PHYSICAL REVIEW X 15, 031069 (2025)

Doping a Fractional Quantum Anomalous Hall Insulator

Zhengyan Darius Shi " and T. Senthil’
Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

® (Received 29 October 2024; accepted 6 August 2025; published 11 September 2025)

We study novel itinerant phases that can be accessed by doping a fractional quantum anomalous Hall
(FQAH) insulator, with a focus on the experimentally observed Jain states at lattice fillingv = p/(2p + 1).
Unlike in the lowest Landau level, where charge motion is confined into cyclotron orbits, the charged
excitations in the FQAH occupy Bloch states with well-defined crystal momenta. At a nonzero doping
density, this feature enables the formation of itinerant states of the doped anyons just beyond the FQAH
plateau region. Focusing on the vicinity of v = 2/3, we describe a few possible itinerant states, including a
topological superconductor with chiral neutral fermion edge modes as well as a more exotic pair density
wave (PDW) superconductor with non-Abelian topological order. A Fermi liquid metal with a doping-
induced period-3 charge density wave also occurs naturally in our analysis. This Fermi liquid (as well as the
PDW) arises from pairing instabilities of a composite Fermi liquid metal that can emerge near filling 2/3.
Though inspired by the theory of anyon superconductivity, we explain how our construction is qualitatively
different. At a general Jain filling v = p/(2p + 1), the same analytical framework leads to a wider variety
of phases, including higher-charge superconductors and generalized composite Fermi liquids. We predict
unusual physical signatures associated with each phase and analyze the crossover between different
temperature regimes. These results provide a proof-of-principle that exotic itinerant phases can be

stabilized by correlations intrinsic to the FQAH setup.
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I. INTRODUCTION

Two-dimensional electronic systems in a strong mag-
netic field exhibit an amazing variety of correlated phe-
nomena at fractional filling of the lowest Landau level,
broadly referred to as the fractional quantum Hall (FQH)
effect. Four decades after their initial discovery, these
phenomena remain the most robust demonstrations of
many important concepts in modern condensed matter
physics. Salient examples include fractionalized charge
and statistics in topologically ordered phases [1-3] as well
as emergent Fermi surfaces and non-Fermi liquid physics in
composite Fermi liquids (CFL) [4].

One key ingredient for these exotic phases is the top-
ology associated with noninteracting electronic states.
While the origin of topology in the continuum is the
formation of isolated Landau levels induced by strong
magnetic fields, the same topological features persist in
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lattice systems without a magnetic field whenever the active
energy bands have a nonzero Chern number [5,6]. The
robust topological states of matter realized at zero field in a
fractionally filled Chern band are collectively known as the
fractional quantum anomalous Hall (FQAH) phases [7].
Theoretically, FQAH was first conceptualized and estab-
lished for idealized model systems in a large body of
numerical work about a decade ago [8-15]. However,
realistic experimental proposals only appeared much later,
after the advent of two-dimensional van der Waals materi-
als with tunable topological bands [16-23] and robust
ferromagnetism (see Refs. [16,23-27] for early theoretical
work and Refs. [28,29] for experimental realizations in
twisted bilayer graphene and twisted transition metal
dichalcogenides). The concerted experimental effort in this
direction culminated in the recent landmark discovery of
FQAH in twisted MoTe, [30-33] and rhombohedral
pentalayer graphene [34].

In this work, we explore itinerant phases that can be
accessed by doping an FQAH insulator, with a focus on the
experimentally observed fermionic Jain states at lattice
filling v = p/(2p + 1). The charged excitations of the
FQAH state are anyons with fractional electric charge. At
low doping density, the anyons localize due to a combi-
nation of disorder and long-range Coulomb interactions.
This localization, of course, is what leads to the quantum
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Hall plateau as a function of density. We are interested in
what happens once the anyon density becomes large
enough that we exit the plateau. In the conventional
realization of quantum Hall physics in large magnetic
fields, the kinetic energy of the anyons is suppressed by
the magnetic field; thus, the localization effects are very
strong, and the plateau persists till the basic quantum Hall
physics responsible for the formation of the anyons is itself
destroyed. In contrast, as we explain below, the anyonic
excitations in an FQAH insulator have a nontrivial
dispersion. The resulting kinetic energy competes against
the interaction and disorder effects that favor localization. It
is then natural to ask about the possibility of a delocalized
many-body state of the doped anyons. Clearly, if such a
delocalized state occurs, it will destroy the quantum Hall
plateau.

The problem of a doped FQAH state has interesting
similarities (and differences) with the problem of a doped
Mott insulator, which shows a number of striking phenom-
ena, including high-temperature superconductivity [35]. In
both cases, the key questions involve the competition
between the interaction effects that lead to the fractionally
filled insulator and the electron kinetic energy. At small
doping, the density of charge carriers in both cases is
determined by the dopant density rather than the total
electron density. In contrast to a generic Mott insulating
state, the FQAH state breaks time-reversal symmetry and
has fractionally charged anyons as excitations. Thus, it is
interesting to explore the fate of these doped anyons in the
hopes of finding novel many-body phenomena.

A key feature of the FQAH setting—in contrast to a
Landau level—is the presence of discrete lattice translation
symmetries. Many-body energy eigenstates can thus be
labeled by the Bloch momenta of the corresponding
Brillouin zone. A state with a definite Bloch momentum
is a simultaneous eigenstate of the two elementary trans-
lations T, T, along two lattice vectors eq, e,. Excitations
created by local operators must also transform linearly
under all physical symmetries, including lattice trans-
lations, and hence have definite Bloch momenta in the
Brillouin zone. However, a single anyonic excitation cannot
be created by local operators, thus enabling it to exhibit the
phenomenon of symmetry fractionalization, [36] namely,
fractional quantum numbers; indeed, famously, the anyons
carry fractional electric charge. Less famous, though
certainly known, is the statement that the anyons also
fractionalize lattice translation symmetry [37,38]. This
feature manifests itself as a projective action of lattice
translations on the anyons. For an anyon a, we have

T\T,T7'T; [a] = €', (1)

where ¢, is a phase that depends on the anyon a and is
fixed for any given FQAH phase. For concreteness,
consider the %—filling FQAH state with quantized Hall

conductivity o,, =Z%(e?/h). This phase has the same
topological order as the particle-hole conjugate of the
familiar 1/3 Laughlin state, as well as two distinct non-
trivial anyons with fractional charge. For these anyons, the
phase is ¢, = (27/3), (4x/3) mod 2x. Thus, though the
state preserves lattice translation symmetry, the anyons
move in an enlarged unit cell that is 3 times the size of the
microscopic unit cell. In momentum space, this means that
the anyon states are labeled by Bloch momenta in a reduced
Brillouin zone that is 1/3 the size of the microscopic one.
The projective realization of the translation symmetry
implies that there are at least three distinct species of
anyons that are related by the action of 7' , with identical
dispersions in the reduced Brillouin zone.

Our work is inspired by old ideas on novel many-body
states of anyons at finite density, the most dramatic example
being an anyon superconductor [39—44]. This old literature
mostly considered the problem of an interacting anyon fluid
without reference to the emergence of these anyons from a
particular microscopic system. In our work, we are inter-
ested in an anyon fluid where the anyons emerge through
the formation of specific FQAH states in a lattice electronic
system. The parent FQAH phase enforces a specific pattern
of U(1) and lattice translation symmetry enrichment in the
anyon fluid, which leads to crucial differences with the
older analyses of “anyonic quantum matter.”

In common with the older literature—though through
mechanisms that are, in general, different—we find a variety
of superconducting states, depending on the parent FQAH
insulator and the specific anyon that enters the doped
system. These states include topological superconductors
with neutral chiral edge modes, as well as more exotic
superconductors (denoted SC* [45]) that have topological
order with nontrivial anyons that descend from those of the
“parent” FQAH state. Near the 2/3 state, the SC* that we
find is also a “pair density wave” (PDW) that spontaneously
breaks lattice translation symmetry. These superconducting
states all feature the condensation of charge-2e Cooper pairs
and hence have flux quantization in units of 4/2e. In
addition, we find a Fermi liquid state coexisting with a
period-3 charge order that enlarges the unit cell. This Fermi
liquid (as well as the exotic PDW SC*) emerges at low
temperature out of a finite-temperature non-Fermi liquid
state that may be understood as a composite Fermi liquid
formed by the doped anyons near v = 2/3. A summary of
these phases is provided in Figs. 1 and 2.

The same analysis can be applied to a more general Jain
filling v = p/(2p + 1), where a richer variety of delocal-
ized phases emerge [46]. In addition to the PDW SC* with
non-Abelian topological order and the CDW metal, we find
charge-|p|e superconductors with Abelian topological
order at even p and generalized composite Fermi liquids
(which may have further pairing instabilities) at odd p.
These more exotic phases become increasingly fragile at
large p as their transition temperatures scale as 1/p?.
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FIG. 1. Summary of the itinerant phases that arise in the vicinity of the v = 2/3 Jain state, upon varying the chemical potential x and
the temperature 7. Below the energy gap Ay,;, of the Jain state, the system behaves like an FQAH insulator plus a thermal gas of anyons
whose density is determined by u. At sufficiently low 7, depending on the energy gaps of different anyons, the thermal gas undergoes a
phase transition into one of the compressible phases depicted in the blue regions.
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FIG.2. Two possible zero-temperature phase diagrams when the charge ¢ = % anyon has the lowest energy gap. Note that 4 and W are
dimensionless measures of the chemical potential and bandwidth, respectively. The FQAH state at the origin is gapped and
incompressible. As a result, it always survives in a finite region in the y-W plane. On the horizontal axis, increasing u drives a transition
into a CDW metal or a PDW SC* with non-Abelian topological order. Our analysis shows that the conditions for the formation of the
PDW SC#* are much more stringent than for the CDW metal. Depending on whether these conditions can be satisfied in the accessible
region of u and W, two different phase diagrams are possible, as illustrated above. On the vertical axis, increasing the bandwidth W
drives the FQAH state into a CDW insulator. Doping then gives a Fermi liquid of doped electrons on top of the CDW insulator. Despite

their distinct microscopic origins, the metallic states near the horizontal and vertical axes turn out to be adiabatically connected.

The superconducting states we find always occur in the
presence of (spontaneous) time-reversal symmetry (TRS)
breaking. In the context of moiré materials, this happens
through polarization of the valley (and spin, if it is
independent) degree of freedom. We thus have the unusual
situation in which a superconductor coexists with a
spontaneous orbital magnetization. Within the standard
BCS theory, the absence of TRS suppresses Cooper
pairing. The route to superconductivity described here is
strongly non-BCS and hence can easily allow for coexist-
ence with TRS breaking. We remark that very recent
experiments on four-layer thombohedral graphene found
strong evidence for a valley-polarized superconductor in a
range of parameters [48]. While our analysis is likely not
directly applicable to this system (which has no moiré
potential), these experiments show that such superconduc-
tors with broken TRS can exist not just in principle but in
practice as well.

In what theoretical framework can we access the physics
of a doped FQAH state? In this work, our interest is in
understanding the landscape of possible itinerant phases of
a doped FQAH state without committing to a specific setup.
Therefore, we rely on an analytic effective field theoretic
description and defer detailed numerical studies on micro-
scopic models to future work. The minimal effective field
theory for the FQAH state is a topological quantum field
theory (TQFT) described by a Chern-Simons (CS)
Lagrangian that captures the topological order of the
FQAH state. By coupling the TQFT to a background
electromagnetic probe field, the global U(1) charge con-
servation symmetry can also be readily incorporated.
However, including the implementation of the microscopic
lattice translation symmetry is more complicated and
involves introducing extra background gauge fields asso-
ciated with lattice translation. As this information is
important for us to keep track of, we do not work with
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the minimal CS theory and instead obtain the FQAH
state through a (generalization of) composite fermion
construction.

Historically, composite fermions were introduced [2]
into the study of fractional quantum Hall phenomena
through a flux attachment procedure where an electron
is bound to an even number of flux quanta. While this
procedure has had great success for treating electrons in
Landau levels, in more general situations (especially the
lattice systems of interest to us here), it is more useful to
obtain composite fermions through a parton construction
where we formally write the electron as a product of three
fermionic partons ¢ = ff,f3; (a more detailed review is
provided in Sec. III). The parton representation is redun-
dant and must be accompanied by fluctuating gauge fields
a; to which the partons couple. Within this framework,
strongly correlated phases for the electronic system can be
described by mean-field phases for the partons, with long-
range entanglement encoded in the dynamical gauge
fluctuations. This representation becomes equivalent to a
flux attachment in Landau-level problems but easily gen-
eralizes to other situations. We will see that it provides a
flexible framework for accessing the itinerant phases
obtained by doping an FQAH insulator.

For the fermionic Jain state at fillingv = p/(2p + 1), the
mean-field description is where all three partons form Chern
insulators with Chern numbers C; = p,C, = C3; = 1 [49].
Upon doping, the nature of the many-body ground state is
determined by the active parton Chern band closest to the
chemical potential. Physically, the distinct partons evolve
into distinct anyons of the parent FQAH phase. Thus, the
formal discussion of which parton band is doped corresponds
to the very physical question of which anyon excitation is
doped into the system when the electron filling is changed.
This physical picture leads us to two families of itinerant
phases as illustrated in Fig. 1.

While the stability of these itinerant phases can be
established within our effective field theory approach, which
of them is realized near an experimentally observed Jain
state depends on the intricate interplay between disorder,
interactions, and microscopic band structures. The main
message of our work is that novel itinerant states specific to
the FQAH setup, including superconductors, exist in the
vicinity of Jain fractions and exhibit smoking-gun phenom-
enological signatures. These results also carry over to doped
fractional Chern insulators (FCI) stabilized by a nonzero
magnetic field, which have been realized in several different
experimental platforms [50-52]. The various phases we
have discussed, such as topological superconductors and
charge-ordered Fermi liquids, should be pertinent to these
systems as well at small doping.

The rest of this paper is organized as follows. In Sec. II,
we make the basic point that anyons in the FQAH insulator
are endowed with a nontrivial dispersion due to the
projective action of lattice translations. In Sec. III, we

briefly review the parton-based construction of FQAH
states at Jain fillings, which automatically implements
the projective action of lattice translation. Next, we dope
the parton theory in Sec. IV and motivate the two families
of states that naturally arise, depending on which anyon has
the lowest excitation gap. To elucidate their conceptual
origin without excessive formalism, we first restrict to the
simplest case p = —2 and derive the phenomenological
features associated with each family in Secs. V and VI
These constructions are then generalized to arbitrary p in
Appendix B. Future directions are discussed in Sec. VIIL.

I1. ORIGIN OF ANYON DISPERSION: LATTICE
TRANSLATION SYMMETRY AND ITS
PROJECTIVE ACTION

We begin by explaining the origin of anyon dispersion in
the FQAH insulator, which plays a fundamental role in the
construction of itinerant phases throughout this paper. In a
general topological order enriched with a U(1) charge
conservation symmetry and a Z, x Z, lattice translation
symmetry, the translation operators 7', and T, act projec-
tively on the anyonic excitations [37,38,53,54]. To illustrate
this general phenomenon, we consider the simplest case of
a v =1/3 FQAH insulator on the square lattice, which
exhibits the same topological order as the Laughlin state. In
the translation-invariant ground-state wave function, there
is a background anyon a with charge ¢, = 1/3 in each unit
cell (see Ref. [55] for a transparent physical discussion).
Now, let us add an elementary anyon excitation b on top of
the ground state. Upon transporting the additional anyon b
around a single unit cell, the wave function accumulates a
braiding phase 6,, = 27n,;,/3, where n,, is an integer that
depends on the choice of b. This case implies that trans-
lation operators act on anyon b as T, T, T;'T;! = e*ina/3,
For example, we obtain n,, =1, 2 when b= a,ad?,
respectively. One can check that n,, is not a multiple of
3 for any choice of nontrivial anyon b in this topological
order. As a result, the original lattice translation symmetry
acts projectively on every nontrivial anyon.

The presence of these projective phases means that anyon
excitations do not carry a well-defined crystal momentum
in the original Brillouin zone k,,k, € [0,2x] x [0,2x].
However, since the projective phase is commensurate, we
can define modified translation operators 7, = T3 and Ty =
T, that commute with each other. These modified translation
operators define a tripled unit cell and a reduced Brillouin
zone k. k,€[0,27/3] x [0,2z]. Inside the reduced
Brillouin zone, the anyon must furnish a faithful representa-
tion of the projective translation symmetry generated by 7',
and T. The minimum dimension of an irreducible repre-
sentation of this projective algebra is three. Therefore,
we generically have three degenerate species of anyons
123k, k) as illustrated in Fig. 3 [56]. The original
lattice translation operators act on these species as
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FIG. 3. Lattice translation operators 7, and T', (generating the
Z?) acting projectively on the anyons that carry fractional U(1)
charge in a U(1) x Z> symmetry-enriched topological order. At
rational filling, there is always a modified set of commuting
translation operators 7, and Ty under which the anyons carry a
well-defined momentum. In the reduced Brillouin zone defined
by 7, and T, the anyon splits into three degenerate species that
transform under 7, and T, as in Eq. (2). This “fractionalized
momentum” of the anyons in the FQAH states distinguishes them
from conventional FQH states realized in Landau levels in a large
magnetic field.

T,: an(i(x, Ey) g an+1(l~( ]} ) &, /3
) 27zm/3 lk (2)

where @, 3 is identified with a,,. Since T, and T, commute
with the microscopic Hamiltonian, these three species of
anyons have degenerate energy dispersion in the reduced
Brillouin zone. The above discussion generalizes easily to an
arbitrary Jain state, where the projective phase is now an
integer multiple of 2z/(2p + 1). The Brillouin zone is
reduced by a factor of |2p + 1|, and each anyon splits into
atleast |2p + 1] species a,, that transform under 7', and T as

Ty: ay(ke ky) = iy (ky, ky)etks/ 2o,
) ky)e

T)’: an(,;xv];y - an(k 27ml/|2p+l\e1ky’ (3)
where a, is identified with a,,p,.1 and k.. k,€
[0,27/12p + 1 ].

Except in fine-tuned limits, the energy of these anyon
species en(fcx, l~<y) is generally momentum dependent. As a
simple toy model, one can start with a Landau level and
broaden it into a Chern band by introducing a periodic
potential that encloses one flux quantum per unit cell. When
the strength of the periodic potential V is much weaker than
the repulsive electron-electron interaction energy U, the
topological order of the Laughlin state survives, and we
can ask about the dispersion of anyons. A quasihole wave
function of the Laughlin state is Gaussian localized at some
spatial coordinate n = n, + in,, with a decay length set by
the magnetic length /5. Since the unit cell encloses one flux
quantum, the set of quasihole wave functions centered at the
minima of the periodic potential V(r) form a complete
nonorthogonal basis of the single-quasihole sector of the
Hilbert space. From here, one can set up a tight-binding

model, treating the almost-orthogonal basis states as “atomic
orbitals.” This tight binding model generates a dispersion for
the anyons e(k,, k) ) ~ V, with a prefactor set by the overlap
between neighboring orbitals. When a finite density of
anyons is excited, the momentum dependence of their energy
dispersion suppresses the tendency towards spatial localiza-
tion and sets the stage for a variety of itinerant phases, which
we explore in the rest of this paper.

III. PARTON CONSTRUCTION OF FRACTIONAL
QUANTUM ANOMALOUS HALL INSULATORS
AT THE JAIN FRACTIONS

A systematic theoretical framework that allows us to
access the dynamics of a finite density of itinerant anyons is
the parton construction, which is familiar from the study of
other strong correlation problems (see, e.g., the review in
Ref. [35]). The basic philosophy of the parton construction is
to rewrite the electron operator ¢ as a product of partons f;.
This decomposition introduces an unphysical gauge redun-
dancy that must be removed by the inclusion of emergent
fluctuating gauge fields a;. Fractionalized phases can then
be realized by considering different mean-field Ansitze for
f; and a;. An important merit of the parton construction is
that constraints arising from the lattice translation symmetry,
such as those derived in Sec. II, are automatically incorpo-
rated. Moreover, in contrast to the more familiar flux
attachment approach, the parton construction always gen-
erates topological terms in the low-energy effective
Lagrangian that respect flux quantization and correctly
capture the global properties of the topological phase.
Both of these features play an important role in the detailed
analysis in Secs. Vand VI. With this basic strategy in mind,
let us review a concrete construction of the experimentally
observed principal Jain sequence at fractional filling
v=p/(2p + 1). A discussion of more general applications
of the parton construction to fractionalized phases in the
FQAH setting can be found in Ref. [57].

For the fermionic Jain states, we decompose the electron
as c(r) = f1(r)f,(r)f3(r). This decomposition introduces
a local SU(3) gauge redundancy under which the partons
transform as

= Ujj(r)f;(r),

c(r) - c(r)detU(r), (4)
where U(r) € SU(3). To describe the Jain sequence, we
consider a mean-field Ansatz in which the full SU(3) gauge

symmetry is broken to a U(1) x U(1) subgroup generated
by two parameters, ¢; and 6,, which act on the partons as

f1(r) = €O f(r),
fo(r) = =00 fo (r),
f3(r) = e 0 f3(r). (5)
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The Fock space associated with f{, f,, and f3 is much
larger than the microscopic electronic Hilbert space. To
remove the unphysical degrees of freedom, we must
introduce a pair of dynamical U(1) gauge fields a and b
that transform as a - a —d6@; and b - b — d6, [58]. In
terms of these gauge fields, the low-energy effective
Lagrangian takes the general form

Ley = L{f1.a] + L[f2,b —a] + L[f3.A=b]. (6)
where f3, the only parton that couples to the external gauge
field A, carries the physical charge of the microscopic
electron. At fractional filling v = p/(2p + 1), the equa-
tions of motion for the gauge fields enforce the con-
straint v; = v, =13 = 1.

At the mean-field level, the ground state of this theory is
determined by the emergent fluxes carried by a and b. In
order to construct an incompressible phase at fractional
filling, each of the fermionic partons must see a mean-field
flux per unit cell proportional to 2z/(2p + 1). For con-
creteness, let us choose the mean-field flux assignment

1 1 1
Z(an>—2p+1, E<VX1)>_

p+1
2p+1°

(7)

In the presence of this average flux, the microscopic lattice
translation operators 7', and T, act projectively on the low-
energy theory. A well-defined lattice translation symmetry
can only be defined using modified lattice translation
operators T, = T” and Ty = TY such that n,m€ Z and
nm = |2p + 1|. These modified translation operators
define a new unit cell that is enlarged by a factor of
|2p + 1] relative to the microscopic unit cell. In this
enlarged unit cell, the partons fill an integer number of
Chern bands and can form ordinary Chern insulators. The
principal Jain sequence is realized by a mean-field state in
which the Chern insulators for f,, f,, and f3; have Chern
numbers C; = p and C, = C; = 1. After integrating out
the gapped partons, the remaining gauge fluctuations are
captured by a continuum TQFT, which we couple to a
background spinge connection A and a metric g (see
Ref. [58]),

1
Lo = g ada+4 (b -

+ (A= D)d(A =) +22 4 p)CS,, (8)

a)d(b—a)

where CS,, is a gravitational Chern-Simons term that must
accompany an ordinary Chern-Simons term for a sping
connection (see, e.g., the discussion in Ref. [62]). The
composite Fermi liquid state at v = 1/2 can be accessed by
taking the p — oo limit of Eq. (7) such that f, and f; see
47 flux while f; sees zero flux. In this flux background, f;
forms a Fermi liquid, while f, and f3 form C = 1 Chern

insulators. The combined effect of f, and f75 is to generate a
U(1), bosonic Laughlin state that couples to the f; parton
and implements a lattice version of the flux attachment
procedure [2]. This effect allows us to identify f| as the
zero-field analog of the familiar composite fermion.

Now, let us derive several physical properties associated
with the TQFT in Eq. (8). On a manifold without curvature,
the gravitational Chern-Simons term can be dropped, and
the remaining TQFT simplifies to

Za,K”daJ

where a; and a, are identified with a and b and the K
matrix takes the form

1
— A +—AdA
L = azd +4ﬂ dA,  (9)

2 1

p+1 -1 (o
() e (P

2p+1  2p+1

From this description, we identify the physical charge
vector as #; = (0,—1)7. A simple calculation shows that
this charge vector reproduces the correct Hall conductivity

H_I_Ztl

The anyons in this theory can be labeled by the integer-
quantized charges /; and [, that they carry under a and b.
From the K matrix, we can determine the physical charge
and self-statistics associated with each anyon (since a is a
spinc connection, sources of a additionally induce a 7 shift
in the self-statistics):

qi,.n) = _Ztl Nils =
04,1, = —le

_ 2
T 2p +1[2l +(p

2p+1 2p+1°

1
Dyty=1- Pt U (11)

ol (o D,

Duly+hin

+ )3+ 205+ La  (12)

Returning to the parton Lagrangian, we see that every
parton can bind with emergent fluxes of a and b to form
deconfined anyon excitations of the Jain state:

(1) fi carries +1 charge under a and maps to
(I;,1,) = (1,0). The physical charge of this anyon
is g=1/(2p+1), and the self-statistics is 0 =
z2p—=1)/2p +1).

(2) f, carries charge F 1 under a and b, respectively.
Therefore, it maps to (/1,/,) = (=1, 1) with charge

=p/(2p+1) and statistics 6 ==zx[—(p+1)/
2p+1)=1]=zp/(2p+ 1) mod 2x.

(3) f5 carries charge =1 under A and b, respectively, and
maps to a bound state of the electron ¢ and an anyon
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with (/1,1,) = (0,—1). The total physical charge is
g=—-(p+1)/2p+1)+1=p/(2p+1), and the
self-statistics is 0 =z[-(p+1)/2p+1)+ 1] =
zp/(2p +1).
The antiparticles of f; carry the opposite charge but the
same fractional statistics. For the v = 2/3 state, all the
nontrivial anyons can be obtained from either f; or their
antiparticles. As we will see, these basic topological
properties will provide some simple intuition for the
technical results in the next few sections.

IV. FATE OF THE JAIN STATE UNDER
DOPING: PRELIMINARIES

Having reviewed the parton construction for the
Jain states, let us now hole dope the system to
v=p/(2p+1) -5, where § is a small positive number.
The story for electron doping is similar and will not be
discussed separately in this paper.

In real systems, the presence of spatial disorder will
localize the doped holes at low doping so that the quantized
topological properties of the Jain state persist to finite o.
Furthermore, even without disorder, long-range Coulomb
interactions will always favor a Wigner crystal state of the
doped charges, and this will be pinned once weak disorder
is included. Both of these possibilities lead to extended
plateaus along the doping axis. Here, we are interested in
what happens beyond the plateau, assuming that the basic
physics of the “parent” FQAH state is still operative. We
thus consider the situation in which the doped charges enter
in the form of anyons forming an itinerant fluid (as a result
of quantum melting of any putative anyon Wigner crystal).
Clearly, this result is more likely in the FQAH (or FCI)
context where the kinetic energy of the anyons is not
suppressed by an orbital magnetic field. We expect that
such an itinerant anyon fluid can form in some range of
doping near the FQAH plateau before the basic physics of
the parent FQAH is destroyed in favor of, say, a different
(F)QAH state at some other filling.

With spatial localization excluded, we return to the clean
parton effective theory and analyze the effects of doping. In
this paper, we explore the simplest possibility, namely, that
there is a single parton band that is partially filled in the
doped system. This case will enable us to describe some
(but certainly not all) possible fates of the doped FQAH
state. In principle, the band structure of f; is nonuniversal
and can take arbitrarily complicated forms. When different
bands overlap, doping affects the mean-field states of all
three partons, thereby complicating the analysis.

Thus, we proceed under a ‘“single active parton”
assumption: All the parton bands near the chemical
potential are well separated in energy, so hole doping only
affects the top valence band associated with one of the three
partons, leaving the incompressible states formed by the
remaining two partons unmodified. Since the mean-field
Chern insulators formed by f, and f3; have the same Chern

number, activating f, and f3 gives identical predictions for
the universal low-energy physics. We are thus left with two
distinct possibilities—activating f, or activating f,/f. In
Secs. V and VI, we consider these two possibilities for the

simplest case where v = 2/3 (p = —2). The generalization
to arbitrary p is straightforward and will be treated in
Appendix B.

Physically, the question of which parton band becomes
activated is directly related to the energetics of distinct
anyon species in the system. As demonstrated before, at
v=2/3, f{ sources an anyon with physical charge g = %
and self-statistics —(z/3), henceforth denoted a;. The
antiparticle of this anyon (corresponding to f;) with charge
q = —% and self-statistics § = —(z/3) will be denoted as.
The f,/f field sources an anyon with physical chargé
g = 3 and self-statistics (27/3). We denote this anyon az

and its antiparticle a;. If the energy gap of a3 is larger than

or equal to twice the energy gap of a3, an effective theory
that only activates the f; band is preferred. On the other
hand, if the energy gap of a,/3 is smaller than twice the
energy gap of a3, a pair of isolated a;,3 anyons would
always bind to an a,/3 anyon, and an effective theory that
only activates the f,/f; band becomes appropriate.
Following this physical picture, we say that activating
the f, band corresponds to “doping in the a;/3 anyon”
while activating the f,/f3 band corresponds to “doping in
the a,,3 anyon.”

We emphasize that “doping in an anyon a” does not
imply that all other anyon species are projected out.
Instead, all finite-energy excitations that can be obtained
from the elementary anyon a through fusion are allowed in
the low-energy effective theory. If we are doping in the a; 3
anyon, then the fusion products aff /3 can be created by
acting with n powers of f; in a localized spatial region.
These fusion products generate the entire anyon spectrum
of the Jain state. If the a, /3 anyon is doped into the system,
then we have a “pair-binding” situation in which it is
cheaper to create a single a,;3 anyon than a pair of a3
anyons with the same total charge. In this case, the a3
anyon is projected out, and the finite-energy anyon exci-
tations are fusion products of a3, which do not generate
the entire anyon spectrum. This physical distinction will be
reflected in the effective Lagrangians we write down in
Secs. Vand VL.

V. DOPING IN THE a; ANYON NEAR v=2/3:
CHIRAL p —ip SUPERCONDUCTOR

We begin by studying the possibility that the doped state
has a finite density of the charge 2/3 anyon that we denoted
as az. We note that, strictly speaking, for electron doping,
i.e., atfillings v = % — 6 with 6 < 0, the dopant charges will
be az, while for hole doping (6 > 0), the dopant charges
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will be the a; anyon. Nevertheless, we refer to both as
doping the a; anyon and focus on the case of hole doping.

A. Formation of the superconductor

Within the parton description, doping in the a; anyon
corresponds to doping into the f5 parton band, while fiand
f> continue to form C; = —2 and C, = 1 Chern insulators
at the new filling v; = v, =2/3 —§. By the Streda for-
mula, in order for the Chern insulators to persist, the mean-
field flux seen by f, must be increased by 6/2 while the
mean-field flux seen by f, must be reduced by ¢ relative to
the flux seen at v; = v, = 2/3. This condition translates to
the mean-field flux assignment

1 ) )
Z<an> =—=+4=

375 (be)

(13)

L»JI»—k
NI@:

Since the Chern insulators are gapped, we can integrate out
the partons f; and f, and obtain a simpler effective
Lagrangian:

2 1
—Eada —l——ﬂ(b —a)d(b—a)
+L[f5.A—b] - 2CS,. (14)

After integrating out a, we obtain a level-2 Chern-Simons
term for b, which can be interpreted as a v = 2 bosonic IQH
state formed by ® = f f,. Note that integrating out a also
generates an additional gravitational Chern-Simons term
2CS, that cancels the background Chern-Simons term in
Eq. (14) Therefore, the resulting effective Lagrangian takes
the simpler form

2
Leff:4—bdb+L[f3,A—b]. (15)
T

Now, let us think about the fate of f; with zero external
magnetic field (i.e., V x A = 0). After tripling the unit cell,
the flux seen by f is 2z(—1 + 3 5) while the lattice filling
is 2 — 36. By the Streda formula, part of the f5 partons with
total lattice filling 2 + %6 (in the tripled unit cell) will fill
the C3 =1 Chern band and continue to form a Chern
insulator. The remaining f; partons have lattice filling — % o
and see an emergent magnetic field with strength %5. Since
0> 0 is small, it is useful to perform a particle-hole
transformation such that y creates holes relative to the
filled C; = 1 Chern band for f5. After integrating out the
filled band, we obtain the Lagrangian for y:

L bdb
off = 1 +— ir

+ Lly.b— A (16)

L b a)db—a) + 2CS,

In the effective theory above, single electron excitations
are gapped out. In the gapless sector, the elementary

gauge-invariant excitation that carries physical charge is
the Cooper pair, which can be represented as I/I3MT, where
MZ is a monopole operator that inserts 2z flux of b. From
the Lagrangian, we see that y> carries charge 3 under A and
charge —3 under b. On the other hand, the Chern-Simons
term for b implies that the bare monopole operator Mz
carries charge 3 under b and charge —1 under A. Therefore,
the composite operator 1/13MZ carries charge 2 under A but
no charge under b, allowing us to identify it with the gauge-
invariant Cooper pair operator. Since the minimal-charge
gauge-invariant excitation is a Cooper pair, it is natural for
them to condense at finite density and form a super-
conductor. This expectation is confirmed by a careful
analysis of the y sector. Since v, = %5 and the flux seen
by v is —%5, the y fermions fill —3 Landau levels at the
mean-field level and form the v = —3 integer quantum Hall
state, with a gap proportional to §. Going beyond the mean
field, we can integrate out the filled Landau levels and
generate the low-energy effective Lagrangian

Lo = yp bdb +— e (b A)d(b—A) +2CS,
3
——(b—=A)d(b—-A)—-6CS,
4 :
= ibdA iAdA 4CS (17)
C 2n 4z 9

The integral over b Higgses the U(1) gauge group
associated with the external gauge field A down to Z,.
Therefore, this state is a charge-2 superconductor. The
presence of the gravitational Chern-Simons term signals a
quantized thermal Hall conductivity k,,. Note that the
thermal Hall response ko =3 (7?/3)k3T of a single
p + ip topological superconductor corresponds to a term
CS,,. Thus, the superconductor we obtain has a thermal Hall
response k,, = —4kp. The sign of the thermal Hall con-
ductivity is negative, which means that the sign is negative
relative to the sign of the electrical Hall conductivity of the
parent FQAH state at 2/3 filling. Note that this FQAH state
has k,, = 0 due to the presence of counterpropagating edge
states.

Thus, we find a charge-2 chiral topological supercon-
ductor with a quantized thermal Hall conductivity in the
doped state. The nonzero k., implies the presence of four
species of neutral chiral edge Majorana fermions that
counterpropagate (relative to the direction of the charged
edge mode of the FQAH state).

When a nonzero external magnetic field is turned on, we
expect a vortex lattice state with vortex density proportional
to the field strength. This case is most easily understood by
working with the bosonic vortices ¢ that are dual to the
charge-2 Cooper pair ¢. Reintroducing gapped vortices into
the effective Lagrangian, we have
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~ 2 2
Leg = L[, b] + ——bdA — —AdA — 4CS,,  (18)
2w 4z :

where L[g?ﬁ b] describes a gapped insulator with respect to
b. In a vortex lattice state, p;(@) condenses at a wave

vector ) determined by the external magnetic field. From
the perspectives of fermionic partons, py, (Q) = pr,(Q) =
pr,(Q) must condense at the same wave vector Q. This
equivalence between a vortex lattice state of the super-
conductor and a charge density wave insulator of the f;
partons also makes sense if we directly think about the
parton dynamics. In the presence of an external magnetic
flux, the doped f; partons no longer fill complete Landau
levels. The small density of partons that spill over feel a big
effective magnetic field and prefer to crystallize in the
presence of repulsive interactions.

B. Pairing symmetry of the superconductor

The low-energy effective field theory for the super-
conductor in Eq. (17) strongly constrains its pairing
symmetry. In a general 2 + 1D system with internal degrees
of freedom labeled by an index @, a charge-2 super-
conducting order parameter can be represented by a matrix

[Ak]a,ﬂ = <Wl,kl//;;',—k>’ A]{ =—-A (19)
Assuming the lattice point group symmetry is given by G
and that the normal state does not break this symmetry, the
orbital part of the order parameter can be classified by
irreps of G. With an eye towards applications to pentalayer
graphene, we take the point group to be G = Cj, for which
there are only three irreducible representations: (1) the
trivial representation (minimal angular momentum / = 0),
(2) the two-dimensional representation R, 3 (minimal
angular momentum [/ = 1), and (3) the two-dimensional
representation Ry, ,3 (minimal angular momentum
[ =2). We refer to these cases as s, p, and d wave,
respectively.

In current experimental FQAH systems [32,34], the
parent state of the superconductor is fully flavor polarized
(valley in TMD and spin plus valley in graphene-based
systems) in the vicinity of v = % Then, the flavor indices
can be neglected, and Fermi statistics demands the pairing
wave function to be odd under parity, which limits us to
p-wave pairing. To match the TQFT and its associated
gapless edge states, the doped superconductor must be
smoothly connected to a stack of four chiral p —ip
topological superconductors.

We note that a somewhat similar analysis appeared [42]
in the old theory of anyon superconductivity (ASC), where
the microscopic Hamiltonian describes a gas of anyons
with fractional statistics = z(1 — 1/n), with n being an
integer. In our case, we have anyons with statistics (27/3),
so, at first sight, it might seem to be the n =3 anyon

superconductor. However, this identification is incorrect.
As we explain in Appendix A, the model of Ref. [42] does
not correspond to any microscopic electron system for odd
n. We also show that modifications of the model in
Ref. [42] with other couplings to the background A and
g are allowed in electronic systems, and will have distinct
physical properties. Our results can be incorporated into
this modified model. If we regard our system just as anyons
at finite density without reference to the underlying FQAH
state, then we need to invoke a peculiar (but legal) coupling
to the background A and g. We also highlight further
differences with other old results on anyon superconduc-
tivity in Appendix A. Thus, their results are not directly
relevant to our system. Furthermore, as we show in
Appendix B, the TQFT for a charge-|p| superconductor
obtained from doping the v = p/(2p + 1) Jain state is
completely different from the TQFT for a charge-|p| ASC.
For these reasons, we will refrain from using the terminol-
ogy ‘“anyon superconductivity” to avoid unnecessary
confusion.

C. Finite-temperature phenomenology

At T = 0, the Cooper pair field (which is represented in
the low-energy theory as a monopole operator that creates
2z flux of b) has long range order. At a nonzero temper-
ature, as usual, this feature will be replaced by power-law
order till a Berezinskii-Kosterlitz-Thouless (BKT) transi-
tion at a temperature Tggr. The transition temperature T'ggr
will be on the order of the phase stiffness K. Since the
topological superconductor is formed by a small density
around 6 of doped anyons, we expect K ~§, and
hence Tgkt ~ 0.

Besides T, there is an additional energy scale Ap;,,
which corresponds to the many-body gap of the Jain state at
v =2/3. Since § is small, there is a parametrically large
temperature regime 7T, < T < Ay,,, where the system
behaves like a v = 2/3 Jain state with a thermal gas of
doped anyons. As T increases past Ay,,, thermal fluctua-
tions destroy quantization, and the entire system crosses
over to a thermal gas at filling v = 2/3 — §. The full finite-
temperature phase diagram is shown in Fig. 4.

Chiral p - ip Jain state 4+ thermal gas

topological SC of holes with density ~ ¢

I I
i

() I T
h
e2

A ain
Pzy = 0 !

FIG. 4. Finite-temperature phase diagram at v =2/3 —§ in
scenario 1. For T < Ay,,, the system behaves like the Jain state at
v = 2/3 coexisting with a thermal gas of holes with density &.
The phase transition into the chiral SC state belongs to the BKT
universality class and occurs at 7. ~ §. A sharp signature of the
transition is a rapid drop in the Hall resistivity of O(h/e?).
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The fragility of our topological superconductor at
asymptotically small § implies that it may lose to other
competing states in a realistic experimental setting. On the
other hand, at sufficiently large §, the filling may approach
other rational fractions where other incompressible quan-
tum Hall phases can be stabilized. Therefore, the topo-
logical superconductor is expected to only emerge in some
intermediate range of §. This case is analogous to the
situation in cuprate high-temperature superconductors,
where a host of ordered phases intervene between the
Mott insulator at half filling (p = 0) and the superconduct-
ing dome that onsets around hole doping p = 0.1 [35].

VI. DOPING IN THE a ANYON NEAR v=2/3

Having understood the chiral topological superconduc-
tor, we now turn to the second possibility, where the charge
enters the system as a; anyons (or their antiparticles) with
charge z. In the parton descrlptlon this case corresponds to
the situation where the active band that is doped into is
associated with the f; parton, while f, and f3 continue to
foom C=1 Chern insulators at the new filling
v, =13 = 2— 5. By the Streda formula, the new mean-
field flux seen by f, and f5 must be reduced by ¢ relative to
the flux at v, = v3 = 2/3. This condition translates to the
mean-field flux assignment

1 | 1 1

—(V = ——+26, —(Vxb) ==+36. 20
27V xa =3+ 27V xXb =3+e (20)
Since f, and f5 are gapped, we can integrate them out to
generate topological terms for b —a and A —b. The
resulting effective Lagrangian takes the form

Lify.a) + 5 (b= a)d(b - a)
1

+ - (A=b)d(A~b) +4Cs,, (21)

eff -

where the gravitational Chern-Simons term arises from
properly treating a and A as spingc connections.

In the tripled unit cell where all anyons carry well-
defined crystal momentum, f is at filling v; = 2-35 while
the flux of the gauge field a is (—1 + 65)2x. By the Streda
formula, a fraction of the f; partons at filling 2 — 126
continue to form a C; = —2 Chern insulator. This filled
band can be integrated out, and we obtain a v = -2
IQH effect for the emergent gauge field a. What
about the remaining fraction of f; partons at filling
v; — (2 = 128) = 96? Because of the projective action of
lattice translation, the f; band structure at 6 = 0 enjoys a
threefold degeneracy in the Brillouin zone. Therefore, the
96 partons split into three minipockets with creation
operators dj:ms, each at half filling relative to the
emergent 27(66) flux that it sees. In terms of the doped
particles, the Lagrangian takes the form

1
eff—ZLd,,a —ada+4 (b—a)d(b—a)

1
+ yp (A=D)d(A-Db). (22)
At intermediate temperatures, the natural state formed by
each d; pocket at half filling relative to an effective
magnetic field is the famous CFL. Since d; itself originates
from the composite fermion f;, we refer to the resulting
state as a secondary CFL. We construct the secondary CFL
explicitly in Secs. VIA-VIC and show that it is a non-
Fermi liquid metal with dynamical critical exponent z = 3.
In Sec. VI D, we go to asymptotically low temperatures and
study the pairing instabilities of the secondary CFL within a
renormalization group framework. Unlike for the usual
CFL, gauge fluctuations in the secondary CFL always
enhance the pairing susceptibility between composite
fermions in different pockets. This interpocket pairing
Higgses all the emergent gauge fields and results in a
CDW metal with no charge fractionalization. On the other
hand, if the microscopic couplings are arranged so that the
effective BCS attraction within the same pocket far exceeds
the gauge-field-mediated attraction between different pock-
ets, pairing occurs for each pocket separately and each d;
forms a Moore-Read state [63,64]. The resulting phase
describes a superconductor with broken lattice translation
and non-Abelian topological order, henceforth referred to
as the PDW SC*. The finite-temperature phenomenology
for both types of pairing instabilities is discussed in

Sec. VIE.

A. Formation of the secondary CFL

Following the standard strategy for describing a zero-
field CFL state, we start with Eq. (22), fractionalize d; as
d; = z;y;, and introduce three emergent gauge fields
@;—1 3 such that the bosonic parton z; couples to a — a;
and the fermionic parton y; couples to a;. The effective
Lagrangian for each d; then takes the form

Lld;,a] = Ly a;] + Llz;. a — a;]. (23)
We know from the previous section that V x a/(2z) = 66,
while the density of z;, y; is locked to 3. To obtain the
CFL state for d;, we consider a mean field in which
V x a; = 0, such that y; sees zero flux on average and z; is
at filling 1/2. At this filling, it is natural to put z; in the
U(1), bosonic Laughlin state and y; in the Fermi liquid
state. This choice gives the CFL Lagrangian:

1 2
Lep[d;.a] = Le [y, ;] + e (a—a;)dp;— E/}idﬂi' (24)

At zero external magnetic field (i.e., V xA = 0), the
physical charge density is p = —(1/27)V x b. Therefore,
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the microscopic Coulomb interactions enter the Lagrangian
as a kinetic term for b,

1 1
Leotoms[B] = 5(27>2/w V x b(r, )V (r — )V x b(, ).

(25)

After including the Coulomb interaction, the full

Lagrangian takes the form

3
2
Leff = LCoulomb [b] + Z LCFL[dh a] - Zada

=1 T

+4i(b —a)d(b—a)

- + % (A= b)d(A—b). (26)

As the secondary CFs labeled by y; see zero magnetic field
on average, the mean-field state of y; is simply a Fermi
liquid. Going beyond mean field, we expect the fluctuations
of a;, f;, a, and b to destroy the fermionic quasiparticles
associated with y; and create a secondary CFL with non-
Fermi liquid features. These dynamical features will be
derived in the next section.

B. Fluctuation effects in the secondary CFL

For the purpose of understanding Fermi surface dynam-
ics, we can work on a flat spacetime and integrate out f;
and b in favor of «;, a, and A without worrying about flux
quantization. The equations of motion for b and f; impose

a+A
2 b

1 1

Working at V x A = 0, we can plug the solutions of these
equations back into the Lagrangian and obtain

L=>)" {L[y/,-,a,-] +$(a,~ —a)d(a; — a)} —%ada

i=1

1
tn (A —a)d(A —a) + Lcouomn|al. (28)
Inspecting the Lagrangian above, we see that the self

Chern-Simons terms for a cancel out, leaving us with

.
L= Z{ i ai] +

1
oG da; } —+ LCoulomb [a]
i=1 ﬂ

1 1
- A ; —AdA. 2
4ﬂ_a<d +,Zl:dal> +87z d (29)

We are now in a position to study the effects of Coulomb
interactions. It is most convenient to work in the transverse
gauge and decompose the gauge field a into a, and the

transverse component ay. Since the action for a is
quadratic, we can integrate it out to generate an effective
action for a:

where ¢ is some real constant determined by parameters in
the Coulomb interaction. Combining the above result with
the rest of the Lagrangian, we obtain
1 1
a, da;  +—AdA

1= (i + "
1
—4ﬂa0Vx<Za,~+A> z/ a0 Baze. (B
i=1

The above Lagrangian does not contain a Maxwell term for
a;. However, as in any theory where emergent gauge fields
are coupled to Fermi surfaces, quantum fluctuations of y;
generate an effective kinetic term for «; (see Ref. [65] and
references therein),

3

oL = Z air <)(q2 + }/%') a7+ ajomia;g. (32)
i=1

This effective kinetic term has several

consequences:

(1) The dynamically generated kinetic term for a;
dominates over the term arising from the long-range
Coulomb interactions. Physically, this is because
interactions in the density channel are screened by
the Fermi surface.

(2) The dynamically generated kinetic term for a; r has
z = 3 scaling. Therefore, the dimensionless gauge
couplings associated with a; 7 flow to finite fixed-
point values that can be computed within a con-
trolled expansion in powers of ¢ = z — 2 [66,67].

(3) The equations of motion for a enforce a constraint
>3 a;p = —Ay. Therefore, the three gauge fields
a; 7 are not independent.

From these observations, we conclude that the combination
of electronic interactions and gauge fluctuations creates a
non-Fermi liquid state in which three species of composite
fermions are strongly coupled to three emergent gauge
fields with dynamical critical exponent z = 3. An impor-
tant subtlety is that the three emergent gauge fields are not
independent in the low-energy theory. This subtlety has
dramatic effects on transport phenomena and instabilities of
the secondary CFL state, which we clarify in Secs. VIC
and VID.

important
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C. Transport in the secondary CFL

To understand transport, it is convenient to reintroduce
the gauge fields f; that describe the U(1), Laughlin sectors
in Eq. (26). The effective Lagrangian that includes the most
IR-singular gauge fluctuations takes the form

3

1 2 1
L = ) Llyi )] — —adp; —— pidp; + — AdA
; 2n 4n 87

+air|\xq ‘f‘}’? a;r

1 3
— 1@V X <A +;a,~>. (33)

We define parton response functions IT,,. and Il; via

Vi

Jl/fi - Hll’iai’ Jﬂi - Hﬁiai’ (34)

where J; is the spatial part of the I1-form current
Jp = —ﬁ * dp;. The integration over a, provides a con-
straint > _; &; = —A. Using this constraint, we can integrate
out a3 in favor of @y and a, in the Lagrangian. Thus, the
physical charge current can be identified with

Johy = =Sy, = Jp, + HU(l)zA’ (35)

where Tl (), is the response function of the U(1), state
that generates the background Chern-Simons term
(1/[8x])AdA. To fix the physical conductivity, we observe
that the original effective Lagrangian enjoys an S3 sym-
metry that permutes the three internal indices. Using the S;
symmetry, we can set I, = II, and Iz =TI, for all i.
Moreover, at the level of expectation values, the Sj
symmetry also implies that «; =« for all i and
3a = —A. Plugging this result into the physical current,
we immediately obtain the total physical conductivity

I, +11,

J:_Jllls _Jﬂ3+HU<1)2A: 3

A +1y),A. (36)
Since f is also in the U(1), state, the conductivity of the
secondary CFL simplifies to

L2000 Y] (37)
PLE -1 0) T3

This formula has a simple interpretation: The first term is
the quantized Hall conductivity associated with the back-
ground v = 2/3 Jain state; the second term arises from the
non-Fermi liquid sector and captures the response of the y
fermions to the internal gauge fields they see.

The response function o, is generally difficult to
compute in a strongly interacting metal. However, recent
theoretical developments have shown that in a large class of

non-Fermi liquids (including Fermi surfaces coupled to
fluctuating gauge fields), o, does not receive singular
corrections from infrared gauge fluctuations and essentially
retains the Fermi liquid form [68-70]. In the absence of
disorder, an immediate consequence of this result is that
O4CFLxx = Oy xx = 00, in contrast to the vanishing longi-
tudinal conductivity in the conventional CFL state. In the
presence of weak disorder, the diagonal conductivity
becomes a finite function of 6,

2
e°o htyepo
Gl//,xx ~ Gw.yy ~ ZO 27[—h y 20 = m—tr s (38)

where 7, is the transport scattering time, m,, is the transport
effective mass of the active f; band, and p is the micro-
scopic electron density at unit lattice filling. The constant
%;! is a dimensionless measure of the disorder strength,
which vanishes as the scattering time diverges.

Unlike 6, ,, the Hall component 6, , is independent of
Y, and instead sensitive to the band topology. The leading
contribution to o, ,, is given by Haldane’s formula

2

v,e
GV/.X}’ = h )
1
Vo =5~ aakFa(k) Nn(k’”’ T)’ (39)
T JBZ

where F, is the Berry curvature in the ath band and N, is
the Fermi-Dirac distribution function [71]. When 6 is small,
the yw fermions only occupy a single band, and the
summation over band indices can be dropped. If we crudely
approximate the Berry curvature as a constant F' = O(1)
near the bottom of the band, the integral over k simply gives
the total density, which is fixed to around 6 by Luttinger’s
theorem.

The qualitative behavior of the physical resistivity tensor
depends on the relative sizes of the two dimensionless
parameters 6 and X,. At very low doping, 6, ., and o, ,,
are both proportional to &, and it is useful to expand the
physical resistivity matrix to leading order in J,

3h 3., 3h
h 22 Oy .y 3t 37 0%y )
PR\ 5 3h +0(&).
2 7 42 Oypxy 4e2 Oyroxx
s« <1, (40)

At moderate doping and relatively weak disorder, it is
possible to enter a “double-scaling” regime where X is
large and & is small, while the product X5 is O(1). Within
such a regime, the Hall component o, ,, is suppressed
relative to the diagonal components 6,, ., and 6, ,,, and the
physical resistivity matrix can be approximated as
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3h < ny -2 )
62<4+z_:0xxo-yy) 2 ZITUxx ’

h -1
5~ <M> <1. (41)

My

A notable feature of this result is that the magnitude of p,,
always decreases as we hole dope away from the Jain state
at v = 2/3. This trend is a peculiar feature of the double-
scaling regime.

D. Pairing instability of the secondary CFL

In order for the transport phenomena in Sec. VIC to be
observed, the secondary CFL state must survive down to
asymptotically low temperatures. At first sight, this require-
ment seems reasonable, as time-reversal and inversion
symmetries are spontaneously broken in the doped
FQAH regime and there is no BCS instability. However,
at low dopant density, the composite fermions live near the
band minimum, and their dispersion relations enjoy an
approximate rotational symmetry. Thus, the superconduct-
ing susceptibilities can be quite strong even without a
symmetry-protected matching between ¢(k) and e(—k). In
what follows, we will consider the idealized scenario in
which the low-energy fermion dispersion is exactly rota-
tionally invariant. Deviations from this idealization will not
be visible except at the lowest temperature scales.

In the standard CFL with rotationally invariant fermion
dispersion, it is well known that gauge fluctuations suppress
the naive BCS instability between composite fermions [67].
However, an important feature of the secondary CFL
Lagrangian in Eq. (26) is that the three gauge fields a; are
not independent. Therefore, we must perform a more careful
renormalization group analysis on the BCS interactions
Vgcs,ij between secondary composite fermions y; and y;
to determine the correct ground state. Surprisingly, we find
that gauge fluctuations tend to suppress Vs ;; but enhance
Vgcs,izj- Therefore, the dominant instability is an “inter-
pocket” pairing between composite fermions y; and y; with
i # j, while “intrapocket” pairing can only be realized if the
microscopic parameters are arranged so that the UV cou-
plings satisfy VBCS,ii > VBCS,i#j'

The ground states induced by these two pairing insta-
bilities are drastically different. While interpocket pairing
leads to a conventional CDW metal with no fractionaliza-
tion, intrapocket pairing gives rise to a PDW supercon-
ductor with non-Abelian topological order. In what follows,
we will first present the RG analysis and then demonstrate
how these two distinct phases arise from the pairing
between secondary composite fermions.

1. RG analysis: Identifying the dominant instability

We start by recalling the simplified Lagrangian (33),
which is valid in the transverse gauge

1
eff—ZL vl adﬂl ﬁidﬂ#%f\dfl

\ || 1 23
—i—ai’T (qu-i-}/? ai,T—EaOVX - a,—l—A .
(42)

For the RG analysis, it is useful to turn off the external gauge
field A and integrate over a, to enforce the constraint
ayr +ayr + a3 = 0. Without loss of generality, let us
use this constraint to replace a3 r with —a; ;7 — a, 7 and then
perform a rotation of the gauge field a, 7 = % (a7 £ ary).
To analyze the pairing instability in a controlled fashion, we
adopt the large N, small € expansion introduced in Ref. [66],
where each y; is upgraded to N flavors of fermions y; , with
n = 1,..., N and the gauge field dispersion ¢? is replaced by
g'*¢. A controlled expansion is obtained by taking N — oo,
€ = 0 with the product eN held fixed. The deformed
Lagrangian takes the form
iq
L=Llyparg.ayr+a_g]— gal.o(‘hr +a_r)

q
+ Llyan a9, 07 —a_g] — §a2,0(0+,T —a_r)

iq
+ Llys . a3 9. =20, 7] + 17 000kt

% € w|
+ 6Na, 1 <)(+q1+ e |q) air

+2Na’ ; <)(_q”€ +7- %) a_r. (43)

Following conventions in the literature, we define the
dimensionless gauge couplings

A—é‘ Vp
2%+ (27)%
where A is a UV momentum cutoff. To analyze the pairing

instability, we also add explicit BCS interactions involving
Cooper pairs formed by electrons from i and j pockets,

9+ = (44)

-3/ 1 H ey 0w s ) 2o

X 8(ky +ky — k3 —ky)Vpcsij(ky ko ks, ky).  (45)

SBCs.ij =

In this expression, k; are spacetime momenta while k; are the
spatial components. Since pairing occurs near the Fermi
surface, we can take k; to lie on the Fermi surface and restrict
the spatial momenta to satisfy the BCS condition
k, = —k,, ky; = —k,. Therefore, the relevant BCS couplings
are Vpes,ij(01.62) = Vics,ij(ky, —ki3ky, —ky), where 6,
and 6, are the angles associated with k; and k,. To simplify
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the RG analysis, we further assume rotational invariance of
the fermion dispersion so that the coupling is only a function
of 6, —0,. This approach allows us to resolve the BCS
interactions into different angular momentum channels,

Vics.ij(01.602) = Z V](;?S,ijeim(ﬂl—ﬁz)_ (46)

From here, one can construct the RG flow of Vl(gné)s’ ;jand g..
The basic idea is to divide the Fermi surface into a large
number of patches, each with width A, In a single RG
step, we split each patch into two identical patches with width
Apaen/2 and integrate out gauge fluctuations that connect
nearby patches. At leading order in large NV, the effect of this
integration is to renormalize both g, within each smaller
patch and induce BCS interactions between nearby patches.
Since the normalizations of gauge and BCS interactions in
our problem are identical to those appearing in Ref. [67], we
can simply follow the RG procedure in Ref. [67] and read off

the /8 functions for Vi , i

(m)
dv
— B0 —(V](;'é)s 11)2 + 9+ +9g-,
dl '
(m)
av B
—2BE — (Vi) + 9y + oo,
dl '
(m)
dv
— B8 —(Vl(sn(lj)s 33)2 + 49,
dl '
(m)
dav m 2
— B2 _(V](SC)S,IZ) + 9+ —9-,
dl
(m)
dv
— s _(Vl(angs ) =295,
dl '
(m)
dv
% - _(Vl(sné)s,la)z —-2¢g,. (47)

These RG equations admit a simple physical interpretation.
The universal negative quadratic term represents the usual
BCS instability in a Fermi liquid. The additional term due to
g, mediates a BCS repulsion or attraction when the sign is
positive or negative. When i = j, the gauge contribution is
always repulsive. This repulsion can be understood using
Ampere’s law: U(1) gauge fields mediate an attraction or
repulsion between parallel currents running in the same or
opposite directions. For a single pocket i, the gauge field
mediates a current-current interaction between fermions near
momenta k and —k. Since these currents are antiparallel and
carry the same charge, they must repel. On the other hand, if
i # j, different fermion pockets could carry different gauge
charges under the gauge fields a... Forexample, fori = 1 and
j =2, we see from Eq. (43) that y; and y, carry the same
charge under a, but opposite charges under a_. Thus, a,

induces virtual currents of y; and y, running in opposite
directions, while a_ induces virtual currents of y; and v,
running in the same direction. This basic intuition explains
the sign structure of various terms on the rhs of the RG
equations.

Since the physical model has € = 1, both ¢, and g_ must
flow to O(1) positive fixed-point values. Moreover, the
manifest S; symmetry in the Lagrangian (26) implies that
the renormalization of the three interpocket BCS channels
must be identical (the same goes for the three intrapocket
BCS channels), implying a nontrivial relation between the
fixed-point values g7, ,

1
{gh +9- =499 —g- =291} > g} = 3 9= (48)

Plugging this relation back into the RG equations, we find
that the intrapocket BCS couplings V](SW(':)S, ;; all flow to finite

fixed-point values, while the interpocket BCS couplings
Vgg)s# ; have runaway flows that induce a pairing insta-
bility. Therefore, with generic microscopic couplings,
interpocket pairing is the most likely low-temperature

phase, while intrapocket pairing can only be induced when

the bare Vgé)sﬁ is much stronger than Vl(gné)s’i#j. This

situation bears some resemblance to the half-filled
Landau level, where paired states of the standard composite
fermions can be realized with an appropriate choice of
pseudopotentials, despite the fact that gauge fluctuations in
the standard CFL state suppress all pairing channels [67].
Motivated by this analogy, we consider both types of paired
states in the following sections and analyze their dynamical
properties.

2. Interpocket pairing: CDW metal + level-1 IQH

We first determine the low-temperature phase obtained
from the interpocket pairing of secondary composite
fermions. Without loss of generality, let us pair y, and
3, leaving y; untouched (the analysis is identical for
pairing between y, w3 Or y, y,). From the existing
literature on 1/2 + 1/2 quantum Hall bilayers, we know
that two CFLs described by fermionic partons y, and y3
favor the p + ip pairing channel in the limit of strong
interlayer repulsion [72]. Here, we make the simplifying
assumption that the same interlayer pairing channel persists
away from the strong interaction limit. Under this
assumption, the pairing of y, and 3 generates an exciton
condensate for d, and d5, which produces a level-1 Chern-
Simons term for the common gauge field a to which they
couple (see Appendix D for a derivation). After adding the
level-1 Chern-Simons term, the original Lagrangian in
terms of d; simplifies to
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1 2
L =Lcp|dy,a] +-—ada+ 2CS, — —ada
4r Y An

1 1
—(p— _ (A= A—
+47z (b—a)d(b-a) +4ﬂ( b)d( b)
— L ldy. ] = ~—adb + - bdb -~ bdA
— terldralTo g 47 2
1
—AdA +2CS,. 4
—|—4ﬂ +2CS, (49)

We now make a parton decomposition d; = z;y; and put
7y in a U(1), state, which can be described by introducing
additional gauge fields «a; and fj,

1 2 2
L:L[Wl,al]ﬂLE(O‘l — a)dp, _Eﬂldﬁl +Ebdb
1 1
——(a+A)db +—AdA +2CS,. (50)
27 47 :

Remarkably, the gauge field a now acts as a Lagrange
multiplier. Integrating over a Higgses b + f;, and further
integrating over b allows us to replace every instance of b
with —ﬂ 1-

1 1

Finally, the integral over | Higgses a; + A. As aresult, the
final Lagrangian takes the form

1
L =Ly, —A] + 1 AdA +2Cs,, (52)
T

Since lattice translation acts projectively on the three
partons d;, d,, and d3, an exciton condensate between
any two of them spontaneously breaks the lattice translation
symmetry. Therefore, the final state described by Eq. (52) is
a CDW metal stacked on top of a decoupled v =1
IQH state.

With all fluctuating gauge fields Higgsed, the total
conductivity takes the simple form ¢ = 6,, + 6;, where
o, 1s the conductivity of a level-1 IQH state. The conduc-
tivity of y is proportional to the filling 5. At small doping,
the total Hall conductivity is therefore close to ., = 1,
deviating strongly from the proximate v = 2/3 Jain state.
However, there is no jump in the conductivity as a function
of doping because the transition temperature from the
secondary CFL to this Fermi liquid state also vanishes
as 6 — 0, as we will see in Sec. VIE.

The CDW metal we have obtained has a simple
interpretation. At filling v = % a natural competing state
to the FQAH is a period-3 CDW insulator coexisting with
an IQAH component. This insulating state can be regarded
as a commensurate crystal of holes doped into the v = 1
state. Upon tuning parameters (say, a displacement field),
the FQAH can transition to the IQAH-CDW state [57,73].

Now, consider doping this IQAH-CDW state away from
filling 2/3. One possibility is that the CDW component
evolves into an incommensurate hole crystal [73].
However, an alternate possibility—if the commensuration
effect is strong—is that the CDW stays commensurate and
the extra holes with density around 6 are accommodated by
forming a Fermi liquid metal with a Fermi surface. This
metallic state is smoothly connected to the one we found
above through the interpocket pairing of the secondary
CFL. Thus, we expect that the phase boundary between the
FQAH and the IQAH-CDW that emanates from v = 2
curves toward the FQAH regime upon doping. This case is
depicted in Fig. 2.

3. Intrapocket pairing: PDW superconductor
with non-Abelian topological order

We now consider the alternative scenario in which each
y; pocket undergoes BCS pairing. Since d; = z;y; is at half
filling relative to the emergent flux it sees, we will draw an
analogy with the half-filled Landau level and assume that
the preferred pairing channel is again p + ip. This pairing
channel puts each of the three d; pockets into a Moore-
Read state, which can be described by a non-Abelian
Chern-Simons theory [63,64]. The total Lagrangian involv-
ing d; can therefore be rewritten as

3
2 2 2
Lyr =Y |-=Tr( &dé; + 58 |+ (Tré;)d(Tre,
MR i_1|: 4r r<cl cl+301> +47[( I'Cl) ( rcl)

1. o1
+ — (Tr¢;)db; — — b;db; + — adb; |, (53)
4 2

1
2n
where each b;/¢; is a U(1)/U(2) gauge field (this precise

formulation is reviewed in Ref. [61]). Gluing this TQFT
back to the remaining Lagrangian for f, and f;, we find

1 B 1 1
+ 5 (Tr;)db; - 5 b,db,—i——”adb,]

2 ada+ - (b - a)d(b - a)

4 ada 4 a a

1

— (A —=Db)d(A - D). 4
- baa-b) (54

To simplify the TQFT above, we observe that b; forms an
invertible U(1), state that can be integrated out. The
remaining Lagrangian takes the form
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N I S
Leff:Z —ETr cidci+§ci

i=1
3 ~ ~ 1 -
+ — (Tr¢;)d(Tré;) + — adTré,
4z 2n
+ : da + : (b—a)d(b-a)
4z T 4 “ “
1
—(A=b)d(A - D). 55
+ (A= b)d(A- D) (55)
Next, we rewrite the level-1 Chern-Simons terms for the
spinc connections a, b —a, and A — b as the topological

response of U(1), states formed by three U(1) gauge fields
a, B, and y. For example,

1 1 1
Eada - —Eada + %ada. (56)

Substituting this representation into the Lagrangian, we see
that ¢ and b become Lagrange multipliers that impose the
constraints

a-p+> Trég; =0, p=y. (57)

These constraints allow us to integrate out a, b, 3, and y and
obtain a new effective Lagrangian
3

2 2 3
Lo = [——Tr(éidéi +—z~§> +—(Tr5,~)d(Tr5,~)}
¢ ; 4z 3 4z

2 - -

b <a+ E,- Trci>d(a+ Ei Trc,-)
! do + ! + E Trc; |dA (58)
1, 0dat+o—|a : ¢ .

We now show that this complicated gauge theory secretly
describes a charge-2 superconductor. For this purpose, it
suffices to examine the equations of motion for the Abelian
factors Tr¢; and a,
4dTre; — 4 _dTré; — 4da + 2dA =0,
J

~3da -2 dTré; + dA = 0. (59)
J

After summing over i in the first equation and multiplying
the second equation by 4, we obtain

—SZdTrE = 12da + 6dA = 0,
J

—12da -8 "dTré; + 4dA = 0. (60)
J

Subtracting these equations immediately gives 2dA = 0,
which implies the formation of a charge-2 superconducting
condensate.

The nature of this superconductor is drastically different
from the chiral topological superconductor that we found in
Sec. V. First, following the discussion in Sec. II, we observe
that the operators d; that create partons in three degenerate
pockets furnish an irreducible representation of the pro-
jective lattice translation symmetry 7,7, T;'T;! = e=27/3:

- dn—‘rl(iéxv ]}y>eik/3’
= d,(ky, ky)e B3k (61)

xRy
where d,,, 5 is identified with d,, and k., l~cy take values in
the reduced Brillouin zone [0,27z/3] x [0,2z]. Now, we
recall that the Moore-Read state for d; is constructed by
binding two units of flux to each d; to form composite
fermions ; and then condensing Cooper pairs of y; in the
p + ip channel. Since y; inherits the projective action of
lattice translation from d;, the Cooper pairing of y;
necessarily breaks the lattice translation symmetry sponta-
neously, leading to an exotic PDW state. Moreover, a
careful analysis of Eq. (58) reveals that the superconductor
coexists with a non-Abelian topological order. An interest-
ing effect is that gluing the Abelian Jain state to the Moore-
Read states formed by d; creates new non-Abelian anyons
with enlarged quantum dimensions. The complete anyon
content of this theory is described in Appendix C.

E. Finite-temperature phenomenology

Let us now construct a complete finite-temperature phase
diagram at small doping 6. As the system cools down from
high temperature, the first energy scale it encounters is the
energy gap Ay, of the Jain state at filling v = 2/3. When T
decreases below Ay, the doped system behaves as a Jain
state coexisting with a thermal gas of doped holes at
lattice filling 6. For 6 < 1, the transport properties of the
system in this regime are identical to the Jain state up to
O(8) corrections. The classical dynamics of the doped
holes persists until 7" reaches a lower energy scale
Er(8) ~6 < Ay, which is the quantum degeneracy
temperature of a Fermi gas at lattice filling 6. The evolution
from T > Ep(6) to T < Ep(5) is not a sharp phase
transition but a smooth crossover during which the doped
holes gradually develop quantum coherence and start to
behave as three pockets of interacting composite Fermi
liquids. Finally, at an even lower temperature 7 = T, there
is a sharp phase transition into the ultimate low-temperature
phase, which can either be the CDW metal in Sec. VID 2 or
the PDW superconductor in Sec. VID 3.

The qualitative picture in the previous paragraph misses
one additional subtlety. As is the case for any CFL state,
although the CF Fermi surface becomes sharply defined at
T < Er(5), the non-Fermi liquid signatures of the CFL
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FIG.5. Finite-temperature phase diagram at v = 2/3 — § when the a; anyon is doped into the FQAH state at 2/3 filling. For T < Ay,
the system behaves like the Jain state at v = 2/3 coexisting with a thermal gas of anyonic holes with density 6. As T decreases below a
“degeneracy” temperature Ex(5) at density &, the anyons fractionalize into composite fermions and form a secondary CFL with non-
Fermi liquid characteristics. Depending on microscopic interactions, there is a further phase transition at an even lower T'. into a CDW
metal with a coexisting IQH state or a PDW superconductor with coexisting non-Abelian topological order. The O(h/e?) difference in
Hall resistivity between these states provides a sharp experimental diagnostic.

state do not manifest themselves until we reach a lower
energy scale T\gr.. The phenomenology of the secondary
CFL regime depends crucially on the relative size of Tyg,
and T,.

If the low-temperature phase is a CDW metal coexisting
with an IQH state, the transition from the secondary CFL to
the low-temperature phase is driven by the pairing of
composite fermions from different pockets. Since the
interpocket attraction between composite fermions is
mediated by critical gauge fluctuations, the effective
BCS coupling diverges much faster than the logarithmic
RG flow associated with the conventional mechanism for
superconductivity in a Fermi liquid. As a result, the
transition temperature is generally a power-law function
To(Vicsinter) ~ Er(8)[Vacs.iner/ EF(6)]" of the bare attrac-
tive BCS interaction Vpcginer, rather than an inverse
exponential e¢~¢/Vecsiner, Within a controlled expansion
for non-Fermi liquids, it has been previously shown that
T.(Vgcs.iner) is comparable to Tgp, [67]. This feature is
not surprising, as superconductivity and non-Fermi liquid
phenomena are induced by the same gauge fluctuations in
this particular system.

On the other hand, if the ultimate low-temperature phase
is a PDW superconductor with non-Abelian topological
order, then the transition from the secondary CFL into the
low-temperature phase is driven by the pairing of
composite fermions in the same pocket. Since intrapocket
pairing is suppressed by gauge fluctuations, stabilizing this
low-temperature phase requires a large, bare, intrapocket
attractive interaction between composite fermions. As a
result, the physics that determines the values of 7. in this
scenario has no simple connection to the gauge fluctuations
that set Typr., and no quantitative relation between 7', and
Tnpr can be deduced.

Putting these two cases together, we see that there is no
parametric separation between Tyg;, and T, in general, and

the non-Fermi liquid features of the secondary CFL need
not be observable. Therefore, the most robust feature in the
finite-temperature phase diagram, as illustrated in Fig. 5, is
the O(h/e?*) jump in Hall resistivity across T, both for the
CDW metal and the PDW superconductor.

VII. DISCUSSION

In this paper, we explored several novel itinerant phases
that can be stabilized in a doped FQAH insulator beyond
the quantum Hall plateau. Near the prominent v = 2/3
state in current experiments, the low-temperature phase that
emerges depends on which anyon has the lowest excitation
gap and becomes doped into the system as the charge filling
is varied. If charge-2/3 anyons are doped in, a chiral
topological superconductor (with four chiral Majorana
edge modes) arises. If charge-1/3 anyons are doped in
instead, we find a generalized composite Fermi liquid at
intermediate temperatures which undergoes composite
fermion pairing at low temperature. The dominant pairing
instability naturally leads to a Fermi liquid metal coexisting
with a doping-induced period-3 charge order, although a
more exotic PDW superconductor with intrinsic non-
Abelian topological order can also be stabilized with
appropriate interactions in the BCS channel. We discussed
the phenomenology of these distinct possibilities, both at
zero and at nonzero temperatures.

In light of these results, it may be interesting to probe the
low-temperature limit at fillings close to 2/3 in the current
experimental realizations of FQAH phenomena. The
energy scale for the onset of the itinerant ground states
is set by the doping , which is a small fraction of the total
filling. The novel states we found will also compete with
localized states induced by a combination of Coulomb
interactions and disorder. Nevertheless, with improvements
in sample quality, it may be possible to reach these itinerant
states. Existing experiments find a decrease of the Hall
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resistivity on either side of 2/3 filling. While the decrease
on the electron-doped side of 2/3 is natural, the same
decrease on the hole-doped side is more surprising. Our
analysis in terms of parton bands gives a number of
possible explanations for this behavior.

The broader message in this paper is that the doped
FQAH state provides a wonderful platform for the reali-
zation of fractionalized itinerant phases. Beyond the cases
that we considered, other interesting possibilities certainly
exist. For instance, the doped charges may just go in as
electrons (or holes) and not as anyons. Then, we will obtain
a “fractionalized Fermi liquid” [74,75] with a small Fermi
pocket of electrons or holes while preserving translation
and charge U(1) symmetries. The Fermi surface coexists
with the topological order of the FQAH state. This metallic
phase violates the conventional Luttinger theorem but
satisfies a modified one that relates the Fermi surface area
to the density of doped charges. It would also be fruitful to
explore the possible doping-induced continuous phase
transitions from the gapped FQAH states to these itinerant
phases. These transitions would be necessarily “beyond
Landau” as they describe the destruction of a topological
order and the simultaneous emergence of itinerant degrees
of freedom, sometimes with concomitant translation sym-
metry breaking.

The physics of the doped FQAH state—like the much
explored doped Mott insulator—is thus likely to reveal a
wealth of unexpected correlated many-body phenomena.
We hope that future theory and experiments will focus on
studying this regime in detail.

Note added. Recently, Ref. [76] appeared, which has a
small overlap with our results. In addition, Ref. [77] gives a
related mechanism for superconductivity in a Hofstadter-
Hubbard model.
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APPENDIX A: CONTRAST WITH LAUGHLIN’S
ANYON SUPERCONDUCTOR: WHY IS OUR
STORY DIFFERENT?

In this appendix, we review the old work of anyon
superconductivity (ASC) pioneered by Laughlin in
Ref. [39] and developed further in Refs. [40-44]. The goal
is to highlight the key conceptual differences between ASC
and the two classes of superconductors that arise from

doping an FQAH insulator. To that end, we focus on the
field theoretic analysis of Ref. [42].

The starting point of Ref. [42] is the following
Lagrangian description of an anyon gas,

L=L[f a+A] +%ada,

: 2
L[f,a] =f (i0,+at)+M

o H /s

(A1)

where f is a fermion and a is treated as a dynamical U(1)
gauge field. The Lagrangian is written in flat space-time.
The a, equation of motion imposes a constraint

5 n
pfzf’f:—%VXa. (A2)
This equation shows that fluctuations of a attach —1/n
units of flux to the fermion f, turning it into an anyon with
fractional statistics @ = (1 — [1/n]). Treating the fluctu-
ating gauge field in a mean-field approximation leads to the
fermions seeing an average “statistical” magnetic field with
a filling factor —n. The fermions thus completely fill |n]|
Landau levels. Integrating them out gives a low-energy
effective theory,

n n
Leff = —E(a +A)d(a +A) + Eada

n n
= ——Ada——AdA.
2w “ dr

Integrating out a, we obtain a charge-n superconductor.

To understand the relevance of the model to a micro-
scopic system, let us ask what the local operators are in the
theory defined by Eq. (Al). Operators such as ff and
other gauge-invariant polynomials of f, f* are local and are
clearly bosonic (i.e., in relativistic parlance, they have
integer spin). More interesting are the monopole operators
of a. Assuming standard flux quantization, the basic 2z
monopole M, is not, by itself, gauge invariant due to the
Chern-Simons term. Rather, it carries gauge charge n. A
gauge-invariant monopole operator is obtained by binding
n fermions, schematically indicated as M, f". Because of
the Chern-Simons term, the M, field, by itself, has half-
integer spin if n is odd and integer spin if 7 is even. Binding
to n fermions implies that the gauge-invariant monopole
operator always has an integer spin. Note that it also has a
physical electric charge g, = n. Thus, we conclude that all
local operators in the theory are bosons, and the smallest
physical electric charge is n.

The anyon superconductor model of Ref. [42] should
thus be viewed as a model of a microscopic system of
physical charge-n bosons in which the anyons have
emerged at low energy. In particular, there is no electron
operator in the low-energy model. Consider microscopic
models where the basic charged particle is an electron with

031069-18



DOPING A FRACTIONAL QUANTUM ANOMALOUS HALL ...

PHYS. REV. X 15, 031069 (2025)

physical charge 1. Then, clearly, all local operators with
odd physical charge are fermionic while those with even
physical charge are bosonic (known sometimes as the spin-
charge relation [61]). Thus, for odd n, the model in
Eq. (A1) can never emerge in such a microscopic electron
system. In particular, the n = 3 case (which describes a
fluid of anyons with (27/3) statistics) is not emergeable in
an electron system, and hence the anyon superconductor
found in that model should not be identified with the one
we have described in this paper.

We can view this conclusion from a more sophisticated
perspective by placing the system on a general oriented
space-time 3-manifold M; of the form M, x M| and
specifying whether a and A are U(1) gauge fields or
spinc connections. If we demand that the microscopic
charge-1 particles are fermions, then we must take A to be a
spinc connection. As f couples to a + A, it follows that a
must be an ordinary U(1) gauge field. Then, for the Chern-
Simons term to be properly gauge invariant, n must be
even. Thus, we again conclude that, for odd n, the theory
cannot emerge from a microscopic electron system. For
even n, it can emerge, but the local operators that carry
physical charge in the theory all have even charge and
hence are bosons.

Is there an alternate coupling of the background sping
connection in Eq. (A1) that makes the theory equivalent to
ours? The theory has a global U(1) symmetry associated
with conservation of the flux of a, and we can couple A to
the corresponding monopole current. The most general
such theory, paying proper attention to quantization of
Chern-Simons coefficients, is

n m
L=1L —ad —Ad L|A, g|,
[f,a]+4ﬂa a—|—2ﬂ a+ L[A, ¢g]

k
LIA, g] = 1 AdA+ICS,,. (A3)

Here, n, m, k, and [ are integers that will be further
constrained below. The gauge field a should be viewed as a
spinc connection as it couples to f. Then, the proper Chern-
Simons term for a is

nCS[a, g| = % ada + 2nCS,,. (A4)

Similarly, as A is a sping connection, its Chern-Simons
term is

k
KCS[A.g] = [~ AdA + 24CS,. (AS)

Now, consider the quantization condition for the coefficient
of the Ada term. As A and a are both sping connections, m
must be an even integer because, as already seen, the gauge-

invariant monopole of @ must be a boson with integer spin.
The Ada term ensures that these monopoles carry physical

charge m. However, by the spin-charge relation, we must
have m even. We can obtain a stronger constraint as
follows. Note that a +2A and a are both spinc connec-
tions. Therefore, a properly normalized term is

2 4
p(CSla+ 24, g — CSla, g)) = =L Ada + L AdA.  (A6)
T

2n 4
Subtracting 4pCSJ[A, g], we find that

2—pAda - 8pCS, (A7)
2n :
is well defined. Setting m = 2p, we see that consistency of
the Chern-Simons terms for A and a requires that we obtain
a contribution 2n + 2k —8p to [. In addition, we can
always add a term 16ZACSg to the Lagrangian, with [ an
integer that encodes the response of an invertible bosonic
topological order in 2 4+ 1 dimensions (the so-called Eg
states). Thus, we finally obtain the constraints

m=2p, [=2n+2k-8p+16l.  (AS8)
The Lagrangian in Eq. (A3) with the constraints of Eq. (A8)
is the most general allowed coupling of background A and g
to the anyon action of Eq. (Al).

Now, let us see if the theory we actually have in the
physical system of interest fits Eq. (A3). We start with
Eq. (16) and shift the U(1) gauge field b to define a new
spingc connection @ = b — A. Then, Eq. (16) becomes

3 2 2
L=L — —A —AdA+2 A
[w,a]+4ﬂ_ada—|—2ﬂ_ da+47t dA+2CS[g], (A9)

which has exactly the form of Eq. (A3) with the identi-
fication n =3, k=2, p=1, and [ = 0.

Thus, we conclude that we can recast our theory in terms
of field theories of the type considered in Ref. [42] but with
a peculiar coupling to the background gauge fields A and g.
Indeed, if we just state that we have a finite density of
anyons with (27/3) statistics, then a variety of couplings to
A and g are possible and will lead to distinct physical
properties. It is thus more physical to start with a particular
topological order that produces these anyons and to then
dope the system to induce a finite density as we have done.

Similar comments apply to the hierarchical supercon-
ducting states in Ref. [41], where the anyons carry frac-
tional statistics # = #P/Q with PQ even (this reduces to
the case considered above for P = n — 1, Q = n). With the
coupling to the external gauge field A specified in Ref. [41],
the charge-Q superconductor in the hierarchical construc-
tion cannot emerge from a microscopic electron system
when Q is odd, but it can emerge from a microscopic
bosonic system. Therefore, we arrive at a robust charge-
statistics relation for the usual anyon SC: It can only
emerge from a microscopic system of interacting fermions
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when the anyons carry fractional statistics with even
denominators. However, this charge-statistics relation
clearly does not apply to the doped FQAH states in our
story. We already discussed the chiral superconductor in
Sec. V at lattice filling v = 2/3 — §, which can be inter-
preted as doping a finite density 6 of anyons into the
v =2/3 FQAH state. The doped anyon carries fractional
statistics @ = 2z/3, which has an odd denominator.
Nevertheless, the effective Lagrangian describes a
charge-2 superconductor. More generally, the charge-2
superconductors with non-Abelian topological order and
the charge-|p| superconductors with Abelian topological
order that we constructed near a general Jain filling
v=p/(2p + 1) are always even-charge superconductors
that arise from doping anyons with odd-denominator
fractional statistics.

APPENDIX B: GENERALIZATION TO THE
PRINCIPAL JAIN SEQUENCE v=p/(2p +1)

In this appendix, we generalize the construction in the
main text to analyze the effects of doping on a general Jain
state at lattice fillingv = p/(2p + 1). As we will see, in the
first scenario where the active band corresponds to fi,
lattice translation splits f; into |2p + 1| Fermi pockets
labeled by d;, each at filling —sgn(p)/2 relative to the
emergent flux it sees. Depending on microscopic inter-
actions, d; either forms a Moore-Read topological order or
a secondary CFL. For arbitrary p, putting d; in the Moore-
Read state results in a charge-2 superconductor that
spontaneously breaks the lattice translation symmetry.
The superconductor carries a non-Abelian topological
order that generalizes the non-Abelian topological order
for p = —2 described by Eq. (58). On the other hand, if d;
forms the secondary CFL, gauge fluctuations drive a low-
temperature instability in which pairs d;, d; with i # j form
exciton condensates. This condensate Higgses all the gauge
fields, and the true ground state is a translation-symmetry-
breaking Fermi liquid much like for p = -2.

In the second scenario, where the active band corre-
sponds to f>/ f3, the fate of the doped holes depends on the
parity of p. For even p, the topological superconductor at
p = —2 generalizes to a more exotic charge-|p| super-
conductor coexisting with an intrinsic Abelian topological
order. For odd p, we instead obtain a generalized CFL that
resembles the conventional CFL at even-denominator fill-
ing —1/|p + 1|. In what follows, we will only sketch these
results since the detailed analysis largely parallels the case
of p=-2.

1. Doping into the f,/f; band: An even-odd pattern
First, we consider the scenario where f3 is the active
parton, while f, and f, continue to form Chern insulators
with C; = p and C, = 1. Since the anyon f3 associated
with f3 carries charge ¢ = ve and self-statistics 6 = v,

it can be identified as the vison, which is nucleated by a 2z
flux insertion. Doping into the f3 band is therefore
equivalent to doping a density 6 of visons into the
FQAH state at v = 2/3, which is natural when the vison
has the lowest energy gap.

Atfilling v, = v, = p/(2p + 1) — 8, in order for f and
f> to form Chern insulators with C; = p and C, =1, the
mean-field flux seen by f and f, must be reduced by 6/ p
and &, respectively. This condition translates to the mean-
field flux assignment

1 1 6

L (Vxa) = _2

2n 2p+1 p

I 1 1

Liwxp =L Pl (B1)
2n 2p+1 p

In the |2p + 1|-fold enlarged unit cell, the filling of f3 is
fixed at |p| — |2p + 1|8, while the flux seen by f3 is

@, =2p +1(V x (A -b))

=2z[-[p+ 1|+ [2p+1ls(p+1)/p]. (B2)
By the Streda formula, part of the f5 partons at total filling
lp| +2p + 1|6(p + 1)/ p will continue to form a Chern
insulator with C; = 1, while the remaining f3 partons at
filling —8(2p 4+ 1)2/|p| see an effective magnetic flux
2712p + 1|6(p + 1)/ p. Because of the projective action
of lattice translation, the f3 parton splits into [2p + 1]
degenerate species y;, each at filling —=5(2p + 1)/p, and
sees flux 2z|p + 1|6(2p + 1)/p. This structure immedi-
ately suggests an even-odd pattern.

For even p, |p + 1| is odd, and the most natural state
formed by each y; at filling —1/[p + 1] is the U(1)_,,y
Laughlin state. In the deep IR limit, we therefore obtain an
effective TQFT Lagrangian

_ P 1 o _
L=, ada+ 4ﬂ(b a)d(b—a) + 4”(A b)d(A — b)
|2P+1\|
p+1] 1
da; - —a;d(A = D). B3
+ ?:1 1, idai o aid(A =) (B3)

From here, a natural approach would be to mimic the
discussion at v = 2/3 and integrate out the internal gauge
fields a and a; to obtain an effective theory for b and A.
However, for p # —2, this task turns out to be impossible.
To see this result, we consider the equations of motion for
a, b, and «; together,

EOM fora: (p + l)da = db,

[2p+1]
EOM forb: 2db —da — dA = da;,
i=1

EOM fora;: |p + 1|da; = db — dA.
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Crucially, for p # -2, the EOM for every internal gauge
field involves an integer multiple N of the field strength,
where |N| > 1. Therefore, one cannot integrate out the
gauge fields while maintaining flux quantization.

Nevertheless, the equations of motion are powerful
enough to determine that the TQFT in Eq. (B3) secretly
describes a charge-|p| superconductor. To see this case, we
first use the EOM for a to fix db = (p + 1)da. Substituting
this result into the EOM for b and «;, we find

[2p+1]
2p+1)da—A= da;,
=1
|p + l|da; = (p + 1)da — dA. (BS)
Next, we multiply the first equation by |p + 1| and sum
overi =1,...,|2p + 1] in the second equation. Combining
the results gives

[2p+1]
> lp+1lda;=2p+1)|p+1lda—|p+1]dA
i=1

=2p+1|(p+1)da—|2p+1|dA. (B6)
Finally, for p # 0, we have sgn(2p + 1) = sgn(p + 1),
which implies the simplified constraint

(2p+1]=|p +1])dA = |p|dA = 0. (B7)
Therefore, the collective fluctuations of internal gauge
fields «;, a, and b Higgs the external U(1) gauge field
A down to Z,|, implying that the system is a charge-|p|
superconductor. When p = —2, this conclusion is consis-
tent with Sec. V.

In terms of the microscopic electrons, this charge-|p|
superconductor is very exotic and beyond any mean-field
description. To see this case, let us consider the Landau-
Ginzburg theory for a conventional charge-|p| supercon-
ductor with no topological order written in terms of a
charge-|p| order parameter field ¢ coupled to an external
gauge field A via the Lagrangian L[¢, |p|A]. Under the

|

particle-vortex duality where ¢ — ¢,, the Lagrangian
transforms to

PIA+ LeslA] = Ligy.b] + Db + LeslA],

Lig.

(B8)

where Lcg[A] can include Chern-Simons terms for A
generated by stacking invertible IQH states. In the super-
conducting phase, the vortex ¢, is massive and can be
integrated out. Therefore, if we treat A as a fluctuating
gauge field, the TQFT for b and A is simply a Z,
Dijkgraaf-Witten theory with ground-state degeneracy p?
on a spatial torus.

To distinguish the superconductor in Eq. (B3) from the
conventional charge-|p| superconductor, it suffices to show
that its torus ground-state degeneracy differs from p?. Since
the TQFT in Eq. (B3) is a simple K-matrix theory, this
computation is straightforward. We begin with a change of
variables b — b+ A under which the Lagrangian in
Eq. (B3) transforms to

1 1
L="ada+—(b+A—a)d(b+A—a)+—bdb
47 47 47
pP+1w
p+1] 1
§ da: — — a.db. B
+ e a;da; 7 a;db (B9)

i=1

The K matrix associated with this Lagrangian can be
written in a block form,

- p+1 -1 -1
& Kll K12 s
K=(of 20) Ku=| -1 2 1]
12 22 -1 1 1
0o ... 0
i(n: -1 ... -1 s IN(22: |p+1|1|2p+1\ (BlO)
0o ... 0

This block structure allows us to compute the determinant
analytically for all p:

det K = det Ky, - det(K ) — KK KTy) = |p + 1|21 det(|p + 1|1K ) — KpKTy)

(p+1Dlp+1|
—[p +1|
—[p +1|

= |p + 1|PP+11=3 . det

=|p+ 1|13 (p+1)2p? - —sgn(p + 1) = —sgn(p + 1)|p + 1|2P+1=1 p2,

—|p+1] —|p+1]
2p+1|=2p+1] |p+1|
p+1] lp+1|

(B11)

Note that the magnitude of the determinant, which controls the ground-state degeneracy on a torus, can be written as a

perfect square,
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[2p+1]-1
2.

|detK| =D>,  D=|p|-|p+1

(B12)

Since the torus ground-state degeneracy GSD(p) = D? > p?
for all p # —2, the topological order of the general charge-
|p| superconductor is distinct from Z,,| Dijkgraaf-Witten
theory. The existence of intrinsic topological order at
general p should not be surprising since anyon condensa-
tion generally does not destroy the full topological order of
the Jain state.

In fact, we can prove that a general SC* state described
by a K matrix with a single zero mode can always be
factorized as a topologically trivial superconductor stacked
with a gapped topological order. More precisely, we can
demonstrate the following linear algebra fact:

Claim. Let K be an N-by-N matrix with entries in a
principal ideal domain (PID). Suppose that the Smith
normal form of K is UKV = A, where A is a diagonal
matrix with a single zero diagonal entry (i.e., K has a single
zero mode). Without loss of generality, we can arrange the
zero diagonal entry to be Ayy. Then, we claim that the
following block form holds:

Kn-tyx(v-1)  On=1)x1

VIKV = < > (B13)

01 (n-1) 0

Proof. Since A is the Smith normal form, we know that
U and V are unimodular and invertible. Now, let us
consider the last column of A, which must be identically
Zero:

AjN:(UKV)jN: UjmenVnNZOv V. (B14)
Since U is invertible, this fact implies that K,V 5 = 0 for
all m, meaning that V, is precisely the zero mode of K.
With this information, it is trivial to compute VI KV,

(VTKV)U = VmiKmnan

VmN(KmnVnN):O i=j=N

VonKmn)V,i=0 i=N,j#N

WK Vo =0 EEITEN 1)
Vmi(KmnVnN):O l;éN’]:N
VmiKmnan lv]#N

This computation agrees with the proposed block-diagonal
form of VIKV. "

Now, suppose we start with a superconductor described
by the Chern-Simons Lagrangian

1 1
L:_Eall{ljdaj “!‘ZQ]aldA (B16)

Given the Smith normal form K = U'AV~!, we can
define a new set of gauge fields #; = V;}a; such that

1 1
L = —Eal(U_lAV_l)I‘]da.] +Eq1VIJﬂJdA

1 1
:—Eﬁl(vTU—lA)deﬁJ+ﬂq]V]JﬂJdA. (B17)

Since (VIU-'A) is block diagonal, the system is a
decoupled stack of a topologically trivial SC sector and
a stacked topological order described by a rank (N — 1) K
matrix. In the f3; basis, we can directly read off the charge of
the superconductor,

Osc = 4q1Vin- (B18)

Similarly, we can extract the Hall response for the FQH
sector:

ny: Z (VTQ)i(VTU_IA)i_jI(VTCI>j

i<N_j<N

Z Z vamik;jlqnviij-

i,j<N m,n<N

(B19)

These formulas can be applied to each of the super-
conductors we found for p €27, and the stacked topo-
logical order can be easily identified.

In contrast, for odd p, each y; is at an even-denominator
filling —1/|p + 1|. It is then natural to attach |p + 1| fluxes
to each y; and form a generalized CFL state. The resulting
Lagrangian then becomes

_r 1o N _
L —4ﬂada+4ﬂ(b a)d(b a)—|—4”(A b)d(A - b)
[2p+1]
+ Z LepLlwi A= D], (B20)
=1
where
+1
Leplwin A=bl =Ly, A=b—a;] + |p4” |ﬂidﬁi
1
— p.da;. B21
+ 5 pida; (B21)

The resistivity in this CFL state is derived in Appendix E
and takes a somewhat complicated form,

1-v
p= 1/_1(01 + (71,,)_1 - —(01 + Uy/)_l(o-yT/)gl_l’

(B22)
Here, o, is the conductivity of the U(1), IQH state, and o,

is the total parton conductivity for the |2p + 1| fermions y;
given by

o, = 2p +1|(=|p + 1lo7' + o). (B23)
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where o is the conductivity of a Fermi liquid at filling
—5&/|p| relative to the microscopic unit cell. In a system
with weak disorder, we expect ogy, to scale as 7,8, where 7,
is the transport scattering rate. In Appendix E, we show that
the physical Hall resistivity p,, approaches the Jain value
when & — 0, but it becomes enhanced by a factor of ([1 +
v]/[1 = v]) when 7, — oo (i.e., the ultraclean limit). This
finding suggests the unusual trend where a decrease in the
disorder strength leads to an increase in the Hall resistivity.
We caution, however, that the interpolation between these
limits can, in general, be complicated, as o itself can have
a nontrivial Hall component.

In the low-temperature limit, the generalized CFL
described by Eq. (B20) could have additional pairing
instabilities similar to the ones we encountered in
Sec. VI D. These instabilities can confine some of the internal
gauge fields and destroy the non-Fermi liquid phenomenol-
ogy associated with the generalized CFL. A detailed analysis
of these instabilities is deferred to future work.

2. Doping into the f; band: CDW metal and PDW
superconductor

We now revisit the second scenario at a general Jain
filling v = p/(2p + 1), where f, and f5 continue to form
Chern insulators with C, = C3 = 1, while f; becomes
itinerant. By the Streda formula, the mean-field fluxes are
pinned to

1

—(V = 26

27r< xa) 2p+1+ ’

1 p+1

—(V xb) = 0. B24
22 VXb) = T (B24)

Upon integrating over f, and f3, we obtain an effective
action

L =LI[f,,d] —ﬁ-;—ﬂ_(b—a)d(b—a)

+$(A — b)d(A - b).

(B25)
In the [2p+ 1|-fold enlarged unit cell, f; is at
filling vy = |p|—|2p + 1|6 while the flux of a is
2z[sgn(p) + 2[2p + 1|5]. By the Streda formula, part of
the f, partons with filling |p| +2p|2p + 1|6 continue to
form a Chern insulator with C; = p, while the remaining
f1 partons with filling —(2p + 1)[2p + 1|6 see an effec-
tive net magnetic flux 4z|2p + 1|5. Because of the pro-
jective action of lattice translations, the f band structure is
|2p + 1]-fold degenerate, and the excess f; partons
form |2p + 1| Fermi pockets labeled by d;, each at fill-
ing —1sgn(p) relative to the effective magnetic flux
4r|2p + 1|6 it sees.

Like in Sec. VI, the natural state formed by d; at
intermediate temperatures is a composite Fermi liquid at

filling —sgn(p)/2. To describe this state, we further
fractionalize d; as d; = z;i; and introduce emergent gauge
fields a; such that y; couples to @; and z; couples to a — «;.
In terms of these additional fields, the effective Lagrangian
takes the form

[2p+1]

1 2sgn(p
Le = Z L[l//hai]'i_g(a_ai)dﬂi_" )
i=1

4

pidp

1 1
—(b- - —(A- A-D). B2
+4ﬂ(b a)d(b a)+4ﬂ( b)d(A-Db) (B26)
To study Fermi surface dynamics, we again neglect flux
quantization and integrate over a and b to simplify the
effective Lagrangian

[2p+1]

L = Z Lly;.aj]

i=1

|0)| 1 [2p+1]
+ a}*’T (qu +}/—> ai’T —4—aOV X < Z a; +A> .
q i i=1

(B27)

2sgn(p)
47

1 1
—5-aidpi+ pidp; +—AdA
2n 87

The form of this Lagrangian is very similar to the effective
Lagrangian in Eq. (33) for the p = —2 case. The S;
symmetry in Eq. (33) is enhanced to an S, symmetry
at general p. Repeating the analysis of pairing instabilities,
one finds that all the intrapocket BCS interactions flow to
finite fixed-point values, while all the interpocket BCS
interactions flow to infinity. Since there is an odd number of
pockets, the dominant pairing instability is the one in which
all but one of the pockets go through interpocket pairing.
However, when microscopic couplings conspire to generate
a bare Vpcsinrg that is much stronger than Vpegingers
intrapocket pairing occurs, and each d; instead goes into a
Moore-Read state. In what follows, we analyze these two
cases separately.

a. Interpocket pairing: CDW metal + level-1 IQH state

The structure of the pairing between y; and y; depends
on the sign of p. For p <0, each pair (d;,d;) can be
regarded as a 1/2 + 1/2 quantum Hall bilayer, and we
assume that the partons y; and y; prefer to pair in the
Px + ip, channel. The resulting state is equivalent to an
exciton condensate formed by d; and d;, which generates a
level-1 Chern-Simons term for the gauge field a to which
they couple (see Appendix D for a derivation). On the other
hand, for p <0, d; and d; now form a (—1/2) + (=1/2)
quantum Hall bilayer, and the preferred state is the time-
reversal conjugate of the original exciton condensate. Thus,
the induced Chern-Simons term for a has the opposite sign.

What is the fate of the original Lagrangian after pairs
of pockets form exciton condensates? Without loss of
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generality, let us choose d; as the unmatched pocket and
have (d,, d3), (ds,ds), ... form pairwise exciton conden-
sates. After integrating out all the pockets except d;, we
obtain an effective Lagrangian

2p+1/-11

P T

L= LCFL.sgn(p) [dI’ a] - Sgn<p)

p 1 1
+4ﬂada—|—4ﬂ(b a)d(b a)—|—4 (A=b)d(A-b)

4z
sgn(p) +1 1

3 3704

= LCFL.sgn(p) [dla a] +

1 2 1
—5-b(da+dA) + —bdb + - AdA, (B28)

where we introduced the notation
1 2
LCFL,i[dv Cl] - L[l//, a} + -— (Cl - a)dﬂ Zl: 7ﬁdﬁ (B29)
2 iy,

Forall p < 0, sgn(p) + 1 = 0, and the Lagrangian reduces
to our result Eq. (49) for p = —2. Therefore, we obtain
a Fermi liquid that spontaneously breaks the lattice
translation symmetry. On the other hand, when p > 0, a
level-1 Chern-Simons term for a remains, and the total
Lagrangian is

1 2 1
L = Lly,a] +ﬂ(a —a)dﬂ—kEﬂdﬂ—kEada

1 2 1
——b(da+ dA) +—bdb + —AdA.
2w 4z 4

(B30)
Using the equation of motion for a, we can integrate out a
and simplify the Lagrangian to

1 1 1 1
L =Ly, al ——pdoa — —bdA +—bd, —AdA
lvr-of 27rﬂ “ 2w +27z ﬂ+47z

1 1
— pdp +—bdb. B31
+ 47zﬂ P 4z (B31)
Now, observe that b and S together form the Halperin-111
state, which Higgses A — a and generates a Chern-Simons
term for A with level —1. The final Lagrangian is therefore

L =Ly, A+ iAdA - iAa’A = L[y,A]. (B32)
4z 4z

In contrast to Eq. (52), which is valid for p < 0, the answer

for p > 0 is missing a Chern-Simons term for A with

level 1. Therefore, the Hall conductivity should be very

small at low 6.

b. Intrapocket pairing: PDW superconductor
with non-Abelian topological order

We now turn to the second possibility in which secon-
dary composite fermions y; undergo intrapocket pairing in

the p + ip channel. The Lagrangian for the d; sector
therefore reduces to |2p + 1| copies of the Moore-Read
state at filling —sgn(p)/2. Gluing the TQFT for the Moore-
Read state back to the remaining Abelian Chern-Simons
terms, we have the full Lagrangian

by 2
L = —sgn(p) {—Tr <E,-d5,- + E?)
— 4z 3

2 1 -
+— (TrE,)d(TrEl) + — (Tré,)db,

V¥4 2

1
47
P

iy 4

+$(A —b)d(A - b).

~ o~ 1 ~
bidbl' + —Cldbl':|
2n

1
+-—ada —1—5(!) —a)d(b—a)

(B33)

Following the strategy in Sec. VID 3, we first integrate
over b;, setting b; = a + Tr¢;:

[2p+1] 2 2
L = —sgn(p) Z {—MTr <E,»d5,- +3El3>

i=1

3 N 1 .
+ e (Tre;)d(Tre;) + 7 ad(Trcl-)}

47zaa 4z

+ A= pyaa—n).

i (B34)

From here, we can work out the equations of motion for the
Abelian factors b, Tr¢;, and a:
2db —da —dA =0,
—4sgn(p)dTré; — 2sgn(p)da = 0,

—sgn(p)Y _dTré; — pda — db = 0. (B35)

Summing the second equation over i and multiplying the
third equation by 4, we obtain

—4sgn(p)ZdTrE,- —(4p +2)da =0,

—4sgn(p)ZdTrZ‘,- —4pda —4db = 0. (B36)

Subtracting these two equations gives 4b —2a = 0.
Substituting this relation into the first equation in
Eq. (B35), we immediately conclude that

4b —2a = 2dA = 0. (B37)
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This final equation implies the formation of a charge-2
superconductor. Since each Moore-Read state originates
from the pairing of secondary composite fermions y; and
w; with finite average momentum, this superconducting
state spontaneously breaks lattice translation symmetry and
carries a more complicated non-Abelian topological order.
The anyon content for general p is complicated, but it can,
in principle, be worked out using the methods in
Appendix C.

APPENDIX C: TOPOLOGICAL ORDER OF THE
NON-ABELIAN SUPERCONDUCTOR

In this appendix, we provide a more detailed under-
standing of the non-Abelian topological order that accom-
panies the superconducting condensate in Sec. VI D 3. The
starting point of our analysis is the effective Lagrangian

2 1
Ly = Lld;, a] - Eada + E(b —a)d(b - a)

+ (A= b)d(A~D).

(C1)
To obtain the superconductor, each d; goes into the Moore-
Read state, which can be described by a non-Abelian
Chern-Simons theory [U(2), _4 x U(1)g]/Z,, where the Z,
quotient is implemented by gauging a discrete Z, 1-form
symmetry. The TQFT for U(2), _, x U(1)g can be writ-
ten as

2 2
LMR[C, b, a] = —ELCS [C] + ETI'CdTrC

8 2
——bdb ——bda.
A 2 a

(C2)
On the level of this TQFT, the Z, quotient is implemented
by declaring that the proper gauge fields are ¢ = ¢ — bl and

b =2b. Let us postpone the quotient and couple three
copies of this TQFT to the FQAH state first:

2
—bida

2 2 8
Ltot = Z |:__71'LCS [Ci] +—”TI'C[(ITI'C1' ——bidbi —2][

4

Treating A and b as internal gauge fields, we can integrate
them out and simplify the Lagrangian to

2 2 8 2
Ltot = E |:_ELCS [Ci] +ETrcidTrCi _Ebldbl —2—”bida
2

This Lagrangian describes two decoupled sectors. One
sector contains three copies of the U(2), _, theory, and the
other sector is an Abelian K-matrix theory with rank 4.
Each U(2),_, theory simply describes an Ising non-
Abelian topological order with three anyons {1,o,y}.
The K-matrix sector is more complicated. Via an explicit
computation, we can show that

-8 0 0 2
0O -8 0
K= ,
0 0O -8 2
2 2 2 =2
1 _1 _1 1
4 8 8 2
1 _1 _1 1
1 8 4 8§ 2
K== 1 _1 _1 1}
8 8 4 2
T
D} = |detK| = 256. (C5)

Since the topological order is Abelian, this implies that the
K-matrix sector contains 256 distinct anyons. The physical
topological order is obtained by taking the direct product of
the K-matrix theory and three copies of the Ising topo-
logical order, before quotienting by Z3. Each copy of the
Ising topological order has squared quantum dimension 4,
and the quotient by Z% reduces the quantum dimension by
(23)? = 25. Therefore, the squared quantum dimension
after taking the Z3 quotient must be

256 - 4°
204 _ )se,
2

D 120t = (C6)
Our goal is to now enumerate all the physical anyons and
reproduce the answer in Eq. (C6). We begin by labeling the
1024 potential anyons in the K-matrix sector by a four-
dimensional vector (n;,n), where n;€{0,...,7} and
ne{0,1}. It turns out that this list has a fourfold
redundancy. To see this, we compute the self-statistics
and mutual statistics between all pairs of anyons:

O,y = m(nj,n)(n;,n)" + nx
- —%[8;12 +n? +n3 + n3 —4n(n; + ny + n3)
+ nyny 4 nyns 4 nyns] + na,
H(ni,n),(mi_m) = 277:(;11., n)[(—l (mi, m)T

= —% [—4]’1(171] + my + ms + 41’)’1)

+ ny(2my + my + m3 —4m)
+ ny(my + 2my + my — 4m)

+ n3(my + my + 2m3 — 4m)). (C7)
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If n=0,n, =n, =n3=2, then e(n[_’,” = Q(Vl,-.n).(m,-,m) =
0 mod 27 for all choices of m; and m. Therefore, (2, 2, 2, 0)
is a trivial boson, and tuples (n;, n) that differ by (2, 2, 2, 0)
should be identified. Since (2, 2, 2, 0) has order 4, we
conclude that the anyon count is reduced by a factor
of 4. The total number of anyons is therefore
D% = 8%-2/4 =256, which agrees with the K-matrix
determinant. The complete list of anyons in the K-matrix
sector can therefore be represented as v}'v,>v5 v", with
n; €{0,...,7},n€{0,1} and subject to the equivalence
relation 0%112113 1

Now, let us combine the K-matrix sector with three
copies of U(2),_,, whose anyons are labeled by
x?zl{ll-, vi,0;}. The Z% quotient corresponds to condens-
ing the anyons y v}, w,v3, and w3v3. This condensation
identifies pairs of anyons related by v}, y,v4, and w303,
We are therefore left with a reduced anyon set

_ 2 .3 2 3 3
A = x {1, v;,v7,v],0,,0,v;, 0,07, 6,07, 6107, y;,
v} x {n=0,1}.

Next, we need to remove anyons that have nontrivial
braiding with the condensing anyons and are confined
by the condensation. In the K-matrix sector, we have the
mutual statistics

ll/iUi,ll/iU,ZJl/i (CS)

O oy yn = —(2my +my + my —4m).  (C9)
In the non-Abelian sector, y; and o; have a mutual —1
braiding phase. The confinement pattern follows from these
two pieces of information. If an anyon does not contain o;,
itis confined by the condensation of y;v? if 3 i M 1s odd;
if an anyon contains o, it is confined by the condensatlon
of yvt if Y iziM; 1s even. Therefore, in order for an
anyon to remain deconfined, it must satisfy the following

conditions:

Allowed anyons

my +my,my +msz,m, + ms even no o;
my +msz odd, m| +m,, m; +ms even o,

my +msy odd, m; +m,,m, +msz even o,

mq +m, odd, m; +ms,m, +ms even o3 c10
B my +ms,my +mz odd, m; +m, even o0, (C10)
my -+ my, my +msz odd, m; + ms even 6,03

my +my,my +ms odd, m; +m, even 6,03

m1+m3,m2+m3,ml+m20dd 010,03.

For an anyon that contains an odd number of ¢;’s, the
constraints on m; are impossible to satisfy. Therefore, only
anyons with an even number of ¢;’s survive. The list of
deconfined anyons therefore simplifies to

m;allevenorallodd noog;

mg +m3,m2—|—m3 odd 010>

Allowed anyons = (C11)

mg —|—m2,m2+m3 odd 0103

my +m2,m1 +m3 odd 0,03.

The first case allows eight choices in the Ising sector and
16 x 2 choices in the Abelian sector, giving 256 Abelian
anyons in total. The second, third, and fourth cases allow
two choices in the Ising sector and 16 x 2 choices in the
Abelian sector, giving 64 non-Abelian anyons.

Finally, we have to account for the possibility of
splitting, which occurs when the fusion product of two
anyons contains the vacuum with multiplicity N > 1. It
turns out that anyon splitting does not occur in this theory.
To see this, it is instructive to consider a representative non-
Abelian anyon in the o0, class, o10,v,0,. By explicit
computation, we see that

= (L+y1)(1 +yo)viv3
= (1 +y1 +wa +y o) vivs
=1+ +yw +y,. (CI2)

(61020107) X (010271?71%)

Since the vacuum appears with multiplicity 1, splitting does
not occur for this pair of anyons. Moreover, since four
different fusion products appear on the ths, 60,00, is a
non-Abelian anyon with squared quantum dimension 4. A
similar calculation shows that this squared dimension is in
fact shared by all the non-Abelian anyons in this theory.
Therefore, the quotient by Z3 does not split any of the non-
Abelian anyons. After accounting for the fourfold redun-
dancy in the K-matrix sector (i.e., v3v303 is a trivial boson),

we arrive at the total quantum dimension

256 43 - (64 - 4)

= 256.
4

2
Dtot -

(C13)

It is gratifying to see that the explicit enumeration of
anyons in this theory matches the quantum dimension
formula (C6) derived from general arguments.

APPENDIX D: BRIEF REVIEW OF EXCITON
CONDENSATION IN QUANTUM HALL
BILAYERS

In this appendix, we provide a brief review of exciton
condensation in the 1/2 + 1/2 quantum Hall bilayer to
justify some of the arguments in Sec. VID and
Appendix B 2. Consider two layers of electrons d; subject
to a strong magnetic field such that both layers are at half
filling of the lowest Landau level. In the absence of
interlayer interactions, each of the two layers forms a
CFL. To describe the CFL, we fractionalize the electrons as
d; = zw; and put z; in a U(1), state. The total Lagrangian
then takes the form
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2 1
L= Z[ Wi ai) = 5= bidb; + bd(Ai—ai)}, (D1)

i=1

where A; and A, are external electromagnetic fields that
can be applied to the two layers separately. A renormaliza-
tion group analysis in Ref. [72] shows that there is a
tendency towards pairing between the composite fermions
yw; and y,. However, the RG analysis does not fix the
pairing channel. When the interlayer distance d is compa-
rable or smaller than the magnetic length [z, numerical
evidence from Refs. [78-81] suggests that the preferred
pairing channel is p + ip. We will assume that the same
channel persists at arbitrary d/1.

What are the universal properties of the paired state? As
shown in Ref. [72], the pairing between y; and v, in the
p + ip channel generates the TQFT

1 1
611 dp, + azdﬂz (DZ)

o (B = B2)d(py = o) +

If we glue this TQFT onto the U(1), state formed by z;, we
obtain

1
L:4_(ﬂ1

2
+Z{ a;df; = o bydb; + 5

—po)d(fy — pn)

1
o b, d(Al - Cli)

. (D3)
The equations of motion for a; enforce the constraint
b; = p;. After integrating out a; and b;, we land on the
Halperin-111 state:

1 1
—5(51 +B2)d(By + p) +Eﬁ1dA1

1

— frdA,. D4
+ 2”,52 2 (D4)
Finally, integrating over f; enforces the constraint f; +
P> = A, and simplifies the Lagrangian to

1 1

1
L= _EAldAl +§(A1 — f)dA, +Zﬂ2df\2

1 1
=—A,dA —f,(Ay — Ay).
1 1+2ﬂﬁ2( ) —Ay)

¥ (D3)

In this final Lagrangian, /3, acts as a Lagrange multiplier that
Higgses A, — A, which signals the condensation of an
interlayer exciton. The remaining level-1 Chern-Simons
term describes the quantized Hall conductance of the exciton
condensate in response to a total electromagnetic field.
The discussion so far assumes that d; and d, are physical
electrons. To connect with Sec. VI A, we need to treat d,;
and d, as composite fermions and identify A; and A, with a
single fluctuating gauge field a. When p < 0, d; and d, are
at half filling relative to the flux they see, and the above

discussion for the 1/2 4 1/2 bilayer applies. The exciton
condensate generates a level-1 Chern-Simons term for a,
which is the answer quoted in the main text. When p > 0,
each of the d; fermions is instead at —1/2 filling relative to
the flux it sees. Such a system is related to the 1/2 4 1/2
quantum Hall bilayer by time reversal and generates a
Chern-Simons term for a with level —1 instead.

APPENDIX E: TRANSPORT PROPERTIES
OF THE ODD-p CFL STATE

In this appendix, we derive the transport properties
associated with the generalized CFL state in Eq. (B20).
We start with the generalized CFL Lagrangian

1 1
LZEada—l-“ (b—a)d(b—a)+ —(A=Db)d(A-D)
[2p+1]
+ > LenlyiA=b]. (B1)
i—1
where
Lep [wi,A—b) =L[fi,A—b—aj
|p+ 1|

Pidp; + 5 /)Zdal (E2)

To compute the conductivity, we neglect flux quantization
and integrate out the gauge field a, which only appears in
Chern-Simons terms. Using the equations of motion (p +
1)da = db for a, the remaining Lagrangian takes the form

1 1 1
=————bdb - Adb AdA
4z(1 —v) +
[2p+1]
+ Z Leplyi A = D). (E3)

i=1

Because of the S, permutation symmetry of the differ-
ent CFL species, the expectation value of the total CFL
current (J,,) = > :(J,.) is equal to [2p + 1|(J, ). Let
I, = [2p + 1|T1,, be the total response function of the
CFL, and let IT; be the response function of a level-1 IQH
state. Then, we can integrate out all the fermions y; to
generate an effective Lagrangian involving only b and A:

L:%b (1 =)' b — b*ILA + = A*TT, A
+ % (A=b) I, (A -b)
;b [(1 =)~ T, + 10, )b — b*(I1; +T1,)A
+ %A*(Hl +11,)A. (E4)
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In the above expression, we have passed to momentum
space, so b and b' should be interpreted as b, (g) and b};(q)
and I1; should be interpreted as IT{"(g). The equations of
motion allow us to relate b and A,

b=[1-v) ', + H,,,]_I(Hl +11,,)A. (ES)

Plugging this relation back into the Lagrangian, we find

LiA] :—%AT(Hl L) T[(1=2)~ T, 11,7 (IT, +T1,)A

1
+§AT(H1 +11,,)A

D —
=S AT [T+ (1) TI) ! (11, +11, )A.

(E6)
Now, differentiating with respect to A twice and then taking
the matrix inverse, we obtain the physical resistivity

pphy = I/_l (61 +61//)_1 [GIT + (1 _I/)GI/T/KGIT)_]

1-v
:V_1(61+"u/)_1—7(51 +0,) (oy)or",  (ET)

where, in the last line, we used the fact that GIT = —o, for
the level-1 IQH conductivity. Finally, let us recall that the
composite fermion conductivity at filling —1/|p + 1] is
given by the standard loffe-Larkin rule

1
— — (51 —1)-1
oy = prEwy oy = (0_|p+1| +om)”'.  (E8)

where oy is the Fermi liquid conductivity associated with
each f; and 6_|, | is the conductivity of the U(1)_,y
Laughlin state, which can be related to the IQH conduc-
tivity as

1

SR E9
p+1]" (E9)

O—|p+1] =

Putting everything together, we recover the formula quoted
in the main text:

o, =2p+1|(—=|p+ llo7' +05)".  (E10)
In the presence of momentum relaxation, op, scales as
[(z46)/ (| p|my)]. where my, is the transport effective mass at
the top of the active band. If we take the clean limit where
7y — 0, then oy, diverges and 6, & —(1 —v)~'o}, which
implies the resistivity

pphy(Ttr - 00) ~ (1 - y)_lo-l_l

1 -
- D(l -v) o7 (1 =) loy07!
v
g 1+v
— ot (E11)

For 0 < v < 1, the Hall resistivity is enhanced by a positive
factor [(1 4 v)/(1 — v)] in the ultraclean limit. If we instead
keep 7, finite and take the low-density limit § < 1, then
oy, R 0, and we recover the resistivity for the Jain state at
filling v:

-1 -1

Ppny(6 = 0) = v7'o7 ! (E12)
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