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Elucidating fundamental limitations inherent in physical systems is a central subject in physics. For
important thermodynamic operations such as information erasure, cooling, and copying, resources like
time and energetic cost must be expended to achieve the desired outcome within a predetermined error
margin. In the context of cooling, the unattainability principle of the third law of thermodynamics asserts
that infinite “resources” are needed to reach absolute zero. However, the precise identification of relevant
resources and how they jointly constrain achievable error remains unclear within the frameworks of
stochastic and quantum thermodynamics. In this work, we introduce the concept of separated states, which
consist of fully unoccupied and occupied states, and formulate the corresponding thermokinetic cost and
error, thereby establishing a unifying framework for a broad class of thermodynamic operations. We then
uncover a three-way trade-off relation between time, cost, and error for thermodynamic operations aimed
at creating separated states, simply expressed as 7Ce, > 1 — 5. This fundamental relation is applicable to
diverse thermodynamic operations, including information erasure, cooling, and copying. It provides a
profound quantification of the unattainability principle in the third law of thermodynamics in a general
form. Building upon this relation, we explore the quantitative limitations governing cooling operations, the
preparation of separated states, and a no-go theorem for exact classical copying. Furthermore, we extend
these findings to the quantum regime, encompassing both Markovian and non-Markovian dynamics.
Specifically, within Lindblad dynamics, we derive a similar three-way trade-off relation that quantifies the
cost of achieving a pure state with a given error. The generalization to general quantum dynamics involving
a system coupled to a finite bath implies that the dissipative cost becomes infinite as the quantum system is
exactly cooled down to the ground state or perfectly reset to a pure state, thereby resolving an open question

regarding the thermodynamic cost of information erasure.

DOI: 10.1103/16b9-rg1j

I. INTRODUCTION
A. Background

The concepts of time, cost, and error play foundational
roles across various scientific disciplines. Intuitively,
implementing a high-accuracy process at a finite speed
unavoidably incurs a cost. This no-free-lunch principle is
ubiquitous in nature, ranging from intricate operations in
biological systems to fundamental processes in physics.
For instance, sensory adaptation systems, which typically
employ feedback control mechanisms in noisy environ-
ments, must finely balance accuracy, speed, and energy
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expenditure to function effectively [1]. Similarly, it was
experimentally demonstrated that fast and accurate com-
putation is unavoidably accompanied by high dissipation
[2-7]. Quantifying the trade-offs among these incompatible
quantities is crucial not only for understanding the inherent
limitations of both natural and engineered systems but also
for the development of technologies that operate at the edge
of these fundamental constraints.

Thermodynamics, a well-established field with a long
history, primarily studies heat, work, energy transforma-
tion, and their relationships with the physical properties of
both equilibrium and nonequilibrium systems. Over the
past two decades, its scope has broadened from macro-
scopic to microscopic systems operating within finite
times, leading to the development of stochastic and
quantum thermodynamics [8—12]. These advanced frame-
works provide a theoretical basis for exploring novel trade-
off relations inherent in fluctuating systems from an
energetic perspective. A prominent example is the thermo-
dynamic uncertainty relation [13-22], which demonstrates
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a trade-off between cost and precision, asserting that
significant dissipation is necessary to achieve high accuracy
of observables. This relation yields various implications in
nonequilibrium systems, including power-efficiency trade-
offs in heat engines [23], bounds on diffusion extents [24],
and useful methods for inference of dissipation [25-29].
Another pivotal result is the thermodynamic speed limit
[30-39], which expresses a trade-off between time and cost
in the transformation of a system’s state, implying that
greater dissipation is required for faster transformations.
The speed limit concept also sets a finite-time bound for
the thermodynamic cost of information erasure, extending
beyond the conventional Landauer principle [40—47]. Other
intriguing findings include time-dissipation [48,49] and
time-information uncertainty relations [50,51], which char-
acterize the trade-offs between time and cost in changing
observables.

In this study, we focus on a general class of thermody-
namic operations that require high accuracy and small
thermodynamic cost within finite time. A common feature
of many important thermodynamic operations is the aim to
achieve one or more desired states while ideally reducing
the probabilities of all other states to zero (see Fig. 1 for
illustration). This class of processes holds significance
not only in physics but also in biology. A representative
example is the task of bit erasure [52—55]. In this task, the
goal is to reduce the probability of observing the bit in the
logical state “1” to zero, ensuring that the bit is reliably
reset to the logical state “0,” regardless of its initial state.
Preparing pure states and cooling systems to ground states
are also crucial thermodynamic operations [56-62].
Cooling a system to its ground state involves reducing
the probability of finding the system in any higher energy
eigenstates to zero. In the biological context, a notable
example is the role of the proofreading mechanism [63—-65]

in information processing within living systems. This
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FIG. 1. Trade-off relation between time, cost, and error that

naturally arises in thermodynamic processes that reduce the
observation probability to zero. Examples include (i) erasing
information from bits (where the probability of all microstates
corresponding to the logical state “1” is reduced to zero), (ii) cool-
ing toward the ground state (where the probability of excited states
is reduced to zero), (iii) copying (where the probability of states
differing between the source and target is reduced to zero), and
(iv) kinetic proofreading (where the probability of pathways
producing incorrect products is reduced to zero).

mechanism incorporates irreversible intermediate steps that
enhance discrimination between two possible reaction
pathways, effectively reducing the likelihood of following
the incorrect pathway that leads to erroneous products.
For the processes introduced above, a trade-off between
error and resource usage is intuitively expected.
Specifically, the achievable error in the probability is
always constrained by the available resources of time
and cost. For the problem of preparing pure states, the
no-go theorem has been established [66—68], asserting that
it is impossible to create a pure state from a mixed one
using a unitary transformation applied to the system and a
finite-dimensional reservoir. Furthermore, quantitative rela-
tions that link the achievable error to the volume and energy
bandwidth of the reservoir have been explored in the
literature [69-72]. Despite these advancements, previous
studies have largely focused on specific thermodynamic
operations, such as cooling, without providing a unified
framework for the general thermodynamic constraints—
such as trade-offs between time, cost, and error—that
underlie a broad class of important processes, including
information erasure, cooling, copying, and kinetic proof-
reading. The following fundamental questions remain:
What are the relevant resources in these tasks? How do
these resources jointly constrain the achievable error?
Moreover, a definitive relation that clearly elucidates
the trade-off among three fundamental yet incompatible
quantities—time, cost, and error—is lacking.

B. Summary of results

In this work, we resolve this open problem within a
unified framework across both classical and quantum
domains. To obtain the general thermodynamic constraints,
we introduce the concept of separated states, which consist
of two classes of states: desired states that the operation
aims to achieve and undesired states for which the
probabilities should ideally be zero after the operation.
Building on this concept, we quantitatively elucidate a
three-way trade-off relation among the quantities of time,
cost, and error, demonstrating that infinite resources of time
and cost are required to reduce the error to zero [Eq. (13)].
Its explicit form reads

Ce, > 1—n (or ggrC 2 n~' 1), (1)
where 7 and C denote time and cost, respectively, e, (&) is
the error at the final (initial) time, and n = €,/¢; is the
relative error (Sec. III A). This transition from conceptual
intuition to rigorous mathematical formulation not only
clarifies theoretical ambiguities but also paves the way for
several essential applications in nonequilibrium thermody-
namics, as explained below.

(1) As the first application of this trade-off relation, we

establish a thermodynamic bound that embodies the
third law of thermodynamics in the form of the
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unattainability principle for Markovian dynamics
(Sec. III B). This bound determines a lower limit on
the error in executing the task of preparing ground
states or pure states in terms of time and cost.
Additionally, as a direct consequence, we obtain a
lower bound on the achievable temperature when
cooling the system toward the ground state. These
bounds provide a quantitatively comprehensive
understanding of the third law of thermodynamics.

(i) Next, expanding beyond the traditional concepts of
ground states and pure states, we investigate the
problem of preparing separated states, where the
probability is restricted to a specific set of desired
states (Sec. III C). By applying the trade-off relation,
we establish a no-go theorem for the preparation of
these states and derive a thermodynamic bound on
the achievable error in terms of time and cost.

(iii) In the third application, we address the copying
problem, where the state of a source is replicated
into the state of a target using a machine (Sec. III D).
More precisely, we formulate a no-go theorem for
exact classical copying, covering a broader range of
scenarios than the conventional cloning problem.
Furthermore, we demonstrate the hardness of exact
copying from an information-theoretic perspective,
highlighting how finite resources fundamentally
constrain the attainment of the maximum mutual
information between the source and the target.

(iv) Last, we demonstrate the universality of our findings
by generalizing them to quantum cases, applicable to
both Markovian dynamics and generic quantum
systems coupled to finite-size reservoirs (Sec. Il E).
Remarkably, they resolve an open question regard-
ing the thermodynamic cost of erasing information:
The cost diverges in the limit of perfect erasure.

C. Relevant literature

We briefly review the relevant literature and highlight
how our results differ from existing works. While the third
law of thermodynamics has been extensively discussed in
the context of classical thermodynamics for macroscopic
systems, our focus here is on microscopic dynamics, which
is more relevant to our study.

In quantum settings, the third law has been investigated
using various models. In Refs. [73,74], the unattainability
principle of zero temperature was studied through a
quantum refrigerator model composed of two-level systems
operating in a stationary state. The cooling dynamics of a
cold bath, weakly coupled to the refrigerator, was charac-

terized by the exponent £ in the relation dT,/dt « =T as
the bath temperature approaches absolute zero (7, — 0).
The validity of the third law can be assessed by checking
whether £ > 1.

Another direction involves the study of approximate
cooling, where the goal is to bring the target system close to

its ground state. In a general setup where the target is
coupled to a finite-dimensional thermal bath and the
composite system undergoes a unitary evolution, Ref. [75]
demonstrated that the cooling error is constrained by the
energy bandwidth of the bath Hamiltonian.

Further development occurred in Ref. [70], which
analyzed cooling near absolute zero within the framework
of catalytic thermal operations. In that work, a composite
system comprising the target, a resource, a thermal bath,
and a catalyst undergoes an energy-conserving unitary
transformation. At the final time, the target is expected
to be close to its ground state, while the catalyst approx-
imately returns to its initial state. Assuming the target
initially thermalizes with its environment, necessary and
sufficient conditions for approximate cooling are derived,
formulated in terms of a function Vj(¢;H) called the
“vacancy.” The third law is then interpreted through the
divergence of this function, which implies that an infinite
amount of “resources” is required for exact ground-state
preparation.

In a related yet distinct setting, Ref. [69] considered a
unitary evolution involving a target, a thermal bath, and a
work storage system, where the global unitary preserves the
total energy. In this setup, the cooling error was shown to be
bounded by both the bath volume and the worst-case work
fluctuations. When the bath Hamiltonian satisfies a locality
condition, the Lieb-Robinson bound [76] can be employed
to relate the cooling error to the finite operational time; in
this case, the third law emerges as a trade-off between the
cooling error and the required time.

These studies collectively provide significant insights
into the theoretical constraints imposed by the third law of
thermodynamics on cooling processes near absolute zero.
However, it remains unclear how thermodynamic and
kinetic costs, such as entropy production and dynamical
activity, constrain cooling limitations together with the
resource of time. To the best of our knowledge, our study
addresses this gap, for the first time, by elucidating the
interplay between time and these costs within the frame-
works of stochastic and quantum thermodynamics. We
consider a general setup where the target system is subject
to a time-dependent protocol and the operation does not
necessarily conserve the total energy. Our work advances
the understanding of the third law of thermodynamics in
three key aspects:

(1) Generalization of the third law: We extend the third

law (i.e., a constraint on cooling to absolute zero) to
a more general concept of creating separated states,
encompassing a wide range of fundamental thermo-
dynamic operations such as information erasure and
copying.

(2) Identification of resources: We identify the relevant
resources and demonstrate that time is not the sole
determining factor; other contributions, such as
dissipation and frenesy, also play essential roles.
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(3) Quantification of trade-offs: We rigorously formu-
late the third law as a thermodynamic trade-off
between time, cost, and error within the frameworks
of stochastic and quantum thermodynamics.

The remainder of the paper is organized as follows.
Section II introduces the concept of separated states, the
dynamics considered, and the notions of error and cost used
in this study. In Sec. IIl, we present our main results,
including the central relation and its applications in non-
equilibrium thermodynamics. Section IV provides numeri-
cal demonstrations of our findings. Finally, Sec. V gives a
summary and outlook. Detailed analytical calculations and
derivations are presented in the appendixes.

I1. SETUP
A. Separated states

We introduce the concept of separated states, which
encompass relevant states in nonequilibrium thermody-
namic operations and play a key role in this study.
A d-dimensional distribution |p) = [p,..., p,]" is con-
sidered separated with respect to a nonempty set u C
{1,...,d}=:[d] if no states in u are probable; in other
words,

= p.=0. (2)

neu

Equivalently, the probability supported by the complement
b = [d]\u is equal to 1 (i.e., py =) ,cpPn = 1). The
sets u and D represent the undesired and desired states,
respectively, indicating the states we want the system to
avoid or occupy (see Fig. 2). For instance, in the bit erasure
operation depicted in Fig. 1, the desired state is the reset
state “00...0” while all other states are considered unde-
sired. Similarly, in the cooling operation, the desired state is
the ground state, with all excited states being undesired. It
is important to note that the notion of separated distribu-
tions can include multiple desired states (i.e., || > 2). For
example, in the copying process, the desired states are those
where the bit and memory have the same values while all
other states are undesired.

%/—/%/—/ %/_/%,_/

FIG. 2. Preparation of a separated state in Markov jump
processes. After finite-time operations, the final distribution is
approximately separated; i.e., the total probability of finding
the system in the undesired states belonging to the set u is
nearly zero.

B. Dynamics, error, and cost

We consider a thermodynamic process of a discrete-state
system, which has d internal states. The term “internal
states” is context dependent and can refer to a variety of
configurations: for instance, mesostates in coarse-grained
dynamics, energy eigenstates in quantum jump processes,
configurations of chemical species in reaction networks,
or discrete-system states in other physical scenarios. The
system is coupled to thermal reservoirs and may be subject
to external controls, thus being driven out of equilibriums.
The system can be characterized by a time-dependent
probability distribution |p,) = [p,(2), ..., p4(t)]T, where
p,(t) denotes the probability of finding the system in state
n at time ¢. Assuming the system’s dynamics is a Markov
jump process, the time evolution of this probability dis-
tribution is described by the master equation

|pt> = thpt>’ (3)

where the dot denotes the time derivative and W, =
W (7)] is the time-dependent transition rate matrix sat-
isfying the normalization conditions > ¢_, w,,,(t) = 0 for
any n € [[d]. To guarantee the thermodynamical consis-
tency, we assume the local detailed balance [9]; in other
words, the log of the ratio of transition rates is related to
the entropy change in the environment. While we con-
sider classical systems here, the generalization to quan-
tum cases is straightforward and will be discussed in a
subsequent section.

Now, we introduce the notions of error and cost in the
thermodynamic process. The definition of error should
depend on the task’s purpose. In this study, we focus on a
general class of thermodynamic tasks wherein one tries to
reduce the probability of observing the system in states
belonging to a set u C [[d]] to zero. In other words, the
objective is to create a separated state with respect to the
set u of undesired states (Fig. 2). As demonstrated later,
prominent examples include the cooling problem in the
third law of thermodynamics, preparation of separated
states, classical copying, and kinetic proofreading (Fig. 1).
It is noteworthy that there are an infinite number of ways to
define the error even for a specific problem. Nevertheless,
to achieve a meaningful trade-off relation, the error should
take values in the range of [0, +o0). More precisely, the
error should be zero when the task is perfectly accom-
plished and positive when no action or cost is involved.
Keeping this in mind, we define the error at time ¢ in the
following manner:

= —[lnp, ()], (4)

where p,(f) =,y Pa(f) is the probability of finding
the system in undesired states of the set u. In information
theory, —Inp for a given probability p is known as
“surprisal,” representing the amount of information gained
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when a specific event occurs, and it is directly related to
Shannon entropy. Hence, ¢, can be interpreted as the
reciprocal of surprisal, meaning that reducing &, corre-
sponds to increasing surprisal. Intuitively, &, quantifies
how close the total probability supported by the u space
is to zero at time ¢. By this definition, one can observe that
€ can be infinite if p,(0) =1, and &, approaches zero
as the process becomes perfect at the final time [i.e.,
when p,(7) — 0].

The cost associated with any process can be mainly
divided into two contributions: kinetic and thermodynamic.
A kinetic contribution is pertinent to how strong the
system’s activity can be, and it should be present even
when the system is in equilibrium. One of the feasible ways
to properly capture such contributions is through the
maximum escape rate from states, leading us to define
the quantity

W, = max Wonn (1) (5)
neu
mebd

More precisely, @, is the maximum escape rate from one
undesired state in the 1 space to the d space, quantifying
the ability to change from undesired states to desired states
at time ¢ [Fig. 3(a)]. The kinetic nature of this quantity is
further highlighted by the fact that w, corresponds to the
maximal jump frequency from the 1 space to the b space,
maximized over all possible system distributions. On the
other hand, a thermodynamic contribution reflects how far
the system is driven from equilibrium, and it is related to
irreversible dissipation. Entropy production, which quan-
tifies the degree of thermodynamic irreversibility, is com-
monly invoked for the examination of thermodynamic costs

(a)

FIG. 3. (a) Schematic illustration of the kinetic and thermo-
dynamic contributions w, and ;. (b) Behavior of the cost term as
the function of the kinetic (@) and thermodynamic () contribu-
tions. The cost term vanishes when either contribution is zero,
and it increases as a function of the other contribution when one is
fixed. (¢) Visualization of the function ®(x) and its upper bound
©(x), which are both monotonically increasing functions.

in nonequilibrium systems [77]. In the framework of
stochastic thermodynamics [9], the entropy production rate
can be expressed as the sum of the product of the probability
currents and the thermodynamic forces, given by

6152 3 W (1) () In (0Pl

R (6)
e W (1) Pon (1)
The jump frequency between desired states in the set d and
other undesired states belonging to u is relevant for reducing
the probability p, (7) and can be calculated as

ai= Y Wan(O)pa(t) + Wan ()P (D). (7)

neumed

This quantity is also known as dynamical activity in the
literature [78] and imposes important constraints on the
speed and precision of dynamics [31,79-82].

Using the kinetic and thermodynamic contributions
introduced above, we define the thermokinetic cost asso-
ciated with the thermodynamic process as

C = 0® (), (8)

where

O,

©)

= maxw o= (0 O, = —.
o<i<e (o0)r, ",

Here, (x,), denotes the time average of an arbitrary time-
dependent quantity x,, defined as (x,), =77 [ dtx,, and
@ is a monotonically increasing function, defined as
®:=1-¢"1€]0,1), where ¢~! denotes the inverse func-
tion of ¢(x) = (x +1)~!(x — 1) Inx. Note that o, is the
total entropy production rate of the original dynamics (3),
and the dynamical activity a, represents the average
number of jumps per unit time between u and d spaces.
Therefore, 6 quantifies the time average of entropy pro-
duction per transition between these two spaces, being
crucial in quantifying the thermodynamic cost. The cost C
is defined as a dimensionless quantity with respect to time,
as our aim is to clearly distinguish between the resources of
time and thermokinetic contributions. Near equilibrium,
where & is small, ® behaves approximately as ®(5) ~ 1/25.
In general, ®(x) < ©(x), where O(x) := 1 — e=¢max(VE) jg
a monotonically increasing function with ¢ ~ 1.543 [83]
(see Proposition 4 for the proof). The behavior of the cost
term is quantitatively illustrated in Figs. 3(b) and 3(c). In
the following, we delve into the essence of C and provide
further insights into its significance.

First, we explain why both thermodynamic and kinetic
contributions are essential in defining the cost C. It has been
shown that probability distributions can be transformed
with arbitrarily small entropy production [84-86]; there-
fore, entropy production alone is insufficient to characterize
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state transformations, necessitating the inclusion of kinetic
contributions [46]. Moreover, reaching new states within
finite time inevitably drives the system out of equilibrium,
resulting in unavoidable entropy production that contrib-
utes to the transformation cost. These facts clearly indicate
that both contributions are crucial in characterizing the cost.
Such an integration of thermodynamic and kinetic con-
tributions also appears in other contexts. For instance, the
relative fluctuation of currents was shown to be constrained
by both thermodynamic and kinetic factors [22,82].

Second, we examine what the cost C captures through its
thermodynamic and kinetic contributions. As evident from
its definition, C encapsulates the combined effects of
frenesy and dissipation required to drive the system out
of equilibrium and reach the desired final distribution
within a finite time, expressed via the product w®(5).
This formulation clearly highlights the trade-off interplay
between these two factors: A reduction in one necessitates
a compensatory increase in the other. In other words, both
contributions cannot be simultaneously small when a
substantial cost is required to achieve low error. Notably,
such a nontrivial interplay between kinetic and thermody-
namic factors also emerges in the context of fluctuation
suppression [82]. Furthermore, when either @ or & is fixed,
the minimal value of the remaining factor needed to
accomplish the task can be determined. From a quantitative
standpoint, C embodies the intrinsic nature of cost—any
increase in either @ or & inevitably leads to a higher overall
cost. It is worth noting that the role of kinetics is both broad
and significant: Variations in the transition rates influence
not only the maximum escape rate but also the entropy
production per transition in a nontrivial manner. As a result,
the kinetic and thermodynamic contributions are, in gen-
eral, interdependent rather than independent. Nevertheless,
since @ < 1, the kinetic contribution plays a decisive role:
The divergence of the cost C necessarily entails the
divergence of w. To gain deeper insights, we establish
the following hierarchical relation:

CI<C<L0Cy, (10)

where the lower and upper bounds of the cost are defined as
Cy = (0,D(5,)).. (11)

G, = w. (12)

Notably, each term in the hierarchy (C; < C < C,) can serve
as a quantifier of cost. While employing C, leads to a looser
bound, it offers a clearer interpretation, as C, solely reflects
the maximum escape rate, entirely neglecting thermody-
namic contributions. In contrast, C; incorporates both
kinetic and thermodynamic factors, making it qualitatively
similar to C. Quantitatively, C; represents the time-averaged
instantaneous cost, thereby yielding a tighter bound.

For precise analysis, C; might be preferable to ensure
tightness while accurately capturing the nature of the cost.
Nonetheless, in practical applications, C or even C, may be
employed for simpler interpretation and estimation.

III. RESULTS

A. Time-cost-error trade-off relation

With the quantifications of cost and error above, we are
now ready to explain our central result. We rigorously
prove that there exists a fundamental trade-off between
time, cost, and error, which holds true for arbitrary times
and protocols. The trade-off is explicitly given by

Ce, > 1 —n, (13)

where 7 = ¢,/ ¢ is the relative error, which should vanish
for a perfect process. Alternatively, it can also be expressed
in a more intuitive form of £,zC > ~! — 1. Note that the
lower bound can become negative when # > 1, resulting in
a trivial inequality. Therefore, it is more relevant to focus
solely on meaningful processes where the error is even-
tually reduced (i.e., 7 < 1). The proof of the relation (13) is
presented in Appendix A.

Below, we discuss the crucial physics derived from this
three-way trade-off relation. When the initial error is zero,
meaning p, (0) = 0, the task of thermodynamic operation
is already complete. Therefore, we focus on the scenario
where the initial error &, is nonzero, which can be finite
or infinite. The inequality implies that achieving a perfect
thermodynamic operation, where ¢, = 0, is impossible
without either infinite operation time or infinite cost. It
not only qualitatively yields a no-go theorem for the general
task of reducing the probability to zero but also provides a
quantification of how much the resource must be invested
to achieve a predetermined error. Moreover, the derived
inequality is tight and can be saturated for generic thermo-
dynamic processes (see Sec. IV for a numerical demon-
stration). In addition, the quantum extensions of this result
are obtained and discussed in Sec. III E.

The three-way trade-off relation (13) can be interpreted
as a generalization of the third law of thermodynamics
within Markovian dynamics. In the literature, the third
law comprises two key statements. The first concerns the
system’s entropy at absolute zero temperature, known as
Nernst’s heat theorem [87] and Planck’s formulation [88].
The second statement is the unattainability principle, which
asserts that bringing any system to its ground state requires
an infinite number of thermodynamic operations or infinite
time [69-73,89-92]. Our focus is on the latter statement.
The three-way trade-off relation allows us to generalize
the unattainability principle as follows: Bringing any
system to a separated state (determined by 1 and d spaces)
necessitates either an infinite cost C or an infinite time 7.
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This relation quantifies and reinforces the unattainability
principle in a broader context.

The derivation of the relation (13) assumes microscopic
reversibility, meaning all transitions are bidirectional.
However, when the dynamics involves unidirectional tran-
sitions (i.e., certain transitions have no reverse counterparts),
the quantity & diverges because the entropy production rate
defined in Eq. (6) becomes infinite. As a result, the cost is
governed solely by the kinetic factor, with no thermody-
namic contribution (i.e., C = w). To obtain a more refined
bound in the presence of unidirectional transitions, we
generalize the cost by introducing C'™, which separates
bidirectional and unidirectional contributions:

i = P ®(5°) + w. (14)

Here, superscripts b and u indicate that the corresponding
quantity is calculated using the bidirectional and unidirec-
tional parts, respectively. As shown, C*" comprises two
terms: The first term captures the cost associated with the
bidirectional transitions, identical in form to Eq. (8), while
the second term accounts for the purely kinetic cost arising
from the unidirectional transitions. With this generalized
cost, the relation (13) can be analogously derived; the proof
is presented in Appendix B. Note that this generalized cost
reduces exactly to the conventional one (8) in the absence of
unidirectional transitions (i.e., when w" = 0).

We have several additional remarks on the three-way
trade-off relation. First, the trade-off relation can also be
derived using the nonadiabatic entropy production rate
as part of the thermodynamic cost, instead of the total
entropy production rate. It has been shown that the total
entropy production, which defines the cost, can be
decomposed into adiabatic and nonadiabatic contribu-
tions [93,94]. Roughly speaking, adiabatic entropy pro-
duction relates to the dissipation required to maintain the
stationary state. Conversely, the nonadiabatic component,
which vanishes in the stationary state, characterizes the
additional dissipation needed for the transition between
stationary states. Notably, only the nonadiabatic entropy
production is responsible for state transformations
[31,32]. Therefore, it is reasonable to anticipate a similar
trade-off relation involving the nonadiabatic cost, and we
demonstrate that this is indeed the case. The derivation is
detailed in Appendix C.

Second, for thermodynamic processes driven by time-
independent protocols, a more compact trade-off solely
in terms of entropy production can be established (see
Appendix D). Furthermore, we can demonstrate that
excess entropy production limits how much the error
can be reduced. Such a relationship can have significant
implications for understanding the connection between
thermodynamic cost and functional performance. For
instance, in a proofreading mechanism, certain kinetic
parameters may be abruptly quenched to adapt to changes

in the surrounding environment, leading to the system
subsequently relaxing toward another stationary state.
The achievable error in this new stationary state is then
constrained by the excess cost incurred during the
relaxation process.

Third, we clarify the qualitative differences between our
result and existing trade-off relations. One of the most
prominent results is the thermodynamic uncertainty rela-
tion (TUR) [13-15], which takes the form

e, > 2 (15)

for stationary Markov jump processes. Here, £ represents the
entropy production rate, and ¢, = var(;]/(y)? is the relative
fluctuation of current ;. Interpreting €, as the current error,
the inequality (15) can be seen as a trade-off between time,
cost, and error. However, this error pertains to the fluctuation
of trajectory currents, which is entirely unrelated to the
problem of reducing the probability considered in this study.
Another relevant result is the thermodynamic speed limit
(TSL), formulated as [45,46,86]

of (£, A) 2 W(po. p.). (16)

where A is the time-averaged dynamical activity, /’ denotes
the Wasserstein distance between probability distributions,
and f is a function whose explicit form is omitted. The TSL
can be interpreted as a trade-off between time and cost in
state transformations, indicating that these resources cannot
simultaneously be small when changing states. Unlike our
focus on the third law, both the TUR and TSL serve as
quantitative refinements of the second law of thermody-
namics. Crucially, these relations cannot establish the third
law of thermodynamics, as the inequalities (15) and (16) do
not rule out the possibility of reaching absolute zero within
finite time and cost [95]. Therefore, our result is conceptually
and qualitatively distinct from the existing relations.

In what follows, we demonstrate several essential appli-
cations and quantum extensions of the central relation (13).

B. More on the unattainability principle
in the third law of thermodynamics

We now scrutinize the connection between our result
and the third law of thermodynamics. As discussed in the
previous subsection, the trade-off relation encompasses the
concept of the unattainability principle in the third law of
thermodynamics. This principle is intrinsically linked to
fundamental tasks such as creating pure states and erasing
information, both of which are critical in computation.
Although the impossibility of these processes has been
proved in contexts involving finite-size reservoirs [66,67],
it remains crucial to determine the extent to which one can
approach the desired states with limited resources. In this
direction, finite bounds on the achievable temperature have
been identified, defined in terms of resources such as the
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reservoir volume and the worst-case work injected [69,72].
In the present study, we advance in this direction by
elucidating the relationship between the achievable error
and the resources of time and thermokinetic cost. While we
investigate the classical case here, the same result can be
analogously obtained in quantum scenarios, which will be
discussed in the subsequent subsection.

First, we consider the general problem of creating
separated distributions that have only one desired state
(i.e., b = {k} for some state k). Such distributions are also
known as degenerate (or one-point) distributions, with
support only at a single state. This class of distributions
trivially includes ground states. Within a duration of z, the
objective is to drive the system to the target degenerate
distribution |g) as close as possible, irrespective of the
initial distribution. Here, the degenerate distribution |g) is
specified as g, = 6,;. The error can be appropriately
evaluated by setting 1 = [d]\{k} in Eq. (4). Evidently,
the error ¢, should vanish as the final distribution approaches
the degenerate distribution [i.e., when p,(z) — 1]. The
trade-off relation (13) then provides a lower bound on the
error in terms of time and thermokinetic cost as

1

&2 —.
Tl + g

(17)

Essentially, this inequality implies that infinite resources
of time and cost are required to perfectly generate
degenerate distributions. Notably, the relation (17)
extends beyond merely affirming the no-go theorem
regarding the creation of degenerate distributions; it
quantitatively determines the extent of resources required
to attain a specific level of precision.

Next, we address the problem of cooling to the ground
state and show that the relation (13) can be reformulated as
a lower bound on the attainable temperature in terms of
time and cost. Note that while temperature is well defined
for systems in thermal equilibrium, challenges arise when
moving to nonequilibrium systems due to the breakdown of
the equivalence of statistical ensembles. In the literature,
several notions of effective temperature have been proposed
[96,97]. Here, we consider the most common approach,
which assigns an effective temperature to a nonequilibrium
state using the temperature of a Gibbs thermal state with the
same energy. In other words, the effective temperature T
associated with the nonequilibrium distribution |p,) is
determined such that the following equality is fulfilled:

(E|p:) = (E|x(T, E)). (18)

Here, |E) = [E|,...,E4|" denotes the vector of energy
levels, and |z(T, E)) is the equilibrium distribution with
temperature 7 and energy levels |E). Without loss
of generality, we can assume that 0<E, =...=
E. <E. £...<E, Here, kis the degree of degeneracy

in the ground state. By utilizing Eq. (13), we find that the
achievable temperature is lower bounded by the resources
of time and cost as (see Appendix E for the proof)

T > Ay . (19)
- In [(d—K)Ab erCJrsU" _ l}

KA,

where A, := E ., — E| and A, := E; — E, are the energy
gap and energy bandwidth, respectively. More precisely,
A, denotes the energy gap between the ground state and
the first excited state, whereas A, represents the energy
difference between the lowest and highest energy levels.
This inequality not only manifests the third law of
thermodynamics but also establishes a fundamental limit
on the minimum temperature achievable with a finite
amount of resources. The quantum version of this result is
presented in Appendix G 2.

We demonstrate the tightness of the bound (19) using a
classical bit coupled to a thermal bath. Initially, the bit
is in an equilibrium state, and its energy gap is gradually
increased, inducing cooling toward the ground state. At the
final time, the energy gap is instantaneously reset to its
initial value. In this scenario, since xk =1, d =2, and
A, = Ay, the bound (19) simplifies to

A
g .
> e 1) Typ. (20)

For comparison, we also define the lower bound Ty,
where the cost C is replaced by C;. In general, the hierarchy
T>Ty; 2Ty holds. We vary the operational time
and compute the effective temperature of the bit at the
final time using Eq. (18). As depicted in Fig. 4, the effective
temperature 7 is tightly bounded from below by Ty,

0.05 . . .
T'— Tp--- Tpi--
0.04 \ ]
003 L T ]
0.02 b r—— ]
—O—T N N —_——
0.01 | o C ]
t=0 t=1" t=1T1
0 - . ,
1 2 3 4 5

FIG. 4. Numerical illustration of the bound (19) in cooling a
classical bit. The energy gap is modulated as A (r) =0.14-2.9¢/7,
with transition rates satisfying wy, () 4+ wy, (#) = 5. The duration 7
is varied, while the bath inverse temperature is fixed at # = 1. The
effective temperature 7', shown as the solid line, is consistently
bounded from below by both T, and T, , represented by the
dashed and dash-dotted lines, respectively.
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accurately capturing the temperature’s decreasing trend as a
function of the time duration. Notably, the lower bound
Ty, is saturated for all times.

C. Limitation in preparation of separated states

As demonstrated above, the trade-off relation (13)
provides an essential implication for the preparation of
degenerate distributions or ground states. Here, we show
that it can address a more general problem of preparing a
separated state from a nonseparated state (Fig. 2). In this
context, the relation (13) immediately implies the impos-
sibility of bringing a Markovian system from a nonsepa-
rated state to a separated state. In addition to this qualitative
implication, it provides a quantitative bound on the final
state’s separation. To measure the degree of separation of
the final distribution, we examine the probability p,(7),
with the goal of minimizing it. Then, the following lower
bound on p,(7) in terms of time and cost can be derived
from our central result:

pu(t) = py(0)e™. (21)

It is worth noting that a separated state can be prepared
from a nonseparated state without difficulty if reduction
of the state space is permitted. For example, consider a
particle inside a box surrounded by a thermal reservoir at a
fixed temperature (see Fig. 5 for illustration). Initially, the
particle is in a fully supported distribution, meaning it can
occupy any position within the box. Consider a situation
where one aims to create a separated state wherein the
particle is confined only to the left half of the box. This
target state can then be easily prepared by inserting a
partition at the right end of the box and moving it to the
center. Note that during operation, the protocol reduces
the state space that the particle can occupy. In other words,
the space created by the partition on the right side of the box
is inaccessible to the particle. The crucial difference between
this kind of protocol and our setup lies in whether the
reduction of state space is allowed or not. For Markov jump
processes, the reduction of state space cannot be achieved by
simply setting the transition rates to zero, as the system can
be trapped at some state with a nonzero probability.

D. No-go theorem of exact classical copying

We consider the problem of classical copying from the
standpoint of stochastic thermodynamics. The composite

o —

I e o

FIG. 5. Example of preparing a separated state using a particle
in a box. This scheme reduces the accessible state space during
the operation, and therefore, it is not included in our setup.

system has three subsystems: a source whose distribution is
copied, a machine that performs copying, and a target into
which distribution is copied. Each subsystem has a finite
space of discrete states, denoted by Q* for x € {s, m,t}.
Hereafter, the superscripts S, m, and t indicate the source,
machine, and target subsystems, respectively. Note that the
state spaces of the source and target must be identical to
guarantee accurate copying (i.e., Q% = Q). The probability
distribution of the composite system at time ¢ is denoted by
p,(n,m,0) and evolves according to the master equa-
tion (3). The initial distribution is of a product form

po(n.m.0) = p§(n)pR(m)ph(o).  (22)
where the initial distribution |p§) of the source can be
arbitrary and those of the machine and target are some fixed
distributions irrespective of | pg). The final distribution may
be nonfactorizable, and we are primarily interested in the
marginal distribution of the target. The copying process is

deemed perfect only if | pt) = |p§), which is determined by
the following calculation of the marginal distribution:

pi(o) = pe(n.m,o). (23)

neQsmeQm

We emphasize that this setup is less restrictive than the
problem of classical cloning [98], where there is an
additional requirement that the marginal distribution of
the source remains unchanged (i.e., |p$) =|pj)). For
this general setup, we derive the no-go theorem for
classical copying from the relation (13) (see Fig. 6 for
an illustration).

To this end, it suffices to show that copying cannot be
perfect for an instance of the source distribution. Let
0, = argmax, c o p(0), and consider an initial distribu-
tion |p§) with p§(o.) = 0, which we want to copy. Then,
pt(0,) = 0 should be fulfilled to achieve a perfect copying.
By choosing the set u = {(n,m, 0,)|n € Q%, me QM}, the
error reads

e = —[In pi(0,)]". (24)

®® O *ODO

Markov jump process

FIG. 6. Impossibility of exact classical copying. The composite
system, which includes a source, a machine, and a target, is initially
in a product state. The final state may be a correlated state, wherein
information from the source is expected to be replicated in the
target’s marginal distribution. The no-go theorem asserts that it is
impossible to perfectly copy information from the source to the
target within a finite amount of time and thermokinetic cost
through a thermodynamic Markov jump process.
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Note that &y > 0, and a perfect copying implies &, = 0.
Applying the trade-off relation (13) readily yields the no-go
theorem for exact classical copying since e, = 0 neces-
sitates infinite resources of time and cost.

1. Hardness of copying

In addition to the no-go theorem for exact copying, it is
important to discuss the inherent difficulty of achieving
exact copying in practice. For simplicity, we consider a
copying process involving two classical bits [99], X and Y,
where the goal is to copy the value of bit X onto bit Y.
These two bits form a bipartite system [100], with the key
assumption that bit X remains unaffected by the state of
bit Y. The copying error can be quantified by the prob-
ability p,(t), which represents the likelihood that bits X and
Y hold different values:

pe(t) = p,(0,1) + p,(1,0), (25)

where p,(x, y) denotes the joint probability of finding bits
X and Y in states x and y, respectively, at time ¢. Perfect
copying corresponds to the condition p,(z) =0.
However, we can quantitatively demonstrate the diffi-
culty of achieving this. To this end, we define the
undesired and desired spaces as u:={(0,1),(1,0)}
and d:={(0,0),(1,1)}, respectively. Applying the
trade-off relation (13), we obtain a quantitative bound
that highlights the difficulty of achieving perfect copying
within finite resources of time and cost:

pe(t) = p,(0)e™C. (26)

This bound shows that while the error can decrease
exponentially with increasing time 7z and cost C, it
remains strictly positive as long as these resources are
finite.

The difficulty of copying can also be examined from the
perspective of information theory. To quantify how much
information is transferred from X to Y, it is convenient to
use the mutual information, defined as

I, —Zptxy

Physically, /, measures how much information about X is
contained in Y. Since the bits X and Y are initially
uncorrelated (i.e., in a product state), the initial mutual
information is zero, I, = 0. Because I, < §,(X) = Sy(X),
the maximum mutual information achievable is
Tnax = SO(X)’ where Sl(x) = Zx pt<x) In pl(x) is the
Shannon entropy of bit X at time 7. For simplicity, we
assume p,(7) < 1/2, as we are primarily interested in
processes that reduce the error probability toward zero
[101]. Perfect copying within a finite time 7 would require

pilxy)

()P () 27)

achieving I, = I,,,. However, by combining Eq. (26) with
standard information-theoretic inequalities, we reveal the
inherent difficulty of this task through the following bound:

I < Lyax = (410 2) (I ax) pe(0) ™. (28)
Here, he€[0,1/2] denotes the inverse function of
—plnp—(1-=p)In(l = p), defined for pe€|0,1]. This

inequality demonstrates that achieving maximum mutual
information is fundamentally limited when only finite time
and cost resources are available. The detailed derivation of
Eq. (28) is provided in Appendix F.

E. Generalization to quantum cases

Here, we show that the trade-off relation (13) not only
applies to classical cases but can also be generalized
to quantum scenarios. Specifically, we consider for both
Markovian dynamics with infinite-size reservoirs and non-
Markovian dynamics with finite-size reservoirs. In quan-
tum systems, preparing pure states and ground states is a
crucial task, particularly in quantum computation. To
address this task, we derive quantum generalizations of
the trade-off relation (13), revealing the fundamental
limitations inherent in these processes.

1. Markovian dynamics
We consider a d-dimensional quantum system that is
weakly coupled to infinite-size reservoirs. The time
evolution of the density matrix can be described by the
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equa-
tion [102,103]:

0 = [Ht’ Qt + ZD Lk Qn (29)

where H, is the controllable Hamiltonian, {L,(#)} are jump
operators, and D[L]o := LoL" — {LYL,0}/2 is the dissi-
pator. To guarantee the thermodynamical consistency of the
dynamics, we assume the local detailed balance [104,105].
In other words, the jump operators come in pairs (k, k')
such that L; = e2%/2L},, where As; denotes the environ-
mental entropy change associated with the kth jump. Note
that it is possible that k' = k, which implies As; = 0 and
the Hermiticity of the jump operator L;.

In analogy to the classical case, we introduce the kinetic
and thermodynamic contributions to define the cost. The
thermodynamic contribution can be defined similarly to the
classical case. According to the framework of quantum
thermodynamics, entropy production is defined as the sum
of entropy changes in both the system and the environment;
its rate is given by

o, = —tr{¢,Ing,} + ZAsk(t)tr{Lk(t)Qth(t)T}‘ (30)
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Meanwhile, dynamical activity is quantified by the average
number of quantum jumps that have occurred over time,
and its rate is equal to

a, =Y _w{Li(DeLi(0)'}. (31)
k

Leto, = >, pa(t)|n;){n,| be the spectral decomposition of
the density matrix, and define the transition rates w¥,, (f) :=
|(m,|Li(t)|n,)|* between the eigenbases. Then, the rates of
entropy production and dynamical activity can be decom-
posed as o, = (1/2) 3, 0,(1) and a, — (1/2) ¥, a,(1
[106], where the partial terms are given by

k
WinnPn

0= Y (Whupy = Whpy) =220 (32)
kz,,; Wﬁmpm
=Y (Whin P+ WD) (33)

k,m

The thermodynamic contribution, characterizing the aver-
age dissipation per single jump, can be defined as

t
G, *= max o ) (34)
ne [d] Cln(t)

The kinetic contribution reflects how rapidly the system’s
state can evolve due to interactions with the environment. This
aspect can be captured by the dynamical activity, defined in
Eq. (31), which is a state-dependent quantity. To characterize
the system’s potential for activity independently of its state,
we introduce the following state-independent kinetic contri-
bution in terms of the jump operators:

o =[S0 (33)
k

where ||.|| denotes the operator norm. This quantity provides
an upper bound on the dynamical activity (i.e., w; > a,) [107]
and thus represents the maximum jump frequency of the
system across all possible quantum states. Physically, @, is
related to the coupling strength of the dissipators and can
serve as a measure of the thermalization strength in a
thermodynamic process. Notably, in the classical limit, @,
reduces exactly to the maximum escape rate among states.
Using the thermodynamic and kinetic contributions provided
above, the cost C is defined in accordance with Eq. (8),
mirroring the approach used in the classical case.

Let {ps(r)} be increasing eigenvalues of g,, i.e.,
pr(t) = p; (1), where {ij,....i;} is a permutation of
[d] such that p; (1) < ... < p; (t). Then, the error with
respect to a set 1t C [[d]] can be defined as

g = — [111 3 pg(r)]_l. (36)

neu

For example, 1t = [|d — 1]] indicates the preparation of pure
states, while 1t = [[k]] corresponds to the general task of
reducing the rank of the density matrix to d — k or less.
Given these definitions of cost and error, we can prove that
the trade-off relation (13) remains valid for arbitrary
protocols, indicating the universality of the result in both
classical and quantum domains. The proof is presented
in Appendix G 1. It is noteworthy that, for the cooling
problem, a lower bound on the achievable temperature
in terms of time and cost, similar to Eq. (19), can be
analogously derived (see Appendix G 2 for the derivation).

2. Non-Markovian dynamics

Next, we consider a case where the system is coupled
to a finite-dimensional reservoir. The Hamiltonian of
the composite system is expressed as H, = Hg(t)+
Hgg(t) + Hg, representing the sum of the Hamiltonians
for the system, the interaction, and the reservoir, respec-
tively. Note that both Hg and Hgy can be time dependent,
whereas Hp remains fixed. The initial state of the
composite system is of a product form ¢y = 05 ® 7,
where 7z = ePHr /tre™PHx is the Gibbs thermal state at
inverse temperature f. The composite system undergoes
a unitary transformation, and its final state reads
0. = Ulos ® mz)U", where U:=T exp(—i [[dtH,) is
the unitary operator and 7 denotes the time-ordering
operator. It was shown that irreversible entropy production
can be expressed as a correlation between the system and
the reservoir as [108]

Zﬂ: = D(Qﬂ:HQS(T) ® ﬂR)’ (37)

where 0g(t) =trgo, and D(g||o) :==tr{e(lng —Ino)}
is the quantum relative entropy of state ¢ with respect to
state o.

We introduce the cost for general non-Markovian
dynamics. It is important to highlight that non-
Markovian dynamics pose substantial technical challenges.
In particular, two key distinctions from the Markovian case
arise: (i) The entropy production rate can become negative
due to information backflow from the reservoir to the
system, and (ii) the structure of quantum jumps in non-
Markovian dynamics is far more elusive compared to that
in Markovian dynamics, which obstructs a clear-cut def-
inition of the kinetic contribution. These facts indicate that
the approach developed in the Markovian context is not
applicable in this case. As a consequence, it is naturally
expected that the conventional form of the cost should be
modified appropriately. To address this issue, we alter-
natively consider the cost defined in terms of entropy
production as follows:

Co= WS, (38)
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where A represents the smallest eigenvalues of the initial
state g, of the composite system, and ¥ is the inverse
function of w(x) defined over [0, +00) as

. 1-p 1-p
= 1 >0. (39
w(x) plg[lol,ll] <x * p nl - pe‘x) - (39)

Note that both ¥ and y are monotonically increasing
functions, and a simple lower bound for w(x) can be
derived (see Proposition 3 in Appendix H for the proof):

S 2x
_1+63/x'

w(x) (40)

Since ¥(x) ~x for x > 1, the cost C is proportional to
A7'Z, where X:=77'Y_ is the time-averaged entropy
production. It is worth noting that, although the definition
of cost differs from that in the Markovian case, it essentially
captures both thermodynamic and kinetic contributions.
Specifically, the kinetic aspect, such as the coupling
strength between the system and the reservoir, is implicitly
incorporated into the cost defined in Eq. (38) through Z,.
This incorporation is justified by the fact that the magnitude
of X, which characterizes the correlation between the
system and the reservoir as in Eq. (37), is strongly
dependent on the coupling strength.

We consider the task of reducing the smallest eigenvalue
of an initial mixed state ¢g of the system (or, equivalently,
decreasing its rank to below d). Previous studies showed
that it is impossible to accomplish the exact reduction of
the rank [67,68,75]. It is thus appropriate to investigate the
achievable error ¢, := —[In A¢(#)]~!, where A¢(¢) denotes the
smallest eigenvalue of the system’s density matrix gg(1).
With the definition of this error and the cost (38), we can
derive the trade-off relation (13), which can be expressed in
the following form:

Ce, = P(A7'Z,)e, > 1 -1, (41)

whose proof is presented in Appendix G 3. Crucially, this
relation indicates that dissipation is unavoidable in order to
decrease the smallest eigenvalue.

We discuss the relevance of this result in light of previous
findings. First, the result can be applied to establish a lower
bound on heat dissipation AQ as follows:

PAQ > —AS + max{0, iy (e;! —egh)}.  (42)

This bound provides a refinement for the second law of
thermodynamics, suggesting that heat dissipation
approaches infinity as the quantum system is cooled down
to the ground state (i.e., when &, — 0). Second, it was
demonstrated that the initial state ¢g can be transformed
into an arbitrary final state ¢ with nondecreasing rank
using arbitrarily small entropy production [75]. However,

the dimension of the reservoir must be large for such
protocols, resulting in a tendency for A to vanish.
Consequently, this makes the relation (41) consistent with
the established statement. Last, we briefly mention a
relevant result reported in Ref. [75], given by

(28||Hg))e: 2 1 1. (43)

This inequality characterizes a trade-off between the error
and the maximum energy level of the reservoir. Conversely,
our result illustrates a trade-off between the error, time, and
dissipation, indicating that these findings can be viewed as
complementary relations.

IV. DEMONSTRATIONS

In this section, we numerically illustrate our results in
both classical and quantum systems.

A. Classical bit

We exemplify the trade-off relation (13) in a cooling
problem of a classical bit. The bit is modeled as a two-
level system, which is coupled to a thermal reservoir at
inverse temperature f. The time-dependent transition
rates between the two levels satisfy the detailed balance
condition, that is,

le(t) _ oPAE
wy (1) ’ (44)

where AE, denotes the energy gap. Cooling the bit to the
ground state can be achieved by appropriately changing
the energy gap, thereby enhancing the probability of
finding the bit in the lowest-energy level. This kind
of protocol can also function as an information eraser,
which consistently drives the system to the ground state,
irrespective of the initial state. The error of cooling can be
evaluated by examining the probability of the excited
state or, equivalently, by setting u = {2}.

We fix the total transition rate wo (¢) + wi, (1) = wyy for
all times and designate the energy gap AE, as the sole
control parameter. The transition rates can be explicitly
written as

ePAE: 1
wip (1) = Wy~ paE W21 (1) = Wiot T~ pAE, (45)

The trade-off relation (13) can be alternatively expressed
as a lower bound for the product of cost and error in terms
of time,

> 1 (46)

For each operational time 7, we randomly generate AE, as a
function of time over the interval [0,z], numerically
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FIG. 7. (a) Cooling the classical bit. The energy gap AE, is a smooth function generated by interpolating a sequence of random
numbers sampled in the range [0.1, 3]. Each blue circle represents the product of cost and error [Ceye,/ (g — €,)] as a function of time for
a random configuration of the energy gap, while the solid line depicts the reciprocal of time (z~!). Time 7 is changed, whereas other
parameters are fixed as |py) = [0.5,0.5]T, wyo; = 5, and # = 1. (b) Erasing information of the qubit. The product of cost and error and
the reciprocal of time are depicted by the dashed and solid lines, respectively. Time 7 is varied, while other parameters are fixed as
0 =1/2,a=0.1,p=1, E;=0.1, and E, = 5. (c) Reducing the smallest eigenvalue of quantum states using a swap protocol. The

entropy production X, and the lower bound py (e
is varied, whereas others are set to p; = e~ and p,; = 0.5.

calculate the relevant quantities, and verify the bound (46)
as shown in Fig. 7(a). It can be observed that the bound is
valid for all configurations, and notably, it can be saturated
when the energy gap AE, is a monotonically increasing
function of time.

B. Qubit

Next, we consider the problem of erasing information
on a qubit. The qubit is modeled as a spin-1/2 particle,
which is weakly coupled to a thermal reservoir consisting
of bosonic harmonic oscillators [109]. The time evolution
of the density matrix of the qubit is described by the GKSL
equation (29), with the Hamiltonian and jump operators
given by

H, = 2 cos(0,)o. + sin(6))a,]. (47)

E,
2

=V aEt(Nt + 1)|Ot><1t
1) = V aEN,|1,)(0,]. (49)

Here, E, and 6, are controllable parameters, o, , .

(48)

denote

the Pauli matrices, a is the coupling strength, N, :=
1/(e’E —1) is the Planck distribution, and {[0,),|1,)}
denote the instantaneous energy eigenstates of the
Hamiltonian. Physically, E,; is the energy gap between
the energy -eigenstates, whereas 6@, characterizes the
strength of coherent tunneling.

While many feasible protocols exist for information
erasure, we employ the following simple protocol [110]
for clarity and ease of explanation:

(5—1) (50)
T

NE A%
E,=Ey+(E.—E)sin 2 0,=n
T

—1 £ 1) are represented by the dashed and solid lines, respectively. The parameter ¢

For this protocol, the energy gap monotonically increases
from E, to E,, and the coherent parameter #, vanishes at the
final time. Therefore, the qubit is expected to be reset to the
ground state of H, «x o, upon completing the erasure
process. We set the initial density matrix to the maximally
mixed state and vary the operational time z. For each
instance of time, we calculate the relevant quantities and
verify the bound (46) in Fig. 7(b). As can be seen, the
product of cost and error is consistently bounded from
below by the reciprocal of time, thus validating the derived
relation.

C. Finite-size reservoir

Last, we exemplify the relation (41) in a quantum
process that reduces the smallest eigenvalue of quantum
states. We consider a d-dimensional system prepared
in an initial mixed state @g with full rank. Let ¢y =
>4 paln)(n| be its spectral decomposition (i.e.,
0 < p; £... £ py). The smallest eigenvalue of the initial
state ¢g can be reduced by performing a swap between the
states of the system and the reservoir. The reservoir is
another d-dimensional system initialized in a state

d-1
7g = e[+ paln)(n + (pa+ py = e™)|d){d

: (51)

where ¢ > —1In p; is a positive constant. The reservoir
Hamiltonian is given by Hi = —Inzp, meaning that the
reservoir is in a Gibbs thermal state at inverse temperature
f = 1. In order to perform a swap, the unitary operator is
designed such that U(gg ® 7z)U" = 7z ® gg, resulting in
the final state of the system being ¢§ = 7. Upon com-
pletion, the smallest eigenvalue of the system state is
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reduced from p; to e~“(< p;). Entropy production of this
thermodynamic process can be calculated as

D1 Pa
2, =D ag)=p/In—+p;,In———
(QSH R) P1 ¢ Pa P+ p

(52)
In this case, the relation (41) can be quantitatively
improved, resulting in the following bound of dissipation
in terms of the errors:

> py(e! —egh). (53)

We fix p; and p,, and vary ¢, which determines the
smallest eigenvalue of the final state. All quantities appear-
ing in the bound (53) are calculated and plotted in Fig. 7(c).
As can be observed, dissipation increases as the error
decreases, and the bound is numerically validated.

V. SUMMARY AND OUTLOOK

In this paper, we resolved a fundamental problem in
thermodynamics by establishing a rigorous quantitative
relationship among the foundational quantities of time,
cost, and error. Specifically, we uncovered a three-way
trade-off relation between these quantities for thermody-
namic processes aimed at minimizing the observation
probability to zero. Such processes are crucial in various
scientific fields, including physics and biology. For exam-
ple, in bit erasure or cooling systems to the ground state, the
achievable error limits are inevitably tied to the resource
expenditures of time and cost. The obtained relation
indicates that reducing the error to zero necessitates infinite
resources of time and cost. This finding deepens our
understanding of thermodynamic limits and addresses sev-
eral essential problems in nonequilibrium thermodynamics.
These issues include the third law of thermodynamics in the
form of the unattainability principle, the limitation on
preparing separated states, the no-go theorem of exact
copying, and the thermodynamic cost associated with
accurate information erasure. Our study not only advances
the theoretical framework of thermodynamics but also sets
the stage for further investigations into the practical limi-
tations and capabilities of both natural and engineered
systems operating near these fundamental limits.

We now discuss several future directions for further
investigation. In this work, we identified the thermokinetic
cost relevant to the task of generating separated states,
thereby providing a unified framework that encompasses
the third law of thermodynamics. Notably, this cost
inherently includes thermodynamic contributions, which,
although theoretically estimable, may be difficult to mea-
sure reliably in practical experimental settings. A promising
direction for future research is to explore whether a more
operationally accessible formulation of the third law can be
established—one that preserves theoretical integrity while
aligning more closely with measurable physical quantities.

Since this study primarily focused on discrete-variable
systems, it is natural to consider the generalization of our
results to continuous-variable systems, such as those
governed by overdamped or underdamped Langevin
dynamics. However, a straightforward extension—particu-
larly through coarse-graining the continuous space into a
finite number of discrete states—is generally not viable
because the dynamical activity in continuous systems
generally diverges, even after coarse-graining, which ren-
ders the trade-off relation (13) trivial. In the context of
cooling quantum systems to their ground states, efficient
protocols may involve continuous measurement and feed-
back control to reduce the average energy. In such cases,
the recently developed theoretical framework [111], where
the joint dynamics of the system and the controller are
governed by a quantum Fokker-Planck master equation,
can serve as a good starting point.

While we focused on the observation probability in this
study, extending our results to other types of observables
would be interesting. In nonequilibrium systems, observ-
ables play a key role in defining fundamental quantities.
For example, temperature cannot be unambiguously
defined as in thermal equilibrium, and its definition
generally involves an energetic observable. For noisy
molecular oscillators, the degree of synchronization is
generally quantified by the order parameter, which is
significantly constrained by the energy dissipation [112].
Generalizing our findings to other observables may
uncover novel limitations of nonequilibrium systems that
are not revealed by existing speed limits. Additionally, this
approach could facilitate the direct study of continuous-
variable systems without the need for coarse-graining.

Because of the analogy between the thermodynamic
frameworks of Markov jump processes and chemical
reaction networks [113], it is possible to extend our results
to the latter case. Note that the time evolution of chemical
reactants is given by deterministic rate equations, and the
concepts of adiabatic and nonadiabatic entropy production
have been well established for complex-balanced networks.
While the first and second laws of thermodynamics have
been formulated for both closed and open reaction systems,
the third law of thermodynamics remains elusive. Our study
can provide a resolution for this problem, suggesting that
the third law can be discussed in a similar manner.

We also anticipate that the same trade-off relation applies
to other information-processing tasks, such as measure-
ment. In this type of process, the controller aims to acquire
as much information about the target system as possible
within a finite duration. However, achieving perfect meas-
urement outcomes is prohibited. A recent study on quan-
tum measurement has demonstrated that there exists a
trade-off relation between time and error of the measure-
ment outcome [114]. Therefore, it would be natural to
elucidate a three-way trade-off relation among time, cost,
and error for these processes [115,116].
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Finally, the existence of the trade-off relation for non-
Markovian dynamics with infinite-dimensional reservoirs
remains an open question. Our trade-off relation (41), which
was derived for finite-size reservoirs, includes a dimensional
factor of the reservoirs. This factor impedes the achievement
of a meaningful bound in the infinite-dimensional limit.
Resolving this issue would provide a comprehensive under-
standing of the third law in the form of the unattainability
principle for quantum dynamics [74,117,118].
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APPENDIX A: PROOF OF THE TRADE-OFF
RELATION (13)

Here, we provide a detailed derivation of Eq. (13). We
define the coarse-grained probability py(7) := >, cp Pu(l).
which satisfies p, () + py(#) = 1. The time evolution of
the probability p,(¢) can be described as

pu<t) = Z Z [an(t)pm(t> - Wmn(t)pn(t)]

nEn m(Fn)

= Z [an(t)pm(t) _Wmn(t)pn(t)]

neumed
= Wup (1) Py (1) = wou (1) P (1),

where w,; (7) and wy,, () are coarse-grained transition rates,
defined as

(A1)

- Zneu,mebwnm(t)pm(t)

L S G B
- Zneu,mebwmn(t)pn(t)

WDU(I) h Zneupn(t) (A3)

Note that a, = wyy (1) py(7) + wpy () pu (2). Furthermore,
we can prove that the transition rate wy, (¢) is always upper
bounded by the maximum escape rate as follows:

Wbu(t) - Zneg::uwl’::((:))pn(t)
_ Z"G“p”(t)Zmebwmn(l)
DoneuPa(t)

< max Wmn(t)
neu
mebd

(A4)

= w,.

Here, we apply the inequality >, x,,/ >, v, < max, x,/y,
for any non-negative numbers {x, } and {y,} to obtain the

third line, whereas the last line is readily obtained from the
definition of w,. The notation of time 7 is omitted hereafter
for the sake of notational simplicity. For convenience,
we define the following non-negative function over
(0, +00) x (0, 400):
X
F(x,y):=(x—y) ln;. (AS)

It can be verified that F(x,y) is a symmetric convex
function. We can prove

o2 F(Wubpbv WbuPu) (A6)
by utilizing the convexity of function F as follows:
O = ZF(anpm’ Wmnpn)
m>n
> Y F(WanPus WanPn)
neumed
> |u|b|F<Zneu.meb WimPm ’ Y oneumed Wmnpn>
|ul[d] |ul[d]
= F(Wubpb7wbupu)- (A7)

For any non-negative numbers x and y, it is evident that

o)

where ¢(x) = (x +1)7!(x — 1) Inx > 0. Since the equa-
tion z = ¢(x) has solutions x; < 1 < x, for any z > 0, we
can define the inverse function ¢! that takes values in
(0, 1]. By this definition, the following inequality holds:

(A8)

x> ¢~ g(x)]. (A9)

Noting that ¢~!(x) is a decreasing convex function and
using Eq. (A9), we can upper bound —p,/p, as follows:

Pu |1
- = (Wbupu - Wubpb)
Py Pu

N < Wube)
= Wy [ 1 — 2P
WouPu
w
S Wbu 1 _ ¢_1 ¢ llbpb
WouPu

<w {1 _ ¢_1 |:F(Wubpbvwbupu):|}

Wup Po + WouPu

(2] o

<, (A10)
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Taking the time integration of Eq. (A10) from ¢ =0 to
t = 7 leads to the following inequality:

In po(0) = In py (z) < / “dtw,®(E) =€, (All)
0

which can be alternatively expressed as 7C; > &;! — &5

Multiplying both sides of this inequality by &, immediately
gives

Cie, > 1—n. (A12)
Since C; <C due to w; < w and the concavity of the

function @ (x), combining this with Eq. (A12) directly leads
to the trade-off relation (13).

APPENDIX B: GENERALIZATION OF THE
TRADE-OFF RELATION IN THE PRESENCE
OF UNIDIRECTIONAL TRANSITIONS

We consider a general dynamics that involves unidirec-
tional transitions. The transition rates can be generally
expressed as

W) = D win() + > win(),  (BI)
Y ¢

where W,(,’{,),(t) and wg,le(t) denote the bidirectional and

unidirectional transition rates, respectively—in other

words, for any m # n, wf,ﬁ > (0 whenever wg,y,,l > 0, and

at least one of the two transition rates, wﬁ,f,’,, and w,ﬁil, 1s zero.

We define the entropy production rate, the dynamical
activity rate, and the maximum escape rate as follows:

()
2 : Wmn Py

(B2)
y.m>n WamPm
a? = Z |:Wl(’r}lll)’lpn + WS‘lQmei| ) (B3)
yneEUMED
@? = max wii, (B4)
neu
y,mED
of = max wﬁf,l (B5)
neu
EmED

Hereafter, the superscripts b and u indicate that the
corresponding quantity is calculated using only the bidi-
rectional and unidirectional parts, respectively. Similarly,
we define the coarse-grained transition rates in terms of
bidirectional contributions as

(r)
_ Zy,n cumedWVnmPm

Wyp 1= , B6
ud Zm coPm ( )

()
o Zy,n cumedWmnPn
Woy = .
Zn euPn

(B7)

Note that wy, < @b, a’ =wypy +Woupy» and
6% > F(Wys Py, Wou Py )- Then, similarly to Eq. (A10), the
time evolution of the coarse-grained probability p,, (¢) can
be bounded as follows:

p 1
_—u—_<wbupu_wubpb+ Z [Wﬁlepn_wﬁl%pm})
Pu  Pu Eneumed

<! D(50) +wl. (B8)
Consequently, by following the same procedure as in
Appendix A, we obtain the desired relation with the
generalized cost defined in Eq. (14).

APPENDIX C: TRADE-OFF RELATION IN
TERMS OF NONADIABATIC COST

Here, we derive the trade-off relation using the non-
adiabatic entropy production. To this end, we introduce the
kinetic and thermodynamic contributions. First, we define
the maximum escape rate @, :=max,c, Zm(#) Wonns
which corresponds to the kinetic contribution. Applying
the inequality >, x,/ >, v, < max,x,/y, for any non-
negative numbers {x,} and {y,}, we can prove that @, is
lower bounded as

~ Zneu Zm(;én) WimnPn
®; 2> .
Zneupn

Next, we introduce the thermodynamic contribution. Let
|pi®) be the instantaneous steady-state distribution of the
dynamics at time ¢; that is, W,|p®) = 0. We consider the
dual dynamics with the transition rates given by

(C1)

~ W PSS
mn ‘= n;:zs = (CZ)
It is evident that
Z Wip = —Wpp = =Wy = Winn- (C3)
(#n) m(#n)

For convenience, we define the frequency of incoming and
outgoing jumps associated with state n as

Ape = Z WoumPm> (C4)
m(#n)
ap = Z WonPn- (CS)

m(#n)
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Then, the dynamical activity rates in both the original and
dual dynamics are the same,

E am—:E an—»'
n n

(Co)

The rate of nonadiabatic entropy production, also known
as Hatano-Sasa entropy production [93], can be defined
as [94]

nmpm
= zwnmpm In———=2>0.

(€7)
m#n WinnPn

Note that ¢7* vanishes when the system is in the stationary
state. In general, the nonadiabatic entropy production rate
can be decomposed into non-negative components as

(C8)

where o7 > 0 is the rate associated with state n and
given by

023:= Z ( nmpmln nmpm_wnmpm +Wmnpn> (C9)
)

m(#n mnen

The dynamical activity associated with states belonging to
the set u is defined as

= Z Z anpm + Wmnpn)

ﬂEUm¢n

(C10)

Note that a}* =), ., (a,— + @, ). The definition intro-
duced in Eq. (9) motivates us to define the nonadiabatic
thermodynamic contribution as

o = L Cl1
O am ( )

Evidently, 67 = 0 if and only if ¢/* = 0.
Define the function ¢(x):= (x+ 1)""(xInx—x+1)

over (0, 4+o0). Since the equation z = ¢)(x) has a solution
0<x<1 for any 0 <z <1, we can define an inverse
function ¢~'€0,1] as ¢~ '(z):=x for z€[0,1] and
¢~ (z) = 0for z > 1. Then, we have the following inequal-
ity from its definition:

x2 ¢ )], (C12)
In addition, by exploiting the convexity of function

xIn(x/y) —x+y over (0,+o0)x (0,+o0), we obtain
the following inequality:

alt'lr’.l 2 E gga

neu

> Y (a2

neu

an(— + an—))

neu n«—
( § an«—) Z § ape + E an—>
neu neu neu neu

_ (ln (Zn cu n«—)
- Yt
Z}’l eu a}’l—>
which can be alternatively written as
> ¢ (Zn cu n‘—) .
na Zn (S uan—>

By combining Eqs. (C12) and (C14) and noticing that ¢~"
is a decreasing function, we obtain

n—

(C13)

(C14)

- oM Z a,
¢—l (_t) < neu~n . Cl15
ar* Zneuan—> ( )
Applying this inequality, we obtain
- (z S wr =3 Y w,,mpm)
11 neum;én l’lEUm;/:n
(z S =Y w,,,,,p,,,)
pu neum;’:n Yleum#n
_ (Zneu Zm(#n) Wmnpn) (1 _ Zneuam_>
Zneupn ZnEuaVH
< < neu Zm(#n) Wmnpn) |:1 _q~5_l <G_;m>:|
- Zneupn a?a
< @,®(51), (Cl6)

where we define @ := 1 — ¢)~!. Taking the time integration
of Eq. (C16) from t =0 to ¢t = 7 leads to the following
inequality:

Inp,(0) —=Inp,(z) < / ' dt o,®(51) = C%, (C17)

0
where the nonadiabatic cost is defined as
1= (@,D(57%)),. (C18)

Noting that ® is a concave function, the cost C}* can be
upper bounded as

Ch < @ d(6™) =:C, (C19)

041029-17



TAN VAN VU and KEIJI SAITO

PHYS. REV. X 15, 041029 (2025)

where @ := max,, @, and 6™ := (67*).. Consequently,
the inequality (C17) yields the following hierarchy of
trade-off relations:

CMe, > wCle, > 1 —n (C20)

APPENDIX D: TRADE-OFF RELATION FOR
TIME-INDEPENDENT DRIVING

We consider thermodynamic processes that are driven by
time-independent protocols. In other words, the system
relaxes toward a stationary state, which can be equilibrium
or nonequilibrium. For such processes, it was proved
that the irreversible entropy production is lower bounded
by the relative entropy between the initial and final
distributions [84,119],

%, > D(pop.). (D1)
where D(pllq) = >, p,In(p,/q,). Because of the monot-
onicity of the relative entropy under information process-
ing, we obtain a further lower bound for X, in terms of
the relative entropy between coarse-grained probability
distributions as
Z; 2 D(Po|Py), (D2)
where |P,) = [p, (1), p»(¢)]". By applying Proposition 2,
we can arrive at the following inequality:
Plel/ox,) > 7! — g5, (D3)
which can be translated into the form of trade-off relation
(13) by defining the cost as C == 77 ¥(e!/X,).

Using an information-geometric approach [120], the
irreversible entropy production can be decomposed into
non-negative housekeeping and excess parts as

¥, = Zhk 4 sex, (D4)
Roughly speaking, the excess entropy production is the
minimum cost of a process driven by conservative forces
with the same trajectory of probability distributions. The
excess entropy production was shown to be lower bounded

by the relative entropy between the initial and final
distributions as [120]

2 2 D(pol|p)- (Ds)
Following the same procedure as above, we readily obtain a
similar trade-off relation in terms of the excess entropy
production.

APPENDIX E: PROOF OF EQ. (19)

The definition (18) of the effective temperature can be
explicitly written as

> Ea, = E,p,(7)

n>1 n>1

(E1)

where 7, = e PEn/ 3" | ePEn is the Gibbs thermal state
with inverse temperature f:=T"! and 0 <E, = ... =
E.<E.,<..<E; are the energy levels. First, we
derive a bound for the effective inverse temperature S
in terms of the error ¢, =—[In>. .. p,(7)]7" (e,
1 = [d]]\[«]]). Equation (E1) can be transformed as
follows:

KEI + Zn>1<Ene —HE~E)

E,p,(t
K+ 3 e PEED ; o

(E2)

Subtracting E; = E; ), p,(z) from both sides of
Eq. (E2), it can be reduced to

L = S e - £t

Defining the energy gap A,:=FE . —E; >0 and the
energy bandwidth A, :=E; — E; >0, we can evaluate
both sides of Eq. (E3) as

PE,~Ey)

(E3)

D (Ey=EDpa(e) 2 8, pa(t) = Agpu(z).  (E4)
n>kK n>kK

E BEED)  (d —Kk)Aye PP
Zn>/<( n ) ( K) b€ (ES)

K+ Zn>,<€ “HE~E) K+ e P
Consequently, an upper bound on the inverse temperature
can be obtained as

d-x)A, 1 1
ﬁ<A—ln K—Agpu(‘r) | (E6)

On the other hand, using the trade-off relation (13), the
following upper bound on In[1/p,(7)] can be derived:

1
In——=¢' <1C+¢;'. E7
Pul?) ’ =7

Combining Eqgs. (E6) and (E7) leads to a lower bound of the
achievable temperature as

> Ay , (E8)
- In [(d_Z)Ah €1C+86] _ l:|

KA, K

which is exactly the relation (19).
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APPENDIX F: PROOF OF EQ. (28)

Since [ = So(X) = S;(X), the difference between
I .« and the mutual information 7/, can be expressed in
terms of the conditional entropy as

-1, = ZPT A(Xly). (F1)

Note that the Shannon entropy of any binary distribution
can be bounded from below by its elements as

S(p)=-pinp—(1-p)In(l - p)
> (21n2) min(p,1 - p). (F2)

Applying this inequality to Eq. (F1), we obtain a lower
bound for 7, — I, as follows:

I'nax = Iz 2 (2In2) min{p.(0,0). p;(1,0)}

+ (2In2) min{p.(0,1), p.(1,1)}
= (21In2) min[min{p,(x =0),1 - p,(x =0)},

—p()}]- (F3)

Here, we wuse the identity min(x,y)+ min(z,w) =
min(x+z,y+w,x+w,y+z) to derive the last line.
Next, note that p,(z) < 1/2, min(p,1— p) = h[S(p)],
where h€[0,1/2] is the inverse function of S(p), and
min(x,y) > 2xy for any 0 < x,y < 1/2. Using these rela-
tions, Eq. (F3) further yields

min{p,(7), 1

¢ 2 (2In2) min{/(Iny), pe(7)}
> (410 2)h(Inax) pe(7). (F4)

I max

Finally, combining this inequality with Eq. (26) immedi-
ately leads to Eq. (28),

Imax - I‘L’ Z (4 ln 2’>h‘(lmax)pe(0)e_rc' (FS)

APPENDIX G: DERIVATION OF QUANTUM
GENERALIZATIONS

1. Markovian dynamics with infinite-size reservoirs

Here, we derive the trade-off relation (13) for quantum
Markovian dynamics. Recall the spectral decomposition
of the density matrix: ¢, = Y, p,(t)|n;)(n,|. For simplic-
ity, we define the incoming and outgoing transition
frequencies as

— E k
Ay = WamPm>»

k.m

= E k
- WinnPn-
k,m

(G1)

(G2)

Note that a,_ + a,_, = a,. Following the same technique
as in Appendix A, we can prove that

e ()] o e ().
ap- ay- an ay

(G3)

Taking the time derivative of p,(t) =
proceed as follows:

_& = iZ(Wfrmpn -

Pn Pui

()2
(g )
coli-e ()]

Here, we apply the following inequality to obtain the
last line:

(n,|o;|n,), we can

WE Do)

(G4)

Sk = S lmlLydm)
k.m

k.m
—Z n|Ly|m)(m|Ly|n)
= Z<n|LkLk|">

k

(G5)

= w,.

> Lil
k

Let |r) be a reference distribution, which will be deter-
mined later. Taking the time derivative of the relative
entropy D(r||p,), we can make the following evaluation:

QU

<D
r =
dt pr - npn :

(G6)

Taking the time integration of Eq. (G6) from¢t =0tot =7
leads to the following inequality:

D(r||p:) = D(rl|po) < A dt 0,®(5,) =:1C,

< 10®(5)=:1C, (G7)
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where ® = maxo¢,,®;, and & :=(5,),. Now, let us
specify the reference distribution as r, = J,;, where
k = argmax,, p,(0)/p,(r). By applying Proposition 1,
we can further bound the quantity in the left-hand side
of Eq. (G7) from below as

=
s
~~
=
=

Combining Egs. (G7) and (G8) leads to the desired
relation (13).

2. Lower bound on the achievable temperature

Here, we derive a lower bound on the achievable
temperature in terms of time and cost. To this end, we
define the effective temperature 7" associated with the final
quantum state @, as

tr{Ho,} = tw{H=(H,T)}, (G9)
where z(H, T) := e /tr e " is the Gibbs thermal state
and f := 1/T. Hereafter, we omit the time notation 7 for
simplicity. Consider the spectral decompositions of the
quantum state and the Hamiltonian, ¢ = Y, p5|n=)(n=|
and H=),E,e,)(e,), where 0<E;, =..=E. <
E. 1 £ ... < E; The equality (G9) can be expressed as

E _ﬂEn
S ) = S E

— (G10)
n>1 anle PEn

Subtracting E; from both sides of Eq. (G10), we obtain

S (i) — Ey)ps = 2 En = B
n>1 ! K+ Zn>xe_ﬂ(En_El)

(G11)

We consider the set u = {1}. Since p5 > p, forany n > 1,
we can show that

Y (nE|H|n=)=E\)p5 2 ) (E,~E))py2(d=K)A,py,

n>1 n>1

(G12)

Zn>K(En - El)e_ﬂ(E”_El)
Kt Ppore PEED

(d —x)Aye PP
K+ e P2

(G13)

Here, A, := E,; — Ey and A, := E; — E; are the energy
gap and the energy bandwidth, respectively. Then, follow-
ing the same procedure as in Appendix E, we obtain a
similar lower bound on the achievable temperature:

A
T > 9

" In (ﬂ eCte! l) .
K

(G14)

KA,

3. Non-Markovian dynamics with finite-size reservoirs

Here, we show the proof of Eq. (41). According to the
monotonicity of the relative entropy under information
processing, for any set of positive operator-valued mea-
sures {I1;}, satisfying >, II; = 1, the following inequal-
ity holds true for any quantum states ¢ and o:

{0}
tr{Il;o}"

Diglle) > 3 tr{I} In (G15)

Let |n) and |u) be the eigenvectors corresponding to the
smallest eigenvalues of ¢g(7) and g, respectively. Define
two projective operators I1; := |n,u)(n,u| and I, := 1 —TII,.
Applying the inequality (G15) for these operators yields the
following lower bound on the entropy production:

%, > D(ullv), (G16)
where |u) and |v) are two-dimensional probability distri-
butions, given by

ju) = [tr{IT 0.}, tr{To }] T (G17)

|v) = [tr{IT 05(7) ® g}, tr{lyos(7) ® 7e}]T.  (G18)
By applying Proposition 2, the relative entropy between
distributions |u) and |v) can be bounded further from
below as

D(u[v) 2 uy(max{0. x}). (G19)
where x :=1In(u;/v;). Note that 1 = A4(0)Ax and v, =
As(7)Ag, Where Az denotes the smallest eigenvalue of .
Furthermore, since 4 is the smallest eigenvalue of ¢, we
readily obtain that

uy = (n, plocln, p) = (n, u|UgoU'|n, ) > 2. (G20)

Combining Eqs. (G16), (G19), and (G20) yields the
following inequality:

A71E, > w(max{0, x}). (G21)

041029-20



TIME-COST-ERROR TRADE-OFF RELATION IN ...

PHYS. REV. X 15, 041029 (2025)

Noticing that ¥ is an increasing function, Eq. (G21)
immediately implies

Y(47'E,) > max{0,x} > x. (G22)
Finally, note that
x = In(uy /) > ns(0) 2 /A (7)) = &1 — 5" (G23)

Combining Egs. (G22) and (G23) leads to the desired
relation (41).

APPENDIX H: PROOF OF INEQUALITIES USED
IN THE DERIVATION OF MAIN RESULTS

Proposition 1. Given two probability distributions |p) =
[P1.-..pa]" and |g) = [q1.....q4]", let [p=) and |g=) be
their corresponding sorted distributions (i.e., plS <...< p§
and ¢7 <...<¢q5). Then, the following inequality
holds true:

pn pn

max — > max —.

(H1)
n qn n qn

Proof. Consider the Rényi divergence of order a of a
distribution |p) from a distribution |¢), defined as

Du(plla) : —1 Z Py

Then, the log of the maximum ratio of the probabilities is
given by

(H2)

max 22 — ¢Pu(pla).

ax (H3)

First, we show that for any a > 1, the following inequality
always holds:

D,(rllq) = Do(r=llg*). (H4)

Indeed, according to the rearrangement inequality, we have

(p3)”
Z > ; ﬁ)a

which immediately gives Eq. (H4). Taking the @ — oo limit
of Eq. (H4) leads to Dy (pllq) = Dy (p=||¢=). Combining

(H5)

this with the equality (H3) verifies Eq. (H1). [ ]
Proposition 2. Given two distributions |p) = [py, p»|"
and |g) = [qi,¢,]", the following inequality always

holds true:

D(pllq) = pry(max{0,x}). (H6)
where x = 1In(p,/q;).

Proof. The relative entropy D(p||¢) can be expressed in
terms of p; and x as follows:

1—
—p1<x—|— plln
P1

In the case of x <0, the inequality (H6) trivially holds
since D(pllq) > 0 = w(0) = w(max{0, x}). For x > 0, the
inequality (H6) can be proved using the definition of y(x)
as follows:

D(pllq) L= ) (H7)

1—e™py

- |-
D(pllg) 2 py min <x+ Pi =P )
€[0.1] p 1—e™p

= piy(max{0, x}). (H8)

= pu//(X)

u

Proposition 3. The function y(x) defined in Eq. (39) is a

monotonically increasing function and is bounded from
below as

2x

>
vx) 2 s

(H9)

for any x > 0.

Proof. First, prove the monotonicity of function v, i.e.,
w(x) >w(y) for any x>y >0. Define the following
function:

l-p 1-p
wy(x) = x+ P ln1 e

(H10)

Then, the equality y(x) = min, g9y, (x) holds trivially.
We prove that y,(x) >y ,(y) for any x >y > 0. To this
end, we take the derivative of y,(x) with respect to x and
obtain

(H11)

Therefore, w(x) =min, ¢y, (x) = min,cjo 1w, (y) =
w(y), which verifies the monotonicity of w.

Next, we derive the lower bound (H9) for w(x). The
inequality (H9) can be explicitly written as

1 - 1- 2
min (x+-—2L1In _p > (H12)
pelol] p l—e™p 1+ &3
Define the following function:
1-p 1-p 2x
= | - . HI13
gp(x) X+ p nl _ e—xp 1+ e3/x ( )
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Proving Eq. (H9) is equivalent to showing that g,(x) > 0
for any x€[0,4o0) and pe€[0,1]. To this end, it is
sufficient to prove that g,(x) is an increasing function
over [0,+oc0) [because g,(0)=0] or, equivalently,
g»(x) > 0. Taking the derivative of g,(x) with respect to
X, we obtain

2 1-p 6e3/%

/
=1- - - .
9y () 1+e¥* e —p x(1+e/%)?

(H14)

Since (1 —p)/(e*—p) <e™*, the following inequality
holds true:

6e3/%

2
X)2l—-————e . HI15
jp( )— 1_|_e3/x x(1+e3/x)2 ( )
Therefore, we need only prove that
2 6e3/*
l-————e¢"——5—52>0, HI16
1 4 &3x ¢ x(1+e¥%)? = (H16)

3 s 3xh(x) 41+ /[Bxh(x) + 12+ h(x)> =1
© = h(x)—1

which is equivalent to the following inequality by changing
x—1/x:
e'/*(e8 —6xe — 1) > (3 +1)%. (H17)

Since

4
1 1 1 1 1
/x> =l4+-—4—4—F——=h(x),
¢ _;n!x” +x+2x2+6x3+24x4 (x)
(HI8)

inequality (H17) will be immediately validated if we
prove that

(H19)

Through simple algebraic calculations, we can show that
Eq. (H19) is equivalent to

:x+

24x* +72x5 4+ v/5184x10 4 13824x° 4 14400 +-9792x7 + 5184x° +2208x + 744x* +216x° +49x> +8x+ 1

24x3 + 12x2 +4x+ 1

(H20)

To prove Eq. (H20), it is sufficient to use the following lower bound of e3*:

> 14+ 3x+—+—+

ox3  27x*

o (H21)

Using this inequality and performing some transformations, Eq. (H20) is reduced to proving the following inequality:

139968x!! 4 513216x10 + 828144x° + 833328x% + 604152x7 + 283608x° + 72819x° + 64x + 192

> 5304x* + 4296x° + 1184x2.

By applying the Cauchy-Schwarz inequality, it can be
easily shown that

833328x% + 100 >21/833328 x 100x* > 5304x* + 12953x*,

(H23)
283608x° + 20 > 21/283608 x 20x° > 4296x3,  (H24)
12953x% + 70 > 2v/12953 x 70x* > 1184x%.  (H25)

(H22)

Combining these inequalities verifies Eq. (H22), thereby
completing the proof. n

Proposition 4. The inverse function ¢~! of ¢(x) := (x +
1)~!(x = 1) Inx is lower bounded as

¢ (x) > ememx(VEY) Y x>0, (H26)

where ¢~ 1.543 is the solution of

Z(1—e?)=1+¢e"

equation
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Proof. We divide this into two cases: x> 1 and
0<x<1. For x>1, it is sufficient to prove
¢~ (x) > e=*. Since ¢(x) is a decreasing function over
[0, 1], we need only show that

_ex(l—e™)

X)) =x < e , H27
P 0] = x < ple) = T )
which is equivalently expressed as
4™
—<ec. H28
—eo = ¢ (FL28)

Since the function in the left-hand side is a decreasing
function with respect to x, Eq. (H28) is immediately
obtained as

14+e 14e€

l—e " 1—¢¢

=c. (H29)

For the 0 < x < 1 case, we can apply the same strategy to
prove ¢! (x) > e~°V¥, which is equivalent to the following
inequality:

— eV
x<—c\/)_c(1 ¢ )

< H30
14 e~V (H30)
Defining the function
] —e™*
= H31
o) = i e (H31)

its derivative with respect to x can be calculated as

1 — 2% 4+ 2cxe™

/(x) = H32
g ()C) x2(1 4 ecx)Z ( )
It is evident that ¢/(x) < 0 because
d 2
—(1—e**+2cxe™) =2ce“ (1 +cx—e™) <0. (H33)

dx

Since g(x) is a decreasing function, we obtain g(/x) >
g(1) = 1/¢, which is exactly Eq. (H30). This completes
the proof. m
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