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We explore a two-node, entanglement-enhanced sensor network for differential phase sensing that
exploits decoherence-free subspaces to suppress common-mode noise, a primary limitation of many state-
of-the-art quantum sensors. We identify a class of entangled states that, while not strictly optimal, achieve
the same asymptotic sensitivity scaling as optimal states and can be prepared efficiently from initially
unentangled atomic ensembles. Importantly, the preparation time decreases with increasing system size,
which makes the states compatible with realistic noise processes in present-day quantum sensors that
operate with large particle numbers but lack full error correction. We illustrate these ideas using two cavity-
mediated preparation protocols: (i) coherent, unitary entanglement generation analogous to bosonic two-
mode squeezing, yielding Heisenberg scaling, and (ii) dissipative preparation through collective emission
into a shared cavity mode, providing a square-root improvement beyond the standard quantum limit.
Numerical simulations show that both approaches remain effective at experimentally realistic cavity
cooperativities, establishing a practical path toward scalable, quantum-enhanced differential phase sensing.
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I. INTRODUCTION

Recent advancements in quantum sensors have enabled
atomic interferometers [1-3] and optical clocks [4] to reach
the fundamental sensitivity limit set by quantum projection
noise in ensembles of uncorrelated atoms. Nevertheless, the
performance of many state-of-the-art quantum sensors is
limited by technical noise sources common to all the atoms,
such as the finite coherence time of the electromagnetic
fields used for manipulation of the atoms, fluctuations in
ambient magnetic fields, or vibrations of the optical path of
atomic interferometers. A promising strategy to overcome
this limitation is the use of quantum-sensor networks
[5-11]. These networks can be operated in regimes that
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are insensitive to noise common to all sensor nodes, while
preserving sensitivity to spatially varying signals—such as
differential frequency shifts between nodes.

Differential phase measurement protocols play a central
role in precision metrology, enabling high-accuracy deter-
minations of fundamental constants [1,12]. They are
employed in inertial sensing applications [13,14] and in
experimental tests of the equivalence principle [15-17]. In
optical magnetometers operated in a gradiometric configu-
ration, differential sensing can also suppress common-
mode magnetic field noise [18-20]. Moreover, networks
of optical clocks have recently enabled the observation of
the gravitational redshift over millimeter-scale height
differences [4,21,22], as well as differential phase estima-
tion using entangled states [23,24].

These quantum sensors typically operate with ensembles
of N unentangled atoms, which imposes a fundamental
limit on their sensitivity. Specifically, the variance in
estimating a phase encoded in such an unentangled system
is bounded from below by 1/N, a limit known as the
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standard quantum limit of quantum metrology. Quantum
entanglement offers a path to surpass this limitation, enab-
ling measurement precision to approach the Heisenberg
limit of 1/N?, the ultimate bound permitted by quantum
mechanics [25,26].

A central challenge in entanglement-enhanced frequency
estimation arises from the fact that the attainable uncer-
tainty decreases with increasing interrogation time. At long
interrogation times, common-mode noise often emerges
as the dominant source of decoherence. While highly
entangled states are particularly vulnerable to such noise,
unentangled atomic ensembles tend to be more robust.
Moreover, the performance of unentangled probes can often
be effectively restored through classical postprocessing
techniques—such as ellipse fitting [27]—which are routinely
employed in differential atom interferometry and optical
atomic clocks [2,12,21,22,28-32]. Even though such ellipse-
fitting strategies can also be extended to a class of entangled
states known as spin-squeezed states [33-35], which
have recently been realized experimentally [36], in scenarios
where sensor performance is constrained by common-
phase noise, the degree of useful spin squeezing—and
hence the attainable sensitivity enhancement—is reduced.
Consequently, the scaling of sensitivity with N achieved
using two spin-squeezed ensembles falls short of the ideal
scaling expected in the absence of noise [37]. The primary
goal of this manuscript is therefore to identify strategies
capable of achieving a more favorable sensitivity scaling in
the common-mode noise-limited regime while remaining
compatible with currently available sensing hardware.

A viable strategy to restore Heisenberg-limited scaling
while preserving robustness against laser noise is to operate
the sensor network within a decoherence-free subspace
(DES) [5,38-47]. A DFS is a subspace whose states are
unaffected by the action of the relevant noise operators,
in the sense that the noise acts only trivially within the
subspace, for example by producing a global phase. In our
setting, this implies complete insensitivity to common-
mode phase fluctuations. DFS-based techniques have
recently been experimentally demonstrated in a system
with three and two trapped ions, respectively [48,49].

The optimal states for differential phase measurements
within a DFS are typically Greenberger-Horne-Zeilinger
(GHZ)-type states [38,40,41]. These states can, in principle,
achieve Heisenberg limit precision, reducing the estimator
variance to 1/N? [50]. However, GHZ states are notoriously
fragile. Their susceptibility to local noise renders their
preparation challenging in practice, particularly for sensor
architectures that involve many atoms per node.

In this work, we investigate an alternative family of
DFS states that retains Heisenberg scaling and, importantly,
preserves it even in the presence of local noise during state
preparation; as a representative example, we consider free-
space emission from the excited state. This robustness makes
the states compatible with large-scale quantum systems.

We further propose practical schemes to generate these states
by exploiting cavity-mediated interactions between sen-
sor nodes.

To extract the encoded phase information for the
identified states, we propose to measure two-body oper-
ators accessible for example through photon counting of
the light emitted from a cavity. Such measurements are
technically more demanding than conventional single-body
readout and have a restricted dynamic range; the interval of
differential phase values for which high-precision estima-
tion is possible scales as O(1/N). The small dynamical
range limitation can be mitigated by repeating the meas-
urement for the same coded phase sufficiently often and
applying a maximum-likelihood estimator.

The remainder of the manuscript is organized as follows.
In Sec. II, we introduce the formalism for differential phase
sensing with two nodes, each comprising an ensemble of
spin-1/2 atoms. Section IT A reviews the concept of a DFS
and explains how it can eliminate the effects of common
laser noise, followed by a discussion in Sec. [ B of the
fundamental limits on sensor precision. Section III iden-
tifies the two-body observable that is optimal within the
decoherence-free subspace. Building on this result,
Sec. IV introduces an entangled target state that achieves
Heisenberg scaling. Section V details two practical meth-
ods for generating entanglement between sensor nodes via
a shared cavity [51]. In Sec. VA, we propose a unitary
preparation scheme based on a bosonic two-mode squeezing
interaction realizable with multilevel alkaline-earth atoms,
while Sec. V B discusses a stochastic preparation approach
that exploits collective emission. Although this latter method

yields only a /N improvement beyond the standard quantum
limit (rather than full Heisenberg scaling), it can be directly
implemented on present-day experiments and is robust
to particle-number fluctuations, a significant concern in
cavity-based experiments. Finally, Sec. VI concludes with
a summary and outlook for future applications.

II. DIFFERENTIAL PHASE SENSING

We consider a two-node quantum-sensor network,
as illustrated in Fig. 1(a), in which a total of N atoms is
divided into two ensembles, A and B, each containing
N, = Np = N/2 atoms. The atoms feature a long-lived
optical transition between the states ||) and |1). The
dynamics of each effective spin-1/2 system are described
by Pauli operators of;’K , where @ = x,y, z and k labels the
atoms in ensemble K = A,B. The two ensembles are
described by the corresponding collective spin opera-
tors JK = STNE okK 2.

In the interferometric sequence that we will study in this
manuscript, the quantum system is first prepared in a
potentially entangled quantum state |y). Thereafter, the
phases ¢4 and @p are encoded onto the quantum system
according to
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FIG. 1. (a) Schematic illustration of the differential phase-
sensing protocol. The atoms in ensembles A(B) are initially
prepared in their respective excited (ground) states, after which an
entangling operation is applied. Subsequently, each ensemble
acquires a distinct phase ¢, and ¢p. Finally, a joint measurement
of both ensembles is carried out to estimate the differential phase
¢ with high precision, while remaining insensitive to fluctuations
of the common phase ®. (b) The target state after the entangling
process, |yr), is an entangled Lieb-Mattis state (see Appendix C)
that can be understood as a permutation-symmetric superposition
over all states where each atom in A forms a singlet with an atom
in B. (c¢) In the Dicke basis of the individual ensembles,
represented by their Wigner distributions, this state can be
expressed as an equal superposition, with alternating signs, of
all Dicke-state combinations where the number of atoms in the
excited state in ensemble A equals the number of ground-state
atoms in ensemble B.

~ tade) = A, TB)

W pp) = €000 y) = Ulga. pp)ly). (1)

The final step is to perform a von Neumann measurement
M =73, ulu)(u| on the quantum system and convert
the measurement outcomes y into an estimate of the
encoded phase.

The objective is to optimize the precision in estima-
ting the differential phase ¢ = (@4 — @z)/2, encoded
by the operator J; = J4 —JB, while ensuring that the
interferometer remains insensitive to the common phase
® = (¢4 +@g)/2, encoded by the operator J =J4 + JB.

The common-phase fluctuations can be mitigated by
preparing a product state between the two subensembles
and then performing repeated measurements of the same
differential phase while the common phase varies randomly
between measurement repetitions. In each repetition, in-
dependent measurements on the two subensembles yield
estimates of the phases ¢, and ¢, which collectively trace
out an ellipse whose geometry depends on the differential
phase ¢ [27]. This approach has been experimentally
demonstrated using ensembles of unentangled atoms
[21,22] as well as spin-squeezed states [36].

However, the usefulness of spin-squeezed states in a
differential phase-sensing setting, where only single-body

observables are measured and the common phase is fully
randomized, is more limited than in conventional phase
estimation with a single spin ensemble. In contrast to
unentangled ensembles, spin-squeezed ensembles exhibit
phase-dependent measurement noise: While the noise can
be reduced for certain phase values, it simultaneously
increases for others. When the common phase fluctuates
randomly across measurement repetitions, the sensor effec-
tively samples the full range of phase-dependent noise. As a
result, spin squeezing each ensemble to optimize its local
phase sensitivity, achieving a scaling of N=*/3 beyond the
SQL, does not necessarily lead to optimal differential-
sensing performance. In the presence of strong global noise,
such locally optimized states can be too strongly squeezed,
making them ineffective for robust differential phase esti-
mation. The largest achievable reduction in estimator
variance in the differential phase-sensing scenario scales
as N~'/3 [37]. See Appendix A for further discussion.

This scaling contrasts with the regime of sufficiently
weak common-phase noise, where the noise decreases in
proportion to the amount of spin squeezing generated,
a condition necessary to achieve the N=*/3 scaling. Only
under these conditions can spin-squeezed protocols recover
the usual sensitivity scalings associated with spin squeezing
in a single ensemble [37,52].

A. Decoherence-free subspace

An alternative approach is to render the sensor inherently
insensitive to the common phase by operating the quantum
sensor within a DFS with respect to the operator J.

Operating in a DFS is achieved by preparing an
eigenstate of J, ensuring that any random fluctuations
in the common phase result only in an irrelevant global
phase factor. Additionally, measurements must be per-
formed using an operator that commutes with J7, thereby
making the measurement outcomes independent of the
averaging over ®.

From this point onward, we restrict our analysis to
unitary operations and measurements that commute with
JF and thus do not couple different DFSs. Although we
account for noise processes that lead to mixed states
with populations distributed across multiple DFSs, these
processes do not induce coherences between them.
Consequently, the quantum state remains independent of
@ at all times, and we therefore omit the dependence on ®@
in all subsequent expressions.

We emphasize that, in practice, common-mode noise is
never the sole noise source in a quantum sensor. Noise
processes with other spatial correlations are not suppressed
by operating in a DFS. Nevertheless, in state-of-the-art
sensors, common-mode noise remains the dominant con-
tribution. For sensors operated in a differential configura-
tion, the next most relevant class of noise processes are
differential in nature, which are indistinguishable from the
signal itself and therefore degrade the performance of any
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differential sensor equally. In addition, we analyze free-
space emission as a local noise process that induces
leakage into other DFSs, and we show that a realistic level
of such noise remains tolerable during the state prepa-
ration without significantly compromising the overall
sensitivity of the sensor.

B. Sensor precision

The encoded phase is estimated by performing repeated
measurements of the observable M over r repetitions
and using the sample mean of the outcomes to invert the
functional dependence of the expectation value (M) =
(w|U"(@)MU(#)lw) on ¢, where U(g) = e~ . The
variance of this estimator is determined via error propagation

2 2
, (M) = (My) o

- 0 2
’ r| % (My)]

In the limit of many repeated measurements r, the sensor
becomes unbiased, meaning that the average value of the
estimator for a given phase converges to the true encoded
phase. In this regime, the estimator’s performance can be
directly compared to fundamental bounds established for
unbiased estimators. The variance of an unbiased estimator

is lower bounded by the quantum Cramér-Rao bound
(QCRB) [25,26,53-55],

1
A% > . 3
L o) ®)
[v)
where FQ represents the quantum Fisher information

ly)
(QFI) of the state |w). Throughout the remainder of this

work, we evaluate the performance in terms of the
r-independent contribution to the estimator variance and
thus set r = 1.

The QFI quantifies the best precision that can be
achieved in parameter estimation for a given quantum state
across all physically realizable measurements and estima-
tors. Quantitatively, for a pure state and a unitary parameter
encoding, the QFI can be expressed in terms of the variance
of the operator responsible for phase encoding,

FO, = 4(Wlzizlv) = wlizw)?). 4)
The fundamental quantum limit on the estimator variance
for a sensor comprising N unentangled atoms is given
by Ai > 1/N, known as the standard quantum limit. This

bound can be surpassed through the use of entanglement,
but cannot be improved beyond the Heisenberg limit,
A > /N2

The state that maximizes the QFI and attains the
Heisenberg limit is the coherent superposition of the
eigenstates of JZ corresponding to the largest and smallest

eigenvalues [38,40,41],

D DA DT )
W) = V2 ’ (5)

which can be identified as a GHZ state combined with a local
7 rotation on ensemble B. Importantly, |y ) is an eigenstate
of the collective operator J; and thus resides within a DFS
and thus is inherently insensitive to fluctuations of the
common phase. Owing to their optimal sensitivity, GHZ
states have long served as a paradigmatic example of
quantum-enhanced sensing. However, this same sensitivity
becomes a liability in the presence of realistic noise,
rendering them fragile and difficult to prepare at scale.
Their generation has therefore become a key benchmark for
quantum platforms [56-58], with current implementations
reaching up to 32 qubits [59]. Here, we instead introduce a
new class of states designed to overcome these limitations.

III. OPTIMAL TWO-BODY OBSERVABLE

In our DFS, the expectation values of the single-particle
observables afﬁ;_f vanish. This is because these operators
measure coherences between states that differ in the
number of excited atoms by 1. Consequently, to obtain a
nontrivial measurement outcome, it is necessary to consider
an observable composed of at least two-body operators.
The only two-body operators that do not commute with the
phase encoding and measure coherences within a given
DFS—without coupling DFSs with a different number of

atoms in the excited state—are of the form ¢*¢"#, where

265K = 68X £ io)X, and the indices k and [ refer to atoms
from different ensembles.

One might be tempted to employ conventional two-body
observables that include terms coupling different DFSs,
such as J4JB, based on the assumption that these couplings
do not influence the expectation value of the measurement.
However, while the mean signal remains unaffected, such
terms lead to an increased measurement variance due to
second-order processes involving coupling to other DFSs
and back.

The only two-body observable that satisfies the con-
ditions of not containing any terms that commute with the
phase encoding, not coupling different DFSs, and being
permutationally invariant within the subensembles is

M =J1JB +J4J8, (6)

where JX =JX 4+ /K. Note the distinction between
these collective spin raising and lowering operators and
the common and differential phase operators JZ.
Expressing M in the transformed frame yields My =
UT(p)MU(p) = cos(2¢)JAJE + isin(2¢)J4J8 + H.c.
Therefore, the measured expectation value of M exhibits
interference fringes. However, unlike conventional Ramsey
fringes, the response to the phase ¢ is doubled, reflecting
the fact that a two-body observable is being measured
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rather than a single-body observable. See Appendix B for
a discussion on the implementation of a measurement
scheme that mimics the optimal measurement in a cav-
ity-based setup, realized by detecting photons emitted from
the cavity, following the phase encoding. An alternative
approach [60] to implementing the measurement is to
employ a variationally optimized circuit that approximates
the unitary transformation mapping the eigenbasis of the
operator J; onto that of M.

For a practical implementation of the quantum sensor, it
is desirable to identify initial states that simultaneously
exhibit both a large interference-fringe contrast and a low
measurement variance. However, achieving this balance
inherently involves a trade-off: Increasing entanglement
enhances the QFI and thereby reduces the estimator
variance, but at the cost of a reduced fringe amplitude,
and vice versa.

In the following section, we present a quantum state
characterized by QFI and fringe amplitude that both exhibit
optimal scaling as N2. Furthermore, we demonstrate that the
measurement of M achieves the QCRB for this initial state.

IV. ENTANGLED TARGET STATE

Since the phase-encoding operator J; and the measure-
ment M are invariant under permutations within each
subensemble, a highly sensitive state should exhibit the
same symmetry. Consequently, we restrict our analysis to
states that are eigenstates of JX - JX with the maximum
eigenvalue N/4[N/4 + 1], thereby preserving the suben-
semble permutation symmetry for K = A, B. Here,
JE = (JE, JK JE)T represents the vector of the three
collective spin operators for the respective subensemble
K =A, B and J =J* +JB. States respecting this sym-
metry can be expressed in terms of the basis states
IN/4,MA, N/4,MB),  which satisfy JX|N/4, M4,
N/4, MB) = MX|N/4, M*, N /4, MB). This basis is related
to the |J, M) basis, which are eigenstates of J - J and J7,
via the Clebsch-Gordan coefficients (J, M|N /4,
M*,N/4,M?®). Note that |J, M) of an ensemble of atoms
are generally degenerate for J < N/2; however, imposing
permutation symmetry within the subensembles ensures
that the |J, M) states are unique.

Furthermore, restricting the analysis to states within the
DFS, in which N/2 atoms occupy the excited state,
constrains the states to the form

N
2 N N
= _’M7_9_M .
[WDEs) MZN CM‘ 4 4 >
)

(7)
When the coefficients ¢),; are chosen to be
o [—tanh(a)]N/4M these states form a family of states

that mimics bosonic two-mode squeezed states within a
spin system [61-63], where a is the squeezing strength. The

maximally two-mode squeezed state corresponds to the
limit @ — oo, where the state coincides with the ground
state of the Lieb-Mattis Hamiltonian (see Appendix C)

1 N N
e} = Z<—1>%-M\Z,M,Z,-M>
3+ 1m

=|J=0,M = 0).

(8)

The Lieb-Mattis state, illustrated in Fig. 1(b), is the state
symmetrized over all permutations within each sub-
system in which each atom in one ensemble forms a singlet
with an atom in the other ensemble. A related mixed state—
an equal probabilistic mixture over all such singlet
coverings—has previously been considered for field-
gradient estimation [64]. Although this mixed state is
intrinsically insensitive to common-mode noise, it does
not provide entanglement-enhanced sensitivity for gradient
sensing [43].

The state [yr) is uniquely characterized as the eigenstate
of J - J with eigenvalue zero and therefore corresponds to
|/ =0,M = 0) in the nondegenerate |J, M) basis intro-
duced earlier. It combines a large interference-fringe con-
trast with a low measurement variance, making it a natural
“target state” for the state-preparation protocols explored in
this work.

Specifically, the measurement expectation value as a
function of the encoded phase is

N>+ 4N
(wrlMylyr) = —TCOS(M), )
N? + 4N
(wr| M lyr) = a0 <N2 +4N +38

+ (N? +4N - 12) cos(4¢)>, (10)

and thus the fringe amplitude (N? + 4N)/12 scales asymp-
totically as N2, which is the maximum scaling achievable
for a two-body observable with N? terms. Moreover, the
estimator variance is minimized at ¢» = x/4, corresponding
to the zero crossings of the interference fringes, achieving
the QCRB. The bound is characterized by the QFI

4N + N?
=3 (1)
which is derived in Appendix F. The QFIL like the fringe
amplitude, asymptotically exhibits the best possible scal-
ing, deviating only by a factor of 3 from the fundamental
Heisenberg limit. Having established that the Lieb-Mattis
state is a desirable state for entanglement-enhanced differ-
ential sensing, we will proceed in the next sections by
describing methods for preparing this state and proxies of
this state in a cavity system.
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V. STATE PREPARATION

We consider a cavity setup as the one depicted in Fig. 2,
where atoms are confined in a deep one-dimensional
magic-wavelength optical lattice within an optical cavity,
effectively suppressing their motion along the lattice. A
single cavity mode, characterized by an angular frequency
wc and power decay rate k, couples to a long-lived
transition between an excited state |1) and a ground state
|}) with single-photon Rabi frequency of 2g. The atomic
transition has an angular frequency w, and a natural decay
rate y < K.

In the far-detuned limit, |A| = |0, — wc| > K, gv/N, the
cavity field can be adiabatically eliminated, while virtual
photons mediate effective unitary interactions between
the atoms, which can be described by the effective spin
Hamiltonian [65]

He = y(J4 +J8)(JA + JB). (12)

The interaction strength y = 4¢’A/(4A% + &%) can be
tuned by changing the detuning A. In order to realize a
spin Hamiltonian of this particular form, the atoms need to
couple uniformly to a single cavity mode, which can be
achieved by trapping the atoms in a lattice with the right
spacing or in a ring cavity.

In addition to unitary interactions, photons leaking out of
the cavity also lead to dissipation in the form of collective
emission, described by the collective jump operator
Ly = /T/2(JA + JB), where T = 4¢°x/(4A% + x?). By
increasing the detuning A, the ratio I'/y can, in principle,
be made arbitrarily small, thus suppressing collective
decay. However, this also reduces the overall interaction
strength y, eventually making emission into free space,

(a) K (b) 6 |T> e 1 [ A
we
Yoo o)
A © © ,00 Spin-exchange interaction
gr loo He =x (JE+J8) (74 + JB)
B Q (d) rle é_f o Collective emission
O 1O Le = VT (JA + P)
FIG. 2. (a) Schematic of the cavity setup. Two ensembles of

atoms, labeled A and B, trapped in a magic-wavelength optical
lattice (gray ellipses) inside a cavity, are initially prepared in the
excited and ground state, respectively. Photons leak out of the
cavity at a rate k, and atoms in the excited state can emit photons
into free space at a rate y. (b) The cavity-mode frequency wc is
detuned by A from the atomic transition frequency w,, which
quantifies the energy difference between ||) and |1). (c) Spin-
exchange interactions, described by the Hamiltonian H, are
mediated by the exchange of virtual photons through the cavity
mode. (d) The atoms can collectively emit into the cavity mode.
This process is described by the jump operator L.

at rate y, the dominant source of decoherence. The jump
operator describing free-space emission from the excited
state of atom k is given by LJ]f’K = \/}70’1'K. In practice, one
must therefore choose a detuning that balances the detri-
mental effects of collective and free-space emission to
minimize decoherence. The so-called collective coopera-
tivity parameter, NC = 4Ng*/(ky), determines the effec-
tiveness of state preparation in the presence of these effects.

In Sec. VA, we discuss two methods for preparing or
approximating the target state by considering only the
unitary part of the cavity Hamiltonian in Eq. (12). In
contrast, in Sec. V B, we propose an alternative route to
generate a proxy of the target state by starting from a
suitably chosen initial product state and directly employing
collective dissipation.

A. Unitary generation of entanglement

An approach to preparing the target state is to initialize
the system in the state |yo) = |(N/4),+(N/4),(N/4),
—(N/4)), where all atoms in ensemble A are in the excited
state, and all atoms in ensemble B are in the ground state.
By adiabatically sweeping a field gradient Hs(t) =
—5,(t)(J4 = JB) in addition to the cavity Hamiltonian,
from 6,(0)/y > 1 to 6,(tsna)/x << 1, the target state can
be prepared with arbitrarily high fidelity, provided the
sweep is sufficiently slow. This is because the target state
corresponds to the ground state of the cavity Hamiltonian
when permutation symmetry within each subensemble is
imposed, whereas the initial state is an eigenstate of the
field gradient. The speed at which the adiabatic sweep can
be performed depends on the instantaneous energy gap of
the Hamiltonian to the state closest in energy that shares the
same symmetries as the cavity Hamiltonian and the initial
state. In the two limits 6,/y > 1 and §,/y < 1, the gap
between the ground and first excited state is independent
of N and scales with 26, and 2y, respectively (see
Appendix D). The gap imposes timescales that are chal-
lenging. With decoherence rates competing with the unitary
dynamics, achieving a sweep that is adiabatic and at the
same time fast enough compared to the decoherence rates
requires C > 1. This condition poses a significant chal-
lenge for currently available cavity systems, which typi-
cally operate in the regime C = 1.

A more practical approach in the presence of
decoherence is to generate a proxy of the target state by
performing a quench using a Hamiltonian of the form

Hrys = yi(JEJ8 —JATB), (13)

applied to the same initial state |y). This Hamiltonian can
be viewed as the atomic analog of the bosonic Hamiltonian
responsible for generating two-mode squeezing [62].
Such a Hamiltonian can be implemented by introducing
additional one-axis twisting interactions of the form
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Hoar =y (J2J4+J8J8) to the spin-exchange Hamiltonian
in Eq. (12). This addition effectively cancels the inter-
actions within each subensemble, since JX - J& = JKJK 4
JXJK does not generate dynamics when the instantaneous
state is an eigenstate of this operator. In Appendix E, we
detail a potential method for realizing this interaction with
multilevel atoms in a cavity. Note that the Hamiltonian
derived in Appendix E is equivalent to the expression in
Eq. (13) up to a rotation generated by J7. Specifically,
i(JATE — JATB) = et (JATE + JAJB ) e x

Figure 3(a) illustrates the outcome of a quench designed
to minimize the infidelity 7 = 1 — |{yrys(2)|wr)|* between
the quenched state |wys(2)) = e~ Hms!|y) and the target
state. Notably, the infidelity asymptotically approaches a
finite value of approximately 0.1. It is worth emphasizing
that the quench dynamics under purely unitary evolution is
constrained to happen in a DFS with N/2 atoms in the
excited state, whose dimension grows linearly with N.
Therefore, an exponential increase in infidelity, as observed
in genuine many-body systems, is not expected. Neverthe-
less, it is remarkable that the infidelity asymptotically
approaches a finite value significantly below 1.

An additional encouraging result is that the value of yt
that minimizes the infidelity, despite lying beyond the
regime of validity of the standard Holstein-Primakoff
approximation [62,66,67], still exhibits a linear decrease
with system size, up to a logarithmic correction.
Timescales that decrease as log N/N are beneficial if
the unitary interaction typically competes with spatially
uncorrelated noise such as free-space emission. The
optimal sensitivity of the quenched state is shown in
Fig. 3(b), demonstrating that it asymptotically has the
same scaling as the target state, differing only by a
constant prefactor of approximately 2.2.

In Fig. 4, we analyze the interplay between the unitary
generation of entanglement and the detrimental effects of
noise in the system. To this end, we optimize over the
detuning A, which governs the ratios I'/y and y/y, as well
as the quench duration.

For system sizes up to N <90, the dynamics of two
interacting atomic ensembles subject to both collective and
free-space emission can be simulated by exact diagonal-
ization of the Lindblad master equation. This simulation is
made computationally tractable by restricting the evolution
to a Liouville space whose dimension scales as « N,
leveraging the permutation symmetry of the free-space
decay jump operators [68—71]. For larger particle numbers,
a viable approach is to employ a Monte Carlo wave
function simulation [72].

By optimizing the detuning A, a trade-off is achieved
that balances the detrimental effects of both collective
and free-space emission. Our results indicate that, once the
cooperativity-enhanced collective coupling NC is suffi-
ciently large to surpass the standard quantum limit, the
presence of noise does not alter the scaling behavior of the

(a)
1 \
/2[ argmin, ,I%
— 0.1 1
~
/f miny ¢ [
10 100 102 10 10*
N
® o -
=
T 20
[a 3
<
=z —40
10° 10t 10> 10%  10* 10°
N
FIG. 3. (a) The minimized infidelity 7 = 1 — |(yr|yrms (1))[%

between the target state ) and a state that is generated by
quenching the product state |y) under the two-mode squeezing
Hamiltonian Htyg [Eq. (13)] (blue). The optimal time required to
reach the minimized infidelity for different atom numbers
(orange). (b) Scaling of the estimator variance of the quenched
state |yhyg) at the optimal time and phase ¢y = /4 in
comparison to the target state |yr) and the standard quantum
limit (SQL) and Heisenberg limit (HL).

estimator variance compared to the noiseless Heisenberg
scaling. Notably, the deviations manifest solely in the
prefactor, which increases as C decreases, while the
asymptotic scaling remains seemingly unaffected.

Extrapolating this behavior to larger values of NC, we
expect that a sensitivity enhancement consistent with
Heisenberg scaling should be attainable in existing cavity-
based experimental platforms. This stands in contrast to
cavity-mediated protocols aimed at preparing GHZ states
using standard one-axis twisting or quantum nondemolition
schemes. When free-space emission errors are taken into
account, captured by a finite single-particle cooperativity,
such approaches cannot prepare GHZ states and can yield
at most a 1/4/NC improvement over the standard quantum
limit [73,74]. This limitation is tied to the GHZ-state-
preparation time, which even in the fastest case (one-axis
twisting) is independent of system size and therefore cannot
compete with the rate of a single free-space emission etrror,
which scales as yN.

Furthermore, the performance of this scheme could be
enhanced by dynamically varying the detuning during the
quench given that, as the instantaneous state approaches the
target state during the evolution, the detrimental effect of
collective emission diminishes. Consequently, the detuning
can be gradually reduced, thereby also decreasing the

ratio y/y.
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FIG. 4. The optimal estimator variance, denoted as &fb, attain-
able under a quench with the two-mode squeezing Hamiltonian
while simultaneously being subject to collective and free-space
emission. It is evaluated relative to the ideal variance achievable
in the absence of collective and free-space emission, denoted as
Afp. Afb is optimized with respect to the quench duration and the
detuning between the cavity and the atomic transition frequency.
The red dashed line marks the particle number N at which the
standard quantum limit is exceeded for a given single-particle
cooperativity C.

In the next section, we introduce an alternative approach
that circumvents the need to engineer the desired unitary
interactions directly. Instead, we exploit collective super-
radiance decay as the mechanism for generating metro-
logically useful entanglement.

B. Stochastic preparation of entanglement

Collective emission becomes the dominant dynamical
process when the cavity is tuned close to resonance with
the atomic transition frequency. This strong dissipative
mechanism can be exploited to generate entanglement.
Conceptually, this is akin to the approach in Ref. [75],
although that work instead focused on three-level atoms and
identified states sensitive to a signal encoded by an opera-
tor resembling the two-mode squeezing Hamiltonian of
Eq. (13). Reference [63] has proposed a dissipative approach
for generating a state closely related to our target state,
emphasizing its potential for multiparameter estimation.
Their implementation extends dissipative spin-squeezing
protocols to two subsystems by employing two cavity
modes, four internal atomic levels, and several laser drives.
While this scheme provides an instructive demonstration of
dissipative entanglement generation, our aim is to realize
comparable steady-state properties with reduced experimen-
tal complexity.

Specifically, by relying solely on collective emission,
we now show how to prepare a statistical mixture of
Lieb-Mattis states with different excited-to-ground-state
imbalances. While this simplified approach does not achieve
Heisenberg scaling, it nevertheless provides a scalable
sensitivity enhancement that exceeds what is attainable with
spin-squeezed states in the common-mode noise-limited
regime. Moreover, the protocol is directly compatible with

the cooperativities achievable in current experimental
platforms.

The basic idea is to use collective emission acting on the
right initial state to generate an entangled density matrix.
Here we will consider the same initial state |y) = [(N/4),
+(N/4),(N/4),—(N/4)) as previously. Projecting this
state onto the |J,0) states, which satisfy J-J|J,M) =
JJ+1)|J,M) and JF|J,M) = M|J,M), results in the
probability distribution shown in Figs. 5(b) and 5(c),

N N N>2

N
p(J) = '<J7O|Z,+Z7Z,—4

o 2J+1 (N+2-J J+1
“NR2+1\N+2+J)

(14)

where the approximation is valid in the limit of asymp-
totically large N. Figures 5(b) and 5(c) further illustrate
that, for large N, the distribution becomes asymptotically
centered at a value scaling o /N, with a standard deviation
that also scales o +/N. These scalings imply, that the
distribution has a small but finite probability to be in the
target state, but generally skewed toward small but nonzero
values of J.

This probability distribution contains all the necessary
information to describe the steady state under collective
emission sketched in Fig. 5(a). This follows from the fact

that the jump operator L = /T'J_ commutes with J - J,

(a) 70OE0) - N =1024 ]
) ~ L
T~ =
—————— 10 o
S 3 S 0 50 100
_____ 11 7
S S S = .
TSI M2 :
[~ 1
- _% = 5
— N <
‘ T - '
0 1 x — 10! 10° 10°
J J
FIG. 5. (a) Collective emission (red curly arrows) evolves the

initial state into a steady state, corresponding to a mixture of
Dicke states located on the lower diagonal of the Dicke-state
ladder, characterized by quantum numbers J and M. The steady-
state distribution (orange circles) corresponds to the probability
of projecting the initial state onto a specific |J,0) state (orange
distribution). (b) The probability of projecting onto a given |J, 0)
state is determined for the initial state, where the atoms in
ensemble A are in the excited state and those in ensemble B are in
the ground state. (c) The first moment, J = Y, Jp(J), and the

second moment, J2 = >, J?p(J), of the distribution presented
in (b) are shown for different atom numbers N, rescaled to
highlight their respective asymptotic scaling. The dashed lines
indicate the prefactors corresponding to the asymptotic scaling.
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which ensures that the J quantum number distribution
remains invariant under the evolution and merely reduces
M, since J_|J,M) « |J, M — 1). Consequently, each )
state decays into the corresponding state with the minimal
number of excited-state atoms |J, —J). The resulting steady
state is therefore given by

N/2

Pss —ZP

The steady state corresponds to a mixture of |J, —J) states,
which all possess a large QFI for differential phase sensing,

(15)

4N + N? - 8J —4J?
34+2J

Q
Fi-n=

(16)
at ¢ = /4 if J < N, see Appendix F. Furthermore, the
states |J, —J) correspond to the Lieb-Mattis ground state
when the Lieb-Mattis Hamiltonian is projected onto a DFS
with N/2 — J atoms in the excited state.

Figure 6 shows that, in the vicinity of the optimal phase
¢ = n/4, the estimator variance for the steady state exhibits
a scaling behavior closely matching the QCRB for the
corresponding mixed state (see Appendix G),

1 —
_2S FQ ZP |J -y (17)
¢

Numerical calculations reveal asymptotic scaling expo-
nents of —0.50 for the variance and —0.51 for the bound,
both corresponding to the same scaling as the state |J, —J)
where J is the J that is closest to the mean value Y, Jp(J).

We draw attention to another opportunity that becomes
particularly relevant when the time required to prepare the
initial state is short compared to the phase accumulation
time. In this regime, measuring the photons leaking out of
the cavity is advantageous, because these photons reveal

0O+t
m
= 20t
(a3
<
=z —40¢

10° 10t 10> 10® 10* 109
N
FIG. 6. The estimator variance of the steady state pgs [Eq. (15)],
prepared via collective emission, is evaluated at the optimal phase
¢ = n/4 for various atom numbers N and the measurement M.
The resulting performance is benchmarked against the QCRB
associated with the inverse of the average QFI [Eq. (17)] of the

pure states appearing in the spectral decomposition of pgg, as well
as against the standard quantum limit and the Heisenberg limit.

which state |J, —J) has been prepared. With this informa-
tion, one can restart the state-preparation process if the
detected photon count is too high (i.e., the J quantum
number of the stochastically prepared state is too large).
While this procedure can reduce the estimator variance, its
effectiveness strongly depends on the relative timescales
of the state preparation and the phase accumulation, as well
as on the photon count threshold chosen to discard a
prepared state.

In Fig. 7, we analyze the influence of free-space emission
on the stochastic state-preparation process. In the near-
resonant bad cavity regime NI'~ NCy, an increase in
collective cooperativity enhances the favorable collective
emission relative to the detrimental free-space emission
rate. Notably, the scaling of the estimator variance remains
largely unaffected even as cooperativity decreases. We
emphasize that this is only feasible because the timescales
required to prepare a state sufficiently close to the steady
state decrease with N, thereby compensating for the N-fold
increased probability of free-space emission events.

If this trend persists for larger systems, it suggests that
significant improvements beyond the standard quantum
limit could be realized for ensembles of a few hundred
atoms. Such improvements appear feasible for coopera-
tivity values around C = 0.4, which are within reach of
current experimental setups [65,76].

Another notable advantage of the stochastic state-
preparation process is its robustness to fluctuations
in the number of atoms within the subensembles.
Assuming a fixed total number of atoms with an imbalance
of N'=|N? — NB|, the probability distribution satisfies

p(J') =0 for J' < N, while the proportions of the dis-
tribution remain similar for J' > N'. This can be under-
stood as a consequence of the reduced number of atoms

C

" " 100
[a SN
d 10 — )
JNQQ = e

ol === =
10 100 0-1
N

FIG. 7. The optimal estimator variance attainable under sto-
chastic entanglement generation, while being subject to free-
space emission, denoted as &i, is evaluated relative to the
variance achievable in the absence of free-space emission,
denoted as A420~ 35, is optimized with respect to the duration
for which the initial state |w,) undergoes collective and free-
space emission. The red dashed line marks the particle number N
at which the standard quantum limit is exceeded for a given
single-particle cooperativity C.
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available in one of the ensembles to form singlet pairs. As a
result, the unpaired atoms relax to the ground state, leading
to a reduction in the total number of excited atoms in the
steady state.

Consequently, as long as the imbalance satisfies

N <« /N, no significant increase in the estimator variance
is expected. Additionally, this scheme benefits from the fact
that the time required to reach the steady state is not a fine-
tuned parameter dependent on specific particle numbers.

VI. OUTLOOK

In this work, we have investigated entanglement-
enhanced sensing of a phase difference encoded in two
atomic ensembles. By leveraging the concept of a DFS, we
have analyzed an interferometric scheme that is intrinsi-
cally robust against common-mode noise. Moreover, we
identified the ground state of the Lieb-Mattis Hamiltonian
and showed that, when combined with an appropriate
measurement strategy, it yields an estimator variance that
scales at the Heisenberg limit. Importantly, compared to
other protocols that achieve Heisenberg scaling, this
approach exhibits more favorable scaling properties in
the presence of preparation noise.

Having established this state as the target for
entanglement-enhanced sensing, we have proposed and
analyzed two state-preparation protocols that exploit cav-
ity-mediated entanglement to approximate the target state.
The first protocol relies on an interaction that can be
interpreted as a bosonic two-mode squeezing interaction,
which, for example, can be realized using multilevel
alkaline-earth atoms, as described in Appendix E.

The second protocol stochastically prepares an entangled
density matrix through collective emission into a cavity
mode. Although it does not achieve Heisenberg-limited
scaling of the estimator variance, it provides a sensitivity
enhancement over the standard quantum limit by a factor
scaling as 1/+/N. This surpasses what is achievable with
two independently spin-squeezed ensembles under domi-
nant common-mode noise. Importantly, the protocol is
directly compatible with current cavity-based experimental
platforms and is expected to be robust against atom number
fluctuations on the order of v/N.

Additionally, we have evaluated the impact of collective
and free-space emission on both preparation schemes. Our
analysis indicates that, while these decoherence mecha-
nisms increase the prefactor of the estimator variance, they
do not affect its fundamental scaling. For collective
cooperativity values achievable in state-of-the-art experi-
ments, a substantial enhancement beyond the standard
quantum limit remains feasible.

While our discussion has focused on cavity-mediated
infinite-range interactions—currently the most relevant
experimental architecture for quantum-enhanced sensing,
as it holds the record level of metrologically relevant
entangled states [77,78]—a natural extension of this work

is the consideration of systems with finite-range inter-
actions. Such interactions naturally arise in a variety of
quantum sensing platforms, including optical lattice [79]
or tweezer [36] clocks, trapped ions [80], and Rydberg
atoms [81,82]. In Appendix C, we discuss a finite-range
Hamiltonian that serves as a parent Hamiltonian for the
target state, raising the question of whether such a
Hamiltonian can be experimentally realized and whether
its ground state can be prepared, for instance, by an
adiabatic ramp or a quench. Other directions to explore
are variational methods using parametrized quantum cir-
cuits to prepare the ground state, thereby minimizing the
achievable estimator variance [60,83,84], or methods that
use midcircuit measurements and feedback [85].

In many practical applications, the quantity of interest is
not the phase itself, but the frequency that accumulates as a
phase over the interrogation time. The precision of fre-
quency estimation improves with longer interrogation
durations, during which the atoms interact with the signal.
However, a fundamental limitation to indefinitely extend-
ing the interrogation time arises from the finite lifetime of
the excited state. To overcome this constraint, one may
utilize pairs of fermionic atoms prepared in dark states, in
which emission into free space is strongly suppressed [86].
By transferring the atoms into these dark states during the
phase encoding, this approach effectively lifts the funda-
mental limitation on the interrogation time.

Another promising avenue for future extensions involves
applying continuous measurement protocols [87-90], in
which, for example, the photons leaking from the cavity
are monitored in real time, while the differential phase is
simultaneously encoded onto the atomic system. This
approach could offer additional pathways to surpass classical
sensing limits by continuously tracking the phase evolution.

Note added. Recently, Ref. [91] reported an alternative
scheme for the dissipative preparation of the target and
related states.
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APPENDIX A: SEPARABLE STRATEGIES

In this appendix, we establish the limits on sensing the
differential phase using two spin ensembles, with no
entanglement shared between the ensembles but allowing
for spin squeezing within each ensemble. To achieve this,
we employ the classical Fisher information, which provides
a lower bound on the sensitivity of any unbiased estimator.
This bound, in turn, applies to specific estimation strate-
gies, such as ellipse fitting [2,12,21,22,27-32].

We examine two scenarios. In the first scenario, both
ensembles are initialized in a coherent spin state, denoted
as [ycss) = e*|(N/4).=(N/4).(N/4).=(N/4)), where
all spins are aligned along the x axis. In the second
scenario, the ensembles are prepared in spin-squeezed

states using the one-axis twisting interaction [34], repre-
> — o, pmip(JAIEHIEIE

sented as |pgss )|wess), where the
parameter v is chosen such that the direction of the
squeezed variance is along the y axis.

Next, the phase ¢ is encoded onto the respective
states according to [y,) = e™*/<|y). Since both states
are not confined to a DFS, it is necessary to account
explicitly for random fluctuations of the common
phase. This is achieved by considering a density matrix
of the form

1
Pp =7

n —idJT FidTS
=5, [ 4P W) (wgle™ ™.
0

(A1)

Here, J; and J; are the operators associated with the
differential and common phases, respectively. Since
these operators commute, their effects can be treated
consecutively.

The final step of the interferometric sequence involves
applying a /2 pulse around the x axis and independently
measuring the population imbalance, M* and M®, of each
ensemble independently. The conditional probability
of observing a specific population imbalance, given the
encoded differential phase ¢, is expressed as

P(MA, M 1) = tr [Ty yoe epge 8] (A2)

where My e = |(N/4), MA, 5, MB)((N/4), MA,

(N/4), MB| is the projection operator onto the state

characterized by the specified population imbalances.
The classical Fisher information, derived from the

conditional probability distribution, is given by

(Zpat %))’
p(M4, 1%[)

-y

MA ME

(A3)

and serves as a lower bound for the estimator variance in
Eq. (2), as established by the Cramér-Rao bound (CRB),
Aj > 1/F, which is a tighter version of the QCRB that

explicitly depends on the measurement. It is important to
emphasize that the CRB derived here represents a funda-
mental lower bound for any unbiased ellipse-fitting
method. However, achieving this bound with a maxi-
mum-likelihood estimator would require precise knowl-
edge of the probability distribution p(M*, M®|¢), which
may be challenging to obtain experimentally. Nonetheless,
the Fisher information provides a meaningful benchmark
for evaluating the performance of the measurement proto-
cols discussed in the main text.

In Fig. 8, the inverse Fisher information for two coherent
spin states initially exceeds the standard quantum limit but
asymptotically approaches the standard quantum limit as N
becomes large. Whereas, independently squeezing the
individual ensembles enables surpassing the standard
quantum limit; however, the presence of common-phase
fluctuations diminishes the potential benefits of spin
squeezing. In the absence of common-phase noise, spin
squeezing generated via the one-axis twisting Hamiltonian
provides an improvement over the standard quantum limit,
with an asymptotic scaling of N=%/3 [34]. To determine the
asymptotic scaling behavior in the presence of phase noise,
we fit the inverse Fisher information optimized over the
squeezing strength. The resulting scaling exponent, repre-
sented by the dashed blue line in Fig. 8, is found to be
—0.35, which is in agreement with the previously reported
exponent of —1/3 obtained from ellipse fitting [37]. This
notably smaller scaling exponent arises from the fact that

021052-11



RAPHAEL KAUBRUEGGER et al.

PHYS. REV. X 16, 021052 (2026)

[} 0
=
oo SQL
a9 -5t
= .
N SSS
—10+t S ) )
10! 102 103
N
FIG. 8. The Fisher information in Eq. (A2) is evaluated at the

phase ¢ that maximizes the Fisher information for a sensor
network comprising two coherent spin states (CSS) and two spin-
squeezed states (SSS). In the case of spin-squeezed states, the
Fisher information is further optimized over the degree of spin
squeezing. The dotted lines represent the asymptotic scaling of
the Fisher information in the limit of large atom numbers N. The
dashed green line corresponds to the fundamental Heisenberg
limit, given by F < N2,

the measurement variance of a spin-squeezed state is
reduced only for specific phase values, while it increases
for others. The presence of random common-phase fluc-
tuations leads to a situation where measurement variance is
averaged over all phase values. In order to compensate,
the optimal amount of squeezing is smaller than in the
noiseless case.

This observation underscores the advantages of a
sensor operating within a DFS, where scaling as favorable
as N~! can be achieved. Even in the most experimentally
realistic scenario, where entanglement is generated via
collective emission, the achieved scaling of N='/? sig-
nificantly outperforms the scaling of two independently
squeezed ensembles.

We also remark on an alternative separable scheme that,
in principle, enables Heisenberg-limited sensitivities, but
remains demanding to realize with current large-scale
quantum-sensor hardware. This approach relies on prepar-
ing a sine state [93] as the initial state and performing a
measurement of the phase operator [94]. Such a protocol
allows phase estimation with an estimator variance of
72 /N?, independent of the encoded phase. Implementing
this strategy on both ensembles would enable ellipse fitting
or maximume-likelihood estimation of the differential phase
with Heisenberg scaling. However, neither the preparation
of sine states nor the direct measurement of the phase
operator are straightforward with available platforms.
Possible workarounds include approximations based on
variational circuits [60] or protocols employing ensembles
of GHZ states of different sizes in conjunction with a
quantum Fourier transform [95]. Both of these approaches,
or variants thereof, have thus far been demonstrated only in
small-scale quantum systems [96-98]. This highlights the
importance of developing hardware-efficient schemes
capable of achieving comparable performance in larger,
experimentally relevant platforms.

APPENDIX B: PHOTON MEASUREMENT

Since directly implementing the optimal measurement in
Eq. (6) is challenging, we instead consider an experimen-
tally accessible readout scheme that can still saturate
the QCRB. Specifically, we use the protocol sketched in
Fig. 9(a): After phase encoding, the cavity is abruptly tuned
(quenched) into resonance with the relevant atomic tran-
sition. In the following, we refer to this step as the
“measurement quench.” In this regime, the dynamics are
dominated by collective emission described by the jump
operator Ly.

If all photons leaking from the cavity are detected until
the atoms relax into the steady state of L, then the
measurement record (the total number of detected photons)
is equivalent to a projective measurement of the operator

O=(J+M)J,M){J,M| (B1)
which is diagonal in the |J, M) basis. This interpretation
arises from the fact that a state |/, M) decays to |J, —J) via
the emission of J 4+ M photons, which, in the bad cavity
limit, are rapidly lost and can thus be detected as they exit
the cavity.

Rather than resolving the number of photons during
the measurement quench, the same information can be
obtained by measuring the remaining excited-state popu-
lation after the quench, as sketched in Fig. 9(a)(ii).
Comparing the excitation number after the quench to the
initially prepared excitation number (equal to the number of
atoms in ensemble A) yields a measurement record equiv-
alent to photon counting, up to additional imperfections
from noise processes during the protocol, for example, free-
space spontaneous emission.

®)
4y
©

5

v @

FIG. 9. (a) After phase encoding, a measurement quench is
applied by tuning the cavity into resonance, such that the
subsequent dynamics are dominated by collective emission
through the cavity mode, described by the jump operator Lr.
(i) Detecting all photons leaking from the cavity until the steady
state is reached implements a measurement of the diagonal
operator in Eq. (B1). (ii) Equivalent information can be obtained
from a measurement of the remaining excited-state population
Ny, e.g., via excitation-number-resolved vacuum Rabi spectros-
copy, referenced to the initial excitation number. (b) For a
stochastically prepared initial state, achieving the full dynamic
range additionally requires collecting the photons emitted during
state preparation, which reveals which |J, —J) state was prepared
in that particular run.
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FIG. 10. Estimator variance associated with measuring the
number of photons emitted from the cavity after the phase has
been encoded, evaluated for both the target state |yr) and the
steady state resulting from collective emission pgg of a system of
N = 128 atoms. The dashed lines indicate the corresponding
QCRB:s.

An auxiliary cavity mode can strongly couple atoms in
[1) to a readout-only ancilla state, producing a vacuum
Rabi splitting whose size depends on the number of atoms
in the excited state. For single-particle cooperativity > 1, the
splitting can be resolved well enough to enable single-
excitation resolution [99,100].

To benchmark the performance of an explicit photon-
counting implementation, analyze the corresponding esti-
mator variance, shown in Fig. 10. For both the target state
and the steady state resulting from collective emission, the
QCRB is saturated at ¢ = 0. A limitation of this measure-
ment scheme, however, is that, at ¢ = 0, the target state is an
eigenstate of the measurement operator and the steady state is
a mixture of eigenstates. Therefore, in this limit, both the
numerator and denominator of the estimator variance vanish,
making the sensor particularly vulnerable to additional noise
in the system, which overwrites the vanishing numerator and
results in a large estimator variance.

1. Dynamic range

If we restrict attention to an estimator whose variance is
inferred solely from the mean detected photon number, an
apparent limitation is the small dynamic range: There is
only a narrow interval of phases over which the estimator
variance remains low. For the target state, the variance stays
approximately constant within only a window of width
about 1/N around ¢ = 0, and it rises as ¢» moves away
from zero. By contrast, for the stochastically prepared state,
there is no comparably flat plateau; instead, the variance
grows more gradually with |¢|.

To put this in perspective, consider GHZ interferometry,
where the dynamic range is fundamentally limited to
approximately z/N. This restriction follows from the
2z/N periodicity of the measurement statistics, which
makes phases outside (—z/(2N),+xz/(2N)) ambiguous
unless one combines data from multiple effective ensemble
sizes [97,98]. By contrast, our full photon-counting
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FIG. 11. (a) Conditional probability distribution p(n|¢) for the
number of photons 7 leaking from the cavity, shown for the target
state of a N = 8 sensor as a function of the encoded phase ¢.
(b) Mean-squared error £2 of a maximum-likelihood phase-
estimation protocol, defined as the squared difference between
the encoded phase and the phase inferred by maximizing the
likelihood function. The error is obtained from r = 10, 30, and
100 simulated measurement records of photons leaking from the
cavity for an N = 128 atom system prepared in the target state
|wr). The likelihood is optimized over the interval [0, z/2], over
which the photon-number probability distributions, such as the
one shown in (a), are unique. The upper horizontal dashed line
indicates the standard quantum limit and the lower the quantum
Cramér-Rao bound of the target state.

distributions are mirrored about 0 and z/2 and do not
repeat within (0, z/2) [Fig. 11(a)], enabling unambiguous
estimation over an order-unity interval that is independent
of N. Moreover, a maximum-likelihood estimator that
uses the entire photon-counting record can approach the
QCRB across this full range given sufficient repetitions
[e.g., r = 100 in Fig. 11(b)], providing a practical route to
overcoming the limited dynamic range suggested by mean-
based estimators.

In addition, the stochastic nature of the state-preparation
stage can further constrain the dynamic range. If the phase
is inferred only from the photons detected during the
measurement quench, the dynamic range is reduced to a
window of order 1/N, as observed in simulations (not
shown). By contrast, if one also records the photons emitted
during the stochastic preparation stage as sketched in
Fig. 9, the measurement record retains run-by-run infor-
mation about which |J, —J) Lieb-Mattis state was prepared
prior to phase encoding. This additional measurement
information restores the dynamic range to the full interval
(0,7/2).
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2. Detection efficiency

A practical concern for the photon-counting measure-
ment is how finite detection fidelity impacts the achievable
phase sensitivity. To quantify this effect, we model imper-
fect detection by assigning an independent probability ¢ for
each photon reaching the detector to be missed. In practice,
error mechanisms during the readout, such as free-space
emission events occurring throughout the detection win-
dow, reduce the number of photons emerging from the
cavity and therefore contribute to an effective detection
infidelity beyond the intrinsic detector inefficiency. The
appropriate value of ¢ is thus an effective parameter that
depends, among other things, on the detector performance
and on the timescale of the collective-emission pulse.

If p,(¢) denotes the ideal probability to detect n photons
for an encoded phase ¢, then the experimentally observed
distribution is obtained by binomial thinning,

Puct) =1 =er S (" )errpata). (82

n'>n

From p, .(¢), we compute the classical Fisher information

Fo = Y0 013 Pue(¢))?/ Pae(®)] and the corresponding

Cramér-Rao bound 1/F,, shown in Fig. 12.

The collapse of the CRB for ¢ < 1/(eN) shows that,
in this regime, detection noise preserves the scaling of the
sensitivity: It enters only as a constant prefactor relative to
the detection-noise-free, Heisenberg-scaling performance
of the target state. Equivalently, finite detection fidelity
restricts the phase interval over which Heisenberg-scaling
sensitivities are achievable to a dynamic range of order
1/(eN), which remains larger than the approximate 1/N
range of a GHZ interferometer with spin-parity read-
out. If the detection error could be reduced further to
scale as € ~ 1/ N—the stringent requirement for recovering

1000} &=0.01 1024
< I
; 100 |
Z
10

FIG. 12. Finite detection errors for the target state protocol.
Rescaled inverse Fisher information N?/Fy (the Cramér-Rao
bound for unbiased phase estimation) as a function of the rescaled
phase ¢N, shown for N = 128, 256, 512, 1024 at a fixed
detection-error probability € = 0.01. For each N, the phases span
the full dynamic range ¢ € (0, z/2). The horizontal dashed line
marks the QCRB scaling threshold N?/Fy > 3. The vertical
dashed line indicates 1/¢.

Heisenberg scaling with GHZ-state and parity measurement
protocol—then Heisenberg scaling would be restored over
(0, #/2) dynamic range in our protocol as well.

We further note that the curves in Fig. 12 span the
entire interval (0,7/2) and, for the error rate shown,
remain below the corresponding standard-quantum-limit
sensitivity throughout the full dynamic range. Recent
advances in single-photon detector technology report
detection fidelities approaching about 0.98 [101,102],
placing the proposed photon-counting readout within reach
of current experimental capabilities.

APPENDIX C: LIEB-MATTIS HAMILTONIAN

In this appendix, we discuss the parent Hamiltonian of
the target state Eq. (8), which is commonly referred to as
the Lieb-Mattis Hamiltonian [103]

Hiy = 2)(JA -JB

=xJ-J=J*-J=JB - JB). (C1)
The Lieb-Mattis Hamiltonian serves as a compelling and
exactly solvable toy model for investigating ferromagnet-
ism on a square lattice and exploring the mechanism
of spontaneous symmetry breaking. As shown in the
second line of Eq. (C1), its ground state is characterized
by maximizing the expectation values JX - JX within each
ensemble while minimizing the expectation value of J - J,
ultimately yielding a unique state. This ground state can
also be interpreted as a superposition of a continuum of
Néel states, each pointing with equal probability in all
possible directions on the Bloch sphere [104]. In the
thermodynamic limit, this symmetry is spontaneously
broken [103]. However, in finite systems, the symmetry
can be explicitly broken by a perturbation, such as the
phase-encoding Hamiltonian J7, which selects a single
Néel state from the continuum of Néel states pointing in
different directions.

If the system is restricted to a different DFS, or
equivalently, to an eigenspace of JI with eigenvalue
M # 0, the Lieb-Mattis ground state within this subspace
corresponds to the simultaneous eigenstate of J - J and J7,
||[M|,M). These states are uniquely defined under the
condition that the expectation value of JX - JX is maxi-
mized. Notably, the estimator variance Eq. (2) for any of
these states, in conjunction with a measurement of the
optimal two-body observable Eq. (6), achieves the QCRB
for ¢p = n/4. The QFI for these states is given by

0 4N 4 N? —8M — 4M?

v,y = 3 oM , (€2)

which exhibits Heisenberg scaling when M < N. A
derivation of this expression for the QFI can be found in
Appendix F.
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To find a parent Hamiltonian for the target state, it is
not strictly necessary to have infinite-range interactions.
Instead, it suffices to consider a bipartite lattice model in
any dimension, in which nearest-neighbor sites belong to
different sublattices, while next-nearest neighbors belong
to the same sublattice. The J;-J, Hamiltonian

HJI—JZ — lea(l) . o'(]) — J2 Zg(i) o-(]) <C3)
(i.j) ()

is a parent Hamiltonian of the target state, provided that the
ratio of nearest-neighbor to next-nearest-neighbor interac-
tion strengths satisfies J,/J, < 1. Here the summation
indices (i, j) and ((i, j)) denote sums over all nearest-
neighbor and next-nearest-neighbor pairs, respectively.

Each term in the J;-J, Hamiltonian commutes
with J - J, ensuring that the ground state is an eigenstate
of J - J. However, the nearest-neighbor interactions do not
commute with J4 - J4 or J& - JB, implying that the fully
permutation-symmetric state within each subensemble is
not the ground state unless J;/J, < 1. In that regime, the
J1-J, Hamiltonian approximately commutes with JA-JA
and JB - JB, causing the ground state to converge to the
target state.

APPENDIX D: ADIABATIC PREPARATION

In this appendix, we provide additional intuition for the
adiabatic sweep, which is implemented using the cavity
Hamiltonian in Eq. (12) together with a time-dependent
relative detuning J, between the two subensembles. The
detuning is gradually ramped to zero as a function of the
ramp time 7. The resulting time-dependent Hamiltonian
takes the form

Haglt) =z (74 +72) (2 + J2) =5,(s4 = s%)  (D1)
and enables the adiabatic preparation of the target state.
This state corresponds to the unique ground state of
the Lieb-Mattis Hamiltonian introduced in Eq. (Cl),
Hiy=J, J_+J2=J4- JA=JB . JB. The terms J2,JA-
JA. JB - JB, which are required to transform the cavity
Hamiltonian into the parent Hamiltonian, commute with all
components of the cavity Hamiltonian. Moreover, both the
initial state and the final state are eigenstates of these
operators with identical eigenvalues. Consequently, these
terms do not need to be explicitly included during the
adiabatic sweep to achieve the desired target state.

The speed at which the adiabatic sweep, from ¢t = 0 to
frinal, can be performed depends on the instantaneous
energy gap of the Hamiltonian to the state closest in energy
that shares the same symmetries as the cavity Hamiltonian
and the initial state. In the two limits 6,( = 0)/y > 1 and
8,(t = trna) /¥ < 1, the gap between the ground and first
excited state is independent of N and scales with 29, and
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FIG. 13. Energy gap between the ground and first excited state

of the Hamiltonian H = y(J4 + J%)(J2 + JB) + 6(J2 — J&) for
N = 1024 atoms.

2y, respectively, see Fig. 13. To ensure the success of the
sweep, its speed must be small compared to these energy
scales, while remaining sufficiently fast to avoid perturba-
tions such as free-space or collective emissions that could
take the system out of the symmetry subspace. However,
achieving this balance poses challenges under typical
cavity parameters that rely on the collective cooperativity
NC and not just C.

APPENDIX E: REALIZING A TWO-MODE
SQUEEZING INTERACTION WITH
MULTILEVEL ALKALINE EARTH ATOMS

In this appendix, we present a potential implementation
of the two-mode squeezing interaction described by
Eq. (13). Our focus is on alkaline-earth atoms with large
nuclear spin, such as ¥’Sr. We select the nuclear spin
quantization axis to be perpendicular to the cavity axis, so
that the linearly polarized light (II) and horizontally
polarized light (¥) drive different transitions between the
ground- and excited-state manifolds. To realize the desired
interaction, we isolate three hyperfine states from the
ground-state manifold, denoted as |¢),|g®), and |¢%),
along with three states from the excited-state manifold,
labeled |ef), |e5), and |e®), as illustrated in Fig. 14. The
subscripts A and B indicate that atoms in ensemble A
exclusively occupy states labeled with A, while atoms
in ensemble B are restricted to states labeled with B.
The isolation of these energy levels is achieved through
appropriate Zeeman and ac Stark shifts. The energy
splitting between the isolated ground and excited states
is given by w,, except for the state |4 ), which experiences
an additional shift § relative to |ef) and |e?).

As sketched in Fig. 14(a), the atoms in ensemble A are
prepared in state |ef), while those in ensemble B are
initialized in state |g¥). The linearly polarized cavity mode
drives transitions |¢") <> |e{') and |g¥) <> |e®). When the
cavity is sufficiently far detuned A = wc — w, > gV/N,
the cavity mode can be adiabatically eliminated and
the unitary evolution of the spins is described by the
Hamiltonian in Eq. (12). The underlying process is
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FIG. 14. Level scheme for generating the two-mode squeezing
interaction between two atomic ensembles, A and B, mediated by
a cavity. (a) II-polarized light facilitates spin-exchange inter-
actions among all atoms, as described by Eq. (12). The atoms in
ensemble A are initially prepared in the |e{) state, while those in
ensemble B are initialized in the |g¥) state. (b) Resonant driving
to auxiliary levels, whose energies are shifted relative to one
another, combined with ZX-polarized light, induces effective
interactions within each ensemble. This intraensemble interaction
modifies the global spin-exchange dynamics and gives rise to the
desired two-mode squeezing interaction described by Eq. (13).
(c) The effective spin-1/2 states of ensemble A are |[14) = |ef')
and the hybridized state [|4) = |-4) = [(|¢") — |e4))/v/2] and

L) = lg?) and [1%) =|-%) = [(Ig]) + [¢*))/V2].

sketched in Fig. 14(a) where an excited-state atom decays
to the ground state and emits a linearly polarized photon
which can be absorber by a ground-state atom in the same
or the other ensemble leading to the desired spin-exchange
between ensembles, but also the undesired spin-exchange
between atoms in the same ensemble.

To mitigate the latter effect, we drive the transitions
lg*) < |e3) and |g®) <> |e®) using two lasers with equal
Rabi frequency Q. Additionally, the state |e3) is shifted by
an energy o relative to the other excited states. This
additional detuning ensures that vertically polarized pho-
tons that drive the same transitions are reabsorbed exclu-
sively by atoms within the same ensemble, thereby
inducing effective interactions of the form J4J4 and
JBJB, while suppressing any unwanted interensemble
interactions.

To derive this formally, we consider the combined
system of atoms and the cavity, which is described by
an atomic Hamiltonian H,, light Hamiltonian H,
and atom-light Hamiltonian H,;. In a rotating frame
where ef) — e7ef), |eg) — Tt ef), eF) —
e~alleB) and ap — e'®rap, the Hamiltonians are

Hy = Q(Ig')(ed] + g8 (e + He. ). (ED)

H=A>  apap. (E2)

P=X]I1

and

Ha = g(e™alei|g") (ed] + alety g8 (e

+ aleilo") (et + anesplgf) (€] + He.).  (E3)
Here A = wc — Wy, a; is the creation operator of a photon

in the respective polarization mode, and cﬁ are the Clebsch-
Gordan coefficients between the states |a) and |f).
In the following, we consider the dressed-state basis

defined by [+*) = (|e3) £ [¢"))/V2 and |£) = (|e”) +

|g8))/v/2. Tn this basis, the atomic Hamiltonian takes
the form

Ha = Q) (] = [=4) (=] + [+5)(+5] = |=2)(=#]).
(E4)

Finally, we express the atom-light interaction Hamiltonian
in an interaction picture with respect to H, and H;, which
yields

V2 e Al gila-Qy

7H5\L = “ncgfla|—A><e1
+ ancgs‘% )(+B e A

T —i(A+5)t

+ acheﬂ (A1 = =)
aT Cege—im
(1) - ) + e

(ES)

where off-resonant terms that oscillate at frequencies
Q-+ A, A-2Q, and A + 2Q are omitted.

Identifying the collective spin operators discussed in the
main text as J4 = 3, [<4),(eA], J% = 3 |gh) (+], J4 =
Sl(le) et = 1= (=*)/2], and  J2 = 37[(|+F); x
(+8] —g%):(4%])/2] and adiabatically eliminating the
two cavity modes yields an effective many-body spin
Hamiltonian of the form

2

gl
Z(A Q)

fugr( )

where we have assumed that |c 5/4|2

Heyy = 2+ I+ TE)

2 N\ 2
e82 _]B ,
+A+5 g'( +4>
(E6)

|c¢ B|2 and that the

number of atoms in both ensembles is exactly the same.
The final step is to identify hyperfine states and laser
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CA eA
parameters for which [¢?/2(A - Q)] e I>=(g%/A) e |>=
[*/(A+6)] |c;§ |2, such that the effective spin Hamiltonian

2

simplifies to

2
9 e ga | gAgB JA . JA
Het =53 — g 51 (J_J++J+J_+J J

+J5-J° +%(ng‘ —Jf)). (E7)
By adding an additional field gradient between the two
ensembles and assuring that permutation invariance within
the subensembles is maintained during the dynamics, this
yields the Hamiltonian of Eq. (13) up to a /4 rotation under
the phase-encoding generator.

As a concrete example, we consider the states |g*), [¢8),
and |¢¥) to correspond to the 9/2, —9/2, and —7/2 levels of
the 'S, manifold of 8’Sr. Similarly, we assign the excited
states |e)7], |e)4, and |e®) to the 9/2,11/2, and —9/2 levels
of the 3P, manifold, respectively. Furthermore, by choosing

A =(9/8)Q and 6 = (1/4)Q, the condition [¢?/2(A —

Q)]Ic‘;ﬁl2 = (gz/A)chﬁl2 = [9/(A + 8)][ecy|? is satisfied.

APPENDIX F: ANALYTIC EXPRESSIONS
FOR |J. M) STATES

In this appendix, we explicitly derive the QFI and other
expectation values for the |/, M) states, which exhibit
permutational symmetry within the two subensembles.
To achieve this, it is convenient to represent the generator
of phase encoding in the |J, M) basis as follows:

B (J2 = M2)((NJ2 + 1)2 = J?)
2= 4% -1
J=1 M=——J+1

x ([J=1,M){J,M| + H.c.). (F1)
In this basis, the generator of phase encoding establishes
couplings between states with the same M but J differing
by 1.

From this expression, it is straightforward to verify that
the QFI for the state |J, M) is given by

F\%.M) = 4<<J’M|JZJZ

J.M) = (J, M|J?

J,M)2)
C1R2ME+8J(1+ D)+ TP -M - 1)
B 3—-4J(1+J)
(1-2J(1+J) +2M?)
3-4J(1+J)

(N*+4N).

(F2)

This result simplifies to the expression in Eq. (C2) when J
is replaced by |M]|.

The expectation values of the measurement operator,
given by Eq. (6), can be computed in the transformed frame
with respect to the phase encoding. This is achieved using
identities such as J . J_ =J-J —J_ J, and leveraging the
fact that the states |J, M) are eigenstates of the operators
J-J,J.,JK - JK for K = A, B. The final expression for the
measurement expectation value is

(J.M|My|J. M)/ cos(2¢)(3 - 4[4J(J + 1)])
=JJ+1)Q2+M*=3J(J+1))
+ (J2+J+M*—1)(N?/4 +N). (F3)

Notably, the measurement expectation value for any
values of J and M is proportional solely to cos(2¢).

For the Lieb-Mattis ground state within a given JI
eigenspace, this expression further simplifies to

(M|, M|M[|M], M)/ cos(2¢)

_ (M+1)2M —N)2M + N +4)
N 8M + 12 : (F4)

This result highlights that, for eigenspaces where |M| < N,
the fringe amplitudes of the measurement operator M scale
quadratically with N. This scaling makes these states
particularly promising candidates for sensing applications.

Similarly, the expression for (J, M|Mj|J, M) can be
derived following the same procedure. However, the
resulting expression is too extensive to be presented here.
Instead, we focus on its dependence on ¢, which takes the
form (J, M[MG|J, M) = a(N,J,M) + B(N,J, M) cos(4¢).
The general expressions for the real coefficients a(N, J, M)
and (N, J, M) simplify to

32(3 +2M)(5 + 2M)
(1+M)2M —=N)(4+2M +N)

=4(1+M)(-44+M+M?*)-42+M)N — (2+ M)N?,

M

a(N,

M)

(F5)
32(3 +2M)(5 + 2M)
PN ML M) S M = NY @+ 2M V)
= (24 M)(2+2M = N)(6 4+ 2M + N), (F6)

for the Lieb-Mattis ground states in different eigenspaces
of JI.

Substituting the expressions from Egs. (F4)—(F6) into
the estimator variance defined in Eq. (2), it can be shown
that the estimator variance is minimized at ¢ = z/4.
Furthermore, under this condition, the estimator variance
saturates the QCRB, which is defined in terms of the QFI
given in Eq. (C2).
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APPENDIX G: AVERAGE QUANTUM
FISHER INFORMATION

In this appendix, we discuss a condition under which the
convex sum of the QFI of the pure states appearing in the
spectral decomposition of a density matrix coincides with
the QFI of the density matrix itself. The QFI of a mixed
state with spectral decomposition p =", p;lyw;){(wil,
which is not full rank, is given by [105]

8pip; _
FSZZPiF\QW,) —;p‘Jrl';j (wilJZlwp) P (G1)
i i#j O1

For the density matrix in Eq. (15), the states |y,;) = |J, —=J),
which represent the spectral decomposition, satisfy
(wi|J7|y;) = 0 for all i, j. Thus, the QFI coincides with
the average QFI with respect to the probability p(J), see
Eq. (17). In general, the average QFI is just an upper bound
to the actual QFI of a density matrix [106].
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