to signatures of hydro-

dynamics in Lanczos space, and in Theorem 3 show how a
low-frequency power-law Φðω → 0Þ ∼ jωjρ appears as a
subleading “staggered” term in the Lanczos coefficients.
However, we do not recommend using this result as a
practical method to estimate ρ, instead preferring to focus
on the zero mode, to be discussed imminently.

Indeed, in the application-motivated Sec. VIII, we show
how a low-frequency power-law affects the leading behav-
ior of the zero mode of the Liouvillian restricted to the
Krylov space. In Sec. VIII A we focus on the decay of the
zero mode amplitudes with n, and how this can be used to
extract the value of the exponent ρ. Then in Sec. VIII B we
further show how one can estimate hydrodynamic transport
coefficients from the zero mode amplitudes. We benchmark
this approach on physical models in Sec. VIII C.
The previous Sec. VIII was focused on ω ¼ 0 properties

of the spectral function ΦðωÞ, but in Sec. IX we show how
to estimate ΦðωÞ at nonzero frequencies in an algorithm
called the spectral bootstrap. The examples in the previous
section used the ω → 0 limit of this algorithm. On a first
read of Sec. IX, one could just focus on Sec. IX A, where
we illustrate the basic ideas behind the spectral bootstrap.
We expect Sec. X to be of most interest to readers already

familiar with the universality of eigenvalue correlations in
random matrix theory, although we do lay out the relevant
background in Sec. X A. The reason is that we examine
quantities whose meaning is most transparent in the
random matrix language. For each spectral function ΦðωÞ,
we define an associated random matrix ensemble. By using
the spectral bootstrap to estimate the equilibrium measure,
we are able to test whether the random matrix ensembles
associated with various physical models possess the well-
known universality of eigenvalue correlations. This can be
seen as a consistency check for the universality present in
the level-n Green’s function GnðzÞ, since both types of
universality have the same origin (universality of ortho-
gonal polynomials). But at present the universality of these
eigenvalue correlations does not appear to have a trans-
parent implication for physically relevant quantities.
Finally, in Sec. XI we give evidence that fast space

universality indeed requires a degree of smoothness of the
spectral function ΦðωÞ as a function of frequency ω. We
demonstrate this by focusing on an Anderson localized
model, which provably has a pointlike spectrum, and where
we see the failure of a consistency check that was passed by
the clean version of this model.
Moving to the Supplemental Material [68], we first

derive in Sec. S1B various implications of our assumptions
for the behavior of the spectral function. Then the
Riemann-Hilbert analysis proceeds in Sec. S2. By reading
only Sec. S2A, one can appreciate the relevance of the
Riemann-Hilbert problem (RHP) to Lanczos dynamics,
without going through the technical detail of actually
solving the RHP. However, we emphasize that it is not
necessary for readers to follow the RHP analysis in order to
use our proposed spectral bootstrap algorithm.
For readers familiar with RHPs for orthogonal poly-

nomials, we note that much of our analysis in Sec. S2 is
quite standard, but we have given explicit details for the
benefit of a mixed readership (the same goes for Secs. S3
and S4 [68]). The main novelty is in our local analysis near
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the origin, and this requires a detailed study of the
equilibrium measure that can be found in Sec. S5. For
the sake of completeness, in Sec. S6 we also describe a
version of the spectral bootstrap involving “Airy univer-
sality” suited for frequencies near the endpoints ω ¼ �βn,
but since these frequencies often become large for large n,
we expect this to be less practically relevant than the
versions of the spectral bootstrap described in Sec. IX.

III. BACKGROUND

A time-evolved operator AðtÞ ≔ eiHtAe−iHt can be
expanded as a sum of nested commutators,

eiHtAe−iHt ¼ Aþ it½H;A� þ ðitÞ2
2!

½H; ½H;A�� þ � � � : ð21Þ

This suggests that if we want to understand the growth of
AðtÞ, a natural object to study is the Krylov space K ≔
spanfLkðAÞg∞k¼0, where Lð·Þ ≔ ½H; ·� is the Liouvillian
superoperator. To probe this space, it is convenient to
construct an orthonormal basis for K using the Gram-
Schmidt process. When L is self-adjoint, this reduces to the
Lanczos algorithm, where successive basis vectors for K
can be defined by a recurrence relation containing only
three terms, rather than all previous basis vectors. We will
use a vector notation jA) for operators, and for now we take
the inner product to be the Hilbert-Schmidt product
ðAjBÞ ≔ tr½A†B�=tr½1�, so we are effectively working at
infinite temperature. Starting with a self-adjoint operator
jA), we initialize the recurrence with jO−1Þ ≔ 0 and jO0Þ ≔
b−10 jA), where b0 ≔

ffiffiffiffiffiffiffiffiffiffiffiffiðAjAÞp ≡ kAk. Then we recursively
define

jAnÞ ≔ LjOn−1Þ − bn−1jOn−2Þ; ð22aÞ

bn ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðAnjAnÞ

p
; ð22bÞ

jOnÞ ≔ b−1n jAnÞ: ð22cÞ

We will refer to the basis fjOnÞg∞n¼0 as the Lanczos basis,
and throughout will consider the generic case where K is
infinite dimensional in the thermodynamic limit.
As well as the basis vectors themselves, the Lanczos

algorithm produces a sequence of numbers fbng∞n¼1, which
we will interchangeably refer to as the recurrence or
Lanczos coefficients. It turns out that these numbers are
enough to fully characterize the action of L within K;
indeed, the restriction of L to K can be represented in the
Lanczos basis by a tridiagonal matrix

L ¼

0BBBBBBBB@

0 b1 0 0 � � �
b1 0 b2 0 � � �
0 b2 0 b3 � � �

0 0 b3 0 . .
.

..

. ..
. ..

. . .
. . .

.

1CCCCCCCCA
: ð23Þ

That the diagonal elements are all zero is a generic
consequence of Hermiticity, since ðOjLjOÞ ¼ 0 follows
for any self-adjoint O simply by using the definition
Lð·Þ ¼ ½H; ·� with self-adjoint H, and inductively one
can show that inOn is self-adjoint.
The tridiagonal form lends itself to interpreting L as a

tight-binding model on a semi-infinite chain, where the
sites are the operators fOng∞n¼0, and the hopping strengths
are the recurrence coefficients fbng∞n¼1. We can visualize
the operator evolution AðtÞ as a single-particle problem,
with a wave function initially localized on site n ¼ 0 of the
chain, which then spreads out along the chain over time.
The autocorrelation function CðtÞ ≔ ðAjAðtÞÞ corresponds
to the probability amplitude for the operator wave function
to be found back at its starting point at time t.
The spectral function ΦðωÞ defined as

ΦðωÞ ≔
Z
R
e−iωtCðtÞdt; ð24Þ

plays a significant role in the Lanczos algorithm. In
particular, the Lanczos algorithm has a natural formulation
in terms of the orthogonal polynomials with respect to the
weight function wðωÞ ¼ ΦðωÞ=2π. To see this, we start
from

CðtÞ ¼ ðAjeiLtjAÞ ¼
Z
R
eiωt

ΦðωÞ
2π

dω; ð25Þ

and evaluate the kth derivative with respect to t at t ¼ 0.
Assuming ΦðωÞ decays sufficiently quickly as jωj → ∞
(more on this later), this gives

ðAjLkjAÞ ¼
Z
R
ωk ΦðωÞ

2π
dω: ð26Þ

Since L has real spectrum, ωij ¼ Ei − Ej, if we then define
the inner product between real polynomials p; q∶R → R

hp; qi ≔ ðpðLÞAjqðLÞAÞ; ð27Þ

one can use linearity of the inner product and Eq. (26) to
write this as

hp; qi ¼
Z
R
pðωÞqðωÞΦðωÞ

2π
dω; ð28Þ
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so, as claimed, ΦðωÞ=2π appears as the relevant weight
function. A defining property of orthonormal polynomials
with respect to an even weight function on R is that they
obey a three-term recursion relation of the form [85,104]

bnpnðωÞ ¼ ωpn−1ðωÞ − bn−1pn−2ðωÞ: ð29Þ

Comparing this to the Lanczos recursion relation, we
deduce that the nth Lanczos vector jOn) is given by

jOnÞ ¼ pnðLÞjAÞ; ð30Þ

where pnðωÞ ¼ ynωn þ � � � ; yn > 0, is the nth order ortho-
normal polynomial with respect to the inner product
Eq. (27) [22,105]. Thus, by studying the orthogonal poly-
nomials with respect to the spectral function ΦðωÞ=2π, we
can understand properties of the Lanczos operators.
Note that this argument is very general, so that we can

also easily apply it to operator inner products other than the
Hilbert-Schmidt product. In particular, at finite temper-
ature, we can consider the following family of inner
products [26]

ðAjBÞgβ ≔
1

β

Z
β

0

gðλÞhA†e−λHBeλHiβdλ − hA†iβhBiβ; ð31Þ

where hBiβ ¼ tr½e−βHB�=Z is a thermal expectation value,
Z ¼ tr½e−βH� is the partition function, and gðλÞ is any
function defined on the thermal circle ½0; β� satisfying

gðλÞ ≥ 0; gðβ− λÞ ¼ gðλÞ; 1

β

Z
β

0

gðλÞdλ¼ 1: ð32Þ

One can then perform a version of the Lanczos algorithm
where operators are orthogonal with respect to this inner
product. Examples include gðλÞ ¼ ½δðλÞ þ δðλ − βÞ�=2 for
linear response, and the Wightman product gðλÞ ¼
δðλ − β=2Þ. The autocorrelation function and spectral
function are then Cg

βðtÞ ≔ ðAjAðtÞÞgβ and Φg
βðωÞ ≔R

∞
−∞ e−iωtCg

βðtÞdt, and the polynomial inner product
defined by hp; qigβ ≔ ðpðL†ÞAjqðLÞAÞgβ can be written as

hp; qigβ ¼
Z

∞

−∞
pðωÞqðωÞΦ

g
βðωÞ
2π

dω; ð33Þ

with the generalized spectral function Φg
βðωÞ=2π again

appearing as the weight function. Since all our work is
premised on assumptions made about the spectral function
(Sec. IV), we expect our conclusions to hold not only at
infinite temperature, but also at high enough finite temper-
atures, given a suitable choice of inner product.

IV. STATEMENT OF ASSUMPTIONS ON THE
SPECTRAL FUNCTION

A. Summary

We saw in Sec. III that the spectral function ΦðωÞ ≔R
R e−iωtCðtÞdt determines all the properties of the Lanczos
basis. However, for a given interacting many-body
Hamiltonian H, we do not generally have a hope of exactly
calculating ΦðωÞ. Instead, the approach we will take is to
impose a few physically motivated conditions on ΦðωÞ,
and study their implications. Before stating these condi-
tions precisely, we state them at a high level:
(1) We fix the jωj → ∞ behavior of ΦðωÞ, taking it to

decay at least exponentially in jωj (but possibly
faster). This is provably true at high temperatures for
local lattice Hamiltonians with a bounded local
Hilbert space [74–76], and forms part of the moti-
vation for the operator growth hypothesis [11].

(2) Since we are interested in signatures of the jtj → ∞
behavior of CðtÞ, we impose a condition on the
ω → 0 behavior of its Fourier transform ΦðωÞ.
To model CðtÞ ∼ 1=jtj1þρ as jtj → ∞, we require
ΦðωÞ ∼ jωjρ as ω → 0. Such power-law decay in
CðtÞ is typical if the initial operator overlaps with a
conserved quantity with sufficiently slow transport,
say diffusive in one dimension [19].

(3) We takeΦðωÞ ¼ Φð−ωÞ to be even, which is satisfied
if one uses any of the thermal inner products defined
in Eq. (31) satisfying the conditions in Eq. (32). This
includes the infinite temperature Hilbert-Schmidt
product ðAjBÞ ¼ tr½A†B�=tr½1�, which we will use
in all our numerical tests.

(4) We require ΦðωÞ > 0 to be strictly positive, which
should be generically true for interacting systems
in the thermodynamic limit. Furthermore, in a sense
we will make precise below, we require ΦðωÞ to be
very smooth. This has both technical and physical
implications. At a technical level, it allows us to
use a powerful complex analytic proof technique
involving a Riemann-Hilbert problem. However,
we have evidence that smoothness of spectral func-
tions is not merely an artefact of the proof technique,
but rather is a physical requirement to get univer-
sality. Indeed, in Sec. XI we give evidence that
universality fails in an Anderson localized system,
where strong disorder can result in a pure point
spectrum [83].

We remark that the analyticity requirements for our proof
could likely be weakened to assuming only a few deriv-
atives of ΦðωÞ, by employing a so-called ∂-problem
approach [57,106,107], rather than using a Riemann-
Hilbert problem as we do here. Experience suggests that
one usually finds the same leading order asymptotics, but
with potentially slower decaying error terms, depending on
the degree of differentiability of ΦðωÞ one assumes.

EMERGENT RANDOM MATRIX UNIVERSALITY IN QUANTUM … PHYS. REV. X 16, 011033 (2026)

011033-15



B. Precise assumptions

In order to state our precise assumptions, we need to
make a definition. Since ΦðωÞ ≥ 0 and is even, we can
always write it in the form ΦðωÞ≡ exp½−QðωÞ� for some
even real-valued function QðωÞ. However, since we are
interested in hydrodynamic spectral functions, which can
have an algebraic divergence ΦðωÞ ∼ jωjρ as ω → 0, it will
prove helpful to factorize out this divergence, and decom-
pose ΦðωÞ as

ΦðωÞ=2π ≡ jωjρe−QðωÞ: ð34Þ

In principle ΦðωÞ may also have algebraic behavior near
other frequencies, in which case we would also factorize
those out [67]. But for simplicity we will focus on the case
where there is only an algebraic divergence at ω ¼ 0. The
function QðωÞ so defined is called the potential (we will
later make precise the sense in which this is a potential).
For technical reasons, it is more convenient to make

all our assumptions in terms of QðωÞ rather than ΦðωÞ
directly. We will translate assumptions about the high-
frequency decay of Φðω → ∞Þ into assumptions about
the high-frequency growth of Qðω → ∞Þ. In particular, we
will consider a class of potentials inspired by the “very
smooth Freud weights” of Refs. [35,108], which they
denote by VSFðpÞ, with p an exponent governing the
degree of the polynomial growth of QðωÞ ∼ jωjp as
jωj → ∞. We will consider a subset of VSFðpÞ, where
we add the requirement of analyticity, and also require a
specification of the logarithmic corrections to the leading
polynomial growth of QðωÞ.
Our Riemann-Hilbert analysis draws heavily from

Ref. [62], where they take Q to be a polynomial of even
order. However, we are particularly interested in the
marginal case where Qðω → ∞Þ grows linearly with jωj,
since the operator growth hypothesis [11] conjectures this
to be generic for spectral functions in chaotic many-body
quantum systems. But it is clearly not possible to simulta-
neously have (i) QðωÞ ∼ jωj as jωj → ∞, and (ii) Q be a
polynomial. This was a primary motivation for considering
this generalized class VSLFðp; qÞ of “polynomial-like”
weights.

Definition 1. [VSLFðp; qÞ: log-Freud potentials of order
ðp; qÞ] Let Q∶R → R be real-analytic, even, and satisfy

Q0ðωÞ > 0; for ω large enough; ð35Þ

lim
ω→∞

�
ωQ00ðωÞ
Q0ðωÞ

�
¼ p − 1; ð36Þ

lim
ω→∞

�
logðωÞ



−pþ ωQ0ðωÞ

QðωÞ
��

¼ q: ð37Þ

for some p > 0 and q∈R. Then we shall call Q a log-
Freud potential of order ðp; qÞ and write Q∈VSLFðp; qÞ.
We characterize the behavior of these potentials in Sec.

S1 B. In particular, in Eq. (S1.8) we show that these
potentials grow as jωj → ∞ like

jωjpðlog jωjÞq−ϵ ≤ QðωÞ ≤ jωjpðlog jωjÞqþϵ; ð38Þ

where ϵ can be taken to zero as jωj → ∞; we will
informally write this as QðωÞ ∼ jωjp logq jωj. In this sense
assumptions Eqs. (36) and (37) are similar to but slightly
weaker than assumingQ∈Θðjωjpðlog jωjÞqÞ. We make the
assumption Eq. (35) for technical convenience; it amounts
to assuming that the spectral function ΦðωÞ decays
monotonically above some frequency scale [which is
Oð1Þ but potentially much larger than any characteristic
frequency scale].
In order to apply Riemann-Hilbert techniques, we also

need to assume that some of these properties continue to
hold in a region of the complex plane near the real axis
(illustrated in Fig. 3).

Definition 2. [CVSLFðp; q; θ; γÞ: complex log-Freud
potentials of order ðp; qÞ] For an angle 0 < θ ≤ π=2,
define the “complex cone” Cθ by

Cθ ≔ fz∶j arg zj < θg ∪ fz∶j arg zj > π − θg; ð39Þ

using the convention−π < arg z ≤ π. We consider the open
cone, so z ¼ 0 is not included in Cθ. Now suppose there is
some 0 < θ ≤ π=2 and γ > 0 such that Q∈VSLFðp; qÞ
can be analytically continued to Cθ ∪ fz∶jzj < γg, the
union of Cθ and the disk of radius γ centered at the
origin (see Fig. 3). Also assume that Eqs. (36) and (37)
generalize to this region, in the sense that for z restricted to
Cθ we have

lim
jzj→∞

zQ00ðzÞ
Q0ðzÞ ¼ p − 1; ð40Þ

lim
jzj→∞

�
logðzÞ



−pþ zQ0ðzÞ

QðzÞ
��

¼ q: ð41Þ

FIG. 3. We require the potential QðzÞ defined in Eq. (34) to
have an analytic continuation to the shaded region of the complex
plane, where 0 < θ ≤ π=2 is any positive angle. This region is the
union of the complex cone Cθ [see Eq. (39)] and a disk of
constant radius around z ¼ 0.
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Given these properties, we say that Q is a complex
log-Freud potential of order ðp; qÞ, and write
Q∈CVSLFðp; q; θ; γÞ.

1. Examples

Our proofs will apply for Q∈CVSLFðp; q; θ; γÞ in the
cases p > 1; q∈R, and p ¼ 1; q > −1, with the latter case
conjectured to be generic for quantum chaotic systems,
according to the operator growth hypothesis [11]. Note that
local interactions guarantee p ≥ 1 [74–76].

Example 1. All even polynomials with positive leading
coefficient, QðxÞ ¼ q2mx2m þ � � �, q2m > 0, lie in
CVSLFðp; q; θ; γÞ with p ¼ 2m, q ¼ 0, θ ¼ π=2, γ ¼ ∞.

Example 2. Certain fractional powers of polynomials
satisfy our assumptions, e.g. QðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
has p ¼ 1,

q ¼ 0, 0 < θ < π=2, and 0 < γ < 1. A similar example is
QðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
logð1þ x2Þ, which has p ¼ 1, q ¼ 1.

Example 3. The symmetric Meixner-Pollaczek weights
have wðxÞ ¼ exp½−QðxÞ� ¼ Γðλþ ixÞΓðλ − ixÞ. (Q can
then be defined as in Eq. (44) below.) With λ > 0, we
have p ¼ 1, q ¼ 0, 0 < θ < π=2, and 0 < γ < λ. These
weights appear in a rescaled form as the 2-point Wightman
spectral function in the SYK model [109,110], and were
utilized in Ref. [11] to give an exactly solvable spectral
function with exponential decay for use with the recursion
method [26].

Example 4. Taking Q0ðzÞ ¼ erfðzÞ ¼ ð2= ffiffiffi
π

p Þ R z0 e−t2dt
gives an example of a p ¼ 1 potential which is also entire,
unlike the previous p ¼ 1 examples. The conditions
Eqs. (40) and (41) hold for 0 < θ < π=4.

C. Comments on analyticity requirements

Regarding the definition of the class CVSLF, the
reason we need analyticity in a cone of constant argument
rather than, say, a strip of constant width, is that we need
this region of analyticity to be invariant under rescaling
z ↦ z=β for β > 0. Note that θ could be very small; we just
require that it is a positive constant. We also requireQðzÞ to
be analytic in a disk of constant radius around z ¼ 0.
Handling the fact that this disk is not invariant under
rescaling is one of the technical achievements of our work.
Note that this analyticity requirement onQ is not in general
the same as requiring ΦðzÞ to be analytic at z ¼ 0, since
we are explicitly factorizing out a low-frequency power
law, cf. Eq. (34), which is supposed to capture the main
nonanalyticity of ΦðzÞ.
Typically, we are more used to talking about analytic

continuations of Green’s functions than of spectral func-
tions. Suppose we have a retarded Green’s function GRðzÞ,
defined in the lower-half plane by

GRðzÞ≔
�
O0

���� 1

z−L

����O0

�
¼
Z
R

ΦðωÞ
z−ω

dω
2π

; z∈C−: ð42Þ

By construction GRðzÞ is analytic in the lower-half plane,
and ΦðωÞ ¼ 2 Im limϵ→0þGRðω − iϵÞ. Now suppose that
GRðzÞ has an analytic continuation across a section of the
real line to some subset Ω ⊆ Cþ ∪ R of the upper-half
plane. We can use this to define an analytic continuation of
the spectral function by

ΦðzÞ ≔ 1

i
ðGRðzÞ þGRð−zÞÞ: ð43Þ

ΦðzÞ is then analytic in Ω ∪ ð−ΩÞ, and satisfies
Φð−zÞ ¼ ΦðzÞ. So, for example, if GRðzÞ has a diffusive
pole at z ¼ iDk2, then ΦðzÞ would have poles at
z ¼ �iDk2. Having analytically continued ΦðzÞ in this
way, QðzÞ would then be defined such that Eq. (34) is
satisfied. In the case ρ ¼ 0, this can be achieved by taking

QðzÞ ¼ − log

�
Φð0Þ
2π

�
−
Z

z

0

Φ0ðsÞ
ΦðsÞ ds; ð44Þ

where the integral is along any path where ΦðsÞ > 0 and
avoiding any poles. Then exp½−QðzÞ� ¼ ΦðzÞ=2π by con-
struction. A similar construction is possible for ρ ≠ 0 given
an analytic continuation of jωjρ to the relevant quadrant of
the complex plane.
Note that we do not show that the violation of these

analyticity conditions on Q necessarily leads to a modifi-
cation of our results. Versions of some of our results have
been proven, though not always with explicit constants,
only using assumptions about the behavior of the spectral
function on the real line, see, e.g., [111,112]. Rather than
using Riemann-Hilbert techniques, which rely quite cru-
cially on analyticity, it may also be possible to prove similar
statements using a ∂ steepest descent method [106], which
does not require such strong analyticity assumptions on Q,
at the expense of getting weaker error bounds.
One potential violation of our analyticity conditions

could come from systems with a “diffuson cascade”
[113,114], which can lead to an infinite series of poles
in k-space retarded Green’s functions GRðz; kÞ accumulat-
ing all the way down to the real z axis, as opposed to
the conventional expectation of just a simple pole at
z ¼ iDk2 [19]. Handling such singular points would
require a modification of our analysis which goes beyond
the scope of this work (though see Ref. [50] for some work
in this direction). However, despite their analyticity con-
ditions, our calculations give certain predictions that can be
tested numerically. We find that they are obeyed well even
in some interacting nonintegrable systems that might be
expected to have a diffuson cascade. This suggests that,
even if we weaken our analyticity conditions, some of our
conclusions may continue to hold.

EMERGENT RANDOM MATRIX UNIVERSALITY IN QUANTUM … PHYS. REV. X 16, 011033 (2026)

011033-17



V. COULOMB GAS, UNIVERSALITY, AND
CONFINEMENT

To state our later results about hydrodynamics and
Lanczos dynamics, we first need to introduce an associated
Coulomb gas problem. As outlined in Sec. II D, this
Coulomb gas arises naturally both in the context of random
matrix theory and orthogonal polynomials, and finding the
minimum energy Coulomb gas configuration will give us a
handle on the regions which dominantly contribute to the
Lanczos coefficients. As we alluded to in Sec. II D, one
interesting aspect of this Coulomb gas is that it undergoes
a confinement transition, and that the operator growth
hypothesis implies that quantum chaotic systems are
generically at the critical point of this transition. We
describe this in more detail in Sec. V C.

A. Coulomb gas definition

Given a potential QðωÞ determined from the spectral
function by Eq. (34), we define a Coulomb gas energy
functional EQ as follows. We take as input a charge
density function σ∶R → R≥0 (defined on frequency space),
and give it an energy consisting of two terms,

EQ½σ� ≔ −
Z
R

Z
R
log jω1 − ω2jσðω1Þσðω2Þdω1dω2

þ
Z
R
QðωÞσðωÞdω; ð45Þ

namely, a logarithmic repulsion between charges, and a
single-particle energy determined by the potential Q. For a
given Lanczos index n, we imagine distributions with total
charge n, so that

R
R σðωÞdω ¼ n. We then want to consider

the distribution σn with charge n that minimizes the energy
EQ½σ�, so that

σn ≔ argmin
σ

�
EQ½σ�∶

Z
R
σðωÞdω ¼ n



: ð46Þ

We will refer to σn as the equilibrium density. For large
enough n, one can show that σn is indeed uniquely defined
and continuous under reasonable assumptions on Q [115].
Let us make a few observations about this equilibrium
density. Since the potentialQðxÞmust grow at least linearly
for jxj → ∞ due to constraints from locality, while the two-
particle repulsion is only logarithmic, we conclude that for
any finite n, the charge will remain at a finite distance from
the origin. This means that σnðωÞ has support within some
finite interval we denote by

supp σn ≡ ð−βn; βnÞ; ð47Þ

which we refer to as the bulk. This distribution is even,
σnð−ωÞ ¼ σnðωÞ, because Q is even. As n → ∞ the
density σnðωÞ gives the density of zeros of the orthogonal

polynomials with respect to the weight e−QðωÞ [115], and
the dominant contribution to the recurrence coefficients
will come from this bulk frequency range ð−βn; βnÞ. This
interval is analogous to the oscillatory region in a WKB
approximation [62,116]. Note that, for technical conven-
ience, we do not include the power law jωjρ in the Coulomb
gas potential, instead handling it by other means (Szegő
functions).
The distance βn is referred to as the nth Mhaskhar-

Rakhmanov-Saff (MRS) number [115,117,118], and is
defined for even Q as the positive solution to the integral
equation

1

2π

Z
1

−1

βnsQ0ðβnsÞffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p ds ¼ n: ð48Þ

This solution is unique for large enough n. How does βn
scale with n? Clearly, the slower the growth of the single-
particle potential Q, the more the charge will spread out. It
turns out that the growth of Q and βn are related by

QðωÞ ∼ jωjplogqjωj as jωj → ∞

⇕

βn ∼
�

n
logqn

�
1=p

as n → ∞: ð49Þ

It is straightforward to verify this scaling whenQ is literally
a polynomial, e.g., QðωÞ ¼ ω2m, but it continues to hold
whenQðωÞ is sufficiently polynomial-like as jωj → ∞ (see
S1). The locality constraint on Q translates into p ≥ 1, so
that βn grows at most linearly in local systems. It is well
known, as we will see in Theorem 1, that the scaling of βn
fixes the leading behavior of the recurrence coefficients bn,
which are given by bn ≈ βn=2 to leading order in n [35].
Note that by construction βn depends only on Q0 and so is
independent of the hydrodynamic exponent ρ, so the
hydrodynamics will only show up at subleading orders
in the recurrence coefficients.
One way to understand the MRS number βn is as an

n-dependent frequency bandwidth. From Eq. (48) it is
easy to see that if we introduce a frequency scale ω0

by mapping QðωÞ ↦ Qðω=ω0Þ, then βn transforms as
βn ↦ ω0βn, so βn indeed has units of frequency.
Furthermore, if we consider the spectral function eΦnðωÞ ≔R
R e−iωtðOnjeiLtjOnÞdt for the dynamics of the nth Lanczos
operatorOn under the full LiouvillianL, then from Eq. (30)
we can see that this is related to the original spectral
function by

eΦnðωÞ ¼ pnðωÞ2ΦðωÞ: ð50Þ

[Note eΦnðωÞ is not to be confused with the spectral
function ΦnðωÞ related to GnðzÞ; they correspond
to dynamics generated by L and Ln, respectively.]
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A remarkable result due to Mhaskar and Saff [119]
shows that, under certain conditions on Q, the MRS
number βn provides an asymptotically sharp characteriza-
tion of where this weighted polynomial is peaked, so

argmaxω≥0eΦnðωÞ⟶n→∞
βn. One can understand the scaling

in Eq. (49) as coming from the tradeoff between the growth
of the degree 2n polynomial pnðωÞ2 and the decay of the
spectral function Φðω → ∞Þ ∼ exp½−Oðωp logq ωÞ�.
Physically, βn therefore represents the frequency band-
width over which the nth spectral function eΦnðωÞ is
non-negligible. For frequencies jωj ≫ βn, eΦnðωÞ will be
exponentially small (see Fig. 4 for an example); this region
is analogous to the “classically forbidden” region in aWKB
analysis, and will give only exponentially small contribu-
tions to the Lanczos coefficients.

B. Rescaled equilibrium measure

Given a minimizing density distribution σn, it is helpful
to define a related distribution

ψnðxÞ ≔
βn
n
σnðβnxÞ; ð51Þ

which is normalized to 1 and has support ½−1; 1�. We refer
to ψn as the rescaled equilibrium density. It is the energy
minimizing distribution with charge 1 for the “rescaled
potential”

VnðxÞ ≔
1

n
QðβnxÞ: ð52Þ

The rescaling by βn in the definition of Vn washes out the
nonuniversal details of Q when n is large. For example, for

the class of potentials we consider, if QðxÞ ∼ xp as x → ∞,
then for any finite x we have

lim
n→∞

VnðxÞ ¼ κpjxjp; ð53Þ

where κp ¼ Γ½1
2
�Γ½p=2�=Γ½ðpþ 1Þ=2� [108] (Lemma 3.2).

This emergent dominance of the high frequency scaling
means that the equilibrium density ψnðxÞ has several
displays of universality in the n → ∞ limit, with the
same properties as if the potential were the corresponding
“Freud potential” QðpÞðxÞ≡ κpjxjp. These potentials have
βn ¼ n1=p, and an equilibrium measure given by the
“Ullman distribution” [115]

ψ ðpÞðxÞ ≔ 1

π

Z
1

jxj

pup−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − x2

p du: ð54Þ

One simple manifestation of this is that, quite generally, the
density ψnðxÞ vanishes like

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
at the end points

x ¼ �1; this has a manifestation in the famous Wigner
semicircle law of random matrix theory [70], but holds near
the edge more generally beyond Gaussian ensembles. Other
universal properties of the equilibrium Coulomb gas dis-
tribution are more easily stated in terms of a function hnðxÞ
defined by

ψnðxÞ≕
1

2π
hnðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
; ð55Þ

for x∈ ½−1; 1�. The values of hnðxÞ at x ¼ 0 and x ¼ 1
appeared in Theorem 1 describing hydrodynamic correc-
tions to the Lanczos coefficients.
For large enough n [butOð1Þ in terms of the microscopic

couplings], we show that the minimum energy configura-
tion of EQ is obtained when hnðxÞ is given by

hnðxÞ ¼
1

π

Z
1

−1

V 0
nðsÞ − V 0

nðxÞ
s − x

dsffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p : ð56Þ

We then show that hnðxÞ displays universal behavior at the
origin x ¼ 0 and the endpoints x ¼ �1, similar to that of
the Ullman distribution Eq. (54). This behavior depends
only on the jωj → ∞ behavior of Q, provided it is suffi-
ciently smooth near the origin, essentially because of the
large-n scaling of VnðxÞ given by Eq. (53).
As an example, for our class of spectral functions, at the

edge of the bulk we have

Lemma 1. (Informal) IfQðωÞ ∼ jωjp logq jωj as jωj → ∞
for some p > 0 and q∈R, then

lim
n→∞

hnð1Þ ¼ 2p: ð57Þ

FIG. 4. The nth spectral function eΦnðωÞ ¼ pnðωÞ2ΦðωÞ for the
toy spectral function ΦðωÞ=2π ¼ sechðπωÞ and n ¼ 20. This
governs the dynamics ofOn with respect to the full Liouvillian L,
not the restricted Liouvillian Ln (see Fig. 6 for the latter). In this
case βn ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1Þp

[120], with the linear scaling βn ∼OðnÞ
reflecting the exponential decay of Φðω → ∞Þ. One can see thateΦnðωÞ is peaked near jωj ¼ βn, and as n → ∞ this becomes
increasingly sharp. The region jωj ≤ βn is referred to as the bulk,
and is analogous to the oscillatory region in a WKB approxi-
mation. For jωj ≫ βn, eΦnðωÞ is exponentially small. When
Φðω → 0Þ ∼ jωjρ has a power-law at ω ¼ 0, the orthogonal
polynomials pnðωÞ behave differently near the origin (see,
e.g., Theorem 2).
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We test this result numerically for the mixed field Ising
model in Sec. S6. Note that hnðxÞ is even ifQðxÞ is even, so
the same conclusion holds for hnð−1Þ.

C. Confinement transition

The behavior of hnð0Þ is more interesting, since it is
sensitive to a confinement transition in the Coulomb gas,
between strong confinement for p > 1 to weak confine-
ment for p < 1 (see Fig. 2) [77–80]. Despite this confine-
ment transition being driven primarily by the high
frequency behavior of the spectral function, it turns out
to manifest in a divergent density at low frequencies, as
codified in Lemma 2. This means it will have an imprint on
the signatures of hydrodynamics on the recurrence coef-
ficients bn, as we saw in Theorem 1. The following result is
stated in terms of hnð0Þ, but can be translated back to a
confinement transition in the original equilibrium density
σnð0Þ using Eqs. (51) and (55).

Lemma 2. (Informal) Suppose QðωÞ ∼ jωjp logq jωj as
jωj → ∞ for some p ≥ 1 and q∈R.

If p > 1, then for all q∈R we have

lim
n→∞

hnð0Þ ¼
2p

p − 1
; ð58Þ

while in the marginal case p ¼ 1, as n → ∞ we have

hnð0Þ ¼ ðlog nÞ1þoð1Þ ð59Þ

provided q > −1. (Local interactions enforce q ≥ 0.)
We prove Lemmas 1 and 2 in Sec. S5 [68]. It is

interesting to now recall the operator growth hypothesis
[11], which posits that operators undergoing chaotic many-
body dynamics generically grow as fast as possible under
locality constraints. These constraints stipulate that the
spectral function must decay at least exponentially with ω,
so that QðωÞ ∼ jωjp with p ≥ 1, and hence bn grows no
faster than OðnÞ. The OGH therefore amounts to the
statement that chaotic many-body systems generically have
p ¼ 1; here we see that this implies they can be identified
with the critical point of a Coulomb gas confinement
transition (see Fig. 2). Systems with spectral functions
decaying superexponentially (p > 1) will instead lie in the
strongly confined phase of the Coulomb gas.
The confinement transition can be heuristically under-

stood as follows. We have already seen that the large
frequency scaling of the potential QðωÞ ∼ jωjp logq jωj
determines the width βn of the equilibrium charge density
distribution σnðωÞ via Eq. (49). The confinement transition
is related to the relative scaling of the bandwidth βn and the
total charge n. For p > 1, βn grows slower than n, so the
average charge density n=ð2βnÞ increases with n; heuris-
tically, the charge is increasingly “packed in.” A useful

diagnostic is the charge density at zero frequency,
σnðω ¼ 0Þ, which is related to hnð0Þ via

σnð0Þ ¼
1

2π

n
βn

hnð0Þ: ð60Þ

Lemma 2 tells us that hnð0Þ is Oð1Þ for p > 1, where the
Oð1Þ refers to scaling with n. Combining this with the
scaling of βn given in Eq. (49), we conclude that σnð0Þ ∼
Oðn=βnÞ increases algebraically with n, with the same n
scaling as the average charge density. In this sense the
charge density is approximately uniform (in ω) in the bulk.
An example is shown in Fig. 5(a), where we show the
equilibrium density σnðωÞ for the toy potential QðωÞ ¼
ð1þ ω2Þp=2 with p ¼ 2.
By contrast, in the (locality forbidden) weakly confined

phase (p < 1), the bandwidth βn grows faster than n, so
the average charge density n=ð2βnÞ decreases with n.
However, the charge is now distributed differently at
low frequencies compared with the rest of the bulk; the
density profile is peaked at ω ¼ 0, where it becomes
σnð0Þ ∼Oð1Þ. An example is shown in Fig. 5(c). One
can understand this divergence from the behavior of the
derivative Q0ðωÞ ∼ ωp−1, which for p < 1 grows algebrai-
cally as ω becomes smaller. For our class of spectral

(a)

(b)

(c)

FIG. 5. Illustration of the confinement transition using the
potential QðωÞ ¼ ð1þ ω2Þp=2 for different growth exponents p.
The values p ¼ 1

2
and p ¼ 2 lie in the weakly and strongly

confined phases, respectively, while p ¼ 1 is marginal. All
systems with local interactions should have p ≥ 1. The confine-
ment transition can be diagnosed via the equilibrium density
σnð0Þ at zero frequency. In the strongly confined phase σnð0Þ ∼
Oðn=βnÞ grows algebraically with n, reducing to logarithmic
growth σnð0Þ ∼Oðlog nÞ at the critical point [or σnð0Þ ∼
Oðlog2 nÞ in one spatial dimension]. In the weakly confined
phase, σnð0Þ ∼Oð1Þ does not grow with n.
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functions we only assume that this behavior holds at
large frequencies, but when n is large this scaling still
governs the behavior of the rescaled potential V 0

nðsÞ ¼
ðβn=nÞQ0ðβnsÞ for s ∼Oð1Þ [cf. Eq. (53)]. As such, for
x ¼ 0 the integrand of Eq. (56) diverges algebraically as s
approaches zero, until the divergence is eventually cut
off by our differentiability assumption on Q. This gives
rise to a contribution scaling like hnð0Þ ∼Oðnð1−pÞ=pÞ, so
that σnð0Þ ∼Oð1Þ.
Finally, in the marginal case p ¼ 1 relevant for chaotic

systems, the bandwidth βn grows at the same rate as the
total charge n (up to logarithmic factors depending on q).
By a similar argument to the p < 1 case, the derivative
V 0
nðsÞ is now approximately constant for s ∼Oð1Þ, so the

integrand of Eq. (56) has a logarithmic divergence as
s → 0. This is again cut off at very small s ∼Oð1=βnÞ by
our differentiability assumption on Q, with the end result
that hnð0Þ diverges like Oðlog nÞ. Any logarithmic correc-
tions to QðωÞ ∼ jωj logq jωj do not affect the logarithmic
scaling of hnð0Þ provided q > −1. The case q ¼ −1
corresponds to the transition to weak confinement; this
is also where the Hamburger moment problem for ΦðωÞ
becomes indeterminate [121], which follows from
Carleman’s condition [86]. Note that local interactions
enforce q ≥ 0 if p ¼ 1 [74]. The scaling of σnð0Þ is then
σnð0Þ ∼O½nhnð0Þ=βn�, giving σnð0Þ ∼Oðlog nÞ for βn ∼ n
and σnð0Þ ∼Oðlog2 nÞ for βn ∼ n= log n, the latter case
relevant in one spatial dimension [11].
Before proceeding, we note that the convergence with n

of the equilibrium Coulomb gas density to the asymptotic
forms indicated in Lemmas 1 and 2 can be extremely slow,
depending on the functional form for Q. When Q is an
even-order polynomial, QðxÞ ∼Oðx2mÞ, then it is known
that the finite n corrections to hnð0Þ and hnð1Þ scale like
Oðn−1=2mÞ [62]. When Q is not necessarily an actual
polynomial, but merely of polynomial growth as we treat
here, then in general the rate of convergence depends
on how quickly Q approaches its asymptotic scaling
QðxÞ ∼ xp logq x. In toy examples we have also found that
convergence of hnð0Þ tends to be slower than that of hnð1Þ,
particularly in the quasilinear case p ¼ 1, where hnð0Þ has
a logarithmic divergence. Having said that, this slow
convergence will not necessarily be a problem for estimat-
ing, e.g., diffusion constants: in Sec. VIII B we show how
to eliminate the dependence on these slowly converging
Coulomb gas densities. After developing some technical
tools, we perform some quantitative checks of the con-
vergence of the equilibrium measure to the Ullman dis-
tribution Eq. (54) in Sec. X C. We find, at the values of n
typically available for numerical simulations, that the
Ullman distribution successfully describes the large-scale
qualitative shape of the true equilibrium measure, but at
finite n there remain significant fluctuations which must be
accounted for in order to get quantitative accuracy in
estimates of the spectral function.

VI. UNIVERSALITY OF THE LEVEL-n GREEN’S
FUNCTION

In this section we will explore the emergent universality
in Green’s functions outlined in Sec. II A. Let Ln ¼
ðLijÞi;j≥n denote the tridiagonal Liouvillian matrix
restricted to sites n and above, and let

GnðzÞ ≔
�
On

���� 1

z − Ln

����On

�
; ð61Þ

which we refer to as the “level-n Green’s function.” In the
language of the memory function formalism, one should
think of this as the Green’s function for dynamics restricted
to the “fast space” spanned by fOmgm≥n.
Because of the tridiagonal structure of the Liouvillian,

GnðzÞ obeys the recursion relation [26]

GnðzÞ ¼
1

z − b2nþ1Gnþ1ðzÞ
: ð62Þ

Recursing this gives a continued fraction expansion for the
original Green’s function GðzÞ≡G0ðzÞ (taking kAk ¼ 1
for notational simplicity)

GðzÞ ¼ 1

z − b2
1

z−��� � � � − b2n−1
z−b2nGnðzÞ:

ð63Þ

In practice one can only compute some finite number of
coefficients fbkgnk¼1, so one must somehow terminate the
continued fraction expansion at level n. Simply setting
GnðzÞ ¼ 0 is a bad idea because it amounts to terminating
the Lanczos chain after site n, which gives unphysical
reflections of the operator wave function off the hard boun-
dary, leading to very slow convergence with n. A better
approach is to choose a model for GnðzÞ which is designed
to accurately capture the operator backflow. The “recursion
method” [26] is a popular numerical technique where one
chooses such a terminator level-n Green’s function based on
some high level features of the spectral function, like its
high-frequency decay and any algebraic singularities. The
existence of appropriate terminators is something of a lottery
because one needs exact expressions for all three of the
Lanczos coefficients, the spectral function, and the Green’s
function. These solutions are usually expressed in terms of
special functions, and there is no guarantee an exactly
solvable model will exist with all the appropriate character-
istics. With our Riemann-Hilbert approach, we can analyze
the n → ∞ asymptotic behavior ofGnðzÞ directly, bypassing
the need for these exactly solvable models.
We prove that, as n → ∞, GnðzÞ approaches different

universal scaling forms in different regions of the complex
plane. The simplest case is when z is sufficiently far from

EMERGENT RANDOM MATRIX UNIVERSALITY IN QUANTUM … PHYS. REV. X 16, 011033 (2026)

011033-21



the special points z ¼ 0 and z ¼ �βn. In this case we show
that GnðzÞ approaches the Wigner semicircle law, the same
as the average global resolvent ð1=nÞtr½1=ðz −MÞ� for
random n × n matricesM drawn from the Gaussian unitary
ensemble [56] with a suitably rescaled bandwidth. If the
spectral function ΦðωÞ is complex analytic at ω ¼ 0, this
semicircle behavior persists all the way down to z ¼ 0. On
the other hand, if Φðω → 0Þ ∼ jωjρ has a low-frequency
power law, then the semicircle law breaks down near
ω ¼ 0, and GnðzÞ instead is described by a form dictated
by the Bessel universality class. Finally, near the edge of
the spectrum, z ≈�βn, the behavior of GnðzÞ is described
by the Airy universality class. We show an example of
this in Fig. 6 for the toy spectral function ΦðωÞ ¼
jωj−1=2sechðπωÞ, where we focus on the behavior along
the real line, as encoded in the corresponding spectral
function ΦnðωÞ ¼ 2 Im½Gnðω − i0þÞ�. Since in this case
we know the spectral function ΦðωÞ, we can numerically
compute GnðzÞ using a formula expressing it as a ratio of
two Cauchy-Stieltjes transforms (see Eq. S4.42 [68]).

A. Frequencies in the bulk

First let us consider frequencies sufficiently far from the
special points z ¼ 0 and z ¼ �βn, where the level-n
Green’s function GnðzÞ takes on a particularly simple form
as n → ∞. In Sec. S4 C [68] we show that, as n → ∞,
βnGnðβnzÞ approaches a universal scaling form

βnGnðβnzÞ ≈ 2
�
z −

ffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p ffiffiffiffiffiffiffiffiffiffi
z − 1

p �
; ð64Þ

for all z satisfying jzj > δ0 and jz=βn � 1j > δ1, where δ0
and δ1 are small butOð1Þ constants (see Fig. 1), and we use
the principal branch of the square root, so the rhs has a
branch cut along ½−1; 1�. Thus, away from the special
points z ¼ 0 and z ¼ �βn, the only free parameter deter-
mining GnðzÞ is the frequency bandwidth βn, which can be

approximated up to Oð1=nÞ relative error by βn ≈ 2bn
(cf. Theorem 1). When the spectral function ΦðωÞ is
complex analytic at ω ¼ 0, we prove this semicircle beha-
vior extends all the way to z ¼ 0. One can then understand
the special case Eq. (90) of our formula for recovering
Φðω ¼ 0Þ from the Lanczos coefficients as being equiv-
alent to substitutingGnð�i0þÞ≈ ∓ 2i=βn≈ ∓ i=bn into the
continued fraction expansion for GðzÞ. Although our proof
technique in this case requires analyticity at ω ¼ 0, our
numerical tests in Sec. VIII B suggest that this scaling
Gnð�i0þÞ≈ ∓ 2i=βn may still be accurate to leading order
in n, even without such strong analyticity requirements.
Within the bulk frequency range δ0 < jωj < ð1 − δ1Þβn,

the spectral function corresponding to Eq. (64) is

ΦnðωÞ ≔
Z

∞

−∞
e−iωtðOnjeiLntjOnÞdt

¼ i½Gnðωþ i0þÞ −Gnðω − i0þÞ�

≈
4

βn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðω=βnÞ2

q
; ð65Þ

namely, the semicircle law famous from random matrix
theory (RMT) [56]. Thus we see the emergence of RMT
universality in the bulk frequency response of the operators
On restricted to the fast space. To leading order in
ω=βn ≪ 1, this spectral function is constant, providing
some justification for approximating the large-n dynamics
by white noise, as was the original intuition for the Mori-
Zwanzig memory function formalism [19,26]. In Sec. VI B
we will show how this can fail near ω ¼ 0.

1. Semicircle law as a fixed point

Although this is not how we prove it (see Sec. S4 C for
the actual proof [68]), a quick way to arrive at Eq. (64) is to

assume the existence of the limit βnGnðβnzÞ⟶n→∞
fðzÞ. This

is a nontrivial assumption. One way it can fail is that this
limit is different for even and odd n—this is what happens
near z ¼ 0when ρ ≠ 0. These concerns aside, if we assume
the limit exists, then using the properties limn→∞ bn=βn ¼
1=2 (cf. Theorem 1) and limn→∞ bnþ1=bn ¼ 1, one con-
cludes from Eq. (62) that fðzÞ must solve the fixed point
equation

fðzÞ ¼ 1

z − 1
4
fðzÞ : ð66Þ

The rhs of Eq. (64) is then the unique solution of this fixed
point, subject to the requirement that fðzÞ is separately
analytic in C� and approaches zero like Oð1=zÞ as z → ∞
[these properties follow from the resolvent representation
of GnðzÞ]. We remark that this fixed point argument is
analogous to a method of proving the free central limit
theorem in random matrix theory, where the Wigner semi-
circle law emerges as the fixed point of repeated free

FIG. 6. The spectral function ΦnðωÞ ¼ 2 Im½Gnðω − i0þÞ�
corresponding to the level-n Green’s function GnðzÞ, shown
for the toy spectral function ΦðωÞ ¼ jωj−1=2sechðπωÞ and
n ¼ 40. The Wigner semicircle law Eq. (65) describes the
behavior very well in the bulk, but breaks down near ω ¼ 0
due to the low frequency power-law in the spectral function.
Instead the behavior near ω ¼ 0 is described by the universal
Bessel form corresponding to Eq. (67). Near the endpoint ω ¼ βn
the behavior is described by Airy universality.
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convolutions [96,122]. (Similar to the argument for the
standard central limit theorem that the Gaussian distribu-
tion is the fixed point of repeated convolutions.)
Without going into the details of the actual proof, let us

note that the origin of the semicircle law behavior forGnðzÞ
seems somewhat different to its origin for Gaussian random
matrix ensembles. For the latter, the semicircle law arises
because the equilibrium measure of the Gaussian poten-
tial QðωÞ ¼ − log½expð−ω2Þ� ¼ ω2 is the semicircle law
(c.f. Eq. (54) for p ¼ 2). In that context, the equilibrium
measure governs the average eigenvalue density as n → ∞.
However, here the semicircle law for GnðzÞ arises for a
much wider class of potentials, even when the correspond-
ing equilibrium measure does not approach the semicircle
law. The main ingredient to get the semicircle law forGnðzÞ
seems to be that the equilibrium density σnðωÞ is nonzero
throughout the whole interval ð−βn; βnÞ, and that it van-
ishes like a square root as ω approaches the end points�βn
(this is called “regular” behavior). We prove this is the
case for large enough n for our class of spectral functions
(see Lemma S6), subject to the regularity condition that
Q0ðωÞ > 0 for large enough ω. In this sense the universal
form Eq. (64) seems quite generic, but it would be possible
to violate it locally if, e.g., the spectral function contained
spectral gaps.
In the language of the recursion method [26,27], the

Green’s function in Eq. (64) is known as the “square root
terminator,” and is one of the simplest ways to terminate the
infinite continued fraction for the true Green’s function.
Indeed, within the approximation βn ≈ 2bn, it amounts to
setting all bnþk ↦ bn, k ¼ 0; 1; 2;…, to be equal, so that
Ln is just a constant tridiagonal matrix with bn on the off-
diagonals. Our results show that, remarkably, this simple
square root terminator is sufficient to accurately compute
diffusion constants (ρ ¼ 0). In fact, we have even more
freedom: any terminator satisfyingGnðω� i0þÞ≈ ∓ 2i=βn
as ω → 0 would work just as well. For example, this means
that it is not necessary to match the high frequency tail of
the true spectral function (this is not generally true if
ρ ≠ 0—see Sec. IX B). In related work, we explore this
“stitching freedom” in more detail [123].
We discuss the error term of Eq. (64) in Sec. S4 C [68].

In brief, for z ¼ Oð1Þ there is a multiplicative error of
Oð1=nÞ. For ρ ¼ 0 this is true for all z, but if ρ ≠ 0 the
error can become larger as z → 0, reaching O½1=σnð0Þ� at
z ∼ 1=βn [corresponding to a physical frequency ω ¼ βnz
of Oðn0Þ]. This is Õð1=nðp−1Þ=pÞ for p > 1, but only
O½1=ðlog nÞ1þqþoð1Þ� in the marginal case p ¼ 1. (We
remind the reader that, for p ¼ 1, q ≥ 0 is guaranteed by
locality, with q ≥ 1 in d ¼ 1 spatial dimensions [11,74].)

B. Frequencies near ω= 0

In the limit ω → 0, the distinction between even and
odd n is important for ρ ≠ 0; we will discuss the even
case. In the order of limits where ω → 0 before n → ∞,

we can show

G2nðω� i0þÞ≈ −2
β2n

 
J1

2
ðρ−1Þ � iY1

2
ðρ−1Þ

J1
2
ðρþ1Þ � iY1

2
ðρþ1Þ

!
½πσ2nð0Þω�; ð67Þ

where Jν and Yν are Bessel functions of the first and
second kind, respectively, and our shorthand indicates all
Bessel functions should be evaluated with the argument
πσ2nð0Þω [this is a linear approximation of πI2nðωÞ ¼
π
R
ω
0 σ2nðsÞds ≈ πσ2nð0Þω]. See Sec. S4 C for a derivation

[68]. The appearance of Bessel functions here is an indica-
tion of the Bessel universality governing the behavior
near the origin due to the spectral function scaling
Φðω → 0Þ ∼ jωjρ. In principle one can use this Bessel
universality of GnðzÞ to estimate spectral functions near
ω ¼ 0. However, in order to eliminate the a priori unknown
Coulomb gas density σ2nð0Þ, we find it more convenient
to follow an equivalent approach and work directly with
the zero mode in Lanczos space. We will describe this
approach in Sec. VIII.

C. Frequencies near the edges ω= � βn
Near the edge of the spectrum, meaning jz=βn � 1j < δ1

for a small Oð1Þ constant δ1, the Wigner semicircle law for
GnðzÞ again breaks down, and instead the behavior is
governed by the Airy universality class. This is analogous
to the behavior near the turning points of a WKB
approximation [116], or the maximal eigenvalue distribu-
tion of a randommatrix ensemble [124]. We refer the reader
to Sec. S4 C [68] for the full expression for GnðzÞ in terms
of Airy functions, and simply state here the leading
behavior precisely at the end point βn, where we have

Gn;�ðβnÞ ≈
2

βn

�
2Aið0Þ ffiffiffiffiffiffiffiffiffiffiffi

f0nð1Þ
p þ e�iπ

3

ffiffiffi
2

p
Ai0ð0Þðρþ 1Þ

2Aið0Þ ffiffiffiffiffiffiffiffiffiffiffi
f0nð1Þ

p þ e�iπ
3

ffiffiffi
2

p
Ai0ð0Þðρ − 1Þ

�
;

ð68Þ

with f0nð1Þ ¼ ðnhnð1Þ=
ffiffiffi
2

p Þ2=3 ∼Oðn2=3Þ, and where
Aið0Þ ¼ ð32=3Γ½2

3
�Þ−1 and Ai0ð0Þ ¼ −ð31=3Γ½1

3
�Þ−1. The

appearance of the Airy function Ai is a reflection of the
Airy universality near the spectral edge. From this expres-
sion we see that the corresponding spectral function
ΦnðωÞ ¼ ∓ 2 Im½Gn;�ðωÞ� does not vanish precisely at
ω ¼ βn, as the semicircle law would predict, but instead
scales to zero like Oðβ−1n n−1=3Þ. As discussed in Sec. S4 C,
this expression for Gn;�ðβnÞ has a multiplicative error of
Oð1=nÞ [68].

VII. HYDRODYNAMIC CONTRIBUTIONS
TO THE LANCZOS COEFFICIENTS

Our next result, Theorem 1, is a statement about the
recurrence coefficients fbng associated with spectral
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functions of the form in Eq. (34). It is an asymptotic
statement, controlled in the limit n → ∞ of large Lanczos
number. This limit is analogous to the large matrix
dimension limit in randommatrix theory [65], and similarly
will lead to universal behavior.
It is well established that the scaling ofΦðωÞ as jωj → ∞

determines the leading behavior of the bn as n → ∞ [35].
What we show in Theorem 1 is that the hydrodynamic
power-law imprints itself on the subleading behavior of bn
in a universal manner. Some of the quantities appearing in
the theorem, namely βn and hnðxÞ, are defined in terms of a
classical Coulomb gas problem described in Sec. V.

Theorem 1. (Informal) Consider ΦðωÞ=2π≡
jωjρ exp½−QðωÞ�, where ρ > −1, and Q is an even function
scaling like QðωÞ ∼ jωjp logq jωj as jωj → ∞, for some
p ≥ 1 and q∈R. Then the recurrence coefficients bn
associated with ΦðωÞ have a large-n expansion given by

bn ¼
βn
2



1þ ρ

�
1

hnð1Þ
− ð−1Þn 1

hnð0Þ
�
1

n
þ � � �

�
; ð69Þ

where the scaling of βn is given in Eq. (49), the scaling of
hnð1Þ and hnð0Þ are given in Lemmas 1 and 2, and the dots
indicate terms subleading in n.

The case p ¼ 1 of (quasi-)exponential decay—most
relevant for generic chaotic systems according to the
operator growth hypothesis [11]—turns out to be marginal,
with the above expression simplifying to

bn ¼
βn
2



1þ ρ

2

�
1 − ð−1Þn 1

ðlog nÞ1þoð1Þ

�
1

n
þ � � �

�
; ð70Þ

provided q > −1. (Local interactions enforce q ≥ 0.)
If p > 1, then this expression instead simplifies to

bn ¼
βn
2



1þ ρ

2p
ð1 − ð−1Þnðp − 1ÞÞ 1

n
þ � � �

�
; ð71Þ

for all q∈R.
This theorem is proved in Sec. S3, with the scaling of the

� � � error term discussed in Sec. S3 B5. It shows that the
hydrodynamic power-law, ΦðωÞ ∼ jωjρ as ω → 0, shows
up as a multiplicative correction to the leading scaling
governed by βn, whose scaling depends only on the
jωj → ∞ asymptotics via Eq. (49). The subleading hydro-
dynamic term displays staggering due to the factor ð−1Þn,
but the magnitude of the staggering decays to zero as
n → ∞. Many authors have noted examples where such
staggering is sufficient to give singular ω → 0 behavior
[26,37–40,43,125,126]. Our result proves in a wide class of
models that this staggering necessarily arises from the low-
frequency behavior. Hermiticity is an important ingredient
in producing the specific ð−1Þn form: it enters in the proof
via the identity

ð−1Þn ¼ exp

�
2πi
Z

βn

0

σnðωÞdω
�
; ð72Þ

where σnðωÞ is the charge density of the Coulomb gas
distribution that we defined in Sec. V. This identity follows
very generically by symmetry, since the distribution has
total charge n by construction,

R βn
−βn σnðωÞdω ¼ n, and

σnðωÞ is even, the latter coming from the evenness of
the spectral function, which is a property of Hermitian
systems. Thus we have

R βn
0 σnðωÞdω ¼ n=2, giving the

staggering factor ð−1Þn. It is also worth emphasizing that
this is a contribution from the ω ¼ 0 behavior of the
spectral function; that is why the lower limit of the integral
in Eq. (72) is zero. This ð−1Þn staggering factor also has
the same origins as the sign of the polynomials at zero,
sgn½p2nð0Þ� ¼ ð−1Þn [cf. Eq. (74)], which again is a
generic property of even weight functions [104].
Notice that the case p ¼ 1 is marginal, in the sense that

the staggered multiplicative correction associated with the
hydrodynamics scales like 1=n logn, rather than 1=n for
p > 1. This is a signature of the Coulomb gas confinement
transition discussed in Sec. V. This transition is primarily a
consequence of the high frequency scaling of the spectral
function, but it affects the hydrodynamic signature because
of its manifestation in a logarithmically divergent equilib-
rium charge density at low frequencies.
We emphasize that the operator growth hypothesis [11]

conjectures that chaotic many-body quantum systems
generically have p ¼ 1, and so are marginal in this sense.
The possibility of a log correction for p ¼ 1 was noted
in [38]. Note that p ¼ 1 scaling is not restricted to chaotic
models—certain many-body localized models have been
shown to also exhibit this scaling (with a q ¼ 1 log
correction) [36]. There is numerical evidence that the case
p ¼ 2, corresponding to bn ∼

ffiffiffi
n

p
, holds for interacting

integrable systems at infinite temperature [11,26,127,128].
We can also consider noninteracting systems as the limit
p → ∞, such that bn ∼ n0 and the spectral function has
compact support [see Ref. [47] (Theorem 7.4)].
It is tempting to extract the value of ρ by fitting the

Lanczos coefficients to the relevant asymptotic form given
in Theorem 1. In practice, we have found that, while this
method gives qualitatively correct answers for ρ, it tends to
give rather large error bars, since one is attempting to fit the
coefficient of a small subleading correction. Instead, we
recommend following the procedure outlined in Sec. VIII A
for extracting ρ from the leading scaling of the zero mode
in the Krylov space, which amplifies the effects of the
staggered subleading term coming from the low-frequency
power law.

Example 5. As a check of Theorem 1, we can
consider the generalized Hermite polynomials, which
have weight function ΦðωÞ=2π ¼ jωjρ exp½−ω2�. With
QðωÞ ¼ ω2, we can determine βn ¼

ffiffiffiffiffiffi
2n

p
from Eq. (48),
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and hnð0Þ ¼ hnð1Þ ¼ 4 from Eq. (56) (in agreement
with Lemmas 1 and 2 with p ¼ 2). Substituting into
Theorem 1, we get agreement to Oð1=nÞ with the
exact recurrence coefficients, which are known to be

bn ¼ ð1= ffiffiffi
2

p Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1

2
½1 − ð−1Þn�ρ

q
[129].

VIII. HYDRODYNAMICS FROMTHEZEROMODE

So far we have given a large-n expansion of the Lanczos
coefficients bn, showing how a low-frequency power-law in
the spectral function, Φðω → 0Þ ∼ jωjρ, shows up as a
subleading correction to the leading scaling of the Lanczos
coefficients. In this section we explain how by studying the
zero mode jω ¼ 0ÞK of the Liouvillian L within the Krylov
space, satisfying Ljω ¼ 0ÞK ¼ 0, one can extract the
value of the low frequency power-law exponent ρ, as well
as hydrodynamic transport coefficients encoded in
limω→0ΦðωÞ=jωjρ. The advantage of studying the zero
mode over directly analyzing the Lanczos coefficients is
that the zero mode amplifies the effects of the small
subleading terms in the Lanczos coefficients, such that
the hydrodynamics is manifest in the leading behavior of
the zero mode as n → ∞. This approach to computing
transport coefficients can be summarized in three steps:
(1) By fitting the leading behavior of the Lanczos

coefficients bn ∼ ðn= logq nÞ1=p, determine the
growth exponents p and q. Generic models usually
have p ¼ 1 and q ¼ 0 (or q ¼ 1 in one dimension).

(2) By fitting the leading behavior of the zero mode
amplitudes p2nð0Þ2 (defined below) to the scalings
given in Corollary 1 and Table I, determine the
power-law exponent ρ governing Φðω → 0Þ ∼ jωjρ.

(3) Having fixed ρ, extract hydrodynamic transport
coefficients by computing limω→0 ΦðωÞ=jωjρ using
Theorem 3.

In the following subsections we will describe the second
and third steps in more detail. Throughout this section we
will focus on ω ¼ 0 properties of the spectral function. In
Sec. IX we will generalize these ideas to ω ≠ 0 through an
algorithm we call the spectral bootstrap; the approach
described in this section is the ω → 0 limit of the spectral
bootstrap.

A. Extracting the low frequency power law

If we expand the zero mode jω ¼ 0ÞK ¼P∞
n¼0 cnjOn) in

the Lanczos basis, then Eq. (30) tells us that

cn
c0

¼ pnð0Þ
p0ð0Þ

; ð73Þ

where p0ð0Þ ¼ kAk−1 for an initial operator jAÞ. It
is a general property of orthogonal polynomials with
respect to even weight functions that they have definite
parity [104], pnð−xÞ ¼ ð−1ÞnpnðxÞ, and hence cn ¼ 0

for odd n. Furthermore, by using the recurrence relation
in Eq. (29), we find the recursive formula p2nð0Þ ¼
−ðb2n−1=b2nÞp2n−2ð0Þ, and hence

p2nð0Þ
p0ð0Þ

¼ ð−1Þn b2n−1
b2n

b2n−3
b2n−2

� � � b1
b2

: ð74Þ

Because this quantity involves the ratio of even and odd
Lanczos coefficients, it amplifies the effects of the even or
odd staggering in the subleading corrections to the Lanczos
coefficients indicated in Theorem 1. Previous authors have
noted that this is analogous to the origin of the localized
zero mode in the Su-Schrieffer-Heeger chain [39,40,130].
Our next result gives us a precise handle on how the low-
frequency power-law imprints itself on the scaling of this
zero mode, which is a reflection of the Bessel universality
class discussed in Sec. VI B.

Theorem 2. (Informal) Given the spectral function
ΦðωÞ=2π ≡ jωjρ exp½−QðωÞ�, so that Φðω → 0Þ ∼ jωjρ
for some ρ > −1, then as n → ∞ we have

p2nð0Þ2 ¼
Cρ

e−Qð0Þ
½πσ2nð0Þ�ρ

β2n
½1þ oð1Þ�; ð75Þ

where σ2n and β2n are, respectively, the density and support
of the equilibrium Coulomb gas distribution defined in
Sec. V, and the constant Cρ is given by

Cρ ¼
21−ρ

Γ
�
1
2
ð1þ ρÞ	2 : ð76Þ

See Sec. S4 A 1 for a proof; the oð1Þ error term is given
by the rhs of Eq. (S2.126). For the purposes of numerically
extracting the value of ρ, it is worth isolating the n
dependence of p2nð0Þ2. The scaling of β2n is given in
Eq. (49), and the scaling of σ2nð0Þ ¼ ð2n=β2nÞh2nð0Þ=2π
can be deduced from Lemma 2 leading to the following.

Corollary 1. With ΦðωÞ≡ jωjρ exp½−QðωÞ�, for n → ∞
we have

p2nð0Þ2 ∼O
�½nh2nð0Þ�ρ

β1þρ
2n

�
: ð77Þ

With QðxÞ ∼ jxjp logq jxj as jxj → ∞, this leads to

p2nð0Þ2 ∼
(
n−

1
pþρð1−1

pÞðlog nÞqpð1þρÞ; for p > 1; q∈R;

n−1ðlog nÞρþqð1þρÞ; for p ¼ 1; q > −1;

ð78Þ

where the ∼ indicates only the overall n dependence, and
for p ¼ 1 we have dropped the oð1Þ subleading exponent
in hnð0Þ ¼ ðlog nÞ1þoð1Þ from Lemma 2.
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In Table I we summarize some of the most physically
relevant cases for the scaling of p2nð0Þ2. The statements
about chaotic dynamics are made according to the operator
growth hypothesis [11], while the statement about inte-
grable systems is based on numerical evidence only.
Since we must have 1þ ρ > 0 in order for the spectral

function to be Lebesgue integrable across ω ¼ 0, we
see that

P
n p2nð0Þ2 diverges algebraically for p > 1,

but polylogarithmically for p ¼ 1, so the zero mode is
marginally delocalized for p ¼ 1. Unlike the original
Su-Schrieffer-Heeger chain, here the zero mode is not a
true localized eigenstate; although its support does decay
further into the bulk of the Lanczos chain, it does so too
slowly to be localized. The only case in which the zero
mode is normalizable is when the spectral function has a
delta-function peak at zero frequency. In Fig. 7 we test this

scaling numerically for some toy spectral functions, finding
good agreement with the predictions of Theorem 2.
Having fixed the values of p and q from the leading

behavior of the Lanczos coefficients bn ∼ ðn= logq nÞ1=p,
one can extract the value of the power-law exponent ρ by
computing p2nð0Þ2 and fitting to the relevant asymptotic
form indicated in Corollary 1. In practice, we have found
this to be more robust than attempting to extract ρ by fitting
the subleading terms in Theorem 1, since here one is fitting
to the leading behavior of p2nð0Þ2. Generally this procedure
works well for p > 1, i.e., sublinear Lanczos coefficients.
However, for p ¼ 1, where the Lanczos coefficients are
(quasi-)linear, we have found that n has to be extremely
large before this procedure gives the correct value of ρ, and
so in this case it might be best to assume the value of ρ on
phenomenological grounds. We attribute this to the poten-
tially very slow convergence with n of the Coulomb gas
density hnð0Þ to its asymptotic form given in Lemma 2.
While this slow convergence seems troubling, our algo-
rithms for extracting hydrodynamic coefficients like dif-
fusion constants, discussed in the next section, do not rely
on the asymptotics for the Coulomb gas because we
ultimately eliminate hnð0Þ from the equations that will
determine the hydrodynamic coefficients.

B. Extracting hydrodynamic transport coefficients

Now let us apply this to develop a numerical algorithm
for computing diffusion constants and other transport
coefficients. To warm up, let us consider diffusion. The
infinite temperature dc conductivity σdc, rescaled by the
temperature [131], is given by the Kubo formula [132]

σdc ¼ lim
τ→∞

lim
L→∞

Z
τ

0

ðJ jJ ðtÞÞ
L

dt; ð79Þ

where J is the total current for the conserved charge, and L
is the system size. Now we set our initial Lanczos operator
to be A ≔ J =

ffiffiffiffi
L

p
, the zero wave vector component of the

Fourier transform of the current density, and take the
thermodynamic limit L → ∞. For a translationally invari-
ant system, the Lanczos algorithm can be run in Fourier
space with minimal modification compared with real space
[11] (Appendix C). Since (J jJ ðtÞ) ¼ (J jJ ð−tÞ) at
infinite temperature, we have

σdc ¼
1

2

Z
∞

−∞
(AjAðtÞ)dt ¼ 1

2
Φð0Þ: ð80Þ

Given our ansatz ΦðωÞ=2π ¼ jωjρ exp½−QðωÞ�, we have

lim
ω→0

ΦðωÞ
jωjρ ¼ 2πe−Qð0Þ: ð81Þ

For regular diffusion we expect the dc conductivity σdc
to be finite, which corresponds to ρ ¼ 0. To obtain the

TABLE I. Zero mode amplitude p2nð0Þ2 scaling as a function
of the low-frequency power-law exponent Φðω → 0Þ ∼ jωjρ and
the high-frequency behavior Φðω → ∞Þ ∼ ωp logq ω.

Dynamical class p q O½p2nð0Þ2� OðPn
m¼0 p2mð0Þ2Þ

Chaotic (d > 1) 1 0 ðlog nÞρ=n ðlog nÞ1þρ

Chaotic (d ¼ 1) 1 1 ðlog nÞ1þ2ρ=n ðlog nÞ2ð1þρÞ
Interacting integrable 2 0 n

1
2
ð−1þρÞ n

1
2
ð1þρÞ

Noninteracting ∞ 0 nρ n1þρ

(a)

(b)

FIG. 7. Scaling of the zero mode amplitudes p2nð0Þ2 as a
function of the power-law exponent ρ governing the low-
frequency spectral function Φðω → 0Þ ∼ jωjρ. (a) Toy model
ΦðωÞ=2π ¼ jωjρ exp½−QðωÞ� with QðωÞ ¼ ð1þ ω2 þ ω4Þ1=2.
This model has p ¼ 2, so p2nð0Þ2 scales algebraically as
p2nð0Þ2 ∼ n

1
2
ðρ−1Þ. (b) Toy model ΦðωÞ=2π ¼ jωjρ exp½−QðωÞ�

with QðωÞ ¼ ð1þ ω2 þ ω4Þ1=4. This model has p ¼ 1, so
np2nð0Þ2 scales polylogarithmically as np2nð0Þ2 ∼ ðlog nÞρ.
[Note the axes are log-scale, so for case (b) the x-axis is linear
in log log n].
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diffusion constant, one can use the Einstein relation
D ¼ σdc=χ, where χ is the static susceptibility.
The first thing to notice is that Eq. (75) contains this

factor exp½−Qð0Þ� which gives us the value of
limω→0ΦðωÞ=jωjρ. However, despite being able to exactly
compute p2nð0Þ via Eq. (74), the problem with using
Eq. (75) on its own to extract exp½−Qð0Þ� is that it also
contains the factor σnð0Þ related to the density of the
equilibrium measure at the origin, and in general comput-
ing σnð0Þ exactly requires already knowing the spectral
function (since one needs to know Q). While Lemma 2
indicates that σnð0Þ ¼ ð1=2πÞ(nhnð0Þ=βn) exhibits some
universal scaling as n → ∞, this asymptotic scaling can
take a long time to set in, so given only a modest number of
Lanczos coefficients, it would be preferable to rely only on
quantities we can compute exactly or approximately using a
finite number of Lanczos coefficients. Fortunately, it turns
out to be possible to eliminate the leading-order depend-
ence on σnð0Þ using the precise asymptotics of the partial
sums of the amplitudes p2nð0Þ2. We define

Knðx; yÞ ≔
Xn−1
m¼0

pmðxÞpmðyÞ; ð82Þ

which is known as the “Christoffel-Darboux kernel” in the
language of orthogonal polynomials [133]. Under the same
assumptions as Theorem 2, we can derive the asymptotic
expression

Knð0; 0Þ ¼
ĉρ

e−Qð0Þ ½πσnð0Þ�1þρ½1þ oð1Þ�; ð83Þ

where the oð1Þ error term is given in the rhs of
Eq. (S2.126), and the constant ĉρ is given by

ĉρ ≔
1

21þρΓ½1
2
ð1þ ρÞ�Γ½1

2
ð3þ ρÞ� : ð84Þ

Combining Eq. (83) and Theorem 2 gives

πσ2nð0Þ ¼ 2ð1þ ρÞ K2nð0; 0Þ
β2np2nð0Þ2

½1þ oð1Þ�; ð85Þ

which allows us to eliminate the equilibrium measure
σ2nð0Þ, leading to the following result:

Theorem 3. With ΦðωÞ ∼ jωjρ as ω → 0, we have

lim
ω→0

ΦðωÞ
jωjρ ¼ lim

n→∞

cρ½K2nð0; 0Þ�ρ
½β2np2nð0Þ2�1þρ ; ð86Þ

where the constant cρ is given by

cρ ¼
4πð1þ ρÞρ
Γ
�
1
2
ð1þ ρÞ	2 : ð87Þ

For the reader’s convenience, we can use Eqs. (74) and (82)
to give the following more explicit expression in terms of
Lanczos coefficients:

lim
ω→0

ΦðωÞ
jωjρ ¼ lim

n→∞
cρkAk2

h
1þPn−1

k¼1

�
b2k−1
b2k

� � � b1b2
�
2
i
ρh

β2n
�
b2n−1
b2n

� � � b1b2
�
2
i
1þρ

; ð88Þ

where A is the initial Lanczos operator, O0 ¼ A=kAk.
By Theorem 1 we know that β2n ¼ 2b2n½1þOð1=nÞ�,

so from Eq. (88) we can see that simply approximating
β2n ≈ 2b2n also results in a small Oð1=nÞ relative error in
limω→∞ ΦðωÞ=jωjρ. All of the subtle effects from sublead-
ing staggered terms in the Lanczos coefficients are captured
in p2nð0Þ2 and K2nð0; 0Þ, which we can compute exactly
using the first 2n Lanczos coefficients.

C. Numerical benchmarks

To start our benchmarks, we begin with regular diffu-
sion. In this case Φð0Þ for the current operator is nonzero,
corresponding to ρ ¼ 0. In this special case, Theorem 3
becomes

Φð0Þ ¼ lim
n→∞

4

β2np2nð0Þ2
; ð89Þ

¼ lim
n→∞

4kAk2
β2n

�
b2n
b2n−1

b2n−2
b2n−3

� � � b2
b1

�
2

; ð90Þ

where in the second line we used Eq. (74) to replace
p2nð0Þ2. A similar formula appears in Ref. [45], based on
considerations motivated by the operator growth hypothesis
[11] (see also Ref. [46]). Our derivation shows that this
behavior does not necessarily require the system to obey
the OGH in order for it to be valid.
We start with the mixed field Ising model,

HMFIM ¼
XL
i¼1

�
ZiZiþ1 þ gxXi þ gzZi

�
; ð91Þ

which has energy diffusion for generic values of gx and
gz [3]. The energy current operator is defined by a
continuity equation to be J ¼Pi gxðYiZiþ1 − ZiYiþ1Þ,
so given the initial Lanczos operator A ≔ J =

ffiffiffiffi
L

p
, in the

thermodynamic limit we have kAk2 ¼ limL→∞ðJ jJ Þ=L ¼
2g2x, which is needed to compute p2nð0Þ via Eq. (74).
The infinite temperature static energy susceptibility is χ ¼
limL→∞½hH2

MFIMi − hHMFIMi2�=L ¼ 1þ g2x þ g2z . Fixing
gx ¼ 1.4 and gz ¼ 0.9045, Fig. 8(a) shows the result of
using Theorem 3 with ρ ¼ 0 to extract the energy diffusion
constantD. A linear extrapolation in 1=n on the predictions
from up to n ¼ 40 Lanczos coefficients gives an estimate
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of Dðn → ∞Þ ¼ 1.45� 0.02, close to the prediction
D ¼ 1.4–1.45 from tensor network methods [5,10].
For a more challenging example, we study spin diffusion

in the XXZ chain,

HXXZ ¼ 1

4

X
i

�
XiXiþ1 þ YiYiþ1 þ ΔZiZiþ1

�
; ð92Þ

which has diffusive spin transport for Δ > 1 [131].
The spin current operator is defined by a continuity equa-
tion to be J ¼ 1

4

P
i ðXiYiþ1 − YiXiþ1Þ, so kAk2 ¼ 1=8.

The infinite temperature static spin susceptibility is χ ¼
limL→∞½hðSztotÞ2i − hSztoti2�=L ¼ 1=4. Performing a linear
extrapolation in 1=n on the predictions from up to n ¼ 20
Lanczos coefficients, Fig. 8(b) shows that the resulting

diffusion constants come reasonably close to the prediction
from generalized hydrodynamics [134,135],

DXXZ ¼
2 sinhη
9π

X∞
s¼1

ð1þ sÞ


sþ 2

sinhηs
−

s
sinhηðsþ 2Þ

�
; ð93Þ

where η ≔ arcoshΔ. We note that n ¼ 20 is still relatively
small, but even at these small values the predictions are
close to those obtained using tensor network methods like
tDMRG [136].
Finally, to test the method for ρ ≠ 0, we study spin

transport in the isotropic Heisenberg chain (i.e., Δ ¼ 1 for
the XXZ spin chain). This has recently been discovered to
have superdiffusive spin transport at infinite temperature
[84], with a current-current correlator decaying like
(J jJ ðtÞ) ∼ ðγχ=3Þt−2=3 as t → ∞, leading to a time-
dependent diffusion constant growing like DðtÞ ∼ γt1=3.
The value of γ can be extracted from the Lanczos
coefficients of the spin current operator using Theorem 3
with ρ ¼ −1=3 via the relation

γ ¼ χ
ffiffiffi
3

p

Γ½1
3
� limω→0

ΦðωÞ
jωj−1=3 ; ð94Þ

where we used the fact that
R
R e−iωtjtj−2=3dt ¼ffiffiffi

3
p

Γ½1=3�jωj−1=3. Generalized hydrodynamics gives the
prediction γ ¼ ð2=3Þð10π=27Þ4=3 ≈ 0.816 [137,138].
Using only n ¼ 20 Lanczos coefficients, we obtain pre-
dictions close to this result (Fig. 8(c)). Interestingly, we find
extrapolating in n−3=2 gives better agreement with the GHD
prediction than extrapolating in n−1. Finally, we emphasize
that, since this example has ρ ≠ 0, not accounting for the
Bessel universality governing the ω ≈ 0 behavior can lead
to erroneous results, as we will illustrate in more detail
in Sec. IX B and Fig. 10. This is where our approach
differs the most from other recent approaches based on the
recursion method [45,46,52].

IX. THE SPECTRAL BOOTSTRAP:
APPROXIMATING THE SPECTRAL

FUNCTION AT FINITE FREQUENCIES

In this section we explain how to extend ideas from the
previous section to extract the spectral function at finite
frequencies. The high-level summary is that, using the
appropriate n → ∞ asymptotics of the orthogonal poly-
nomials, we formulate a first-order differential equation
involving the spectral function and the equilibrium density
of the Coulomb gas defined in Sec. V. Together with an
initial condition at ω ¼ 0 provided to us by Hermiticity
[i.e., Φð−ωÞ ¼ ΦðωÞ], this differential equation can be
iteratively solved to give a finite n approximation to the
spectral function at finite frequencies. The convergence of
this approximation is determined by the convergence of the
polynomial asymptotics. We refer to this general procedure

(a)

(b)

(c)

FIG. 8. (a) Energy diffusion constant of the mixed field Ising
chain using Theorem 3 with ρ ¼ 0 and up to n ¼ 40 Lanczos
coefficients. (b) Spin diffusion constant of the XXZ spin chain as
a function of the anisotropy Δ using Theorem 3 with ρ ¼ 0 and
up to n ¼ 20 Lanczos coefficients, compared with the prediction
Eq. (93) from generalized hydrodynamics (GHD) [134,135]. The
black dots show the result of a linear extrapolation in 1=n to
n → ∞, and the crosses show tDMRG data from Ref. [136].
(c) Coefficient γ of the time-dependent spin diffusion constant
DðtÞ ∼ γt1=3 for the isotropic Heisenberg chain using Theorem 3
with ρ ¼ −1=3 and up to n ¼ 20 Lanczos coefficients. Extrap-
olations in 1=n and 1=n3=2 give slightly different predictions,
with the 1=n3=2 result agreeing better with the GHD prediction
γ ≈ 0.816 [137,138].
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of using orthogonal polynomial asymptotics to give a
differential equation for the spectral function as the spectral
bootstrap. We emphasize that the approach to hydrody-
namic transport coefficients in Sec. VIII B used the ω → 0
limit of these asymptotics, and so can be viewed as the
initial ω ¼ 0 step of the spectral bootstrap.
In order for this approach to work well, it is important to

derive asymptotics taking into account all the relevant
“high-level” features of the spectral function, such as
algebraic singularities, spectral gaps, etc. We will focus
on a particular instance of this idea, where the spectral
function ΦðωÞ=2π ≡ jωjρ exp½−QðωÞ� has a power law at
ω ¼ 0 but is otherwise smooth. To warm up wewill start by
taking ρ ¼ 0, so that the spectral function is also smooth at
ω ¼ 0. The procedure for ρ ≠ 0 is conceptually similar, but
the equations involved are a little more complicated. For
ρ ¼ 0, the whole frequency range ω∈ ð−βn; βnÞ is referred
to as the bulk (see Fig. 4), and the following procedure is
controlled for all frequencies inside the bulk and away from
the edges ω ≈�βn. Since βn increases with n, for computa-
tionally accessible values of n the size of the bulk is large
enough to capture the frequency range where the spectral
function is non-negligible.
We remark that if one is only interested in recovering the

spectral function ΦðωÞ in the bulk, there is a much simpler
procedure than what we are about to describe:
(1) Approximate the level-n Green’s function by the

universal “semicircle form”

GnðzÞ ≈
2

β2n

�
z −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
zþ βn

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
z − βn

p �
;

from Eq. (64), where we approximate βn ≈ 2bn.
(2) Substitute GnðzÞ into the continued fraction in

Eq. (63) to obtain the full Green’s function GðzÞ.
(3) Compute ΦðωÞ ¼ 2 ImGðω − i0þÞ.

For ρ ¼ 0, this simple procedure gives numerically iden-
tical results to the spectral bootstrap algorithm we will
describe in the next section. However, for ρ ≠ 0, the
behavior of ΦðωÞ near ω ¼ 0 is strongly influenced by
the behavior of the Coulomb gas density σnðωÞ, which can
have strong fluctuations as a function of ω. Unfortunately,
even for finite n, computing σnðωÞ exactly requires already
knowing the full spectral function ΦðωÞ, which would
defeat the point. What we show is how to iteratively
compute an approximation to σnðωÞ, controlled in the
n → ∞ limit, and in turn how this can be used to obtain a
finite n approximation of the spectral function ΦðωÞ. As a
by-product, having access to σnðωÞ is also useful in
checking the emergence of random matrix universality in

this quantum operator growth problem—we will discuss
this in more detail in Sec. X.
As well as the bulk and Bessel versions of the spectral

bootstrap we will describe imminently, one can also
formulate a version suited for frequencies near the spectral
edge jωj ≈ βn. In this region there is Airy universality, as in
Sec. VI C, and one must formulate polynomial asymptotics
which are relevant for this universality class. We defer the
exposition of this Airy bootstrap to Sec. S6.

A. The bulk bootstrap: ρ= 0

In terms of the Coulomb gas density σnðxÞ discussed in
Sec. V, we define

θnðωÞ ≔ −π
Z

βn

ω
σnðω0Þdω0 −

π

4
: ð95Þ

We will see shortly that θnðωÞ acts as a phase factor in a
WKB-like asymptotic for the orthogonal polynomials.
However, let us first briefly discuss some consequences
of Hermiticity. For an arbitrary spectral function, all one
knows about σn is that it integrates to n over some interval
whose right end point is βn. But for an even spectral
function, which for us is guaranteed by Hermiticity, we
know that σnðωÞ is even and supported on ½−βn; βn�, so thatR βn
0 σnðxÞdx ¼ n=2 (the same integral gave the staggering
factor ð−1Þn in the recurrence coefficients, cf. Theorem 1).
Thus we can rewrite θnðωÞ as

θnðωÞ ¼ πInðωÞ −
nπ
2

−
π

4
; ð96Þ

where InðωÞ is defined as

InðωÞ ≔
Z

ω

0

σnðω0Þdω0: ð97Þ

Note that Inð0Þ ¼ 0, independent of the density distribution
σn. This is important because it sets the initial condition for
the first-order differential equation we will derive below.
Although this is manifest from its definition, this discussion
shows that it is really Hermiticity that gives us an initial
condition at ω ¼ 0. For a noneven weight function, one
would only have an initial condition for θnðωÞ at ω ¼ βn.
The Riemann-Hilbert analysis gives us access to detailed

asymptotic formulas for the orthogonal polynomials, con-
trolled as n → ∞. In the orthogonal polynomials literature,
these are known as Plancherel-Rotach asymptotics [71].
We have the following generalization of Theorem 2 for

ρ ¼ 0 to finite frequencies (see Sec. S4 [68] for a proof)

pn−1ðωÞ ≈
−1ffiffiffiffiffiffiffiffiffiffiffi
ΦðωÞp ffiffiffiffiffi

2

βn

s 
�
βn − ω

βn þ ω

�
1=4

cos θnðωÞ þ
�
βn þ ω

βn − ω

�
1=4

sin θnðωÞ
�
; ð98Þ
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pnðωÞ ≈
1ffiffiffiffiffiffiffiffiffiffiffi
ΦðωÞp ffiffiffiffiffi

2

βn

s 
�
βn − ω

βn þ ω

�
1=4

cos θnðωÞ −
�
βn þ ω

βn − ω

�
1=4

sin θnðωÞ
�
; ð99Þ

where at this level of approximation we are setting βn ≈ 2bn
(see Theorem 1 for ρ ¼ 0). The first thing to notice is that
pn−1ðωÞ and pnðωÞ are both pointwise proportional to
1=

ffiffiffiffiffiffiffiffiffiffiffi
ΦðωÞp

; this important feature is quite generic for
orthogonal polynomials, and we will see that it continues
to hold in other frequency regimes. We can combine these
equations and use Eq. (96) to get the first of our bootstrap
equations:

ΦðωÞ ≈ 4

βn

1

pn−1ðωÞ2 þ pnðωÞ2
βn − ð−1Þnω sin½2πInðωÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2n − ω2
p :

ð100Þ

Note that we used two polynomials, pn−1 and pn, in order
to avoid dividing by zero: it is a general property of
orthogonal polynomials that the zeros of pn−1 and pn

interlace [139], which guarantees pn−1ðωÞ2 þ pnðωÞ2 > 0.
Given n Lanczos coefficients fbkgnk¼1, the orthogonal

polynomials pkðωÞ can be computed exactly up to order n
using the recursion relation Eq. (29), so if we knew the
phase function InðωÞ, then we would be able to recover the
spectral function ΦðωÞ from Eq. (100). However, InðωÞ ¼R
ω
0 σnðω0Þdω0 is defined in terms of the equilibrium
measure σn, and computing that exactly via Eqs. (51),
(55) and (56) requires prior knowledge of Φ, precisely the
function we are trying to estimate in the first place.
Our solution is to derive a large-n approximation

for σnðωÞ using the polynomial asymptotics Eqs. (98)
and (99). If we differentiate either of these equations with
respect to ω, we will get terms involving the derivative
I0nðωÞ ¼ σnðωÞ, which is what we want. However, we will
also get terms involving the derivative Φ0ðωÞ, which is a
new unknown. The trick is to consider a certain “determi-
nantal” combination of derivatives. In particular, the
Christoffel-Darboux formula [104] shows that the diagonal
Christoffel-Darboux kernel Knðω;ωÞ ¼

P
n−1
k¼0 pkðωÞ2 can

be expressed as

Knðω;ωÞ ¼ bn det

�
pn−1ðωÞ p0

n−1ðωÞ
pnðωÞ p0

nðωÞ

�
: ð101Þ

This determinantal structure ensures exact cancellation
of the terms involving the unwanted derivative Φ0ðωÞ.
More explicitly, if we write the asymptotics in Eqs. (98)
and (99) as pn−1ðωÞ≡ΦðωÞ−1=2αn−1ðωÞ and pnðωÞ≡
ΦðωÞ−1=2αnðωÞ, then we have (suppressing ω arguments
for ease of notation)

Kn ¼ bn det

�
Φ−1=2αn−1 ðΦ−1=2αn−1Þ0
Φ−1=2αn ðΦ−1=2αnÞ0

�
;

¼ bnΦ−1 det

�
αn−1 α0n−1
αn α0n

�
−
bn
2
Φ0Φ−2 det

�
αn−1 αn−1

αn αn

�
;

¼ bnΦ−1½αn−1α0n − α0n−1αn�:

Thus the term proportional to Φ0ðωÞ vanishes as claimed
due to rank deficiency. This argument does not rely on the
detailed form of the polynomial asymptotics, other than the
fact that pn−1ðωÞ and pnðωÞ are both pointwise propor-
tional to ΦðωÞ−1=2, and so will generalize to other fre-
quency regimes discussed in subsequent sections.
Now, carrying out the relevant derivatives of Eqs. (98)

and (99) and rearranging, we get the second of our
bootstrap equations:

σnðωÞ ≈
ΦðωÞ
2π

Knðω;ωÞ þ ð−1Þn βn cos½2πInðωÞ�
2πðβ2n − ω2Þ : ð102Þ

The kernel Knðω;ωÞ can be calculated in terms of the
orthogonal polynomials using Eq. (101), which we remind
the reader can be computed exactly in terms of the Lanczos
coefficients fbkgnk¼1 using the three-term recurrence
Eq. (29). Equation (102) was proven by different means
for a similar class of spectral functions in [111] (Theorem
9.5), but only with the first term on the rhs, which
dominates the second term by a factor of OðβnÞ when ω
is Oð1Þ.
Since ∂ωInðωÞ ¼ σnðωÞ, Eqs. (100) and (102) constitute

a first-order ordinary differential equation for InðωÞ which
is closed at leading order in n, and whose solution yields
ΦðωÞ as a byproduct. Crucially, we also have the initial
condition Inð0Þ ¼ 0, allowing us to iteratively solve this
differential equation and thereby obtain a finite-n approxi-
mation to the spectral function. Given a choice of frequency
spacing δω ≪ 1 and a maximum frequency ωmax satisfying
0 < ωmax ≪ βn, the algorithm works as follows:
(0) Set ω ¼ 0 and Inð0Þ ¼ 0.
(1) Compute ΦðωÞ using Eq. (100).
(2) Compute σnðωÞ using Eq. (102).
(3) Set Inðωþ δωÞ ¼ InðωÞ þ σnðωÞ × δω.
(4) Increment ω ↦ ωþ δω.
(5) Repeat steps 1–4 until ω ¼ ωmax, then terminate.
As an example we will again consider the mixed field

Ising model (MFIM). We will compare the results to those
obtained through the “simple procedure” described at the
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start of the section where we replace the level-n Green’s
function GnðzÞ by the universal “semicircle” form in
Eq. (64), as well as to the spectral function resulting from
Fourier transforming the real-time autocorrelation function
ðJ jJ ðtÞÞ= ffiffiffiffi

L
p

obtained using time-evolving block deci-
mation (TEBD). For the spectral bootstrap we compute
n ¼ 40 Lanczos coefficients, going up to ωmax ¼ 0.99βn,
with βn ≈ 2bn ≈ 46.1 for n ¼ 40 in the MFIM. For the real-
time evolution, we go up to tmax ¼ 10 using a time step of
dt ¼ 0.01, with a maximum bond dimension of χmax ¼ 512
and a system size L ¼ 201 large enough that finite-size
effects are negligible over these timescales. We can see
from the main panel of Fig. 9(a) that the spectral bootstrap
and semicircle approximation give numerically identical
results throughout this bulk frequency range, providing an
important self-consistency check. The spectral bootstrap
also generally agrees well with the Fourier transform data at

low to moderate frequencies. There is some deviation
around ω ¼ 0, but it is hard to do a fair comparison
because it is not clear how to systematically convert
between n and tmax. As a rough indication of computational
effort, our Julia implementation of the Lanczos algorithm
took ∼30 min and ∼60 GiB RAM on a single CPU core to
compute n ¼ 40 Lanczos coefficients for the MFIM, while
our TEBD simulation performed using TeNPy [140] took
∼30 h on 8 cores using ∼2 GiB RAM. However, the TEBD
runtime is highly parameter dependent, and could be
reduced by using a larger dt or a smaller χmax. At any
rate, the initial ω ¼ 0 step of the spectral bootstrap corres-
ponds to the ρ ¼ 0 case of the procedure for extracting
diffusion constants described in Sec. VIII B, and in
Fig. 8(a) we already demonstrated quantitative accuracy
in the n → ∞ limit.
More noticeable differences between the spectral

bootstrap and the Fourier transformed correlator can be
found at high frequencies, as shown in the left inset of
Fig. 9(a). What is striking about the spectral bootstrap data
is that we are able to resolve the log-correction due to
geometric constraints on operator growth in 1D [11]:
Lanczos coefficients growing like bn ∼ n= log n correspond
to a spectral function decaying like Φðω → ∞Þ ∼
exp½−Oðω logωÞ� [cf. Eq. (49)], rather than the generic
exponential bound Φðω → ∞Þ ∼ exp½−OðωÞ� expected in
higher dimensions. Further evidence for this is shown in
Fig. 9(b), where we find that log½ΦðωÞ�=ω logω plateaus at
large frequencies, while without the log correction
log½ΦðωÞ�=ω continues to decay. The estimates appear to
be well converged with n provided we restrict to jωj < βn
(which is why the smaller n curves stop at smaller ω).
Convincingly resolving this log correction had previously
required going to much larger n using a Monte Carlo
algorithm that exploits the lack of a sign problem for
operator growth in the MFIM [36,141].
Getting the correct high-frequency tail from the Fourier

transformed real-time correlation function can be challeng-
ing due to spectral leakage arising from cutting off the
Fourier transform integral at a finite tmax. Indeed, we can
see in the left inset to Fig. 9(a) that the spectral function
from the Fourier transform does not have the expected
quasi-exponential high-frequency decay. The standard fix
to this problem of spectral leakage is to multiply the real-
time correlator by a windowing function before taking the
Fourier transform [142]. We also show in Fig. 9(a) the
results from multiplying by a simple finite cosine window
1
2
½1þ cosðπt=tmaxÞ�. This extends the maximum frequency

at which the Fourier transform data agrees with the high
frequency tail of the spectral bootstrap, but still eventually
leads to an unphysical plateau at very high frequencies.
This high frequency tail could likely be improved further
by both reducing dt and increasing tmax, at the cost of
increased computational resources. Figure 9(b) shows that
the high-frequency tail of the spectral bootstrap is

(a)

(b) (c)

FIG. 9. (a) The n ¼ 40 approximation to the spectral function
of the energy current operator of the mixed field Ising model, with
a comparison between the spectral bootstrap and approximating
the level-n Green’s function by the semicircle form in Eq. (64),
and the Fourier transform (FT) of the real-time correlator CðtÞ ¼
ðJ jJ ðtÞÞ=L up to tmax ¼ 10. We also show the Fourier transform
of CðtÞ multiplied by the cosine window 1

2
½1þ cosðπt=tmaxÞ� in

order to reduce spectral leakage due to the finite tmax. The left
inset demonstrates the high-frequency scaling ΦðωÞ ∼
exp½−Oðω logωÞ� expected in one spatial dimension [11]. The
right inset verifies the sum rule for the approximate spectral
function obtained using the spectral bootstrap. (b) The spectral
function ΦðωÞ obtained using the spectral bootstrap, rescaled in
two ways, as evidence that ΦðωÞ decays like Φðω → ∞Þ ∼
exp½−Oðω logωÞ� rather than Φðω → ∞Þ ∼ exp½−OðωÞ�. (c) Re-
constructed Lanczos coefficients bn, calculated using the estimate
of the spectral function obtained using the spectral bootstrap, and
compared with the exact Lanczos coefficients. The close agree-
ment is strong evidence that the spectral bootstrap is producing a
good approximation to the true spectral function.
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converged with n at least up to ω ≈ 40, so this Lanczos
approach appears to be particularly well suited to reliably
extracting high-frequency information.
To further verify the accuracy of the spectral function

approximation ΦestðωÞ obtained using the spectral boot-
strap, we attempt to reconstruct the exact sequence of
Lanczos coefficients by carrying out the three-term recur-
rence relation Eq. (29) for the orthogonal polynomials, but
computing the norm

b2n ¼
Z
R
½ωpn−1ðωÞ − bn−1pn−2ðωÞ�2

ΦðωÞ
2π

dω ð103Þ

by numerically evaluating the integral with ΦðωÞ approxi-
mated by ΦestðωÞ. We can only compute this integral up
to the maximum frequency ωmax ¼ 0.99βn for which we
performed the spectral bootstrap, but this is sufficient
to capture almost all of the norm contributing to bn,
for reasons discussed in Sec. V. The result is shown in
Fig. 9(c), where we find very close agreement between the
exact and the reconstructed Lanczos sequence, thus pro-
viding strong evidence that the spectral bootstrap yields a
good approximation to the true spectral function [see
Fig. 11(c) for more examples]. As a final nontrivial check,
the right inset to Fig. 9(a) shows that the sum ruleR
R ΦðωÞdω=2π ¼ ðAjAÞ is verified very accurately.
Using the spectral function extracted in the range
ω∈ ½−0.99βn; 0.99βn�, we find that the sum rule is satisfied
up to a relative error of ∼10−6.
Before proceeding, we remark that it is also possible to

start this bulk bootstrap at some nonzero frequency ω0 as
follows. Use the semicircle approximation [Eq. (64)] to the
level-n Green’s function Gnðω0 � i0þÞ to approximate
the spectral function Φðω0Þ, as described at the start of
Sec. IX. Then numerically solve Eq. (100) to determine

Inðω0Þ mod 1 and use Eq. (102) to compute σnðω0Þ. Then
one can proceed with the main routine of the bulk spectral
bootstrap. This ability to start away from the special points
ω ¼ 0;�βn is a particular feature of the bulk bootstrap,
owing to the fact that the bulk Green’s function in Eq. (64)
contains only a single free parameter, βn, which can be
directly estimated from the Lanczos coefficients.

B. Generalization to arbitrary ρ: the Bessel bootstrap

The algorithm outlined in the previous section made use
of the n → ∞ asymptotics of the orthogonal polynomials.
When ρ ≠ 0 these asymptotics are modified, particularly
near ω ¼ 0, the location of the power law. Once we have
the correct asymptotics, however, then the differential
equation can be solved iteratively as before. We will
aim to capture the “envelope function” ΦðωÞ=jωjρ ≡
2π exp½−QðωÞ�, since this is what is needed to determine
the values of hydrodynamic transport coefficients.
For the initial step at ω ¼ 0, we use the result of

Theorem 3, which we restate here, together with a result
relating this to the equilibrium density at the origin:

e−Qð0Þ ≈
2ð1þ ρÞρ

Γ½1
2
ð1þ ρÞ�2

½Knð0; 0Þ�ρ
½βnðpn−1ð0Þ2 þ pnð0Þ2Þ�1þρ ; ð104Þ

σnð0Þ ≈
2

π

�
Γ


1

2
ð1þ ρÞ

�
Γ


1

2
ð3þ ρÞ

�
e−Qð0ÞKnð0; 0Þ

� 1
1þρ

:

ð105Þ

These are the ω → 0þ limits of the following equations
which we will use for ω > 0. For the envelope function
we have

e−QðωÞ ≈
1

pn−1ðωÞ2 þ pnðωÞ2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2n − ω2
p πInðωÞ

ωρ


�
J21

2
ðρ−1Þ þ J21

2
ðρþ1Þ

�
ðπInðωÞÞ

− ð−1Þn ω

βn

�
2J1

2
ðρ−1ÞJ1

2
ðρþ1Þ

�
ðπInðωÞÞ cos

�
ρ arcsin

�
ω

βn

�
�
; ð106Þ

where InðωÞ is defined as before in Eq. (97), Jα is a Bessel function of the first kind, and we are using the shorthand
ðJ2α þ J2βÞðxÞ≡ J2αðxÞ þ J2βðxÞ, ðJαJβÞðxÞ≡ JαðxÞJβðxÞ, etc. For the equilibrium density we have

σnðωÞ ≈
4

π

Knðω;ωÞωρe−QðωÞ

πInðωÞ
1�

J21
2
ðρ−1Þ þ J21

2
ðρþ1Þ − J1

2
ðρ−3ÞJ1

2
ðρþ1Þ − J1

2
ðρ−1ÞJ1

2
ðρþ3Þ

	ðπInðωÞÞ : ð107Þ

We derive these expressions in Sec. S4 B. One can check
that they reduce to Eqs. (100) and (102) upon sending
ρ → 0. Unlike for ρ ¼ 0, where the asymptotics were valid
out to ω ¼ OðβnÞ, these asymptotics are, in principle, valid

only for ω within some Oð1Þ window around ω ¼ 0,
essentially the “hydrodynamic” frequency regime where
we expect the power law to dominate the behavior of the
spectral function. Note that, taking ω ¼ Oð1Þ, Eqs. (106)
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and (107) have been slightly simplified by dropping some
terms which are subleading as n → ∞; see Eqs. (S4.22) and
(S4.23) for the full expressions. In practice, we have found
that these simplified expressions give numerical results
very close to those of the full expressions, provided n is
large enough that ω=βn ≪ 1.
The appearance of the Bessel functions in these equa-

tions is a signature of Bessel universality, akin to that found
in random matrix ensembles whose probability measures
behave as a power-law near the origin [67,143]. For larger
ω, one could then switch to the asymptotics in the bulk,
which should then be valid up until jωj≲ βn like those
stated for ρ ¼ 0, but in practice we have found that just
using the Bessel asymptotics gives good results for the
frequency regime where the spectral function is non-
negligible.
With these asymptotics in hand, we now have another

first-order differential equation which we can iteratively
solve as follows to obtain a finite n approximation to the
spectral function. We initialize by setting ω ¼ 0 and
Inð0Þ ¼ 0, computing e−Qð0Þ via Eq. (104) and σnð0Þ via
Eq. (105), then setting InðδωÞ ¼ Inð0Þ þ σnð0Þ × δω and
incrementing ωþ ¼ δω. Then the main routine is concep-
tually identical to the procedure outlined for ρ ¼ 0:
(1) Compute e−QðωÞ using Eq. (106).
(2) Compute σnðωÞ using Eq. (107).
(3) Set Inðωþ δωÞ ¼ InðωÞ þ σnðωÞ × δω.
(4) Increment ω ↦ ωþ δω.
(5) Repeat steps 1–4 until ω ¼ ωmax, then terminate.
To illustrate this generalized spectral bootstrap (SB), we

try to reconstruct the envelope functions of some toy spec-
tral functions of the form ΦðωÞ=2π ¼ jωjρ exp½−QðωÞ�
for ρ ¼ − 1

2
, again comparing with the recursion method

(RM) [26]. Figure 10(a) shows the comparison for QðxÞ ¼
1
2
ðx6 − 5x4 þ 20x2 þ 1Þ1=3. This function has no special

significance other than the fact that QðxÞ ∼Oðx2Þ, so we
have bn ∼Oð ffiffiffi

n
p Þ. Here there is an exactly solvable model

available for the recursion method which has the relevant
features of Gaussian decay and a zero frequency power
law [26]. The model spectral function is Φ̃ðωÞ ¼
f½2π=ω0�=Γ½12 ð1þ ρÞ�gjω=ω0jρ exp½−ðω=ω0Þ2�, where ω0

and ρ are tunable parameters. Crucially, its Lanczos coeffi-
cients are known to be b2k−1 ¼ ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2k − 1þ ρÞ=2p
and

b2k ¼ ω0

ffiffiffiffiffiffiffiffiffiffi
2k=2

p
, and its Green’s function is G̃ðzÞ ¼

ðiz=ω2
0Þ exp½−ðz=ω0Þ2�E1

2
ð1þρÞ½−ðz=ω0Þ2�, where EαðxÞ is

the generalized exponential integral. We recover the enve-
lope function from the RM using e−QðωÞ ¼ jωj−ρΦðωÞ=2π
with ΦðωÞ ¼ 2 ImGðω − iϵÞ, ϵ ¼ 10−14. In this case, the
SB and the RM with ρ ¼ −1=2 give essentially identical
results. We also show the result of e−QðωÞ ¼ jωj1=2ΦðωÞ=2π
where ΦðωÞ is computed using the SB with ρ ¼ 0, showing
that one can get large errors near ω ¼ 0 if one does not take
into account the power law, although at larger ω the
agreement does become better.

This first example showed that, when we have available
an exactly solvable spectral function that captures the
relevant features of the high-frequency decay and the
low-frequency power law, then the recursion method can
work very well. One problem with the recursion method,
though, is that the existence of these special solutions is not
guaranteed for all problems of interest (see Ref. [26] for a
review). In order for the recursion method to work well, one
needs to have an exact model solution for all three of the
spectral functions, the Green’s function, and the Lanczos
coefficients. Unfortunately, while there is a power-law
solution available with Gaussian high-frequency decay,
to our knowledge there is no such solution available which
has both a low-frequency power law and exponential decay.
This is potentially a problem because the operator growth
hypothesis posits that such exponential decay is generic for
chaotic quantum systems [11]. Figure 10(b) shows that
when ρ ≠ 0 it is important to get both of these ingredients

(a)

(b)

FIG. 10. Reconstructing the spectral envelope function
exp½−QðωÞ� for a toy spectral function ΦðωÞ=2π ¼
jωj−1=2 exp½−QðωÞ�, using the spectral bootstrap (SB) and the
recursion method (RM). (a) QðωÞ ¼ 1

2
ðω6 − 5ω4 þ 20ω2 þ 1Þ1=3,

which has bn ∼Oð ffiffiffi
n

p Þ. Here there is an appropriate exact
“stitching function” for the RM (see main text), so the RM
and the ρ ¼ −1=2 SB work equally well. The ρ ¼ 0 SB curve
illustrates the errors one can make by not accounting for the
power law. (b) Same as (a), except now QðωÞ ¼ − log sechπω,
which has bn ∼OðnÞ. Only the ρ ¼ − 1

2
SB accurately recovers

the spectral function. Now there is no available stitching function
with the appropriate power-law behavior, so the RM performs
poorly. For the RM one has exact solutions with the right low
frequency power law but the wrong high frequency tail (ρ-sqrt),
or no low frequency power law but the right high frequency
tail (linear), neither of which gives the correct result at low
frequencies.
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correct to accurately capture the ω → 0 behavior of the
spectral function. We consider the toy spectral function
ΦðωÞ=2π ¼ jωj−1=2sechðπωÞ, which decays exponentially
as ω → ∞. The ρ ¼ − 1

2
spectral bootstrap captures the true

spectral function very well. However, since there is now no
available exact solution, the RM performs poorly. One
could try using the Meixner-Pollaczek solution from
Ref. [11] to capture the high-frequency tail while ignoring
the low frequency power-law, which is labeled “RM
(linear).” Or one could try using the exact solution from
the previous example to get the low frequency power-law
correct, at the cost of getting the high-frequency tail wrong,
which is labeled “RM (ρ-sqrt).” However, both of these
approaches result in large errors at low frequencies, and so
only the ρ ¼ − 1

2
spectral bootstrap correctly captures the

true low frequency behavior of the spectral function. This
highlights one of the advantages of the spectral bootstrap
over the recursion method: it does not require any exact
solutions, and so can be equally employed for a wide range
of growth behaviors of the Lanczos coefficients.
From the discussion in Sec. VI, we know that for ρ ¼ 0

there is a great deal of freedom in choosing the stitching
function for the recursion method, and in particular it is not
necessary for the stitching function to have a high fre-
quency decay matching that of the true spectral function;
one only needs that the level-n Green’s function satisfies
Gnðω� i0þÞ≈ ∓ i=bn as ω → 0 and n → ∞, which is
much more generic. One then might wonder why for ρ ≠ 0
we no longer have such freedom, since it appears to be
necessary to also match the high frequency behavior (the
relevance of matching the low frequency behavior is
perhaps more intuitive). This is because the nontrivial
low-frequency behavior of Φðω → 0Þ ∼ jωjρ couples to the
equilibrium density σnð0Þ when ρ ≠ 0 [cf. Theorem 1 and
Eq. (75)], and σnð0Þ depends nontrivially on the high
frequency decay of the spectral function (cf. Lemma 2),
being sensitive to a Coulomb gas confinement transition.
This coupling is seen most explicitly in Eq. (67), where we
show that the level 2n Green’s function G2nðω� i0þÞ is
primarily a function of πσ2nð0Þω as ω → 0 and n → ∞.

X. RANDOM MATRIX UNIVERSALITY

While we developed the spectral bootstrap with the
practical aim of recovering the spectral functionΦðωÞ from
its Lanczos coefficients, as a by-product we also get an

estimate of the equilibrium measure σnðωÞ. We can use this
to perform various self-consistency checks. In particular,
while we cannot usually verify that a given many-body
spectral function obeys all the assumptions under which we
derive our results, we can at least check that our estimates
of ΦðωÞ and σnðωÞ are consistent with the behavior
expected given those assumptions. One notable example
is the emergence of “universality” akin to that governing
eigenvalue correlations in random matrix theory [60]. Just
as universality appears in the n → ∞ of n × n random
matrices, here it should appear in the limit n → ∞ of large
Lanczos index.
From a physical point of view, this RMT-like univer-

sality is interesting because it seems to be “superuniversal,”
in the sense that it can appear not only for chaotic models,
which might be expected from studies of eigenstate
thermalization [53], but also in integrable and non-
interacting models, provided they have sufficiently smooth
spectral functions in the thermodynamic limit. What changes
between these classes of operator dynamics is the n
dependence of the frequency scale on which this RMT
universality appears, due to the different scaling of bn.
We expect this section to be of most interest to readers

already familiar with universality of eigenvalue correlations
in random matrix theory. Nonetheless, we first provide the
necessary background before illustrating our results.

A. Background

Given a spectral function ΦðωÞ, we can define a
unitarily-invariant ensemble of n × n Hermitian random
matrices whose eigenvalues are distributed according to

PðλÞdnλ ¼ 1

Zn

 Y
i<j

jλi − λjj2
!Y

i

ΦðλiÞ
2π

dλi; ð108Þ

where λ¼ ðλ1;…; λnÞwith the ordering λ1 ≤ λ2 ≤ � � � ≤ λn,
and Zn is a normalization constant. The bracketed prefactor
is the Vandermonde determinant which gives rise to level
repulsion. We consider this random matrix ensemble
because its eigenvalue distribution will be governed by
the same Coulomb gas as that controlling the Lanczos
operators via the orthogonal polynomials pnðωÞ.
For any 1 ≤ m ≤ n − 1, let

Rmðλ1;…; λmÞ ¼
n!

ðn −mÞ!
Z
R
� � �
Z
R
Pðλ1;…; λm; λmþ1;…; λnÞdλmþ1 � � � dλn ð109Þ

denote the m-point eigenvalue correlation function. A remarkable property of these random matrix ensembles is that all of
the correlation functions can be written in terms of a determinant of a 2-point correlation kernel [70],

Rmðλ1;…; λmÞ ¼ det
h
ðK̂nðλi; λjÞÞ1≤i;j≤m

i
: ð110Þ
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The correlation kernel K̂n is a weighted version of the
Christoffel-Darboux kernel Kn defined in Eq. (82),

K̂nðωa;ωbÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðωaÞwðωbÞ

p
Knðωa;ωbÞ; ð111Þ

wherewðωÞ ¼ ΦðωÞ=2π is the weight function defining the
random matrix ensemble. In the Lanczos language, from
Eq. (30) we can see that K̂nðωa;ωbÞ is the integral kernel
(in frequency space) of the projection superoperator Pn on
to the first n Lanczos operators [65]

Pn ¼
Xn−1
m¼0

jOmÞðOmj; ð112Þ

which is the complement of the projector Qn ¼ 1 − Pn
used to construct the level-n Green’s function GnðzÞ
(Sec. VI). By studying K̂nðωa;ωbÞ, we can characterize
this operator projection in frequency space.
A further remarkable property of random matrix ensem-

bles is that for large-n their eigenvalue correlations often
display universality [60]. This manifests in K̂nðωa;ωbÞ
approaching a universal form in different sections of the
spectrum when probed on the appropriate scale, indepen-
dent of the precise form of the weight w. For example, for ω
in the bulk of the spectrum, jωj ≪ βn, we get

1

σnðωÞ
K̂n

�
ωþ u

σnðωÞ
;ωþ v

σnðωÞ
�

⟶
n→∞

Sðu; vÞ; ð113Þ

for u; v∈R, so for large-n the local eigenvalue correlations
are described by the sine kernel

Sðu; vÞ ¼ sin½πðu − vÞ�
πðu − vÞ : ð114Þ

Note that the rhs of Eq. (113) is translation invariant,
provided ω is within the bulk of the spectrum.
If the weight function has a power law at the origin,

wðxÞ ¼ jxjρe−QðxÞ, then this affects the local eigenvalue
correlations near the origin. Rather than the sine kernel,
at ω ¼ 0 we instead have Bessel universality:

1

σnð0Þ
K̂n

�
u

σnð0Þ
;

v
σnð0Þ

�
⟶
n→∞

e−
iρ
2
ðarg uþarg vÞJρ=2ðu; vÞ;

ð115Þ

where Jρ=2 is the Bessel kernel given by

Jρ=2ðu; vÞ ¼ π
ffiffiffi
u

p ffiffiffi
v

p Jρþ1
2
ðπuÞJρ−1

2
ðπvÞ − Jρ−1

2
ðπuÞJρþ1

2
ðπvÞ

2ðu − vÞ
ð116Þ

with Jα a Bessel function of the first kind.

Finally, for eigenvalues near the edge of the spectrum,
ω ≈ βn, the bulk sine universality gives way to Airy
universality, such that

βn
cnn2=3

K̂n

�
βn þ

βn
cnn2=3

u; βn þ
βn

cnn2=3
v

�
⟶
n→∞

Aðu; vÞ;

ð117Þ

where cn ≔ ðhnð1Þ=
ffiffiffi
2

p Þ2=3 is Oð1Þ [note cnn2=3 ¼ f0nð1Þ
by Eq. (S6.2)], and the Airy kernel A is given by

Aðu; vÞ ¼ AiðuÞAi0ðvÞ − AiðvÞAi0ðuÞ
u − v

; ð118Þ

where Ai is the Airy function of the first kind.

Theorem 4. For our class of spectral functions (see
Sec. IV for a definition), the corresponding correlation
kernels K̂n satisfy the universal scalings Eqs. (113), (115)
and (117) in the relevant sections of the spectrum.

This theorem follows as a direct consequence of the
n → ∞ asymptotics we established for the orthogonal poly-
nomials, such as Eqs. (98) and (99) in the bulk of the spec-
trum. See Sec. S4 for the full asymptotic expressions [68].

B. Universality in quantum operator dynamics

While we can prove the emergence of universality for
spectral functions obeying our assumptions, it would be
gratifying to see this also emerge in more familiar many-
body quantum models, even though we cannot explicitly
verify that our assumptions hold. Indeed, universality is a
very generic phenomenon [69,144,145], particularly in the
bulk, and it may well hold even if some of our assumptions
are violated (such as our analyticity requirements).
Using the spectral bootstrap algorithm described in Sec. IX,
we can estimate both the weight functionwðωÞ ¼ ΦðωÞ=2π
and the equilibrium measure σnðωÞ for a given many-body
model, using only a finite number of its Lanczos coef-
ficients. We can then perform a self-consistent check that
these approximations reproduce the universal scalings
Eqs. (113), (115) and (117).
The evidence we will present for universality in many-

body models comes with a qualification. To test for
universality requires explicitly knowing the spectral func-
tion ΦðωÞ and the equilibrium measure σnðωÞ, but for most
interacting many-body models this is not analytically
tractable. For models where we do not know ΦðωÞ, we
use our spectral bootstrap algorithm to first obtain a finite-n
approximation to ΦðωÞ and σnðωÞ. The qualification is that
this algorithm assumes the validity of Plancherel-Rotach
asymptotics for the orthogonal polynomials [e.g., Eqs. (99)
and (98)], from which universality can be derived as a
consequence [62]. (But we do prove these asymptotics hold
under reasonable assumptions on the spectral function.) To
avoid circularity, we perform independent cross-checks of
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these estimates of ΦðωÞ and σnðωÞ, such as the ability to
reconstruct the numerically exact Lanczos coefficients
[Fig. 11(c)]. If these checks are passed convincingly, which
turns out to be the case for the physical models we consider,
then this gives strong evidence that we have obtained
accurate estimates of the true spectral function and equi-
libriummeasure. With those in hand, it is then reasonable to
test for universality.
Before proceeding, we make a practical consideration.

The statements of universality in Eqs. (113) and (115)(117)
are made under the approximation that the equilibrium
density σnðωÞ is locally constant. This approximation
becomes increasingly well justified as n → ∞, but for
the finite n we have available to us numerically, this
approximation is not necessarily so good, particularly near

the origin for exponentially decaying spectral functions
which are at the Coulomb gas confinement transition [see
Fig. 11(b) for some physical examples]. We will adopt a
practice that is standard in the random matrix theory
literature, namely, “unfolding” the spectrum [146], which
involves transforming to new coordinates that account for
variation of the local density. Fixing a frequency ω at which
we want to test for universality, we define

Fn;ωðxÞ ≔
Z

x

ω
σnðsÞds;

¼ InðxÞ − InðωÞ; ð119Þ

where InðωÞ ¼
R
ω
0 σnðsÞds was defined in Eq. (97). Now

note that, if we approximate σnðsÞ ≈ σnðωÞ as constant in
Eq. (119), then each of the arguments of the kernel K̂n in
Eq. (113) can be expressed in terms of the inverse function
F−1
n;ωðuÞ ≈ ωþ u=σnðωÞ. Then the statement Eq. (113) of

bulk universality at frequency ω can be rewritten as�
F−1
n;ωðuÞ − F−1

n;ωðvÞ
u − v

�
K̂nðF−1

n;ωðuÞ; F−1
n;ωðvÞÞ ⟶n→∞

Sðu; vÞ:

ð120Þ

The point is that, even in the situation where the equilib-
rium density σnðωÞ is not constant and Fn;ω must be
inverted numerically, this formulation of bulk universality
will account for that variation, and so one can still expect to
observe the sine kernel. [The inverse F−1

n;ω is well defined
because Fn;ω is the integral of a positive function
σnðωÞ > 0, so is increasing.] The statement Eq. (115) of
Bessel universality can be expressed in the same way by
setting ω ¼ 0, with only the rhs changing to the Bessel
kernel instead of the sine kernel. The statement Eq. (117) of
Airy universality around ω ¼ βn can also be made with the
same lhs, but with Fn;βnðxÞ redefined as

ðAiryÞ Fn;βnðxÞ ≔ fnðx=βnÞ; ð121Þ

where fn is defined in Eq. (S6.1).

1. Sine universality in the bulk

First we check for sine universality in the bulk of the
spectrum, taking as examples the chaotic mixed field Ising
model, the interacting integrable XXZ chain, and the non-
interacting transverse field Ising model (TFIM). We take
the initial Lanczos operator to be the total energy current
for the MFIM, the total spin current for the Δ ¼ 2 XXZ
model, and ð1= ffiffiffiffi

L
p ÞPx YxYxþ1 for the TFIM (with XX

interactions), and compute n ¼ 40, 20, 40 Lanczos coef-
ficients respectively. Since in each case we expect the
autocorrelation function CðtÞ to decay faster than 1=t, such
that 0 < jΦðω ¼ 0Þj < ∞, we set ρ ¼ 0 and start testing

(a)

(c)

(d)

(b)

FIG. 11. (a) Sine kernel universality [cf. Eqs. (120) and (114)]
in the bulk spectra of the chaotic MFIM, the interacting integrable
XXZ chain, and the noninteracting TFIM. There are no free
fitting parameters; everything is extracted from the Lanczos
coefficients using the spectral bootstrap (Sec. IX A). (b) Equilib-
rium densities σnðωÞ estimated using the spectral bootstrap
algorithm. Note the significant variation of σnðωÞ with ω, which
necessitates the unfolding procedure. (c) Reconstructed Lanczos
coefficients bn, calculated using the estimate of the spectral
function obtained using the spectral bootstrap, and compared
with the exact Lanczos coefficients. (d) Cumulative integrals
InðωÞ ¼

R
ω
0 σnðω0Þdω0 of the equilibrium measures from panel

(b), showing that they integrate to Inðω ¼ βnÞ ¼ n=2, as ex-
pected from Eqs. (46) and (47).
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for bulk universality at ω ¼ 0. Note that, for ρ ¼ 0, our
assumptions on the spectral function (Sec. IV) required for
our Riemann-Hilbert analysis amount to assuming analy-
ticity of ΦðωÞ at ω ¼ 0, which does not explicitly account
for possible effects of power-law decay of CðtÞ faster than
1=t on the analytic structure of ΦðωÞ. The test of bulk
universality we are about to perform thereby gives us a
probe to see whether this non-analyticity affects the
universality class near ω ¼ 0.
We estimate the weight function wðωÞ ¼ ΦðωÞ=2π and

the equilibrium density σnðωÞ throughout the bulk fre-
quency spectrum by carrying out the “bulk bootstrap”
algorithm, described in Sec. IX, in the frequency range
ω∈ ½0; 0.99βn�, with βn¼40 ≈ 46.1 for MFIM, βn¼20 ≈ 11.2
for XXZ, and βn¼40 ≈ 8.5 for TFIM. As a check of the
accuracy of our estimate ofΦðωÞ, like in Fig. 9(c) we again
use it to reconstruct the Lanczos coefficients for these
models by evaluating the three-term recurrence Eq. (29),
with the results shown in Fig. 11(c), where we find very
good agreement. For the MFIM energy current, in Fig. 9(a)
we also found good agreement with the spectral function
obtained by Fourier transforming the real-time autocorre-
lation function obtained by TEBD, providing another
independent accuracy test. To check the accuracy of the
equilibrium measure σnðωÞ, as shown in Fig. 11(b), we
compute the cumulative integral InðωÞ ¼

R
ω
0 σnðω0Þdω0.

By the definitions Eqs. (46) and (47) and the even
symmetry σnð−ωÞ ¼ σnðωÞ, we should have the sum rule
Inðω ¼ βnÞ ¼ n=2. As shown in Fig. 11(d), we find this is
well satisfied in all three models. This sum rule is not
enforced by the spectral bootstrap, so this is a nontrivial
check of the accuracy of our estimates of σnðωÞ.
With this assurance, we then use these estimates ofΦðωÞ

and σnðωÞ to numerically compute the inverse function
F−1
n;ω, and then evaluate the lhs of Eq. (120), with the kernel

Knðx; yÞ ¼
P

n−1
m¼0 pmðxÞpmðyÞ computed from the exact

recurrence coefficients fbng using the three-term recur-
rence Eq. (29). The results are shown in Fig. 11(a), where
we see that all three models collapse on to the sine kernel
Sðu; vÞ ¼ sin½πðu − vÞ�=πðu − vÞ, indicating the emer-
gence of sine universality in the bulk. We emphasize that
there are no free fitting parameters—everything is com-
puted from the Lanczos coefficients—so getting such close
agreement is nontrivial. Note that the curve continues for
larger separations u − v for the MFIM than the XXZ model
and then the TFIM simply because the frequency band-
width βn is larger, allowing us to probe larger separations
before hitting the edge of the spectrum. This verification of
bulk universality can be seen as an a posteriori explanation
of the effectiveness of our spectral bootstrap algorithm to
estimate the spectral functions of these physical models.

2. Bessel universality at the origin

Next we check for Bessel universality near ω ¼ 0, which
is expected when the spectral function has a power-law at

the origin, Φðω → 0Þ ∼ jωjρ. We will consider the energy
density h0 ¼ 1

2
ðZ−1Z0 þ Z0Z1Þ þ gxX0 þ gzZ0 at site

zero of the mixed field Ising model, which should have
Φðω → 0Þ ∼ jωj−1=2 (i.e., ρ ¼ − 1

2
) due to energy diffu-

sion [3]. We compute n ¼ 40 Lanczos coefficients for this
model, and then use the Bessel bootstrap described in
Sec. IX B to extract the spectral function and the equilib-
rium measure. After checking again that these estimates
successfully reproduce the true Lanczos coefficients (not
shown), we then evaluate the lhs of Eq. (120) for v ¼ −u
and using Fn;ω¼0 [note the rhs of Eq. (120) should now
be replaced by e−iπρ=2Jρ=2ðu;−uÞ]. For clarity, we opt to
plot as a function of the physical frequency ω, with
u ¼ Fn;0ðωÞ. Note that, due to the even symmetry of the
spectral function, we have v ¼ −u ¼ Fn;0ð−ωÞ. To account
for the ω → 0 divergent power-law of both the spectral
function and the ρ ¼ − 1

2
Bessel kernel, we rescale both

sides by juj−ρ ¼ jFn;0ðωÞj−ρ when plotting. The results are
shown in Fig. 12(a). We find good agreement with the
Bessel kernel for Oð1Þ frequencies, providing evidence for
Bessel universality at ω ¼ 0 for this model. There is
gradually increasing disagreement for larger frequencies,
but this is not surprising since Bessel universality is only
expected to hold in an Oð1Þ-sized region around the origin
[cf. Fig. 1(b) and Sec. IX B].

(a)

(b)

FIG. 12. (a) Bessel universality near ω ¼ 0 in the mixed field
Ising model. The initial Lanczos operator is the local energy
density; since energy transport is diffusive in this model, the spec-
tral function should scale like Φðω → 0Þ ∼ jωjρ with ρ ¼ − 1

2
.

There is good agreement with the corresponding Bessel kernel
Jρ=2 [Eq. (116)] in an Oð1Þ region around the origin. (b) Airy
universality near the spectral edge ω ¼ βn in the MFIM. We
compare the results from the spectral bootstrap to the Airy kernel
A [Eq. (118)], finding very close agreement.
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3. Airy universality at the edge

Finally we check for Airy universality at the edge of the
spectrum, ω ≈ βn. We consider again the mixed field Ising
model, and take the energy current as our initial Lanczos
operator, computing n ¼ 40 Lanczos coefficients. We use
the Airy bootstrap of Sec. S6 to approximate the spectral
function ΦðωÞ and the equilibrium measure σnðωÞ for
frequencies in a range ω∈ ½ωmin; βn� close to the edge
ω ¼ βn. With these estimates, we evaluate the lhs of
Eq. (120), with the rhs now replaced by the Airy kernel
Aðu; vÞ [Eq. (118)]. Note that, for Airy universality, the
unfolding map Fn must now be defined according to
Eq. (121). Since our spectral bootstrap algorithm estimates
the weight only up to the spectral edge ω ¼ βn, we will fix
v ¼ 0, where F−1

n;ω¼βn
ðv¼ 0Þ ¼ βn, and take the other argu-

ment u to be negative. Again for clarity we plot in terms of
the physical frequency ω, so negative u ¼ Fn;βnðωÞ corre-
sponds to frequencies below ω ¼ βn. The results are shown
in Fig. 12(b). We find very good agreement with the Airy
kernel, indicating the emergence of Airy universality near
the edge of the spectrum in the mixed field Ising model.

C. Scaling of the equilibrium measure

Since our class of spectral functions behaves like the
Freud weights wðpÞðxÞ ¼ expð−κpjxjpÞ at large frequency
scales [cf. Eq. (53)], it is also interesting to compare our
estimates of the rescaled equilibrium measure ψnðxÞ ¼
ðβn=nÞσnðβnxÞ with the corresponding function ψ ðpÞðxÞ
for the Freud weights, which is given by the Ullman
distribution defined in Eq. (54) [115]. For our physical test
systems, we will use the same models as in Sec. X B 1—the
mixed field Ising model, the XXZ chain, and the transverse
field Ising model—take the same initial Lanczos operators,
and extract the equilibrium measure in the same way. Since
these models have Lanczos coefficients growing like
bn ∼Oðn= log nÞ, bn ∼Oðn1=2Þ, and bn ∼Oð1Þ respec-
tively, we will compare to the following cases of the
Ullman distribution:

ψ ðp¼1ÞðxÞ ¼ 1

π
artanhð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
Þ; ð122Þ

ψ ðp¼2ÞðxÞ ¼ 2

π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
; ð123Þ

ψ ðp→∞ÞðxÞ ¼ 1

π

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p : ð124Þ

Notice that ψ ðp¼2Þð0Þ and ψ ðp→∞Þð0Þ are finite, while
ψ ðp¼1ÞðxÞ has a logarithmic divergence as x → 0. This is
an instance of the Coulomb gas confinement transition
discussed in Sec. V, which occurs at p ¼ 1. The divergence
of ψ ðp→∞ÞðxÞ as jxj → 1 is consistent with the scaling
hnð1Þ⟶n→∞2p in Lemma 1. For p → ∞, the rescaled

potential VnðxÞ ¼ QðβnxÞ=n approaches a box potential
which is zero for jxj ≤ 1 and infinite outside, and the
logarithmic repulsion between charges causes a build up of
charge at the boundaries x ¼ �1 of the box.
The comparisons between the rescaled equilibrium

measures ψnðxÞ for the physical models and the corre-
sponding Ullman distributions are shown in Fig. 13. Again
we note there are no free fitting parameters. In each case
the Ullman distribution ψ ðpÞðxÞ gives a good qualitative
description of the large-scale profile of the equilibrium
measure, but the physical equilibrium measures have
significant fluctuations on smaller scales. These are a
reflection of the fact that the nonuniversal structure of
these spectral functions has not yet been washed out by the
rescaling by βn. Given these noticeable fluctuations, if one
is aiming for quantitative accuracy in recovering a spectral
function from Lanczos coefficients, it is not usually enough
to simply approximate the equilibrium measure σnðωÞ by a
rescaled Ullman distribution ðn=βnÞψ ðpÞðω=βnÞ. Rather,
one has to account for these fluctuations by using some-
thing like the spectral bootstrap to more accurately extract
the equilibrium measure.
We emphasize that we considered this class of “Freud-

like” weights for our proofs because they are sufficiently
regular to be amenable to rigorous proofs, but we expect the
expressions for the polynomial asymptotics to be more
universal, at least to leading order in n → ∞. Thus we do
not think there is a sense in which we have inadvertently
assumed Freud-like behavior, so any agreement should be

FIG. 13. Rescaled equilibrium measures ψnðxÞ ¼
ðβn=nÞσnðβnxÞ for the mixed field Ising model, the XXZ chain,
and the transverse field Ising model, as extracted using the
spectral bootstrap. Given that they, respectively, have
bn ∼Oðn= log nÞ, bn ∼Oð ffiffiffi

n
p Þ, and bn ∼Oð1Þ, we compare

with the equilibrium measures ψ ðpÞðxÞ for the Freud weights
with equivalent growth rates, as indicated in Eqs. (122) to (124).
In each case, ψ ðpÞ captures the qualitative shape of the equilib-
rium measure for the physical model, but there are significant
fluctuations, which have implications for quantitative extraction
of the spectral function.
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interpreted as a statement about the physical behavior of
these models.

XI. THE ROLE OF SMOOTHNESS: FAILURE OF
UNIVERSALITY IN A LOCALIZED MODEL

In order to prove our results about emergent universality
in the n → ∞ limit, we needed to assume that the spectral
function ΦðωÞ was very smooth as a function of ω (see
assumptions in Sec. IVA). In this section we give some
evidence that this is not merely a requirement for our proof
technique, but rather has physical relevance. In particular,
we will demonstrate how a nonsmooth spectral function
can result in a failure of large-n universality. To be concrete,
we consider the 1D transverse-field Ising model with
quenched disorder, defined by

H ¼
X
x∈Z

�
XxXxþ1 þ hxZx

�
; ð125Þ

where the transverse fields fhxg are now independent
random variables sampled from a Gaussian distribution
N ð0; σ2Þ. In one dimension, for any nonzero variance
σ2 ≠ 0, this model is provably Anderson localized [83]. As
such, the spectrum of H is pure pointlike even in the
thermodynamic limit [147], as opposed to the continuous
spectrum that one usually obtains in the absence of
disorder. We fix σ ¼ 4 for this discussion, and consider
a single disorder realization rather than averaging over
disorder. We have checked that the following results do not
depend significantly on the particular disorder realization.
We check for the effects of a pointlike spectrum by

performing the same consistency check that we performed
in Figs. 9(c) and 11(c). That is, we assume the validity of
the universal scaling forms underlying the spectral boot-
strap, and use that to produce an estimate ΦestðωÞ of the
spectral function using the first n ¼ 50 Lanczos coeffi-
cients. With this estimate, we can then attempt to

reconstruct the Lanczos coefficients solely by performing
numerical integration weighted by Φest, as described in the
text surrounding Eq. (103). If universality is valid in this
model, then the reconstructed Lanczos coefficients should
match the true ones used to estimate Φest. This recon-
struction worked well for the clean version of the TFIM
[Fig. 11(c)]. However, as shown in Fig. 14, for the
disordered version the reconstruction fails badly, sug-
gesting the breakdown of fast space universality in this
model, owing to the lack of a smooth spectrum.
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