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Tensor networks provide a natural language for noninvertible symmetries in general Hamiltonian lattice
models. We use ZX-diagrams, which are tensor network presentations of quantum circuits, to define a
noninvertible operator implementing the Wegner duality in 3 4 1D lattice Z, gauge theory. The
noninvertible algebra, which mixes with lattice translations, can be efficiently computed using
ZX-calculus. We further deform the Z, gauge theory while preserving the duality and find a model
with nine exactly degenerate ground states on a torus, consistent with the Lieb-Schultz-Mattis-type
constraint imposed by the symmetry. Finally, we provide a ZX-diagram presentation of the noninvertible
duality operators (including noninvertible parity and reflection symmetries) of generalized Ising models
based on graphs, encompassing the 1 4 1D Ising model, the three-spin Ising model, the Ashkin-Teller
model, and the 2 + 1D plaquette Ising model. The mixing (or lack thereof) with spatial symmetries is
understood from a unifying perspective based on graph theory.
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I. INTRODUCTION

The symmetry principle in theoretical physics has been
generalized in many different directions in recent years.
In particular, it has become increasingly clear that sym-
metries in quantum systems need not be invertible. These
“noninvertible symmetries” are not described by group
theory and go beyond the paradigm set by Wigner’s theorem.
Nonetheless, they exist ubiquitously in many familiar quan-
tum field theories and lattice models, leading to new
conservation laws and selection rules. See Refs. [1-8] for
reviews.

The simplest example of noninvertible symmetries is the
Kramers-Wannier (KW) symmetry of the 1+ 1D Ising
lattice model [9-13]. In particular, it has been realized
recently that, in the quantum Hamiltonian Ising lattice model,
the operator algebra of this noninvertible symmetry mixes
with the lattice translation [14—16]. This symmetry implies
a Lieb-Schultz-Mattis (LSM) type constraint [15,19],
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forbidding a trivially gapped phase. See, for examples,
Refs. [20-37] for recent discussions of noninvertible sym-
metries in 1+ 1D lattice systems and Refs. [38-47] for
2 4 1D examples.

The most natural generalization of the Kramers-Wannier
duality in 1 4 1D is the Wegner duality in 3 + 1D lattice Z,
gauge theory [48,49]. While the Kramers-Wannier duality
exchanges the broken and unbroken phases of an ordinary

ng symmetry, the Wegner duality exchanges those of a

Zgl) 1-form global symmetry. At the self-dual point, the
Wegner duality leads to a noninvertible symmetry. The
topological defect associated with this symmetry was
constructed in the Euclidean lattice gauge theory in
Ref. [52], and its continuum counterpart was found in
Refs. [53,54].

In this work, we introduce the corresponding noninver-
tible duality “operator” in the quantum Hamiltonian lattice
Z, gauge theory in 34 1D on a tensor product Hilbert
space, generalizing the KW operator of the 1 4 1D trans-
verse-field Ising model. In 1+ 1D, there are several
different presentations of the KW operator, including as
a sequential circuit, bosonization of the Majorana trans-
lation, and as a matrix product operator (MPO). However, it
is not clear how to generalize the first two constructions to
higher dimensions.
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To this end, we use the “tensor network” formalism
[55,56] to present these noninvertible operators in general
dimensions, generalizing the MPO [15,57-66] description.
On the lattice, tensor networks are a natural tool to describe
nonunitary operators. In this work, we use a particular
formulation of tensor networks called “ZX-calculus”
[67,68] (see Ref. [69] for a review). ZX-calculus is a
graphical language to reason about linear maps between
qubits. It is a concrete realization of a more abstract
program of diagrammatic reasoning in quantum physics
[70,71]. It has roots in quantum foundations, but has
recently gained popularity in practical applications in
quantum information ranging from optimizing quantum
circuits [72-74] to concepts in quantum error correction
and fault-tolerant quantum computation [75-81].

The central object of ZX-calculus is a “ZX-diagram.” It
is a string diagram—tensor network representation of a
quantum circuit or, more generally, a linear map between
qubits. One of the most important features of a ZX-diagram
is that it can be deformed arbitrarily, while maintaining the
connectivity, without changing the linear map it represents.
In other words, only topology of the diagram matters.
Furthermore, a ZX-diagram can be modified to another
topologically inequivalent diagram using a simple (and
finite) set of local moves known as “rewrite rules.” Much of
the power of ZX-calculus derives from the completeness of
these rewrite rules, i.e., any reasoning about linear maps
between qubits can be done entirely graphically using a
finite sequence of rewrite rules. This is in contrast to the
most general formulation of tensor networks, where a
general product of tensors increases the bond dimension
and does not have an obvious algorithm to simplify the
tensors (especially in the case of high connectivity).

The Kramers-Wannier duality operator in 1 4+ 1D and
the Wegner duality operator in 3 + 1D admit a simple

Dl<—s ~

(a)

FIG. 1.

presentation as ZX-diagrams: First, we construct the
duality maps represented by the ZX-diagrams shown in
Fig. 1, and then, we compose them with half-translation
maps (not shown in the figure). In both cases, the duality
map takes the original lattice to the dual lattice, and the
half-translation map takes it back to the original lattice. In
the end, we get an operator on the original Hilbert space.

Using ZX-calculus, we reproduce the noninvertible
operator algebra for the 1+ 1D KW duality symmetry
and derive a new lattice algebra for the 3 + 1D Wegner
duality symmetry. In particular, we find that the algebra of
the Wegner duality operator D involves a lattice translation
in the (1, 1, 1) direction, generalizing the 1 + 1D obser-
vation in Refs. [15,19]. See Table I. The noninvertible
operator D exchanges the product state with the 3 + 1D
toric code ground state. We also define a condensation
operator C on the lattice, which creates a 3 + 1D toric code
ground state from a product state.

We further discuss a deformation of the lattice Z, gauge
theory while preserving the noninvertible Wegner duality
symmetry. This is a direct generalization of the deformation
of the 1 4+ 1D Ising model in Ref. [82]. We argue for an
LSM-type constraint for the noninvertible symmetry, which
implies that the deformed model cannot be trivially
gapped.

Finally, our tensor network presentation of the non-
invertible symmetry can be readily extended to generalized
transverse-field Ising models (TFIMs) based on arbitrary
bipartite graphs. We present the condition under which
such a model has a noninvertible duality symmetry, and
derive a condition for when the noninvertible operator
algebra mixes with the spatial symmetry. We then discuss
several examples of noninvertible symmetries in this
unifying presentation. In some examples, we find a non-
invertible parity (or reflection) symmetry.

The tensor network representations, or the ZX-diagrams, of (a) the Kramers-Wannier duality map in 1 + 1D and (b) the

Wegner duality map in 3 + 1D. In (a), time flows from left to right, so the input legs are on the sites of the periodic chain and the output
legs are on the links. In (b), the flow of time is indicated by the arrows, so the input legs are on the links (thick gray lines) of the periodic
cubic lattice and the output legs are on the plaquettes. (We show only the part of the diagram in a unit cell; the full diagram is obtained by
repeating and gluing this diagram periodically in the three spatial directions.).
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TABLE L.

The operator algebras of the Kramers-Wannier duality operator in 1 + 1D and the Wegner duality

operator in 3 + 1D with themselves in the continuum and on the lattice. Here, # is the ordinary Z, symmetry
operator in 1 4+ 1D, while (X) is a 1-form symmetry operator on a two-cycle X in 3 + 1D. Finally, M is a spatial
three-manifold, T is the generator of spatial translation in 1 + 1D, and 7', ; ; is the generator of spatial translation in

the (1, 1, 1) direction in 3 + 1D.

1+ 1D 3+ 1D
Continuum D*=1+4y (M)2 WZEGHa MZZ) n(X)=:C(M)
Lattice D> = (14T D2 =47, en(E)=CTy,,

The rest of this paper is organized as follows. Section I
reviews some of the essential elements of the ZX-calculus.
Section III demonstrates the utility of tensor network
representation and ZX-calculus in constructing and ana-
lyzing the 1+ 1D Kramers-Wannier duality operator.
Section IV gives a brief review of the 3 + 1D lattice Z,
gauge theory, gauging the Z, I-form symmetry, and
Wegner duality. Section V gives the explicit tensor network
representation of the 3 4+ 1D Wegner duality operator and
the derivation of its operator algebra using ZX-calculus.
Section VI presents the tensor network representation of the
noninvertible duality operator and its algebra in the
generalized TFIM based on an arbitrary bipartite graph.

|

0o+

(1) Z-spider: n: {aj im
(2) X-spider: n j:a): m

[H)Em (4O + e |-)

Section VII concludes with a discussion of the results and
potential future directions. Appendix A gives the details of
several derivations involving the Wegner duality operator
and the condensation operator using ZX-calculus. And
finally, Appendix B gives the tensor network representation
of the higher quantum symmetry operators associated with
higher gauging the Z, 1-form symmetry on the lattice.

II. REVIEW OF ZX-CALCULUS

A ZX-diagram is a graphical representation of a linear
map of qubits [83]. It is built out of the following
generators:

et |1)em(q|en,

om (-,

(3) Hadamard, H: —o— := J5(|0){0]+[0)(1|+1)(0] - [1)(1]).

(4) Identity: ——— :=
(5) SWAP: Y :=

(6) A Bell pair (ket): ( =
(7) A Bell pair (bra): ) :=

Here, n,meN ={0,1,2, ...

10)(0] + [1)(1].

100) + |11).
(00] 4 (11].

100)(00] + [01)(10] + |10)(01| + |11)(11].

} and a ~ a + 2z. It is customary to omit the phase « inside the Z/X-spiders if @ = 0. The

following are elementary examples of ZX-diagrams of some familiar states and operators.
(1) Eigenstates of Pauli Z: @— = 1/2/0) and @— = v2|1).
(2) Eigenstates of Pauli X: 0— = /2|+) and (m)— = /2|—).

(3) A Bell pair (ket): ¢ =g = =100) + [11).

(4) Greenberger-Horne-Zeilinger (GHZ) state: Cg |000) + |111) [84].

(5) Pauli Z: —(@)— = [0)(0] — [1)(1].
(6) Pauli X: —@— = [+){+| = [-)(~}; ;
(7) Controlled-NoOT gate, CNOTU f

(8) Controlled-z gate, CZ, ;: \f %

Note that the ZX-diagrams of cNOT and €z gates involve
more than one generator. Indeed, one can build more
general maps by combining ZX-diagrams as follows: let
D; and D, be two diagrams with associated matrices
denoted as [D] and [D,], respectively.

(1) The diagram associated with the tensor product

[D] ® [D,] is obtained by placing them together.
For example,

YA+ Zi+ 2, — Z:2;).

o—

@ = V0,

(2.1)

(2) The diagram associated with the product or compo-
sition [D,][D,], provided it is well defined, is
obtained by joining the outputs of D; to the inputs
of D, [85]. For example,

041006-3



GORANTLA, SHAO, and TANTIVASADAKARN

PHYS. REV. X 15, 041006 (2025)

(@ =XZ=-iV.

(2.2)

In fact, any map of qubits can be represented as a ZX-diagram
built out of the above generators using the above composition
rules. This property is known as “universality.”

n;;m
k: (8) :1

Identity removal (I): —0— = —0—=—.
Hadamard cancellation (HC): @ = —

State copy (SC): o~@] in = (%)”_1 n
Oi

Spider fusion (SF):

Given two ZX-diagrams, one natural question is if they
represent the same map. There is a set of rewrite rules,
known as the ZX-calculus, that allows one to transform a
given diagram to obtain another diagram representing the
same map. Some of them are listed below (the full set can
be found in Ref. [69], for instance).

= n—i—kzm—i—l and similarly for the X-spiders.

and similarly with Z/X-spiders exchanged.

7 commutation (Pi): (@)@ n = ¢’ «Z&) in and similarly with Z/X-spiders exchanged.

(] (]
Color change (CC): nm = njéim and similarly with Z/X-spiders exchanged.

Bialgebra (B): g =% >

Hopf (Hf): —0T0— =3 —0 o—.

Scalar (S): 0 = 2,(®) =0, (@) = 1+ €, @—0 = V2, = V/2e’, @=0 = 5, and similarly with Z/X-spiders

exchanged.

Some more useful rules derived from the above rules are listed below:

Color change (CC’) (version 2): n}im - n}im and similarly with Z/X-spiders exchanged, which

follow from a combination of HC and CC.

. . - - 1 (n—1)(m—1)
Generalized bialgebra (GB): n: X im = (ﬁ)

n})—cim which follows from SC when n = 0

or m =0, from I when n =1 or m = 1, and from a repeated application of B and SF when n > 2 and m > 2.

We remark that many of the above rules may be familiar to
readers acquainted with Hopf algebras. In particular, the
above rules can be viewed as an extension of the group
Hopf algebra C[Z,], where the phaseless three-legged
X-spider with two input legs and one output leg plays
the role of multiplication (i.e., addition in Z,), and the
phaseless three-legged Z-spider with one input leg and two
output legs plays the role of comultiplication. The asso-
ciativity and coassociativity of the Hopf algebra essentially
enables spider fusion.

Another implicitly assumed rule when working with
ZX-diagrams is that only topology of the diagram matters,
i.e., we can move any part of a diagram (except for inputs
and outputs) arbitrarily while maintaining the connectivity
without changing the map it represents. For example, the
ZX-diagram for the controlled-NOT gate (up to factors of

\/E) can be written as

j : g i : i
(2.3)

where we draw the red dashed line as a visual aid to divide
the diagrams on the left and right into two subdiagrams.
Each subdiagram is a tensor product of some generators
and the two subdiagrams are composed by gluing their
inputs and outputs along the red dashed line. The equality
of the two diagrams on the left and right is a manifestation
of the slogan “only topology matters.” This is why there is
no ambiguity in the definition of the diagram in the middle.

These rules are so powerful that one can prove entirely
graphically whatever one can prove using matrices, i.e., if
D, and D, represent the diagrams of two matrices, denoted
as [D,] and [D,], then [D,] = [D,] if and only if there is a
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finite sequence of rules that transform D; to D,. The “if”
direction is known as “soundness” and the “only if”
direction is known as “completeness” [86].

In many cases, a diagram contains several copies of a
smaller diagram. In such cases, it is convenient to use the
annotated !-box (read as “bang box”). For example,

Here, the part of the diagram inside the annotated !-box (the
blue box) is repeated three times, and each copy, labeled by
i =1, 2,3, is connected to the part of the diagram outside
the annotated !-box in the same way.

It is also convenient to define a “periodic” version of the
annotated !-box. For example,

(2.5)

It is very similar to the annotated !-box except that the wires
that end on the dashed blue lines are glued together in a
periodic way. Note that, when there are no wires that end on
the dashed lines, there is no difference between the two
boxes, so we will use the periodic version only when there
are wires that end on the dashed lines. Moreover, in what
follows, it is always understood that i labels the sites of a
periodic 1D chain with L sites, so we omit the annotation
“I=1,...,L” above the box.

Finally, for completeness, we mention the following.
Given a ZX-diagram D representing a map [D], we can
obtain the ZX-diagram of

(1) its conjugate [D]* by flipping the signs of all the

phases in the spiders in D;

(2) its transpose [D]T by flipping the diagram about the

vertical axis (or reversing the flow of time); and

(3) its adjoint [D]" by doing both.

III. NONINVERTIBLE KRAMERS-WANNIER
OPERATOR IN 1+1D

In this section, we review the noninvertible Kramer-
Wannier operator of the critical Ising lattice model in
1 4 1D using the language of ZX-calculus.

Consider a periodic chain of L sites, labeled by
i=1,...,L, with a qubit at each site, i.e., H; = C2. The
total Hilbert space is the tensor product H = ®;H;. The
Pauli operators acting on the site i are labeled as Z; and X;.
An eigenstate of the Z;’s is denoted as [{m;}) = ®;|m;)
with m; € {0, 1}. The corresponding ZX-diagram is

1

Similarly, an eigenstate of the X,’s is denoted as
{(=)"}) =®; |(—=)™) with m; € {0, 1}. The correspond-
ing ZX-diagram is

While most of our discussions below are concerned with
only the operators on the Hilbert space H, it is useful to
have in mind a specific example of a Hamiltonian. We start
with the Hamiltonian of the 1 + 1D transverse-field Ising
model

(3.3)

L L
H=-JY7Zi-hY X,
i=1 i=1

but our discussion applies to more general Hamiltonians
with the same symmetries of interest. [See Eq. (3.31) for an
example.] The Ising Hamiltonian is translationally invari-
ant, i.e., H commutes with the generator of translation

(3.4)

(3.5)
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A. Noninvertible Kramers-Wannier duality operator

When J = h, known as the critical Ising model, it also
has a noninvertible Kramers-Wannier duality symmetry,
generated by the operator D, which exchanges the Ising and
transverse-field terms in the Hamiltonian, i.e.,

DX, =2,Z,.,D, DZZi;, = X;;,D. (3.6)

There are several equivalent representations of the duality
operator. We list several as follows: o
(1) D = (1/v/2)e=27L/3(1 + )1 57172 65%: 5727
e . o o221 XL [14,87],
(2) D=%(1+n)H,CZ,,H,CZy3H5---H;_CZ;_;,
LH;(1+n) [15],
(3) D =Tr(U'W?...UL), where U = (|'1(§>x<<+_‘j. ;?;gl‘{)
[15,88], and o
@) D =320, {(=)mr ) ({mid] = (1/252)x

5 oy (= 1) 2 O G 1) {om Y| 113,891
From the fourth expression, we derive the ZX-diagrammatic
presentation of the duality operator,

(3.7)

CC oL/2

where we have used the CC’ rewrite rule to provide
equivalent presentations. The top or the bottom (but not
the middle) blue box gives the tensor U’ in the MPO [57,58]
presentation equivalent to the third expression above.

To verify that these are indeed the ZX-diagrams of the
matrix in the fourth expression, let us compute the matrix
elements using ZX-calculus,

2L/2
D{m;}) = 9L/2

cec 1 .
o L @i |
= [{(=)mir )

One can also modify the ZX-diagrams in Eq. (3.7) to make
the equivalence to the other expressions manifest [90].

It is sometimes useful to define an auxiliary Hilbert space
‘H, on the links, in the same way as the Hilbert space on the
sites, which we now denote as H; for clarity, and define the
following maps between H, and H;:

N Z‘,%
Dl<—s = 2L/2 y T‘les =1 . )
2\
=
Dse1 = 2L/2 y Toe1 = \ o
(3
(3.9)

where the sites are labeled by the integer i (modulo L),
whereas the links are labeled by the half-integer i —1
(modulo L). These duality maps were studied in

Refs. [13,61,65,88,89,91]—for instance,

Dl(—s S:F 2L/2

= <®<+|Z-

K3
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which is the expression for the Kramers-Wannier duality map in terms of the cluster entangler [88,91]. Furthermore,
changing the inputs on sites i to outputs in D;_ gives the ZX-diagram of the cluster state associated with the nontrivial
Z, x Z, symmetry protected topological (SPT) phase.

In terms of these maps, we can write

(3.11)

— 9L/2 % —
- 2 Z\ 'L - DS(—]’—Z—L—S )

which are operators on H,.
B. Action on operators

Let us compute the action of D on the Z,-symmetric local operators. Such operators are generated by products of X; and
Z;Z;. 1, so it suffices to understand the action on these operators. First, we have

DX, = 2L/2 BoL/2

1+1 1+1
1+1 1+1

¢ oL /2 FoL/2 =7;Zi41D .
i+1 i+1
i+1 i+1

Similarly, one can show that DZ,Z,, | = X; |D. Therefore, D indeed generates the KW duality transformation.

(3.12)

~

041006-7
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More generally, for m; € {0, 1}, we have

and similarly, D[[;(Z,Z;,1)™ =I]; X/,D. Consider a
special case when m; =m, =--- =my_; = 1 for some
k > 2, and all the other m;’s are 0. We find that D maps a
pair of order operators (Z) to the disorder operator (X),

DZIZk :X2X3"'XkD. (314)

Consider an even more special case where m; = 1 for all i,
we get

Dy =yD =D.
C. Operator algebra

(3.15)

In this subsection, we compute the fusion rules of 7, D,
and T using ZX-calculus. In particular, we will rederive

D2= (14T (3.16)

of Refs. [14,15] from ZX-calculus.
The fusion rules involving # and T are

=i — @@ |E[i—e—i]t[i—i]=1,

(3.17)

To see the last line of this equation explicitly, consider
L = 3 for concreteness,

1~ 1 1 1 11
T—Q%Q :T3—2M2—22—17
373 3 3 3—3

(3.18)

where we colored the wires for clarity.

Let us now compute the fusion rules involving D using
ZX-calculus. We already showed that Dy =D = D.
Moreover, it is easy to see that D commutes with 7. We
are then left with the fusion of D with itself,

D? = Ds1TisTs 1D = 2L

=2k \Z = TDg 1Dy .

(3.19)

(As an aside, note that 7)_(T,._; is the generator of
translation on H;.) Similarly, we have

D2 - DS<—1D14—ST' (320)

We now show that D,_;D,_, = 1 + 5 using ZX-calculus,

Ds1Dys = 2L

(3.21)

where C is the condensation operator. It is convenient to
define a more general operator

(nm)
. '—2”2&
= 2P =

where n = 0 gives the condensation operator C = C,.

(3.22)

041006-8
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We want to show that C, = 1 + (—1)"5. We have

=2tz 1NOT ! o
L L I

2L/2
= m

L
(V22 ((5)"]s (H CNOTa,i) [+)a s

=1

(3.23)

where a represents the auxiliary wire above 1. Now, we
have

L L
CNOT,; = [ J(10)(0]a ® I+ [1)(1], ® X;)
=1

i=1

1

=10)(0]; ® I + [1){1], ® 7. (3.24)
It follows that
C, =2((=)"a(10){0[a & I + [1) (1] ® n)|+)a
=14+ (=1)"n. (3.25)

Therefore, we proved wusing ZX-calculus that
C, =1+ (=1)"y, and hence D> = (1 +#)T. More con-
cretely, for L = 3, we have

1 1
D2 =232 2 2 =T(1+n)
3 3
(3.26)
1 1
=23/ 2 2 =(1+nT.
3 3

It follows from Eq. (3.15) that DC = CD = 2D. Let us
verify this using ZX-calculus,

Dl(—sc = 2L

B oL 9L/2

SE 93L/2 Ci .

eg

SE 93L/2
(3.27)

o_
SE 93L/2

HE 23L/2

= 2Dl(—s .

Multiplying T, on the left on both sides gives the desired
fusion rule. Showing that CD = 2D is similar.

For the sake of completeness, let us also compute C? =
2C using ZX-calculus,

@) @) N~
=2 [T |
1 2

(3.28)

D. Action on states

The phase diagram of the Ising model Eq. (3.3) is well
understood [92]: The Z, global symmetry is spontaneously
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broken (ferromagnetic phase) for J > h, whereas it is
preserved (paramagnetic phase) for J < h. At the critical
point J = h, there is a second-order phase transition
captured by the Ising conformal field theory (CFT) at
low energies.

Let us comment on the ground states and the super-
selection sectors in these phases. In the limit J > A (or
when 7 = 0), the Ising term dominates. In finite volume,
there are two low-lying states whose energy splitting is
exponentially small in L. In infinite volume, the Hilbert
space splits into two superselection sectors,

0...0),  [1...1). (3.29)

On the other hand, in the limit J < & (or when J = 0), the
transverse-field term dominates, so there is a unique ground
state,

|4 +). (3.30)
In fact, these three product states [0...0),[1...1),

|4+ ---+) are the exact ground states of a special case
(A = 1) of the lattice model introduced in Ref. [82],

Hy =—J |:Z(Zizi+1 +Xi)

1

A
_EZ(Xi—IZiZiH +ZiZi Xipn)|. (3.31)

For any 4, this Hamiltonian preserves both the Z, and the
KW duality symmetries. In the thermodynamic limit, the
model is in the ¢ = 1/2 Ising CFT phase for 0 < 1 < 0.856,
reaches the ¢ =7/10 tricritical Ising CFT point at
A~ 0.856, and becomes gapped with three superselection
sectors for A = 0.856. These phases are consistent with the
LSM-type constraint from the noninvertible symmetry in
Ref. [15]. In particular, this model was shown to have exact
threefold degeneracy even at finite L when 4 = 1.
Irrespective of the Hamiltonian, one can ask how the
symmetry operators # and D act on these states [15],

7/0...0) =1...1),
n1...1) =0...0).
,1|_|_..._|_>:|_~_..._|_>’

D|0...0) = | +---+),

D|l...1) =|4---+),
D|+--+) =0...0) +[1...1).
(3.32)

This basis corresponds to the three superselection sectors of
the Hamiltonian Eq. (3.31) in the thermodynamic limit.
Alternatively, one can work in a basis that diagonalizes the
symmetry operators,

1 1
—|+---+)+—=|GHZ*), D=+V2, =1,
\/§| ) ﬁl ) n
IGHZ"), D=0, gn=-1, (3.33)
where
1
GHZ*) := —=(]0...0) £ [1...1)). 3.34
| ) \/iﬂ )£ [1...1)) (3.34)

The duality operator exchanges |GHZ™) with the product
state | 4 ---+),

D| +---+) = V2|GHZ"),

DIGHZ ") = V2| 4 -- - +). (3.35)

IV. REVIEW OF 3+1D LATTICE 7,
GAUGE THEORY

We denote the sites, links, plaquettes, and cubes of a 3D
cubic lattice by s, 7, p, ¢, respectively. Let L,, L, L, be the
number of sites in each direction and assume periodic
boundary conditions. We place a qubit associated with a
local Hilbert space H, = C? on every link. It is the Z,
1-form gauge field. We denote the Pauli operators acting on
link Z as X,,Z,. The total Hilbert space is H = ®,H,.
Here, we focus on the cubic lattice, which is self-dual under
exchanging the links with the plaquettes, and the sites with
the cubes. In Sec. VI, we will discuss other lattices (or even
graphs).

Next, we impose the Gauss law for the Z, 1-form gauge
field strictly as an operator equation at every site,

G, =[x, =1

3s

(4.1)

We denote the Hilbert space subject to this constraint as F,
which is not a tensor product of local factors. We will later
relax this operator equation and impose it energetically.

We start with the standard Hamiltonian for the lattice
gauge theory,

H=-1)"T[2 -1 _x..

p fC€p 4

(4.2)

which acts on the constrained Hilbert space 7{. The first
term is the analog of the magnetic flux term, while the
second term is the analog of the electric-field term in the
continuum. (See Fig. 2 for an illustration of these terms.)
We will later study deformations of this Hamiltonian while
preserving all the symmetries of interest.
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Z
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Z / GS: X X
Z X Re
Xl x
7

(a) (b) (c)

FIG. 2. The local terms and the Gauss law of the Hamiltonian
Eq. (4.2) of the lattice Z, gauge theory. (a) The magnetic flux
term on a plaquette [first term of Eq. (4.2)], (b) the electric-field
term on a link [second term of Eq. (4.2)], and (c) the Gauss law
operator Gy at a site.

A. Topological versus nontopological
1-form global symmetries

The central global symmetry that will be important to us
is a lattice global symmetry generated by

() = HX;%

tel

(4.3)

where £ is a two-dimensional surface on the dual lattice.
The product is over all the links orthogonal to £ or,
equivalently, over all the dual plaquettes on 3. In contrast
to an ordinary global symmetry, this symmetry operator
acts only on part of the space and commutes with the
Hamiltonian H for any %, Since the symmetry operator is a
product of the electric field X, on a codimension-one
surface in the three-dimensional space, we refer to it as an

electric I-form global symmetry denoted by Z(Zl). (The
superscript stands for the codimension of the symmetry
operator in space.)

When the Gauss law is imposed as a strict operator
equation as in Eq. (4.1), this 1-form global symmetry is
“topological” in the sense that

nE) =nE), ifE~%, (4.4)

where 2 ~ 3 means that they are in the same homology
class on the dual lattice. That is, the symmetry operator

N

depends only on the homological class of the two-cycle Z.
Therefore, the Z, 1-form symmetry is generated by the
operators associated with the three fundamental noncon-
tractible surfaces.

Similar to the continuum, this topological 1-form sym-
metry cannot be violated by any local operator deformation
to the Hamiltonian. For instance, a term like Z, violates the
Gauss law Eq. (4.1) and is excluded from the Hamiltonian
as a valid deformation.

Alternatively, we can relax the Gauss law constraint
Eq. (4.1), and impose it energetically in the Hamiltonian as

H=-1)_T[2-n) _x:-9> ] *~

p C€p 4 s £3s

(4.5)

This Hamiltonian acts on the tensor product Hilbert space
‘H. When g — oo, it reduces to the previous case where
the Gauss law is enforced strictly. When /4 = 0, this is the
3 + 1D toric code [93].

When the Gauss law is relaxed such as in H, the 1-form
symmetry is no longer topological: n(ﬁ) is a distinct
operator acting on H for each dual surface 3. Now that
the Gauss law is relaxed, the nontopological 1-form
symmetry can be violated by local operators, such as
Z,. The difference between topological and nontopological
higher-form symmetries on the lattice has been previously
discussed in Refs. [45,95-97].

This is a general feature: A higher-form global symmetry
in the continuum or a topological higher-form symmetry on
the lattice cannot be violated by local operators. On the
other hand, a nontopological one on the lattice can be
violated by local operator deformations.

B. Defects for the 1-form symmetry

Having discussed the conserved operator r](i), we move
on to the defect for the 1-form symmetry on the lattice. We
work with the more general system where the Gauss law is
only enforced energetically. The 1-form symmetry defect is
represented as a modification of the Hamiltonian along a
curve 7 on the dual lattice. We refer to the Hamiltonian with
a defect as the defect Hamiltonian, which is given by

H,)(7) ==Y (-0 ][ 2, =Yy Xe=9> [[Xe

Zep 4 s £3s

(4.6)

where (7, p) is the intersection number of 7 and p. The
subscript and the superscript stand for the type and the
location of the defect, respectively. The defect is topologi-
cal in the sense that we can move its location by a product
of local unitaries. Specifically, let ’ be another curve that is
homological to 7, and let 3 be the surface bounded by
7 —7'. Then,

(4.7)

(fo)Hn(y><fo)_l = H,(7).

rel rel

where the product is over all dual faces or, equivalently,
links #, lying on the dual surface £. Note that even though

the 1-form symmetry operator n(ﬁ) is not topological, the
associated defect is.
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C. Gauging the 1-form symmetry
and the Wegner duality

The 1-form symmetry Eq. (4.3) is on site [98] and is free
of ’t Hooft anomaly. This means that it is compatible with a
trivially gapped phase, and it can be gauged. Here, we
gauge the 1-form global symmetry, following the discus-
sion in Appendix B of Ref. [53] and Sec. III B of Ref. [99].
This generalizes the prescription for gauging a O-form
symmetry outlined in Refs. [15,100].

For concreteness, we focus on the Hamiltonian in
Eq. (4.2), but most of the conclusions hold true for more
general Hamiltonian invariant under the 1-form symmetry.
The local term of such a general Hamiltonian is a product of
Xf and HfEP Zbﬂ.

We gauge the 1-form global symmetry # by introducing a
qubit with Pauli operators o}, (a =x, y, z) on every
plaquette p. In the continuum, they represent the 2-form
Z, gauge fields for the 1-form symmetry. The gauging
consists of three steps:

(1) Gauss law: Impose the Gauss law for the 2-form

gauge field at every link

Gl/ﬂ = XfHG?, =1.
paC

(4.8)

With this new Gauss law, the original one G, =
[ 155 X, = 1 is trivially satisfied, and we no longer
have to impose the latter by hand.

(2) Minimal coupling: Couple the gauge fields mini-
mally to the Hamiltonian by replacing the plaquette
term [[, ¢, Zs by o, [1se)p Ze

(3) Flux term: We add a gauge-invariant term [ [, . o5,
of the 2-form gauge fields for every cube to the
Hamiltonian. This term is analogous to the mag-
netic-field square term in the continuum.

The gauged Hamiltonian is then

H=-1>os][2:-1Y X =5> [[ep (49

p fep 4 c pEc

FIG. 3.

subject to the Gauss law constraint for the 2-form gauge
fields,

G, =X/[o5 = 1. (4.10)

pat

See Fig. 3 for an illustration of these terms.
Next, we define a new set of gauge-invariant local
operators that commute with the Gauss law G,
X,=cy[[2.. Z,=05 (4.11)
fEp

The gauged Hamiltonian written in terms of the new
variables is

H:—JZXp—h;HZP—gZHXP.
p

paC ¢ pEc

(4.12)

(See Fig. 4 for an illustration of these terms.) If we dualize
the lattice, this becomes the Hamiltonian of a lattice Z,
gauge-field theory. The last term is interpreted as the Gauss
law for the hatted gauge fields imposed dynamically. The
gauged Hamiltonian has a dual, nontopological 1-form
symmetry, generated by

n(x) = H‘)A(F’

pEX

(4.13)

where X is a closed two-cycle of the original lattice. Note
that this dual symmetry exists whether we impose the
Gauss law Eq. (4.1) for the 1-form gauge field exactly or
energetically.

Finally, we consider the limit § — oo, which sets the
2-form gauge fields to be topological. Furthermore, the
dual 1-form symmetry # becomes topological, i.e., it
depends on X only through its homological class. We refer
to the gauging procedure with § — oo as the “topological
gauging” of the 1-form symmetry.

In this limit, we retrieve the original Hamiltonian on the
dual lattice before gauging with J <> h. We conclude that

(b) (c)

The Gauss law and the local terms of the gauged Hamiltonian Eq. (4.9). (a) The Gauss law operator G, for the 2-form gauge

field on a link, (b) the minimal coupling term on a plaquette [first term of Eq. (4.9)], and (c) the flux term of the 2-form gauge field on a
cube [third term of Eq. (4.9)]. The second term of Eq. (4.9) is the same as Fig. 2(b).
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(a) (b) (c)

FIG. 4. The local terms and the Gauss law of the gauged
Hamiltonian Eq. (4.9) in the new variables. (a) The dual magnetic
flux term on a link [second term of Eq. (4.12)], (b) the dual
electric-field term on a plaquette [first term of Eq. (4.12)], and
(c) the dual Gauss law operator on a cube [third term
of Eq. (4.12)].

the Z, lattice gauge theory is self-dual under the topologi-
cal gauging when J = h. This is the Wegner duality for the
3+ 1D Z, lattice gauge theory [48], generalizing the
Kramers-Wannier duality for the 1+ 1D Ising Ilat-
tice model.

To summarize, we see that the topological gauging of the
1-form symmetry maps the local terms in the Hamiltonian as

X, » [[2, 11z~ %,.

paC f€p

(4.14)

which is the Wegner duality transformation.
V. NONINVERTIBLE WEGNER OPERATOR
IN3+1D

When J = h, the Hamiltonian Eq. (4.2) for the lattice Z,
gauge theory

= —J(Z 112+ fo> (5.1)

P C€p

is invariant under the Wegner duality transformation
Eq. (4.14),

Xf > H Zf/ HZf > Xt(p) (52)
v et(?) ep
up to a half lattice translation t,
Z
D =, D
/ 7
A

FIG. 5.

1 1 1
t ) - P P A | 5-3
(x,y,2) <x+2 y+s z+2) (5.3)

where (x,y.z)€(Z/L,Z,Z/L,Z,Z]L,Z) labels a site on
the lattice, and so on.

However, this transformation Eq. (5.2) cannot be imple-
mented by an invertible operator on a closed periodic torus.
Suppose there were such an invertible operator U such that
ux,u~" =1lp et(¢) Z¢- Then consider the conjugation of

the 1-form symmetry operator 7(2) by U,

Un(X)u-' = U<fo> U= H Zp=1.
res

rest et

(5.4)

This implies the 1-form symmetry operator # is trivial,
which is a contradiction.

Rather, the transformation Eq. (5.2) is implemented by a
noninvertible operator D in the following sense:

DX, = < 11 Zﬂ>

v et(t

(5.5)

D]]z: = xy,)D

’ep

See Fig. 5 for an illustration of the action of D on the terms
of the Hamiltonian Eq. (4.2). It follows from Eq. (5.5) that

Dy($) = n(£)D = D. (5.6)

which, in particular, implies DG, = G,D = D. This means

that the operator D acts within the constrained Hilbert space

H, i.e., the subspace of H with G, = 1.
From these relations, for J = h, we see that this operator
D commutes with the Hamiltonian H in Eq. (4.5),

-T2+ Yx)

p CE€p

- QZ HXK,

s £3s

even when the Gauss law is only imposed energetically.
That is, DH = HD. We will henceforth view D as an
operator acting on the tensor product Hilbert space
H - ®fo.

z /
D XD

Action of the duality operator D on the terms of the Hamiltonian H.
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Moreover, we have

DZHz,f:< Hp)z,,p)DZ. (5.8)

‘€p tet?(

D2Xf :Xt2<f>D2,

The algebra in Egs. (5.6) and (5.8) suggests that D? is
proportional to a projection onto the Gauss-law-preserving,

Zgl)-symmetric states times Ty | 1, which is the generator of
translation in the (1, 1, 1) direction.

In the following subsections, we will make the last
statement more precise. Specifically, we give an explicit
realization of the duality operator D in terms of ZX-
diagrams and compute its fusion algebra with itself and
other operators using ZX-calculus.

A. Noninvertible duality symmetry
as a tensor network operator

In this subsection, we give a ZX-diagrammatic repre-
sentation of the duality operator D. Our operator D in the
3 + 1D Hamiltonian lattice gauge theory is the counterpart
of the duality defect for the 4D Euclidean lattice gauge
theory of Ref. [52].

First, we define an auxiliary Hilbert space on the
plaquettes H,, in the same way as the Hilbert space on
the links defined above, which we now denote as H; for
clarity. Consider the following maps between H; and H,;:

o4
Dp<—1 =

(5.9)

where V = L,L,L_ is the number of unit cells in the lattice,
the ingoing (outgoing) arrows represent inputs (outputs),
the thick gray lines represent the links of the cubic lattice
(in particular, the green dots are not the sites of the lattice),

and the diagram is repeated and glued in a periodic way in
the three spatial directions. These maps have been consid-
ered in Ref. [101].

We also define the half-translation map 7',.; which maps
a qubit in H; on the link £ to a qubit in H,, on the plaquette
t(#). The other half-translation map T, is defined
similarly.

With these preparations,
defined as

the duality operator is

D := Tl(—pr<—1 == Dl<—pr<—l' (510)

We can also write the translation generator in the (1, 1, 1)
direction as

Tl.l,l == Tl(—pr<—l' (511)

Similarly, there are auxiliary versions of these operators
that act on H,,,

Tl,l,l = Tp(—lTh—p’ D = Tp<—1D1<—p == Dp<—1T1<—p' (5 12)

Equation (5.10) expresses the Wegner duality operator as
a tensor network operator, also known as the projected
entangled pair operator [56]. This is a higher-dimensional
generalization of the MPO presentation of the 1+ 1D
Kramers-Wannier operator [102].

B. Action on operators

Let us show that D defined in Eq. (5.10) is indeed the
duality operator, i.e., it satisfies Eq. (5.5), using ZX-
calculus. It turns out to be more convenient to consider
the action of D on a more general operator,

(5.13)

We have
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Dp<—1 H Xemz — 94V
14

(5.14)

Using z commutation through the green dots on the links or
identity removal, followed by CC’, and finally SF through
the green dots on the plaquettes, we get

|
p

(5.15)

where (dm),, =), , m, is the sum of m, over the links

¢ around the plaquette p and Z » 18 a Pauli operator on the
auxiliary Hilbert space H,,. Multiplying 7', on the left on
both sides of this equation, we get

DI [x0 = 1, [ [25""" Dy
4 p
= HZ(dm)"‘“”D
~T12

_ 1;[( 11 zf,)"“‘o,

7' et(?)

(5.16)

where, in the second equality, we used Th_pZ » = Zi(p)Tips
and in the last equality, we used Ze€t™'(¢) e
¢ €1(£) [104]. This, in particular, implies the first equation
of Eq. (5.5). Similarly, one can show that D[], pZe =
Xi(p)D or, more generally,

of[(I12)" - IIxi;p.

p NE€p p

(5.17)

Therefore, D is indeed the duality operator that satis-
fies Eq. (5.5).
Let us look at some special cases of the action of D.
(i) Let y be a closed contractible curve bounding the
open surface X. In the special case where /1, = 1 for
p €X and 0 otherwise, Eq. (5.17) reduces to

DI[z.= ][ x.b.

ey ret(x)

(5.18)

where t(X) is an open dual surface with boundary
t(y). This is illustrated in Fig. 6. We recognize the
operator on the left-hand side as the Wilson line
operator along the curve y [105],

W(y) = HZ%

ey

(5.19)

whereas the operator on the right-hand side is a
truncated Z, 1-form symmetry operator along the
open dual surface t(X) with boundary t(y). This
equation is, therefore, the lattice counterpart of the
continuum result in Refs. [53,106]. In particular, see
Fig. 1 of Ref. [106].

(i) In the special case where m is such that (dm), =0
mod 2 for all p, i.e., if m, is a flat Z, gauge-field
configuration, then Eq. (5.16) reduces to
D[I,X;* =D. This is indeed the case for G,
and 5(£), so we have DG, = Dy(£) = D. Similarly,
one can show that G,D = 5(£)D = D. These re-
produce the algebra in Eq. (5.6) using ZX-calculus.

C. Operator algebra and the condensation operator

Here, we summarize the operator algebra of the Wegner
duality operator D and the 1-form symmetry operator .
The most interesting one is

FIG. 6. The duality operator D maps a (contractible) Wilson
loop along y to a truncated Z, 1-form symmetry operator on the
open dual surface t(X) with boundary t(y). Here, the blue (red)
links correspond to the Pauli Z (X) operators.
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1 A
D? :2—VT1,1,12’7(2)» (5.20)
b

where the sum is over all (contractible and noncontractible,
and not necessarily connected) two-cycles % on the dual
lattice. This is the 3 + 1D generalization of D> = (1 + )T
Eq. (3.16) found in Refs. [14,15]. We derive this algebra in
Appendix A 2 using ZX-calculus.

The other equations are [107]

DY = D77}, = T71,D,

i3 =1. ED=DpE)=D. (521)
It is useful to define the condensation operator
1 -
C= 2—VZ;7(2). (5.22)
£

We can decompose the sum over all two-cycles into a sum
over the noncontractible two-cycles times a sum over all
contractible surfaces,

2_1\122:’7@) = %H(l + ﬂij)H (1 ZG‘?), (5.23)

i<j SFES(

where s is an arbitrary site and G; = [[,5, X,. Here, ; ;18
the 1-form symmetry operator on the ij plane, defined as

nNij = ”(iij) = H Xe.

el

(5.24)

Using [[, G, = 1, we can include the factor (14 G,,)/2
for free to obtain

1 1+ Gy
6=+ 40+ [T (5

N

). (5.25)

In Appendix A 1, we further show that C can be diagram-
matically represented as

- //@/\\

L - (5.26)

In terms of the condensation operator, Eq. (5.20) can be
rewritten as

D> =CT,;. (5.27)
Using Egs. (5.6) and (5.25), we also find
C? =4C, DC = CD =4D. (5.28)
Furthermore,
Cy(Z)=nE)C=C (5.29)

follows immediately from writing C = D77}, and
Eq. (5.6). (Here, we have used the fact that 7| ; ; commutes
with all the operators.) This, in particular, implies
CG,=G,C=C.

Let us now compare the lattice algebra with the con-
tinnum one. In the thermodynamic limit, 7 ;;~1
becomes the identity operator on the low-lying states,
and Eq. (5.20) reduces to the algebra of the duality operator
D(M) in continuum field theory [53,54,108,109]

D(M)zzm > on(®). (530

L€ H,(M;Z,)

Here, M is the spatial three-manifold, which in our case
is T3.

Next, we compare the condensation operators in the
continuum and on the lattice. When restricted to the
constrained Hilbert space 7{ where the Gauss law is strictly
enforced G, =1, the lattice condensation operator
Eq. (5.25) reduces to 3 (1 +n,,)(1+n,,)(1 +n,). This
agrees with the definition of the condensation operator
C(M) in continuum field theory [108] (see also Ref. [110]),

1

c(M) = O] (5.31)

n(Z).
LEH,(M:Z,)

Finally, the full algebra of the condensation and duality
operators in the continuum is [108]

D(M)* =C(M),

DM)xC(M)=C(M)xD(M) = (Z,),D(M), (5.32)
where (Z,), stands for the partition function of the
untwisted 2 4+ 1D Z, gauge theory (i.e., the low-energy
limit of the 2 + 1D toric code) on M. In our case, M = T3
and (2,), = 4, reflecting the four anyon lines. This algebra
agrees with the lattice operator algebra in Egs. (5.27) and
(5.28) in the thermodynamic limit, where the lattice trans-
lation 7'y ; ; ~ 1 becomes the identity operator on the low-
lying states. See Ref. [7] for a review of the duality and
condensation operators and defects in continuum field
theory.
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D. Lattice symmetries

The presence of the lattice translation 7' ; ; in Eq. (5.20)
leads to an interesting action of lattice symmetries on the
duality operator D. The ZX-diagram of D makes the
translation invariance manifest, i.e.,

DT, =T,D, acZ’ (5.33)
Similarly, C is translationally invariant.

The remaining lattice symmetries correspond to the point
group of the cubic lattice [111], which is the octahedral
group, denoted as O,,. It is isomorphic to S4 x Z,, where S,
is associated with orientation-preserving symmetries (rota-
tions) and Z, is associated with the reflection (parity). It is
easy to see that the ZX-diagrams of the duality maps D,
and D,_, and the condensation operator C are invariant
under rotations and reflections. So the nontrivial action on
D comes from the transformation of the half-translation
maps T, and T'_,,.

The parity operator P acts as
PT,P=T;=T,  PDP=DT7} =D, (534
where the latter follows from the fact that the half-trans-
lation map T, associated with the half-translation t,
transforms into (7._,)" = T, 77}, associated with t~!,
under parity (x,y,z) — (—x,—y, —z). A similar statement
holds for the other half-translation map T._,.

Let us consider rotations now. It is well known that S,
acts freely and transitively on the space diagonals of a cube.
It follows that, given a rotation R, there is a unique € =
(er.€,,€,) €{£1}? such that RT,;R™" =T, [112]. We
define D, := RDR™'; in particular, D, ; ; = D. Then,

D? = RD?R™! =RT,,; ,CR'=T,C, (535)
where we used the fact that the ZX-diagram of C is
rotationally invariant. In fact, D, is related to D by a
translation [113],

De - DT%(S—])’ (536)
where 1 = (1, 1,1). In particular, D_; _; | = Df.

Consider the special case where the rotation R fixes the

space diagonal along (1, 1, 1)—such rotations form the S;
subgroup of S,. This can happen in two ways:

(1) R is the 2z/3 rotation about the (1, 1, 1) direction,
which generates the Z; subgroup of the stabilizer
group S3. Then, RT, ; ;R™' =T, ; and RDR™! = D.

(2) R is the x rotation about (1,—1,0), (0,1,—1), or
(=1,0,1) direction. Then, RT, ;| R™'=T_,_;_,
and RDR™' = D".

Note that D is mapped to DT by both the parity P, which is
an orientation-reversing operation, and the rotation R of the

second type above, which is an orientation-preserving
operation. This is the lattice counterpart of the continuum
fact that D(M) is the same as its orientation reversal.

E. Action on the toric code ground states

The phase diagram of the lattice Z, gauge theory
Eq. (4.2) is well understood [114]: The Z, 1-form
symmetry is spontaneously broken (Higgs phase) for
J > h, whereas it is preserved (confining phase) for
J < h. The broken phase is captured by the 3+ 1D
topological Z, gauge theory at low energies. At the self-
dual point J = h, there is a first-order phase transition.

Let us say a few words about the ground states in these
phases. In the limit J > & (or when & = 0), the magnetic
flux term dominates. On a cubic lattice with periodic
boundary conditions, this leads to 23 =38 ground states,

&) =202 Tn va<1 *+ G )|0 .0),

i<j

(5.37)

where & = (&,,.¢,.. &) €{0, 1} with &; defined modulo
2. We recognize that |£) are the ground states of the 3 4+ 1D
toric code [115]. On the other hand, in the limit J < & (or
when J = 0), the electric-field term dominates, so there is a
unique ground state,

|+ ). (5.38)
At the self-dual point J = h, there are nine ground states in
the thermodynamic limit. These ground states are not the
above nine states, but are related to them by a finite depth
local unitary. Incidentally, these eight toric code ground
states |£) and the product state |+ ---+) are the exact
ground states of the Hamiltonian in Eq. (5.45) at 1 =1
discussed below.

Irrespective of the model, one can ask how the symmetry
operators 77;; and D act on these ground states. Clearly, the
1-form symmetries #;; permute the toric code ground states
among themselves and leave the product state invariant,

[In:7/19

i<j

Sl e, myl ) =) (539)

More interestingly, the noninvertible symmetry exchanges
the toric code ground states with the product state,

Zlé

ée{o 113

(5.40)

D|¢) = ), Dl+-4)=

f|+ +

We interpret the above equations as the spontaneous
breaking of the noninvertible Wegner symmetry D and
the 1-form symmetry 7. We derive Eq. (5.40) using ZX-
calculus in Appendix A 3.
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The basis in Egs. (5.37) and (5.38) corresponds to the
ground states in the nine superselection sectors of the

model in Eq. (5.45) in the thermodynamic limit.
Alternatively, for { = (ny, 12 Cr) €{0. 1}, we define

5 2 (DX,

56{01}3

(5.41)

Then, the basis that diagonalizes the symmetry operators
can be written as [116]

1 1

4V = D=+2 =1
Tl £l =0) L
IC #0), D=0, ni; = (—1)%. (5.42)

See Appendix A 4 for more discussions on the two bases
|€) and |{) for the toric code ground states.

Using Eq. (5.25), we see that the toric code ground state
| =0) can be obtained by acting the condensation
operator on a product state [117],

2V2

¢ =0) = —C|O .0). (5.43)

This generalizes the relation |GHZ") = \/Lz(l +1)[0...0)

in 1 4+ 1D. The duality operator D exchanges this toric code
ground state | = 0) and the product state | + - - +),
DI¢=0)=2[+---+), D[+---+)=2|0=0).
This is the 3 + 1D analog of the relation Eq. (3.35)
in 1+ 1D.

(5.44)

F. LSM-type constraint and duality-preserving
deformations

Here, we argue that, in the thermodynamic limit
L; — oo, any Hamiltonian that commutes with the non-
invertible operator D cannot be in a trivially gapped phase
with a unique ground state without long-range entangle-
ment. It is either gapless, gapped with multiple super-
selection sectors, or gapped with topological order.

This constraint is reminiscent of the LSM theorem [118]
and is a 3 + 1D generalization of the constraint for the
1 4+ 1D Kramers-Wannier symmetry in Refs. [15,19]. Our
lattice argument largely follows from the corresponding
theorem in the 3 4 1D continuum field theory proven in
Ref. [53], which was interpreted as a 't Hooft anomaly of
the noninvertible global symmetry [119][127-129].

Our setup is a 3D spatial cubic lattice with a qubit on
each link. We assume that the Gauss law G, =[] ,5,X,=1
is enforced strictly as an operator equation on every site, SO
that the total Hilbert space is the constrained Hilbert space
H, which is a subspace of the tensor product Hilbert
space H. We consider a general translationally invariant

Hamiltonian A on 7{ that is invariant under the topological
Z, 1-form symmetry () = [, <5 X

We, furthermore, assume that the Hamiltonian commutes
with the noninvertible operator D, i.e., DA = HD. Up to a

lattice translation, D implements the gauging of Z [See
Egs. (5.5) and (4.14).] Therefore, any Hamﬂtoman that
commutes with D must be invariant under gauging the Zél)
symmetry.

As a concrete example, consider a one-parameter defor-
mation of the lattice Z, gauge theory Hamiltonian

Eq. (5.1) [130],

~(S 7+ Sx 5 3 xl7)

p C€p pfLlp ep
(5.45)

where £ L p (or p L £) means the link # is orthogonal to
the plaquette p and they meet at a site. See Fig. 7 for an
illustration of this deformation. This deformation is analo-
gous to the deformations X;_,Z;Z;,, and Z;_1Z;X;,, in the
1 + 1D model Eq. (3.31) in Ref. [82]. For any 4, this
deformed Hamiltonian preserves the Z, 1-form symmetry
and the Wegner duality symmetry D [131]. It will be shown
in Ref. [130] that, when A = 1, the deformed model has an
exact ninefold ground-state degeneracy even in finite
volume.

We are now ready to argue for the main statement. Let us
assume that the thermodynamic limit of this Hamiltonian is
trivially gapped with no long-range entanglement. Then, in
the low-energy limit it must be described by a bosonic
invertible-field theory for the topological phase protected
by a Zg ) global symmetry. However it was shown in

Ref. [53] that there is no such Z ) SPT phase that is

invariant under gauging the Zg) symmetry [132]. This
proves that the Hamiltonian cannot be in a trivially
gapped phase.

What are the gapped phases that are compatible with the

noninvertible Wegner symmetry D? A trivially gapped

Z

FIG. 7. The deformation term in A, Eq. (5.45). As indicated,
the red (blue) links represent the Pauli X (Z) operators on links.
We add such a term for every link and plaquette that are
orthogonal to each other and meet at a site. For example, each
cube contains 24 such terms.
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phase is exchanged with a deconfined Z, gauge theory

phase under gauging Zg); therefore, a first-order transition

point of these two phases is one such example. This phase is
realized at the self-dual point J = h for the lattice Z, gauge
theory Eq. (4.2), and it has 1 + 8 superselection sectors on a
spatial three-torus in the infinite volume limit. It is also
realized in the deformed Hamiltonian Eq. (5.45) at 1 =1,
where these nine states are the exact ground states even in
finite volume. Finally, in the continuum, this phase is
realized by the pure SO(3) Yang-Mills gauge theory with
N =1 supersymmetry [135], where the anomalous R
symmetry is resurrected as a noninvertible symmetry
[54,136].

There can be more general gapped phases compatible
with D, which we leave for future investigations.

VI. NONINVERTIBLE SYMMETRIES BASED
ON GRAPHS

In this section, we extend the discussion of noninver-
tible duality operator to a large class of lattice models based
on arbitrary bipartite graphs. We refer to them as gener-
alized transverse-field Ising models due to their resem-
blance to the usual transverse-field Ising model. (See
Refs. [48,137-144] for related usages of the term “gener-
alized Ising model.” See also Ref. [145] for duality maps
between different models.) We note that, in the absence of a
transverse-field term, these models reduce to the classical
low-density parity-check codes. We give the condition
under which there is a duality symmetry and derive the
condition for which the duality operator does not mix with
spatial symmetry. We also discuss several well-known
lattice models as examples of this general model.

A. Hamiltonian of the generalized
transverse-field Ising model

We consider an arbitrary tensor product Hilbert space of
qubits. Denote the set of all qubits V such that the total
Hilbert space is H := ®,cyC? [146]. Note that, for the
current discussion, we do not need to make any assumption
yet about geometric locality.

Consider an additional set V and define a bipartite graph
G on VUV, with edge set EC V x V. Without loss of
generality, we assume that G is connected. Its adjacency
matrix takes the form

(OMV "wa)
T b
i) Ovixivi

where o is called the biadjacency matrix [147], given by
0y, = 1 if (9,v) €E and O otherwise, and its incidence
matrix takes the form

6.1)

T
< 171[E| ) 62)
TIVIx|E]
where 7;, = 1 if e is incident to ¥ and O otherwise, and 7 is
defined similarly. Note that
o =71'. (6.3)
Moreover, the entries in all these matrices are 0 or 1.
We may use o to construct a generalized transverse-field

Ising Hamiltonian as follows. First, we define generalized
Ising terms

B, = HZZ“}

veV

(6.4)

forveV (i.e., for each row ¥ of o, the positions of the Pauli
Z’s are given by the entries in that row). Then, we can
define the Hamiltonian

H=-]Y B;—h) X,

eV veV

(6.5)

To summarize, an element of V represents a physical qubit,
while an element of V represents a generalized Ising
interaction term.

The invertible symmetries of this Hamiltonian are Z,
symmetries. Let us define the operator

Ng = HXZ”,

veV

(6.6)

for a vector a with components a, €{0, 1} and see what
choices of a give symmetries of this Hamiltonian. For this,
we only need to check whether it commutes with the Ising
terms. The commutation of a Z-type and an X-type Pauli
operator is [, Zo* [T, X% = (—1)2 @b T, Zo TT, X5
Therefore, the commutation between Bj; and 7, is

(—I)Zv”f‘”“l', and we see that 77, is a symmetry of the
Hamiltonian exactly when a € ker ¢. To conclude, the total
invertible symmetry group is Zgimkere,

B. Spatial symmetries from preserving
automorphisms

A spatial symmetry of the generalized TFIM on the
bipartite graph G is associated with a preserving auto-
morphism 7 of G [148], which satisfies

On(d)r(v) = Odpw- (67)
Note that z|, is a permutation of the vertices in V. This
spatial symmetry is implemented by a permutation operator

T, that maps the qubit at vertex v to the qubit at vertex
z(v). In particular,
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T,X,T;' = Xo(v)s T,Z,T;' = Zywy-  (6.8)
It follows that
T,B;,T;' =T HZU”T‘ szg;)
- Hz"”‘ =17 =B (69
Therefore, the Hamiltonian commutes with 7, i.e.,
T,H=HT,. (6.10)

Since the composition of two preserving automorphisms
is also a preserving automorphism, we have

T,Ty =T, (6.11)
The operator T, acts on 7, as
— Ay rpr— a,
T ;' =T HX T;! Hx '
= HX”” V=g, (6.12)
v

where we defined (
"a € kero because Y, 0;,("a), =

*a), = a1, As a check, note that

Zv Or=1(d)

,a, = 0.

C. Noninvertible duality operators
from reversing automorphisms

Let us now construct a map Dg_,: H — H, where
H =Q, .y C?, as a ZX-diagram where we replace vertices
of G with green spiders, place Hadamards on the edges, and
add input legs into V and output legs out of V. After a CC’,
the ZX-diagram representing this map is given by

veV
(6.13)

Doy =27 S ool )
: :

where k is a real number to be fixed later and the middle
part of the diagram is understood as follows: For each green
dot labeled by v €V and each red dot labeled by H €V,
the number of wires connecting them is o;,. One can
similarly define the map D,._;, whose ZX-diagram is
obtained by flipping the ZX-diagram of D;_,, horizontally,
i.e., DV(_(, = (D(N_V)T.

The map D;_, implements the gauging of the Z,
symmetries generated by #,’s. (Such a map was studied
in Refs. [88,91,101,137-140,143,145,149-157].) Indeed,
commuting the Hamiltonian H through D;_, gives the
gauged Hamiltonian I:I, 1.e.,

A

D{,(_VH = HD\A,(_V, (614)

where

H=-nY B,-1) %, B,=][z". (6.1

veV vevV reV

Evidently, the gauged Hamiltonian A is also a generalized
TFIM, albeit on a different Hilbert space 7.

So far, we have defined a map between two Hilbert
spaces H and . To turn it into an operator that acts within
one Hilbert space, we need to identify these two Hilbert
spaces in some way.

More precisely, this is achieved by choosing a reversing
automorphism p of G [158], which satisfies

(6.16)

Op()p(i) = Cio-

Define themap 7%_,: 'H — H that maps the physical qubit
at vertex v to the auxiliary qubit at vertex p(v). One can
similarly define the map T%_,. Since p is reversing, p?is
preserving, and we have

" _.T_, = Tp. (6.17)
More generally, we have
T€<—VT€<—V = Tﬂoﬂ/’ (618)

which is well defined because the composition of two
reversing automorphisms is a preserving automorphism.
Similarly, we have

T,7°_ =T.", _T,=T"

VeV VeV Vev Vv

(6.19)

which are well defined because the composition of a
reversing automorphism and a preserving automorphism
is a reversing automorphism.

For every reversing automorphism p of G, we define a
noninvertible duality operator D,: H — H as

D,:=T,

VeV

Doy = Dy T,

Vv

(6.20)

where the equality of the two factorizations follows from
Eq. (6.16). From Eq. (6.19), we have

T,D, =D D,T

mop» ptm

=D
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D. Action on operators

D, acts on the Z,-symmetric operators as

DPX@ = T6<—\7 HZZM Dfu—v = HZ;&%) Dp

ve \7 vev
=11 Z"D, = B,yD,, (6.22)
vev
and similarly,
D/)B@‘ = Xp(i') D[)‘ (623)

This can be seen easily using ZX-calculus by pushing a red
spider with a 7 phase through a vertex on either side of the
ZX-diagram of Dg.,. Thus, it is clear that D, commutes
with the Hamiltonian when J = h. Moreover, we have

D/)ﬂ“ - D/’ HX?’L = HBZEU) D/) = H H Zzﬂ(”)ltav D/}

vevV vevV veVueV
O —1 a,
— P (WY —
=11 1] z D, =D, (6.24)
veVueV

where we used a € kero. Similarly, we have n,D, =D,,.

E. Operator algebra

Let us look at the action of D% on symmetric operators,

D3X, = D,B,,)D, = XD}

D?)Bi — D/)X/)(i')D/) - BPZ(@)DIZ). (625)
So one might expect that
D2xTyp > 1. (6.26)

a€ kero

Indeed, we verify this using ZX-calculus. First, we have

D% = DV(—VTe Dv<—\A/Te

Vev Vev

— Dv<—\7D\7<—va2 — TPZDV(_(,D(,(_V. (627)

Now,

HC,SF 9,
Dyvi¢Doey = 2

S:F 22/{

(6.28)

where in the second equality, we used Eq. (6.3). Now, for
each v €V, we apply the GB on the following part of the
diagram:

eek,
(6.29)

where E,, is the set of edges incident to v and d, = |E,| is
the degree of the vertex ». Using this and noting that
E= || E,, we get [160]

vevV

Dv(—\7 D\?(—v

9 1 Evev(du—l)
frd 2 K R ——
()

e (\2>|E||v

veV
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where we used |E| = >, <y d, and defined the condensa-
tion operator C. Therefore, we have

D; = T,C. (6.31)
More generally, for two reversing automorphisms p and p’,
one can show that

D,D, =T,.,,C. (6.32)

Op/

Note that D, mixes with the spatial symmetry generated
by T, generalizing the observation in Refs. [14,15]. In the
special case when the reversing automorphism p is an
involution—i.e., p> = 1, where 1 is the identity automor-
phism—then we see that the duality operator D, does not
mix with any spatial symmetry. We will see examples of
this below.

We can find the Pauli representation of C as follows.
Using Eq. (A1) for all the green dots, we have

a1 \E=IVI (ﬁ)2Zvev1
C=2 <7§> (ﬂ)z veV(d,+1) (E’V(O b)

<[+ I (2 00)

vevV veV

221( o
- 2|E‘—\V| Z H Xo' Héz vE€Voy,a,,0

ae{0,1}VIveV eV

22K

= SE-V] Z Nas (6.33)
a € ker o
and hence,
5 22;<
0} = ~zrmi T > N (6.34)
a€ kero
It follows that
22](' X 2dimkero-

We will say more about the choice of x in the examples
below. It turns out that, in all the examples that are
translationally invariant, there is a natural choice of k such

that all extensive factors cancel in the fusion of D, and C.
The remaining coefficient is precisely the fusion coefficient
expected from the continuum.

The following is a summary of the algebra of all
symmetry operators:

Nalld =MNa+d'» TJrTﬂ’ = Tﬂon" ’ Tn"/la =N T}T’
o,7,=1.,=D,, T,D,=D,.,,., D,T,=D,,,
22K
b,D,=T,.,C, C =& > ne (636)
ackero

where a,d’ € kero, z,#' are preserving automorphisms,
(7a), = az1(,), and p,p’ are reversing automorphisms.
The relation between the symmetries of the Hamiltonian A
and the properties of the bipartite graph G are summarized
in Table II.

F. Examples
1. 1+1D Ising model
In this case, V is the set of L sites on a periodic chain and
V is the set of links. We use an integer i to label a site and a

half-integer i + % to label the link between sites i and i = 1.
The Hamiltonian is

H=-]Y ZZi.,—h) X
i i

The associated bipartite graph is shown in Fig. 8(a). Its
biadjacency matrix is given by

(6.37)

Gi(jJr%) = 51] + 5i,j+l' (638)
The reversing automorphism p, shown as blue dashed
arrow in Fig. 8(a), corresponds to a half-translation. This
leads to the KW duality operator D, which mixes with
lattice translation as in Eq. (3.16). Since |V| = L, |E| = 2L,
and dimkero = 1, we choose x = L/2 to cancel all the
extensive factors. This gives DC = CD = 2D, which is
precisely what we obtained in Sec. III C.

The half-translation p and all its odd powers are not the
only reversing automorphisms of the bipartite graph in
Fig. 8(a). In fact, there is a reversing involution p’, shown as
red arrow in Fig. 8(a), that corresponds to a reflection. This

TABLE II. The one-one correspondence between the symmetries of the generalized TFIM and the properties of
the associated bipartite graph. When p is a reversing involution, i.e., p?> = I, then D, does not mix with spatial
symmetries.

Symmetry Graph-theoretic property Fusion rule

Internal Z,’s (1,)
Spatial (T,)
Duality (D,)

a€ kero
Preserving automorphism (x)
Reversing automorphism (p)

Nalla = Na+a'
TITTI[/ = Tﬂoﬂ’

Dpr/ ~ TpOp’ Zae kero a
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leads to a duality operator D’ = DP that does not mix with
lattice translation. (Here, P is the parity operator that maps
the qubit at i to the qubit at —i.) Indeed, using DP = PD'
and TP = PT (itis easy to see this using ZX-calculus), we
have

(D')2 = DPDP = DD = 1 +1,. (6.39)

While D’ commutes with 7, it does not commute with 7,

D'T=T'D. (6.40)
Moreover, D’ maps local symmetric operators around the
site i to those around the site —i. Therefore, we refer to D’
as a noninvertible parity (or reflection) operator. (See
Refs. [54,122] for noninvertible parity and time-reversal
symmetries in continuum field theory.)

2. 3+1D lattice 7, gauge theory

In this case, V is the set of links on an L, x L, x L,
periodic cubic lattice and V is the set of plaquettes. We
use 7 to label a link and p to label a plaquette. The
Hamiltonian is

H=-1) [z -1 _x.

p f€p 4

(6.41)

Note that we do not impose Gauss law here, or equivalently,
we set g = 0 in Eq. (4.5). The biadjacency matrix in this
case is given by

O-fp: E (S,/ﬂf/.

'ep

(6.42)

Since |V|=3L,L,L,, |E| =12L,L,L,, and dimkerc =
LL,L,+?2, we choose x =4L,L,L, to cancel all the
extensive factors. This gives DC = CD = 4D, which is
precisely what we obtained in Eq. (5.28).

There is a reversing automorphism given by the half-
translation t in the (1, 1, 1) direction. The leads to the
Wegner duality operator D Eq. (5.10), which mixes with the
lattice translation T ; ;.

There is also a reversing involution given by parity or,
equivalently, a reflection followed by a z rotation. This
gives a duality operator D’ = DP that does not mix with
lattice translation. [Here, P is the usual parity operator that
maps the qubit at link ¢ to the qubit at link p(Z), where

p(x,y,2) = (=x,=y,—z) mod (Ly,Ly,L;) (643
is the parity map on the lattice.] Since D’ maps local
symmetric operators around the link £ to those around the
link p(¢), we refer to it as a noninvertible parity operator.

3. 1+ 1D Ashkin-Teller model
The Hamiltonian is [161-165]

H= _JZ<ZZi—IZ2i+1 + 2022+ AZyi1 2212511125 12)
i

_hZ(XZi + X1 +AX2iX0i11). (6.44)

Assuming L €27, this model has two Z, symmetries
generated by

Nodd = HX 2i-1>
i

When J = h, it is self-dual under the exchange

Meven = HXZI- (645)

Zyi1Zsity v X, VAYATIER LD CTERD (6.46)
When 4 = 0, this model is equivalent to two copies of the
TFIM on the odd and even sites, respectively [166]. It is
also equivalent to the Z, dipole Ising model [167], so one
can interpret this duality as the dipole KW duality [47,168].
The phase diagram of the quantum Ashkin-Teller (AT)
model is well studied [164,169]. Along J = h, for a range
of A, there is a critical line with continuously varying
critical exponents described by the orbifold branch of the
¢ =1 CFT. In particular, at J/ = h and 4 = 0, the critical
point is described by the Ising? point on the orbifold branch
of the ¢ = 1 CFT, as expected from the above equivalence.
Related discussions can be found in Refs. [45,170].

In this case, V and V are both the set of all sites, labeled
by an integer i. The corresponding bipartite graph is shown
in Fig. 8(b). Its biadjacency matrix is given by

G[j = 5i.j—1 + 5i,j+1' (647)
The generalized TFIM associated with this graph corre-
sponds to the 4 = 0O case.

There is a reversing involution p, shown as red arrow in
Fig. 8(b), that flips the graph about the red vertical line.
Therefore, the duality operator D that implements the above
exchange does not mix with lattice translation,

D*=C= (1 + nodd)(l + neven)’ (648)
Here, since |V| =L, |E|=2L, and dimkero =2, we
chose x = L/2 to cancel all the extensive factors, and
hence, DC = CD = 4D.

We remark that the operators D, 7,44, and 7qye, together
form the fusion category Rep(Dg). Apart from the AT
model, there are also other Hamiltonians that enjoy this
symmetry, such as the 1+ 1D cluster Hamiltonian [28].
This noninvertible symmetry in the continuum c¢ =1
orbifold CFT was discussed in Refs. [129,171-173].
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FIG. 8. The bipartite graphs for the 1 + 1D examples: (a) the
transverse-field Ising model, Eq. (6.37), (b) the Ashkin-Teller
model at 4 = 0, Eq. (6.44), and (c) the three-spin Ising model,
Eq. (6.49). The vertex sets V and V correspond to the solid and
hollow vertices, respectively. The blue (dashed) arrow indicates a
reversing automorphism that is not an involution and the red
arrows indicate reversing involutions.

4. 1+1D three-spin Ising model

The Hamiltonian is
H == —J E Z[_1Z,~Z,-H - h E Xi'
i i

Assuming L €3Z, this model has two Z, symmetries
generated by

(6.49)

171 = H Xi? 712 = H Xi' (650)
i€37+1 i€37+2
When J = h, it is self-dual under the exchange
Zi—IZiZi+1 “\> Xi' (651)

The three-spin Ising model, as well as the duality under
the Kramers-Wannier action, has been pointed out in
Refs. [174-176], as well as recently constructed as a
noninvertible symmetry operator in Ref. [26]. The
Hamiltonian at J = h has been studied numerically where
the central charge was found to be approximately 1, and the
value of the critical exponents suggests that it lies on the
orbifold branch of the ¢ = 1 CFT moduli space [177-180].
In this case, V and V are both the set of all sites, labeled
by an integer i. The corresponding bipartite graph is shown
in Fig. 8(c). Its biadjacency matrix is given by
Gij = 51‘_.]‘_1 + 5” + 5i.j+l' (652)

There is a reversing involution p, shown as red arrow in
Fig. 8(c), that flips the graph about the red vertical line.

Therefore, the duality operator D that implements the above
exchange does not mix with lattice translation,

D2=C=(1+n)(1+mn). (6.53)
Here, since |V| =L, |E|=3L, and dimkero =2, we
chose k = L to cancel all the extensive factors, and hence,

DC = CD =4D. These symmetries form a Rep(Dg)
fusion category.

5. 2+1D plaquette Ising model

Consider a 2D L, x L, periodic square lattice with a
qubit on each site labeled by (i, j). The Hamiltonian is

H==JY 7:Zi;1Zij1Zis1j —hY Xij. (6.54)
77 77

This model has a Z, subsystem symmetry generated by

= Hxi,j’ 77? = Hxi.j-
b i

(6.55)

They satisfy the constraint [ [, ¥ =[] j r]}v. so there are only
L.+ Ly, -1 independent generators. When J = h, this
model is self-dual under the map

Xijw ZijZigrjZijr1Zivjo = Xivnj, (6.56)
which already hints at the duality operator mixing with
lattice translation in the (1,1) direction. This duality was

studied in Refs. [41,43,44].

In this case, V is the set of all sites and V is the set of all
plaquettes. We use (i, j) to label a site and (i +3.,j + 1) to
label a plaquette bounded by the sites (i,j), (i + 1, ),
(i,j+1), and (i +1,j+ 1). The corresponding bipartite
graph is shown in Fig. 9. Its biadjacency matrix is given by

FIG. 9. The bipartite graphs for the 2 4 1D plaquette Ising
model, Eq. (6.54). The vertex sets V and V correspond to the solid
and hollow vertices, respectively. The blue (dashed) arrow
indicates a reversing automorphism that is not an involution,
whereas the red arrow indicates a reversing involution.
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O(ij) (i +hi'+) = Gii0jj + Bii110j

+ 616 j+1 + 0ii+10) j41- (6.57)

The reversing automorphism p, shown as blue dashed
arrow in Fig. 9, corresponds to the half-translation in (1, 1)
direction. It leads to the subsystem KW duality operator D,
which mixes with the lattice translation in the (1, 1)
direction as follows:

1
D2=T,,C, whereC:EH(Hn;)H(Hnj). (6.58)
i j
Since |V|=L,L,, |E|=4L,L,, and dim keroc =

L,+Ly—1, we choose k =3L,L,/2 to cancel all the
extensive factors. This gives DC = CD = 2&++5L:~1D,
There is also a reversing involution p’, shown as red
arrow in Fig. 9, given by a z rotation about the red point.
The corresponding duality operator D’ = DP does not mix
with lattice translation. [Here, P is the usual parity operator
that maps the qubit at site (i, j) to the qubit at site (—i, —j).
Note that P generates a z rotation in the spatial plane,
which is orientation preserving.] We refer to it as a
noninvertible parity operator because it maps local sym-
metric operators around (i, j) to those around (—i, —j).

6. Tensor product models

A bipartite graph G has a reversing involution if and
only if it is of the form G, x K, [181,182], where G, is a
graph on |V| vertices and K, is the complete graph on
two vertices (i.e., a “dumbbell”). [Given a reversing
involution p of G, we can construct the graph G as follows:
Its vertex set is V and there is an edge between v and w if
and only if 6,(,),, = 1. This definition is symmetric in v
and w because 6,(,),, = 0,(,),- Conversely, the map
p:(vg.€) = (vg. 1 —€), where e = 0, 1 labels the vertices
of K,, gives a reversing involution of G, x K,.]

All the examples above have reversing involutions, so
they fall into this category. Below, we consider a special
case of this type, which leads to a tensor product of
decoupled generalized TFIMs.

Consider the case where G, is itself a bipartite graph with
vertex set VLIV, and edge set E,. Let G, be the bipartite
graph obtained by exchanging the two parts of G, i.e.,
Vo = Vo and V, = V,. Let H, be the Hamiltonian of the
generalized TFIM based on G,. It is easy to see that the
Hamiltonian A, of the generalized TFIM based on G,
corresponds to the gauged Hamiltonian I:IO, Eq. (6.15).

Now, the bipartite graph G := Gy x K, is canonically
isomorphic to the disjoint union of G, and G,, denoted as
G + G, [183]. Therefore, the generalized TFIM based on G
is the tensor product of the generalized TFIMs based on G,

and G,. In other words, it is the product of a generalized

TFIM and its gauged version. More concretely, the total
Hilbert space is H = H, ® H,, and the Hamiltonian is
H = Hy+ H,. (6.59)
As explained above, G =G, x K, has a reversing
involution, and here, it exchanges the two components
Gy and G,. So there is a duality symmetry that swaps the
two Hamiltonians H, and H, in H. The corresponding
“noninvertible swap operator” D does not mix with any
spatial symmetry; it satisfies
D2 - C - C()C(), (660)
where C, and C, are the condensation operators of the
generalized TFIMs based on G, and G, respectively [184].
The continuum field theory analog of this model is
clear [45,46,185]. Let Q be a general quantum field theory
(QFT) with a nonanomalous, generalized symmetry G,.
Then the tensor product QFT 9y x Q,/G, has a non-
invertible swap symmetry since it is invariant under
gauging G, X GO, where Go is the dual symmetry of G,.
An example of this type is the Ashkin-Teller model of
Sec. VIF 3 with J = h and A = 0. In this case, the bipartite
graphs G, and G, correspond to the Ising models on even
and odd sublattices, respectively. One can also see from
Fig. 8(b) that there are two connected components, each of
which is isomorphic to the bipartite graph in Fig. 8(a).
Here is another example in 2 4- 1D that was the focus of
Ref. [45]. Consider a periodic L, x L, square lattice with
qubits on sites and links, labeled by s and £, respectively.
The Hamiltonian is

H:—J;st—ths—JZHZf—EZXﬁ

sEL K s £3s 4
(6.61)

One can recognize the first two terms as the Hamiltonian of
the 2 + 1D Ising model on the original lattice and the last
two terms as the Hamiltonian of the 2 + 1D lattice Z,
gauge theory on the dual lattice (albeit without the Gauss

law constraint). Therefore, it has a Zgo) X Zgl) symmetry
generated by
mw=][%- @) =]]X~ (6.62)
s

ey

respectively, where y is a curve along the links of the
original lattice. This model also has a noninvertible swap
symmetry that exchanges

X, o szp, HZS «w X,

£3s set

(6.63)
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FIG. 10. The bipartite graph G, for the 2 + 1D Ising model. The
vertex sets V,, and V, correspond to the solid and hollow vertices,
respectively. The bipartite graph G, is obtained by replacing solid
(hollow) vertices with hollow (solid) vertices.

when J = h and J = h. The corresponding noninvertible
swap operator D does not mix with lattice translation; it
satisfies

D2 - C - C()Co,

DC=CD=4D,  (6.64)

where
_ 1 —_
Co =1+, Co = 272’70()’), (6.65)
Y

and A=L,L,.

This example fits into the above model: the vertex sets
V, and V, are the sites and links, respectively, and there is
an edge between s and 7 if and only if s € Z. The resulting
bipartite graph G, is shown in Fig. 10. The generalized
TFIM based on G, is the 2 4 1D Ising model, whereas the
one based on G, is the 2 + 1D lattice Z, gauge theory. The
duality operator associated with the reversing involution of
G = Gy x K, = Gy + G, is precisely the noninvertible swap
operator D. As an aside, note that |Vo| = 2|V, so there is
no duality symmetry in the 2 + 1D Ising model or the
2 4 1D lattice Z, gauge theory separately.

To complete the example, we note that |V|=
Vol +[Vo| =3A, |E| =2|Ej| =8A, and dimkero =
dimkeroy +dimkero =1+ (A+1) =A+2. Therefore,
choosing k¥ = 2A to cancel all the extensive factors, we
get DC = CD = 4D, which agrees with the coefficient
above.

7. On mixing with spatial symmetries

In all the examples above, the bipartite graph has a
reversing involution, so there is a duality operator that does
not involve a nontrivial permutation of the qubits. In fact, in
any (d + 1)-dimensional self-dual generalized TFIM with
translation symmetry, there exists a duality operator that does
not mix with translations (for instance, the noninvertible
parity operator D’ in the 1 + 1D Ising model). Therefore, to

FIG. 11. A bipartite graph with a reversing automorphism (90°
rotation) but no reversing involution.

find models where the duality operator necessarily mixes
with a nontrivial permutation of the qubits, one must look
beyond models with translation symmetry.

As an example, consider the bipartite graph shown in
Fig. 11 [186]. It has a reversing automorphism given by a
90° rotation of the graph, but it does not have a reversing
involution. So the generalized TFIM based on this graph
has a duality symmetry that necessarily mixes with a
nontrivial permutation of the qubits. Moreover, the duality
operator is noninvertible because ker ¢ # 0.

VII. DISCUSSIONS AND OUTLOOK

In this work, we used ZX-diagrams to present non-
invertible duality operators in many Hamiltonian lattice
models, including the Kramers-Wannier operator in the
1 4 1D Ising model, the Wegner operator in the 3 + 1D Z,
lattice gauge theory, and those in the generalized TFIMs
based on graphs. In addition to the duality operator, we also
provided graphical presentations for the condensation
operators. Their noninvertible algebra was computed using
ZX-calculus.

In the generalized TFIM based on a bipartite graph G, we
construct a noninvertible operator D,, associated with every
reversing automorphism p of G. In the special case when p
is a reversing involution (i.e., if p> = 1), D, does not mix
with spatial symmetries. This is summarized in Table II.

There are several future directions:

(1) The generalization to lattice models of n-dimensional
qunits with n > 2 is particularly interesting since the
’t Hooft anomaly of the noninvertible symmetry may
depend on 7 in a nontrivial way, such as in Ref. [53].
To this end, one can use an extension of ZX-calculus
to qunits, which is known to be universal [187,188]
and was also recently shown to be complete [189], to
study noninvertible symmetries in the generalized
n-state clock model.

(i1) In this work, we focused on the operators imple-
menting the noninvertible symmetry. It is important
to extend the discussion of Refs. [15,190,191] to
study the corresponding defects, which involve local
modifications of the Hamiltonian.
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(iii) It would be interesting to find the diagrammatic
presentation for SPT states protected by (nonanom-
alous) noninvertible symmetries, generalizing the
results of Ref. [25].

(iv) Recently, there has been a growing interest in the
Kennedy-Tasakitransformation[28,34,43,45,89,192,193],
which is a twisted version of the Kramers-Wannier
transformation. In the continuum, it corresponds to
gauging with a discrete torsion. It is natural to
consider extending our tensor network presentation
to such maps.

(v) What is the phase diagram for the duality-preserving
deformed model in Eq. (5.45) in 3 4+ 1D? Both the
points A =0 and A =1 correspond to a first-order
transition between the toric code phase and the
product state, and it is plausible that there is no phase
transition in between these two values of 1. This is
unlike the situation for the analogous 1 + 1D model in
Eq. (3.31) where the 4 = 0 point is the Ising CFT,
while the 4 = 1 point is gapped, and there has to be a
nontrivial phase transition in between [82].
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APPENDIX A: ZX-CALCULUS FOR THE
DUALITY AND CONDENSATION OPERATORS

In this appendix, we provide more details of the
ZX-calculus presentation of the duality and condensation
operators in the 3 + 1D lattice Z, gauge theory.

1. Condensation operator

Below, we show that the two expressions, Eqgs. (5.22)
and (5.26), for the condensation operator are equivalent.
First, recall that

which follows from the discussion below Eq. (3.22). Using
this identity for each green dot on the link in the ZX-
diagram Eq. (5.26) of C, we can write

((?(%) [l;[ (HMQ&)] (@I%) . (A2)

a—b =1 mod 2. This is precisely the expression for C
in Eq. (5.22).

2. Duality operator
Here, we derive the operator algebra involving D using
ZX-calculus. We start with Eq. (5.20) or, equivalently,
Eq. (5.27),

D2 - CTl,l.l' (A4)

041006-27



GORANTLA, SHAO, and TANTIVASADAKARN PHYS. REV. X 15, 041006 (2025)

First, using Egs. (5.10), (5.12), and (5.11), we have
D2 = D]«—pr<—lDl<—pr<—l = D]<—pr<—lTl<—pr<—] = D1<—pr<—]Tl,l.l' (AS)

The product D,_,D,.; can be computed as follows. We have

Dl(—p Dp<—1 = 28V

Using color change and spider fusion, we can simplify this

diagram to
DipDper1 = (A7)
It follows that D? = CT | ;.
It is also instructive to compute DC using ZX-calculus.
Now, we use the GB to simplify it further to We have

Dp(_]c _ 24V . 27V/2

215V/2

Applying the GB along the curved wires, along with SFs, we get
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Dy C = 219V/2 . 99V/2 (A10)
212V
(A11)
We now apply the GB again to get
212V
215V/2
Using SC, SF, and CC’, we finally get
915V/2
Do1C = S5y
22 (A13)
26V

:<+"'+‘C|+"'+>Dp<—ly
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where, up to scalar factors, we identified the left diagram as the operator D, and the right diagram as the matrix element

(+---+|C| +---+). The latter can be seen as follows:

(+-+|Cl+--+) =

27V/2 /(
93V

oV/2

Multiplying T, on the left on both sides of Eq. (A13)
gives DC = (+---+|C|+---+)D [194]. The matrix
element here can be computed using Eq. (5.25),

1
<+...+|C|+...+>:§x23:4, (A15)

from which we get DC =4D. Similarly, one finds
CD =4D.

3. Action of D on the states

Below, we derive the action of D in Eq. (5.40) using ZX-
calculus. First, using Eq. (5.6), we have

D|¢&) = 2(V=1)/2D)|0...0). (A16)

Now, we have

(A17)

Applying SC through green dots on the links, CC’, and SF
into the green dots on the plaquettes, we get

)\ SCSFS 9V/2 93V /()/\O/\()\

23V/2 (Al14)
22V
Py=
Pza
) %o
Dpe0--0) = = kS
2V/2 . 99V/2
Pay
(A18)

Multiplying by T, on the left on both sides, we get

DI0...0) = 2V/2|+ +) = D|¢) = ). (A19)

|4+
\/_
Using Egs. (5.20) and (5.23), we further have

D+ - +) = V2D&) = H1+n,,H(1+G>I€>
1
~ Ly (A20)
\/zfe%:m

Hence, we have derived Eq. (5.40).

4. Ground states of 3+ 1D toric code

Here, we relate the loop-gas and membrane-gas repre-
sentations of the ground states of the 3 + 1D toric code.
Recall that the ground states of the 3 + 1D toric code are

given by Eq. (5.37),
) 0...0),

& = 20702y qu(
i<j

where & = (&,,.¢,..£..) €{0, 1} with &; defined modulo

2. An alternative basis for these states is

(A21)

041006-30



TENSOR NETWORKS FOR NONINVERTIBLE SYMMETRIES IN ... PHYS. REV. X 15, 041006 (2025)

Z EK, il 12), (A22) where W == W(y,) is tiie Wilson line operator Eq. (5.19)
along the curve y;, which is a noncontractible cycle in
the kth spatial direction [195]. One can recognize the

where ¢ = (¢, v &y € ) €10, 1}3 with {;; defined mod- first (second) line of Eq. (A23) as the membrane-gas (loop-

rfe{OI}3

ulo 2. gas) representation of the ground states of the 3 + 1D
It is instructive to write the state |) as toric code.

. We can use ZX-calculus to quickly see the equality of

) =2x 2V/2H (1 +(=1) '”7ij> H <1 + GS> 0...0) these two representations. Consider the state | = 0) for

2 ; 2 simplicity (the other states are obtained by multiplying

i<j
1+ 7 [Teix Wk”) We have
=27 ‘HW“H( e Vv, (a2

ij.k
cyclic

e (G

i<j

oV/2 ovV/2 ., 9TV/2 /( )\ (A24)
= 000 = =% :

25V/2
2

Applying SF, identity removal, and SF again, we get

95V/2 /()%O\ |

(=0)==

(A25)

[

This diagram is called the 2-form representation of the state | = 0) in Ref. [196] (see also Ref. [197] for related discussion).
Using Eq. (A1), with Z/X-spiders exchanged, on all the red dots, we get

£=0)=2" 1H< +H“”Z">|+~~+>, (A26)

which proves the equality of the first and second lines of Eq. (A23). As a consequence, we also have

2<V—1>/2H 51‘[( ) 0...0)

i<j

e R

i.j.k )4

cyclic
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For the sake of completeness, we note that the state |£ = 0) can be represented as

£=0)=—% . : (A28)

These diagrams correspond to the first and second lines of Eq. (A27), respectively. The first diagram is called
the 1-form representation of the state |¢ = 0) in Ref. [196] (see also Ref. [197] for related discussion). On the other hand,
the second diagram can be thought of as the action of the condensation operator C) for the 2-form symmetry of the 3 + 1D
toric code on the product state | + - -+ +), i.e

2V
where
L
C(2) . 93V/2 . [

(A30)

£y

= 5 ZW(W)ZiH (1+Wy) H(HH@EPZK) .

el k P

APPENDIX B: HIGHER QUANTUM SYMMETRY

It is well known that gauging a finite global symmetry leads to a quantum (or dual) finite symmetry [198]. For example,
gauging a Zy p-form symmetry in d-dimensional spacetime gives a dual Zy (d — p —2)-form symmetry [50,51].
Similarly, “higher gauging,” where the symmetry is gauged on a submanifold of positive codimension, results in a dual
symmetry referred to as “higher quantum symmetry” [110]. One way to construct a higher quantum symmetry is by pushing
a charged object from the bulk across a condensation defect. In this appendix, we use this to construct the higher quantum
symmetry operators in the 3 4 1D lattice Z, gauge theory.

The ZX-diagram for the Wilson line operator is
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where y is any (not necessarily connected) curve along the links of the lattice and §,(¢) = 1 when # €y and 0 otherwise,
ie., §, is the indicator function for y on the links. Recall that, when the Gauss laws are imposed exactly, W(y) is gauge
invariant only when y is closed. On the other hand, when the Gauss laws are imposed energetically, y is allowed to be open
and the end points of y create Gauss law violations.

Consider the commutation of condensation operator C with Wilson line operator W(y),

me = 6,(L) . (B2)
5 my = 1) (é)
' (B3)
where we defined
C(y) := 2772 ; me = 0, (0) . (B4)
Note that a similar derivation as in Appendix A | gives
C( ) — EH[] + (_1)@’-2:'/) ]H M (BS)
=5 Nij > )

i<j s

where (7, %; ;) is the intersection number of y and )
function for dy the set of end points of y.

;j»and &,,(s) = 1 when s € dy and 0 otherwise, i.e., ,, is the indicator
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Recall that higher gauging a Z, 1-form symmetry on a
three-dimensional submanifold gives a Z, 1-form higher
quantum (or dual) symmetry on that submanifold. The
operator C(y) is the higher quantum symmetry operator at a
fixed time slice.

G Z,

where we show only a part of the ZX-diagram around the
plaquette p. It follows that C(y) = C(y’) whenever y and y’
have the same end points and [y —y'| = 0€ H (M, Z,),
where M is the original lattice.
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