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Quantifying physical concepts in terms of the ultimate performance of a given task has been central to
theoretical progress, as illustrated by thermodynamic entropy and entanglement entropy, which quantify
irreversibility and quantum correlations, respectively. Symmetry breaking is equally universal yet lacks
such an operational quantification. While an operational characterization of symmetry breaking through
asymptotic state-conversion efficiency is a central goal of the resource theory of asymmetry (RTA), such a
characterization has so far been completed only for the U(1) group among continuous symmetries. Here,
we identify the complete measure of symmetry breaking for a general continuous symmetry described by
any compact Lie group. Specifically, we show that the asymptotic conversion rate between many copies of
pure states in RTA is determined by the quantum geometric tensor, thereby establishing it as the complete
measure of symmetry breaking. As an immediate consequence of our conversion rate formula, we also
resolve the Marvian-Spekkens conjecture on conditions for reversible conversion in RTA, which has
remained unproven for over a decade. Leveraging the connection between symmetry breaking and the
theory of quantum reference frames, we also systematically introduce a standardized reference state for
frameness based on our asymptotic conversion theory. In addition, by applying our analysis to a standard
quantum-thermodynamic scenario, we show that asymptotic state conversion in contact with heat baths
generally requires macroscopic coherence in the thermodynamic limit.
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I. INTRODUCTION

Quantifying fundamental concepts through the ultimate
performance of a given task has driven theoretical advances
in physics. Thermodynamic entropy, emerging from the
study of the ultimate limits of state transformation under
adiabatic operations, serves as a measure of irreversibility
and has led to a modern formulation of the second law of
thermodynamics [1]. Likewise, entanglement entropy was
discovered as a measure of quantum correlations that fully

characterizes the state convertibility under local operations
and classical communication [2]. Its relevance now extends
beyond quantum information science, playing a pivotal role
in developments across various fields of physics, including
condensedmatter physics [3,4] and high-energy physics [5].
However, symmetry and its breaking, equally universal

to irreversibility and quantum correlations, still lack such
an operational characterization. They are cornerstones of
physics which play a vital role in characterizing natural
phenomena across almost every modern field. Considering
its ubiquity, quantifying symmetry breaking under sym-
metry constraints in terms of operational limits will be a
foundation to yield profound theoretical insights and a far-
reaching impact, paralleling the influential role of entan-
glement entropy in modern physics.
The operational quantification of fundamental concepts

constitutes a central challenge in resource theories [6], which
serve as versatile frameworks generalizing entanglement
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theory and thermodynamics. Their major goal is to identify
the quantity that fully specifies the optimal asymptotic
conversion rate between many identical copies of quantum
states by given allowed operations, which is called a
complete measure [7,8]. Entanglement entropy, von
Neumann entropy, and Helmholtz free energy fulfill this
role for local operations and classical communication [2],
adiabatic operations [9], and isothermal operations [10],
respectively. Similarly, identifying an analogous measure for
symmetry breaking necessitates the development of a suit-
able resource theory.
The resource theory of asymmetry (RTA) [11–16], pre-

viously referred to as the resource theory of quantum
reference frames [11–13], provides a rigorous framework
for quantifying symmetry breaking. However, despite
active research in RTA for over a decade [11–37], progress
toward identifying a complete measure for symmetry
breaking remains limited. In particular, for continuous
symmetries, a complete measure has been established only
for the simplest U(1) group [12,23,24], while nothing is
currently known about any other continuous groups
beyond a few highly specific examples of states [12,38].
Consequently, while the RTA for the U(1) group has led to
applications in a wide range of fields, including quantum
thermodynamics [20–23], measurements [15,30,34–36,39],
quantum computing [28,30,32,33], error-correcting codes
[25–31], and black hole physics [28,30], it has a limited
impact on research domains dictated by non-Abelian Lie
groups, such as SU(2) spin-rotation symmetry in quantum
magnets [40,41] and cold-atom Hubbard models [42] and
the SU(4) symmetry realized in multicomponent fractional
quantum Hall systems in graphene [43]. Therefore, iden-
tifying fundamental measures for symmetry breaking for
non-Abelian Lie groups is an urgent task to open new
avenues in these areas.
In this paper, we identify the complete measure of

symmetry breaking for general continuous symmetries
described by any compact Lie group. Specifically, we
show that the quantum geometric tensor (QGT) [44,45],
consisting of the quantum Fisher information matrix and
the Berry curvature, fully determines the asymptotic con-
version rate between independent and identically distrib-
uted (i.i.d.) pure states in RTA. Interestingly, the QGT has
been studied in a different context of topological phases of
matter [46–49]. Our result reveals its operational interpre-
tation by establishing it as the complete measure of
symmetry breaking in RTA and, thus, provides informa-
tion-theoretic foundations for the use of QGT, much like
entanglement entropy in entanglement theory.
Our result also provides a fundamental formula for the

exploitation of symmetry breaking as a resource in quantum
technologies. Concretely, it presents the ultimate limits of
distillation [50], i.e., converting many low-quality resource
states into a fewhigh-quality ones,whichhas played a critical
role in the field of entanglement, as illustrated in applications

such as quantum cryptography [51], distributed quantum
computing [52], and quantum internet [53]. Moreover, since
our formula is expressed through a singlematrix inequality, it
yields a computable prediction of the fundamental efficiency
bound of the distillation processes. As an immediate con-
sequence of the formula, we also derive a necessary and
sufficient condition for reversible conversion,which resolves
a long-standing open problem known as the Marvian-
Spekkens conjecture [14,16].
The significance of quantifying symmetry breaking also

extends to the investigation of quantum reference frames.
Any physical operation is fundamentally defined relative to
a reference structure, such as a time origin or a Cartesian
frame. If such a structure is absent or misaligned, oper-
ations cannot, in general, be perfectly implemented. This
effective lack of reference gives rise to superselection
rules [11], which restrict the set of feasible operations.
A symmetry-breaking quantum state, therefore, serves as a
valuable resource for overcoming these restrictions. For
example, a state that is not invariant under time translation
can serve as a quantum clock, specifying the time origin.
Similarly, a state that is not invariant under spatial rotations
can function as a quantum gyroscope, defining the ori-
entation of a Cartesian frame. Building on this perspective,
the RTA has, in fact, been developed as a theory of quantum
reference frames in earlier works [11–13].
When symmetry breaking is regarded as a resource for

correcting misalignment, the ability to manipulate such
resources becomes essential. In particular, efficient com-
munication requires systematic conversions of these
resources. For instance, when quantum communication
channels are limited, it is essential to convert existing
resources into high-quality states, thereby maximizing the
reference-frame information transmitted per channel use.
Conversely, if the supply of symmetry-breaking resources
is restricted but the goal is to distribute them among many
parties, the priority shifts to producing as many resource
states as possible, even at the expense of their individual
quality. The conversion theory within the RTA directly
applies to such scenarios, providing explicit protocols for
optimal conversions. As a demonstration, we show that the
conversion theory enables a systematic definition of stand-
ardized reference states for continuous symmetries asso-
ciated with semisimple compact Lie groups.
The development of tools for quantifying symmetry

breaking in RTA enables applications across diverse
scenarios where dynamics are constrained by conservation
laws. A particularly important case is energy conservation,
which is equivalently expressed as time-translation sym-
metry. The breaking of this symmetry—namely, coherent
superpositions of energy eigenstates with different eigen-
values—represents a fundamental resource, commonly
referred to as energy coherence. Quantum thermodynamics
[10,20,54–58] offers a natural setting for studying this
resource, as its central objective is to determine which state
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transformations are achievable in a system in contact with
thermal baths under total energy conservation.
In the restricted setting where only a single heat bath at a

fixed temperature is available, the associated transforma-
tions are termed thermal operations, which are central to the
resource theory of athermality [10,20,54–58] (see also
Refs. [22,59–63] for recent works in this area). For states
without any energy coherence, called quasiclassical states,
the nonequilibrium free energy fully characterizes state
convertibility under thermal operations [10]. However, the
situation for general, nonquasiclassical states remains
unsettled [57,58]. The difficulty arises from the fact that
thermal operations cannot generate energy coherence,
which must, therefore, be regarded as an independent
resource, distinct from nonequilibrium free energy.
Existing approaches [10,57,58] have often quantified the
required coherence in terms of the operator norm of
Hamiltonian of an external system that provides energy
coherence, suggesting that only a small source of coherence
is needed in the thermodynamic limit. However, this
perspective does not yield a refined characterization of
state-specific resource requirements, as it reflects only the
external system’s specifications.
Building on the establishment of the QGT as a complete

measure of asymmetry for a broad class of continuous
symmetries, we revisit this problem in a more general
scenario involving contact with multiple baths at different
temperatures under energy conservation. We demonstrate
that, contrary to the conventional view, achieving certain
state conversions via thermal contact requires a macro-
scopic amount of energy coherence that scales extensively
with system size when quantified with the QGT, even when
baths at different temperatures are allowed. This reveals
that macroscopic coherence can be necessary in quantum
thermodynamics not only in the single-bath setting, but also
in multibath scenarios relevant, for example, to heat-engine
setups. This finding highlights that the choice of asymme-
try measure is a decisive factor for advancing our under-
standing of resource requirements in thermodynamic
processes. Moreover, we show that the same observation
extends to settings with additional conserved charges, such
as particle number or angular momentum, implying that
state transformations in thermodynamic processes gener-
ally require an extensive amount of asymmetry.

II. OUTLINE

The outline of the remainder of the paper with a
summary of the main results and key ideas is as follows.
In the preliminaries (Sec. III), we review and introduce

key notions required to state our main results. Specifically,
(i) In Sec. III A, we review the standard framework of

the RTA. We also introduce the conversion rate
between states in the RTA, which is the primary
quantity we study in this work.

(ii) In Sec. III B, we briefly review the QGT, which
quantifies the sensitivity of a quantum state under an
infinitesimal change of parameters. In our study of
symmetries associated with a compact Lie group G,
the QGT is a dim G × dim G positive semidefinite
matrix, which can be expressed as a nonsymme-
trized covariance matrix of the generators of infini-
tesimal group transformations [Eq. (7)].

In Sec. IV, we first present the main theorem of this paper
(Theorem 1). Equation (8) gives an explicit formula for the
conversion rate between i.i.d. pure states, expressed as a
single matrix inequality between the QGTs of the input and
output states. This establishes the QGT as the complete
measure of asymmetry for continuous symmetries
described by a compact Lie group. We further rewrite
the formula in terms of the quantum max-relative entropy
between the QGTs, which makes its computability via
semidefinite programming transparent. Finally, we illus-
trate the formula for various symmetry groups and clarify
its relation to prior studies. Specifically,

(i) In Sec. IVA, we apply the formula to the U(1)
symmetry, which reproduces the result of Ref. [24].

(ii) In Sec. IV B, as a corollary of the main result, we
prove a necessary and sufficient condition for asymp-
totically reversible conversion for a compact Lie
group (Corollary 1). We then show that this result
proves the Marvian-Spekkens conjecture [14,16],
which has remained open for over a decade. This
also yields reversible conversion rates for specific
examples that were calculated in earlier, separate
studies [12,24,38].

(iii) In Sec. IV C, we study the irreversibility of asymp-
totic conversion. As an explicit example, we com-
pute the conversion rate for the SU(2) group,
obtaining a result consistent with a prior study for
a restricted class of pure states [12].

(iv) In Sec. IV D, we show that our formula also applies
to finite groups. Consequently, we find that the
conversion rate is either infinite or zero, consistent
with Ref. [64].

In Sec. V, we explain the key ideas used to prove the
main theorem. The proof consists of two parts: the converse
part, which establishes an upper bound on the conversion
rate, and the direct part, which proves the achievability of
this bound (i.e., optimality). Specifically,

(i) In the converse part (Sec. VA), we first prove the
monotonicity of the QGT. To this end, we first
establish a connection between the QGT and Petz’s
monotone metrics [65,66]. Using themonotonicity of
Petz’smetrics,we show that theQGTis nonincreasing
under exact conversion, in the sense of a matrix
inequality, i.e., the Löwner order. This implies that
the QGT is a valid asymmetry monotone [Eq. (31)].

Since theQGTis additive, it is natural to expect that
its linear rate (i.e., the QGT per copy) provides a
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useful monotone in the asymptotic regime (analogous
to densities of extensive quantities in the thermody-
namic limit). Proving monotonicity of this QGT
rate for asymptotic conversion with vanishing er-
ror, however, is technically delicate. The key difficulty
is that the QGT can, in general, scale quadratically
with system size, so its linear rate can change
drastically even under small conversion errors. This
phenomenon is known as asymptotic discontinuity
[13,23,24,67–69]. Nonetheless, by carefully analyz-
ing the asymptotic behavior of Petz’s monotone
metrics, we establish monotonicity of the QGT
rate [Eq. (37)]. This monotonicity, in turn, yields
an upper bound on the conversion rate [Eq. (38)]. The
technical details of the converse part are given in
Appendix C.

(ii) In the direct part (Sec. V B), we prove the achiev-
ability of the above bound (and, hence, optimality).
To this end, we explicitly construct conversion
channels. A key observation is that convertibility
between states in the RTA is directly related to
convertibility between quantum statistical models
(Lemma 2). The asymptotic behavior of these
statistical models is analyzed using quantum local
asymptotic normality [70–73], which identifies a
limit model that approximates the behavior of i.i.d.
statistical models in the asymptotic regime. Impor-
tantly, we find that this limit model is characterized
by the QGTassociated with the underlying statistical
model. Building on this observation, we construct
the conversion channels via what we call an “esti-
mate-and-convert” strategy. The technical details of
the direct part are given in Appendix D.

Having established the pure-state theory of asymptotic
conversion, we next extend our analysis to mixed states in
Sec. VI. We consider two fundamental scenarios: asym-
metry distillation and asymmetry dilution. Although these
results do not provide a complete characterization of
mixed-state-conversion rates, they serve as a foundation
for future work. Specifically,

(i) In Sec. VI A, we study the conversion rate from i.i.d.
mixed states to i.i.d. pure states in the RTA, namely,
the distillable asymmetry. To this end, we introduce
an extension of the QGT to mixed states and show
that it is a valid asymmetry monotone. Consequently,
we derive an upper bound on the distillable asym-
metry and obtain a simple condition under which the
distillable asymmetry vanishes (Corollary 2). When
specialized to time-translation symmetry, this con-
dition reduces to the result of Ref. [23].

(ii) In Sec. VI B, we study the opposite scenario,
namely, the conversion rate from i.i.d. pure states
to i.i.d. mixed states in the RTA, i.e., the asymmetry
cost. By combining the standard typical-sequence
argument [24,74] with our estimate-and-convert

strategy, we prove an upper bound on the asymmetry
cost by explicitly constructing conversion channels
(Proposition 1). This bound is tight for U(1) sym-
metry, reproducing the result of Ref. [24]. While we
leave open whether the bound is tight for a general
Lie group, we clarify why the U(1) argument does
not directly extend to the general case.

Building on the results above, in Sec. VII we apply our
analysis to quantum reference frames. We begin with a
careful review of the relation between asymmetry and
quantum reference frames. In general, any physical oper-
ation is defined relative to some reference structure, such as
a clock or a spatial direction. In the absence of an absolute
(i.e., shared) reference frame, asymmetry becomes the
resource required to implement such operations. In this
sense, asymmetry can also be regarded as a resource of
frameness. Specifically,

(i) We show that our pure-state-conversion theory en-
ables us to introduce a standardized reference state
that serves as a benchmark for comparing frameness,
analogous to the role of an ebit in entanglement
theory. So far, such a standardized reference state has
been proposed only for the SU(2) group [38]. Our
conversion theory provides a systematic way to
define standardized reference states for any semi-
simple compact Lie group. Concretely, we define a
standardized reference state in Eq. (61). This state is a
universal frameness resource, in the sense that it can
be converted into any pure state at a nonzero rate. As a
consequence of the conversion-rate formula, we
further show that the rate is given by the min-entropy
of the QGT [Eq. (65)].

(ii) We then clarify the distinction between differential-
geometric quantities (such as the QGT and the
quantum Fisher information) and commonly used
entropic quantities (such as G-asymmetry) from the
viewpoint of quantum reference frames. For in-
stance, for the rotation group, the former quantifies
both the direction and the magnitude of asymmetry,
whereas the latter is insensitive to direction. There-
fore, if we are concerned not only with the amount of
asymmetry, but also with the direction in which a
state breaks the symmetry, geometric quantities
provide more refined information.

In addition, we apply our framework to thermodynamics
by considering interactions with thermal baths under
conservation laws. The central physical setting is described
in Sec. VIII A: A system couples to heat baths initially
prepared in Gibbs states via a global unitary that conserves
the total energy. When all baths are at the same fixed
temperature, the resulting dynamics reduces to thermal
operations. Here, however, we allow the baths to be at
different temperatures, so that our framework applies to a
broader class of thermodynamic scenarios. We further
extend this setting to include additional conserved
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quantities, such as particle number and angular momentum,
associated with a Lie group.
Using the tools developed in this work, we aim to

demonstrate nontrivial constraints on state transformations
under such thermal contact and to analyze the resources
required to circumvent them. To this end, we relate thermal
contact to covariant operations in Sec. VIII B. A key
theoretical ingredient is Theorem 3, which establishes
monotonicity of the QGT in the asymptotic distillation
of i.i.d. pure states. Importantly, this theorem applies to
general initial states of the system (including non-i.i.d.
and mixed states), enabling analysis of a wide range of
scenarios.
In particular, we study the following two classes of

scenarios:
(i) In Sec. VIII C, we consider the asymptotic distil-

lation of i.i.d. pure states from general i.i.d. states.
Using the monotonicity of the QGT, we establish a
no-go theorem for distillation (Corollary 3). In
particular, we show that, for a typical full-rank state,
no asymmetric pure state can be distilled under
thermal contact at a linear rate. We illustrate this
result with the example of U(1) symmetry.

(ii) In Sec. VIII D, we consider a generalized asymptotic
distillation setting that allows for an external re-
source system assisting the conversion. By applying
the monotonicity of the QGT (Theorem 3), we
show that circumventing the above no-go theorem
requires the external resource system to possess a
macroscopic amount of asymmetry. In the case of
time-translation symmetry, this implies that asymp-
totic state transformation under thermal contact, in
general, requires macroscopic energy coherence
[Eq. (96)].

Finally, we present our conclusions in Sec. IX.

III. PRELIMINARIES

We review the RTA and the QGTand introduce notations
used in this paper.

A. Resource theory of asymmetry

In this paper, we follow the standard setup of RTA
[11–16]. We study a symmetry described by a group G that
is realized by a projective unitary representation U, which
maps g∈G to a unitary operator UðgÞ on a quantum
system. From the consistency of successive application of
symmetry transformations, U must satisfy Uðg1ÞUðg2Þ ¼
ωðg1; g2ÞUðg1g2Þ for any g1; g2 ∈G, where ω is a complex-
valued function such that jωðg1; g2Þj ¼ 1. In a special case
where ωðg1; g2Þ ¼ 1 for all g1; g2 ∈G, U is called a
nonprojective unitary representation or a unitary repre-
sentation for short.
Just like in other resource theories, including the entan-

glement theory, RTA is defined by specifying the free states

and free operations that are considered to be freely prepared
and implemented. In RTA, free states are symmetric states,
which are invariant under any symmetry transformations.
That is, a state ρ is G symmetric iff UðgÞρUðgÞ† ¼ ρ for all
g∈G. Free operations are G-covariant channels. Here, a
channel E is G-covariant iff it satisfies E ∘Ug ¼ U 0

g ∘ E
for all g∈G, where Ug and U 0

g are defined by Ugð·Þ ≔
UðgÞð·ÞUðgÞ† and U 0

gð·Þ ≔ U0ðgÞð·ÞU0ðgÞ† using projective
unitary representationsU andU0 ofG on the input and output
systems, respectively. Throughout this paper, we use the
prime symbol to represent a quantity related to the output
system.
The physical implication of G-covariance is clarified by

the covariant Stinespring dilation theorem [14,75], which
states that a G-covariant channel admits a representation as
the dynamics of an open system interacting with an
environment under conservation laws. More precisely, a
quantum channel E is G-covariant if and only if there exist
ancillary systems E and E0, carrying projective unitary
representations UE and UE0 of G, such that

Eð·Þ ¼ TrE0 ðVð· ⊗ ηEÞV†Þ; ð1Þ

where ηE is a G-symmetric state on E and V is a unitary
operator satisfying

VðUðgÞ ⊗ UEðgÞÞ ¼ ðU0ðgÞ ⊗ UE0 ðgÞÞV ∀ g∈G: ð2Þ

Since Eq. (2) implies that the joint unitary evolution V
respects the symmetry described by G, a G-covariant
channel characterizes the most general open-system
dynamics consistent with conservation laws, without sup-
plying asymmetric states from the environment (see also
Appendix A).
As a simple yet important characterization of convert-

ibility among states, the symmetry subgroup is known,
which is the set of group elements that leave the state
invariant, i.e.,

SymGðρÞ ≔ fg∈GjUgðρÞ ¼ ρg ð3Þ

for the input state ρ, and similarly for the output state σ. It is
shown in Ref. [14] that if a state ρ can be converted to a
state σ via some G-covariant operation without error, the
symmetry subgroups must satisfy SymGðρÞ ⊂ SymGðσÞ.
We analyze the i.i.d. setup in RTAwhere identical copies

of a state are converted to identical copies of another state.
In this setup, we use the tensor product of a representation,
which corresponds to the conservation of global quantities
such as total particle number in the U(1) case and total spins
in the SU(2) case. Concretely, we say that a channel E from
N copies of input state to M copies of output state is G-
covariant if E satisfies E ∘U⊗N

g ¼ U 0⊗M
g ∘ E for all g∈G.

We finally define the asymptotic conversion rate.
We say that a state ρ is asymptotically convertible to
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another state σ with a conversion rate r iff there exists a
sequence fENgN of G-covariant channels such that
limN→∞TðENðρ⊗NÞ;σ⊗brNcÞ¼0. Here, Tðρ;σÞ≔ 1

2
kρ−σk1

is the trace distance, which has operational significance
in state distinguishability [76,77]. We denote this conver-
sion by

fρ⊗NgN ⟶
G-cov fσ⊗brNcgN; ð4Þ

and we define the asymptotic conversion rate Rðρ → σÞ by
the supremum of achievable conversion rates r. In the
following, we simply call Rðρ → σÞ the conversion rate. In
this paper, we establish a formula for calculating this
conversion rate among pure states, which is applicable
to any compact Lie group G.

B. Quantum geometric tensor

1. Definition and basic properties

Here, we introduce the QGT [44,45], which quantifies
the sensitivity of a quantum state under an infinitesimal
change of parameters. Let jξðλÞi be a family of pure states,
parametrized by m real parameters λ ¼ ðλ1;…; λmÞ⊤ ∈Rm,
where ⊤ denotes the transpose. The QGT evaluated at
jψi ≔ jξð0Þi is an m ×m Hermitian matrix Qψ ;ξ whose
matrix elements are defined by

Qψ ;ξ
μν ≔ h∂μψ jðI − jψihψ jÞj∂νψi; ð5Þ

where j∂μψi ≔ ½∂=ð∂λμÞ�jξðλÞijλ¼0. Here, the superscripts
ψ and ξ intend to emphasize that the QGT depends on both
the chosen state jψi (i.e., the point in the parametrized
family of states) and the parametrized family jξðλÞi itself.
We remark that the QGT transforms as a (0, 2) tensor

under smooth reparametrizations of the parameters λμ. The
indices μ and ν label tensor components: A superscript
index indicates a contravariant component, whereas a
subscript index indicates a covariant component under
such reparametrizations. In this paper, we use tensor
notation to clarify the transformation properties, even
though we do not explicitly change coordinates.
Hereafter, we employ the Einstein summation convention:
Whenever an index appears once as an upper index and
once as a lower index, summation over that index is
implied.
We remark that the QGT is positive semidefinite since

γμ�Qψ ;ξ
μν γν ¼ kðI − jψihψ jÞγνj∂νψik2 ≥ 0 holds for any

complex vector γ ∈Cm. By regarding the QGT as a matrix,
we also write this inequality as γ†Qψ ;ξγ ≥ 0.
Since the QGT is Hermitian, i.e., Qψ ;ξ

μν ¼ ðQψ ;ξ
νμ Þ�, its

real and imaginary parts define symmetric and antisym-
metric tensors, respectively. Specifically, the real part
ReðQψ ;ξ

μν Þ is symmetric and corresponds to the quantum
Fisher information matrix, while twice the imaginary part,

2 ImðQψ ;ξ
μν Þ, is antisymmetric and corresponds to the Berry

curvature (for further details, see, e.g., Refs. [44,45,78,79]).

2. QGT in the RTA

Having introduced the general definitions above, we now
proceed to the RTA setup. In RTA for a Lie group, we can
define the QGT using a natural parametrized family of pure
states defined with a projective unitary representation. Let
G be a Lie group and dim G denote its dimension as a
smooth manifold. Elements in the neighborhood of the
identity e∈G can be parametrized by λ∈Rdim G as gðλÞ ¼
eiλ

μAμ by using a basis fAμgdim G
μ¼1 of the Lie algebra g. Here,

the convention in physics for the definition of Lie algebra is
adopted, which differs from that in mathematics by a factor
of the imaginary unit. Given a projective unitary repre-
sentation U, we define jξðλÞi ≔ U½gðλÞ�jψi for a pure state
jψi. For simplicity, we assume that the map U is differ-
entiable, which follows from continuity in the case of
unitary representations. We treat the cases where U is
continuous but not differentiable in Appendix B 1. For a
given U, we introduce Hermitian operators

Xμ ≔ −i
∂

∂λμ
U½gðλÞ�

����
λ¼0

ð6Þ

for μ ¼ 1;…; dim G. In other words, by introducing the
derived representation L of the Lie algebra associated with
U by LðAÞ ≔ −i½d=ðdtÞ�UðeitAÞjt¼0, the operator Xμ is
equal to LðAμÞ.
As mentioned earlier, the QGTQψ ;ξ depends on both jψi

and the parametrized family jξðλÞi, in general. In the rest of
this paper, however, we always consider the family
jξðλÞi ¼ U½gðλÞ�jψi defined via a projective unitary rep-
resentation U. Accordingly, we simply write the QGT as
Qψ without explicitly indicating the dependence on jξðλÞi.
Since j∂μψi ¼ iXμjψi holds with the operator Xμ defined in
Eq. (6), we find the QGT is equal to the nonsymmetrized
covariance matrix for fXμgdim G

μ¼1 :

Qψ
μν ¼ hψ jXμðI − jψihψ jÞXνjψi

¼ hψ jXμXνjψi − hψ jXμjψihψ jXνjψi: ð7Þ

Note that, in this case, the size of the QGT is determined
only by the dimension of the Lie group, dim G, indepen-
dent of the dimensions of Hilbert spaces or the representa-
tions of the group. Since QGTs are Hermitian matrices, we
can introduce a partial order Qψ ≥ Qϕ, which means that
Qψ −Qϕ is positive semidefinite. We remark that this
ordering is independent of the parametrization of the Lie
groupG since bothQψ andQϕ transform as tensors under a
coordinate transformation on the group.
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So far, we have represented a pure state by a vector jψi.
In what follows, following a standard convention, we also
represent the same pure state by the rank-one projector
ψ ≔ jψihψ j, using the same Greek symbol when no
confusion arises. Accordingly, the QGT evaluated at a
pure state UgðψÞ is denoted by QUgðψÞ. We also denote the
set of all the rank-one projectors on a Hilbert space H
by PðHÞ.

IV. MAIN RESULTS

The main theorem of this paper is the following formula
for the asymptotic conversion rate.

Theorem 1. Let U and U0 be projective unitary repre-
sentations of a compact Lie group G on finite-dimensional
Hilbert spaces H and H0. The conversion rate from a pure
state ψ ∈PðHÞ to another pure state ϕ∈PðH0Þ is given by

Rðψ → ϕÞ ¼ supfr ≥ 0jQψ ≥ rQϕg ð8Þ

if SymGðψÞ ⊂ SymGðϕÞ and Rðψ → ϕÞ ¼ 0 otherwise.
See Fig. 1 for a schematic picture of the setup of

Theorem 1.
Although Theorem 1 is of practical significance, the

following formula is also theoretically useful, where all
group elements are treated equally:

Rðψ → ϕÞ ¼ supfr ≥ 0j ∀ g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg ðif SymGðψÞ ⊂ SymGðϕÞÞ; ð9Þ

Rðψ → ϕÞ ¼ 0 ðotherwiseÞ: ð10Þ

The equivalence of Eq. (8) in Theorem1 toEq. (9) follows
from the fact that if the matrix inequality holds at a point in a
compact Lie group, then it also holds at any other point in the
group. This is because the QGTs at different group elements
are interrelated by a congruence transformation independent
of representation, as detailed in Appendix B 2. We note that
the same argument for quantum Fisher informationmatrices
instead of QGT can be found in Ref. [80].
As we show in Sec. VA, the QGT is an asymmetry

measure: It is nonincreasing under any G-covariant channel
with respect to the partial order defined by matrix inequal-
ities, i.e., theLöwner order. Equation (8), therefore, identifies
the QGT as the complete measure of symmetry breaking.
This result carries an important conceptual consequence.

Resource measures are typically formulated as real-valued
scalar functions, while operator-valued resource measures
have recently been considered in Refs. [80,81]. Our
formula shows that an operator, namely, the QGT matrix,
governs the asymptotic conversion problem in the RTA.
This establishes that the operator-valued formulation is not
merely a generalization of the scalar formulation but a
necessary extension for resolving this central problem.
Within this operator-valued paradigm, scalar-valued

measures are recovered as the special case of 1 × 1

matrices. As we see explicitly, this reduction occurs, for
example, for U(1) symmetry.
Interestingly, the conversion rate formula can also be

expressed by using the quantum max-relative entropy. For
positive semidefinite operators ρ and σ, the quantum max-
relative entropy [82,83] of ρ with respect to σ is defined by

DmaxðρkσÞ ≔ inffλ∈Rjρ ≤ 2λσg: ð11Þ
Accordingly, the formula for a compact Lie group in Eq. (8)
can be rewritten as

Rðψ → ϕÞ ¼ 2−DmaxðQϕkQψ Þ: ð12Þ
It is worth emphasizing that, despite thewidespread use of the
quantummax-relative entropy invarious contexts—including
entanglement theory [82,84], quantum asymptotic equiparti-
tion property [85], quantum cryptography [86], entropic
uncertainty relations [87], and quantum coherence [88]—it
has been used exclusively as a divergence measure between
(sub)normalized states in these applications. In contrast, to the
best of our knowledge, this study is the first to apply themax-
relative entropy between resource measures themselves and
to connect it directly to the operationally meaningful con-
version rate in the RTA. In this sense, our study extends its
significance beyond established uses.
Note that the optimization in Eq. (8) can be written

explicitly as

maximize r

subject to Qψ − rQϕ ≥ 0;

r ≥ 0: ð13Þ
Since the constraint Qψ − rQϕ ≥ 0 is a linear matrix
inequality in the scalar variable r, this problem is a semi-
definite program. Moreover, by using the Moore-Penrose

FIG. 1. Schematic picture of the setup of Theorem 1, where i.i.d.
copies of a pure state ψ are converted into i.i.d. copies of another
pure state ϕ with an error that vanishes asymptotically.
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inverseQψþ of theQGTQψ, we obtain the following closed-
form expression:

Rðψ → ϕÞ

¼

8>><
>>:

þ∞ ðif Qϕ ¼ 0Þ;
0 ½if kerðQψÞ⊄ kerðQϕÞ�;

1
kðQψþÞ1=2QϕðQψþÞ1=2k∞ ðotherwiseÞ;

ð14Þ

where kAk∞ denotes the operator norm of A.
Key ideas for proving Eq. (9), under the assumption thatU

and U0 are (nonprojective) unitary representations of a
compact Lie group G, are explained in Sec. V, while a
rigorous proof is provided in Appendixes C and D. The
extension of the formula to any projective unitary represen-
tations is provided in Appendix B 3 by using the method in
Ref. [64] that relates the conversion rate for projective unitary
representations to (nonprojective) unitary representations.
We remark that for any states ρ and σ, Proposition 5 in

Ref. [14] shows that if SymGðρÞ ⊄ SymGðσÞ, then an exact
conversion from ρ to σ via a G-covariant channel is
impossible. As a generalization of this observation to the
asymptotic setting with vanishing error, we prove Eq. (10) in
Appendix B 4. In Appendix K, we propose a way to
circumvent this limitationbyusing additional resource states.
Theorem 1 is valid for any compact Lie group. As a

demonstration, we here apply our formula for several groups,
which provides a unified understanding of prior studies and
proves an unsolved conjecture on reversible transformations.

A. U(1) group

In a study [24] on RTA for time-translation symmetry,
the asymptotic conversion rate among states having the
same finite period was calculated, which generalizes prior
studies [12,89,90]. When the Hamiltonians of the input and
output systems are H and H0, respectively, the time-trans-
lation unitary operators are given by e−iHt and e−iH

0t. For
pure states ψ and ϕ, the periods are defined as τ ≔ infft >
0je−iHtψeiHt ¼ ψg and τ0 ≔ infft > 0je−iH0tϕeiH

0t ¼ ϕg.
In Theorem 1 in Ref. [24], it is proven that if τ ¼ τ0, the
conversion rate is given by the ratio of the variances, i.e.,

Rðψ → ϕÞ ¼ Vðψ ; HÞ
Vðϕ; H0Þ ; ð15Þ

where we defined Vðψ ; HÞ ≔ hψ jH2jψi − hψ jHjψi2. We
note that, when investigating the conversion among states
with the same period, we can assume without loss of
generality that the Hamiltonians have integer eigenvalues
after appropriately redefining them [24,91]. Therefore, this
result corresponds to the case of G ¼ Uð1Þ.
In the notation of the present paper, we consider

G ¼ Uð1Þ and its representations UðeiθÞ ¼ eiHθ and
U0ðeiθÞ ¼ eiH

0θ for θ∈ ½0; 2πÞ, where H and H0 are

Hermitian operators whose eigenvalues are integers. Since
dim G ¼ 1 for G ¼ Uð1Þ, the QGT is a scalar and given by
Qψ ¼ Vðψ ; HÞ andQϕ ¼ Vðϕ; H0Þ.When the pure states ψ
and ϕ have the same period, i.e., SymGðψÞ ¼ SymGðϕÞ, we
find that Eq. (15) immediately follows from Eq. (8).

B. Reversible asymptotic conversion: Proof of the
Marvian-Spekkens conjecture

For pure states ψ and ϕ, we say that they are asymp-
totically reversibly convertible if and only if the conversion
rates satisfy Rðψ → ϕÞRðϕ → ψÞ ¼ 1. The conversion
between pure states with equal periods is an example of
reversible conversion, as Eq. (15) shows. Prior to the
establishment of the conversion theory in RTA for U(1)
group [24], Marvian and Spekkens proposed a conjecture
for a necessary and sufficient condition for reversible
conversion in RTA for connected compact Lie groups
[14,16]. We prove a statement equivalent to the
Marvian-Spekkens conjecture here, where the equivalence
is shown later in this subsection.
Corollary 1. For a compact Lie group G, pure states ψ

and ϕ are asymptotically reversibly convertible if and only
if both of the following conditions (A) and (B) are satisfied:
(A) SymGðψÞ ¼ SymGðϕÞ.
(B) There exists a unique r > 0 such that Qψ ¼ rQϕ.

Note that the proportional constant r in condition (B)
provides the conversion rate Rðψ → ϕÞ.
Here, in condition (B), the requirement that r be unique

excludes the case where Qψ ¼ Qϕ ¼ 0, for which the
proportionality constant is not unique. In this case, one has
Rðψ → ϕÞ ¼ Rðϕ → ψÞ ¼ ∞, since ψ and ϕ are symmet-
ric, and, hence, these states formally fail to satisfy the
reversibility condition Rðψ → ϕÞRðϕ → ψÞ ¼ 1.
Proof of Corollary 1. Suppose that ψ and ϕ are

asymptotically reversibly convertible. Then, Rðψ → ϕÞ
and Rðϕ → ψÞ must be nonvanishing, which requires that
condition (A) must hold. In this case, Theorem 1 implies

Rðψ → ϕÞ ¼ sup fr ≥ 0jQψ ≥ rQϕg; ð16Þ
Rðϕ → ψÞ ¼ sup fr ≥ 0jQϕ ≥ rQψg: ð17Þ

These equations imply that Rðψ → ϕÞRðϕ → ψÞ ¼ 1 holds
only if condition (B) holds. Conversely, if conditions (A)
and (B) are satisfied, then Eqs. (16) and (17) imply Rðψ →
ϕÞRðϕ → ψÞ ¼ 1 holds. ▪
Let us now review the statement of the Marvian-

Spekkens conjecture and prove that it is equivalent to
Corollary 1. Let fXμgμ be the derived representation of a
basis of the Lie algebra g. We define the symmetrized
covariance matrix as

ðCgðψÞÞμν ≔
1

2
hψ jðXμXν þ XνXμÞjψi

− hψ jXμjψihψ jXνjψi: ð18Þ
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The commutator subalgebra i½g; g� is defined as the sub-
algebra spanned by i½L1; L2� for all L1; L2 ∈ g. In general,
the input and output Hilbert spaces Hin and Hout, to which
ψ and ϕ belong, respectively, are different. However, as
shown in Appendix B in Ref. [92], by considering a larger
Hilbert spaceH ≔ Hin ⊕ Hout and a representation on it, it
suffices to consider the case where the input and output
Hilbert spaces are the same. The Marvian-Spekkens
conjecture [14,16] states that pure states ψ and ϕ are
asymptotically reversibly convertible in RTA for a con-
nected compact Lie group G if and only if all of the
following three conditions are satisfied:

(i) SymGðψÞ ¼ SymGðϕÞ.
(ii) CgðψÞ ¼ Rðψ → ϕÞCgðϕÞ.
(iii) hψ jLjψi ¼ Rðψ → ϕÞhϕjLjϕi for any element L in

the representationof the commutator subalgebra i½g; g�.
Condition (i) is the same as condition (A) in Corollary 1.
Conditions (ii) and (iii) correspond, respectively, to the
symmetric and antisymmetric parts of condition (B) in
Corollary 1.
We remark that other results on reversible conversion

rates [12,24,38] also follow, since the Marvian-Spekkens
conjecture has now been proven. It is also worth emphasiz-
ing that, while the Marvian-Spekkens conjecture was
originally formulated for connected compact Lie groups,
Corollary 1 holds for nonconnected compact Lie groups
as well.

C. Irreversibility in asymptotic conversion

The result in the previous subsection shows that con-
version is asymptotically irreversible if and only if at least
one of conditions (A) and (B) in Corollary 1 is not satisfied.
Condition (A) can be violated even when G ¼ Uð1Þ.

Indeed, if the periods τ and τ0 of ψ and ϕ satisfy τ ¼ kτ0
for some integer k > 1, then SymGðψÞ ⫋ SymGðϕÞ holds,
implying that Rðψ → ϕÞ ¼ Vðψ ; HÞ=Vðϕ; H0Þ, while
Rðϕ → ψÞ ¼ 0.
Condition (B) is easily violated when dim G > 1. As a

simple illustration, let us analyze G ¼ SUð2Þ and its

unitary representation ei
P

i¼x;y;z
θiJi with spin operators Ji.

We adopt the z axis as a quantization axis and denote
simultaneous eigenstates of J2 ≔ J2x þ J2y þ J2z and Jz by
jj; mi. To simplify the argument, we consider pure states
jψi and jϕi in a subspace spanned by the highest-weight
states fjj; jigj¼0;1=2;1;3=2;…;K, where K is an integer or a
half-integer introduced to make the Hilbert space finite
dimensional. Following the notation in Ref. [12], we define

J ≔
X

j¼0;1=2;1;3=2;…;K

jjj; jihj; jj; ð19Þ

MðψÞ ≔ 2hψ jJ jψi; ð20Þ

VðψÞ ≔ 4ðhψ jJ 2jψi − hψ jJ jψi2Þ: ð21Þ

Since the QGT is calculated for ψ as

Qψ ¼ 1

4

0
B@ MðψÞ 1

i MðψÞ 0

− 1
i MðψÞ MðψÞ 0

0 0 VðψÞ

1
CA; ð22Þ

and similarly for ϕ, condition (B) holds only if
MðψÞ=MðϕÞ ¼ VðψÞ=VðϕÞ. This can also be explicitly
confirmed from the conversion rate Rðψ → ϕÞ ¼
min f½MðψÞ=MðϕÞ�; ½VðψÞ=VðϕÞ�g calculated from
Eq. (8) for pure states satisfying SymGðψÞ ⊂ SymGðϕÞ.
We remark that this conversion rate is consistent with the
prior result on SU(2) in Theorem 24 in Ref. [12], where the
conversion rate is studied for a restricted set of pure states.

D. Finite groups

Here, we analyze the asymptotic conversion theory in
RTA for a finite group. As proven in Ref. [64], the
conversion rate diverges for a finite group. We show that
this fact can also be derived from our formula in Eq. (8) by
lifting a finite group to a compact Lie group by appending a
trivial phase, though a finite group itself is not a Lie
group [93].
LetG be a finite group given byG ¼ fgiji ¼ 0;…; kg. Let

U and U0 be projective unitary representations of G on the
input and output Hilbert spaces. Let us introduce unitary
representations Ũ and Ũ0 of G̃ ≔ G ×Uð1Þ such that
Ũðg; eiθÞ ≔ UðgÞeiθ and Ũ0ðg; eiθÞ ≔ U0ðgÞeiθ for g∈G
and θ∈ ½0; 2πÞ. Since the phase θ does not affect the state,
a channel is G-covariant if and only if G̃-covariant.
Therefore, appending the trivial phase leaves the conversion
rate invariant. Since G̃ is a compact Lie group, we can apply
Eq. (8). The QGT vanishes for any pure state for Ũ and Ũ0,
implying that Qψ ≥ rQϕ holds for any r. In addition,
SymGðψÞ ⊂ SymGðϕÞ holds iff SymG̃ðψÞ ⊂ SymG̃ðϕÞ.
Therefore, we get

Rðψ → ϕÞ ¼
�∞ ðif SymGðψÞ ⊂ SymGðϕÞÞ;
0 ðotherwiseÞ; ð23Þ

reproducing the result on the asymptotic conversion rate in
Ref. [64]. We remark that our construction of the conversion
channels provides an intuitive explanation of the reason why
the conversion rate for finite groups diverges, as explained at
the end in Appendix D 1 b.

V. PROOF SKETCH OF THEOREM 1

In this section, we provide a proof sketch of Theorem 1
and explain the key ideas. A fully detailed, rigorous proof
can be found in Appendixes C and D.
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A. QGT as asymmetry monotone

A key property of the QGT is its monotonicity as an
asymmetry measure, in the form of a matrix inequality. We
remark that resource monotones in quantum resource
theories are usually given by real-valued functions on
states that do not increase under free operations, thereby
providing necessary conditions for convertibility. Recent
studies [80,81] have extended this viewpoint to matrix-
valued monotones, which yield necessary conditions for
convertibility formulated via partial orders induced by
matrix inequalities. Our study aligns with these works in
that the QGT is an asymmetry monotone expressed through
a matrix inequality.
To prove the monotonicity of the QGT, we relate it to a

family of Petz’s monotone metrics [65,66], which are
Riemannian metrics on the state space that contract under
information processing. To introduce Petz’s monotone
metrics, we begin with the notion of operator monotone
functions. A function f∶½0;∞Þ → ½0;∞Þ is called operator
monotone if and only if 0 ≤ A ≤ B implies fðAÞ ≤ fðBÞ.
Following Ref. [94], Petz’s monotone metric associated
with f is defined by

hA; Bif;ρ ≔
X

k;l∶mfðpk;plÞ>0

hkjA†jlihljBjki
mfðpk; plÞ

; ð24Þ

where mfðx; yÞ ≔ yfðx=yÞ and ρ ¼Pk pkjkihkj is the
eigenvalue decomposition. For a linear operator A, we

define the corresponding norm by kAkf;ρ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hA; Aif;ρ

q
.

We remark that an additional symmetry condition fðtÞ ¼
tfðt−1Þ is often imposed on operator monotone functions
[66,95]. However, as discussed in Appendix C 1, the
monotone metric associated with a symmetric operator
monotone function does not capture the antisymmetric part
of the QGT. We, therefore, do not impose this symmetry
condition.
A central object in our study is a one-parameter family of

operator monotone functions fq, defined by

fqðxÞ ≔ ð1 − qÞ þ qx; q∈ ð0; 1Þ: ð25Þ

Since mfqðpk; plÞ ¼ ð1 − qÞpl þ qpk, for any pure state ψ
and any linear operator O, we obtain

ki½ψ ; O�k2fq;ψ ¼ 1

1 − q
Vðψ ; OÞ þ 1

q
Vðψ ; O†Þ; ð26Þ

where we have defined the generalized variance V by
Vðψ ; OÞ ≔ hψ jOðI − ψÞO†jψi. Note that, when O is
Hermitian, V coincides with the ordinary variance.
To relate the QGT to the above norm, let O ¼ γ†X ≔

γμ�Xμ, where fXμgdim G
μ¼1 are generators defined in Eq. (6)

and γ ∈Cdim G. From Eq. (26), we obtain

ki½ψ ; O�k2fq;ψ ¼ γ†
�

1

1 − q
Qψ þ 1

q
ðQψÞ�

�
γ; ð27Þ

which implies

lim
q→1−

fqð0Þki½ψ ; O�k2fq;ψ ¼ γ†Qψγ: ð28Þ

As detailed in Appendix C 2 a, the norm k·kf;ρ is
monotonic under a quantum channel in the following sense.
Lemma 1. For fqðxÞ ≔ ð1 − qÞ þ qx with q∈ ð0; 1Þ, any

state ρ, any linear operator O, and any quantum channel E,
it holds

ki½ρ; O�k2fq;ρ ≥ kEði½ρ; O�Þk2fq;EðρÞ ð29Þ

if there is an operatorO0 satisfying Eði½ρ; O�Þ ¼ i½EðρÞ; O0�.
The monotonicity of the QGT in RTA is proven by using

Lemma 1. Suppose that a state ρ is convertible without error
to another state σ via a G-covariant channel E. Since the G
covariance of the channel implies E½UgðρÞ� ¼ U 0

gðσÞ, its
derivative with respect to the parameter λ∈Rdim G for g∈G
yields Eði½ρ; Xμ�Þ ¼ i½σ; X0

μ�, where Xμ is given in Eq. (6)
and X0

μ is defined similarly by differentiating the projective
unitary representation U0 of G on the output system instead
of U.
By using the linearity of E, we get Eði½ρ; O�Þ ¼ i½EðρÞ; O0�

forO ≔ γ†X andO0 ≔ γ†X0 for any γ ∈Cdim G. The monot-
onicity in Lemma 1 implies

ki½ρ; O�k2fq;ρ ≥ ki½σ; O0�k2fq;σ: ð30Þ

Let us now apply this inequality to the case where ρ and
σ are pure states, which we denote by ψ and ϕ, respectively.
Multiplying Eq. (30) by fqð0Þ ¼ 1 − q > 0 and taking the
limit of q → 1−, Eq. (28) implies γ†Qψγ ≥ γ†Qϕγ for any
γ ∈Cdim G or, equivalently,

Qψ ≥ Qϕ; ð31Þ

completing the proof of the monotonicity of QGT under
exact conversion among pure states in RTA.
We now turn to the i.i.d. case. For N i.i.d. copies

of a system, the QGT is additive: Qψ⊗N ¼ NQψ . When
fψ⊗NgN ⟶

G-cov fϕ⊗brNcgN , monotonicity suggests that the
asymptotic QGT rates decrease, yielding

Qψ ≥ rQϕ: ð32Þ

However, proving this requires care because the QGT has
asymptotic discontinuity [13,23,24,67–69]: An asymptoti-
cally vanishing conversion error can change the QGT by
Oð1Þ per copy.
This is already seen for G ¼ Uð1Þ with representa-

tion eiHt, where the QGT equals the energy
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variance [13,23,24,69]. For N copies, the operator norm of
the Hamiltonian HN grows linearly with N. Since the
variance is quadratic in HN , a conversion error ϵN can
change the variance by OðϵNN2Þ, i.e., OðϵNNÞ per copy,
which need not vanish even if ϵN → 0. The same issue
arises for general Lie groups; hence, a more detailed
analysis is needed.
We now prove the monotonicity of the QGT

under asymptotic conversion. Suppose that fψ⊗NgN⟶G-cov
fϕ⊗brNcgN ; that is, there exists a sequence of quantum
channels fENgN such that limN→∞TðENðψ⊗NÞ;ϕ⊗brNcÞ¼0.
For notational convenience, we define MðNÞ ≔ brNc and
σMðNÞ ≔ ENðψ⊗NÞ. In the following, we omit the depend-
ence ofMðNÞ on N and simply writeM. We defineON and
O0

M by ON ≔
P

N
n¼1 I

⊗n−1 ⊗ O ⊗ I⊗N−n and O0
M ≔P

M
n¼1 I

⊗n−1 ⊗ O0 ⊗ I⊗M−n with O ¼ γ†X and O0 ¼
γ†X0. Applying Eq. (30) to ψ⊗N and σM instead of ρ
and σ, we find

ki½ψ⊗N;ON �k2fq;ψ⊗N ≥ ki½σM;O0
M�k2fq;σM : ð33Þ

By additivity of the monotone metric, the left-hand
side equals Nki½ψ ; O�k2fq;ψ . On the other hand, the

right-hand side requires careful treatment due to the
asymptotic discontinuity. Nevertheless, assuming that
limM→∞ TðσM;ϕ⊗MÞ ¼ 0, we show that there exists a
real-valued function h, independent of M, with
limϵ→0 hðϵÞ ¼ 0, such that, for any sufficiently small ϵ > 0,

fqð0Þki½σM;O0
M�k2fq;σM ≥MVðϕ;OÞ−MhðϵÞþoðMÞ ð34Þ

for all sufficiently large M. The proof is provided in
Appendix C 2 c.
From Eqs. (33) and (34) and Vðϕ; OÞ ¼ γ†Qϕγ, we get

fqð0Þki½ψ ; O�k2fq;ψ ≥
M
N
γ†Qϕγ −

M
N
hðϵÞ þ oðMÞ

N
; ð35Þ

where we used fqð0Þ > 0. Taking the limit N → ∞ yields

fqð0Þki½ψ ; O�k2fq;ψ ≥ rγ†Qϕγ − rhðϵÞ: ð36Þ

Since this inequality holds for any sufficiently small
ϵ > 0, we get fqð0Þki½ψ ; O�k2fq;ψ ≥ rγ†Qϕγ. Taking the

limit of q → 1− and using Eq. (28), we finally obtain
Eq. (32). Since fψ⊗NgN ⟶G-cov fϕ⊗brNcgN is equivalent to
fUgðψÞ⊗NgN ⟶G-cov fU 0

gðϕÞ⊗brNcgN , by repeating the above
argument for UgðψÞ and U 0

gðϕÞ instead of ψ and ϕ, we get

∀ g∈G; QUgðψÞ ≥ rQU 0
gðϕÞ; ð37Þ

which completes the proof of the monotonicity of QGT in
asymptotic conversion. Consequently, we obtain

Rðψ → ϕÞ ≤ supfr ≥ 0j ∀g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg: ð38Þ

Equation (38) gives the converse part of Eq. (9); i.e., it rules
out any conversion rate exceeding the right-hand side of
Eq. (9). In the next subsection, we show that this bound is
achievable and, hence, optimal.
Equation (38) remains valid for noncompact Lie groups as

long as the representation space is finite dimensional, since
the proof relies on only local properties of states. It also
applies regardless of whether SymGðψÞ ⊂ SymGðϕÞ holds.

B. Optimality

Here, we explain key ideas to prove the optimality of the
bound in Eq. (38). Essentially, we constructively show that
if r > 0 satisfies QUgðψÞ ≥ rQU 0

gðϕÞ for all g∈G, then any
conversion rate smaller than r is achievable.
The key step in proving optimality is the following

lemma, which provides an alternative yet equivalent char-
acterization of convertibility in RTA in terms of quantum
channels that are not assumed to be G-covariant.
Lemma 2. Let U and U0 be projective unitary represen-

tations of a compact Lie group G on finite-dimensional
Hilbert spaces H and H0. Let ρ and σ be arbitrary states on
H and H0. For any ϵ ≥ 0, the following are equivalent:

(i) There exists a quantum channel E such that
TfE½UgðρÞ�;U 0

gðσÞg ≤ ϵ for any g∈G.
(ii) There exists a G-covariant channel E0 such that

T½E0ðρÞ; σ� ≤ ϵ.
The proof is given in Appendix D 2 a. In particular, we

show that if E satisfies condition (i), then E0 ≔R
dμGðgÞU 0

g−1 ∘ E ∘Ug is a G-covariant channel and satisfies

condition (ii), where μG denotes the normalized Haar
measure on G.
Lemma 2 implies that fψ⊗NgN ⟶G-cov fϕ⊗brNcgN if and

only if there exists a sequence of quantum channels fENgN
such that

lim
N→∞

sup
g∈G

T
�
ENðUgðψÞ⊗NÞ;U 0

gðϕÞ⊗brNc
�
¼ 0: ð39Þ

Importantly, if we regard g∈G as an unknown parameter,
this sequence of quantum channels fENgN achieves a
conversion of a statistical model fUgðψÞ⊗Ngg∈G to another
statistical model fU 0

gðϕÞ⊗brNcgg∈G in the asymptotic limit.
We show that such an asymptotic transformation

between statistical models is achieved by a two-step
process: estimation and subsequent conversion. In the rest
of this subsection, we assume that the unitary representa-
tions of G are nonprojective for simplicity.

1. Step 1 (estimation)

In this step, we obtain a rough estimation ĝ of g∈G
using only a sublinear number of copies. More precisely,
we apply an estimation procedure to n ¼ N1−ϵ copies of
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UgðψÞ (for a fixed small ϵ), thereby producing an estimate
ĝ. The purpose of this step is not to learn g precisely but to
localize it: With success probability tending to one as
N → ∞, the true state UgðψÞ lies in a local neighborhood of
U ĝðψÞ, in the sense that, on the success event, there exists a
small parameter θ∈Rdim G with kθk ¼ OðN−1=2þϵÞ such
that UgðψÞ ¼ eiθ

μXμU ĝðψÞe−iθνXν .
After localization, we may treat the remaining copies (of

the order of N) as a local i.i.d. model parametrized at the
N−1=2 scale. This is precisely the regime where quantum
local asymptotic normality (QLAN) applies [70–73], which
approximates the properties of local i.i.d. models by
Gaussian-shift models. This is exploited in the conversion
step.
Notably, since this estimation step consumes only n ¼

N1−ϵ ¼ oðNÞ copies, it incurs a sublinear overhead and,
hence, does not change the achievable conversion rate in
the N → ∞ limit.

2. Step 2 (conversion)

In this step, conditioned on the estimate ĝ obtained in
step 1, we convert the remaining N0 ¼ N − n copies of
UgðψÞ into copies of U 0

gðϕÞ. Since the success probability
of step 1 tends to one as N → ∞, it suffices to describe the
conversion on the success event, where the problem is
reduced to a local i.i.d. model.
The key observation is that, in the local regime,

QLAN translates pure-state unitary i.i.d. models by
Gaussian-shift models that are essentially characterized
by the QGT. Importantly, from the additivity of the QGT,
the Gaussian-shift model associated with fUgðϕÞ⊗brNcgg∈G

is governed by the scaled QGT, rQUgðϕÞ. Since the QGT
quantifies the sensitivity of the state under infinitesimal
transformations, the inequality

QUgðψÞ ≥ rQU 0
gðϕÞ ð∀ g∈GÞ ð40Þ

can be interpreted as the condition that the Gaussian-shift
model associated with the input state is sufficiently
“sensitive” to reproduce that for the output state at rate r
(uniformly in g∈G). This suggests that the conversion at a
rate r is possible if Eq. (40) is satisfied. This intuition is
made rigorous in Appendix D by explicitly constructing
conversion channels.
Here, the condition SymGðψÞ ⊂ SymGðϕÞ is essential:

Estimation can identify g only up to symmetries that leave
ψ invariant, and the inclusion guarantees that such residual
ambiguity is also irrelevant for ϕ. Hence, the conversion
conditioned on ĝ produces the correct target state U 0

gðϕÞ
whenever the localization in step 1 succeeds.
Through the above two-step procedure, we construct a

sequence of quantum channels fENgN that achieves
Eq. (39). Using Lemma 2, this establishes the opposite
inequality of Eq. (38), i.e., the direct part of Eq. (9):

Rðψ →ϕÞ≥ supfr≥ 0j ∀g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg: ð41Þ

As detailed in Appendix D, our proof is constructive: We
explicitly construct a sequence ofG-covariant channels that
achieves the asymptotic conversion. Also, we show that the
conversion error decays polynomially in N.

VI. MIXED-STATE CONVERSION

In the i.i.d. setting, the pure-state asymmetry conversion
theory has been thoroughly developed for a compact Lie
group in the preceding sections. This section partially
extends the theory to mixed states. Although the theoretical
framework remains incomplete, it is expected to serve as a
foundation for further investigations.
Concretely, we investigate the distillable asymmetry and

asymmetry cost, defined as the optimal rates for converting
a mixed state ρ to and from a pure reference state ϕ.
A similar scenario has already been explored for the time-
translation symmetry in Refs. [23,24], but not for other
symmetries. See Fig. 2 for a schematic picture of the setups.

A. Distillation of asymmetry

Here, we investigate the scenario where we convert a
general state ρ to a fixed pure state ϕ that serves as a
reference. We define the distillable asymmetry of a general
state ρ as AdðρÞ ≔ Rðρ → ϕÞ, i.e.,

AdðρÞ ¼ supfr ≥ 0jfρ⊗NgN ⟶
G-cov fϕ⊗brNcgNg: ð42Þ

As a central quantity in our analysis, we introduce a
dim G × dim G Hermitian matrix Qρ whose elements
are given by

ðQρÞμν ≔ TrðρXμðI − ΠρÞXνÞ; ð43Þ

FIG. 2. Schematic picture of distillation and dilution setups, in
which i.i.d. copies of a mixed state ρ are converted to and from
i.i.d. copies of a pure reference state ϕ.
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where Πρ denotes the projector to the support of ρ. This
quantity is an extension of QGT, originally defined for pure
states in Eq. (7), to mixed states. As we show below, the
monotonicity of Qρ under G-covariant channels yields an
upper bound of AdðρÞ, from which we can derive a
sufficient condition for the rate to vanish.
We start the analysis by relating Qρ with the monotone

metric with an operator monotone function fqðxÞ given in
Eq. (25). By using the eigenvalue decomposition ρ ¼P

k pkjkihkj of the state ρ, we have

ki½O; ρ�k2fq;ρ ¼
X
k;l;

ð1−qÞplþqpk>0

ðpl − pkÞ2
ð1 − qÞpl þ qpk

jhljOjkij2: ð44Þ

When q → 1−, the above sum contains divergent terms
proportional to 1=ð1 − qÞ for ðk; lÞ such that pl > 0 and
pk ¼ 0. Therefore, we find limq→1− fqð0Þki½O; ρ�k2fq;ρ ¼P

l;pl>0

P
k;pk¼0 plhljOjkihkjO†jli, i.e.,

lim
q→1−

fqð0Þki½O; ρ�k2fq;ρ ¼ TrðρOðI − ΠρÞO†Þ: ð45Þ

In particular, when O ¼ γ†X with γ ∈Cdim G, we get

lim
q→1−

fqð0Þki½γ†X; ρ�k2fq;ρ ¼ γ†Qργ: ð46Þ

We now prove the monotonicity ofQρ underG-covariant
operation. Suppose a state ρ is convertible to σ via a
G-covariant channel without error. Multiplying Eq. (30) by
fqð0Þ ¼ 1 − q > 0 yields

fqð0Þki½γ†X; ρ�k2fq;ρ ≥ fqð0Þki½γ†X0; σ�k2fq;σ: ð47Þ

Taking the limit of q → 1− in Eq. (47), Eq. (46) implies
γ†Qργ ≥ γ†Qσγ. Since this inequality holds for any
γ ∈Cdim G, we get

Qρ ≥ Qσ; ð48Þ

meaning that Qρ is a valid asymmetry monotone for any
state ρ.
The asymptotic discontinuity of QGT is inherited byQρ,

as they coincide for pure states, implying that extending its
monotonicity to an asymptotic setting requires careful
consideration. Nevertheless, as an extension of Eq. (38),
an upper bound of the distillable asymmetry can be proven
by using Eq. (34).
Theorem 2 (upper bound on distillable asymmetry). Let

U and U0 be projective unitary representations of a Lie
group G on finite-dimensional Hilbert spaces H and H0.
For any state ρ on H and pure state ϕ on H0, it holds

supfr ≥ 0j∀ g∈G;QUgðρÞ ≥ rQU 0
gðϕÞg ≥ AdðρÞ: ð49Þ

Proof. Suppose fρ⊗NgN ⟶G-cov fϕ⊗brNcgN for r ≥ 0. From
Eqs. (33) and (34), as an extension of Eq. (35), we get

fqð0Þki½γ†X;ρ�k2fq;ρ≥
M
N
γ†Qϕγ−

M
N
hðϵÞþ 1

N
oðMÞ; ð50Þ

where M ≔ brNc. In the limit of N → ∞, we have

fqð0Þki½γ†X; ρ�k2fq;ρ ≥ rγ†Qϕγ − rhðϵÞ: ð51Þ

Since this inequality holds for all sufficiently small ϵ > 0,
we get fqð0Þki½γ†X; ρ�kfq;ρ ≥ rγ†Qϕγ. In the limit of

q → 1−, we obtain Qρ ≥ rQϕ. Repeating this argument
for UgðρÞ and U 0

gðϕÞ instead of ρ and ϕ, we get

∀ g∈G; QUgðρÞ ≥ rQU 0
gðϕÞ; ð52Þ

which concludes the proof of Eq. (49). ▪
This result first establishes an upper bound on the

distillable asymmetry by using a geometric quantity, Q,
i.e., the QGT and its extension to mixed states, which
applies to any state ρ and any Lie group G. From
Theorem 1, the inequality (49) becomes tight when ρ is
pure, and G is compact.
We remark that, in a special case where ½Πρ; γ†X� ¼ 0

holds for some γ ∈Cdim G, we have γ†Qργ ¼ 0. As an
immediate corollary of the above theorem, we therefore get
the following.
Corollary 2 (sufficient condition for vanishing distillable

asymmetry). If there exists a vector γ ∈Cdim G satisfying
½Πρ; γ†X� ¼ 0 and γ†Qϕγ ≠ 0, then AdðρÞ ¼ 0.
This corollary implies that for a typical state with full

rank, where Πρ ¼ I, AdðρÞ ¼ 0 holds for any asymmetric
pure state ϕ. This result is consistent with a result in prior
research [23] on time-translation asymmetry, where the
distillable coherence, defined as the optimal conversion rate
from a state ρ to a pure state ϕ given by a superposition of
the ground and excited state of a Hamiltonian H, is shown
to be zero when ½Πρ; H� ¼ 0. We remark that, although a
state ρ satisfying the condition in Corollary 2 has zero
distillable asymmetry, it does not necessarily imply that ρ is
useless in asymptotic conversion. For example, while a full-
rank state has zero distillable asymmetry, a sublinear
number of such states may be used to enhance the
conversion rate by removing the restriction imposed by
symmetry subgroups in asymptotic conversion among pure
states, as shown in Appendix K.

B. Dilution of asymmetry

Next, we investigate the opposite scenario, where we
create a general state ρ by consuming the reference pure
state ϕ. The asymmetry cost is defined as
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AcðρÞ ≔
1

Rðϕ → ρÞ ; ð53Þ

where 1=∞ and 1=0 are formally regarded as 0 and ∞,
respectively. From the definition of conversion rate
Rðϕ → ρÞ, we also obtain an equivalent expression:

AcðρÞ ¼ inffr ≥ 0jfϕ⊗⌈rN⌉gN ⟶
G-cov fρ⊗NgNg: ð54Þ

We remark that Eq. (10) implies AcðρÞ < ∞ only if
SymGðϕÞ ⊂ SymGðρÞ. Thus, we investigate AcðρÞ only
for ρ satisfying SymGðϕÞ ⊂ SymGðρÞ.
Following the standard argument using a typical

sequence [24,74], it is proven that

Xk
i¼1

piAcðρiÞ ≥ AcðρÞ; ð55Þ

where fρigki¼1 is a set of states and fpigki¼1 is a proba-
bility distribution such that pi > 0,

P
k
i¼1 pi ¼ 1, andP

k
i¼1 piρi ¼ ρ. An intuition behind this inequality is that,

instead of preparing ρ directly, we can adopt a strategy
where fρigki¼1 is probabilistically generated according to
the probability distribution fpigki¼1, although this strategy
is not necessarily optimal. See Appendix E for the proof of
Eq. (55). We remark that the left-hand side of Eq. (55) is
finite only if SymGðϕÞ ⊂ SymGðρiÞ for all i ¼ 1;…; k.
In light of the pure-state-conversion theory established in

Theorem 1, a promising approach to obtaining a comput-
able upper bound ofAcðρÞ is to decompose a state ρ into an
ensemble of pure states. Suppose that a state ρ can be
decomposed as ρ ¼Pk−1

i¼1 piψ i þ psρs, where ρs is a
symmetric (possibly mixed [96]) state and fψ igk−1i¼1 are
pure states satisfying SymGðϕÞ ⊂ SymGðψ iÞ. Then, Eq. (9)
implies

Xk−1
i¼1

piri ≥ AcðρÞ; ð56Þ

where

ri ≔ inf
n
r ≥ 0

���∀ g∈G; rQUgðϕÞ ≥ QU 0
gðψ iÞ
o
: ð57Þ

Similarly to Eq. (12), this quantity can be expressed by
using the quantum max-relative entropy as

ri ¼ 2DmaxðQψ ikQϕÞ: ð58Þ

When a state ρ can be obtained as an ensemble of pure
states and symmetric state, minimizing the left-hand side of
Eq. (56) over such an ensemble leads to a tighter boundon the
asymmetry costAcðρÞ. In the case ofG ¼ Uð1Þ, it is known
that such a minimization yields a tight bound [24]. Let

UðθÞ ¼ eiHθ andU0ðθÞ ¼ eiH
0θ be unitary representations of

G ¼ Uð1Þ on finite-dimensional Hilbert spaces with
Hamiltonians H¼Pd−1

n¼0njnihnj and H0 ¼Pd0−1
n¼0 njnihnj.

We fix the reference state ϕ to be the so-called coherence
bit, given by jϕi ¼ ðj0i þ j1iÞ= ffiffiffi

2
p

, and assume that
SymGðρÞ ¼ SymGðϕÞ. Since ri ¼ Vðψ i; H0Þ=Vðϕ; HÞ ¼
4Vðψ i; H0Þ, Eq. (56) implies minfpi;ψ igi 4

P
i piVðψ i; H0Þ ≥

AcðρÞ, where the minimization is taken over the set of all
pure-state ensembles fpi;ψ igi satisfying SymGðρÞ ⊂
SymGðψ iÞ and ρ ¼Pi piψ i. Note that it suffices to consider
pure-state ensembles for G ¼ Uð1Þ since any symmetric
state is given as a probabilistic mixture of symmetric pure
states. It was conjectured in Ref. [97] and later proven in
Ref. [98] thatminfpi;ψ igi 4

P
i piVðψ i; H0Þ ¼ FH0 ðρÞ, where

FH0 ðρÞ denotes the symmetric logarithmic derivative
(SLD) quantum Fisher information, given by FH0 ðρÞ ≔
2
P

i;j½ðλi − λjÞ2=λi þ λj�jhijHjjij2 using the eigenvalue
decomposition ρ ¼Pi λijiihij. Furthermore, in Ref. [24],
it was shown that the minimum is attained by a set of pure
states fψ igi such that SymGðρÞ ⊂ SymGðψ iÞ, which implies
FH0 ðρÞ ≥ AcðρÞ. In Ref. [24], the opposite inequality was
also shownbyproving themonotonicity of the SLDquantum
Fisher information rate under asymptotic conversion, which
completed the proof of FH0 ðρÞ ¼ AcðρÞ for G ¼ Uð1Þ.
In contrast to the Uð1Þ case, a decomposition into ρ ¼P
k−1
i¼1 piψ i þ psρs with symmetric ρs and pure states fψ igi

satisfying SymGðϕÞ ⊂ SymGðψ iÞ does not always exist for
a general Lie group G. See Appendix E for a concrete
example for G ¼ Uð4Þ. In such cases, Eq. (56) does not
provide a meaningful upper bound on the asymmetry cost.
However, by carefully refining the estimate-and-convert
approach introduced in Sec. V B, we find that this limi-
tation due to the symmetry subgroups can be circumvented.
Specifically, in Appendix F, we show the following.
Proposition 1 (upper bound on the asymmetry cost). For

a reference pure state ϕ, consider a state ρ satisfying
SymGðϕÞ ⊂ SymGðρÞ. The asymmetry cost of a state ρ is
upper bounded as follows:

min
X
i

piri ≥ AcðρÞ; ð59Þ

where ri is defined in Eq. (57) and the minimization is
taken over all the decompositions of ρ into ensemble
ρ ¼Pi piψ i þ psρs, such that fψ igi are pure states, ρs
is a symmetric state, and fpigi; ps denotes a probability
distribution satisfying pi; ps ≥ 0 and

P
i pi þ ps ¼ 1.

Given the success in the case of G ¼ Uð1Þ, where
the property of the SLD quantum Fisher information
FHðρÞ ¼ minfpi;ψ igi 4

P
i piVðψ i; HÞ is utilized, a natural

extension is to consider the convex roof of QGT,
namely, minfpi;ψ igi

P
i piQψ i , as a possible asymmetry

quantifier in RTA for a general compact Lie group.
However, as we demonstrate in Appendix G,
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minfpi;ψ igi
P

i piQψ i does not always exist. Analogous to
another property of the SLD quantum Fisher information,
FHðρÞ ¼ minΨρ;HA

4VðΨρ; H þHAÞ, where the minimiza-
tion is taken over any purification Ψρ of ρ and Hermitian
operatorsHA on the ancillary system [24], we also examine
the minimization of the QGT of purifications of a state ρ.
We show that such a minimum does not also exist, in
general, in Appendix H. The nonexistence of these exten-
sions of the SLD quantum Fisher information stems
from the fact that a partial order on matrices is not
necessarily a total order, highlighting the exceptional case
of the U(1) group.

VII. APPLICATION TO QUANTUM
REFERENCE FRAMES

We now examine a broader perspective on the physical
significance of asymmetry, focusing on its role as a
quantum reference frame. In physics, operations are always
defined relative to a reference structure, such as a clock, a
phase origin, or a spatial direction. While such reference
frames are often taken for granted in standard quantum
protocols, their availability is neither universal nor guar-
anteed. From a foundational viewpoint, the reference
structures should themselves be treated as quantum sys-
tems, i.e., quantum reference frames. This perspective has
attracted attention across diverse contexts, including super-
selection rules and their relation to reference frames
[11,99,100], quantum information processing [11–13,18],
and relational and covariant formulations motivated
by relativistic and quantum gravitational considerations
[101–106].
In this context, a quantum system in a symmetry-breaking

state serves as a resource by encoding information about the
corresponding reference frame, thereby enabling operations
that would otherwise be impossible. For this reason, the RTA
was historically also referred to as the resource theory of
quantum reference frames in earlier studies [11–13]. Here,
we revisit this viewpoint and carefully review how the (a)
symmetry of quantum states and the G-covariance of
operations relate to physical scenarios where access to a
shared reference frame is entirely absent [11,14].
We begin by exploring a communication scenario [14] in

which two parties, Alice and Bob, do not share a common
reference frame associated with a group G. For example,
one can imagine the case in which they are located in
separate spaceships without a shared Cartesian reference
frame [11], implying that the relative orientation between
them is unknown to Alice and Bob. In this case, the
misalignment is characterized by a group element g∈G,
where G ¼ SOð3Þ. Suppose Alice wishes to delegate a
quantum operationF on her qubit to Bob. She transmits the
qubit to Bob; he applies an operation E in his own frame
and sends it back. Since their frames are misaligned by
g∈G, the effective operation in Alice’s frame is

Ug−1 ∘ E ∘Ug, which, in general, depends on the parameter
g∈G, unknown to her. Therefore, the intended operationF
is correctly implemented only if it can be expressed as F ¼
Ug−1 ∘ E ∘Ug for all g∈G. Averaging over the Haar measure
μG, we obtain

F ¼
Z
g∈G

dμGðgÞUg−1 ∘ E ∘Ug; ð60Þ

which is equivalent to the condition thatF isG-covariant. In
essence, onlyG-covariant operations can be correctly imple-
mentedwhenAlice delegates them toBob in the absence of a
shared reference frame associated with the group G.
The above observation raises a critical question: What

additional information must be provided in order to
implement quantum operations that are not G-covariant?
To gain further insight, let us revisit the example in which
Alice and Bob have no shared Cartesian frames. In this
case, performing non-SO(3)-covariant operations requires
knowledge of a group element g∈ SOð3Þ that characterizes
the relative orientation between Alice’s and Bob’s
Cartesian frames. Operationally, this means that Alice
must convey information about her local reference frame,
i.e., directional information, to Bob. However, this cannot
be accomplished using classical bits alone, as such infor-
mation is defined relative to Alice’s frame, which is
inaccessible to Bob. To convey this information, Alice
must transmit a physical system that encodes features of her
reference frame, specifically one that transforms nontri-
vially under spatial rotations. In the quantum setting, this
corresponds to preparing and sending a quantum state that
breaks the SO(3) symmetry.
This observation clarifies the need for a resource-

theoretic perspective on symmetries and their breaking
[11–13,107] in the context of quantum reference frame.
While the above discussion focused on spatial orientation
and SO(3) symmetry, the same reasoning applies more
broadly. Certain information—such as time, phase, and
spatial direction—requires a shared reference frame in
order to be meaningfully communicated using classical bits
[11,107,108]. In the absence of such a frame, this infor-
mation must instead be conveyed through physical systems
whose states break the corresponding symmetries: A
quantum clock breaks time-translation symmetry, a phase
reference breaks U(1) symmetry, and a quantum gyroscope
breaks SO(3) symmetry.
This resource-theoretic perspective also extends beyond

communication scenarios, finding broader applications in
quantum technologies. For instance, quantum modules
within a quantum computer, or quantum computers within
a quantum network, must communicate asymmetries to
calibrate their reference frames in order to coordinate and
perform quantum tasks with high precision. Importantly,
efficient transmission of such resources requires their
systematic transformation. For example, communication
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through a quantum channel is generally constrained by cost
and capacity, making it desirable to maximize the amount
of asymmetry per channel use via asymmetry distillation. In
contrast, when the goal is to distribute a reference frame to
multiple locations, asymmetry must be divided into many
resources, each containing a smaller amount of asymmetry,
through asymmetry dilution. These considerations high-
light the importance of developing a general systematic
theory of converting asymmetry resources.
The main result of this study, Theorem 1, establishes a

comprehensive asymptotic theory for the manipulation of
pure-state asymmetry in RTA. In particular, it provides an
explicit formula for the optimal conversion rate, given in
Eq. (8), which is expressed in terms of the QGTs. Of
particular importance is the fact that the optimal conversion
protocol has been explicitly constructed in Sec. V B,
offering a concrete procedure for practical implementations
of asymmetry conversion.

A. Standardized reference state

An equally important aspect of the present theory is that
it enables the introduction of a standardized reference state
that serves as a benchmark for quantifying and comparing
frameness. Analogous to the role of the ebit in entangle-
ment theory and the coherence bit in the resource theory of
coherence, such states provide an operationally meaningful
foundation for measuring the degree of asymmetry present
in a quantum state.
In the context of the RTA, a standardized reference state

has been proposed for the rotational group [more precisely,
for its universal covering group G ¼ SUð2Þ] in Ref. [38],
where the conversion of a restricted class of pure states is
analyzed. In the present work, we develop a comprehensive
construction of standardized reference states and provide a
detailed interpretation of their role for arbitrary semisimple
compact Lie groups G.
Let G be a compact Lie group with a unitary represen-

tation U acting on a d-dimensional Hilbert space H such
that UðgÞ ∝ I only if g ¼ e. We also introduce a d-
dimensional auxiliary Hilbert space H0, equipped with
the trivial representationU0 ofG satisfyingU0ðgÞ ¼ I for all
g∈G. Let fjψ iigdi¼1 and fjϕiigdi¼1 be orthonormal bases of
H andH0, respectively. We consider a maximally entangled
state

jΨi ≔ 1ffiffiffi
d

p
Xd
i¼1

jψ ii ⊗ jϕii∈H ⊗ H0: ð61Þ

Since jhΨjUðgÞ ⊗ U0ðgÞjΨij ¼ 1 holds if and only if
g ¼ e, the symmetry subgroup of Ψ ≔ jΨihΨj is trivial:

SymGðΨÞ ¼ feg: ð62Þ
Another notable feature of jΨi is that its QGT admits a

particularly simple form. To make this explicit, we fix a

local coordinate system fλμgdim G
μ¼1 in a neighborhood of the

identity element e∈G, such that the generators Xμ ≔
−i½∂=ð∂λμÞ�U½gðλÞ�jλ¼0 satisfy TrðXμÞ¼0 and TrðXμXνÞ ¼
dδμν, where δμν denotes the Kronecker delta. Such a
coordinate system always exists if G is a compact semi-
simple Lie group [109]. In this coordinate system, the QGT
of jΨi is given by

QΨ ¼ I: ð63Þ
Intuitively, this implies that jΨi exhibits isotropic
asymmetry.
These properties of jΨi, namely, the triviality of its

symmetry subgroup as expressed in Eq. (62) and its
isotropic asymmetry in Eq. (63), guarantee that jΨi serves
as a universal asymmetry resource associated with the
symmetry groupG in the sense that it can be asymptotically
converted into any pure state at a nonzero rate.
A particularly intriguing expression arises from the

conversion rate formula given in Eq. (12), which involves
the quantum max-relative entropy. The optimal conversion
rate is given by

RðΨ → ϕÞ ¼ 2−DmaxðQϕkQΨÞ: ð64Þ
Substituting Eq. (63), we obtain a simple expression for
the optimal conversion rate to an arbitrary pure state ϕ,
given by

RðΨ → ϕÞ ¼ 2−DmaxðQϕkIÞ ¼ 2HminðQϕÞ; ð65Þ

where Hmin denotes the min-entropy, defined as
HminðρÞ ≔ − log2 λmaxðρÞ, with λmaxðρÞ the largest eigen-
value of the matrix ρ. Although min-entropy is typically
applied to quantum states, it appears here as a function of
the QGT, suggesting that entropy-based measures may
have broader applicability beyond conventional formula-
tions in quantum resource theories.
As an illustrative example of a standardized reference

state, let us analyze the rotational group G ¼ SOð3Þ and its
spin-J unitary representation UJ, where J is a non-negative
integer.We adopt a coordinate system gðθÞ ¼ eiθ

μAμ ∈ SOð3Þ
such that Jμ ≔ −i½∂=ð∂θμÞ�UJ½gðθÞ�jθ¼0 satisfy the standard
commutation relations ½Jμ; Jμ0 � ¼ i

P
μ00 ϵμμ0μ00Jμ00 , where

ϵμμ0μ00 is the Levi-Civita symbol.
The representation space HðJÞ is spanned by the ortho-

normal basis fjJ;migJm¼−J, where jJ;mi denotes a simul-
taneous eigenvector of the total angular momentum J2 and
its z component Jz, with eigenvalues JðJ þ 1Þ and m,
respectively. We restrict attention to the case J > 0, since
the representation is trivial for J ¼ 0. We define the
maximally entangled state

jΨJi ≔
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2J þ 1
p

XJ
m¼−J

jJ;mi ⊗ jJ;mi; ð66Þ
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which serves as a standardized reference state for quantum
Cartesian frameness.
To align with the above arguments in a general setting,

we rescale the conventional coordinates as λμ ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½JðJ þ 1Þ�=3p
θμ. The corresponding generators

Xμ ≔ −i
∂

∂λμ
UJ½gðλÞ�jλ¼0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

JðJ þ 1Þ

s
Jμ ð67Þ

satisfy TrðXμÞ ¼ 0 and TrðXμXνÞ ¼ ð2J þ 1Þδμν for
μ; ν ¼ x, y, z. Consequently, the QGT of jΨJi is
QΨJ ¼ I, and, hence, the conversion rate is

RðΨJ → ϕÞ ¼ 2HminðQϕÞ; ð68Þ

where the QGT Qϕ is calculated in the coordinates
fλμgμ¼x;y;z.
It is important to note that not all asymmetric states can

be converted into jΨJi. For example, consider the highest-
weight state jξJi ≔ jJ; Ji∈HðJÞ, whose QGT is given by

QξJ ¼ 3

JðJ þ 1Þ
J
2

0
B@ 1 −i 0

i 1 0

0 0 0

1
CA ð69Þ

in the coordinates fλμgμ¼x;y;z. Since QξJ has a zero
eigenvalue, the inequality QξJ ≥ rQΨJ holds only for
r ¼ 0, implying that RðξJ → ΨJÞ ¼ 0. This aligns with
the fact that jξJi is invariant under rotations about the z axis
and, hence, cannot be converted to the isotropic state jΨJi
via G-covariant operations.
Finally, we remark that a widely employed asymmetry

measure, the relative entropy of G-asymmetry, fails to
capture this fundamental difference between ΨJ and ξJ.
The relative entropy of G-asymmetry is defined by [13]

AGðρÞ ≔ min
σ∶ symmetric state

DðρkσÞ; ð70Þ

where DðρkσÞ ≔ Tr½ρðlog2 ρ − log2 σÞ� denotes the quan-
tum relative entropy. While two states, ΨJ and ξJ, exhibit
significantly different symmetry properties—most notably,
the isotropy of ΨJ versus the directional invariance of ξJ—
they are assigned the same value of the relative entropy of
G-asymmetry. Specifically, for all pure states ϕ∈PðHðJÞÞ,
since the only symmetric state is ½1=ð2J þ 1Þ�I, the relative
entropy of asymmetry is given by AGðϕÞ ¼ log2ð2J þ 1Þ.
In the following subsection, we provide more discussion

on the distinctions between the relative entropy of
G-asymmetry and the QGT.

B. Discussion: Differential geometric and entropic
perspectives

The present study identifies the QGTas a central measure
of symmetry breaking and quantum reference frameness
within RTA. Our result aligns with prior studies in RTA that
employ differential geometric quantities—such as the quan-
tum Fisher information [23,24], the quantum Fisher infor-
mation matrix [80,81], the metric adjusted skew
information [37,110], and their extensions [69,91]—yet
goes further by establishing the QGT as a complete
monotone.
A complementary line of research within RTA focuses

on entropic measures, such as the G-asymmetry [111] and
the relative entropy of G-asymmetry [13], which, though
defined differently, are known to yield the same value [13].
Under the name entanglement asymmetry [112], this
quantity has recently been studied extensively as a probe
of symmetry breaking across a wide range of contexts
[113–120], including both condensed matter and high-
energy physics.
These two approaches each capture essential features of

symmetry breaking, as they are both valid measures within
the framework of RTA. However, as illustrated by the
example of the SO(3) symmetry in the previous subsection,
they appear to reflect different aspects of asymmetry. In
what follows, we demonstrate that a distinction between
these two measures emerges particularly in the case of non-
Abelian symmetry.
A key observation is that the relative entropy of

G-asymmetry satisfies AGðρÞ ¼ AGðσÞ for any pair of
states ρ and σ such that ρ ¼ UgðσÞ for some g∈G. In
other words, AG is blind to differences arising solely from
group transformations. For example, for G ¼ SUð2Þ, the
relative entropy of G-asymmetry does not distinguish
among the eigenvectors of Pauli operators in different
directions. Intuitively, one may say that the relative entropy
of G-asymmetry quantifies the magnitude of symmetry
breaking while being agnostic to its direction.
In contrast, the QGT and quantum Fisher information

matrix encode information about both the magnitude and
the direction of symmetry breaking. For example, for
G ¼ SUð2Þ, let j0i and j1i denote the eigenvectors of
σz, and define ϕ0 ≔ j0ih0j and ϕþ ≔ jþihþj with jþi ≔
ðj0i þ j1iÞ= ffiffiffi

2
p

. The QGTs of these states are given by

Qϕ0 ¼ 1

4

0
B@1 −i 0

i 1 0

0 0 0

1
CA; Qϕþ ¼ 1

4

0
B@0 0 0

0 1 −i
0 i 1

1
CA; ð71Þ

which clearly reflect the directional distinctions between
the eigenstates of σz and σx, capturing the difference
induced by an SU(2) transformation.
We remark that, for the U(1) group, the asymptotic

behaviors of the relative entropy of G-asymmetry and the
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QGT (which equals the variance in this case) encode
essentially the same information [13]. This agreement is
consistent with the fact that the QGT is also invariant under
U(1) transformations. However, for a general non-Abelian
group, while the relative entropy of G-asymmetry remains
invariant under group transformations, the QGT transforms
nontrivially (see Appendix B 2 for the explicit transforma-
tion). This highlights that the relative entropy of
G-asymmetry and the QGT capture fundamentally different
aspects of symmetry breaking when the underlying group is
non-Abelian.
When a quantum reference frame is concerned, not only

the magnitude, but also the direction of asymmetry
becomes important. For example, in the case of the
SO(3) symmetry discussed in the previous section, the
state ψJ possesses asymmetry in all directions, while ξJ is
invariant under rotations about the z axis and, therefore,
carries no information about rotation angles around the z
axis. As a consequence, it is impossible to convert ξJ into
ψJ. This provides an intuitive reason why the QGT serves
as a complete measure of asymmetry, whereas the relative
entropy of G-asymmetry does not.
These observations underscore that the appropriate

choice of an asymmetry measure depends crucially on
the physical context in which it is applied. While entropic
measures such as the relative entropy ofG-asymmetry have
already been proven useful in a variety of settings—
including recent applications in condensed matter and
high-energy physics—there are situations where not only
the amount, but also the direction of symmetry breaking is
of central relevance. For instance, when the physical
interest lies in identifying in which direction a symmetry
is broken, geometric quantities like the QGT or the
quantum Fisher information, which are sensitive to direc-
tional features of asymmetry, would offer a more appro-
priate and informative characterization.

VIII. APPLICATION TO QUANTUM
THERMODYNAMICS

In this section, we explore the implications of our results
for quantum thermodynamics. We focus on a basic and
widely studied setting: thermodynamic processes induced
by interactions with thermal baths under conservation laws.
Using the tools developed to quantify asymmetry, we
derive symmetry-induced constraints on state transforma-
tions in the thermodynamic limit. Moreover, we show that
there are cases in which overcoming these constraints
requires supplying a macroscopic amount of asymmetry,
including energy coherence.

A. Operational setting: Thermal contact under
conservation laws

We begin by modeling thermal contact by coupling a
system to heat baths initially in Gibbs states and letting the

joint system evolve under a global unitary that conserves
total energy. Here, we consider a general scenario involving
k thermal baths. For i ¼ 1;…; k, let Bi be a bath with
Hamiltonian HBi

, initially prepared in the Gibbs state at
inverse temperature βi:

τBi;βi ≔
1

Zi
e−βiHBi ; Zi ≔ Trðe−βiHBi Þ: ð72Þ

To model an evolution under thermal contact, let S be the
system of interest with Hamiltonian HS. Imposing energy
conservation, we assume that the joint evolution is described
by a global unitary V acting on SB1…Bk such that

V

�
HS þ

Xk
i¼1

HBi

�
V† ¼ HS0 þHB0 ; ð73Þ

where S0 and B0 are subsystems such that SB1…Bk ¼ S0B0
and HS0 and HB0 denote the Hamiltonians associated with
these subsystems, respectively.
More generally, thermodynamic interactions may be

constrained not only by energy conservation, but also by
additional conserved quantities, such as particle number or
angular momentum. These additional conservation laws
can be conveniently expressed in terms of a symmetry
group G. Let US, UBi

, US0 , and UB0 denote unitary
representations of G on the corresponding subsystems.
The joint interaction unitary V is assumed to respect the
symmetry in the sense that it satisfies, for all g∈G,

V

�
USðgÞ ⊗ ⊗

k

i¼1
UBi

ðgÞ
�
V† ¼ US0 ðgÞ ⊗ UB0 ðgÞ: ð74Þ

Introducing generators fXμgdim G
μ¼1 by differentiating the

representations [cf. Eq. (6)], this implies the conservation
of each generator:

V

�
XS;μ þ

Xk
i¼1

XBi;μ

�
V† ¼ XS0;μ þ XB0;μ ð75Þ

for all μ ¼ 1;…; dim G. For particle number and angular
momentum conservation, these generators correspond to
the particle number and angular momentum operators,
respectively. To ensure that the free evolution of each
subsystem respects the symmetry, we impose that the
generators commute with the Hamiltonian in each system.
We note that energy conservation [i.e., Eq. (73)] is
recovered as the special case where G ¼ R corresponds
to time translations, with the unitary representation UðtÞ ¼
e−iHt generated by the Hamiltonian H of the total system.
Although R is not compact, the results in this section rely
on the monotonicity of the QGT, which remains valid even
when G is noncompact. Below, we include the time-
translational symmetry in the symmetry G as needed.
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Having modeled the thermal contact above, the central
task of characterizing thermodynamic processes thus
reduces to studying the transformation of system states
under the resulting dynamics.

B. Resource-theoretic formalism: Covariance from
conservation laws

To investigate the setup introduced in the previous
subsection, we adopt the resource-theoretic viewpoint
developed in the present paper. To this end, we define a
channel

Eð·Þ ≔ TrB0

	
V

�
· ⊗ ⊗

k

i¼1
τBi;βi

�
V†


; ð76Þ

which describes the evolution of a system interacting with
thermal baths under conservation laws.
We note that, in the resource theory of athermality, it is

common to restrict to a single fixed bath temperature. This
is because this framework is typically designed to quantify
athermality (i.e., deviation from thermal equilibrium)
relative to a fixed equilibrium background, thereby
revealing constraints on work extraction; access to multiple
temperatures can, in principle, enable work extraction.
Indeed, in the special case where all the baths are at the
same temperature (β1 ¼ � � � ¼ βk) with time-translation
symmetry (G ¼ R), Eq. (76) reduces to thermal operations,
which constitute a central tool in the resource theory of
athermality.
In contrast, however, many practical thermodynamic

setups, such as heat engines, naturally involve contact with
multiple baths at different temperatures. Therefore, we
allow the baths to be possibly at different temperatures and
formulate our results in a general multibath setting.
Our focus is on exploring the role of asymmetry (and, in

particular, coherence) in quantum thermodynamics. Given
that V respects the symmetry G, the channel described in
Eq. (76) isG-covariant whenever the Gibbs state⊗k

i¼1 τBi;βi
is symmetric. If G is connected, this condition is auto-
matically satisfied in the common setting where the free
evolutions of the baths respect the symmetry, i.e.,
½HBi

; XBi;μ� ¼ 0 for all μ and i. In this case, any asymmetry
monotone is nonincreasing under thermal contact described
by Eq. (76).
To investigate thermal processes based on this observa-

tion, we introduce a one-parameter family of monotones
Qq for q∈ ð0; 1Þ, whose matrix elements are defined by

ðQρ
qÞμν≔

X
k;l

ð1−qÞplþqpk>0

fqð0Þðpl−pkÞ2
ð1−qÞplþqpk

hljXμjkihkjXνjli; ð77Þ

which satisfies γ†Qρ
qγ ¼ fqð0Þki½γ†X; ρ�k2fq;ρ for any

γ ∈Cdim G. Because of Eqs. (47) and (46), this matrix is

a valid asymmetry monotone satisfying limq→0Q
ρ
q ¼ Qρ.

Note that Eq. (27) provides a direct relation of Qq to the
QGT for pure states. The following theorem is a key tool
characterizing thermodynamic processes in the thermody-
namic limit.
Theorem 3. Let G be an arbitrary Lie group. Consider

a sequence of arbitrary states fρNgN and a sequence
of i.i.d. pure states fϕ⊗brNcgN at rate r > 0. If
fρNgN ⟶G-cov fϕ⊗brNcgN , then for each q∈ ð0; 1Þ, the follow-
ing inequality holds for all g∈G:

∀γ∈CdimG; lim inf
N→∞

1

N
γ†Q

UðNÞ
g ðρNÞ

q γ≥rγ†QU 0
gðϕÞγ; ð78Þ

where UðNÞ
g ð·Þ ≔ UðNÞðgÞð·ÞUðNÞðgÞ† with unitary represen-

tations UðNÞ of G on the Hilbert space of ρN .
Proof. Analogous to Eq. (50), the monotonicity of Qq

and Eq. (34) imply that, for any γ ∈Cdim G,

1

N
γ†QρN

q γ ≥
M
N
γ†Qϕγ −

M
N
hðϵÞ þ 1

N
oðMÞ ð79Þ

holds for all sufficiently large N, where M ≔ brNc.
Therefore, we get

lim inf
N→∞

1

N
γ†QρN

q γ ≥ rγ†Qϕγ − rhðϵÞ: ð80Þ

Since this inequality holds for any sufficiently small ϵ > 0
and limϵ→0þ hðϵÞ ¼ 0, we get Eq. (78) for g ¼ e. Repeating

these arguments for UðNÞ
g ðρNÞ and U 0

gðϕÞ, we obtain
Eq. (78) for all g∈G. ▪
Several remarks are in order: First, this theorem is valid

for an arbitrary Lie group G, and, thus, it can also be
applied to the time-translation symmetry with G ¼ R.
Second, the monotonicity of Qq alone is insufficient to
establish the theorem due to the asymptotic discontinuity
discussed in Sec. VA. Third, Eq. (78) holds for any
sequence of states fρNgN , without the assumption that
the states are i.i.d. This generality is relevant in quantum
thermodynamics, where external systems supplying work
and coherence are typically not assumed to be in an i.i.d.
state. Fourth, the QGT Qϕ and its extensions Qρ

q are
extensive quantities (see Appendix I for further properties),
which makes them particularly natural measures in the
thermodynamic limit. Finally, forG ¼ R, a similar theorem
can also be established for the metric adjusted skew
information rates by employing Lemma 3 of Ref. [69] in
place of Eq. (34).

C. No-go theorem for distillation

Let us first consider a simple scenario where we
asymptotically convert i.i.d. states via a thermal process
described by Eq. (76). As noted in the previous section, in
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the single-temperature case with time-translation sym-
metry, this evolution reduces to thermal operation. For
quasiclassical states ρ and σ, i.e., states commuting with
the Hamiltonian (equivalently, symmetric states under time
translation), the optimal asymptotic conversion rate via
thermal operations, which we denote by RTOðρ → σÞ, is
known to be calculated via the following formula [10]:

RTOðρ → σÞ ¼ DðρkτÞ
DðσkτÞ ; ð81Þ

where τ denotes the Gibbs state andDðρkσÞ ≔ Trðρ ln ρÞ −
Trðρ ln σÞ denotes the quantum relative entropy. Here, we
adopt the natural logarithm for convenience. Since
DðρkτÞ¼β½FβðρÞ−FβðτÞ� with FβðρÞ≔hHiρ−β−1SvNðρÞ,
where SvN is the von Neumann entropy given by
SvNðρÞ ≔ −Trðρ ln ρÞ, Eq. (81) implies that the (nonequi-
librium) free energy completely characterizes the optimal
conversion rate.
However, for general, nonquasiclassical states, the nec-

essary and sufficient conditions for state conversion under
thermal operations remain unknown [57,58]. This is
because thermal operations cannot generate a coherent
superposition of energy eigenstates; therefore, such energy
coherence, i.e., asymmetry under time translations, must be
regarded as a separate resource.
Building on the establishment of the QGT as the

complete measure of asymmetry, we here derive a no-go
theorem on the distillation of a state expressed in terms of
the QGT and its extension. We denote by RG

TPðρ → ϕÞ the
asymptotic conversion rate from a general state ρ to a pure
state ϕ via thermal processes defined in Eq. (76). Note that
when only the time-translation symmetry is involved
(G ¼ R), RR

TPðρ → ϕÞ provides an upper bound on
RTOðρ → ϕÞ but need not coincide with RTOðρ → ϕÞ, since
the definition of RR

TPðρ → ϕÞ allows access to baths at
different temperatures.
From the additivity of Qq, the left-hand side of Eq. (78)

in Theorem 3 for i.i.d. states can be evaluated as

lim inf
N→∞

1

N
γ†Q

UgðρÞ⊗N

q γ ¼ γQ
UgðρÞ
q γ ð82Þ

for any γ ∈Cdim G. Therefore, Theorem 3 yields the
following upper bound:

supfr≥0j∀g∈G;QUgðρÞ
q ≥rQU 0

gðϕÞg≥RG
TPðρ→ϕÞ ð83Þ

for each q∈ ð0; 1Þ. Moreover, in the limit q → 1−, we also
obtain

supfr≥ 0j∀g∈G;QUgðρÞ ≥ rQU 0
gðϕÞg≥RG

TPðρ→ϕÞ: ð84Þ

Consequently, we obtain a no-go theorem in quantum
thermodynamics analogous to Corollary 2.

Corollary 3 (no-go theorem for distillation via thermal
operation). Let G be a connected Lie group describing
symmetry. For a general state ρ and a pure state ϕ, if there
exists a vector γ ∈Cdim G satisfying ½Πρ; γ†X� ¼ 0 and
γ†Qϕγ ≠ 0, then RG

TPðρ → ϕÞ ¼ 0.
In particular, this result implies that, for a typical state

with full rank, it is impossible to distill a pure state through
thermal contact at a linear rate. We remark that these
arguments, when particularized to time-translation sym-
metry withG ¼ R, are consistent with Eq. (81). Indeed, the
QGT vanishes for quasiclassical states, and, therefore, the
above arguments do not impose nontrivial constraints when
ϕ is quasiclassical. In contrast, Eq. (84) provides a
quantitative bound on the distillable asymmetry, which
merits attention and is expected to play an important role in
extending the conversion theory via thermal operations to
general states.
An important point is that Corollary 3 holds for

continuous symmetries beyond the case of energy con-
servation. As an example, we now focus on the convert-
ibility of i.i.d. states when the system couples to a thermal
bath through an interaction that preserves the U(1) sym-
metry, which appears in the Heisenberg XXZ model.
Specifically, we investigate the distillation scenario, i.e.,
the conversion from an i.i.d. copy of a mixed state to an
i.i.d. copy of a pure state, under the conservation law for the
z component of spin. To make this scenario concrete,
we consider an asymmetric pure state defined as ψa ≔
jψaihψaj, where

jψai ≔
ffiffiffi
a

p j↑i þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − a

p
j↓i; a∈ ð0; 1Þ; ð85Þ

and j↑i and j↓i denote the spin-up and spin-down states,
respectively. We also introduce a corresponding mixed state

ρa;ϵ ≔ ð1 − ϵÞψa þ ϵ
I
2
; ð86Þ

where ϵ∈ ð0; 1� controls its purity.
Before discussing the implications of Corollary 3, we

first examine the behavior of a measure of asymmetry that
has been widely employed in prior research [13], namely,
relative entropy of G-asymmetry AGðρÞ. Using the formula
in Ref. [13], we obtain AGðρa;ϵÞ ¼ H½að1 − ϵÞ þ ðϵ=2Þ� −
HðϵÞ and AGðψaÞ ¼ HðaÞ, where HðpÞ denotes the binary
entropy given by HðpÞ ≔ −p lnp − ð1 − pÞ lnð1 − pÞ.
Therefore, for a1 > a2 > 1

2
and a sufficiently small ϵ, we

find that

AGðρa2;ϵÞ > AGðψa1Þ; ð87Þ

which demonstrates that ρa2;ϵ is more asymmetric than ψa1
when quantified by AG. This is consistent with the geo-
metric intuition on the Bloch sphere, where the U(1)
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transformation corresponds to the rotation around the z axis
(see Fig. 3).
At first glance, this observation might suggest that a

nonzero conversion rate from ρa2;ϵ to ψa1 is feasible.
However, the newly introduced monotone Q reveals
that this is not true. Specifically, since Qρa2 ;ϵ ¼ 0 while
Qψa1 ≠ 0 for any a1; a2 ∈ ð0; 1Þ, Corollary 3 implies that it
is impossible to distill ψa1 from ρa2;ϵ at a nonzero rate via
thermal operations. In other words, Q demonstrates that
pure asymmetric states possess inherent value and cannot,
in general, be distilled from mixed asymmetric states—an
insight not necessarily captured by the conventional mea-
sure AG. This result underscores the effectiveness ofQ as a
monotone in the context of quantum thermodynamics.
Although Corollary 3 is applied here in the specific case
of U(1) symmetry for illustrative purposes, the result holds
for any connected Lie group.
We conclude by remarking on a more general scenario,

in which a generalized bath, denoted by B, is prepared in a
generalized Gibbs ensemble (GGE), given by

τB;GGE ≔
1

ZGGE
e−βðHB−αμXB;μÞ; ð88Þ

where β > 0 denotes the inverse temperature, fαμgdim G
μ¼1 are

generalized “chemical potentials,” fXB;μgdim G
μ¼1 are con-

served charges [which corresponds to the operators in
Eq. (75)], and ZGGE ≔ Trðe−βðHB−αμXB;μÞÞ is the generalized
partition function [121–123]. For example, when the
particle number is conserved under G ¼ Uð1Þ symmetry,
α1 and XB;1 are the standard chemical potential and the
number operator, respectively, which yields the grand
canonical ensemble. In this case, a (generalized) thermal
operation realized by symmetry-respecting interaction with
such a bath is not necessarily a G-covariant operation,
because τB;GGE is not generally symmetric. This implies

that not all asymmetry monotones qualify as athermality
monotones. Nevertheless, Qρ remains nonincreasing under
any thermal process described in Eq. (76), as τB;GGE is full
rank and, hence, QτB;GGE ¼ 0. Consequently, the upper
bound on distillable athermality given in Eq. (84) and
Corollary 3 remains valid.

D. Macroscopic coherence required in quantum
thermodynamics

In the previous subsection, we identified a constraint on
distillation via thermodynamic processes that originates
from a state’s nontrivial asymmetry. A physically important
question is whether this constraint is robust or whether it
can be circumvented once additional resources are made
available. If only a subextensive (i.e., thermodynamically
negligible) amount of asymmetry suffices to overcome the
restriction, then the constraint would have limited physical
significance; if an extensive resource is unavoidable, it
remains essential in the thermodynamic limit.
In this subsection, we show that there are infinitely many

instances in which a macroscopic amount of coherence
(and, more generally, asymmetry) must be supplied by an
external system to enable distillation via interactions with
thermal baths. In particular, this also implies the same
conclusion within the resource theory of athermality, where
thermal operations are free. At first glance, this may seem
in tension with a common view in the literature that only a
small coherence resource is needed in quantum
thermodynamics [10,57,58]. We resolve this apparent
discrepancy by noting that it stems from the choice of
asymmetry quantifier: Here, we adopt the QGT and its
extension, motivated by our result establishing the QGT as
a complete asymmetry measure, whereas the literature
often employs coarser, state-independent measures.
To this end, we consider the scenario in which the initial

state is ρN ¼ ρ⊗N ⊗ ξN , where ρ is the state to be distilled
and ξN is a state of the external resource system. Suppose
that it is possible to asymptotically convert ρ to ϕ at rate
r > 0 using thermal processes described by Eq. (76), when
assisted by ξN. Then, since the additivity of Qq implies

1

N
QρN

q ¼ Qρ
q þ 1

N
QξN

q ; ð89Þ

Eq. (78) in Theorem 3 yields

lim inf
N→∞

1

N
γ†QξN

q γ ≥ γ†ðrQϕ −Qρ
qÞγ: ð90Þ

To avoid unnecessary complications, we have here applied
Eq. (78) only for g ¼ e, but we remark that the arguments
can be straightforwardly extended to each g∈G. Thus, if
there are γ ∈Cdim G and q∈ ð0; 1Þ such that the right-hand
side of Eq. (90) is positive, then γ†QξN

q γ must be at least
OðNÞ. In other words, distillation necessarily requires a

FIG. 3. Geometric description of states on the Bloch sphere.
Since the group transformation UðeiθÞ corresponds to a rotation
about the z axis, intuitively, a quantum state positioned farther
from the z axis exhibits greater asymmetry than one located
closer to it. This behavior is illustrated by the relation AGðρa2;ϵÞ >
AGðψa1Þ for a1 > a2 > 1

2
and sufficiently small ϵ.
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macroscopic amount of asymmetry supplied by the external
resource system.
To make the discussion more concrete, we examine the

particular case in which ξN are pure states. In this case,
Eq. (27) yields

γ†QξN
q γ ¼ γ†QξNγ þ 1 − q

q
γ†ðQξN Þ�γ: ð91Þ

If the QGT rate limN→∞ð1=NÞQξN converges, we denote
it by

Q∞;ξ ≔ lim
N→∞

1

N
QξN : ð92Þ

Under this assumption, Eq. (90) implies

Q∞;ξ þ 1 − q
q

ðQ∞;ξÞ� ≥ rQϕ −Qρ
q: ð93Þ

Taking the limit q → 1−, we obtain

Q∞;ξ ≥ rQϕ −Qρ; ð94Þ

where we have used limq→1− Q
ρ
q ¼ Qρ. For example,

suppose that ρ is full rank and ϕ is asymmetric. Then,
Qρ ¼ 0 and there exists a vector γ ∈Cdim G such that
γ†Qϕγ > 0. Therefore, γ†Q∞;ξγ > 0 or, equivalently,
γ†QξNγ must be at least OðNÞ.
The result so far is applicable to any continuous

symmetry as long as the Gibbs state is symmetric.
However, the study of quantum thermodynamics under
multiple conservation laws is still underdeveloped. Thus,
we return to the standard setup involving only energy
conservation. This allows us to compare with prior studies
and to clarify the implications of the above arguments.
Since the QGT is equal to the energy variance for pure
states for time-translation symmetry, Eq. (94) yields

lim
N→∞

1

N
VðξN;HðextÞ

N Þ ≥ rVðϕ; H0Þ −Qρ; ð95Þ

where HðextÞ
N denotes the Hamiltonian for the external

resource system andQρ ¼ TrðρHðI − ΠρÞHÞ. We note that
the SLDquantumFisher information,widely used inRTA for
time-translation symmetry, equals 4 times the variance for
pure states. We remark that if Qρ ≠ 0, then Eq. (95) yields
only a trivial bound whenever r ≤ Qρ=Vðϕ; H0Þ.
If Qρ ¼ 0, the above inequality yields

lim
N→∞

1

N
VðξN;HðextÞ

N Þ ≥ rVðϕ; H0Þ: ð96Þ

For example, when ρ is a typical state with full rank, this
inequality holds. Equation (96) implies that, for a con-
version at nonvanishing rate r > 0, the energy coherence of

the external resource system, quantified by VðξN;HðextÞ
N Þ,

must scale at leastOðNÞ, as long as ϕ is a nonquasiclassical
state. In particular, if energy coherence is supplied via
coherence bits—qubit systems in the state ð1= ffiffiffi

2
p Þðj0i þ

j1iÞ with Hamiltonian H ¼ hj1ih1j for h > 0—then the
number of required coherence bits scales as OðNÞ. Note
that Eq. (96) becomes trivial when ϕ is a symmetric state
(i.e., ½ϕ; H0� ¼ 0), since Vðϕ; H0Þ ¼ 0 in that case. In
particular, Eq. (96) does not imply that macroscopic
coherence is required for dilution into the ground state
(or, more generally, into an energy eigenstate).
We note an advantage of adopting the QGT and its

extension over the metric adjusted skew information. As
mentioned earlier, Theorem 3 can be straightforwardly
extended to skew information rates by employing Lemma 3
of Ref. [69]. When ξN are pure states, we obtain the
following inequality in place of Eq. (95):

lim
N→∞

1

N
VðξN;HðextÞ

N Þ ≥ rVðϕ; H0Þ − If
ðsÞ ðρ; HÞ; ð97Þ

where the metric adjusted skew information is defined by
If

ðsÞ ðρ; HÞ ≔ ½fðsÞð0Þ=2�ki½ρ; H�k2
fðsÞ;ρ for a monotone func-

tion fðsÞ satisfying fðsÞðtÞ ¼ tfðsÞð1=tÞ and fðsÞð0Þ > 0.
This inequality reduces to the bound in Eq. (96) only
when ½ρ; H� ¼ 0, since the metric adjusted skew informa-
tion is a faithful measure of coherence. In contrast, Qρ ¼
TrðρHðI − ΠρÞHÞ ¼ 0 holds either if ½ρ; H� ¼ 0 or if
½Πρ; H� ¼ 0. Thus, it is precisely the nonfaithful property
ofQρ that makes it possible to conclude that a macroscopic
amount of energy coherence must be prepared in the
external resource system for distillation of a wide class
of states, including, in particular, all full-rank states ρ.
While our analysis does not rule out the existence of

catalysts, it indicates that, in general, such catalysts should
exhibit OðNÞ asymmetry. Indeed, our analysis remains
valid even if the external state ξN contains catalytic degrees
of freedom. Moreover, any residual correlations between
the system of interest and the catalyst do not affect the
conclusion, since the proof does not rely on any explicit
assumption about such correlations. Therefore, even if a
catalyst is employed, the total amount of asymmetry that
must be supplied from an external system, including the
catalyst, isOðNÞ, in general. We also remark that coherence
amplification protocols [124,125] do not trivialize the
preparation of coherence in the external system: While
these protocols can increase the sum of local coherences,
they do not increase the total amount of coherence.
Finally, we explain the relation between our result and

earlier analyses in the resource theory of athermality
[10,57,58]. For time-translation symmetry (G ¼ R), the
bound in Eq. (96) applies to distillation under thermal
operations, since thermal operations arise as a special case
of Eq. (76) in the single-temperature setting. Consequently,
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there exist infinitely many instances in which a macro-
scopic amount of coherence must be supplied in order to
distill a state into a pure state with nonzero energy
coherence (see Appendix J for more details, including a
brief review of the setup in Refs. [57,58]).
On the other hand, in the literature on the resource theory

of athermality, the coherence cost of state conversion is
often quantified via the energy range of an external system
supplying the coherence [57,58], defined by kHðextÞ

N k∞. In
the thermodynamic limit, the required energy range is
shown to be negligible compared to the total work cost, i.e.,

kHðextÞ
N k∞ ¼ oðNÞ, which prevents any non-negligible

embezzlement of work from the external system [10,57,58].
This has contributed to the view that the required coherence
overhead can be small when it is assessed solely in terms of
the external system’s energy range.
This apparent discrepancy originates from the quantifiers

adopted in the analysis. As Ref. [57] describes, kHðextÞ
N k∞ is

“a very rudimentary way” to quantify energy coherence: It
depends only on the Hamiltonian and is independent of the
state of the external system. By contrast, the energy
variance, which serves as a natural measure of coherence,
is state dependent. Since the variance involves second
moments of the Hamiltonian, it scales quadratically with
the Hamiltonian and, thus, can be macroscopic even when

kHðextÞ
N k∞ ¼ oðNÞ. In Ref. [10], an example is given in

which kHðextÞ
N k∞ is estimated to scale as

ffiffiffiffi
N

p
. In such a

case, achieving a variance of the order ofOðNÞ requires the
external system to be in a state with a large superposition of
distinct energy levels.
Taken together, these considerations underscore the

critical importance of the choice of asymmetry measure;
it can fundamentally alter our understanding of resource
requirements in thermodynamic processes.

IX. CONCLUSION

In this paper, we established the asymptotic conversion
theory between i.i.d. pure states in RTA for a compact Lie
group. Ourmain result, namely, the conversion rate formula,
significantly extends a previous study on the U(1) group to
arbitrary compact Lie groups, thereby providing a unified
framework for quantifying symmetry breaking across quan-
tum systems with diverse symmetries. For example, it now
covers cases involving multiple noncommutative conserved
quantities. Notably, the derived conversion rate formula has
led to a resolution of the long-standing Marvian-Spekkens
conjecture, which had remained open for over a decade. We
remark that the asymptotic conversion rate in RTA cannot be
derived from the approach in general resource theory for
reversible conversion [126] using the generalized Stein’s
lemma [127–130]. This is because this framework does not
apply toRTA, since the regularized relative entropy vanishes
in RTA [13], as emphasized in Refs. [126,129]. We also
explored the applicability of our approach to mixed-state

conversion and derived upper bounds on asymmetry cost
and distillable asymmetry. While our analysis in the mixed-
state case is not comprehensive, it would pave the way for
future investigations.
Our result establishes the QGT as the complete asym-

metry measure within RTA, analogous to the role of
entanglement entropy in entanglement theory. This finding
provides an operational interpretation of the QGT, origi-
nally introduced as a metric on quantum state space and
commonly employed as a topological indicator. Thus, it
reveals a fundamental connection among symmetry break-
ing, the geometry of quantum states, and condensed matter
physics from the viewpoint of quantum resource theories.
Given the broad success of entanglement entropy as a
theoretical tool for investigating quantum correlations
[3–5], adopting the QGT for quantifying asymmetry break-
ing will offer a powerful approach to exploring deeper
structures governed by symmetry and its breaking.
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APPENDIX A: G-COVARIANT CHANNEL
AND CONSERVATION LAWS

In this section, we review the connection between G
covariance of a channel and conservation laws, established
by the covariant Stinespring theorem [14,75]. We denote by
LðHÞ the set of all linear operators on a Hilbert space H.
Theorem A1 (Theorem 25 in Ref. [14]). LetH be a finite-

dimensional Hilbert space equippedwith a projective unitary
representation U of a compact group G, and let E∶LðHÞ →
LðHÞ be a G-covariant channel. Then, there exists a
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finite-dimensional Hilbert space HE with a (nonprojective)
unitary representationUE ofG, aG-symmetric pure state ηE
on the system E, and a unitary operator V on H ⊗ HE
satisfying

VðUðgÞ⊗UEðgÞÞ¼ðUðgÞ⊗UEðgÞÞV; ∀g∈G; ðA1Þ

such that

Eð·Þ ¼ TrEðVð· ⊗ ηEÞV†Þ: ðA2Þ

This theorem extends to the setting in which the input
and output systems may differ. Although the proof is
straightforward, we include it here for completeness.
Corollary A1. Let HA and HB be finite-dimensional

Hilbert spaces equipped with projective unitary represen-
tation UA and UB of a compact group G, and let
E∶LðHAÞ → LðHBÞ be a G-covariant channel. Then, there
exist finite-dimensional Hilbert spaces HE and HE0 with
projective unitary representations UE and UE0 of G such
that HA ⊗ HE ¼ HB ⊗ HE0 , a G-symmetric state ηE on
the system E, and a unitary operator V on HA ⊗ HE
satisfying

VðUAðgÞ⊗UEðgÞÞ¼ðUBðgÞ⊗UE0 ðgÞÞV; ∀g∈G; ðA3Þ

such that

Eð·Þ ¼ TrE0 ðVð· ⊗ ηEÞV†Þ: ðA4Þ
Proof. It is straightforward to check the channel in the

form of Eq. (A4) is G-covariant. Suppose that E∶LðHAÞ →
LðHBÞ is G-covariant. Define a channel F∶LðHA ⊗
HBÞ → LðHA ⊗ HBÞ by F ð·Þ ≔ ηA ⊗ ðE ∘TrBð·ÞÞ, where
ηA is a G-symmetric state. Since F is G symmetric, from
Theorem A1, there exists a finite-dimensional Hilbert
space HF carrying a unitary representation UF of G,
a G-symmetric state ηF, and a unitary operator V on HA ⊗
HB ⊗ HF satisfying

VðUðgÞA ⊗ UBðgÞ ⊗ UFðgÞÞ
¼ ðUðgÞA ⊗ UBðgÞ ⊗ UFðgÞÞV; ∀ g∈G; ðA5Þ

such that

F ð·Þ ¼ TrFðVð· ⊗ ηFÞV†Þ: ðA6Þ

Fix any G-symmetric state ηB on the system B. Since
Eð·Þ ¼ TrA ∘F ð· ⊗ ηBÞ, we obtain

Eð·Þ ¼ TrE0 ðVð· ⊗ ηEÞV†Þ; ðA7Þ

where E ≔ BF, E0 ≔ AF, and ηE ≔ ηB ⊗ ηF. The systems
E and E0 carry projective unitary representations UE ¼
UB ⊗ UF and UE0 ¼ UA ⊗ UF, which satisfies Eq. (A3)
due to Eq. (A5). ▪

The condition in Eq. (A3) means that the unitary
evolution operator V respects the symmetry described by
G. When G is a Lie group, by introducing the generators
through differentiation of the projective representations
[cf. Eq. (6)], this condition implies

VðXA;μþXE;μÞV†¼XB;μþXE0;μ; ∀μ¼1;…;dimG; ðA8Þ

i.e., additive conservation laws for the generators. In
particular, if G is connected, the additive conservation
laws are equivalent to the intertwining condition Eq. (A3).
In this sense, a G-covariant channel characterizes the most
general evolution of an open system subject to additive
conservation laws, provided that no asymmetry is supplied
from external systems.

APPENDIX B: PROOF FOR THE MAIN
THEOREM FOR ANY PROJECTIVE UNITARY

REPRESENTATIONS

In the main text, we provided the sketch of proof of
Eq. (9) for (nonprojective) unitary representations of a
compact Lie group, while the technical proofs are provided
in later sections, in Appendixes C and D.
In this section, we show Theorem 1 from Eq. (9). In

Appendix B 1, we first review the result in Ref. [64] that
relates the conversion rates for projective unitary repre-
sentations to that for (nonprojective) unitary representa-
tions and explain a formula for the conversion rate for
projective unitary representations that are continuous but
not differentiable. In Appendix B 2, we show that the QGTs
at different points of a Lie group are interrelated by a
congruence transformation, which plays an essential role in
proving Theorem 1 from Eq. (9). In Appendix B 3, we
complete the proof for Eq. (8) in Theorem 1 and Eq. (9) for
any projective unitary representations that are differentia-
ble. Furthermore, Eq. (10) is proven in Appendix B 4.

1. Differentiability of representation

A (nonprojective) unitary representation is differentiable
as long as it is continuous [131], whereas this is not always
the case for a projective unitary representation. However,
by adopting the following result in Ref. [64], the conversion
rate can be calculated even when projective unitary
representation is not differentiable.
Lemma B1. Let U and U0 be projective unitary repre-

sentations of G on finite-dimensional Hilbert spacesH and
H0. Define maps Ũ and Ũ0 by

ŨðgÞ ≔ UðgÞ⊗d

det½UðgÞ� ; Ũ0ðgÞ ≔ UðgÞ0⊗d0

det½UðgÞ0� ; ðB1Þ

where d ≔ dimH and d0 ≔ dimH0. Then, Ũ and Ũ0 are
(nonprojective) unitary representations of G on H⊗d and
H0⊗d0 , respectively. Furthermore, it holds
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Rðρ → σÞ ¼ d0

d
Rðρ⊗d → σ⊗d0 Þ; ðB2Þ

where on the right-hand side, the convertibility is defined
with respect to the unitary representations Ũ and Ũ0.
The proof can be found in Ref. [64]. Note that this

lemma is valid for any group, including both finite groups
and Lie groups, as long as the dimensions of the repre-
sentation spaces are finite.
For projective unitary representations U and U0 that are

continuous, (nonprojective) unitary representations Ũ and
Ũ0 in Eq. (B1) are continuous and, hence, differentiable.
Therefore, the conversion rate between pure states is
obtained from Eq. (B2), since its right-hand side can be
calculated from Theorem 1.
Except for this subsection, we consider only representa-

tions that are differentiable. In the following subsections,
by using Eq. (B2), we show that the formula for conversion
rate described by QGTs in Theorem 1 is valid for projective
unitary representations U and U0 that are differentiable.

2. Relation among matrix inequalities between QGTs at
different group elements for unitary representations

Let us prove the relation of the QGTat different points of
a compact Lie group.
Lemma B2. Let U be a unitary representation of a

compact Lie group G. For each g∈G, there exists an
invertible real matrix VðgÞ independent of the representa-
tion U such that QUgðψÞ ¼ VðgÞ⊤QψVðgÞ.
We remark that the same argument for the congruence

transformation of quantum Fisher information matrices can
be found in Ref. [80] for connected compact Lie groups.
Proof of Lemma B2. Let us first review several useful

facts on a compact Lie group G and its Lie algebra g. Let
GLðn;CÞ denote the general linear group. A closed
subgroup of GLðn;CÞ is referred to as a closed linear
group. Any compact Lie group G is isomorphic to a closed
linear group (see, e.g., Corollary 4.22 in Ref. [132]). For
g∈G, we define a linear map Adg∶ g → g by
AdgðXÞ ≔ gXg−1. The map Adg is an invertible linear
transformation of g (see, e.g., Proposition 3.33 in
Ref. [131]).
Now, let us fix an arbitrary basis fBμgdim G

μ¼1 of g. For any
g∈G, the set fg−1Bμggdim G

μ¼1 is also a basis of g. Therefore,
we can introduce an invertible real matrix VðgÞ by

Adg−1ðBμÞ≕
Xdim G

ν¼1

VðgÞνμBν: ðB3Þ

Since Adg is a linear invertible transformation, the matrix
VðgÞ is invertible, is determined by the Lie algebraic
structure and is independent of the representation of G.
Let us fix a local coordinate of G in a neighborhood of

the identity e∈G, which parametrizes the elements as gðλÞ

such that gð0Þ ¼ e. In this coordinate system, the QGT for a
pure state ψ ¼ jψihψ j is given by

Qψ
μν ¼ hψ jXμXνjψi − hψ jXμjψihψ jXνjψi; ðB4Þ

where Xμ ≔ −i½∂=ð∂λμÞ�U½gðλÞ�jλ¼0. Similarly, the QGT
for UgðψÞ ¼ jψðgÞihψðgÞj, where jψðgÞi ≔ UðgÞjψi, is
given by

Q
UgðψÞ
μν ¼ hψðgÞjXμ½I − jψðgÞihψðgÞj�XνjψðgÞi ðB5Þ

¼ hψ jXμðgÞXνðgÞjψi − hψ jXμðgÞjψihψ jXνðgÞjψi;
ðB6Þ

where XμðgÞ ≔ UðgÞ†XμUðgÞ. By using the matrix defined
in Eq. (B3), we get

UðgÞ†XμUðgÞ ¼
Xdim G

ν¼1

VðgÞνμXν: ðB7Þ

Therefore, QUgðψÞ ¼ VðgÞ⊤QψVðgÞ. ▪
As an immediate corollary, we find that a matrix

inequality between QGTs holds for any point of a compact
Lie group G if it holds at a point in G.
Corollary B1. Let U andU0 be unitary representations of

a compact Lie group G. If a matrix inequality QUgðψÞ ≥
rQU 0

gðϕÞ holds for a point g∈G, then it also holds for
any g∈G.
Proof. Since the reversible matrix VðgÞ in Lemma B2 is

independent of unitary representation, we immediately get

∀ g∈G; QUgðψÞ ≥ rQU 0
gðϕÞ

⇔ ∃ g∈G; QUgðψÞ ≥ rQU 0
gðϕÞ: ðB8Þ

▪
In particular, in Eq. (B8), we can always take e∈G as a

representative point. Thus, we get

∀ g∈G; QUgðψÞ ≥ rQU 0
gðϕÞ ⇔ Qψ ≥ rQϕ: ðB9Þ

3. Conversion rates for projective unitary
representations and (nonprojective) unitary

representations

Using a projective unitary representation that is differ-
entiable, the QGT is obtained as Eq. (7). This QGT is
proportional to the QGT defined with the unitary repre-
sentation in Eq. (B1).
Lemma B3. Let U be a projective unitary representation

of a Lie group G on a d-dimensional Hilbert space H.
Define a (nonprojective) unitary representation Ũ by
Eq. (B1). Then, it holds

∀ g∈G; QUgðψÞ ¼ 1

d
QŨgðψÞ⊗d

: ðB10Þ
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Proof. Let us fix a local coordinate gðλÞ in the neighborhood of the identity e∈G such that gð0Þ ¼ e. From the definition
of Ũ, we get

∂μŨ½gðλÞ�
���
λ¼0

ðB11Þ

¼ 1

detfU½gðλÞ�g
Xd
i¼1

U½gðλÞ�⊗i−1 ⊗ ∂μU½gðλÞ� ⊗ U½gðλÞ�⊗d−i
����
λ¼0

þ U½gðλÞ�⊗d
∂μ

1

detfU½gðλÞ�g
����
λ¼0

ðB12Þ

¼ e−iθ
Xd
i¼1

I⊗i−1 ⊗ ∂μU½gðλÞ�
����
λ¼0

⊗ I⊗d−i þ cμeiθdI⊗d

�
UðeÞ≕ eiθI; cμ ≔ ∂μ

1

detfU½gðλÞ�g
����
λ¼0

�
: ðB13Þ

Note that the second term, which is proportional to the identity matrix, does not contribute to the QGT. Thus, we get

1

d
Qψ⊗d

μν ¼ 1

d

Xd
i¼1

ðh∂μU½gðλÞ�ψ j∂νU½gðλÞ�ψi − h∂μU½gðλÞ�ψ jU½gðλÞ�ψihU½gðλÞ�ψ j∂νU½gðλÞ�ψiÞ
����
λ¼0

¼ Qψ
μν: ðB14Þ

Since this equality holds for an arbitrary pure state ψ , we get

∀ g∈G; QUgðψÞ ¼ 1

d
QŨgðψ⊗dÞ: ðB15Þ

▪
Now we are ready to prove Eq. (9) for any projective unitary representations.
Proof of Eq. (9). We consider the case where SymGðψÞ ⊂ SymGðϕÞ. Note that the case where SymGðψÞ ⊄ SymGðϕÞ is

separately treated in Appendix B 4.
We now extend Eq. (9) to any unitary representations, given that Eq. (9) is proven for any (nonprojective) unitary

representations. For any projective unitary representations U and U0 onH andH0, we define unitary representations Ũ and
Ũ0 of G on H⊗d and H0⊗d0 by Eq. (B1). From Eq. (B2), we have

Rðψ → ϕÞ ¼ d0

d
Rðψ⊗d → ϕ⊗d0 Þ: ðB16Þ

Since Eq. (9) is already proven for any (nonprojective) unitary representations, we get

Rðψ⊗d → ϕ⊗d0 Þ ¼ supfr ≥ 0j∀ g∈G;QŨgðψ⊗dÞ ≥ rQŨ 0
gðϕ⊗d0 Þg: ðB17Þ

By using Eq. (B10), we get

supfr ≥ 0j∀ g∈G;QŨgðψ⊗dÞ ≥ rQŨ 0
gðϕ⊗d0 Þg ¼ d

d0
supfr ≥ 0j∀ g∈G;QUgðψÞ ≥ rQU 0

gðϕÞg: ðB18Þ

Therefore,

Rðψ → ϕÞ ¼ supfr ≥ 0j∀ g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg: ðB19Þ

▪
By using the result in Appendix B 2, we prove Eq. (8) in Theorem 1.
Proof of Eq. (8) in Theorem 1. For given projective unitary representations U and U0 of G, we introduce unitary

representations by Eq. (B1). Then, it holds

supfr ≥ 0j∀ g∈G;QUgðψÞ ≥ rQUgðϕÞg ¼Eq: ðB10Þ d0

d
supfr ≥ 0j∀ g∈G;QŨgðψ⊗dÞ ≥ rQŨ 0

gðϕ⊗d0 Þg ðB20Þ

¼Eq: ðB9Þ d0

d
supfr ≥ 0jQ ˜ψ⊗d ≥ rQϕ⊗d0 g ðB21Þ

¼Eq: ðB10Þ
supfr ≥ 0jQψ ≥ rQϕg: ðB22Þ

Applying Eq. (9), we complete the proof of Eq. (8) in Theorem 1. ▪
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4. Symmetry subgroup and the conversion rate

We here prove that Rðψ → ϕÞ ¼ 0 unless SymGðψÞ ⊂
SymGðϕÞ. In fact, we can prove this fact not only for pure
states, but also for any states.
Proposition B1. If SymGðρÞ ⊄ SymGðσÞ, then

Rðρ → σÞ ¼ 0.
Proof. Suppose that SymGðρÞ ⊄ SymGðσÞ. Then, there

exists an element g� ∈G such that g� ∈SymGðρÞ
and g� ∉ SymGðσÞ. Define Δ ≔ Fid½Ug�ðσÞ; σ�. Since
g� ∉ SymGðσÞ, we have Fid½Ug�ðσÞ; σ� < 1 and, hence,
Fid½Ug� ðσÞ⊗N; σ⊗N � ¼ Fid½Ug� ðσÞ; σ�N ¼ ΔN ≤ Δ, imply-

ing that T½Ug� ðσÞ⊗N;σ⊗N �≥1−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fid½Ug� ðσÞ;σ�N

q
≥1−

ffiffiffiffi
Δ

p

for any positive integer N.
Assume that fρ⊗NgN ⟶G-cov fσ⊗brNcgN . Then, for any

ϵ > 0, there exists a sequence of G-covariant channels
fENgN such that

T
�
ENðρ⊗NÞ; σ⊗brNc

�
≤ ϵ ðB23Þ

for all sufficiently large N. Note that this also implies

∀ g∈G; T
�
ENðUgðρÞ⊗NÞ;U 0

gðσÞ⊗brNc
�
≤ ϵ ðB24Þ

since EN is a G-covariant channel. If r > 0, we have
brNc ≥ 1 for N ≥ 1=r. However, from the triangle inequal-
ity of trace distance,

T
�
Ug� ðσÞ⊗brNc; σ⊗brNc

�
ðB25Þ

≤ T
�
Ug� ðσÞ⊗brNc; ENðUg� ðρÞ⊗NÞ

�
þ T

�
ENðUg� ðρÞ⊗NÞ; ENðρ⊗NÞ

�
þ T

�
ENðρ⊗NÞ; σ⊗brNc

�
ðB26Þ

¼ T
�
Ug� ðσÞ⊗brNc; ENðUg�ðρÞ⊗NÞ

�
þ T

�
ENðρ⊗NÞ; σ⊗brNc

�
ðB27Þ

≤ 2ϵ ðB28Þ

holds for all sufficiently large N, which contradicts
T½Ug� ðσÞ⊗N; σ⊗N � ≥ 1 −

ffiffiffiffi
Δ

p
. Therefore, r ¼ 0. ▪

APPENDIX C: PROOF OF THE
CONVERSE PART

In this section, we provide the detailed proof of the
converse part, i.e., Eq. (38). Appendix C 1 provides the
discussion of the relation between the metric adjusted skew
information and the QGT, and their asymptotic disconti-
nuities, which provides complementary information to

Sec. VA. Technical details of the proofs of the lemmas
are provided in Appendix C 2.

1. Metric adjusted skew information and the QGT

We here first explain the reason why we adopted operator
monotone functions that do not satisfy the symmetry
condition in the main text. In the discussion of Petz’s
monotone function h·; ·if;ρ, a symmetry condition fðtÞ ¼
tfðt−1Þ is often imposed to the monotone function [66],
which is equivalent to hA;Bif;ρ ¼ hB†; A†if;ρ for any linear
operators A and B. However, as we see below, such a
symmetric monotone metric does not contain the informa-
tion of the antisymmetric part of the QGT, which motivated
us to introduce a family of operator monotone functions in
fq in Eq. (25), which does not satisfy the symmetry
condition if q ≠ 1=2. Note that the special case for q ¼
1=2 corresponds to fSLDðxÞ ¼ ð1þ xÞ=2, which is asso-
ciated with the SLD metric, playing a central role in
quantum estimation theory.
Let fðsÞ be an operator monotone function satisfying

fðsÞð0Þ > 0 and the symmetry condition fðsÞðtÞ ¼
tfðsÞðt−1Þ. From the definition of the monotone metric in
Eq. (24), we find

fðsÞð0Þ
2

ki½ψ ; O�k2
fðsÞ;ψ ¼ γ†

�
1

2

�
Qψ þ ðQψÞ�

��
γ; ðC1Þ

forO ≔ γ†X. This means that it captures only the symmetric
part of Qψ .
Note that the quantity ½fðsÞð0Þ=2�ki½ρ; H�k2

fðsÞ;ρ for a
Hermitian operator H is called the metric adjusted skew
information [95]. It is known that the metric adjusted skew
information for a pure state ψ is equal to the variance, i.e.,

fðsÞð0Þ
2

ki½ψ ; H�k2
fðsÞ;ψ ¼ Vðψ ; HÞ: ðC2Þ

This equation can be viewed as a special case of Eq. (C1),
where γ is a real vector.
Since the metric adjusted skew information is quadratic

inH, for the same reason as the QGT explained in the main
text, it has an asymptotic discontinuity [13,23,24],
which requires careful treatment when analyzing its asymp-
totic rates. In Ref. [69], the asymptotic behavior of metric
adjusted skew information is studied, which enables one to
define valid asymmetry monotones obtained from asymp-
totic rates of the metric adjusted skew information. We here
review the results in Ref. [69], since the proof of monot-
onicity of the QGT under asymptotic conversion are their
variants.
For an arbitrary Hermitian operatorH, we denote its i.i.d.

extension by HN, defined as HN ≔
P

N
n¼1 I

⊗n−1 ⊗ H ⊗
I⊗N−n. For a sequence of states fσNgN such that
lim supN→∞TðσN;ϕ⊗NÞ ≤ ϵ for ϵ > 0, and an operator
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monotone function fðsÞ satisfying fðsÞð0Þ > 0 and the
symmetry condition fðsÞðtÞ ¼ tfðsÞðt−1Þ, Lemma 3 in
Ref. [69] shows that under a certain regularity condition,
if ϵ > 0 is sufficiently small, it holds

fðsÞð0Þ
2

ki½σN;HN �k2fðsÞ;σN ≥ NVðϕ; HÞ − NhðϵÞ
þ oðNÞ ðC3Þ

for all sufficiently largeN, where h is a real-valued function
independent of N, satisfying limϵ→0 hðϵÞ ¼ 0. The central
limit theorem provides an intuitive explanation of this
lemma. In the i.i.d. setting, the probability distribution of
ϕ⊗N with respect to the eigenbasis ofHN approaches to the
normal distribution after properly redefining the random
variable. It turns out that the left-hand side of Eq. (C3) is
approximated from below by the variance for a probability
distribution modified due to the error between σN and ϕ⊗N .
In general, modifying the distribution at values far from the
mean can result in a considerable change in the variance.
However, since the normal distribution has an exponen-
tially small tail, it is impossible to significantly reduce the
variance. In other words, the metric adjusted skew infor-
mation approximately takes a local minimum around the
i.i.d. pure states [69], expressed by Eq. (C3). Note that,
although the definition of convergence in the state con-
version in Ref. [69] is slightly different from ours, both
yield the equivalent convertibility condition, as shown in
Appendix C 2 b.
By modifying Eq. (C3) to make it applicable to an

arbitrary linear operator O instead of Hermitian operator H
without assuming f is symmetric, we prove the following
lemma, which yields a lower bound on the asymptotic
behavior of the right-hand side of Eq. (33).
Lemma C1 [restatement of Eq. (34)]. Let f be an

arbitrary operator monotone function such that fð0Þ > 0
and fð0Þ ¼ limϵ→0þ fðϵÞ. For a linear operator O on a
finite-dimensional Hilbert space, we denote its i.i.d. exten-
sion by ON. Let fσNgN be an arbitrary sequence of states
such that limN→∞ TðσN;ϕ⊗NÞ ¼ 0 for a pure state ϕ. Then,
there exists a real-valued function h independent of N
satisfying limϵ→0 hðϵÞ ¼ 0 such that, for any sufficiently
small parameter ϵ > 0, it holds

fð0Þki½σN;ON �k2f;σN ≥ NVðϕ; OÞ − NhðϵÞ þ oðNÞ ðC4Þ

for all sufficiently large N.
Notice that the normalization of the left-hand sides of

Eqs. (C3) and (C4) differs by a factor of 2. This difference
also appeared in Eqs. (C1) and (28), where the right-hand
side of the former is symmetrized while that of the latter is
not symmetrized.
Lemma C1 is proven by carefully modifying the proof of

Lemma 3 in Ref. [69]. Since the proof is involved, the
details are presented in Appendix C 2 c.

2. Proof of lemmas in the converse part

a. Proof of Lemma 1

In the literature, the monotonicity of a monotone metric
is often proven under the assumption that ρ and EðρÞ are
invertible. We here explicitly prove the monotonicity of a
monotone metric for an operator monotone function
fqðxÞ ¼ ð1 − qÞ þ qx for q∈ ð0; 1Þ without assuming
states are invertible for completeness. For this purpose,
we here introduce several notations in Ref. [133]. Let
MðHÞ be the set of all linear operators on a Hilbert space
H. For an arbitrary probability distribution p on [0, 1], we
define a linear map Ep;ρ∶ MðHÞ → MðHÞ by

Ep;ρðAÞ ≔
Z

1

0

ρλAρ1−λpðdλÞ: ðC5Þ

Note that when ρ is not invertible, the map Ep;ρ has a

nontrivial kernel. We denote the image ofEp;ρ byM
ðmÞ
p;ρ ðHÞ.

For operators A;B∈MðmÞ
p;ρ ðHÞ, we define hA; BiðmÞ

p;ρ ¼
TrðC†BÞ, where C∈MðHÞ is an arbitrary operator satisfy-
ing Ep;ρðCÞ ¼ A. This inner product is well defined,
since, for operators C;C0 ∈MðHÞ satisfying Ep;ρðCÞ ¼
Ep;ρðC0Þ ¼ A, we get TrðC†BÞ ¼ Tr½C†Ep;ρðDÞ� ¼
Trf½Ep;ρðCÞ�†Dg ¼ Trf½Ep;ρðC0Þ�†Dg ¼ TrðC0†BÞ, where
D∈MðHÞ is an operator satisfying Ep;ρðDÞ ¼ B.
As shown in Theorem 6.1 in Ref. [133], the induced

norm kAkðmÞ
p;ρ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hA; AiðmÞ

p;ρ

q
is monotonically nonincreas-

ing under any completely positive and trace-preserving
map κ. That is,

kAkðmÞ
p;ρ ≥ kκðAÞkðmÞ

p;κðρÞ ðC6Þ

holds for any operator A such that A∈MðmÞ
p;ρ ðHÞ

and κðAÞ∈MðmÞ
p;κðρÞðHÞ.

In order to relate the above notation with ours, let us now
consider a particular probability distribution pq ≔ ð1 −
qÞδ1 þ qδ0 characterized by q∈ ð0; 1Þ, where δ0 and δ1
denote the Dirac measure concentrated on 0 and 1,
respectively. In this case, we have

Epq;ρðAÞ ¼ ð1 − qÞρAþ qAρ

¼
X
k;l

mfqðpk; plÞjlihljAjkihkj; ðC7Þ

where ρ ¼Pd
i¼1 pijiihij is the eigenvalue decomposition

of ρ, mfðx; yÞ ≔ yfðx=yÞ, and fq is an operator monotone
function defined in Eq. (25). Then, we have the following.
Lemma C2. For any state ρ and linear operator

B, i½ρ; B�∈MðmÞ
pq;ρðHÞ.

Proof. Let ρ ¼Pd
i¼1 pijiihij be the eigenvalue decom-

position of ρ. For an operator A defined by
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A ≔
X

k;l;mfq ðpk;plÞ>0

1

mfqðpk; plÞ
jlihlji½ρ; B�jkihkj; ðC8Þ

we get

Epq;ρðAÞ ¼
X

k;l;ð1−qÞplþqpk>0

ð1 − qÞpl

ð1 − qÞpl þ qpk
jlihlji½ρ; B�jkihkj þ

X
k;l;ð1−qÞplþqpk>0

qpk

ð1 − qÞpl þ qpk
jlihlji½ρ; B�jkihkj ðC9Þ

¼
X

k;l;ð1−qÞplþqpk>0

jlihlji½ρ; B�jkihkj ðC10Þ

¼ i½ρ; B� −
X

k;l;pl¼pk¼0

jlihlji½ρ; B�jkihkj ðC11Þ

¼ i½ρ; B�; ðC12Þ
where we have used the fact that ð1 − qÞpl þ qpk > 0 unless pk ¼ pl ¼ 0. ▪
Therefore, for any state ρ and linear operator B, we get

ðki½ρ; B�kðmÞ
pq;ρÞ2 ¼ Tr

�� X
k;l;mfq ðpk;plÞ>0

1

mfqðpk; plÞ
jlihlji½ρ; B�jkihkj

�†
ði½ρ; B�Þ

�
ðC13Þ

¼ hi½ρ; B�; i½ρ; B�ifq;ρ; ðC14Þ

where we used Eq. (24) in the last equality. Using this
relation, the monotonicity in Eq. (C6) completes the proof
of Lemma 1.

b. Proof of the equivalence between two alternative
definitions of asymptotic convertibility

Proposition C1. For any sequences of states fρNgN and
fσNgN , the following two conditions are equivalent:

(i) For any ϵ > 0, there exists N0 such that for any
positive integer N ≥ N0, there exists a G-covariant
channel EN satisfying T½ENðρNÞ; σN � ≤ ϵ.

(ii) There exists a sequence of G-covariant channels
fENgN such that limN→∞ T½ENðρNÞ; σN � ¼ 0.

Proof. ðiiÞ ⇒ ðiÞ: Any sequence ofG-covariant channels
fENgN such that limN→∞ T½ENðρNÞ; σN � ¼ 0 provides an
example of the channels satisfying condition (i).
ðiÞ ⇒ ðiiÞ: Fix a sequence of positive numbers fϵkgk such

that limk→∞ ϵk ¼ 0. Assume the condition (i) is true. Then,
for each ϵk > 0, ∃N0ðϵkÞ > 0 such that ∀ N > N0ðϵkÞ,∃ EN;ϵk∶ G-cov such that T½ENðρNÞ; σN � ≤ ϵk. Without loss
of generality, we can assume N0ðϵkþ1Þ > N0ðϵkÞ. Let us
define G-covariant channels fENgN by

EN ≔ EN;ϵk if N0ðϵkÞ ≤ N < N0ðϵkþ1Þ ðC15Þ

for N≥Nðϵ1Þ. For N < Nðϵ1Þ, we arbitrarily fix a
G-covariant channel EN . Then, for any N≥N0ðϵkÞ, we have
T½ENðρNÞ;σN �≤ϵk. Thus, we get limN→∞T½ENðρNÞ;σN �≤ϵk.

In the limit of k→∞, we find limN→∞T½ENðρNÞ;σN �¼0,
since fϵkgk is assumed to satisfy limk→∞ ϵk ¼ 0. ▪
For example, in studies on convertibility in RTA,

condition (i) is adopted in Refs. [69,91], while condition
(ii) is employed in Refs. [23,24,64], and the present paper.
Note that such an equivalence is not specific to the
convertibility via G-covariant channels, and a similar
argument can be found, e.g., in Ref. [134].

c. Proof of Lemma C1

Let us first prove a lemma relating an inner product on a
(mixed) state to a covariance matrix of its eigenstate with
the largest eigenvalue when the state is close to a pure state.
Lemma C3 (modification of Corollary 1 in Ref. [23] and

Lemma 9 in Ref. [69]). Let σ be an arbitrary state and ϕ be a
pure state. Suppose that their infidelity by δ ≔ 1 − hϕjσjϕi
satisfies δ < 1=2. For the eigenvector jΦi with the largest
eigenvalue of σ, it holds

jhϕjΦij2 ≥ 1 − 2δ: ðC16Þ
Let f be an operator monotone function such that fð0Þ > 0.
Then, for any linear operator O, it holds

hi½σ; O�; i½σ; O�if;σ ≥
1

f
�

δ
1−δ

� ð1 − 2δÞ2TrðΦOðI −ΦÞO†Þ;

ðC17Þ
where Φ ¼ jΦihΦj.
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The first half is proven in Corollary 1 in Ref. [23]. The
second half is a modification of Corollary 1 in Ref. [23] and
Lemma 9 in Ref. [69]. In Corollary 1 in Ref. [23] and
Lemma 9 in Ref. [69], a similar inequality was proven for
Hermitian operatorsO and monotone functions f satisfying
the symmetry condition fðtÞ ¼ tfðt−1Þ. Equation (C17)
differs by a factor of 2 from those in Refs. [23,69], and it is
applicable to monotone functions without assuming the
symmetry condition.
Proof of Lemma C3. Let p be the largest eigenvalue of σ.

The eigenvalue decomposition of σ is written as

σ ¼
Xd−1
k¼0

λkjkihkj ¼ pjΦihΦj þ
Xd−1
k¼1

λkjkihkj; ðC18Þ

where λ0 ≔ p and j0i ≔ jΦi. Since p is assumed to be the
largest eigenvalue, we have

1 − δ ¼ pjhϕjΦij2 þ
Xd−1
k¼1

λkjhϕjkij2 ≤ p
Xd−1
k¼0

jhϕjkij2 ¼ p:

ðC19Þ

Therefore, we get

1 − δ ¼ hϕjσjϕi ðC20Þ

¼ pjhϕjΦij2 þ
Xd−1
k¼1

λkjhϕjkij2 ðC21Þ

≤ pjhϕjΦij2 þ ð1 − pÞ
Xd−1
k¼1

jhϕjkij2 ðC22Þ

≤ pjhϕjΦij2 þ δð1 − jhϕjΦij2Þ; ðC23Þ

meaning that

jhϕjΦij2 ≥ 1 − 2δ

p − δ
≥ 1 − 2δ; ðC24Þ

where we have used 0 < 1 − 2δ ≤ p − δ ≤ 1.
The second half of this lemma is a modification of

Corollary 1 in Ref. [23] and Lemma 9 in Ref. [69]. For any
operator monotone function f, we have

hi½σ; O�; i½σ; O�if;σ ¼
X

k;l;λlfðλk=λlÞ>0

1

λlfðλk=λlÞ
hkj½σ; O†�jlihlj½O; σ�jki ðC25Þ

¼
X

k;l;λlfðλk=λlÞ>0

ðλl − λkÞ2
λlfðλk=λlÞ

jhljOjkij2 þ
X

k;l;λlfðλk=λlÞ>0;l≠0

ðλl − λkÞ2
λlfðλk=λlÞ

jhljOjkij2 ðC26Þ

≥
X

k;pfðλk=pÞ>0

ðp − λkÞ2
pfðλk=pÞ

jhΦjOjkij2 ðC27Þ

¼
Xd−1
k¼1

ðp − λkÞ2
pfðλk=pÞ

jhΦjOjkij2; ðC28Þ

where we have used pfðλk=pÞ ≥ pfð0Þ > 0 for all k ¼ 0;…; d − 1 in the last equality. Since p − λk ≥ 1 − 2δ, we have
ðp − λkÞ2 ≥ ð1 − 2δÞ2 if δ ≤ 1=2. Moreover, since λk=p ≤ δ=ð1 − δÞ and p ≤ 1, we get pfðλk=pÞ ≤ fðλk=pÞ ≤ f½δ=ð1 −
δÞ� for any monotonic function f. Therefore,

hi½σ; O�; i½σ; O�if;σ ≥
Xd−1
k¼1

ðp − λkÞ2
pfðλk=pÞ

jhΦjOjkij2 ðC29Þ

≥
1

f
�

δ
1−δ

� ð1 − 2δÞ2
Xd−1
k¼1

jhΦjOjkij2 ðC30Þ

¼ 1

f
�

δ
1−δ

� ð1 − 2δÞ2hΦjOðI −ΦÞO†jΦi: ðC31Þ

▪
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In the asymptotic conversion scenario, the initial i.i.d. pure state is transformed into a state close to i.i.d. copies of the
target pure state. In order to further bound the right-hand side of Eq. (C17), let us consider any linear operator O onH and
its i.i.d. extension ON defined by

ON ≔
XN
n¼1

OðnÞ; OðnÞ ≔ I⊗n−1 ⊗ O ⊗ I⊗N−n: ðC32Þ

By decomposing O into Hermitian and anti-Hermitian parts as

O ¼ Aþ iB; A ≔
OþO†

2
; B ≔

O −O†

2i
; ðC33Þ

we get

ON ¼ AN þ iBN; ðC34Þ

AN ≔
XN
n¼1

AðnÞ; AðnÞ ≔ I⊗n−1 ⊗ A ⊗ I⊗N−n; ðC35Þ

BN ≔
XN
n¼1

BðnÞ; BðnÞ ≔ I⊗n−1 ⊗ B ⊗ I⊗N−n: ðC36Þ

For any pure state ΦN , we find

hΦN jONðI −ΦNÞO†
N jΦNi ¼ VðΦN; ANÞ þ VðΦN; BNÞ − ihΦN j½AN; BN �jΦNi; ðC37Þ

where V denotes the variance VðΦN; ANÞ ≔ hΦN jA2
N jΦNi − hΦN jAN jΦNi2. We derive a lower bound for each contribution

in Eq. (C37) under the assumption that ΦN is sufficiently close to an i.i.d. copies of a pure state ϕ⊗N .
A bound for the last term in Eq. (C37) can be easily obtained as follows.
Lemma C4. Let A and B be arbitrary Hermitian operators. We denote their i.i.d. extensions by AN and BN defined in

Eqs. (C35) and (C36). For arbitrary state ρN and σN , it holds

jTrði½AN; BN �ρNÞ − Trði½AN; BN �σNÞj ≤ Nki½A; B�k∞kρN − σNk1; ðC38Þ

where k·k∞ denotes the operator norm.
Proof. Since

i½AN; BN � ¼ i
XN
n;n0¼1

½AðnÞ; Bðn0Þ� ¼ i
XN
n¼1

½AðnÞ; BðnÞ�; ðC39Þ

we get

ki½AN; BN �k∞ ≤
XN
n¼1

ki½AðnÞ; BðnÞ�k∞ ¼ Nki½A; B�k∞: ðC40Þ

Therefore,

jTrði½AN; BN �ρNÞ − Trði½AN; BN �σNÞj ¼ jTrði½AN; BN �ðρN − σNÞÞj ðC41Þ

≤ ki½AN; BN �k∞kρN − σNk1 ðC42Þ

≤ Nki½A;B�k∞kρN − σNk1: ðC43Þ

▪
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Since i½AN; BN � is Hermitian, its expectation value is a real number. Applying this lemma for pure states ΦN and ϕ⊗N ,
we get

−ihΦN j½AN; BN �jΦNi ≥ −ihϕ⊗N j½AN; BN �jϕ⊗Ni − Nki½A;B�k∞kΦN − ϕ⊗Nk1: ðC44Þ

On the other hand, the variances can change more drastically, in general. Nevertheless, for a pure state close to an i.i.d.
pure state, we can prove the following bound.
Lemma C5 (extension of Lemma 10 in Ref. [69]). Let A be an arbitrary Hermitian operator on a finite-dimensional Hilbert

space H. We denote their i.i.d. extensions by AN defined in Eq. (C35). Fix a pure state ϕ∈PðHÞ and a sufficiently small
parameter ϵ. There exists a function h1ðϵÞ independent of N satisfying limϵ→0 h1ðϵÞ ¼ 0 such that, for any sequence of pure
states fΦNgN satisfying lim supN→∞TðΦN;ϕ⊗NÞ < ϵ, it holds

VðΦN; ANÞ ≥ ½1 − h1ðϵÞ�Vðϕ⊗N; ANÞ ðC45Þ

for all sufficiently large N.
As we have mentioned in Sec. VA, the variance per copy can generally change of the order ofOðNϵNÞ for a stateΦN that

is ϵN-close to ϕ⊗N in trace distance. Even when limN→∞ ϵN ¼ 0, the variance per copy may change significantly in the limit
ofN → ∞, and, therefore, the variance has an asymptotic discontinuity. Nevertheless, Lemma C5 shows that, when the state
deviates slightly from ϕ⊗N , the variance per copy can decrease at most h1ðϵÞVðϕ; AÞ, which is independent of N. The
central limit theorem provides insight into this mechanism. The probability distribution of ϕ⊗N with respect to the
observable AN is approximated by the normal distribution as N → ∞ after properly redefining the random variable. When
this probability distribution is modified due to the change in state, the variance cannot be reduced radically because the tail
of the normal distribution is exponentially small.
Proof of Lemma C5. When all the eigenvalues of A are degenerate, the statement trivially holds since

VðΦN; ANÞ ¼ Vðϕ⊗N; ANÞ ¼ 0. Below, we assume the difference between the largest and smallest eigenvalues of A is
nonvanishing, which we denote Δa > 0. Similarly, if the variance σ2 ≔ TrðϕA2Þ − ½TrðϕAÞ�2 vanishes for ϕ, then the
inequality is trivial since Vðϕ⊗N; ANÞ ¼ Nσ2 ¼ 0. Therefore, we also assume that σ > 0.
Define

ΔμN ≔ Trðϕ⊗NANÞ − TrðΦNANÞ; ðC46Þ

QN ≔ ðAN − TrðΦNANÞIÞ2 ¼ ðAN − Trðϕ⊗NANÞI þ ΔμNIÞ2: ðC47Þ

Since

Trðϕ⊗NðAN − TrðΦNANÞIÞ2Þ ¼ Trðϕ⊗NðAN − Trðϕ⊗NANÞIÞ2Þ þ jΔμN j2; ðC48Þ

we have

VðΦN; ANÞ − Vðϕ⊗N; ANÞ ¼ jΔμN j2 − TrðQNðϕ⊗N −ΦNÞÞ: ðC49Þ

Here, we derive an upper bound of TrðQNðϕ⊗N −ΦNÞÞ. Let us denote the eigenvalue decomposition of A by
A ¼Pd

j¼1 ajjjihjj. Its i.i.d. extension is written as

AN ¼
Xd−1
j1¼1

� � �
Xd−1
jN¼1

sð jÞj jih jj; j ji ≔ jj1 ⊗ j2 ⊗ � � � ⊗ jNi; sð jÞ ≔
XN
n¼1

ajn; ðC50Þ

where j ≔ ðj1;…; jNÞ. In the following, we abbreviate
P

d−1
j1¼1 � � �

P
d−1
jN¼1 as

P
j.

We decompose labels for eigenvectors of AN into two disjoint sets:

AðcoreÞðxÞ ≔
�
j

����
����
ffiffiffiffi
N

p

σ

�
sð jÞ
N

− μ

����� ≤ x



; AðtailÞðxÞ ≔

�
j

����
����
ffiffiffiffi
N

p

σ

�
sð jÞ
N

− μ

����� > x



; ðC51Þ

where μ ≔ TrðϕAÞ, σ2 ≔ TrðϕA2Þ − ½TrðϕAÞ�2, and x > 0 is a positive parameter that will be fixed later.
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Since QN is diagonal in fj jig basis, we can also decompose QN as follows:

QN ¼ QðcoreÞ
N ðxÞ þQðtailÞ

N ðxÞ; ðC52Þ

QðcoreÞ
N ðxÞ ≔

X
j∈AðcoreÞðxÞ

½sð jÞ − Nμþ ΔμN �2j jih jj; ðC53Þ

QðtailÞ
N ðxÞ ≔

X
j∈AðtailÞðxÞ

½sð jÞ − Nμþ ΔμN �2j jih jj: ðC54Þ

Thus, we get

TrðQNðϕ⊗N −ΦNÞÞ ¼ Tr
�
QðcoreÞ

N ðxÞðϕ⊗N −ΦNÞ
�
þ Tr

�
QðtailÞ

N ðxÞðϕ⊗N −ΦNÞ
�
: ðC55Þ

Since the largest eigenvalue of QðcoreÞ
N ðxÞ is less than ðx ffiffiffiffi

N
p

σ þ jΔμN jÞ2, the first term is bounded as

TrðQðcoreÞ
N ðxÞðϕ⊗N −ΦNÞÞ ≤

���Tr�QðcoreÞ
N ðxÞðϕ⊗N −ΦNÞ

���� ðC56Þ

≤ ðx
ffiffiffiffi
N

p
σ þ jΔμN jÞ2kϕ⊗N −ΦNk1 ðC57Þ

≤ 2ðx
ffiffiffiffiffiffiffiffiffi
Nσ2

p
þ jΔμN jÞ2ϵ ðC58Þ

for all sufficiently large N.
Since QðtailÞ

N ðxÞ is a positive operator, we have

TrðQðtailÞ
N ðxÞðϕ⊗N −ΦNÞÞ ≤ TrðQðtailÞ

N ðxÞϕ⊗NÞ: ðC59Þ

Let p denote a probability distribution defined by pðjÞ ≔ jh jjϕij2. We denote its i.i.d. extension by

p⊗Nð jÞ ≔ pðj1Þpðj2Þ…pðjNÞ: ðC60Þ

Then, we have

Tr
�
QðtailÞ

N ðxÞϕ⊗N
�
¼

X
j∈AðtailÞðxÞ

½sð jÞ − Nμþ ΔμN �2p⊗Nð jÞ ðC61Þ

¼
X

j∈AðtailÞðxÞ
ð½sð jÞ − Nμ�2 þ 2ΔμN ½sð jÞ − Nμ� þ jΔμN j2Þp⊗Nð jÞ ðC62Þ

≤
X

j∈AðtailÞðxÞ
ð½sð jÞ − Nμ�2 þ 2jΔμN jjsð jÞ − Nμj þ jΔμN j2Þp⊗Nð jÞ: ðC63Þ

From the Cauchy-Schwarz inequality, the second term is bounded as

X
j∈AðtailÞðxÞ

jsð jÞ − Nμjp⊗Nð jÞ ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
j∈AðtailÞðxÞ

jsð jÞ − Nμj2p⊗Nð jÞ
s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

j∈AðtailÞðxÞ
p⊗Nð jÞ

s
: ðC64Þ

Therefore, we get
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TrðQðtailÞ
N ðxÞϕ⊗NÞ ≤

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
j∈AðtailÞðxÞ

½sð jÞ − Nμ�2p⊗Nð jÞ
s

þ jΔμN j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
j∈AðtailÞðxÞ

p⊗Nð jÞ
s !

2

: ðC65Þ

For i.i.d. random variables Y1;…; YN ∼ p, we denote

ZN ≔
ffiffiffiffi
N

p

σ

�
1

N

XN
i¼1

Yi − μ

�
¼ 1ffiffiffiffi

N
p

σ

�XN
i¼1

Yi − Nμ

�
: ðC66Þ

The tail contribution can be recast intoX
j∈AðtailÞðxÞ

½sð jÞ − Nμ�2p⊗Nð jÞ ¼ Nσ2 −
X

j∈AðcoreÞðxÞ
½sð jÞ − Nμ�2p⊗Nð jÞ ðC67Þ

¼ Nσ2f1 − EN ½fðZNÞ�g; ðC68Þ

where we defined

fðzÞ ≔
�
z2 ðif − x ≤ z ≤ xÞ;
0 ðotherwiseÞ: ðC69Þ

Since the Hilbert space is assumed to be finite dimensional, the variance σ is finite. Therefore, we can apply the central
limit theorem to ZN and find that ZN converges in distribution to the standard normal N ð0; 1Þ as N → ∞. Since fðzÞ is
bounded and its points of discontinuity z ¼ �x have measure zero in N ð0; 1Þ, we have

lim
N→∞

E½fðZNÞ� ¼
Z

dz
1ffiffiffiffiffiffi
2π

p e−z
2=2fðzÞ ¼

Z
x

−x
dz

1ffiffiffiffiffiffi
2π

p e−z
2=2z2: ðC70Þ

Therefore, for any ϵ > 0, E½fðZNÞ� ≥ ð1 − ϵÞ R x−x dz½1=ð ffiffiffiffiffiffi
2π

p Þ�e−z2=2z2 holds for all sufficiently largeN. In this case, it holds

X
j∈AðtailÞðxÞ

½sð jÞ − Nμ�2p⊗Nð jÞ ≤ Nσ2
�
1 − ð1 − ϵÞ

Z
x

−x
dz

1ffiffiffiffiffiffi
2π

p e−z
2=2z2

�
≕Nσ2g̃2ðϵ; xÞ: ðC71Þ

On the other hand, from the Hoeffding inequality we have

X
j∈AðtailÞðxÞ

p⊗Nð jÞ ≤ 2 exp

�
−
2σ2x2

ðΔaÞ2
�
≕ g̃0ðxÞ; ðC72Þ

where Δa > 0 denotes the difference between the largest and smallest eigenvalue of A. Therefore, we get

TrðQðtailÞ
N ðxÞϕ⊗NÞ ≤

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nσ2g̃2ðϵ; xÞ

q
þ jΔμN j

ffiffiffiffiffiffiffiffiffiffiffi
g̃0ðxÞ

p �2
: ðC73Þ

From Eqs. (C58) and (C73), we have proven

VðΦN; ANÞ − Vðϕ⊗N; ANÞ ¼ jΔμN j2 − TrðQNðϕ⊗N −ΦNÞÞ ðC74Þ

≥ jΔμN j2 −
�
2
�
x
ffiffiffiffiffiffiffiffiffi
Nσ2

p
þ jΔμN j

�
2
ϵþ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nσ2g̃2ðϵ; xÞ

q
þ jΔμN j

ffiffiffiffiffiffiffiffiffiffiffi
g̃0ðxÞ

p
Þ
2
��

ðC75Þ

holds for all sufficiently large N.
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Now, let us take the parameter to be x ≔ ϵ−1=3 and define

g2ðϵÞ ≔ g̃2ðϵ; ϵ−1=3Þ; g0ðϵÞ ≔ g̃0ðϵ−1=3Þ; ðC76Þ

which satisfy limϵ→0 g2ðϵÞ ¼ limϵ→0 g0ðϵÞ ¼ 0.
For sufficiently small ϵ > 0 satisfying 1 − 2ϵ − g0ðϵÞ > 0, we have

jΔμN j2 −
�
2ðϵ−1=3

ffiffiffiffiffiffiffiffiffi
Nσ2

p
þ jΔμN jÞ2ϵþ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nσ2g̃2ðϵ; ϵ−1=3Þ

q
þ jΔμN j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g̃0ðϵ−1=3Þ

q �
2
�

ðC77Þ

¼ ð1 − 2ϵ − g0ðϵÞÞ
�
jΔμN j −

2ϵ2=3
ffiffiffiffiffiffiffiffiffi
Nσ2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nσ2g0ðϵÞg2ðϵÞ

p
1 − 2ϵ − g0ðϵÞ

�2

ðC78Þ

−
�ð2ϵ2=3 ffiffiffiffiffiffiffiffiffi

Nσ2
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nσ2g0ðϵÞg2ðϵÞ

p
Þ2

1 − 2ϵ − g0ðϵÞ
þ 2ϵ1=3Nσ2 þ Nσ2g2ðϵÞ

�
: ðC79Þ

Therefore, the right-hand side of Eq. (C75) is bounded as

jΔμN j2 −
�
2ðϵ−1=3

ffiffiffiffiffiffiffiffiffi
Nσ2

p
þ jΔμN jÞ2ϵþ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nσ2g̃2ðϵ; ϵ−1=3Þ

q
þ jΔμN j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g̃0ðϵ−1=3Þ

q �
2
�

≥ −Nσ2h1ðϵÞ; ðC80Þ

where

h1ðϵÞ ≔
ð2ϵ2=3 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g0ðϵÞg2ðϵÞ
p Þ2

1 − 2ϵ − g0ðϵÞ
þ 2ϵ1=3 þ g2ðϵÞ: ðC81Þ

We remark that this function satisfies limϵ→0 h1ðϵÞ ¼ 0 because limϵ→0 g0ðϵÞ ¼ limϵ→0 g2ðϵÞ ¼ 0. Since
Nσ2 ¼ Vðϕ⊗N; ANÞ, we find

VðΦN; ANÞ ≥ ½1 − h1ðϵÞ�Vðϕ⊗N; ANÞ ðC82Þ

holds for all sufficiently large N, as long as ϵ > 0 is sufficiently small so that 1 − 2ϵ − g0ðϵÞ > 0. ▪
From Lemmas C4 and C5, we obtain the following corollary.
Lemma C6. Let O be an arbitrary linear operator on a finite-dimensional Hilbert space H. We denote by ON its i.i.d.

extension defined in Eq. (C32). Fix a pure state ϕ∈PðHÞ and a sufficiently small parameter ϵ. Then, there exists a function
h2ðϵÞ independent of N satisfying limϵ→0 h2ðϵÞ ¼ 0 such that, for any sequence of pure states fΦNgN satisfying
lim supN→∞TðΦN;ϕ⊗NÞ < ϵ, it holds

Tr
�
ΦNONðI −ΦNÞO†

N

�
≥ Tr

�
ϕ⊗NONðI − ϕ⊗NÞO†

N

�
− Nh2ðϵÞ ðC83Þ

for all sufficiently large N.
Proof. From Lemma C5, we get

VðΦN; ANÞ þ VðΦN; BNÞ ≥ ½1 − h1;AðϵÞ�Vðϕ⊗N; ANÞ þ ½1 − h1;BðϵÞ�Vðϕ⊗N; BNÞ; ðC84Þ

where h1;A and h1;B are real functions ensured to exist in Lemma C5, each of which, in general, depends on the difference
between the largest and smallest eigenvalues and the variance of A and B, respectively. Combining Eqs. (C44) and (C84),
we obtain the following bound:

Tr
�
ΦNONðI −ΦNÞO†

N

�
≥ Tr

�
ϕ⊗NONðI − ϕ⊗NÞO†

N

�
− Nh2ðϵÞ ðC85Þ

for all sufficiently large N, where the function
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h2ðϵÞ ≔ h1;AðϵÞVðϕ; AÞ þ h1;BðϵÞVðϕ; BÞ þ 2ki½A;B�k∞ϵ ðC86Þ

is independent of N and satisfies limϵ→0 h2ðϵÞ ¼ 0. ▪
From Lemmas C3 and C6, we now prove Lemma C1.
Lemma (restatement of Lemma C1). Let f be an arbitrary operator monotone function such that fð0Þ > 0 and

fð0Þ ¼ limϵ→0þ fðϵÞ. For a linear operatorO on a finite-dimensional Hilbert space, we denote its i.i.d. extension byON. Let
fσNgN be an arbitrary sequence of states such that limN→∞ TðσN;ϕ⊗NÞ ¼ 0 for a pure state ϕ. Then, there exists a real-
valued function h independent ofN satisfying limϵ→0 hðϵÞ ¼ 0 such that, for any sufficiently small parameter ϵ > 0, it holds

fð0Þki½σN;ON �k2f;σN ≥ NVðϕ; OÞ − NhðϵÞ þ oðNÞ ðC87Þ

for all sufficiently large N.
Proof. From Lemma C3, we get

hi½σN;O�; i½σN;O�if;σN ≥
1

f
� δN
1−δN

� ð1 − 2δNÞ2TrðΦNONðI −ΦNÞO†
NÞ; ðC88Þ

where δN ≔ 1 − Trðϕ⊗NσNÞ denotes the infidelity. For a sufficiently small ϵ > 0, from Lemma C6, we further find

hi½σN;O�; i½σN;O�if;σN ≥
1

f
� δN
1−δN

� ð1 − 2δNÞ2ðNTr½ϕOðI − ϕÞO†� − Nh2ðϵÞÞ: ðC89Þ

Note that from the Fuchs–Van de Graaf inequalities, the infidelity satisfies 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − δN

p
≤ ϵN , where ϵN ≔ TðσN;ϕ⊗NÞ.

Since limN→∞ ϵN ¼ 0, δN ≤ 1 − ð1 − ϵÞ2 for all sufficiently large N. Since cðδÞ ≔ ½1=fð δ
1−δÞ�ð1 − 2δÞ2 is a monotonically

decreasing function of δ if δ∈ ½0; 1=2�, we get

fð0Þhi½σN;O�; i½σN;O�if;σN ≥
fð0Þ

f
� δN
1−δN

� ð1 − 2δNÞ2NTr½ϕOðI − ϕÞO†� − NhðϵÞ; ðC90Þ

where

hðϵÞ ≔ fð0Þc½1 − ð1 − ϵÞ2�h2ðϵÞ ðC91Þ

is a real-valued function satisfying limϵ→0 hðϵÞ ¼ 0. Therefore, we get

fð0Þhi½σN;O�; i½σN;O�if;σN ≥ NTr½ϕOðI − ϕÞO†� − NhðϵÞ þ NTr½ϕOðI − ϕÞO†�
�

fð0Þ
f
� δN
1−δN

� ð1 − 2δNÞ2 − 1

�
: ðC92Þ

The last term is oðNÞ, since

lim
N→∞

fð0Þ
f
� δN
1−δN

� ð1 − 2δNÞ2 − 1 ¼ fð0Þ
fð0Þ − 1 ¼ 0; ðC93Þ

where we have used limN→∞ δN ¼ 0 and fð0Þ ¼ limϵ→0þ fðϵÞ. ▪

APPENDIX D: PROOFS OF THE DIRECT PART

In this section, we present the proof of the direct part. In Appendix D 1, we provide a refined and detailed version of the
arguments sketched in Sec. V B in the main text. The proofs of the lemmas used in the direct part are given in Appendix D 2.

1. QGT determines asymptotic conversion rate

In the previous section, we have proven an upper bound on the conversion rate, given in Eq. (38), which follows from the
monotonicity of QGT in asymptotic conversion. In this section, we show that this bound is optimal by proving that if r > 0

satisfiesQUgðψÞ ≥ rQU 0
gðϕÞ for all g∈G, then fψ⊗NgN ⟶G-covfϕ⊗bðr−δÞNcgN holds for arbitrary δ∈ ð0; rÞ, which establishes the

opposite inequality of Eq. (38).
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Proposition D1 (direct part). Let U and U0 be (non-
projective) unitary representations of a compact Lie
group G on finite-dimensional Hilbert spaces H and H0.
For any pure states ψ ∈PðHÞ and ϕ∈PðH0Þ such that
SymGðψÞ ⊂ SymGðϕÞ, it holds

Rðψ →ϕÞ≥ supfr≥ 0j∀g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg: ðD1Þ

Combining Proposition D1 with Eq. (38), our main result
in Eq. (9) is proven for (nonprojective) unitary representa-
tions, meaning that QGT determines the asymptotic con-
version rate. As mentioned in Sec. IV, this result can be
extended to projective unitary representations by using the
method in Ref. [64], which is detailed in Appendix B 3.
In the proof of Proposition D1, the results in QLAN on

pure-state unitary models [72,73] play a crucial role. This
can be intuitively understood through Lemma 2, which
provides an alternative yet equivalent characterization of
the convertibility in RTA using quantum channels that are
not assumed to be G-covariant.

a. Quantum local asymptotic normality and QGT

Here, let us briefly review studies in QLAN [70–73],
which investigate the asymptotic properties of statistical
models by associating them with their limit models. This
subsection discusses general statistical models, while the
next subsection specializes them to the RTA setting.
We review particularly for QLAN on pure-state

models [72,73]. For a pure state ψ and a set of
Hermitian operators fXμgmμ¼1, we define a pure-state
statistical model UθðψÞ with Uθð·Þ ¼ eiθ

μXμð·Þe−iθνXν for
θ∈Rm. To study its asymptotic property, we consider its
i.i.d. copies of the state ½Uu=

ffiffiffi
N

p ðψÞ�⊗N , where we intro-

duced a local parameter u ≔
ffiffiffiffi
N

p
θ. In the limit of N → ∞,

it is shown [72,73] that this model is interconvertible to the
so-called Gaussian-shift model with asymptotically vanish-
ing error.
For a more detailed explanation, let us introduce several

notations in Ref. [72]. For a pure state ψ on a qudit system,
we take a unit vector jψi such that ψ ¼ jψihψ j. We define a
matrix C∶ Cm → Cd−1 by ðCÞkμ ≔ −ihkjXμjψi, where
fjkigd−1k¼1 denotes an orthonormal basis for the subspace
orthogonal to jψi. For z ¼ ðz1;…; zd−1Þ⊤ ∈Cd−1, we
denote a (d − 1)-mode coherent state with coherence

amplitude z by jzi ≔ ð⊗d−1
i¼1 ezia

†
i−z

�
i ai j0iiÞ, where a†i , ai,

and j0ii denote the creation and annihilation operators and
the vacuum state for the ith mode, respectively. It is
proven [73] that there exist sequences of quantum channels
fT NgN and fSNgN such that

lim
N→∞

sup
kuk<Nϵ

T
�
T N

�
Uu=

ffiffiffi
N

p ðψÞ⊗N
�
; jCuihCuj

�
¼ lim

N→∞
sup

kuk<Nϵ
T
�
Uu=

ffiffiffi
N

p ðψÞ⊗N;SNðjCuihCujÞ
�

¼ 0 ðD2Þ

for ϵ∈ ð0; 1=9Þ.
In the studies on QLAN, the main purpose is to

approximate the i.i.d. statistical models using the
Gaussian-shift model in the asymptotic limit. Our focus
is slightly different, and we aim to investigate the con-
vertibility among i.i.d. statistical models to study the
conversion rate in RTA. Our finding here is that the
QGT plays a central role in characterizing asymptotic
convertibility.
As shown in Eq. (D2), ðUu=

ffiffiffi
N

p ðψÞÞ⊗N is reversibly
asymptotically convertible to the Gaussian-shift model
jCui, implying that the matrix C characterizes the asymp-
totic properties of the i.i.d. statistical model ðUu=

ffiffiffi
N

p ðψÞÞ⊗N .
Such a matrix C is not uniquely determined, since there
remains the freedom in the choice of an orthonormal basis
fjkigd−1k¼1 for the subspace orthogonal to jψi. Adopting
another orthonormal basis, the matrix C is transformed to
C ↦ C̃ ≔ VC, where V denotes a Cd−1 × Cd−1 unitary
matrix. By using the polar decomposition theorem, for
matrices C and C0 of the same size, we find that C̃ ¼ VC
holds for some unitary matrix V if and only if C†C ¼ C̃†C̃.
This fact implies that the essential characteristic of a
statistical model is C†C rather than the matrix C itself.
Importantly, the ðμ; νÞ element of C†C is given by

ðC†CÞμν ¼
Xd−1
k¼1

hψ jXμjkihkjXνjψi

¼ hψ jXμðI − ψÞXνjψi; ðD3Þ

meaning that C†C ¼ Qψ , where Qψ is the QGT for UθðψÞ.
Therefore, if two pure-state statistical models have the same
QGT, they are asymptotically interconvertible to each other,
since both of them can be reversibly converted to the same
Gaussian-shift model, shown in Eq. (D2).
As a generalization of the above observation, we prove

the following.
Lemma D1. For sets of Hermitian operators fXμgmμ¼1 and

fX0
μgmμ¼1, we define Uθð·Þ ≔ eiθ

μXμð·Þe−iθνXν and U 0
θð·Þ ≔

eiθ
μX0

μð·Þe−iθνX0
ν for θ∈Rm. For given two pure states ψ and

ϕ, we define pure-state statistical models by UθðψÞ and
U 0
θðϕÞ and denote their QGTs by Qψ and Qϕ, respectively.

If r > 0 satisfiesQψ ≥ rQϕ, then there exists a sequence of
quantum channels fENgN such that
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lim
N→∞

sup
kuk<Nϵ

T
�
EN

�
Uu=

ffiffiffi
N

p ðψÞ⊗N
�
;U 0

u=
ffiffiffi
N

p ðϕÞ⊗brNc
�
¼ 0

ðD4Þ

for ϵ∈ ð0; 1=9Þ.
In the proof of LemmaD1, the argument is divided into two

parts: One focuses on the case where the QGT is conserved,
while the other addresses the case where the QGT is reduced.
We first prove that the growth rate of i.i.d. copies can be set to
one by adjusting the scaling of the parameters. Concretely,
U 0
u=
ffiffiffi
N

p ðϕÞ⊗brNc is shown to be asymptotically interconvert-

ible to U 0 ffiffi
r

p
u=
ffiffiffi
N

p ðϕÞ⊗N . This asymptotic interconversion is

achieved by combining the reversible conversion channels in
QLAN,where theQGTis conserved.Then,we alsoprove that
Uu=

ffiffiffi
N

p ðψÞ⊗N can be asymptotically converted into
U 0 ffiffi

r
p

u=
ffiffiffi
N

p ðϕÞ⊗N if the QGT with respect to u decreases in

the sense ofmatrix inequality. Thedetails of these lemmas and
their proofs are provided in Appendix D 2 b.

b. Proof of achievability of the conversion rate

The process of transformingUgðψÞ⊗N toU 0
gðϕÞ⊗brNcwith

asymptotically vanishing error consists of two steps, which
we call the estimation and conversion steps. In the estimation
step, we obtain a rough estimate ĝ of the true value g by
consuming a sublinear number of copies of UgðψÞ in N. In
the conversion step, based on the estimate ĝ, we convert the
remaining copies of UgðψÞ to i.i.d. copies of U 0

gðϕÞ with
quantum channels constructed by using Lemma D1.
For a detailed explanation, let us first introduce notations.

Let U and U0 be (nonprojective) unitary representations
of aLie groupG on the input andoutput systems. Elements in
the neighborhood of the identity e∈G can be parametrized
as gðλÞ ¼ eiλ

μAμ by using a basis fAμgdim G
μ¼1 of the Lie algebra

g. Define operators Xμ ≔ −i½∂=ð∂λμÞ�U½gðλÞ�jλ¼0 and
X0
μ ≔ −i½∂=ð∂λμÞ�U0½gðλÞ�jλ¼0, which correspond to the

images of Aμ by the Lie algebra representations induced
from U and U0. At least locally, these operators satisfy
U½gðλÞ� ¼ eiλ

μXμ and U0½gðλÞ� ¼ eiλ
μX0

μ . In this case, by
slightly abusing our notation of Ug and U 0

g, we also denote
Uθð·Þ ≔ eiθ

μXμð·Þe−iθνXν and U 0
θð·Þ ≔ eiθ

μX0
μð·Þe−iθνX0

ν for
θ∈Rdim G, implicitly indicating kθk is sufficiently small.
In the estimation step, we obtain a rough estimate ĝ∈G

of g∈G by performing a measurement on n copies of the
system in a state UgðψÞ⊗n, where n ≔ N1−ϵ for a fixed
ϵ∈ ð0; 1=2Þ. Let p½ĝjUgðψÞ⊗n� denote the probability of
obtaining an estimate ĝ when the system is in a state
UgðψÞ⊗n. We say that the estimation is successful within an
acceptable error of δ > 0 if and only if the estimate ĝ∈G is
an element of the following set:

Gðg;δÞ
succ ≔ fĝ∈Gj∃θ;Uθ ∘U ĝðψÞ ¼ UgðψÞ;kθk< δg: ðD5Þ

We quantify the success probability in the worst case by

psuccðδÞ ≔ inf
g∈G

Z
G
dμGðĝÞp½ĝjUgðψÞ⊗n�χ

Gðg;δÞ
succ

ðĝÞ; ðD6Þ

where μG is the Haar measure on the Lie group G and χA
denotes the indicator function of a set A. Note that the

above success probability is well defined since Gðg;δÞ
succ is a

measurable set, as shown in Appendix D 2 c.
We show the following lemma, which guarantees the

existence of an estimator that is successful within an
acceptable error of δ ¼ N−1=2þϵ whose failure probability
asymptotically vanishes.
Lemma D2. Let G be a compact Lie group and ρ be an

arbitrary state. Fix ϵ∈ ð0; 1=2Þ. Then, there exists an esti-
mator of g∈G, which consumes UgðρÞ⊗n with n ¼ ⌈N1−ϵ⌉,
such that its worst-case success probability satisfies

lim
N→∞

psuccðN−1=2þϵÞ ¼ 1: ðD7Þ

We remark that kθk ∼ N−1=2 for the error is the standard
scaling in parameter estimation for i.i.d. models [135],
including QLAN studies [70–73]. The proof is detailed in
Appendix D 2 d.
In the conversion step, we convert states using quantum

channels guaranteed by the following lemma.
Lemma D3. Let U and U0 be (nonprojective) unitary

representations of a compact Lie group G on finite-dimen-
sional Hilbert spaces H and H0. Let ψ ∈PðHÞ and
ϕ∈PðH0Þ be pure states. If r > 0 satisfies QUgðψÞ ≥
rQU 0

gðϕÞ for all g∈G, then there exists a sequence of

quantum channels fEðgÞ
N gN such that the conversion error

δNðg; uÞ
≔ T

�
EðgÞ
N

�
Uu=

ffiffiffi
N

p ðUgðψÞÞ⊗N
�
;U 0

u=
ffiffiffi
N

p ðU 0
gðϕÞÞ⊗brNc

�
ðD8Þ

satisfies limN→∞ supg∈G supkuk<Nϵ δNðg; uÞ ¼ 0 for
ϵ∈ ð0; 1=9Þ.
This lemma is proven from Lemma D1 by using

properties of a compact Lie group. The proof is detailed
in Appendix D 2 e.
Proposition D1 is proven by combining Lemmas D2

and D3.
Proof of Proposition D1. From the assumption, r > 0

satisfies QUgðψÞ ≥ rQU 0
gðϕÞ for all g∈G. Let ĝ∈G be the

estimator ensured to exist in Lemma D2 for ϵ∈ ð0; 1=9Þ.
Given the estimate ĝ, we apply Lemma D3 to pure states
½U ĝðψÞ�⊗N0

and ½U 0
ĝðϕÞ�⊗brN0c for N0 ≔ N − ⌈N1−ϵ⌉ and

denote by fEðĝÞ
N0 gN0 the sequence of conversion channels.

Applying EðĝÞ
N0 after the estimation step, the resulting state is

given by
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EN ½UgðψÞ⊗N � ≔
Z

dμGðĝÞp½ĝjUgðψÞ⊗⌈N1−ϵ⌉�EðĝÞ
N0

�
UgðψÞ⊗N0

�
: ðD9Þ

From the assumption SymGðψÞ ⊂ SymGðϕÞ, if parameters θ∈Rdim G satisfy Uθ ∘U ĝðψÞ ¼ UgðψÞ for some g; ĝ∈G,

then it also holds U 0
θ ∘U 0

ĝðϕÞ ¼ U 0
gðϕÞ. Therefore, for ĝ∈Gðg;δÞ

succ with δ > 0, we have

Fid
�
EðĝÞ
N0

�
UgðψÞ⊗N0

�
;U 0

gðϕÞ⊗brN0c
�
¼ Fid

�
EðĝÞ
N0

�
UθðU ĝðψÞÞ⊗N0

�
;U 0

θðU 0
ĝðϕÞÞ⊗brN0c

�
; ðD10Þ

where Fid denotes the fidelity defined by Fidðρ; σÞ ≔ ðTrð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ

p
σ
ffiffiffi
ρ

pp ÞÞ2 for states ρ and σ. Since N−1=2þϵ < ðN0Þ−1=2þϵ, we
have

fN ≔ inf
g∈G

inf
ĝ∈Gðg;N−1=2þϵÞ

succ

Fid
�
EðĝÞ
N0

�
UgðψÞ⊗N0

�
;U 0

gðϕÞ⊗brN0c
�

ðD11Þ

≥ inf
g∈G

inf
ĝ∈Gðg;ðN0Þ−1=2þϵÞ

succ

Fid
�
EðĝÞ
N0

�
UgðψÞ⊗N0

�
;U 0

gðϕÞ⊗brN0c
�

¼ inf
ĝ∈G

inf
kuk<ðN0Þϵ

Fid
�
EðĝÞ
N0

�
Uu=

ffiffiffiffi
N0p ½U ĝðψÞ�⊗N0

�
;U 0

u=
ffiffiffiffi
N0p ½U 0

ĝðϕÞ�⊗brN0c
�

≥
�
1 − sup

ĝ∈G
sup

kuk<ðN0Þϵ
δN0 ðĝ; uÞ

�
2
⟶
N→∞

1; ðD12Þ

where, in the last line, we used the Fuchs–Van de Graaf inequalities to relate the fidelity to the trance distance δNðg; uÞ
defined in Eq. (D8) in Lemma D3.
From Eqs. (D7), (D9), and (D12), we get

inf
g∈G

FidðEN ½UgðψÞ⊗N �;U 0
gðϕÞ⊗brN0cÞ ¼ inf

g∈G

Z
G
dμGðĝÞp½ĝjUgðψÞ⊗⌈N1−ϵ⌉�Fid

�
EðĝÞ
N0

�
UgðψÞ⊗N0

�
;U 0

gðϕÞ⊗brN0c
�

≥ inf
g∈G

Z
dμGðĝÞp½ĝjUgðψÞ⊗⌈N1−ϵ⌉�χ

Gðg;N−1=2þϵÞ
succ

ðĝÞFid
�
EðĝÞ
N0

�
UgðψÞ⊗N0

�
;U 0

gðϕÞ⊗brN0c
�

≥ psuccðN−1=2þϵÞ × fN ðD13Þ

⟶
N→∞

1; ðD14Þ

implying that

lim
N→∞

sup
g∈G

T
�
EN ½UgðψÞ⊗N �;U 0

gðϕÞ⊗brN0c
�
¼ 0: ðD15Þ

To complete the proof, we introduce δ∈ ð0; rÞ. Then, for all sufficiently large N, it holds brN0c > bðr − δÞNc. Denoting
by fΛNgN the channel discarding brN0c − bðr − δÞNc copies of the output system, we get

lim
N→∞

sup
g∈G

T
�
ΛN ∘ EN ½UgðψÞ⊗N �;U 0

gðϕÞ⊗bðr−δÞNc
�
¼ 0: ðD16Þ

From Lemma 2, this is equivalent to fψ⊗NgN ⟶G-cov fϕ⊗bðr−δÞNcgN , which completes the proof of Proposition D1. ▪
The above proof of the direct part provides a clear understanding of the reason why the asymptotic conversion rate

diverges for finite groups. Since there is only a finite number of different elements in fUgðψÞjg∈Gg, it is possible to
identify the state UgðψÞwith an exponentially small failure probability using a state tomography protocol on UgðψÞ⊗N . Let
ĝ∈G denote the estimate of the true value g obtained by this tomography protocol. Depending on the estimate ĝ, we can
prepare an arbitrary number of copies of U 0

ĝðϕÞ. The condition SymGðψÞ ⊂ SymGðϕÞ implies that if U ĝðψÞ ¼ UgðψÞ is
satisfied, then U 0

ĝðϕÞ ¼ U 0
gðϕÞ also holds. Therefore, the asymptotic conversion rate diverges since it is possible to create an

arbitrary number of copies of U 0
gðϕÞ from UgðψÞ⊗N with asymptotically vanishing failure probability. We emphasize that
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the exact asymptotic conversion rate in Ref. [64] is not
covered by this analysis, because there always remains an
error in the tomography process.

2. Proof of lemmas in the direct part

a. Proof of Lemma 2

For ϵ ¼ 0, i.e., for the conversion without error,
Lemma 2 is shown as Lemma 7 in Ref. [14]. Although
its generalization to the case of ϵ > 0 is straightforward, we
here provide the proof for completeness.
Proof of Lemma 2. ðiiÞ ⇒ ðiÞ: This is a direct conse-

quence of the definition of the G-covariance of a channel
and the fact that the trace distance is invariant under unitary
transformations.
ðiÞ ⇒ ðiiÞ: Define E0 ≔

R
g∈G dμGðgÞU 0

g−1 ∘ E ∘Ug,

where μG denotes the normalized right-invariant Haar
measure on G. This map E0 is a G-covariant channel since

∀ h∈G; E0 ∘Uh ¼
Z
g∈G

dμGðgÞU 0
g ∘ E ∘Ug−1h ðD17Þ

¼U 0
h∘
Z
g∈G

dμGðgÞU 0
h−1g∘E∘Uðh−1gÞ−1

ðD18Þ

¼ U 0
h ∘ E0 ðD19Þ

holds. From the convexity of the trace distance, we get

TðE0ðρÞ; σÞ ≤
Z
g∈G

dμGðgÞT
�
U 0
g−1 ∘ E ∘UgðρÞ; σ

�
ðD20Þ

¼
Z
g∈G

dμGðgÞTðE ∘UgðρÞ;U 0
gðσÞÞ ≤ ϵ:

ðD21Þ

▪

b. Proof of Lemma D1

To prove Lemma D1, we divide the argument into two
lemmas, Lemmas D8 and D9, which are detailed later. See
Fig. 4 for the relations among these lemmas. On the one
hand, Lemma D8 shows that the change in the asymptotic
rate r is effectively equivalent to the change in the scale of
the parameters, which is proven by using results on QLAN
for pure-state models [72,73]. The asymptotics of QGTs are
conserved in the interconversion among models in
Lemma D8. On the other hand, Lemma D9 shows that
the asymptotic conversion between two pure-state statis-
tical models with rate one is possible when QGTs satisfy a
matrix inequality. As a direct consequence of these lemmas,
we complete the proof of Lemma D1 at the end of this
subsection.

To proceed further, we here prove several lemmas. In the
analysis below, we expand unitary operators to extract the
asymptotic behaviors of pure-state models. The following
two lemmas serve as a foundation for our analysis.
Lemma D4. Let H be a finite-dimensional Hilbert space

and f be a function from R to linear operators on H and of
class C3. Then,����fð1Þ −

�
fð0Þ þ f0ð0Þ þ 1

2
f00ð0Þ

�����
1

≤
1

6
max
θ∈ ½0;1�

fkfð3ÞðθÞk1g: ðD22Þ

Proof. By Taylor’s theorem, we have

fð1Þ −
�
fð0Þ þ f0ð0Þ þ 1

2
f00ð0Þ

�

¼
Z

1

0

ð1 − θÞ2
2

fð3ÞðθÞdθ: ðD23Þ

By the triangle inequality, we get����fð1Þ −
�
fð0Þ þ f0ð0Þ þ 1

2
f00ð0Þ

�����
1

≤
Z

1

0

���� ð1 − θÞ2
2

fð3ÞðθÞ
����
1

dθ

≤
Z

1

0

ð1 − θÞ2
2

Mdθ ¼ M
6
; ðD24Þ

where M ≔ maxθ∈ ½0;1�fkfð3ÞðθÞk1g. ▪
Lemma D5. Let l∈N, H and H0 be finite-dimensional

Hilbert spaces, ρ be a linear operator on H, O be a
Hermitian operator on H, O0 be a Hermitian operator on
H0, E be a linear map from linear operators onH to those on

FIG. 4. A schematic figure of the relations among Lemmas D1,
D8, and D9. The direction of the arrow indicates the convertibility
with vanishing error. In Lemma D8, we find the growth rate of
i.i.d. copies can be set to 1 by adjusting the scaling of the
parameters u when analyzing the asymptotic convertibility.
Lemma D9 shows that the asymptotic conversion between two
pure-state models are possible if QGT is reduced during the
conversion in the sense of matrix inequality. Combining these
lemmas, Lemma D1 is proven.
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H0, and Fρ;E be a function from R to linear operators on H0 defined by

Fρ;EðθÞ ≔ e−iθO
0
EðeiθOρe−iθOÞeiθO0 ∀ θ∈R: ðD25Þ

Then, for any θ∈R,

FðlÞ
ρ;EðθÞ ¼

Xl
j¼0

�
l

j

�
e−iθO

0 ½−iO0;…; ½−iO0;|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
j

EðeiθO½iO;…; ½iO;|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
l−j

ρ�…�e−iθOÞ�…�eiθO0 ðD26Þ

and

kFðlÞ
ρ;EðθÞk1 ≤ kρk1kEk · 2lðkOk∞ þ kO0k∞Þl; ðD27Þ

where kEk is defined by

kEk ≔ max
kLk1¼1

fkEðLÞk1g: ðD28Þ

Proof.We note that d
dθ e

iθABe−iθA ¼ eiθA½iA;B�e−iθA for all linear operators A and B. By using the Leibniz rule, we get the

expression for FðlÞ
ρ;EðθÞ. By applying the triangle inequality to the expression, we get

kFðlÞ
ρ;EðθÞk1 ≤

Xl
j¼0

�
l

j

�
ke−iθO0 ½−iO0;…; ½−iO0;|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

j

EðeiθO½iO;…; ½iO;|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
l−j

ρ�…�e−iθOÞ�…�eiθO0 k1: ðD29Þ

We note that, by the triangle inequality and Hölder’s inequality, we have

k½A;B�k1 ¼ kAB − BAk1 ≤ kABk1 þ kBAk1 ≤ kAk∞kBk1 þ kBk1kAk∞ ¼ 2kAk∞kBk1 ðD30Þ

for all linear operators A and B. By using this relation, the definition of kEk, and the unitary invariance of the trace norm, we
get

kFðlÞ
ρ;EðθÞk1 ≤

Xl
j¼0

�
l

j

�
k½−iO0;…; ½−iO0;|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

j

EðeiθO½iO;…; ½iO;|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
l−j

ρ�…�e−iθOÞ�…�k1 ðD31Þ

≤
Xl
j¼0

�
l

j

�
ð2kO0k∞ÞjkEðeiθO½iO;…; ½iO;|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

l−j

ρ�…�e−iθOÞk1 ðD32Þ

≤
Xl
j¼0

�
l

j

�
ð2kO0k∞ÞjkEkkeiθO½iO;…; ½iO;|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

l−j

ρ�…�e−iθOk1 ðD33Þ

¼
Xl
j¼0

�
l

j

�
ð2kO0k∞ÞjkEkk½iO;…; ½iO;|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

l−j

ρ�…�k1 ðD34Þ

≤
Xl
j¼0

�
l

j

�
ð2kO0k∞ÞjkEkð2kOk∞Þl−jkρk1 ðD35Þ

¼ kρk1kEk · 2lðkOk∞ þ kO0k∞Þl: ðD36Þ

▪
Using Lemmas D4 and D5, we prove a lemma that relates the setup in QLAN and ours.
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Lemma D6. Let ϕ be an arbitrary pure state in a finite-dimensional Hilbert space. Fix a set of Hermitian operators
fX0

μgmμ¼1. We define another set of Hermitian operator fX̃0
μgmμ¼1 by X̃0

μ ≔ ðI − ϕÞX0
μϕþ ϕX0

μðI − ϕÞ. For ϵ∈ ð0; 1=6Þ, it
holds

lim
N→∞

sup
kuk<Nϵ

T

�
ϕ⊗N
u=
ffiffiffi
N

p ; ϕ̃⊗N
u=
ffiffiffi
N

p
�

¼ 0; ðD37Þ

where ϕθ ≔ eiθ
μX0

μϕe−iθ
μX0

μ and ϕ̃θ ≔ eiθ
μX̃0

μϕe−iθ
μX̃0

μ for θ∈Rm.
Proof. Let us define O ≔ ð1= ffiffiffiffi

N
p ÞuμX0

μ and Õ ≔ ð1= ffiffiffiffi
N

p ÞuμX̃0
μ ¼ ðI − ϕÞOϕþ ϕOðI − ϕÞ for u∈Rm such that

kuk < Nϵ. Introducing a finite non-negative number L by

L ≔ max fmax
kθk¼1

kθμX0
μk∞; max

kθk¼1
kθμX̃0

μk∞g; ðD38Þ

we have kOk∞ ≤ Lðkuk= ffiffiffiffi
N

p Þ and kÕk∞ ≤ Lðkuk= ffiffiffiffi
N

p Þ. Applying Lemmas D4 and D5 for fðθÞ ≔ e−iθÕeiθOϕe−iθOeiθÕ,
we find����

�
ϕ

����fð1Þ −
�
fð0Þ þ f0ð0Þ þ 1

2
f00ð0Þ

�����ϕ
����� ≤

����fð1Þ −
�
fð0Þ þ f0ð0Þ þ 1

2
f00ð0Þ

�����
1

ðD39Þ

≤
23

6
ðkOk∞ þ kÕk∞Þ3 ≤

26

6

�
L
kukffiffiffiffi
N

p
�

3

: ðD40Þ

Since

hϕjÕnOmjϕi ¼
8<
:

1 ðn;mÞ ¼ ð0; 0Þ;
hϕjOjϕi ðn;mÞ ¼ ð0; 1Þ;
0 ðn;mÞ ¼ ð1; 0Þ;

ðD41Þ

we get

hϕjfð0Þjϕi ¼ 1; ðD42Þ

hϕjf0ð0Þjϕi ¼ ihϕjOjϕi − ihϕjOjϕi ¼ 0: ðD43Þ

Similarly, since

hϕjÕnOmjϕi ¼
� hϕjO2jϕi ðn;mÞ ¼ ð0; 2Þ;
hϕjOðI − ϕÞOjϕi ðn;mÞ ¼ ð1; 1Þ; ð2; 0Þ ðD44Þ

and, hence,

X
n;m¼0;1;2
nþm¼2

ð−iÞn
n!

im

m!
hϕjÕnOmjϕi ¼ −

1

2
hϕjO2jϕi þ 1

2
hϕjOðI − ϕÞOjϕi ¼ −

1

2
hϕjOjϕi2; ðD45Þ

we get

hϕjf00ð0Þjϕi ¼
X

n;m;n0 ;m0¼0;1;2
nþmþn0þm0¼2

ð−iÞn
n!

im

m!

ð−iÞm0

m0!
in

0

n0!
hϕjÕnOmjϕihϕjOm0

Õn0 jϕi ðD46Þ

¼ −
1

2
hϕjOjϕi2 þ hϕjOjϕi2 − 1

2
hϕjOjϕi2 ¼ 0: ðD47Þ
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Therefore, by using hϕjfð1Þjϕi ¼ Fidðϕu=
ffiffiffi
N

p ; ϕ̃u=
ffiffiffi
N

p Þ, Eq. (D40) implies

����Fid�ϕu=
ffiffiffi
N

p ; ϕ̃u=
ffiffiffi
N

p
�
− 1

���� ≤ 23

6
ðkOk∞ þ kÕk∞Þ3 ≤

26

6

�
L
kukffiffiffiffi
N

p
�

3

≤
26

6
ðLN−1=2þϵÞ3 ðD48Þ

for any u such that kuk < Nϵ.
Since ðN−1=2þϵÞ3 ¼ oð1=NÞ if ϵ∈ ð0; 1=6Þ, we get

inf
kuk<Nϵ

Fid
�
ϕ⊗N
u=
ffiffiffi
N

p ; ϕ̃⊗N
u=
ffiffiffi
N

p
�
¼ inf

kuk<Nϵ

�
Fidðϕu=

ffiffiffi
N

p ; ϕ̃u=
ffiffiffi
N

p Þ
�
N
≥
�
1þ o

�
1

N

��
N
; ðD49Þ

implying that

lim
N→∞

inf
kuk<Nϵ

Fid
�
ϕ⊗N
u=
ffiffiffi
N

p ; ϕ̃⊗N
u=
ffiffiffi
N

p
�
¼ lim

N→∞

�
1þ o

�
1

N

��
N
¼ 1: ðD50Þ

From Fuchs–Van de Graaf inequalities, we also get

lim
N→∞

sup
kuk<Nϵ

T
�
ϕ⊗N
u=
ffiffiffi
N

p ; ϕ̃⊗N
u=
ffiffiffi
N

p
�
¼ 0: ðD51Þ

▪
Therefore, as long as the asymptotic properties of i.i.d. copies of ϕu=

ffiffiffi
N

p ¼ eiu
μX0

μ=
ffiffiffi
N

p
ϕe−iu

νX0
ν=
ffiffiffi
N

p
are concerned, it suffices

to analyze ϕ̃u=
ffiffiffi
N

p ¼ eiu
μX̃0

μ=
ffiffiffi
N

p
ϕe−iu

νX̃0
ν=
ffiffiffi
N

p
.

The asymptotic behavior of ϕ̃⊗N
u=
ffiffiffi
N

p can be understood by studies on QLAN. The result in Ref. [73] is complicated, since it
aims to prove a general statement applicable to a wide class of statistical models. In this paper, we focus on only pure-state
models. For pure-state unitary models, the result in Ref. [73] can be stated as follows.
Lemma D7 (Theorem 3.3 in Ref. [73], particularized to pure-state model; see also Ref. [72]). Let ϕ be an arbitrary state

in a d-dimensional Hilbert space. For any fixed set of Hermitian operators fX0
μgmμ¼1, we define a pure-state qudit model

ϕ̃θ ≔ eiθ
μX̃0

μϕe−iθ
νX̃0

ν for θ∈Rm with X̃0
μ ≔ ðI − ϕÞX0

μϕþ ϕX0
μðI − ϕÞ.

Let fjkigd−1k¼1 denote an orthonormal basis of the subspace orthogonal to jϕi, where jϕi is a unit vector satisfying
ϕ ¼ jϕihϕj. We introduce a ðd − 1Þ ×m matrix defined by

iC0
kμ ≔ hkjX̃0

μjϕi ðD52Þ

for k ¼ 1;…; d − 1 and μ ¼ 1;…; m.
Let Hd−1 denote the (d − 1)-mode Fock space. For z ¼ ðz1;…; zd−1Þ⊤ ∈Cd−1, we denote the coherent state by

jzi ≔
�
⨂
d−1

i¼1

ezia
†
i−z

�
i ai j0ii

�
∈Hd−1; ðD53Þ

where a†i , ai, and j0ii denote the creation and annihilation operator and the vacuum state for the ith mode, respectively.
For ϵ∈ ð0; 1=9Þ, there exists a sequence of quantum channels fT NgN and fSNgN such that

lim
N→∞

sup
kuk<Nϵ

T

�
T Nðϕ̃⊗N

u=
ffiffiffi
N

p Þ; jC0uihC0uj
�

¼ 0; ðD54Þ

lim
N→∞

sup
kuk<Nϵ

T

�
ϕ̃⊗N
u=
ffiffiffi
N

p ;SNðjC0uihC0ujÞ
�

¼ 0: ðD55Þ

By using Lemmas D6 and D7, we prove the relation between the asymptotic rate and the scale in the parameters.
Lemma D8. Let ϕ be an arbitrary pure state in a finite-dimensional Hilbert space. Fix any sets of Hermitian operators

fX0
μgmμ¼1 and introduce a pure-state statistical model ϕθ ≔ eiθ

μX0
μϕe−iθ

νX0
ν for θ∈Rm. For any r > 0, there exist sequences of
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quantum channels fENgN and fE0
NgN such that

lim
N→∞

sup
kuk<Nϵ

T

�
ENðϕ⊗Nffiffi

r
p

u=
ffiffiffi
N

p Þ;ϕ⊗brNc
u=
ffiffiffi
N

p
�

¼ 0; ðD56Þ

lim
N→∞

sup
kuk<Nϵ

T

�
ϕ⊗Nffiffi

r
p

u=
ffiffiffi
N

p ; E0
Nðϕ⊗brNc

u=
ffiffiffi
N

p Þ
�

¼ 0 ðD57Þ

for ϵ∈ ð0; 1=9Þ.
Proof. For X̃0

μ ≔ ðI − ϕÞX0
μϕþ ϕX0

μðI − ϕÞ, consider a sequence of statistical models fðϕ̃θÞ⊗brNcgN , where r > 0 and
ϕ̃θ ≔ eiθ

μX̃0
μϕe−iθ

νX̃0
ν . From Lemma D7, there exist sequences of quantum channels fT NgN and fSNgN such that

lim
N→∞

sup
kuk<brNcϵ

T

�
T brNc

�
ϕ̃⊗brNc
u=
ffiffiffiffiffiffiffi
brNc

p
�
; jC0uihC0uj

�
¼ 0; ðD58Þ

lim
N→∞

sup
kuk<brNcϵ

T
�
ϕ̃⊗brNc
u=
ffiffiffiffiffiffiffi
brNc

p ;SbrNcðjC0uihC0ujÞ
�

¼ 0 ðD59Þ

for ϵ∈ ð0; 1=9Þ. Introducing a new parameter u0=
ffiffiffiffi
N

p
≔ u=

ffiffiffiffiffiffiffiffiffiffibrNcp
, we get

lim
N→∞

sup
ku0k<brNcϵ

ffiffiffiffiffiffiffiffiffiffiffiffi
brNc=N

p T

�
T brNcðϕ̃⊗brNc

u0=
ffiffiffi
N

p Þ;
����
ffiffiffiffiffiffiffiffiffiffi
brNc
N

r
C0u0

�� ffiffiffiffiffiffiffiffiffiffi
brNc
N

r
C0u0

����
�

¼ 0; ðD60Þ

lim
N→∞

sup
ku0k<brNcϵ

ffiffiffiffiffiffiffiffiffiffiffiffi
brNc=N

p T

�
ϕ̃⊗brNc
u0=
ffiffiffi
N

p ;SbrNc

�����
ffiffiffiffiffiffiffiffiffiffi
brNc
N

r
C0u0

�� ffiffiffiffiffiffiffiffiffiffi
brNc
N

r
C0u0

����
��

¼ 0: ðD61Þ

For any ϵ0 ∈ ð0; ϵÞ,

lim
N→∞

Nϵ0

brNcϵ
ffiffiffiffiffiffiffi
brNc
N

q ¼ 0; ðD62Þ

meaning that brNcϵ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðbrNc=NÞp
≥ Nϵ0 holds for all sufficiently large N. In addition, it holds

lim
N→∞

����
� ffiffiffiffiffiffiffiffiffiffi

brNc
N

r
C0u0

���� ffiffiffirp
C0u0

����� ¼ lim
N→∞

e−kC
0u0k2ð ffiffirp

−
ffiffiffiffiffiffiffiffiffiffiffiffi
brNc=N

p
Þ2 ¼ 1 ðD63Þ

for any u0 ∈Rm. Therefore, we get

lim
N→∞

sup
kuk<Nϵ0

T

�
T brNc

�
ϕ̃⊗brNc
u=
ffiffiffi
N

p
�
; j ffiffiffirp

C0uih ffiffiffi
r

p
C0uj

�
¼ 0; ðD64Þ

lim
N→∞

sup
kuk<Nϵ0

T

�
ϕ̃⊗brNc
u=
ffiffiffi
N

p ;SbrNcðj
ffiffiffi
r

p
C0uih ffiffiffi

r
p

C0ujÞ
�

¼ 0: ðD65Þ

Note that we can take an arbitrary value in ð0; 1=9Þ as ϵ0 by appropriately taking ϵ∈ ð0; 1=9Þ.
On the other hand, from Lemma D7, we have

lim
N→∞

sup
kuk<Nϵ

T

�
T N

�
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p
�
; j ffiffiffirp

C0uih ffiffiffi
r

p
C0uj

�
¼ 0; ðD66Þ
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lim
N→∞

sup
kuk<Nϵ

T

�
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p ;SNðj
ffiffiffi
r

p
C0uih ffiffiffi

r
p

C0ujÞ
�

¼ 0: ðD67Þ

Therefore, we get

lim
N→∞

sup
kuk<Nϵ

T

�
SbrNc ∘ T N

�
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p
�
; ϕ̃⊗brNc

u=
ffiffiffi
N

p
�

¼ 0; ðD68Þ

lim
N→∞

sup
kuk<Nϵ

T

�
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p ;SN ∘ T brNc

�
ϕ̃⊗brNc
u=
ffiffiffi
N

p
��

¼ 0 ðD69Þ

for ϵ∈ ð0; 1=9Þ. From Lemma D6, we also get

lim
N→∞

sup
kuk<Nϵ

T

�
SbrNc ∘ T N

�
ϕ⊗Nffiffi

r
p

u=
ffiffiffi
N

p
�
;ϕ⊗brNc

u=
ffiffiffi
N

p
�

¼ 0; ðD70Þ

lim
N→∞

sup
kuk<Nϵ

T
�
ϕ⊗Nffiffi

r
p

u=
ffiffiffi
N

p ;SN ∘ T brNc

�
ϕ⊗brNc
u=
ffiffiffi
N

p
��

¼ 0 ðD71Þ

for ϵ∈ ð0; 1=9Þ. ▪
Importantly, for both ϕ⊗Nffiffi

r
p

u=
ffiffiffi
N

p and ϕ⊗brNc
u=
ffiffiffi
N

p , the QGT with respect to the parameters u is equal to rCovðϕ; fX0
μgÞ in the

limit of N → ∞, where the elements of covariance matrix are defined by ðCovðϕ; fX0
μgÞÞμν ≔ TrðϕX0

μðI − ϕÞX0
νÞ. In other

words, the QGTs are preserved under reversible asymptotic conversion between fϕ⊗Nffiffi
r

p
u=
ffiffiffi
N

p gN and fϕ⊗brNc
u=
ffiffiffi
N

p gN .
Using the above lemma, the asymptotic rate can be effectively set to r ¼ 1 by adjusting the scale of the parameters. The

following lemma claims that the asymptotic conversion with rate r ¼ 1 is possible only if the covariance matrix of the
original state is larger than that of the target state in the sense of matrix inequality.
Lemma D9. Let ψ ∈PðHÞ and ϕ∈PðH0Þ be arbitrary pure states in finite-dimensional Hilbert spacesH andH0. Fix any

sets of Hermitian operators fXμgmμ¼1 and fX0
μgmμ¼1. If Covðψ ; fXμgmμ¼1Þ ≥ Covðϕ; fX0

μgmμ¼1Þ holds, then there exists a
quantum channel E such that

lim
N→∞

sup
kuk<Nϵ

T

�
E⊗N

�
ψ⊗N
u=
ffiffiffi
N

p
�
;ϕ⊗N

u=
ffiffiffi
N

p
�

¼ 0 ðD72Þ

for ϵ∈ ð0; 1=6Þ, where ψθ ≔ eiθ
μXμψe−iθ

νXν and ϕθ ≔ eiθ
μX0

μϕe−iθ
νX0

ν for θ∈Rm.
Proof. Following Lemma D6, we introduce X̃μ ≔ ðI − ψÞXμψ þ ψXμðI − ψÞ and X̃0

μ ≔ ðI − ϕÞX0
μϕþ ϕX0

μðI − ϕÞ and
denote

ψ̃u=
ffiffiffi
N

p ≔ eið1=
ffiffiffi
N

p ÞuμX̃μψe−ið1=
ffiffiffi
N

p ÞuνX̃ν ; ϕ̃u=
ffiffiffi
N

p ≔ eið1=
ffiffiffi
N

p ÞuμX̃0
μϕe−ið1=

ffiffiffi
N

p ÞuνX̃0
ν : ðD73Þ

Let us fix orthonormal bases fjkigd−1k¼1 and fjk0igd
0−1

k0¼1
for the orthogonal complements to jψi and jϕi, respectively, where

d ≔ dimH, d0 ≔ dimH0, and jψi∈H; jϕi∈H0 are unit vectors such that ψ ¼ jψihψ j and ϕ ¼ jϕihϕj. For matrices
C∶ Cm → Cd−1, C0∶ Cm → Cd0−1 whose elements are given by

ðCÞki ≔ −ihkjXμjψi; ðC0Þl0i ≔ −ihl0jX0
μjϕi; ðD74Þ

we define matrices Z∶ Cd−1 → Cd0−1 and Γ ≔ Cd−1 → Cd−1 by

Z ≔ C0Cþ ðD75Þ

and

Γ ≔ I − Z†Z; ðD76Þ
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respectively, where Cþ denotes the Moore-Penrose inverse of C. Note that the assumption that Covðψ ; fXμgmμ¼1Þ ≥
Covðϕ; fX0

μgmμ¼1Þ is equivalent to

C†C ≥ C0†C0: ðD77Þ

Let P be the projector to the range of C, given by P ¼ CCþ. By using Eq. (D77), it holds

Γ ¼ I − Z†Z ≥ P − Z†Z ¼ P2 − Z†Z ¼ ðCþÞ†ðC†C − C0†C0ÞCþ ≥ 0; ðD78Þ

i.e., Γ is positive-semidefinite. By using the square root
ffiffiffi
Γ

p
of Γ, the operators fKkgd−1k¼0 defined by

K0 ≔ jϕihψ j þ
Xd0−1
k0¼1

Xd−1
k¼1

zk0kjk0ihkj; ðD79Þ

Kk ≔
Xd−1
l¼1

ð
ffiffiffi
Γ

p
Þkljϕihlj ðk ¼ 1; 2;…; d − 1Þ ðD80Þ

satisfy the normalization condition:

Xd−1
k¼0

K†
kKk ¼ jψihψ j þ

Xd−1
k;l¼1

Xd0−1
k0;l0¼1

z�k0kzl0lδk0l0 jkihlj þ
Xd−1
k;l¼1

Xd−1
m¼1

ð
ffiffiffi
Γ

p
Þ�mkð

ffiffiffi
Γ

p
Þmljkihlj ðD81Þ

¼ jψihψ j þ
Xd−1
k;l¼1

jkihljðZ†Z þ ΓÞkl ¼ jψihψ j þ
Xd−1
k¼1

jkihkj ¼ I: ðD82Þ

Therefore, the linear map Eð·Þ ≔P
d−1
k¼0 Kkð·ÞK†

k is a completely positive trace-preserving map, i.e., a quantum channel. In
the following, we prove that this quantum channel satisfies Eq. (D72).
Let us define Hermitian operators O and O0 by O ≔ uμX̃μ=

ffiffiffiffi
N

p
and O0 ≔ uμX̃0

μ=
ffiffiffiffi
N

p
, respectively. Introducing a finite

non-negative number L by

L ≔ max

�
max
kθk¼1

kθμX̃μk∞; max
kθk¼1

kθμX̃0
μk∞



; ðD83Þ

we have kOk∞ ≤ Lðkuk= ffiffiffiffi
N

p Þ and kO0k∞ ≤ Lðkuk= ffiffiffiffi
N

p Þ. Applying Lemmas D4 and D5 for fðθÞ ≔
e−iθO

0
EðeiθOψe−iθOÞeiθO0

, we get����
�
ϕ

����fð1Þ −
�
fð0Þ þ f0ð0Þ þ 1

2
f00ð0Þ

�����ϕ
����� ≤

����fð1Þ −
�
fð0Þ þ f0ð0Þ þ 1

2
f00ð0Þ

�����
1

ðD84Þ

≤
23

6
ðkOk∞ þ kO0k∞Þ3 ≤

26

6

�
L
kukffiffiffiffi
N

p
�

3

; ðD85Þ

where we have used the fact that kEk ≤ 1 holds for any positive and trace-preserving map E [136].
Let us evaluate each term of hϕjðfð0Þ þ f0ð0Þ þ 1

2
f00ð0ÞÞjϕi. From the definition of the channel E, we get EðψÞ ¼ ϕ,

implying that

hϕjfð0Þjϕi ¼ 1: ðD86Þ

Since hϕjO0jϕi ¼ 0, we have hϕjO0EðψÞjϕi ¼ 0 and hϕjEðψÞO0jϕi ¼ 0. In addition, since
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EðOψÞ ¼ −iffiffiffiffi
N

p
Xd0−1
k0¼1

ðZCuÞk0 jk0ihϕj; ðD87Þ

we also get hϕjEðOψÞjϕi ¼ 0 and hϕjEðψOÞjϕi ¼ 0. Therefore,

hϕjf0ð0Þjϕi ¼ 0: ðD88Þ

From EðψÞ ¼ ϕ and hϕjO0jϕi ¼ 0, we get

1

2
hϕjðO02EðψÞ þ EðψÞO02Þjϕi ¼ hϕjO02jϕi ¼ 1

N
uμuνhϕjX̃0

μX̃0
νjϕi ¼

1

N
ðC0†uÞ†C0u; ðD89Þ

hϕjO0EðψÞO0jϕi ¼ 0: ðD90Þ

From Eq. (D87), we find hϕjEðOψÞ ¼ 0 and EðψOÞjϕi ¼ 0. Therefore,

hϕjEðOψÞO0jϕi ¼ 0; hϕjO0EðψOÞjϕi ¼ 0: ðD91Þ

From Eq. (D87), we also get

O0EðOψÞ ¼ 1

N
ðC0uÞ†ZCujϕihϕj; EðψOÞO0 ¼ 1

N
ðZCuÞ†C0ujϕihϕj; ðD92Þ

implying that

hϕjO0EðOψÞjϕi ¼ 1

N
ðC0uÞ†ZCu; hϕjEðψOÞO0jϕi ¼ 1

N
ðZCuÞ†C0u: ðD93Þ

From the definition of the quantum channel E, we get

EðO2ψÞ ¼ 1

N
E½ðCuÞ†ðCuÞjψihψ j� ¼ 1

N
ðCuÞ†ðCuÞjϕihϕj; ðD94Þ

EðOψOÞ ¼ 1

N

Xd−1
k;l¼1

ðCuÞkðCuÞ�l EðjkihljÞ ¼
1

N

�Xd0−1
k0;l0¼1

ðZCuÞk0 ðZCuÞ�l0 jk0ihl0j þ ðCuÞ†ΓCujϕihϕj
�
; ðD95Þ

and, hence,

1

2
hϕjEðO2ψ þ ψO2Þjϕi ¼ 1

N
ðCuÞ†Cu; hϕjEðOψOÞjϕi ¼ 1

N
ðCuÞ†ΓðCuÞ: ðD96Þ

By combining these results, we get�
ϕ

���� 12 f00ð0Þ
����ϕ
�

¼ −
1

2
hϕj½O02EðψÞ − 2O0EðψÞO0 þ EðψÞO02�jϕi þ hϕj½O0EðOψ − ψOÞ − EðOψ − ψOÞO0�jϕi

−
1

2
hϕjEðO2ψ − 2OψOþ ψO2Þjϕi ðD97Þ

¼ 1

N
ð−ðC0†uÞ†C0uþ ðC0uÞ†ZCuþ ðZCuÞ†C0u − ðCuÞ†Cuþ ðCuÞ†ΓðCuÞÞ ðD98Þ

¼ −
1

N
u†ðC0 − ZCÞ†ðC0 − ZCÞu: ðD99Þ

Let Q be the projector Q to the support of C, given by Q ¼ CþC. From C†C ≥ C0†C0, we get
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ðC0 − ZCÞ†ðC0 − ZCÞ ¼ ðI −QÞðC0†C0ÞðI −QÞ ≤ ðI −QÞC†CðI −QÞ ¼ ðI −QÞC†ðC − CCþCÞ ¼ 0: ðD100Þ

We, thus, have C0 − ZC ¼ 0, which implies

hϕj 1
2
f00ð0Þjϕi ¼ 0: ðD101Þ

Since FidðEðψ̃u=
ffiffiffi
N

p Þ; ϕ̃u=
ffiffiffi
N

p Þ ¼ hϕjfð1Þjϕi, from Eqs. (D85), (D86), (D88), and (D101), we have proven����Fid�Eðψ̃u=
ffiffiffi
N

p Þ; ϕ̃u=
ffiffiffi
N

p
�
− 1

���� ≤ 26

6

�
L
kukffiffiffiffi
N

p
�

3

≤
26

6
ðLN−1=2þϵÞ3 ðD102Þ

for any u such that kuk < Nϵ.
Since ðN−1=2þϵÞ3 ¼ oð1=NÞ if ϵ∈ ð0; 1=6Þ, we get

inf
kuk<Nϵ

Fid
�
E⊗Nðψ̃⊗N

u=
ffiffiffi
N

p Þ; ϕ̃⊗N
u=
ffiffiffi
N

p
�
¼ inf

kuk<Nϵ
Fid
�
Eðψ̃u=

ffiffiffi
N

p Þ; ϕ̃u=
ffiffiffi
N

p
�
N
≥
�
1þ o

�
1

N

��
N
; ðD103Þ

and, hence,

lim
N→∞

inf
kuk<Nϵ

Fid
�
E⊗Nðψ̃⊗N

u=
ffiffiffi
N

p Þ; ϕ̃⊗N
u=
ffiffiffi
N

p
�
¼ 1 ðD104Þ

for ϵ∈ ð0; 1=6Þ. From the Fuchs–Van de Graaf inequalities, we also have

lim
N→∞

sup
kuk<Nϵ

T
�
E⊗Nðψ̃⊗N

u=
ffiffiffi
N

p Þ; ϕ̃⊗N
u=
ffiffiffi
N

p
�
¼ 0: ðD105Þ

Therefore, by using Lemma D6, we get

lim
N→∞

sup
kuk<Nϵ

T

�
E⊗Nðψ⊗N

u=
ffiffiffi
N

p Þ;ϕ⊗N
u=
ffiffiffi
N

p
�
¼ 0 ðD106Þ

for ϵ∈ ð0; 1=6Þ. ▪
By using Lemmas D8 and D9, we complete the proof of Lemma D1.
Lemma (restatement of Lemma D1). For sets of Hermitian operators fXμgmμ¼1 and fX0

μgmμ¼1, we define Uθð·Þ ≔
eiθ

μXμð·Þe−iθνXν and U 0
θð·Þ ≔ eiθ

μX0
μð·Þe−iθνX0

ν for θ∈Rm. For given two pure states ψ and ϕ, we define pure-state statistical
models by UθðψÞ and U 0

θðϕÞ and denote their QGTs by Qψ and Qϕ, respectively. If r > 0 satisfies Qψ ≥ rQϕ, then there
exists a sequence of quantum channels fENgN such that

lim
N→∞

sup
kuk<Nϵ

T
�
EN

�
Uu=

ffiffiffi
N

p ðψÞ⊗N
�
;U 0

u=
ffiffiffi
N

p ðϕÞ⊗brNc
�
¼ 0 ðD107Þ

for ϵ∈ ð0; 1=9Þ.
Proof. The assumptionQψ ≥ rQϕ is equivalent to Covðψ ; fXμgmμ¼1Þ ≥ rCovðϕ; fX0

μgmμ¼1Þ. Lemma D9 implies that there
is a channel E such that

lim
N→∞

sup
kuk<Nϵ

T
��

E
�
eiðuμXμ=

ffiffiffi
N

p Þψe−iðuμXμ=
ffiffiffi
N

p Þ
��

⊗N
;
�
eið
ffiffi
r

p
uμX0

μ=
ffiffiffi
N

p Þϕe−ið
ffiffi
r

p
uμX0

μ=
ffiffiffi
N

p Þ
�
⊗N
�
¼ 0 ðD108Þ

for ϵ∈ ð0; 1=9Þ. On the other hand, Lemma D8 implies there is a sequence of channels fE0
NgN such that

lim
N→∞

sup
kuk<Nϵ

T
�
E0
N

�
eið
ffiffi
r

p
uμX0

μ=
ffiffiffi
N

p Þϕe−ið
ffiffi
r

p
uμX0

μ=
ffiffiffi
N

p Þ
�
⊗N

;
�
eiðuμX0

μ=
ffiffiffi
N

p Þϕe−iðuμX0
μ=
ffiffiffi
N

p Þ
�
⊗brNc� ¼ 0: ðD109Þ
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Therefore, for E0
N ∘ E⊗N, we have

lim
N→∞

sup
kuk<Nϵ

T
�
E0
N ∘ E⊗N

�
eiðuμXμ=

ffiffiffi
N

p Þψe−iðuμXμ=
ffiffiffi
N

p Þ
�
⊗N

;
�
eiðuμX0

μ=
ffiffiffi
N

p Þϕe−iðuμXμ=
ffiffiffi
N

p Þ
�
⊗brNc� ¼ 0: ðD110Þ

▪

c. Proof of measurability of the set defined in Eq. (D5)

For δ > 0, let us define

HðδÞ ≔ fĝ∈Gj ∃ θ;Uθ ∘U ĝðψÞ ¼ UgðψÞ; kθk ≤ δg ðD111Þ

and prove that HðδÞ is a closed set. Let fhngn∈N be a convergent sequence in HðδÞ such that hn → h as n → ∞. From the
definition of HðδÞ, there exists a sequence fθngn∈N such that Uθn ∘UhnðψÞ ¼ UgðψÞ and kθnk ≤ δ. Because of the
compactness of the closed ball of radius δ, we can extract a convergent subsequence fθnkgk∈N such that θnk → θ0 for some
θ0 as k → ∞. Then, we have

UgðψÞ ¼ Uθnk
∘Uhnk

ðψÞ → Uθ0 ∘UhðψÞ; δ ≥ kθnkk → kθ0k ðD112Þ

as k → ∞. Therefore, h∈HðδÞ, implying that HðδÞ is a closed set.
From the definition of Gðg;δÞ

succ , we have

Gðg;δÞ
succ ¼ ⋃

n∈N
H
�
δ −

1

n

�
: ðD113Þ

Therefore, Gðg;δÞ
succ is a countable union of closed sets and, hence, is a measurable set.

d. Proof of Lemma D2

In Ref. [137], a bound on the error in a state tomography process is proven.
Lemma D10 (Theorem 1 in Ref. [137]). Fix any qudit state ρ. There exists an estimator ρ̂n consuming n samples of states,

ρ⊗n, such that

Pr ðkρ̂n − ρk1 ≥ δÞ ≤ de−nδ
2=43gðdÞr2 ; δ∈ ½0; 1�; ðD114Þ

where r ≔ minfrankðρÞ; rankðρ̂nÞg and gðdÞ is a constant depending only on the dimension of the Hilbert space d.
To prove Lemma D2, we relate the magnitude of error in trace distance to that in the parameter θ. For this purpose, we

begin by proving several lemmas. Since any compact Lie group G is isomorphic to a closed linear group, we assume G is a
compact linear Lie group and adopt its Schatten norm in the following arguments.
Lemma D11. Let U be a unitary representation of a compact linear Lie group G. Then,

∀ ϵ > 0 ∃ δ > 0 ∀ g; g0 ∈G

�
kUðg0ÞρUðg0Þ† −UðgÞρUðgÞ†k1 < δ → min

h∈SymGðρÞ
kg0 − ghk∞ < ϵ

�
: ðD115Þ

Proof. Since

kUðg0ÞρUðg0Þ† −UðgÞρUðgÞ†k1 ¼ kUðg−1g0ÞρUðg−1g0Þ† − ρk1; ðD116Þ

kg0 − ghk∞ ¼ kg−1g0 − hk∞; ðD117Þ

it is sufficient to prove that

∀ ϵ > 0 ∃ δ > 0 ∀ g∈G

�
kUðgÞρUðgÞ† − ρk1 < δ → min

h∈SymGðρÞ
kg − hk∞ < ϵ

�
: ðD118Þ
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We suppose that this statement does not hold. Then, we can take ϵ > 0 and a sequence ðgnÞn∈N in G such that

kUðgnÞρUðgnÞ† − ρk1 <
1

n
; ðD119Þ

min
h∈ SymGðρÞ

kgn − hk∞ ≥ ϵ ðD120Þ

for all n∈N. Since G is sequentially compact, we can take some subsequence ðgnðjÞÞj∈N that converges to k∈G. This
subsequence satisfies

kUðgnðjÞÞρUðgnðjÞÞ† − ρk1 <
1

nðjÞ ≤
1

j
; ðD121Þ

min
h∈SymGðρÞ

kgnðjÞ − hk∞ ≥ ϵ ðD122Þ

for all j∈N. By taking the limit of j → ∞ in Eq. (D121), we get kUðkÞρUðkÞ† − ρk1 ¼ 0, which implies k∈SymGðρÞ.
Thus, Eq. (D122) implies that

kgnðjÞ − kk∞ ≥ min
h∈ SymGðρÞ

kgnðjÞ − hk∞ ≥ ϵ ðD123Þ

for all j∈N. This contradicts with the fact that the subsequence ðgnðjÞÞj∈N converges to k. ▪
Lemma D12. Let ψ be a linear operator and A be a Hermitian operator. Then,

keiAψe−iA − ψk1 ≥ ð1 − kAk∞Þk½A;ψ �k1: ðD124Þ

Proof. We define FðuÞ ≔ eiuAψe−iuA for u∈R. Then, we have

eiAψe−iA − ψ − i½A;ψ � ¼ Fð1Þ − Fð0Þ − F0ð0Þ ¼
Z

1

0

du
Z

u

0

dvF00ðvÞ: ðD125Þ

By the triangle inequality and Hölder’s inequality, we get

keiAψe−iA − ψ − i½A;ψ �k1 ≤
Z

1

0

du
Z

u

0

dvkF00ðvÞk1 ¼
1

2
k½A; ½A;ψ ��k1 ≤ kAk∞k½A;ψ �k1: ðD126Þ

By using the triangle inequality again, we have

keiAψe−iA − ψ − i½A;ψ �k1 ≥ k½A;ψ �k1 − keiAψe−iA − ψk1: ðD127Þ

By Eqs. (D126) and (D127), we get Eq. (D124). ▪
We show an upper bound of keiðAþBÞe−iA − Ik∞ for general Hermitian operators A and B.
Lemma D13. Let A and B be Hermitian operators and satisfy kAþ Bk∞ þ 2kBk∞ < 1. Then,

���eiðAþBÞe−iA − I
���
∞
≤

kBk∞
1 − kAþ Bk∞ − 2kBk∞

: ðD128Þ
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Proof. By using the triangle inequality, we have���eiðAþBÞe−iA − I
���
∞
¼
���eiðAþBÞ − eiA

���
∞

¼
����X∞

k¼0

ik

k!
½ðAþ BÞk − Ak�

����
∞

≤
X∞
k¼0

1

k!

���½ðAþ BÞk − Ak�
���
∞
: ðD129Þ

Now let us prove k½ðAþ BÞk − Ak�k∞ ≤ ðkAk∞ þ kBk∞Þk − kAkk∞ by mathematical induction. This inequality is trivial
for k ¼ 0. Assume that the inequality holds for some k. Then, we get

kðAþ BÞkþ1 − Akþ1k∞ ¼ kðAþ BÞ½ðAþ BÞk − Ak� − BAkk∞ ðD130Þ

≤ kðAþ BÞk∞kðAþ BÞk − Akk∞ þ kBAkk∞ ðD131Þ

≤ ðkAk∞ þ kBk∞Þ½ðkAk∞ þ kBk∞Þk − kAkk∞� þ kBk∞kAkk∞ ðD132Þ

¼ ðkAk∞ þ kBk∞Þkþ1 − kAkkþ1
∞ : ðD133Þ

Thus, the inequality also holds for kþ 1.
Therefore, we get

���eiðAþBÞe−iA − I
���
∞
≤
X∞
k¼0

1

k!
½ðkAk∞ þ kBk∞Þk − kAkk∞�

¼ ekAk∞þkBk∞ − ekAk∞

≤ kBk∞ekAk∞þkBk∞

≤ kBk∞ekAþBk∞þ2kBk∞

≤
kBk∞

1 − kAþ Bk∞ − 2kBk∞
; ðD134Þ

where we used ex − 1 ≤ xex for all x∈R in the second inequality, the triangle inequality in the third inequality, and
ex ≤ 1=ð1 − xÞ for all x∈ ½0; 1Þ in the fourth inequality. ▪
When kAþ Bk∞ þ 3kBk∞ < 1, we show an upper bound of k log ðeiðAþBÞe−iAÞk∞. Note that log ðeiðAþBÞe−iAÞ is

guaranteed to be defined by Lemma D13.
Lemma D14. Let A and B be Hermitian operators and satisfy kAþ Bk∞ þ 3kBk∞ < 1. Then,

��� log�eiðAþBÞe−iA
����

∞
≤

kBk∞
1 − kAþ Bk∞ − 3kBk∞

: ðD135Þ

Proof. By the definition of the logarithm, we have

log
�
eiðAþBÞe−iA

�
¼
X∞
k¼1

ð−1Þk−1
k

ðeiðAþBÞe−iA − IÞk: ðD136Þ

By the triangle inequality, we have

���log ðeiðAþBÞe−iAÞ
���
∞
≤
X∞
k¼1

1

k

���eiðAþBÞe−iA − I
���k
∞
: ðD137Þ

By applying Lemma D13 to the right-hand side of this inequality, we get
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���log ðeiðAþBÞe−iAÞ
���
∞
≤
X∞
k¼1

1

k

� kBk∞
1 − kAþ Bk∞ − 2kBk∞

�
k

≤
X∞
k¼1

� kBk∞
1 − kAþ Bk∞ − 2kBk∞

�
k

¼ kBk∞
1 − kAþ Bk∞ − 3kBk∞

: ðD138Þ

▪
By using these lemmas, we prove the following.
Lemma D15. Let ρ be an operator, andU be a unitary representation of a compact Lie groupG. Then, there exist positive

constants δ�; c > 0 such that, for any g; ĝ∈G,

kUgðρÞ − U ĝðρÞk1 < δ� ⇒ ∃φ such that

�
Uφ ∘U ĝðρÞ ¼ UgðρÞ;
kφk ≤ ckUgðρÞ − U ĝðρÞk1;

ðD139Þ

where Uφð·Þ ≔ ei
P

n
k¼1

φkYkð·Þe−i
P

n
k¼1

φkYk with φ∈Rn and fYkgnk¼1 is a basis of the linear span of fXμgdim G
μ¼1 , where Xμ is

defined in Eq. (6).
Proof. We denote by A the linear space spanned by fYigni¼1 and define its linear subspace A0 by

A0 ≔ fA∈Aj½A; ρ� ¼ 0g ðD140Þ

and its complementary subspace A1.
Let us first consider an exceptional case where A1 ¼ ∅, i.e., A ¼ A0. Let G ¼⨆k

i¼0 Gi be the decomposition into the
connected components. Since Xμ commutes with ρ for all μ ¼ 1;…; dim G, we find UgðρÞ ¼ Ug0 ðρÞ if g and g0 are in the
same component. Note that the number of connected components is finite, since G is assumed to be a compact Lie group.
Therefore, there are only a finite number of distinct elements in the set fUgðρÞjg∈Gg. By setting

δ� ≔ min
g;g0 ∈G;UgðρÞ≠Ug0 ðρÞ

kUgðρÞ − Ug0 ðρÞk1 ðD141Þ

and c to be arbitrary positive number, Eq. (D139) holds for φ ¼ 0. We remark that this essentially includes the case whereG
is a finite group.
From now on, we consider the case where A1 ≠ ∅. In this case, let us define

m ≔ min
kDk∞¼1;D∈A1

k½D; ρ�k1 > 0: ðD142Þ

By Lemma D11 and the continuity of U, we can take δ > 0 such that

∀ g; g0 ∈G½kUgðρÞ − U ĝðρÞk1 < δ → min
h∈SymGðρÞ

kUðg−1ĝhÞ − Ik∞ < 1 − e−1=8�: ðD143Þ

We define

l ≔ min
kγk¼1

����X
k

γkYk

����
∞
: ðD144Þ

Note that l > 0 since fYkg are assumed to be linearly independent. We set δ� ≔ minfδ; m=16g and c ≔ 1=ðlmÞ and prove
that they satisfy Eq. (D139).
Fix arbitrary g; ĝ∈G satisfying kUgðρÞ − U ĝðρÞk1 < δ, and find appropriate φ satisfying Eq. (D139). By the definition of

δ, we can take h∈SymGðρÞ such that kUðg−1ĝhÞ − Ik∞ ≤ 1 − e−1=8 < 1. Thus, we can define

A ≔ −i log½Uðg−1ĝhÞ�: ðD145Þ
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By the definition of the logarithm, we have

kAk∞ ¼
����X∞

k¼1

ð−1Þk−1
k

ðUðg−1ĝhÞ − IÞk
����
∞

≤
X∞
k¼1

1

k
kUðg−1ĝhÞ − Ikk∞

¼ − log½1 − kUðg−1ĝhÞ − Ik∞�

≤
1

8
; ðD146Þ

where we used the triangle inequality in the first inequality and the second inequality follows from the choice of δ. By the
definition of A, we have

kUðĝÞρUðĝÞ† − UðgÞρUðgÞ†k∞ ¼ kUðg−1ĝhÞρUðg−1ĝhÞ† − ρk∞
¼ keiAρe−iA − ρk∞
≥ ð1 − kAk∞Þk½A; ρ�k∞
≥
1

2
k½A; ρ�k∞; ðD147Þ

where we used Lemma D12 in the first inequality and Eq. (D146) in the second inequality. Since A0 and A1 are
complementary subspaces of A, A can be decomposed into A ¼ A0 þ A1 with some A0 ∈A0 and A1 ∈A1. We can take
some D∈A1 such that A1 ¼ kA1k∞D and kDk∞ ¼ 1. Then, we have

k½A; ρ�k∞ ¼ k½A1; ρ�k∞ ¼ kA1k∞k½D; ρ�k1 ≥ mkA1k∞: ðD148Þ

By using Eqs. (D148) and (D147), we have

kA1k ≤
1

m
k½A; ρ�k∞ ≤

2

m
kUðĝÞρUðĝÞ† −UðgÞρUðgÞ†k∞: ðD149Þ

Since kUðĝÞρUðĝÞ† − UðgÞρUðgÞ†k∞ is upper bounded by δ and δ ≤ m=16, we get

kA1k ≤
2δ

m
≤
1

8
: ðD150Þ

By Eqs. (D146) and (D150) and Lemma D13, we get keiAe−iA0 − Ik∞ ≤ 1=5 < 1, which enables us to define

B ≔ −i logðeiAe−iA0Þ: ðD151Þ

We define φ by X
k

φkYk ¼ UðgÞBUðgÞ† ðD152Þ

and show that

kφk ≤
1

lm
kUðĝÞρUðĝÞ† − UðgÞρUðgÞ†k1; ðD153Þ

e−i
P

k
φkYkUðĝÞρUðĝÞ†ei

P
k
φkYk ¼ UðgÞρUðgÞ†: ðD154Þ

As for the proof of Eq. (D154), by using Eqs. (D152), (D151), and (D145), we have
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UðĝÞ†ei
P

k
φkYk ¼ Uðĝ−1ÞUðgÞeiBUðgÞ†

¼ Uðĝ−1gÞeiAe−iA0UðgÞ†
¼ Uðĝ−1gÞUðg−1ĝhÞe−iA0UðgÞ†
¼ UðhÞe−iA0UðgÞ†; ðD155Þ

which implies that

e−i
P

k
φkYkUðĝÞρUðĝÞ†ei

P
k
φkYk ¼ UðgÞeiA0UðhÞ†ρUðhÞe−iA0UðgÞ† ¼ UðgÞρUðgÞ†: ðD156Þ

Finally, we prove Eq. (D153). By Eqs. (D146) and (D150) and Lemma D14, we get

kBk∞ ≤
kA1k∞

1 − kAk∞ − 3kA1k∞
≤
kA1k∞

2
: ðD157Þ

Since we can take γ satisfying φ ¼ kφkγ and kγk ¼ 1, we have

kBk∞ ¼
����X

k

φkYk

����
∞
¼ kφk

����X
k

φkYk

����
∞
≥ lkφk: ðD158Þ

By using Eqs. (D158), (D157), and (D149), we get

kφk ≤
kBk∞

l
≤
kA1k∞
2l

≤
1

lm
kUðĝÞψUðĝÞ† −UðgÞψUðgÞ†k∞ ≤

1

lm
kUðĝÞψUðĝÞ† − UðgÞψUðgÞ†k1: ðD159Þ

▪
As a generalization of this lemma, we prove the following.
Lemma D16. Let ρ be an operator and U be a unitary representation of a compact Lie group G. Then, there exist positive

constants δ�; c > 0 such that, for any g; ĝ∈G,

kUgðρÞ − U ĝðρÞk1 < δ� ⇒ ∃ θ such that

�
Uθ ∘U ĝðρÞ ¼ UgðρÞ;
kθk ≤ ckUgðρÞ − U ĝðρÞk1;

ðD160Þ

where Uθð·Þ ≔ eiθ
μXμð·Þe−iθνXν for θ∈Rdim G, where Xμ is defined in Eq. (6).

Proof. Since fYigni¼1 in Lemma D15 is a basis of the linear span of fXμgdim G
μ¼1 , there is an n × dim G matrix L such thatP

dim G
μ¼1 LiμXμ ¼ Yi. By using the transpose L⊤ of L, we define θ∈Rdim G by θ ≔ L⊤φ, which satisfies θμXμ ¼

P
k φ

kYk.
Note that kθk ≤ kL⊤k2kφk holds, where kL⊤k2 denotes the matrix norm induced from the 2-norm for vectors, which is
finite. Therefore, Lemma D16 holds by replacing the constant c in Lemma D15 to ckL⊤k2. ▪
Combining Lemmas D10 and D16, we finally prove Lemma D2.
Lemma (restatement of Lemma D2). Let G be a compact Lie group and ρ be an arbitrary state. Fix ϵ∈ ð0; 1=2Þ. Then,

there exists an estimator of g∈G, which consumes UgðρÞ⊗n with n ¼ ⌈N1−ϵ⌉, such that its worst-case success probability
satisfies

lim
N→∞

psuccðN−1=2þϵÞ ¼ 1: ðD161Þ

Proof. Fix ϵ∈ ð0; 1=2Þ. Let δ�; c > 0 be constants assured to exist by Lemma D16. Applying Lemma D10 to a given state
UgðρÞ with δ ≔ N−1=2þϵ=ð2cÞ, we obtain a bound for the error probability in state tomography given by

Pr
�
kρ̂n − UgðρÞk1 < N−1=2þϵ=ð2cÞ

�
≥ 1 − de−n½N−1=2þϵ=ð2cÞ�2=43gðdÞr2

≥ 1 − de−N
ϵ=172gðdÞr2c2 ðD162Þ
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by performing measurements on n ¼ ⌈N1−ϵ⌉ copies of the system in a state UgðρÞ⊗n, where we have used
nN−1þ2ϵ ≥ N1−ϵN−1þ2ϵ ¼ Nϵ. From the estimated state ρ̂n, we pick up any ĝ∈G satisfying kU ĝðρÞ − ρ̂nk1 <
N−1=2þϵ=ð2cÞ as an estimate of the true value g∈G. If there is no ĝ satisfying kU ĝðρÞ − ρ̂nk1 < N−1=2þϵ=ð2cÞ, which
may happen with an exponentially small probability, we arbitrarily select ĝ as an element in G, such as e∈G. Whenever
kρ̂n − UgðρÞk1 < N−1=2þϵ=ð2cÞ holds, the estimated value ĝ∈G satisfies kU ĝðρÞ − UgðρÞk1 < N−1=2þϵ=c due to the
triangle inequality. In this case, for all sufficiently large N such that N−1=2þϵ=c < δ�, we get kθk < N−1=2þϵ. Therefore, the
success probability is bounded as Z

G
dμGðĝÞp½ĝjUgðψÞ⊗n�χ

Gðg;δÞ
succ

ðĝÞ ≥ 1 − c1e−c2N
ϵ
; ðD163Þ

where c1 ≔ d and c2 ≔ ½1=172gðdÞr2c2�. In other words, the failure probability is exponentially small in N. Since the rank
of the state, r, is invariant under unitary transformation and, hence, the constants c1 and c2 are independent of g, this bound
is uniform in g∈G, implying that

psuccðN−1=2þϵÞ ¼ inf
g∈G

Z
G
dμGðĝÞp½ĝjUgðψÞ⊗n�χ

GðgÞ
succðδÞðĝÞ ≥ 1 − c1e−c2N

ϵ
: ðD164Þ

Therefore, we get

lim
N→∞

psuccðN−1=2þϵÞ ¼ 1: ðD165Þ

▪

e. Proof of Lemma D3

We here prove Lemma D3 by using Lemma D1 and the relation in Eq. (B7).
Lemma D17 (restatement of Lemma D3). LetU andU0 be (nonprojective) unitary representations of a compact Lie group

G on finite-dimensional Hilbert spaces H and H0. Let ψ ∈PðHÞ and ϕ∈PðH0Þ be pure states. If r > 0 satisfies QUgðψÞ ≥
rQU 0

gðϕÞ for all g∈G, then there exists a sequence of quantum channels fEðgÞ
N gN such that the conversion error

δNðg; uÞ ≔ T
�
EðgÞ
N

�
Uu=

ffiffiffi
N

p ðUgðψÞÞ⊗N
�
;U 0

u=
ffiffiffi
N

p ðU 0
gðϕÞÞ⊗brNc

�
ðD166Þ

satisfies limN→∞supg∈Gsupkuk<NϵδNðg; uÞ ¼ 0 for ϵ∈ ð0; 1=9Þ.
Proof. Applying Lemma D1 to ψ and ϕ, we find that there exists a sequence of quantum channels fENgN such that

lim
N→∞

sup
kuk<Nϵ

T
�
EN

�
Uu=

ffiffiffi
N

p ðψÞ⊗N
�
;U 0

u=
ffiffiffi
N

p ðϕÞ⊗brNc
�
¼ 0 ðD167Þ

for ϵ∈ ð0; 1=9Þ.
For a general g∈G, we define a channel EðgÞ

N by using EN as follows: From Eq. (B7), there exists an invertible
dim G × dim G real matrix VðgÞ satisfying

UðgÞ†XμUðgÞ ¼
Xdim G

ν¼1

VðgÞνμXν: ðD168Þ

We define EðgÞ
N ≔ ðU 0

gÞ⊗brNc ∘ EN ∘ ðU−1
g Þ⊗N . Since UðgÞ†ðuμXμÞUðgÞ ¼ vμXμ, where v ≔ uVðgÞ⊤, for ψg ≔ UgðψÞ we

have

EðgÞ
N

�
Uu=

ffiffiffi
N

p ðψgÞ⊗N
�
¼ ðUgÞ⊗brNc ∘ EN

�
U−1
g ∘Uu=

ffiffiffi
N

p ∘UgðψÞ
�
⊗N ðD169Þ

¼ ðU 0
gÞ⊗brNc ∘ EN

�
Uv=

ffiffiffi
N

p ðψÞ
�
: ðD170Þ
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Therefore, we get

T
�
EðgÞ
N

�
Uu=

ffiffiffi
N

p ðψgÞ⊗N
�
;U 0

u=
ffiffiffi
N

p ðϕgÞ⊗brNc
�
¼ T

�
EN

�
Uv=

ffiffiffi
N

p ðψÞ⊗N
�
;U 0

v=
ffiffiffi
N

p ðϕÞ⊗brNc
�
; ðD171Þ

where we have used U0ðhÞ†ðuμX0
μÞU0ðhÞ ¼ vμX0

μ. Note that the induced norm kVðgÞk∞ ≔ maxu≠0 kVðgÞuk=kuk is finite
for any g∈G. Since kVðhÞk∞ and continuous in g∈G and G is compact, we find c ≔ supg∈GkVðgÞk∞ is also finite. By
using kvk ≤ ckuk, for any g∈G and kuk < Nϵ, we get

δNðg; uÞ ¼ T
�
EðgÞ
N

�
Uu=

ffiffiffi
N

p ðψgÞ⊗N
�
;U 0

u=
ffiffiffi
N

p ðϕgÞ⊗brNc
�

ðD172Þ

≤ sup
kvk<cNϵ

T
�
EN

�
Uv=

ffiffiffi
N

p ðψÞ⊗N
�
;U 0

v=
ffiffiffi
N

p ðϕÞ⊗brNc
�
: ðD173Þ

Since c is independent of N, for any ϵ∈ ð0; 1=9Þ, cNϵ < Nϵ0 holds for all sufficiently large N for any ϵ0 ∈ ðϵ; 1=9Þ.
Therefore,

lim
N→∞

sup
g∈G

sup
kuk<Nϵ

δNðg; uÞ ≤ lim
N→∞

sup
kvk<Nϵ0

T
�
EN

�
Uv=

ffiffiffi
N

p ðψÞ⊗N
�
;U 0

v=
ffiffiffi
N

p ðϕÞ⊗brNc
�

ðD174Þ

¼ 0; ðD175Þ

where the last equality follows from Eq. (D167). ▪

3. Asymptotic conversion error

We study the asymptotic behavior of the conversion error in our channels. While we do not aim to determine the optimal
error rate, our results will provide a basis for future higher-order analysis. In this subsection, we repeatedly use the Fuchs–
Van de Graaf inequalities, i.e.,

1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fidðρ; σÞ

p
≤ Tðρ; σÞ ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fidðρ; σÞ

p
: ðD176Þ

In what follows, we fix some ϵ∈ ð0; 1=9Þ. We first analyze the errors in the conversion from fψ⊗N
u=
ffiffiffi
N

p gN to fϕ⊗brNc
u=
ffiffiffi
N

p gN . For
this purpose, we investigate each of the following steps (i)–(iv):

ψ⊗N
u=
ffiffiffi
N

p ≈
LemmaD6

ðiÞ
ψ̃⊗N
u=
ffiffiffi
N

p ⟶
Eq: ðD105Þ

ðiiÞ
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p ⟶
Eq: ðD68Þ

ðiiiÞ
ϕ̃⊗brNc
u=
ffiffiffi
N

p ≈
LemmaD6

ðivÞ
ϕ⊗brNc
u=
ffiffiffi
N

p : ðD177Þ

Here, we remind the readers of our notations: ψ̃θ ¼ eiθ
μX̃μψe−iθ

νX̃ν and ϕ̃θ ¼ eiθ
μX̃0

μψe−iθ
νX̃0

ν for θ∈Rdim G with X̃μ ¼
ðI − ψÞXμψ þ ψXμðI − ψÞ and X̃0

μ ¼ ðI − ϕÞX0
μϕþ ϕX0

μðI − ϕÞ.
Steps (i) and (iv)—From Lemma D6 and Eq. (D48) in its proof, we have���Fid�ψu=

ffiffiffi
N

p ; ψ̃u=
ffiffiffi
N

p
�
− 1
��� ≤ a1N−3=2þ3ϵ; ðD178Þ

���Fid�ϕu=
ffiffiffi
N

p ; ϕ̃u=
ffiffiffi
N

p
�
− 1
��� ≤ a2N−3=2þ3ϵ ðD179Þ

with some finite non-negative constants a1 and a2 independent of N. Since the fidelity is multiplicative and is less than or
equal to one, we obtain

Fid
�
ψ⊗N
u=
ffiffiffi
N

p ; ψ̃⊗N
u=
ffiffiffi
N

p
�
¼ Fid

�
ψu=

ffiffiffi
N

p ; ψ̃u=
ffiffiffi
N

p
�
N
≥
�
1 − a1N−3=2þ3ϵ

�
N ¼ 1 −OðN−1=2þ3ϵÞ; ðD180Þ

Fid
�
ϕ⊗brNc
u=
ffiffiffi
N

p ; ϕ̃⊗brNc
u=
ffiffiffi
N

p
�
¼ Fid

�
ϕu=

ffiffiffi
N

p ; ϕ̃u=
ffiffiffi
N

p
�brNc

≥
�
1 − a2N−3=2þ3ϵ

�brNc ¼ 1 −OðN−1=2þ3ϵÞ; ðD181Þ
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where we used ϵ < 1=9 < 1=6. Therefore, we find

sup
kuk<Nϵ

T
�
ψ⊗N
u=
ffiffiffi
N

p ; ψ̃⊗N
u=
ffiffiffi
N

p
�
≤ inf

kuk<Nϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fid

�
ψ⊗N
u=
ffiffiffi
N

p ; ψ̃⊗N
u=
ffiffiffi
N

p
�r
¼ OðN−ð1−6ϵÞ=4Þ; ðD182Þ

sup
kuk<Nϵ

T
�
ϕ⊗brNc
u=
ffiffiffi
N

p ; ϕ̃⊗brNc
u=
ffiffiffi
N

p
�
≤ inf

kuk<Nϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fid

�
ϕ⊗brNc
u=
ffiffiffi
N

p ; ϕ̃⊗brNc
u=
ffiffiffi
N

p
�r
¼ OðN−ð1−6ϵÞ=4Þ: ðD183Þ

Step (ii)—For r satisfying Qψ ≥ rQϕ, in Lemma D6 and its proof, we have constructed a quantum channel E satisfying
Eq. (D102), i.e., ���FidðEðψ̃u=

ffiffiffi
N

p Þ; ϕ̃ ffiffi
r

p
u=
ffiffiffi
N

p Þ − 1
��� ≤ a3N−3=2þ3ϵ ðD184Þ

for a finite non-negative constant a3 independent of N. Therefore, as in steps (i) and (iv), we obtain

sup
kuk<Nϵ

T
�
E⊗N

�
ψ̃⊗N
u=
ffiffiffi
N

p
�
; ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p
�
≤ inf

kuk<Nϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fid

�
E
�
ψ̃u=

ffiffiffi
N

p
�
; ϕ̃ ffiffi

r
p

u=
ffiffiffi
N

p
�
N

r
¼ OðN−ð1−6ϵÞ=4Þ: ðD185Þ

Step (iii)—The sequences of channels fT NgN and fSNgN in Eqs. (D66) and (D67) are provided in Theorem 3.3 in
Ref. [73]. The conversion errors are shown to be polynomial in N, i.e.,

sup
kuk<Nϵ

T
�
T N

�
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p
�
; j ffiffiffirp

C0uih ffiffiffi
r

p
C0uj

�
¼ OðN−κÞ; ðD186Þ

sup
kuk<Nϵ

T
�
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p ;SNðj
ffiffiffi
r

p
C0uih ffiffiffi

r
p

C0ujÞ
�
¼ OðN−κÞ ðD187Þ

holds for some κ > 0.
Since the term arising from Eq. (D63) is of the order of OðN−1=2Þ and, hence, subdominant, we get

sup
kuk<Nϵ0

T
�
ϕ̃⊗brNc
u=
ffiffiffi
N

p ;SbrNc
�
j ffiffiffirp

C0uih ffiffiffi
r

p
C0uj

��
¼ OðN−κÞ: ðD188Þ

Consequently, we get

sup
kuk<Nϵ

T
�
SbrNc ∘ T N

�
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p
�
; ϕ̃⊗brNc

u=
ffiffiffi
N

p
�
¼ OðN−κÞ: ðD189Þ

From Eqs. (D182), (D183), (D185), and (D189), we obtain

sup
kuk<Nϵ

T
�
SbrNc ∘ T N ∘ E⊗N

�
ψ⊗N
u=
ffiffiffi
N

p
�
;ϕ⊗brNc

u=
ffiffiffi
N

p
�
¼ OðN−κ0 Þ; κ0 ≔ min

n
κ;
1

4
ð1 − 6ϵÞ

o
: ðD190Þ

We remark that the conversion channels SbrNc and T N are constructed in the proof of Theorem 3.3 in Ref. [73], while the
channel E is constructed in Lemma D6.
From these sequences of channels, the sequence of channels fEðgÞ

N g is constructed in the proof of Lemma D3, which
satisfies

sup
g∈G

sup
kuk<Nϵ

δNðg; uÞ ¼ sup
g∈G

sup
kuk<Nϵ

T
�
EðgÞ
N

�
Uu=

ffiffiffi
N

p ðψgÞ⊗N
�
;U 0

u=
ffiffiffi
N

p ðϕgÞ⊗brNc
�
¼ OðN−κ0 Þ; ðD191Þ

where ϵ1 is an arbitrarily small positive constant. Therefore, for the channels fENg defined in Eq. (D9), from Eqs. (D12),
(D13), and (D164), we obtain
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inf
g∈G

Fid
�
EN ½UgðψÞ⊗N �;U 0

gðϕÞ⊗brN0c
�
≥ psuccðN−1=2þϵÞ × fN ¼

�
1 −O

�
N−κ0

��2
; ðD192Þ

implying that

sup
g∈G

T
�
EN ½UgðψÞ⊗N �;U 0

gðϕÞ⊗brN0c
�
¼ O

�
N−ð1=2Þκ0�: ðD193Þ

Following the arguments around Eq. (D16), for an arbitrarily small δ > 0, by using the channel ΛN discarding brN0c −
bðr − δÞNc copies of the output system, we find

sup
g∈G

T
�
ΛN ∘ EN ½UgðψÞ⊗N �;U 0

gðϕÞ⊗bðr−δÞNc
�
¼ O

�
N−ð1=2Þκ0�: ðD194Þ

Finally, we introduce

E0
N ≔

Z
dμGðgÞU 0

g−1
⊗bðr−δÞNc ∘ΛN ∘ EN ∘U⊗N

g : ðD195Þ

From Lemma 2, fE0
NgN is a sequence of G-covariant channels such that

T
�
E0
Nðψ⊗NÞ;ϕ⊗bðr−δÞNc

�
¼ O

�
N−ð1=2Þκ0�: ðD196Þ

Therefore, with this sequence of conversion channels fE0
NgN , the conversion error in trace distance decays polynomially

with N.
Adopting the result of Ref. [73], we see that the coefficient κ0 is determined by κ, which characterizes the conversion error

in QLAN. This implies that an improvement of the QLAN error rate directly translates into an improvement of our
conversion error. To demonstrate this, we use Lemma C.6 in Ref. [73], which states that

sup
kuk<Nϵ

T
�
T Nðϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p
�
; j ffiffiffirp

C0uih ffiffiffi
r

p
C0uj

�
¼ O

�
N−ð1=4ÞþΔ þN−ð1=2Þþζ þN−ð1=2Þþζþη þNð9η−2Þ=24 þN−ð1=4Þþð3ϵ=2ÞþΔ þN−ð1=2Þþðα=2Þþðη=2Þ þN−ð1=2Þþð3η=2Þ þN−Δ=2

�
ðD197Þ

where ζ, Δ, α, and η are constants, which can be arbitrarily chosen as long as they satisfy

0 < ζ <
1

4
; 0 < Δ;

1

2
þ ζ < α; η <

2

9
; 0 < ϵ <

η − Δ
2

: ðD198Þ

The same bound applies SN as noted in Eq. (C.9) in Ref. [73]. For example, let ϵ0 ∈ ð4ϵ=7; 4=63Þ and choose

ζ ¼ ϵ0; Δ ¼ 2

21
−
3

2
ϵ0; α ¼ 1

2
þ 2ζ ¼ 1

2
þ 2ϵ0; η ¼ 2

21
þ 2ϵ0; ðD199Þ

which satisfy the above constraints. Substituting these parameters yields

sup
kuk<Nϵ

T
�
T N

�
ϕ̃⊗Nffiffi

r
p

u=
ffiffiffi
N

p
�
; j ffiffiffirp

C0uih ffiffiffi
r

p
C0uj

�
¼ O

�
N−ð1=21Þþð3=4Þϵ0�: ðD200Þ

Hence, κ can be chosen arbitrarily close to 1
21
.

APPENDIX E: PROOF OF EQ. (55)

Following the standard argument using typical sequence [24,74], we prove Eq. (55), i.e.,
P

i∈ ½k� piAcðρiÞ ≥ AcðρÞ for
ρ ¼Pi∈ ½k� piρi, where ½k� ≔ f1; 2;…; kg.
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Proof. Without loss of generality, we can assume that pi > 0 for all i∈ ½k�. If AcðρiÞ ¼ ∞, the inequality is trivial.
Therefore, we consider only the case where AcðρiÞ < ∞ for all i∈ ½k� below.
The i.i.d. copies of ρ are given by

ρ⊗N ¼
�X

i∈ ½k�
piρi

�
⊗N

¼
X
i∈ ½k�N

piρi; ðE1Þ

where i ≔ i1i2…iN ∈ ½k�N , pi ≔
Q

N
j¼1 pij , and ρi ≔ ⊗N

j¼1ρij . For l∈ ½k�, let nlðiÞ denote the number of occurrence of l in
i1i2…iN . For δ > 0, we define δ-typical sequence as

T δ ≔
�
i ¼ i1i2…iN ∈ ½k�

����∀ l∈ ½k�;
���� nlðiÞN

− pl

���� ≤ δ



: ðE2Þ

The i.i.d. state ρ⊗N is decomposed as

ρ⊗N ¼
X
i∈ T δ

piρi þ
X
i∉T δ

piρi: ðE3Þ

Let us introduce a density operator

ρ̃N ≔
X
i∈ T δ

piρi þ perrρsym; ðE4Þ

where perr ≔ 1 −
P

i∈ T δ
pi and ρsym is some symmetric state, e.g., the maximally mixed state. From the standard

argument on a typical sequence, for any δ > 0, the probability perr converges to zero as N → ∞, which implies
limN→∞ Tðρ⊗N; ρ̃NÞ ¼ 0. Thus, we prepare ρ̃N instead of ρ⊗N .

The state ρi is equivalent to ⊗l∈ ½k� ρ
⊗nlðiÞ
l up to permutation. Note that the permutation, which is composed of the

SWAP operations among subsystems, is a G-covariant operation. For a typical sequence i∈ T δ, nlðiÞ ≤ Nðpl þ δÞ
holds for all l∈ ½k�. Therefore, a state ρi for a typical sequence i∈ T δ can be created by first preparing⊗l∈ ½k� ρ

⊗bNðplþδÞc
l via

a G-covariant operation, discarding some copies if needed, and then operating a permutation. For each l∈ ½k�, for rl
satisfying rl > ðpl þ δÞAcðρlÞ, it holds

n
ϕ
⊗⌈rlN⌉o

N
⟶
G-cov fρ⊗bNðplþδÞc

l gN: ðE5Þ

Therefore, introducing r ≔
P

i∈ ½k� rl, there exists a sequence of G-covariant channels fEðiÞ
N gN for any i∈ T δ such that

lim
N→∞

T
�
EðiÞ
N ðϕ⊗⌈rN⌉Þ; ρi

�
¼ 0: ðE6Þ

Defining a sequence of G-covariant channels fENgN by

ENð·Þ ≔
X
i∈ T δ

piE
ðiÞ
N ð·Þ þ perrEsym;Nð·Þ; ðE7Þ

where Esym;Nð·Þ denotes the G-covariant channel that maps arbitrary state into a symmetric state ρsym, we get

T
�
ENðϕ⊗⌈rN⌉Þ; ρ̃N

�
¼ T

�X
i∈ T δ

piE
ðiÞ
N ðϕ⊗⌈rN⌉Þ þ perrρsym;

X
i∈ T δ

piρi þ perrρsym

�
ðE8Þ

≤
X
i∈ T δ

piT
�
EðiÞ
N ðϕ⊗⌈rN⌉Þ; ρi

�
ðE9Þ

≤ max
i∈ T δ

T
�
EðiÞ
N ðϕ⊗⌈rN⌉Þ; ρi

�
; ðE10Þ
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where we have used the strong convexity of the trace distance in the first inequality and
P

i∈ T δ
pi ≤ 1 in the last inequality.

Thus, from Eq. (E6), we find limN→∞ TðENðϕ⊗⌈rN⌉Þ; ρ̃NÞ ¼ 0. By using limN→∞ Tðρ⊗N; ρ̃NÞ ¼ 0, we get
limN→∞ TðENðϕ⊗⌈rN⌉Þ; ρ⊗NÞ ¼ 0. Therefore, for r ¼Pl∈ ½k� rl, we find fϕ⊗⌈rN⌉gN ⟶G-cov fρ⊗NgN . Note that r satisfies

r ¼
X
l∈ ½k�

rl >
X
l∈ ½k�

ðpl þ δÞAcðρlÞ ¼
X
l∈ ½k�

plAcðρlÞ þ δ ×

�X
l∈ ½k�

AcðρlÞ
�
: ðE11Þ

Since δ > 0 can be arbitrarily small and
P

l∈ ½k�AcðρlÞ < ∞, we find that fϕ⊗⌈rN⌉gN ⟶G-cov fρ⊗NgN holds for any
r >

P
l∈ ½k� plAcðρlÞ. Therefore, we get

P
i∈ ½k� piAcðρiÞ ≥ AcðρÞ. ▪

If a state ρ can be written as ρ ¼Pk−1
i¼1 piψ i þ psρs for symmetric state ρs and pure states fψ igk−1i¼1 satisfying

SymGðϕÞ ⊂ SymGðψ iÞ, then we get Eq. (56) as an upper bound on the asymmetry cost of ρ, given by

Xk−1
i¼1

pi inf
n
r ≥ 0j∀ g∈G; rQUgðϕÞ ≥ QU 0

gðψ iÞ
o
≥ AcðρÞ: ðE12Þ

Minimizing the left-hand side over such an ensemble yields a better bound.
However, such a decomposition does not always exist. Let us consider an example of a two-qubit system withG ¼ Uð4Þ

symmetry. Let ϕ be a spin-singlet state and ρ be a mixed state consisting of three spin-triplet states with equal probabilities.
Note that SymGðϕÞ ¼ SymGðρÞ since ϕþ 3ρ ¼ I. We now demonstrate that ρ cannot be expressed as a probabilistic
mixture of symmetric state ρs and pure states fψ igi satisfying SymGðϕÞ ⊂ SymGðψ iÞ. For any U∈Uð2Þ, U⊗2 leaves ϕ
invariant, meaning thatU⊗2 ∈SymGðϕÞ. Any state ψ i for whichU⊗2 ∈SymGðψ iÞ can be expressed as a linear combination
of the identity and SWAP operators. In particular, the unique pure state satisfying this condition is the singlet state ϕ. Since
the maximally mixed state is the unique symmetric state under G ¼ Uð4Þ symmetry, the state ρ cannot be expressed as a
probabilistic mixture of a symmetric state and pure states fψ igi satisfying SymGðϕÞ ⊂ SymGðψ iÞ.

APPENDIX F: PROOF OF AN UPPER BOUND ON THE ASYMMETRY COST (PROPOSITION 1)

In this section, we present the proof of Proposition 1, which provides an upper bound on the asymmetry cost. It is worth
emphasizing that, unlike the result in the previous section, Proposition 1 does not impose any constraint on the symmetry
subgroups in the ensemble decomposition. Intuitively, this relaxation is possible because the symmetry subgroup constraint
is relevant only for the estimation step in the estimation-and-conversion strategy introduced in Appendix D 1, while the
conversion step succeeds as long as the monotonicity condition of QGTs is satisfied. Below, we carefully modify the
argument of typical sequences presented in the previous section and use it to extend the proof of Proposition D1, thereby
establishing Proposition 1. Following the convention in the main text, we define Ugð·Þ ≔ UðgÞð·ÞUðgÞ† for a unitary
representation U of G. Note that, with a slight abuse of notation, we also write Uθð·Þ ≔ eiθ

μXμð·Þe−iθνXν for θ∈Rdim G.
Lemma F1. Let U and U0 be (nonprojective) unitary representations of a compact Lie group G on finite-dimensional

Hilbert spaces H and H0. Let ρ be a state on H and σ be a state on H0. Consider an ensemble fpi; σigi∈ ½k� such that
σ ¼Pi piσi, where ½k� ≔ f1;…; kg. Suppose that for each i, for some finite ri > 0, there exists a sequence of quantum

channels Eði;gÞ
N such that

δðiÞN ðg; uÞ ≔ T

�
Eði;gÞ
N

�
Uu=

ffiffiffi
N

p ðρgÞ
⊗⌈riN⌉

�
;U 0

u=
ffiffiffi
N

p ðσi;gÞ⊗N

�
ðF1Þ

satisfies limN→∞supg∈Gsupkuk<NϵδðiÞN ðg; uÞ ¼ 0 for ϵ0 ∈ ð0; ϵÞ, where ρg ≔ UgðρÞ and σi;g ≔ U 0
gðσiÞ. Then, there exists a

sequence of quantum channels EðgÞ
N and ϵ0 ∈ ð0; 1Þ such that

lim
N→∞

sup
g∈G

sup
kuk<Nϵ0

T
�
EðgÞ
N

�
Uu=

ffiffiffi
N

p ðρgÞ⊗⌈rN⌉
�
;U 0

u=
ffiffiffi
N

p ðσgÞ⊗N
�

ðF2Þ

for r ≔
P

i piri þ Δ and σg ≔ U 0
gðσÞ, where Δ is an arbitrary positive number.

Proof. If pi ¼ 1 for some i, then the statement is trivial. In the following, we consider only the case where pi < 1 for all i.
We take δ > 0 such that pi þ δ < 1 for all i.
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The i.i.d. copies of σ are expressed as

σ⊗N ¼
�X

i∈ ½k�
piσi

�
⊗N

¼
X
i∈ ½k�N

piρi; ðF3Þ

where i ≔ ði1;…; iNÞ∈ ½k�N , pi ≔
Q

N
j¼1 pij , and σi ≔ ⊗N

j¼1ρij . For l∈ ½k�, let nlðiÞ denote the number of occurrence of l in
ði1;…; iNÞ. For δ > 0, we define δ-typical sequence as

T δ ≔
�
i ¼ ði1; i2;…; iNÞ∈ ½k�

����∀ l∈ ½k�;
���� nlðiÞN

− pl

���� ≤ δ



: ðF4Þ

Introducing

σ̃N ≔
X
i∈ T δ

piσi þ perrσsym; ðF5Þ

where perr ≔ 1 −
P

i∈ T δ
pi and σsym is some symmetric state (e.g., the maximally mixed state), the standard argument on a

typical sequence implies

lim
N→∞

Tðσ⊗N; σ̃NÞ ¼ 0: ðF6Þ

From the invariance of the trace distance under unitary operations, it also implies

lim
N→∞

sup
g∈G

sup
kuk<Nϵ

T
��

Uu=
ffiffiffi
N

p ðσgÞ
�
⊗N

;
�
U 0⊗N
u=
ffiffiffi
N

p ∘U 0⊗N
g

�
ðσ̃NÞ

�
¼ 0: ðF7Þ

Since the state σi is equivalent to ⊗l∈ ½k� σ
⊗nlðiÞ
l up to permutation, let us first consider a channel that approximately

creates ⊗l∈ ½k� σ
⊗nlðiÞ
l for a typical sequence i∈ T δ. Define a sequence of quantum channels FN by

F ðgÞ
N ≔ ⨂

l∈ ½k�
ðEðl;gÞ

Nl
Þ; ðF8Þ

where we have introduced Nl ≔ ⌈Nðpl þ δÞ⌉. From the subadditivity of the trace distance, we get

T
�
F ðgÞ

N

�
⨂
l∈ ½k�

�
Uu=

ffiffiffi
N

p ðρgÞ
�
⊗⌈rlNl⌉

�
; ⨂
l∈ ½k�

�
U 0
u=
ffiffiffi
N

p ðσl;gÞ
�
⊗Nl
�

≤
X
l∈ ½k�

T
�
Eðl;gÞ
Nl

�
Uu=

ffiffiffi
N

p ðρgÞ⊗⌈rlNl⌉
�
;U 0

u=
ffiffiffi
N

p ðσl;gÞ⊗Nl

�

¼
X
l∈ ½k�

δðlÞNl

�
g; u

ffiffiffiffiffi
Nl

p ffiffiffiffi
N

p
�
: ðF9Þ

Since δ satisfies pl þ δ < 1, we have Nl ≤ N, implying that ð ffiffiffiffiffi
Nl

p
=
ffiffiffiffi
N

p Þ ≤ 1. For all sufficiently large N, Nϵ0 < Nϵ
l holds

for ϵ0 ∈ ð0; ϵÞ, meaning that

kuk < Nϵ ⇒

����u
ffiffiffiffiffi
Nl

p ffiffiffiffi
N

p
���� < Nϵ

l : ðF10Þ

Therefore, we get that

sup
g∈G

sup
kuk<Nϵ0

T
�
F ðgÞ

N

�
⨂
l∈ ½k�

ðUu=
ffiffiffi
N

p ðρgÞ
�⨂⌈rlNl⌉

�
; ⨂
l∈ ½k�

�
Uu=

ffiffiffi
N

p ðσl;gÞÞ⊗Nl
�
≤
X
l∈ ½k�

sup
g∈G

sup
kuk<Nϵ

l

δðlÞNl
ðg; uÞ ðF11Þ
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holds for all sufficiently large N. Since Nl ≥ nlðiÞ holds for a typical sequence i∈ T δ, we can introduce a channelDNl→nlðiÞ
that discards Nl − nlðiÞ subsystems if Nl > nlðiÞ and does nothing if Nl ¼ nlðiÞ. For Di

N ≔ ⨂l∈ ½k�DNl→nlðiÞ, we get

sup
g∈G

sup
kuk<Nϵ0

T
�
DðiÞ

N ∘F ðgÞ
N

�
⨂
l∈ ½k�

�
Uu=

ffiffiffi
N

p ðρgÞ
�
⊗⌈rlNl⌉

�
; ⨂
l∈ ½k�

�
Uu=

ffiffiffi
N

p ðσl;gÞ
�
⊗nlðiÞ� ≤

X
l∈ ½k�

sup
g∈G

sup
kuk<Nϵ

l

δðlÞNl
ðg; uÞ: ðF12Þ

Denoting by Pi a channel that swaps subsystems so that PðiÞð⊗l∈ ½k� σ
⊗nlðiÞ
l Þ ¼ σi, which commutes with U⊗N

u ∘U⊗N
g ,

we get

sup
g∈G

sup
kuk<Nϵ0

T
�
Eði;gÞ
N

�
⨂
l∈ ½k�

�
Uu=

ffiffiffi
N

p ðρgÞ
�
⊗⌈rlNl⌉

�
;U⊗N

u=
ffiffiffi
N

p ðσi;gÞ
�
≤
X
l∈ ½k�

sup
g∈G

sup
kuk<Nϵ

l

δðlÞNl
ðg; uÞ ðF13Þ

for Eði;gÞ
N ≔ PðiÞ ∘Di

N ∘F ðgÞ
N .

We now fixΔ > 0 so that
P

l ⌈rlNl⌉ < ⌈rN⌉ for r ≔
P

l plrl þ Δ for all sufficiently large N. Since δ > 0 can be chosen
arbitrarily small and rl is finite from the assumption, Δ can also be made arbitrarily small. Defining a sequence of channels
fENgN by

EðgÞ
N ð·Þ ≔

X
i∈ T δ

piE
ði;gÞ
N ∘D⌈rN⌉→

P
l
⌈rlNl⌉

ð·Þ þ perrEsym;Nð·Þ; ðF14Þ

where Esym;Nð·Þ denotes a channel that maps an arbitrary state into a symmetric state ρsym, we get

T
�
EðgÞ
N

�
Uu=

ffiffiffi
N

p ðρgÞ
�
⊗⌈rN⌉

;U 0⊗N
u=
ffiffiffi
N

p ðσ̃N;gÞ
�

ðF15Þ

¼ T

�X
i∈ T δ

piE
ði;gÞ
N

�
⨂
l∈ ½k�

ðUu=
ffiffiffi
N

p ðρgÞÞ⊗⌈rlNl⌉

�
þ perrρsym;

X
i∈ T δ

piðU 0
u=
ffiffiffi
N

p ðσi;gÞÞ⊗N þ perrρsym

�
ðF16Þ

≤
X
i∈ T δ

piT
�
Eði;gÞ
N

�
⨂
l∈ ½k�

ðUu=
ffiffiffi
N

p ðρgÞÞ⊗⌈rlNl⌉
�
;U⊗N

u=
ffiffiffi
N

p ðσi;gÞ
�

ðF17Þ

≤ max
i∈ T δ

T
�
Eði;gÞ
N

�
⨂
l∈ ½k�

ðUu=
ffiffiffi
N

p ðρgÞÞ⊗⌈rlNl⌉
�
;U⊗N

u=
ffiffiffi
N

p ðσi;gÞ
�
; ðF18Þ

where we have used the joint convexity of the trace distance and
P

i∈ T δ
pi ≤ 1. From Eqs. (F7), (F13), and (F18), we get

lim
N→∞

sup
g∈G

sup
kuk<Nϵ0

T
�
EðgÞ
N

�
Uu=

ffiffiffi
N

p ðρgÞ⊗⌈rN⌉
�
;U 0

u=
ffiffiffi
N

p ðσgÞ⊗N
�
¼ 0: ðF19Þ

▪

APPENDIX G: CONVEX ROOF OF QGT

We show that the minimum of
P

i piQψ i , in the sense of matrix inequality, over the set of all finite ensembles
ffpig; fψ ig; ps; ρsg such that ρ ¼Pk−1

i¼1 piψ i þ psρs does not exist, in general. Here, ρs is a symmetric (possibly mixed)
state, fψ igk−1i¼1 are pure states, and fps; fpigig is a probability distribution, i.e., ps; pi ≥ 0 and

P
i pi þ ps ¼ 1.

Here, we provide an example where the minimum of
P

i piQψ i does not exist. Consider a qubit system with a unitary

representation ei
P

i¼x;y;z
θiσi of G ¼ SUð2Þ symmetry, where σx, σy, and σz are the Pauli operators. Consider a mixed state

ρ ¼ 1
2
ðI þ ϵσzÞ for some ϵ∈ ð0; 1Þ. We analyze two different decompositions ρ ¼ ϵj0ih0j þ ð1 − ϵÞ 1

2
I and

ρ ¼ 1
2
ðjψþihψþj þ jψþihψþjÞ, where jψ�i ≔ cos φ

2
j0i � sin φ

2
j1i for φ∈R such that cosφ ¼ ϵ. The QGT for each pure

state is calculated as follows:
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Qj0i ¼ Qj1i ¼

0
B@ 1 i 0

−i 1 0

0 0 0

1
CA; Qψ� ¼

0
B@ cos2 φ i cosφ ∓ cosφ

−i cosφ 1 �i sinφ

� cosφ sinφ ∓i sinφ sin2 φ

1
CA: ðG1Þ

For the first decomposition ρ ¼ ϵj0ih0j þ ð1 − ϵÞ 1
2
I, the average QGT is given by

ϵQj0i ¼

0
B@ cosφ i cosφ 0

−i cosφ cosφ 0

0 0 0

1
CA; ðG2Þ

while the average QGT for the second decomposition ρ ¼ 1
2
ðjψþihψþj þ jψþihψþjÞ is given by

1

2
Qψþ þ 1

2
Qψ− ¼

0
B@ cos2 φ i cosφ 0

−i cosφ 1 0

0 0 sin2 φ

1
CA: ðG3Þ

Now, suppose that there is an optimal decomposition of the state ρ such that ρ ¼Pi piψ i þ psρs, where fψ ig are pure
states and ρs is a symmetric state and denote the minimum of

P
i piQψ i by Q̃ρ. On the one hand, from Eq. (G2), Q̃ρ must

satisfy ðQ̃ρÞ33 ¼ 0. On the other hand, Eq. (G3) implies that ðQ̃ρÞ11 < cos2 φ. The condition ðQ̃ρÞ33 ¼ 0 implies that all the
pure states in the optimal decomposition are the eigenvectors of σz. For such a decomposition, however, ðQ̃ρÞ11 ¼ cosφ,
which contradicts the condition ðQ̃ρÞ11 < cos2 φ since cos2 φ < cosφ. Therefore, the minimum of

P
i piQψ i does not exist

for ρ ¼ 1
2
ðI þ ϵσzÞ.

APPENDIX H: QGT OF PURIFICATION

For a mixed state ρ on a system of interest S, we consider minimizing the QGTover the set of all purifications jΦρi of ρ,
by extending the arguments in Ref. [24]. Let A denote the ancillary system added to purify ρ. For sets of Hermitian operator
fXS;μgdim G

μ¼1 and fXA;μgdim G
μ¼1 , we define

Otot ≔ OS ⊗ IA þ IS ⊗ OA; OS ¼ γ†XS ≔ γμ�XS;μ; OA ¼ γ†XA ≔ γμ�XA;μ ðH1Þ

for γ ∈Cdim G. We introduce Φρ ≔ jΦρihΦρj. We minimize

VðΦρ; OtotÞ ≔ hΦρjOtotðI −ΦρÞO†
totjΦρi ¼ hΦρjOtotO

†
totjΦρi − hΦρjOtotjΦρihΦρjO†

totjΦρi ðH2Þ

over purificationsΦρ of ρ and the sets of Hermitian operators fXA;μgdim G
μ¼1 on A. We remark that the QGTQΦρ of purification

Φρ satisfies VðΦρ; OtotÞ ¼ γ†QΦργ.
For two different purifications jΦρi and jΦ0

ρi of ρ, there exists a unitary operatorUA on A such that jΦ0
ρi ¼ IS ⊗ UAjΦρi.

Since

hΦ0
ρjOtotðI −Φ0

ρÞO†
totjΦ0

ρi ¼ hΦρjO0
totðI −ΦρÞO0†

totjΦρi; ðH3Þ

where O0
tot ≔ OS ⊗ IA þ IS ⊗ γ†X0

A and X0
A;μ ≔ U†

AXA;μUA, it suffices to minimize over possible fXA;μgdim G
μ¼1 for a fixed

purification. In the following, we denote by jΦρi a purification of ρ given by

jΦρi ¼
X
i

ffiffiffiffiffi
pi

p jϕiijϕii ¼ ð ffiffiffi
ρ

p
⊗ IÞ

X
i

jϕiijϕii; ðH4Þ

where ρ ¼Pi pijϕiihϕij is the eigenvalue decomposition of ρ.
By redefining

XA;μ → X̃A;μ ≔ XA;μ − hΦρjXS;μ ⊗ IA þ IS ⊗ XA;μjΦρiIA; ðH5Þ
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we get

hΦρjXS;μ ⊗ IA þ IS ⊗ X̃A;μjΦρi ¼ 0 ðH6Þ

for all μ, implying that hΦρjγ†XS ⊗ IA þ IS ⊗ γ†X̃AjΦρi ¼ 0. Since adding the multiple of IA to XA;μ does not change
VðΦρ; OtotÞ, we assume, without loss of generality, that hΦρjOtotjΦρi ¼ hΦρjO†

totjΦρi ¼ 0 in the following. In this case, we
have

VðΦρ;OtotÞ ¼
X
i

pihϕijOSO
†
Sjϕiiþ

X
i

pihϕijOAO
†
Ajϕiiþ

X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p hϕi ⊗ ϕijðOS ⊗O†
AþO†

S ⊗OAÞjϕj ⊗ ϕji: ðH7Þ

Under a small variation of XA;μ to XA;μ þ δXA;μ for μ ¼ 1;…; dim G with Hermitian operators δXA;μ, the operator OA
changes OA → OA þ δOA, where δOA ≔ γμ�δXA;μ, and, hence, we get

δVðΦρ; OtotÞ ¼
X
i

pihϕijOAðδOAÞ†jϕii þ
X
i

pihϕijðδOAÞO†
Ajϕii

þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p hϕi⨂ϕij½OS ⊗ ðδOAÞ† þO†
S ⊗ ðδOAÞ�jϕj ⊗ ϕji þO½ðδOAÞ2� ðH8Þ

¼ Kμνγ
μ�γν þO½ðδOAÞ2�; ðH9Þ

where

Kμν ≔
X
i

pihϕijXA;μðδXA;νÞjϕii þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p hϕi ⊗ ϕijXS;μ ⊗ ðδXA;νÞjϕj ⊗ ϕji

þ
X
i

pihϕijðδXA;μÞXA;νjϕii þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p hϕi ⊗ ϕijXS;ν ⊗ ðδXA;μÞjϕj ⊗ ϕji: ðH10Þ

Since K is Hermitian, δki½Φρ; Otot�k2fq;Φρ
vanishes up to the first order with respect to δOA for all γ if and only if K ¼ 0.

Kμμ ¼ 0 holds for all fδXA;μgdim G
μ¼1 only if

hϕijXA;μjϕji ¼ −
2
ffiffiffiffiffiffiffiffiffipipj

p
pi þ pj

hϕjjXS;μjϕii ðH11Þ

or, equivalently,

XA;μ ¼ −
X
i;j

2
ffiffiffiffiffiffiffiffiffipipj

p
pi þ pj

hϕjjXS;μjϕiijϕiihϕjj: ðH12Þ

However, for dim G > 1,Mμν ≠ 0 for μ ≠ ν, in general. For example, for a variation such that δXA;ν ¼ 0 for ν > 1, we get

K2;1 ¼
X
i

pihϕijXA;2ðδXA;1Þjϕii þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p hϕi ⊗ ϕijXS;2 ⊗ ðδXA;1Þjϕj ⊗ ϕji; ðH13Þ

which does not vanish for XA;μ ¼ −
P

i;j½ð2 ffiffiffiffiffiffiffiffiffipipj
p Þ=ðpi þ pjÞ�hϕjjXS;μjϕiijϕiihϕjj. Therefore, for dim G > 1, the

minimum of QGT of purification does not exist, in general.
To explore further, let us minimize

ki½Φρ; Otot�k2fq;Φρ
¼ 1

1 − q
VðΦρ; OtotÞ þ

1

q
VðΦρ; O

†
totÞ ðH14Þ

over purification Φρ of ρ and the set of Hermitian operators fXA;μgdim G
μ¼1 on A. Note that fq for q ¼ 1=2 corresponds to the

SLD norm. In this case, we find
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δki½Φρ; Otot�k2fq;Φρ
¼ 1

1 − q
δVðΦρ; OtotÞ þ

1

q
δVðΦρ; O

†
totÞ ðH15Þ

¼
X
i

�
1

1 − q
pihϕijOAðδOAÞ†jϕii þ

1

q
pihϕijðδOAÞ†OAjϕii

�

þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p �
1

1 − q
þ 1

q

�
hϕi ⊗ ϕijOS ⊗ ðδOAÞ†jϕj ⊗ ϕji

þ
X
i

�
1

1 − q
pihϕijðδOAÞO†

Ajϕii þ
1

q
pihϕijO†

AðδOAÞjϕii
�

þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p �
1

1 − q
þ 1

q

�
hϕi ⊗ ϕijO†

S ⊗ ðδOAÞjϕj ⊗ ϕji þO½ðδOAÞ2� ðH16Þ

¼ Mμνγ
μ�γν þO½ðδOAÞ2�; ðH17Þ

where

Mμν ≔
X
i

�
1

1 − q
pihϕijXA;μðδXA;νÞjϕii þ

1

q
pihϕijðδXA;νÞXA;μjϕii

�

þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p �
1

1 − q
þ 1

q

�
hϕi ⊗ ϕijXS;μ ⊗ ðδXA;νÞjϕj ⊗ ϕji

þ
X
i

�
1

1 − q
pihϕijðδXA;μÞXA;νjϕii þ

1

q
pihϕijXA;νðδXA;μÞjϕii

�

þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p �
1

1 − q
þ 1

q

�
hϕi ⊗ ϕijXS;ν ⊗ ðδXA;μÞjϕj ⊗ ϕji: ðH18Þ

Since M is Hermitian, δki½Φρ; Otot�k2fq;Φρ
vanishes up to the first order with respect to δOA for all γ if and only if M ¼ 0.

From Mμμ ¼ 0, we have�
1

1 − q
þ 1

q

�
ðpi þ pjÞhϕijXA;μjϕji ¼ −2 ffiffiffiffiffiffiffiffiffi

pipj
p �

1

1 − q
þ 1

q

�
hϕjjXS;μjϕii; ðH19Þ

i.e.,

hϕijXA;μjϕji ¼ −
2
ffiffiffiffiffiffiffiffiffipipj

p
pi þ pj

hϕjjXS;μjϕii ðH20Þ

or, equivalently,

XA;μ ¼ −
X
i;j

2
ffiffiffiffiffiffiffiffiffipipj

p
pi þ pj

hϕjjXS;μjϕiijϕiihϕjj: ðH21Þ

However, for dim G > 1,Mμν ≠ 0 for μ ≠ ν, in general. For example, for a variation such that δXA;ν ¼ 0 for ν > 1, we get

M2;1 ¼
X
i

�
1

1 − q
pihϕijXA;2ðδXA;1Þjϕii þ

1

q
pihϕijðδXA;1ÞXA;2jϕii

�

þ
X
i;j

ffiffiffiffiffiffiffiffiffi
pipj

p �
1

1 − q
þ 1

q

�
hϕi ⊗ ϕijXS;2 ⊗ ðδXA;1Þjϕj ⊗ ϕji; ðH22Þ
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which vanishes for XA;μ ¼ −
P

i;j½ð2 ffiffiffiffiffiffiffiffiffipipj
p Þ=ðpi þ pjÞ�hϕjjXS;μjϕiijϕiihϕjj only for q ¼ 1=2. We remark that, for

q ¼ 1=2, M ¼ 0 for the operators XA;μ in Eq. (H21), which corresponds to the result in Ref. [24] stating that the SLD
quantum Fisher information satisfies FHðρÞ ¼ minΦρ;HA

4VðH þHA;ΦρÞ, where the minimization is taken over all the
purifications and the Hermitian operators HA.

APPENDIX I: PROPERTIES OF QGT AND ITS EXTENSION

We here summarize the fundamental properties of the tensor Qq defined in Eq. (77). Taking the limit q → 1−, they also
hold forQ, defined in Eq. (43), which coincides with the QGTQ for pure states. These properties are inherited from those
of Petz’s monotone metric.
Proposition I1 (properties of Qq).
(i) Positivity: For any state ρ, Qρ

q ≥ 0.
(ii) Additivity: For any pair of states ρ and σ, Qρ⊗σ

q ¼ Qρ
q þQσ

q.
(iii) Convexity: For any probability distribution fpkgk and set of states fρkgk,

P
k pkQ

ρk
q ≥ Q

P
k
pkρk

q .

(iv) Monotonicity: For any G-covariant quantum channel E and state ρ, Qρ
q ≥ QEðρÞ

q .
(v) Strong monotonicity (also referred to as selective monotonicity): Let fEkgk be any G-covariant instrument, that is, a

set of G-covariant completely positive and trace-nonincreasing maps such that
P

k Ek is trace preserving. For
pk ≔ Tr½EkðρÞ� and ρk ≔ ½EkðρÞ=pk�,

Qρ
q ≥

X
k

pkQ
ρk
q : ðI1Þ

Proof. The positivity and the additivity of the norm k · kf;ρ imply (i) and (ii), respectively. The monotonicity (iv) has
already been proved in Eq. (47). Below, we show (iii) and (v).
Let fpkgk be a probability distribution and fρkgk be a set of states. We define σ ≔

P
k pkρk ⊗ jkihkj, where fjkigk is an

orthonormal basis of an ancillary system. For any linear operator O, we showX
k

pkki½ρk; O�k2f;ρk ¼ ki½σ; O ⊗ I�k2f;σ ðI2Þ

for an operator monotone function f. To prove this equality, let ρk ¼
P

d
i¼1 λ

ðkÞ
i jiðkÞihiðkÞj be the eigenvalue decomposition

of ρk. Since

σ ¼
X
k

X
i

pkλ
ðkÞ
i jiðkÞihiðkÞj ⊗ jkihkj ðI3Þ

is the eigenvalue decomposition of σ, we get

ki½σ; O ⊗ I�k2f;σ ¼
X

i;j;k;l;mfðpkλ
ðkÞ
i ;plλ

ðlÞ
j Þ>0

1

mfðpkλ
ðkÞ
i ; plλ

ðlÞ
j Þ

hiðkÞ ⊗ kjði½σ; O ⊗ I�Þ†jjðlÞ ⊗ lihjðlÞ ⊗ lji½σ; O ⊗ I�jiðkÞ ⊗ ki

¼
X

i;j;k;mfðpkλ
ðkÞ
i ;pkλ

ðkÞ
j Þ>0

1

mfðpkλ
ðkÞ
i ; pkλ

ðkÞ
j Þ

hiðkÞjði½pkρk; O�Þ†jjðkÞihjðkÞji½pkρk; O�jiðkÞi

¼
X

k;pk>0

pk

X
i;j;mfðλðkÞi ;λðkÞj Þ>0

1

mfðλðkÞi ; λðkÞj Þ
hiðkÞjði½ρk; O�Þ†jjðkÞihjðkÞji½ρk; O�jiðkÞi

¼
X

k;pk>0

pkki½ρk; O�k2f;ρk ¼
X
k

pkki½ρk; O�k2f;ρk ; ðI4Þ

where, in the third equality, we have used the homogeneity of mf, i.e., mfðay; ayÞ ¼ amfðx; yÞ for a; x; y∈R.
For the ancillary system, we adopt the trivial unitary representation of G. Consequently, the projective unitary

representation V of G on the total system satisfies VðgÞ ¼ UðgÞ ⊗ I for g∈G, where U denotes the representation on the
quantum system on which ρk is defined. By differentiating V as defined in Eq. (6), we get
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Yμ ≔
∂

∂λμ
V½gðλÞ�

����
λ¼0

¼ Xμ ⊗ I; ðI5Þ

where Xμ ≔ ½∂=ð∂λμÞ�U½gðλÞ�jλ¼0. By applying Eq. (I2) for O ≔ γ†X with γ ∈Cdim G, we getX
k

pkki½ρk; γ†X�k2f;ρk ¼ ki½σ; γ†Y�k2f;σ: ðI6Þ

We now prove properties (iii) and (v) from this relation and the monotonicity for fqðxÞ ¼ ð1 − qÞ þ qx. From the
monotonicity under partial trace, which is a G-covariant operation, we obtain

ki½σ; γ†Y�k2fq;σ ≥
����i
	X

k

pkρk; γ†X


����2
fq;
P
k

pkρk

: ðI7Þ

Thus, from Eq. (I6), we get

X
k

pkki½ρk; γ†X�k2fq;ρk ≥
����i
	X

k

pkρk; γ†X


����2
fq;
P
k

pkρk

: ðI8Þ

Multiplying both sides by fqð0Þ, we find that

X
k

pkγ
†Qρk

q γ ≥ γ†Q

P
k

pkρk

q γ ðI9Þ

holds for any γ ∈Cdim G, which completes the proof of property (iii).
In order to prove property (v), we define a quantum channel Ẽð·Þ ≔P

k Ekð·Þ ⊗ jkihkj, where fEkgk is a G-covariant
instrument. Since the group transformation G trivially acts on the ancillary system, Ẽð·Þ is a G-covariant operation. For a
state ρ, we define

pk ≔ TrðEkðρÞÞ; ρk ≔
1

pk
EkðρÞ ðI10Þ

so that σ ¼ ẼðρÞ. From the monotonicity under Ẽ, we obtain

ki½ρ; γ†X�k2fq;ρ ≥ ki½σ; γ†Y�k2fq;σ: ðI11Þ

Therefore, from Eq. (I6), we get

ki½ρ; γ†X�k2fq;ρ ≥
X
k

pkki½ρk; γ†X�k2fq;ρk : ðI12Þ

Again, multiplying both sides by fqð0Þ, we find that

γ†Qρ
qγ ≥

X
k

pkγ
†Qρk

q γ ðI13Þ

holds for any γ ∈Cdim G, which completes the proof of property (v). ▪

APPENDIX J: CONVERSION CONDITION IN QUANTUM
THERMODYNAMICS AND ITS RELATION TO RTA

We begin by briefly reviewing the setup of state conversion in quantum thermodynamics in Refs. [57,58], where auxiliary
systems that provide work and coherence are explicitly taken into account. A ðw; ηÞ-work- and coherence-assisted thermal
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operation is a quantum process that can be achieved through a thermal operation with the help of ancillary systems that
provide work w and coherence whose energy range is bounded by η. Precisely, a completely positive and trace-
nonincreasing map ES→S0 is referred to as a ðw; ηÞ-work- and coherence-assisted thermal operation if there exist

(i) quantum systems W, C, W0, and C0 with respective Hamiltonians HW , HC, HW0 , and HC0 satisfying kHCk∞ < η
and kHC0k∞ < η,

(ii) energy eigenstates jEiW and jE0iW0 of HW and HW0 satisfying E − E0 ¼ w,
(iii) pure states jζiC and jζ0iC0 , and
(iv) a thermal operation ẼSWC→S0W0C0

such that

ES→S0 ðρSÞ ¼ TrW0C0

�
jE0ihE0jW0 ⊗ jζ0ihζ0jC0 ẼSWC→S0W0C0 ðρS ⊗ jEihEjW ⊗ jζihζjCÞ

�
: ðJ1Þ

We say that a state ρS is ðw; η; ϵÞ-transformable into σS0 by a thermal operation if there exists ðw; ηÞ-work- and coherence-

assisted thermal operation such that T½ES→S0 ðρSÞ; σS0 � ≤ ϵ. In this case, we write ðρ; HSÞ⟶ðw;η;ϵÞTO ðσS0 ; HS0 Þ, where HS and HS0

denote the Hamiltonians of the systems S and S0, respectively. Note that, for subnormalized states ρ and σ, the generalized
trace distance [138,139] is defined by Tðρ; σÞ ≔ 1

2
kρ − σk1 þ 1

2
jTrðρÞ − TrðσÞj. Moreover, for sequences of states fρNgN

and fσNgN and sequences of Hamiltonians fHNgN and fH0
NgN , we say that fρNgN is asymptotically convertible to fσNgN

at a work rate w if there exist sequences of wN , ηN , and ϵN such that ðρN;HNÞ ⟶wN;ηN;ϵN
TO ðσN;H0

NÞ and

lim
N→∞

wN

N
¼ w; lim

N→∞

ηN
N

¼ 0; lim
N→∞

ϵN ¼ 0: ðJ2Þ

In this case, we write fρN;HNgN ⟶w
TO fσN;H0

NgN .
In Sec. VIII, we aimed to quantify the coherence in jEihEjW ⊗ jζihζjC that must be supplied from the external systems.

To formalize this argument, we first prove the following lemma.
Lemma J1. For quantum systems A and B, let τAB and σA be states on AB and A, respectively. For any pure state

ψB ≔ jψihψ jB on B, it holds

TðτAB; σA ⊗ ψBÞ ≤ 2TðχA; σAÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2TðχA; σAÞ

p
; ðJ3Þ

where χA ≔ TrB½ðIA ⊗ ψBÞτAB� is a subnormalized state.
Proof. Define the projector PAB ≔ IA ⊗ ψB and introduce p ≔ TrðPABτABÞ ¼ TrAðχAÞ. If p ¼ 0,

TðτAB; σA ⊗ ψBÞ ¼ TðχA; σAÞ ¼ 0, implying that Eq. (J3) holds trivially. When p > 0, we introduce a normalized state

γAB ≔
PABτABPAB

p
¼ χA

p
⊗ ψB: ðJ4Þ

From the triangle inequality for the trace distance, we have

TðτAB; σA ⊗ ψBÞ ≤ TðτAB; γABÞ þ TðγAB; σA ⊗ ψBÞ: ðJ5Þ

We derive an upper bound for each term in the right-hand side.
For δ ≔ TðχA; σAÞ, since

δ ¼ 1

2
kχA − σAk1 þ

1

2
jTrðχAÞ − TrðσAÞj ≥

1

2
jTrðχAÞ − TrðσAÞj ¼

1

2
ð1 − pÞ; ðJ6Þ

we have

TrðPABτABÞ ¼ p ≥ 1 − 2δ: ðJ7Þ

From the gentle measurement lemma [140], we have kτAB − γABk1 ≤ 2
ffiffiffiffiffi
2δ

p
, implying that
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TðτAB; γABÞ ≤
ffiffiffiffiffi
2δ

p
: ðJ8Þ

To derive an upper bound for the second term, we use���� χAp − σA

����
1

¼
����χA − σA þ

�
1 −

1

p

�
χA

����
1

ðJ9Þ

≤ kχA − σAk1 þ
����
�
1 −

1

p

�
χA

����
1

ðJ10Þ

¼ 2δþ
����
�
1 −

1

p

�����TrðχAÞ ðJ11Þ

¼ 2δþ ð1 − pÞ ≤ 4δ: ðJ12Þ

Therefore, we get

TðγAB; σA ⊗ ψBÞ ¼
1

2

���� χAp ⊗ ψB − σA ⊗ ψB

����
1

ðJ13Þ

¼ 1

2

���� χAp − σA

����
1

ðJ14Þ

≤ 2δ: ðJ15Þ

From Eqs. (J5), (J8), and (J15), we obtain

TðτAB; σA ⊗ ψBÞ ≤ 2δþ
ffiffiffiffiffi
2δ

p
¼ 2TðχA; σAÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2TðχA; σAÞ

p
: ðJ16Þ

▪
As an immediate consequence of this lemma, we find a relation between conversion in quantum thermodynamics to that

in RTA under time-translation symmetry.
Proposition J1. Suppose that fρN;HNgN ⟶w

TO fσN;H0
NgN . Then, there exists a sequence of covariant quantum channels

fΛNgN such that limN→∞ T½ΛNðρN ⊗ ξNÞ; σN � ¼ 0, where fξNgN is a sequence of the initial pure states of ancillary
systems.
Proof. By definition, ðρN;HNÞ ⟶wN;ηN;ϵN

TO ðσN;H0
NÞ implies that there exist systemsWN , CN ,W0

N , and C
0
N with Hamiltonians

HWN
, HCN

, HW0
N
, and HC0

N
, respectively, eigenstates jENiWN

and jE0
NiW0

N
, pure states jζNiCN

and jζ0NiC0
N
, and a thermal

operation ẼN such that

T
�
TrW0

NC
0
N

�
jE0

NihE0
N jW0

N
⊗ jζ0Nihζ0N jC0

N
ẼNðρN ⊗ ξNÞ

�
; σN
�
≤ ϵN; ðJ17Þ

where ξN ≔ jENihEN jWN
⊗ jζNihζN jCN

. From Lemma J1,

T
�
ẼNðρN ⊗ ηNÞ; jE0

NihE0
N jW0

N
⊗ jζ0Nihζ0N jC0

N
⊗ σN

�
≤ 2ϵN þ

ffiffiffiffiffiffiffiffi
2ϵN

p
: ðJ18Þ

Therefore, from the data-processing inequality, we obtain

TðΛNðρN ⊗ ξNÞ; σNÞ ≤ 2ϵN þ
ffiffiffiffiffiffiffiffi
2ϵN

p
; ðJ19Þ

where ΛN ≔ TrW0
NC

0
N
∘ ẼN is a covariant channel under time-translation symmetry.

If fρN;HNgN ⟶w
TO fσN;H0

NgN , then ðρN;HNÞ ⟶wN;ηN;ϵN
TO ðσN;H0

NÞ such that limN→∞ ϵN ¼ 0. In this case, Eq. (J19) leads
to limN→∞ TðΛNðρN ⊗ ξNÞ; σNÞ ¼ 0. ▪
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APPENDIX K: CIRCUMVENTING CONSTRAINT
IMPOSED BY SYMMETRY SUBGROUP

When converting a pure state ψ to another pure state ϕ in
the asymptotic setup, the monotonicity of the QGTs yields
an upper bound on possible conversion rate as shown in
Sec. VA. However, the symmetry subgroups further restrict
achievable conversion rate: The conversion rate always
vanishes if SymGðψÞ ⊄ SymGðϕÞ. In this section, we
investigate ways to circumvent this restriction due to the
symmetry subgroups by modifying the setup.

1. Synchronization of asymmetry

Let us consider a scenario in which one aims to convert
copies of pure states, ψ and ϕ, into copies of one of them—
say, ϕ. For instance, such a process achieves the synchro-
nization of quantum clocks in RTA for G ¼ Uð1Þ, where
copies of states ψ and ϕ, possibly having different periods,
are converted into copies of ϕ. See Fig. 5 for a schematic
figure of this setup. We here first analyze the conversion
rate in this synchronization scenario forG ¼ Uð1Þ and later
generalize it for an arbitrary compact Lie group. In such a
synchronization scenario, as a corollary of Theorem 1, we
find that the restriction arising from the symmetry sub-
groups can be bypassed.
Consider a pair of systems in pure states ψ and ϕ with

unitary representations UðeiθÞ ¼ eiHθ and U0ðeiθÞ ¼ eiH
0θ

of G ¼ Uð1Þ for θ∈ ½0; 2πÞ, whereH andH0 are Hermitian
operators with integer eigenvalues. As mentioned in
Secs. IVA and IV C, when converting ψ into ϕ,
Theorem 1 implies

Rðψ → ϕÞ ¼
� Vðψ ;HÞ

Vðϕ;H0Þ ðif ∃ k∈N; τ ¼ kτ0Þ;
0 ðotherwiseÞ;

ðK1Þ

where τ and τ0 denote the periods of ψ and ϕ, respectively.
Now, note that, in a synchronization scenario where ψ ⊗ ϕ
is converted into ϕ, the period of ψ ⊗ ϕ is always a positive
integer multiple of the period of ϕ. Therefore, from
Theorem 1, we immediately get

Rðψ ⊗ ϕ → ϕÞ ¼ Vðψ ⊗ ϕ; H þH0Þ
Vðϕ; H0Þ

¼ Vðψ ; HÞ
Vðϕ; H0Þ þ 1; ðK2Þ

regardless of the periods of ψ andϕ. Importantly, even when
Rðψ → ϕÞ ¼ 0, fψ⊗N ⊗ ϕ⊗NgN is asymptotically convert-
ible to fϕ⊗bNr�c ⊗ ϕ⊗NgN for any r� ∈ ½0; Vðψ ; HÞ=
Vðϕ; H0ÞÞ. In this case, therefore, ϕ⊗N acts like a cata-
lyst, enhancing the conversion rate from zero to
Vðψ ; HÞ=Vðϕ; H0Þ by bypassing the restriction on state
convertibility imposed by their periods.
Let us generalize the above observation to a scenario

where copies of ψ ⊗ ϕ are asymptotically converted to
copies ϕ in RTA for a general compact Lie group G, which
we refer to as the synchronization of asymmetry. Since
SymGðψ⊗ϕÞ¼SymGðψÞ∩SymGðϕÞ⊂SymGðϕÞ, Eq. (9)
implies

Rðψ ⊗ ϕ → ϕÞ
¼ supfr ≥ 0j∀ g∈G;QUgðψÞ⊗U 0

gðϕÞ ≥ rQU 0
gðϕÞg ðK3Þ

¼ supfr ≥ 0j∀ g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg þ 1; ðK4Þ

where, in the last equality, we used the additivity of the
QGT, i.e., QUgðψÞ⊗U 0

gðϕÞ ¼ QUgðψÞ þQU 0
gðϕÞ. Therefore,

even when SymGðψÞ ⊄ SymGðϕÞ and, hence,
Rðψ → ϕÞ ¼ 0, it is possible to asymptotically convert
fψ⊗N ⊗ ϕ⊗NgN into fϕ⊗br�Nc ⊗ ϕ⊗NgN with vanishing
error if r� < supfr ≥ 0j ∀ g∈G;QUgðψÞ ≥ rQU 0

gðϕÞg.
So far, we have analyzed the case where copies of ψ and

ϕ are initially available at a ratio of 1∶1 for simplicity.
We here remark that the same argument applies to a
more general mixture ratio. Specifically, let us consider
the case where the mixture ratio is m1∶ m2 for positive
integers m1 and m2, i.e., the conversion from copies of
ψ⊗m1 ⊗ ϕ⊗m2 into copies of ϕ. Note that a general ratio
1∶s for s > 0 falls into this setup when s is approximated
by a rational ratio m2=m1. Since SymGðψ⊗m1 ⊗ ϕ⊗m2Þ ¼
SymGðψÞ ∩ SymGðϕÞ, Eq. (9) impliesRðψ⊗m1 ⊗ ϕ⊗m2 →
ϕÞ ¼ m1 supfr ≥ 0j ∀ g ∈ G;QUgðψÞ ≥ rQU 0

gðϕÞg þ m2.
Therefore, supfr ≥ 0j ∀ g∈G;QUgðψÞ ≥ rQU 0

gðϕÞg gener-
ally provides the conversion rate from ψ to ϕ in the
synchronization scenario, regardless of the inclusion rela-
tion between their symmetry subgroups.

FIG. 5. Schematic picture of the synchronization scenario.
When SymGðψÞ ⊄ SymGðϕÞ, the conversion rate from ψ to ϕ
vanishes, as shown by the dashed arrow in the figure. However,
this restriction is circumvented when i.i.d. copies of ψ ⊗ ϕ are
converted into i.i.d. copies of ϕ, as indicated by the solid arrow in
the figure.
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2. Sublinear additional resource

In the previous subsection, we demonstrated that the
conversion rate in the synchronization scenario is given by
the expression in Eq. (9), regardless of the inclusion
relation of symmetry subgroups. In this subsection, we
investigate a generalized setup, showing that the restriction
on the asymptotic conversion rate arising from the sym-
metry subgroup can be removed when a sublinear number
of i.i.d. copies of a resource state is additionally available.
Specifically, we prove the following.
Theorem K1. Let ψ and ϕ be pure states. Fix any state χ

on a finite-dimensional Hilbert space such that
SymGðχÞ ⊂ SymGðϕÞ. Consider a scenario where a sub-
linear number of χ, χ⊗⌈N1−ϵ⌉ with ϵ∈ ð0; 1=9Þ, is addition-
ally available as a resource when converting ψ⊗N into
ϕ⊗brNc. The optimal achievable rate in this setup, defined

by R�ðψ → ϕ; χÞ ≔ supfr ≥ 0jfψ⊗N ⊗ χ⊗N1−ϵgN ⟶
G-cov

fϕ⊗brNcgNg, is given by

R�ðψ → ϕ; χÞ ¼ supfr ≥ 0j∀ g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg:
ðK5Þ

See Fig. 6 for a schematic picture of the setup of
Theorem K1.
It should be emphasized that this theorem is valid

regardless of the inclusion relation between the symmetry
subgroups of pure states ψ and ϕ. The special case of χ ¼ ϕ
reproduces the results in the previous subsection, in which
the use of ϕ⊗⌈N1−ϵ⌉ was not obvious because we had focused
only on the linear conversion rate. As explained in the proof
of Theorem K1 below, χ⊗⌈N1−ϵ⌉ is used when identifying the
underlying group transformations in the estimation step of
the direct part. A state χ such that SymGðχÞ ¼ feg, which
satisfies SymGðχÞ ⊂ SymGðϕÞ for any ϕ, is of particular
importance, since such a state χ ensures that no ambiguity
originating from the symmetry subgroup arises in the
estimation. For G ¼ Uð1Þ, an example of such a state is
the coherence bit, given by a superposition of the ground
state and the first excited state. Given that Lemma D2 is
valid for any state ρ, we emphasize that Theorem K1
applies for a general state χ, including mixed states.
Proof of Theorem K1. Converse part: The converse part

remains valid, since adding a sublinear number of resource

states does not change the optimal possible conversion rate.
More precisely, instead of Eq. (35), we get

fqð0Þki½ψ ; O�k2fq;ψ þ ⌈N1−ϵ⌉
N

ki½χ; O00�k2fq;χ

≥
M
N
γ†Qϕγ −

M
N
hðϵÞ þ 1

N
oðMÞ; ðK6Þ

where O00 is defined by O00 ≔ γ†X00 and X00
μ ≔

−i½∂=ð∂λμÞ�U00½gðλÞ�jλ¼0 by using the projective unitary
representation of G on the Hilbert space on which χ is
defined. Since ki½χ; O00�k2fq;χ < ∞ for any finite-dimen-

sional system, the second term in the left-hand side
vanishes in the limit of N → ∞. By following the argu-
ments from Eq. (35) to Eq. (37), we therefore get

R�ðψ → ϕ; χÞ ≤ supfr ≥ 0j∀ g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg:

ðK7Þ

Direct part: In the estimation step, we estimate
g∈G by consuming ½UgðψÞ ⊗ U 00

gðχÞ�⊗⌈N1−ϵ⌉. The estima-
tor ĝ ensured to exist by Lemma D2 satisfies
½ðUθ ⊗ U 00

θÞ ∘ ðU ĝ ⊗ U ĝ
00Þ�ðψ ⊗ χÞ ¼ ðUg ⊗ U 00

gÞðψ ⊗ χÞ,
i.e.,

Uθ ∘U ĝðψÞ ¼ UgðψÞ ∧ U 00
θ ∘U 00

ĝðχÞ ¼ U 00
gðχÞ ðK8Þ

with a failure probability that asymptotically vanishes as
N → ∞. From the assumption SymGðχÞ ⊂ SymGðϕÞ, if θ
satisfies U 00

θ ∘U 00
ĝðχÞ ¼ U 00

gðχÞ, then U 0
θ ∘U 0

ĝðϕÞ ¼ U 0
gðϕÞ

also holds, implying that Eq. (D10) remains valid in
this case.
We slightly modify the channel in Eq. (D9) as

ENfUgðψÞ⊗N ⊗ ½U 00
gðχÞ�⊗⌈N1−ϵ⌉g

≔
Z

dμGðĝÞpfĝj½UgðψÞ⊗ U 00
gðχÞ�⊗⌈N1−ϵ⌉gEðĝÞ

N0 ðUgðψÞ⊗N0 Þ:

ðK9Þ

For this sequence of the channels, by following the argu-
ments from Eq. (D10) to Eq. (D16), we complete the proof
of the direct part, i.e.,

R�ðψ → ϕ; χÞ ≥ supfr ≥ 0j∀ g∈G;QUgðψÞ ≥ rQU 0
gðϕÞg:
ðK10Þ
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