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5Université de Rennes, CNRS, IPR, UMR 6251, F-35000 Rennes, France
6RIKEN SPring-8 Center, Sayo, Hyogo 679-5148, Japan

(Received 24 March 2026; revised 24 July 2026; accepted 27 August 2026; published 14 October 2026)

Hematite (α-Fe2O3) is a prototypical room-temperature antiferromagnet whose time-reversal-odd
magnetic structure has recently attracted renewed attention. While such magnetic symmetry can be
characterized in terms of higher-order multipoles beyond the magnetic dipole, their manifestation in
measurable physical phenomena has remained largely elusive. In this work, we investigate x-ray absorption
near the Fe K-edge of hematite under an applied electric field, which explicitly breaks space-inversion
symmetry. We observe an electric-field-induced x-ray nonreciprocal linear dichroism that reflects the time-
reversal-odd nature of the magnetic order. A symmetry-resolved multipole analysis attributes this response
to the electric-field-induced magnetic quadrupole and the magnetic toroidal octupole induced by the
applied electric field. Furthermore, numerical simulations based on ab initio density functional theory
reproduce the observed spectra, including their dependence on the antiferromagnetic domain and x-ray
polarization. These results indicate that electric-field-modulated x-ray absorption measurements, combined
with simulations, provide a framework for identifying the higher-order multipoles contributing to
measurable physical responses in time-reversal-odd antiferromagnets, thereby facilitating the investigation
of hidden symmetry properties in magnetic materials.

DOI: 10.1103/p5ry-x2wr Subject Areas: Condensed Matter Physics, Magnetism,
Optics

I. INTRODUCTION

Hematite (α-Fe2O3) is a ubiquitous, yet prototypical
antiferromagnetic (AFM) material that has been studied for
decades. In earlier studies, its weak ferromagnetism origi-
nating from the Dzyaloshinskii-Moriya (DM) interaction
[1–5] and the Morin transition [6] were extensively inves-
tigated [7]. More recently, various distinct physical proper-
ties and functionalities have been reported, including
electric switching of magnetization [8,9], anomalous
Hall electrical transport [10], magneto-optical Kerr effect
[11–13], and chiral magnon band splitting [14]. These
phenomena arise from the characteristic symmetry of
hematite, namely, its time-reversal-odd (T -odd) magnetic
structure. This symmetry of hematite has been discussed in

the context of both g-wave altermagnetism [10,14–16] and
multipolar order parameters [17,18]. Consequently, hem-
atite serves as an excellent platform for exploring phenom-
ena associated with the breaking of T symmetry.
Although the magnetic structures of hematite below and

above the Morin transition temperature TM are (nearly)
collinear, the interplay with the crystal symmetry leads to a
highly nontrivial order parameter. Specifically, high-rank
magnetic multipoles—including octupoles (rank 3), hexa-
decapoles (rank 4), and triakontadipoles (rank 5)—have
been proposed as the relevant degrees of freedom [18]. This
implies that the underlying magnetic ordering is significantly
more complex than a simple collinear picture suggests. Such
hidden complexity is expected to be common in T -odd
antiferromagnets of sufficiently high point-group symmetry
[19–21]. Therefore, clarifying how such higher-order multi-
poles manifest in measurable physical quantities is a key to
bridging the gap between symmetry-based classifications
and experimentally observable phenomena.
An effective approach to accessing T -odd multipole

degrees of freedom is the observation of x-ray dichroism.
There are different types of x-ray dichroism, including x-ray
magnetic circular dichroism (XMCD), x-ray magnetochiral
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dichroism (XMChD), and x-ray nonreciprocal linear dichro-
ism (XNLD). Each x-ray dichroism is sensitive to specific
magnetic multipole orderings [22–25]: XMCD primarily
probes magnetic dipole [26,27] and magnetic octupole
[28,29], XMChD is sensitive to magnetic toroidal dipole
[22,30], and XNLD reflects magnetic quadrupole [22,31]. In
addition to this selectivity, measurements of x-ray dichroism
offer two key advantages over visible and near-infrared
optical approaches: element specificity and the capability to
make direct comparisons with theoretical calculations.
However, the aforementioned x-ray dichroism measure-

ments suffer from a limitation. When multipoles are
ordered in a compensated antiferroic manner, local dichroic
signals cancel each other out, preventing the observation of
macroscopic dichroism. To overcome such a limitation, we
propose x-ray dichroism measurements of T -odd antifer-
romagnets under an applied electric field (E) which
explicitly breaks space-inversion (P) symmetry. By driving
the system into a P-odd and T -odd state, it becomes
possible not only to detect T -odd properties through
nonreciprocal responses but also to probe the ferroic
component induced from otherwise antiferroically ordered
multipoles. Recently, E-induced magnetic toroidal dipoles
in T -odd antiferromagnets have been theoretically dis-
cussed [32,33] and experimentally investigated via
E-induced nonreciprocal directional dichroism in the visible
to near-infrared regions [34,35]; however, a microscopic
understanding of the specific multipole contributions
remains elusive.
To demonstrate this proposal, we investigated x-ray

dichroism near the Fe K-edge of hematite under an applied
E. Our measurements revealed XNLD scales linearly
with E above TM. Furthermore, detailed polarization
analysis and domain-dependent measurements, integrated
with theoretical calculations, demonstrate that the observed
E-induced XNLD originates from components of magnetic
toroidal octupole and magnetic quadrupole.
This paper is organized as follows. In Sec. II, we

introduce the magnetic structure of hematite and discuss
expected x-ray dichroism under E in the perspective of
symmetry. In Sec. III, experimental and calculation meth-
ods are introduced. In Sec. IV, we show experimental
results. In Sec. V, we discuss the obtained results using
tensor-based analysis and numerical simulations. Finally, in
Sec. VI, we summarize our work.

II. SYMMETRY ASPECT OF ELECTRIC-FIELD-
INDUCED X-RAY NONRECIPROCAL

DICHROISM IN HEMATITE

A. Magnetic structure of hematite

Hematite crystallizes in the corundum structure with the
space group R3̄c [7,36]. Below TN ≈ 950 K, it exhibits a
weakly canted AFM order, where spins lie in the basal
ð001Þh plane (h in the subscript denotes the hexagonal

setting) [see right-hand panel of Fig. 1(a)] [6,7]. The Néel
vector is defined as L ¼ M1 −M2 −M3 þM4, whereMi
(i ¼ 1–4) are Fe spins of site i [for the site labels, see
Fig. 1(a)]. When L is perpendicular to the ah axis (termed
as L⊥ state), the magnetic point group is 2=m [37,38]. In
the L⊥ state, the Fe spins are slightly canted due to the DM
interaction, resulting in a net magnetization along the ah
axis. The two domain states related by the T operation,
corresponding to a reversal of all spins, are termed as L⊥þ
and L⊥ − : L can freely rotate in the basal plane by
applying an in-plane magnetic field due to the spin canting.
When L is parallel to the ah axis, the magnetic point group
is 20=m0 (termed as Lk state) [38]. As with the L⊥ state, the
two domain states related by the T operation are termed as
Lkþ and Lk−. At TM ≈ 255 K, hematite undergoes the
Morin transition, where the Fe spins are aligned parallel
to the ch axis with a down-up–up-down configuration
[see left-hand panel of Fig. 1(a)] [6]. The magnetic point
group of this low-temperature (T) phase (T ≤ TM) is 3̄m
[18,38], which also breaks T symmetry despite the absence
of net magnetization. Although our main focus is the

(a)

(b)

FIG. 1. (a) Magnetic structures of hematite viewed along the ah
axis (top panels) and the ch axis (bottom panels). Thick red
arrows denote Fe spins, and black lines represent the rhombohe-
dral primitive cell. The numbers next to the Fe3þ ions denote the
site numbers. Above TM, the Fe spins lie perpendicularly to the ch
axis. The two states of L⊥þ and Lkþ, with the Néel vector L
aligned perpendicular and parallel to the ah axis, respectively, are
depicted. M denotes net magnetization that appears due to spin
canting. Below TM, the spins are aligned along the ch axis.
(b) Schematic illustration of the experimental setup.
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high-T phases (TM ≤ T ≤ TN), we also discuss the low-T
phase for comparison.

B. X-ray nonreciprocal dichroism
under an electric field

Before discussing x-ray dichroism under E, we briefly
summarize previous x-ray measurements in the high-T
phases of hematite. Because of in-plane magnetic
anisotropy, x-ray linear dichroism (XLD) is expected,
and has been observed experimentally at the Fe L edge
[39,40]. We note that XLD is sensitive to the anisotropy of
the square of magnetization and therefore cannot distin-
guish the domain states of Lþ and L−. Since there is a net
magnetization, XMCD is also expected, although it has
been reported as a very small effect [40]. However, very
recently, XMCD originating from altermagnetic order has
been reported [41,42]. Magnetic properties of hematite
have also been investigated by the resonant x-ray scatter-
ing, and the presence of local P-odd and T -even [43] and
P-odd and T -odd multipoles has been suggested [44,45].
We now turn to the E-induced x-ray dichroism in a

general framework, specifically focusing on the component
that is linear in E. In this case, P symmetry is explicitly
broken by E. Combined with the intrinsic breaking of T
symmetry, the induced x-ray dichroism becomes P-odd
and T -odd. Among different types of x-ray dichroism,
XMChD and XNLD belong to this class [23]. Both
XMChD and XNLD correspond to x-ray nonreciprocal
directional dichroism (XNDD), in which absorption differs
for counterpropagating beams. XMChD refers to the
XNDD for unpolarized light, whereas XNLD describes
XNDD for linearly polarized light. Note that although
magnetochiral dichroism (MChD) is often used to denote
dichroism in magnetized chiral materials, here we use this
term more generally to describe nonreciprocal directional
dichroism (NDD) observed with unpolarized light. In
XNLD, the linear polarization dependence reverses upon
inversion of the propagation direction (þk → −k).
To classify the symmetry conditions that host XNDD, it

is convenient to introduce the linear magnetoelectric (ME)
tensor, because the linear ME effect also occurs in P-odd
and T -odd materials [46–48]. The linear ME effect is
described as Pi ¼ αijHj, where Pi is polarization, Hj is a
magnetic field, and αij is the linear ME tensor that depends
on the magnetic point group of the material [49]. Here, we
consider the case where the x-ray beam propagates along
the z axis. In this geometry, XNDD can appear when the
off-diagonal ME tensor elements αxy and αyx are nonzero.
When the tensor is symmetric, i.e., αxy ¼ αyx, XNLD can
be nonzero, whereas when it is antisymmetric, i.e.,
αxy ¼ −αyx, XMChD can be nonzero. Further details of
the relationship between the ME tensor and XNDD are
discussed in Appendix A.
Finally, we discuss E-induced NDD in hematite from a

symmetry perspective. To classify the possible responses,

we consider the quadratic (second-order) ME effect,
described as Pi ¼ βijkHjEk. Here, βijk is a third-rank
T -odd axial tensor that belongs to the same tensor class
as the piezomagnetic tensor [49,50]. This can be regarded
as an induced linear ME tensor, with αij ¼ βijkEk. In the
L⊥þ state with point group 2=m, when the x-ray beam
propagates along the z (kch) axis and E is applied along the
same axis, the induced linear ME tensor can contain finite
off-diagonal components αxy and αyx (with xkah and
ykah × ch), where αxy ≠ αyx. This indicates that, in the
configuration Ekkkch, both XMChD and XNLD are
allowed. On the other hand, in theLk state with the magnetic
point group 20=m0, the ME tensor induced by Ez has
vanishing off-diagonal components (αxy ¼ αyx ¼ 0), sug-
gesting both XMChD and XNLD for x- or y-polarized beam
are forbidden. However, XNLD is expected to be allowed,
and in fact maximized, for linearly polarized x-ray beams
oriented at�45° with respect to the original x axis when the
coordinate system is rotated by 45° to new ðx0; y0Þ, where the
tensor exhibits symmetric off-diagonal components
αx0y0 ¼ αy0x0 ¼ ðαxx − αyyÞ=2. In the low-T phase with point
group 3̄m, the induced ME tensor components under the
same condition satisfy αxy ¼ −αyx, suggesting that only
XMChD is allowed. We emphasize that this ME tensor
analysis determines which types of x-ray dichroism can
appear but does not provide information on their magnitude.

III. METHODS

A. Experiments

A natural single crystal of hematite, with the widest face
parallel to the ð001Þh plane, was purchased from
SurfaceNet GmbH. Magnetization measurements con-
firmed that the crystal exhibits a spontaneous magnetiza-
tion at room temperature and undergoes the Morin
transition at TM ≈ 253 K [see Fig. 6(a) in Appendix B].
The sample was polished down to a thickness of 50 μm. To
apply an electric field along the thickness direction,
indium-tin oxide electrodes were sputtered onto both
surfaces. X-ray absorption measurements using photon
energies near the Fe K-edge were performed at the
19LXU beamline in SPring-8, Japan [51]. Figure 1(b)
shows a schematic illustration of the experimental setup.
Here, we define the coordinate system such that the x axis is
parallel to ah, the z axis is parallel to ch, and the y axis is
perpendicular to both. The linearly polarized x-ray beam
propagated along the z axis, and the dc component of
transmitted intensity (Idc) was detected using a photodiode
and an electrometer. For the measurements of E-induced
x-ray dichroism, we employed a lock-in technique. An ac
voltage with a frequency of 999 Hz was applied to the
sample along the z axis using a function generator
(WF1968, NF Corp.) and a voltage amplifier (A400,
Pendulum Instruments). The ac component of the transmitted

ELECTRIC-FIELD-INDUCED X-RAY NONRECIPROCAL … PHYS. REV. X 16, 041015 (2026)

041015-3



x-ray intensity (ΔI), oscillating at the same frequency as
the applied ac voltage, was measured using a lock-in
amplifier (LI5645, NF Corp.). ΔI denotes the rms (root-
mean-square) value of the ac signal. For example, when
an ac voltage with a peak amplitude of 200 V is applied,
the observed ΔI corresponds to the change in the trans-
mitted x-ray intensity by applying 200=

ffiffiffi
2

p ¼ 141.4 V
(E ¼ 28.3 kV=cm). Amagnetic field was applied by using
a pair of neodymium magnets. Unless otherwise men-
tioned, the measurements were performed at room temper-
ature in the high-T phases.

B. Numerical simulations

For numerical simulations of the E-induced XNDD in
hematite, we employed the FDMNES [52] code, which, for
this study, uses the density functional theory (DFT). To
solve the electronic structure, which is mandatory step in
our ab initio approach, FDMNES can work in the following
two modes before the calculation of the absorption cross
section. The first mode uses the finite difference method,
which has the advantage of being a full potential approach.
The second mode uses the multiple scattering theory (MST)
which may be less precise but is less CPU intensive. Most
of the results presented here were obtained using the MST.
Another benefit of FDMNES is that it allows for the analysis
of material characteristics and of the resulting spectroscopic
signal in terms of P-odd and T -odd multipoles, as
mentioned in the previous sections. Their components
are expressed in a spherical-tensor basis for all possible
transition channels including electric dipole-electric dipole
(E1-E1), electric dipole-electric quadrupole (E1-E2), and
E2-E2. These serve as the basis for the analysis of the
experimental data in the present paper, as shown in
Sec. V C. Further details of the simulations are given in
Appendix E.

IV. RESULTS

A. Electric-field dependence

Figure 2(a) shows the x-ray absorption spectrum (XAS)
around the Fe K-edge. The inset displays the spectrum over
a wide energy range including both the preedge and main-
edge regions, while the main panel presents a magnified
view of the preedge peak. The obtained absorption spec-
trum agrees well with those in previous studies [43,53]. The
preedge peak is attributed to the 1s → 3d E2 transition
[43], which provides the dominant contribution to XNDD
[23,25]. Therefore, we focus on this specific energy range.
We now present the results of the x-ray transmittance

measurements under E. During the measurements, mag-
netic fields of 0.1 Twere applied along the x axis to prepare
a monodomain state of L⊥þ [see Fig. 6(b) in Appendix B].
The incident x-ray beam was linearly polarized along the x
axis. An ac voltage with a peak amplitude of 200 V was
applied, and the transmitted x-ray intensity modulated at

the same frequency was detected. Figure 2(b) shows the
resulting spectra of the ac component (ΔI) normalized by
the dc component (Idc), ΔI=Idc. Here, Idc is the dc
component of the transmitted x-ray intensity measured
under the ac voltage, corresponding to the average intensity
for the positive and negative voltage states. Although the
obtained changes were small (ΔI=Idc is on the order of
10−6), the spectra exhibit a clear dispersive line shape. This
shape is characterized by two peaks of opposite signs at
7.1105 and 7.1120 keV, with a zero crossing between them.

(a)

(b)

(c)

dc
dc

(a
rb

. u
ni

ts
)

FIG. 2. Spectra of x-ray absorption and electric-field-induced
change in x-ray transmittance. (a) X-ray absorption spectrum
around the Fe K preedge. The inset shows the spectrum in the
wide energy range including the main edge. (b) Electric-field-
modulated x-ray transmittance spectrum. The ac component of
the transmitted light intensity (ΔI), obtained under an applied ac
voltage, is normalized by the dc component (Idc). The spectra
obtained with the peak amplitude of 200, 150, 100, and 50 V are
shown. Error bars represent the standard deviation of repeated
energy scans throughout this paper. (c) Voltage dependence of
ΔI=Idc integrated in the energy range from 7.1095 to 7.1110 keV
[see the dashed-line region in (b)]. The red line shows the result of
least-square fitting.
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Figure 2(b) also shows the ΔI=Idc spectra measured
under ac voltages with peak amplitudes of 150, 100, and
50 V. The ΔI=Idc spectrum systematically increases with
increasing voltage. Figure 2(c) displays the voltage depend-
ence of ΔI=Idc integrated in the energy range of 7.1095–
7.1110 keV. The integrated signal is linear to the applied
voltage. These results demonstrate that the high-T phase of
hematite exhibits the E-induced XNDD expected from its
symmetry.

B. Domain state dependence

Next, we examined the domain state dependence of
E-induced XNDD. To prepare monodomain states of L⊥�
(or Lk�), magnetic fields of�0.1 T were applied along the
x (or y) axis during the measurements. The applied ac
voltage was set at a peak amplitude of 200 V. For the
measurements of the L⊥ state, the incident x ray was
linearly polarized along the xðkahÞ, i.e., with electric field
of the x ray ϵkx [Fig. 3(a)]. As shown in Fig. 3(c), the
spectrum reverses its sign upon switching between the L⊥þ
and L⊥− domains [compare red and blue dots in Fig. 3(c)],
indicating the T -odd nature of the phenomenon. We also

confirmed that the same spectrum was obtained after
removing the magnetic field (see Fig. 7 in Appendix C),
demonstrating that the AFM order, rather than the small net
magnetic moment, provides the dominant contribution.
Furthermore, in the Lkþ state, E-induced XNDD with a
magnitude comparable to that in the L⊥ state was observed
for linearly polarized x-ray oriented at 45° with respect to
the x axis [Figs. 3(b) and 3(d)], which is consistent with the
symmetry-based expectation discussed in Sec. II B.
The nonreciprocal nature of the observed response is

confirmed by its linear dependence on the applied E and the
sign reversal between the domain states related by T
operation. In these measurements, an ac electric field
was applied, and lock-in detection synchronized to the
ac voltage extracts the signal component proportional to E.
Consequently, the observed ΔI reverses sign upon effective
inversion of E (i.e., across the positive and negative half-
cycles), providing direct evidence of the P-odd nature. This
equivalence arises from the symmetry of the system:
Reversing the beam propagation direction (þk → −k)
under fixed domain and E is equivalent to reversing the
sign of either the domain state (T -odd) or the applied

dc

(a) (b)

(c) (d)

45°

FIG. 3. Domain state dependence of electric-field-modulated x-ray transmittance. (a), (b) Schematic illustration of the experimental
geometry for the L⊥ (a) and Lk (b) states. The polarization of the incident x-ray beam (ϵ) is aligned along the x axis for measurements of
the L⊥� states and oriented at 45° with respect to the x axis for the measurements of the Lk� states. (c), (d) Electric-field-modulated x-
ray transmittance spectrum in the L⊥ (c) and Lk (d) states. Measurements were performed in the L⊥þ and Lkþ (red) and L⊥− and Lk−
(blue) domains. The spectra were obtained under an applied ac voltage with a peak amplitude of 200 V. Solid curves represent the results
of numerical simulations (see Sec. V B).
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E (P-odd), both of which reverse the sign of the nonre-
ciprocal effect. The nonreciprocal nature of the response is
further confirmed by direct measurements with the reversed
x-ray propagation direction, achieved by flipping the
sample (see Appendix D).

C. Polarization angle dependence

Next, to identify the E-induced XNDD that originates
from XMChD, XNLD, or both, we investigated the
dependence of ΔI=Idc on the in-plane rotation of ϵ.
Figure 4(a) shows the ΔI=Idc spectra measured at the
polarization angle of θ ¼ 0°; 30°; 45°; 60°, and 90° in the
L⊥þ domain. Here, the origin of θ is set at ϵkx. The
measurements were performed under an ac voltage with a
peak amplitude of 200 V. The spectra exhibit a complete
sign reversal between linear polarizations parallel (θ ¼ 0°)

and perpendicular (θ ¼ 90°) to the x axis [compare red
circles and blue diamonds in Fig. 4(a)]. When the polari-
zation angle is intermediate (θ ¼ 45°), the E-induced NDD
is strongly suppressed [black triangles in Fig. 4(a)]. This
polarization angle dependence indicates that the E-induced
XNDD is dominated by XNLD, with any contribution from
XMChD being negligible. This is evidenced by the
complete sign reversal between θ ¼ 0° and 90°, near
disappearance at θ ¼ 45°, and the absence of a significant
constant component across angles. We performed the same
measurements for the Lkþ domain, prepared by applying a
magnetic field of 0.1 T along the y axis (⊥ah). Figure 4(b)
shows the corresponding spectra. E-induced XNDD is also
observed in the Lkþ domain. However, the signals are
maximized at θ ¼ 45° and θ ¼ 135° but with opposite
phases. These results show that when theL vector is rotated

(a)

(c)

(b)

dc

dc

FIG. 4. Polarization angle dependence of electric-field-modulated x-ray transmittance. (a), (b) Electric-field-modulated x-ray
transmittance spectra measured for different polarization angles (θ) in the L⊥þ domain (a) and Lkþ domain (b). The spectra were
obtained under an applied ac voltage with a peak amplitude of 200 V. Solid curves represent the results of numerical simulations (see
Sec. V B). (c) Polarization angle dependence of ΔI=Idc integrated in the energy range from 7.1095 to 7.1110 keV for the L⊥þ domain
(red) and Lkþ domain (blue). Solid curves represent the results of least-squares fits using a cosine function (∝ cos 2θ) for the L⊥þ
domain and a sine function (∝ sin 2θ) for the Lkþ domain.
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by θ ¼ 90°, the phase of the E-induced XNLD is shifted by
θ ¼ 135° (or equivalently θ ¼ −45°). This phase shift is
evident in the θ dependence of the integrated ΔI=Idc shown
in Fig. 4(c). The origin of this phase shift between the L⊥
and Lkþ states will be discussed below.
The linear dependence on the applied electric field, the

domain dependence, and the nonreciprocal nature of the
response collectively rule out nonmagnetic mechanisms,
such as leakage-current effects, electrostatic modulation of
the absorption path, piezoelectric or strain-related effects,
and ordinary electroabsorption, as the origin of the
observed signal. These observations therefore provide
strong evidence that the measured response corresponds
to the intended E-induced XNLD.

V. DISCUSSION

Here, we discuss the origin of the observed E-induced
XNDD spectra. We first present a tensor-based analysis that
captures the essential features of the results, especially
focusing on the polarization angle dependence. Then we
discuss a microscopic interpretation based on ab initioDFT
calculations.

A. Tensor-based analysis

The general x-ray absorption process involving E1 and
E2 transitions is described as

σðEÞ ∝
X
n

����
�
Ψ0

����ϵ · r
�
1þ i

2
k · r

�����Ψn

�����
2

× δ(E − ðEn − E0Þ); ð1Þ

where Ψ0 and Ψn are the ground and excited states with
energies E0 and En, respectively. Here, ϵ is the electric field
of the x ray, k is the propagation direction, r is the position
operator, and E denotes photon energy. Because the E1-E1
and E2-E2 transition processes in Eq. (1) are P-even [45],
XNDD, defined as σdic ¼ σkþ − σk−, originates purely
from the E1-E2 transition. It can be written as

σdicðEÞ ∝ iϵαkβϵγ
X
n

½hΨ0jrαrβjΨnihΨnjrγjΨ0i

− hΨ0jrαjΨnihΨnjrβrγjΨ0i�δ(E − ðEn − E0Þ)
¼ iϵαkβϵγTαβγ; ð2Þ

where repeated Cartesian indices imply summation. The
matter tensor Tαβγ in Eq. (2) is defined as

Tαβγ ¼
X
n

½hrαrβi0nhrγin0 − hrαi0nhrβrγin0�δn ð3Þ

and depends solely on the intrinsic properties of the
material, subject to its magnetic point symmetry con-
straints. Here we define δn ¼ δ(E − ðEn − E0Þ). In general,

Tαβγ is a complex tensor, whose real and imaginary parts
correspond to T -even and T -odd properties, respectively.
Since the present study concerns T -odd responses, we
focus on the imaginary components of Tαβγ .
In our geometry (propagation direction kz), XNDD takes

the form:

σdicðEÞ ∝ i½ϵxkzϵxTxzx þ ϵykzϵyTyzy þ ϵxkzϵyðTxzy þ TyzxÞ�

¼ ikz

�
1

2
ðϵxϵx þ ϵyϵyÞðTxzx þ TyzyÞ þ

1

2
ðϵxϵx − ϵyϵyÞ

× ðTxzx − TyzyÞ þ ϵxϵyðTxzy þ TyzxÞ
	
: ð4Þ

Introducing the polarization angle θ, the electric field
components are described as ϵx ¼ ϵ cos θ and
ϵy ¼ ϵ sin θ, which leads to ϵxϵx þ ϵyϵy ¼ ϵ2 cos2 θþ
ϵ2 sin2 θ ¼ ϵ2, ϵxϵx− ϵyϵy ¼ ϵ2 cos2 θ− ϵ2 sin2 θ¼ ϵ2 cos2θ,
and ϵxϵy ¼ 1

2
ϵ2 sin 2θ. Accordingly, the term proportional

to Txzx þ Tyzy is independent of θ and contributes to
XMChD, whereas Txzx − Tyzy and Txzy þ Tyzx give rise to
XNLD with the cos 2θ and sin 2θ dependence, respectively.
We now consider the symmetry-allowed components of

Tαβγ in hematite under Ez. In the L⊥ state, characterized by
the magnetic point group 2=m, the application of Ez
reduces the symmetry to m, where the mirror plane is
perpendicular to the x axis (hereafter denoted asmx). Under
this symmetry, only Tαβγ containing even number of x
indices are allowed. Consequently, XMChD arising from
Txzx þ Tyzy and XNLD arising from Txzx − Tyzy are
allowed by symmetry. Experimentally, however, only the
XNLD component is observed, exhibiting a clear cos 2θ
dependence [see the red curve in Fig. 4(c)].
In contrast, in the Lk state with the magnetic point group

20=m0, the symmetry under Ez becomes m0
x. In this case,

only Tαβγ containing an odd number of x indices are
allowed. Consequently, XNLD arising from Txzy þ Tyzx

with a sin 2θ dependence is allowed. This is in excellent
agreement with the experimentally observed polarization
angle dependence in the Lk state [see the blue curve in
Fig. 4(c)].

B. Microscopic analysis based on ab initio calculations

As mentioned in Sec. III B, we employed the FDMNES

code to simulate and analyze the data. As a first step, x-ray
absorption spectrum around the Fe K-edge without apply-
ing an electric field was simulated and obtained the
spectrum of the transmitted x-ray intensity Ið0Þ. The
calculated absorption spectrum shows good agreement
with the experimentally observed one [compare Fig. 9(a)
in Appendix E and the inset of Fig. 2(a)].
To incorporate the effect of an applied electric field, we

employed a simple model, assuming that the primary effect
of the electric field could be a relative displacement of
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cations and anions along the ch axis. In practice, all Fe3þ
ions were uniformly shifted in the direction along E (kch),
while all O2− ions were kept fixed. Accordingly, we
calculated the normalized change in transmitted x-ray
intensity, ΔIðδzÞ=Ið0Þ, by introducing the Fe displacement
δz. The calculated spectra of ΔIðδzÞ=Ið0Þ in the L⊥ state
are shown in Fig. 3(c), as red and blue solid curves for the
L⊥þ and L⊥− domains, respectively. The simulated
ΔIðδzÞ=Ið0Þ spectra, which correspond to the experimental
ΔI=Idc spectra, successfully reproduce both the dispersive
line shape and the sign reversal between the two domains
observed experimentally. The simulated spectra are mostly
proportional to the Fe displacement δz. We found that the
best agreement in the amplitude of ΔIðδzÞ=Ið0Þ with the
experimental ΔI=Idc (at 141.4 V, E ¼ 28.3 kV=cm) was
obtained for an Fe displacement of δz ¼ 5 × 10−15 m. We
emphasize first that, apart from the Fe displacement, no
additional adjustable parameters were introduced in the
calculations. We also found it remarkable that XNDD is
able to quantitatively determine the effect of the electric
field on the material structure. This Fe3þ ion displacement
inferred from the FDMNES calculations is consistent with a
simple semiclassical estimate (see Appendix F). Figure 9(b)
in Appendix E shows the simulated spectra over a wide
energy range, confirming that the E-induced XNDD is
most pronounced in the preedge region dominated by the
1s → 3d E2 transition
We further applied the same simulation framework to the

polarization angle dependence in the L⊥þ and Lkþ
domains. As indicated by the solid curves in Figs. 4(a)
and 4(b), the XNLD character, including the −45° phase
shift between the two domains, is well reproduced by the
calculations. The XMChD contribution, which is indepen-
dent of the angle θ, is negligibly small in the simulations, in
good agreement with the experimental observations.
We also calculated the ΔIðδzÞ=Ið0Þ spectrum in the low-

T phase below TM, where E-induced XMChD is symmet-
rically allowed in the configurationEkkkch (see Sec. II B).
The calculation shows that the magnitude of ΔIðδzÞ=Ið0Þ
in the low-T phase is about one order smaller than that in
the high-T phases [see Fig. 10(a) in Appendix G].
Consistently, no meaningful ΔI=Idc signal was detected
in the low-T phase [Fig. 10(b) in Appendix G], indicating
that the signal was below the detection limit of the present
experimental setup. These results strongly support that the
observed E-induced XNDD in hematite originates pri-
marily from the XNLD mechanism associated with the
high-T phases.

C. Spherical-multipole analysis

To obtain further insight into the physical meaning of the
observed response, we decomposed the calculated E-
induced XNDD into spherical-multipole contributions.
The matter tensor given in Eq. (4) and defined in
Eq. (3) can be rewritten in spherical components as

Txzx þ Tyzy ¼ −
ffiffiffi
2

5

r
ð

ffiffiffi
2

p
I3;0 þ

ffiffiffi
3

p
I1;0Þ; ð5Þ

Txzx − Tyzy ¼
ffiffiffi
1

3

r
½

ffiffiffi
2

p
ðI3;2 þ I3;−2Þ − ðI2;2 − I2;−2Þ�; ð6Þ

Txzy þ Tyzx ¼
ffiffiffi
1

3

r
½

ffiffiffi
2

p
ðI3;2 − I3;−2Þ − ðI2;2 þ I2;−2Þ�; ð7Þ

where Il;m, defined in Appendix H, denotes P-odd and
T -odd multipoles of rank l with azimuthal quantum
number m. The rank 1, 2, and 3 P-odd and T -odd
multipoles are referred to as magnetic toroidal dipole,
magnetic quadrupole, and magnetic toroidal octupole,
respectively [22,54]. The correspondence between the
spherical multipoles and the conventional Cartesian multi-
poles is given in Appendix I. Equations (5) and (6) describe
the L⊥ state whereas Eq. (7) is active only for the Lk state.
Figure 5 shows the multipole decomposition of the

simulated E-induced XNDD spectrum. In the L⊥ state,
ΔI=Ið0Þ is dominated by the contribution from the mag-
netic toroidal octupole I3;2 þ I3;−2 with a smaller but finite
contribution from the magnetic quadrupole I2;2 − I2;−2. In
contrast, the toroidal dipole I1;0 and the other toroidal
octupole I3;0 contribute negligibly. In the Lk state, the only
allowed contributions are from the magnetic toroidal octu-
pole I3;2 − I3;−2 and a smaller I2;2 þ I2;−2 magnetic quadru-
pole, both rotated by 45° in azimuth compared to the L⊥
state, as experimentally found.
What does multipole analysis imply? Although the

matter tensor Tαβγ must satisfy the symmetry constraints
of the material, it is defined by the matrix elements

FIG. 5. (a) Multipole decomposition of the simulated electric-
field-induced XNLD spectrum. The total spectrum corresponds
to the simulation for the L⊥ domain shown in Fig. 2(b). The
spectrum is decomposed into contributions from the magnetic
toroidal octupole I3;2 þ I3;−2 and the magnetic quadrupole
I2;2 − I2;−2. The details of each multipole are discussed in the
main text.
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connecting the ground and excited states. Thus, it primarily
characterizes the response channel of the x-ray absorption
process, rather than being identified directly with static
multipoles of the entire system. A similar multipolar
decomposition of a physical response has recently been
introduced for the anomalous Hall effect in magnetization
and Néel-vector spaces [55–57]. Note that its underlying
symmetry is different, since the anomalous Hall response is
T -odd and P-even.
For the present x-ray response, however, the relevant

transitions involve an isotropic 1s core state and E2
(1s → 3d) and E1 (1s → 4p) channels. Consequently,
the symmetry information encoded in the matter tensor
Tαβγ is largely governed by the 3d=4p-state mixing [22],
which also define the symmetry of the Fe2O3 system under
an applied electric field. From this perspective, the tensor
multipole analysis goes beyond mere classification of x-ray
response channels and strongly suggests that the magnetic
toroidal octupole and magnetic quadrupole characterize the
E-induced state of hematite. Surprisingly, these E-induced
multipoles originate from extremely small displacements of
Fe3þ ions. Our precise measurements, together with
detailed numerical analysis, reveal this subtle yet important
property of the system. We also note that, since the K-edge
transition from the spinless 1s initial state, the T -odd
properties appearing in Eq. (4) are introduced purely
through the orbital degrees of freedom. Accordingly, the
magnetic multipoles in Eq. (4) can be physically interpreted
in terms of orbital currents (see Appendix I).
We comment on the possible multipole ordering in the

absence of an electric field. Because P symmetry is
preserved, the P-odd and T -odd multipoles vanish upon
averaging over the unit cell. However, the local site
symmetry of individual Fe atoms is 3, which is P-odd
and T -odd, allowing for the P-odd and T -odd multipoles,
such as the magnetic toroidal octupole. The Fe sites form
inversion-related pairs [sites 1 and 2, or 3 and 4, in
Fig. 1(a)], in which the P-odd and T -odd multipoles
appear with opposite signs, leading to a compensated
arrangement at zero electric field. Applying an electric
field breaks this compensation and gives rise to a finite
P-odd and T -odd multipolar response. This picture is
confirmed by comparing the ab initio simulations with and
without the applied electric field (see Appendix J).
Resonant x-ray diffraction provides an effective means
of directly probing antiferroically ordered multipoles in the
absence of an electric field [45,53,58]. In contrast, the
present work indicates that these hidden multipoles are not
merely static order parameters but actively contribute to the
measurable x-ray response under an applied electric field.
The above discussion also provides useful guidelines for

identifying materials exhibiting large E-induced XNDD.
While the magnetic symmetry determines whether the
phenomenon is symmetry allowed, its magnitude depends
on microscopic material properties. In particular, favorable

conditions include (i) local inversion-symmetry breaking
around the magnetic ions, which enables hybridization
between orbitals of opposite parity, and (ii) a relatively
large dielectric response, which enhances the electric-field-
induced ionic displacement. Materials satisfying these
conditions are expected to exhibit comparatively large
E-induced XNDD signals.

VI. SUMMARY

In conclusion, we have demonstrated that the AFM state
of hematite above TM exhibits E-induced XNDD, primarily
E-induced XNLD. The observed spectra, including their
polarization angle dependence and T domain sign reversal,
are in excellent agreement with DFT-based simulations.
Furthermore, our symmetry and numerical analyses show
that the electric-field-induced magnetic quadrupole and
toroidal octupole originate from multipolar components
that are antiferroically ordered in the ground state. The
combination of electric-field-modulated x-ray absorption
measurements and ab initio calculations therefore provides
a framework for investigating otherwise hidden antiferroic
multipolar order.
Finally, the explicit identification of the magnetic toroi-

dal octupole paves a pathway to exploring its associated
physical consequences, including nonreciprocal transport
phenomena arising from asymmetric electronic band struc-
tures [59–61].
The images of crystal structures were drawn using the

software VESTA [62].
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APPENDIX A: LINEAR MAGNETOELECTRIC
TENSOR AND NONRECIPROCAL DIRECTIONAL

DICHROISM

Here, we discuss the relationship between the linear ME
tensor and nonreciprocal directional dichroism. We con-
sider NDD of light in a general sense and do not restrict the
discussion to the x-ray regime.
The relationship between the ME tensor and NDD can

be understood by extending the ME effect to optical
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frequencies, often referred to as the optical ME effect
[64–67]. For simplicity, we consider light propagating
along the z direction, and thus in the following only the
in-plane (xy) components of the ME tensor are considered.
When the ME tensor in the xy plane has finite off-diagonal
components, oscillating polarization Pω, which is normally
induced by an oscillating electric field Eω, acquires an
additional contribution ΔPω induced by an oscillating
magnetic field ΔHω of light. This additional polarization
is described as

ΔPω ¼
�

0 αωxy

αωyx 0

�
Hω ∝

�
0 αωxy

αωyx 0

�
ðk ×EωÞ

¼ �
�
αωxy 0

0 −αωyx

�
Eω: ðA1Þ

Here, αωxy and αωyx are components of optical ME tensor. k is
the unit vector indicating the propagation of light, and kz ¼
�1 in the present case. As shown here, the sign of ΔPω

depends on the propagation direction of light, giving rise to
nonreciprocity. For simplicity and to highlight the essential
origin of nonreciprocity, we set the diagonal components to
zero here, as they alone do not produce a directional
dependence in absorption upon reversing the light propa-
gation direction.
When the off-diagonal components of the ME tensor are

symmetric, i.e., αωxy ¼ αωyx, the sign of ΔPω is reversed
between x- and y-polarized light, leading to nonreciprocal
linear dichroism. In contrast, when the off-diagonal com-
ponents are antisymmetric, i.e., αωxy ¼ −αωyx, the sign of
ΔPω remains the same for x- and y-polarized light,
resulting in magnetochiral dichroism. From this discussion,
it is clear that the ME tensor determines which type of NDD
can occur. On the other hand, as discussed in the main text,
XNDD arises from electric quadrupole transitions, and the
above picture based on polarization induced by an oscil-
lating magnetic field does not necessarily reflect the actual
mechanism in the x-ray regime. Nevertheless, this frame-
work is useful for classifying and understanding the
nonreciprocal optical phenomena from a symmetry
perspective.

APPENDIX B: MAGNETIC PROPERTIES OF
HEMATITE

The magnetization of the natural hematite crystal was
measured using a commercial magnetometer (PPMS,
Quantum Design). Figure 6(a) shows the temperature
dependence of the magnetization along the ah axis under
a magnetic field of 10 mT. The sudden decrease in the
magnetization at approximately 253 K corresponds to the
Morin transition. Figure 6(b) shows the magnetization
curve at 300 K for a magnetic field applied along the ah
axis. A hysteresis loop with a coercive field of about
�5 mT is observed.

APPENDIX C: E-INDUCED XNDD
MEASUREMENTS IN ZERO MAGNETIC FIELD

Electric-field-modulated x-ray transmittance spectra
were measured in zero magnetic field, under the same
experimental conditions as those used for Fig. 3(c). To
prepare monodomain states of L⊥þ and L⊥−, magnetic
fields of þ0.1 and −0.1 T were applied along the ah axis,
respectively, and subsequently removed during the spectral
measurements. An ac voltage with a peak amplitude of
200 V was applied, and the x-ray beam was linearly
polarized along the x axis. Figure 7 shows the resulting
spectra. No significant difference is observed between the
spectra measured in zero magnetic field and those obtained
under a finite magnetic field.

APPENDIX D: X-RAY PROPAGATION
DIRECTION DEPENDENCE OF

E-INDUCED XNDD

To verify the nonreciprocal nature of the E-induced
XNDD, we performed measurements with reversed x-ray

(a)

(b)

FIG. 6. Magnetic properties of hematite. (a) Temperature
dependence of magnetization along the ah axis. A magnetic field
of 10 mTwas applied during the measurement. (b) Magnetization
curve at 300 K for a magnetic field applied along the ah axis.
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propagation direction. These measurements were carried
out using a different sample from the same batch as that
used in the main text.
The sample was prepared in the L⊥− domain state, with

the x-ray polarization parallel to the x axis, corresponding
to the configuration used in Fig. 3(a). The result measured
under an applied ac voltage with a peak amplitude of 200 V
is shown by the red curve in Fig. 8. In this sample, the

in-plane crystallographic orientation was not perfectly
aligned, resulting in a deviation of the angle between the
Néel vector and the x-ray polarization from the ideal
configuration. Consequently, the signal amplitude is
smaller than that shown in Fig. 3(c).
After this measurement, the sample was flipped, while

keeping both the antiferromagnetic domain state and the
direction of the applied electric field unchanged. This
configuration corresponds to reversing the x-ray propa-
gation direction (þk → −k). The result is shown by the
blue curve in Fig. 8. As expected, the signal reverses its
sign upon the reversal of the propagation direction,
confirming the nonreciprocal nature of the observed
response.

APPENDIX E: DETAILS OF NUMERICAL
SIMULATIONS BY FDMNES CODE

Most of the calculations were performed using the
multiple scattering theory. We employed the generalized
gradient approximation PBE96 [68] functional to calculate
the exchange-correlation potential, incorporating the cor-
rection by von Bart and Hedin [69] to consider its
dependence on the photoelectron energy. The hematite
R3̄c structure was adopted from Ref. [70], with hexagonal
lattice parameters of ah ¼ 5.035 Å and ch ¼ 13.73 Å. The
atomic positions of Fe and O are (0, 0, 0.14783) and
(0.30618, 0, 0.25), respectively. In the resulting unit cell, all
Fe atoms were displaced along the ch axis by �δz,
depending on the direction of the electric field. Two
separate calculations were then performed for each field
direction, and the results were compared with the exper-
imental data by taking their differences. The magnetic
configurations of L⊥, Lk, and the low-T phase are imposed
at the beginning of the calculation using Hund’s rule. There
is a very small canting, a fraction of degree, of the magnetic
moments in the L⊥ and Lk configurations. We have verified
that its effect on the signal is negligible. Consequently, all
presented results were obtained with perfectly parallel
moments. The orbital magnetic moments are an output
of the calculation.

FDMNES automatically employs the magnetic space
group to define the equivalent and nonequivalent atoms,
as well as the symmetry operations allowing the corre-
spondence between them. Then, for the cross-section
calculation, it works in real space using a cluster-based
approach. All the atoms inside a sphere of a chosen radius
R, centered onto the absorbing atom, are considered. We
performed a series of calculations with increasing R, and
found that convergence was achieved at R ¼ 6.24 Å
(corresponding to 105 atoms in the cluster). All results
shown in the paper are obtained with this radius. Because of
the atomic displacements, symmetry is reduced, resulting in
two nonequivalent Fe atoms in the unit cell. Therefore, two
independent calculations must be performed for the two

dc

FIG. 7. Electric-field-modulated x-ray transmittance spectrum
in zero magnetic field. Monodomain states of L⊥þ (red) and
L⊥− (blue) were prepared by applying magnetic fields of þ0.1
and −0.1 T, respectively, and the magnetic field was removed
during the measurements. The spectra were obtained under an
applied ac voltage with a peak amplitude of 200 V. For reference,
the spectra measured in magnetic fields [identical to those shown
in Fig. 3(c)] are displayed in pale colors.

dc

FIG. 8. Propagation direction dependence of the electric-field-
modulated x-ray transmittance. The red curve shows the
E-induced XNLD measured for the L⊥− domain state with
the x-ray polarization parallel to the x axis under an ac voltage
with a peak amplitude of 200 V. The blue curve was obtained
after flipping the sample, corresponding to reversal of the x-ray
propagation direction (þk → −k), while keeping both the domain
state and the applied electric field unchanged. The observed sign
reversal confirms the nonreciprocal nature of the response.
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corresponding iron sites and their respective cluster of
atoms. The final signal is given by

A ¼
X
a

X
s

SðAaÞ; ðE1Þ

where A is the unit cell cross section, given in the Cartesian
or spherical-tensor form. a indexes the two nonequivalent
iron atoms, and S stands for the symmetry operation giving
the equivalent atoms tensor from the prototypical Aa.
Calculations are relativistic and necessarily incorporate

the spin-orbit interaction. We also account for the 0.032 eV
splitting of the 1s�1=2 core level, which arises from
magnetically polarized exchange with the valence states.
Although this splitting is small, to reproduce the experi-
mentally observed extremely small signal (ΔI=Idc ≈ 4×
10−6 at the preedge), an equivalent precision is required
in all steps of the calculation. Indeed, the XAS signals
recorded as a function of x-ray energy depend on the
difference of energy between the photoelectron states and
the core level states. Note that the eventual energy difference

between the core states of the two nonequivalent sites is also
considered, but this difference is negligible (approximately
0.001 eV), and likely has no discernible effect. We have used
all the default FDMNES parameters for the convolution and
the core all treatment (complete core all with a 1 electron
screening in the first nonoccupied, that is, Fe 3d state).
Figure 9 shows the simulated x-ray absorption spectrum

and the E-induced XNDD spectrum over a wide energy
range including the main edge. In the simulation of the
E-induced XNDD, the Fe displacement δz is set at
5 × 10−15 m. The simulated XAS agrees well with the
experimental result [compare Figs. 2(a) and 9(a)]. The
E-induced XNDD appears only in the preedge region.

APPENDIX F: ESTIMATION OF THE IONIC
DISPLACEMENT INDUCED BY

AN ELECTRIC FIELD

The ionic displacement Δz can be estimated by balancing
the electric force, FE ¼ qeffEloc, with the restoring harmonic
force, Fh ¼ −MFeω

2
A2u

Δz. Here, qeff is an effective charge,
Eloc is a local electric field, and MFe is a mass of Fe3þ ion.
ωA2u

∼ 50 meV is the frequency of the A2u optical phonon
mode corresponding to the displacement of all Fe3þ ions
along the ch axis in the opposite direction to the O2− ions.
The local electric field is estimated using the Lorentz-

Lorenz relation, Eloc ¼ E½1þ Lðε − 1Þ�, where ε ∼ 20 at
1 kHz [71] and L ∼ 0.28 is the Lorentz factor along the ch
axis, slightly smaller than the cubic value of L ¼ 1=3.
This gives Eloc ≃ 6E. Using an effective charge of qeff ∼ 3e
for the Fe3þ ions, the ionic displacement under E ¼
28.3 kV=cm is estimated to be

Δz ¼ qeffEloc

MFeω
2
A2u

∼ 1.6 × 10−14 m: ðF1Þ

This order of magnitude is in good agreement with the
displacement inferred from the FDMNES calculations.

APPENDIX G: E-INDUCED XNDD
MEASUREMENTS AND SIMULATIONS
IN THE LOW-TEMPERATURE PHASE

The magnetic structure of the low-T phase below TM also
allows, by symmetry, the emergence of XNDD. However,
numerical simulations show that the magnitude of the effect
is one order of magnitude smaller than that in the high-T
phases [see Fig. 10(a)]. At 200 K (< TM), we performed the
same measurements as for the L⊥þ state, with the x-ray
beam linearly polarized along the x axis and an ac voltage
with a peak amplitude of 200 V applied. As shown in
Fig. 10(b), no meaningful signal was detected in the low-T
phase, indicating that E-induced XNDD in the low-T phase
was below the detection limit of the present experimental
setup. Although a small peak is discernible around
7.1115 keV, which is consistent with the numerical

(a)

(b)

(a
rb

. u
ni

ts
)

FIG. 9. Numerical simulations of x-ray absorption spectrum
and E-induced XNDD spectrum for the L⊥þ domain. (a) Simu-
lated x-ray absorption spectrum without the Fe displacement.
(b) Simulated spectrum of ΔIðδzÞ=Ið0Þ, corresponding to the
wider energy range of the red curve shown in Fig. 3(c). Here,
ΔIðδzÞ=Ið0Þ denotes the normalized change in the transmitted
x-ray intensity by introducing the Fe displacement δz
(¼ 5 × 10−15 m) in the direction along the ch axis.
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simulation, the overall signal amplitude is too weak to allow
a reliable or detailed discussion of its spectral features.

APPENDIX H: SPHERICAL-MULTIPOLE
DESCRIPTION

Here we show how the multipoles Il;m introduced in
Eqs. (5)–(7) are defined, taking Eq. (6) as an example.
From the definition, Eq. (6) is written as

Txzx−Tyzy¼2iIm
X
n

ðhxzi0nhxin0−hyzi0nhyin0Þδn: ðH1Þ

For simplicity of notation, we shall remove the explicit
dependence on δn in all expressions below. The terms
hxzi0n and hyzi0n can be written as second-rank spherical
tensors Tl;m [e.g., hxzi0n ¼ ð1= ffiffiffi

2
p ÞðT2;−1 − T2;1Þ and

hyzi0n ¼ ði= ffiffiffi
2

p ÞðT2;−1 þ T2;1Þ], whereas hxin0 and hyin0
are first-rank spherical tensors [e.g., hxin0¼ð1= ffiffiffi

2
p Þ

ðT1;−1−T1;1Þ and hyin0¼ði= ffiffiffi
2

p ÞðT1;−1þT1;1Þ]. All tensors

Tl;m depend on n (but for simplicity we have removed the
dependence from the symbol). Therefore, Eq. (H1)
becomes Txzx − Tyzy ¼ 2i ImΣnðT2;−1T1;−1 þ T2;1T1;1Þ.
Then, by the addition theorem of spherical tensors, we
can write a spherical-tensor product in terms of a single

spherical tensor (call it Il;m) as T2;−1T1;−1 ¼
ffiffi
2
3

q
I3;−2 þ

ð1= ffiffiffi
3

p ÞI2;−2 and T2;1T1;1 ¼
ffiffi
2
3

q
I3;2 − ð1= ffiffiffi

3
p ÞI2;2, whereffiffi

2
3

q
and 1=

ffiffiffi
3

p
are the Clebsch-Gordan coefficient. This

defines the spherical tensors Il;m.

APPENDIX I: ORBITAL CURRENT
INTERPRETATION OF THE MAGNETIC

TOROIDAL OCTUPOLE

As shown in the main text, the main contribution to the
E-induced XNLD in hematite is the magnetic toroidal
octupole (specifically I3;2 þ I3;−2 in the L⊥þ phase). Here
we focus on the physical interpretation of the tensor
Txzx − Tyzy. Since the transition at the K-edge takes place
from the 1s state, where there is no spin-orbit coupling, the
spin matrix elements can be factored out. Without spin
contributions, the orbital part of the initial state becomes
Ψ0ðr; θ;φÞ ¼ R1sðrÞY0;0ðθ;φÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½3=ð4πÞ�p
R1sðrÞ. The

intermediate states Ψn depend on the energy E and are
written as ΨEðr; θ;φÞ ¼

P
l;m Bl;mðEÞRE;lðrÞYl;mðθ;φÞ.

The angular part of the matrix elements in Txzx − Tyzy

selects, via the Gaunt coefficients (i.e., integrals of triple
spherical harmonics terms), exactly those coefficients
Bl;mðEÞ that match the symmetry of the transition operator.
This is a direct consequence of the initial 1s state whose
spherical harmonics Y0;0ðθ;φÞ is a constant.
The matrix elements of Eq. (H1), rewritten from Eq. (6),

are given by hxzi0n¼IR2;EB2;xz, hxin0 ¼ IR1;EB
�
1;x,

hyzi0n ¼ IR2;EB2;yz, and hyin0 ¼ IR1;EB
�
1;y, where IR1;E

and IR2;E are energy dependent radial integrals: IR2;E ∝R∞
0 R1sðrÞr4RE;2ðrÞ and IR1;E ∝

R∞
0 R1sðrÞr3RE;1ðrÞ.

Therefore, Txzx − Tyzy is rewritten as

Txzx − Tyzy ¼ IR1;EIR2;E ½ðB2;xzB�
1;x − c:c:Þ

− ðB2;yzB�
1;y − c:c:Þ�: ðI1Þ

This quantity in Eq. (I1) represents an orbital current in the
intermediate state. Since the transition occurs at the K-edge
from the spinless 1s initial state (with negligible spin-orbit
coupling), the current is purely orbital in origin. The
following example illustrates this interpretation. We con-
sider the intermediate state ΨEðr; θ;φÞ and evaluate the
quantum current on it. In general, the current is given by
J ¼ ½ℏ=ð2meiÞ�ðΨ�∇Ψ − Ψ∇Ψ�Þ. Here me is the electron
mass. Applying this formula to the state ΨEðr; θ;φÞ, we
obtain J ¼ jrur þ jθuθ þ jφuφ with

dc

(a)

(b)

FIG. 10. E-induced XNDD simulations and measurements in
the low-T phase. (a) Comparison of numerical simulations in the
high-T phase (red curve) and low-T phase (blue curve). In the
simulations, the Fe displacement is set to be identical in the two
phases (δz ¼ 5 × 10−15 m). (b) Electric-field-modulated x-ray
transmittance spectrum at 300 K (L⊥þ domain, red) and 200 K
(blue). The spectra were obtained under an applied ac voltage
with a peak amplitude of 200 V.
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jr ¼
ℏ
me

X
ll0mm0

ImfB�
l0m0BlmY�

l0m0YlmRl0∂rRlðrÞg; ðI2Þ

jθ ¼
ℏ

mer

X
ll0mm0

ImfB�
l0m0BlmRl0RlY�

l0m0 ðm cot θYlm

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞðlþmþ 1Þ

p
e−iφYl;mþ1Þg; ðI3Þ

jφ ¼ ℏ
mer sin θ

X
ll0mm0

ImfB�
l0m0BlmRl0RlY�

l0m0YlmðimÞg: ðI4Þ

By integrating Eqs. (I2)–(I4) in space, we obtain the
imaginary quantity Σll0mm0 Im ðB�

l0m0BlmÞ, which matches
the form of Eq. (I1) for some specific values of
l; l0; m;m0. This implies that the value of the E-induced
XNLD represents the orbital current in the state ΨE . Note
that the orbital currents discussed here are analogous to
those proposed for superconducting cuprates [72]. Since
they remain localized around each Fe ion, they do not
contribute to a net transport of orbital angular momentum
through the crystal. In this sense, they should be distin-
guished from the orbital currents discussed in the context of
orbitronics [73].
To understand what kind of orbital current in Eq. (I1)

represents, we consider a wave function ΨE with only
px; py; dxz; dyz orbitals, so as to reproduce the features of
the result in Eq. (I1). ΨEðr; θ;φÞ can be rewritten as linear
combinations of the real spherical harmonics Ypx

; Ypy
; Ydxz ,

and Ydyz with coefficients ax, ay, bxz, and byz, respectively.
Consequently Eqs. (I2)–(I4) are rewritten as

jr ¼
2ℏ
me

ðRpR0
d − RdR0

pÞ
3

ffiffiffi
5

p

4π
sin2θ cos θ

× ½Im ða�xbxzÞcos2φþ Im ða�ybyzÞsin2φ
þ Im ða�xbyz þ a�ybxzÞ sinφ cosφ�; ðI5Þ

jθ ¼
2ℏ
mer

RpRd
−3

ffiffiffi
5

p

4π
sin3θ

× ½Im ða�xbxzÞcos2φþ Im ða�ybyzÞsin2φ
þ Im ða�xbyz þ a�ybxzÞ sinφ cosφ�; ðI6Þ

jφ ¼ joddφ þ jevenφ

¼ 2ℏ
mer

3

4π
sin θfRpRd

ffiffiffi
5

p
cos θ Im ða�xbyz − a�ybxzÞ

þ ½R2
p Im ða�xayÞ þ 5 cos θR2

d Im ðb�xzbyzÞ�g: ðI7Þ

Here, jevenφ in Eq. (I7) is the parity-even part of the current,
which, therefore, does not contribute to the XNDD. In the
L⊥ state with application of E, only the coefficients with an
even number of x labels in Eqs. (I5)–(I7) survive (see
also Sec. VA).

A simple choice to implement the symmetry of
Eqs. (I5)–(I7) is to take ax ¼ byz ¼ 1 and ay ¼ bxz ¼ i.
Then we obtain joddφ ¼ 0, jθ ∝ sin3 θ cos ð2φÞ, and
jr ∝ sin2 θ cos θ cos ð2φÞ. The streamline plots of the
current J for this choice of coefficients in the xy and yz
planes are shown in Fig. 11. Using Ampere’s theorem (a
closed loop current is equivalent to a magnetic dipole), this
figure suggests the presence of magnetic dipoles at the
positions schematically represented in Fig. 12 in the
xy plane.
Finally, we evaluate the multipolar components associ-

ated to Fig. 12. The magnetic toroidal dipole (tk), the
magnetic quadrupole (Mij), and the magnetic toroidal
octupole (Oij;k) are defined as

(a)

(b)

FIG. 11. Streamline plots of orbital current of Eqs. (I5)–(I7) in
the xz plane (a) and in the yz plane (b). We remark the opposite
behavior in the two planes: For positive y, the current flow rotates
anticlockwise, whereas for positive x, it turns clockwise. Also for
negative y, the current flow rotates clockwise, whereas for
negative x, it turns anticlockwise. The units of horizontal and
vertical axes are arbitrary units.
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tk ¼ ϵijktij ¼ ϵijk
1

2

X
α

ðrðαÞi mðαÞ
j −mðαÞ

i rðαÞj Þ; ðI8Þ

Mij¼
1

2

X
α

�
rðαÞi mðαÞ

j þmðαÞ
i rðαÞj −

2

3
δij

X
l

mðαÞ
l rðαÞl

�
; ðI9Þ

Oij;k ¼
X
α

�
rðαÞi rðαÞj −

1

3
δij

X
l

rðαÞl rðαÞl

�
tðαÞk ; ðI10Þ

where α labels the positions of the magnetic dipole mi,
and ϵijk is the Levi-Civita symbol. Using Eqs. (I8)–(I10),
the magnetic multipoles of Fig. 12 are evaluated as
Ox2−y2;z ¼ 2μa3, Mxy ¼ 2μa, and all other multipole com-
ponents are identically zero. These are the Cartesian
components of the multipoles detected in the experiment:
Ox2−y2;z → I3;2 þ I3;−2 and Mxy → I2;2 − I2;−2.

APPENDIX J: MULTIPOLE CONTRIBUTIONS
IN THE ABSENCE OF AN APPLIED

ELECTRIC FIELD

To clarify the multipole contributions in the absence of
an applied electric field, we performed ab initio simulations
for the two symmetry-inequivalent Fe3þ sites, Fe1 and Fe2.
Figure 13 shows the contributions of the magnetic toroidal
octupole (TO, I3;2 þ I3;−2) and the magnetic quadrupole
(MQ, I2;2 þ I2;−2) to the x-ray absorption. It is clearly seen
that these multipole contributions have opposite signs at
the Fe1 and Fe2 sites, demonstrating their antiferroic
arrangement.
The green curve in Fig. 13 shows the sum of the

contributions from the Fe1 and Fe2 sites after including
the effect of the applied electric field through the Fe3þ

displacement, δz ¼ 5 × 10−15 m, and is equivalent to the
calculated spectrum shown in Fig. 5 of the main text. The
characteristic dispersive line shape, consisting of two peaks
with opposite signs, originates from the corresponding
peak structures of the Fe1 and Fe2 site contributions. The
applied electric field lifts the compensation between the
two sites, giving rise to the finite E-induced XNLD signal.
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