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The interplay between symmetry and topological properties plays a very important role in modern
physics. In the past decade, the concept of symmetry-enriched topological (SET) phases was proposed and
their classifications have been systematically studied for bosonic systems. Very recently, the concept of
SET phases has been generalized into fermionic systems and their corresponding classification schemes are
also proposed. Nevertheless, how to realize all these fermionic SET (fSET) phases in lattice models remains
to be a difficult open problem. In this paper, we first construct exactly solvable models for nonanomalous
nonchiral 2þ 1D fSET phases, namely, the symmetry-enriched fermionic string-net models, which are
described by commuting-projector Hamiltonians whose ground states are the fixed-point wave functions of
each fSET phase. Mathematically, we provide a partial definition to G-graded super fusion category (when

the total symmetryGf is a direct product of physical symmetry G and fermion-parity symmetry Zf
2), which

is the input data of a symmetry-enriched fermionic string-net model. Next, we construct exactly solvable
models for nonchiral 2þ 1D fSET phases with ’t Hooft anomaly, especially the H3ðG;Z2Þ fermionic
’t Hooft anomaly which is different from the well-known bosonic H4½G;Uð1ÞT � anomaly. In our
construction, this H3ðG;Z2Þ fermionic ’t Hooft anomaly is characterized by a violation of fermion-parity
conservation in some of the surface F moves (a type of renormalization moves for the ground state wave
functions of surface fSET phases), and also by a new fermionic obstruction Θ in the surface pentagon
equation. We demonstrate this construction in a concrete example that the surface topological order is a Z4

gauge theory embedded into a fermion system and the total symmetry Gf ¼ Zf
2 × Z2 × Z4. We further

conjecture that the H2ðG;Z2Þ fermionic ’t Hooft anomaly is characterized by a possible violation of
nonterminating q-type (called σ-type) string in the fusion rules of surface models.
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I. INTRODUCTION

A. Overview

The concept of symmetry has been introduced into
modern physics for more than a century. In condensed
matter physics, for a long time people believed that the
Landau symmetry-breaking theory could describe all pos-
sible phases and (continuous) phase transitions. Until the
discovery of the fractional quantum Hall effect (FQHE) and
high-temperature superconducting cuprates, it was pointed
out that systems exhibiting anyon excitations with frac-
tional charge are described by a new type of order beyond
the Landau paradigm, namely, the topological orders

characterized by long-range entanglement. Thereafter,
the interplay between symmetry and topological properties
opened up a new chapter in modern physics. For example,
topological insulators and superconductors were proposed
and intensively studied in the past two decades. The
concept of symmetry protected topological (SPT) order
was proposed and their full classifications for interacting
systems have also been achieved recently [1–8].
Symmetry-enriched topological (SET) phases are

gapped quantum phases with intrinsic topological order
and global symmetry, where the symmetry can interact with
the topological order in a nontrivial way, thus enriching the
classification of these phases. In general, symmetry can
also act nontrivially on the anyon excitations (we will use
anyon, quasiparticle excitation, and anyon excitation inter-
changeably) in a SET phase, such that the anyons can carry
fractionalized quantum numbers under global symmetry,
called symmetry fractionalization [9,10]. For example, the
gapped quantum spin liquids in frustrated magnets are SET
phases, where the spin-1=2 spinon excitation transforms
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projectively under the SO(3) spin-rotation symmetry [11].
Aside from symmetry fractionalization, another feature of
SET phases is that symmetry may permute the anyon type.
For example, considering the toric code topological order
with onsite Z2 symmetry, there are several possible SET
phases, in one of which anyons e and m are permuted by
the Z2 symmetry [12]. Anyons and symmetry defects in
2þ 1D SET phases are systematically classified in
Ref. [13] via G-crossed braided tensor categories for a
given symmetry group G. While exactly solvable models
for 2þ 1D nonchiral SET phases, called symmetry-
enriched string-net models, are constructed in
Refs. [12,14], which focus on discrete finite group case
(the continuous group case is discussed in Ref. [15]).
On the other hand, surface topological orders with

’t Hooft anomaly have been studied in many previous
works [16–34]. It was shown that 2þ 1D bosonic SET
phases with ’t Hooft anomaly are characterized by an
obstruction that is a 4-cocycle inH4½G;Uð1ÞT � [35,36], and
this obstruction can be canceled by putting it on the surface
of a 3D bulk SPT phase classified by a 4-cocycle. If we
study the anyon excitations of the surface SET phase, this
4-cocycle o4 ∈H4½G;Uð1ÞT � is realized as the obstruction
for a G-crossed extension for the unitary modular tensor
category that describes the anyons [13]. (G-crossed exten-
sion means that we consistently add deconfined symmetry
defects into the system, such that the anyons and symmetry
defects together form a larger category, called a G-crossed
braided tensor category.) Gauging the symmetry is another
commonly used tool in studying topological phases with
symmetry [37–39]. It transforms a global symmetry into a
local gauge symmetry, which brings new topologically
ordered states into the system.
Although fruitful results have been achieved for bosonic

systems in the past decade, the interplay between symmetry
and topological orders is much richer and more compli-
cated in fermionic systems. Here we will focus on 2þ 1D
fermionic SET (fSET) phases, which are SET phases
whose underlying degrees of freedom are fermions (such
as electrons). Denoting this physical fermion as f, fermion
parity is always conserved in any fermionic system, i.e.,
there is always a fermion-parity symmetry Zf

2. Therefore,
the total symmetry group is always a central extension of a
bosonic symmetry group G by Zf

2, denoted by G
f. Another

feature is that all anyon excitations in an fSET phase always
have trivial double braiding with this physical fermion f,
whereby f is also called the transparent fermion. The
famous fractional quantum Hall (FQH) states are examples
of chiral fSET phases [40], where at filling factor ν ¼ 1=q,
anyon excitations carry fractional charge e=q under the U
(1) charge conservation symmetry. An algebraic framework
for the classification of anyons and how they behave under
symmetry in fSET phases is studied in Refs. [41,42], and
symmetry defects are further included in Ref. [43] as a
more complete description. Roughly speaking, Gf-crossed

super modular categories describe anyons and symmetry
defects in 2þ 1D fSET phases. On the other hand, if we
gauge Zf

2 , we obtain G-crossed spin modular categories (a
spin modular category is one of the 16 possibleZf

2-modular
extensions of a super modular category).
Similar to bosonic systems, surface topological orders

with ’t Hooft anomaly can also be generalized into fermion
systems. In the context of quasiparticle excitations, ’t Hooft
anomalies in 2þ 1D fSET phases are distinguished into
four layers in Refs. [43,44], characterized by the following
obstruction functions: a 1-cocycle o1 ∈H1ðG;ZTÞ, a 2-
cocycle o2 ∈H2ðG;Z2Þ, a 3-cocycle o3 ∈H3ðG;Z2Þ, and a
4-cocycle o4 ∈H4½G;Uð1ÞT �. The four layers of ’t Hooft
anomalies are in one-to-one correspondence (up to some
equivalence relations) to the four layers in classifying 3þ
1D fermionic SPT (fSPT) phases: pþ ip superconductor
layer, Kitaev chain layer, complex fermion layer and
bosonic layer [6–8], respectively. This implies the picture
that any 2þ 1D fSET phase with ’t Hooft anomaly is living
on the surface of a certain bulk 3þ 1D fSPT phase. The
H4½G;Uð1ÞT � anomaly corresponds to the obstruction to do
G-crossed extension or gauging G for the surface bosonic
SET phase. While the other three anomalies, we call
fermionic ’t Hooft anomalies, all correspond to the
obstruction to gauging Zf

2 in different levels.
Although a lot of progress has been made for under-

standing the intriguing properties of fSET phases in recent
years, so far it is still unclear how to systematically realize
all these fSET phases in lattice models. The aim of this
paper is to construct exactly solvable models for 2þ 1D
fSET phases, including both nonanomalous phases and
phases with fermionic ’t Hooft anomaly. In particular, we
will propose a generic framework to construct fixed-point
wave functions for nonchiral fSET phases based on
equivalence class of generalized fermionic symmetric local
unitary (gfSLU) transformations. Given a G-graded super
fusion category SG (described in Subsection II B) as input,
we can construct a fermionic symmetry-enriched string-net
model that fully describes the fixed-point ground state
wave functions and the parent commuting-projector
Hamiltonian of a nonanomalous nonchiral 2þ 1D fSET
phase. We present a simple but illustrative example of the
exactly solvable model for the toric code together with a
physical fermion with Zf

4 ≅ Zf
2 ×ω2

Z2 symmetry in
Subsection II H. We further present two more-involved
examples: the fermionic symmetry-enriched string-net
models with input Z2-graded super fusion category being
the super Tambara-Yamagami category and SVecSUð2Þ6,
both of which are exactly solvable models for nonchiral
fSET phases with Zf

2 × Z2 symmetry.
The concept of the equivalence class of fermionic

symmetric local unitary transformations can also be gen-
eralized into constructing anomalous fSET states by
including the bulk 3þ 1D fSPT states. In our construction,
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TABLE I. Table of notations.

G Bosonic symmetry group

1 Trivial group element in G

Zf
2

Fermion-parity symmetry group

ω2 The 2-cocycle that determines the central extension of G by Zf
2

Gf Total fermionic symmetry group

HnðG;MÞ nth group cohomology of G valued in M, where M is an Abelian group

CnðG;MÞ Group of n-cochains of G valued in M

BnðG;MÞ Group of n-coboundaries of G valued in M

f Physical fermion

C General fusion or tensor category

1 Tensor unit in C

Z1ðCÞ Drinfeld center of C

Z2ðCÞ Müger center of C

⊠ Deligne tensor product

VecN Category of N-graded vector spaces, where N is a group

Cpjq Super vector space with grade-0 dimension p and grade-1 dimension q

SVec Category of super vector spaces
SVecC≡ C=f Super fusion category, obtained by the canonical construction of enriched monoidal category,

or equivalently, by condensing the fermion f in Z1ðCÞ
HomðX; YÞ Hom-space of X; Y ∈ C, which is the C-(super) vector space consists of morphisms from X to Y

EndðXÞ ≔
HomðX; XÞ

Endomorphism space of X, X∈ C

SG G-graded super fusion category
SVecCG G-graded super fusion category constructed by a fermion condensation from a

G-graded unitary fusion category CG
ag String type, or simple object in SG

m-type string EndðagÞ ¼ C

q-type string EndðagÞ ¼ C1j1

σ-type string Z2-conserved q-type string

α or jαi A fusion state in hom-space Homðag ⊗ bh; cghÞ
α The vertex supporting fusion state α

sðαÞ Fermion parity of fusion state α

s0ðg0; αÞ Total surface fermion parity of fusion state α with leftmost group element g0

SðgÞ Anti-unitarity of g∈G

UðgÞ Global symmetry transformation of g∈G

cα; c
†
α Fermion annihilation and creation operators on vertex α in 2þ 1D system

Cijkl; C
†
ijkl

Bulk fermion annihilation and creation operators in tetrahedron hijkli in 3þ 1D system

o4 Obstruction on G-crossed extension, appearing when there is H4½G;Uð1ÞT � ’t Hooft anomaly

o3 Obstruction to extending symmetry fractionalization to its Zf
2-modular extended category,

appearing when there is H3ðG;Z2Þ fermionic ’t Hooft anomaly

o2 Obstruction to extending G action to its Zf
2-modular extended category,

appearing when there is H2ðG;Z2Þ fermionic ’t Hooft anomaly

Θ Fermionic obstruction on surface pentagon equation, defined in Eq. (127),
appearing when there is H3ðG;Z2Þ fermionic ’t Hooft anomaly
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we focus on the H3ðG;Z2Þ fermionic ’t Hooft anomaly
characterized by a violation of fermion-parity conserva-
tion in some of the surface F moves, and also by a new
fermionic obstruction Θ in the surface pentagon equation
defined in Eq. (127). We demonstrate this construction in
a concrete example that the surface topological order is a
Z4 gauge theory embedded into a fermion system and the
total symmetry is Gf ¼ Zf

2 × Z2 × Z4. We further con-
jecture that the H2ðG;Z2Þ fermionic ’t Hooft anomaly can
only be supported by surface topological order with Ising
σ-type strings (a q-type string [45,46] is called σ-type if it
is Z2 conserved), and this anomaly corresponds to a
violation of the Z2 conservation of σ-type strings in some
of the fusion rules, and the obstructed pentagon equation is
in a similar structure as the H3ðG;Z2Þ anomaly.
Throughout the paper, we will use the following con-

ventions, and we summarize important notations used in
this paper in Table I.
Convention 1. We may use the set of isomorphism

classes of simple objects in a fusion category to denote
this category. For example, Z1ðVecZ2

Þ ¼ f1; e; m;ψg (the
notations are introduced in Table I), where 1; e; m;ψ are
four (representatives of) isomorphism classes of simple
objects, which physically correspond to anyon types in the
toric code topological order.
Convention 2.We may use the following abbreviation to

denote any homogeneous n-cochain fn ∈CnðG;MÞ (M is a
G module, which is an Abelian group):

fnð012…nÞ ≔ fnðg0;g1;g2;…gnÞ; ð1Þ

where g0;g1;g2;…gn ∈G. In addition, let fn ∈ZnðC;MÞ
be a n-cocycle. We may abuse the notation fn ∈HnðC;MÞ
instead of the rigorous notation ½fn�∈HnðC;MÞ, where
½fn� denotes the cohomology class of fn.

B. Summary of major results from mathematical
perspective

In Table II, we summarize nonchiral nonanomalous 2þ
1D fermionic topological phases, i.e., fermionic topological
orders and fSET phases. The exactly solvable model of any
nonchiral 2þ 1D fermionic topological order is a fermionic
string-net model [46,47], whose input category is a super
fusion category. A super fusion category can always be
obtained by a fermion condensation (or mathematically
canonical construction of an enriched monoidal category,
introduced in detail in Appendix A) from a unitary fusion
category. Denote a unitary fusion category as C whose
Drinfeld center Z1ðCÞ contains a fermion, its fermion
condensed category is denoted as C=f ≡ SVecC, where
SVecC denotes for category C enriched over SVec, which
is a super fusion category. Then we define the Drinfeld
center of a super fusion category that describes the anyon
excitations of a fermionic string-net model in Sec. IV B as
Z1ðSVecCÞ ≅ SVecZ1ðCÞ0. Here Z1ðCÞ ≅ Z1ðCÞ0 ⊕ Z1ðCÞ1
(0,1 are group elements of Zf

2) is a spin modular category,
where its grade-0 sector Z1ðCÞ0 is a super modular
category, and its grade-1 sector Z1ðCÞ1 is the fermion-
parity vortex or flux sector. In other words, a spin modular
category is a unitary modular category that contains a
fermion f, such that f is transparent (up to double braiding)
in its grade-0 sector, and SVecZ1ðCÞ0 denotes for Z1ðCÞ0
enriched over SVec. Gauging the Zf

2 fermion-parity
symmetry for SVecZ1ðCÞ0 recovers the bosonic string-net
model inputted by unitary fusion category C, whose anyon
excitations are described by Z1ðCÞ. On the other hand, the
exactly solvable model of an fSET phase with total
symmetry Gf ¼ Zf

2 ×ω2
G is a fermionic symmetry-

enriched string-net model, whose input category is a
G-graded super fusion category SG, introduced in

TABLE II. Summary of contents on nonchiral nonanomalous 2þ 1D fermionic topological phases.

Nonanomalous nonchiral 2þ 1D fermionic
topological order

Nonanomalous nonchiral 2þ 1D fSET
phase with symmetry Gf

Exactly solvable model Fermionic string-net model
with input super fusion

category SVecC

Fermionic symmetry-enriched
string-net model with input G-graded

super fusion category SG

Quasiparticles or anyon excitations Z1ðSVecCÞ ≅ SVecZ1ðCÞ0 (see Eq. (184)) Z1ðS1Þ with Gf-action
(see Conjecture 1)

Coupling with Gf-symmetry defects:
Gf-crossed super modular category Z1ðS1Þ×Gf

Exactly solvable model after gauging

Zf
2 when ω2 is trivial

String-net model with input unitary
fusion category C

Symmetry-enriched string-net model with
input G-graded unitary fusion category

CG,where SVecCg ¼ Sg, ∀ g∈G

Anyon excitations after
gauging Zf

2 when ω2 is trivial
Z1ðCÞ, which is a spin modular category Z1ðC1Þ with G action Coupling with

G-symmetry defects:
G-crossed spin modular category Z1ðC1Þ×G
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Sec. II B, and partially defined (when ω2 is trivial) in
Sec. IVA. Its Drinfeld center that describes the anyon
excitations of this fSET phase is conjectured to be Z1ðS1Þ
(1 is the trivial group element inG), and the symmetry acts
on these anyons through the so-called Gf action (anyon
permutation) and symmetry fractionalization [43,48].
Then performing a Gf-crossed extension [43], i.e., cou-
pling the anyon excitations with Gf-symmetry defects
consistently, we obtain a Gf-crossed super modular
category Z1ðS1Þ×Gf. Then gauging the Zf

2 symmetry when

ω2 is trivial (we do not know yet how to gauge Zf
2 when

ω2 is nontrivial), we obtain a bosonic SET phase whose
exactly solvable model is a symmetry-enriched string-net
model [12,14] inputted by a G-graded unitary fusion
category CG such that its center Z1ðCGÞ is a spin modular
category, which is related to SG by SVecCG ¼ SG, i.e., SG
is obtained by a fermion condensation on CG. Here
SVecCg ¼ Sg, ∀g∈G (see details in Sec. IVA). Briefly,
for the trivial group element sector SVecC1 ¼ S1, S1 is
obtained by a fermion condensation on C1, as Z1ðCGÞ is a
spin modular category implies that Z1ðC1Þ is also a spin
modular category [see full procedures of fermion con-
densation in Diagram (186)]; while for other g ≠ 1
sectors, Sg is not obtained by fermion condensation,
but a so-called canonical construction of enriched cat-
egory [49] by our constraint that each Cg sector is closed
under SVec-action.
In Table III, we summarize nonchiral 2þ 1D topological

phases with ’t Hooft anomaly. Since the ’t Hooft anomalies
are in a structure of layers, given an anomalous fSET phase

for example, we should at first check whether it has
fermionic H2ðG;Z2Þ anomaly [the fermionic H1ðG;ZTÞ
anomaly corresponds to chiral phases]. If the fermionic
H2ðG;Z2Þ anomaly vanishes, we check whether there is
fermionic H3ðG;Z2Þ anomaly. Again if the fermionic
H3ðG;Z2Þ anomaly vanishes, we check whether there is
bosonic H4½G;Uð1ÞT � anomaly. Let us consider the sim-
plest case first, i.e., a bosonic SET phases with symmetryG
with H4½G;Uð1ÞT � anomaly, and we denote its obstruction
function as o4 ∈H4½G;Uð1ÞT �. In the content of surface
anyons together with G action of this anomalous bosonic
SET phase, o4 corresponds to the obstruction to perform a
G-crossed extension on surface anyons [13,36]. This
H4½G;Uð1ÞT � anomaly can be compensated by a bulk
3þ 1D SPT phase characterized by a 4-cocycle
ν4 ∈H4½G;Uð1ÞT �, where ν4 is in the same cohomology
class as o4, i.e., ½o4� ¼ ½ν4�. The surface exactly solvable
model of this SET phase with H4½G;Uð1ÞT � anomaly is a
so-called surface symmetry-enriched string-net model [12],
whose pentagon equation is exactly obstructed by ν4. On
the other hand, for an fSET phase with symmetryGf (when
ω2 is trivial, as we do not know how to deal with cases
with nontrivial ω2 yet) with H3ðG;Z2Þ fermionic ’t Hooft
anomaly, we denote its obstruction function as
o3 ∈H3ðG;Z2Þ. Since the anomaly is totally due to the
anomalous symmetry action, while the surface topological
order itself is anomaly-free, the fixed-point ground state
wave functions of surface topological order can be
described by a super fusion category S1, whose Drinfeld
center that describes the surface anyons is Z1ðS1Þ. In the

TABLE III. Summary of contents on nonchiral 2þ 1D topological phases with ’t Hooft anomaly. ½fn� denotes for the cohomology
class of n-cocycle fn. The ’t Hooft anomalies are in a structure of layers. That is to say, if the first layer fermionic H3ðG;Z2Þ anomaly
vanishes, we then consider whether there is second layer bosonic H4½G;Uð1ÞT � anomaly.

Nonchiral 2þ 1D SET phase
with symmetry G with H4½G;Uð1ÞT �

’t Hooft anomaly

Nonchiral 2þ 1D fSET phase with symmetry
Gf (ω2 is trivial)with H3ðG;Z2Þ

fermionic ’t Hooft anomaly

Bulk topological phase 3þ 1D SPT phase with given
½ν4�∈H4½G;Uð1ÞT �

3þ 1D fSPT phase with given
½n3�∈H3ðG;Z2Þ and

½ν4�∈C4½G;Uð1ÞT �=B4½G;Uð1ÞT �
satisfying dν4 ¼ ð−1Þn3⌣1n3

Surface exactly solvable model Surface symmetry-enriched
string-net model [12], where the pentagon

equation is obstructed by ν4

Fermionic surface symmetry-enriched
string-net model, where

• F moves can violate fermion-parity
conservation by n3;

• The fermionic pentagon
equation is obstructed by Θν4 (see Sec. III, and Θ is a

phase factor defined in Eq. (127) )

Surface anyon excitations Z1ðC1Þ with G-action and with
½o4�∈H4½G;Uð1ÞT � obstruction on

G-crossed extension (also the obstruction
to gauging G), where ½o4� ¼ ½ν4�

Z1ðS1Þ with Gf action and with ½o3�∈H3ðG;Z2Þ
obstruction on extending symmetry fractionalization
from Z1ðS1Þ to Z1ðC1Þ (also the obstruction to
gauging Zf

2), where
SVecC1 ¼ S1 and ½o3� ¼ ½n3�
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content of surface anyons Z1ðS1Þ together with Gf-action
of this anomalous fSET phase, o3 corresponds on extend-
ing symmetry fractionalization from a super modular
category Z1ðS1Þ to its Zf

2-modular extension [44],
i.e., Z1ðC1Þ as a spin modular category, where
SVecC1 ¼ S1. This fermionic H3ðG;Z2Þ anomaly can be
compensated by a bulk 3þ 1D fSPT phase characterized
by a pair ðn3; ν4Þ, where n3 is a 3-cocycle in H3ðG;Z2Þ,
which is in the same cohomology class as o3, i.e.,
½o3� ¼ ½n3�, and ν4 is a 4-cochain satisfying
dν4 ¼ ð−1Þn3⌣1n3 . The surface exactly solvable model of
this fSET phase with fermionic H3ðG;Z2Þ anomaly is a
fermionic surface symmetry-enriched string-net model,
whose pentagon equation is obstructed by Θν4, where Θ
is a phase factor induced by fermion creation and annihi-
lation operators from the bulk 3þ 1D fSPT phase, defined
in Eq. (127). Θ appears as long as there is fermionic
’t Hooft anomaly, i.e.,H3ðG;Z2Þ,H2ðG;Z2Þ orH1ðG;ZTÞ
fermionic ’t Hooft anomaly.

C. Organization of this paper

The rest of the paper is organized as follows: First, we
construct the so-called fermionic symmetry-enriched
string-net models in Sec. II, generalizing both symmetry-
enriched string-net models and fermionic string-net models
[46,47,50], summarized in Sec. II G. They are exactly
solvable models for 2þ 1D nonanomalous nonchiral fSET
phases. Second, we construct the so-called surface fer-
mionic symmetry-enriched string-net models in Sec. III,
summarized in Sec. III D. They are exactly solvable models
for 2þ 1D nonchiral surface fSET phases with fermionic
’t Hooft anomaly, i.e., fSET phases that live on the surface
of bulk 3þ 1D fSPT phases. Since only nonchiral surface
states can be realized by our surface model, our approach
can only cover the H3ðG;Z2Þ and H2ðG;Z2Þ fermionic
’t Hooft anomalies. We conclude that H3ðG;Z2Þ fermionic
’t Hooft anomaly corresponds to a violation of fermion-
parity conservation in certain surface F moves defined in
Sec. III A, and also a Θ obstruction in the fermionic
pentagon equation. Finally, we discuss the mathematical
framework that arises from our lattice model construction
for fSET phases in Sec. IV. Further, in Appendix A, we
review basic definitions of super fusion category, super
modular category and spin modular category, which are
broadly used in this paper. In Appendix B, we review the
categorical description of the anyons under symmetry
action (or G action) in bosonic SET phases [13]. Given
a unitary modular tensor categoryM that describes anyons,
and a symmetry G, there are three pieces of data: G action
on M, symmetry fractionalization, and gauging G on M
(i.e., a G-crossed extension followed by a G equivarian-
tization on M). In Appendix C, we review the relation
between symmetry-enriched string-net model data and
anyon symmetry fractionalization data for bosonic or

fermionic SET phases whose intrinsic topological orders
are Abelian gauge theories [12], by which we can show that
the o3 obstruction on anyon level exactly matches with the
n3 obstruction in lattice model level for an example in
Remark 3.10. In Appendix D, we review the definitions of
obstruction functions o2 ∈H2ðG;Z2Þ and o3 ∈H3ðG;Z2Þ
[44,48], which are the obstructions to extending G action
and symmetry fractionalization from the super modular
category (that describes the anyon excitations) to its Zf

2-
modular extended category (as a spin modular category),
respectively. In Appendix E, we review the anyon data of
surface Z1ðVecZ4

Þ⊠f1; fg topological order with Zf
2 ×

Z2 × Z4 symmetry [51], for which we construct its surface
fermionic symmetry-enriched string-net model in
Sec. III F. In Appendix G, we use another approach called
the partition function approach to derive the explicit
expressions of bulk F̃ move and boundary F move for
surface fSET phases with H3ðG;Z2Þ fermionic ’t Hooft
anomaly, and we obtain exactly the same expressions as
Eq. (114) and Eq. (115). In Appendix I, we list canonical
choices of the cochains in 3þ 1D fSPT phases, which will
be used when we extend our exactly solvable model
construction to H2ðG;Z2Þ fermionic ’t Hooft anomaly in
the future.

II. FERMIONIC SYMMETRY-ENRICHED
STRING-NET MODELS

A. Fermionic global symmetry

Denote the fermion-parity symmetry group as
Zf

2 ¼ f1; Pf ¼ ð−1ÞNfg, where Nf is the total fermion
number operator. The fermionic symmetry group Gf in
general can be any central extension of a bosonic symmetry
group G by Zf

2, written in a short exact sequence as

1 → Zf
2 → Gf → G → 1; ð2Þ

which is specified by a 2-cocycle ω2 ∈Z2ðG;Z2Þ, where G
is a discrete finite group. We simply denote Gf as

Gf ¼ Zf
2 ×ω2

G: ð3Þ

Denote a group element in Gf by ðx;gÞ, where x∈Zf
2 and

g∈G. Group multiplication in Gf is given by

ðx;gÞðy;hÞ ¼ ðxþ yþ ω2ðg;hÞ;ghÞ: ð4Þ

And there might be time-reversal symmetry in G, which is
anti-unitary. Therefore, we define a Z2 grading on G: for
any g∈G,

SðgÞ ¼
�
1; if g is unitary

�; if g is anti-unitary
: ð5Þ
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Denote the global symmetry transformation of g as UðgÞ.
U forms a linear representation of Gf, and therefore it
forms a projective representation of G:

UðgÞUðhÞ ¼ Pω2ðg;hÞ
f UðghÞ: ð6Þ

We note that changing ω2 → ω2 þ dϕ1, where
ϕ1 ∈C1ðG;Z2Þ is a 1-cochain and dϕ1 is a 2-coboundary,
corresponds to changing the form of symmetry trans-
formation by

UðgÞ → Pϕ1ðgÞ
f UðgÞ: ð7Þ

Therefore, defining the symmetry transformation of Gf

needs to specify a particular cocycle ω2, but not the
cohomology class ½ω2� [48].

B. G-graded super fusion category

To define a fermionic symmetry-enriched string-net
model, we need to input a G-graded super fusion category,
denoted as SG. Mathematically, the general definition ofG-
graded super fusion category is still unknown. However, we
can still say that SG must have the following two
properties:

(i) SG is a super fusion category (Definition A.7), i.e., it
is a unitary semi-simple rigid monoidal category that
is enriched over SVec (Definition A.1), where
enriching over SVec means that hom-spaces in
SG are super vector spaces.

(ii) SG has a G-grading structure, i.e., SG ¼⊕g∈G Sg
and ∀ ag ∈Sg; bh ∈Sh; ag ⊗ bh ∈Sgh. Here S1 is
always a super fusion category, where 1 is the trivial
element in G.

In particular, when ω2 is trivial (ω2 is introduced in
Sec. II A), SG can always be obtained by a fermion
condensation (or a canonical construction of enriched
monoidal category over SVec) from a G-graded unitary
fusion category CG [52,53], i.e., SG ≔ SVecCG, explicitly
defined in Sec. IVA. But when ω2 is nontrivial, we do not
know how to define theG-graded super fusion category yet.
Nonetheless, the two properties listed above are enough for
us to define a fermionic symmetry-enriched string-net
model. We expect that our physical model brings out the
constraints in defining the G-graded super fusion category
when ω2 is nontrivial.

C. Degrees of freedom

Given a finite fermionic global symmetry group
Gf ¼ Zf

2 ×ω2
G and a G-graded super fusion category

SG ¼⊕g∈G Sg (though the definition of the G-graded
super fusion category is unknown, we only make use of
the two properties listed in Sec. II B), a fermionic sym-
metry-enriched string-net model on a honeycomb lattice
consists of the following degrees of freedom:

(1) jGj-level group element labels jgii in each plaquette,
where gi ∈G, i∈N. Graphically,

ð8Þ

where the arrows on links represent the branching structure
(arrows are always 2-in-1-out or 1-in-2-out on each vertex).
Recall that Uðg0Þ denotes for the global symmetry trans-
formation of g0. We choose the following convention:

Uðg0Þjgii ¼ jg0gii: ð9Þ

The Hilbert space on plaquettes is

HP ¼ ⊗
p∈P

C½G�; ð10Þ

where P is the set of all plaquettes in the lattice, p denotes
for each plaquette, and C½G� is the Hilbert space of linear
combinations of group elements in G with coefficient in C.
(2) G-graded string types ag; bh;…∈SG on each link,

where ag ∈Sg; bh ∈Sh; ... (A string type corre-
sponds to a simple object in SG. So that without
causing any ambiguity, we may use the same
notation SG to denote for the set of isomorphism
classes of simple objects in SG). Moreover, the
sector S1, graded by the trivial group element 1, is
always a super fusion category, and 1; a; b;…∈S1,
where 1 is the tensor unit in S1. Each G-graded
string type ag represents a symmetry defect (or
symmetry domain wall) between two plaquettes:

ð11Þ

where g≡ g−1
0 g1.

Since hom-spaces in a G-graded super fusion
category are in general super vector spaces (see
Definition A 1), each string type in SG can be either m-
type or q-type [45,46]. A string type ag is called m-type if
EndðagÞ ≔ Homðag; agÞ ¼ C; and is called q-type if
EndðagÞ ¼ C1j1. We assign a number nag to each ag ∈SG:

nag ≔ dim EndðagÞ ¼
�
1; if ag ism-type

2; if ag is q-type
; ð12Þ

which is the dimension of the endomorphism space of ag.
The quantum dimension of ag is denoted as dag , which

can be defined through fusion multiplicity around Eq. (21)

EXACTLY SOLVABLE MODELS FOR FERMIONIC SYMMETRY- … PHYS. REV. X 16, 011019 (2026)

011019-7



or through a certain F move as in Ref. [54]. Then the total
quantum dimension for each Sg sector is defined as

D2
g ¼

X
ag ∈Sg

d2ag
nag

: ð13Þ

We require that for any g∈G, the total quantum dimen-
sions of all g sectors are equal, i.e.,

D2
1 ¼ D2

g; ∀g∈G: ð14Þ
(3) Fusion states α; β;… in fusion space Homðag ⊗

bh; cghÞ or Homðcgh; ag ⊗ bhÞ on each vertex,
graphically represented as

ð15Þ

Below let us consider only fusion space
Homðag⊗bh;cghÞ, and the property of Homðcgh;ag⊗bhÞ
is similar. The hom-space Homðag⊗bh;cghÞ∈SVec is a
super vector space, i.e.,

Homðag ⊗ bh; cghÞ
¼ Homðag ⊗ bh; cghÞ0 ⊕ Homðag ⊗ bh; cghÞ1; ð16Þ

where Homðag ⊗ bh; cghÞ0 is the grade-0 (parity-even)
part, Homðag ⊗ bh; cghÞ1 is the grade-1 (parity-odd) part.
We define the so-called fusion multiplicity by

N
agbh
cgh ≔ dim Homðag ⊗ bh; cghÞ: ð17Þ

Different fusion states are labeled by α; β;… ¼
1;…; N

agbh
cgh . In other words, basis in Homðag ⊗ bh; cghÞ

are fjαijα ¼ 1;…; N
agbh
cgh g. Then we also define bosonic and

fermionic fusion multiplicities, respectively:

B
agbh
cgh ≔ dim Homðag ⊗ bh; cghÞ0;

F
agbh
cgh ≔ dim Homðag ⊗ bh; cghÞ1; ð18Þ

and obviously,

N
agbh
cgh ¼ B

agbh
cgh þ F

agbh
cgh : ð19Þ

Therefore, the string fusion rules are written as

ag ⊗ bh ¼ ⨁
cgh ∈Sgh

CB
agbh
cgh

jFagbh
cgh cgh: ð20Þ

We define the quantum dimension dag of ag as the largest
eigenvalue of matrix η̂ag , where

η̂ag ≔
�

N
agbh
cgh

ncgh
∶bh; cgh ∈SG

�
: ð21Þ

The Hilbert space of fusion spaces on vertices is

HV ¼ ⊗
v∈V

H�
v ; ð22Þ

where V is the set of all vertices in the lattice, v denotes for
each vertex, and

Hþ
v ≔ ⨁

ag;bh;cgh ∈SG

Homðag ⊗ bh; cghÞ;

H−
v ≔ ⨁

ag;bh;cgh ∈SG

Homðcgh; ag ⊗ bhÞ: ð23Þ

(4) jGj species of physical fermions on each vertex.
Labeling the corresponding vertices of fusion states
α; β;… by α; β;…, the annihilation and creation
operators of species-g fermion are denoted as cgα and

cg†α . They satisfy the anticommutation relation:

cgαchβ ¼ −chβc
g
α; cgαc

h†
β ¼ −ch†β cgα; ð24Þ

for all α ≠ β, g;h∈G. A global symmetry trans-
formation of g0 acts on cgα as

Uðg0ÞcgαU†ðg0Þ ¼ ð−1Þω2ðg0;gÞcg0gα : ð25Þ

We define a fermion-parity function sðαÞ ¼ 0, 1
to indicate the parity of a fusion state α is even or
odd, i.e.,

sðαÞ ¼
�
0; if jαi∈Homðag ⊗ bh; cghÞ0
1; if jαi∈Homðag ⊗ bh; cghÞ1

: ð26Þ

Then we decorate fermions on all parity-odd fusion
states by a sequence of fermion creation operators.
When sðαÞ ¼ 1, we choose the convention that the
decorated fermion species depends on the group
element in the left-most plaquette, graphically rep-
resented as

ð27Þ

where the black dot denotes for the physical fermion when
sðαÞ ¼ 1.
The fermionic Hilbert space is the following Fock space:
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Hf ¼ ⨁
S⊂ðV×GÞ

Y
ðv;gÞ∈ S

cg†v j0i; ð28Þ

where j0i is the state of no fermion, and S is any subset of
the Cartesian product of set of all vertices V and the
group G.
In conclusion, the total Hilbert space is

H ¼ HP ⊗ HV ⊗ Hf; ð29Þ

whereHP,HV ,Hf are defined in Eqs. (10), (22), and (28),
respectively.
Remark 2.1 A q-type string behaves like a Majorana-

Kitaev chain in topological phases [45] (but more gener-
alized in a way that q-type strings may not be Z2

conserved, while Kitaev chains are Z2 conserved as the
fusion outcomes of two Kitaev chains is vacuum).
Therefore, q-type strings have the following two properties:
(i) Any q-type string configuration must be closed, or say,
q-type string cannot terminate or emerge at any vertex in
the lattice model. (ii) Fermions can be created or annihi-
lated by pairs on q-type strings, and a fermion can “slide”
along q-type strings freely without energy cost.
Accordingly, when there is a q-type string involved in
the fusion vertex in graph (15), i.e., at least one of ag; bh is

q-type, we must have B
agbh
cgh ¼ F

agbh
cgh . In other words, it is

guaranteed that for any bosonic fusion state, there always
exists a corresponding fermionic fusion state. Therefore,
for a particular fusion state α in Homðag ⊗ bh; cghÞ, in
such cases that there is a q-type string involved, we
introduce the notation α × f (intuitively understood as
sliding a fermion f onto α) without any ambiguity to
denote for the corresponding fermionic state if α is
bosonic, and the corresponding bosonic state if α is
fermionic. If we choose the convention that all bosonic
fusion states are ordered before fermionic fusion

states, i.e., α ¼ 1;…; B
agbh
cgh ; B

agbh
cgh þ 1;…; 2B

agbh
cgh , then

α × f ¼ αþ B
agbh
cgh .

Remark 2.2. The assignment of jGj species of physical
fermions, together with Eq. (25), is actually a generaliza-
tion of the Kramers doublet. For example, let us consider a
total symmetry ZTf

4 ¼ Zf
2 ×ω2

ZT
2 , where ZT

2 ¼ f1; Tg is
the time-reversal symmetry and ω2ðT; TÞ ¼ 1. Denote the
Kramers doublet as c↑ and c↓, the time-reversal symmetry
acts as UðTÞc↑UðTÞ† ¼ c↓, UðTÞc↓UðTÞ† ¼ −c↑.
Definition 2.3. A q-type string ag is further called σ-type

or Ising type if it satisfies theZ2-conservation law as q-type
string on fusion:

ag ⊗ ag ¼ ⊕
cgg ∈Sgg

Cnjncgg; ð30Þ

where all cgg are m-type strings and n ≔ B
agbh
cgh ¼ F

agbh
cgh .

D. Generalized fermionic symmetric local unitary
transformation and fixed-point wave function

We define the following equivalence relation between
two gapped fermionic quantum states:

jΦi ∼ jΦ0i iff :jΦ0i ¼ T ½ei
R

dλHfðλÞ�jΦi; ð31Þ

where the evolution does not close the energy gap, λ is the
order parameter, and T is the path-ordering operator.
HfðλÞ ¼

P
i OiðλÞ is the fermionic Hamiltonian, where i

denotes for each local region and OiðλÞ is a product of an
even number of local fermionic operators and any number

of local bosonic operators. Here T ½ei
R

dλHfðλÞ� is called a
fermionic local unitary (fLU) transformation [47]. We note
that a bosonic local unitary transformation is a special case
of fLU transformation when there is no local fermionic
operator involved.
However, requiring the transformation to be unitary is

not general enough. We hereby define the so-called
generalized fermionic local unitary (gfLU) transformation
[46,47]. It generalizes the concept of fLU transformation in
a way that the transformation can be projective unitary.
Denote a gfLU transformation as Ũ. Ũ is called projective
unitary if

Ũ†Ũ ¼ P̃; ŨŨ† ¼ P̃0; ð32Þ

where P̃ and P̃0 are two projectors, i.e., P̃2 ¼ P̃ and
P̃02 ¼ P̃0.
A generalized fermionic symmetric local unitary

(gfSLU) transformation is a gfLU transformation that is
invariant under any global symmetry action. In classifying
2þ 1D fSET phases, the wave function renormalizations
are generated by gfSLU transformations. Then the equiv-
alence classes of wave functions are defined up to
gfSLU transformations, which leads to the concept of
fixed-point wave function (as a characteristic of each
equivalence class).
Recall that by a string-net model [55,56], we mean

inputting a set of categorical data (for original string-net
model, the input is a unitary fusion category; for the
fermionic symmetry-enriched string-net model we define
here, the mathematical definition of the input category is
only partially known), a quantum lattice model with a
full description on fixed-point ground state wave func-
tions and Hamiltonian is outputted. Let Ψð−Þ denote for
the fixed-point ground state wave function on a certain
patch. The topological ground state (defined on a
sphere) is a superposition of all possible string-net
configurations:
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ð33Þ

There exists a gfSLU transformation as a gauge transformation in our model:

ð34Þ

where u
agbh
cgh and v

agbh
cgh are two unitary matrices. This corresponds to a unitary transformation in the super vector space

Homðag ⊗ bh; cghÞ. When sðαÞ ¼ sðβÞ ¼ 0, u
agbh
cgh is a unitary basis transformation in Homðag ⊗ bh; cghÞ0. When

sðαÞ ¼ sðβÞ ¼ 1, v
agbh
cgh is a unitary basis transformation in Homðag ⊗ bh; cghÞ1.

E. Renormalization moves

The first type of renormalization move, called the F move, is a gfSLU transformation defined as

ð35Þ

where the F move can be more simply denoted as
g0 ½F agbhck

d �m;αβ
n;χδ . It is a combination of fermion creation

and annihilation operators and a bosonic-part F move
(mathematically corresponds to the F symbol or associator
in the input G-graded super fusion category):

g0 ½F agbhck
d �m;αβ

n;χδ ¼ ðcg0†α ÞsðαÞðcg0†
β ÞsðβÞðcg0

δ ÞsðδÞðcg0gχ ÞsðχÞ

· g0 ½Fagbhck
d �m;αβ

n;χδ ; ð36Þ

where a gfSLU transformation should preserve fermion
parity, i.e.,

sðαÞ þ sðβÞ þ sðδÞ þ sðχÞ ¼ 0 ðmod 2Þ: ð37Þ

Associativity of fusion of strings implies

X
egh

N
agbh
egh N

eghck
dghk

negh
¼

X
fhk

Nbhck
fhk

N
agfhk
dghk

nfhk
: ð38Þ

Since the fermion-parity-odd sector and the parity-even
sector are independent (due to fermion-parity conserva-
tion), this relation can be further split as

X
egh

B
agbh
egh B

eghck
dghk

þ F
agbh
egh F

eghck
dghk

negh

¼
X
fhk

Bbhck
fhk

B
agfhk
dghk

þ Fbhck
fhk

F
agfhk
dghk

nfhk
; ð39Þ

X
egh

B
agbh
egh F

eghck
dghk

þ F
agbh
egh B

eghck
dghk

negh

¼
X
fhk

Bbhck
fhk

F
agfhk
dghk

þ Fbhck
fhk

B
agfhk
dghk

nfhk
: ð40Þ

Remark 2.4. There are other types of renormalization
moves as gfSLU transformations: the O move and the Y
move that change the number of vertices, and the dual F
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move,H move, and dualH move that are closely related to
the F move. The definitions of these renormalization
moves are listed in Appendix F.
Derived from Eq. (37), the quantum dimensions further

satisfy the following equation:

dagdbh ¼
X
cgh

N
agbh
cgh dcgh
ncgh

or
X
agbh

N
agbh
cgh dagdbh
nagnbh

¼ dcghD
2;

ð41Þ

where D2 ¼ P
g∈G D2

g ¼ P
ag ∈SG

ð½d2ag �=½nag �Þ, and the
above two equations are equivalent (i.e., we can derive
either one from another). The proof of either of the above
two equations is similar to that in Ref. [46]. We note that the
condition on O-move in Eq. (F6) also recovers Eq. (41),
which can be shown by substituting the expression in
Eq. (F13) into Eq. (F6).

The symmetric condition on F move requires the
following commutative diagram:

ð42Þ

It implies

g0 ½F agbhck
d �m;αβ

n;χδ ¼ Uðg0Þ1½F agbhck
d �m;αβ

n;χδ U
†ðg0Þ ¼ ð−1Þω2ðg0;gÞsðχÞðcg0†

α ÞsðαÞðcg0†β ÞsðβÞðcg0δ ÞsðδÞ

× ðcg0gχ ÞsðχÞð1½Fagbhck
d �m;αβ

n;χδ ÞSðg0Þ; ð43Þ

where the bosonic-part F move satisfies

g0 ½Fagbhck
d �m;αβ

n;χδ ¼ ð−1Þω2ðg0;gÞsðχÞð1½Fagbhck
d �m;αβ

n;χδ ÞSðg0Þ: ð44Þ

The fermionic pentagon equation is written asX
ϵ

1½F jghckdl
e �m;βχ

q;δϵ
1½F agbhqkl

e �j;αϵp;ϕγ ¼
X

nhkηψκ

1½F agbhck
m �j;αβn;ηψ

1½F agnhkdl
e �m;ψχ

p;κγ
g½F bhckdl

p �n;ηκq;δϕ: ð45Þ

Reordering and canceling the fermion creation and annihilation operators gives a sign factor ð−1ÞsðαÞsðδÞ as shown in
Ref. [47], and by Eq. (44),X

ϵ

1½Fjghckdl
e �m;βχ

q;δϵ
1½Fagbhqkl

e �j;αϵp;ϕγ ¼ ð−1ÞðsðαÞþω2ðg;hÞÞsðδÞ
X

nhkηψκ

1½Fagbhck
m �j;αβn;ηψ

1½Fagnhkdl
e �m;ψχ

p;κγ ð1½Fbhckdl
p �n;ηκq;δϕÞSðgÞ: ð46Þ

Remark 2.5. If sðαÞ ¼ ω2ðg;hÞ, Eq. (46) reduces to the bosonic pentagon equation with vanishing sign factor.
Remark 2.6. The most general fermionic pentagon equation isX

ϵ

g0 ½F jghckdl
e �m;βχ

q;δϵ
g0 ½F agbhqkl

e �j;αϵp;ϕγ ¼
X

nhkηψκ

g0 ½F agbhck
m �j;αβn;ηψ

g0 ½F agnhkdl
e �m;ψχ

p;κγ
g0g½F bhckdl

p �n;ηκq;δϕ: ð47Þ

We can check that it reduces to Eq. (46) after canceling the fermion operators by Eq. (44), where the sign factor is

ð−1Þω2ðg0;ghÞsðδÞþω2ðg0;gÞsðϕÞþω2ðg0;gÞsðηÞþω2ðg0;gÞsðκÞþω2ðg0g;hÞsðδÞþsðαÞsðδÞ ¼ ð−1Þ½sðαÞþω2ðg;hÞ�sðδÞ; ð48Þ

by sðϕÞ þ sðηÞ þ sðκÞ ¼ sðδÞ (mod 2) and ω2ðg0;gÞ þ ω2ðg0;ghÞ þ ω2ðg0g;hÞ ¼ ω2ðg;hÞ (mod 2).
The F move as a gfSLU transformation is further required to satisfy the following two projective-unitary conditions [46]

[recall Eq. (32)]:
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X
nhkχδ

g0 ½Fagbhck
d �m0;α0β0

n;χδ ðg0 ½Fagbhck
d �m;αβ

n;χδ Þ� ¼
(δmghm0

gh
δαα0δββ0 ; ifmgh ism-type

1
2
½δmghm0

gh
δαα0δββ0 þg0Ξagbhm;αβ

ckd
δmghm0

gh
δðα×fÞα0δðβ×fÞβ0 �; ifmgh is q-type

; ð49Þ

X
mghαβ

ðg0 ½Fagbhck
d �m;αβ

n0;χ0δ0 Þ�g0 ½F
agbhck
d �m;αβ

n;χδ ¼
(
δnhkn0hkδχχ0δδδ0 ; if nhk is m -type

1
2
½δnhkn0hkδχχ0δδδ0 þ g0Ξagbh

ckdn;χδ
δnhkn0hkδðχ×fÞχ0δðδ×fÞδ0 �; if nhk is q -type

; ð50Þ

where the notations α × f and β × f are introduced in Remark 2.1, which is well defined here as mgh is q-type for the case

in the second line, and similarly for χ × f and δ × f. Here g0Ξagbhm;αβ
ckd

and g0Ξagbh
ckdn;χδ

are two phase factors satisfying [46]

ðg0Ξagbhm;αβ
ckd

Þ� ¼ g0Ξagbhm;ðα×fÞðβ×fÞ
ckd

; ðg0Ξagbh
ckdn;χδ

Þ� ¼ g0Ξagbh
ckdn;ðχ×fÞðδ×fÞ: ð51Þ

The two projective-unitary conditions of dualHmove implies the following two projective-unitary conditions ofF move
(see Appendix F 2):

X
fghkχδ

dfghk
nfghk

g0 ½Fcge0hbk
f �a;α0δd;β0χðg0 ½F

cgehbk
f �a;αδd;βχÞ�

¼ daghddhkneh
naghndhkdeh

(
δehe0hδαα0δββ0 ; if eh is m-type

1
2
ðδehe0hδαα0δββ0 þ g0Ξcgs

taeh;ηαðg0Ξsteh;ηβ
bkd

Þ�δehe0hδðα×fÞα0δðβ×fÞβ0 Þ; if eh is q-type
; ð52Þ

where sg0 , tg0−1h and the fusion state η∶ sg0 ⊗ tg0−1h → eh can be arbitrarily chosen; and

X
ehαβ

deh
neh

ðg0 ½Fcgehbk
f0 �a;αδ0d;βχ0 Þ�g0 ½F

cgehbk
f �a;αδd;βχ

¼ daghddhknfghk
naghndhkdfghk

(
δfghkf0ghkδαα0δββ0 ; if fghk ism -type

1
2
ðδfghkf0ghkδαα0δββ0 þ g0Ξscg

dtf;δηðg0Ξsa
bktf;χη

Þ�δfghkf0ghkδðα×fÞα0δðβ×fÞβ0 Þ; if fghk is q -type
; ð53Þ

where sg0 , tg0ghk and the fusion state η∶ sg0 ⊗ fghk → tg0ghk can be arbitrarily chosen. We note that the two projective-
unitary conditions of H move are algebraically equivalent to Eqs. (52) and (53).

F. Parent Hamiltonian

The parent commuting-projector Hamiltonian of the fermionic symmetry-enriched string-net model defined above is

H ¼ −
X
ν

Cν −
X
ν

Aν −
X
l

Dl −
X
l

Ql −
X
p

Bp: ð54Þ

We introduce all the terms in the following:
(i) Cν ensures that the fermion number at each vertex ν equals to the grading of the fusion space (or say, the parity of the

fusion state) at that vertex for the ground state [57]:

ð55Þ

where Nf is the fermion number operator, and
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ð56Þ

(ii) Aν ensures that the string fusion rules are obeyed at
each vertex ν for ground state:

ð57Þ

(iii) Ql ensures that the G-grading structure at each link l
for ground state:

ð58Þ

(iv) Dl ensures that when link l is decorated by a q-type
string, there exist two equivalent fixed-point ground
states by “sliding” fermions (recall Remark II.1), the
form of which is similar to that in Ref. [46]. Dl is
determined by the dimensions of endomorphism
space nag and the phase factor between all possible
equivalent fixed-point states (two fixed-point states
are called equivalent if they differ only by a phase
factor) on the honeycomb lattice, which can be
derived from Y moves,H moves, and dualH moves
(these renormalization moves are introduced in
Appendix F).

(v) Bp ensures that the fixed-point ground state is
invariant under fusing loops onto the edges of each
plaquette p, written as

Bp ¼ 1

D2

X
g∈G

jgpgihgpj
X

sg ∈SG

dsg
nsg

B
sg
p : ð59Þ

B
sg
p fuses a loop sg on the edges (g ¼ g−1

0 g1):

ð60Þ

where M is a sequence of F moves, H moves, dual H
moves, and O moves, similarly to the construction
in Ref. [12].
It is easy to check that all above terms are projectors,
e.g., A2

ν ¼ Aν, and commute with each other,
e.g., AνBp ¼ BpAν.
Remark II.7. Once the following data in a fermionic

symmetry-enriched string-net model is given: the sym-
metry group Gf, string types ag, dimensions of endomor-

phism space nag , fusion rules N
agbh
ck ; F

agbh
ck (which imply

quantum dimensions dag), bosonic-part F moves
g0 ½Fagbhck

d �m;αβ
n;χδ , in total denoted as

fGf; ag; nag ; dag ; N
agbh
ck ; F

agbh
ck ; g0 ½Fagbhck

d �m;αβ
n;χδ g; ð61Þ

the form of the parent Hamiltonian is directly and uniquely
determined [up to gauge transformations in Eq. (34)]:

(i) Ql is determined by G through Eq. (58);
(ii) Cν and Aν are determined by fusion rules encoded in

N
agbh
ck ; F

agbh
ck through Eqs. (55) and (57) respectively;

(iii) Dl is determined by nag, Y moves,Hmoves, dualH
moves, where by Eqs. (F9), (F13), (F16), and (F19),
the bosonic-part Y moves, H moves, dual H

moves are all determined by fnag ; dag ; N
agbh
ck ;

g0 ½Fagbhck
d �m;αβ

n;χδ g, while the Grassmann numbers are

determined by F
agbh
ck ;

(iv) Bp is determined by F moves, H moves, dual H
moves, O moves through Eq. (59), thus also deter-

mined by fnag ; dag ; N
agbh
ck ; F

agbh
ck ; g0 ½Fagbhck

d �m;αβ
n;χδ g.

Therefore, in most of the examples in Sec. II H, we will

only list the set of data fG; ag; nag ; dag ; N
agbh
ck ; F

agbh
ck ,

g0 ½Fagbhck
d �m;αβ

n;χδ g, which is complete, and the form of parent
Hamiltonian written in renormalization moves can be
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directly obtained, thus omitted. However, presenting the
Hamiltonian in terms of expressible operators is in general
complicated, which will only be shown in a simple example
in Remark II.14.

G. Summary

Definition II.8. (Fermionic symmetry-enriched string-net
model). Inputting a finite fermionic symmetry group Gf ¼
Zf

2 ×ω2
G and a G-graded super fusion category SG, a

fermionic symmetry-enriched string-net model is an
exactly solvable model for an fSET phase, constructed
on a honeycomb lattice, consists of

(i) Degrees of freedom introduced in Sec. II C;
(ii) Renormalization moves on fixed-point ground states

satisfying the symmetric condition, introduced in
Sec. II E;

(iii) A parent commuting-projector Hamiltonian, intro-
duced in Sec. II F,

where the full data of fermionic symmetry-enriched string-

net model is denoted as
n
Gf; ag; nag ; dag ; N

agbh
ck ; F

agbh
ck ;

g0 ½Fagbhck
d �m;αβ

n;χδ

o
, satisfying the following consistency equa-

tions:

N
agbh
cgh ¼ B

agbh
cgh þ F

agbh
cgh ; ð62Þ

X
egh

N
agbh
egh N

eghck
dghk

negh
¼

X
fhk

Nbhck
fhk

N
agfhk
dghk

nfhk
; ð63Þ

X
egh

B
agbh
egh B

eghck
dghk

þ F
agbh
egh F

eghck
dghk

negh

¼
X
fhk

Bbhck
fhk

B
agfhk
dghk

þ Fbhck
fhk

F
agfhk
dghk

nfhk
; ð64Þ

dagdbh ¼
X
cgh

N
agbh
cgh dcgh
ncgh

; ð65Þ

g0 ½Fagbhck
d �m;αβ

n;χδ ¼ ð−1Þω2ðg0;gÞsðχÞð1½Fagbhck
d �m;αβ

n;χδ ÞSðg0Þ; ð66Þ

sðαÞ þ sðβÞ þ sðδÞ þ sðχÞ ¼ 0 ðmod 2Þ; ð67Þ
X
ϵ

1½Fjghckdl
e �m;βχ

q;δϵ
1½Fagbhqkl

e �j;αϵp;ϕγ

¼ ð−1ÞðsðαÞþω2ðg;hÞÞsðδÞ
X

nhkηψκ

1½Fagbhck
m �j;αβn;ηψ

1½Fagnhkdl
e �m;ψχ

p;κγ

× ð1½Fbhckdl
p �n;ηκq;δϕÞSðgÞ; ð68Þ

and the four projective-unitary conditions in Eqs. (49)–(53).

Remark II.9. When there is no nontrivial string type
except from symmetry defects, i.e., S1 ¼ f1g, the fer-
mionic symmetry-enriched string-net model defined here
reduces to the fixed-point wave function construction of
2þ 1D fSPT phases [8].
Remark II.10. Given a bosonic string-net model with

input unitary fusion category C, the anyons (or quasiparticle
excitations) in the model are described by the Drinfeld
center Z1ðCÞ of C, which can be shown by calculating the
so-called Q algebra or tube algebra [58] defined on the
string-net model.
Remark II.11. Given a symmetry-enriched string-net

model with input G-graded unitary fusion category CG,
the anyons in the model are described by Z1ðC1Þ [12,14],
which is a unitary modular tensor or fusion cat-
egory (UMTC).
Conjecture 1. Given a fermionic symmetry-enriched

string-net model with inputG-graded super fusion category
SG, the quasiparticle or anyon excitations in the model are
described by Z1ðS1Þ, where 1∈G is the trivial element,
and Z1ðS1Þ is a super modular category.
Remark II.12. Physically, a fermionic symmetry-

enriched string-net model can be viewed as constructed
by the following two steps:
(1) Constructing a fermionic string-net model [46,47]

with input SG, where the strings are labeled by
simple objects ag; bh;…∈SG (a; b;…∈S1 and
g;h;…∈G). It corresponds to the exactly solvable
model for the G-gauged topological phase, i.e., a
fermionic topological order without any symmetry;

(2) Ungauging G for the above string-net model by
adding degrees of freedom labeled by G to each
plaquette (strings ag; bh;… become also symmetry
defects), as shown in Graph (8), we obtain the
fermionic symmetry-enriched string-net model.

Remark II.13. For any G-graded super fusion category,
there is no anti-unitary symmetry structure [by anti-unitary
symmetry structure, we mean that if g0 ∈G is anti-unitary,
the F move is complex conjugated under the symmetry
action of g0, as shown in Eq. (44)], otherwise it will not be a
well-defined fusion category. Nevertheless, though any
G-graded super fusion category does not contain anti-
unitary symmetry structure, we can add it in the constructed
symmetry-enriched string-net model, which is a physical
model that cannot be described by any fusion category.

H. Examples

Here we present three examples of fermionic symmetry-
enriched string-net models. Recall Eq. (44), if ω2 is
nontrivial or G contains anti-unitary symmetry, the F

moves g0 ½Fagbhck
d �m;αβ

n;χδ depend on the leftmost group
element g0, otherwise they do not.
Convention 3. For the F move g0 ½Fagbhck

d �m;αβ
n;χδ , if the

fusion outcome of any G-graded string types is unique, it is
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simplified as g0Fagbhck . If the F move is independent of the
group element g0 in the leftmost plaquette, it is simplified

as ½Fagbhck
d �m;αβ

n;χδ .

1. Toric code topological order stacking with a physical
fermion with Zf

4 symmetry

Let us consider the Z1ðVecZ2
Þ⊠f1; fg topological

order with Zf
4 symmetry. Here Z1ðVecZ2

Þ⊠f1; fg ¼
f1; e; m;ψg⊠f1; fg describes anyons of the toric code
topological order stacking with a physical fermion f, where
⊠ is the Deligne tensor product, physically understood as
stacking of topological phases. Denote group elements in
the bosonic symmetry group as G ¼ Z2 ¼ f0; 1g. Then
ω2ðg;hÞ ¼ gh (mod 2). Given such a topological order
and a fermionic global symmetry, there are several pos-
sibilities that how the symmetry interacts with the topo-
logical order, i.e., there are several possible fSET phases.
Let us further consider special cases that sðαÞ ¼

ω2ðg;hÞ ¼ gh (mod 2) in the fermionic symmetry-
enriched string-net models as stated in Remark II.5, i.e.,
Eq. (46) reduces to a bosonic pentagon equation. In
classifying such fSET phases up to equivalence relations
(i.e., gfSLU transformations), we divide these possible
fSET phases into three classes [12]:
(1) SZ2

¼ VecZ2×Z2
¼ S0 ⊕ S1 ¼ f10; e0g ⊕ f11; e1g,

where 11 ⊗ 11 ¼ e1 ⊗ e1 ¼ 10. Since 0Fagbhck are
the same as the bosonic solution in Ref. [12], we
direct conclude that the classification of this subcase
isZ2 × Z2. The firstZ2 classification corresponds to

0Fe0e0e0 ¼ 1Fe0e0e0 ¼ 1; ð69Þ

and

0Fe0e0e0 ¼ 1Fe0e0e0 ¼ −1: ð70Þ

The second Z2 classification corresponds to

ð0F111111 ; 0Fe1e1e1Þ ¼ ð1;−1Þ;
ð1F111111 ; 1Fe1e1e1Þ ¼ ð−1; 1Þ; ð71Þ

and

ð0F111111 ; 0Fe1e1e1Þ ¼ ð−1;−1Þ;
ð1F111111 ; 1Fe1e1e1Þ ¼ ð1; 1Þ: ð72Þ

For the second Z2 classification, the first solution
corresponds to a trivial fSET phase, i.e., the
Z1ðVecZ2

Þ⊠f1; fg topological order stacking with
a Z2 SPT phase, where the fermion f carries half Z2

charge, i.e.,

Ufð1ÞUfð1Þ ¼ −Ufð0Þ; ð73Þ

where UaðgÞ is the localized symmetry operator of
g near anyon a defined in Appendix B 2 [please
do not mix it up with the global symmetry
operator UðgÞ]. The second solution corresponds
to a fSET phase where anyon e (or m) and f carry
half Z2 charge.

(2) SZ2
¼ VecZ4

¼ S0 ⊕ S1 ¼ f10; e0g ⊕ f11; e1g,
where 11 ⊗ 11 ¼ e1 ⊗ e1 ¼ e0. There are two in-
equivalent solutions of F moves:

0Fabc ¼ 1; 1Fabc ¼ ð−1Þabc; ð74Þ

and

0Fabc ¼ e
iπ
4
aðbþc−½bþc�4Þ;

1Fabc ¼ ð−1Þabceiπ
4
aðbþc−½bþc�4Þ; ð75Þ

where we relabel 0 ≔ 10, 2 ≔ e0, 1 ≔ 11, 3 ≔ e1,
and ½bþ c�4 ≔ bþ c (mod 4). The first solution
corresponds to a fSET phase where anyon e (or m)
and f carry half Z2 charge. The second solution
corresponds to a fSET phase where all e, m and f
carry half Z2 charge.

(3) SZ2
¼ Ising ¼ S0 ⊕ S1 ¼ f1; eg ⊕ fσg, where

σ ⊗ σ ¼ 1 ⊕ e. There are two inequivalent solu-
tions of F moves (distinguished by �1 in 0½Fσσσ

σ �ab):
0½Fσeσ

e �σσ ¼ 0½Feσe
σ �σσ ¼ 1½Fσeσ

e �σσ ¼ 1½Feσe
σ �σσ ¼ −1;

0½Fσσσ
σ �ab ¼

�1ffiffiffi
2

p
�
1 1

1 −1
�
;

1½Fσσσ
σ �ab ¼ −0½Fσσσ

σ �ab; ð76Þ

where a; b ¼ 1; e. Both solutions correspond to
fSET phases where the Z2 symmetry permutes e
and m, and f carries half Z2 charge.

Remark II.14.We present the parent Hamiltonian explic-
itly in expressible operators for the case SZ2

¼ VecZ4
¼

f10; e0g ⊕ f11; e1g≡ f0; 2g ⊕ f1; 3g on a honeycomb
lattice in terms of Pauli operators and the following defined
operators [12]:

Uljnil¼ injnil; Vljnil¼jnþ1il; where n∈Z4; ð77Þ

and jnil denotes for the state of string type n on link l. Since
in this example all strings arem-type, theDl term vanishes.
The Hamiltonian is given by

H ¼ −
X
ν

Cν −
X
ν

Aν −
X
l

Ql −
X
p

Bp; ð78Þ

where we label the three links around each vertex ν as l1, l2,
l3, and the six links of each plaquette p as la, lb, lc, ld, le, lf,
as shown in the following graph (the lattice vertex, link,
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plaquette labels, differ from the state labels, are all colored in green):

ð79Þ

Then all the terms are written explicitly as

Cν ¼
1þ Pfð−1Þ

1−U2
l1

2

1−U2
l2

2

2
; ð80Þ

Aν ¼ U†
l1
U†

l2
Ul3 þ ðU†

l1
U†

l2
Ul3Þ†; ð81Þ

Ql ¼
1þ U2

l

2

1þ σzpσ
z
q

2
þ 1 −U2

l

2

1 − σzpσ
z
q

2
; ð82Þ

Bp ¼ 1

4

X3
n¼0

�
σxp

�
VlaVlbVlcV

†
ld
V†
le
V†
lf
þ ðVlaVlbVlcV

†
ld
V†
le
V†
lf
Þ†
��

n
; ð83Þ

where Pf ¼ ð−1ÞNf is the fermion-parity operator
acting on each vertex ν, the fermion-parity function on
each vertex ν is sðαÞ ¼ ω2ðg;hÞ ¼ gh ðmod 2Þ ¼
f½ð1 −U2

l1
Þ=2�½ð1 − U2

l2
Þ=2�g, and σzp and σxp are Pauli

matrices acting on plaquette state jgi (g∈Z2) for each
plaquette p. Note that the Bp term can also be written as a
sequence of renormalization moves. We can check that this
Hamiltonian is invariant under the global Z2 symmetry
operator

Q
p σ

x
p and the fermion-parity operator Pf ¼

ð−1ÞNf acting on all the vertices.

2. Super Tambara-Yamagami category as input
with Zf

2 × Z2 symmetry

Let us consider the fermionic symmetry-enriched
string-net with input G-graded super fusion category
being the super Tambara-Yamagami category (as a
Z2-graded super fusion category) defined in Example
IV.3:

SZ2
¼ S0 ⊕ S1 ¼ f0;…; N − 1g ⊕ fσg; ð84Þ

where N is an odd integer, and σ is a q-type string (and
further an σ-type string). Let a; b∈ f0;…; N − 1g.
Quantum dimensions are da ¼ 1; dσ ¼

ffiffiffiffiffiffiffi
2N

p
. Fusion

rules are

a ⊗ b ¼
�
C1j0½aþ b�N; if aþ b < N

C0j1½aþ b�N; if aþ b ≥ N
;

σ ⊗ a ¼ a ⊗ σ ¼ C1j1σ; σ ⊗ σ ¼⊕a C1j1a; ð85Þ

where ½aþ b�N ≔ aþ b (mod N). Recall Convention 3,
the F moves have no difference from those in super
Tambara-Yamagami category, which are listed in
Ref. [46]. This constructs the exactly solvable model
of the following fSET phase: the Z1ðS0Þ topological
order with Zf

2 × Z2 symmetry, where Z1ðS0Þ is the
super modular category that describes the anyon exci-
tations in this model.

3. SVecSUð2Þ6 as input with Zf
2 × Z2 symmetry

Let us consider the fermionic symmetry-enriched string-
net with input G-graded super fusion category being
SVecSUð2Þ6 (as a Z2-graded super fusion category) defined
in Example IV.4:

SZ2
¼ S0 ⊕ S1 ¼ f0; 1g ⊕

�
1

2
;
3

2

�
; ð86Þ

where 3
2
is a q-type string (or further a σ-type string) and all

other string types are m-type. Quantum dimensions are

d0 ¼ 1; d1 ¼ 1þ ffiffiffi
2

p
; d1

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ ffiffiffi

2
pp

; d3
2
¼ ffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ ffiffiffi
2

pp
,

which satisfy Eq. (14). Fusion rules are
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1⊗ 1¼ 0⊕C1j11;
1

2
⊗

1

2
¼ 0⊕ 1;

3

2
⊗

3

2
¼C1j10⊕C1j11;

1

2
⊗

3

2
¼ 3

2
⊗

1

2
¼C1j11; ð87Þ

where for simplicity C1j0 is always omitted. Recall
Convention 3, the F moves have no difference from those
in SVecSUð2Þ6 ≡ SUð2Þ6=f, which can be calculated by the
fermion condensation algorithm introduced in Ref. [45] or
[46], and F moves in SUð2Þ6 are listed in Ref. [59]. The
calculation is omitted. (The F moves in S0 ¼
SVecSOð3Þ6 ≡ SOð3Þ6=f are listed in Ref. [46].) This
constructs the exactly solvable model of the following
fSET phase: the Z1ðS0Þ ≅ Z1ðSVecSOð3Þ6Þ topological
order with Zf

2 × Z2 symmetry, where Z1ðSVecSOð3Þ6Þ
describes the anyon excitations in this model.
Remark II.15. As calculated in Ref. [45] by tube algebra

defined on fermionic string-net models, the anyon excita-
tions Z1½SVecSOð3Þ6� ¼ fm00; m02; m20; m22g (the nota-
tions are from Ref. [45]). Performing a Zf

2-crossed
extension Z1½SVecSOð3Þ6� ≅ SVecZ1½SOð3Þ6�0 (details

please refer to Sec. IV B and Z1½SOð3Þ6� is a spin modular
category), we obtain

fSVecZ1½SOð3Þ6�0g×Zf
2

≅ SVecZ1½SOð3Þ6�0
⊕ SVecZ1½SOð3Þ6�1; ð88Þ

where SVecZ1½SOð3Þ6�1 ¼ fm11; q13; q31; m33g is under-
stood as the sector of fermion-parity vortices.
By Remark IV.7, the ground state degeneracy (GSD) on

torus T 2 for four different spin structures are

GSDðT2
BBÞ¼GSDðT2

BNÞ¼GSDðT 2
NBÞ¼GSDðT2

NNÞ¼4;

ð89Þ

where B denotes for bounding (anti-periodic) and N for
nonbounding (periodic). Denote the ground state Hilbert
spaces on torus with the four different spin structures as
AðT 2

BBÞ, AðT 2
BNÞ, AðT2

NBÞ, AðT 2
NNÞ, respectively, which are

all four-dimensional. The modular S, T transformations on
them have the form

0
BBBB@

AðT 2
BBÞ

AðT 2
BNÞ

AðT 2
NBÞ

AðT2
NNÞ

1
CCCCA⟶

S

0
BBBB@

SBB→BB 0 0 0

0 0 SNB→BN 0

0 SBN→NB 0 0

0 0 0 SNN→NN

1
CCCCA
0
BBBB@

AðT 2
BBÞ

AðT2
BNÞ

AðT2
NBÞ

AðT2
NNÞ

1
CCCCA; ð90Þ

0
BBBB@

AðT 2
BBÞ

AðT2
BNÞ

AðT2
NBÞ

AðT2
NNÞ

1
CCCCA⟶

T

0
BBBB@

0 TBN→BB 0 0

TBB→BN 0 0 0

0 0 TNB→NB 0

0 0 0 TNN→NN

1
CCCCA

0
BBBB@

AðT 2
BBÞ

AðT 2
BNÞ

AðT 2
NBÞ

AðT2
NNÞ

1
CCCCA; ð91Þ

where all the 4 × 4 matrices SBB→BB; SNB→BN;…; TNN→NN

are calculated and listed in Ref. [45].

I. fSET phase obtained by partially gauging
an fSPT phase

Let G be a finite group and N be an Abelian normal
subgroup of G. Given a 2þ 1D fSPT phase with Zf

2 × G
symmetry (i.e., ω2 is trivial), we can partially gauge
symmetry N and obtain a fermionic N gauge theory with
symmetryZf

2 ×G. This corresponds to the following group
extension written in a short exact sequence:

1 → N → G → G → 1: ð92Þ

Let a; b;…∈N, g;h;…∈G and ag; bh;…∈G. The group
extension (in general may not be central extension) is
specified by two pieces of data:

(i) A group homomorphism φ∶G → AutðNÞ, where
AutðNÞ is the automorphism group of N.

(ii) A cohomology class ½μ�∈H2
φðG;NÞ, where the

2-cocycle μ satisfies the following twisted cocycle
condition:

φg½μðh;kÞ�μðg;hkÞ ¼ μðg;hÞμðgh;kÞ: ð93Þ

Then the group multiplication rule in G is

ag × bh ¼ ½aφgðbÞμðg;hÞ�gh; ð94Þ
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Remark II.16. The partially gauging procedure intro-
duced above cannot be directly generalized to cases where
N is non-Abelian, as the 2-cocycle μ∈Z2

φðG;NÞ is only
well defined when N is Abelian. Therefore, fSET
phases obtained by such partially gauged fSPT phases
only cover the simple cases that the intrinsic topological
order of an fSET phase is described by an Abelian gauge
theory. Nevertheless, our fermionic symmetry-enriched
string-net model framework describes general nonchiral
fSET phases.

Remark II.17. In 2þ 1D, the relations among G × Zf
2-

fSPT phase, the fSET phase obtained by partially gauging
N for the G × Zf

2-fSPT phase (which is a N gauge theory
with G × Zf

2 symmetry), the fermoinic topological order
(fTO) obtained by fully gauging G for the G × Zf

2-fSPT
phase (which is a fermionic G gauge theory [50]), and their
bosonic counterparts related by fermion condensation (or
inversely, gauging Zf

2) are summarized in the following
commutative diagram:

ð95Þ

where f.c. is short for fermion condensation.
Let us briefly review the classification of 2þ 1D fSPT

phases (without pþ ip superconductor layer) with Zf
2 × G

symmetry, and G does not contain time-reversal symmetry
(as we do not know how to gauging time-reversal symmetry
yet). The classification is specified by a triplet ðn1; n2; ν3Þ
[7,8], where n1 ∈H1ðG;Z2Þ is the 1-cocycle specifying
Kitaev chain decoration, n2 ∈H2ðG;Z2Þ the 2-cocycle speci-
fying complex fermion decoration, and ν3 ∈C3½G; Uð1Þ� is
the 3-cochain describing a 2þ 1D bosonic 2-2 move [7],
satisfying the following consistency equations:

dn1 ¼ 0 ðmod 2Þ; ð96Þ

dn2 ¼ 0 ðmod 2Þ; ð97Þ

dν3 ¼ ð−1Þn2⌣n2 : ð98Þ

Then the full data in the fermionic symmetry-enriched
string-net model obtained by partially gauging can be
directly read from the data of the original fSPT phase:

(i) String types: ag; bh;…∈SG ≔ G, which means that
the set of isomorphism classes of simple objects in SG
equals to the set of group elements in G (recall
Convention 1). A Kitaev chain becomes an σ-type
string (Definition II.3) after the partial gauging, i.e.,
whether a string typeag is aσ typeor not is specifiedby

nag ¼ n1ðagÞ þ 1: ð99Þ

(ii) Fusion rules [see Graph (15)]:

ag ⊗ bh ¼

8>><
>>:

C1j0½aφgðbÞμðg;hÞ�gh; if ag; bh are all m-type and n2ðag; bhÞ ¼ 0

C0j1½aφgðbÞμðg;hÞ�gh:; if ag; bh are all m-type and n2ðag; bhÞ ¼ 1

C1j1½aφgðbÞμðg;hÞ�gh; if at least one of ag and bh is σ-type

: ð100Þ

Due to this constrained fusion rule, quantum dimension of an σ-type string is
ffiffiffi
2

p
, and all other string types are m-

type with quantum dimension 1.
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(iii) The bosonic-part F move: (i) If all string types in G
are m-type, or say, n1 is always trivial in the original
G × Zf

2-fSPT phase, we have

1Fagbhck ¼ ν3ðag; bh; ckÞ; ð101Þ

where the fusion outcome of any strings is always
unique and therefore we omit all indexes related to

multiple fusion outcomes and simplify it as 1Fagbhck .
(ii) If there exist σ-type strings in G, the F move is
obtained from the fSPT phase data fn1; n2; ν3g by
first partially gauging Zf

2 × N and then performing a
fermion condensation (F moves after fermion con-
densation can be explicitly calculated by the algo-
rithm illustrated in Refs. [45,46]), as shown in the
following commutative diagram:

ð102Þ

which is part of Diagram (95). In both cases, the fermionic pentagon equation in Eq. (46) reduces exactly to Eq. (98):

1Fðag×bhÞckdl · 1Fagbhðck×dlÞ ¼ ð−1Þn2ðag;bhÞn2ðck;dlÞ · 1Fagbhck · 1Fagðbh×ckÞdl · ð1FbhckdlÞSðgÞ: ð103Þ

Remark II.18.Only a subset of fSET phases can be obtained by partially gauging 2þ 1D fSPT phases. There exist a large
class of fSET phases that cannot be realized by partially gauging.
Remark II.19. To help understanding the gauging of 2þ 1D fSPT phases, we give a simple fully gauged example. Let us

consider 2þ 1D fSPT phases with Zf
2 × Z2 symmetry, the classification of which is Z8 [60], denoted by ν ¼ 0;…; 7.

Gauging the Z2 symmetry for the ν ¼ 2 phase, we obtain the fermionic toric code topological order, which can be realized
by a fermionic string-net model (Example A.10). Gauging the Z2 symmetry for the ν ¼ 1 phase, we obtain the Majorana
toric code topological order. Bosonic-part Fmoves in the fermionic string-net model of Majorana toric code can be obtained
by firstly gauging Zf

2 × Z2 and then performing a fermion condensation, shown in the following commuting diagram:

ð104Þ

We recall that the Ising topological order can be realized by
a string-net model inputted by the Ising fusion category
Ising ¼ f1; f; σg, where σ ⊗ σ ¼ 1 ⊕ f. The Majorana
toric code can be realized by a fermionic string-net model
inputted by the super fusion category SVecIsing ¼ f1; σg
(Example A.11), F-moves of which are listed in Ref. [46].
Remark II.20. Consider a 2þ 1D G × Zf

2-fSPT phase
without Kitaev chain layer, i.e., it is described by fν3; n2g.
It is known that gauging the Zf

2 symmetry for any of such a
G × Zf

2-fSPT phase gives a SET phase: a toric code with G
symmetry, called a bosonic “shadow” model. This shadow
model can also be obtained by gauging the Z2 symmetry
for an auxiliary bosonic SPT phase with symmetry G̃, where

G̃ is a central extension of G over Z2 determined by the
2-cocycle n2 [61,62].

III. SURFACE FERMIONIC SYMMETRY-
ENRICHED STRING-NET MODELS

It is well known that the boundaries of 2þ 1D SPT
phases are either gapless or symmetry broken [63].
However, in 3þ 1D or higher dimensions, aside from
the mentioned two possibilities, the boundaries can be
gapped and exhibit intrinsic topological order with all
symmetry preserved. That is to say, if the bulk ðnþ 1ÞDn
SPT phase has symmetry G, where n ≥ 3, its boundary can
be an anomalous SET phase also with symmetry G [64].
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Here we focus on exactly this case for bulk 3þ 1D
fermionic SPT (fSPT) phases with on-site symmetry Gf ¼
Zf

2 ×G (ω2 is trivial), i.e., we study the Gf-preserving and
gapped boundaries of 3þ 1D fSPT phases, which belong
to 2þ 1D anomalous fSET phases [51,65,66]. For such
anomalous fSET phases, their symmetry actions cannot be
defined on-site purely on the 2þ 1D surface, therefore
cannot be gauged within 2þ 1D [67]. Such obstruction to
gauging the symmetry is called the ’t Hooft anomaly [68].
We further distinguish ’t Hooft anomalies into bosonic ones
and fermionic ones, corresponding to the obstruction to
gauging G and gauging Zf

2 , respectively. While since our
exactly solvable model construction only applies to non-
chiral phases, our construction limits to nonchiral 2þ 1D
fSET phases with ’t Hooft anomaly.
We recall that given a bosonic topological order whose

anyon excitations are described by a unitary modular
tensor category (UMTC), and given a symmetry group G,
2þ 1D bosonic G-SET phases are characterized by the
following data [13]: (i) How the symmetry permutes
anyons, called symmetry action. (ii) The fractional quan-
tum numbers carried by the anyons under the symmetry,
called symmetry fractionalization. (iii) The structure of
symmetry defects, where introducing symmetry defects to
the system consistently mathematically corresponds to a
G-crossed extension of the original UMTC. However,
some of the symmetry fractionalization classes are not
consistent with symmetry defects, which leads to anoma-
lous symmetry fractionalization that can only exist at the
surface of some 3þ 1D bulk. The anomaly for a given
symmetry fractionalization class is specified by an
obstruction function o4 ∈H4½G;Uð1ÞT �. While 3þ 1D
bosonic SPT phases are also classified by the cohomology
class H4½G;Uð1ÞT �. So that intuitively a 2þ 1D SET
phase with nontrivial anomaly o4 should live on the
surface of certain bulk 3þ 1D bosonic SPT phase, such
that the obstruction is compensated by the bulk
SPT phase.
In fermionic cases, things are getting more involved.

For nonanomalous fSET phases, it is required that all
symmetries can be gauged, including the fermion-parity
symmetry Zf

2. While for anomalous phases, there can be
obstruction to extending symmetry fractionalization to the
fermion-parity vortices or fluxes when trying gauging the
Zf

2 symmetry, where the anomaly is specified by an
obstruction o3 ∈H3ðG;Z2Þ [43]. We recall that 3-cocycles
in H3ðG;Z2Þ describe complex fermion decoration in 3þ
1D group super-cohomology model [6] (without Kitaev
chain decoration). So that it is natural to put a 2þ 1D
fSET phase with H3ðG;Z2Þ anomaly as the surface of
some 3þ 1D fSPT phase with complex fermion decora-
tion. Furthermore, there may even be obstruction to

extending symmetry action to fermion-parity vortices
when trying gauging Zf

2 , specified by any nontrivial
o2 ∈H2ðG;Z2Þ. We conjecture that such anomalous state
corresponds to the surface of some bulk 3þ 1D fSPT
phase with Kitaev chain layer, as the Kitaev chain
decoration is exactly described by 2-cocycles in
H2ðG;Z2Þ in the general classification of 3þ 1D fSPT
phases [7,8]. While the o1 ∈H1ðG;ZTÞ obstruction cor-
responds to chiral anomalous fSET phases, which are
beyond the scope of our surface exactly solvable models
for nonchiral phases at present.
Definition III.1. A 2þ 1D fermionic symmetry-enriched

topological phase with symmetry Gf ¼ Zf
2 ×ω2

G is said to
have fermionic ’t Hooft anomaly if there is an obstruction to
gauging Zf

2 .
There is a well-known example of nonchiral surface

fSET phase:Z1ðVecZ4
Þ⊠f1; fg (Z4 gauge theory stacking

with a physical fermion f) withZf
2 × Z2 × Z4 symmetry. It

is a surface fSET phase with H3ðG;Z2Þ fermionic ’t Hooft
anomaly, living on the surface of the root phase of bulk
3þ 1D Zf

2 × Z2 × Z4-fSPT phase. The anyon excitations
(together with G action and symmetry fractionalization) in
this examplewere studied inRefs. [51,65]. The classification
of gapped boundary of the root phase of the 3þ 1D
Zf

2 × Z2 × Z4-fSPT phase by group extension [such that
the group super-cohomology data n3 ∈H3ðG;Z2Þ,
n2 ∈H2ðG;Z2Þ are trivialized] is studied in Refs. [62,66].
While it lacks an exactly solvable model description, which
wewill construct as a surface fermionic symmetry-enriched
string-net model in the following, summarized in Sec. III D.
Wewill alsopresent the fully-solveddata (string types, fusion
rules, and surfaceFmoves) for the exactly solvablemodel of
this example in Sec. III F.

A. Group super-cohomology classification of bulk
3 + 1D fSPT phase

First we briefly review the classification of bulk 3þ 1D
fSPT phases without pþ ip superconductor decoration or
Kitaev chain decoration and when ω2 is trivial (we do not
know how to include nontrivial ω2 in the surface exactly
solvable model yet), via the fixed-point wave function
approach, or say group super-cohomology approach
[6–8]. We construct fixed-point ground state wave func-
tions for 3þ 1D fSPT phases on a triangulated and
oriented lattice with the following two layers of degrees
of freedom:
(1) Complex fermion layer:Eachcomplex fermioncijkl is

decorated at the center of each tetrahedron hijkli.
Existence of a complex fermion in tetrahedron hijkli
is specified by a 3-cocycle n3ðgi;gj;gk;glÞ∈
H3ðG;Z2Þ, satisfying the symmetric condition (or
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say, the transformation rule between homogeneous
and inhomogeneous cochains):

n3ðg0;g1;g2;g3Þ
¼ Uðg0Þn3ð1;g−1

0 g1;g−1
0 g2;g−1

0 g3ÞU†ðg0Þ
¼ n3ðg−1

0 g1;g−1
0 g2;g−1

0 g3Þ; ð105Þ

and the 3-cocycle condition (recall Convention 2):

dn3ð01234Þ ¼ n3ð1234Þ þ n3ð0234Þ þ n3ð0134Þ
þ n3ð0124Þ þ n3ð0123Þ

¼ 0 ðmod 2Þ: ð106Þ

(2) Bosonic SPT layer: jGj level bosonic state jgii
(gi ∈G) on each vertex i. A 3þ 1D 2-3 move
(as a retriangulation or renormalization) is specified
by a 4-cochain ν4ðgi;gj;gk;gl;gmÞ∈C4½G;UTð1Þ�=
B4½G;UTð1Þ�, satisfying the symmetric condition:

ν4ðg0;g1;g2;g3;g4Þ
¼ Uðg0Þν4ð1;g−1

0 g1;g−1
1 g2;g−1

2 g3;g−1
3 g4ÞU†ðg0Þ

¼ ν4ðg−1
0 g1;g−1

0 g2;g−1
0 g3;g−1

0 g4ÞSðg0Þ; ð107Þ

and the twisted 4-cocycle condition:

dν4ð012345Þ ¼
ν4ð12345Þν4ð01345Þν4ð01235Þ
ν4ð02345Þν4ð01245Þν4ð01234Þ

¼ ð−1Þn3⌣1n3ð012345Þ: ð108Þ

In this simple case, 3þ 1D fSPT phases are classified by
the doublet ðn3; ν4Þ.

B. Surface renormalization
moves

Given a global symmetry group Gf ¼ Zf
2 ×G (ω2 is

trivial), a bulk 3þ 1D fSPT phase specified by
ðn3; ν4Þ, and a surface or anomalous 2þ 1D fSET
phase specified by a set of G-graded string types
ag; bh;… with given fusion rules (the G-graded string
types no longer form a G-graded super fusion category
as the fermionic pentagon equation is obstructed, as
we will see below), we define the surface fermionic
symmetry-enriched string-net model in this section.
gfSLU transformations in this bulk-boundary system
are not well-defined purely on the surface, but only
well defined if considering the corresponding bulk
transformation and the surface transformation as a
whole. A renormalization move is a special kind of
gfSLU transformation that changes the state configu-
ration or the number of degrees of freedom. Therefore,
renormalization moves on surface are also well defined
only when their corresponding bulk renormalization
moves are put together. Below let Ψ denote for the
fixed-point ground state wave function of the whole
bulk-boundary system. We define the surface F move
and the bulk F̃ move together as a renormalization
move, called bulk-boundary F move, which is also a
gfSLU transformation:

ð109Þ

where g0 ½F agbhck
d �m;αβ

n;χδ is the surface F move, it transforms on the surface G-graded string types and fusion states

(red), and the bulk F̃ move g0 ½F̃ ghk�ðg�Þ transforms on the fixed-point ground states of the bulk 3þ 1D fSPT
phase (green and black). To obtain an explicit expression for the bulk move g0 ½F̃ ghk�ðg�Þ, we put an auxiliary
vertex e with trivial group element ge ¼ 1 on the other side of the bulk. We note that this side of bulk [blue in
(110)] is virtual, and this trivial vertex ge ¼ 1 is invariant under any symmetry action, i.e., it is always trivial. We
find that the above bulk-boundary renormalization move can be divided into the following three steps:
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ð110Þ

where sðαÞ þ sðβÞ þ sðδÞ þ sðχÞ ¼ 0 (mod 2), cα and c†α are surface fermion annihilation and creation operators on

surface vertex α, and F̃ ð0123�Þ is the 2-3 move on the real bulk and F̃ ðe0123Þ−1 is the inverse 2-3 move on the
virtual bulk. The 2–3 moves are explicitly expressed as [7]

F̃ ð0123�Þ ¼ ν4ð0123�ÞC†n3ð012�Þ
012� C†n3ð023�Þ

023� Cn3ð0123Þ
0123 Cn3ð013�Þ

013� Cn3ð123�Þ
123� ; ð111Þ

F̃ ðe0123Þ−1 ¼ ν4ðe0123Þ−1C†n3ð0123Þ
0123 C†n3ðe023Þ

e023 C†n3ðe012Þ
e012 Cn3ðe123Þ

e123 Cn3ðe013Þ
e013 ; ð112Þ

where ν4ðijklmÞ ≔ ν4ðgi;gj;gk;gl;gmÞ (recall Convention 2) is the bosonic-part of the 2–3 move, Cijkl and C†
ijkl

are bulk fermion annihilation and creation operators in tetrahedron hijkli, and n3ðijklÞ ≔ n3ðgi;gj;gk;glÞ ¼ 0, 1
specifies the fermion parity in hijkli. Let g ¼ g−1

0 g1, h ¼ g−1
1 g2, k ¼ g−1

2 g3, and m ¼ g−1
3 g�. Then eliminating

C†n3ð0123Þ
0123 with Cn3ð0123Þ

0123 , the bulk-boundary F move has the following expression:

g0 ½F agbhck
d �m;αβ

n;χδ
g0 ½F̃ ghk�ðg�Þ ¼ ð−1Þn3ð0123Þðn3ð013�Þþn3ð123�ÞÞC†n3ð012�Þ

012� C†n3ð023�Þ
023� Cn3ð013�Þ

013� Cn3ð123�Þ
123�

× C†n3ðe023Þ
e023 C†n3ðe012Þ

e012 Cn3ðe123Þ
e123 Cn3ðe013Þ

e013
ν4ðg;h;k;mÞSðg0Þ

ν4ðg0;g;h;kÞ
× c†sðαÞα c†sðβÞβ csðδÞδ csðχÞχ

g0 ½Fagbhck
d �m;αβ

n;χδ ; ð113Þ

where all surface fermion operators commute with bulk fermion operators, e.g., c†αC123� ¼ C123�c
†
α, and the

homogeneous ν4 are changed to inhomogeneous ones by Eq. (107).
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Remark III.2. We can obtain the same expression of
bulk-boundary F move in Eq. (113) by another approach
called partition function approach, shown in Appendix G.

1. H3ðG;Z2Þ fermionic ’t Hooft anomaly

Let us carefully examine Eq. (113) that which terms
belong to the boundary and which belong to the bulk.
Recall Eq. (109), the bulk F̃ move has the expression:

g0 ½F̃ ghk�ðg�Þ ¼ ð−1Þn3ð0123Þ½n3ð013�Þþn3ð123�Þ�C†n3ð012�Þ
012�

× C†n3ð023�Þ
023� Cn3ð013�Þ

013� Cn3ð123�Þ
123�

×
ν4ðg;h;k;mÞSðg0Þ
ν4ðg0;g;h;kÞ

: ð114Þ

While the surface F -move g0 ½F agbhck
d �m;αβ

n;χδ should involve
the fermion operators from the virtual bulk, i.e., fermion
operators on tetrahedrons he023i, he012i, he123i, and
he013i, and therefore it generally may not preserve
fermion-parity, with the following expression:

g0 ½F agbhck
d �m;αβ

n;χδ ¼c†sðαÞα c†sðβÞβ csðδÞδ csðχÞχ C†n3ðe023Þ
β

×C†n3ðe012Þ
α Cn3ðe123Þ

χ Cn3ðe013Þ
δ

g0 ½Fagbhck
d �m;αβ

n;χδ ;

ð115Þ

where C†
α ≔ C†

e012, C
†
β ≔ C†

e023, Cδ ≔ Ce013, Cχ ≔ Ce123,

which are understood as surface fermions that are pumped
from the bulk (therefore they still satisfy the anticommu-
tation relation of bulk fermions, and commute with all
surface fermions).
Definition III.3. [Total surface fermion-parity function]

The total surface fermion-parity function for each fusion
state α in Graph (119) is defined as

s0ðg0; αÞ ¼ sðαÞ þ n3ðg0;g;hÞ: ð116Þ

Then for the surface F move above, we have
s0ðg0;αÞ¼ sðαÞþn3ðe012Þ, s0ðg0;βÞ¼ sðβÞþn3ðe023Þ,
s0ðg0; δÞ ¼ sðδÞ þ n3ðe013Þ, s0ðg0g;χÞ¼ sðχÞþn3ðe123Þ,
and they satisfy

s0ðg0; αÞ þ s0ðg0; βÞ þ s0ðg0; δÞ þ s0ðg0g; χÞ
ðmod 2Þ ¼ n3ð0123Þ≡ n3ðg;h;kÞ; ð117Þ

i.e., the surface F move in general violates the fermion-
parity conservation by n3ðg;h;kÞ∈H3ðG;Z2Þ. This vio-
lation of fermion-parity conservation on surface F move
exactlycounts for theH3ðG;Z2Þ fermionic ’tHooft anomaly.
Remark III.4. Since ’t Hooft anomalies are anomalies on

symmetry actions, in our surface fermionic symmetry-
enriched string-net model, string types a1; b1;… with
trivial group element grading still form a super fusion
category S1, i.e., S1 ¼ fa1; b1;…g.
Remark III.5. In the context of excitations/anyons on

surface. Let o3 ∈H3ðG;Z2Þ be the obstruction on extend-
ing symmetry fractionalization from Z1ðS1Þ to Z1ðC1Þ.
The n3 obstruction on fermion-parity conservation for a
surface F move matches with the o3 anomaly, i.e.,

½o3� ¼ ½n3�; ð118Þ

where ½� denotes for the cohomology class.
A surface string fusion is graphically represented as

ð119Þ

The surface string fusion rules now depend on the
leftmost group element g0:

g0 ½ag ⊗ bh� ¼

8>>><
>>>:

⨁
cgh

CB
agbh
cgh

jFagbh
cgh cgh; if n3ðg0;g;hÞ ¼ 0

⨁
cgh

CF
agbh
cgh

jBagbh
cgh cgh; if n3ðg0;g;hÞ ¼ 1

;

ð120Þ

where when n3ðe012Þ ≔ n3ðg0;g;hÞ ¼ 1, a bulk fermion
is attached to the surface and the surface fermion-parity on
vertex α is changed, and thereby the original bosonic fusion
states become fermionic, while the original fermionic
fusion states become bosonic.

2. ’t Hooft anomalous fermionic pentagon equation

The consistency equation for the bulk-boundary F move
in Eq. (109) is a surface pentagon equation together with
the corresponding bulk moves:

X
ϵ

g0 ½F jghckdl
e �m;βχ

q;δϵ
g0 ½F̃ ðghÞkl�ðg�Þg0 ½F agbhqkl

e �j;αϵp;ϕγ
g0 ½F̃ ghðklÞ�ðg�Þ

¼
X

nhkηψκ

g0 ½F agbhck
m �j;αβn;ηψ

g0 ½F̃ ghk�ðg�Þg0 ½F agnhkdl
e �m;ψχ

p;κγ
g0 ½F̃ gðhkÞl�ðg�Þg0g½F bhckdl

p �n;ηκq;δϕ
g0g½F̃hkl�ðg�Þ: ð121Þ

EXACTLY SOLVABLE MODELS FOR FERMIONIC SYMMETRY- … PHYS. REV. X 16, 011019 (2026)

011019-23



Using the expression in Eq. (110), eliminating the fermion creation and annihilation operators, we find that the above
equation splits into the following two equations:

ν4ð0234�Þ
ν4ðe0234Þ

ν4ð0124�Þ
ν4ðe0124Þ

¼ ð−1Þn3⌣1n3ð01234�Þ

ð−1Þn3⌣1n3ðe01234Þ
ν4ð0123�Þ
ν4ðe0123Þ

ν4ð0134�Þ
ν4ðe0134Þ

ν4ð1234�Þ
ν4ðe1234Þ

; ð122Þ

X
ϵ

g0 ½Fjghckdl
e �m;βχ

q;δϵ
g0 ½Fagbhqkl

e �j;αϵp;ϕγ ¼ ð−1ÞsðαÞsðδÞ
X

nhkηψκ

g0 ½Fagbhck
m �j;αβn;ηψ

g0 ½Fagnhkdl
e �m;ψχ

p;κγ
g0g½Fbhckdl

p �n;ηκq;δϕ; ð123Þ

where we see that Eq. (122) is a combination of two hexagon equations [8] (one for the real bulk, one for the virtual bulk) of
3þ 1D fSPT phases by adding a trivial term f½ν4ð01234Þ�=½ν4ð01234Þ�g ¼ 1, and Eq. (123) is the surface fermionic
pentagon equation.
The symmetric condition on the bulk-boundary F move requires the following commutative diagram:

ð124Þ

where by the expression of bulk F̃ move in Eq. (114) and recall that n3 is invariant under symmetry action as written in
Eq. (105), we have g0 ½F̃ ghk�ðg�Þ ¼ ν4ðg0;g;h;kÞ−1 · 1½F̃ ghk�ðg�Þ. It implies

g0 ½F agbhck
d �m;αβ

n;χδ ¼ ν4ðg0;g;h;kÞC†n3ðe023Þ
e023 C†n3ðe012Þ

e012 Cn3ðe123Þ
e123 Cn3ðe013Þ

e013
1½F agbhck

d �m;αβ
n;χδ ; ð125Þ

where

g0 ½Fagbhck
d �m;αβ

n;χδ ¼ g0Θðag; bh; ckÞν4ðg0;g;h;kÞð1½Fagbhck
d �m;αβ

n;χδ ÞSðg0Þ: ð126Þ

Here the phase factor g0Θðag; bh; ckÞ, called fermionic obstruction, is defined as a solution of the following equation:

g0Θðjgh; ck; dlÞg0Θðag; bh; qklÞ
g0Θðag; bh; ckÞg0Θðag; nhk; dlÞg0Θðbh; ck; dlÞ

¼ dν4ðg0;g;h;k; lÞ; ð127Þ

together with a required property g0Θðag; bh; ckÞgΘðag; bh; ckÞSðg0Þ ¼ g0gΘðag; bh; ckÞ. We check in Appendix H that the
anomalous symmetry action in Eq. (126) and the surface fermionic pentagon equation in Eq. (123).
Remark III.6. The phase factor g0Θðag; bh; ckÞ counts for the contribution of the fermion creation and annihilation

operators C†n3ðe023Þ
e023 C†n3ðe012Þ

e012 Cn3ðe123Þ
e123 Cn3ðe013Þ

e013 from the bulk 3þ 1D fSPT phase appearing in Eq. (125), by first
eliminating all fermion operators in the consistency equation in Eq. (121) and obtaining total phase factor
dν4ðe01234Þ ≔ dν4ðg0;g;h;k; lÞ, and then distributing the total phase factor for each surface F move, which is the
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meaning of Eq. (127). We show in Appendix H that only with this phase factor g0Θðag; bh; ckÞ, the anomalous symmetry
condition in Eq. (126) is consistent with the surface fermionic pentagon equation in Eq. (123).
Replacing Eq. (126) into Eq. (123) and let g0 ¼ 1, we obtained the so-called ’t Hooft anomalous fermionic pentagon

equation: X
ϵ

1½Fjghckdl
e �m;βχ

q;δϵ
1½Fagbhqkl

e �j;αϵp;ϕγ ¼ gΘðbh; ck; dlÞν4ðg;h;k; lÞð−1ÞsðαÞsðδÞ

×
X

nhkηψκ

1½Fagbhck
m �j;αβn;ηψ

1½Fagnhkdl
e �m;ψχ

p;κγ ð1½Fbhckdl
p �n;ηκq;δϕÞSðgÞ; ð128Þ

where gΘðbh; ck; dlÞ is the fermionic obstruction, ν4ðg;h;k; lÞ is hereby called the bosonic obstruction.
Remark III.7. Other types of bulk-boundary renormalization moves, such as bulk-boundary O move, Y move, H move

and so on can be defined following a similar spirit combining this subsection and Appendix F and omitted here.
Remark III.8. Applying Eq. (126) in the last F move in Eq. (123), full ’t Hooft anomalous fermionic pentagon equations

for surface F moves with general leftmost group element g0 areX
ϵ

g0 ½Fjghckdl
e �m;βχ

q;δϵ
g0 ½Fagbhqkl

e �j;αϵp;ϕγ ¼ gΘðbh; ck; dlÞSðgÞ
ν4ðg0g;h;k; lÞ
ν4ðg0;h;k; lÞSðgÞ

ð−1ÞsðαÞsðδÞ

×
X

nhkηψκ

g0 ½Fagbhck
m �j;αβn;ηψ

g0 ½Fagnhkdl
e �m;ψχ

p;κγ ðg0 ½Fbhckdl
p �n;ηκq;δϕÞSðgÞ; ð129Þ

where all these equations with nontrivial g0 are actually redundant, as Eq. (126) and Eq. (128) completely determine all
surface F moves.

C. Surface parent Hamiltonian

The parent Hamiltonian of a surface fermionic symmetry-enriched string-net model with H3ðG;Z2Þ fermionic ’t Hooft
anomaly is

H0 ¼ −
X
ν

Csurface
ν −

X
ν

Aν −
X
l

Dl −
X
l

Ql −
X
p

Bsurface
p ; ð130Þ

where the terms Aν, Dl, Ql are the same as the nonanomalous case in Eq. (54), while Csurface
ν and Bsurface

p are modified as
(i) Csurface

ν equalizes the fermion number hNfi with the total fermion-parity function on surface s0ðg0; αÞ, written as

ð131Þ

(ii) Bsurface
p may change the fermion-parity in general, written as

Bsurface
p ¼ 1

D2

X
g∈G

jgpgihgpj
X
sg

dsg
nsg

½Bsurface
p �sg : ð132Þ

½Bsurface
p �sg fuses a loop sg on the edges:

ð133Þ
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whereMsurface is a sequence of surfaceF moves,Hmoves,
dual H moves, and O moves. It in general changes the
fermion parity by

X
κ¼α0 ;β0 ;γ0
λ0 ;μ0 ;ν0

s0ðg0;κÞ−
X
η¼α;β;γ
λ;μ;ν

s0ðg1;ηÞ

¼n3ðg0;g1;g2;g6Þþn3ðg0;g1;g6;g7Þþn3ðg0;g1;g7;g5Þ
þn3ðg0;g1;g4;g5Þþn3ðg0;g1;g3;g4Þþn3ðg0;g1;g2;g3Þ;

ð134Þ

obtained by counting the fermion-parity change in
Eq. (117) for all involved surface F moves, H moves,
and dual H moves.
This surface parent Hamiltonian H0 is still a commuting-
projector Hamiltonian.

D. Summary

Definition III.9. (Surface fermionic symmetry-enriched
string-net model with H3ðG;Z2Þ fermionic ’t Hooft
anomaly). Inputting a finite fermionic symmetry group
Gf ¼ Zf

2 ×G, a bulk 3þ 1D Gf-fSPT phase (with up to
complex fermion layer) described by fn3; ν4g, and a set of
G-graded string types fag; bh;…g with given fusion rules
such that S1 ¼ fa1; b1;…g is a super fusion category, a
surface fermionic symmetry-enriched string-net model
with H3ðG;Z2Þ fermionic ’t Hooft anomaly on a surface
2þ 1D honeycomb lattice consists of

(i) Degrees of freedom:
(1) Group element labels jgii in each plaquette,

where gi ∈G.
(2) G-graded string types ag; bh;… on each link, where

a1; b1;…∈S1 and g;h;…∈G. The dimension of
endomorphism space nag and quantum dimension
dag are defined similarly as in Sec. II C.

(3) Fusion states α; β;… in fusion space Homðag ⊗
bh; cghÞ on each vertex. Fusion multiplicities

N
agbh
ck ; B

agbh
ck , F

agbh
ck are defined similarly as in

Sec. II C.
(4) jGj species of physical fermions on each vertex. Still

we define

sðαÞ ¼
�
0; if jαi∈Homðag ⊗ bh; cghÞ0
1; if jαi∈Homðag ⊗ bh; cghÞ1

: ð135Þ

While the total surface parity function of fusion state
α with leftmost group element g0 [as shown in
Graph (119)] is

s0ðg0; αÞ ¼ sðαÞ þ n3ðg0;g;hÞ: ð136Þ

The string fusion rules are therefore g0 dependent:

g0 ½ag⊗bh�¼

8>>><
>>>:
⨁
cgh

CB
agbh
cgh

jFagbh
cgh cgh; if n3ðg0;g;hÞ¼0

⨁
cgh

CF
agbh
cgh

jBagbh
cgh cgh; if n3ðg0;g;hÞ¼1

:

ð137Þ

(ii) Surface renormalization moves on surface fixed-
point ground states satisfying ’t Hooft anomalous
symmetric condition, introduced in Sec. III B.

(iii) A surface parent commuting-projector Hamiltonian,
introduced in Sec. III C,

where the full data this surface exactly solvable

model is denoted as fGf; n3; ν4; ag; nag ; dag ; N
agbh
ck ; F

agbh
ck ,

g0 ½Fagbhck
d �m;αβ

n;χδ g, satisfying the following consistency equa-
tions:

N
agbh
cgh ¼ B

agbh
cgh þ F

agbh
cgh ; ð138Þ

X
egh

N
agbh
egh N

eghck
dghk

negh
¼

X
fhk

Nbhck
fhk

N
agfhk
dghk

nfhk
; ð139Þ

X
egh

B
agbh
egh B

eghck
dghk

þ F
agbh
egh F

eghck
dghk

negh
¼

X
fhk

Bbhck
fhk

B
agfhk
dghk

þ Fbhck
fhk

F
agfhk
dghk

nfhk
; ð140Þ

dagdbh ¼
X
cgh

N
agbh
cgh dcgh
ncgh

; ð141Þ

g0 ½Fagbhck
d �m;αβ

n;χδ ¼ g0Θðag; bh; ckÞν4ðg0;g;h;kÞð1½Fagbhck
d �m;αβ

n;χδ ÞSðg0Þ; ð142Þ

s0ðg0; αÞ þ s0ðg0; βÞ þ s0ðg0; δÞ þ s0ðg0g; χÞ ðmod 2Þ ¼ n3ðg;h;kÞ; ð143Þ
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X
ϵ

1½Fjghckdl
e �m;βχ

q;δϵ
1½Fagbhqkl

e �j;αϵp;ϕγ

¼ gΘðbh; ck; dlÞν4ðg;h;k; lÞð−1ÞsðαÞsðδÞ

×
X

nhkηψκ

1½Fagbhck
m �j;αβn;ηψ

1½Fagnhkdl
e �m;ψχ

p;κγ ð1½Fbhckdl
p �n;ηκq;δϕÞSðgÞ;

ð144Þ
g0Θðjgh; ck; dlÞg0Θðag; bh; qklÞ

g0Θðag; bh; ckÞg0Θðag; nhk; dlÞg0Θðbh; ck; dlÞ
¼ dν4ðg0;g;h;k; lÞ; ð145Þ

where g0Θðag;bh;ckÞgΘðag;bh;ckÞSðg0Þ ¼ g0gΘðag;bh;ckÞ,
and the four projective-unitary conditions in
Eqs. (49)–(53).

E. Abelian gauge theory surface topological order and
surface anyons

Let us consider the simple case that the surface topo-
logical order is an Abelian gauge theory (let N be the
Abelian gauge group) stacking with a physical
fermion f, i.e., the surface anyon types are
Z1ðS1Þ ≅ Z1ðVecNÞ⊠f1; fg, where Z1ðVecNÞ describes

anyons in the N gauge theory, and given that the corre-
sponding bulk 3þ 1D fSPT phase is classified by ðn3; ν4Þ,
then the surface fermionic symmetry-enriched string-net
model is constructed by the following data

(i) S1 ¼ VecN ¼ fa; b;…ja; b;… ¼ 0;…; N − 1g is
a unitary fusion category.

(ii) Other G-graded string types fag; bh;…; for g;
h;… ≠ 1g are constructed by a group extension
of G by N, and we denote the extended group
as G, written in a short exact sequence as
1 → N → G → G → 1, i.e., ag; bh;… are elements
in G. Similarly as in Sec. II I, the group extension is
specified by a group homomorphism φ∶G →
AutðNÞ and a cohomology class ½μ�∈H2

φðG;NÞ
satisfying Eq. (93). Group multiplication rule in G is

ag × bh ¼ ½aþ φgðbÞ þ μðg;hÞ�gh; ð146Þ

where since N is Abelian, we denote the group
multiplication in N as þ here. All the G-graded
string types are m-type.

(iii) The surface string fusion rules when the group
element in the leftmost plaquette being g0 are

g0 ½ag ⊗ bh� ¼
(
C1j0½aþ φgðbÞ þ μðg;hÞ�gh; if n3ðg0;g;hÞ ¼ 0

C0j1½aþ φgðbÞ þ μðg;hÞ�gh; if n3ðg0;g;hÞ ¼ 1
: ð147Þ

The quantum dimension of any G-graded string type
is 1. We note that in this simple case sðαÞ ¼ 0 for
any fusion state α, while s0ðg0; αÞ ¼ n3ðg0;g;hÞ.

(iv) The phase factor g0Θðag; bh; ckÞ is obtained by
solving Eq. (127). In this simple case, when g0 is
fixed, g0Θðag; bh; ckÞ∈C3½G; Uð1Þ� is an Uð1Þ-val-
ued 3-cochain, and Eq. (127) is a twisted 3-cocycle
condition for each fixed g0.

(v) Surface F moves 1½Fagbhck
d �m;αβ

n;χδ with leftmost group
element being 1, abbreviated as 1Fagbhck , are ob-
tained by solving the ’t Hooft anomalous fermionic
pentagon equation in Eq. (128), i.e.,

1Fðag×bhÞckdl · 1Fagbhðck×dlÞ

¼ gΘðbh; ck; dlÞν4ðg;h;k; lÞ1Fagbhck

· 1Fagðbh×ckÞdl · 1Fbhckdl : ð148Þ

And surfaceF moves g0Fagbhck with general leftmost
group element g0 directly obtained by Eq. (126).

In this simple case, we can relate surface fermionic
symmetry-enriched string-net model data with the surface

anyon data, as introduced by Ref. [12]. We first write the
surface F moves in the following special form:

1Fagbhck ¼ χcðg;hÞα3ðg;h;kÞ; ð149Þ

where Eq. (148) implies that χ and α3 should satisfy the
following properties:

(i) χ is a character on N:

χaðg;hÞχbðg;hÞ ¼ χaþbðg;hÞ: ð150Þ

(ii) Fixing a, χa ∈C2½G;Uð1Þ� is a 2-cochain satisfying

χdðgh;kÞχdðg;hÞ
χdðg;hkÞχSðgÞd ðh;kÞ

¼ gΘðbh; ck; d1Þ: ð151Þ

(iii) α3 ∈C3½G;Uð1Þ� is a 3-cochain satisfying

χμðk;lÞðg;hÞ ¼ ν4ðg;h;k; lÞdα3ðg;h;k; lÞ: ð152Þ

We show derivations of the above properties in
Appendix C 2. The surface anyons of Abelian N gauge
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theory are described by Z1ðVecNÞ⊠f1; fg. We denote the
anyons by

fa ¼ ðam; aeÞjam; ae ∈Ng; ð153Þ

where am ∈N are gauge fluxes, ae∶ N → Uð1Þ are gauge
charges that are one-dimensional irreducible representa-
tions of N, which also form a group N̂ ≅ N called character
group, i.e., ae ∈ N̂. Recall Definition B.7, assuming that the
G action (or anyon permutation) ρ∶G → Aut½Z1ðVecNÞ� is
in the following relatively trivial form:

ρgðaÞ ¼ ½am; ρgðaeÞ�; ð154Þ

i.e., the G action does not permute any gauge flux, where
for nonanomalous Abelian N gauge theory it reduces

to ρgðaÞ ¼ ðam; aSðgÞe Þ. Then the anyon valued 2-cocycle
characterizing the symmetry fractionalization class
w∈H2

ρ½G;Z1ðVecNÞ� [see Eq. (B17), and we note that
in this trivial symmetry action case,w is a 2-cocycle] can be
separated into

w ¼ we ⊗ wm ≡ ðwe;wmÞ; ð155Þ

where we ∈H2
ρðG;NÞ and wm ∈H2

ρðG; N̂Þ. As shown in
Ref. [12], we have the following relation between surface
exactly solvable model data and anyon symmetry fraction-
alization data:

μðg;hÞ≡weðg;hÞ; χamðg;hÞ≡R½−;wmðg;hÞ�ðam;−Þ; ð156Þ

where Rðam;aeÞðbm;beÞ is the R symbol (half-braiding)
between two anyons a ¼ ðam; aeÞ and b ¼ ðbm; beÞ.

F. Example: Surface Z1ðVecZ4
Þ⊠f1;fg topological

order with Zf
2 × Z2 × Z4 symmetry

We briefly review anyon data studies in Refs. [51,65]
in Appendix E. The surface anyon types are
Z1ðVecZ4

Þ⊠f1; fg, where Z1ðVecZ4
Þ is the unitary

modular tensor category of anyon types in the Z4 gauge
theory, f is the physical fermion, and Z1ðVecZ4

Þ⊠f1; fg
is a super modular category (see Definition A.14).
The corresponding bulk phase is the root phase of
Zf

2 × Z2 × Z4-fSPT phase, as reviewed below. We con-
struct the surface fermionic symmetry-enriched string-net
model for this example according to Sec. III E.

1. Bulk 3+ 1D Zf
2 × Z2 × Z4-fSPT phases

The classification of fSPT phases with Gf ¼ Zf
2 × Z2 ×

Z4 symmetry is [69]

Z2 × Z4; ð157Þ

where the classification group structure is a Z2 complex
fermion layer embedded in a Z2 × Z2 BSPT phase layer.
Denote the four phases in the Z4 classification as ν ¼ 0, 1,
2, 3. Denote group elements in G ¼ Z2 × Z4 as
fg ¼ ðg1;g2Þjg1 ¼ 0; 1;g2 ¼ 0; 1; 2; 3g, and the group
multiplication rule is written as gh ¼ ðg1 þ h1;g2 þ h2Þ.
For the ν ¼ 1 root phase in the Z4 classification, the

ðn3; ν4Þ data is

n3ðg;h;kÞ¼½g2h1k1�2; ν4ðg;h;k;lÞ¼e
πi
2
g2h1k1l1 ; ð158Þ

where ½a�2 ≔ a (mod 2), and they satisfy

dν4ðg0;g;h;k; lÞ ¼ ð−1Þn3⌣1n3ðg0;g;h;k;lÞ

¼ ð−1Þðg0Þ2g1h1k1l1 : ð159Þ

[Please do not confuse the notation g0 ¼ ½ðg0Þ1; ðg0Þ2�∈
Z2 × Z4.] We note that there can be other solutions
up to coboundary transformations, e.g., n3ðg;h;kÞ ¼
½g1h1k2�2; ν4ðg;h;k; lÞ ¼ e

πi
2
g1h1k1l2 is another solution.

For the ν ¼ 2 phase, which is bosonic, the ν4 data is

ν4ðg;h;k; lÞ ¼ eπig2h1k1l1 ; ð160Þ

which is a 4-cocycle.

2. Surface fermionic symmetry-enriched string-net model
for the ν = 1 bulk fSPT phase

According to Sec. III E, we label the surface string
types by

G ≔ fagja ¼ 0; 1; 2; 3;g ¼ ðg1;g2Þ∈Z2 × Z4g: ð161Þ

Group multiplication rule in G is

ag × bh ¼ ½aþ bþ g1h1�4; ð162Þ

where ½a�4 ¼ a (mod 4), and μðg;hÞ ¼ g1h1, i.e.,

G ≅ Z8 × Z4: ð163Þ

The surface string fusion rules are

g0 ½ag⊗bh�¼
(
C1j0ð½aþbþg1h1�4Þgh; if n3ðg0;g;hÞ¼0

C0j1ð½aþbþg1h1�4Þgh; if n3ðg0;g;hÞ¼1
;

ð164Þ

i.e., s0ðg0;αÞ¼n3ðg0;g;hÞ¼ ½ðg0Þ2g1h1�2 while sðαÞ ¼ 0.
Solving Eq. (127), where dν4ðg0; g; h; k; lÞ ¼
ð−1Þðg0Þ2g1h1k1l1 , we obtain the fermionic obstruction

g0Θðag; bh; ckÞ ¼ ð−1Þðg0Þ2g1h1c: ð165Þ
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Surface F moves with leftmost group element 1 are

1Fagbhck ¼ e
πi
2
g2h1c: ð166Þ

They satisfy Eq. (128), or Eq. (148) in surface Abelian
gauge theory topological order case, i.e.,

1Fðag×bhÞckdl · 1Fagbhðck×dlÞ

¼ ð−1Þg2h1k1d · e
πi
2
g2h1k1l1

1Fagbhck · 1Fagðbh×ckÞdl · 1Fbhckdl : ð167Þ

Then by Eq. (126), surface F moves with general leftmost
group element g0 are

g0Fagbhck ¼ ð−1Þðg0Þ2g1h1ce
πi
2
ðg0Þ2g1h1k1e

πi
2
g2h1c: ð168Þ

They satisfy Eq. (129), i.e.,

g0Fðag×bhÞckdl · g0Fagbhðck×dlÞ

¼ ð−1Þg2h1k1d · e
πi
2
g2h1k1l1

g0Fagbhck · g0Fagðbh×ckÞdl · g0Fbhckdl : ð169Þ

We have checked with Mathematica that the surface F
moves with general leftmost group element g0 satisfy the
above equation, where Eq. (167) corresponds to the case
that ðg0Þ2 ¼ 0.
Remark III.10. The anyon data (i.e., anyon types and

symmetry fractionalization) obtained from the surface
fermionic symmetry-enriched string-net model exactly
matches with the anyon data in Refs. [51,65]. Since in
this example, the surface topological order is simply an
Abelian Z4 gauge theory, the relation in Eq. (156) that
relates the above exactly solvable model data to anyon
symmetry fractionalization data are satisfied. Let us rewrite
the surface F move by

1Fagbhck ¼ χcðg;hÞ ¼ e
πi
2
g2h1c; ð170Þ

where α3 ¼ 1 is trivial here. We can check that the
properties in Eq. (150)–(152) are satisfied. Then recall
the anyon R symbol in Eq. (E2) and the symmetry
fractionalization data in Eq. (E6) for this example, it is
direct to see that Eq. (156) is satisfied, i.e.,

weðg;hÞ ¼ g1h1; wmðg;hÞ ¼ g2h1: ð171Þ

Further, we see that in this example, the anyon-level
obstruction function o3 in Eq. (E7), which is the
obstruction to extend the symmetry fractionalization
in the super modular category to its minimal modular
extended theory (as a spin modular category, see

Definition A.18), is exactly the same as the n3 data
in Eq. (117), i.e., we have

o3ðg;h;kÞ ¼ n3ðg;h;kÞ ¼ ½g2h1k1�2: ð172Þ

3. Surface symmetry-enriched string-net model for the
ν = 2 bulk SPT phase

In this case, the bulk 3þ 1D fSPT phase and surface
anomalous SET phase are both purely bosonic. Surface
string types are the same as ν ¼ 1 case. While the surface
string fusion rules do not depend on the leftmost group
element g0 anymore:

ag ⊗ bh ¼ ð½aþ bþ g1h1�4Þgh: ð173Þ

Surface F moves are

1Fagbhck ¼ eπig2h1c: ð174Þ

They satisfy Eq. (128) in the simple case that the phase
factor Θ is trivial:

1Fjghckdl · 1Fagbhqkl ¼eπig2h1k1l1 · 1Fagbhck · 1Fagnhkdl · 1Fbhckdl :

ð175Þ
G. H2ðG;Z2Þ fermionic ’t Hooft anomaly

For the surface fermionic symmetry-enriched string-net
models defined in Sec. III, we only construct up to the
H3ðG;Z2Þ fermionic ’t Hooft anomaly. While exactly
solvable models for the H2ðG;Z2Þ fermionic ’t Hooft
anomaly introduced in Appendix D are left for future
study. We conjecture that the H2ðG;Z2Þ fermionic ’t Hooft
anomaly is characterized by a violation of Z2 conservation
of σ-type strings (Definition II.3) on each vertex. Formally,
let o2 ∈H2ðG;Z2Þ be the obstruction to extend theG action
from a super modular category to its Zf

2 modular extension
as a spin modular category (see details in Appendix D),
where the super modular category describes the surface
anyons. Then in the following fusion rule that involves σ-
type string on each vertex in the surface fermionic
symmetry-enriched string-net model:

ag ⊗ bh ¼ ⊕
cgh
Cnjncgh: ð176Þ

Assume that whether a string type ag is m-type or
q=σ-type is fully determined by the group element label
g, we denote the total number of σ-type strings that appear
in the above fusion rule as Nσðg;hÞ. We then conjecture
that Nσðg;hÞ (mod 2) is in the same cohomology class as
o2ðg;hÞ, i.e.,

½Nσ ðmod 2Þ� ¼ ½o2�∈H2ðG;Z2Þ: ð177Þ
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Furthermore, there is also a limitation in our surface models
that they can only deal with simple cases when ω2 is trivial.
How to construct exactly solvable models for surface fSET
phases with ’t Hooft anomalies when ω2 is nontrivial is also
left for future study.
A limitation of our constructed (surface) fermionic

symmetry-enriched string-net models in this paper is that
they only realize nonchiral 2þ 1D fermionic topological
phases. However, for example, the H1ðG;ZTÞ fermionic
’t Hooft anomaly, which corresponds to the pþ ip super-
conductor layer of bulk 3þ 1D fSPT phase, can only be
realized by chiral surface fSET phases. There is an attempt
to construct exactly solvable models for chiral topological
phases in Ref. [70], combining the ideas of which may
generalize our construction to chiral cases.
Remark III.11. By Ref. [71], there is a 3-group structure

in a 3þ 1D fSPT phase with Gf ¼ G × Zf
2 symmetry

characterized by ðν4; n3; n2Þ (we set ω2 to be trivial as our
constructed exactly solvable models for fermionic ’t Hooft
anomalies are only for ω2 trivial cases). After gauging the
fermion-parity symmetry Zf

2, the bosonic shadow has a
3-group structure that consists of:

(i) A 0-form global symmetry G.
(ii) A 1-form Z2 symmetry generated by the Kitaev

chain surface (noninvertible by itself, but invertible
in the 3-group), whose decoration is specified
by n2 ∈H2ðG;Z2Þ.

(iii) A 2-form Z2 symmetry generated by the Wilson line
of complex fermion, whose decoration is specified
by n3 ∈H3ðG;Z2Þ, which is constrained
by dn3 ¼ n2 ∪ n2.

Then let us consider a surface 2þ 1D fSET phase with H2

fermionic ’t Hooft anomaly on its boundary (before
gauging Zf

2). The boundary H2 anomaly is compensated
by the bulk 1-form symmetry generated by the Kitaev
chain. Additionally, when n2 is a coboundary, the boundary
H3 anomaly is compensated by a bulk 2-form symmetry
generated by the complex fermion, where n3 now satis-
fies dn3 ¼ 0.

IV. MATHEMATICAL FRAMEWORK

A. G-graded super fusion category when ω2 is trivial

Here we give a partial definition of the G-graded super
fusion category.
Definition IV.1. (G-graded super fusion category when

ω2 is trivial). Let CG ¼⊕g∈G Cg be a G-graded (unitary)
fusion category such that Z1ðCGÞ is a spin modular
category (Definition A.18) that contains a fermion f
(Definition A.15), where Z1ðCGÞ denotes for the
Drinfeld center of CG. [Or equivalently, there exists a
braided monoidal functor ϕ∶SVec → Z1ðCGÞ]. Then there
is a monoidal f1; fg≡ SVec-action on CG. If each sector
Cg is closed under such SVec-action (each Cg forms an
SVec-module category), we call

SVecCG ≔ ⊕
g∈G

SVecCg ð178Þ

a G-graded (unitary) super fusion category when ω2 is
trivial.
We can translate this definition as the following:
(i) Given that there exists a braided monoidal functor

ϕ∶SVec → Z1ðCGÞ, SVecCG is a super fusion cat-
egory obtained by a canonical construction of
enriched monoidal category (Proposition A.6 and
Definition A.7).

(ii) For the trivial group element 1∈G, Z1ðCGÞ is a spin
modular category implies that Z1ðC1Þ is also a spin
modular category that contains the fermion f. Then
SVecC1 is a super fusion category obtained by a
canonical construction of enriched monoidal
category.

(iii) For all nontrivial g∈G, given each Cg is a SVec-
module category, each SVecCg is a super category
obtained by a canonical construction of enriched
category (Definition A.4 and Proposition A.5).

Or say, the G-graded super fusion category SVecCG is
obtained by a fermion condensation from a G-graded
unitary fusion category CG such that the G-grading struc-
ture in CG is preserved. We illustrate the difficulty on
defining the general G-graded super fusion category where
ω2 can be nontrivial in Remark IV.5.
Remark IV.2. When ω2 is nontrivial, there may not exist

a Z2-conserved fermion (f is called Z2 conserved if
f ⊗ f ¼ 1) in the Drinfeld center Z1ðCGÞ of a G-graded
fusion category CG. For example, Z1ðVecZ4

Þ and
Z1ðVecZ8

Þ both do not contain the Z2-conserved fermion.
Therefore, generalG-graded super fusion categories cannot
be constructed by a fermion condensation from a G-graded
fusion category, as the fermion condensation construction
only covers fermionic global symmetries with trivial ω2.
Example IV.3. [Super Tambara-Yamagami category as a

Z2-graded super fusion category] The Tambara-Yamagami
category TYZ2N

as a unitary fusion category is a generali-
zation of the Ising fusion category, which can be viewed as
a Z2-graded unitary fusion category:

CZ2
≔ TYZ2N

¼ C0 ⊕ C1 ¼ f0; 1;…; 2N − 1g ⊕ fσg:
ð179Þ

Let a; b∈ 2N. Fusion rules are a ⊗ b ¼ ½aþ b�2N (½a�2N
means a (mod 2N)) and σ ⊗ σ ¼⊕a∈Z2N

a.
When N is odd, the simple object N (together with the

half-braiding) is a fermion in Z1ðTYZ2N
Þ [46]. Then

condensing N, we obtain the super Tambara-Yamagami
category as a Z2-graded super fusion category:

SVecCZ2
¼ SVecC0 ⊕ SVecC1 ¼ f0;…;N − 1g⊕ fσg; ð180Þ

where σ is a q-type object. Let a; b∈ f0;…; N − 1g.
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Quantum dimensions and fusion rules are listed in
Example II H 2.
Example IV.4. [SVecSUð2Þ6 as a Z2-graded super fusion

category] SUð2Þ6 can be viewed as a Z2-graded unitary
fusion category. Denote simple objects in SUð2Þ6 as
j ¼ 0; 1

2
; 1; 3

2
; 2; 5

2
; 3.

CZ2
≔ SUð2Þ6 ¼ C0 ⊕ C1 ¼ f0;1;2;3g⊕

�
1

2
;
3

2
;
5

2

�
; ð181Þ

where f ≔ 3 is the fermion, and C0 ≅ SOð3Þ6. F symbols
in SUð2Þ6 are rather complicated and listed in Ref. [59]. Its
Drinfeld center is

Z1½SUð2Þ6� ¼ SUð2Þ6⊠SUð2Þ6
¼
�
ðj1; j2Þjj1; j2 ¼ 0;

1

2
;1;

3

2
;2;

5

2
;3

�
; ð182Þ

where (0, 3) and (3, 0) are two fermions. By condensing
their bound state (3,3), or say, trivializing j ¼ 3 in SUð2Þ6,
we obtain a Z2-graded super fusion category:

SVecCZ2
¼ SVecC0 ⊕ SVecC1 ¼ f0; 1g ⊕

�
1

2
;
3

2

�
; ð183Þ

where 3
2
is a q-type object and all other simple objects are

m-type. Quantum dimensions and fusion rules are listed in
Example II H 3.
Remark IV.5. Here we discuss the difficulty on

defining general G-graded super fusion category. Our
definition of G-graded super fusion category in
Definition IV.1 only applies for the case that ω2 is
trivial. This definition cannot be directly generalized to
the general case with nontrivial ω2, which is due to that
this definition is obtained by performing a fermion
condensation for a G-graded unitary fusion category
(equivalently, by enriching over SVec for a G-graded
unitary fusion category). However, in the general cases
where ω2 is nontrivial, the structure of fermion con-
densation is unclear (more specifically, the usual def-
inition of fermion condensation, as illustrated in
Remark A.8, does not hold for ω2 nontrivial case in
general). We show that why our definition of the G-
graded super fusion category fails in ω2 nontrivial case
by a simple example. Since Zf

4 is the simplest sym-
metry group with nontrivial ω2, let us consider the Zf

4

trivial fSPT phase, which can be treated as a special
fSET phase where the intrinsic topological order is
trivial. Gauging the Zf

4 symmetry, we obtain a Z4 gauge
theory, described by the category of Z4-graded vector
spaces VecZ4

, which can be treated as a special
G-graded unitary fusion category CZ4

where each

Cg ¼ C. According to our way to define the G-graded
super fusion category, we should start from the
G-graded unitary fusion category VecZ4

and perform
a fermion condensation. While its Drinfeld center
(physically, anyons of Z4 gauge theory) Z1ðVecZ4

Þ ¼
fðam; aeÞjam; ae ∈Z4g contains no fermion [recall
Definition A.15 and the R symbol Rðam;aeÞðbm;beÞ ¼
e2πi

ambe
4 , the anyons labeled by (0, 0),(0, 2),(2, 0),(2, 2)

are all bosons]. Therefore, fermion condensation cannot
be performed on VecZ4

. A possible way to solve this
problem is to generalize the concept of fermion con-
densation, e.g., we can condense RepðZf

4Þ [Z4 super-
Tannakian category, or RepðZ4; zÞ] instead of
SVec ¼ f1; fg. However, there does not exist a braided
monoidal functor from RepðZf

4Þ to Z1ðVecZ4
Þ (an anyon

condensation can be performed if and only if there exists
a braided monoidal functor from the category of con-
densed anyons to the category of all anyons, which is
equivalent to the existence of a Lagrangian algebra for
the category of all anyons), this naive generalization does
not work. Therefore, how to define the G-graded
super fusion category in ω2 nontrivial case remains as
an unsolved problem.

B. Drinfeld center of super
fusion category

We review the Drinfeld center of a super fusion category
[45] in this section. Let SVecC be the super fusion category
obtained by fermion condensation or the canonical con-
struction in Definition A.7 from a unitary fusion category C.
The Drinfeld center of SVecC is

Z1ðSVecCÞ ≅ SVecZ2½Z1ðCÞ;SVec� ≅ SVecZ1ðCÞ0; ð184Þ

where Z2½Z1ðCÞ;SVec� is the relative Müger center of
Z1ðCÞ relative to SVec (Definition A.13), and

Z1ðCÞ ≅ Z1ðCÞ0 ⊕ Z1ðCÞ1 ð185Þ

is a spin modular category (Definition A.13, and 0,1 are
group elements in Zf

2), and Z1ðCÞ0 is a super modular
category (Definition A.14). Then SVecZ1ðCÞ0 is defined as
Z1ðCÞ0 enriched in SVec by a canonical construction of
enriched braided monoidal category (inputted by a sym-
metric monoidal functor SVec → Z2½Z1ðCÞ0�) [49]. We
clarify the relations among all mentioned categories by the
following commutative diagram:
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ð186Þ

where theZf
2-modular extension is introduced in Definition

A.21, G-equivariantization is introduced in Definition
B.14, and the commutativity of the lower-half diagram is
introduced in Remark B.18. Further, the Zf

2-modular
extended category

½SVecZ1ðCÞ0�×Zf
2

≅ SVecZ1ðCÞ0 ⊕ SVecZ1ðCÞ1; ð187Þ

where SVecZ1ðCÞ0 is called the bounding sector (the sector
of anyons), and SVecZ1ðCÞ1 is called the nonbounding
sector (the sector of fermion-parity vortices) in Ref. [45].
Remark IV.6. A fermion condensation on a spin modular

category (Definition A.18) Z1ðCÞ consists of two steps:
(1) Anyons with nontrivial braiding with the fermion

will be confined, which is the inverse step of the Zf
2-

modular extension.
(2) Two anyons differ by the fermion will be identified,

which in the inverse step of theZf
2 equivariantization.

Remark IV.7. According to Ref. [45], there is a way to
obtain the ground state degeneracy (GSD) on torus T 2.
Denote the four spin structures on torus as
BB;NB;BN;NN, where B stands for bounding (anti-
periodic) and NB for nonbounding (periodic). We have

GSDðT2
BBÞ ¼ GSDðT 2

BNÞ
¼ Number of simple objects in SVecZ1ðCÞ0;

ð188Þ

or say, the number of anyon types in the bounding sector, and

GSDðT 2
NBÞ ¼ GSDðT2

NNÞ
¼ Number of simple objects in SVecZ1ðCÞ1;

ð189Þ
or say, the number of fermion-parity vortex types in the
nonbounding sector.
Example IV.8. (Anyons of Majorana toric code) Recall

the notations in Example A.11. Denote (isomorphism classes
of) simple objects in Ising fusion category as
Ising ¼ f1; f; σg, and simple objects in its Drinfeld center
as Z1ðIsingÞ ≅ Ising⊠Ising ¼ f1; f; σg⊠f1; f̄; σ̄g,
which describes anyons in the Ising string-net model.
Then anyons in the Majorana toric code topological order
is described by the Drinfeld center of a super fusion category
Z1ðSVecIsingÞ≅SVecZ1ðIsingÞ0¼fm1;mf;mσg (full data

please refer to Ref. [45]), where dm1
¼ dmf

¼ 1, dmσ
¼ ffiffiffi

2
p

.

Then we have two different ways of gauging Zf
2 :

(i) PerformingaZf
2 equivariantizationon

SVecZ1ðIsingÞ0,
we obtain Z1ðIsingÞ0 ¼ f1; f; f̄; ff̄; σ̄; fσ̄g (and
Z1ðIsingÞ1¼fσ;f̄σ;σσ̄g). Then performing a
Zf

2-modular extension on Z1ðIsingÞ0, we
obtain Z1ðIsingÞ.

(ii) Performing a Zf
2-crossed extension on

SVecZ1ðIsingÞ0, we obtain ½SVecZ1ðIsingÞ0�×Zf
2

¼
fm1; mf;mσg ⊕ fq1; qf; qσg [45], where dq1 ¼
dqf ¼

ffiffiffi
2

p
; dqσ ¼ 2. Then performing a Zf

2 equivar-
iantization, we obtain Z1ðIsingÞ.

We conclude these relations in the following commutative
diagram:

ð190Þ
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Example IV.9. (Drinfeld center of SVec 1
2
E6) 1

2
E6 ¼

f1; x; yg is a unitary fusion category, where the quantum
dimensions are d1 ¼ dy ¼ 1; dx ¼ 1þ ffiffiffi

3
p

, and the fusion
rules are

x ⊗ x ¼ 1 ⊕ 2x ⊕ y; x ⊗ y ¼ y ⊗ x ¼ x;

y ⊗ y ¼ 1: ð191Þ

F-symbols (or associators) are listed in Ref. [72]. Its
Drinfeld center Z1ð12E6Þ ¼ f1; Y; X1; X2; X3; X4; X5;
U; V;Wg has 10 simple objects as introduced in
Ref. [72], where Y is a fermion (Definition A.15). Since
y in 1

2
E6 (together with half-braiding) is promoted to be the

fermion Y in its Drinfeld center, a fermion condensation
can be performed on 1

2
E6, and the resultant super fusion

category is denoted as 1
2
E6=y≡ SVec 1

2
E6. Fusion rules in

SVec 1
2
E6 are

1⊗x¼x⊗1¼C1j1x; x⊗x¼C1j11⊕C2j2x: ð192Þ

F symbols are listed in Ref. [46]. Its Drinfeld center
Z1ðSVec12E6Þ ¼ SVecZ1ð12E6Þ0 ¼ fm1; m2; m3g as intro-

duced in Ref. [45], where dm1
¼ 1; dm2

¼ 2þ ffiffiffi
3

p
; dm3

¼
1þ ffiffiffi

3
p

. Then we have two different ways of gauging Zf
2 :

(i) Performing a Zf
2 equivariantization on SVecZ1ð12E6Þ0,

we obtain Z1ð12E6Þ0¼f1;Y;U;V;X4;X5g (and
Z1ð12E6Þ1 ¼ fW;X1; X2; X3g). Then performing a

Zf
2-modular extension on Z1ð12E6Þ0, we ob-

tain Z1ð12E6Þ.
(ii) Performing a Zf

2-crossed extension on
SVecZ1ð12E6Þ0,

we obtain ½SVecZ1ð12E6Þ0�×Zf
2

¼ fm1; m2; m3g ⊕

fq1; q2; m4g [45], where dq1 ¼ 3þ ffiffiffi
3

p
; dq2 ¼

dm4
¼ 1þ ffiffiffi

3
p

. Then performing a Zf
2 equivarianti-

zation, we obtain Z1ð12E6Þ.
We conclude these relations in the following commutative
diagram:

ð193Þ

Example IV.10. (Drinfeld center of SVecSUð2Þ6). The Drinfeld center Z1½SVecSUð2Þ6�≅ SVec ½SOð3Þ6⊠SOð3Þ6�. Its Zf
2-

crossed extension is denoted as fSVecZ1½SUð2Þ6�0g×Zf
2

≅ SVec ½SUð2Þ6⊠SUð2Þ6� [45,73]. We conclude these relations in the

following commutative diagram:

ð194Þ

Recall Definition IV.1, when ω2 is trivial, aG-graded super fusion category SG ≔ SVecCG, where S1 ≔ SVecC1 is always a
super fusion category. Therefore, S1 ≔ SVecC1 always satisfies the commutative diagram (186). Then recall Conjecture 1,
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the Drinfeld center Z1ðS1Þ of the trivial grading sector S1 describes the anyon or quasiparticle excitations of a fermionic
symmetry-enriched string-net model inputted by SG.

C. Drinfeld center of G-graded super fusion category when ω2 is trivial

Conjecture 2. The Drinfeld center of a G-graded super fusion category SVecCG (ω2 is trivial) is

Z1ðSVecCGÞ ≅ SVecZ2½Z1ðCGÞ;SVec� ≅ SVecZ1ðCGÞ0; ð195Þ

where Z2½Z1ðCGÞ;SVec� is the relative Müger center of spin modular category Z1ðCGÞ relative to SVec, and SVecZ1ðCGÞ0
is defined as Z1ðCGÞ0 enriched in SVec by canonical construction [inputted by a symmetric monoidal functor
SVec → Z2½Z1ðCGÞ0�] [49].
Conjecture 3. There exists a Gf action (i.e., anyon permutation by Gf, see Sec. B 1) on Z1ðS1Þ. We conjecture that after

gauging G, i.e., performing a G-crossed extension and then a G equivariantization, we obtain Z1ðSVecCGÞ ≅ SVecZ1ðCGÞ0,
and the following diagram commutes:

ð196Þ
where we note that in Ref. [43], a Gf-crossed extension is performed on the super modular category Z1ðSVecC1Þ, while here
we perform a G-crossed extension on it in order that the diagram looks “symmetric”.
Combining Diagrams (186) and (196), we have the following commutative diagram that reveals the spirit of the fermionic

symmetry-enriched string-net model construction of 2þ 1D fSET phases when ω2 is trivial, i.e., inputting aG-graded super
fusion category SVecCG, taking its Drinfeld center and then ungauging G (the inverse process of gauging G), we obtain
anyon excitations in this exactly solvable model:

ð197Þ

where F.c. is short for fermion condensation, and the bosonic case in the second row is stated in Refs. [12,14].
Example IV.11. (Fermionic Z2-enriched string-net model inputted by SVecSUð2Þ6). Let us consider the fermionic Z2-

enriched string-net model inputted by SVecSUð2Þ6 as a Z2-graded super fusion category. The Drinfeld center
Z1ðSVecSUð2Þ6Þ describes the anyon excitations in this exactly solvable model after gauging G. Then by ungauging
G, we obtain anyons withZ2 symmetry action described byZ1ðSVecC1Þ ≅ Z1½SVecSOð3Þ6�. These relations are concluded in
the following commutative diagram:

ð198Þ
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V. SUMMARY AND DISCUSSION

In this paper, we first construct exactly solvable models
for 2þ 1D nonchiral nonanomalous fSET phases. Recall
that the total symmetry isGf ¼ Zf

2 ×ω2
G. A new feature of

our constructed fermionic symmetry-enriched string-net
models is that ω2 appears as a phase factor in the
symmetry action Eq. (44), and hence also involved in
the fermionic pentagon equation in Eq. (46). For the
fermionic symmetry-enriched string-net models defined
in Sec. II, the input data is a G-graded super fusion
category, which is only partially defined in Sec. IVAwhen
ω2 is trivial. Therefore, a complete definition of G-graded
super fusion category is desired. Next, we construct
exactly solvable models for nonchiral surface fSET phases
with H3ðG;Z2Þ fermionic ’t Hooft anomaly when ω2 is
trivial. Each such anomalous phase is the surface of a bulk
3þ 1D fSPT phase described by a pair ðn3; ν4Þ, where
n3 ∈H3ðG;Z2Þ and ν4 is a 4-cochain that satisfies
dν4 ¼ ð−1Þn3⌣1n3 . A generalization to ω2 nontrivial cases
is expected in our future work. There are two key features
in our constructed surface fermionic symmetry-enriched
string-net models:

(i) The fermion-parity conservation of a surface F
move is broken by n3 ∈H3ðG;Z2Þ in Eq. (117),
which is due to the fact that bulk fermions can run
onto the surface, and we have ½n3� ¼ ½o3� (Remark
III.5). While the fermion-parity is conserved if we
perform the renormalization move for both bulk and
boundary together, i.e., the bulk-boundary F move
defined in Eq. (109).

(ii) The symmetry action is anomalous (this is exactly
the characteristics of a ’t Hooft anomaly) in a way
that a symmetry action involves a nontrivial phase
factor Θν4 as shown in Eq. (126), where the phase
factor Θ appears as a contribution of fermion
creation and annihilation operators from the bulk
fSPT phase, as defined in Eq. (127). Hence the
surface fermionic pentagon equation in Eq. (128) is
also obstructed by the phase factor Θν4.

One open question is how to compute the full anyon data
in general fermionic symmetry-enriched string-net models.
The tube algebra for fermionic string-net models has been
developed to calculate the anyon types, fusion rules, ground
state degeneracy and modular S, T transformations on torus
[45]. However, the full anyon data also includes the G-
action (anyon permutation) and symmetry fractionalization
data, the computation of which remains unknown. Up to
now, we only know how to calculate the anyon data in the
simple case where the intrinsic topological order of a
(fermionic) SET phase is an Abelian gauge theory and
the G action does not permute any gauge flux, with or
without ’t Hooft anomaly (illustrated in Sec. III E).
Therefore, a complete construction of tube algebra for
(fermionic) symmetry-enriched string-net models is

desired, where theG-action and symmetry fractionalization
data can be extracted.
Bulk-boundary gauging is also a very interesting future

direction. Fully gauging the symmetry for a bulk 3þ 1D
symmetry-protected topological (SPT) phase together with
an anomalous SET phase on its surface simultaneously, we
obtain a bulk 3þ 1D topological order together with its
gapped boundary (a surface anomalous 2þ 1D topological
order). This has been studied for a particular example of
bulk 3þ 1D Z2 × Z2-SPT phase with boundary projective
semions [74]. A complete framework of such bulk-boun-
dary gauging process defined on lattice models is desired,
which can also be generalized to fermionic systems and
related to fermion condensation. For the example we
studied in Sec. III F, i.e., a bulk 3þ 1D Zf

2 × Z2 × Z4-
SPT phase with boundary Z4 gauge theory anyons
stacking with the physical fermion, we expect that after
gauging the Z2 × Z4 symmetry for both boundary and
bulk, we will obtain a bulk fermionic 3þ 1D Z2 × Z4

twisted gauge theory, whose gapped boundary is an
anomalous fermionic Z8 × Z4 gauge theory. With the
fact that almost all 3þ 1D bosonic or fermionic topo-
logical orders can be obtained by gauging 3þ 1D bosonic
or fermionic SPT phases [75], we conjecture that the
categorical symmetry correspondence [76–80] between
3þ 1D and 2þ 1D is a simple case of such bulk-boundary
gauging when the bulk SPT phase is trivial. A systematic
study on such a topic also provides lattice model descrip-
tions for the 2þ 1D gapped boundaries of a given 3þ 1D
symmetry topological field theory (SymTFT) [81,82] as a
by-product.
Finally, constructing exactly solvable models for the

H2ðG;Z2Þ fermionic ’t Hooft anomaly is another future
direction. Surface fermionic symmetry-enriched string-net
models for fSET phases with H2ðG;Z2Þ fermionic ’t Hooft
anomaly are expected to be technically involved. However,
once the bulk-boundary gauging defined on lattice models
illustrated above is fully understood, bulk-boundary
ungauging certain 3þ 1D topological order together with
one of its gapped boundaries may provide a systematic way
to construct a lattice model for an fSET phases with the
H2ðG;Z2Þ fermionic ’t Hooft anomaly.
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APPENDIX A: SUPER FUSION CATEGORY AND
SUPER MODULAR CATEGORY

Assuming basic knowledge on unitary (braided) fusion
categories, this section is a brief review of some definitions
in Refs. [41,42,44,48,57,83–85].

1. Super fusion category

Definition A.1. [The category of super vector spaces with
grade-even linear maps] The category of super vector
spaces over C with only grade-even linear maps, denoted
as SVec, is a symmetric fusion category that consists of

(i) Objects:Z2-graded vector spaces V ¼ V0 ⊕ V1. We
denote a super vector space as Cpjq, where
p ¼ dimðV0Þ, q ¼ dimðV1Þ. A nonzero element
v∈Vk, k ¼ 0, 1 is called homogeneous and we
define the parity function jvj ¼ k.

(ii) Morphisms: Grade-even linear maps that
preserve the gradings SVecðV;WÞ ¼ ðW0 ⊗ V�

0Þ ⊕ðW1 ⊗ V�
1Þ.

(iii) Tensor product: V⊗W¼ðV0⊗W0⊕V1⊗W1Þ⊕
ðV0⊗W1⊕V1⊗W0Þ.

(iv) Braidings:

cV;W∶ V ⊗ W → W ⊗ V

v ⊗ w ↦ ð−1Þjvjjwjw ⊗ v; ðA1Þ

where v∈V and w∈W are homogeneous.
Remark A.2. In some mathematical contexts, SVec

denotes for the category of Z2-graded vector spaces with
both grade-even and grade-odd linear maps. We use this
SVec notation by a different meaning from these contexts.
Remark A.3. SVec and VecZ2

are equivalent as fusion
categories, where VecZ2

is the category of Z2-graded
vector spaces, while VecZ2

does not emphasize on the
braiding structure.
Definition A.4. (Super category). A super category is an

SVec-enriched category, denoted as SVecC. (Please see the
definition of enriched category in, e.g., Ref. [49].)
Roughly speaking, important data in an SVec-enriched

category SVecC are
(i) Objects: X∈ SVecC.
(ii) Hom-objects: SVecCðX; YÞ∈SVec for every pair

of X; Y ∈S.
SVec is called the background category. C is called the
underlying category, defined by

(i) Objects: ObðCÞ ¼ ObðSVecCÞ.
(ii) Morphisms: CðX; YÞ ≔ SVec½C; SVecCðX; YÞ� for

every X; Y ∈S.
(iii) Identity morphism and composition of morphisms:

Omitted and please refer to Ref. [49].
Intuitively, the underlying category C takes the grade-0
hom-object of SVecC as its hom-space.

Proposition A.5. Let A be a monoidal category. Given a
left A-module category C, we obtain an A-enriched
category AC. This is called a canonical construction of
enriched category.
Proof. See Ref. [49].
Proposition A.6. Let A be a braided monoidal category.

Given a monoidal left A-module category C, we obtain an
A-enriched monoidal category AC. (Definition of enriched
monoidal category please also refer to Ref. [49].) This is
called a canonical construction of enriched monoidal
category.
Proof. See Ref. [49].
Definition A.7. (Super fusion category). Let C be a

(unitary) fusion category and ϕ∶SVec → Z1ðCÞ be a
braided monoidal functor, where Z1ðCÞ is the Drinfeld
center of C. Then C equipped with the following SVec-
module action

SVec × C⟶
ϕ×id

Z1ðCÞ × C⟶
I×id

C × C ⟶ C ðA2Þ

is a monoidal left SVec module, where I is the
forgetful functor. Then according to Proposition A.6, the
SVec-enriched monoidal category SVecC obtained by
canonical construction is called a (unitary) super fusion
category.
A simple object X∈ SVecC is called m-type if

SVecCðX;XÞ ≅ C1j0, and q-type if SVecCðX;XÞ ≅ C1j1.
Remark A.8. Let C be a unitary fusion category. The

existence of the braided monoidal functor ϕ∶SVec ≅
f1; fg → Z1ðCÞ implies that Z1ðCÞ contains a fermion f
(Definition A.15), i.e., Z1ðCÞ is a spin modular category
(Definition A.18).
The above definition of super fusion category by

canonical construction physically corresponds to a
fermion condensation [45,86] in the string-net model with
input C, and the resultant fermionic string-net model is
inputted by a super fusion category, denoted as C=f≡
SVecC in Ref. [45].
Remark A.9. F symbols (or associators) in a super fusion

category satisfy the fermionic or super pentagon equa-
tion [47,84].
Example A.10. (Fermion toric code). A fermionic toric

code model is a fermionic string-net model. Input of a
fermionic toric code is a (unitary) super fusion category
FTC ≔ SVecVecZ4

¼ f1; sg with only m-type objects,
where VecZ4

¼ f1; s; f; sfg is a unitary fusion cat-
egory. Fusion rules and F symbols please refer
to Ref. [50].
Example A.11. (Majorana toric code). A Majorana toric

code model is a fermionic string-net model. Input of a
Majorana toric code is a super fusion category MTC ≔
SVecIsing ¼ f1; σg with q-type object σ, where Ising ¼
f1; f; σg is the Ising unitary fusion category. Fusion rules
and F symbols please refer to Ref. [46].
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2. Super modular category and spin modular category

Definition A.12. (premodular category). A premodular
category is a spherical braided fusion category.
Definition A.13. ((Relative) Müger center). Let D be a

premodular category. The Müger center Z2ðDÞ of D is the
full subcategory

Z2ðDÞ ¼ fX∈DjcX;YcY;X ¼ idY⊗X; ∀Y ∈Dg; ðA3Þ

where cX;Y∶ X ⊗ Y → Y ⊗ X is the braiding natural iso-
morphism in D.
Let B be a subcategory of D. The relative Müger center

Z2ðD;BÞ of D relative to B is the full subcategory

Z2ðD;BÞ ¼ fX∈DjcX;YcY;X ¼ idY⊗X; ∀Y ∈Bg: ðA4Þ

Definition A.14. (Symmetric, modular, and super modu-
lar category). Let D be a premodular category and Vec be
the category of vector spaces. D is called symmetric if
Z2ðDÞ ≅ D. D is called modular if Z2ðDÞ ≅ Vec. D is
called super modular if D is unitary and Z2ðDÞ ≅ SVec.
Definition A.15. (Fermion). Let D be a pre-modular

category. A fermion f, if it exists, is a distinguished object
in D satisfying

f ⊗ f ≅ 1; θf ¼ −1;

where 1 is the tensor unit in D, and θa is the topological
spin or twist of object a.
Remark 16. In other words, a premodular categoryD is a

super modular if its Müger center is generated by a fermion
f, where f1; fg ≅ SVec.
Definition A.17. (Split). A super modular category D is

called split if there exists a modular category B such that
D ≅ B⊠ SVec, where ⊠ is the Deligne tensor product.
Definition A.18. (Spin modular category). A spin modu-

lar category ðĎ; fÞ is a modular category Ď together with a
distinguished fermion f.
Remark A.19. There is a canonical Z2 grading on a spin

modular category

Ď ≅ Ď0 ⊕ Ď1; ðA5Þ

whereMa;f ¼ 1 if a∈ Ď0 andMa;f ¼ −1 if a∈ Ď1 (Ma;b is
the monodromy operator of objects a and b). The grade-
0 sector Ď0 is a super modular category. Physically, anyons
in the grade-1 sector Ď1 are fermion-parity vortices (i.e.,
symmetry defects of Zf

2).
Example A.20. The toric code anyons Kð0Þ ¼

f1; e; m;ψg form a spin modular category, where ψ is
the fermion. We relabel

1 → I0; ψ → ψ0; e → I1; m → ψ1;

i.e., Kð0Þ ≅ Kð0Þ
0 ⊕ Kð0Þ

1 , and Kð0Þ
0 ¼ f1;ψg ≅ SVec,

Kð0Þ
1 ¼ fe;mg.
Definition A.21. (Minimal modular extension). Let D be

a premodular category. A minimal modular extension
of D is a modular category E such that D ⊂ E and
FPdimðEÞ ¼ FPdimðDÞFPdim½Z2ðDÞ�, where FPdimðDÞ
is the Frobenius-Perron dimension of D.
If Z2ðDÞ ≅ SVec, this is also called a Zf

2-modular
extension.
Remark A.22. For any unitary (fusion) category C, the

Frobenius-Perron dimension coincides with categorical
dimension, i.e., FPdimðXÞ ¼ dX ≔ S̃1;X, ∀X∈ C (S̃ is
the unnormalized S matrix in C), and FPdimðCÞ ¼
dimðCÞ ≔ P

X∈ C d
2
X.

Remark A.23. If D is super modular, a minimal modular
extension of D is a spin modular category ðĎ; fÞ, where
Ď0 ≅ D and dimðĎÞ ¼ 2 dimðDÞ. Physically, let the super
modular categoryD describe the anyon types (including the
fermion f) of a fermionic topological phase, a Zf

2-equiv-
ariantization together with a Zf

2-modular extension of D
corresponds to gauging the Zf

2 fermion-parity symmetry
[see Diagram (186), and gauging Zf

2 is the inverse process
of a fermion condensation].
Theorem A.24. Every super modular category admits

minimal modular extensions, and there are precisely 16
inequivalent such extensions [87–89].
Example A.25. There are 16 minimal modular extensions

for the simplest super modular category SVec, also known
as the Kitaev’s 16-fold way [54]. The 16 minimal modular
extensions are denoted as KðνÞ, where ν∈Z16, and the ν ¼
0 case is exactly the toric code anyon in Example A.20. The

fermion-parity vortex sector always has dimðKðνÞ
1 Þ ¼ 2,

corresponding to either Abelian vortices Kðν is evenÞ
1 ¼

fI1;ψ1g, or non-Abelian Ising vortices Kðν is oddÞ
1 ¼ fσ1g

(dσ1 ¼
ffiffiffi
2

p
). Topological spin of any vortex a1 is θa1 ¼ ei

π
8
ν,

which is related to the chiral central charge c− ¼ ðν=2Þ
(mod 8).
Remark A.26. Anyons and symmetry defects of 2þ 1D

fSET phases (including anomalous ones) are described by
Gf-crossed super modular categories. Anyons and defects
of nonanomalous 2þ 1D fSET phases are described by G-
crossed spin modular categories [43]. 2þ 1D fSET phases
with fermionic ’t Hooft anomalies correspond to those Gf-
crossed super modular categories where there are obstruc-
tions on modular extension or gauging the Zf

2 symmetry.

APPENDIX B: REVIEW OF CLASSIFICATION OF
ANYONS AND SYMMETRY DEFECTS IN 2 + 1D

BOSONIC SET PHASES

This section is a brief review on Refs. [13,90]. LetM be
an unitary modular tensor category (UMTC) describing
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anyons of a 2þ 1D bosonic topological order, and let G be
a group describing the symmetry.
An UMTC M is characterized by a set of gauge-

invariant data fda; θa; Sabja; b∈Mg, where da is the
quantum dimension of anyon a, θa is the topological spin
of a, and Sab is the topological S matrix of anyons a and b.
Remark B.1. A spin modular category (Definition A.18)

is a special UMTC that contains a fermion f.
Remark B.2. If we can assign a phase factor eiϕa for each

anyon a∈M such that

eiϕaeiϕb ¼ eiϕc ; whenever Nab
c ≠ 0 ðB1Þ

(Nab
c ¼ P

x∈M½ðSaxSbxS�cxÞ=S1x� is the fusion multiplicity,
and 1 is the tensor unit in M), then we have

eiϕa ¼ M�
ae; ∀ a∈M; ðB2Þ

for some Abelian anyon e∈A ⊆ M (A denotes for the
subcategory of Abelian anyons in M), where Mab ¼
½ðS�abS11Þ=ðS1aS1bÞ� is the monodromy operator between
anyons a and b. Such phase factors form an Abelian
group, denoted as KðMÞ, i.e. KðMÞ ≔ feiϕa jeiϕaeiϕb ¼
eiϕc whenever Nab

c ≠ 0; a; b; c∈Mg.

1. G action on M

Definition B.3. (Braided auto-equivalence). A braided
auto-equivalence in M is a braided monoidal func-
tor φ∶M → M.
Given two braided auto-equivalences φ and φ0, a natural

isomorphism γ∶φ → φ0 consists of a collection of isomor-
phisms fγa∶ φðaÞ → φ0ðaÞja∈Mg such that they satisfy
the naturality condition and preserve both the monoidal and
braiding structures.
Remark B.4. We define the following map ϒ as a

“natural isomorphism” on a fusion vector:

ϒja; b; c; μi ¼ γaγb
γc

ja; b; c; μi; ðB3Þ

where a; b; c∈M, ja; b; c; μi∈Homða ⊗ b; cÞ is a fusion
vector and μ denotes for different orthogonal fusion
vectors. Here γa, γb, γc are phase factors, which are also
morphisms for a, b, c of natural isomorphism γ (we abuse
notations to denote a morphism and the phase factor
produced by this morphism).
Remark B.5. Equivalence classes of braided auto-equiv-

alences in M (up to natural isomorphisms) form a group,
denoted as AutðMÞ.
Definition B.6. [The category of braided auto-equiva-

lences in M] The category of braided auto-equivalences in
M, denoted as AutðMÞ, is a monoidal category consists of

(i) Object: A braided auto-equivalence φ∶M → M;
(ii) Morphism: A monoidal natural isomorphism

γ∶φ → φ0;

(iii) Tensor product: Composition of functors.
Definition B.7. (Symmetry or G action on M). Let G be

the monoidal category whose objects are group elements in
G and tensor product is the group multiplication. A group
action of G on M is a monoidal functor ρ∶G → AutðMÞ.
Spelling it out, the monoidal functor ρ consists of

(i) Braided monoidal functors ρg∶M → M, ∀g∈G;
(ii) Monoidal natural isomorphisms κg;h∶ρgh →

ρg ∘ ρh, ∀g;h∈G,

such that ∀g;h;k∈G, ∀ a∈M, the following diagram
commutes:

ðB4Þ

Remark B.8. κg;h is the natural transformation that

preserves monoidal structure in the definition of monoidal
functor, and Diagram (B4) is exactly the coherence
relation of a monoidal functor. fðκg;hÞa∶ρghðaÞ →
ρg ∘ ρhðaÞja∈Mg is the collection of morphisms in the

definition of a natural transformation.
Definition B.9. [Obstruction to define a G action on M]

Let ρ∶G → AutðMÞ be a group homomorphism equipped
with

(i) Braided monoidal functors ρg∶M→M, ∀g∈G;
(ii) Monoidal natural isomorphisms κg;h∶ ρgh →

ρg ∘ ρh, ∀g;h∈G,
where κg;hja; b; c; μi ¼ f½βaðg;hÞβbðg;hÞ�=½βcðg;hÞ�gj
a; b; c; μi (recall Theorem. B.4), i.e., ðκg;hÞa ¼ βaðg;hÞ
(we abuse notations to denote the morphism and the phase
factor). Then the obstruction to define a G action on M is
the obstruction to lift the group homomorphism ρ∶G →
AutðMÞ to a monoidal functor ρ∶G → AutðMÞ, which is
defined by the following diagram:

ðB5Þ

i.e., the obstruction is the phase factor
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Ωaðg;h;kÞ ¼ βρgðaÞðh;kÞβ−1a ðgh;kÞβaðg;hkÞβ−1a ðg;hÞ:
ðB6Þ

Remark B.10. fβaðg;hÞ; ∀g;h∈G; a∈Mg is not a
set of cochains, as βaðg;hÞ has a dependence on anyon a.
However, fixing a, fβaðg;hÞ; ∀g;h∈Gg is a set of
cochains. Thereby, the Ωaðg;h;kÞ defined above is in
general not a cochain or further coboundary.
Proposition B.11. The obstruction phase factor

Ωaðg;h;kÞ satisfies

Ωaðg;h;kÞΩbðg;h;kÞ ¼ Ωcðg;h;kÞ; ðB7Þ

whenever Nc
ab ≠ 0 [this can be checked directly by

Eq. (B6)]. Then recalling Remark B.2,

Ωaðg;h;kÞ ¼ M�
aOðg;h;kÞ; ðB8Þ

where Oðg;h;kÞ∈C3ðG;AÞ is an anyon-valued
3-cochain.
Remark B.12. Proposition B.11 transforms a set of

anyon-dependent phases fΩaðg;h;kÞ; ∀g;h;k∈
G; a∈Mg to a set of cochains fOðg;h;kÞ; ∀g;
h;k∈Gg.
Remark B.13.We can check that Oðg;h;kÞ satisfies the

twisted 3-cocycle condition (depending on ρ), i.e.,
Oðg;h;kÞ∈Z3

ρðG;AÞ, and we can define the coboundary
transformation on it (omitted). Denoting the equivalence
class of group homomorphism ρ as [ρ] (up to natural
isomorphism), and equivalence class of O as ½O� (up to
coboundary transformation), we have

½O�∈H3
½ρ�ðG;AÞ; ðB9Þ

where H3
½ρ�ðG;AÞ is the anyon-valued 3rd-cohomology

group that depends on [ρ].

2. Symmetry fractionalization

Let UðgÞ be the global symmetry operator of g∈G,
which forms linear represention of G, i.e.,

UðgÞUðhÞ ¼ UðghÞ: ðB10Þ

Let jΨa1;…;ani be a state with n separated anyons a1;…; an
such that all the anyons can fuse to vacuum, i.e.,

a1 ⊗ … ⊗ an ¼ 1 ⊕ …: ðB11Þ

Then we assume that any symmetry operator UðgÞ can be
expressed in the following way:

UðgÞjΨa1;…;ani ¼
Yn
j¼1

UajðgÞρgjΨa1;…;ani; ðB12Þ

where UajðgÞ is a local unitary operator of g action
localized near anyon aj, and ρg is the anyon permutation
by g∈G introduced in Definition B.9, which is called
symmetry localization.
Further, combining Eq. (B10) and Eq. (B12), the local

unitary operators form a “twisted” projective representation
of the symmetry group:

UajðgÞρgUajðhÞρ−1g jΨa1;…;ani
¼ ηajðg;hÞUajðghÞjΨa1;…;ani; ðB13Þ

which is called symmetry fractionalization, and ηajðg;hÞ is
a phase factor satisfying (recall Definition B.9)

Yn
j¼1

ηajðg;hÞ ¼ κg;h ¼
Yn
j¼1

βajðg;hÞ: ðB14Þ

Here ηaðg;hÞ in general differs from βaðg;hÞ by another
phase factor

ωaðg;hÞ ¼
βaðg;hÞ
ηaðg;hÞ

; ðB15Þ

which satisfies

Yn
j¼1

ωajðg;hÞ ¼ 1: ðB16Þ

Then recalling Theorem B.2 and Eq. (B11), ωaðg;hÞ can
be written as the braiding phase with some Abelian anyon:

ωaðg;hÞ ¼ M�
awðg;hÞ; ðB17Þ

where wðg;hÞ∈A ⊂ M is an Abelian anyon valued 2-
cochain.
Further, requiring associativity of the global symmetry

operator, i.e., ðRgRhÞRk ¼ RgðRhRkÞ, leads to the follow-
ing condition on ηaðg;hÞ:

ηρgðaÞðh;kÞηaðg;hkÞ
ηaðgh;kÞηaðg;hÞ

¼ 1: ðB18Þ

Combining Eq. (B6), Eq. (B15), and Eq. (B18), we have

Ωaðg;h;kÞ ¼ωρgðaÞðh;kÞω−1
a ðgh;kÞωaðg;hkÞω−1

a ðg;hÞ:
ðB19Þ

Recalling Eq. (B8) and Eq. (B17),
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Oðg;h;kÞ ¼ ρgðwðh;kÞÞwðgh;kÞwðg;hkÞwðg;hÞ
¼ dwðg;h;kÞ; ðB20Þ

where ā denotes for the anti-particle of anyon a∈M. This
means that a well-defined symmetry fractionalization
requires Oðg;h;kÞ to be a 3-coboundary. In other words,
any nontrivial ½O�∈H3

½ρ�ðG;AÞ is an obstruction to define

symmetry fractionalization.
Then when O is a 3-coboundary, except from w,

w0ðg;hÞ ¼ wðg;hÞ ⊗ tðg;hÞ ðB21Þ

is always another solution to Eq. (B20), where
tðg;hÞ∈H2

ρðG;AÞ torsorially classify different symmetry
fractionalization classes.

3. G-crossed extension and G equivariantization

Omitted. Crucial points of a G-crossed extension are the
definition of G-crossed braiding and the three consistency
equations in Figs. 9 and 10 in Ref. [13]. The G-crossed
extended category of M is denoted as M×

G. Physically, a
G-crossed extension of M corresponds to adding G-
symmetry defects to the system such that they couple with
the anyons in a consistent way.
By a G equivariantization in M×

G, the symmetry defects
become anyons, and the resultant theory is a UMTC,
denoted by ðM×

GÞG.
Definition B.14. [G equivariantization] A G-equivariant

object in a fusion category C is a pair ðX; fuggg∈GÞ
consisting an X∈ C and a collection of isomorphisms
ug∶ ρgðXÞ ≅ X (ρg is a G action on C defined in

Definition B.7) such that the following diagram commutes:

ðB22Þ

where κg;h∶ρgh → ρg ∘ ρh is the monoidal natural

isomorphism.
Equivariant objects in C form a fusion category, called

the equivariantization, denoted by CG. Further, we have
FPdimðCGÞ ¼ jGjFPdimðCÞ [53].
Definition B.15. (Orbit under G). The orbit of a∈M×

G
under G is defined to be the following set:

½a� ¼ fρgðaÞ; ∀g∈Gg: ðB23Þ

Definition B.16. [Stablizer subgroup] Let a be a repre-
sentative in orbit [a].The stablizer subgroup of a is defined
to be

Ga ¼ fg∈GjρgðaÞ ¼ ag: ðB24Þ

Remark B.17. Simple objects in ðM×
GÞG are pairs

ð½a�; πaÞ; ðB25Þ

where πa is an irreducible projective representation of Ga,
i.e.,

πaðgÞπaðhÞ ¼ ηaðg;hÞπaðghÞ; g;h∈Ga; ðB26Þ

where ηaðg;hÞ is exactly the projective phase in symmetry
fractionalization in the G-crossed theory in Eq. (B13).
Remark B.18. If M describes anyons of a nonchiral

topological order, i.e.,M ≅ Z1ðCÞ for some unitary fusion
category C (this means that this nonchiral topological order
can be constructed as a string-net model with input C), and
given that there is a G-action on Z1ðCÞ, the following
diagram commutes:

ðB27Þ

where CG is a G-graded unitary fusion category such
that C1 ≅ C (1 is trivial element in G). We note that our
definition of gauging G [39,91] is a G-crossed exten-
sion followed by a G-equivariantization, which is
slightly different from that in Ref. [13]. This

commutative diagram implies that this nonchiral topo-
logical order Z1ðCÞ with symmetry G, i.e., a nonchiral
SET phase, can be constructed as a symmetry-enriched
string-net model with input G-graded fusion cat-
egory CG.
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APPENDIX C: RELATING SYMMETRY-
ENRICHED STRING-NET MODEL DATA WITH
ANYON SYMMETRY FRACTIONALIZATION

DATA FOR ABELIAN GAUGE THEORY

1. Nonanomalous cases

Partially gauging a 2þ 1D bosonic SPT phase to obtain
an SET phase is discussed in Ref. [12]. Here we briefly
review an relation between symmetry-enriched string-net
model data and symmetry fractionalization data for anyons
in Abelian gauge theory.
Using the same notation as in Sec. II I (the short exact

sequence is 1 → N → G → G → 1, where N is an Abelian
gauge group), given a 2þ 1D SPT phase classied by a
3-cocycle ν3 ∈H3ðG; UTð1ÞÞ, and given a group homo-
morphism φ∶G → AutðNÞ and a cohomology class
½μ�∈H2

φðG;NÞ that specify the partial gauging, the F
move or F symbol in the symmetry-enriched string-net
model exactly equals to the 3-cocycle of the original SPT
phase:

1Fagbhck ¼ ν3ðag; bh; ckÞ; ðC1Þ

where a; b;…∈N, g;h;…∈G and ag; bh;…∈G. In the
following, we consider 3-cocycles that take the following
form:

ν3ðag; bh; ckÞ ¼ χcðg;hÞα3ðg;h;kÞ; ðC2Þ

where the 3-cocycle condition dν3 ¼ 1 implies that χ and
α3 should satisfy the following properties:

(i) χ is a character on N:

χaðg;hÞχbðg;hÞ ¼ χaþbðg;hÞ; ðC3Þ

where þ denotes for the group multiplication in N.
(ii) Fixing a, χa ∈Z2½G;Uð1Þ� is a 2-cocycle satisfy-

ing χaðg;hÞχaðgh;kÞ ¼ χSðgÞa ðh;kÞχaðg;hkÞ.
(iii) α3 ∈C3½G;Uð1Þ� is a 3-cochain satisfying

dα3ðg;h;k; lÞ ¼ χμðk;lÞðg;hÞ: ðC4Þ

The input of this symmetry-enriched string-net model is the
G-graded unitary fusion category CG ≔ ðVecNÞG.

2. Cases with H3ðG;Z2Þ fermionic ’t Hooft anomaly

Recall Eq. (128) for surface topological order being
Abelian gauge theory:

1Fðag⊗bhÞckdl 1Fagbhðck⊗dlÞ
1Fagbhck1Fagðbh⊗ckÞdl 1Fbhckdl

¼ gΘðbh; ck; dlÞν4ðg;h;k; lÞ:

ðC5Þ

Plug in the special form in Eq. (149):

χdðgh;kÞχcþdþμðk;lÞðg;hÞ
χcðg;hÞχdðg;hkÞχSðgÞd ðh;kÞ
¼ gΘðbh; ck; dlÞν4ðg;h;k; lÞ

×
αSðgÞ3 ðh;k; lÞα3ðg;h;kÞα3ðg;hk; lÞ

α3ðgh;k; lÞα3ðg;h;klÞ
: ðC6Þ

First set l ¼ 1. Under the normalization α3ð1;−;−Þ ¼
α3ð−; 1;−Þ ¼ α3ð−;−; 1Þ ¼ 1 and ν4ð−;−;−; 1Þ ¼ 1, the
right-hand side is only left with gΘðbh; ck; d1Þ, and the
equation becomes

χdðgh;kÞχcþdðg;hÞ
¼ gΘðbh; ck; d1Þχcðg;hÞχdðg;hkÞχSðgÞd ðh;kÞ: ðC7Þ

If we further set c ¼ 1 and use the normalization χ1 ¼ 1,
we find χd satisfies the following condition:

χdðgh;kÞχdðg;hÞ
χdðg;hkÞχSðgÞd ðh;kÞ

¼ gΘðbh; ck; d1Þ: ðC8Þ

Equation (C7) then implies χcþdðg;hÞ ¼ χcðg;hÞχdðg;hÞ.
Finally, Eq. (C6) is reduced to

χμðk;lÞðg;hÞ ¼ ν4ðg;h;k; lÞdα3ðg;h;k; lÞ: ðC9Þ

APPENDIX D: H2ðG;Z2Þ AND H3ðG;Z2Þ
FERMIONIC ’T HOOFT ANOMALIES IN THE

CONTEXT OF ANYONS

This Section is a brief review on Ref. [44]. Let D be a
super modular category that describe the anyons of a 2þ
1D fSET phase, and ðĎ; fÞ be a spin modular category that
is the minimal modular extension of D, i.e., Ď ¼ Ď0 ⊕ Ď1

and Ď0 ≅ D.
Given a G action on D, i.e., a group homomorphism

ρ∶G → AutðDÞ, there might be obstruction to extend the G
action to Ď. Let us define a map ρ̌∶G → AutðĎÞ, and a
restriction map

r∶AutðĎÞ → AutðDÞ
½ρ̌g� ↦ ½ρg�; ðD1Þ

where ½� is the equivalence class up to natural isomor-
phisms (recall Sec. B 1), and ker r ¼ Z2 ≅ f1; fg (we
mean the group formed by the fusion rules in f1; fg is
isomorphic to Z2) as the vacuum in D is Z2ðDÞ ¼
f1; fg (braids trivially with all other anyons). If ρ̌ fails to
be a group homomorphism, i.e., the group multiplication
rule of G is not preserved in AutðĎÞ, we say there is an
obstruction to extend the G action from D to Ď,
measured by
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o2ðg;hÞ ≔ ρ̌ghρ̌
−1
h ρ̌−1g ; ðD2Þ

where o2 restricts to a trivial map in AutðDÞ, i.e.,
o2 ∈ ker r ¼ Z2. So that o2 is a 2-cochain in
C2ðG;Z2Þ. Requiring associativity on ρ̌g gives the
2-cocycle condition of o2, and after defining the
2-coboundary transformation properly, we conclude that
o2 ∈H2ðG;Z2Þ.
If the above H2ðG;Z2Þ obstruction vanishes, i.e., o2 is a

coboundary, there might be obstruction to extend the
symmetry fractionalization from D to Ď. Given a well-
defined symmetry fractionalization on D, i.e., the obstruc-
tion function Ωa (for all a∈D) in Eq. (B19) is trivial, or
say, the Abelian anyon valued cochain O defined in
Eq. (B8) is a coboundary. Denote the obstruction function
to defined symmetry fractionalization in Ď as Ω̌a, and the
corresponding Abelian anyon valued 3-cochain Ǒ is
defined by

Ω̌aðg;h;kÞ ¼ M�
aǑðg;h;kÞ; ðD3Þ

for all a∈ Ď. Recall the phase factor in Eq. (B15) and its
corresponding Abelian anyon valued cochain in Eq. (B17)
defined in D. We extend them to Ď, denoted as ω̌a and w̌,
where

ω̌aðg;hÞ ¼ M�
aw̌ðg;hÞ; ðD4Þ

for all a∈ Ď, such that rðω̌aÞ ¼ ωa. We say there is an
obstruction to extend the symmetry fractionalization from
D to Ď if Ǒ fails to be a 3-coboundary, measured by the
following mismatch

Oaðg;h;kÞ ¼ Ω̌aðg;h;kÞ−1dω̌aðg;h;kÞ; ðD5Þ

for all a∈ Ď. We note that Oa ¼ 1 for all a∈D. Let us
define

Oaðg;h;kÞ ¼ M�
ao3ðg;h;kÞ; ðD6Þ

for all a∈ Ď. Then the mismatch between Ω̌a and dω̌a in
Eq. (D5), such that w̌ fails to be a 3-coboundary, is
transformed into the following anyon valued 3-cochain:

o3ðg;h;kÞ ¼ Ǒðg;h;kÞ ⊗ dw̌ðg;h;kÞ∈ f1; fg: ðD7Þ

The obstruction o3 is valued in Z2ðDÞ ¼ f1; fg because
changing w̌ → w̌ ⊗ f does not affect the restriction map
rðω̌aÞ ¼ ωa, or say, o3 should braid trivially with anyons in
D in order to preserve rðω̌aÞ ¼ ωa. We see dOa ¼ 1, which
implies the 3-cocycle condition of o3, and after defining 3-
coboundary transformation on o3 properly, we conclude
that o3 ∈H3ðG;Z2Þ (f1; fg ≅ Z2 as groups).

Remark D.1. If restricting the definition of o3 in a∈D in
Eq. (D6), and recall that Oa ¼ 1 for a∈D, we have

o3ðg;h;kÞ ¼ Oðg;h;kÞ ⊗ dwðg;h;kÞ
¼ dwðg;h;kÞ∈ f1; fg; ðD8Þ

where O is trivial as symmetry fractionalization is well
defined in D.

APPENDIX E: ANYON DATA OF SURFACE
Z1ðVecZ4

Þ⊠f1; fg TOPOLOGICAL ORDER WITH

Zf
2 × Z2 × Z4 SYMMETRY

This section is a brief review on Ref. [51]. The surface
fSET phase of the ν ¼ 1 3þ 1D bulk Zf

2 × Z2 × Z4 fSPT
phase (recall Sec. III F 1) have quasiparticle/anyon types
Z1ðVecZ4

Þ⊠f1; fg, which is a super modular category,
where Z1ðVecZ4

Þ describes anyons in the Z4 gauge theory.
We choose the trivial solution that all F symbols are 1,
whose K matrix is ð0

4
4
0
Þ. Here f1; fg is the trivial fermionic

theory, whose K matrix is ð1
0

0
−1Þ. We label the anyon types

by

fa ¼ ðam; ae; afÞjam; ae ¼ 0; 1; 2; 3; af ¼ 0; 1g; ðE1Þ

where am and ae label gauge fluxes and gauge charges of
the Z4 gauge theory, respectively, and af ¼ 0, 1 labels
whether the excitation is bosonic or fermionic. The R
symbols are

Ra;b ¼ e2πið
ambe

4
þafbf

2
Þ: ðE2Þ

Recall Sec. B 1, the symmetry action on anyons is
characterized by a group homomorphism [13]:

ρ∶G → AutðZ1ðVecZ4
⊠f1; fgÞ: ðE3Þ

Denote the group elements as g ¼ fðg1;g2Þjg1 ¼ 0;
1∈Z2;g2 ¼ 0; 1; 2; 3∈Z4g. For each group element,

ρg∶ Z1ðVecZ4
Þ⊠f1; fg → Z1ðVecZ4

Þ⊠f1; fg
a ↦ ρgðaÞ ¼ ðam; ae þ 2g2am; af þ g2amÞ: ðE4Þ

The group multiplication law of ρg is satisfied up to a phase
factor κg;h:

κg;hρgρh ¼ ρgh: ðE5Þ

In this example, we can simply take κg;h ¼ 1. The anyon
valued 2-cochain characterizing the symmetry fractionali-
zation class defined in Eq. (B17) is

wðg;hÞ ¼ ðg1h1;g2h1; 0Þ: ðE6Þ
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We can read all symmetry fractionalization phase factors ηa
from Eq. (B15) and Eq. (B17), e.g., we see that under the
Z2 symmetry, e ≔ ð0; 1; 0Þ carries 1

4
charge and m ≔

ð1; 0; 0Þ carries no fractional charge. Recall Remark D.1
for the expression of o3 when restricting to the super
modular category, we have

o3ðg;h;kÞ ¼ dwðg;h;kÞ
¼ ρgðwðh;kÞÞ × wðgh;kÞ
×wðg;hkÞ ×wðg;hÞ

¼ ð0; 0; ½g2h1k1�2Þ; ðE7Þ

which is a nontrivial 3-cocycle in H3ðG;Z2Þ, where ½n�2 ¼
n (mod 2). This o3 ∈H3ðG;Z2Þ fermionic ’t Hooft
anomaly can be compensated by the complex fermion
layer data n3 ∈H3ðG;Z2Þ of a certain bulk 3þ 1D fSPT
phase with the same symmetry group [44], where n3 is in
the same cohomology class as o3, making the whole bulk-
boundary system consistent.

APPENDIX F: OTHER RENORMALIZATION
MOVES IN FERMIONIC SYMMETRY-ENRICHED

STRING-NET MODELS

1. O move and Y move

Let us consider the following local patch of a fermionic
symmetry-enriched string-net model:

ðF1Þ

We define renormalization moves on such local patch as
(i) When cgh is m-type, the O move as a gfSLU

transformation is defined as

ðF2Þ

where we line up the basis choice in Homðag ⊗ bh; cghÞ on
vertex β and Homðcgh; ag ⊗ bhÞ ¼ Homðag ⊗ bh; cghÞ�
on vertex α (fusion states in the dual space are also denoted
as α; β;…) by the gauge transformation in Eq. (34), and

g0 ½Oagbh;α
cgh � ¼ ðcg0†α ÞsðαÞðcg0†β ÞsðαÞg0 ½Oagbh;α

cgh �: ðF3Þ

The O moves satisfy the unitary conditionX
agbhα

g0 ½Oagbh;α
cgh �ðg0 ½Oagbh;α

cgh �Þ� ¼ 1: ðF4Þ

(ii) When cgh is q-type, the three-vertex Õ move as a
gfSLU transformation is defined similarly as in
Ref. [46] and omitted here. While we can still define
two-vertex O moves as in Eq. (F3) when cgh is q-
type, the value of which are related to three-vertex Õ
moves. The unitary condition of Õ move implies the
following condition on two-vertex O move:

2
X
agbhα

g0 ½Oagbh;α
cgh �ðg0 ½Oagbh;α

cgh �Þ� ¼ 1: ðF5Þ

Combining Eqs. (F4) and (F5), we obtain

ncgh
X
agbhα

g0 ½Oagbh;α
cgh �ðg0 ½Oagbh;α

cgh �Þ� ¼ 1: ðF6Þ

The Y-move as a gfSLU transformation is defined as

ðF7Þ

where

g0 ½Yagbh�
cgh;α ¼ ðcg0β ÞsðαÞðcg0α ÞsðαÞg0 ½Yagbh

cgh;α�: ðF8Þ

We can show that the Y move is related to the O move
by [46]

g0 ½Yagbh
cgh;α� ¼

1

ncgh
g0 ½Oagbh;α

cgh �
: ðF9Þ

2. Dual F move, H move, and dual H move

The dual F move as a gfSLU transformation is defined
as

ðF10Þ

where
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g0 ½F̃ agbhck
d �m;αβ

n;χδ ¼ ðcg0†δ ÞsðδÞðcg0g†
χ ÞsðχÞðcg0α ÞsðαÞðcg0β ÞsðβÞg0 ½F̃agbhck

d �m;αβ
n;χδ : ðF11Þ

The dual F move is related to the F move by [46]

g0 ½F̃agbhck
d �mgh;αβ

nhk;χδ
¼ nnhk

nmgh

g0 ½Fagbhck
d �mgh;αβ

nhk;χδ
g0 ½Obhck;χ

nhk �g0 ½Oagnhk;δ
dghk

�g0 ½Oagbh;α
mgh �−1g0 ½Omghck;β

dghk
�−1: ðF12Þ

Then the two projective-unitary conditions of dual F move should reduce to the two projective-unitary conditions of F
move in Eqs. (49) and (50), which can be satisfied by the following ansatz:

g0 ½Oagbh;α
cgh � ¼1 ½Oagbh;α

cgh � ¼ Φagbh;α
ck

1

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dagdbh

nagnbhncghdcgh

s
δ
agbh
cgh ; ðF13Þ

where Φagbh;α
ck is a phase factor [46], δ

agbh
cgh ¼ 1 for N

agbh
cgh > 0 and δ

agbh
cgh ¼ 0 for N

agbh
cgh ¼ 0, and D ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
ag ∈SG

d2ag
q

.

The H move as a gfSLU transformation is defined as

ðF14Þ

where

g0 ½Hcga
bkd

�eh;αβf;χδ ¼ ðcg0†α ÞsðαÞðcg0†
β ÞsðβÞðcg0

δ ÞsðδÞðcg0gχ ÞsðχÞ

× g0 ½Hcga
bkd

�eh;αβf;χδ : ðF15Þ

The H move is related to the F move by [46]

g0 ½Hcga
bkd

�eh;αβf;χδ ¼ nagh
g0Y

cgd
f;δ · ðg0 ½Fcgehbk

f �a;αχd;βδÞ� · g0O
cgeh;α
a : ðF16Þ

The dual H move as a gfSLU transformation is defined as

ðF17Þ

where

g0 ½H̃cga
bkd

�eh;αβf;χδ ¼ ðcg0†β ÞsðβÞðcg0†α ÞsðαÞðcg0δ ÞsðδÞðcg0gχ ÞsðχÞg0 ½H̃cga
bkd

�eh;αβf;χδ : ðF18Þ

The dual H-move is related to the F move by [46]

g0 ½H̃cga
bkd

�eh;αβf;χδ ¼ nbk
g0Y

cgd
f;δ · g0 ½Faehd

f �cg;αδbk;βχ
· g0Oehd;β

bk
: ðF19Þ
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Then the twoprojective-unitary conditionsofdualH-move implies the twoprojective-unitaryconditionsofF move inEqs. (52)
and (53), proof of which is similar to that in Ref. [46]. We note that the two projective-unitary conditions of H move also
implies two projective-unitary conditions of F move, which are equivalent to (i.e., can be derived from) Eqs. (52) and (53).

APPENDIX G: PARTITION FUNCTION APPROACH ON THE H3ðG;Z2Þ FERMIONIC
’T HOOFT ANOMALY

Here we study the gapped symmetry-preserving boundary theory of 3þ 1D fSPT phases via the partition function
approach. Since we do not know how to construct the fermionic partition function with Kitaev chain decoration in the bulk
yet. Our method here can only deal with the simple case that the bulk fSPT phases can contain at most complex fermion
decoration. The 3þ 1D bulk fermionic partition function in this simple case is given by [6]

Z ¼
X
fgig

Z Y
interiorhijkli

dθn3ðijklÞijkl dθn3ðijklÞijkl

Y
interiorhijki

ð−1Þm2ðijkÞ
Y

hijklmi
VσðijklmÞ
4 ðijklmÞ; ðG1Þ

where σðijklmÞ ¼ � is the orientation of the 4-simplex hijklmi, and m2 is a Z2-valued function satisfying m2ðijkÞ þ
m2ðiklÞ þm2ðijlÞ þm2ðjklÞ ¼ dm2ðijklÞ ¼ n3ðijklÞ (mod 2), which contributes as the spin structure term. [Recall
Convention 2, m2ðijkÞ ≔ m2ðgi;gj;gkÞ and so on, where gi;gj;gk ∈G.] Further we define

Vþ
4 ð01234Þ ¼ ð−1Þm2ð013Þþm2ð134Þþm2ð123Þθn3ð1234Þ1234 θn3ð0134Þ0134 θn3ð0123Þ0123 θ̄n3ð0234Þ0234 θ̄n3ð0124Þ0124 ν4ð01234Þ; ðG2Þ

V−
4 ð01234Þ ¼ ð−1Þm2ð024Þθn3ð0124Þ0124 θn3ð0234Þ0234 θ̄n3ð0123Þ0123 θ̄n3ð0134Þ0134 θ̄n3ð1234Þ1234 ν4ð01234Þ−1: ðG3Þ

We relate the bulk 3þ 1D fSPT states with the 2þ 1D surface by adding a single vertex to the bulk and connecting the
bulk vertex to all surface vertices, and we denote the single vertex in the bulk as g�. Each surface F move is associated with
a bulk F̃ move. In order to construct the wave function of the bulk move, we add a trivial vertex ge ¼ 1 in one higher
dimension and write down the partition function. Let g ¼ g−1

0 g1, h ¼ g−1
1 g2 and k ¼ g−1

2 g3. A surface F move
g0 ½F agbhck

d �m;αβ
n;χδ and its corresponding bulk move g0 ½F̃ ghk�ðg�Þ together have expression

g0½F agbhck
d �m;αβ

n;χδ g0½F̃ ghk�ðg�Þ
¼ c†sðαÞα c†sðβÞβ csðδÞδ csðχÞχ

g0 ½Fagbhck
d �m;αβ

n;χδ

×
Z

dθn3ðe01�Þe01� dθ̄n3ðe01�Þe01� dθn3ðe02�Þe02� dθ̄n3ðe02�Þe02� dθn3ðe03�Þe03� dθ̄n3ðe03�Þe03� dθn3ðe12�Þe12� dθ̄n3ð12�Þe12� dθn3ðe13�Þe13� dθ̄n3ðe13�Þe13� dθn3ðe23�Þe23� dθ̄n3ðe23�Þe23�

× ð−1Þm2ðe0�Þþm2ðe1�Þþm2ðe2�Þþm2ðe3�ÞV−
4 ðe123�ÞV−

4 ðe013�ÞVþ
4 ðe023�ÞVþ

4 ðe012�Þ

¼ c†sðαÞα c†sðβÞβ csðδÞδ csðχÞχ
g0 ½Fagbhck

d �m;αβ
n;χδ

Z
dθn3ð0123Þ0123 dθ̄n3ð0123Þ0123 V−

4 ðe0123ÞVþ
4 ð0123�Þ

¼ ð−1Þn3ð0123Þðn3ð123�Þþn3ð013�ÞÞc†sðαÞα c†sðβÞβ csðδÞδ csðχÞχ
g0 ½Fagbhck

d �m;αβ
n;χδ

× θn3ðe013Þe013 θn3ðe123Þe123 θ̄n3ðe012Þe012 θ̄n3ðe023Þe023 θn3ð123�Þ123� θn3ð013�Þ013� θ̄n3ð023�Þ023� θ̄n3ð012�Þ012�
ν4ð0123�Þ
ν4ðe0123Þ

: ðG4Þ

We should take care of which part belongs to the surface and which belongs to the bulk. Actually the complex fermion
operators in tetrahedrons he012i, he023i, he013i, and he123i all belong to the surface, and they change the fermion parities
on each vertex on the surface. Therefore, for the anomalous surface F move, we have

g0 ½F agbhck
d �m;αβ

n;χδ ¼ c†sðαÞα c†sðβÞβ csðδÞδ csðχÞχ θn3ðe013Þe013 θn3ðe123Þe123 θ̄n3ðe012Þe012 θ̄n3ðe023Þe023 · g0 ½Fagbhck
d �m;αβ

n;χδ ; ðG5Þ

which may violate fermion-parity conservation by n3ð0123Þ ¼ n3ðg;h;kÞ (mod 2) in general. While for the bulk move,
we have

g0 ½F̃ ghk�ðg�Þ ¼ ð−1Þn3ð0123Þðn3ð123�Þþn3ð013�ÞÞθn3ð123�Þ123� θn3ð013�Þ013� θ̄n3ð023�Þ023� θ̄n3ð012�Þ012�
ν4ð0123�Þ
ν4ðe0123Þ

: ðG6Þ

The surface anomalous F move and the bulk F̃ move together constitute a gfSLU transformation.
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APPENDIX H: CONSISTENCY BETWEEN THE ANOMALOUS SYMMETRIC CONDITION AND THE
SURFACE FERMIONIC PENTAGON EQUATION

In this Appendix, we check that the anomalous symmetry condition in Eq. (126) is consistent with the surface fermionic
pentagon equation in Eq. (123). By Eq. (126) and recall the property g0Θðag; bh; ckÞgΘðag; bh; ckÞSðg0Þ ¼ g0gΘðag; bh; ckÞ,

g0g½Fbhckdl
p �n;ηκq;δϕ ¼ g0gΘðbh; ck; dlÞν4ðg0g;h;k; lÞð1½Fbhckdl

p �n;ηκq;δϕÞSðg0gÞ

¼ g0Θðbh; ck; dlÞ
ν4ðg0g;h;k; lÞ
ν4ðg;h;k; lÞSðg0Þ

ðg½Fbhckdl
p �n;ηκq;δϕÞSðg0Þ; ðH1Þ

where Sðg0ÞSðgÞ ¼ Sðg0gÞ. Replacing the above equation into Eq. (123),X
ϵ

g0Θðjgh;ck;dlÞν4ðg0;gh;k; lÞð1½Fjghckdl
e �m;βχ

q;δϵ ÞSðg0Þ · g0Θðag;bh;qklÞν4ðg0;g;h;klÞð1½Fagbhqkl
e �j;αϵp;ϕγÞSðg0Þ

¼ ð−1ÞsðαÞsðβÞ
X

nhkηψκ

g0Θðag;bh; ckÞν4ðg0;g;h;kÞð1½Fagbhck
m �j;αβn;ηψÞSðg0Þ · g0Θðag;nhk;dlÞν4ðg0;g;hk; lÞð1½Fagnhkdl

e �m;ψχ
p;κγ ÞSðg0Þ

× g0Θðbh; ck;dlÞ
ν4ðg0g;h;k; lÞ
ν4ðg;h;k; lÞSðg0Þ

ðg½Fbhckdl
p �n;ηκq;δϕÞSðg0Þ: ðH2Þ

Then by Eq. (127), and taking an Sðg0Þ conjugate for the whole equation, we obtainX
ϵ

1½Fjghckdl
e �m;βχ

q;δϵ
1½Fagbhqkl

e �j;αϵp;ϕγ ¼ ð−1ÞsðαÞsðδÞ
X

nhkηψκ

1½Fagbhck
m �j;αβn;ηψ

1½Fagnhkdl
e �m;ψχ

p;κγ
g½Fbhckdl

p �n;ηκq;δϕ: ðH3Þ

APPENDIX I: CANONICAL CHOICE OF COCHAINS

This appendix will be useful if we further consider the exactly solvable model for 2þ 1D surface SET phases with the
H2ðG;Z2Þ fermionic ’t Hooft anomaly. It has been proved in Ref. [92] that we can choose a gauge for any n-cocycle ωn
such that

ωnð1;…; 1|fflfflffl{zfflfflffl}
m terms

;g1;…;gnþ1−mÞ ¼ 1; ðI1Þ

where m is the number of repeating index 1 (1∈G is the trivial element) with 2 ≤ m ≤ nþ 1 and g1 ≠ 1.
Here we show that we can also do such a canonical choice for the data in describing general fSPT phases [8], which are

cochains ν4, n3, n2 and cocycle n1, in the case that β4ð01234Þ ≔ s1ð01Þn2ð134Þn2ð123Þ ¼ 0 ðmod 2Þ. Recall that for any
n-cochain fnð1;g0;g1;g2;…Þ, we write it in abbreviation as fnðe0123…Þ. They satisfy

dn1 ¼ 0; ðI2Þ

dn2 ¼ ω2⌣n1 þ s1⌣n1⌣n1 ðmod 2Þ; ðI3Þ

dn3 ¼ ω2⌣n2 þ n2⌣n2 þ s1⌣ðn2⌣1n2Þ ðmod 2Þ; ðI4Þ

dν4 ¼ O5½n3�; ðI5Þ

where

O5½n3�ð012345Þjβ4¼0 ¼ ð−1Þðω2⌣n3þn3⌣1n3þn3⌣2dn3Þð012345Þþω2ð013Þdn3ð12345Þ

× ð−1Þdn3ð02345Þdn3ð01235Þþω2ð023Þ½dn3ð01245Þþdn3ð01235Þþdn3ð01234Þ�

× idn3ð01245Þdn3ð01234Þ ðmod 2Þ × ð−iÞ½dn3ð12345Þþdn3ð02345Þþdn3ð01345Þ�dn3ð01235Þ ðmod 2Þ

¼ ð−1Þðω2⌣n3þn3⌣1n3þn3⌣2dn3þdn3⌣1n2þζ5ðn2þω2;n2ÞÞð012345Þ ×i½n2þω2�2⌣ðn2⌣1n2Þ; ðI6Þ
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where the above simplification is from Ref. [71], and
ζ5ða2; b2Þð012345Þ ¼ a2ð023Þa2ð012Þb2ð345Þb2ð235Þ for
any a2; b2 ∈Z2ðG;Z2Þ, and s1ðg0;g1Þ∈ f0; 1g indicates
g−1
0 g1 is anti-unitary or not.
Since ω2 and s1 are cocycles, we can at first choose

ω2ð1; 1;g1Þ ¼ ω2ð1; 1; 1Þ ¼ 0 ðmod 2Þ; ðI7Þ
s1ð1; 1Þ ¼ 0 ðmod 2Þ: ðI8Þ

1. Z2-valued cochain n2
First we show we can choose

n2ð1; 1; 1Þ ¼ 0 ðmod 2Þ: ðI9Þ

Following the same argument in Ref. [92], we introduce
a coboundary b2ð1; 1; 1Þ ¼ dμ1ð1; 1; 1Þ ¼ μ1ð1; 1Þ,
where μ1 is a Z2-valued 1-cochain. If we require
that μ1ð1; 1Þ ¼ n02ð1; 1; 1Þ, then after the gauge trans-
formation n2 ¼ n02 þ b2 ðmod 2Þ, we have
n2ð1; 1; 1Þ ¼ 0 ðmod 2Þ.
Second we show

n2ð1; 1;g1Þ ¼ 0 ðmod 2Þ: ðI10Þ

We have

dn2ð1; 1; 1;g1Þ ¼ n2ð1; 1;g1Þ: ðI11Þ

And we check dn2ðeee1Þ ¼ ω2⌣n1ðeee1Þ þ s1⌣n1⌣
n1ðeee1Þ ¼ 0 ðmod 2Þ.

2. Z2-valued cochain n3
First we show

n3ð1; 1; 1; 1Þ ¼ 0 ðmod 2Þ: ðI12Þ

We have

dn3ð1; 1; 1; 1; 1Þ ¼ n3ð1; 1; 1; 1Þ: ðI13Þ

And we check dn3ðeeeeeÞ ¼ ω2⌣n2ðeeeeeÞ þ n2⌣
n2ðeeeeeÞ þ s1⌣ðn2⌣1n2ÞðeeeeeÞ ¼ 0 ðmod 2Þ.
Second we show we can choose

n3ð1; 1; 1;g1Þ ¼ 0 ðmod 2Þ; ðI14Þ

This is also done by the gauge transformation
n3 ¼ n03 þ b3 ðmod 2Þ, where b3ð1; 1; 1;g1Þ ¼
dμ2ð1; 1; 1;g1Þ ¼ μ2ð1; 1;g1Þ þ μ2ð1; 1; 1Þ. By requiring
n03ð1; 1; 1;g1Þ ¼ μ2ð1; 1;g1Þ þ μ2ð1; 1; 1Þ, we fall into this
gauge.
Third we show in this gauge,

n3ð1; 1;g1;g2Þ ¼ 0 ðmod 2Þ: ðI15Þ

We have

dn3ð1; 1; 1;g1;g2Þ
¼ n3ð1; 1;g1;g2Þ þ n3ð1; 1; 1;g2Þ þ n3ð1; 1; 1;g1Þ
¼ n3ð1; 1;g1;g2Þ: ðI16Þ

And we check dn3ðeee12Þ ¼ ω2⌣n2ðeee12Þþ
n2⌣n2ðeee12Þ þ s1⌣ðn2⌣1n2Þðeee12Þ ¼ 0 ðmod 2Þ.

3. Uð1Þ-valued cochain ν4
First we show we can choose

ν4ð1; 1; 1; 1; 1Þ ¼ 1: ðI17Þ

We introduce a coboundary b4ð1; 1; 1; 1; 1Þ ¼
dμ3ð1; 1; 1; 1; 1Þ ¼ μ3ð1; 1; 1; 1Þ, where μ3 is a Uð1Þ-val-
ued 3-cochain. If we require that μ3ð1; 1; 1; 1Þ ¼
ν04ð1; 1; 1; 1; 1Þ, then after the gauge transformation
ν4 ¼ ν04b

−1
4 , we have ν4ð1; 1; 1; 1; 1Þ ¼ 1.

And we can also choose

ν4ð1; 1; 1;g1;g2Þ ¼ 1: ðI18Þ

We still consider gauge transformation ν4 ¼ ν04b
−1
4 , where

b4ð1; 1; 1;g1;g2Þ ¼ dμ3ð1;1; 1;g1;g2Þ ¼ μ3ð1; 1;g1;g2Þ×
μ−13 ð1; 1; 1;g2Þμ3ð1; 1; 1;g1Þ. By requiring ν04ð1;1;1;
g1;g2Þ¼μ3ð1;1;g1;g2Þμ−13 ð1;1;1;g2Þμ3ð1;1;1;g1Þ, we fall
into this gauge.
Then we show in this gauge,

ν4ð1; 1; 1; 1;g1Þ ¼ 1; ðI19Þ

ν4ð1; 1;g1;g2;g3Þ ¼ 1: ðI20Þ

We have

dν4ð1; 1; 1; 1; 1;g1Þ ¼ ν4ð1; 1; 1; 1;g1Þ; ðI21Þ

dν4ð1;1;1;g1;g2;g3Þ¼
ν4ð1;1;g1;g2;g3Þν4ð1;1;1;g1;g3Þ
ν4ð1;1;1;g2;g3Þν4ð1;1;1;g1;g2Þ

¼ν4ð1;1;g1;g2;g3Þ: ðI22Þ

And we check from Eq. (I6) that dν4ð1; 1; 1; 1; 1;g1Þ ¼
dν4ð1; 1; 1;g1;g2;g3Þ ¼ 1.
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