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Elucidating fundamental limitations inherent in physical systems is a central subject in physics. For
important thermodynamic operations such as information erasure, cooling, and copying, resources like
time and energetic cost must be expended to achieve the desired outcome within a predetermined error
margin. In the context of cooling, the unattainability principle of the third law of thermodynamics asserts
that infinite “resources” are needed to reach absolute zero. However, the precise identification of relevant
resources and how they jointly constrain achievable error remains unclear within the frameworks of
stochastic and quantum thermodynamics. In this work, we introduce the concept of separated states, which
consist of fully unoccupied and occupied states, and formulate the corresponding thermokinetic cost and
error, thereby establishing a unifying framework for a broad class of thermodynamic operations. We then
uncover a three-way trade-off relation between time, cost, and error for thermodynamic operations aimed
at creating separated states, simply expressed as τCετ ≥ 1 − η. This fundamental relation is applicable to
diverse thermodynamic operations, including information erasure, cooling, and copying. It provides a
profound quantification of the unattainability principle in the third law of thermodynamics in a general
form. Building upon this relation, we explore the quantitative limitations governing cooling operations, the
preparation of separated states, and a no-go theorem for exact classical copying. Furthermore, we extend
these findings to the quantum regime, encompassing both Markovian and non-Markovian dynamics.
Specifically, within Lindblad dynamics, we derive a similar three-way trade-off relation that quantifies the
cost of achieving a pure state with a given error. The generalization to general quantum dynamics involving
a system coupled to a finite bath implies that the dissipative cost becomes infinite as the quantum system is
exactly cooled down to the ground state or perfectly reset to a pure state, thereby resolving an open question
regarding the thermodynamic cost of information erasure.
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I. INTRODUCTION

A. Background

The concepts of time, cost, and error play foundational
roles across various scientific disciplines. Intuitively,
implementing a high-accuracy process at a finite speed
unavoidably incurs a cost. This no-free-lunch principle is
ubiquitous in nature, ranging from intricate operations in
biological systems to fundamental processes in physics.
For instance, sensory adaptation systems, which typically
employ feedback control mechanisms in noisy environ-
ments, must finely balance accuracy, speed, and energy

expenditure to function effectively [1]. Similarly, it was
experimentally demonstrated that fast and accurate com-
putation is unavoidably accompanied by high dissipation
[2–7]. Quantifying the trade-offs among these incompatible
quantities is crucial not only for understanding the inherent
limitations of both natural and engineered systems but also
for the development of technologies that operate at the edge
of these fundamental constraints.
Thermodynamics, a well-established field with a long

history, primarily studies heat, work, energy transforma-
tion, and their relationships with the physical properties of
both equilibrium and nonequilibrium systems. Over the
past two decades, its scope has broadened from macro-
scopic to microscopic systems operating within finite
times, leading to the development of stochastic and
quantum thermodynamics [8–12]. These advanced frame-
works provide a theoretical basis for exploring novel trade-
off relations inherent in fluctuating systems from an
energetic perspective. A prominent example is the thermo-
dynamic uncertainty relation [13–22], which demonstrates
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a trade-off between cost and precision, asserting that
significant dissipation is necessary to achieve high accuracy
of observables. This relation yields various implications in
nonequilibrium systems, including power-efficiency trade-
offs in heat engines [23], bounds on diffusion extents [24],
and useful methods for inference of dissipation [25–29].
Another pivotal result is the thermodynamic speed limit
[30–39], which expresses a trade-off between time and cost
in the transformation of a system’s state, implying that
greater dissipation is required for faster transformations.
The speed limit concept also sets a finite-time bound for
the thermodynamic cost of information erasure, extending
beyond the conventional Landauer principle [40–47]. Other
intriguing findings include time-dissipation [48,49] and
time-information uncertainty relations [50,51], which char-
acterize the trade-offs between time and cost in changing
observables.
In this study, we focus on a general class of thermody-

namic operations that require high accuracy and small
thermodynamic cost within finite time. A common feature
of many important thermodynamic operations is the aim to
achieve one or more desired states while ideally reducing
the probabilities of all other states to zero (see Fig. 1 for
illustration). This class of processes holds significance
not only in physics but also in biology. A representative
example is the task of bit erasure [52–55]. In this task, the
goal is to reduce the probability of observing the bit in the
logical state “1” to zero, ensuring that the bit is reliably
reset to the logical state “0,” regardless of its initial state.
Preparing pure states and cooling systems to ground states
are also crucial thermodynamic operations [56–62].
Cooling a system to its ground state involves reducing
the probability of finding the system in any higher energy
eigenstates to zero. In the biological context, a notable
example is the role of the proofreading mechanism [63–65]
in information processing within living systems. This

mechanism incorporates irreversible intermediate steps that
enhance discrimination between two possible reaction
pathways, effectively reducing the likelihood of following
the incorrect pathway that leads to erroneous products.
For the processes introduced above, a trade-off between

error and resource usage is intuitively expected.
Specifically, the achievable error in the probability is
always constrained by the available resources of time
and cost. For the problem of preparing pure states, the
no-go theorem has been established [66–68], asserting that
it is impossible to create a pure state from a mixed one
using a unitary transformation applied to the system and a
finite-dimensional reservoir. Furthermore, quantitative rela-
tions that link the achievable error to the volume and energy
bandwidth of the reservoir have been explored in the
literature [69–72]. Despite these advancements, previous
studies have largely focused on specific thermodynamic
operations, such as cooling, without providing a unified
framework for the general thermodynamic constraints—
such as trade-offs between time, cost, and error—that
underlie a broad class of important processes, including
information erasure, cooling, copying, and kinetic proof-
reading. The following fundamental questions remain:
What are the relevant resources in these tasks? How do
these resources jointly constrain the achievable error?
Moreover, a definitive relation that clearly elucidates
the trade-off among three fundamental yet incompatible
quantities—time, cost, and error—is lacking.

B. Summary of results

In this work, we resolve this open problem within a
unified framework across both classical and quantum
domains. To obtain the general thermodynamic constraints,
we introduce the concept of separated states, which consist
of two classes of states: desired states that the operation
aims to achieve and undesired states for which the
probabilities should ideally be zero after the operation.
Building on this concept, we quantitatively elucidate a
three-way trade-off relation among the quantities of time,
cost, and error, demonstrating that infinite resources of time
and cost are required to reduce the error to zero [Eq. (13)].
Its explicit form reads

τCετ ≥ 1 − η ðor ε0τC ≥ η−1 − 1Þ; ð1Þ

where τ and C denote time and cost, respectively, ετ (ε0) is
the error at the final (initial) time, and η ¼ ετ=ε0 is the
relative error (Sec. III A). This transition from conceptual
intuition to rigorous mathematical formulation not only
clarifies theoretical ambiguities but also paves the way for
several essential applications in nonequilibrium thermody-
namics, as explained below.

(i) As the first application of this trade-off relation, we
establish a thermodynamic bound that embodies the
third law of thermodynamics in the form of the
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FIG. 1. Trade-off relation between time, cost, and error that
naturally arises in thermodynamic processes that reduce the
observation probability to zero. Examples include (i) erasing
information from bits (where the probability of all microstates
corresponding to the logical state “1” is reduced to zero), (ii) cool-
ing toward the ground state (where the probability of excited states
is reduced to zero), (iii) copying (where the probability of states
differing between the source and target is reduced to zero), and
(iv) kinetic proofreading (where the probability of pathways
producing incorrect products is reduced to zero).
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unattainability principle for Markovian dynamics
(Sec. III B). This bound determines a lower limit on
the error in executing the task of preparing ground
states or pure states in terms of time and cost.
Additionally, as a direct consequence, we obtain a
lower bound on the achievable temperature when
cooling the system toward the ground state. These
bounds provide a quantitatively comprehensive
understanding of the third law of thermodynamics.

(ii) Next, expanding beyond the traditional concepts of
ground states and pure states, we investigate the
problem of preparing separated states, where the
probability is restricted to a specific set of desired
states (Sec. III C). By applying the trade-off relation,
we establish a no-go theorem for the preparation of
these states and derive a thermodynamic bound on
the achievable error in terms of time and cost.

(iii) In the third application, we address the copying
problem, where the state of a source is replicated
into the state of a target using a machine (Sec. III D).
More precisely, we formulate a no-go theorem for
exact classical copying, covering a broader range of
scenarios than the conventional cloning problem.
Furthermore, we demonstrate the hardness of exact
copying from an information-theoretic perspective,
highlighting how finite resources fundamentally
constrain the attainment of the maximum mutual
information between the source and the target.

(iv) Last, we demonstrate the universality of our findings
by generalizing them to quantum cases, applicable to
both Markovian dynamics and generic quantum
systems coupled to finite-size reservoirs (Sec. III E).
Remarkably, they resolve an open question regard-
ing the thermodynamic cost of erasing information:
The cost diverges in the limit of perfect erasure.

C. Relevant literature

We briefly review the relevant literature and highlight
how our results differ from existing works. While the third
law of thermodynamics has been extensively discussed in
the context of classical thermodynamics for macroscopic
systems, our focus here is on microscopic dynamics, which
is more relevant to our study.
In quantum settings, the third law has been investigated

using various models. In Refs. [73,74], the unattainability
principle of zero temperature was studied through a
quantum refrigerator model composed of two-level systems
operating in a stationary state. The cooling dynamics of a
cold bath, weakly coupled to the refrigerator, was charac-
terized by the exponent ζ in the relation dTc=dt ∝ −Tζ

c as
the bath temperature approaches absolute zero (Tc → 0).
The validity of the third law can be assessed by checking
whether ζ ≥ 1.
Another direction involves the study of approximate

cooling, where the goal is to bring the target system close to

its ground state. In a general setup where the target is
coupled to a finite-dimensional thermal bath and the
composite system undergoes a unitary evolution, Ref. [75]
demonstrated that the cooling error is constrained by the
energy bandwidth of the bath Hamiltonian.
Further development occurred in Ref. [70], which

analyzed cooling near absolute zero within the framework
of catalytic thermal operations. In that work, a composite
system comprising the target, a resource, a thermal bath,
and a catalyst undergoes an energy-conserving unitary
transformation. At the final time, the target is expected
to be close to its ground state, while the catalyst approx-
imately returns to its initial state. Assuming the target
initially thermalizes with its environment, necessary and
sufficient conditions for approximate cooling are derived,
formulated in terms of a function Vβðϱ;HÞ called the
“vacancy.” The third law is then interpreted through the
divergence of this function, which implies that an infinite
amount of “resources” is required for exact ground-state
preparation.
In a related yet distinct setting, Ref. [69] considered a

unitary evolution involving a target, a thermal bath, and a
work storage system, where the global unitary preserves the
total energy. In this setup, the cooling error was shown to be
bounded by both the bath volume and the worst-case work
fluctuations. When the bath Hamiltonian satisfies a locality
condition, the Lieb-Robinson bound [76] can be employed
to relate the cooling error to the finite operational time; in
this case, the third law emerges as a trade-off between the
cooling error and the required time.
These studies collectively provide significant insights

into the theoretical constraints imposed by the third law of
thermodynamics on cooling processes near absolute zero.
However, it remains unclear how thermodynamic and
kinetic costs, such as entropy production and dynamical
activity, constrain cooling limitations together with the
resource of time. To the best of our knowledge, our study
addresses this gap, for the first time, by elucidating the
interplay between time and these costs within the frame-
works of stochastic and quantum thermodynamics. We
consider a general setup where the target system is subject
to a time-dependent protocol and the operation does not
necessarily conserve the total energy. Our work advances
the understanding of the third law of thermodynamics in
three key aspects:
(1) Generalization of the third law: We extend the third

law (i.e., a constraint on cooling to absolute zero) to
a more general concept of creating separated states,
encompassing a wide range of fundamental thermo-
dynamic operations such as information erasure and
copying.

(2) Identification of resources: We identify the relevant
resources and demonstrate that time is not the sole
determining factor; other contributions, such as
dissipation and frenesy, also play essential roles.
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(3) Quantification of trade-offs: We rigorously formu-
late the third law as a thermodynamic trade-off
between time, cost, and error within the frameworks
of stochastic and quantum thermodynamics.

The remainder of the paper is organized as follows.
Section II introduces the concept of separated states, the
dynamics considered, and the notions of error and cost used
in this study. In Sec. III, we present our main results,
including the central relation and its applications in non-
equilibrium thermodynamics. Section IV provides numeri-
cal demonstrations of our findings. Finally, Sec. V gives a
summary and outlook. Detailed analytical calculations and
derivations are presented in the appendixes.

II. SETUP

A. Separated states

We introduce the concept of separated states, which
encompass relevant states in nonequilibrium thermody-
namic operations and play a key role in this study.
A d-dimensional distribution jpi ¼ ½p1;…; pd�⊤ is con-
sidered separated with respect to a nonempty set u ⊂
f1;…; dg≕ ⟦d⟧ if no states in u are probable; in other
words,

pu ≔
X
n∈u

pn ¼ 0: ð2Þ

Equivalently, the probability supported by the complement
d ¼ ⟦d⟧nu is equal to 1 (i.e., pd ≔

P
n∈ d pn ¼ 1). The

sets u and d represent the undesired and desired states,
respectively, indicating the states we want the system to
avoid or occupy (see Fig. 2). For instance, in the bit erasure
operation depicted in Fig. 1, the desired state is the reset
state “00…0” while all other states are considered unde-
sired. Similarly, in the cooling operation, the desired state is
the ground state, with all excited states being undesired. It
is important to note that the notion of separated distribu-
tions can include multiple desired states (i.e., jdj ≥ 2). For
example, in the copying process, the desired states are those
where the bit and memory have the same values while all
other states are undesired.

B. Dynamics, error, and cost

We consider a thermodynamic process of a discrete-state
system, which has d internal states. The term “internal
states” is context dependent and can refer to a variety of
configurations: for instance, mesostates in coarse-grained
dynamics, energy eigenstates in quantum jump processes,
configurations of chemical species in reaction networks,
or discrete-system states in other physical scenarios. The
system is coupled to thermal reservoirs and may be subject
to external controls, thus being driven out of equilibriums.
The system can be characterized by a time-dependent
probability distribution jpti ¼ ½p1ðtÞ;…; pdðtÞ�⊤, where
pnðtÞ denotes the probability of finding the system in state
n at time t. Assuming the system’s dynamics is a Markov
jump process, the time evolution of this probability dis-
tribution is described by the master equation

jṗti ¼ Wtjpti; ð3Þ

where the dot denotes the time derivative and Wt ¼
½wmnðtÞ� is the time-dependent transition rate matrix sat-
isfying the normalization conditions

P
d
m¼1 wmnðtÞ ¼ 0 for

any n∈ ⟦d⟧. To guarantee the thermodynamical consis-
tency, we assume the local detailed balance [9]; in other
words, the log of the ratio of transition rates is related to
the entropy change in the environment. While we con-
sider classical systems here, the generalization to quan-
tum cases is straightforward and will be discussed in a
subsequent section.
Now, we introduce the notions of error and cost in the

thermodynamic process. The definition of error should
depend on the task’s purpose. In this study, we focus on a
general class of thermodynamic tasks wherein one tries to
reduce the probability of observing the system in states
belonging to a set u ⊂ ⟦d⟧ to zero. In other words, the
objective is to create a separated state with respect to the
set u of undesired states (Fig. 2). As demonstrated later,
prominent examples include the cooling problem in the
third law of thermodynamics, preparation of separated
states, classical copying, and kinetic proofreading (Fig. 1).
It is noteworthy that there are an infinite number of ways to
define the error even for a specific problem. Nevertheless,
to achieve a meaningful trade-off relation, the error should
take values in the range of ½0;þ∞Þ. More precisely, the
error should be zero when the task is perfectly accom-
plished and positive when no action or cost is involved.
Keeping this in mind, we define the error at time t in the
following manner:

εt ≔ −½lnpuðtÞ�−1; ð4Þ

where puðtÞ ¼
P

n∈u pnðtÞ is the probability of finding
the system in undesired states of the set u. In information
theory, − lnp for a given probability p is known as
“surprisal,” representing the amount of information gained

FIG. 2. Preparation of a separated state in Markov jump
processes. After finite-time operations, the final distribution is
approximately separated; i.e., the total probability of finding
the system in the undesired states belonging to the set u is
nearly zero.
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when a specific event occurs, and it is directly related to
Shannon entropy. Hence, εt can be interpreted as the
reciprocal of surprisal, meaning that reducing εt corre-
sponds to increasing surprisal. Intuitively, εt quantifies
how close the total probability supported by the u space
is to zero at time t. By this definition, one can observe that
ε0 can be infinite if puð0Þ ¼ 1, and ετ approaches zero
as the process becomes perfect at the final time [i.e.,
when puðτÞ → 0].
The cost associated with any process can be mainly

divided into two contributions: kinetic and thermodynamic.
A kinetic contribution is pertinent to how strong the
system’s activity can be, and it should be present even
when the system is in equilibrium. One of the feasible ways
to properly capture such contributions is through the
maximum escape rate from states, leading us to define
the quantity

ωt ≔ max
n∈u

X
m∈ d

wmnðtÞ: ð5Þ

More precisely, ωt is the maximum escape rate from one
undesired state in the u space to the d space, quantifying
the ability to change from undesired states to desired states
at time t [Fig. 3(a)]. The kinetic nature of this quantity is
further highlighted by the fact that ωt corresponds to the
maximal jump frequency from the u space to the d space,
maximized over all possible system distributions. On the
other hand, a thermodynamic contribution reflects how far
the system is driven from equilibrium, and it is related to
irreversible dissipation. Entropy production, which quan-
tifies the degree of thermodynamic irreversibility, is com-
monly invoked for the examination of thermodynamic costs

in nonequilibrium systems [77]. In the framework of
stochastic thermodynamics [9], the entropy production rate
can be expressed as the sum of the product of the probability
currents and the thermodynamic forces, given by

σt ≔
X
m≠n

wmnðtÞpnðtÞ ln
wmnðtÞpnðtÞ
wnmðtÞpmðtÞ

: ð6Þ

The jump frequency between desired states in the set d and
other undesired states belonging to u is relevant for reducing
the probability puðtÞ and can be calculated as

at ≔
X

n∈u;m∈ d

½wmnðtÞpnðtÞ þ wnmðtÞpmðtÞ�: ð7Þ

This quantity is also known as dynamical activity in the
literature [78] and imposes important constraints on the
speed and precision of dynamics [31,79–82].
Using the kinetic and thermodynamic contributions

introduced above, we define the thermokinetic cost asso-
ciated with the thermodynamic process as

C ≔ ωΦðσ̄Þ; ð8Þ

where

ω ≔ max
0≤t≤τ

ωt; σ̄ ≔ hσ̄tiτ; σ̄t ≔
σt
at
: ð9Þ

Here, hxtiτ denotes the time average of an arbitrary time-
dependent quantity xt, defined as hxtiτ ≔ τ−1

R
τ
0 dt xt, and

Φ is a monotonically increasing function, defined as
Φ ≔ 1 − ϕ−1 ∈ ½0; 1Þ, where ϕ−1 denotes the inverse func-
tion of ϕðxÞ ≔ ðxþ 1Þ−1ðx − 1Þ ln x. Note that σt is the
total entropy production rate of the original dynamics (3),
and the dynamical activity at represents the average
number of jumps per unit time between u and d spaces.
Therefore, σ̄ quantifies the time average of entropy pro-
duction per transition between these two spaces, being
crucial in quantifying the thermodynamic cost. The cost C
is defined as a dimensionless quantity with respect to time,
as our aim is to clearly distinguish between the resources of
time and thermokinetic contributions. Near equilibrium,
where σ̄ is small,Φ behaves approximately asΦðσ̄Þ ≈ ffiffiffiffiffi

2σ̄
p

.
In general, ΦðxÞ ≤ ΘðxÞ, where ΘðxÞ ≔ 1 − e−cmaxð ffiffi

x
p

;xÞ is
a monotonically increasing function with c ≈ 1.543 [83]
(see Proposition 4 for the proof). The behavior of the cost
term is quantitatively illustrated in Figs. 3(b) and 3(c). In
the following, we delve into the essence of C and provide
further insights into its significance.
First, we explain why both thermodynamic and kinetic

contributions are essential in defining the cost C. It has been
shown that probability distributions can be transformed
with arbitrarily small entropy production [84–86]; there-
fore, entropy production alone is insufficient to characterize

)b( )c(
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3ω 0
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3

Φ(x)
Θ(x)

0
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30 x

FIG. 3. (a) Schematic illustration of the kinetic and thermo-
dynamic contributions ωt and σ̄t. (b) Behavior of the cost term as
the function of the kinetic (ω) and thermodynamic (σ̄) contribu-
tions. The cost term vanishes when either contribution is zero,
and it increases as a function of the other contribution when one is
fixed. (c) Visualization of the function ΦðxÞ and its upper bound
ΘðxÞ, which are both monotonically increasing functions.
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state transformations, necessitating the inclusion of kinetic
contributions [46]. Moreover, reaching new states within
finite time inevitably drives the system out of equilibrium,
resulting in unavoidable entropy production that contrib-
utes to the transformation cost. These facts clearly indicate
that both contributions are crucial in characterizing the cost.
Such an integration of thermodynamic and kinetic con-
tributions also appears in other contexts. For instance, the
relative fluctuation of currents was shown to be constrained
by both thermodynamic and kinetic factors [22,82].
Second, we examine what the cost C captures through its

thermodynamic and kinetic contributions. As evident from
its definition, C encapsulates the combined effects of
frenesy and dissipation required to drive the system out
of equilibrium and reach the desired final distribution
within a finite time, expressed via the product ωΦðσ̄Þ.
This formulation clearly highlights the trade-off interplay
between these two factors: A reduction in one necessitates
a compensatory increase in the other. In other words, both
contributions cannot be simultaneously small when a
substantial cost is required to achieve low error. Notably,
such a nontrivial interplay between kinetic and thermody-
namic factors also emerges in the context of fluctuation
suppression [82]. Furthermore, when either ω or σ̄ is fixed,
the minimal value of the remaining factor needed to
accomplish the task can be determined. From a quantitative
standpoint, C embodies the intrinsic nature of cost—any
increase in either ω or σ̄ inevitably leads to a higher overall
cost. It is worth noting that the role of kinetics is both broad
and significant: Variations in the transition rates influence
not only the maximum escape rate but also the entropy
production per transition in a nontrivial manner. As a result,
the kinetic and thermodynamic contributions are, in gen-
eral, interdependent rather than independent. Nevertheless,
since Φ ≤ 1, the kinetic contribution plays a decisive role:
The divergence of the cost C necessarily entails the
divergence of ω. To gain deeper insights, we establish
the following hierarchical relation:

C1 ≤ C ≤ C2; ð10Þ

where the lower and upper bounds of the cost are defined as

C1 ≔ hωtΦðσ̄tÞiτ; ð11Þ

C2 ≔ ω: ð12Þ

Notably, each term in the hierarchy (C1 ≤ C ≤ C2) can serve
as a quantifier of cost. While employing C2 leads to a looser
bound, it offers a clearer interpretation, as C2 solely reflects
the maximum escape rate, entirely neglecting thermody-
namic contributions. In contrast, C1 incorporates both
kinetic and thermodynamic factors, making it qualitatively
similar to C. Quantitatively, C1 represents the time-averaged
instantaneous cost, thereby yielding a tighter bound.

For precise analysis, C1 might be preferable to ensure
tightness while accurately capturing the nature of the cost.
Nonetheless, in practical applications, C or even C2 may be
employed for simpler interpretation and estimation.

III. RESULTS

A. Time-cost-error trade-off relation

With the quantifications of cost and error above, we are
now ready to explain our central result. We rigorously
prove that there exists a fundamental trade-off between
time, cost, and error, which holds true for arbitrary times
and protocols. The trade-off is explicitly given by

τCετ ≥ 1 − η; ð13Þ

where η ≔ ετ=ε0 is the relative error, which should vanish
for a perfect process. Alternatively, it can also be expressed
in a more intuitive form of ε0τC ≥ η−1 − 1. Note that the
lower bound can become negative when η > 1, resulting in
a trivial inequality. Therefore, it is more relevant to focus
solely on meaningful processes where the error is even-
tually reduced (i.e., η ≤ 1). The proof of the relation (13) is
presented in Appendix A.
Below, we discuss the crucial physics derived from this

three-way trade-off relation. When the initial error is zero,
meaning puð0Þ ¼ 0, the task of thermodynamic operation
is already complete. Therefore, we focus on the scenario
where the initial error ε0 is nonzero, which can be finite
or infinite. The inequality implies that achieving a perfect
thermodynamic operation, where ετ ¼ 0, is impossible
without either infinite operation time or infinite cost. It
not only qualitatively yields a no-go theorem for the general
task of reducing the probability to zero but also provides a
quantification of how much the resource must be invested
to achieve a predetermined error. Moreover, the derived
inequality is tight and can be saturated for generic thermo-
dynamic processes (see Sec. IV for a numerical demon-
stration). In addition, the quantum extensions of this result
are obtained and discussed in Sec. III E.
The three-way trade-off relation (13) can be interpreted

as a generalization of the third law of thermodynamics
within Markovian dynamics. In the literature, the third
law comprises two key statements. The first concerns the
system’s entropy at absolute zero temperature, known as
Nernst’s heat theorem [87] and Planck’s formulation [88].
The second statement is the unattainability principle, which
asserts that bringing any system to its ground state requires
an infinite number of thermodynamic operations or infinite
time [69–73,89–92]. Our focus is on the latter statement.
The three-way trade-off relation allows us to generalize
the unattainability principle as follows: Bringing any
system to a separated state (determined by u and d spaces)
necessitates either an infinite cost C or an infinite time τ.
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This relation quantifies and reinforces the unattainability
principle in a broader context.
The derivation of the relation (13) assumes microscopic

reversibility, meaning all transitions are bidirectional.
However, when the dynamics involves unidirectional tran-
sitions (i.e., certain transitions have no reverse counterparts),
the quantity σ̄ diverges because the entropy production rate
defined in Eq. (6) becomes infinite. As a result, the cost is
governed solely by the kinetic factor, with no thermody-
namic contribution (i.e., C ¼ ω). To obtain a more refined
bound in the presence of unidirectional transitions, we
generalize the cost by introducing Cuni, which separates
bidirectional and unidirectional contributions:

Cuni ≔ ωbΦðσ̄bÞ þ ωu: ð14Þ

Here, superscripts b and u indicate that the corresponding
quantity is calculated using the bidirectional and unidirec-
tional parts, respectively. As shown, Cuni comprises two
terms: The first term captures the cost associated with the
bidirectional transitions, identical in form to Eq. (8), while
the second term accounts for the purely kinetic cost arising
from the unidirectional transitions. With this generalized
cost, the relation (13) can be analogously derived; the proof
is presented in Appendix B. Note that this generalized cost
reduces exactly to the conventional one (8) in the absence of
unidirectional transitions (i.e., when ωu ¼ 0).
We have several additional remarks on the three-way

trade-off relation. First, the trade-off relation can also be
derived using the nonadiabatic entropy production rate
as part of the thermodynamic cost, instead of the total
entropy production rate. It has been shown that the total
entropy production, which defines the cost, can be
decomposed into adiabatic and nonadiabatic contribu-
tions [93,94]. Roughly speaking, adiabatic entropy pro-
duction relates to the dissipation required to maintain the
stationary state. Conversely, the nonadiabatic component,
which vanishes in the stationary state, characterizes the
additional dissipation needed for the transition between
stationary states. Notably, only the nonadiabatic entropy
production is responsible for state transformations
[31,32]. Therefore, it is reasonable to anticipate a similar
trade-off relation involving the nonadiabatic cost, and we
demonstrate that this is indeed the case. The derivation is
detailed in Appendix C.
Second, for thermodynamic processes driven by time-

independent protocols, a more compact trade-off solely
in terms of entropy production can be established (see
Appendix D). Furthermore, we can demonstrate that
excess entropy production limits how much the error
can be reduced. Such a relationship can have significant
implications for understanding the connection between
thermodynamic cost and functional performance. For
instance, in a proofreading mechanism, certain kinetic
parameters may be abruptly quenched to adapt to changes

in the surrounding environment, leading to the system
subsequently relaxing toward another stationary state.
The achievable error in this new stationary state is then
constrained by the excess cost incurred during the
relaxation process.
Third, we clarify the qualitative differences between our

result and existing trade-off relations. One of the most
prominent results is the thermodynamic uncertainty rela-
tion (TUR) [13–15], which takes the form

τΣ̄ε| ≥ 2 ð15Þ

for stationaryMarkov jump processes. Here, Σ̄ represents the
entropy production rate, and ε| ≔ var½|�=h|i2 is the relative
fluctuation of current |. Interpreting ε| as the current error,
the inequality (15) can be seen as a trade-off between time,
cost, and error. However, this error pertains to the fluctuation
of trajectory currents, which is entirely unrelated to the
problem of reducing the probability considered in this study.
Another relevant result is the thermodynamic speed limit
(TSL), formulated as [45,46,86]

τfðΣ̄; ĀÞ ≥ Wðp0; pτÞ; ð16Þ

where Ā is the time-averaged dynamical activity,W denotes
the Wasserstein distance between probability distributions,
and f is a function whose explicit form is omitted. The TSL
can be interpreted as a trade-off between time and cost in
state transformations, indicating that these resources cannot
simultaneously be small when changing states. Unlike our
focus on the third law, both the TUR and TSL serve as
quantitative refinements of the second law of thermody-
namics. Crucially, these relations cannot establish the third
law of thermodynamics, as the inequalities (15) and (16) do
not rule out the possibility of reaching absolute zero within
finite time and cost [95]. Therefore, our result is conceptually
and qualitatively distinct from the existing relations.
In what follows, we demonstrate several essential appli-

cations and quantum extensions of the central relation (13).

B. More on the unattainability principle
in the third law of thermodynamics

We now scrutinize the connection between our result
and the third law of thermodynamics. As discussed in the
previous subsection, the trade-off relation encompasses the
concept of the unattainability principle in the third law of
thermodynamics. This principle is intrinsically linked to
fundamental tasks such as creating pure states and erasing
information, both of which are critical in computation.
Although the impossibility of these processes has been
proved in contexts involving finite-size reservoirs [66,67],
it remains crucial to determine the extent to which one can
approach the desired states with limited resources. In this
direction, finite bounds on the achievable temperature have
been identified, defined in terms of resources such as the
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reservoir volume and the worst-case work injected [69,72].
In the present study, we advance in this direction by
elucidating the relationship between the achievable error
and the resources of time and thermokinetic cost. While we
investigate the classical case here, the same result can be
analogously obtained in quantum scenarios, which will be
discussed in the subsequent subsection.
First, we consider the general problem of creating

separated distributions that have only one desired state
(i.e., d ¼ fkg for some state k). Such distributions are also
known as degenerate (or one-point) distributions, with
support only at a single state. This class of distributions
trivially includes ground states. Within a duration of τ, the
objective is to drive the system to the target degenerate
distribution jgi as close as possible, irrespective of the
initial distribution. Here, the degenerate distribution jgi is
specified as gn ¼ δnk. The error can be appropriately
evaluated by setting u ¼ ⟦d⟧nfkg in Eq. (4). Evidently,
the error ετ should vanish as the final distribution approaches
the degenerate distribution [i.e., when pkðτÞ → 1]. The
trade-off relation (13) then provides a lower bound on the
error in terms of time and thermokinetic cost as

ετ ≥
1

τC þ ε−10
: ð17Þ

Essentially, this inequality implies that infinite resources
of time and cost are required to perfectly generate
degenerate distributions. Notably, the relation (17)
extends beyond merely affirming the no-go theorem
regarding the creation of degenerate distributions; it
quantitatively determines the extent of resources required
to attain a specific level of precision.
Next, we address the problem of cooling to the ground

state and show that the relation (13) can be reformulated as
a lower bound on the attainable temperature in terms of
time and cost. Note that while temperature is well defined
for systems in thermal equilibrium, challenges arise when
moving to nonequilibrium systems due to the breakdown of
the equivalence of statistical ensembles. In the literature,
several notions of effective temperature have been proposed
[96,97]. Here, we consider the most common approach,
which assigns an effective temperature to a nonequilibrium
state using the temperature of a Gibbs thermal state with the
same energy. In other words, the effective temperature T
associated with the nonequilibrium distribution jpτi is
determined such that the following equality is fulfilled:

hEjpτi ¼ hEjπðT; EÞi: ð18Þ

Here, jEi ¼ ½E1;…; Ed�⊤ denotes the vector of energy
levels, and jπðT; EÞi is the equilibrium distribution with
temperature T and energy levels jEi. Without loss
of generality, we can assume that 0 ≤ E1 ¼ … ¼
Eκ < Eκþ1 ≤ … ≤ Ed. Here, κ is the degree of degeneracy

in the ground state. By utilizing Eq. (13), we find that the
achievable temperature is lower bounded by the resources
of time and cost as (see Appendix E for the proof)

T ≥
Δg

ln
h
ðd−κÞΔb

κΔg
eτCþε−1

0 − 1
κ

i ; ð19Þ

where Δg ≔ Eκþ1 − E1 and Δb ≔ Ed − E1 are the energy
gap and energy bandwidth, respectively. More precisely,
Δg denotes the energy gap between the ground state and
the first excited state, whereas Δb represents the energy
difference between the lowest and highest energy levels.
This inequality not only manifests the third law of
thermodynamics but also establishes a fundamental limit
on the minimum temperature achievable with a finite
amount of resources. The quantum version of this result is
presented in Appendix G 2.
We demonstrate the tightness of the bound (19) using a

classical bit coupled to a thermal bath. Initially, the bit
is in an equilibrium state, and its energy gap is gradually
increased, inducing cooling toward the ground state. At the
final time, the energy gap is instantaneously reset to its
initial value. In this scenario, since κ ¼ 1, d ¼ 2, and
Δg ¼ Δb, the bound (19) simplifies to

T ≥
Δg

lnðeτCþε−1
0 − 1Þ ≕T lb: ð20Þ

For comparison, we also define the lower bound T lb;1,
where the cost C is replaced by C1. In general, the hierarchy
T ≥ T lb;1 ≥ T lb holds. We vary the operational time
and compute the effective temperature of the bit at the
final time using Eq. (18). As depicted in Fig. 4, the effective
temperature T is tightly bounded from below by T lb,

FIG. 4. Numerical illustration of the bound (19) in cooling a
classical bit. The energy gap is modulated as ΔgðtÞ¼0.1þ2.9t=τ,
with transition rates satisfyingw12ðtÞ þ w21ðtÞ ¼ 5. The duration τ
is varied, while the bath inverse temperature is fixed at β ¼ 1. The
effective temperature T, shown as the solid line, is consistently
bounded from below by both T lb and T lb;1, represented by the
dashed and dash-dotted lines, respectively.
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accurately capturing the temperature’s decreasing trend as a
function of the time duration. Notably, the lower bound
T lb;1 is saturated for all times.

C. Limitation in preparation of separated states

As demonstrated above, the trade-off relation (13)
provides an essential implication for the preparation of
degenerate distributions or ground states. Here, we show
that it can address a more general problem of preparing a
separated state from a nonseparated state (Fig. 2). In this
context, the relation (13) immediately implies the impos-
sibility of bringing a Markovian system from a nonsepa-
rated state to a separated state. In addition to this qualitative
implication, it provides a quantitative bound on the final
state’s separation. To measure the degree of separation of
the final distribution, we examine the probability puðτÞ,
with the goal of minimizing it. Then, the following lower
bound on puðτÞ in terms of time and cost can be derived
from our central result:

puðτÞ ≥ puð0Þe−τC: ð21Þ

It is worth noting that a separated state can be prepared
from a nonseparated state without difficulty if reduction
of the state space is permitted. For example, consider a
particle inside a box surrounded by a thermal reservoir at a
fixed temperature (see Fig. 5 for illustration). Initially, the
particle is in a fully supported distribution, meaning it can
occupy any position within the box. Consider a situation
where one aims to create a separated state wherein the
particle is confined only to the left half of the box. This
target state can then be easily prepared by inserting a
partition at the right end of the box and moving it to the
center. Note that during operation, the protocol reduces
the state space that the particle can occupy. In other words,
the space created by the partition on the right side of the box
is inaccessible to the particle. The crucial difference between
this kind of protocol and our setup lies in whether the
reduction of state space is allowed or not. For Markov jump
processes, the reduction of state space cannot be achieved by
simply setting the transition rates to zero, as the system can
be trapped at some state with a nonzero probability.

D. No-go theorem of exact classical copying

We consider the problem of classical copying from the
standpoint of stochastic thermodynamics. The composite

system has three subsystems: a source whose distribution is
copied, a machine that performs copying, and a target into
which distribution is copied. Each subsystem has a finite
space of discrete states, denoted by Ωx for x∈ fs;m; tg.
Hereafter, the superscripts s, m, and t indicate the source,
machine, and target subsystems, respectively. Note that the
state spaces of the source and target must be identical to
guarantee accurate copying (i.e., Ωs ≡Ωt). The probability
distribution of the composite system at time t is denoted by
ptðn;m; oÞ and evolves according to the master equa-
tion (3). The initial distribution is of a product form

p0ðn;m; oÞ ¼ ps
0ðnÞpm

0 ðmÞpt
0ðoÞ; ð22Þ

where the initial distribution jps
0i of the source can be

arbitrary and those of the machine and target are some fixed
distributions irrespective of jps

0i. The final distribution may
be nonfactorizable, and we are primarily interested in the
marginal distribution of the target. The copying process is
deemed perfect only if jpt

τi ¼ jps
0i, which is determined by

the following calculation of the marginal distribution:

pt
τðoÞ ¼

X
n∈Ωs;m∈Ωm

pτðn;m; oÞ: ð23Þ

We emphasize that this setup is less restrictive than the
problem of classical cloning [98], where there is an
additional requirement that the marginal distribution of
the source remains unchanged (i.e., jps

τi ¼ jps
0i). For

this general setup, we derive the no-go theorem for
classical copying from the relation (13) (see Fig. 6 for
an illustration).
To this end, it suffices to show that copying cannot be

perfect for an instance of the source distribution. Let
o� ¼ argmaxo∈Ωt pt

0ðoÞ, and consider an initial distribu-
tion jps

0i with ps
0ðo�Þ ¼ 0, which we want to copy. Then,

pt
τðo�Þ ¼ 0 should be fulfilled to achieve a perfect copying.

By choosing the set u ¼ fðn;m; o�Þjn∈Ωs; m∈Ωmg, the
error reads

εt ¼ −½lnpt
tðo�Þ�−1: ð24Þ

FIG. 5. Example of preparing a separated state using a particle
in a box. This scheme reduces the accessible state space during
the operation, and therefore, it is not included in our setup.

Markov jump process

FIG. 6. Impossibility of exact classical copying. The composite
system, which includes a source, a machine, and a target, is initially
in a product state. The final state may be a correlated state, wherein
information from the source is expected to be replicated in the
target’s marginal distribution. The no-go theorem asserts that it is
impossible to perfectly copy information from the source to the
target within a finite amount of time and thermokinetic cost
through a thermodynamic Markov jump process.
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Note that ε0 > 0, and a perfect copying implies ετ ¼ 0.
Applying the trade-off relation (13) readily yields the no-go
theorem for exact classical copying since ετ ¼ 0 neces-
sitates infinite resources of time and cost.

1. Hardness of copying

In addition to the no-go theorem for exact copying, it is
important to discuss the inherent difficulty of achieving
exact copying in practice. For simplicity, we consider a
copying process involving two classical bits [99], X and Y,
where the goal is to copy the value of bit X onto bit Y.
These two bits form a bipartite system [100], with the key
assumption that bit X remains unaffected by the state of
bit Y. The copying error can be quantified by the prob-
ability peðtÞ, which represents the likelihood that bits X and
Y hold different values:

peðtÞ ≔ ptð0; 1Þ þ ptð1; 0Þ; ð25Þ

where ptðx; yÞ denotes the joint probability of finding bits
X and Y in states x and y, respectively, at time t. Perfect
copying corresponds to the condition peðτÞ ¼ 0.
However, we can quantitatively demonstrate the diffi-
culty of achieving this. To this end, we define the
undesired and desired spaces as u ≔ fð0; 1Þ; ð1; 0Þg
and d ≔ fð0; 0Þ; ð1; 1Þg, respectively. Applying the
trade-off relation (13), we obtain a quantitative bound
that highlights the difficulty of achieving perfect copying
within finite resources of time and cost:

peðτÞ ≥ peð0Þe−τC: ð26Þ

This bound shows that while the error can decrease
exponentially with increasing time τ and cost C, it
remains strictly positive as long as these resources are
finite.
The difficulty of copying can also be examined from the

perspective of information theory. To quantify how much
information is transferred from X to Y, it is convenient to
use the mutual information, defined as

It ≔
X
x;y

ptðx; yÞ ln
ptðx; yÞ

ptðxÞptðyÞ
: ð27Þ

Physically, It measures how much information about X is
contained in Y. Since the bits X and Y are initially
uncorrelated (i.e., in a product state), the initial mutual
information is zero, I0 ¼ 0. Because It ≤ StðXÞ ¼ S0ðXÞ,
the maximum mutual information achievable is
Imax ≔ S0ðXÞ, where StðXÞ ≔ −

P
x ptðxÞ lnptðxÞ is the

Shannon entropy of bit X at time t. For simplicity, we
assume peðτÞ ≤ 1=2, as we are primarily interested in
processes that reduce the error probability toward zero
[101]. Perfect copying within a finite time τ would require

achieving Iτ ¼ Imax. However, by combining Eq. (26) with
standard information-theoretic inequalities, we reveal the
inherent difficulty of this task through the following bound:

Iτ ≤ Imax − ð4 ln 2ÞhðImaxÞpeð0Þe−τC: ð28Þ

Here, h∈ ½0; 1=2� denotes the inverse function of
−p lnp − ð1 − pÞ lnð1 − pÞ, defined for p∈ ½0; 1�. This
inequality demonstrates that achieving maximum mutual
information is fundamentally limited when only finite time
and cost resources are available. The detailed derivation of
Eq. (28) is provided in Appendix F.

E. Generalization to quantum cases

Here, we show that the trade-off relation (13) not only
applies to classical cases but can also be generalized
to quantum scenarios. Specifically, we consider for both
Markovian dynamics with infinite-size reservoirs and non-
Markovian dynamics with finite-size reservoirs. In quan-
tum systems, preparing pure states and ground states is a
crucial task, particularly in quantum computation. To
address this task, we derive quantum generalizations of
the trade-off relation (13), revealing the fundamental
limitations inherent in these processes.

1. Markovian dynamics

We consider a d-dimensional quantum system that is
weakly coupled to infinite-size reservoirs. The time
evolution of the density matrix can be described by the
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equa-
tion [102,103]:

ϱ̇t ¼ −i½Ht; ϱt� þ
X
k

D½LkðtÞ�ϱt; ð29Þ

whereHt is the controllable Hamiltonian, fLkðtÞg are jump
operators, and D½L�ϱ ≔ LϱL† − fL†L; ϱg=2 is the dissi-
pator. To guarantee the thermodynamical consistency of the
dynamics, we assume the local detailed balance [104,105].
In other words, the jump operators come in pairs ðk; k0Þ
such that Lk ¼ eΔsk=2L†

k0 , where Δsk denotes the environ-
mental entropy change associated with the kth jump. Note
that it is possible that k0 ¼ k, which implies Δsk ¼ 0 and
the Hermiticity of the jump operator Lk.
In analogy to the classical case, we introduce the kinetic

and thermodynamic contributions to define the cost. The
thermodynamic contribution can be defined similarly to the
classical case. According to the framework of quantum
thermodynamics, entropy production is defined as the sum
of entropy changes in both the system and the environment;
its rate is given by

σt ¼ −trfϱ̇t ln ϱtg þ
X
k

ΔskðtÞtrfLkðtÞϱtLkðtÞ†g: ð30Þ
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Meanwhile, dynamical activity is quantified by the average
number of quantum jumps that have occurred over time,
and its rate is equal to

at ¼
X
k

trfLkðtÞϱtLkðtÞ†g: ð31Þ

Let ϱt ¼
P

n pnðtÞjntihntj be the spectral decomposition of
the density matrix, and define the transition rates wk

mnðtÞ ≔
jhmtjLkðtÞjntij2 between the eigenbases. Then, the rates of
entropy production and dynamical activity can be decom-
posed as σt ¼ ð1=2ÞPn σnðtÞ and at ¼ ð1=2ÞPn anðtÞ
[106], where the partial terms are given by

σn ≔
X
k;m

ðwk
mnpn − wk0

nmpmÞ ln
wk
mnpn

wk0
nmpm

; ð32Þ

an ≔
X
k;m

ðwk
mnpn þ wk0

nmpmÞ: ð33Þ

The thermodynamic contribution, characterizing the aver-
age dissipation per single jump, can be defined as

σ̄t ≔ max
n∈ ⟦d⟧

σnðtÞ
anðtÞ

: ð34Þ

The kinetic contribution reflects how rapidly the system’s
state can evolvedue to interactionswith the environment.This
aspect can be captured by the dynamical activity, defined in
Eq. (31), which is a state-dependent quantity. To characterize
the system’s potential for activity independently of its state,
we introduce the following state-independent kinetic contri-
bution in terms of the jump operators:

ωt ≔
����
X
k

LkðtÞ†LkðtÞ
����; ð35Þ

where k:k denotes the operator norm. This quantity provides
an upper bound on the dynamical activity (i.e.,ωt ≥ at) [107]
and thus represents the maximum jump frequency of the
system across all possible quantum states. Physically, ωt is
related to the coupling strength of the dissipators and can
serve as a measure of the thermalization strength in a
thermodynamic process. Notably, in the classical limit, ωt
reduces exactly to the maximum escape rate among states.
Using the thermodynamic and kinetic contributions provided
above, the cost C is defined in accordance with Eq. (8),
mirroring the approach used in the classical case.
Let fp≤

n ðtÞg be increasing eigenvalues of ϱt, i.e.,
p≤
n ðtÞ ¼ pinðtÞ, where fi1;…; idg is a permutation of

⟦d⟧ such that pi1ðtÞ ≤ … ≤ pidðtÞ. Then, the error with
respect to a set u ⊂ ⟦d⟧ can be defined as

εt ≔ −
�
ln
X
n∈u

p≤
n ðtÞ

�
−1
: ð36Þ

For example, u ¼ ⟦d − 1⟧ indicates the preparation of pure
states, while u ¼ ⟦k⟧ corresponds to the general task of
reducing the rank of the density matrix to d − k or less.
Given these definitions of cost and error, we can prove that
the trade-off relation (13) remains valid for arbitrary
protocols, indicating the universality of the result in both
classical and quantum domains. The proof is presented
in Appendix G 1. It is noteworthy that, for the cooling
problem, a lower bound on the achievable temperature
in terms of time and cost, similar to Eq. (19), can be
analogously derived (see Appendix G 2 for the derivation).

2. Non-Markovian dynamics

Next, we consider a case where the system is coupled
to a finite-dimensional reservoir. The Hamiltonian of
the composite system is expressed as Ht ¼ HSðtÞþ
HSRðtÞ þHR, representing the sum of the Hamiltonians
for the system, the interaction, and the reservoir, respec-
tively. Note that both HS and HSR can be time dependent,
whereas HR remains fixed. The initial state of the
composite system is of a product form ϱ0 ¼ ϱS ⊗ πR,
where πR ¼ e−βHR=tre−βHR is the Gibbs thermal state at
inverse temperature β. The composite system undergoes
a unitary transformation, and its final state reads
ϱτ ¼ UðϱS ⊗ πRÞU†, where U ≔ T expð−i R τ

0 dtHtÞ is
the unitary operator and T denotes the time-ordering
operator. It was shown that irreversible entropy production
can be expressed as a correlation between the system and
the reservoir as [108]

Στ ¼ DðϱτkϱSðτÞ ⊗ πRÞ; ð37Þ

where ϱSðtÞ ¼ trRϱt and DðϱkσÞ ≔ trfϱðln ϱ − ln σÞg
is the quantum relative entropy of state ϱ with respect to
state σ.
We introduce the cost for general non-Markovian

dynamics. It is important to highlight that non-
Markovian dynamics pose substantial technical challenges.
In particular, two key distinctions from the Markovian case
arise: (i) The entropy production rate can become negative
due to information backflow from the reservoir to the
system, and (ii) the structure of quantum jumps in non-
Markovian dynamics is far more elusive compared to that
in Markovian dynamics, which obstructs a clear-cut def-
inition of the kinetic contribution. These facts indicate that
the approach developed in the Markovian context is not
applicable in this case. As a consequence, it is naturally
expected that the conventional form of the cost should be
modified appropriately. To address this issue, we alter-
natively consider the cost defined in terms of entropy
production as follows:

C ≔ τ−1Ψðλ−1ΣτÞ; ð38Þ
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where λ represents the smallest eigenvalues of the initial
state ϱ0 of the composite system, and Ψ is the inverse
function of ψðxÞ defined over ½0;þ∞Þ as

ψðxÞ ≔ min
p∈ ½0;1�

�
xþ 1 − p

p
ln

1 − p
1 − pe−x

�
≥ 0: ð39Þ

Note that both Ψ and ψ are monotonically increasing
functions, and a simple lower bound for ψðxÞ can be
derived (see Proposition 3 in Appendix H for the proof):

ψðxÞ ≥ 2x

1þ e3=x
: ð40Þ

Since ΨðxÞ ≈ x for x ≫ 1, the cost C is proportional to
λ−1Σ̄, where Σ̄ ≔ τ−1Στ is the time-averaged entropy
production. It is worth noting that, although the definition
of cost differs from that in the Markovian case, it essentially
captures both thermodynamic and kinetic contributions.
Specifically, the kinetic aspect, such as the coupling
strength between the system and the reservoir, is implicitly
incorporated into the cost defined in Eq. (38) through Στ.
This incorporation is justified by the fact that the magnitude
of Στ, which characterizes the correlation between the
system and the reservoir as in Eq. (37), is strongly
dependent on the coupling strength.
We consider the task of reducing the smallest eigenvalue

of an initial mixed state ϱS of the system (or, equivalently,
decreasing its rank to below d). Previous studies showed
that it is impossible to accomplish the exact reduction of
the rank [67,68,75]. It is thus appropriate to investigate the
achievable error εt ≔ −½ln λSðtÞ�−1, where λSðtÞ denotes the
smallest eigenvalue of the system’s density matrix ϱSðtÞ.
With the definition of this error and the cost (38), we can
derive the trade-off relation (13), which can be expressed in
the following form:

τCετ ¼ Ψðλ−1ΣτÞετ ≥ 1 − η; ð41Þ

whose proof is presented in Appendix G 3. Crucially, this
relation indicates that dissipation is unavoidable in order to
decrease the smallest eigenvalue.
We discuss the relevance of this result in light of previous

findings. First, the result can be applied to establish a lower
bound on heat dissipation ΔQ as follows:

βΔQ ≥ −ΔSþmaxf0; λψðε−1τ − ε−10 Þg: ð42Þ

This bound provides a refinement for the second law of
thermodynamics, suggesting that heat dissipation
approaches infinity as the quantum system is cooled down
to the ground state (i.e., when ετ → 0). Second, it was
demonstrated that the initial state ϱS can be transformed
into an arbitrary final state ϱ0S with nondecreasing rank
using arbitrarily small entropy production [75]. However,

the dimension of the reservoir must be large for such
protocols, resulting in a tendency for λ to vanish.
Consequently, this makes the relation (41) consistent with
the established statement. Last, we briefly mention a
relevant result reported in Ref. [75], given by

ð2βkHRkÞετ ≥ 1 − η: ð43Þ

This inequality characterizes a trade-off between the error
and the maximum energy level of the reservoir. Conversely,
our result illustrates a trade-off between the error, time, and
dissipation, indicating that these findings can be viewed as
complementary relations.

IV. DEMONSTRATIONS

In this section, we numerically illustrate our results in
both classical and quantum systems.

A. Classical bit

We exemplify the trade-off relation (13) in a cooling
problem of a classical bit. The bit is modeled as a two-
level system, which is coupled to a thermal reservoir at
inverse temperature β. The time-dependent transition
rates between the two levels satisfy the detailed balance
condition, that is,

w12ðtÞ
w21ðtÞ

¼ eβΔEt ; ð44Þ

where ΔEt denotes the energy gap. Cooling the bit to the
ground state can be achieved by appropriately changing
the energy gap, thereby enhancing the probability of
finding the bit in the lowest-energy level. This kind
of protocol can also function as an information eraser,
which consistently drives the system to the ground state,
irrespective of the initial state. The error of cooling can be
evaluated by examining the probability of the excited
state or, equivalently, by setting u ¼ f2g.
We fix the total transition rate w21ðtÞ þ w12ðtÞ ¼ wtot for

all times and designate the energy gap ΔEt as the sole
control parameter. The transition rates can be explicitly
written as

w12ðtÞ¼wtot
eβΔEt

1þeβΔEt
; w21ðtÞ¼wtot

1

1þeβΔEt
: ð45Þ

The trade-off relation (13) can be alternatively expressed
as a lower bound for the product of cost and error in terms
of time,

C
ε0ετ

ε0 − ετ
≥
1

τ
: ð46Þ

For each operational time τ, we randomly generateΔEt as a
function of time over the interval ½0; τ�, numerically
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calculate the relevant quantities, and verify the bound (46)
as shown in Fig. 7(a). It can be observed that the bound is
valid for all configurations, and notably, it can be saturated
when the energy gap ΔEt is a monotonically increasing
function of time.

B. Qubit

Next, we consider the problem of erasing information
on a qubit. The qubit is modeled as a spin-1=2 particle,
which is weakly coupled to a thermal reservoir consisting
of bosonic harmonic oscillators [109]. The time evolution
of the density matrix of the qubit is described by the GKSL
equation (29), with the Hamiltonian and jump operators
given by

Ht ¼
Et

2
½cosðθtÞσz þ sinðθtÞσx�; ð47Þ

L1ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αEtðNt þ 1Þ

p
j0tih1tj; ð48Þ

L2ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
αEtNt

p
j1tih0tj: ð49Þ

Here, Et and θt are controllable parameters, σx;y;z denote
the Pauli matrices, α is the coupling strength, Nt ≔
1=ðeβEt − 1Þ is the Planck distribution, and fj0ti; j1tig
denote the instantaneous energy eigenstates of the
Hamiltonian. Physically, Et is the energy gap between
the energy eigenstates, whereas θt characterizes the
strength of coherent tunneling.
While many feasible protocols exist for information

erasure, we employ the following simple protocol [110]
for clarity and ease of explanation:

Et¼E0þðEτ−E0Þsin
�
πt
2τ

�
2

; θt¼π

�
t
τ
−1

�
: ð50Þ

For this protocol, the energy gap monotonically increases
from E0 to Eτ, and the coherent parameter θt vanishes at the
final time. Therefore, the qubit is expected to be reset to the
ground state of Hτ ∝ σz upon completing the erasure
process. We set the initial density matrix to the maximally
mixed state and vary the operational time τ. For each
instance of time, we calculate the relevant quantities and
verify the bound (46) in Fig. 7(b). As can be seen, the
product of cost and error is consistently bounded from
below by the reciprocal of time, thus validating the derived
relation.

C. Finite-size reservoir

Last, we exemplify the relation (41) in a quantum
process that reduces the smallest eigenvalue of quantum
states. We consider a d-dimensional system prepared
in an initial mixed state ϱS with full rank. Let ϱS ¼P

d
n¼1 pnjnihnj be its spectral decomposition (i.e.,

0 < p1 ≤ … ≤ pd). The smallest eigenvalue of the initial
state ϱS can be reduced by performing a swap between the
states of the system and the reservoir. The reservoir is
another d-dimensional system initialized in a state

πR ¼ e−cj1ih1j þ
Xd−1
n¼2

pnjnihnj þ ðpd þ p1 − e−cÞjdihdj;

ð51Þ

where c ≥ − lnp1 is a positive constant. The reservoir
Hamiltonian is given by HR ¼ − ln πR, meaning that the
reservoir is in a Gibbs thermal state at inverse temperature
β ¼ 1. In order to perform a swap, the unitary operator is
designed such that UðϱS ⊗ πRÞU† ¼ πR ⊗ ϱS, resulting in
the final state of the system being ϱ0S ¼ πR. Upon com-
pletion, the smallest eigenvalue of the system state is

FIG. 7. (a) Cooling the classical bit. The energy gap ΔEt is a smooth function generated by interpolating a sequence of random
numbers sampled in the range [0.1, 3]. Each blue circle represents the product of cost and error [Cε0ετ=ðε0 − ετÞ] as a function of time for
a random configuration of the energy gap, while the solid line depicts the reciprocal of time (τ−1). Time τ is changed, whereas other
parameters are fixed as jp0i ¼ ½0.5; 0.5�⊤, wtot ¼ 5, and β ¼ 1. (b) Erasing information of the qubit. The product of cost and error and
the reciprocal of time are depicted by the dashed and solid lines, respectively. Time τ is varied, while other parameters are fixed as
ϱ0 ¼ 1=2, α ¼ 0.1, β ¼ 1, E0 ¼ 0.1, and Eτ ¼ 5. (c) Reducing the smallest eigenvalue of quantum states using a swap protocol. The
entropy production Στ and the lower bound p1ψðε−1τ − ε−10 Þ are represented by the dashed and solid lines, respectively. The parameter c
is varied, whereas others are set to p1 ¼ e−2 and pd ¼ 0.5.
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reduced from p1 to e−cð≤ p1Þ. Entropy production of this
thermodynamic process can be calculated as

Στ ¼ DðϱSkπRÞ ¼ p1 ln
p1

e−c
þ pd ln

pd

pd þ p1 − e−c
: ð52Þ

In this case, the relation (41) can be quantitatively
improved, resulting in the following bound of dissipation
in terms of the errors:

Στ ≥ p1ψðε−1τ − ε−10 Þ: ð53Þ

We fix p1 and pd, and vary c, which determines the
smallest eigenvalue of the final state. All quantities appear-
ing in the bound (53) are calculated and plotted in Fig. 7(c).
As can be observed, dissipation increases as the error
decreases, and the bound is numerically validated.

V. SUMMARY AND OUTLOOK

In this paper, we resolved a fundamental problem in
thermodynamics by establishing a rigorous quantitative
relationship among the foundational quantities of time,
cost, and error. Specifically, we uncovered a three-way
trade-off relation between these quantities for thermody-
namic processes aimed at minimizing the observation
probability to zero. Such processes are crucial in various
scientific fields, including physics and biology. For exam-
ple, in bit erasure or cooling systems to the ground state, the
achievable error limits are inevitably tied to the resource
expenditures of time and cost. The obtained relation
indicates that reducing the error to zero necessitates infinite
resources of time and cost. This finding deepens our
understanding of thermodynamic limits and addresses sev-
eral essential problems in nonequilibrium thermodynamics.
These issues include the third law of thermodynamics in the
form of the unattainability principle, the limitation on
preparing separated states, the no-go theorem of exact
copying, and the thermodynamic cost associated with
accurate information erasure. Our study not only advances
the theoretical framework of thermodynamics but also sets
the stage for further investigations into the practical limi-
tations and capabilities of both natural and engineered
systems operating near these fundamental limits.
We now discuss several future directions for further

investigation. In this work, we identified the thermokinetic
cost relevant to the task of generating separated states,
thereby providing a unified framework that encompasses
the third law of thermodynamics. Notably, this cost
inherently includes thermodynamic contributions, which,
although theoretically estimable, may be difficult to mea-
sure reliably in practical experimental settings. A promising
direction for future research is to explore whether a more
operationally accessible formulation of the third law can be
established—one that preserves theoretical integrity while
aligning more closely with measurable physical quantities.

Since this study primarily focused on discrete-variable
systems, it is natural to consider the generalization of our
results to continuous-variable systems, such as those
governed by overdamped or underdamped Langevin
dynamics. However, a straightforward extension—particu-
larly through coarse-graining the continuous space into a
finite number of discrete states—is generally not viable
because the dynamical activity in continuous systems
generally diverges, even after coarse-graining, which ren-
ders the trade-off relation (13) trivial. In the context of
cooling quantum systems to their ground states, efficient
protocols may involve continuous measurement and feed-
back control to reduce the average energy. In such cases,
the recently developed theoretical framework [111], where
the joint dynamics of the system and the controller are
governed by a quantum Fokker-Planck master equation,
can serve as a good starting point.
While we focused on the observation probability in this

study, extending our results to other types of observables
would be interesting. In nonequilibrium systems, observ-
ables play a key role in defining fundamental quantities.
For example, temperature cannot be unambiguously
defined as in thermal equilibrium, and its definition
generally involves an energetic observable. For noisy
molecular oscillators, the degree of synchronization is
generally quantified by the order parameter, which is
significantly constrained by the energy dissipation [112].
Generalizing our findings to other observables may
uncover novel limitations of nonequilibrium systems that
are not revealed by existing speed limits. Additionally, this
approach could facilitate the direct study of continuous-
variable systems without the need for coarse-graining.
Because of the analogy between the thermodynamic

frameworks of Markov jump processes and chemical
reaction networks [113], it is possible to extend our results
to the latter case. Note that the time evolution of chemical
reactants is given by deterministic rate equations, and the
concepts of adiabatic and nonadiabatic entropy production
have been well established for complex-balanced networks.
While the first and second laws of thermodynamics have
been formulated for both closed and open reaction systems,
the third law of thermodynamics remains elusive. Our study
can provide a resolution for this problem, suggesting that
the third law can be discussed in a similar manner.
We also anticipate that the same trade-off relation applies

to other information-processing tasks, such as measure-
ment. In this type of process, the controller aims to acquire
as much information about the target system as possible
within a finite duration. However, achieving perfect meas-
urement outcomes is prohibited. A recent study on quan-
tum measurement has demonstrated that there exists a
trade-off relation between time and error of the measure-
ment outcome [114]. Therefore, it would be natural to
elucidate a three-way trade-off relation among time, cost,
and error for these processes [115,116].
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Finally, the existence of the trade-off relation for non-
Markovian dynamics with infinite-dimensional reservoirs
remains an open question. Our trade-off relation (41), which
was derived for finite-size reservoirs, includes a dimensional
factor of the reservoirs. This factor impedes the achievement
of a meaningful bound in the infinite-dimensional limit.
Resolving this issue would provide a comprehensive under-
standing of the third law in the form of the unattainability
principle for quantum dynamics [74,117,118].
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APPENDIX A: PROOF OF THE TRADE-OFF
RELATION (13)

Here, we provide a detailed derivation of Eq. (13). We
define the coarse-grained probability pdðtÞ ≔

P
n∈ d pnðtÞ,

which satisfies puðtÞ þ pdðtÞ ¼ 1. The time evolution of
the probability puðtÞ can be described as

ṗuðtÞ ¼
X
n∈u

X
mð≠nÞ

½wnmðtÞpmðtÞ − wmnðtÞpnðtÞ�

¼
X

n∈u;m∈ d

½wnmðtÞpmðtÞ − wmnðtÞpnðtÞ�

¼ wudðtÞpdðtÞ − wduðtÞpuðtÞ; ðA1Þ
where wudðtÞ and wduðtÞ are coarse-grained transition rates,
defined as

wudðtÞ ≔
P

n∈u;m∈ dwnmðtÞpmðtÞP
m∈ dpmðtÞ

; ðA2Þ

wduðtÞ ≔
P

n∈u;m∈ dwmnðtÞpnðtÞP
n∈upnðtÞ

: ðA3Þ

Note that at ¼ wudðtÞpdðtÞ þ wduðtÞpuðtÞ. Furthermore,
we can prove that the transition rate wduðtÞ is always upper
bounded by the maximum escape rate as follows:

wduðtÞ ¼
P

n∈u;m∈ dwmnðtÞpnðtÞP
n∈upnðtÞ

¼
P

n∈upnðtÞ
P

m∈ dwmnðtÞP
n∈upnðtÞ

≤ max
n∈u

X
m∈ d

wmnðtÞ

¼ ωt: ðA4Þ

Here, we apply the inequality
P

n xn=
P

n yn ≤ maxn xn=yn
for any non-negative numbers fxng and fyng to obtain the
third line, whereas the last line is readily obtained from the
definition of ωt. The notation of time t is omitted hereafter
for the sake of notational simplicity. For convenience,
we define the following non-negative function over
ð0;þ∞Þ × ð0;þ∞Þ:

Fðx; yÞ ≔ ðx − yÞ ln x
y
: ðA5Þ

It can be verified that Fðx; yÞ is a symmetric convex
function. We can prove

σt ≥ Fðwudpd; wdupuÞ ðA6Þ

by utilizing the convexity of function F as follows:

σt ¼
X
m>n

Fðwnmpm; wmnpnÞ

≥
X

n∈u;m∈ d

Fðwnmpm; wmnpnÞ

≥ jujjdjF
�P

n∈u;m∈ d wnmpm

jujjdj ;

P
n∈u;m∈ d wmnpn

jujjdj
�

¼ Fðwudpd; wdupuÞ: ðA7Þ

For any non-negative numbers x and y, it is evident that

Fðx; yÞ
xþ y

¼ ϕ

�
x
y

�
; ðA8Þ

where ϕðxÞ ¼ ðxþ 1Þ−1ðx − 1Þ ln x ≥ 0. Since the equa-
tion z ¼ ϕðxÞ has solutions x1 ≤ 1 ≤ x2 for any z > 0, we
can define the inverse function ϕ−1 that takes values in
(0, 1]. By this definition, the following inequality holds:

x ≥ ϕ−1½ϕðxÞ�: ðA9Þ

Noting that ϕ−1ðxÞ is a decreasing convex function and
using Eq. (A9), we can upper bound −ṗu=pu as follows:

−
ṗu

pu
¼ 1

pu
ðwdupu − wudpdÞ

¼ wdu

�
1 −

wudpd

wdupu

�

≤ wdu

�
1 − ϕ−1

�
ϕ

�
wudpd

wdupu

��	

≤ ωt

�
1 − ϕ−1

�
Fðwudpd; wdupuÞ
wudpd þ wdupu

�	

≤ ωt

�
1 − ϕ−1

�
σt
at

��
¼ ωtΦðσ̄tÞ: ðA10Þ
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Taking the time integration of Eq. (A10) from t ¼ 0 to
t ¼ τ leads to the following inequality:

lnpuð0Þ − lnpuðτÞ ≤
Z

τ

0

dtωtΦðσ̄tÞ ¼ τC1; ðA11Þ

which can be alternatively expressed as τC1 ≥ ε−1τ − ε−10 .
Multiplying both sides of this inequality by ετ immediately
gives

τC1ετ ≥ 1 − η: ðA12Þ

Since C1 ≤ C due to ωt ≤ ω and the concavity of the
functionΦðxÞ, combining this with Eq. (A12) directly leads
to the trade-off relation (13).

APPENDIX B: GENERALIZATION OF THE
TRADE-OFF RELATION IN THE PRESENCE

OF UNIDIRECTIONAL TRANSITIONS

We consider a general dynamics that involves unidirec-
tional transitions. The transition rates can be generally
expressed as

wmnðtÞ ¼
X
γ

wðγÞ
mnðtÞ þ

X
ξ

wðξÞ
mnðtÞ; ðB1Þ

where wðγÞ
mnðtÞ and wðξÞ

mnðtÞ denote the bidirectional and
unidirectional transition rates, respectively—in other

words, for any m ≠ n, wðγÞ
mn > 0 whenever wðγÞ

nm > 0, and

at least one of the two transition rates, wðξÞ
mn and w

ðξÞ
nm, is zero.

We define the entropy production rate, the dynamical
activity rate, and the maximum escape rate as follows:

σbt ≔
X
γ;m>n

h
wðγÞ
mnpn − wðγÞ

nmpm

i
ln

wðγÞ
mnpn

wðγÞ
nmpm

; ðB2Þ

abt ≔
X

γ;n∈u;m∈ d

h
wðγÞ
mnpn þ wðγÞ

nmpm

i
; ðB3Þ

ωb
t ≔ max

n∈u

X
γ;m∈ d

wðγÞ
mn; ðB4Þ

ωu
t ≔ max

n∈u

X
ξ;m∈ d

wðξÞ
mn: ðB5Þ

Hereafter, the superscripts b and u indicate that the
corresponding quantity is calculated using only the bidi-
rectional and unidirectional parts, respectively. Similarly,
we define the coarse-grained transition rates in terms of
bidirectional contributions as

wud ≔
P

γ;n∈u;m∈ dw
ðγÞ
nmpmP

m∈ dpm
; ðB6Þ

wdu ≔
P

γ;n∈u;m∈ dw
ðγÞ
mnpnP

n∈upn
: ðB7Þ

Note that wdu ≤ ωb
t , abt ¼ wudpd þ wdupu, and

σbt ≥ Fðwudpd; wdupuÞ. Then, similarly to Eq. (A10), the
time evolution of the coarse-grained probability puðtÞ can
be bounded as follows:

−
ṗu

pu
¼ 1

pu

�
wdupu−wudpdþ

X
ξ;n∈u;m∈d

h
wðξÞ
mnpn−wðξÞ

nmpm

i�

≤ωb
tΦðσ̄bt Þþωu

t : ðB8Þ

Consequently, by following the same procedure as in
Appendix A, we obtain the desired relation with the
generalized cost defined in Eq. (14).

APPENDIX C: TRADE-OFF RELATION IN
TERMS OF NONADIABATIC COST

Here, we derive the trade-off relation using the non-
adiabatic entropy production. To this end, we introduce the
kinetic and thermodynamic contributions. First, we define
the maximum escape rate ω̃t ≔ maxn∈u

P
mð≠nÞ wmn,

which corresponds to the kinetic contribution. Applying
the inequality

P
n xn=

P
n yn ≤ maxnxn=yn for any non-

negative numbers fxng and fyng, we can prove that ω̃t is
lower bounded as

ω̃t ≥
P

n∈u

P
mð≠nÞ wmnpnP
n∈upn

: ðC1Þ

Next, we introduce the thermodynamic contribution. Let
jpss

t i be the instantaneous steady-state distribution of the
dynamics at time t; that is, Wtjpss

t i ¼ 0. We consider the
dual dynamics with the transition rates given by

w̃mn ≔
wnmpss

m

pss
n

: ðC2Þ

It is evident that

X
mð≠nÞ

w̃mn ¼ −w̃nn ¼ −wnn ¼
X
mð≠nÞ

wmn: ðC3Þ

For convenience, we define the frequency of incoming and
outgoing jumps associated with state n as

an← ≔
X
mð≠nÞ

wnmpm; ðC4Þ

ãn→ ≔
X
mð≠nÞ

w̃mnpn: ðC5Þ
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Then, the dynamical activity rates in both the original and
dual dynamics are the same,

X
n

an← ¼
X
n

ãn→: ðC6Þ

The rate of nonadiabatic entropy production, also known
as Hatano-Sasa entropy production [93], can be defined
as [94]

σnat ≔
X
m≠n

wnmpm ln
wnmpm

w̃mnpn
≥ 0: ðC7Þ

Note that σnat vanishes when the system is in the stationary
state. In general, the nonadiabatic entropy production rate
can be decomposed into non-negative components as

σnat ¼
X
n

σnan ; ðC8Þ

where σnan ≥ 0 is the rate associated with state n and
given by

σnan ≔
X
mð≠nÞ

�
wnmpm ln

wnmpm

w̃mnpn
−wnmpmþ w̃mnpn

�
: ðC9Þ

The dynamical activity associated with states belonging to
the set u is defined as

anat ≔
X
n∈u

X
mð≠nÞ

ðwnmpm þ wmnpnÞ: ðC10Þ

Note that anat ¼ P
n∈uðan← þ ãn→Þ. The definition intro-

duced in Eq. (9) motivates us to define the nonadiabatic
thermodynamic contribution as

σ̄nat ≔
σnat
anat

: ðC11Þ

Evidently, σ̄nat ¼ 0 if and only if σnat ¼ 0.
Define the function ϕ̃ðxÞ ≔ ðxþ 1Þ−1ðx ln x − xþ 1Þ

over ð0;þ∞Þ. Since the equation z ¼ ϕ̃ðxÞ has a solution
0 ≤ x ≤ 1 for any 0 ≤ z ≤ 1, we can define an inverse
function ϕ̃−1 ∈ ½0; 1� as ϕ̃−1ðzÞ ≔ x for z∈ ½0; 1� and
ϕ̃−1ðzÞ ¼ 0 for z > 1. Then, we have the following inequal-
ity from its definition:

x ≥ ϕ̃−1½ϕ̃ðxÞ�: ðC12Þ

In addition, by exploiting the convexity of function
x lnðx=yÞ − xþ y over ð0;þ∞Þ × ð0;þ∞Þ, we obtain
the following inequality:

σnat ≥
X
n∈u

σnan

≥
X
n∈u

�
an← ln

an←
ãn→

− an← þ ãn→

�

≥
�X

n∈u

an←

�
ln

P
n∈uan←P
n∈uãn→

−
X
n∈u

an← þ
X
n∈u

ãn→

¼ anat ϕ̃

�P
n∈uan←P
n∈uãn→

�
; ðC13Þ

which can be alternatively written as

σnat
anat

≥ ϕ̃

�P
n∈uan←P
n∈uãn→

�
: ðC14Þ

By combining Eqs. (C12) and (C14) and noticing that ϕ̃−1

is a decreasing function, we obtain

ϕ̃−1
�
σnat
anat

�
≤
P

n∈uan←P
n∈uãn→

: ðC15Þ

Applying this inequality, we obtain

−
ṗu

pu
¼ 1

pu

�X
n∈u

X
mð≠nÞ

wmnpn −
X
n∈u

X
mð≠nÞ

wnmpm

�

¼ 1

pu

�X
n∈u

X
mð≠nÞ

w̃mnpn −
X
n∈u

X
mð≠nÞ

wnmpm

�

¼
�P

n∈u

P
mð≠nÞ wmnpnP
n∈upn

��
1 −

P
n∈uan←P
n∈uãn→

�

≤
�P

n∈u

P
mð≠nÞ wmnpnP
n∈upn

��
1 − ϕ̃−1

�
σnat
anat

��

≤ ω̃tΦ̃ðσ̄nat Þ; ðC16Þ

where we define Φ̃ ≔ 1 − ϕ̃−1. Taking the time integration
of Eq. (C16) from t ¼ 0 to t ¼ τ leads to the following
inequality:

lnpuð0Þ − lnpuðτÞ ≤
Z

τ

0

dt ω̃tΦ̃ðσ̄nat Þ ¼ τCna1 ; ðC17Þ

where the nonadiabatic cost is defined as

Cna1 ≔ hω̃tΦ̃ðσ̄nat Þiτ: ðC18Þ

Noting that Φ̃ is a concave function, the cost Cna1 can be
upper bounded as

Cna1 ≤ ω̃ Φ̃ðσ̄naÞ≕ Cna; ðC19Þ
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where ω̃ ≔ max0≤t≤τ ω̃t and σ̄na ≔ hσ̄nat iτ. Consequently,
the inequality (C17) yields the following hierarchy of
trade-off relations:

τCnaετ ≥ τCna1 ετ ≥ 1 − η: ðC20Þ

APPENDIX D: TRADE-OFF RELATION FOR
TIME-INDEPENDENT DRIVING

We consider thermodynamic processes that are driven by
time-independent protocols. In other words, the system
relaxes toward a stationary state, which can be equilibrium
or nonequilibrium. For such processes, it was proved
that the irreversible entropy production is lower bounded
by the relative entropy between the initial and final
distributions [84,119],

Στ ≥ Dðp0kpτÞ; ðD1Þ

whereDðpkqÞ ≔ P
n pn lnðpn=qnÞ. Because of the monot-

onicity of the relative entropy under information process-
ing, we obtain a further lower bound for Στ in terms of
the relative entropy between coarse-grained probability
distributions as

Στ ≥ DðP0kPτÞ; ðD2Þ

where jPti ≔ ½puðtÞ; pdðtÞ�⊤. By applying Proposition 2,
we can arrive at the following inequality:

Ψðe1=ε0ΣτÞ ≥ ε−1τ − ε−10 ; ðD3Þ

which can be translated into the form of trade-off relation
(13) by defining the cost as C ≔ τ−1Ψðe1=ε0ΣτÞ.
Using an information-geometric approach [120], the

irreversible entropy production can be decomposed into
non-negative housekeeping and excess parts as

Στ ¼ Σhk
τ þ Σex

τ : ðD4Þ

Roughly speaking, the excess entropy production is the
minimum cost of a process driven by conservative forces
with the same trajectory of probability distributions. The
excess entropy production was shown to be lower bounded
by the relative entropy between the initial and final
distributions as [120]

Σex
τ ≥ Dðp0kpτÞ: ðD5Þ

Following the same procedure as above, we readily obtain a
similar trade-off relation in terms of the excess entropy
production.

APPENDIX E: PROOF OF EQ. (19)

The definition (18) of the effective temperature can be
explicitly written as

X
n≥1

Enπn ¼
X
n≥1

EnpnðτÞ; ðE1Þ

where πn ¼ e−βEn=
P

n≥1 e
−βEn is the Gibbs thermal state

with inverse temperature β ≔ T−1 and 0 ≤ E1 ¼ … ¼
Eκ < Eκþ1 ≤ … ≤ Ed are the energy levels. First, we
derive a bound for the effective inverse temperature β
in terms of the error ετ ¼ −½lnPn>κ pnðτÞ�−1 (i.e.,
u ¼ ⟦d⟧n⟦κ⟧). Equation (E1) can be transformed as
follows:

κE1 þ
P

n>κEne−βðEn−E1Þ

κ þP
n>κe

−βðEn−E1Þ ¼
X
n≥1

EnpnðτÞ: ðE2Þ

Subtracting E1 ¼ E1

P
n≥1 pnðτÞ from both sides of

Eq. (E2), it can be reduced to

P
n>κðEn − E1Þe−βðEn−E1Þ

κ þP
n>κe

−βðEn−E1Þ ¼
X
n>κ

ðEn − E1ÞpnðτÞ: ðE3Þ

Defining the energy gap Δg ≔ Eκþ1 − E1 > 0 and the
energy bandwidth Δb ≔ Ed − E1 > 0, we can evaluate
both sides of Eq. (E3) as

X
n>κ

ðEn − E1ÞpnðτÞ ≥ Δg

X
n>κ

pnðτÞ ¼ ΔgpuðτÞ; ðE4Þ

P
n>κðEn − E1Þe−βðEn−E1Þ

κ þP
n>κe

−βðEn−E1Þ ≤
ðd − κÞΔbe−βΔg

κ þ e−βΔg
: ðE5Þ

Consequently, an upper bound on the inverse temperature
can be obtained as

β ≤
1

Δg
ln

�ðd − κÞΔb

κΔg

1

puðτÞ
−
1

κ

�
: ðE6Þ

On the other hand, using the trade-off relation (13), the
following upper bound on ln½1=puðτÞ� can be derived:

ln
1

puðτÞ
¼ ε−1τ ≤ τC þ ε−10 : ðE7Þ

Combining Eqs. (E6) and (E7) leads to a lower bound of the
achievable temperature as

T ≥
Δg

ln
h
ðd−κÞΔb

κΔg
eτCþε−1

0 − 1
κ

i ; ðE8Þ

which is exactly the relation (19).

TAN VAN VU and KEIJI SAITO PHYS. REV. X 15, 041029 (2025)

041029-18



APPENDIX F: PROOF OF EQ. (28)

Since Imax ¼ S0ðXÞ ¼ SτðXÞ, the difference between
Imax and the mutual information Iτ can be expressed in
terms of the conditional entropy as

Imax − Iτ ¼
X
y

pτðyÞSτðXjyÞ: ðF1Þ

Note that the Shannon entropy of any binary distribution
can be bounded from below by its elements as

SðpÞ ≔ −p lnp − ð1 − pÞ lnð1 − pÞ
≥ ð2 ln 2Þ minðp; 1 − pÞ: ðF2Þ

Applying this inequality to Eq. (F1), we obtain a lower
bound for Imax − Iτ as follows:

Imax − Iτ ≥ ð2 ln 2Þ minfpτð0; 0Þ; pτð1; 0Þg
þ ð2 ln 2Þ minfpτð0; 1Þ; pτð1; 1Þg

¼ ð2 ln 2Þ min½minfpτðx ¼ 0Þ; 1 − pτðx ¼ 0Þg;
minfpeðτÞ; 1 − peðτÞg�: ðF3Þ

Here, we use the identity minðx; yÞ þminðz; wÞ ¼
minðxþ z; yþ w; xþ w; yþ zÞ to derive the last line.
Next, note that peðτÞ ≤ 1=2, minðp; 1 − pÞ ¼ h½SðpÞ�,
where h∈ ½0; 1=2� is the inverse function of SðpÞ, and
minðx; yÞ ≥ 2xy for any 0 ≤ x; y ≤ 1=2. Using these rela-
tions, Eq. (F3) further yields

Imax − Iτ ≥ ð2 ln 2Þ minfhðImaxÞ; peðτÞg
≥ ð4 ln 2ÞhðImaxÞpeðτÞ: ðF4Þ

Finally, combining this inequality with Eq. (26) immedi-
ately leads to Eq. (28),

Imax − Iτ ≥ ð4 ln 2ÞhðImaxÞpeð0Þe−τC: ðF5Þ

APPENDIX G: DERIVATION OF QUANTUM
GENERALIZATIONS

1. Markovian dynamics with infinite-size reservoirs

Here, we derive the trade-off relation (13) for quantum
Markovian dynamics. Recall the spectral decomposition
of the density matrix: ϱt ¼

P
n pnðtÞjntihntj. For simplic-

ity, we define the incoming and outgoing transition
frequencies as

an← ≔
X
k;m

wk
nmpm; ðG1Þ

an→ ≔
X
k;m

wk
mnpn: ðG2Þ

Note that an← þ an→ ¼ an. Following the same technique
as in Appendix A, we can prove that

an←
an→

≥ ϕ−1
�
ϕ

�
an←
an→

��
¼ ϕ−1

�
Fðan←; an→Þ

an

�
≥ ϕ−1

�
σn
an

�
:

ðG3Þ

Taking the time derivative of pnðtÞ ¼ hntjϱtjnti, we can
proceed as follows:

−
ṗn

pn
¼ 1

pn

X
k;m

ðwk
mnpn − wk0

nmpmÞ

¼
�X

k;m

wk
mn

��
1 −

an←
an→

�

≤
�X

k;m

wk
mn

��
1 − ϕ−1

�
σn
an

��

≤ ωt

�
1 − ϕ−1

�
σn
an

��
: ðG4Þ

Here, we apply the following inequality to obtain the
last line:

X
k;m

wk
mn ¼

X
k;m

jhmjLkjnij2

¼
X
k;m

hnjL†
kjmihmjLkjni

¼
X
k

hnjL†
kLkjni

≤
����
X
k

L†
kLk

���� ¼ ωt: ðG5Þ

Let jri be a reference distribution, which will be deter-
mined later. Taking the time derivative of the relative
entropy DðrkptÞ, we can make the following evaluation:

d
dt

DðrkptÞ ¼ −
Xd
n¼1

rn
ṗnðtÞ
pnðtÞ

≤
Xd
n¼1

rnωt

�
1 − ϕ−1

�
σnðtÞ
anðtÞ

�	

≤ ωt½1 − ϕ−1ðσ̄tÞ� ¼ ωtΦðσ̄tÞ: ðG6Þ

Taking the time integration of Eq. (G6) from t ¼ 0 to t ¼ τ
leads to the following inequality:

DðrkpτÞ −Dðrkp0Þ ≤
Z

τ

0

dtωtΦðσ̄tÞ≕ τC1

≤ τωΦðσ̄Þ≕ τC; ðG7Þ
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where ω ≔ max0≤t≤τ ωt and σ̄ ≔ hσ̄tiτ. Now, let us
specify the reference distribution as rn ¼ δnk, where
k ¼ argmaxn pnð0Þ=pnðτÞ. By applying Proposition 1,
we can further bound the quantity in the left-hand side
of Eq. (G7) from below as

DðrkpτÞ −Dðrkp0Þ ¼ max
n

ln
pnð0Þ
pnðτÞ

≥ max
n

ln
p≤
n ð0Þ

p≤
n ðτÞ

≥ ln

P
n∈up

≤
n ð0ÞP

n∈up
≤
n ðτÞ

¼ ε−1τ − ε−10 : ðG8Þ

Combining Eqs. (G7) and (G8) leads to the desired
relation (13).

2. Lower bound on the achievable temperature

Here, we derive a lower bound on the achievable
temperature in terms of time and cost. To this end, we
define the effective temperature T associated with the final
quantum state ϱτ as

trfHϱτg ¼ trfHπðH;TÞg; ðG9Þ

where πðH; TÞ ≔ e−βH=tr e−βH is the Gibbs thermal state
and β ≔ 1=T. Hereafter, we omit the time notation τ for
simplicity. Consider the spectral decompositions of the
quantum state and the Hamiltonian, ϱ ¼ P

n p
≤
n jn≤ihn≤j

and H ¼ P
n Enjϵnihϵnj, where 0 ≤ E1 ¼ … ¼ Eκ <

Eκþ1 ≤ … ≤ Ed. The equality (G9) can be expressed as

X
n≥1

hn≤jHjn≤ip≤
n ¼

P
n≥1Ene−βEnP
n≥1e

−βEn
: ðG10Þ

Subtracting E1 from both sides of Eq. (G10), we obtain

X
n≥1

ðhn≤jHjn≤i − E1Þp≤
n ¼

P
n>κðEn − E1Þe−βðEn−E1Þ

κ þP
n>κe

−βðEn−E1Þ :

ðG11Þ

We consider the set u ¼ f1g. Since p≤
n ≥ pu for any n ≥ 1,

we can show that

X
n≥1

ðhn≤jHjn≤i−E1Þp≤
n ≥

X
n≥1

ðEn−E1Þpu≥ ðd−κÞΔgpu;

ðG12Þ
P

n>κðEn − E1Þe−βðEn−E1Þ

κ þP
n>κe

−βðEn−E1Þ ≤
ðd − κÞΔbe−βΔg

κ þ e−βΔg
: ðG13Þ

Here, Δg ≔ Eκþ1 − E1 and Δb ≔ Ed − E1 are the energy
gap and the energy bandwidth, respectively. Then, follow-
ing the same procedure as in Appendix E, we obtain a
similar lower bound on the achievable temperature:

T ≥
Δg

ln



Δb
κΔg

eτCþε−1
0 − 1

κ

� : ðG14Þ

3. Non-Markovian dynamics with finite-size reservoirs

Here, we show the proof of Eq. (41). According to the
monotonicity of the relative entropy under information
processing, for any set of positive operator-valued mea-
sures fΠkgk satisfying

P
k Πk ¼ 1, the following inequal-

ity holds true for any quantum states ϱ and σ:

DðϱkσÞ ≥
X
k

trfΠkϱg ln
trfΠkϱg
trfΠkσg

: ðG15Þ

Let jni and jμi be the eigenvectors corresponding to the
smallest eigenvalues of ϱSðτÞ and πR, respectively. Define
two projective operators Π1≔ jn;μihn;μj and Π2≔1−Π1.
Applying the inequality (G15) for these operators yields the
following lower bound on the entropy production:

Στ ≥ DðukvÞ; ðG16Þ

where jui and jvi are two-dimensional probability distri-
butions, given by

jui ≔ ½trfΠ1ϱτg; trfΠ2ϱτg�⊤; ðG17Þ

jvi ≔ ½trfΠ1ϱSðτÞ ⊗ πRg; trfΠ2ϱSðτÞ ⊗ πRg�⊤: ðG18Þ

By applying Proposition 2, the relative entropy between
distributions jui and jvi can be bounded further from
below as

DðukvÞ ≥ u1ψðmaxf0; xgÞ; ðG19Þ

where x ≔ lnðu1=v1Þ. Note that λ ¼ λSð0ÞλR and v1 ¼
λSðτÞλR, where λR denotes the smallest eigenvalue of πR.
Furthermore, since λ is the smallest eigenvalue of ϱ0, we
readily obtain that

u1 ¼ hn; μjϱτjn; μi ¼ hn; μjUϱ0U†jn; μi ≥ λ: ðG20Þ

Combining Eqs. (G16), (G19), and (G20) yields the
following inequality:

λ−1Στ ≥ ψðmaxf0; xgÞ: ðG21Þ
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Noticing that Ψ is an increasing function, Eq. (G21)
immediately implies

Ψðλ−1ΣτÞ ≥ maxf0; xg ≥ x: ðG22Þ

Finally, note that

x ¼ lnðu1=v1Þ ≥ ln½λSð0ÞλR=λSðτÞλR� ¼ ε−1τ − ε−10 : ðG23Þ

Combining Eqs. (G22) and (G23) leads to the desired
relation (41).

APPENDIX H: PROOF OF INEQUALITIES USED
IN THE DERIVATION OF MAIN RESULTS

Proposition 1. Given two probability distributions jpi ¼
½p1;…; pd�⊤ and jqi ¼ ½q1;…; qd�⊤, let jp≤i and jq≤i be
their corresponding sorted distributions (i.e., p≤

1 ≤ … ≤ p≤
d

and q≤1 ≤ … ≤ q≤d ). Then, the following inequality
holds true:

max
n

pn

qn
≥ max

n

p≤
n

q≤n
: ðH1Þ

Proof. Consider the Rényi divergence of order α of a
distribution jpi from a distribution jqi, defined as

DαðpkqÞ ≔
1

α − 1
ln
X
n

pα
n

qα−1n
: ðH2Þ

Then, the log of the maximum ratio of the probabilities is
given by

max
n

pn

qn
¼ eD∞ðpkqÞ: ðH3Þ

First, we show that for any α > 1, the following inequality
always holds:

DαðpkqÞ ≥ Dαðp≤kq≤Þ: ðH4Þ

Indeed, according to the rearrangement inequality, we have

X
n

pα
n

qα−1n
≥
X
n

ðp≤
n Þα

ðq≤n Þα−1
; ðH5Þ

which immediately gives Eq. (H4). Taking the α → ∞ limit
of Eq. (H4) leads to D∞ðpkqÞ ≥ D∞ðp≤kq≤Þ. Combining
this with the equality (H3) verifies Eq. (H1). ▪
Proposition 2. Given two distributions jpi ¼ ½p1; p2�⊤

and jqi ¼ ½q1; q2�⊤, the following inequality always
holds true:

DðpkqÞ ≥ p1ψðmaxf0; xgÞ; ðH6Þ

where x ≔ lnðp1=q1Þ.
Proof. The relative entropy DðpkqÞ can be expressed in

terms of p1 and x as follows:

DðpkqÞ ¼ p1

�
xþ 1 − p1

p1

ln
1 − p1

1 − e−xp1

�
: ðH7Þ

In the case of x ≤ 0, the inequality (H6) trivially holds
sinceDðpkqÞ ≥ 0 ¼ ψð0Þ ¼ ψðmaxf0; xgÞ. For x > 0, the
inequality (H6) can be proved using the definition of ψðxÞ
as follows:

DðpkqÞ ≥ p1 min
p∈ ½0;1�

�
xþ 1 − p

p
ln

1 − p
1 − e−xp

�

¼ p1ψðxÞ ¼ p1ψðmaxf0; xgÞ: ðH8Þ

▪
Proposition 3. The function ψðxÞ defined in Eq. (39) is a

monotonically increasing function and is bounded from
below as

ψðxÞ ≥ 2x

1þ e3=x
ðH9Þ

for any x ≥ 0.
Proof. First, prove the monotonicity of function ψ , i.e.,

ψðxÞ ≥ ψðyÞ for any x ≥ y ≥ 0. Define the following
function:

ψpðxÞ ≔ xþ 1 − p
p

ln
1 − p

1 − e−xp
: ðH10Þ

Then, the equality ψðxÞ ¼ minp∈ ½0;1� ψpðxÞ holds trivially.
We prove that ψpðxÞ ≥ ψpðyÞ for any x ≥ y ≥ 0. To this
end, we take the derivative of ψpðxÞ with respect to x and
obtain

ψ 0
pðxÞ ¼

1 − e−x

1 − e−xp
≥ 0: ðH11Þ

Therefore, ψðxÞ ¼ minp∈ ½0;1�ψpðxÞ ≥ minp∈ ½0;1�ψpðyÞ ¼
ψðyÞ, which verifies the monotonicity of ψ .
Next, we derive the lower bound (H9) for ψðxÞ. The

inequality (H9) can be explicitly written as

min
p∈ ½0;1�

�
xþ 1 − p

p
ln

1 − p
1 − e−xp

�
≥

2x

1þ e3=x
: ðH12Þ

Define the following function:

gpðxÞ ≔ xþ 1 − p
p

ln
1 − p

1 − e−xp
−

2x

1þ e3=x
: ðH13Þ
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Proving Eq. (H9) is equivalent to showing that gpðxÞ ≥ 0

for any x∈ ½0;þ∞Þ and p∈ ½0; 1�. To this end, it is
sufficient to prove that gpðxÞ is an increasing function
over ½0;þ∞Þ [because gpð0Þ ¼ 0] or, equivalently,
g0pðxÞ ≥ 0. Taking the derivative of gpðxÞ with respect to
x, we obtain

g0pðxÞ ¼ 1 −
2

1þ e3=x
−

1 − p
ex − p

−
6e3=x

xð1þ e3=xÞ2 : ðH14Þ

Since ð1 − pÞ=ðex − pÞ ≤ e−x, the following inequality
holds true:

g0pðxÞ ≥ 1 −
2

1þ e3=x
− e−x −

6e3=x

xð1þ e3=xÞ2 : ðH15Þ

Therefore, we need only prove that

1 −
2

1þ e3=x
− e−x −

6e3=x

xð1þ e3=xÞ2 ≥ 0; ðH16Þ

which is equivalent to the following inequality by changing
x → 1=x:

e1=xðe6x − 6xe3x − 1Þ ≥ ðe3x þ 1Þ2: ðH17Þ

Since

e1=x ≥
X4
n¼0

1

n!xn
¼ 1þ 1

x
þ 1

2x2
þ 1

6x3
þ 1

24x4
≕ hðxÞ;

ðH18Þ

inequality (H17) will be immediately validated if we
prove that

hðxÞ ≥ ðe3x þ 1Þ2
e6x − 6xe3x − 1

: ðH19Þ

Through simple algebraic calculations, we can show that
Eq. (H19) is equivalent to

e3x ≥
3xhðxÞþ1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½3xhðxÞþ1�2þhðxÞ2−1

p
hðxÞ−1

¼ 3xþ24x4þ72x5þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5184x10þ13824x9þ14400x8þ9792x7þ5184x6þ2208x5þ744x4þ216x3þ49x2þ8xþ1

p

24x3þ12x2þ4xþ1
:

ðH20Þ

To prove Eq. (H20), it is sufficient to use the following lower bound of e3x:

e3x ≥ 1þ 3xþ 9x2

2
þ 9x3

2
þ 27x4

8
: ðH21Þ

Using this inequality and performing some transformations, Eq. (H20) is reduced to proving the following inequality:

139968x11 þ 513216x10 þ 828144x9 þ 833328x8 þ 604152x7 þ 283608x6 þ 72819x5 þ 64xþ 192

≥ 5304x4 þ 4296x3 þ 1184x2: ðH22Þ

By applying the Cauchy-Schwarz inequality, it can be
easily shown that

833328x8þ100≥2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
833328×100

p
x4≥5304x4þ12953x4;

ðH23Þ

283608x6 þ 20 ≥ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
283608 × 20

p
x3 ≥ 4296x3; ðH24Þ

12953x4 þ 70 ≥ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12953 × 70

p
x2 ≥ 1184x2: ðH25Þ

Combining these inequalities verifies Eq. (H22), thereby
completing the proof. ▪
Proposition 4. The inverse function ϕ−1 of ϕðxÞ ≔ ðxþ

1Þ−1ðx − 1Þ ln x is lower bounded as

ϕ−1ðxÞ ≥ e−c maxð ffiffi
x

p
;xÞ ∀ x ≥ 0; ðH26Þ

where c ≈ 1.543 is the solution of equation
zð1 − e−zÞ ¼ 1þ e−z.
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Proof. We divide this into two cases: x ≥ 1 and
0 ≤ x < 1. For x ≥ 1, it is sufficient to prove
ϕ−1ðxÞ ≥ e−cx. Since ϕðxÞ is a decreasing function over
[0, 1], we need only show that

ϕ½ϕ−1ðxÞ� ¼ x ≤ ϕðe−cxÞ ¼ cxð1 − e−cxÞ
1þ e−cx

; ðH27Þ

which is equivalently expressed as

1þ e−cx

1 − e−cx
≤ c: ðH28Þ

Since the function in the left-hand side is a decreasing
function with respect to x, Eq. (H28) is immediately
obtained as

1þ e−cx

1 − e−cx
≤
1þ e−c

1 − e−c
¼ c: ðH29Þ

For the 0 ≤ x < 1 case, we can apply the same strategy to
prove ϕ−1ðxÞ ≥ e−c

ffiffi
x

p
, which is equivalent to the following

inequality:

x ≤
c

ffiffiffi
x

p ð1 − e−c
ffiffi
x

p Þ
1þ e−c

ffiffi
x

p : ðH30Þ

Defining the function

gðxÞ ≔ 1 − e−cx

xð1þ e−cxÞ ; ðH31Þ

its derivative with respect to x can be calculated as

g0ðxÞ ¼ 1 − e2cx þ 2cxecx

x2ð1þ ecxÞ2 : ðH32Þ

It is evident that g0ðxÞ ≤ 0 because

d
dx

ð1−e2cxþ2cxecxÞ¼2cecxð1þcx−ecxÞ≤0: ðH33Þ

Since gðxÞ is a decreasing function, we obtain gð ffiffiffi
x

p Þ ≥
gð1Þ ¼ 1=c, which is exactly Eq. (H30). This completes
the proof. ▪

[1] G. Lan, P. Sartori, S. Neumann, V. Sourjik, and Y. Tu, The
energy–speed–accuracy trade-off in sensory adaptation,
Nat. Phys. 8, 422 (2012).

[2] A. Bérut, A. Arakelyan, A. Petrosyan, S. Ciliberto, R.
Dillenschneider, and E. Lutz, Experimental verification of
Landauer’s principle linking information and thermody-
namics, Nature (London) 483, 187 (2012).

[3] Y. Jun, M. c. v. Gavrilov, and J. Bechhoefer, High-
precision test of Landauer’s principle in a feedback trap,
Phys. Rev. Lett. 113, 190601 (2014).

[4] J. Hong, B. Lambson, S. Dhuey, and J. Bokor, Experimental
test of Landauer’s principle in single-bit operations on
nanomagnetic memory bits, Sci. Adv. 2, e1501492 (2016).

[5] L. L. Yan, T. P. Xiong, K. Rehan, F. Zhou, D. F. Liang, L.
Chen, J. Q. Zhang, W. L. Yang, Z. H. Ma, and M. Feng,
Single-atom demonstration of the quantum Landauer
principle, Phys. Rev. Lett. 120, 210601 (2018).

[6] S. Dago, J. Pereda, N. Barros, S. Ciliberto, and L. Bellon,
Information and thermodynamics: Fast and precise ap-
proach to Landauer’s bound in an underdamped micro-
mechanical oscillator, Phys. Rev. Lett. 126, 170601 (2021).

[7] M. Scandi, D. Barker, S. Lehmann, K. A. Dick, V. F. Maisi,
and M. Perarnau-Llobet, Minimally dissipative informa-
tion erasure in a quantum dot via thermodynamic length,
Phys. Rev. Lett. 129, 270601 (2022).

[8] K. Sekimoto, Stochastic Energetics (Springer, Berlin,
2010), Vol. 799.

[9] U. Seifert, Stochastic thermodynamics, fluctuation theo-
rems and molecular machines, Rep. Prog. Phys. 75,
126001 (2012).

[10] S. Vinjanampathy and J. Anders, Quantum thermodynam-
ics, Contemp. Phys. 57, 545 (2016).

[11] J. Goold, M. Huber, A. Riera, L. del Rio, and P.
Skrzypczyk, The role of quantum information in thermo-
dynamics—a topical review, J. Phys. A 49, 143001 (2016).

[12] S. Deffner and S. Campbell, Quantum Thermodynamics
(Morgan & Claypool Publishers, San Rafael, 2019).

[13] A. C. Barato and U. Seifert, Thermodynamic uncertainty
relation for biomolecular processes, Phys. Rev. Lett. 114,
158101 (2015).

[14] T. R. Gingrich, J. M. Horowitz, N. Perunov, and J. L.
England, Dissipation bounds all steady-state current
fluctuations, Phys. Rev. Lett. 116, 120601 (2016).

[15] J. M. Horowitz and T. R. Gingrich, Proof of the finite-time
thermodynamic uncertainty relation for steady-state cur-
rents, Phys. Rev. E 96, 020103(R) (2017).

[16] A. Dechant and S.-i. Sasa, Current fluctuations and
transport efficiency for general Langevin systems, J. Stat.
Mech. (2018) 063209.

[17] Y. Hasegawa and T. Van Vu, Fluctuation theorem un-
certainty relation, Phys. Rev. Lett. 123, 110602 (2019).

[18] A. M. Timpanaro, G. Guarnieri, J. Goold, and G. T. Landi,
Thermodynamic uncertainty relations from exchange fluc-
tuation theorems, Phys. Rev. Lett. 123, 090604 (2019).

[19] T. Koyuk and U. Seifert, Thermodynamic uncertainty
relation for time-dependent driving, Phys. Rev. Lett.
125, 260604 (2020).

[20] H. J. D. Miller, M. H. Mohammady, M. Perarnau-Llobet,
and G. Guarnieri, Thermodynamic uncertainty relation in
slowly driven quantum heat engines, Phys. Rev. Lett. 126,
210603 (2021).

[21] T. Van Vu and K. Saito, Thermodynamics of precision in
Markovian open quantum dynamics, Phys. Rev. Lett. 128,
140602 (2022).

[22] J. M. Horowitz and T. R. Gingrich, Thermodynamic un-
certainty relations constrain non-equilibrium fluctuations,
Nat. Phys. 16, 15 (2020).

TIME-COST-ERROR TRADE-OFF RELATION IN … PHYS. REV. X 15, 041029 (2025)

041029-23

https://doi.org/10.1038/nphys2276
https://doi.org/10.1038/nature10872
https://doi.org/10.1103/PhysRevLett.113.190601
https://doi.org/10.1126/sciadv.1501492
https://doi.org/10.1103/PhysRevLett.120.210601
https://doi.org/10.1103/PhysRevLett.126.170601
https://doi.org/10.1103/PhysRevLett.129.270601
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1080/00107514.2016.1201896
https://doi.org/10.1088/1751-8113/49/14/143001
https://doi.org/10.1103/PhysRevLett.114.158101
https://doi.org/10.1103/PhysRevLett.114.158101
https://doi.org/10.1103/PhysRevLett.116.120601
https://doi.org/10.1103/PhysRevE.96.020103
https://doi.org/10.1088/1742-5468/aac91a
https://doi.org/10.1088/1742-5468/aac91a
https://doi.org/10.1103/PhysRevLett.123.110602
https://doi.org/10.1103/PhysRevLett.123.090604
https://doi.org/10.1103/PhysRevLett.125.260604
https://doi.org/10.1103/PhysRevLett.125.260604
https://doi.org/10.1103/PhysRevLett.126.210603
https://doi.org/10.1103/PhysRevLett.126.210603
https://doi.org/10.1103/PhysRevLett.128.140602
https://doi.org/10.1103/PhysRevLett.128.140602
https://doi.org/10.1038/s41567-019-0702-6


[23] P. Pietzonka and U. Seifert, Universal trade-off between
power, efficiency, and constancy in steady-state heat
engines, Phys. Rev. Lett. 120, 190602 (2018).

[24] D. Hartich and A. c. v. Godec, Thermodynamic uncertainty
relation bounds the extent of anomalous diffusion, Phys.
Rev. Lett. 127, 080601 (2021).

[25] J. Li, J. M. Horowitz, T. R. Gingrich, and N. Fakhri,
Quantifying dissipation using fluctuating currents, Nat.
Commun. 10, 1666 (2019).

[26] S. K. Manikandan, D. Gupta, and S. Krishnamurthy,
Inferring entropy production from short experiments,
Phys. Rev. Lett. 124, 120603 (2020).

[27] T. Van Vu, V. T. Vo, and Y. Hasegawa, Entropy production
estimation with optimal current, Phys. Rev. E 101, 042138
(2020).

[28] S. Otsubo, S. Ito, A. Dechant, and T. Sagawa, Estimating
entropy production by machine learning of short-time
fluctuating currents, Phys. Rev. E 101, 062106 (2020).

[29] A. Dechant and S. I. Sasa, Improving thermodynamic
bounds using correlations, Phys. Rev. X 11, 041061
(2021).

[30] E. Aurell, K. Gawȩdzki, C. Mejía-Monasterio, R.
Mohayaee, and P. Muratore-Ginanneschi, Refined second
law of thermodynamics for fast random processes, J. Stat.
Phys. 147, 487 (2012).

[31] N. Shiraishi, K. Funo, and K. Saito, Speed limit for
classical stochastic processes, Phys. Rev. Lett. 121,
070601 (2018).

[32] V. T. Vo, T. Van Vu, and Y. Hasegawa, Unified approach
to classical speed limit and thermodynamic uncertainty
relation, Phys. Rev. E 102, 062132 (2020).

[33] S. Ito and A. Dechant, Stochastic time evolution, infor-
mation geometry, and the Cramér-Rao bound, Phys. Rev.
X 10, 021056 (2020).

[34] T. Van Vu and Y. Hasegawa, Geometrical bounds of the
irreversibility in Markovian systems, Phys. Rev. Lett. 126,
010601 (2021).

[35] K. Yoshimura and S. Ito, Thermodynamic uncertainty
relation and thermodynamic speed limit in deterministic
chemical reaction networks, Phys. Rev. Lett. 127, 160601
(2021).

[36] D. S. P. Salazar, Lower bound for entropy production rate
in stochastic systems far from equilibrium, Phys. Rev. E
106, L032101 (2022).

[37] T. Van Vu and K. Saito, Topological speed limit, Phys.
Rev. Lett. 130, 010402 (2023).

[38] E. Kwon, J.-M. Park, J. S. Lee, and Y. Baek, Unified
hierarchical relationship between thermodynamic tradeoff
relations, Phys. Rev. E 110, 044131 (2024).

[39] J.-C. Delvenne and G. Falasco, Thermokinetic relations,
Phys. Rev. E 109, 014109 (2024).

[40] R. Landauer, Irreversibility and heat generation in the
computing process, IBM J. Res. Dev. 5, 183 (1961).

[41] J. Goold, M. Paternostro, and K. Modi, Nonequilibrium
quantum Landauer principle, Phys. Rev. Lett. 114, 060602
(2015).

[42] K. Proesmans, J. Ehrich, and J. Bechhoefer, Finite-time
Landauer principle, Phys. Rev. Lett. 125, 100602 (2020).

[43] Y.-Z. Zhen, D. Egloff, K. Modi, and O. Dahlsten, Uni-
versal bound on energy cost of bit reset in finite time, Phys.
Rev. Lett. 127, 190602 (2021).

[44] T. Van Vu and K. Saito, Finite-time quantum Landauer
principle and quantum coherence, Phys. Rev. Lett. 128,
010602 (2022).

[45] J. S. Lee, S. Lee, H. Kwon, and H. Park, Speed limit for
a highly irreversible process and tight finite-time
Landauer’s bound, Phys. Rev. Lett. 129, 120603 (2022).

[46] T. Van Vu and K. Saito, Thermodynamic unification of
optimal transport: Thermodynamic uncertainty relation,
minimum dissipation, and thermodynamic speed limits,
Phys. Rev. X 13, 011013 (2023).

[47] A. Rolandi, P. Abiuso, and M. Perarnau-Llobet, Collective
advantages in finite-time thermodynamics, Phys. Rev. Lett.
131, 210401 (2023).

[48] G. Falasco and M. Esposito, Dissipation-time uncertainty
relation, Phys. Rev. Lett. 125, 120604 (2020).

[49] I. Neri, Universal tradeoff relation between speed, un-
certainty, and dissipation in nonequilibrium stationary
states, SciPost Phys. 12, 139 (2022).

[50] S. B. Nicholson, L. P. García-Pintos, A. del Campo, and
J. R. Green, Time-information uncertainty relations in
thermodynamics, Nat. Phys. 16, 1211 (2020).

[51] L. P. García-Pintos, S. B. Nicholson, J. R. Green, A. del
Campo, and A. V. Gorshkov, Unifying quantum and
classical speed limits on observables, Phys. Rev. X 12,
011038 (2022).

[52] C. H. Bennett, The thermodynamics of computation—a
review, Int. J. Theor. Phys. 21, 905 (1982).

[53] L. d. Rio, J. Åberg, R. Renner, O. Dahlsten, and V. Vedral,
The thermodynamic meaning of negative entropy, Nature
(London) 474, 61 (2011).

[54] R. Dillenschneider and E. Lutz, Memory erasure in small
systems, Phys. Rev. Lett. 102, 210601 (2009).

[55] A. Munson, N. B. T. Kothakonda, J. Haferkamp, N.
Yunger Halpern, J. Eisert, and P. Faist, Complexity-
constrained quantum thermodynamics, PRX Quantum 6,
010346 (2025).

[56] L. J. Schulman, T. Mor, and Y. Weinstein, Physical limits
of heat-bath algorithmic cooling, Phys. Rev. Lett. 94,
120501 (2005).

[57] J. Chan, T. P. M. Alegre, A. H. Safavi-Naeini, J. T. Hill, A.
Krause, S. Gröblacher, M. Aspelmeyer, and O. Painter,
Laser cooling of a nanomechanical oscillator into its
quantum ground state, Nature (London) 478, 89 (2011).

[58] J. D. Teufel, T. Donner, D. Li, J. W. Harlow, M. S. Allman,
K. Cicak, A. J. Sirois, J. D. Whittaker, K. W. Lehnert, and
R. W. Simmonds, Sideband cooling of micromechanical
motion to the quantum ground state, Nature (London) 475,
359 (2011).

[59] R. W. Peterson, T. P. Purdy, N. S. Kampel, R. W. Andrews,
P.-L. Yu, K.W. Lehnert, and C. A. Regal, Laser cooling of
a micromechanical membrane to the quantum backaction
limit, Phys. Rev. Lett. 116, 063601 (2016).

[60] J. Guo, R. Norte, and S. Gröblacher, Feedback cooling of a
room temperature mechanical oscillator close to its mo-
tional ground state, Phys. Rev. Lett. 123, 223602 (2019).

TAN VAN VU and KEIJI SAITO PHYS. REV. X 15, 041029 (2025)

041029-24

https://doi.org/10.1103/PhysRevLett.120.190602
https://doi.org/10.1103/PhysRevLett.127.080601
https://doi.org/10.1103/PhysRevLett.127.080601
https://doi.org/10.1038/s41467-019-09631-x
https://doi.org/10.1038/s41467-019-09631-x
https://doi.org/10.1103/PhysRevLett.124.120603
https://doi.org/10.1103/PhysRevE.101.042138
https://doi.org/10.1103/PhysRevE.101.042138
https://doi.org/10.1103/PhysRevE.101.062106
https://doi.org/10.1103/PhysRevX.11.041061
https://doi.org/10.1103/PhysRevX.11.041061
https://doi.org/10.1007/s10955-012-0478-x
https://doi.org/10.1007/s10955-012-0478-x
https://doi.org/10.1103/PhysRevLett.121.070601
https://doi.org/10.1103/PhysRevLett.121.070601
https://doi.org/10.1103/PhysRevE.102.062132
https://doi.org/10.1103/PhysRevX.10.021056
https://doi.org/10.1103/PhysRevX.10.021056
https://doi.org/10.1103/PhysRevLett.126.010601
https://doi.org/10.1103/PhysRevLett.126.010601
https://doi.org/10.1103/PhysRevLett.127.160601
https://doi.org/10.1103/PhysRevLett.127.160601
https://doi.org/10.1103/PhysRevE.106.L032101
https://doi.org/10.1103/PhysRevE.106.L032101
https://doi.org/10.1103/PhysRevLett.130.010402
https://doi.org/10.1103/PhysRevLett.130.010402
https://doi.org/10.1103/PhysRevE.110.044131
https://doi.org/10.1103/PhysRevE.109.014109
https://doi.org/10.1147/rd.53.0183
https://doi.org/10.1103/PhysRevLett.114.060602
https://doi.org/10.1103/PhysRevLett.114.060602
https://doi.org/10.1103/PhysRevLett.125.100602
https://doi.org/10.1103/PhysRevLett.127.190602
https://doi.org/10.1103/PhysRevLett.127.190602
https://doi.org/10.1103/PhysRevLett.128.010602
https://doi.org/10.1103/PhysRevLett.128.010602
https://doi.org/10.1103/PhysRevLett.129.120603
https://doi.org/10.1103/PhysRevX.13.011013
https://doi.org/10.1103/PhysRevLett.131.210401
https://doi.org/10.1103/PhysRevLett.131.210401
https://doi.org/10.1103/PhysRevLett.125.120604
https://doi.org/10.21468/SciPostPhys.12.4.139
https://doi.org/10.1038/s41567-020-0981-y
https://doi.org/10.1103/PhysRevX.12.011038
https://doi.org/10.1103/PhysRevX.12.011038
https://doi.org/10.1007/BF02084158
https://doi.org/10.1038/nature10123
https://doi.org/10.1038/nature10123
https://doi.org/10.1103/PhysRevLett.102.210601
https://doi.org/10.1103/PRXQuantum.6.010346
https://doi.org/10.1103/PRXQuantum.6.010346
https://doi.org/10.1103/PhysRevLett.94.120501
https://doi.org/10.1103/PhysRevLett.94.120501
https://doi.org/10.1038/nature10461
https://doi.org/10.1038/nature10261
https://doi.org/10.1038/nature10261
https://doi.org/10.1103/PhysRevLett.116.063601
https://doi.org/10.1103/PhysRevLett.123.223602


[61] R. R. Soldati, D. B. R. Dasari, J. Wrachtrup, and E. Lutz,
Thermodynamics of a minimal algorithmic cooling refrig-
erator, Phys. Rev. Lett. 129, 030601 (2022).

[62] P. Taranto, P. Lipka-Bartosik, N. A. Rodríguez-Briones,
M. Perarnau-Llobet, N. Friis, M. Huber, and P.
Bakhshinezhad, Efficiently cooling quantum systems with
finite resources: Insights from thermodynamic geometry,
Phys. Rev. Lett. 134, 070401 (2025).

[63] J. J. Hopfield, Kinetic proofreading: A new mechanism
for reducing errors in biosynthetic processes requiring
high specificity, Proc. Natl. Acad. Sci. U.S.A. 71, 4135
(1974).

[64] C. H. Bennett, Dissipation-error tradeoff in proofreading,
BioSystems 11, 85 (1979).

[65] P. Sartori and S. Pigolotti, Thermodynamics of error
correction, Phys. Rev. X 5, 041039 (2015).

[66] C. Di Franco and M. Paternostro, A no-go result on the
purification of quantum states, Sci. Rep. 3, 1387 (2013).

[67] L.-A. Wu, D. Segal, and P. Brumer, No-go theorem for
ground state cooling given initial system-thermal bath
factorization, Sci. Rep. 3, 1824 (2013).

[68] F. Ticozzi and L. Viola, Quantum resources for purifica-
tion and cooling: fundamental limits and opportunities,
Sci. Rep. 4, 5192 (2014).

[69] L. Masanes and J. Oppenheim, A general derivation and
quantification of the third law of thermodynamics, Nat.
Commun. 8, 14538 (2017).

[70] H. Wilming and R. Gallego, Third law of thermodynamics
as a single inequality, Phys. Rev. X 7, 041033 (2017).

[71] J. Scharlau and M. P. Mueller, Quantum Horn’s lemma,
finite heat baths, and the third law of thermodynamics,
Quantum 2, 54 (2018).

[72] F. Clivaz, R. Silva, G. Haack, J. B. Brask, N. Brunner, and
M. Huber, Unifying paradigms of quantum refrigeration:
A universal and attainable bound on cooling, Phys. Rev.
Lett. 123, 170605 (2019).

[73] A. Levy, R. Alicki, and R. Kosloff, Quantum refrigerators
and the third law of thermodynamics, Phys. Rev. E 85,
061126 (2012).
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