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Quantifying physical concepts in terms of the ultimate performance of a given task has been central to
theoretical progress, as illustrated by thermodynamic entropy and entanglement entropy, which quantify
irreversibility and quantum correlations, respectively. Symmetry breaking is equally universal yet lacks
such an operational quantification. While an operational characterization of symmetry breaking through
asymptotic state-conversion efficiency is a central goal of the resource theory of asymmetry (RTA), such a
characterization has so far been completed only for the U(1) group among continuous symmetries. Here,
we identify the complete measure of symmetry breaking for a general continuous symmetry described by
any compact Lie group. Specifically, we show that the asymptotic conversion rate between many copies of
pure states in RTA is determined by the quantum geometric tensor, thereby establishing it as the complete
measure of symmetry breaking. As an immediate consequence of our conversion rate formula, we also
resolve the Marvian-Spekkens conjecture on conditions for reversible conversion in RTA, which has
remained unproven for over a decade. Leveraging the connection between symmetry breaking and the
theory of quantum reference frames, we also systematically introduce a standardized reference state for
frameness based on our asymptotic conversion theory. In addition, by applying our analysis to a standard
quantum-thermodynamic scenario, we show that asymptotic state conversion in contact with heat baths

generally requires macroscopic coherence in the thermodynamic limit.

DOI: 10.1103/qqf6-x85b

I. INTRODUCTION

Quantifying fundamental concepts through the ultimate
performance of a given task has driven theoretical advances
in physics. Thermodynamic entropy, emerging from the
study of the ultimate limits of state transformation under
adiabatic operations, serves as a measure of irreversibility
and has led to a modern formulation of the second law of
thermodynamics [1]. Likewise, entanglement entropy was
discovered as a measure of quantum correlations that fully

“Present address: Department of Applied Mathematics, University
of Waterloo, Waterloo, Ontario N2L 3G1, Canada.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOL.

2160-3308/26/16(3)/031028(75)

031028-1

Subject Areas: Quantum Information

characterizes the state convertibility under local operations
and classical communication [2]. Its relevance now extends
beyond quantum information science, playing a pivotal role
in developments across various fields of physics, including
condensed matter physics [3,4] and high-energy physics [5].

However, symmetry and its breaking, equally universal
to irreversibility and quantum correlations, still lack such
an operational characterization. They are cornerstones of
physics which play a vital role in characterizing natural
phenomena across almost every modern field. Considering
its ubiquity, quantifying symmetry breaking under sym-
metry constraints in terms of operational limits will be a
foundation to yield profound theoretical insights and a far-
reaching impact, paralleling the influential role of entan-
glement entropy in modern physics.

The operational quantification of fundamental concepts
constitutes a central challenge in resource theories [6], which
serve as versatile frameworks generalizing entanglement
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theory and thermodynamics. Their major goal is to identify
the quantity that fully specifies the optimal asymptotic
conversion rate between many identical copies of quantum
states by given allowed operations, which is called a
complete measure [7,8]. Entanglement entropy, von
Neumann entropy, and Helmholtz free energy fulfill this
role for local operations and classical communication [2],
adiabatic operations [9], and isothermal operations [10],
respectively. Similarly, identifying an analogous measure for
symmetry breaking necessitates the development of a suit-
able resource theory.

The resource theory of asymmetry (RTA) [11-16], pre-
viously referred to as the resource theory of quantum
reference frames [11-13], provides a rigorous framework
for quantifying symmetry breaking. However, despite
active research in RTA for over a decade [11-37], progress
toward identifying a complete measure for symmetry
breaking remains limited. In particular, for continuous
symmetries, a complete measure has been established only
for the simplest U(1) group [12,23,24], while nothing is
currently known about any other continuous groups
beyond a few highly specific examples of states [12,38].
Consequently, while the RTA for the U(1) group has led to
applications in a wide range of fields, including quantum
thermodynamics [20-23], measurements [15,30,34-36,39],
quantum computing [28,30,32,33], error-correcting codes
[25-31], and black hole physics [28,30], it has a limited
impact on research domains dictated by non-Abelian Lie
groups, such as SU(2) spin-rotation symmetry in quantum
magnets [40,41] and cold-atom Hubbard models [42] and
the SU(4) symmetry realized in multicomponent fractional
quantum Hall systems in graphene [43]. Therefore, iden-
tifying fundamental measures for symmetry breaking for
non-Abelian Lie groups is an urgent task to open new
avenues in these areas.

In this paper, we identify the complete measure of
symmetry breaking for general continuous symmetries
described by any compact Lie group. Specifically, we
show that the quantum geometric tensor (QGT) [44,45],
consisting of the quantum Fisher information matrix and
the Berry curvature, fully determines the asymptotic con-
version rate between independent and identically distrib-
uted (i.i.d.) pure states in RTA. Interestingly, the QGT has
been studied in a different context of topological phases of
matter [46—49]. Our result reveals its operational interpre-
tation by establishing it as the complete measure of
symmetry breaking in RTA and, thus, provides informa-
tion-theoretic foundations for the use of QGT, much like
entanglement entropy in entanglement theory.

Our result also provides a fundamental formula for the
exploitation of symmetry breaking as a resource in quantum
technologies. Concretely, it presents the ultimate limits of
distillation [50], i.e., converting many low-quality resource
states into a few high-quality ones, which has played a critical
role in the field of entanglement, as illustrated in applications

such as quantum cryptography [51], distributed quantum
computing [52], and quantum internet [53]. Moreover, since
our formula is expressed through a single matrix inequality, it
yields a computable prediction of the fundamental efficiency
bound of the distillation processes. As an immediate con-
sequence of the formula, we also derive a necessary and
sufficient condition for reversible conversion, which resolves
a long-standing open problem known as the Marvian-
Spekkens conjecture [14,16].

The significance of quantifying symmetry breaking also
extends to the investigation of quantum reference frames.
Any physical operation is fundamentally defined relative to
a reference structure, such as a time origin or a Cartesian
frame. If such a structure is absent or misaligned, oper-
ations cannot, in general, be perfectly implemented. This
effective lack of reference gives rise to superselection
rules [11], which restrict the set of feasible operations.
A symmetry-breaking quantum state, therefore, serves as a
valuable resource for overcoming these restrictions. For
example, a state that is not invariant under time translation
can serve as a quantum clock, specifying the time origin.
Similarly, a state that is not invariant under spatial rotations
can function as a quantum gyroscope, defining the ori-
entation of a Cartesian frame. Building on this perspective,
the RTA has, in fact, been developed as a theory of quantum
reference frames in earlier works [11-13].

When symmetry breaking is regarded as a resource for
correcting misalignment, the ability to manipulate such
resources becomes essential. In particular, efficient com-
munication requires systematic conversions of these
resources. For instance, when quantum communication
channels are limited, it is essential to convert existing
resources into high-quality states, thereby maximizing the
reference-frame information transmitted per channel use.
Conversely, if the supply of symmetry-breaking resources
is restricted but the goal is to distribute them among many
parties, the priority shifts to producing as many resource
states as possible, even at the expense of their individual
quality. The conversion theory within the RTA directly
applies to such scenarios, providing explicit protocols for
optimal conversions. As a demonstration, we show that the
conversion theory enables a systematic definition of stand-
ardized reference states for continuous symmetries asso-
ciated with semisimple compact Lie groups.

The development of tools for quantifying symmetry
breaking in RTA enables applications across diverse
scenarios where dynamics are constrained by conservation
laws. A particularly important case is energy conservation,
which is equivalently expressed as time-translation sym-
metry. The breaking of this symmetry—namely, coherent
superpositions of energy eigenstates with different eigen-
values—represents a fundamental resource, commonly
referred to as energy coherence. Quantum thermodynamics
[10,20,54-58] offers a natural setting for studying this
resource, as its central objective is to determine which state
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transformations are achievable in a system in contact with
thermal baths under total energy conservation.

In the restricted setting where only a single heat bath at a
fixed temperature is available, the associated transforma-
tions are termed thermal operations, which are central to the
resource theory of athermality [10,20,54-58] (see also
Refs. [22,59-63] for recent works in this area). For states
without any energy coherence, called quasiclassical states,
the nonequilibrium free energy fully characterizes state
convertibility under thermal operations [10]. However, the
situation for general, nonquasiclassical states remains
unsettled [57,58]. The difficulty arises from the fact that
thermal operations cannot generate energy coherence,
which must, therefore, be regarded as an independent
resource, distinct from nonequilibrium free energy.
Existing approaches [10,57,58] have often quantified the
required coherence in terms of the operator norm of
Hamiltonian of an external system that provides energy
coherence, suggesting that only a small source of coherence
is needed in the thermodynamic limit. However, this
perspective does not yield a refined characterization of
state-specific resource requirements, as it reflects only the
external system’s specifications.

Building on the establishment of the QGT as a complete
measure of asymmetry for a broad class of continuous
symmetries, we revisit this problem in a more general
scenario involving contact with multiple baths at different
temperatures under energy conservation. We demonstrate
that, contrary to the conventional view, achieving certain
state conversions via thermal contact requires a macro-
scopic amount of energy coherence that scales extensively
with system size when quantified with the QGT, even when
baths at different temperatures are allowed. This reveals
that macroscopic coherence can be necessary in quantum
thermodynamics not only in the single-bath setting, but also
in multibath scenarios relevant, for example, to heat-engine
setups. This finding highlights that the choice of asymme-
try measure is a decisive factor for advancing our under-
standing of resource requirements in thermodynamic
processes. Moreover, we show that the same observation
extends to settings with additional conserved charges, such
as particle number or angular momentum, implying that
state transformations in thermodynamic processes gener-
ally require an extensive amount of asymmetry.

II. OUTLINE

The outline of the remainder of the paper with a
summary of the main results and key ideas is as follows.
In the preliminaries (Sec. III), we review and introduce
key notions required to state our main results. Specifically,
(i) In Sec. IIT A, we review the standard framework of
the RTA. We also introduce the conversion rate
between states in the RTA, which is the primary
quantity we study in this work.

(i1) In Sec. III B, we briefly review the QGT, which
quantifies the sensitivity of a quantum state under an
infinitesimal change of parameters. In our study of
symmetries associated with a compact Lie group G,
the QGT is a dim G x dim G positive semidefinite
matrix, which can be expressed as a nonsymme-
trized covariance matrix of the generators of infini-
tesimal group transformations [Eq. (7)].

In Sec. IV, we first present the main theorem of this paper
(Theorem 1). Equation (8) gives an explicit formula for the
conversion rate between i.i.d. pure states, expressed as a
single matrix inequality between the QGTs of the input and
output states. This establishes the QGT as the complete
measure of asymmetry for continuous symmetries
described by a compact Lie group. We further rewrite
the formula in terms of the quantum max-relative entropy
between the QGTs, which makes its computability via
semidefinite programming transparent. Finally, we illus-
trate the formula for various symmetry groups and clarify
its relation to prior studies. Specifically,

(1) In Sec. IVA, we apply the formula to the U(1)

symmetry, which reproduces the result of Ref. [24].

(i1) In Sec. IV B, as a corollary of the main result, we
prove a necessary and sufficient condition for asymp-
totically reversible conversion for a compact Lie
group (Corollary 1). We then show that this result
proves the Marvian-Spekkens conjecture [14,16],
which has remained open for over a decade. This
also yields reversible conversion rates for specific
examples that were calculated in earlier, separate
studies [12,24,38].

(iii) In Sec. IV C, we study the irreversibility of asymp-
totic conversion. As an explicit example, we com-
pute the conversion rate for the SU(2) group,
obtaining a result consistent with a prior study for
a restricted class of pure states [12].

@iv) In Sec. IV D, we show that our formula also applies
to finite groups. Consequently, we find that the
conversion rate is either infinite or zero, consistent
with Ref. [64].

In Sec. V, we explain the key ideas used to prove the
main theorem. The proof consists of two parts: the converse
part, which establishes an upper bound on the conversion
rate, and the direct part, which proves the achievability of
this bound (i.e., optimality). Specifically,

(1) In the converse part (Sec. VA), we first prove the
monotonicity of the QGT. To this end, we first
establish a connection between the QGT and Petz’s
monotone metrics [65,66]. Using the monotonicity of
Petz’s metrics, we show that the QGT is nonincreasing
under exact conversion, in the sense of a matrix
inequality, i.e., the Lowner order. This implies that
the QGT is a valid asymmetry monotone [Eq. (31)].

Since the QGT is additive, it is natural to expect that
its linear rate (i.e., the QGT per copy) provides a
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useful monotone in the asymptotic regime (analogous
to densities of extensive quantities in the thermody-
namic limit). Proving monotonicity of this QGT
rate for asymptotic conversion with vanishing er-
ror, however, is technically delicate. The key difficulty
is that the QGT can, in general, scale quadratically
with system size, so its linear rate can change
drastically even under small conversion errors. This
phenomenon is known as asymptotic discontinuity
[13,23,24,67-69]. Nonetheless, by carefully analyz-
ing the asymptotic behavior of Petz’s monotone
metrics, we establish monotonicity of the QGT
rate [Eq. (37)]. This monotonicity, in turn, yields
an upper bound on the conversion rate [Eq. (38)]. The
technical details of the converse part are given in
Appendix C.

(i1) In the direct part (Sec. V B), we prove the achiev-
ability of the above bound (and, hence, optimality).
To this end, we explicitly construct conversion
channels. A key observation is that convertibility
between states in the RTA is directly related to
convertibility between quantum statistical models
(Lemma 2). The asymptotic behavior of these
statistical models is analyzed using quantum local
asymptotic normality [70-73], which identifies a
limit model that approximates the behavior of i.i.d.
statistical models in the asymptotic regime. Impor-
tantly, we find that this limit model is characterized
by the QGT associated with the underlying statistical
model. Building on this observation, we construct
the conversion channels via what we call an “esti-
mate-and-convert” strategy. The technical details of
the direct part are given in Appendix D.

Having established the pure-state theory of asymptotic
conversion, we next extend our analysis to mixed states in
Sec. VI. We consider two fundamental scenarios: asym-
metry distillation and asymmetry dilution. Although these
results do not provide a complete characterization of
mixed-state-conversion rates, they serve as a foundation
for future work. Specifically,

(1) In Sec. VI A, we study the conversion rate from i.i.d.
mixed states to i.i.d. pure states in the RTA, namely,
the distillable asymmetry. To this end, we introduce
an extension of the QGT to mixed states and show
that it is a valid asymmetry monotone. Consequently,
we derive an upper bound on the distillable asym-
metry and obtain a simple condition under which the
distillable asymmetry vanishes (Corollary 2). When
specialized to time-translation symmetry, this con-
dition reduces to the result of Ref. [23].

(i) In Sec. VIB, we study the opposite scenario,
namely, the conversion rate from i.i.d. pure states
to i.i.d. mixed states in the RTA, i.e., the asymmetry
cost. By combining the standard typical-sequence
argument [24,74] with our estimate-and-convert

strategy, we prove an upper bound on the asymmetry
cost by explicitly constructing conversion channels
(Proposition 1). This bound is tight for U(1) sym-
metry, reproducing the result of Ref. [24]. While we
leave open whether the bound is tight for a general
Lie group, we clarify why the U(1) argument does
not directly extend to the general case.

Building on the results above, in Sec. VII we apply our
analysis to quantum reference frames. We begin with a
careful review of the relation between asymmetry and
quantum reference frames. In general, any physical oper-
ation is defined relative to some reference structure, such as
a clock or a spatial direction. In the absence of an absolute
(i.e., shared) reference frame, asymmetry becomes the
resource required to implement such operations. In this
sense, asymmetry can also be regarded as a resource of
frameness. Specifically,

(i) We show that our pure-state-conversion theory en-
ables us to introduce a standardized reference state
that serves as a benchmark for comparing frameness,
analogous to the role of an ebit in entanglement
theory. So far, such a standardized reference state has
been proposed only for the SU(2) group [38]. Our
conversion theory provides a systematic way to
define standardized reference states for any semi-
simple compact Lie group. Concretely, we define a
standardized reference state in Eq. (61). This state is a
universal frameness resource, in the sense that it can
be converted into any pure state at a nonzero rate. As a
consequence of the conversion-rate formula, we
further show that the rate is given by the min-entropy
of the QGT [Eq. (65)].

(i) We then clarify the distinction between differential-
geometric quantities (such as the QGT and the
quantum Fisher information) and commonly used
entropic quantities (such as G-asymmetry) from the
viewpoint of quantum reference frames. For in-
stance, for the rotation group, the former quantifies
both the direction and the magnitude of asymmetry,
whereas the latter is insensitive to direction. There-
fore, if we are concerned not only with the amount of
asymmetry, but also with the direction in which a
state breaks the symmetry, geometric quantities
provide more refined information.

In addition, we apply our framework to thermodynamics
by considering interactions with thermal baths under
conservation laws. The central physical setting is described
in Sec. VIIT A: A system couples to heat baths initially
prepared in Gibbs states via a global unitary that conserves
the total energy. When all baths are at the same fixed
temperature, the resulting dynamics reduces to thermal
operations. Here, however, we allow the baths to be at
different temperatures, so that our framework applies to a
broader class of thermodynamic scenarios. We further
extend this setting to include additional conserved
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quantities, such as particle number and angular momentum,
associated with a Lie group.

Using the tools developed in this work, we aim to
demonstrate nontrivial constraints on state transformations
under such thermal contact and to analyze the resources
required to circumvent them. To this end, we relate thermal
contact to covariant operations in Sec. VIIIB. A key
theoretical ingredient is Theorem 3, which establishes
monotonicity of the QGT in the asymptotic distillation
of i.i.d. pure states. Importantly, this theorem applies to
general initial states of the system (including non-i.i.d.
and mixed states), enabling analysis of a wide range of
scenarios.

In particular, we study the following two classes of
scenarios:

(i) In Sec. VIIIC, we consider the asymptotic distil-
lation of i.i.d. pure states from general i.i.d. states.
Using the monotonicity of the QGT, we establish a
no-go theorem for distillation (Corollary 3). In
particular, we show that, for a typical full-rank state,
no asymmetric pure state can be distilled under
thermal contact at a linear rate. We illustrate this
result with the example of U(1) symmetry.

(i) In Sec. VIII D, we consider a generalized asymptotic
distillation setting that allows for an external re-
source system assisting the conversion. By applying
the monotonicity of the QGT (Theorem 3), we
show that circumventing the above no-go theorem
requires the external resource system to possess a
macroscopic amount of asymmetry. In the case of
time-translation symmetry, this implies that asymp-
totic state transformation under thermal contact, in
general, requires macroscopic energy coherence
[Eq. (96)].

Finally, we present our conclusions in Sec. IX.

III. PRELIMINARIES

We review the RTA and the QGT and introduce notations
used in this paper.

A. Resource theory of asymmetry

In this paper, we follow the standard setup of RTA
[11-16]. We study a symmetry described by a group G that
is realized by a projective unitary representation U, which
maps g€ G to a unitary operator U(g) on a quantum
system. From the consistency of successive application of
symmetry transformations, U must satisfy U(g;)U(g,) =
(g1, 9,)U(g19-) for any gy, g, € G, where w is a complex-
valued function such that |@(g,, g»)| = 1. In a special case
where w(g;,9,) =1 for all g;,g,€G, U is called a
nonprojective unitary representation Or a unitary repre-
sentation for short.

Just like in other resource theories, including the entan-
glement theory, RTA is defined by specifying the free states

and free operations that are considered to be freely prepared
and implemented. In RTA, free states are symmetric states,
which are invariant under any symmetry transformations.
That is, a state p is G symmetric iff U(g)pU(g)" = p for all
g€ G. Free operations are G-covariant channels. Here, a
channel £ is G-covariant iff it satisfies Eold, = U} o0&
for all g€ G, where U, and U are defined by U (-) :=
U(9)()U(g)" and Uy(-) = U'(g)(-)U'(g)" using projective
unitary representations U and U’ of G on the input and output
systems, respectively. Throughout this paper, we use the
prime symbol to represent a quantity related to the output
system.

The physical implication of G-covariance is clarified by
the covariant Stinespring dilation theorem [14,75], which
states that a G-covariant channel admits a representation as
the dynamics of an open system interacting with an
environment under conservation laws. More precisely, a
quantum channel £ is G-covariant if and only if there exist
ancillary systems E and E’, carrying projective unitary
representations Ug and Up of G, such that

E() =Trg(V(- @ ne)V7), (1)

where 5z is a G-symmetric state on E and V is a unitary
operator satisfying

V(U(9) ® Ug(g)) = (U'(9) ® Up(9))V VYgeG. (2)

Since Eq. (2) implies that the joint unitary evolution V
respects the symmetry described by G, a G-covariant
channel characterizes the most general open-system
dynamics consistent with conservation laws, without sup-
plying asymmetric states from the environment (see also
Appendix A).

As a simple yet important characterization of convert-
ibility among states, the symmetry subgroup is known,
which is the set of group elements that leave the state
invariant, i.e.,

Symg(p) = {g€G|U,(p) = p} (3)

for the input state p, and similarly for the output state o. It is
shown in Ref. [14] that if a state p can be converted to a
state ¢ via some G-covariant operation without error, the
symmetry subgroups must satisfy Symg(p) C Symg (o).
We analyze the i.i.d. setup in RTA where identical copies
of a state are converted to identical copies of another state.
In this setup, we use the tensor product of a representation,
which corresponds to the conservation of global quantities
such as total particle number in the U(1) case and total spins
in the SU(2) case. Concretely, we say that a channel £ from
N copies of input state to M copies of output state is G-
covariant if & satisfies Eo UV = UEPM o € for all g€ G.
We finally define the asymptotic conversion rate.
We say that a state p is asymptotically convertible to
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another state ¢ with a conversion rate r iff there exists a
sequence {Ey}y of G-covariant channels such that
limy_ o, T(En(p®"),0®™M) =0. Here, T(p,0):=4|lp—0|,
is the trace distance, which has operational significance
in state distinguishability [76,77]. We denote this conver-
sion by

G-cov

{p®}y — {o®M}y, (4)

and we define the asymptotic conversion rate R(p — o) by
the supremum of achievable conversion rates r. In the
following, we simply call R(p — o) the conversion rate. In
this paper, we establish a formula for calculating this
conversion rate among pure states, which is applicable
to any compact Lie group G.

B. Quantum geometric tensor
1. Definition and basic properties

Here, we introduce the QGT [44,45], which quantifies
the sensitivity of a quantum state under an infinitesimal
change of parameters. Let |£(1)) be a family of pure states,
parametrized by m real parameters A = (1!, ..., 4")T € R™,
where T denotes the transpose. The QGT evaluated at
ly) == |£(0)) is an m x m Hermitian matrix Q¥ whose
matrix elements are defined by

i = (0w (1 = w) (w)|o.w). (5)

where |d,y) == [0/(0)]|£(4))|,—o. Here, the superscripts
y and ¢ intend to emphasize that the QGT depends on both
the chosen state |y) (i.e., the point in the parametrized
family of states) and the parametrized family |£(4)) itself.

We remark that the QGT transforms as a (0, 2) tensor
under smooth reparametrizations of the parameters A*. The
indices p and v label tensor components: A superscript
index indicates a contravariant component, whereas a
subscript index indicates a covariant component under
such reparametrizations. In this paper, we use tensor
notation to clarify the transformation properties, even
though we do not explicitly change coordinates.
Hereafter, we employ the Einstein summation convention:
Whenever an index appears once as an upper index and
once as a lower index, summation over that index is
implied.

We remark that the QGT is positive semidefinite since
7 Qlty = 1= lw) (w)r*[9,w) > > 0 holds for any
complex vector y € C". By regarding the QGT as a matrix,
we also write this inequality as y" Q¥¢y > 0.

Since the QGT is Hermitian, i.e., ,",’,}5 = (QZ’f)*, its
real and imaginary parts define symmetric and antisym-
metric tensors, respectively. Specifically, the real part

Re( ,”,’f) is symmetric and corresponds to the quantum
Fisher information matrix, while twice the imaginary part,

2 Im( ,'ﬂ',;‘f), is antisymmetric and corresponds to the Berry
curvature (for further details, see, e.g., Refs. [44,45,78,79]).

2. OGT in the RTA

Having introduced the general definitions above, we now
proceed to the RTA setup. In RTA for a Lie group, we can
define the QGT using a natural parametrized family of pure
states defined with a projective unitary representation. Let
G be a Lie group and dim G denote its dimension as a
smooth manifold. Elements in the neighborhood of the
identity e € G can be parametrized by 1 € RY™ ¢ as g(1) =
¢4 by using a basis {A, }J™ ¢ of the Lie algebra g. Here,
the convention in physics for the definition of Lie algebra is
adopted, which differs from that in mathematics by a factor
of the imaginary unit. Given a projective unitary repre-
sentation U, we define |£(4)) == U[g(4)]|y) for a pure state
lw). For simplicity, we assume that the map U is differ-
entiable, which follows from continuity in the case of
unitary representations. We treat the cases where U is
continuous but not differentiable in Appendix B 1. For a
given U, we introduce Hermitian operators

.0
X, = i Ul (©)

for y =1,...,dim G. In other words, by introducing the
derived representation L of the Lie algebra associated with
U by L(A):=—i[d/(dr)]U(e")],_,, the operator X, is
equal to L(A,).

As mentioned earlier, the QGT Q¥ depends on both |y)
and the parametrized family |£(4)), in general. In the rest of
this paper, however, we always consider the family
|E(A)) = Ulg(4)]|y) defined via a projective unitary rep-
resentation U. Accordingly, we simply write the QGT as
Q¥ without explicitly indicating the dependence on |£(4)).
Since |d,) = iX, |y) holds with the operator X, defined in
Eq. (6), we find the QGT is equal to the nonsymmetrized
covariance matrix for {X, }§" ¢

Q= (W|X, (I = [y)(w)X,ly)
= (WX, X vw) = (wiX, ) WX, lw).  (7)

Note that, in this case, the size of the QGT is determined
only by the dimension of the Lie group, dim G, indepen-
dent of the dimensions of Hilbert spaces or the representa-
tions of the group. Since QGTs are Hermitian matrices, we
can introduce a partial order Q¥ > 0%, which means that
Qv — Q7 is positive semidefinite. We remark that this
ordering is independent of the parametrization of the Lie
group G since both Q¥ and Q7 transform as tensors under a
coordinate transformation on the group.
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So far, we have represented a pure state by a vector |y).
In what follows, following a standard convention, we also
represent the same pure state by the rank-one projector
w = |y)(y|, using the same Greek symbol when no
confusion arises. Accordingly, the QGT evaluated at a
pure state U/ (y) is denoted by QU:(¥). We also denote the
set of all the rank-one projectors on a Hilbert space H

by P(H).

IV. MAIN RESULTS

The main theorem of this paper is the following formula
for the asymptotic conversion rate.
|

R(y — ¢) = sup{r > 0| ¥ geG, QUW) > rQUi9)}

Ry = $) =0

The equivalence of Eq. (8) in Theorem 1 to Eq. (9) follows
from the fact that if the matrix inequality holds at a pointin a
compact Lie group, then it also holds at any other pointin the
group. This is because the QGTs at different group elements
are interrelated by a congruence transformation independent
of representation, as detailed in Appendix B 2. We note that
the same argument for quantum Fisher information matrices
instead of QGT can be found in Ref. [80].

As we show in Sec. VA, the QGT is an asymmetry
measure: It is nonincreasing under any G-covariant channel
with respect to the partial order defined by matrix inequal-
ities, i.e., the Lowner order. Equation (8), therefore, identifies
the QGT as the complete measure of symmetry breaking.

This result carries an important conceptual consequence.
Resource measures are typically formulated as real-valued
scalar functions, while operator-valued resource measures
have recently been considered in Refs. [80,81]. Our
formula shows that an operator, namely, the QGT matrix,
governs the asymptotic conversion problem in the RTA.
This establishes that the operator-valued formulation is not
merely a generalization of the scalar formulation but a
necessary extension for resolving this central problem.

Within this operator-valued paradigm, scalar-valued
measures are recovered as the special case of 1 x1

FrHr
P77

FIG. 1. Schematic picture of the setup of Theorem 1, where i.i.d.
copies of a pure state y are converted into i.i.d. copies of another
pure state ¢» with an error that vanishes asymptotically.

Theorem 1. Let U and U’ be projective unitary repre-
sentations of a compact Lie group G on finite-dimensional
Hilbert spaces H and H'. The conversion rate from a pure
state y € P(H) to another pure state ¢ € P(H') is given by

R(y — ¢) = sup{r > 0|Q" > rQ?} (8)

if Symg(y) C Symg(¢p) and R(y — ¢) = 0 otherwise.
See Fig. 1 for a schematic picture of the setup of
Theorem 1.
Although Theorem 1 is of practical significance, the
following formula is also theoretically useful, where all
group elements are treated equally:

(if Symg(w) C Symg(4)), 9)
(otherwise). (10)

[

matrices. As we see explicitly, this reduction occurs, for
example, for U(1) symmetry.

Interestingly, the conversion rate formula can also be
expressed by using the quantum max-relative entropy. For
positive semidefinite operators p and o, the quantum max-
relative entropy [82,83] of p with respect to o is defined by

Dus(pllo) = inf€Rp <20} (1)

Accordingly, the formula for a compact Lie group in Eq. (8)
can be rewritten as

Ry — ¢) = 2D (Q7]1Q¥) (12)

Itis worth emphasizing that, despite the widespread use of the
quantum max-relative entropy in various contexts—including
entanglement theory [82,84], quantum asymptotic equiparti-
tion property [85], quantum cryptography [86], entropic
uncertainty relations [87], and quantum coherence [88]—it
has been used exclusively as a divergence measure between
(sub)normalized states in these applications. In contrast, to the
best of our knowledge, this study is the first to apply the max-
relative entropy between resource measures themselves and
to connect it directly to the operationally meaningful con-
version rate in the RTA. In this sense, our study extends its
significance beyond established uses.

Note that the optimization in Eq. (8) can be written
explicitly as

maximize r
subject to Q¥ — rQ?% > 0,
r>0. (13)
Since the constraint Q¥ —rQ? >0 is a linear matrix

inequality in the scalar variable r, this problem is a semi-
definite program. Moreover, by using the Moore-Penrose
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inverse Q¥ of the QGT Q¥, we obtain the following closed-
form expression:

Ry — ¢)
oo (if 0% = 0),
={0 [if ker(QY) & ker(Q?)], (14)

||(QW+)1/ZQ;(Q“’*)”2HW (otherwise),
where ||A]|,, denotes the operator norm of A.

Key ideas for proving Eq. (9), under the assumption that U
and U’ are (nonprojective) unitary representations of a
compact Lie group G, are explained in Sec. V, while a
rigorous proof is provided in Appendixes C and D. The
extension of the formula to any projective unitary represen-
tations is provided in Appendix B 3 by using the method in
Ref. [64] that relates the conversion rate for projective unitary
representations to (nonprojective) unitary representations.

We remark that for any states p and o, Proposition 5 in
Ref. [14] shows that if Symg(p) ¢ Symg (o), then an exact
conversion from p to ¢ via a G-covariant channel is
impossible. As a generalization of this observation to the
asymptotic setting with vanishing error, we prove Eq. (10) in
Appendix B4. In Appendix K, we propose a way to
circumvent this limitation by using additional resource states.

Theorem 1 is valid for any compact Lie group. As a
demonstration, we here apply our formula for several groups,
which provides a unified understanding of prior studies and
proves an unsolved conjecture on reversible transformations.

A. U(1) group

In a study [24] on RTA for time-translation symmetry,
the asymptotic conversion rate among states having the
same finite period was calculated, which generalizes prior
studies [12,89,90]. When the Hamiltonians of the input and
output systems are H and H’, respectively, the time-trans-
lation unitary operators are given by e~#* and ¢, For
pure states y and ¢, the periods are defined as 7 := inf{¢ >
Ole Hryel =y} and 7' :=inf{t > Ole " "pe’'" = p}.
In Theorem 1 in Ref. [24], it is proven that if 7 = 7/, the
conversion rate is given by the ratio of the variances, i.e.,

Ry = ¢) =% (15)

where we defined V(y, H) := (w|H?*|y) — (w|H|w)>. We
note that, when investigating the conversion among states
with the same period, we can assume without loss of
generality that the Hamiltonians have integer eigenvalues
after appropriately redefining them [24,91]. Therefore, this
result corresponds to the case of G = U(1).

In the notation of the present paper, we consider
G=U(1) and its representations U(e?) = ¢¢ and
U'(e?) = "7 for 0€[0,27), where H and H' are

Hermitian operators whose eigenvalues are integers. Since
dim G = 1for G = U(1), the QGT is a scalar and given by
Q¥ = V(y, H) and Q% = V(¢, H'). When the pure states y
and ¢ have the same period, i.e., Symg (y) = Symg(¢), we
find that Eq. (15) immediately follows from Eq. (8).

B. Reversible asymptotic conversion: Proof of the
Marvian-Spekkens conjecture

For pure states y and ¢, we say that they are asymp-
totically reversibly convertible if and only if the conversion
rates satisfy R(y — ¢)R(¢p — w) = 1. The conversion
between pure states with equal periods is an example of
reversible conversion, as Eq. (15) shows. Prior to the
establishment of the conversion theory in RTA for U(1)
group [24], Marvian and Spekkens proposed a conjecture
for a necessary and sufficient condition for reversible
conversion in RTA for connected compact Lie groups
[14,16]. We prove a statement equivalent to the
Marvian-Spekkens conjecture here, where the equivalence
is shown later in this subsection.

Corollary 1. For a compact Lie group G, pure states y
and ¢ are asymptotically reversibly convertible if and only
if both of the following conditions (A) and (B) are satisfied:

(A) Symg(w) = Symg().

(B) There exists a unique r > 0 such that Q¥ = rQ?.
Note that the proportional constant r in condition (B)
provides the conversion rate R(y — ¢).

Here, in condition (B), the requirement that r be unique
excludes the case where Q¥ = Q% =0, for which the
proportionality constant is not unique. In this case, one has
Ry — ¢) = R(¢p = w) = o, since y and ¢ are symmet-
ric, and, hence, these states formally fail to satisfy the
reversibility condition R(y — ¢§)R(¢p — w) = 1.

Proof of Corollary 1. Suppose that yw and ¢ are
asymptotically reversibly convertible. Then, R(y — ¢)
and R(¢ — y) must be nonvanishing, which requires that
condition (A) must hold. In this case, Theorem 1 implies

R(y — ¢) = sup {r 2 0|Q" > rQ”}, (16)
R(¢p —w)=sup{r>0Q”>rQv}.  (17)

These equations imply that R(y — ¢)R(¢ — w) = 1 holds
only if condition (B) holds. Conversely, if conditions (A)
and (B) are satisfied, then Egs. (16) and (17) imply R(y —
@)R(¢p — w) =1 holds. m

Let us now review the statement of the Marvian-
Spekkens conjecture and prove that it is equivalent to
Corollary 1. Let {X,}, be the derived representation of a
basis of the Lie algebra g. We define the symmetrized
covariance matrix as

(Coy)) = 5 WX+ XX, )

— (WX, [w) (WX, |w). (18)
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The commutator subalgebra i[g, ] is defined as the sub-
algebra spanned by i[L, L] for all L, L, € g. In general,
the input and output Hilbert spaces H;, and Hy, to which
yw and ¢ belong, respectively, are different. However, as
shown in Appendix B in Ref. [92], by considering a larger
Hilbert space H := H;, @ H,, and a representation on it, it
suffices to consider the case where the input and output
Hilbert spaces are the same. The Marvian-Spekkens
conjecture [14,16] states that pure states y and ¢ are
asymptotically reversibly convertible in RTA for a con-
nected compact Lie group G if and only if all of the
following three conditions are satisfied:

(i) Symg(w) = Symg(¢).

(i) Colv) = Ry — §)Cy(@):

(i) (y|L|ly) = R(w — ¢)(¢|L|¢p) for any element L in

the representation of the commutator subalgebrailg, g].
Condition (i) is the same as condition (A) in Corollary 1.
Conditions (ii) and (iii) correspond, respectively, to the
symmetric and antisymmetric parts of condition (B) in
Corollary 1.

We remark that other results on reversible conversion
rates [12,24,38] also follow, since the Marvian-Spekkens
conjecture has now been proven. It is also worth emphasiz-
ing that, while the Marvian-Spekkens conjecture was
originally formulated for connected compact Lie groups,
Corollary 1 holds for nonconnected compact Lie groups
as well.

C. Irreversibility in asymptotic conversion

The result in the previous subsection shows that con-
version is asymptotically irreversible if and only if at least
one of conditions (A) and (B) in Corollary 1 is not satisfied.

Condition (A) can be violated even when G = U(1).
Indeed, if the periods 7 and 7’ of y and ¢ satisfy = = k7
for some integer k > 1, then Symg(w) & Symg(¢) holds,
implying that R(w — ¢) =V(y,H)/V(¢,H'), while
R(¢p —y) =0.

Condition (B) is easily violated when dim G > 1. As a
simple illustration, let us analyze G = SU(2) and its

unitary representation eizl‘zm-f i with spin operators J;.
We adopt the z axis as a quantization axis and denote
simultaneous eigenstates of J* := J2 + J2 + J2 and J, by
|j,m). To simplify the argument, we consider pure states
|y} and |¢) in a subspace spanned by the highest-weight
states {[j,/)};—0.1/2.13/2.. k> Where K is an integer or a
half-integer introduced to make the Hilbert space finite
dimensional. Following the notation in Ref. [12], we define

T= > i)l (19)
j=0,1/2.13/2....K

M(y) = 2(y|T ly), (20)

V(y) = 4((w|T*|w) = (w|Tlw)?). (21)

Since the QGT is calculated for y as

[ MW TM(w)
=2 -tMw) Mw) 0 | (22
0 0 V(y)

and similarly for ¢, condition (B) holds only if
M(p)/ M(p) =V(y)/V(¢). This can also be explicitly
confirmed from the conversion rate R(y — ¢) =
min {[M(y)/M(@)]. V(y)/V(¢)]} calculated from
Eq. (8) for pure states satisfying Symg(y) C Symg(¢h).
We remark that this conversion rate is consistent with the
prior result on SU(2) in Theorem 24 in Ref. [12], where the
conversion rate is studied for a restricted set of pure states.

D. Finite groups

Here, we analyze the asymptotic conversion theory in
RTA for a finite group. As proven in Ref. [64], the
conversion rate diverges for a finite group. We show that
this fact can also be derived from our formula in Eq. (8) by
lifting a finite group to a compact Lie group by appending a
trivial phase, though a finite group itself is not a Lie
group [93].

Let G be afinite group givenby G = {g¢;|i =0, ..., k}. Let
U and U’ be projective unitary representations of G on the
input and output Hilbert spaces. Let us introduce unitary
representations U and U’ of G:=G x U(1) such that
Ulg.e?) == U(g)e? and U'(g,e?) = U'(g)e" for geG
and 6 € [0, 2x). Since the phase 6 does not affect the state,
a channel is G-covariant if and only if G-covariant.
Therefore, appending the trivial phase leaves the conversion
rate invariant. Since G is a compact Lie group, we can apply
Eq. (8). The QGT vanishes for any pure state for I/ and U,
implying that Q¥ > rQ? holds for any r. In addition,
Symg(y) C Symg(¢) holds iff Symg(y) C Symg ().
Therefore, we get

Ry — ¢) = { oo (if Symg(w) C Symg(¢h)), 23

0 (otherwise),

reproducing the result on the asymptotic conversion rate in
Ref. [64]. We remark that our construction of the conversion
channels provides an intuitive explanation of the reason why
the conversion rate for finite groups diverges, as explained at
the end in Appendix D 1 b.

V. PROOF SKETCH OF THEOREM 1

In this section, we provide a proof sketch of Theorem 1
and explain the key ideas. A fully detailed, rigorous proof
can be found in Appendixes C and D.
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A. QGT as asymmetry monotone

A key property of the QGT is its monotonicity as an
asymmetry measure, in the form of a matrix inequality. We
remark that resource monotones in quantum resource
theories are usually given by real-valued functions on
states that do not increase under free operations, thereby
providing necessary conditions for convertibility. Recent
studies [80,81] have extended this viewpoint to matrix-
valued monotones, which yield necessary conditions for
convertibility formulated via partial orders induced by
matrix inequalities. Our study aligns with these works in
that the QGT is an asymmetry monotone expressed through
a matrix inequality.

To prove the monotonicity of the QGT, we relate it to a
family of Petz’s monotone metrics [65,66], which are
Riemannian metrics on the state space that contract under
information processing. To introduce Petz’s monotone
metrics, we begin with the notion of operator monotone
functions. A function f:[0, 00) — [0, 00) is called operator
monotone if and only if 0 <A < B implies f(A) < f(B).
Following Ref. [94], Petz’s monotone metric associated
with f is defined by

(k|AT|0) (1] B|k)

A,B),, =
“-Bs, (e p7)

kimg(p.p)>0

where my(x.y) = yf(x/y) and p =73 pilk){k| is the
eigenvalue decomposition. For a linear operator A, we

(A,A);

We remark that an additional symmetry condition f(¢) =
tf(t!) is often imposed on operator monotone functions
[66,95]. However, as discussed in Appendix C 1, the
monotone metric associated with a symmetric operator
monotone function does not capture the antisymmetric part
of the QGT. We, therefore, do not impose this symmetry
condition.

A central object in our study is a one-parameter family of
operator monotone functions f,, defined by

. (24)

define the corresponding norm by ||Al|, =

fq(x)=(1-q)+gx. €(.1). (25
Since my (pr. p1) = (1 = q)p; + qps. for any pure state y
and any linear operator O, we obtain

. 1 1
iy, 0]||]%W 124 V(y.0) + p V(y.0"),  (26)

where we have defined the generalized variance V by
V(y, 0) = (y|O(I —y)O'|y). Note that, when O is
Hermitian, V coincides with the ordinary variance.

To relate the QGT to the above norm, let O = yX :=
7**X,, where {X ﬂ}ﬁi:mlG are generators defined in Eq. (6)
and y € C%Mm G, From Eq. (26), we obtain

w1, =7 (722 42 (@) )r @)

which implies
: . 2
Jim £, (0)lily. Olllf,., =7"Q"r. (28)

As detailed in Appendix C2a, the norm |||, is
monotonic under a quantum channel in the following sense.

Lemma 1. For f,(x) = (1 — q) + qx with g € (0, 1), any
state p, any linear operator O, and any quantum channel &,
it holds

lilo. 01117, = €G- ODII7. e (29)
if there is an operator O’ satisfying E(i[p, O]) = i[E(p), O'].

The monotonicity of the QGT in RTA is proven by using
Lemma 1. Suppose that a state p is convertible without error
to another state ¢ via a G-covariant channel £. Since the G
covariance of the channel implies E[U,(p)] = U, (o), its
derivative with respect to the parameter A € R4™ ¢ for g€ G
yields E(ifp, X,|) = ilo, X},|, where X, is given in Eq. (6)
and X, is defined similarly by differentiating the projective
unitary representation U’ of G on the output system instead
of U.

By using the linearity of £, we get E(i[p, O]) = i[E(p), O']
for O == y"X and O’ := y'X’ for any y € C%™ ¢, The monot-
onicity in Lemma 1 implies

lilp. 0113, , = llile. O']II7, - (30)

Let us now apply this inequality to the case where p and
o are pure states, which we denote by y and ¢, respectively.
Multiplying Eq. (30) by f,(0) = 1 — g > 0 and taking the
limit of ¢ — 17, Eq. (28) implies y' Q¥y > y"Q?%y for any
y €CY™ G or, equivalently,

Qv > Q7 (31)

completing the proof of the monotonicity of QGT under
exact conversion among pure states in RTA.

We now turn to the ii.d. case. For N ii.d. copies
of a system, the QGT is additive: o™ = NQ¥. When

{y®N}, 2 {8V} monotonicity suggests that the
asymptotic QGT rates decrease, yielding

oV > rQ?, (32)

However, proving this requires care because the QGT has
asymptotic discontinuity [13,23,24,67-69]: An asymptoti-
cally vanishing conversion error can change the QGT by
O(1) per copy.

This is already seen for G = U(1) with representa-
tion e’ where the QGT equals the energy
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variance [13,23,24,69]. For N copies, the operator norm of
the Hamiltonian Hy grows linearly with N. Since the
variance is quadratic in Hy, a conversion error €y can
change the variance by O(eyN?), i.e., O(eyN) per copy,
which need not vanish even if €y — 0. The same issue
arises for general Lie groups; hence, a more detailed
analysis is needed.

We now prove the monotonicity of the QGT
under asymptotic conversion. Suppose that {y®V} Nci>(’v
{@¢®L"NIY; that is, there exists a sequence of quantum
channels {Ey}y such that limy_, o T(Ey (w®),¢®LN)=0.
For notational convenience, we define M(N) := [rN] and
o) = En(w®). In the following, we omit the depend-
ence of M(N) on N and simply write M. We define O and
Oy by Oy=YN 11 0QI®™" and O), =
SM -l @ 0 @ I®M" with O=y'X and O =
y'X'. Applying Eq. (30) to w®" and o, instead of p
and o, we find

iy ®. ONJIE ov > lilow O3, - (33)

By additivity of the monotone metric, the left-hand
side equals N||i[y, O]||]2cq’y,. On the other hand, the
right-hand side requires careful treatment due to the
asymptotic discontinuity. Nevertheless, assuming that
limy,_o T(0p, p®M) = 0, we show that there exists a
real-valued function /4, independent of M, with
lim,_ h(e) = 0, such that, for any sufficiently small ¢ > 0,

FaO)lliloy. OyllI7, 5, 2 MV (h.0)=Mh(e)+o0(M) (34)

for all sufficiently large M. The proof is provided in
Appendix C2c.
From Egs. (33) and (34) and V(¢, 0) = y"Q%y, we get

M
—h
N

o)

£y Oty Ol , = 377 = k(o) + 25, (35)

where we used f,(0) > 0. Taking the limit N — oo yields
f4O)lfify. ONIIF, ,, = rr*Q%y —rh(e).  (36)

Since this inequality holds for any sufficiently small
e>0, we get f,(0)]i[y, O}Hi-w > ry'Q%y. Taking the
limit of ¢ — 17 and using Eq. (28), we finally obtain
Eq. (32). Since {y®V}, Y {®lN1, is equivalent to
{U,(p)®V}y E (Ul (¢)8L"N . by repeating the above
argument for U, (y) and U (¢) instead of y and ¢, we get

VgeQG, QUW) > rQUy(#) (37)

which completes the proof of the monotonicity of QGT in
asymptotic conversion. Consequently, we obtain

R(y — ¢) <sup{r>0| VgeG, Q"W > rQil#)}. (38)

Equation (38) gives the converse part of Eq. (9); i.e., it rules
out any conversion rate exceeding the right-hand side of
Eq. (9). In the next subsection, we show that this bound is
achievable and, hence, optimal.

Equation (38) remains valid for noncompact Lie groups as
long as the representation space is finite dimensional, since
the proof relies on only local properties of states. It also
applies regardless of whether Symg () C Symg(¢) holds.

B. Optimality

Here, we explain key ideas to prove the optimality of the
bound in Eq. (38). Essentially, we constructively show that
if > 0 satisfies Q“sW) > rQUi(®) for all g€ G, then any
conversion rate smaller than r is achievable.

The key step in proving optimality is the following
lemma, which provides an alternative yet equivalent char-
acterization of convertibility in RTA in terms of quantum
channels that are not assumed to be G-covariant.

Lemma 2. Let U and U’ be projective unitary represen-
tations of a compact Lie group G on finite-dimensional
Hilbert spaces H and H'. Let p and o be arbitrary states on
‘H and H'. For any ¢ > 0, the following are equivalent:

(1) There exists a quantum channel £ such that

T{EU,(p)].Uy(0)} < € for any g€G.
(ii) There exists a G-covariant channel £ such that
T(E/(p).o] <.

The proof is given in Appendix D 2 a. In particular, we
show that if & satisfies condition (i), then &' :=
i duG(g)Z/l’g _, 0 &oU, is a G-covariant channel and satisfies

condition (ii), where u; denotes the normalized Haar
measure on G.

Lemma 2 implies that {y®V}, & {¢®"N]} if and
only if there exists a sequence of quantum channels {Ey }y
such that

lim sup T(gN(ug(w)®N),u'g(¢)®trNJ) =0. (39

N—>oog€G

Importantly, if we regard g € G as an unknown parameter,
this sequence of quantum channels {Ey}, achieves a
conversion of a statistical model {U,(y)®"}  ; to another
statistical model {24, (¢)®"™)},  ; in the asymptotic limit.

We show that such an asymptotic transformation
between statistical models is achieved by a two-step
process: estimation and subsequent conversion. In the rest
of this subsection, we assume that the unitary representa-
tions of G are nonprojective for simplicity.

1. Step 1 (estimation)
In this step, we obtain a rough estimation § of g€ G
using only a sublinear number of copies. More precisely,
we apply an estimation procedure to n = N'~¢ copies of
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U, (w) (for a fixed small ), thereby producing an estimate
g. The purpose of this step is not to learn g precisely but to
localize it: With success probability tending to one as
N — oo, the true state U/ ,(y) lies in a local neighborhood of

U, (), in the sense that, on the success event, there exists a

small parameter § € RI™ ¢ with ||| = O(N~1/>*¢) such
that U, (w) = e %ldy (y)e %0

After localization, we may treat the remaining copies (of
the order of N) as a local i.i.d. model parametrized at the
N~1/2 scale. This is precisely the regime where quantum
local asymptotic normality (QLAN) applies [70-73], which
approximates the properties of local i.i.d. models by
Gaussian-shift models. This is exploited in the conversion
step.

Notably, since this estimation step consumes only n =
N'=¢ = o(N) copies, it incurs a sublinear overhead and,
hence, does not change the achievable conversion rate in
the N — oo limit.

2. Step 2 (conversion)

In this step, conditioned on the estimate § obtained in
step 1, we convert the remaining N’ = N —n copies of
U, (w) into copies of U} (¢h). Since the success probability
of step 1 tends to one as N — oo, it suffices to describe the
conversion on the success event, where the problem is
reduced to a local i.i.d. model.

The key observation is that, in the local regime,
QLAN translates pure-state unitary ii.d. models by
Gaussian-shift models that are essentially characterized
by the QGT. Importantly, from the additivity of the QGT,
the Gaussian-shift model associated with {1, (¢)®l"V}
is governed by the scaled QGT, rQ“(#). Since the QGT
quantifies the sensitivity of the state under infinitesimal
transformations, the inequality

QUw) > rQUs#) (Y geG) (40)
can be interpreted as the condition that the Gaussian-shift
model associated with the input state is sufficiently
“sensitive” to reproduce that for the output state at rate r
(uniformly in g € G). This suggests that the conversion at a
rate r is possible if Eq. (40) is satisfied. This intuition is
made rigorous in Appendix D by explicitly constructing
conversion channels.

Here, the condition Symg(y) C Symg(¢) is essential:
Estimation can identify g only up to symmetries that leave
y invariant, and the inclusion guarantees that such residual
ambiguity is also irrelevant for ¢. Hence, the conversion
conditioned on § produces the correct target state U7 (¢h)
whenever the localization in step 1 succeeds.

Through the above two-step procedure, we construct a
sequence of quantum channels {Ey}y that achieves
Eq. (39). Using Lemma 2, this establishes the opposite
inequality of Eq. (38), i.e., the direct part of Eq. (9):

R(y — ¢) >sup{r>0| YgeG,Q"%W) > rQ#)}  (41)

As detailed in Appendix D, our proof is constructive: We
explicitly construct a sequence of G-covariant channels that
achieves the asymptotic conversion. Also, we show that the
conversion error decays polynomially in N.

VI. MIXED-STATE CONVERSION

In the i.i.d. setting, the pure-state asymmetry conversion
theory has been thoroughly developed for a compact Lie
group in the preceding sections. This section partially
extends the theory to mixed states. Although the theoretical
framework remains incomplete, it is expected to serve as a
foundation for further investigations.

Concretely, we investigate the distillable asymmetry and
asymmetry cost, defined as the optimal rates for converting
a mixed state p to and from a pure reference state ¢.
A similar scenario has already been explored for the time-
translation symmetry in Refs. [23,24], but not for other
symmetries. See Fig. 2 for a schematic picture of the setups.

A. Distillation of asymmetry

Here, we investigate the scenario where we convert a
general state p to a fixed pure state ¢ that serves as a
reference. We define the distillable asymmetry of a general
state p as A4(p) == R(p = ¢), i.e.,

G-cov

Au(p) = sup{r 2 0[{p®"}y — {p®™V}y ) (42)

As a central quantity in our analysis, we introduce a
dim G x dim G Hermitian matrix O whose elements
are given by

(Qp);w = Tl‘(pxﬂ(l - H/J)Xu)v (43)

FIG. 2. Schematic picture of distillation and dilution setups, in
which i.i.d. copies of a mixed state p are converted to and from
i.i.d. copies of a pure reference state ¢.
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where TI, denotes the projector to the support of p. This
quantity is an extension of QGT, originally defined for pure
states in Eq. (7), to mixed states. As we show below, the
monotonicity of Q” under G-covariant channels yields an
upper bound of Ay(p), from which we can derive a
sufficient condition for the rate to vanish.

We start the analysis by relating O with the monotone
metric with an operator monotone function f,(x) given in
Eq. (25). By using the eigenvalue decomposition p =
>k Prlk) (k| of the state p, we have

5 (p1—pi)?
—  (1=q)p/+ ap:

(1=q)p;+api>0

i[0.ll7,, = {lOlk)[>. (44)

When g — 17, the above sum contains divergent terms
proportional to 1/(1 — g) for (k,[) such that p; > 0 and
pi = 0. Therefore, we find lim,_,;- fq(0)||i[0,p]||§.q,p =

Dtip=0 kpe—o Pi{I|O1K) (K| OT1), ie.,
qli{{l,fq(o)||i[0,ﬂ]||}q,ﬂ =Tr(pO(I -11,)0"). (45)
In particular, when O = y'X with y € C%™ ¢, we get
;in;_fq(o)lli[r*X P, =7y (46)

We now prove the monotonicity of @” under G-covariant
operation. Suppose a state p is convertible to ¢ via a
G-covariant channel without error. Multiplying Eq. (30) by
fq(0) =1—¢ > 0 yields

L O XA, = £ O X E . (47)

Taking the limit of ¢ — 17 in Eq. (47), Eq. (46) implies
' Q% >y"Q°. Since this inequality holds for any
y€CIM G we get

>0, (48)

meaning that O is a valid asymmetry monotone for any
state p.

The asymptotic discontinuity of QGT is inherited by Q”,
as they coincide for pure states, implying that extending its
monotonicity to an asymptotic setting requires careful
consideration. Nevertheless, as an extension of Eq. (38),
an upper bound of the distillable asymmetry can be proven
by using Eq. (34).

Theorem 2 (upper bound on distillable asymmetry). Let
U and U’ be projective unitary representations of a Lie
group G on finite-dimensional Hilbert spaces H and H'.
For any state p on H and pure state ¢ on H’, it holds

sup{r > 0|V g€ G, Q40 > rQil9)} > Ay(p). (49)

Proof. Suppose {p®V}, L {p®LNY | for r > 0. From
Egs. (33) and (34), as an extension of Eq. (35), we get

M M 1
ilyt 2 — _ —
Fa Ol X-pIlI7, , 2757 Qty N e +yoM).  (50)
where M := [rN|. In the limit of N — oo, we have
FOilr X plll7, , 2 17" Q%y —rh(e).  (51)

Since this inequality holds for all sufficiently small ¢ > 0,
we get fq(0)||i[yTX,p]||fq./, >ry"Q%. In the limit of

g — 17, we obtain Q” > rQ?. Repeating this argument
for U, (p) and Uy(¢) instead of p and ¢, we get

VgeQG, QUs(P) > rQUi(#) (52)

which concludes the proof of Eq. (49). [

This result first establishes an upper bound on the
distillable asymmetry by using a geometric quantity, Q,
i.e., the QGT and its extension to mixed states, which
applies to any state p and any Lie group G. From
Theorem 1, the inequality (49) becomes tight when p is
pure, and G is compact.

We remark that, in a special case where [H/,,yTX] =0
holds for some y€CY%™m ¢, we have y'Q’y = 0. As an
immediate corollary of the above theorem, we therefore get
the following.

Corollary 2 (sufficient condition for vanishing distillable
asymmetry). If there exists a vector y € C4™ G satisfying
[M,,7'X] = 0 and y" Q% # 0, then Aq4(p) = 0.

This corollary implies that for a typical state with full
rank, where I1, = I, A4(p) = 0 holds for any asymmetric
pure state ¢b. This result is consistent with a result in prior
research [23] on time-translation asymmetry, where the
distillable coherence, defined as the optimal conversion rate
from a state p to a pure state ¢» given by a superposition of
the ground and excited state of a Hamiltonian H, is shown
to be zero when [IT,, H] = 0. We remark that, although a
state p satisfying the condition in Corollary 2 has zero
distillable asymmetry, it does not necessarily imply that p is
useless in asymptotic conversion. For example, while a full-
rank state has zero distillable asymmetry, a sublinear
number of such states may be used to enhance the
conversion rate by removing the restriction imposed by
symmetry subgroups in asymptotic conversion among pure
states, as shown in Appendix K.

B. Dilution of asymmetry

Next, we investigate the opposite scenario, where we
create a general state p by consuming the reference pure
state ¢p. The asymmetry cost is defined as
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1
Aclp) = m,

where 1/00 and 1/0 are formally regarded as 0 and oo,
respectively. From the definition of conversion rate
R(¢ — p), we also obtain an equivalent expression:

(53)

G-cov

Ac(p) = inf{r > 0{g®"}, — {p®}}.

We remark that Eq. (10) implies A.(p) < oo only if
Symg(¢) C Symg(p). Thus, we investigate A.(p) only
for p satisfying Symg(¢p) C Symg(p).

Following the standard argument using a typical
sequence [24,74], it is proven that

(54)

k
> piAclpi) = Aclp), (55)
i=1

where {p;}* | is a set of states and {p;}*_, is a proba-
bility distribution such that p; > 0, Zf:] p; =1, and

k| pipi = p. An intuition behind this inequality is that,
instead of preparing p directly, we can adopt a strategy
where {p;}*_, is probabilistically generated according to
the probability distribution {p;}*_,, although this strategy
is not necessarily optimal. See Appendix E for the proof of
Eq. (55). We remark that the left-hand side of Eq. (55) is
finite only if Symg(¢p) C Symg(p;) forall i =1, ..., k.

In light of the pure-state-conversion theory established in
Theorem 1, a promising approach to obtaining a comput-
able upper bound of A (p) is to decompose a state p into an
ensemble of pure states. Suppose that a state p can be
decomposed as p = X! py; + peps, where pg is a
symmetric (possibly mixed [96]) state and {y;}*=] are
pure states satisfying Symg (¢p) C Symg (y;). Then, Eq. (9)
implies

k=1
Zpiri > Ac(p). (56)
P

where

rio=inf {r>0|¥geG,rgh® > ghivi}. (s7)
Similarly to Eq. (12), this quantity can be expressed by
using the quantum max-relative entropy as
ri = 2Dmax(QwiHQ¢>. (58)

When a state p can be obtained as an ensemble of pure
states and symmetric state, minimizing the left-hand side of
Eq. (56) over such an ensemble leads to a tighter bound on the
asymmetry cost A.(p). In the case of G = U(1), itis known
that such a minimization yields a tight bound [24]. Let

U(6) = ¢*% and U'(6) = "'’ be unitary representations of
G =U(1) on finite-dimensional Hilbert spaces with
Hamiltonians H=Y %! n|n)(n| and H' =39} n|n)(n|.
We fix the reference state ¢ to be the so-called coherence
bit, given by |¢) = (|0) 4 [1))/+/2, and assume that
Symg(p) = Symg(g). Since r; =Vl H')/V($, H) =
4V (y;, H'), Eq. (56) implies ming,, .1 4>, piV(y;, H') >
A.(p), where the minimization is taken over the set of all
pure-state ensembles {p;,w;}; satisfying Symg(p) C
Symg(y;) andp = >, pay;. Note that it suffices to consider
pure-state ensembles for G = U(1) since any symmetric
state is given as a probabilistic mixture of symmetric pure
states. It was conjectured in Ref. [97] and later proven in
Ref. [98] thatming,, ,,, 4>, p;V(w;, H') = F (p), where
Fu(p) denotes the symmetric logarithmic derivative
(SLD) quantum Fisher information, given by F (p) :=
2%l = 2j)*/2; + Aj)|(i|H|j)|* using the eigenvalue
decomposition p = >, 4;|)(i|]. Furthermore, in Ref. [24],
it was shown that the minimum is attained by a set of pure
states {y; }, such that Symg(p) C Symg(y;), which implies
Fu(p) = A.p). In Ref. [24], the opposite inequality was
also shown by proving the monotonicity of the SLD quantum
Fisher information rate under asymptotic conversion, which
completed the proof of Fp(p) = A.(p) for G = U(1).

In contrast to the U(1) case, a decomposition into p =

k=1 piwi + psps with symmetric p, and pure states {y; },
satisfying Symg(¢) C Symg (y;) does not always exist for
a general Lie group G. See Appendix E for a concrete
example for G = U(4). In such cases, Eq. (56) does not
provide a meaningful upper bound on the asymmetry cost.
However, by carefully refining the estimate-and-convert
approach introduced in Sec. V B, we find that this limi-
tation due to the symmetry subgroups can be circumvented.
Specifically, in Appendix F, we show the following.

Proposition 1 (upper bound on the asymmetry cost). For
a reference pure state ¢, consider a state p satisfying
Symg () C Symg(p). The asymmetry cost of a state p is
upper bounded as follows:

min Zpiri > A.(p), (59)

where r; is defined in Eq. (57) and the minimization is
taken over all the decompositions of p into ensemble
P =i Pi¥i + Psps, such that {y;}, are pure states, pq
is a symmetric state, and {p;},;, ps denotes a probability
distribution satisfying p;, ps >0 and >, p; + ps = 1.
Given the success in the case of G = U(1), where
the property of the SLD quantum Fisher information
Frulp) =ming, .+ 4> p;V(y;, H) is utilized, a natural
extension is to consider the convex roof of QGT,
namely, ming, , > piQY¥i, as a possible asymmetry
quantifier in RTA for a general compact Lie group.
However, as we demonstrate in Appendix G,
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ming, .\ > piQ¥i does not always exist. Analogous to
another property of the SLD quantum Fisher information,
Fu(p) = ming g, 4V(¥, H + H,), where the minimiza-
tion is taken over any purification ¥, of p and Hermitian
operators H 4 on the ancillary system [24], we also examine
the minimization of the QGT of purifications of a state p.
We show that such a minimum does not also exist, in
general, in Appendix H. The nonexistence of these exten-
sions of the SLD quantum Fisher information stems
from the fact that a partial order on matrices is not
necessarily a total order, highlighting the exceptional case
of the U(1) group.

VII. APPLICATION TO QUANTUM
REFERENCE FRAMES

We now examine a broader perspective on the physical
significance of asymmetry, focusing on its role as a
quantum reference frame. In physics, operations are always
defined relative to a reference structure, such as a clock, a
phase origin, or a spatial direction. While such reference
frames are often taken for granted in standard quantum
protocols, their availability is neither universal nor guar-
anteed. From a foundational viewpoint, the reference
structures should themselves be treated as quantum sys-
tems, i.e., quantum reference frames. This perspective has
attracted attention across diverse contexts, including super-
selection rules and their relation to reference frames
[11,99,100], quantum information processing [11-13,18],
and relational and covariant formulations motivated
by relativistic and quantum gravitational considerations
[101-106].

In this context, a quantum system in a symmetry-breaking
state serves as a resource by encoding information about the
corresponding reference frame, thereby enabling operations
that would otherwise be impossible. For this reason, the RTA
was historically also referred to as the resource theory of
quantum reference frames in earlier studies [11-13]. Here,
we revisit this viewpoint and carefully review how the (a)
symmetry of quantum states and the G-covariance of
operations relate to physical scenarios where access to a
shared reference frame is entirely absent [11,14].

We begin by exploring a communication scenario [14] in
which two parties, Alice and Bob, do not share a common
reference frame associated with a group G. For example,
one can imagine the case in which they are located in
separate spaceships without a shared Cartesian reference
frame [11], implying that the relative orientation between
them is unknown to Alice and Bob. In this case, the
misalignment is characterized by a group element g € G,
where G = SO(3). Suppose Alice wishes to delegate a
quantum operation F on her qubit to Bob. She transmits the
qubit to Bob; he applies an operation £ in his own frame
and sends it back. Since their frames are misaligned by
g€ G, the effective operation in Alice’s frame is

U1 0E0oU,, which, in general, depends on the parameter
g € G, unknown to her. Therefore, the intended operation F
is correctly implemented only if it can be expressed as F =
U10E0U, forall g€ G. Averaging over the Haar measure
U, We obtain

F= / dug(gU 1 0 EolU,, (60)
geiG

which is equivalent to the condition that F is G-covariant. In
essence, only G-covariant operations can be correctly imple-
mented when Alice delegates them to Bob in the absence of a
shared reference frame associated with the group G.

The above observation raises a critical question: What
additional information must be provided in order to
implement quantum operations that are not G-covariant?
To gain further insight, let us revisit the example in which
Alice and Bob have no shared Cartesian frames. In this
case, performing non-SO(3)-covariant operations requires
knowledge of a group element g € SO(3) that characterizes
the relative orientation between Alice’s and Bob’s
Cartesian frames. Operationally, this means that Alice
must convey information about her local reference frame,
1.e., directional information, to Bob. However, this cannot
be accomplished using classical bits alone, as such infor-
mation is defined relative to Alice’s frame, which is
inaccessible to Bob. To convey this information, Alice
must transmit a physical system that encodes features of her
reference frame, specifically one that transforms nontri-
vially under spatial rotations. In the quantum setting, this
corresponds to preparing and sending a quantum state that
breaks the SO(3) symmetry.

This observation clarifies the need for a resource-
theoretic perspective on symmetries and their breaking
[11-13,107] in the context of quantum reference frame.
While the above discussion focused on spatial orientation
and SO(3) symmetry, the same reasoning applies more
broadly. Certain information—such as time, phase, and
spatial direction—requires a shared reference frame in
order to be meaningfully communicated using classical bits
[11,107,108]. In the absence of such a frame, this infor-
mation must instead be conveyed through physical systems
whose states break the corresponding symmetries: A
quantum clock breaks time-translation symmetry, a phase
reference breaks U(1) symmetry, and a quantum gyroscope
breaks SO(3) symmetry.

This resource-theoretic perspective also extends beyond
communication scenarios, finding broader applications in
quantum technologies. For instance, quantum modules
within a quantum computer, or quantum computers within
a quantum network, must communicate asymmetries to
calibrate their reference frames in order to coordinate and
perform quantum tasks with high precision. Importantly,
efficient transmission of such resources requires their
systematic transformation. For example, communication

031028-15



YAMAGUCHI, MITSUHASHI, SHITARA, and TAJIMA

PHYS. REV. X 16, 031028 (2026)

through a quantum channel is generally constrained by cost
and capacity, making it desirable to maximize the amount
of asymmetry per channel use via asymmetry distillation. In
contrast, when the goal is to distribute a reference frame to
multiple locations, asymmetry must be divided into many
resources, each containing a smaller amount of asymmetry,
through asymmetry dilution. These considerations high-
light the importance of developing a general systematic
theory of converting asymmetry resources.

The main result of this study, Theorem 1, establishes a
comprehensive asymptotic theory for the manipulation of
pure-state asymmetry in RTA. In particular, it provides an
explicit formula for the optimal conversion rate, given in
Eq. (8), which is expressed in terms of the QGTs. Of
particular importance is the fact that the optimal conversion
protocol has been explicitly constructed in Sec. V B,
offering a concrete procedure for practical implementations
of asymmetry conversion.

A. Standardized reference state

An equally important aspect of the present theory is that
it enables the introduction of a standardized reference state
that serves as a benchmark for quantifying and comparing
frameness. Analogous to the role of the ebif in entangle-
ment theory and the coherence bit in the resource theory of
coherence, such states provide an operationally meaningful
foundation for measuring the degree of asymmetry present
in a quantum state.

In the context of the RTA, a standardized reference state
has been proposed for the rotational group [more precisely,
for its universal covering group G = SU(2)] in Ref. [38],
where the conversion of a restricted class of pure states is
analyzed. In the present work, we develop a comprehensive
construction of standardized reference states and provide a
detailed interpretation of their role for arbitrary semisimple
compact Lie groups G.

Let G be a compact Lie group with a unitary represen-
tation U acting on a d-dimensional Hilbert space H such
that U(g) xI only if g=e. We also introduce a d-
dimensional auxiliary Hilbert space H’, equipped with
the trivial representation U’ of G satisfying U’(g) = I for all
g€G. Let {|w;)}¢, and {|¢;) }<_, be orthonormal bases of
‘H and H/, respectively. We consider a maximally entangled
state

1 d
W) =—=D lwi) ®lp)eHH.  (61)
Vi
Since |(Y|U(g) ® U'(g)|¥)] =1 holds if and only if

g = e, the symmetry subgroup of ¥ := |¥)(¥| is trivial:

Symg(¥) = {e}. (62)

Another notable feature of |¥) is that its QGT admits a
particularly simple form. To make this explicit, we fix a

local coordinate system {4*}$™ ¢ in a neighborhood of the
identity element e € G, such that the generators X, :=
—i[a/(0A")]U[g(4)]|,=¢ satisfy Tr(X,) =0 and Tr(X,X,) =
dé,,, where 6,, denotes the Kronecker delta. Such a
coordinate system always exists if G is a compact semi-
simple Lie group [109]. In this coordinate system, the QGT

of |¥) is given by
Q¥ =1 (63)

Intuitively, this implies that |¥) exhibits isotropic
asymmetry.

These properties of |¥), namely, the triviality of its
symmetry subgroup as expressed in Eq. (62) and its
isotropic asymmetry in Eq. (63), guarantee that |¥) serves
as a universal asymmetry resource associated with the
symmetry group G in the sense that it can be asymptotically
converted into any pure state at a nonzero rate.

A particularly intriguing expression arises from the
conversion rate formula given in Eq. (12), which involves
the quantum max-relative entropy. The optimal conversion
rate is given by

R(lP e d ¢) = 2_Dmax(Q¢HQ‘P)' (64)

Substituting Eq. (63), we obtain a simple expression for
the optimal conversion rate to an arbitrary pure state ¢,
given by

R(lP —_ 45) g 2_Dmax(Q¢”H) — 2Hmin(Q¢)’ (65)

where H,_;, denotes the min-entropy, defined as
Hyin (p) = —1Og2 Amax (,0), with /Imax (,0) the largest eigen'
value of the matrix p. Although min-entropy is typically
applied to quantum states, it appears here as a function of
the QGT, suggesting that entropy-based measures may
have broader applicability beyond conventional formula-
tions in quantum resource theories.

As an illustrative example of a standardized reference
state, let us analyze the rotational group G = SO(3) and its
spin-J unitary representation U, where J is a non-negative
integer. We adopt a coordinate system g(6) = ¢*4 € SO(3)
such that J,, := —i[d/(960")]U;[9(0)]|9— satisfy the standard
commutation relations [J,,J,] =1} €,,nJ,», where
€,/ 18 the Levi-Civita symbol.

The representation space /) is spanned by the ortho-
normal basis {|J,m)}/ __,, where |J, m) denotes a simul-
taneous eigenvector of the total angular momentum J> and
its z component J,, with eigenvalues J(J + 1) and m,
respectively. We restrict attention to the case J > 0, since
the representation is trivial for J =0. We define the
maximally entangled state

J
S Lm)y®|J.m),  (66)

) =
AT+ 1,2,
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which serves as a standardized reference state for quantum
Cartesian frameness.
To align with the above arguments in a general setting,

we rescale the conventional coordinates as ¥ :=
[J(J + 1)]/36". The corresponding generators
X, = -2 U lg D = 1 |———. (67)
T | VTR Dl

satisfy Tr(X,) =0 and Tr(X,X,)=(2J+1)5,, for
u,v=2x, y, z. Consequently, the QGT of |¥,) is
Q¥ =T, and, hence, the conversion rate is

R(¥) = ¢) = 21wl (68)

where the QGT 0? is calculated in the coordinates

{j'” }/4=x.y,z'
It is important to note that not all asymmetric states can
be converted into |¥,). For example, consider the highest-

weight state |£,) := |J,J) € H), whose QGT is given by

3 ; 1 -
& — _ 1
Q 2

0
T+ X ()

O =

0

in the coordinates {4}, Since Q% has a zero

=X,y,2°
eigenvalue, the inequality Q% > rQ¥ holds only for
r =0, implying that R(£; - ¥;) = 0. This aligns with
the fact that |£;) is invariant under rotations about the z axis
and, hence, cannot be converted to the isotropic state |¥;)
via G-covariant operations.

Finally, we remark that a widely employed asymmetry
measure, the relative entropy of G-asymmetry, fails to
capture this fundamental difference between ¥, and ¢&;.
The relative entropy of G-asymmetry is defined by [13]

Aglp)=__ min  D(p|o), (70)

o symmetric state

where D(p||o) := Tr[p(log, p — log, o)] denotes the quan-
tum relative entropy. While two states, ¥; and &;, exhibit
significantly different symmetry properties—most notably,
the isotropy of W versus the directional invariance of £;,—
they are assigned the same value of the relative entropy of
G-asymmetry. Specifically, for all pure states ¢p € P(H)),
since the only symmetric state is [1/(2J + 1)]I, the relative
entropy of asymmetry is given by Ag(¢) = log,(2J + 1).

In the following subsection, we provide more discussion
on the distinctions between the relative entropy of
G-asymmetry and the QGT.

B. Discussion: Differential geometric and entropic
perspectives

The present study identifies the QGT as a central measure
of symmetry breaking and quantum reference frameness
within RTA. Our result aligns with prior studies in RTA that
employ differential geometric quantities—such as the quan-
tum Fisher information [23,24], the quantum Fisher infor-
mation matrix [80,81], the metric adjusted skew
information [37,110], and their extensions [69,91]—yet
goes further by establishing the QGT as a complete
monotone.

A complementary line of research within RTA focuses
on entropic measures, such as the G-asymmetry [111] and
the relative entropy of G-asymmetry [13], which, though
defined differently, are known to yield the same value [13].
Under the name entanglement asymmetry [112], this
quantity has recently been studied extensively as a probe
of symmetry breaking across a wide range of contexts
[113-120], including both condensed matter and high-
energy physics.

These two approaches each capture essential features of
symmetry breaking, as they are both valid measures within
the framework of RTA. However, as illustrated by the
example of the SO(3) symmetry in the previous subsection,
they appear to reflect different aspects of asymmetry. In
what follows, we demonstrate that a distinction between
these two measures emerges particularly in the case of non-
Abelian symmetry.

A key observation is that the relative entropy of
G-asymmetry satisfies Ag(p) = Ag(c) for any pair of
states p and ¢ such that p = U (o) for some g€G. In
other words, A is blind to differences arising solely from
group transformations. For example, for G = SU(2), the
relative entropy of G-asymmetry does not distinguish
among the eigenvectors of Pauli operators in different
directions. Intuitively, one may say that the relative entropy
of G-asymmetry quantifies the magnitude of symmetry
breaking while being agnostic to its direction.

In contrast, the QGT and quantum Fisher information
matrix encode information about both the magnitude and
the direction of symmetry breaking. For example, for
G =SU(2), let |0) and |1) denote the eigenvectors of
o., and define ¢y == [0)(0| and ¢, = |+)(+]| with |+) :=
(]0) + [1))/+/2. The QGTs of these states are given by

1 -1 0 | 00 O
Qh=—11i 1 0], Q¢+:Z 01 —i|, (71)
0 0 0 01 1

which clearly reflect the directional distinctions between
the eigenstates of ¢, and o,, capturing the difference
induced by an SU(2) transformation.

We remark that, for the U(1) group, the asymptotic
behaviors of the relative entropy of G-asymmetry and the
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QGT (which equals the variance in this case) encode
essentially the same information [13]. This agreement is
consistent with the fact that the QGT is also invariant under
U(1) transformations. However, for a general non-Abelian
group, while the relative entropy of G-asymmetry remains
invariant under group transformations, the QGT transforms
nontrivially (see Appendix B 2 for the explicit transforma-
tion). This highlights that the relative entropy of
G-asymmetry and the QGT capture fundamentally different
aspects of symmetry breaking when the underlying group is
non-Abelian.

When a quantum reference frame is concerned, not only
the magnitude, but also the direction of asymmetry
becomes important. For example, in the case of the
SO(3) symmetry discussed in the previous section, the
state y; possesses asymmetry in all directions, while &; is
invariant under rotations about the z axis and, therefore,
carries no information about rotation angles around the z
axis. As a consequence, it is impossible to convert &; into
y ;. This provides an intuitive reason why the QGT serves
as a complete measure of asymmetry, whereas the relative
entropy of G-asymmetry does not.

These observations underscore that the appropriate
choice of an asymmetry measure depends crucially on
the physical context in which it is applied. While entropic
measures such as the relative entropy of G-asymmetry have
already been proven useful in a variety of settings—
including recent applications in condensed matter and
high-energy physics—there are situations where not only
the amount, but also the direction of symmetry breaking is
of central relevance. For instance, when the physical
interest lies in identifying in which direction a symmetry
is broken, geometric quantities like the QGT or the
quantum Fisher information, which are sensitive to direc-
tional features of asymmetry, would offer a more appro-
priate and informative characterization.

VIII. APPLICATION TO QUANTUM
THERMODYNAMICS

In this section, we explore the implications of our results
for quantum thermodynamics. We focus on a basic and
widely studied setting: thermodynamic processes induced
by interactions with thermal baths under conservation laws.
Using the tools developed to quantify asymmetry, we
derive symmetry-induced constraints on state transforma-
tions in the thermodynamic limit. Moreover, we show that
there are cases in which overcoming these constraints
requires supplying a macroscopic amount of asymmetry,
including energy coherence.

A. Operational setting: Thermal contact under
conservation laws

We begin by modeling thermal contact by coupling a
system to heat baths initially in Gibbs states and letting the

joint system evolve under a global unitary that conserves
total energy. Here, we consider a general scenario involving
k thermal baths. For i =1,...,k, let B; be a bath with
Hamiltonian Hp , initially prepared in the Gibbs state at
inverse temperature fj3;:

1
= — ¢ PiHs, ,

TBip T Z Z;= Tr(e_ﬁiHBi)'

(72)

i
To model an evolution under thermal contact, let S be the
system of interest with Hamiltonian Hg. Imposing energy

conservation, we assume that the joint evolution is described
by a global unitary V acting on SB;...B) such that

k
V(HS_‘_ZHBi)VT :HS’+HB/’

i=1

(73)

where S’ and B’ are subsystems such that SB;...B; = S'B’
and Hg and Hp denote the Hamiltonians associated with
these subsystems, respectively.

More generally, thermodynamic interactions may be
constrained not only by energy conservation, but also by
additional conserved quantities, such as particle number or
angular momentum. These additional conservation laws
can be conveniently expressed in terms of a symmetry
group G. Let Ug, Up, Ug, and Up denote unitary
representations of G on the corresponding subsystems.
The joint interaction unitary V is assumed to respect the
symmetry in the sense that it satisfies, for all g€ G,

V(Ust0) ® § Un(0))V' = Usle) ® Unla). (74

Introducing generators {X M}ﬁi:mlG by differentiating the

representations [cf. Eq. (6)], this implies the conservation
of each generator:

k
V(XSM + ZXBM> Vi=Xg,+Xp, (75
i=1

for all p =1, ...,dim G. For particle number and angular
momentum conservation, these generators correspond to
the particle number and angular momentum operators,
respectively. To ensure that the free evolution of each
subsystem respects the symmetry, we impose that the
generators commute with the Hamiltonian in each system.
We note that energy conservation [i.e., Eq. (73)] is
recovered as the special case where G = R corresponds
to time translations, with the unitary representation U(z) =
e~ " generated by the Hamiltonian H of the total system.
Although R is not compact, the results in this section rely
on the monotonicity of the QGT, which remains valid even
when G is noncompact. Below, we include the time-
translational symmetry in the symmetry G as needed.
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Having modeled the thermal contact above, the central
task of characterizing thermodynamic processes thus
reduces to studying the transformation of system states
under the resulting dynamics.

B. Resource-theoretic formalism: Covariance from
conservation laws

To investigate the setup introduced in the previous
subsection, we adopt the resource-theoretic viewpoint
developed in the present paper. To this end, we define a
channel

ey =Ty V(@ Gy V'] (0

which describes the evolution of a system interacting with
thermal baths under conservation laws.

We note that, in the resource theory of athermality, it is
common to restrict to a single fixed bath temperature. This
is because this framework is typically designed to quantify
athermality (i.e., deviation from thermal equilibrium)
relative to a fixed equilibrium background, thereby
revealing constraints on work extraction; access to multiple
temperatures can, in principle, enable work extraction.
Indeed, in the special case where all the baths are at the
same temperature (f; = --- = f;) with time-translation
symmetry (G = R), Eq. (76) reduces to thermal operations,
which constitute a central tool in the resource theory of
athermality.

In contrast, however, many practical thermodynamic
setups, such as heat engines, naturally involve contact with
multiple baths at different temperatures. Therefore, we
allow the baths to be possibly at different temperatures and
formulate our results in a general multibath setting.

Our focus is on exploring the role of asymmetry (and, in
particular, coherence) in quantum thermodynamics. Given
that V respects the symmetry G, the channel described in
Egq. (76) is G-covariant whenever the Gibbs state ®%_| 7 4
is symmetric. If G is connected, this condition is auto-
matically satisfied in the common setting where the free
evolutions of the baths respect the symmetry, i.e.,
[Hp.Xp ,| = 0forall uand i. In this case, any asymmetry
monotone is nonincreasing under thermal contact described
by Eq. (76).

To investigate thermal processes based on this observa-
tion, we introduce a one-parameter family of monotones
Q, for g €(0.1), whose matrix elements are defined by

fq(o)(Pz—Pk)2
; (1—61)pz+qpk<

(1=q)p;+4p>0

(Q)w= 1X,lk) (kIX,1D, - (77)

which satisfies y"Qfy = f,(0)[[i[y"X, p]||j2£q.p for any
y €CYm G Because of Egs. (47) and (46), this matrix is

a valid asymmetry monotone satisfying lim,_, Q; = Q”.
Note that Eq. (27) provides a direct relation of Q, to the
QGT for pure states. The following theorem is a key tool
characterizing thermodynamic processes in the thermody-
namic limit.

Theorem 3. Let G be an arbitrary Lie group. Consider
a sequence of arbitrary states {py}y and a sequence
of iid. pure states {¢®N1, at rate r>0. If
{pn Iy EY {p®LN1, then for each g € (0, 1), the follow-
ing inequality holds for all g€ G:

. 1 (N) . ,
Vyecame, lifvriii.}fm*Qng Uiy >yt QU (78)

where UM () == UM (g)(-) U™ (g)" with unitary represen-
tations UN) of G on the Hilbert space of py.

Proof. Analogous to Eq. (50), the monotonicity of Q,
and Eq. (34) imply that, for any y € CYim ¢,

M
—h

1
< h(e) +o(M)  (79)

1 M .

2oy, s Y i o,

N7 Q' 25y
holds for all sufficiently large N, where M := |rN|.
Therefore, we get

1
lim inf =y Qg"y = ry' Q%7 = rh(e). (80)

Since this inequality holds for any sufficiently small € > 0
and lim,_ ¢+ h(e) = 0, we get Eq. (78) for g = e. Repeating
these arguments for UE,N) (py) and Uj(¢), we obtain
Eq. (78) for all g€ G. m

Several remarks are in order: First, this theorem is valid
for an arbitrary Lie group G, and, thus, it can also be
applied to the time-translation symmetry with G = R.
Second, the monotonicity of Qq alone is insufficient to
establish the theorem due to the asymptotic discontinuity
discussed in Sec. VA. Third, Eq. (78) holds for any
sequence of states {py}y, without the assumption that
the states are i.i.d. This generality is relevant in quantum
thermodynamics, where external systems supplying work
and coherence are typically not assumed to be in an i.i.d.
state. Fourth, the QGT Q7 and its extensions Qy are
extensive quantities (see Appendix I for further properties),
which makes them particularly natural measures in the
thermodynamic limit. Finally, for G = R, a similar theorem
can also be established for the metric adjusted skew
information rates by employing Lemma 3 of Ref. [69] in
place of Eq. (34).

C. No-go theorem for distillation

Let us first consider a simple scenario where we
asymptotically convert i.i.d. states via a thermal process
described by Eq. (76). As noted in the previous section, in
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the single-temperature case with time-translation sym-
metry, this evolution reduces to thermal operation. For
quasiclassical states p and o, i.e., states commuting with
the Hamiltonian (equivalently, symmetric states under time
translation), the optimal asymptotic conversion rate via
thermal operations, which we denote by Ryo(p — o), is
known to be calculated via the following formula [10]:

D(pll7)
D(ollz)’

Rro(p — o) = (81)

where 7 denotes the Gibbs state and D(p||o) = Tr(pInp) —
Tr(pIno) denotes the quantum relative entropy. Here, we
adopt the natural logarithm for convenience. Since
D(p||z)=p[Fy(p)—=Fy(z)] with Fy(p):=(H),—p~'Sin(p),
where S,y is the von Neumann entropy given by
Syn(p) == =Tr(pInp), Eq. (81) implies that the (nonequi-
librium) free energy completely characterizes the optimal
conversion rate.

However, for general, nonquasiclassical states, the nec-
essary and sufficient conditions for state conversion under
thermal operations remain unknown [57,58]. This is
because thermal operations cannot generate a coherent
superposition of energy eigenstates; therefore, such energy
coherence, i.e., asymmetry under time translations, must be
regarded as a separate resource.

Building on the establishment of the QGT as the
complete measure of asymmetry, we here derive a no-go
theorem on the distillation of a state expressed in terms of
the QGT and its extension. We denote by R%,(p — ¢) the
asymptotic conversion rate from a general state p to a pure
state ¢ via thermal processes defined in Eq. (76). Note that
when only the time-translation symmetry is involved
(G=R), R¥(p— ¢) provides an upper bound on
R1o(p — ¢) but need not coincide with Ryq(p — ¢), since
the definition of R%,(p — ¢) allows access to baths at
different temperatures.

From the additivity of Q,, the left-hand side of Eq. (78)
in Theorem 3 for i.i.d. states can be evaluated as

1 . p)®N n
lim inf 57’ Q™ =y Qi (82)

for any y€CYmC, Therefore, Theorem 3 yields the
following upper bound:

sup{r>0|VgeG, %" > r QU@ > RS, (p—¢)  (83)

for each ¢ € (0, 1). Moreover, in the limit ¢ — 17, we also
obtain

sup{r 20| ¥ g€G, Q") > rQs@} > RG,(p — ¢).  (84)

Consequently, we obtain a no-go theorem in quantum
thermodynamics analogous to Corollary 2.

Corollary 3 (no-go theorem for distillation via thermal
operation). Let G be a connected Lie group describing
symmetry. For a general state p and a pure state ¢, if there
exists a vector y € C™ Y satisfying [IT,,y"X] =0 and
y"Q%y # 0, then RS (p — ¢) = 0.

In particular, this result implies that, for a typical state
with full rank, it is impossible to distill a pure state through
thermal contact at a linear rate. We remark that these
arguments, when particularized to time-translation sym-
metry with G = R, are consistent with Eq. (81). Indeed, the
QGT vanishes for quasiclassical states, and, therefore, the
above arguments do not impose nontrivial constraints when
¢ 1is quasiclassical. In contrast, Eq. (84) provides a
quantitative bound on the distillable asymmetry, which
merits attention and is expected to play an important role in
extending the conversion theory via thermal operations to
general states.

An important point is that Corollary 3 holds for
continuous symmetries beyond the case of energy con-
servation. As an example, we now focus on the convert-
ibility of i.i.d. states when the system couples to a thermal
bath through an interaction that preserves the U(1) sym-
metry, which appears in the Heisenberg XXZ model.
Specifically, we investigate the distillation scenario, i.e.,
the conversion from an i.i.d. copy of a mixed state to an
1.i.d. copy of a pure state, under the conservation law for the
z component of spin. To make this scenario concrete,
we consider an asymmetric pure state defined as vy, :=

|l//a><l//a , Where

wa) =+Valt) +V1=all).  a€(0.1). (85)
and |1) and |]) denote the spin-up and spin-down states,
respectively. We also introduce a corresponding mixed state

I
Pae = (1 - G)Wa + 65’ (86)

where ¢ € (0, 1] controls its purity.

Before discussing the implications of Corollary 3, we
first examine the behavior of a measure of asymmetry that
has been widely employed in prior research [13], namely,
relative entropy of G-asymmetry A;(p). Using the formula
in Ref. [13], we obtain As(p,.) = Hla(l —¢€) + (¢/2)] —
H(e) and A;(w,) = H(a), where H(p) denotes the binary
entropy given by H(p):=—-plnp— (1 —p)In(l - p).
Therefore, for a; > a, > % and a sufficiently small e, we
find that

AG(paz.e) > AG(Wu,)9 (87)

which demonstrates that p,, . is more asymmetric than y,,,
when quantified by A;. This is consistent with the geo-
metric intuition on the Bloch sphere, where the U(1)
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FIG. 3. Geometric description of states on the Bloch sphere.
Since the group transformation U(e'?) corresponds to a rotation
about the z axis, intuitively, a quantum state positioned farther
from the z axis exhibits greater asymmetry than one located
closer to it. This behavior is illustrated by the relation A¢(p,, ) >

Ag(y,,) for a; > a, > 1 and sufficiently small e.

transformation corresponds to the rotation around the z axis
(see Fig. 3).

At first glance, this observation might suggest that a
nonzero conversion rate from p,, . to y, is feasible.
However, the newly introduced monotone Q reveals
that this is not true. Specifically, since Q”«<< = 0 while
Q¥a # 0 for any ay, a, € (0, 1), Corollary 3 implies that it
is impossible to distill y, from p,, . at a nonzero rate via
thermal operations. In other words, Q demonstrates that
pure asymmetric states possess inherent value and cannot,
in general, be distilled from mixed asymmetric states—an
insight not necessarily captured by the conventional mea-
sure Ag. This result underscores the effectiveness of Q as a
monotone in the context of quantum thermodynamics.
Although Corollary 3 is applied here in the specific case
of U(1) symmetry for illustrative purposes, the result holds
for any connected Lie group.

We conclude by remarking on a more general scenario,
in which a generalized bath, denoted by B, is prepared in a
generalized Gibbs ensemble (GGE), given by

1

e_ﬂ(HB_a”XB.;J’ (88)
ZGGE

TB.GGE ‘=

where /3 > 0 denotes the inverse temperature, {o# }™  are
generalized “chemical potentials,” {Xp,}{™" ¢ are con-
served charges [which corresponds to the operators in
Eq. (75)], and Zggg := Tr(ePHs=X5.)) is the generalized
partition function [121-123]. For example, when the
particle number is conserved under G = U(1) symmetry,
a; and Xp; are the standard chemical potential and the
number operator, respectively, which yields the grand
canonical ensemble. In this case, a (generalized) thermal
operation realized by symmetry-respecting interaction with
such a bath is not necessarily a G-covariant operation,
because 75 Ggg 1s not generally symmetric. This implies

that not all asymmetry monotones qualify as athermality
monotones. Nevertheless, O” remains nonincreasing under
any thermal process described in Eq. (76), as 75 ggg is full
rank and, hence, Qe = (). Consequently, the upper
bound on distillable athermality given in Eq. (84) and
Corollary 3 remains valid.

D. Macroscopic coherence required in quantum
thermodynamics

In the previous subsection, we identified a constraint on
distillation via thermodynamic processes that originates
from a state’s nontrivial asymmetry. A physically important
question is whether this constraint is robust or whether it
can be circumvented once additional resources are made
available. If only a subextensive (i.e., thermodynamically
negligible) amount of asymmetry suffices to overcome the
restriction, then the constraint would have limited physical
significance; if an extensive resource is unavoidable, it
remains essential in the thermodynamic limit.

In this subsection, we show that there are infinitely many
instances in which a macroscopic amount of coherence
(and, more generally, asymmetry) must be supplied by an
external system to enable distillation via interactions with
thermal baths. In particular, this also implies the same
conclusion within the resource theory of athermality, where
thermal operations are free. At first glance, this may seem
in tension with a common view in the literature that only a
small coherence resource is needed in quantum
thermodynamics [10,57,58]. We resolve this apparent
discrepancy by noting that it stems from the choice of
asymmetry quantifier: Here, we adopt the QGT and its
extension, motivated by our result establishing the QGT as
a complete asymmetry measure, whereas the literature
often employs coarser, state-independent measures.

To this end, we consider the scenario in which the initial
state is py = p®V ® &y, where p is the state to be distilled
and &y is a state of the external resource system. Suppose
that it is possible to asymptotically convert p to ¢ at rate
r > 0 using thermal processes described by Eq. (76), when
assisted by &y. Then, since the additivity of Q, implies

1 1
v =+ 595 (89)
Eq. (78) in Theorem 3 yields
RN B .
lim inf-y7Q'y 27 7(rQ? = )y, (90)

To avoid unnecessary complications, we have here applied
Eq. (78) only for g = e, but we remark that the arguments
can be straightforwardly extended to each g€ G. Thus, if
there are y € CYi™m G and g € (0, 1) such that the right-hand
side of Eq. (90) is positive, then yT Qg’vy must be at least
O(N). In other words, distillation necessarily requires a
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macroscopic amount of asymmetry supplied by the external
resource system.

To make the discussion more concrete, we examine the
particular case in which &y are pure states. In this case,
Eq. (27) yields

. N l—q . .
rQiy =1 Q=1 (@) O
If the QGT rate limy_ . (1/N)Q% converges, we denote
it by

N—->oco

Q%4 := lim %Q‘fN. (92)
Under this assumption, Eq. (90) implies
Qi 410070 2100 -0 (93)
Taking the limit ¢ — 17, we obtain

Q=€ > rQf — Qr, (94)

where we have used lim,_- Qj = Q. For example,
suppose that p is full rank and ¢ is asymmetric. Then,
QP =0 and there exists a vector y € CYUmG gsuch that
¥y Q%7 > 0. Therefore, y'Q%% >0 or, equivalently,
y" Q¥y must be at least O(N).

The result so far is applicable to any continuous
symmetry as long as the Gibbs state is symmetric.
However, the study of quantum thermodynamics under
multiple conservation laws is still underdeveloped. Thus,
we return to the standard setup involving only energy
conservation. This allows us to compare with prior studies
and to clarify the implications of the above arguments.
Since the QGT is equal to the energy variance for pure
states for time-translation symmetry, Eq. (94) yields

lim %V(gN,HS’“’) > rV(¢p,H') — QF, (95)

N—oco
where H 1(3“) denotes the Hamiltonian for the external
resource system and Q” = Tr(pH (I —I1,)H). We note that
the SLD quantum Fisher information, widely used in RTA for
time-translation symmetry, equals 4 times the variance for
pure states. We remark that if Q7 # 0, then Eq. (95) yields
only a trivial bound whenever r < O”/V (¢, H').
If @7 =0, the above inequality yields

lim %V(fN, H) > rv(g, H'). (96)

N—-oo

For example, when p is a typical state with full rank, this
inequality holds. Equation (96) implies that, for a con-
version at nonvanishing rate r > 0, the energy coherence of

the external resource system, quantified by V(&y, H Sm)),
must scale at least O(N), as long as ¢ is a nonquasiclassical
state. In particular, if energy coherence is supplied via

coherence bits—qubit systems in the state (1/1/2)(]0) +
[1)) with Hamiltonian H = h|1){1| for h > O—then the
number of required coherence bits scales as O(N). Note
that Eq. (96) becomes trivial when ¢ is a symmetric state
(i.e., [p,H'] =0), since V(¢,H') =0 in that case. In
particular, Eq. (96) does not imply that macroscopic
coherence is required for dilution into the ground state
(or, more generally, into an energy eigenstate).

We note an advantage of adopting the QGT and its
extension over the metric adjusted skew information. As
mentioned earlier, Theorem 3 can be straightforwardly
extended to skew information rates by employing Lemma 3
of Ref. [69]. When &y are pure states, we obtain the
following inequality in place of Eq. (95):

1 €xX S
Jim V(e HYY) 2 V(g H) =1 (o, H).,(97)

where the metric adjusted skew information is defined by
Y (p, H) = [f)(0)/2]li[p. H] ||§(>),p for a monotone func-

tion f© satisfying () = tf®)(1/7) and £©(0) > 0.
This inequality reduces to the bound in Eq. (96) only
when [p, H| = 0, since the metric adjusted skew informa-
tion is a faithful measure of coherence. In contrast, Q” =
Tr(pH(I —11,)H) = 0 holds either if [p,H] =0 or if
[I1,, H] = 0. Thus, it is precisely the nonfaithful property
of Q7 that makes it possible to conclude that a macroscopic
amount of energy coherence must be prepared in the
external resource system for distillation of a wide class
of states, including, in particular, all full-rank states p.
While our analysis does not rule out the existence of
catalysts, it indicates that, in general, such catalysts should
exhibit O(N) asymmetry. Indeed, our analysis remains
valid even if the external state £y contains catalytic degrees
of freedom. Moreover, any residual correlations between
the system of interest and the catalyst do not affect the
conclusion, since the proof does not rely on any explicit
assumption about such correlations. Therefore, even if a
catalyst is employed, the total amount of asymmetry that
must be supplied from an external system, including the
catalyst, is O(N), in general. We also remark that coherence
amplification protocols [124,125] do not trivialize the
preparation of coherence in the external system: While
these protocols can increase the sum of local coherences,
they do not increase the total amount of coherence.
Finally, we explain the relation between our result and
earlier analyses in the resource theory of athermality
[10,57,58]. For time-translation symmetry (G = R), the
bound in Eq. (96) applies to distillation under thermal
operations, since thermal operations arise as a special case
of Eq. (76) in the single-temperature setting. Consequently,
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there exist infinitely many instances in which a macro-
scopic amount of coherence must be supplied in order to
distill a state into a pure state with nonzero energy
coherence (see Appendix J for more details, including a
brief review of the setup in Refs. [57,58]).

On the other hand, in the literature on the resource theory
of athermality, the coherence cost of state conversion is
often quantified via the energy range of an external system
supplying the coherence [57,58], defined by ||H§5Xt) || o In
the thermodynamic limit, the required energy range is
shown to be negligible compared to the total work cost, i.e.,
||H1<5Xt) |l = 0(N), which prevents any non-negligible
embezzlement of work from the external system [10,57,58].
This has contributed to the view that the required coherence
overhead can be small when it is assessed solely in terms of
the external system’s energy range.

This apparent discrepancy originates from the quantifiers
adopted in the analysis. As Ref. [57] describes, ||H§5Xt) || is
“a very rudimentary way” to quantify energy coherence: It
depends only on the Hamiltonian and is independent of the
state of the external system. By contrast, the energy
variance, which serves as a natural measure of coherence,
is state dependent. Since the variance involves second
moments of the Hamiltonian, it scales quadratically with
the Hamiltonian and, thus, can be macroscopic even when

||H1(5Xt)||oo = o(N). In Ref. [10], an example is given in

which ||H1(f,:m)||oo is estimated to scale as v/N. In such a
case, achieving a variance of the order of O(N) requires the
external system to be in a state with a large superposition of
distinct energy levels.

Taken together, these considerations underscore the
critical importance of the choice of asymmetry measure;
it can fundamentally alter our understanding of resource
requirements in thermodynamic processes.

IX. CONCLUSION

In this paper, we established the asymptotic conversion
theory between i.i.d. pure states in RTA for a compact Lie
group. Our main result, namely, the conversion rate formula,
significantly extends a previous study on the U(1) group to
arbitrary compact Lie groups, thereby providing a unified
framework for quantifying symmetry breaking across quan-
tum systems with diverse symmetries. For example, it now
covers cases involving multiple noncommutative conserved
quantities. Notably, the derived conversion rate formula has
led to a resolution of the long-standing Marvian-Spekkens
conjecture, which had remained open for over a decade. We
remark that the asymptotic conversion rate in RTA cannot be
derived from the approach in general resource theory for
reversible conversion [126] using the generalized Stein’s
lemma [127-130]. This is because this framework does not
apply to RTA, since the regularized relative entropy vanishes
in RTA [13], as emphasized in Refs. [126,129]. We also
explored the applicability of our approach to mixed-state

conversion and derived upper bounds on asymmetry cost
and distillable asymmetry. While our analysis in the mixed-
state case is not comprehensive, it would pave the way for
future investigations.

Our result establishes the QGT as the complete asym-
metry measure within RTA, analogous to the role of
entanglement entropy in entanglement theory. This finding
provides an operational interpretation of the QGT, origi-
nally introduced as a metric on quantum state space and
commonly employed as a topological indicator. Thus, it
reveals a fundamental connection among symmetry break-
ing, the geometry of quantum states, and condensed matter
physics from the viewpoint of quantum resource theories.
Given the broad success of entanglement entropy as a
theoretical tool for investigating quantum correlations
[3-5], adopting the QGT for quantifying asymmetry break-
ing will offer a powerful approach to exploring deeper
structures governed by symmetry and its breaking.
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APPENDIX A: G-COVARIANT CHANNEL
AND CONSERVATION LAWS

In this section, we review the connection between G
covariance of a channel and conservation laws, established
by the covariant Stinespring theorem [14,75]. We denote by
L(H) the set of all linear operators on a Hilbert space H.

Theorem Al (Theorem 25 in Ref. [14]). Let H be a finite-
dimensional Hilbert space equipped with a projective unitary
representation U of a compact group G, and let £: L(H) —
L(H) be a G-covariant channel. Then, there exists a
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finite-dimensional Hilbert space H g with a (nonprojective)
unitary representation U of G, a G-symmetric pure state
on the system E, and a unitary operator V on H ® Hg
satisfying

V(U(9)®UE(9))=(U(9)®Ur(9))V. VgeG. (Al)

such that

E() = Tre(V(- ® ng)VF). (A2)

This theorem extends to the setting in which the input
and output systems may differ. Although the proof is
straightforward, we include it here for completeness.

Corollary Al. Let ‘H, and Hp be finite-dimensional
Hilbert spaces equipped with projective unitary represen-
tation U, and Up of a compact group G, and let
E:L(H,) » L(Hp) be a G-covariant channel. Then, there
exist finite-dimensional Hilbert spaces Hy and Hp with
projective unitary representations Up and Up of G such
that Hy @ Hr = Hp @ Hy, a G-symmetric state 77z on
the system E, and a unitary operator V on Hy ® Hg
satisfying

V(Us(9)®Ug(9))=(Up(9)®Up(9))V, YgeG, (A3)

such that
E() =Trg(V(- ®ng)V7).

Proof. 1t is straightforward to check the channel in the
form of Eq. (A4) is G-covariant. Suppose that £: L(H,) —
L(Hp) is G-covariant. Define a channel F:L(H, ®
Hp) = L(Ha @ Hp) by F(-) =14 & (€0 Trp(:)), where
na is a G-symmetric state. Since F is G symmetric, from
Theorem Al, there exists a finite-dimensional Hilbert
space ‘Hy carrying a unitary representation Up of G,
a G-symmetric state #g, and a unitary operator V on H, ®
Hp @ Hp satisfying

(A4)

V(U(9)a ® Ug(g) ® Ur(g))

= (U(9), ® Ug(g) ® Up(9))V. VYgeG, (AS)

such that

F() =Trp(V(- @ np)VF). (A6)
Fix any G-symmetric state 7z on the system B. Since
E(-) =Try o F(- ® np), we obtain

E() =Tre(V( @ ng)V'). (A7)
where E := BF, E' := AF, and 5 := ng ® 1. The systems
E and E' carry projective unitary representations Uy =
Up ® Up and Uy = U, @ Up, which satisfies Eq. (A3)
due to Eq. (AS). ]

The condition in Eq. (A3) means that the unitary
evolution operator V respects the symmetry described by
G. When G is a Lie group, by introducing the generators
through differentiation of the projective representations
[cf. Eq. (6)], this condition implies

V(XA#—FXE,”)VT:XB’”—FXE/.#, Vﬂ: l,...,dimG, (AS)

i.e., additive conservation laws for the generators. In
particular, if G is connected, the additive conservation
laws are equivalent to the intertwining condition Eq. (A3).
In this sense, a G-covariant channel characterizes the most
general evolution of an open system subject to additive
conservation laws, provided that no asymmetry is supplied
from external systems.

APPENDIX B: PROOF FOR THE MAIN
THEOREM FOR ANY PROJECTIVE UNITARY
REPRESENTATIONS

In the main text, we provided the sketch of proof of
Eq. (9) for (nonprojective) unitary representations of a
compact Lie group, while the technical proofs are provided
in later sections, in Appendixes C and D.

In this section, we show Theorem 1 from Eq. (9). In
Appendix B 1, we first review the result in Ref. [64] that
relates the conversion rates for projective unitary repre-
sentations to that for (nonprojective) unitary representa-
tions and explain a formula for the conversion rate for
projective unitary representations that are continuous but
not differentiable. In Appendix B 2, we show that the QGTs
at different points of a Lie group are interrelated by a
congruence transformation, which plays an essential role in
proving Theorem 1 from Eq. (9). In Appendix B 3, we
complete the proof for Eq. (8) in Theorem 1 and Eq. (9) for
any projective unitary representations that are differentia-
ble. Furthermore, Eq. (10) is proven in Appendix B 4.

1. Differentiability of representation

A (nonprojective) unitary representation is differentiable
as long as it is continuous [131], whereas this is not always
the case for a projective unitary representation. However,
by adopting the following result in Ref. [64], the conversion
rate can be calculated even when projective unitary
representation is not differentiable.

Lemma BI. Let U and U’ be projective unitary repre-
sentations of G on finite-dimensional Hilbert spaces H and
H'. Define maps U and U’ by

U(g)®? - Ug)®?

(9) ’=mv "(9) :_W’ (B1)

where d := dimH and d := dimH’. Then, U and U’ are
(nonprojective) unitary representations of G on H®? and
H"X’d/, respectively. Furthermore, it holds
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U
R(p - o) = %R(pcbd — %), (B2)
where on the right-hand side, the convertibility is defined
with respect to the unitary representations U and U'.

The proof can be found in Ref. [64]. Note that this
lemma is valid for any group, including both finite groups
and Lie groups, as long as the dimensions of the repre-
sentation spaces are finite.

For projective unitary representations U and U’ that are
continuous, (nonprojective) unitary representations U and
U’ in Eq. (B1) are continuous and, hence, differentiable.
Therefore, the conversion rate between pure states is
obtained from Eq. (B2), since its right-hand side can be
calculated from Theorem 1.

Except for this subsection, we consider only representa-
tions that are differentiable. In the following subsections,
by using Eq. (B2), we show that the formula for conversion
rate described by QGTs in Theorem 1 is valid for projective
unitary representations U and U’ that are differentiable.

2. Relation among matrix inequalities between QGTs at
different group elements for unitary representations

Let us prove the relation of the QGT at different points of
a compact Lie group.

Lemma B2. Let U be a unitary representation of a
compact Lie group G. For each g€ G, there exists an
invertible real matrix V(g) independent of the representa-
tion U such that Q%) = V(g)TQ¥V(g).

We remark that the same argument for the congruence
transformation of quantum Fisher information matrices can
be found in Ref. [80] for connected compact Lie groups.

Proof of Lemma B2. Let us first review several useful
facts on a compact Lie group G and its Lie algebra g. Let
GL(n,C) denote the general linear group. A closed
subgroup of GL(n,C) is referred to as a closed linear
group. Any compact Lie group G is isomorphic to a closed
linear group (see, e.g., Corollary 4.22 in Ref. [132]). For
g€G, we define a linear map Ad,: g—g by
Ad,(X) = gXg~'. The map Ad, is an invertible linear
transformation of ¢ (see, e.g., Proposition 3.33 in
Ref. [131]).

Now, let us fix an arbitrary basis {B, }d‘m G of g. For any
g€G, the set {g7'B,g}{™ % is also a basis of g. Therefore,

we can introduce an invertible real matrix V(g) by

dim G
Adg’] (B/d) = Z V(g)l/ﬂBlJ (B3)
v=1

Since Ad,, is a linear invertible transformation, the matrix
V(g) is invertible, is determined by the Lie algebraic
structure and is independent of the representation of G.
Let us fix a local coordinate of G in a neighborhood of
the identity e € G, which parametrizes the elements as g(4)

such that g(0) = e. In this coordinate system, the QGT for a
pure state y = |y)(y| is given by

o = (WX, X, w) = (WX, lw)(w|X,lw), (B4)
where X, := —i[d/(04#)]U[g(4)]|,—o- Similarly, the QGT
for U,(y) = |w(9)){w(g)|, where |y(g)):=U(g)lw), is
given by

QY — (y(g)|X, [T -

= (v|X,.(9)X,

lw (9)) (w (91X, lw(g))

(D) — (WX, (9)w) (WX, (9)lw),
(B6)

(B5)

where X, (g) = U(g)"X,U(g). By using the matrix defined
in Eq. (B3), we get
dim G
U(g)'X,U(g) = > _ V(g),.X (B7)
v=1
Therefore, Q%) = V(g)T Q¥ V(g). n

As an immediate corollary, we find that a matrix
inequality between QGTs holds for any point of a compact
Lie group G if it holds at a point in G.

Corollary BI. Let U and U’ be unitary representations of
a compact Lie group G. If a matrix inequality Q") >
rQU(®) holds for a point g€ G, then it also holds for
any g€ G.

Proof. Since the reversible matrix V(g) in Lemma B2 is
independent of unitary representation, we immediately get

> rQU(®)

> QU@

Yg€eQG, QUsv)

& 3dgeG, QW) (B8)

]

In particular, in Eq. (B8), we can always take e € G as a
representative point. Thus, we get
ng(V/) Z rQui/(ﬂb) = QV/ Z rQ¢

VgeQq, (B9)

3. Conversion rates for projective unitary
representations and (nonprojective) unitary
representations

Using a projective unitary representation that is differ-
entiable, the QGT is obtained as Eq. (7). This QGT is
proportional to the QGT defined with the unitary repre-
sentation in Eq. (B1).

Lemma B3. Let U be a projective unitary representation
of a Lie group G on a d-dimensional Hilbert space H.
Define a (nonprojective) unitary representation U by
Eq. (B1). Then, it holds

VgeG, QU =_Quw™  (B10)

1
d

031028-25



YAMAGUCHI, MITSUHASHI, SHITARA, and TAJIMA PHYS. REV. X 16, 031028 (2026)

Proof. Let us fix a local coordinate g(4) in the neighborhood of the identity e € G such that g(0) = e. From the definition
of U, we get

2,0l (B11)

= ; - ®i-1 ®d—i ®d ;

= GO X VI @ Ul @ V| + U gl e12)
0N joi- —i i — ol = 1

=10 ;I@’ '®0,U[g(2)] . ® ¥4 + ¢, el [®? <U(e) =¢1, ¢, =0, UG /1=o>. (B13)

Note that the second term, which is proportional to the identity matrix, does not contribute to the QGT. Thus, we get

®d

d
é% = é; ({9, Ulg(D)y10,Ulg(D)]w) = (9, Ulg()ly|Ulg(D)lw) (Ulg(A)]w|d, Ulg(A)ly))

=0
= QY. (B14)

Since this equality holds for an arbitrary pure state y, we get

VgeG, QU] =— Qi) (B15)
|

Now we are ready to prove Eq. (9) for any projective unitary representations.

Proof of Eq. (9). We consider the case where Symg(y) C Symg(¢). Note that the case where Symg (w) ¢ Symg(¢) is
separately treated in Appendix B 4.

We now extend Eq. (9) to any unitary representations, given that Eq. (9) is proven for any (nonprojective) unitary
representations. For any projective unitary representations U and U’ on H and ', we define unitary representations U and
U’ of G on H®! and H'® by Eq. (B1). From Eq. (B2), we have

Ry = ¢) = & R®1 = o) (B16)
Since Eq. (9) is already proven for any (nonprojective) unitary representations, we get
R(y® — &) = sup{r > 0| ¥ g€ G, Qv®) > rQUi(#*")}. (B17)
By using Eq. (B10), we get
sup{r > 0|V g€ G, Q™) » rQii#™)} — j/Sup{r 20|V geG, QLW > ¥}, (B18)
Therefore,
R(y — ¢) = sup{r 2 0| Y g€ G, Q“¥) > rQUi(")}. (B19)
|

By using the result in Appendix B 2, we prove Eq. (8) in Theorem 1.
Proof of Eq. (8) in Theorem 1. For given projective unitary representations U and U' of G, we introduce unitary
representations by Eq. (Bl). Then, it holds

Eq. (B10) d

’ ~ ~ !
Sup{r > 0| Vge G, ng(‘l/) Z rng(¢)} o Esup{r Z O| vge G, ng(ll/@d) Z rQ“;;(zﬁ@d )} (BZO)
. d’ R J
Eq:(BQ)Esup{r > 0|Qw®d > rQ(/,@z } (BZl)
B4 B0 Guplr > 0]Q¥ > rO?). (B22)
Applying Eq. (9), we complete the proof of Eq. (8) in Theorem 1. [
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4. Symmetry subgroup and the conversion rate

We here prove that R(y — ¢) = 0 unless Symg(y) C
Symg(¢). In fact, we can prove this fact not only for pure
states, but also for any states.

Proposition  Bl. If Symg(p) ¢ Symg (o), then
R(p - o) =0.

Proof. Suppose that Symg(p) ¢ Symg(c). Then, there
exists an element ¢g,€G such that g, €Symg(p)
and g, & Symg(c). Define A :=Fidl/, (6).0]. Since
g. & Symg(c), we have Fid[l/, (6),6] <1 and, hence,
FidlU, (0)®",6®N] = Fid[U, (0),0]" = A¥ < A, imply-
ing that T[U, (¢)®,6®]>1— /FidU, (o).0]N >1-VA

for any positive integer N.

Assume that {p®V}, C (6®UNY | Then, for any
€ > 0, there exists a sequence of G-covariant channels
{En}y such that

T(SN(p®N), o®L’NJ) <e (B23)
for all sufficiently large N. Note that this also implies
VgeG,  T(EnUy(p)®).Uy(0)® M) <€ (B24)

since £y is a G-covariant channel. If r > 0, we have
|rN] > 1 for N > 1/r. However, from the triangle inequal-
ity of trace distance,

T (ug* ()8, 6®WJ) (B25)
<7 (U, ()21, Ex Uy, (p)®))
+ T (En(Uy, (p)Y). En(p®))
+ T(SN (r®V), o®LrNJ) (B26)
= T(Uy, (), Ex(Uh, ()2))
+ T(gN(p®N), a®trNJ) (B27)
<2 (B28)

holds for all sufficiently large N, which contradicts
TUy, (0)®V,6®N] 2 1 — V/A. Therefore, r = 0. n

APPENDIX C: PROOF OF THE
CONVERSE PART

In this section, we provide the detailed proof of the
converse part, i.e., Eq. (38). Appendix C 1 provides the
discussion of the relation between the metric adjusted skew
information and the QGT, and their asymptotic disconti-
nuities, which provides complementary information to

Sec. VA. Technical details of the proofs of the lemmas
are provided in Appendix C 2.

1. Metric adjusted skew information and the QGT

We here first explain the reason why we adopted operator
monotone functions that do not satisfy the symmetry
condition in the main text. In the discussion of Petz’s
monotone function (-,-), ,, a symmetry condition f(t) =
tf(r!) is often imposed to the monotone function [66],
which is equivalent to (A, B); , = (BY, A") ;. , for any linear
operators A and B. However, as we see below, such a
symmetric monotone metric does not contain the informa-
tion of the antisymmetric part of the QGT, which motivated
us to introduce a family of operator monotone functions in
fq in Eq. (25), which does not satisfy the symmetry
condition if ¢ # 1/2. Note that the special case for ¢ =
1/2 corresponds to fgp(x) = (1 + x)/2, which is asso-
ciated with the SLD metric, playing a central role in
quantum estimation theory.

Let f) be an operator monotone function satisfying
f©(0)>0 and the symmetry condition f®(r)=
tf®)(+~"). From the definition of the monotone metric in
Eq. (24), we find

(s)
P ity o)

fow =1 G (or+ (Q'”)*))y, (1)

for O := y"X. This means that it captures only the symmetric
part of QY.

Note that the quantity [f*(0)/2]|li[p, H] ||j2£(s).p for a
Hermitian operator H is called the metric adjusted skew
information [95]. It is known that the metric adjusted skew
information for a pure state y is equal to the variance, i.e.,

/00
2

iy B2, = V). (C2)
This equation can be viewed as a special case of Eq. (C1),
where y is a real vector.

Since the metric adjusted skew information is quadratic
in H, for the same reason as the QGT explained in the main
text, it has an asymptotic discontinuity [13,23,24],
which requires careful treatment when analyzing its asymp-
totic rates. In Ref. [69], the asymptotic behavior of metric
adjusted skew information is studied, which enables one to
define valid asymmetry monotones obtained from asymp-
totic rates of the metric adjusted skew information. We here
review the results in Ref. [69], since the proof of monot-
onicity of the QGT under asymptotic conversion are their
variants.

For an arbitrary Hermitian operator H, we denote its i.i.d.
extension by Hy, defined as Hy:=> "  I® 1T QH®
I®N=" For a sequence of states {oy}y such that
lim supy_o7T(oy, p®¥) <€ for € >0, and an operator
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monotone function f©) satisfying f()(0) >0 and the
symmetry condition f®)(f) = ¢tf®)(r"!), Lemma 3 in
Ref. [69] shows that under a certain regularity condition,
if € > 0 is sufficiently small, it holds

19(0)
2

lilon. Bl = NV(¢.H) = Nh(e)

+o(N) (C3)
for all sufficiently large N, where £ is a real-valued function
independent of N, satisfying lim,_ i(e) = 0. The central
limit theorem provides an intuitive explanation of this
lemma. In the i.i.d. setting, the probability distribution of
@®" with respect to the eigenbasis of H, approaches to the
normal distribution after properly redefining the random
variable. It turns out that the left-hand side of Eq. (C3) is
approximated from below by the variance for a probability
distribution modified due to the error between o, and p®V.
In general, modifying the distribution at values far from the
mean can result in a considerable change in the variance.
However, since the normal distribution has an exponen-
tially small tail, it is impossible to significantly reduce the
variance. In other words, the metric adjusted skew infor-
mation approximately takes a local minimum around the
i.i.d. pure states [69], expressed by Eq. (C3). Note that,
although the definition of convergence in the state con-
version in Ref. [69] is slightly different from ours, both
yield the equivalent convertibility condition, as shown in
Appendix C2b.

By modifying Eq. (C3) to make it applicable to an
arbitrary linear operator O instead of Hermitian operator H
without assuming f is symmetric, we prove the following
lemma, which yields a lower bound on the asymptotic
behavior of the right-hand side of Eq. (33).

Lemma CI1 [restatement of Eq. (34)]. Let f be an
arbitrary operator monotone function such that £(0) > 0
and f(0) = lim,_+ f(€). For a linear operator O on a
finite-dimensional Hilbert space, we denote its i.i.d. exten-
sion by Oy. Let {oy}y be an arbitrary sequence of states
such that limy_ T(cy, #®") = 0 for a pure state ¢. Then,
there exists a real-valued function / independent of N
satisfying lim,_,, h(e) = O such that, for any sufficiently
small parameter ¢ > 0, it holds
f0)llilon. ONll7,, = NV(¢,0) = Nh(e) + o(N) ~ (C4)
for all sufficiently large N.

Notice that the normalization of the left-hand sides of
Egs. (C3) and (C4) differs by a factor of 2. This difference
also appeared in Egs. (C1) and (28), where the right-hand
side of the former is symmetrized while that of the latter is
not symmetrized.

Lemma C1 is proven by carefully modifying the proof of
Lemma 3 in Ref. [69]. Since the proof is involved, the
details are presented in Appendix C2c.

2. Proof of lemmas in the converse part
a. Proof of Lemma 1

In the literature, the monotonicity of a monotone metric
is often proven under the assumption that p and £(p) are
invertible. We here explicitly prove the monotonicity of a
monotone metric for an operator monotone function
fq(x) = (1—¢q)+gx for ge€(0,1) without assuming
states are invertible for completeness. For this purpose,
we here introduce several notations in Ref. [133]. Let
M(H) be the set of all linear operators on a Hilbert space
‘H. For an arbitrary probability distribution p on [0, 1], we
define a linear map E, ,: M(H) - M(H) by

Epyd)= [ papip(a). (c3)

Note that when p is not invertible, the map E, , has a

pp
nontrivial kernel. We denote the image of £, , by Mgf}) (H).
For operators A, B G./\/l%> (H), we define (A,B>§,’f}> =
Tr(C'B), where C € M('H) is an arbitrary operator satisfy-
ing E,,(C) =A. This inner product is well defined,
since, for operators C.C'e M(H) satisfying E, ,(C) =

E,,(C)= we get Tr(C'B) = Tr[CTEp/,( )] =
Tr{[E, ,(C )} D} =Tr{[E,,(C")]"D} = Tr(C"'B), where
D € M(H) is an operator satisfying E,, ,(D) = B.

As shown in Theorem 6.1 in Ref. [133], the induced

norm HA||§,";,) = (A,A>§,'f1,,> is monotonically nonincreas-

ing under any completely positive and trace-preserving
map k. That is,

Al > ()l (Co6)

holds for any operator A such that A€M (H)
and x(A) € MST?(/)) (H).

In order to relate the above notation with ours, let us now
consider a particular probability distribution p, := (1 —
q)81 + qdy characterized by g€ (0, 1), where §, and &,

denote the Dirac measure concentrated on O and 1,
respectively. In this case, we have

E, ,(A) = (1-q)pA+qAp

= my, (pe )| {UAIK) (K],

k1l

(C7)

where p = >4, p;|i)(i| is the eigenvalue decomposition
of p, m(x,y) == yf(x/y), and f, is an operator monotone
function defined in Eq. (25). Then, we have the following.
Lemma C2. For any state p and linear operator
B, ilp, Bl € Mij") (H).
Proof. Let p = "4, p;]i)(i| be the eigenvalue decom-
position of p. For an operator A defined by
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1
A= ————|I)(llilp. B|k) ([, (C8)
klimg, (pipi)>0 mf,,(pka pl)
we get
(1—q)p; , qpx :
EppA)= Y e i B K+ Y e () (llilp. BK) (k] (C9)
Pyp _ _
k.;(1-q)pi+qp>0 (1 Q)pl +apk kL(1=q)p1+qpi>0 (1 Q)pl + gpi
= D) {{[ilp. B] |k} (k| (C10)
kL;(1=q)pi+gpi>0
=ilp.Bl= > [){llilp. B]lk) (K (C11)
k.Lip=pr=0
= i[p. B], (C12)
where we have used the fact that (1 — q)p; + gp, > 0 unless p, = p; = 0. n
Therefore, for any state p and linear operator B, we get
. m) 2 1 . T,
i 8l = e (30 il B ) G ) ) (1)
k,l;qu(pk,p,)>0 Iy P P1
= (ilp. Bl.i[p. Bl);, ,- (C14)

where we used Eq. (24) in the last equality. Using this
relation, the monotonicity in Eq. (C6) completes the proof
of Lemma 1.

b. Proof of the equivalence between two alternative
definitions of asymptotic convertibility

Proposition C1. For any sequences of states {py } and
{on}y- the following two conditions are equivalent:

(i) For any € > 0, there exists N, such that for any
positive integer N > N, there exists a G-covariant
channel &y satisfying T[Ex(py), on] < €.

(i) There exists a sequence of G-covariant channels
{gN}N such that th—wO T[gN(PN)’GN] =0.

Proof. (ii) = (i): Any sequence of G-covariant channels
{En}n such that limy_ o, T[Ey(py), on] = 0 provides an
example of the channels satisfying condition (i).

(i) = (ii): Fix a sequence of positive numbers {¢; }, such
that lim;_, , ¢, = 0. Assume the condition (i) is true. Then,
for each ¢, > 0, INy(e;) > 0 such that V N > Ny(ep),
3N, : G-cov such that T[Ey(py). on] < €. Without loss
of generality, we can assume Ng(er, 1) > No(er). Let us
define G-covariant channels {Ey}, by

En=Ene if No(er) SN < No(eri1) (C15)
for N>N(e;). For N < N(e;), we arbitrarily fix a
G-covariant channel £y. Then, for any N>N(¢), we have

T[(C/‘N(pN),UN] Sﬁ'k. Thus, we getlimN_,ooT[EN(pN),GN] S€k.

I
In the limit of k— oo, we find limy_ o T[En(pn).0n] =0,
since {e;}, is assumed to satisfy limy_,o, ¢, = 0. m

For example, in studies on convertibility in RTA,
condition (i) is adopted in Refs. [69,91], while condition
(ii) is employed in Refs. [23,24,64], and the present paper.
Note that such an equivalence is not specific to the
convertibility via G-covariant channels, and a similar
argument can be found, e.g., in Ref. [134].

¢. Proof of Lemma C1

Let us first prove a lemma relating an inner product on a
(mixed) state to a covariance matrix of its eigenstate with
the largest eigenvalue when the state is close to a pure state.

Lemma C3 (modification of Corollary 1 in Ref. [23] and
Lemma 9 in Ref. [69]). Let o be an arbitrary state and ¢ be a
pure state. Suppose that their infidelity by 6 := 1 — (¢|o|p)
satisfies § < 1/2. For the eigenvector |®) with the largest

eigenvalue of o, it holds
[{p|@)? > 1-20. (C16)

Let f be an operator monotone function such that f(0) > 0.
Then, for any linear operator O, it holds

(ils, 0.i[6, 0], > (1 = 25)°Tr(®O(I - ®)0"),

(C17)
where ® = |®)(D|.
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The first half is proven in Corollary 1 in Ref. [23]. The
second half is a modification of Corollary 1 in Ref. [23] and
Lemma 9 in Ref. [69]. In Corollary 1 in Ref. [23] and
Lemma 9 in Ref. [69], a similar inequality was proven for
Hermitian operators O and monotone functions f satisfying
the symmetry condition f(t) = tf(¢r~'). Equation (C17)
differs by a factor of 2 from those in Refs. [23,69], and it is
applicable to monotone functions without assuming the
symmetry condition.

Proof of Lemma C3. Let p be the largest eigenvalue of o.
The eigenvalue decomposition of ¢ is written as

&

-1 d—1

o= Mlk) (k| = p|@)(@+ > Alk)(k
k=1

(C18)

T
(=)

where Ay := p and |0) := |®). Since p is assumed to be the
largest eigenvalue, we have

d—1 d—

1-6=plg|®) |2+sz (k)2 Z (k)2

k=0
(C19)
|

1

Therefore, we get

1 -5 = (¢lolg) (€20
d-1
= pl{@I®) P+ Al(glk) (C21)
k=1
d—1
<plB®P+(1-p)> [P (C22)
k=1
< pl(@|O)* + 5(1 — | {p|®) ), (€23)
meaning that
o)zt "221-05  (c20

where we have used 0 < 1 -26<p-6< 1.

The second half of this lemma is a modification of
Corollary 1 in Ref. [23] and Lemma 9 in Ref. [69]. For any
operator monotone function f, we have

i[o, 0).i[0, 0]),, = ———(k|[e. O']|1){1]]0, o] |k C25
(ilo. OL.ilo. 0),, knm{f%‘mo% o e o iio.clik) (C25)
(’11 - lk)z 2 (’11 - ﬂk)z 2
= 77, Ok + 7,5 [{O]k)] (C26)
k,l;z,f%,;z,po W A/ 41) kD5, f (A A1) >0,1£0 Af Ao/ h)
(P—/lk)2 2
2 - (@[0]k)] (C27)
k;pf(ﬁ;pbopf(/lk/p)
d—1 /1
Z p k <I>|0|k> 2, (C28)

where we have used pf(4/p) > pf(0) > 0 forall k =0, ...,
> (1 —26)?if § < 1/2. Moreover, since 4;/p < /(1 —8) and p < 1, we get pf(A/p) < f(A/p) < fl6/(1 —

(P —4)?
6)] for any monotonic function f. Therefore,

d—
)
(il 0].i[s. O]) zzpﬂk

d — 1 in the last equality. Since p — 4; > 1 — 26, we have

0o (D] Ok)|? (C29)
d—1
( ) (1-26)2) " [(@|O]k)? (C30)
1-6 k=1
(IL) (1 =28)2(®|O(I — ®)O"|D). (C31)
1-6
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In the asymptotic conversion scenario, the initial i.i.d. pure state is transformed into a state close to i.i.d. copies of the
target pure state. In order to further bound the right-hand side of Eq. (C17), let us consider any linear operator O on H and
its 1.i.d. extension Oy defined by

Ox=> 00, 00 =191 g 0@ I8V, (€32)

By decomposing O into Hermitian and anti-Hermitian parts as

0+ 0f 0-0°'
O =A+1B, A= + , B := —, (C33)
2 2i
we get
N
Ay=) A0 AW = Ol @ A @ IOV, (C35)
n=1
N
By:=> B, ~ BW:=[®"1 @B N (C36)
n=1
For any pure state ®p, we find
(Dy|ON(I = @y)O)|®y) = V(Dy. Ay) + V(@y. By) — i(®y|[Ay. By]|Dy). (C37)

where V denotes the variance V(®y, Ay) = (®y|A%|®y) — (Dy|Ay|Py)2. We derive a lower bound for each contribution
in Eq. (C37) under the assumption that ®,, is sufficiently close to an i.i.d. copies of a pure state ¢p®.

A bound for the last term in Eq. (C37) can be easily obtained as follows.

Lemma C4. Let A and B be arbitrary Hermitian operators. We denote their i.i.d. extensions by Ay and By defined in
Egs. (C35) and (C36). For arbitrary state py and oy, it holds

I Tr(i[An, Bylpn) — Tr(i[Ay, Byloy)| < NIi[A, B]||llon (C38)
where ||-||,, denotes the operator norm.
Proof. Since
N N
i[Ay.By] =i Z B =i [A, B, (C39)
nn'=1 n=1
we get
[i[Ay. By]lle < Z iA%™), B"]| = NIl[A, B - (C40)
Therefore,

Tr(i[An. Bylon) — Tr(i[Ay. Bylow)| = |Tr(i[Ay. Byl(px — on))] (C41)
< [[i[An. Bl llon — onlly (C42)
< NIi[A, Blllellow = onlly- (C43)

|

031028-31



YAMAGUCHI, MITSUHASHI, SHITARA, and TAJIMA PHYS. REV. X 16, 031028 (2026)

Since i[Ay, By is Hermitian, its expectation value is a real number. Applying this lemma for pure states @y and ¢®",
we get

—i(®y|[Ay. By]|®y) > —i(¢®"|[Ay. By]|#®") — N|i[A, B|| || @y — V]|, (C44)

On the other hand, the variances can change more drastically, in general. Nevertheless, for a pure state close to an i.i.d.
pure state, we can prove the following bound.

Lemma C5 (extension of Lemma 10 in Ref. [69]). Let A be an arbitrary Hermitian operator on a finite-dimensional Hilbert
space H. We denote their i.i.d. extensions by Ay defined in Eq. (C35). Fix a pure state ¢p € P(H) and a sufficiently small
parameter e. There exists a function /4 (¢) independent of N satisfying lim,_, /;(¢) = 0 such that, for any sequence of pure
states {@y }y satisfying lim supy_ o T(@y, ¢p®V) < e, it holds

V(®y.Ay) = [1 = hy(€)]V(¢®N. Ay) (C45)

for all sufficiently large N.

As we have mentioned in Sec. VA, the variance per copy can generally change of the order of O(Ney ) for a state @ that
is ey-close to ¢®" in trace distance. Even when limy_,, ey = 0, the variance per copy may change significantly in the limit
of N - o0, and, therefore, the variance has an asymptotic discontinuity. Nevertheless, Lemma C5 shows that, when the state
deviates slightly from ¢®", the variance per copy can decrease at most h;(¢)V (¢, A), which is independent of N. The
central limit theorem provides insight into this mechanism. The probability distribution of ¢®" with respect to the
observable Ay is approximated by the normal distribution as N — oo after properly redefining the random variable. When
this probability distribution is modified due to the change in state, the variance cannot be reduced radically because the tail
of the normal distribution is exponentially small.

Proof of Lemma C5. When all the eigenvalues of A are degenerate, the statement trivially holds since
V(®y,Ay) = V(¢®,Ay) = 0. Below, we assume the difference between the largest and smallest eigenvalues of A is
nonvanishing, which we denote Aa > 0. Similarly, if the variance 62 := Tr(¢A?) — [Tr(¢A)]?> vanishes for ¢, then the
inequality is trivial since V(¢®,Ay) = No? = 0. Therefore, we also assume that ¢ > 0.

Define
Ay = Tr(@®VAy) — Tr(ByAy), (C46)
Ox = (Ay = TH(@yAND)? = (Ay = Te(@®V AT + AuyI)2. (C47)
Since
Tr(f® (Ay = Tr(@yAW)1)?) = Tr(¢®V (Ay = Te(@®VAN)?) + Ay . (C48)
we have
V(@y. Ay) = V(#®Y. Ay) = [ Ay = Tr(Qy (4" - Dy)). (C49)

Here, we derive an upper bound of Tr(Qy(¢®¥ —®y)). Let us denote the eigenvalue decomposition of A by

A= Z;’:l a;|j){j|. Its i.i.d. extension is written as

d=1  d-1 N
Av=2" > sWNUL )=l ®@hp8- @i s = a (C50)
J1=1 Jn=1 n=1
where j = (ji, ..., jy). In the following, we abbreviate Y 47!, --- 3741, as Y.

We decompose labels for eigenvectors of Ay into two disjoint sets:

JN (s(j) —/4) < x}, Al () o= {J‘

where p := Tr(gA), 6 = Tr(¢pA?) — [Tr(¢A)]?, and x > 0 is a positive parameter that will be fixed later.

o N o N

A(core) ()C) = {J’

\/N<S(j)_ﬂ>’>x}, (C51)
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Since Qy is diagonal in {|j)} basis, we can also decompose Q) as follows:
Oy = O™ (0) + OV (x).

o) = N Is() — Nu+ Pl Gl
jeA(core) (x)

OV ()= 3 [s() = Nu+ Ay Pl .

j c A(mil) (x)

Thus, we get

Tr(On (62 = @y)) = Tr( Q™ (1) (92" = @y) ) + Tr( Q4" (1) (9 — @) ).

COl’C

Since the largest eigenvalue of QN (x) is less than (xv/No + |Auy|)?, the first term is bounded as

Tr(ON™ (1)@ — b)) < [Tr( Q™ (1)(42Y - @)
< (xV/No + [Auy|)?[|¢®Y — Dyl

2(xV No? + |Auyl)*e

for all sufﬁc1ently large N.
Since QN i (x) is a positive operator, we have

Tr(QW™ (x)(¢®Y — @) < Tr(QW™ (x)®).

Let p denote a probability distribution defined by p(j) := |{ j|¢)|*>. We denote its i.i.d. extension by

P (j) = pU1)p(a)---p(in).

Then, we have

Tr( tall()¢®N): Z [s(j) = N + Auy]2p® ()

j€ A(tail)( )

- Z ([s(J) = Nul* + 28uy[s(j) — Nu] + |Aun*) p® ()

< > ([sG) = Nul + 2/ Auylls() = Nul + [Auy ) p®V ().
j c A(lail) (X)

From the Cauchy-Schwarz inequality, the second term is bounded as

ST G -Nulp® () < [ S Is(i) - NuPp ®N(J)\/ ST PN,
je

jeA(lail)( ) ]EA“"I( ) ; A(lail) (x)

Therefore, we get
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2
ail) . .
Tr(0\" (x)¢®") < ( ks NG+ [apyl | > p (J)) : (C65)
]GA“"] ) jeA(tail) (X)
For i.i.d. random variables Y, ..., Yy ~ p, we denote
I ONEIEER)
- W o\ 2
The tail contribution can be recast into
> IsG) = NuPp®V(j) = N> = > [s(j) = Nulp®(j) (C67)
jeA(lnil)(X) jEA(core)(X)
= No*{1 - Ey[f(Zy)]}, (Co8)

where we defined

f(z) =

{z2 (if —x<z<x), (C69)

0 (otherwise).

Since the Hilbert space is assumed to be finite dimensional, the variance ¢ is finite. Therefore, we can apply the central
limit theorem to Zy and find that Zy converges in distribution to the standard normal N (0, 1) as N — oo. Since f(z) is
bounded and its points of discontinuity z = +x have measure zero in N (0, 1), we have

1 2 X 1 2
Jim E[f(Z )]:/dz\/—z_ﬂe‘z/zf(z):/_xdz\/—z_ﬂe‘”zzz. (C70)

Therefore, for any ¢ > 0, E[f(Zy)] > (1 —€) [*.dz[1/(v/2x)]e~%/>z? holds for all sufficiently large N. In this case, it holds

x 1
> () = NuPp®N(j) < No? (1 —(1-e¢) dZ\/—z—ﬂe‘ZZ/ 2z2> =N’ (€. x). (C71)
jeA(‘a“)(x) —X
On the other hand, from the Hoeffding inequality we have
. 262x2 B
S o) <20 (< (o) =) ()

j c A(lail) (x)

where Aa > 0 denotes the difference between the largest and smallest eigenvalue of A. Therefore, we get

tzu -~ ~ 2
Tr(O (x)92Y) < (/NG 3ale.x) + |8ux V3o () - (€73)
From Egs. (C58) and (C73), we have proven

V(®y. Ay) = V(2. Ay) = |Auy]? = Tr(Qn (4 - @y)) (C74)

> Janl? = (2(xv/Ne? + 1ol e+ (N (ecn) + [ V) ) ) (€75)

holds for all sufficiently large N.
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Now, let us take the parameter to be x := ¢~'/3 and define

g(€) = Galee™ ). gole) = gole™'?), (C76)

which satisfy lim,_ g,(¢) = lim._q go(€) = 0.
For sufficiently small ¢ > 0 satisfying 1 — 2e — gq(€) > 0, we have

2
Ay (2<e-'WNaz © |Auy|Pe + (\/N&gxe, 1) + | Al ao<e-'/3>) ) )

€23v/No? 2g0(€)ar(€)\ >
= (1 2= go(e) Jan] - VA _ZX_NgO(j;( Jole)) (€78)
- <(2€2/3 Ne' 4 yNe anle)gr(e)) +2¢'3Ne? + N6292(€)> (C79)
1 —2e - go(e) .

Therefore, the right-hand side of Eq. (C75) is bounded as

2
|Auy|* - (2(6‘1/3V No® + |Auy|)*e + (\/N02§z(€7 ™) + | Auy| 90(6‘1/3)> ) > —No’hy(e).  (C80)

where

e2/3 €)g,(€))?
o) = 1f2ﬁ)(go)<ge>( L2615 4 gy(o). (C81)

We remark that this function satisfies lim,_qh;(¢) =0 because lim,_go(€) =1lim,_g,(¢) =0. Since
No? = V(¢®N, Ay), we find

V(@ Ay) 2 [1 = hi(e)]V(#®, Ay) (C82)

holds for all sufficiently large N, as long as e > 0 is sufficiently small so that 1 — 2e — go(e) > 0. =
From Lemmas C4 and C5, we obtain the following corollary.

Lemma C6. Let O be an arbitrary linear operator on a finite-dimensional Hilbert space H. We denote by Oy its i.i.d.

extension defined in Eq. (C32). Fix a pure state ¢ € P(H) and a sufficiently small parameter e. Then, there exists a function

hy(€e) independent of N satisfying lim._q/h,(e) =0 such that, for any sequence of pure states {®y}, satisfying
lim supy_ o T (@, p®V) < ¢, it holds

Tr(CDNON(I - qmo,@) > Tr (¢®N0N(1 - ¢®N)0}V> — Nhy(e) (C83)

for all sufficiently large N.
Proof. From Lemma C5, we get

V(®y,Ay) + V(®y, By) 2 [I = hy4(€)]V($®V, Ay) + [1 = hy g(€)]V(#®Y, By), (C84)

where h; 4 and &, p are real functions ensured to exist in Lemma C5, each of which, in general, depends on the difference
between the largest and smallest eigenvalues and the variance of A and B, respectively. Combining Eqs. (C44) and (C84),
we obtain the following bound:

Tr(CI)NON(I - @N)oj'v> > Tr (¢®N0N(1 - ¢®N)0j'v) — Nhy(e) (C85)

for all sufficiently large N, where the function
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hy(€) = hyA(€)V(§. A) + hy p(€) V(. B) + 2[[i[A. B o€ (C86)

is independent of N and satisfies lim,_, &,(e) = 0. m

From Lemmas C3 and C6, we now prove Lemma C1.

Lemma (restatement of Lemma CI). Let f be an arbitrary operator monotone function such that f(0) > 0 and
f(0) = lim,_o+ f(€). For a linear operator O on a finite-dimensional Hilbert space, we denote its i.i.d. extension by Oy. Let
{6y} be an arbitrary sequence of states such that limy_, T(coy, #®") = 0 for a pure state ¢. Then, there exists a real-
valued function 4 independent of N satisfying lim,_, 2(¢) = 0 such that, for any sufficiently small parameter ¢ > 0, it holds

FO)llifon. Oy]lI7,, = NV(¢. O) = Nh(e) + o(N) (C87)

for all sufficiently large N.
Proof. From Lemma C3, we get

. : 1 .
(ifon. Ol.i[on. O) .4, 2 T(l —26y)*Tr(@yOn (1 - ¢N)0Jv)» (C88)
f35)
where Sy := 1 — Tr(¢®Voy) denotes the infidelity. For a sufficiently small e > 0, from Lemma C6, we further find
(iloy. Ol.iloy, O) ;o = W (1 =26y)*(NTr[pO(I — ¢)O'] — Nh,(€)). (C89)
=05

Note that from the Fuchs—Van de Graaf inequalities, the infidelity satisfies 1 — /T — 6y < ey, where ey = T(oy, p®V).
Since limy_,, ey = 0, 8y < 1 — (1 — €)? for all sufficiently large N. Since ¢(8) := [1/f(%5)](1 — 26)* is a monotonically
decreasing function of § if §€ [0, 1/2], we get

£(0)ilox. O.iloy. O)) . > f{ ) J1= 200 PNTHPO = §)07] = N (), (C90)
=5y
where
h(e) = f(0)e[l = (1 = €)*]hy(e) (C91)

is a real-valued function satisfying lim._ A(¢) = 0. Therefore, we get

FO)tlon.O)loy. Ol 2 NTHOU = 40"} = Nte) + N1 = 9107|5501 =200 1) (€2)
=0y
The last term is o(N), since
_ f(0) > f(0)
| 1-20y)"—1="=—-1=0, C93
where we have used limy_ o, 6y = 0 and f(0) = lim._ - f(e). m

APPENDIX D: PROOFS OF THE DIRECT PART

In this section, we present the proof of the direct part. In Appendix D 1, we provide a refined and detailed version of the
arguments sketched in Sec. V B in the main text. The proofs of the lemmas used in the direct part are given in Appendix D 2.

1. QGT determines asymptotic conversion rate

In the previous section, we have proven an upper bound on the conversion rate, given in Eq. (38), which follows from the
monotonicity of QGT in asymptotic conversion. In this section, we show that this bound is optimal by proving that if » > 0
satisfies QUsW) > rQUi(®) for all g € G, then {y®N}, T {p®L=9N]} | holds for arbitrary & € (0, r), which establishes the
opposite inequality of Eq. (38).
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Proposition DI (direct part). Let U and U’ be (non-
projective) unitary representations of a compact Lie
group G on finite-dimensional Hilbert spaces 7 and 7'.
For any pure states y € P(H) and ¢ € P(H') such that
Symg(w) C Symg(¢), it holds

R(y — @) >sup{r>0|VgeG, Q"W > rQu(#  (DI)

Combining Proposition D1 with Eq. (38), our main result
in Eq. (9) is proven for (nonprojective) unitary representa-
tions, meaning that QGT determines the asymptotic con-
version rate. As mentioned in Sec. IV, this result can be
extended to projective unitary representations by using the
method in Ref. [64], which is detailed in Appendix B 3.

In the proof of Proposition D1, the results in QLAN on
pure-state unitary models [72,73] play a crucial role. This
can be intuitively understood through Lemma 2, which
provides an alternative yet equivalent characterization of
the convertibility in RTA using quantum channels that are
not assumed to be G-covariant.

a. Quantum local asymptotic normality and QGT

Here, let us briefly review studies in QLAN [70-73],
which investigate the asymptotic properties of statistical
models by associating them with their limit models. This
subsection discusses general statistical models, while the
next subsection specializes them to the RTA setting.

We review particularly for QLAN on pure-state
models [72,73]. For a pure state w and a set of
Hermitian operators {X,}/';, we define a pure-state
statistical model Uy(y) with Uy(:) = & Xu(.)e "% for
0 eR™. To study its asymptotic property, we consider its
i.id. copies of the state [, x(y)®", where we intro-

duced a local parameter u := V/NO. In the limit of N — oo,
it is shown [72,73] that this model is interconvertible to the
so-called Gaussian-shift model with asymptotically vanish-
ing error.

For a more detailed explanation, let us introduce several
notations in Ref. [72]. For a pure state y on a qudit system,
we take a unit vector |y) such thaty = |y) (y|. We define a
matrix C: C" — C*! by (C);, = —i(k|X,|y), where
{|k)}{=! denotes an orthonormal basis for the subspace
orthogonal to |y). For z=1(z1,...,24-1) €CTL, we
denote a (d — 1)-mode coherent state with coherence
amplitude z by |z) = (@) eu%%4|0),), where a], a;,
and |0); denote the creation and annihilation operators and
the vacuum state for the ith mode, respectively. It is

proven [73] that there exist sequences of quantum channels
{Ty}y and {Sy}y such that

lim  sup T(TN( /Vﬁ@o®N)4chcMD

N=00 || <ne

= lim sup T( M/W(y/)®N,SN(|Cu><Cu|))

N=eo )| <ne

=0 (D2)

for e (0,1/9).

In the studies on QLAN, the main purpose is to
approximate the ii.d. statistical models using the
Gaussian-shift model in the asymptotic limit. Our focus
is slightly different, and we aim to investigate the con-
vertibility among i.i.d. statistical models to study the
conversion rate in RTA. Our finding here is that the
QGT plays a central role in characterizing asymptotic
convertibility.

As shown in Eq. (D2), (U, 5(w))®" is reversibly
asymptotically convertible to the Gaussian-shift model
|Cu), implying that the matrix C characterizes the asymp-
totic properties of the i.i.d. statistical model (4, /5 (w))®".
Such a matrix C is not uniquely determined, since there
remains the freedom in the choice of an orthonormal basis
{|k)}{=! for the subspace orthogonal to |w). Adopting
another orthonormal basis, the matrix C is transformed to
C+ C:=VC, where V denotes a C% ! x C4"" unitary
matrix. By using the polar decomposition theorem, for
matrices C and C’ of the same size, we find that C = VC
holds for some unitary matrix V if and only if C'C = C'C.
This fact implies that the essential characteristic of a
statistical model is C'C rather than the matrix C itself.

Importantly, the (u,v) element of C'C is given by

(cto), di (w|X,|k) (k| X, [y)
k=1
= (WX, (I =v)X, ly). (D3)

meaning that C'C = Q¥, where QY is the QGT for Uy ().
Therefore, if two pure-state statistical models have the same
QGT, they are asymptotically interconvertible to each other,
since both of them can be reversibly converted to the same
Gaussian-shift model, shown in Eq. (D2).

As a generalization of the above observation, we prove
the following.

Lemma D1. For sets of Hermitian operators {X, },; and
{X. 1, we define Up(-) := & Xu(-)e7 % and u () =
X (-)e~ "X, for # € R™. For given two pure states y and
¢, we define pure-state statistical models by Uy(y) and
Uy(¢) and denote their QGTs by Q¥ and Q?, respectively.
If r > 0 satisfies Q% > rQ?, then there exists a sequence of
quantum channels {Ey}y such that
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lim  sup T(EN(L{M/ W(W)M),u; / W(qs)@vNJ) ~0

N=0 1y <N

(D4)

for e (0, 1/9).

In the proof of Lemma D1, the argument is divided into two
parts: One focuses on the case where the QGT is conserved,
while the other addresses the case where the QGT is reduced.
We first prove that the growth rate of i.i.d. copies can be set to
one by adjusting the scaling of the parameters. Concretely,
u y m((ﬁ)@L’N I'is shown to be asymptotically interconvert-

ON . L
ible to U’ ru/E \/.((;S) . This asymptotic interconversion is

achieved by combining the reversible conversion channels in
QLAN, where the QGT s conserved. Then, we also prove that
U, \/ﬁ(y/)‘gw can be asymptotically converted into

Z/{’\/;u y m(qﬁ)@N if the QGT with respect to u decreases in

the sense of matrix inequality. The details of these lemmas and
their proofs are provided in Appendix D 2 b.

b. Proof of achievability of the conversion rate

The process of transforming ¢4, (y)®" to U, ()L™ with
asymptotically vanishing error consists of two steps, which
we call the estimation and conversion steps. In the estimation
step, we obtain a rough estimate § of the true value g by
consuming a sublinear number of copies of ¢, (y) in N. In
the conversion step, based on the estimate g, we convert the
remaining copies of U, () to i.i.d. copies of Uf(¢) with
quantum channels constructed by using Lemma D1.

For a detailed explanation, let us first introduce notations.
Let U and U’ be (nonprojective) unitary representations
of a Lie group G on the input and output systems. Elements in
the neighborhood of the identity ¢ € G can be parametrized
as g(4) = e by using a basis {4, }}" ¢ of the Lie algebra
g. Define operators X, := —1[@/(6/1”)]U[g(/1)] l,—o and
X}, = —i[a/(ai”)]U’[g(/l)m:O, which correspond to the
images of A, by the Lie algebra representations induced
from U and U’. At least locally, these operators satisfy
Ulg(2)] = e** and U'[g(4)] = *¥+. In this case, by
slightly abusing our notation of /, and U/;, we also denote
Ug(+) = P Xu()em X and U(-) = e Xu(-)e X for
0 € RY™ G implicitly indicating ||6]| is sufficiently small.

In the estimation step, we obtain a rough estimate g€ G
of g€ G by performing a measurement on n copies of the
system in a state U,(y)®", where n:= N'~¢ for a fixed
€€ (0,1/2). Let p[g|Ud,(w)®"] denote the probability of
obtaining an estimate § when the system is in a state
U, (y)®". We say that the estimation is successful within an
acceptable error of 6 > 0 if and only if the estimate g € G is
an element of the following set:

@ucc = {geG|36’ Z/{HOU ( ) ug(W)?

(Ds)

We quantify the success probability in the worst case by

pUee(s) = inf /G dua (9) (91 () ® (530 (9). (DE)

geG

where u is the Haar measure on the Lie group G and y,
denotes the indicator function of a set A. Note that the

above success probability is well defined since Géﬁg? is a

measurable set, as shown in Appendix D 2 c.

We show the following lemma, which guarantees the
existence of an estimator that is successful within an
acceptable error of § = N~'/>*¢ whose failure probability
asymptotically vanishes.

Lemma D2. Let G be a compact Lie group and p be an
arbitrary state. Fix e € (0,1/2). Then, there exists an esti-
mator of g € G, which consumes 4, (p)®" with n = [N'~],
such that its worst-case success probability satisfies

lim psucc(N—l/ere) =1.

N—oo

(D7)

We remark that ||@|| ~ N~'/2 for the error is the standard
scaling in parameter estimation for i.i.d. models [135],
including QLAN studies [70-73]. The proof is detailed in
Appendix D 2d.

In the conversion step, we convert states using quantum
channels guaranteed by the following lemma.

Lemma D3. Let U and U’ be (nonprojective) unitary
representations of a compact Lie group G on finite-dimen-
sional Hilbert spaces H and H'. Let we€P(H) and
¢ GP(H’ ) be pure states. If r> 0 satisfies QYs(¥) >
rQ4(@ for all g€ G, then there exists a sequence of

quantum channels {5 N } ~ such that the conversion error

Sy (g, u)
. T(E}?) (uu/\/ﬁ(ug(V/))@N) Uu/\/_(u’ (¢))®LVNJ)
(DS8)

satisfies
€€(0,1/9).

This lemma is proven from Lemma D1 by using
properties of a compact Lie group. The proof is detailed
in Appendix D 2e.

Proposition D1 is proven by combining Lemmas D2
and D3.

Proof of Proposition D] From the assumption, r > 0
satisfies Q“s) > rQUi(?) for all g€ G. Let € G be the
estimator ensured to exist in Lemma D2 for e € (0,1/9).
Given the estimate g, we apply Lemma D3 to pure states
Uy (w))®Y and [t (¢)|®L™N') for N':= N — [N'=¢] and

denote by {85\‘?,)} » the sequence of conversion channels.

limy_, o, SUPe G SUP|uf<nc On(g,u) =0  for

Applying £ 9) after the estimation step, the resulting state is
given by
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MU= [ dua @)plal, ) D (14,012 ). (D9)

From the assumption Symg (y) C Symg(¢), if parameters § € RY™ ¢ satisfy Uy o U, (y) = U, (y) for some g, € G,
then it also holds U/}, oZ/l’g((ﬁ) = U}(¢). Therefore, for ge Gﬁﬁ;f? with § > 0, we have

Fid (&) (14, ()2 ) 2y(9)®™) ) = Fid (&) (Uo W) ) - Up(Wly ()2, (D10)

where Fid denotes the fidelity defined by Fid(p, o) := (Tr(,/\/pc/p))* for states p and . Since N=1/2¢ < (N')71/2+¢ we
have

_ . ) ®N’) ' (SN | )
Tn= 2, eGéﬂfl/zﬂ)Fld(sN, (ug(w) U () (D11)
: : : (9) QN 1 ( \®|FN']
2jnf, e Fa(E (0)®) e
geGSuCC
= inf inf - Fid (&0 (U, )PV ) U (@)
;gGH ng(N,) id( &y (U, v Uy (w)] U, (@)
2(1—sup sup 5N,(g,u))“ﬂi°1 (D12)
GEG ull<(N'y

where, in the last line, we used the Fuchs—Van de Graaf inequalities to relate the fidelity to the trance distance Sy/(g, u)
defined in Eq. (D8) in Lemma D3.
From Egs. (D7), (D9), and (D12), we get

inf Fid (€ 24, ()2 24,121 = int | duo()plaid, )= TIEA(£ (U, )2 ). L (2

geG

> int [ duo(@)ploitd, )= e (DFiA (8 (U )Y ) Uy

auLL

> psucc(N—l/ZJre) XfN (D13)
pna Sl (D14)
implying that
lim sup T(EN[ o (w )®N],U;(¢)®L’N/J) =0. (D15)
N—oo g€e G

To complete the proof, we introduce § € (0, r). Then, for all sufficiently large N, it holds |rN’| > | (r — §)N|. Denoting
by {Ay}y the channel discarding |rN'| — [(r — §)N| copies of the output system, we get

Jim sup 7 (A o Ex[Uy (1)) Uy ()21 ) = 0. (D16)
—00 ge G
From Lemma 2, this is equivalent to {w®"}, Geeay {¢®L(r—5>’\’ ] }n» which completes the proof of Proposition D1. [

The above proof of the direct part provides a clear understanding of the reason why the asymptotic conversion rate
diverges for finite groups. Since there is only a finite number of different elements in {U/,(y)|g € G}, it is possible to
identify the state U/, (y) with an exponentially small failure probability using a state tomography protocol on U, (y)®". Let
g € G denote the estimate of the true value g obtained by this tomography protocol. Depending on the estimate g, we can
prepare an arbitrary number of copies of U} (¢). The condition Symg(y) C Symg(¢) implies that if Uy (w) = U, () is
satisfied, then U/}, (¢) = Uy (¢) also holds. Therefore, the asymptotic conversion rate diverges since it is possible to create an

arbitrary number of copies of U}, (¢) from U, (y)®" with asymptotically vanishing failure probability. We emphasize that
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the exact asymptotic conversion rate in Ref. [64] is not
covered by this analysis, because there always remains an
error in the tomography process.

2. Proof of lemmas in the direct part
a. Proof of Lemma 2

For ¢ =0, ie., for the conversion without error,
Lemma 2 is shown as Lemma 7 in Ref. [14]. Although
its generalization to the case of ¢ > 0 is straightforward, we
here provide the proof for completeness.

Proof of Lemma 2. (ii) = (i): This is a direct conse-
quence of the definition of the G-covariance of a channel
and the fact that the trace distance is invariant under unitary
transformations.

(i) = (ii): Define & := fgeGduG(g)Z/l’g_1 o€oldy,
where p; denotes the normalized right-invariant Haar
measure on G. This map & is a G-covariant channel since

VheG, £oU, :/ dug(gUyoEol 1y, (D17)

geG

IU/hO/ GdMG(g)ulh—lgogou(h*lg)fl
ge
(D18)

= U o8& (D19)

holds. From the convexity of the trace distance, we get

1)) < |

geiG

duc(9)T (U o EoUy(p).a)  (D20)

- / _ duala)T(EUy(p).Uy(0)) <.
(D21)

b. Proof of Lemma D1

To prove Lemma D1, we divide the argument into two
lemmas, Lemmas D8 and D9, which are detailed later. See
Fig. 4 for the relations among these lemmas. On the one
hand, Lemma D8 shows that the change in the asymptotic
rate r is effectively equivalent to the change in the scale of
the parameters, which is proven by using results on QLAN
for pure-state models [72,73]. The asymptotics of QGTs are
conserved in the interconversion among models in
Lemma D8. On the other hand, Lemma D9 shows that
the asymptotic conversion between two pure-state statis-
tical models with rate one is possible when QGTs satisfy a
matrix inequality. As a direct consequence of these lemmas,
we complete the proof of Lemma D1 at the end of this
subsection.

Reduction of QGT
Lemma D9

{‘bf/Nm}N Convertible if {d’%/m
\ Q¥ >rQ? \

l Lemma D8 [imit model

(QLAN) [V/rC'u)

®LTNJ} /
N

Lemma D1 {¢u/\/ﬁ

Conservation of QGT

FIG. 4. A schematic figure of the relations among Lemmas D1,
DS, and D9. The direction of the arrow indicates the convertibility
with vanishing error. In Lemma D8, we find the growth rate of
ii.d. copies can be set to 1 by adjusting the scaling of the
parameters u# when analyzing the asymptotic convertibility.
Lemma D9 shows that the asymptotic conversion between two
pure-state models are possible if QGT is reduced during the
conversion in the sense of matrix inequality. Combining these
lemmas, Lemma DI is proven.

To proceed further, we here prove several lemmas. In the
analysis below, we expand unitary operators to extract the
asymptotic behaviors of pure-state models. The following
two lemmas serve as a foundation for our analysis.

Lemma DA4. Let 'H be a finite-dimensional Hilbert space
and f be a function from R to linear operators on H and of
class C3. Then,

7= (50 470+ 50)

1

1
< ggrg[%ﬁ]{llf“’ @)} (D22)
Proof. By Taylor’s theorem, we have
1
1) - (70) +710) 4 3770))
= / H1-oy 3 (0)do. (D23)
o 2
By the triangle inequality, we get
1
- (r0+ 70+ 30|
=9 )| a6
< [[|55Eme)|
1(1-0)? M
< /O o M= (D24)
where M := maxge oy {[/(0)[;}- =

Lemma D5. Let [ €N, H and H’ be finite-dimensional
Hilbert spaces, p be a linear operator on H, O be a
Hermitian operator on H, O’ be a Hermitian operator on
H', € be a linear map from linear operators on H to those on
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H', and F, ¢ be a function from R to linear operators on H' defined by

F,(0) = e7199°E(e90pe100)190" V9 eR. (D25)
Then, for any 6 €R,
LN ‘ A o
F\(0) = Z( .>e_‘90 -0, ....[-0.£(e9]i0, ..., [i0.p]...]e790)].. ] 1?0 (D26)
= ,~ 5
and
1
IESL @O, < ol IED - 210l + 10]1)"- (D27)
where ||€]| is defined by
1€]] = HrLIiagl{HE(L)III}- (D28)

Proof. We note that & ¢ Be™%4 = ¢l%4[iA, B]e=1%4 for all linear operators A and B. By using the Leibniz rule, we get the

expression for F/(JI)S(G) By applying the triangle inequality to the expression, we get

L/l o ) ot . : .
IF0)], < ( ) |70 =0, ... [-i0 E(]i0., ..., [10.p]...]e700)].. ]9 | ;. (D29)

We note that, by the triangle inequality and Holder’s inequality, we have
1A, Blll, = IAB = BA||; < [[ABI|, + [|BA]l; < [[All Bl + IBlli[[Allco = 2l|All I BIlx (D30)

for all linear operators A and B. By using this relation, the definition of ||£||, and the unitary invariance of the trace norm, we
get

l ! N/ N/ i : : —i
IFo, <3 (]) o o e(e o, .07 s o)1l (D31)
<i<l)<2no'|| VIEEOfO. ... [10.p]...]e70)]| (D32)
= v ] oo ) l_jv ’ 1
< i(l)&nan VIEN[90fiO. ... [10.p)...Je 0| (D33)
(] ) Aol 1el
L1 - ) .
- Z(J) ol el o, 2 0.0 (D34)
l ! / j I—j
s;(j)@uow lEl@lolw) = ol (D35)
— ol €] -2 (0]l + 0]l )" (D36)

Using Lemmas D4 and D5, we prove a lemma that relates the setup in QLAN and ours.
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Lemma D6. Let ¢ be an arbitrary pure state in a finite-dimensional Hilbert space. Fix a set of Hermitian operators
{X,.},- We define another set of Hermitian operator {X’ ', by X, = (1 — ¢)X),p + ¢X),(I — p). For e€(0,1/6), it
holds

1\1/1—r>rolo HMSHIEJVC T <¢u/\/_’ ¢u/\/_) (D37)

where ¢ = ¢ Xigpe™ "X and ¢, := ei‘gﬂ’?'ﬂqﬁe‘w@kfor ger™
Proof. Let us define O = (1/v/N)u*X), and O := (1/VN)u'X), = (I - $)O¢p + pO(I — ¢) for u€R™ such that
|l|| < N€. Introducing a finite non-negative number L by

max 10X 1o - (D38)

ulloos

L := max {‘%1“2041 |0 X,

we have ||O||,, < L(|[u]|/v/N) and ||O||, < L(||u||/v/N). Applying Lemmas D4 and D5 for f(6) := ¢ 100100 o100 £i00
we find

(ol = (50 + 70 +370) o) < s - (r0 + 70+ 370)) | (039)
» 2 Jull)?
<2 (ol + 1ol <5 (1Y’ (D40)
Since
L em=00),
<¢|0"0'"¢>={<¢|0|¢> (n.m) = (0.1), (D41)
0 (n,m) = (1,0),
we get
GFO) = 1. (D42)
(91(0)d) = 1(41014) ~(g10l4) = 0. (D43)
Similarly, since
: 910%19) (n.m) = (0.2),
o"o™|¢p) = D44
B = o~ pyow o= 11, 2.0 -
and, hence,
3 CE L H070%) = =510+ 5 410U = $)0W) = =3 41014 (D45)
we get
ool = Y CE T ooy wlor 07lg) (D46)
~ 2 BIOI) + (41018~ (B0l = 0. (D47)
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Therefore, by using (¢[f(1)[¢) = Fid(¢,, /5. b, vw)> Eq. (D40) implies

<2 (10l + 101 <% (L) < 2wy (D4s)

Fid(gbu/\/—,zﬁu/\/—) _1 v

for any u such that ||u|| < N°.
Since (N~1/2*¢)3 = o(1/N) if e€(0,1/6), we get

. . . ~ N 1 N
(02 9) = ot (R ) 2 (1 0() ) (D49)

implying that

I\ \ N
®N p— 1 —_— p—
1\}1—>moo | 1\\n<fo Fid (q’)u/ ~, qﬁu/ —N> = 1\171—>moo (1 +o <N>> 1. (D50)

From Fuchs—Van de Graaf inequalities, we also get

lim sup T((/)” S f) (D51)

N=oo 1,1 <N¢

L]

Therefore, as long as the asymptotic properties of i.i.d. copies of ¢, v = e Xul \/Nfﬁe‘i””x’v/ VN are concerned, it suffices
to analyze ¢u/\/_ _ eluﬂXﬂ/\/.qﬁe—mbX’/\/‘

The asymptotic behavior of ¢®N can be understood by studies on QLAN. The result in Ref. [73] is complicated, since it
aims to prove a general statemen apphcable to a wide class of statistical models. In this paper, we focus on only pure-state
models. For pure-state unitary models, the result in Ref. [73] can be stated as follows.

Lemma D7 (Theorem 3.3 in Ref. [73], particularized to pure-state model; see also Ref. [72]). Let ¢ be an arbitrary state
in a d-dimensional Hilbert space. For any fixed set of Hermitian operators {X], y—1» we define a pure-state qudit model
bo = 'ﬁ”iﬁ(pe—iﬂ”i’ for 0 € R™ with X/, := (I — $)X.,p + $X,,(I — ).

Let {|k)}{=! denote an orthonormal basis of the subspace orthogonal to |¢), where |¢) is a unit vector satisfying

= |p) (| We introduce a (d — 1) x m matrix defined by

iCly, = (kIX|o) (D52)
fork=1,....d-landu=1,....m
Let H,_, denote the (d — 1)-mode Fock space. For z = (z;,...,z,_;) " € C%!, we denote the coherent state by
-1 .
|2) = <® ez,-ai—z,.a,-|0>i) eHyy, (D53)
i=1

where a’ a;, and |0); denote the creation and annihilation operator and the vacuum state for the ith mode, respectively.
For e €(0,1/9), there exists a sequence of quantum channels {7 y}, and {Sy}, such that

jim s (TS IcuCul) <o (Ds4)
i sy 7 (397 Su(Cu(c) ) o (059)

By using Lemmas D6 and D7, we prove the relation between the asymptotic rate and the scale in the parameters.
Lemma DS. Let ¢ be an arbitrary pure state in a finite-dimensional Hilbert space. Fix any sets of Hermitian operators

{X}, }/i_, and introduce a pure-state statistical model ¢ = e 10"X, pe 19X, for @ € R™. For any r > 0, there exist sequences of
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quantum channels {Ey}y and {E)}y such that

®N ®LNI Y _

1\1,1_1)130 ”usuBVET(é'N(qﬁ ru/\/_) g{)u/\/—) =0, (D56)
/ ['NINY

’\l’l—r’gc’us\gv T<gbf/\/_,5 (¢ /\/—)>—0 (D57)

for e€(0,1/9).
Proof. For X, == (I — )X, + ¢X,,(I — ¢), consider a sequence of statistical models {(go)®"M}, where r > 0 and
b = €7 %upe %X From Lemma D7, there exist sequences of quantum channels {7y}, and {Sy}y such that

lim su T{7,, 3L > Cu (I’u) =0, D58
N ”u”qlr)w ( [NJ( u/ /1N ] | N | ( )
lim su 1 gtrNJ S w1 ([Cu)(C'u ) =0 D59
N fJull <[ Ir)Njé ( u/ VI L] (‘ >< |) ( )

®[rN J

)-o. (D60)

for e € (0,1/9). Introducing a new parameter u'/+/N = u/+/|rN]|, we get
lim sup T <T I"N] (
[rN|/N

LrNJcl />< LrNJcl !
Voo < Lwe '
léim sup ( ;@/V\/]\Q,SFNJQ [LrN] C'u />< [[rN] NV, /)) =0. (D61)
T\l ll<rNjeN/IPN]/N

For any ¢’ € (0, ¢),
€

lim — =0, (D62)
N—-oo LVNJ € %

meaning that | 7N |\/([rN]/N) > N¢ holds for all sufficiently large N. In addition, it holds

(e

for any u’ € R™. Therefore, we get

lim

N—oo

\/;C’u’>‘ = Jim ¢TIV < (D63)

. Z®|rN| / _
T B
tim sup 7 (B8 S (VFCU /) ) 0. (D63)
el <N

Note that we can take an arbitrary value in (0, 1/9) as € by appropriately taking € € (0, 1/9).
On the other hand, from Lemma D7, we have

lim sup T (TN (d) )
N—-oo Hu”<NS \/_u/\/_

rC’ ><\/?C/u|> =0, (D66)
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lim sup T<¢®m/\/_’ N(|\/;C’u><ﬁC’u|)> =0. (D67)

N=eo 1 <ne

Therefore, we get

3N N1
W B T<S“NJ Ty <¢ﬁ“/\/ﬁ>’¢“/f ) =0 (D68)
W R T@%/ v v T ) <$%%J>) B (D%9)

for e €(0,1/9). From Lemma D6, we also get

®N BN _

m e T(SWJ °Ty (¢ﬁu/ﬁ> PN > =0, (D70)
rN

i s 7(0%, 50 Tom (455 ) ) =0 o)
for e€(0,1/9). "

Importantly, for both 4)8\}1\’ N and ¢~ &’XJ the QGT with respect to the parameters u is equal to rCov(¢, {X/ }) in the
limit of N — oo, where thé elements of ¢ ¢ovariance matrix are defined by (Cov(¢, {X, })) = Tr(¢X,, (I — ¢p)X ) In other

words, the QGTs are preserved under reversible asymptotic conversion between {qﬁ Jru/ VR \/—} y and {¢®VN In-

Using the above lemma, the asymptotic rate can be effectively set to r = 1 by adjustmg the scale of the parameters. The
following lemma claims that the asymptotic conversion with rate » = 1 is possible only if the covariance matrix of the
original state is larger than that of the target state in the sense of matrix inequality.

Lemma D9. Lety € P(H) and ¢ € P(H') be arbitrary pure states in finite-dimensional Hilbert spaces H and H'. Fix any
sets of Hermitian operators {X,}/; and {X] }" . If Cov(y, {X,}/’,) > Cov(¢, {X} };.,) holds, then there exists a

quantum channel £ such that

QN

for e € (0,1/6), where y, = ¥ Xuye X and ¢ = e Xughe= 10X for 6 € R™.
Proof. Following Lemma D6, we introduce X, := (I —y)X,w + yX,(I —y) and X, == (I — ¢)X},¢ + ¢X,(I — ¢) and
denote

i(l/\/ﬁ)u"iywe—i(l/\/ﬁ)u”ib ei(l/\/— u"X’¢e—1 (1/V/N) wX, (D73)

y?u/\/ﬁzze (;Su/\/ﬁzz

Let us fix orthonormal bases {|k) }¢=! and {|k') }¢,~! for the orthogonal complements to [y) and |¢), respectively, where
d:=dimH, d' ==dimH', and |y) ) €H' are unit vectors such that y = |y)(w| and ¢ = |¢p)(¢|. For matrices
C: C" - C¥!, C': C" — C¥~! whose elements are given by

(O = —i(kX, ). (C)y; = —{'[X] ). (D74)
we define matrices Z: C%! — C?~! and I := C¢~! — C4! by
Z:=CC" (D75)
and

r=1-2'2, (D76)
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respectively, where C* denotes the Moore-Penrose inverse of C. Note that the assumption that Cov(y, {X,}iL ) >
Cov(e, {X,,}) is equivalent to

cfc> e (D77)
Let P be the projector to the range of C, given by P = CC*. By using Eq. (D77), it holds
Fr=I1-72"Z>P-72'Z=P>-Z7'Z= (CH)T(CTC-C"CC* >0; (D78)
i.e., T is positive-semidefinite. By using the square root /T of T, the operators {K}¢=} defined by

-1 d-1

Ko = |¢) (w] + ZZZH |K') (k (D79)

K=Y (VD) lo)| (k=1,2,....d=1) (D8O)
=1
satisfy the normalization condition:
-1 d-1 d'- d-1 d-1
ZKTKk ) (wl + Z Z Zpzrdur k) (1] + Z Z )i (V) i) (1] (D81)
k=1 K 1= k=1 m=1
d-1 d-1
= ) (wl+ D IUZTZ+T)y = lw)wl + Y [k (k (D82)
ki=1 k=1
Therefore, the linear map £(-) == > -1 K, (-)K, " is a completely positive trace-preserving map, i.e., a quantum channel. In

the following, we prove that this quantum channel satisfies Eq. (D72). B
Let us define Hermitian operators O and O" by O = u*X,/ VN and O’ := u' X,/ /N, respectively. Introducing a finite
non-negative number L by

L = max {rgax”@"X Il os ﬁaxHQ"X’ ||00} (D83)

we have | Ol <L(||lul|/vN) and |O'||, <L(||ul|/vN). Applying Lemmas D4 and D5 for f(6):=
7100 (1004671004100 | e get

(ol - (r0+ 70+ 570 lp)| <

(D84)

(0470 + 50|

1

3
<2 (10l + 010 <% (£ 1Y’ (D85)

where we have used the fact that ||£]] < 1 holds for any positive and trace-preserving map & [136].
Let us evaluate each term of (¢|(f(0) + f"(0) + 3 /”(0))|#). From the definition of the channel &, we get &(y) =
implying that

(@lf(0)]¢) = 1. (D86)

Since (p|O0'|¢p) = 0, we have (p|O'E(y)|p) = 0 and (p|E(w)O’|p) = 0. In addition, since
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. d-1
E(Oy) = %VZ (ZCu)u|K') (], (D87)
K=1

we also get (¢|E(Oy)|¢) = 0 and (p|E(wO)|¢p) = 0. Therefore,

(91 (0)[¢) = 0. (D88)

From E(w) = ¢ and (¢|0’|p) = 0, we get

S H(O7EWw) + EW)OP) ) = (9lOI) = 1wt PIKKI) = 3 (CTu) (D)
(BO'EW)0¢) 0. (D9)
From Eq. (D87), we find (¢|E(Oy) = 0 and E(wO)|¢p) = 0. Therefore,
(PlE(Ow)O0'|¢) =0, ($|O"E(WO)|¢) = 0. (D91)
From Eq. (D87), we also get
1o 1
O€(0y) = (C)' ZCulp) gl E(WO)O = (ZCu)'Culg) 9, (D92)
implying that
HOEOWIP) = 3 (Cu)ZCu, HEWO)O'9) = 1 (ZCu)'C'u (D93)
From the definition of the quantum channel &£, we get
1 1o
E(0%y) = N(‘/’[(CM)T(CM)IWMWI] = (Cu)' (Cu)l¢)(¢l. (D%4)
1 d—1 1 d-1
E(0p0) =5 2 (Cu)(Cu)i&(lk)I]) = ( > (ZCu)p(zCu); K (1] + (CM)TFCM|¢><¢>, (D95)
k=1 K '=1
and, hence,
SHEO +wOR)g) = (CuCu, (GlEOYO)If) = (Cu)'T(Cu). (D96)

By combining these results, we get

(4] 3708 ) = =3 W[0°E() 2060+ £)0"1) + BIO'E(O - y0) - £(O - y0)O'l)
~ 2 DIE0% ~2000 +y0?) ) (D97)
_ % (=(C"'u)"Clu + (C'u)' ZCu + (ZCu)' C'u — (Cu)t Cu + (Cu) T(Cw)) (D98)
=— % u'(C' = ZC)1(C' = ZC)u. (D99)

Let Q be the projector Q to the support of C, given by Q = C*C. From C'C > C''C’, we get
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(C'-zO)I(C'-ZC)=(I-Q0)(C"CYI-Q)<(I-Q)C'C(I-Q)=(I-Q)C'(C-CcC*C)=0. (D100)
We, thus, have C' — ZC = 0, which implies
@37 Ol4) = 0. (D101)

Since Fid(S(l/?Ll/m),éﬁu/\/ﬁ) = (¢|f(1)|¢), from Egs. (D85), (D86), (D8Y), and (D101), we have proven

Fid(ﬁ(~ / -1 <26 L””” 2—6 LN™1/2+e)3 D102

for any u such that ||u|| < N°.
Since (N71/2+¢)3 = o(1/N) if e€(0,1/6), we get

. - 1 c®N (1= ®N . . _ ~ N L\
”u1”n<fN€Fld(5 W& 5) 92 5 f) = Jnf, 6Fld<5(l//u/ )y m) > <1 +0<N>> , (D103)
and, hence,
im i 4 ( £®N (5®N
A%l—rgo Hu1”n<fN€F1d(5 (Wzt/f ) ¢u/f > (D104)

for e (0, 1/6). From the Fuchs—Van de Graaf inequalities, we also have

lim  sup T(5®N(l// N f) 0. (D105)

N=o0 ) <ne

Therefore, by using Lemma D6, we get

lim sup T<S®N(z// <) (;Su/\/_) (D106)

N=eo ) <ne

for e€(0,1/6). "
By using Lemmas D8 and D9, we complete the proof of Lemma DI.
Lemma (restatement of Lemma DI). For sets of Hermitian operators {X,}"  and {X}}" ,, we define Uy(-) =
e Xu()e X and Ul (-) = X (-)e™ "X for @ € R™. For given two pure states y and ¢, we define pure-state statistical
models by Uy () and U,,(¢) and denote their QGTs by Q¥ and Q7, respectively. If r > 0 satisfies Q¥ > rQ?, then there
exists a sequence of quantum channels {Ey}, such that

lim  sup T(g,v(u W w)® ) u, WV(q&)WNJ) =0 (D107)

N=eo ) <ne
for e€(0,1/9).

Proof. The assumption Q¥ > rQ? is equivalent to Cov(y, {X, }7-,) > rCov(¢, {X} }/"_,). Lemma D9 implies that there
is a channel £ such that

lim  sup T((E( u X},/\/ﬁ)we—i(uﬂx,‘/\/ﬁ)))@N, (ei(ﬁwx;,/\/ﬁ)qbe_i(\/;uux;/\/ﬁ))®N> _0 (D108)

N=© Jluf <ne
for e €(0,1/9). On the other hand, Lemma D8 implies there is a sequence of channels {E}, }, such that

lim sup T(é” ( i(ﬁuﬂx;/\/ﬁ)qﬁe—i(ﬁuﬂx;/\/ﬁ))®N’ (eiwux;/\/ﬁ)qbe—i(mx;/\/ﬁ))®er) —o. (D109)

N=oo 1 <ne
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Therefore, for £ 0 E8Y, we have

fim sup 7(&) o £V (Xl VRye e X V) B, (i Wit Xu VI EIM) — g (D110)

N=o0 ) <ne

c¢. Proof of measurability of the set defined in Eq. (D5)
For 6 > 0, let us define

H(3) = {3 € G| 30.Uy o Uy(w) = U ).

| <6} (D111)

and prove that H(5) is a closed set. Let {&, }, < be a convergent sequence in H(§) such that i, — h as n — oo. From the
definition of H(5), there exists a sequence {6,},cy such that U, ol (w) =U,(y) and [|6,| < 5. Because of the
compactness of the closed ball of radius &, we can extract a convergent subsequence {6, }; <y such that 8, — 6, for some
6y as k — oo. Then, we have

Ug(w) = Uy, oUy, () = Ug oUy(w), 52 16,,]] > [0l (D112)

as k — oo. Therefore, h€ H (59, implying that H(5) is a closed set.
From the definition of G/, we have

Gl = U H(5—1> (D113)

neN n

D . .
Therefore, Ggﬂcc) is a countable union of closed sets and, hence, is a measurable set.

d. Proof of Lemma D2

In Ref. [137], a bound on the error in a state tomography process is proven.
Lemma D10 (Theorem 1 in Ref. [137]). Fix any qudit state p. There exists an estimator p,, consuming n samples of states,
p®", such that

Pr (9 = plly 2 6) < de= /407 seo,1], (D114)

where r := min{rank(p), rank(p,)} and g(d) is a constant depending only on the dimension of the Hilbert space d.
To prove Lemma D2, we relate the magnitude of error in trace distance to that in the parameter 6. For this purpose, we
begin by proving several lemmas. Since any compact Lie group G is isomorphic to a closed linear group, we assume G is a

compact linear Lie group and adopt its Schatten norm in the following arguments.
Lemma D11. Let U be a unitary representation of a compact linear Lie group G. Then,

Ve=03020 Voi €6(IUWIUW) - VoVl <5~ min I/ ~gil. <c).  (DI1S)
€Sym,

Proof. Since

1U(g)pU(d)" = U(9)pU(9) i = 1U(g7"d)pU (57" ¢)" = pll (D116)
19 = ghllw = llg7'd = hllw. (D117)
it is sufficient to prove that
Ye>035>0 VgeG(HU(g)pU(g)T —plly <6— \ gmn lg—hlle < e> (D118)
€5ym,
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We suppose that this statement does not hold. Then, we can take ¢ > 0 and a sequence (g,),cn in G such that
+ 1
1U(ga)pUga)" =Pl <. (D119)

h|ly > D120
min g, ~hl > ¢ (D120)

for all n € N. Since G is sequentially compact, we can take some subsequence (gn( j>) jen that converges to k € G. This
subsequence satisfies

1U(gu(1))PU(gn(j)T = Pll; <n—<— (D121)

min llgng) = bl 2 € (D122)
heSymg

for all j €N. By taking the limit of j — oo in Eq. (D121), we get ||U(k)pU (k)" — p||, = 0, which implies k € Symg;(p).
Thus, Eq. (D122) implies that

||gn( k”oo = min ||gn h”oo = (D123)
€ Symg(p)
for all j€N. This contradicts with the fact that the subsequence (gn( j)) jen converges to k. [

Lemma D12. Let y be a linear operator and A be a Hermitian operator. Then,

leye™ =yl 2 (1= [|All)I[A ;- (D124)

Proof. We define F(u) = e“‘ye™"4 for u € R. Then, we have

etye ™ —y —i[A,w] = F(1) — F(0) — F'(0) = Al du Au dvF"(v). (D125)

By the triangle inequality and Holder’s inequality, we get

. R . 1 u 1
lete =y —iawll, < ["au ["0lE @)l =314 Al < BAll@vl. 120

By using the triangle inequality again, we have

lewe™ —y —i[Ay]l; 2 [[[A ]l = le“ye™ —yll;. (D127)
By Eqs. (D126) and (D127). we get Eq. (D124). n
We show an upper bound of [|eiA+8)e=i4 — [||  for general Hermitian operators A and B.

Lemma DI3. Let A and B be Hermitian operators and satisfy ||A + B||,, + 2||B||, < 1. Then,

1Blloo
" 1-]A+ Bl -2[Bllo

(D128)

(i(A+B) p=id IH
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Proof. By using the triangle inequality, we have

Hei(A+B)e—iA _]H _ Hei(AJrB) _ eiAH

giiH[(A+B)k—Ak]H . (D129)

Now let us prove ||[(A + B)* — A¥]|| < (|A]l + ||Bll)* = ||A]|%, by mathematical induction. This inequality is trivial
for k = 0. Assume that the inequality holds for some k. Then, we get

I(A + B)! = A = [[(A + B)[(A + B)* — A¥] - BAY, (D130)
< (A + B)llo (A + B)* = A¥|| + [|BAY] (D131)
< (IAlles + 1Bllc) [(IAlleo + 1Bll0)* = IAllS] + [1B]lco 1Al (D132)
= (IAlleo + 1Bllc)*" = 1AIS. (D133)

Thus, the inequality also holds for £ + 1.
Therefore, we get

. » L |
et~ <> (Ml + 1Bl = AN
© k=0
— lAletIBle _ lAlle

< ||B||ooell/‘\Hoﬁ-Hl’?IIco

< ||B||ooe||A+BHoo+2HB||m

1Bl
1A+ Bl = 2(Bll

(D134)

where we used e* — 1 < xe* for all x€R in the second inequality, the triangle inequality in the third inequality, and
e* <1/(1 —x) for all x€[0,1) in the fourth inequality. =
When ||A + B||, + 3||B||l, < 1, we show an upper bound of [|log (e'@tB)e=14)| .. Note that log (¢'“B)e14) is
guaranteed to be defined by Lemma D13.
Lemma DI4. Let A and B be Hermitian operators and satisfy ||A + B||, + 3||B||s < 1. Then,

B
log (¢ +0e) | b= ' b
[ o ST=TAT Bl 3Bl (D135)

Proof. By the definition of the logarithm, we have

log ( i(4+8) ) Z ¢i(A+B) =i _ )k, (D136)
k=1
By the triangle inequality, we have

|
Hlog i(A+B) IA)H Z_

k=1

i(4+8) IH : (D137)

By applying Lemma D13 to the right-hand side of this inequality, we get
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IA

H log (l(A+B) i) H

IA

il( 1Bl )"
k=1 k\1- HA +B||oo - 2||B||oo

( 1Bl )"
I =[|A+ Bl = 2[[Bll

B 18]
[—JA+ Bl — 3I1B]

(D138)

|
By using these lemmas, we prove the following.
Lemma D15. Let p be an operator, and U be a unitary representation of a compact Lie group G. Then, there exist positive
constants J,, ¢ > 0 such that, for any g, g€ G,

U, oUy(p) = Uy(p).

|l < ¢l (p) = Uy(p) (D139)

”ug(/’) —Uf;(P)Hl <6, = ¢ such that {

1

where U,,(-) = E Y P (e 2 with g € R” and {Y,}i_, is a basis of the linear span of {X, }{ ¢, where X,, is
defined in Eq. (6).
Proof. We denote by A the linear space spanned by {Y,;}” , and define its linear subspace A, by

Ay = {A€ A|[A,p] = 0} (D140)

and its complementary subspace A;.

Let us first consider an exceptional case where A, = @, i.e., A = Aj. Let G :|_|f:0 G, be the decomposition into the
connected components. Since X, commutes with p for all 4 = 1, ..., dim G, we find U (p) = U (p) if g and ¢ are in the
same component. Note that the number of connected components is finite, since G is assumed to be a compact Lie group.
Therefore, there are only a finite number of distinct elements in the set {{/,(p)|g € G}. By setting

5* = min U —U, D14l
g’g/EG;ag(/’)?éUy/(ﬂ)H g(p) g ('0)”1 ( )

and c to be arbitrary positive number, Eq. (D139) holds for ¢ = 0. We remark that this essentially includes the case where G
is a finite group.
From now on, we consider the case where A; # @. In this case, let us define

i D, > 0. D142
im0l (D142)

By Lemma D11 and the continuity of U, we can take 6 > 0 such that

V.9 €GlUy(p) —Uyp)ll, <6 = min [|U(g™'gh) =1, < 1—e'/5]. (D143)
h e Symg(p)
We define
[ := min ky D144
I7ll=1 Zk:y “Ilo (D144

Note that / > 0 since {Y; } are assumed to be linearly independent. We set &, := min{8, m/16} and ¢ := 1/(Im) and prove
that they satisfy Eq. (D139).

Fix arbitrary g, § € G satisfying ||U,(p) —U;(p)||; < 8, and find appropriate ¢ satisfying Eq. (D139). By the definition of
5, we can take h € Symg(p) such that ||U(g~'gh) — 1|, < 1 — e~/ < 1. Thus, we can define

A = —ilog[U(g~'4h)). (D145)
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By the definition of the logarithm, we have

o (_1yk=1
> EU g - 1y

=1
© ]
SZ% (g7 ah) - 1/%

—log[1 — |[U(g™"'9h) — I||o,)

1]l =

IN
0| —

(D146)

where we used the triangle inequality in the first inequality and the second inequality follows from the choice of 6. By the
definition of A, we have

1U@)pU(5)" = Ul9)pU(9) e = IU(g™'g)pU(g™'9h)" = pll
= [le"pe™ = pll
2 (1= [lAll) APl

> 2 1Al (D147)

where we used Lemma D12 in the first inequality and Eq. (D146) in the second inequality. Since A, and A; are
complementary subspaces of A, A can be decomposed into A = Ay + A with some Ay € A, and A; € A;. We can take
some D € A; such that A} = ||A;|| D and ||D||,, = 1. Then, we have

1A Plllee = A1 Plllee = 1ALl [TD- P]l11 = m|As |6 (D143)

By using Egs. (D148) and (D147), we have
1 2 pS AT T
1Al <A Pl < IU@)pU @) = Ulg)pU(9)' |- (D149)
Since ||U(9)pU(§)" = U(9)pU(9)" || is upper bounded by & and § < m/16, we get

20 1
|4l <7<7 (D150)

OO

By Egs. (D146) and (D150) and Lemma D13, we get |lee~0 — ||, < 1/5 < 1, which enables us to define
= —ilog(eMe40), (DI51)

We define ¢ by

Z(kak (9)BU(g)" (D152)

and show that

loll <3 1U@PUG) - Ulg)pU (o), (D153)

2N U (@)U (5) el 2N = U(g)pULg)'. (D154)

As for the proof of Eq. (D154), by using Egs. (D152), (D151), and (D145), we have

031028-53



YAMAGUCHI, MITSUHASHI, SHITARA, and TAJIMA PHYS. REV. X 16, 031028 (2026)

U()e 2 = U5 U(g)e® U (9)"
— U(y' g)eite MU (g)t
= UG '9)U(g " gh)e ™ U(g)"
= U(h)e ™U(g)T, (D155)
which implies that
LT Y@)pU (@) e 207 = U(g)e U (h) pU(h)e U ()" = U(g)pU(g)'. (D156)

Finally, we prove Eq. (D153). By Eqgs. (D146) and (D150) and Lemma D14, we get

A1l A1 ]l
1Bl < < (D157)
1= Alle =3llA1[e = 2

Since we can take y satisfying ¢ = |||y and ||y|| = 1, we have

1Blleo = e il > ol (D158)
By using Egs. (D158), (D157), and (D149), we get
1Bl _ A1l o , i

loll <2l <Pt <Ly G0 9) ~ Uiy U () I < - IUGWUG) - UawU() T (D159
]

As a generalization of this lemma, we prove the following.
Lemma D16. Let p be an operator and U be a unitary representation of a compact Lie group G. Then, there exist positive
constants J,, ¢ > 0 such that, for any g, g€ G,

[e] ~ =
Uy (p) = Uy (p)||, < 8. = 36 such that {% Uslp) =Uylp). (D160)
161 < clltdy(p) = Uy(p) I
where Up(-) := X (-)e X for € RI™C, where X, is defined in Eq. (6).

Proof. Since {Y;}"_, in Lemma D15 is a ba51s of the hnear span of {X, dij‘lc, there is an n x dim G matrix L such that
>oum Y Liy,X, = Y;. By using the transpose L' of L, we define § € R4™ G by 6 := L ¢, which satisfies /X, = >, *Y,.
Note that [|0|| < [[LT||,||¢|| holds, where ||LT||, denotes the matrix norm induced from the 2-norm for vectors, which is
finite. Therefore, Lemma D16 holds by replacing the constant ¢ in Lemma D15 to c||LT|,. L]

Combining Lemmas D10 and D16, we finally prove Lemma D2.

Lemma (restatement of Lemma D2). Let G be a compact Lie group and p be an arbitrary state. Fix ¢ € (0, 1/2). Then,
there exists an estimator of g € G, which consumes U, (p)®" with n = [N 1=€7, such that its worst-case success probability
satisfies

lim p*ice(N~1/2F¢) = 1. (D161)

N—oo

Proof. Fix e € (0,1/2). Let §,, ¢ > 0 be constants assured to exist by Lemma D16. Applying Lemma D10 to a given state
U, (p) with 5 := N=1/2¥¢/(2¢), we obtain a bound for the error probability in state tomography given by

Pr (IIﬁn —Uy(p)lly < N7'/7+/ (2c)) > 1 — de~"IN7*7/CoP [43g(d)?

> 1 — de N/1729(d)re (D162)

031028-54



QUANTUM GEOMETRIC TENSOR DETERMINES THE PURE- ... PHYS. REV. X 16, 031028 (2026)

by performing measurements on n = [N'=¢] copies of the system in a state U g(p)®", where we have used
nN~1T2€ > NI=¢N~1T2¢ — N¢. From the estimated state p,, we pick up any jeG satisfying |[U;(p) — P, <
N=!/2%¢/(2¢) as an estimate of the true value g€ G. If there is no § satisfying [|U;(p) — p,ll; < N7/2%¢/(2¢), which
may happen with an exponentially small probability, we arbitrarily select § as an element in G, such as e € G. Whenever
160 — U, (p)|l; < N7/2%¢/(2¢) holds, the estimated value g€ G satisfies [[U;(p) —U,(p)|l; < N7/2*¢/c due to the
triangle inequality. In this case, for all sufficiently large N such that N=1/2+¢ /¢ < §,, we get ||6|| < N~'/>*¢. Therefore, the
success probability is bounded as

| 6@l )™ V0 0) 2 1= i, (D163)

succ

where ¢, == d and ¢, := [1/172g(d)r*c?]. In other words, the failure probability is exponentially small in N. Since the rank
of the state, r, is invariant under unitary transformation and, hence, the constants c¢; and ¢, are independent of g, this bound
is uniform in g € G, implying that

PRV = inf / du(8) oUW Vg 5)(8) 2 1 = 1", (D164)

Therefore, we get
Jim pUE(NTI/2He) = 1. (D165)
n

e. Proof of Lemma D3

We here prove Lemma D3 by using Lemma D1 and the relation in Eq. (B7).
Lemma D17 (restatement of Lemma D3). Let U and U’ be (nonprojective) unitary representations of a compact Lie group
G on finite-dimensional Hilbert spaces H and H'. Let w € P(H) and ¢ € P(H') be pure states. If r > 0 satisfies Q%) >

rQU(®) for all g€ G, then there exists a sequence of quantum channels {553)} » such that the conversion error

8 (g ) = T (&) (U Uy ()Y ) U, e U (4)2) (D166)

satisfies limy_, . Supye gSup|ju|<n<dn(g, u) = 0 for e €(0,1/9).
Proof. Applying Lemma D1 to y and ¢, we find that there exists a sequence of quantum channels {Ey}y such that

lim sup T(é‘N(Z/{u/ ﬁ(q/)w),u’ / ﬁ((/))@WJ) —0 (D167)

N=00 ) <ne !

for e€(0,1/9).
For a general g€ G, we define a channel 51(\?> by using &y as follows: From Eq. (B7), there exists an invertible
dim G x dim G real matrix V(g) satisfying

o

U)X, = 3 V()X (D163)

v=1

We define Y == (U)®L™N o £y o (U;1)®Y. Since U(g)' (w'X,)U(g) = vX,,, where v :=uV(g)T, for y, = U,(y) we
have

_ @n
£ Uy ®) = U2 o 4 (U3 Uy oty ()) (D169)

— W) o g (u ) m(l//)). (D170)
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Therefore, we get

T(& (U mw)® ) U, m(@)B) =T (Ex (U, m)®Y ) UL, ()2, (D171)

where we have used U'(h)"(u#X),)U’(h) = v*X),. Note that the induced norm ||V (g) ||y, = max,. ||V (g)ul|/|ul| is finite
for any g€ G. Since ||V ()|, and continuous in g€ G and G is compact, we find ¢ := sup, ¢ ||V (g)||,, is also finite. By
using ||| < ¢||u||, for any g€ G and |Ju|| < N¢, we get

on(g.1) = T (&7 (U lw)®) U, (6,2 (D172)
= H ‘iuPNFT@N (Uv/\/ﬁ (”’)M) ’ul/m(‘f’)@w)' (D173)

Since ¢ is independent of N, for any e € (0,1/9), cN¢ < N¢ holds for all sufficiently large N for any € € (e, 1/9).
Therefore,

lim sup sup Sy(g,u) < lim sup T(EN (L[v \/IV(’//>®N>’M/U (¢)®er> (D174)
N> g€G |luf <N o] <N ! IR
=0, (D175)
where the last equality follows from Eq. (D167). m

3. Asymptotic conversion error

We study the asymptotic behavior of the conversion error in our channels. While we do not aim to determine the optimal
error rate, our results will provide a basis for future higher-order analysis. In this subsection, we repeatedly use the Fuchs—
Van de Graaf inequalities, i.e.,

1 - /Fid(p,0) < T(p.0) < /1 —Fid(p. o). (D176)

LrN]

In what follows, we fix some € € (0, 1/9). We first analyze the errors in the conversion from {1//‘3%} N to {qﬁS N }y- For
this purpose, we investigate each of the following steps (i)—(iv):
N Lem,rEaD6 ~ &N Eq. (D105) ~®N Eq. (D68) ~®|rN| Lem/r\n/aD6 ®|rN]|

, , 3 e e . e . .
Here, we remind the readers of our notations: g = ¢! Xuye %X and ¢y = ¥ Xuye X for 0eRI™C with X, =

(I = )Xy +yX,(I —y) and X}, = (I - $) X, + ¢ X, (I - ¢).
Steps (i) and (iv)—From Lemma D6 and Eq. (D48) in its proof, we have

’Fid(l[/u/\/—,lilu/\/ﬁ> - 1’ < alN_3/2+35, (D178)

‘Fld(¢u/¢—,¢u/\/ﬁ) - l‘ < azN—3/2+3€ <D179)

with some finite non-negative constants a; and a, independent of N. Since the fidelity is multiplicative and is less than or
equal to one, we obtain

. _ . s N 323\ N e
Fid (w2 7Ex) = Fid (v Byvw) 2 (1= N2 = 1-ov=2e), (DIgo)
Fid ®rN| F®rN]\ _ Fid 7 LN > (1 = g, N-3/2+3¢ LrN] — 1= O(N-1/2+3 D181
1 Qbu/\/—’gbu/\/ﬁ 1 Qbu/\/_vd’u/\/ﬁ = ar ( )’ ( )
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where we used ¢ < 1/9 < 1/6. Therefore, we find

~ QN . e ~ @N —(1-6¢)/4
usugzeT(w /YN W’W“/W) o \/1 fid ("’ WY /f) oW ) (D182)
®rN| 5®[rN| : o ®rN] FQ[rN]\ _ —(1-6¢) /4
;ng(%/m’%/m) S \/1 Fld(¢u/f’¢u/m) =O(N )- (D183)

Step (ii)—For r satisfying Q¥ > rQ?, in Lemma D6 and its proof, we have constructed a quantum channel £ satisfying
Eq. (D102), i.e.,

B, ) @ o) — 1] < asN-24% (D184)

for a finite non-negative constant a; independent of N. Therefore, as in steps (i) and (iv), we obtain

sup 7(2 (#9)5) 9%,5) < e \/1 = Fid(E (0 ) Dympm) = ONTI=0). (D18S)

flull <N

Step (iii)—The sequences of channels {7 v}y and {Sy}y in Egs. (D66) and (D67) are provided in Theorem 3.3 in
Ref. [73]. The conversion errors are shown to be polynomial in N, i.e.,

s T(T (0%, ) WFCu (VrCul) = o) (D186)
sup T35, SnIVFCUY/Cul) ) = O(N ) (D187)

holds for some x > 0.
Since the term arising from Eq. (D63) is of the order of O(N~'/?) and, hence, subdominant, we get

sup T (2N Sy (V€W (/rClul) ) = ON). (D188)
lull <N
Consequently, we get
. SON S®UNIY _ Nk
uS”u<I])V€T<SLrNJ TN<¢ﬁu/m)’¢u/m) — O(N®). (D189)

From Egs. (D182), (D183), (D185), and (D189), we obtain

sup T(SUNJ 0T yo&®N ( M/\/—) d)f}%) = O(N™¥), K —mln{ 4(1 —66)} (D190)

fJuef] <V¢

We remark that the conversion channels S|, y| and 7y are constructed in the proof of Theorem 3.3 in Ref. [73], while the
channel £ is constructed in Lemma D6.

From these sequences of channels, the sequence of channels {855)} is constructed in the proof of Lemma D3, which
satisfies

/

sup sup Sy(g.u) = sup sup T (&N (U, mlw,)®). UL, () BN ) = O(NX), (D191)

JEG |lul|<N¢ 9EG |Jul|<N¢

where ¢ is an arbitrarily small positive constant. Therefore, for the channels {E€y} defined in Eq. (D9), from Egs. (D12),
(D13), and (D164), we obtain
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: : rN' succ ( A\7T— € _ -\ )2
inf Fid( (04, () ). Uy ()21 ) 2 pes (V12 s fy = (1= 0 (V) ), (D192)
implying that
sup (Ex U, (y)2V]. Uy($)2Y) ) = O(N-112)). (D193)
geCG

Following the arguments around Eq. (D16), for an arbitrarily small § > 0, by using the channel Ay discarding |rN’'| —
|(r = 8)N] copies of the output system, we find

supT (AN o Exld, ()@, u;(¢)®t<r—5>NJ) = O(N-(V2)K), (D194)
ge

Finally, we introduce
e / dug (g B 5 Ay o £y oUBN. (D195)
From Lemma 2, {€}} is a sequence of G-covariant channels such that
T(g;\](w®N)’¢®[(r—5)NJ> — O(N-0/¥). (D196)
Therefore, with this sequence of conversion channels {E} }, the conversion error in trace distance decays polynomially
with N.
Adopting the result of Ref. [73], we see that the coefficient «’ is determined by «, which characterizes the conversion error

in QLAN. This implies that an improvement of the QLAN error rate directly translates into an improvement of our
conversion error. To demonstrate this, we use Lemma C.6 in Ref. [73], which states that

sup T(T P&y ), VrC'u)(\/rC'u )
sup 7TV, NG
= O(N-(1/4)+A 4+ N-(W/2)+¢ o N=(1/2)+8+n L yOn=2)/24 | N=(1/4)+Be/2)+A | N=(1/2)+(a/2)+(0/2) 1 N=(1/2)+(Gn/2) L N—A/Z)
(D197)
where £, A, a, and 7 are constants, which can be arbitrarily chosen as long as they satisfy
1 1 2 - A
O<C<Z’ 0 <A, §+C<a, ;7<§, 0<e<nT. (D193)

The same bound applies Sy as noted in Eq. (C.9) in Ref. [73]. For example, let ¢, € (4¢/7,4/63) and choose

2 3 1 1 2
4’260, A:ﬁ—ié‘o, a:§+2C:§+260’ 77254—260, (D199)
which satisfy the above constraints. Substituting these parameters yields
sup T(TN@% ) ﬁ), \/;C/u><\/l_’C’u|> = O(N-2)+6/4)a), (D200)

[|ue|| <N

Hence, k can be chosen arbitrarily close to %

APPENDIX E: PROOF OF EQ. (55)

Following the standard argument using typical sequence [24,74], we prove Eq. (55), i.e., ) ;¢ 0 piAc(pi) = A(p) for
p=Yiew Pivi» where [k] = {1,2,....k}.
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Proof. Without loss of generality, we can assume that p; > 0 for all i € [k]. If A.(p;) = oo, the inequality is trivial.
Therefore, we consider only the case where A (p;) < oo for all i € [k] below.
The i.i.d. copies of p are given by

RN
p®&Y = (me) =Y pivin (E1)
i€[k] ie[kV

where i == iyi5...iy € [k]Y, p; = Hj»vzl pi,» and p; = ®§V:1p,»j. For [ € [k], let n;(i) denote the number of occurrence of / in
i1iy...iy. For 6 > 0, we define §-typical sequence as

n (i)

Tsi= {i: iliz...iNe[k]‘ Vi€ k], N P

< 5}. (E2)

The i.i.d. state p®" is decomposed as

POV = "pipi+ > _pini (E3)

ieT; i¢T s
Let us introduce a density operator

pN = Zpipi + perr/)symv (E4)
ieT;

where pg,:=1-— Zie% pi and pg,, is some symmetric state, e.g., the maximally mixed state. From the standard
argument on a typical sequence, for any 6 > 0, the probability p., converges to zero as N — oo, which implies
limy_ o, T(p®",py) = 0. Thus, we prepare py instead of p®V.
® up to permutation. Note that the permutation, which is composed of the
SWAP operations among subsystems, is a G-covariant operation. For a typical sequence i€ 74, n;(i) < N(p; +6)
holds for all / € [k]. Therefore, a state p; for a typical sequence i € 7 5 can be created by first preparing ®; ¢ K] p?LN(p 0 via
a G-covariant operation, discarding some copies if needed, and then operating a permutation. For each [ € [k], for r,
satisfying r; > (p; + 6).Ac(p;), it holds

The state p; is equivalent to ®;ey p?”’

®[r1N-‘ G-cov P}
{07} EZpperoly,, (ES)

Therefore, introducing r == ), o 7, there exists a sequence of G-covariant channels {85\'})} y for any i € 75 such that

Jim T(£0(421), p;) =0. (E6)
Defining a sequence of G-covariant channels {Ey}, by

En() = 3 DV () + PenEagmn (), (E7)

ieT;

where € v () denotes the G-covariant channel that maps arbitrary state into a symmetric state pgy,,,, we get

r. ~ — (i) .
T<5N(¢®[ N])7PN> - T<l; pigN (¢®( NW) + PerrPsym> i; Dipi + perrﬂsym) (Eg)
< Y pT(EV @), i) (E9)
ieTs
< maxT(S(i)(gb@r’N]) p-) (E10)
T ieTs N )
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where we have used the strong convexity of the trace distance in the first inequality and >, 7, Pi < 1in the last inequality.

Thus, from Eq. (E6), we find limy_o T(Ey(¢®™1),py) =0. By using limy_ T(p®.py) =0, we get
limy_ o T(En(#EI™N), p®N) = 0. Therefore, for r = 3,4y 1 we find {¢®I™1}y Geqy [p®N1 . Note that r satisfies

P= Y onm Y ot 0l = Y piAd +0x (S Al (E11)
le[k] le[k]

I€[K] le[k]

Since 6 >0 can be arbitrarily small and ¢y Ac(p)) < oo, we find that {p®IN1}, G [Hp®NY - holds for any

r> Zle[k] PiAc(p1). Therefore, we get Zie[k] PiAc(pi) = Aclp). u
If a state p can be written as p = > =l pay; + pyps for symmetric state p; and pure states {y;}*=! satisfying

Symg(¢) C Symg(w;), then we get Eq. (56) as an upper bound on the asymmetry cost of p, given by

k—1
Y piinf {r > 0|V geG. roh@ > Q”Z<‘/’f>} > A(p). (E12)
i=1

Minimizing the left-hand side over such an ensemble yields a better bound.

However, such a decomposition does not always exist. Let us consider an example of a two-qubit system with G = U(4)
symmetry. Let ¢ be a spin-singlet state and p be a mixed state consisting of three spin-triplet states with equal probabilities.
Note that Symg(¢) = Symg(p) since ¢ + 3p = I. We now demonstrate that p cannot be expressed as a probabilistic
mixture of symmetric state p, and pure states {y,}; satisfying Symg(¢p) C Symg(y;). For any U € U(2), U®? leaves ¢
invariant, meaning that U®? € Sym(¢). Any state y; for which U®? € Symg; (;) can be expressed as a linear combination
of the identity and SWAP operators. In particular, the unique pure state satisfying this condition is the singlet state ¢. Since
the maximally mixed state is the unique symmetric state under G = U(4) symmetry, the state p cannot be expressed as a
probabilistic mixture of a symmetric state and pure states {y;}; satisfying Symg(¢p) C Symg(y;).

APPENDIX F: PROOF OF AN UPPER BOUND ON THE ASYMMETRY COST (PROPOSITION 1)

In this section, we present the proof of Proposition 1, which provides an upper bound on the asymmetry cost. It is worth
emphasizing that, unlike the result in the previous section, Proposition 1 does not impose any constraint on the symmetry
subgroups in the ensemble decomposition. Intuitively, this relaxation is possible because the symmetry subgroup constraint
is relevant only for the estimation step in the estimation-and-conversion strategy introduced in Appendix D 1, while the
conversion step succeeds as long as the monotonicity condition of QGTs is satisfied. Below, we carefully modify the
argument of typical sequences presented in the previous section and use it to extend the proof of Proposition D1, thereby
establishing Proposition 1. Following the convention in the main text, we define ¢ (-) := U(g)(-)U(g)" for a unitary
representation U of G. Note that, with a slight abuse of notation, we also write Uy(+) := €% Xu(-)e7 X for § € RIm .

Lemma F1. Let U and U’ be (nonprojective) unitary representations of a compact Lie group G on finite-dimensional
Hilbert spaces H and H'. Let p be a state on H and ¢ be a state on 7. Consider an ensemble {p;,o;};cy such that
o =Y ; pio;, where [k] == {1,...,k}. Suppose that for each i, for some finite r; > 0, there exists a sequence of quantum

channels 5,(\1,’g> such that

(0 (i.9) STy N
300 =1 (5 (o) )l (F1)

satisfies limN_,oosupgeGsup”uH<NL~5§\j> (9.u) = 0 for € €(0,¢), where p, :=U,(p) and o, , == Uy(0;). Then, there exists a

sequence of quantum channels 51(3) and ¢ € (0, 1) such that

lim sup sup T(é’](\?) (L{u/\/ﬁ(pg)@’m),Z/{;/\/ﬁ(ag)@') (F2)

N=29€G uj<n?
for r=3, p;r; + A and o, := Uy(c), where A is an arbitrary positive number.

Proof. If p; = 1 for some i, then the statement is trivial. In the following, we consider only the case where p; < 1 for all i.
We take 6 > 0 such that p; +6 < 1 for all i.
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The i.i.d. copies of ¢ are expressed as

&N
ON — <Zpi0i> = > i (F3)
i€[k] ielkV

where i := (iy, ..., iy) E[kN, p; = H?’:l pi,and o; = ®7:1pij. For [ € [k], let n;(i) denote the number of occurrence of / in
(i1, ...,iy). For § > 0, we define 5-typical sequence as
Ts= {i = (i1, i, iy) € [k]' Vielk, ”IT(i)— pil < 5}. (F4)
Introducing
Oy = Zpiai + PenrOsym: (Fs)

ieT;

where pey == 1 = > ;7. p; and oy, is some symmetric state (e.g., the maximally mixed state), the standard argument on a
typical sequence implies

lim T(6®V, 5y = 0. (F6)

N—oco

From the invariance of the trace distance under unitary operations, it also implies

lim sup sup T((Z/{u/\/ﬁ(ag)>®N, (Z/{f;’%ou’g@l\’)(&]v)) =0. (F7)

N=0 geG |lul| <N

Since the state o; is equivalent to ® ¢y " ®

1@)

up to permutation, let us first consider a channel that approximately

creates @ ey 6;@71 for a typical sequence i € 7 5. Define a sequence of quantum channels F by

FY=Q (7). (F8)
L€ [k]

where we have introduced N, := [N(p; + 6)]. From the subadditivity of the trace distance, we get

(798 (tstr)*™). @ (8 rten) )

le k] le k]

<> T(E%f’) (uu/\/ﬂpg)@rrm) Uy w <6’v9)®N’)
Le[k]

() VN
= 5N g, uUu—m—,|. (Fg)
le (k] [ ( \/N’>

Since & satisfies p;, + 6 < 1, we have N; < N, implying that (/N,;/v/N) < 1. For all sufficiently large N, N¢ < N¢ holds
for ¢’ € (0, €), meaning that

@
YUN

llul| < N¢ = < NE. (F10)

Therefore, we get that

N, 0
& (U, ywlory)” ) < ) sup sup &y (g.u) (F11)
le[k]( JVNRTR ) ,%;]geenundv; !

sup sup T(]—",(\f’) (1?@(““/ ﬁ(pg))ébrrm)’

9EG |luf| <N
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holds for all sufficiently large N. Since N; > n,(i) holds for a typical sequence i € 7 5, we can introduce a channel Dy,y—nyi)
that discards N; — n;(i) subsystems if N, > n,;(i) and does nothing if N; = n,(i). For D, := ®,€[k]DNl_ml<,~), we get

ap s (0070 (@ (1 50) ™). @ (tyuslen)) ) £ 3 sup s 8. 12

9EG ||y <N 1€ k] le k] 1€ k] 9E G llul<Nj

Denoting by P; a channel that swaps subsystems so that P(i)(®le[k] a?'”(i)) = 0;, which commutes with U$" o SN,
we get

sup sup T(ggm <l® (uu/\/ﬁ(Pg))®[r’Nl]) u;@}fvf(ai,g)) <3 sup sup 6y (g.u) (F13)

9E€G ||| <N € [k] le[k]geGH“H<N7

for 5%’” =P oD o .7-"](5>.
We now fix A > Osothat >, [r;N;] < [rN] forr:= 3", p;r; + A for all sufficiently large N. Since § > 0 can be chosen
arbitrarily small and r; is finite from the assumption, A can also be made arbitrarily small. Defining a sequence of channels

{En}n by

=) Py Dini=3 e () + PerEsymn (), (F14)

ieT;

where g v() denotes a channel that maps an arbitrary state into a symmetric state py,,, we get

T (Unuwlon))* ™ U (on,)) (F15)

(ZP, £y ( U, yw(py)) 8" ’N’]> + Petyme Y Pl (01)®" +pmp5ym) (F16)

ieT; ieT;
< 2T (87 @ Wy wlog) ") U3 ) (F17)
< max? (847 ( @ Uyywloy)®") U5 (er)). (F18)

where we have used the joint convexity of the trace distance and Zie% pi < 1. From Egs. (F7), (F13), and (F18), we get

lim sup sup T(é'( )(L{u/m(pg)@”ﬂ),U;/\/N(ag)@v) =0. (F19)

N
TP IEG |y <N

APPENDIX G: CONVEX ROOF OF QGT

We show that the minimum of _; p, ¥i in the sense of matrix inequality, over the set of all finite ensembles
{{pi}. {wi}. ps. ps} such that p = S5 pay; + pp, does not exist, in general. Here, p, is a symmetric (possibly mixed)
state, {y; }*=! are pure states, and {p, {p;};} is a probability distribution, i.e., p,, p; >0 and >, p; + p, = 1.

Here, we provide an example where the minimum of . p; Q¥ does not exist. Consider a qubit system with a unitary
representation eizl‘:»'-.v-z Yo of G = SU (2) symmetry, where o,, 6,, and o, are the Pauli operators. Consider a mixed state
=1(I+ec,) for some e€(0,1). We analyze two different decompositions p =€|0)(0|+ (1 —¢€)3I and

p=%(lw)wil+ lwy)(w.]), where |y.) = cos%|0) £ sin%|1) for ¢ €R such that cos ¢ = e. The QGT for each pure
state is calculated as follows:
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1 i 0 cos® ¢ icosp Fcosg
QO =gl =1- 1 0], Qv+ = —icos g 1 +ising |. (G1)
0 0 0 +cosgsing TFising sin’g

For the first decomposition p = €|0)(0| 4 (1 — €) 11, the average QGT is given by

cosp icosp O
Q% = | —icosgp cosep O |, (G2)
0 0 0

while the average QGT for the second decomposition p =1 (jy ) (w .|+ [y )(w|) is given by

X X cos’p icosgp 0
5 v+ + 5 QV- = | —icosg 1 0 . (G3)
0 0 sin® ¢

Now, suppose that there is an optimal decomposition of the state p such that p = >, pw; + psps, where {y;} are pure
states and p; is a symmetric state and denote the minimum of ), p,; Q¥ by Q7. On the one hand, from Eq. (G2), O” must
satisfy (Q”)s3 = 0. On the other hand, Eq. (G3) implies that (0”);, < cos” ¢. The condition (0”);; = 0 implies that all the
pure states in the optimal decomposition are the eigenvectors of .. For such a decomposition, however, (0”),; = cos ¢,
which contradicts the condition (Q”),, < cos? ¢ since cos? ¢ < cos . Therefore, the minimum of 3_, p; Q¥ does not exist
for p =1 (I + o).

APPENDIX H: QGT OF PURIFICATION

For a mixed state p on a system of interest S, we consider minimizing the QGT over the set of all purifications |®,) of p,
by extending the arguments in Ref. [24]. Let A denote the ancillary system added to purify p. For sets of Hermitian operator
{Xs, oM G and {X,,}5 9, we define

Ot =05 Q@ Iy + 15 ® Oy, Os =7' X =r"Xs,. Os =7"Xy :=7"Xy, (H1)
for y € CYim ¢, We introduce @, := |®,)(®P,|. We minimize

V(q)p’ Otol) = <q)p|0tot(1 - q)p)020t|q)p> - <q)p|0tot030t‘q)p> - <ch|0t0t‘q)p><q)p|OIot|q)p> (H2)

over purifications @, of p and the sets of Hermitian operators {X, , }ﬁ‘:ml G on A. We remark that the QGT Q% of purification
@, satisfies V(®,, O,) = y" Q%y.

P>
For two different purifications [®,) and |®/,) of p, there exists a unitary operator U, on A such that |®),) = Iy ® Us|®,).

Since
<(I);)|Otot(l - q);1)0:0t|¢);)> = <(I)/)|0{0t(1 - (I)/))Ogt|q)/)>7 (H3)

where Ol = Os ® I, + Is ® y'X), and X/, , == U} X, ,Uy. it suffices to minimize over possible {X,,}4™ ¢ for a fixed
purification. In the following, we denote by |®,) a purification of p given by

(@) =D _V/pilbdlbi) = (Vo & 1) 1)), (H4)

where p = Y, pil¢;){¢;| is the eigenvalue decomposition of p.
By redefining

XA.ﬂ - XA,[J = XA.ﬂ - <q)p|XS,;4 2 IA + IS ® XA,ﬂl(D/J>IA’ (HS)
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we get
<q)p|XS,ﬂ ® IA + IS ® XA,M|(DP> =0 (H6)

for all y, implying that (®,[y"Xs ® I, + Is ® ny(A|<I>p> = 0. Since adding the multiple of 7, to X, , does not change
V(®,, Oy), we assume, without loss of generality, that (®,|0,|®,) = (®,|O0,|®,) = 0 in the following. In this case, we
have

®,.0) ZP |OSO§|¢1‘>+Zpi<¢i|OAOIX|¢i>+Z\/pipj<¢i®¢i|(05®OZ+O§®0A)|¢J'®¢J'>- (H7)
i i

Under a small variation of X, , to X, , +6X,, for uy =1, ...,dim G with Hermitian operators 6X, ,, the operator O,
changes O, — Oy + 60,, where 60, :=y**6X, ,, and, hence, we get

OV(®,. Ow) = D _pildi| 0a(802)'1i) + D _pildil (604) O} 1bi)

+ D VPP ($:@i[05 ® (504)" + 05 ® (504)]|; ® ;) + Ol(30,)’] (H8)
= K" 7" + 0[(50,4)%. (H9)

where
K = Zpi<¢i|XA,ﬂ(5XA.D)|¢i> + Z VPiP; (i ® ¢ilXs, ® (6Xa,)|P; ® &)
i ¥

+ > bl (BXa)Xauldi) + D /PP (i ® hilXs, ® (5Xa,)|¢; ® ¢;). (H10)
i i.j

Since K is Hermitian, 6[[i[®,, O] ||j% o Vvanishes up to the first order with respect to 50, for all y if and only if K = 0.
K,y = 0 holds for all {6X,,}5™ ¢ only if

2
(BilX ) = — TP (0 X5l (H11)
Pl+
or, equivalently,
\/PzP
= Zp, +pj (D|Xs,lb0)|b:) ()], (H12)

However, for dim G > 1, M/w # 0 for 4 # v, in general. For example, for a variation such that X, , = 0 forv > 1, we get

Koy = ZPi<¢i|XA,2(5XA,1)|¢i> + Z VPP ® ¢ilXs2 @ (6Xa1)lp; ® ¢)). (H13)
i N

which does not vanish for X, , =—>, [(2./Pip;)/ (i + P;)) (@I Xsul#i)|#i)(#;]. Therefore, for dim G > 1, the
minimum of QGT of purification does not exist, in general.
To explore further, let us minimize

1 1
i@, OwdlI7, o, T=g (@ Ow) V(D O (H14)

-

over purification ®, of p and the set of Hermitian operators {X, , }l‘ji:mlG on A. Note that f,, for g = 1/2 corresponds to the
SLD norm. In this case, we find
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. 1 1
6||][(D/)v Otot] ||;'q.¢.p = mﬁ ((I)/” Otot) 5V(¢)/), O:ot) (HIS)

. Z(ipi<¢i|(50/4)0j;|¢i> 4 pill0360,) i)

# VI (1) 6 410, © (00018, ® 4, + 0[50, (H16)
i.j
= M7+ 0[(60, (117)
where
My = 3 (5 PG G 5 5K X1

1 1
+ Z \/DiDj <1—q +q> (6 ® h:i|Xs5, ® (6Xa,)|P; ® ¢;)
i.j
b 3 (T PO )+ il 0K,
1
+ Z \/PiDj <m +$> (6 ® di|Xs5, @ (6Xa,)|t; ® ). (H18)
i.j

Since M is Hermitian, 6[[i[®,, O] ||§ o Vvanishes up to the first order with respect to 60,4 for all y if and only if M = 0.
q=p
From M,,, = 0, we have

(7 ) oo ) aalt) = 2 (1) sl (@)
i.e.,
B = = T s, ) (H20)
or, equivalently,
-3 “ﬂ (X5, | 810) (6 (21)

However, for dim G > 1, M/w # 0 for 4 # v, in general. For example, for a variation such that X, , = 0 forv > 1, we get

1 1
My, = Z (m Pil@ilXa2(6X41)0i) + 5Pi<¢i\(5XA,1)XA,2|¢i>>

1

1 1
+ Z VPiPj <1—q + q) (: @ hi|Xs2 ® (6Xa1)|; ® ). (H22)
L]
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which vanishes for X,, = —>_, :[(2,/P:iP;)/(pi + pj)($;|Xs,l @) i) {(¢;| only for g =1/2. We remark that, for
g =1/2, M = 0 for the operators X, , in Eq. (H21), which corresponds to the result in Ref. [24] stating that the SLD
quantum Fisher information satisfies F(p) = min%, u,4V(H + H,, ®,), where the minimization is taken over all the

purifications and the Hermitian operators H 4.

APPENDIX I: PROPERTIES OF QGT AND ITS EXTENSION

We here summarize the fundamental properties of the tensor Q,, defined in Eq. (77). Taking the limit ¢ — 17, they also
hold for Q, defined in Eq. (43), which coincides with the QGT Q for pure states. These properties are inherited from those
of Petz’s monotone metric.

Proposition 11 (properties of Q).

(i) Positivity: For any state p, Q5 > 0.

(ii) Additivity: For any pair of states p and o, Q%" = Q) + Q3.

(iii) Convexity: For any probability distribution { pk} . and set of states {P i Zk pk QZk b

(iv) Monotonicity: For any G-covariant quantum channel £ and state p, QF > Qq
(v) Strong monotonicity (also referred to as selective monotonicity): Let {€; }, be any G-covariant instrument, that is, a
set of G-covariant completely positive and trace-nonincreasing maps such that ), &, is trace preserving. For

pi = Tr[€(p)] and py == [Ex(p)/ pils

2> pay (1)
k

Proof. The positivity and the additivity of the norm || - || , imply (i) and (ii), respectively. The monotonicity (iv) has
already been proved in Eq. (47). Below, we show (iii) and (v).

Let { p; } be a probability distribution and {p; }, be a set of states. We define 6 := ), prpx ® |k)(k|, where {|k)}, is an
orthonormal basis of an ancillary system. For any linear operator O, we show

Zpkll ilpi. Oll7,, = llile. 0 ®TIII7, (12)
for an operator monotone function f. To prove this equality, let p, = >4, , |z ))(i®®)| be the eigenvalue decomposition
of p;. Since

o= 3 Pl (0] @ [K) (k| (13)

K
is the eigenvalue decomposition of ¢, we get
lile.0 @17, = > i (1 @ K(ile. 0 1)1 @ (1" @ llife. 0 ® T @ k)
i,j,k,l;mf(pk/lgk),m/{ﬁ’))>0mf(pk i P J )
1 N .
= ({®1(i[peor, ON'1I®) W Li[pipr, O]i)
(k)

injikimy (pi pdP)>0 ms(Pidi ’PM( )

=>. ) ;@ﬁ“‘)l(i[pk,0])*|j<k>><j“‘>|imk,0}|i<k>>

(k)
k:pp>0 ijim _(ﬁ(_k)’/{;k))>0 mf(/ll ’j'] )

= > pililow O3, = Zpkll . O1II7,,. (14)

k;pi>0

where, in the third equality, we have used the homogeneity of m, i.e., my(ay,ay) = ams(x,y) for a,x,y €R.

For the ancillary system, we adopt the trivial unitary representation of G. Consequently, the projective unitary
representation V of G on the total system satisfies V(g) = U(g) ® I for g € G, where U denotes the representation on the
quantum system on which p; is defined. By differentiating V' as defined in Eq. (6), we get
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Y, =—V[gD]| =X,QL (I5)

A=0

where X, == [0/(04#*)]U[g(4)]|,o- By applying Eq. (12) for O := y'X with y eC%™E, we get
> _pilliloe v X113, = llilo. 7 Y11, (I6)
[

We now prove properties (iii) and (v) from this relation and the monotonicity for f,(x) = (1 — ¢g) 4 gx. From the
monotonicity under partial trace, which is a G-covariant operation, we obtain

e 1B, 2 i o x| 1)
fq ZPkPk
Thus, from Eq. (I6), we get
ZkaI e 7 X113, ,, 2 [Zpkpk,}' X] : (18)
fqs ZI’APA
Multiplying both sides by f,(0), we find that
Zpkf’k

Zpka/ Ar=zr'a) v (19)

holds for any y € C"™ ¢, which completes the proof of property (iii).
In order to prove property (v), we define a quantum channel £(-) := Y, £i() ® |k) (k|, where {&;}, is a G-covariant

instrument. Since the group transformation G trivially acts on the ancillary system, g (+) is a G-covariant operation. For a
state p, we define

po=THED). e —Elp) (110)
P

so that 6 = &(p). From the monotonicity under &, we obtain

lilo. /X112, 2 o7 Y13, (111)
Therefore, from Eq. (16), we get
lilp. r*X]I7, , = Zpk\l o 7' X117, - (112)
Again, multiplying both sides by f,(0), we find that
y' Qa2 ;pkf 'y (113)
holds for any y € C%™ ©, which completes the proof of property (V). ]

APPENDIX J: CONVERSION CONDITION IN QUANTUM
THERMODYNAMICS AND ITS RELATION TO RTA

We begin by briefly reviewing the setup of state conversion in quantum thermodynamics in Refs. [57,58], where auxiliary
systems that provide work and coherence are explicitly taken into account. A (w, 5)-work- and coherence-assisted thermal
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operation is a quantum process that can be achieved through a thermal operation with the help of ancillary systems that
provide work w and coherence whose energy range is bounded by 7. Precisely, a completely positive and trace-
nonincreasing map E_,g is referred to as a (w, )-work- and coherence-assisted thermal operation if there exist

(i) quantum systems W, C, W', and C’ with respective Hamiltonians Hy,, H¢, Hyy, and H satisfying |H¢ll, <7

and ||HC’||00 <1,

(ii) energy eigenstates |E)y, and |E')y, of Hy and Hy, satisfying E — E' = w,

(iii) pure states |{)c and '), and

(iv) a thermal operation Egwe_ g e
such that

Esms (ps) = Tryc (lE’><E’|W/ ® )| cEsweoswe (ps ® [E)Ely ® ) <C|c))- Q)

We say that a state pg is (w, , €)-transformable into o¢ by a thermal operation if there exists (w, n)-work- and coherence-

assisted thermal operation such that T[Es_ ¢ (ps), og] < €. In this case, we write (p, H S)<WTL>8€> (6g,Hg), where Hg and Hg
denote the Hamiltonians of the systems S and S, respectively. Note that, for subnormalized states p and o, the generalized
trace distance [138,139] is defined by T'(p. o) := % ||p — o||, + 1 |Tr(p) — Tr(o)|. Moreover, for sequences of states {py}y
and {oy }y and sequences of Hamiltonians {H y }y and {H), } v, we say that {py } is asymptotically convertible to {oy }
at a work rate w if there exist sequences of wy, 17y, and ey such that (py, Hy) 55" (o, Hy) and

im Y =y, Im ™ =0, limey =0. (J2)
N—-oco N N—-oco N N—oco

In this case, we write {py. Hy}y 15 {on. Hy }n-

In Sec. VIII, we aimed to quantify the coherence in |E){(E|y, ® |¢) (| that must be supplied from the external systems.
To formalize this argument, we first prove the following lemma.

Lemma JI. For quantum systems A and B, let 745 and o4 be states on AB and A, respectively. For any pure state
wg = |w)(y|z on B, it holds

T(tap. 04 @ wg) < 2T (xa.04) + /2T (x4, 04), (J3)

where y, := Trg[(Iy ® yp)rap] is a subnormalized state.
Proof. Define the projector Pup:=I, ® wp and introduce p :=Tr(Paptap) = Tra(ya). If p=0,
T(tgp,04 @ W) = T(xa,04) = 0, implying that Eq. (J3) holds trivially. When p > 0, we introduce a normalized state

P P
ABTABUAB _ XA Qv (J4)
p p

YAB =

From the triangle inequality for the trace distance, we have

T(tap. 04 @ wg) < T(tag.vap) + T(Yap. 04 @ Wp). Js)

We derive an upper bound for each term in the right-hand side.
For & :== T(y,,04), since

(1-p). (J6)

N =

1 1 1
5= 1 s = oall + 5 [Te(2) = Tr(o)| = & [Tr(rs) = Tr(oy)| =
we have
Tr(PABTAB) =p > 1-=26. (J7)

From the gentle measurement lemma [140], we have ||z45 — y45/|; < 2V/26, implying that
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T(TAB’ VAB) < \/QE

To derive an upper bound for the second term, we use

1
Xa—0a+ (1 ——>)(A
V4

1
<|lxa—oall; + H <1 _;>ZA

1
:25+‘(1—>
P

=25+ (1 —p) <4s.

H)(A
-
P 1

1

1

Tr(ya)

Therefore, we get

Lilx
T(VAB’5A®V/B):§‘;A®V/B_5A®V/B
|
_I‘XA o
==||==—o0a
2 p 1
< 26.

From Egs. (J5), (J8), and (J15), we obtain

T(tap.04 @ wp) <26+ V26 =2T(y4,04) + V2T (ya.04).

(J8)

(J9)

(J10)

(J11)

(112)

(113)

(J14)

(115)

(116)

As an immediate consequence of this lemma, we find a relation between conversion in quantum thermodynamics to that

in RTA under time-translation symmetry.

Proposition J1. Suppose that {py, Hy }y -t {on, H)y } 5. Then, there exists a sequence of covariant quantum channels
{An}y such that limy_ . T[Ay(py ® Ey),ony] =0, where {Ey}y is a sequence of the initial pure states of ancillary

systems.

Proof. By definition, (py. Hy) """ (o5, H)) implies that there exist systems Wy, Cy, W}, and C}, with Hamiltonians
Hy,, Hc,, Hy, , and H , respectively, eigenstates |Ey)y, and |Ey )y, , pure states |Cy)c, and ()¢ , and a thermal

operation &y such that

T (Trwc, (1ENNENw, ® 160 (Ehle, Enlon @ &) ) ow) <ew,

where &y == |[Ey)(En|w, ® |[Cn){Cn|c,- From Lemma J1,

T(gN(pN ® 1y )-

Therefore, from the data-processing inequality, we obtain

T(An(py ® &n).on) < 26y + 1/ 2ey.

where Ay = Try « o0&y is a covariant channel under time-translation symmetry.
N™N

EW)(Enlw, ® 13) (Ehle, ® o) < 2en + /2y,

(117)

(118)

(J19)

If {pn.Hy}y 25 {on. Hy}n, then (py, Hy)" 45" (o, H)y) such that limy_, ., ey = 0. In this case, Eq. (J19) leads

to limy_,o T(Ayx(py ® Ey),on) = 0.
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APPENDIX K: CIRCUMVENTING CONSTRAINT
IMPOSED BY SYMMETRY SUBGROUP

When converting a pure state y to another pure state ¢ in
the asymptotic setup, the monotonicity of the QGTs yields
an upper bound on possible conversion rate as shown in
Sec. VA. However, the symmetry subgroups further restrict
achievable conversion rate: The conversion rate always
vanishes if Symg(y) ¢ Symg(¢). In this section, we
investigate ways to circumvent this restriction due to the
symmetry subgroups by modifying the setup.

1. Synchronization of asymmetry

Let us consider a scenario in which one aims to convert
copies of pure states, y and ¢, into copies of one of them—
say, ¢. For instance, such a process achieves the synchro-
nization of quantum clocks in RTA for G = U(1), where
copies of states y and ¢, possibly having different periods,
are converted into copies of ¢. See Fig. 5 for a schematic
figure of this setup. We here first analyze the conversion
rate in this synchronization scenario for G = U(1) and later
generalize it for an arbitrary compact Lie group. In such a
synchronization scenario, as a corollary of Theorem 1, we
find that the restriction arising from the symmetry sub-
groups can be bypassed.

Consider a pair of systems in pure states y and ¢ with
unitary representations U(e'?) = €% and U’(e'?) = "'
of G = U(1) for 0 €0, 2x), where H and H' are Hermitian
operators with integer eigenvalues. As mentioned in
Secs. IVA and IVC, when converting w into ¢,
Theorem | implies

S HE
@) f
@O [+

2
i
sl L

FIG. 5. Schematic picture of the synchronization scenario.
When Symg(w) ¢ Symg(¢), the conversion rate from y to ¢
vanishes, as shown by the dashed arrow in the figure. However,
this restriction is circumvented when i.i.d. copies of y ® ¢ are
converted into i.i.d. copies of ¢, as indicated by the solid arrow in
the figure.

)

)

)¢
L

*

where 7 and 7’ denote the periods of y and ¢, respectively.
Now, note that, in a synchronization scenario where v ® ¢
is converted into ¢, the period of v ® ¢ is always a positive
integer multiple of the period of ¢. Therefore, from
Theorem 1, we immediately get

Viy ® ¢.H+H)
V(g H')
V(y.H)

:7V(¢,H’) + 1,

Ry®¢p—¢)=

(K2)

regardless of the periods of y and ¢. Importantly, even when
R(y — ¢) =0, {y®" ® ¢p®"}, is asymptotically convert-
ible to {p®V"] @ ¢®V}, for any r*€[0,V(y,H)/
V(¢,H')). In this case, therefore, ¢®V acts like a cata-
lyst, enhancing the conversion rate from zero to
V(y,H)/V(¢,H') by bypassing the restriction on state
convertibility imposed by their periods.

Let us generalize the above observation to a scenario
where copies of y ® ¢ are asymptotically converted to
copies ¢ in RTA for a general compact Lie group G, which
we refer to as the synchronization of asymmetry. Since
Symg(y ® ¢) =Symg () NSymg(¢) CSymg(¢), Eq. (9)
implies

Ry @ ¢ — ¢)
= sup{r > 0|V ge G, QUs)8U(#) > yQUi(#)}  (K3)
=sup{r>0|VgeG, QW > rQh#)} + 1, (K4)

where, in the last equality, we used the additivity of the
QGT, ie., QUW®UP) — QUWw) 4 QUs(4)  Therefore,
even when Symg(y) & Symg(¢p) and, hence,
R(y — ¢) =0, it is possible to asymptotically convert
{w® ® ¢p®V}y into {p®" N ® @V}, with vanishing
error if r* < sup{r >0| VgeG, oY) > rQ“-@(‘f’)}.

So far, we have analyzed the case where copies of y and
¢ are initially available at a ratio of 1:1 for simplicity.
We here remark that the same argument applies to a
more general mixture ratio. Specifically, let us consider
the case where the mixture ratio is m;: m, for positive
integers m; and m,, i.e., the conversion from copies of
w®m @ ¢®™m into copies of ¢. Note that a general ratio
1:s for s > O falls into this setup when s is approximated
by a rational ratio m,/m,. Since Symg(y®™ ® ¢p®™) =
Symg(y) N Symg (), Eq. (9) implies R(y®™ @ ¢®™ —
¢) = mysup{r > 0|V geG, QW) > rQUi®} 4+ m,,
Therefore, sup{r > 0| V g€ G, Q%) > rQ!(?)} gener-
ally provides the conversion rate from y to ¢ in the
synchronization scenario, regardless of the inclusion rela-
tion between their symmetry subgroups.
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2. Sublinear additional resource

In the previous subsection, we demonstrated that the
conversion rate in the synchronization scenario is given by
the expression in Eq. (9), regardless of the inclusion
relation of symmetry subgroups. In this subsection, we
investigate a generalized setup, showing that the restriction
on the asymptotic conversion rate arising from the sym-
metry subgroup can be removed when a sublinear number
of i.i.d. copies of a resource state is additionally available.
Specifically, we prove the following.

Theorem KI. Let y and ¢ be pure states. Fix any state y
on a finite-dimensional Hilbert space such that
Symg () € Symg(¢). Consider a scenario where a sub-
linear number of y, y®™'™1 with e € (0, 1/9), is addition-
ally available as a resource when converting w®" into
¢®UN] The optimal achievable rate in this setup, defined

by R* (l// — ¢,)() = Sup{r > 0|{W®N ®){®NI_E}NG_ﬁ¥
{p®NIY 1, is given by

R*(y — ¢5x) = sup{r 20|V g€ G, QW) > rQUl9)}.
(K5)

See Fig. 6 for a schematic picture of the setup of
Theorem K1.

It should be emphasized that this theorem is valid
regardless of the inclusion relation between the symmetry
subgroups of pure states y and ¢. The special case of y = ¢
reproduces the results in the previous subsection, in which

the use of V' 1 was not obvious because we had focused
only on the linear conversion rate. As explained in the proof
of Theorem K1 below, y®¥' ™1 is used when identifying the
underlying group transformations in the estimation step of
the direct part. A state y such that Symg(y) = {e}, which
satisfies Symg(y) C Symg(¢) for any ¢, is of particular
importance, since such a state y ensures that no ambiguity
originating from the symmetry subgroup arises in the
estimation. For G = U(1), an example of such a state is
the coherence bit, given by a superposition of the ground
state and the first excited state. Given that Lemma D2 is
valid for any state p, we emphasize that Theorem Kl
applies for a general state y, including mixed states.
Proof of Theorem K. Converse part: The converse part
remains valid, since adding a sublinear number of resource

FIG. 6. Schematic picture of the setup of Theorem K1, where a
sublinear additional resource, y®V' 1, is available.

states does not change the optimal possible conversion rate.
More precisely, instead of Eq. (35), we get

) N'=]
1Oty 013, + i 072

M M 1
>—y"Q%y ——h —o(M), K6
2 27 Qty = N h(e) + yo(M) (K6)
where O” is defined by O”:=y'X" and X :=
—i[0/ (0#)|U"[g(2)]|,—¢ by using the projective unitary
representation of G on the Hilbert space on which y is
defined. Since |[lify, ON]HJZ‘M < oo for any finite-dimen-

sional system, the second term in the left-hand side
vanishes in the limit of N — oo. By following the argu-
ments from Eq. (35) to Eq. (37), we therefore get

R*(y — ¢:x) < sup{r 20|V g€ G, QW) > rQts¥)}.
(K7)
Direct part: In the estimation step, we estimate
g€ G by consuming [U,(y) ® Ul(x)]®™N'"1. The estima-
tor § ensured to exist by Lemma D2 satisfies

[(Up ® Up) o (U @ U")I(w @ x) = (U, @ Uy)(w ® 1),

ie.,

Uy oUy(w) = Uyfur) AUFULE) =Up)  (KS)

with a failure probability that asymptotically vanishes as
N — oo. From the assumption Symg(y) C Symg(¢), if 6
satisfies Ug oUj (x) = Uy(x), then Uy oU}(p) = Uy(P)
also holds, implying that Eq. (D10) remains valid in
this case.

We slightly modify the channel in Eq. (D9) as

En{Uy (W)= @ [t ()] ®™ 1}

= [ dne@ptali ) @ U= e Uy ) o).
(K9)

For this sequence of the channels, by following the argu-

ments from Eq. (D10) to Eq. (D16), we complete the proof

of the direct part, i.e.,

R*(y = ¢ x) 2 sup{r 20| ¥ g€ G, QW) > rQU(?)}.
(K10)
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