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Non-Abelian gauge theories provide the most accurate description of fundamental interactions, showing
remarkable agreement with experimental data in cosmology and particle physics. Highly precise
predictions can be made using standard techniques, both in the continuum and in the lattice frameworks.
However, classical methods have limitations, particularly when attempting to extrapolate the continuum
limit from the study of lattice gauge theories. Complementing classical computations or combining them
with quantum computational methods, to improve the predictions toward the continuum limit with current
quantum resources, is a formidable open challenge. In this paper, we propose a resource-efficient method to
compute the running of the coupling in non-Abelian gauge theories beyond one spatial dimension. We first
represent the Hamiltonian on periodic lattices in terms of loop variables and conjugate loop electric fields,
exploiting the Gauss law to retain the gauge-independent ones. Then, we identify a local basis for small and
large loops variationally to minimize the truncation error while computing the running of the coupling on
small tori. Our method enables computations at arbitrary values of the bare coupling and lattice spacing
with current quantum computers, simulators, and tensor-network calculations, in regimes otherwise
inaccessible.
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I. INTRODUCTION

Recent progress in analog and digital quantum simu-
lators [1–5] of condensed-matter models [6] has spurred
renewed interest [7–20] in Hamiltonian lattice gauge theory
(LGT) [21]. These simulators can reproduce the real-time
evolution of a target model and handle fermions, either by
exploiting the fermionic constituents of ancillary quantum
systems or by means of a polynomial number of quantum
gates. This capability allows them to avoid the infamous
“sign problem” [22–25], which hinders real-time and high-
fermion-density Monte Carlo computations for Lagrangian
LGTs in Euclidean space. In one spatial dimension (1D),
experimental implementations of valuable toy models of
low-dimensional LGTs with different quantum platforms
have achieved remarkable success [26–38]. Proposals for
two-dimensional (2D) systems have also shown promise,
encompassing the simulation of emerging gauge theories in

condensed-matter systems [29,39–42] and U(1) gauge
theories relevant to particle physics [43–45]. A first
proof-of-principle experiment has been very recently real-
ized with qudits [46], showcasing the growing potential of
quantum simulations and computations. However, we are
still far from performing full-scale quantum computations,
such as scattering processes on quantum processors
[47,48], in real-world gauge theories, like quantum
chromodynamics. This challenge is further complicated
by the matter content of the standard model [49,50] and the
huge energy scales involved in particle collisions [51].
Even before including these aspects, pure non-Abelian
LGTs in 2D and 3D already exceed the capabilities of
current quantum hardware [52–54]. To bridge this gap, we
propose here a resource-efficient approach to simulate non-
Abelian LGTs in higher dimensions.
For continuous gauge groups, the local Hilbert space

associated with a single gauge degree of freedom, which is
a link in the usual Wilson formulation [55], is infinite
dimensional because the electric field is unbounded. To
engineer a feasible quantum simulator, the link degrees of
freedom must be truncated to a finite Hilbert space in a
chosen basis. The most common choice is the “electric
basis,” where the basis states are eigenvalues of the electric
field squares. Here the electric interactions and the Gauss
laws, i.e., the local conservation laws defining the gauge
symmetry, are diagonal. The truncation of the local Hilbert
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space in this basis led to quantum link models [56–58],
finite-spin models interesting per se as emerging gauge
theories in condensed matter, like quantum spin ice [59].
However, in particle physics, one must take the continuum
limit, which requires considering, beyond 1D, the regime
where the magnetic interactions dominate, that is, the
weak-coupling regime. Since magnetic interactions are
completely off diagonal in the electric basis, this truncation
scheme becomes increasingly costly—to keep the same
precision at smaller couplings, one must retain more and
more states, making it impractical for current quantum
hardware or for tensor-network algorithms. In this regime,
it would be more convenient to use the basis where the link
operators are diagonal, ensuring that the magnetic part of
the Hamiltonian is diagonal as well. However, in this basis,
the Gauss law is not diagonal, which means that truncations
inherently break gauge symmetry.
In this work, we reformulate the Hamiltonian of non-

Abelian gauge theories directly in terms of a specific set of
gauge-invariant loop degrees of freedom. We separate the
dual Hamiltonian into a local part—equivalent to the sum
of single-plaquette Hamiltonians—and nonlocal terms
[60]. In order to deal with the infinite-dimensional local
Hilbert space, we propose a truncation scheme based on the
eigenbasis of the local Hamiltonian. We boost this
approach by implementing a physically motivated varia-
tional procedure to select the optimal truncation basis. We
benchmark our approach by determining the running of the

coupling—the expectation value of the plaquette operator
h□i at different couplings [61]—of SU(2) LGT on a
minimal torus in 2D. We demonstrate a percent-level
precision in the determination of the ground-state energy
and h□i by retaining a number of states available in current
quantum computation and simulation experiments [46].
Our approach is summarized graphically in Fig. 1.
We first reformulate the Kogut-Susskind (KS) SUðNÞ

Hamiltonian on a torus in terms of loop variables and
conjugate loop electric fields, by means of canonical trans-
formations on the initial links and electric fields—a pro-
cedure already introduced in Ref. [62] and applied on lattices
with open boundary conditions. Through the explicit reso-
lution of all Gauss laws, we write the dual Hamiltonian for
physical states only on lattices with periodic boundary
conditions (PBCs), to minimize boundary effects, and with
no constraints left over.Wewrite explicitly the reformulation
for the minimal torus and generalize it for arbitrary lattice
sizes. The dualization introduces nonlocalities in the electric
part, while it simplifies themagnetic part of theHamiltonian.
The Hilbert space of the selected loop variables, i.e., the dual
degrees of freedom, naturally fits the basis where magnetic
interactions are diagonal. We highlight that this is not
equivalent to the dualization of the theory in the space of
all possible loops: The gauge-fixing procedure prevents the
problem of the overcompleteness of the loop basis, avoiding
the presence of the Mandelstam constraints [63]. We exem-
plify the basis of the local Hamiltonian using a specific set of

FIG. 1. (a) Arbitrary periodic lattice represented as the surface of a torus in the three-dimensional space. The fundamental degrees of
freedom after the change of variables to the loop (or dual) degrees of freedom are the plaquettes (red square) and the two large loops
wrapping the torus (blue circles). (b) Unfolded minimal torus, i.e., the single periodic plaquette, identified by four sites and eight links.
In the dual formulation, the physical states of the pure gauge theory are represented by three independent plaquettes (red loops) and two
large loops (blue loops). (c) Cartoon picture of the basis for the physical states of the lattice gauge theory on the minimal torus. Every
fundamental degree of freedom is associated with a free parameter gI, I ¼ 1;…; 5, that we determine variationally (d) by minimizing the
expectation value of the dual Hamiltonian in the local parameter space. (e) Expectation values of the plaquette operator h□i can be
computed for all values of the coupling constant β ¼ ð2g2Þ−1 with a small number of states. Fast convergence is also appreciated in the
energy of the ground state (f).
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coordinates in the gauge group, and then construct a
complete basis by taking the tensor product of local bases
[60]. This procedure enables an optimized representation that
adapts to different coupling regimes. While previous studies
have explored the digitization of the link degree of freedom
through the discretization of the groupmanifold [64], the use
of a variationally optimized local eigenbasis allows us to
reduce significantly the computational costs, while retaining
high accuracy. Moreover, since the corresponding matrix
elements can be efficiently computed using classical meth-
ods, the overall resource requirements for both classical and
quantum computations are significantly reduced. The com-
putational efficiency of this basis construction, in terms of
retained resources, is exemplified in Table I.
While there are alternative approaches to the electric basis

that require finite resources (for a review of available refor-
mulation in 1D, see Ref. [65]), they are different from the one
presented here and have not been used to compute the
runningof the coupling in non-Abelian gauge theories. There
are proposals to approximate the KS Hamiltonian for
continuous gauge groups with the one for discrete groups
[66–69] and to combine it with improved Hamiltonians [54]
to enhance theweak-coupling behavior or with deformations
of the algebra through quantum groups [70]. Alternatively,
employing the electric basis, Ref. [71] proposes to achieve
the continuum limit by using quantum link models with one
extra dimension and performing dimensional renormaliza-
tion. Several works push forward the dual formulation of
Abelian [43,45,72,73] and non-Abelian gauge theories for
discrete [74–78] and continuous [79–86] gauge groups to
simplify the form of the Hamiltonian and achieve an
exponential reduction of quantum resources needed for
simulation. References [43,45] employ this formulation to
compute the running of the coupling in 2D quantum
electrodynamics, while Ref. [87] proposes the simulation
of a SU(2) Schwinger-like model in d ¼ 1.
The paper is organized as follows. InSec. II, we remind the

reader of the properties of SUðNÞ lattice gauge theories and
define the fundamental variables and the KSHamiltonian. In
Sec. III, we present our dualization procedure and the
encoded Hamiltonian and detail them for the minimal torus
(for details on generic tori, see Appendix E). In Sec. IV, we
discuss the general features of the dual Hamiltonian dynam-
ics. We then consider the specific case of SU(2)

in Sec. V, where we show how to optimally choose the
local basis through a variational procedure and compute
the expectation value of the running of the coupling in the
variational ground state. We discuss our results and the
perspectives they open in Sec. VI. In the Appendixes, we
present all the numerical and computational details, aswell as
the generalization to larger tori of arbitrary sizes.

II. SUðNÞ LATTICE GAUGE THEORIES

Throughout this paper, we consider the Hamiltonian
formulation of a pure SUðNÞ non-Abelian LGT, on a square
lattice Σ of size Nx × Ny with PBCs. Each site of the lattice
is denoted by n ¼ ðnx; nyÞ, where nμ ∈ f0;…; Nμ − 1g and
μ∈ fx̂; ŷg. In the KS formulation of LGTs [21], the gauge
fields reside on the links of the lattice and provide the
parallel transport of the color charge. The link variables are
denoted by UμðnÞ∈SUðNÞ, as shown in Fig. 2(a), where
the site n and direction μ are used to identify them within
the lattice. Under local transformations ΩðnÞ∈SUðNÞ, the
gauge field transforms as

UμðnÞ → Ωðnþ μÞUμðnÞΩ†ðnÞ: ð1Þ

The gauge transformation in Eq. (1) is realized by two
independent suðNÞ algebras associated with each link.
These are the left and right electric fields, Ea

LðRÞ;μ, which are
conjugate to the gauge field and satisfy the commutation
relations

½Ea
L;μðnÞ; UμðnÞ� ¼ −TaUμðnÞ; ð2Þ

½Ea
R;μðnþ μ̂Þ; UμðnÞ� ¼ UμðnÞTa; ð3Þ

where the group generators Ta satisfy the defining com-
mutation relations ½Ta; Tb� ¼ ifabcTc (see Appendix A).
By introducing the contraction of the electric fields with the
group generators, i.e., ELðRÞ;μðnÞ ¼ Ea

LðRÞ;μðnÞTa, where

repeated indices are summed over, the left and right electric
fields are related through

ER;μðnþ μ̂Þ ¼ −U†
μðnÞEL;μðnÞUμðnÞ; ð4Þ

TABLE I. Computational cost for different approaches. We estimate the number of states required to reach a 1% accuracy in the
ground-state energy of the minimal torus for the pure SU(2) LGT (see Sec. V) for different bases and truncations. The three columns
refer to the standard electric representation (leftmost column), our approach using the single-plaquette basis, described in Sec. III
(central column), and our optimized local basis (rightmost column), in which the values of the local couplings are variationally
determined through the strategy described in Sec. V C.

β Standard truncation (electric basis) Reformulation (interpolating basis) Variational (interpolating basis)

0.01 1 1 1
1 2744 64 64
100 >2744 125 1
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and thus satisfy TrE2
μðnÞ ¼ TrE2

L;μðnÞ ¼ TrE2
R;μðnÞ; i.e.,

they have equal quadratic Casimir operators. In compo-
nents, Eq. (4) can be written by introducing the orthogonal
matrix Rab ∈SOðN2 − 1Þ such that

Ea
R;μðnþ μ̂Þ ¼ −RabðUÞEb

L;μðnÞ;
RabðUÞ≡ 2Tr½U†TaUTb�; ð5Þ

where repeated indices are implicitly summed over. This is
nothing but the link in the adjoint representation of SUðNÞ,
satisfying the orthogonality condition RacRbc ¼ δab1.
The Gauss laws, for every site n∈Σ, can be written as

GaðnÞ ¼
X
μ¼x̂;ŷ

½Ea
LðnÞ þ Ea

RðnÞ� ¼ 0; ð6Þ

using the sign convention introduced in Eqs. (2)–(4).

Ultimately, the dynamics of the theory is ruled by the KS
Hamiltonian [21], given by

H ¼ HE þHB

¼ g2
X
n;μ

TrE2
μðnÞ þ

1

2g2
X
P

Tr½2 − ðUP þ U†
PÞ�; ð7Þ

where g is the coupling constant and UP are the so-called
plaquette operators, defined as the Wilson loops along
the individual plaquettes, i.e. UP ≡Ux̂ðnÞUŷðnþ x̂Þ×
U†

x̂ðnþ ŷÞU†
ŷðnÞ. The first term in the Hamiltonian sums

the electric energy contribution of each link in the lattice,
while the second term incorporates the magnetic energy of
all plaquettes.

III. DUALIZATION AND ENCODING
FOR THE MINIMAL TORUS

We now present the reformulation of non-Abelian
SUðNÞ LGTs in terms of physical independent degrees
of freedom and detail it for the minimal torus, i.e., the single
plaquette with PBCs, for which Nx ¼ Ny ¼ 2. We stress
that, as depicted in Fig. 2(b), the single periodic boundary
plaquette contains four physical sites and eight links:
four bulk links and four boundary links. The extension
to arbitrary tori of sizeNx × Ny is presented in Appendix E.
Our computations generalize the dualization procedures
known both in the Abelian case with PBCs [43] and the
non-Abelian case with open boundaries [62,64]. As a result
of having periodic lattices, we are able to eliminate residual
constraints and reduce finite-size effects, which are essen-
tial aspects for practical quantum simulations and compu-
tations. While these differences may appear technical with
respect to the case of open boundary conditions, they
require careful consideration as they significantly impact
the reformulation of the theory.
As introduced in Sec. II, the initial degrees of freedom

are the left and right electric fields Ea
L;RðnÞ and the con-

jugate SUðNÞ link variables UμðnÞ. The main idea behind
the reformulation is to realize the change of variables

fEa
L;RðnÞ;UμðnÞg→ fEa

L;RðnÞ;WðnÞg⊕ fEa
L;RðnÞ;TðnÞg;

ð8Þ

where the first set on the right-hand side contains closed
strings (loops) WðnÞ and conjugate electric fields Ea

L;RðnÞ,
while the second one contains open strings TðnÞ and their
conjugate electric fields Ea

L;RðnÞ, with E ¼ fĒ; Eτg (see
Appendix B). The fEa

L;RðnÞ;WðnÞg are the new physical
variables, while the set fEa

L;RðnÞ;TðnÞg decouples from the
physical one in the dynamics of the theory [43,62,88,89]. In
the remainder of the section, we summarize the main steps
to realize Eq. (8), leading to Eqs. (12)–(16) for the inverse
relations of links and conjugate electric fields, respectively.

(b)

(a)

(c)

FIG. 2. (a) Basic canonical transformation to join two con-
secutive links, UðAÞ and UðBÞ, connecting A → B and B → C,
respectively. From UðAÞ and UðBÞ with conjugate electric fields
reported in the left-hand side of the graphical equality, two new
links UðBÞ and UðACÞ are introduced, which are still mutually
independent. Here and in the following, we use green (red) dots to
represent left (right) electric fields. (b) Graphical representation
of all the canonical transformations performed in the main text.
Left: the initial Kogut-Susskind links. Blue letters represent
physical sites, while orange letters are repeated to explain the
lattice periodicity. Center: results of the first set of canonical
transformations, i.e., five links and the three independent pla-
quettes. For the sake of simplicity, we report only the nomen-
clature for the plaquettes. Right: the final outcome after the
second set of canonical transformations, i.e., five closed loops
(three plaquettes, two large loops) and three open strings ending
in the reference point D. (c) Extension of canonical trans-
formation to a larger torus. On the left are the initial links, while
on the right, we report the independent plaquettes (red loops) and
the large loops Lx;y (blue loops).
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We point out, whenever is needed, how we solve the main
complications related to the non-Abelian nature of the
gauge group. The full dualization procedure, including all
the technical details and intermediate steps, is reported in
Appendix B.
The first step to perform concretely the dualization of

Eq. (8) is the introduction of canonical transformations
(CTs) for the links and electric fields [89]. As shown in
Fig. 2(a), starting from two consecutive links UðAÞ, UðBÞ,
the new independent links are defined as

UðBÞ ¼ UðBÞ; UðACÞ ¼ UðAÞUðBÞ ð9Þ

and the conjugate left electric fields are, respectively, given
by

ELðBÞ ¼ ERðBÞ þ ELðBÞ; ELðACÞ ¼ ELðAÞ: ð10Þ

The corresponding right electric fields are obtained by
parallel transport of the EL along the new independent
paths, according to the relation

ER;μðnþ μÞ ¼ −U†
μðnÞEL;μðnÞUμðnÞ; ð11Þ

which holds for a general path U with attached electric
fields EL;R, generalizing Eq. (4). We emphasize that such
CTs preserve the canonical commutation relations in
Eqs. (2) and (3) and provide a linear map for the realization
of Eq. (8).
As a second step, we construct the elementary loops

Wn in Fig. 1(b) by applying iteratively the CTs to the
initial degrees of freedom. By looking at the left panel of
Fig. 2(b), in the original formulation we have eight KS link
variables, with three independent Gauss laws, i.e. GðnÞ ¼ 0
for n ¼ A;B;C, since the Gauss law in D is not inde-
pendent due to the topology of the torus (the total electric flux
on a manifold without boundaries is zero). We have then five
independent links. In the dual formulation, in analogy with
the Abelian case [43], we end up with three plaquette loops
WA;B;C, as due to the PBCs the loop WD is given by the
product of the other three (the magnetic flux through a
manifold without boundaries is zero), and two loops wrap-
ping the lattice, that we label Lx̂;ŷ, as depicted in the central
and right panels of Fig. 2(b). Since the fundamental CT in
Eq. (9) preserves the number of links, after the whole
procedure we have three open strings left, to be chosen
accordingly in our iterative applications of CTs, as we have a
certain freedom to recombine the final unpaired links. By
taking into account the threeGauss laws for the electric fields
conjugate to the plaquette and loop variables, we end upwith
five independent loop variables.
After the whole procedure, we are left with linear

invertible relations between the KS variables and the dual
ones, essentially realizing Eq. (8). We summarize here the
final form of the inverse relations for the links

Ux̂ðAÞ ¼ WAL
†
x̂ðCÞWC; UŷðCÞ ¼ L†

ŷðAÞW†
B;

UŷðBÞ ¼ W†
C; UŷðDÞ ¼ L†

ŷðAÞ;
Ux̂ðDÞ ¼ L†

x̂ðCÞ; Ux̂ðCÞ ¼ Ux̂ðBÞ ¼ UŷðAÞ ¼ 1G ð12Þ

and their conjugate electric fields

EL;x̂ðAÞ ¼ ELðAÞ; ER;ŷðBÞ ¼ ELðBÞ;
ER;ŷðCÞ ¼ ELðCÞ þ Lx̂ðCÞERðAÞL†

x̂ðCÞ; ð13Þ

ER;ŷðAÞ ¼ ðELÞL;ŷðAÞ þ ERðBÞ;
ER;x̂ðCÞ ¼ ðELÞL;x̂ðCÞ − Lx̂ðCÞERðAÞL†

x̂ðCÞ; ð14Þ

EL;x̂ðCÞ ¼ −L†
ŷðAÞERðBÞLŷðAÞ − ELðCÞ − ðELÞL;x̂ðCÞ;

EL;x̂ðBÞ ¼ −ERðCÞ − ELðBÞ; ð15Þ

EL;ŷðAÞ ¼ −ERðCÞ − ðELÞL;ŷðAÞ − ELðAÞ − ELðBÞ
− ERðBÞ; ð16Þ

as a function of the dual variables.
The same procedure can be repeated for larger tori, as

exemplified in Fig. 2(c). The net result, after the resolution
of the Gauss law, is the same as for the minimal torus, i.e., a
set of independent plaquettes and two large loops wrapping
the lattice. We refer to Appendix E for the complete
derivation of the dual degrees of freedom.

IV. LOOP HAMILTONIAN DYNAMICS

The dynamics of the single periodic plaquette is ruled by
the KS Hamiltonian in Eq. (7). We now express it in terms
of the dual variables and obtain the encoded Hamiltonian
that describes the loops dynamics. We discuss separately
the features of the magnetic and electric contributions.
In the dual basis, the magnetic part of the Hamiltonian

HB is the simplest, as TrUP ¼ TrWn in terms of the
plaquette operators, where the plaquettes P are related
to the sites n ¼ A;B;C;D as indicated in Fig. 2(b). The
independent loops are WA;B;C, while for the remaining site
n ¼ D we have the relation

W†
D ¼ WAWBWC

due to the topology of the torus. The magnetic contribution
is then

HB ¼ 1

2g2
Tr

�
4 −

X
n

Wn −
Y
n

Wn

�
þ H:c:; ð17Þ

where n runs over the independent plaquettes. All terms in
the magnetic contribution turn out to be noninteracting,
except for plaquette WD, as expected from the dualization
procedure on the minimal torus [90].
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On the other hand, the electric term is now describing
interactions and can be obtained by the squares of the
inverse relations for the electric fields. In doing this
operation, we take advantage of the property

TrE2
μðnÞ ¼

1

2
Ea
L;μðnÞEa

L;μðnÞ ¼
1

2
Ea
R;μðnþ μ̂ÞEa

R;μðnþ μ̂Þ;

meaning that we can use either the left or right com-
ponents of the electric fields to compute this Hamiltonian

contribution. We can identify two different electric con-
tributions, namely,

HE ¼ HE;loc þHE;nonloc;

where the subscripts stand for local and nonlocal, respec-
tively. Their explicit expressions as a function of the loop
electric fields are

HE;loc ¼ g2½2E2
LðAÞ þ 2E2

LðCÞ þ 3E2
LðBÞ þ ðELÞ2L;ŷðAÞ þ ðELÞ2L;x̂ðCÞ�; ð18Þ

HE;nonloc ¼ g2½ðELÞL;x̂ðCÞELðCÞ þ ðELÞL;ŷðAÞELðAÞ þ ELðCÞR½L†
x̂ðCÞ�ERðAÞ þ ðELÞR;x̂ðCÞERðBÞ

þ ELðCÞR½LŷðAÞ�ERðBÞ þ ðELÞL;x̂ðCÞR½LŷðAÞ�ERðBÞ þ 2ERðCÞELðBÞ þ ERðCÞELðAÞ
þ ERðCÞERðBÞ þ ERðCÞðELÞL;ŷðAÞ þ ELðAÞELðBÞ þ ELðAÞERðBÞ
þ ELðBÞERðBÞ þ ELðBÞðELÞL;ŷðAÞ þ ERðBÞðELÞL;ŷðAÞ�: ð19Þ

The local contribution involves the squares of all the new
independent loop electric fields, with coefficients related to
the chosen sequence of CTs. The nonlocal terms, instead,
are of the form

EL;RðNÞPEL;RðMÞP† ¼ EL;RðNÞRðPÞEL;RðMÞ
≡ Ea

L;RðNÞRabðPÞEb
L;RðMÞ;

where the path P connects the site N to M. After the
explicit resolution of the Gauss laws, these nonlocal terms
are expected and connect electric fields in different points
of the lattice through the parallel transports RðPÞ. As for
the coefficients of the local terms, the form of the paths P is
not unique and is related to the set of employed CTs.
Because of the resolution of the Gauss laws according

to the scheme of Fig. 2(b), the dual Hamiltonian H ¼
HB þHE;loc þHE;nonloc is not manifestly symmetric under
the exchange of the two large loops Lx̂, Lŷ and of the
plaquette loops WA, WB. This is because the origin of
the just-mentioned loops is not placed symmetrically with
respect to the diagonal line A → C → A, as can be seen
from the rightmost panel of Fig. 2(b). Finally, we notice
that ½H; ðELÞL;x̂ðCÞ� ≠ 0 and ½H; ðELÞL;ŷðAÞ� ≠ 0 (see
Appendix D for the computational details), implying that
the large loops are not constants of motion. This feature
distinguishes non-Abelian SUðNÞ LGTs from pure U(1)
Abelian LGT, where the large loops commute with the
encoded Hamiltonian [43]. In the latter case, the commu-
tation occurs because the gauge field of a commutative
gauge group is not charged. In the present non-Abelian
case, the gauge field itself is charged, leading to nonzero
values for the commutators.

V. THE CASE OF SU(2)

Even if our reformulation in terms of closed loops
applies to SUðNÞ LGTs, from now on we focus on the
simplest of such groups, i.e., the rotation group G ¼ SUð2Þ.
As we are going to show in the remainder of the paper, in
this simple but still far from trivial case, we can work out
explicitly the group basis structure and deal with the single
periodic plaquette problem in an efficient way.
We parametrize the elements of SU(2) using the axis-

angle coordinates, i.e., by specifying the rotation axis
through a unit vector n̂ðθ;ϕÞ and the angle ω of rotation
around it. This allows for the identification of the frame of
coordinates Ω ¼ ðω; θ;ϕÞ in the 3D space. We refer to
Refs. [64,91,92] for clear and pedagogical explanations of
this and other representations of the rotation group. For the
present purposes, we summarize the relevant properties of
the axis-angle representation in Appendix F.
Given the representation of the basis states as group

elements, the first point we address is the identification of a
suitable basis for the dual Hamiltonian, which we refer to as
the local basis. On top of this, the main idea behind our
approach is a variational determination of the basis coef-
ficients to interpolate between the regions of the phase
diagram dominated by electric and magnetic interactions,
respectively, as pictorially depicted in Figs. 1(c) and 1(d).
With this procedure, we are able to extract the running
coupling efficiently for all values of the bare coupling
constant.

A. The local basis

The dual Hamiltonian lends itself to be treated in the
position representation, where the basis states are the
eigenstates of the loop operators L∈W, rather than in
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the electric basis. As a further consideration, the primary
limitation of the electric basis is its reduced efficiency in the
weak-coupling limit, where the magnetic Hamiltonian
dominates, and the lowest-energy eigenstates involve sums
over a high number of irreducible representations. We then
consider L2ðG; dμðgÞÞ as the Hilbert space of a single loop;
that is, the square integrable functions over the Lie group
SU(2) with respect to the invariant Haar measure dμðgÞ.
Employing the axis-angle coordinates to parametrize group
elements (see Appendix F), a general state of the system
jψðΩÞi is written as the superposition

jψðΩÞi ¼
Z

dμðΩÞψðΩÞjgðΩÞi;

with orthogonal basis states jgi∈SUð2Þ, satisfying the
relation

hψðΩÞjψ 0ðΩÞi ¼
Z

dμðΩÞψ�ðΩÞψ 0ðΩÞ: ð20Þ

As a first step, we identify the proper basis for the
reformulated Hamiltonian as composed by the eigenstates
of the local Hamiltonian

Hloc ¼
1

2g2
X
n≠D

Tr½2 − ðWn þW†
nÞ� þHE;loc ð21Þ

in the group basis. The local Hamiltonian can be written as
the sum of single-plaquette Hamiltonians

H0;nðgiÞ≡ 1

2g2i
Tr½2 − ðWn þW†

nÞ� þ 2g2i E
2ðnÞ

for n ¼ A;B;C, plus the electric contributions of the two
large loops, without the associated magnetic terms. We
notice that, as suggested from Eq. (18), the coefficients of
the various H0;nðgiÞ depend on the loop Wn and are
generically different from each other [93].
In the axis-angle coordinates, the single-plaquette

Hamiltonian has the form

H0;nðgiÞ ¼
2

g2i

�
1 − cos

ω

2

�

þ 2g2i

�
L2

sin2 ω
2

− 4

�
∂
2

∂ω2
þ cot

ω

2

∂

∂ω

��
: ð22Þ

Since the square loop electric field operator contains L2, it
becomes very useful to expand the ðθ;ϕÞ-angular part in
terms of spherical harmonics, using the mixed-basis
expansion introduced in Ref. [64],

ψðΩÞ ¼ N ðωÞ
X
l;m

cl;mYl;mðθ;ϕÞul;mðωÞ;

N ðωÞ ¼ 1

2 sin ω
2

; ð23Þ

where N ðωÞ is a factor to ensure the proper normalization
of the wave function ψðΩÞ, coefficients cl;m, and reduced
function ul;mðωÞ at fixed values of l; m, with respect
to the group measure. Within this representation, the
single-plaquette eigenproblem H0;nðgiÞjψðΩÞi ¼ ϵjψðΩÞi
becomes a differential equation in the angular coordinateω.
We introduce the reduced wave function

ul;mðωÞ ¼ Rl;mðωÞN −1ðωÞ ¼ 2Rl;mðωÞ sin
�
ω

2

�

dictated by Eq. (23), allowing for the rewriting of the
Schrödinger equation as

− u00l;mðωÞ þ
1

4

�
lðlþ 1Þ
sin2ω=2

þ 1

g4

�
1 − cos

ω

2

�
− 1

�
ul;mðωÞ

¼ ϵ̃ul;mðωÞ; ϵ̃≡ ϵ

8g2
: ð24Þ

This is a central motion problem on the 3D sphere, with
central potential given by the magnetic Hamiltonian. At
fixed value of l, the eigenfunction ul;mðωÞ has degeneracy
2lþ 1, due to the azimuthal quantum number m. To label
the eigenstates of Eq. (24), we introduce the ket jαl;l; mi.
This involves the angular momentum quantum numbers
l; m and an integer index αl denoting the state of the
reduced wave function uαðωÞ at fixed l. For example, α0 ¼
0 denotes the ground state of l ¼ 0, α0 ¼ 1 the first excited
state, and so on and so forth.
By taking into account that Eq. (21) can be written as the

sum

Hloc ¼ H0;AðgÞ þH0;Bð
ffiffiffiffiffiffiffiffi
3=2

p
gÞ þH0;CðgÞ

þ g2½ðELÞ2L;ŷðAÞ þ ðELÞ2L;x̂ðCÞ�; ð25Þ

the local basis for the minimal torus is the tensor product of
the basis obtained through the solutions of Eq. (24) for the
various contributions to Eq. (25). We note that the factor offfiffiffiffiffiffiffiffi
3=2

p
comes from the specific CTs employed in the

dualization procedure. Regarding the large loops, from
Eq. (25) it is clear that their contributions toHloc can be also
interpreted as H0;Lðg → ∞Þ; i.e., they do not have the
magnetic contribution. Consequently, the right basis to
describe them locally would be the electric one. While
previous studies have explored the digitization of the link
degree of freedom through the discretization of the group
coordinate ω [64], following previous works on U(1)
[43,45], we instead use the eigenbasis of the local
Hamiltonian. Since this eigenbasis and the related matrix
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elements can be efficiently computed classically, the
required resources for both classical and quantum compu-
tation are significantly reduced.
To lighten the notation, we introduce more compact

labels for the mixed-basis states, using a Fock enumeration
of the tensor product states. In the following, loops are
ordered as ðWA;WB;WC;Lx̂;LŷÞ. By denoting the ket
associated with each local basis state with jαli ;li; miigi ,
where we added a subscript for the coupling gi, we write the
tensor product explicitly as

⨂
5

i¼1

jαli ;li; miigi ≡ jI1ðg1Þ; I2ðg2Þ; I3ðg3Þ; I4ðg4Þ; I5ðg5Þi;

ð26Þ
where IkðgkÞ is an integer number labeling the state of the kth
loop variable at value gk of the local coupling in Eq. (21) and
is related to the mixed-basis quantum number as

jIðgkÞi ¼ jαlk ;lk; mkigk : ð27Þ

The mapping between the integer I and the mixed-basis
quantum numbers takes into account the angular momentum
degeneracy and enumerates the states in ascending order in
the energy of the single-plaquette problem. To further clarify
the notation, let us consider the example case of Lmax ¼ 5
states for each loop variable, i.e., values of I ∈ f0;…; 4g. For
the local basis, we write8>>>>>><

>>>>>>:

j0i
j1i
j2i
j3i
j4i

9>>>>>>=
>>>>>>;

↔

8>>>>>><
>>>>>>:

j00; 0; 0i
j01; 1;−1i
j01; 1; 0i
j01; 1; 1i
j10; 0; 0i

9>>>>>>=
>>>>>>;

ð28Þ

and the full basis has sizeL5
max ¼ 55. Using this labeling, it is

easier to reconstruct the quantum numbers of a given basis
element. For example, j0; 2; 1; 2; 4i is a short notation for

j00; 0; 0i ⊗ j01; 1; 0i ⊗ j01; 1;−1i ⊗ j01; 1; 0i ⊗ j10; 0; 0i:
ð29Þ

B. The nonlocal Hamiltonian matrix elements

After identifying the local basis, which is physically
determined by the single-plaquette problem, we need to
compute the matrix elements of the full Hamiltonian
derived from our resource-efficient reformulation. In addi-
tion to the local terms discussed in the current section, the
primary challenge lies in the nonlocal terms present in both
the magnetic and electric Hamiltonians.
In this subsection, we briefly analyze the action of the

loop left-electric fields and loop operators on states written

in mixed-angle representation. Given that we can express
both of these operators in terms of scalars and vectors under
rotations generated by the orbital angular momentumL, we
can apply the Wigner-Eckart theorem to compute a generic
matrix element involving them [64]. This theorem states
that, for any spherical tensor Tk of rank k, general matrix
elements can be written as

hfα0g;l0; m0jTðqÞ
k jfαg;l; mi ¼ hfα0g;l0jjTkjjfαg;li

· hl0m0jlm; kqi; ð30Þ

where fα; α0g are nonrotational quantum numbers, and the
superscript q labels the component of the spherical tensor
[92]. In the case of Hnonloc, only scalar or vector operators
are involved (k ¼ 0, 1) and the only additional quantum
number we have to consider is the label αl, specifying the
reduced wave function uαlðωÞ. The computational details
of the matrix elements are reported in Appendixes G–J.
In the remainder of this section, we numerically compute

the matrix element of the dual Hamiltonian for the minimal
torus in the local basis outlined in Eq. (26). However, since
this basis has infinite elements, we need to truncate it and
retain only a finite number of states for each loop. If we
keep Lmax states for each H0ðgiÞ, by taking into account
also the degeneracy of 2lþ 1 at fixed orbital quantum
number l, the square matrix associated with the minimal
torus has size L5

max × L5
max.

C. The variational principle and optimal choice
of truncated local basis

Previously, in Sec. VA, we discussed the truncation of
the gauge degrees of freedom according to the local
Hamiltonian described by Eq. (21). In particular, the
explicit expression in Eq. (25) suggests the values of the
couplings gi to be used for each plaquette, thereby
determining the local eigenstates and, consequently, the
Hilbert space to which we truncate. It is important to point
out that the ground state obtained in this way is only the
state of minimum energy within the truncated space. While
this approach represents a significant improvement over
other truncation schemes, such as the electric [67,94] or
magnetic representations [75,95], further enhancement
can be achieved by the “variational optimization” of the
couplings gi. Such optimization is motivated by the
presence of nonlocal terms in the Hamiltonian, as evident
from both the magnetic and electric contributions given by
Eqs. (17) and (19), respectively.
In search of the optimized ansatz, we adopt the fol-

lowing procedure. First, the initial values for the local
couplings gi are taken to be those suggested by the refor-
mulated local Hamiltonian, namely, ðg1; g2; g3; g4; g5Þ ¼�
g;

ffiffi
3
2

q
g; g;∞;∞

�
≡ g0, as detailed in Eq. (25). We then

compute variationally the values of the local coupling to get
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the optimal local basis jI1ðg1Þ;…; I5ðg5Þi≡ jIðgIÞi, for
any value of the bare coupling g. This amounts to evaluate
the energy functional

Eðβ; gIÞ ¼ hΨðgIÞjHdualjΨðgIÞi ð31Þ

in the parameter space of the local couplings, where we
introduced β≡ ð2g2Þ−1 to write the bare coupling and
avoid confusion with the local couplings gi. As just stated,
the initial ansatz for the ground state ΨðgIÞ is evaluated in
the corresponding initial values g0. The ground-state
energy of the system is estimated as

E0ðβÞ ¼ min
gI

Eðβ; gIÞ; ð32Þ

where the minimization is performed by keeping Lmax
states for each loop. Thanks to the variational principle
[92], with this computation, we obtain an upper bound
estimate for the ground-state energy, which turns out to be
exact in the limit Lmax → ∞, when the complete local basis
is considered without truncation. As a first simplification
and working hypothesis, in all the cases considered in this
section we retain one state for the large loops and Lmax
states for each plaquette [96].
For any considered value of β∈ ½10−2; 102�, we apply

this scheme in two steps: In the first step, only the plaquette
local couplings ðg1; g2; g3Þ are left free, while those of the
large loops are fixed at the initial values ðg4; g5Þ ¼ ð∞;∞Þ.
The minimization process iteratively determines the opti-
mal couplings ðg1; g2; g3Þ through Eq. (32); in the second
step, the plaquette local couplings are held fixed at the
optimal values, while the large loops are variationally
optimized. Both iterations continue until the required
precision in the energy and couplings is achieved (see
Appendix L for more details).
We plot in Figs. 3(a) and 3(b) the results of the first

optimization step. We show the relative displacement of the
values of ðβ1; β2; β3Þ ¼ ð1=2g21; 3=4g22; 1=2g23Þ determined
through the variational procedure for the local coupling of
the plaquettes with respect to their bare values. We observe
that, in the strong-coupling regime, when β → 0, the
deviations from the initial ansatz of the local couplings
are small, while in the weak-coupling limit β → ∞ the
variational basis is different from the one suggested from
the dual formulation. This observation is independent from
the chosen truncation Lmax and signals the renormalization
of the local couplings with respect to the bare ones, as long
as we approach the weak-coupling limit.
Alongside this, we plot the ground-state energies E0 as a

function of β in Fig. 3(c). Consistent with the previous
observation, we observe no real difference between the
initial ansatz g0 and the optimal couplings in the strong-
coupling regime, while in the weak-coupling regime, the
ground state is lower. This behavior is even more evident in
Fig. 3(d), where we show the relative energy difference

ΔE0

E0

≡ E0ðg0Þ − E0ðgVÞ
E0ðgVÞ

ð33Þ

as a function of β. The absence of energy reduction at
strong coupling explains the numerical instability found in
Figs. 3(a) and 3(b) for β ≲ 1. Indeed, even if in that region
the variational optimization produces a significant explo-
ration of parameter space, this only leads to a negligible
lowering of the relative energy difference. We then com-
pare, in Fig. 3(e), the ground-state energies obtained with
variational optimization to those in the electric representa-
tion, with the same truncation Lmax. Our variational
protocol effectively interpolates between the strong- and
weak-coupling regimes. As a common feature for the
different truncations, the relative energy difference is very
small, deep in the strong-coupling limit, where β ≈ 10−2,
and increases as long as we go toward the weak-coupling
regime, with a maximum for β ≈ 1. Around this value, we
have the maximal competition between the electric and
magnetic Hamiltonians.
As a final comment, according to the variational prin-

ciple, when the truncation parameter Lmax is increased,
the ground-state energy is lowered toward its exact value,
obtaining a strictly decreasing sequence for any value
of the bare coupling. In Fig. 3(f), we show the energy
difference

δE ¼ jE0;Lmax
ðβ; giÞ − E0;L0

max
ðβ; giÞj; ð34Þ

for two consecutive values of the truncations Lmax; L0
max, to

have indications about the energy precisions at every step
of the variational procedure. At the same time, we check the
infidelity of the ground-state wave function, defined as

1 − FGS ¼ 1 − jhψ0;Lmax
ðβ; giÞjψ0;L0

max
ðβ; giÞij2 ð35Þ

with the same convention on the truncation values and plot
it in Fig. 3(g). As expected, the infidelity is smaller if a
larger number of states is included, and it peaks around
β ≈ Oð1Þ, i.e., the value above which the plaquette local
basis becomes significantly more efficient with respect to
the electric one.
We now comment on the second step of our procedure,

corresponding to the variational determination of the large-
loop local couplings, once the plaquette ones are fixed to
their optimal values. In the explored region of the coupling,
β∈ ½10−2; 102�, we find that the ground-state energy dis-
plays a plateau for g4;5 ≫ g when only one state per large
loop is retained. We conclude that, for practical purposes, it
is convenient to disregard the second iteration step and keep
g4;5 constant and large.

D. Running coupling computation

In this section, we estimate the expectation value of the
plaquette operator, i.e., the local observable related to
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the magnetic contribution HB, which is a key quantity in
the study of LGTs. Indeed, its dependence on g−2 can be
related to the running of the coupling [43,44,97,98]. This
last quantity refers to the dependence of the coupling
constant on the specific energy scale at which it is probed

and arises from quantum fluctuation effects. Its complete
understanding is of absolute importance for several
aspects, from the interpretation of experimental results
of collider experiments to the theoretical understanding of
fundamental interactions. However, due to limitations of

FIG. 3. (a),(b) Plot of the distance between local couplings ðβ1; β2; β3Þ ¼ ð1=2g21; 3=4g22; 1=2g23Þ, determined through variational
optimization, and the bare coupling β ¼ ð2g2Þ−1, as a function of the bare coupling β for the different values of truncations Lmax ¼ 1, 4
[(a) and (b), respectively]. Instabilities in the data points are associated with the numerical minimization. (c) Energies of the variationally
determined ground states as a function of the bare coupling β for the different values of truncations Lmax ¼ 1, 4, 5. (d) Relative energy
difference ΔE0=E0 ¼ ½E0ðg0Þ − E0ðgVÞ�=E0ðgVÞ between the initial ansatz g0 and the optimal couplings as a function of the bare
coupling β for the different values of truncations Lmax ¼ 1, 4, 5. The data show the absence of energy reduction for strong couplings,
which explains the numerical instabilities of (a) and (b) for β ≲ 1. (e) Energies of both variationally determined ground states and ground
states in the electric representation as a function of the bare coupling β for the different values of truncations Lmax ¼ 1, 4, 5. We observe
that the electric representation is efficient in the strong-coupling regime, while it is increasingly worse toward weak coupling. In
contrast, our approach efficiently interpolates between strong- and weak-coupling regimes. (f) Relative energy differences δE=E
between consecutive values of the truncation Lmax as a function of the bare coupling β. (g) Infidelities 1 − FGS between consecutive
values of the truncation Lmax as a function of the bare coupling β.
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Monte Carlo methods in the weak-coupling limit [99,100],
the extrapolation of the running coupling toward the
continuum limit stands as an open problem in LGTs.
Given the ground state jψ0i obtained with the variational

procedure of Sec. V C, we compute the expectation value

h□i≡ g2

2Nplaq
hψ0jHBjψ0i; ð36Þ

where Nplaq is the number of plaquettes.
We plot in Fig. 4(a) the results obtained for different

values of truncations Lmax. We observe that, even for the
smallest truncation, the computation with the variationally
optimized ground states leads to better precision at all
values of the bare couplings β. In particular, the first
increase in truncation size, i.e., Lmax ¼ 1 → L0

max ¼ 4,

leads to a relative difference ðh□iL0
max

− h□iLmax
Þ=h□iL0

max

at most of 5% in the running coupling, which is further
reduced to 1% when increasing the truncation size from
Lmax ¼ 4 → L0

max ¼ 5, see Fig. 4(d). The comparison with
the initial ansatz for the variational procedure, i.e., the
nonoptimized dual basis of Eq. (25), is shown in Fig. 4(b),
and highlights the improvement in the region around
β ≈ Oð1Þ when increasingly more states are included in
the local basis. This behavior is a further sign that our
variational procedure is interpolating between the strong
(electric) and weak (magnetic) regimes of the bare cou-
plings. Finally, we compare in Fig. 4(c) the variational
computation of h□i with the results obtained using the
electric basis, showing definitely that this interpolation is
done efficiently. Given the bounded nature of h□i, we
provide further discussion of the plaquette operator in
Appendix K.

(a) (b)

(c) (d)

FIG. 4. (a) Expectation values of the plaquette operator h□i on the variationally determined ground states as a function of the
bare coupling β, for the different values of truncations Lmax ¼ 1, 4, 5. (b) Relative difference Δh□i=h□i≡ ½h□iðg0Þ −
h□iðgVÞ�=h□iðgVÞ in the expectation values of the plaquette operator between the initial ansatz g0 and the optimal couplings as a
function of the bare coupling β, for the different values of truncations Lmax ¼ 1, 4, 5. As observed for the energy (see Fig. 3), the
variational approach is more advantageous for smaller Lmax. (c) Expectation values of the plaquette operator h□i on both the
variationally determined ground states and ground states in the electric representation as a function of the bare coupling β, for
the different values of truncations Lmax ¼ 1, 4, 5. (d) Relative differences in the expectation value of the plaquette operator δh□i=h□i≡
ðh□iL0

max
− h□iLmax

Þ=h□iL0
max

between consecutive values of the truncation Lmax as a function of the bare coupling β.
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VI. CONCLUSIONS AND OUTLOOK

In this paper, we have developed an efficient scheme
for the classical and quantum simulation of non-Abelian
LGTs beyond 1D that works in all regimes of the couplings
and allows one to approach the continuum limit with
finite resources. The key ingredients of our scheme are as
follows:

(i) the derivation of an encoded Hamiltonian for the
gauge-invariant degrees of freedom, small (pla-
quettes) and large loops, on periodic lattices;

(ii) the semianalytical variational identification of an
optimal “coupling-dependent” basis for the loops to
minimize the truncation error.

We have demonstrated the effectiveness of our scheme by
determining the encoded Hamiltonian of SUðNÞ gauge
theories without charges on 2D arbitrary tori and the running
of the coupling for SU(2) gauge theory on a minimal torus.
With only five states per plaquette, we have achieved a
percent-level precision in computing both the ground state
and the average value of the plaquette operator h□i for all the
values of the bare coupling g.
Our scheme enables a proof-of-principle experimental

demonstration of continuum-limit computations for non-
Abelian gauge theories on current quantum hardware [46]
and opens the door to several promising directions. One can
use h□iðgÞ as the physical observable to define the
renormalized coupling constant [61] gR at a given lattice
spacing (subtraction scale) a0. As outlined in Ref. [98], the
function g ¼ gðgR; aÞ can be determined using a “step
scaling approach” that combines Hamiltonian computa-
tions—feasible at very weak coupling—with large-scale
Monte Carlo simulations. Recent results for pure U(1)
gauge theory [101] suggest that meaningful matching can
be achieved for 6 × 6 lattices with open boundaries. The
application of our scheme can potentially reduce the lattice
size, due to the faster convergence with PBCs, and it
performs better even with lower truncations, thanks to the
applied variational algorithm for the basis choice. Our
construction is also applicable to the U(1) gauge theory:
It generalizes previous results [43,45] and can, in fact,
improve them, as indicated by preliminary calculations
using exact diagonalization. We plan to complete this
comparison and also to study the performance with
variational quantum circuits based on qudit architectures
using Rydberg atoms [74,102] or trapped ions [46]. Using
qudits is indeed the most natural choice to represent finite
truncations of higher-dimensional gauge fields, and the
current state-of-the-art high fidelities of qudit gates allow
for concrete proposals on the aforementioned platforms.
Furthermore, in our proposal, the preparation of the ground
state could be practically realized through a variational
quantum eigensolver [103,104], with additional variational
parameters related to the local basis optimizations. In this
respect, the simultaneous variational optimization of both
the state (circuit) and the dual Hamiltonian (basis choice)

can be performed without additional overhead, using the
same measurements budget [30].
Another important application regards tensor-network

computations. Combining this methodology with the pro-
posed resource-efficient formulation has the potential to
optimize the computational efficiency and accuracy of
classical simulations in gauge theories. In this context,
the local coupling-dependent variational ansatz for the
ground state can also be used to develop quantum-inspired
classical spin networks for Abelian and non-Abelian LGTs,
enabling the computation of expectation values of observ-
ables toward the continuum limit, such as the running
coupling or the shear viscosity [105], for arbitrary tori of
small sizes. To this end, it is important to understand how
the nonlocal electric terms in the dual Hamiltonian behave
as a function of the distance. To be more concrete, one
should study the long-distance behavior of the ratio
between the norm jjHE;nonlocjj and the first energy gap,
which is of order g2. If the ratio decays to a finite value, the
long-range tails can be neglected and they can be treated as
next-to-nearest-neighbor tunnelings in the corresponding
spin network. While this truncation becomes exact in the
limit g2 → 0 [88], a general proof of this statement is, to the
best of our knowledge, missing in the literature and will
be object of future in-depth study. Characterizing the
scaling behavior of this ratio is crucial to address the more
theoretical question of the density of entanglement needed
to accurately describe the corresponding continuum field
theory. Regarding the scalability, a general formulation of
the local basis problem in terms of the eigenstates of the
reduced density matrix of the complete (not truncated)
problem can be done [106], but it would be rather
unpractical, as it requires knowledge of the full basis.
Finally, even if we performed numerical computations in

the case of SU(2) in two spatial dimensions, our method
is general and can be applied to any SUðNÞ LGT, in
particular, to SU(3) LGT in three spatial dimensions.
Indeed, the sequence of canonical transformations can be
performed in the sameway,with differences coming from the
counting of fluxes when periodic boundary conditions are
imposed, changing the number of independent closed
surfaces [90]. The construction of the local basis always
reduces to a (N − 1)-dimensional differential equation,
associated with a motion in a potential for any N. Another
important extension is the inclusion of matter, which will be
the object of future works. A first target is represented by SU
(2) LGTs with dynamical charges in two dimensions, whose
minimal realization requires resources already available [46].
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APPENDIX A: SUðNÞ CONTINUUM
YANG-MILLS ACTION

In this work, we consider lattice field theories with local
symmetry associated with the compact Lie group SUðNÞ.
Its corresponding Lie algebra, suðNÞ, is spanned by a set of
N2 − 1 generators Ta, and we choose to work in the
defining representation of the group, such that

½Ta; Tb� ¼ ifabcTc; TrðTaTbÞ ¼ 1

2
δab; ðA1Þ

where fabc are the structure constants of the group, com-
pletely antisymmetric in the internal indices a, b, c, and we
fixed the normalization of the generators according to the
standard convention [49,50,107]. When N ¼ 2, we can
identify the generators with the Pauli matrices Ta ¼ σa=2,
while forN ¼ 3 they are theGell-MannmatricesTa ¼ λa=2.
In the continuum, the gauge potential Aμ ¼ Aa

μTa trans-
forms as

A0
μðxÞ ¼ ΩðxÞAμðxÞΩðxÞ−1 − i½∂μΩðxÞ�ΩðxÞ−1; ðA2Þ

where ΩðxÞ∈SUðNÞ is a local gauge transformation. We
also introduce the field strength tensor, defined in terms of
the gauge potential as

FμνðAÞ ¼ ∂μAν − ∂νAμ − i½Aμ; Aν�; ðA3Þ
which is gauge covariant, i.e., such that FμνðA0Þ ¼
ΩðxÞFμνðAÞΩðxÞ−1. In the absence of matter, we can

describe the dynamics of the gauge theory by means of
the Yang-Mills (YM) action [108]

S ¼ −
1

2g2

Z
dxTrðFμνFμνÞ ðA4Þ

alongside the Gauss law constraint, which enforces local
gauge invariance. The YM action can be regularized on the
lattice in two ways: The first one involves the discretization
of the continuum Lagrangian in Eq. (A4) and goes under
the name of Lagrangian formalism of LGTs [100,109].
Alternatively, as considered in the main text, the
Hamiltonian formalism can be adopted [21], where spatial
dimensions are discretized, while time remains continuous.
In this formulation, the states of the theory are constrained
to satisfy the Gauss law.

APPENDIX B: DUALIZATION OF THE SINGLE
PERIODIC PLAQUETTE

In this appendix, we report the detailed derivation of the
dualization and encoding of degrees of freedom for the case
of the minimal torus, following the steps depicted in Fig. 2.
We use the canonical transformations (CTs) introduced in
Ref. [89] and build an iterative procedure to pass from links
to loops and open strings that works in a square lattice
with PBCs, realizing a one-to-one mapping preserving the
number of degrees of freedom. To make cleaner the
procedure, we split the CTs in two groups: The first one
is associated with the definition of independent plaquette
operators, and the second is associated with the large loops
Lx̂;ŷ and the open strings.

1. First set of transformations:
Plaquette loop operators

After the first set of CTs, we are left with the strings in
the central panel of Fig. 2(b). In terms of the original link
variables, we have

WA ¼ Ux̂ðAÞUŷðBÞU†
x̂ðDÞU†

ŷðAÞ; ðB1Þ
WB ¼ U†

ŷðCÞUx̂ðCÞUŷðDÞU†
x̂ðBÞ; ðB2Þ

WC ¼ U†
ŷðBÞUx̂ðBÞUŷðAÞU†

x̂ðCÞ; ðB3Þ

with conjugate electric fields

ELðAÞ ¼ EL;x̂ðAÞ; ERðAÞ ¼ −W†
AELðAÞWA; ðB4Þ

ELðBÞ ¼ ER;ŷðBÞ; ERðBÞ ¼ −W†
BELðBÞWB; ðB5Þ

ELðCÞ ¼ ER;ŷðCÞ −U†
ŷðBÞER;x̂ðBÞUŷðBÞ; ERðCÞ ¼ −W†

CELðCÞWC: ðB6Þ
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We observe that we need to define the origin of the two
plaquette loops WB, WC in the top left corner, instead as in
the bottom left one as happens for WA. This does not
happen if open boundaries are considered: Here, when four
plaquettes are considered, there are four links more,
associated with the physical boundaries of the lattice,
and every plaquette loop can be closed using the same
convention [62,88,89]. In the periodic case, to avoid
inconsistencies and use the same basic CT, we keep the
same orientation and adopt different origins. As a final
comment, there are five remaining links, according to the
central panel of Fig. 2(b), with redefined canonical electric
fields. As we are going to show, they are recombined to
obtain the two large loops and three open strings.

2. Second set of transformations: Large-loop
and open string operators

We keep using the transformation rules in Eqs. (9) and
(10) to merge the remaining links into large loops wrapping

the minimal torus in both the spatial directions. The final
result of the CTs is shown in the right panel of Fig. 2(b).
The two loops are wrapping the lattice horizontally [Lx̂ðCÞ]
and vertically [LŷðAÞ] and are defined as

Lx̂ðCÞ ¼ U†
x̂ðDÞU†

x̂ðCÞ; LŷðAÞ ¼ U†
ŷðDÞU†

ŷðAÞ: ðB7Þ

The canonical electric fields are [110]

ðELÞL;x̂ðCÞ ¼ ER;x̂ðCÞ −U†
ŷðBÞU†

x̂ðAÞELðAÞUx̂ðAÞUŷðBÞ;
ðB8Þ

ðELÞL;ŷðAÞ ¼ ER;ŷðAÞ − U†
x̂ðBÞERðBÞUx̂ðBÞ: ðB9Þ

The remaining three open strings are defined as

T ðBÞ ¼ Ux̂ðBÞUŷðCÞ; Ūx̂ðCÞ ¼ Ux̂ðCÞ; ŪŷðAÞ ¼ UŷðAÞ; ðB10Þ

with canonical electric fields

ðEτÞL;x̂ðBÞ ¼ EL;x̂ðBÞ þ EL;ŷðBÞ þ ER;x̂ðBÞ − ERðBÞ; ðB11Þ

ĒL;x̂ðCÞ ¼ EL;ŷðCÞ þ EL;x̂ðCÞ − L†
x̂ðCÞU†

ŷðBÞU†
x̂ðAÞELðAÞUx̂ðAÞUŷðBÞLx̂ðCÞ − ERðCÞ þ L†

x̂ðCÞER;x̂ðCÞLx̂ðCÞ; ðB12Þ

ĒL;ŷðAÞ ¼ −U†
x̂ðBÞðEτÞL;x̂ðBÞUx̂ðBÞ þUŷðAÞU†

x̂ðCÞUŷðCÞELðBÞU†
ŷðCÞUx̂ðCÞU†

ŷðAÞ
− UŷðAÞEL;ŷðDÞU†

ŷðAÞ þ EL;ŷðAÞ − ERðAÞ −U†
x̂ðBÞUŷðBÞELðCÞU†

ŷðBÞUx̂ðBÞ: ðB13Þ

In the obtained expressions, we recognize the initial Kogut-Susskind electric fields

I ≡ fEL;x̂ðAÞ; ER;ŷðAÞ; EL;ŷðAÞ; ER;ŷðBÞ; EL;x̂ðBÞ; ER;ŷðCÞ; ER;x̂ðCÞ; EL;x̂ðCÞg; ðB14Þ

and all the others can be expressed by means of their parallel transports [111]. The one-to-one mapping of degrees of
freedom is now complete,

I ↔ fELðAÞ; ðELÞL;ŷðAÞ; ĒL;ŷðAÞ; ELðBÞ; ðEτÞL;x̂ðBÞ; ELðCÞ; ðELÞL;x̂ðCÞ; ĒL;x̂ðCÞg: ðB15Þ

The choice of the open strings is done to not have new
independent electric fields in D. For this reason, this can be
thought as the “reference point” in the minimal torus.
Moreover, from the above expressions of the electric fields,

we notice that the inversion relations are immediate, as any
independent electric field in the initial and final sets of
variables appears with unit coefficient in the formulas. The
dual loop variables, obtained through CTs, satisfy the canoni-
cal commutation relations. Explicitly, this means to have

½Ea
LðnÞ;WijðmÞ� ¼ −δmn½TaWðnÞ�ij; ðB16Þ

½Ea
RðnÞ;WijðmÞ� ¼ δmn½WðnÞTa�ij ðB17Þ

for any E ∈ I attached to its loopWðnÞ. We have as well that

½Ea
L;RðnÞ; Eb

L;RðmÞ� ¼ ifabcEc
L;RðnÞδmn; ðB18Þ

that is, the loop and open string electric fields satisfy the
SUðNÞ Lie algebra.
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3. Explicit resolution of the Gauss law

We solve the independent Gauss laws in favor of the loop
electric fields, to get rid of the open strings ending in the
reference point. Since the change of variables has been
done using CTs, which are linear in the electric fields, the
reformulated local constraints are the sums of the new
electric fields attached to a given lattice point. In terms of
the loop electric fields, they read

GðAÞ≡ ELðAÞ þ ERðAÞ þ ðELÞL;ŷðAÞ þ ðELÞR;ŷðAÞ
þ ĒL;ŷðAÞ ¼ 0; ðB19Þ

GðBÞ≡ ELðBÞ þ ERðBÞ þ ðEτÞL;x̂ðBÞ ¼ 0; ðB20Þ

GðCÞ≡ ELðCÞ þ ERðCÞ þ ðELÞL;x̂ðCÞ þ ðELÞR;x̂ðCÞ
þ ĒL;x̂ðCÞ ¼ 0; ðB21Þ

while the Gauss law at the reference point is

GðDÞ≡ ĒR;ŷðDÞ þ ðEτÞR;ŷðDÞ þ ĒR;x̂ðDÞ ¼ 0 ðB22Þ

and is not independent from the others, as its computation
can be reconduced to the definition of ĒL;ŷðAÞ. We refer to
Appendix C for all the computations and checks regarding
the dualized local constraints.
We explicitly solve the three Gauss laws in Eqs. (B19)–

(B21) to eliminate the electric fields of the open strings, i.e.,

ĒL;ŷðAÞ ¼ −½ELðAÞ þ ERðAÞ þ ðELÞL;ŷðAÞ þ ðELÞR;ŷðAÞ�;
ðB23Þ

ðEτÞL;x̂ðBÞ ¼ −½ELðBÞ þ ERðBÞ�; ðB24Þ

ĒL;x̂ðCÞ ¼ −½ELðCÞ þ ERðCÞ þ ðELÞL;x̂ðCÞ þ ðELÞR;x̂ðCÞ�:
ðB25Þ

As a last step to obtain the physical variables, we use the
gauge freedom to set the open strings to the identity in the
gauge group. This allows us to write the Hamiltonian and
the wave functions only as a functions of the loops. If we
label with W the set of closed loops and with S the set of
open strings,

fWA;LŷðAÞ;WB;WC;Lx̂ðCÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
≡W

; ŪŷðAÞ; T ðBÞ; Ūx̂ðCÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
≡S

g

¼ W ⊕ S; ðB26Þ

we act with proper gauge transformations to fix T ¼ 1G,∀ T ∈S. On the basis states of the system, which we
generically label as

jψi ¼ jW1;…;Wn;T 1;…; T mi; Wi ∈W; T i ∈S;

ðB27Þ

we use a product of gauge transformationsΘT i
ðnÞ such that

jW1;…;Wn; T 1;…; T mi
→ jψ 0i ¼ jW 0

1;…;W 0
n; 1G;…; 1Gi; ðB28Þ

where W 0
i are the corresponding gauge-transformed loops.

This procedure is general and holds for any dimension of
the sets W, S [64]. For the minimal torus, the above
product of gauge transformations is

G ¼ eiθ
aĒa

L;ŷðAÞeiθaðEa
τ ÞL;x̂ðBÞeiθ

aĒa
L;x̂ðCÞ: ðB29Þ

This open strings gauge fixing is compatible with the
procedure outlined by Creutz [112], as we can define a
disconnected maximal tree gauge made by all the open
strings T ∈S. As it can be verified from the right plot of
Fig. 2(b), the open strings form a maximal tree, i.e., a set of
disconnected links such that no more links can be added
without forming a closed loop [113]. Therefore, all of them
can be fixed to an arbitrary element of the gauge group,
which we choose to be the identity.

4. Final form of the inverse relations

We insert Eqs. (B23)–(B25) into the expressions for the
dual variables and invert the relations to isolate the set of
electric fields identified in Eq. (B14). Because of the
explicit resolution of the gauge symmetry, we express
the eight KS electric fields as a function of five loop electric
fields. This dualization and encoding procedure is per-
formed as well for the links, allowing us to express them
solely in terms of the set W introduced in Eq. (B26) by
taking into account the gauge fixing of the open strings.
The obtained expressions are Eqs. (12)–(16) reported in the
main text.

APPENDIX C: VERIFYING THE DUAL
GAUSS LAWS

In this appendix, we explicitly verify that the dual
electric fields E ∈ I satisfy Eqs. (B19)–(B22).
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1. Gauss law in A

We have that

GðAÞ ¼ EL;x̂ðAÞ þ ERðAÞ þ ER;ŷðAÞ −U†
x̂ðBÞERðBÞUx̂ðBÞ þ ðELÞR;ŷðAÞ þ EL;ŷðAÞ −U†

x̂ðBÞ½EL;x̂ðBÞ þ EL;ŷðBÞ
þ ER;x̂ðBÞ − ERðBÞ�Ux̂ðBÞ þ UŷðAÞU†

x̂ðCÞUŷðCÞELðBÞU†
ŷðCÞUx̂ðCÞU†

ŷðAÞ −UŷðAÞEL;ŷðDÞU†
ŷðAÞ

− ERðAÞ −U†
x̂ðBÞUŷðBÞELðCÞU†

ŷðBÞUx̂ðBÞ: ðC1Þ

Some of the terms cancel out directly, in particular, we have that −U†
x̂ðBÞEL;x̂ðBÞUx̂ðBÞ ¼ ER;x̂ðAÞ and all the four

electric fields in A sum to zero, due to the Gauss law for the KS electric fields. By using EL;ŷðDÞ ¼
−UŷðDÞ½ðELÞL;ŷðAÞ þU†

x̂ðBÞERðBÞUx̂ðBÞ�U†
ŷðDÞ, we can write

GðAÞ ¼ ðELÞR;ŷðAÞ −U†
x̂ðBÞ½EL;ŷðBÞ þ ER;x̂ðBÞ�Ux̂ðBÞ þUŷðAÞUŷðDÞ½ðELÞL;ŷðAÞ

þU†
x̂ðBÞERðBÞUx̂ðBÞ�U†

ŷðDÞU†
ŷðAÞ þ UŷðAÞU†

x̂ðCÞUŷðCÞELðBÞU†
ŷðCÞUx̂ðCÞU†

ŷðAÞ
−U†

x̂ðBÞUŷðBÞELðCÞU†
ŷðBÞUx̂ðBÞ: ðC2Þ

We make use of ðELÞR;ŷðAÞ ¼ −UŷðAÞUŷðDÞðELÞL;ŷðAÞU†
ŷðDÞU†

ŷðAÞ to simplify these two terms. Moreover, from the

definition ERðBÞ ¼ −W†
BELðBÞWB, we observe that the path

WBUx̂ðBÞU†
ŷðDÞU†

ŷðAÞ ¼ U†
ŷðCÞUx̂ðCÞU†

ŷðAÞ ðC3Þ

and we are left with

GðAÞ ¼ −U†
x̂ðBÞ½EL;ŷðBÞ þ ER;x̂ðBÞ�Ux̂ðBÞ − U†

x̂ðBÞUŷðBÞELðCÞU†
ŷðBÞUx̂ðBÞ; ðC4Þ

which is identically zero, by using ER;x̂ðBÞ ¼ −U†
x̂ðAÞELðAÞUx̂ðAÞ and EL;ŷðBÞ ¼ −UŷðBÞELðCÞU†

ŷðBÞ þ
U†

x̂ðAÞELðAÞUx̂ðAÞ.

2. Gauss law in B

This is the easiest case, since it already follows from the definitions of the dual electric fields that

GðBÞ ¼ ER;ŷðBÞ þ EL;x̂ðBÞ þ EL;ŷðBÞ þ ER;x̂ðBÞ ¼ 0: ðC5Þ

3. Gauss law in C

By using the definitions of loop electric fields, we have

GðCÞ ¼ ER;ŷðCÞ −U†
ŷðBÞER;x̂ðBÞUŷðBÞ þ ERðCÞ −U†

ŷðBÞU†
x̂ðAÞELðAÞUx̂ðAÞUŷðBÞ þ ER;x̂ðCÞ þ ðELÞR;x̂ðCÞ

þ EL;ŷðCÞ þ EL;x̂ðCÞ − ERðCÞ þ L†
x̂ðCÞER;x̂ðCÞLx̂ðCÞ − L†

x̂ðCÞU†
ŷðBÞU†

x̂ðAÞELðAÞUx̂ðAÞUŷðBÞLx̂ðCÞ: ðC6Þ

Since ER;x̂ðBÞ ¼ −U†
x̂ðAÞELðAÞUx̂ðAÞ, we observe that the second and fourth terms of the right-hand side in the first line

cancel out, as well as the two equal and opposite ERðCÞ. Moreover, we recognize that

ðELÞR;x̂ðCÞ ¼ −L†
x̂ðCÞER;x̂ðCÞLx̂ðCÞ þ L†

x̂ðCÞU†
ŷðBÞU†

x̂ðAÞELðAÞUx̂ðAÞUŷðBÞLx̂ðCÞ; ðC7Þ

simplifying then with the last two terms in the last line. We are left finally with the Gauss law in terms of the initial
variables, i.e.,

GðCÞ ¼ ER;ŷðCÞ þ ER;x̂ðCÞ þ EL;ŷðCÞ þ EL;x̂ðCÞ ¼ 0: ðC8Þ
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4. Gauss law in D

This computation depends on the other Gauss laws and loop electric field definitions. Indeed, we have

GðDÞ ¼ −U†
ŷðAÞĒL;ŷðAÞUŷðAÞ −U†

x̂ðCÞĒL;x̂ðCÞUx̂ðCÞ −U†
ŷðAÞU†

x̂ðBÞðEτÞL;x̂ðBÞUx̂ðBÞUŷðAÞ; ðC9Þ

and multiplying on the left by UŷðAÞ and on the right by U†
ŷðAÞ we reduce to the computation of ĒL;ŷðAÞ. What we have to

check is that

ĒL;ŷðAÞ ¼ −U†
x̂ðBÞðEτÞL;x̂ðBÞUx̂ðBÞ −UŷðAÞU†

x̂ðCÞĒL;x̂ðCÞUx̂ðCÞU†
ŷðAÞ: ðC10Þ

Since the first term in the right-hand side is already present in the definition of ĒL;ŷðAÞ, we expand the second term by using
the definition of ĒL;x̂ðCÞ. We get

UŷðAÞU†
x̂ðCÞĒL;x̂ðCÞUx̂ðCÞU†

ŷðAÞ ¼ −UŷðAÞU†
x̂ðCÞ½EL;ŷðCÞ þ EL;x̂ðCÞ − L†

x̂ðCÞU†
ŷðBÞU†

x̂ðAÞELðAÞUx̂ðAÞUŷðBÞLx̂ðCÞ
− ERðCÞ þ L†

x̂ðCÞER;x̂ðCÞLx̂ðCÞ�Ux̂ðCÞU†
ŷðAÞ; ðC11Þ

which has five terms to be computed. Separately, for each of them, we have

−UŷðAÞU†
x̂ðCÞEL;ŷðCÞUx̂ðCÞU†

ŷðAÞ ¼ UŷðAÞU†
x̂ðCÞUŷðCÞELðBÞU†

ŷðCÞUx̂ðCÞU†
ŷðAÞ; ðC12Þ

−UŷðAÞU†
x̂ðCÞEL;x̂ðCÞUx̂ðCÞU†

ŷðAÞ ¼ UŷðAÞER;x̂ðDÞU†
ŷðAÞ; ðC13Þ

UŷðAÞU†
x̂ðCÞL†

x̂ðCÞU†
ŷðBÞU†

x̂ðAÞELðAÞUx̂ðAÞUŷðBÞLx̂ðCÞUx̂ðCÞU†
ŷðAÞ ¼ −ERðAÞ; ðC14Þ

UŷðAÞU†
x̂ðCÞERðCÞUx̂ðCÞU†

ŷðAÞ ¼ −U†
x̂ðBÞUŷðBÞELðCÞU†

ŷðBÞUx̂ðBÞ; ðC15Þ

−UŷðAÞU†
x̂ðCÞL†

x̂ðCÞER;x̂ðCÞLx̂ðCÞUx̂ðCÞU†
ŷðAÞ ¼ UŷðAÞEL;x̂ðDÞU†

ŷðAÞ; ðC16Þ

where we simplified the paths UŷðAÞU†
x̂ðCÞL†

x̂ðCÞU†
ŷðBÞU†

x̂ðAÞ ¼ W†
A, WCUx̂ðCÞU†

ŷðAÞ ¼ U†
ŷðBÞUx̂ðBÞ, and

Lx̂ðCÞUx̂ðCÞU†
ŷðAÞ ¼ U†

x̂ðDÞU†
ŷðAÞ.

By summing up Eqs. (C13) and (C16), and using in the intermediate step the Gauss law inD for the KS electric fields, we
have

UŷðAÞ½EL;x̂ðDÞ þ ER;x̂ðDÞ�U†
ŷðAÞ ¼ −UŷðAÞ½EL;ŷðDÞ þ ER;ŷðDÞ�U†

ŷðAÞ
¼ EL;ŷðAÞ − UŷðAÞEL;ŷðDÞU†

ŷðAÞ: ðC17Þ
Finally, if we sum Eqs. (C12)–(C16) with the first term in the right-hand side of Eq. (C10), we get exactly the definition of
ĒL;ŷðAÞ, meaning that the Gauss law GðDÞ holds in terms of the dual variables.

APPENDIX D: SYMMETRIES OF THE DUAL HAMILTONIAN

We compute the commutator of the dual Hamiltonian with the loop electric fields ðELÞL;ŷðAÞ and ðELÞL;x̂ðCÞ, to show
explicitly that the strings LŷðAÞ, Lx̂ðCÞ cannot be considered as constants of motion.
We perform all the steps only for LŷðAÞ and write the other one directly, since it is almost identical. First of all, we

observe that ½H; ðELÞL;ŷðAÞ� ¼ ½HE; ðELÞL;ŷðAÞ�, as the magnetic Hamiltonian does not contain the large loops. We
consider separately the local and nonlocal electric contributions, respectively. For the first one, we have

½HE;loc; ðELÞL;ŷðAÞ� ¼ g2½ðELÞ2L;ŷðAÞ; ðELÞL;ŷðAÞ�; ðD1Þ
and using the property ½A2; B� ¼ fA; ½A;B�g together with the group algebra in Eq. (B18) we get

½HE;loc; ðEb
LÞL;ŷðAÞ� ¼ ig2fabcfðEa

LÞL;ŷðAÞ; ðEc
LÞL;ŷðAÞg; ðD2Þ
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where we explicitly wrote down the internal indices a, b, c
of the SUðNÞ gauge group. We immediately observe that
this contribution is zero, since the structure constants are
completely antisymmetric in the group indices, and they are
contracted with a commutator, which is a symmetric object.
We therefore conclude that ½HE;loc; ðEb

LÞL;ŷðAÞ� ¼ 0.
Regarding the commutator with the nonlocal electric

Hamiltonian, things get more complicated due to the
presence of parallel transporters. The only surviving
terms are

½HE;nonloc; ðELÞL;ŷðAÞ�
¼ g2½FA½EL;R�ðELÞL;ŷðAÞ þ ELðCÞR½LŷðAÞ�ERðBÞ
þ ðELÞL;x̂ðCÞR½LŷðAÞ�ERðBÞ; ðELÞL;ŷðAÞ�; ðD3Þ

where FA½EL;R�≡ ELðAÞ þ ERðCÞ þ ELðBÞ þ ERðBÞ. The
terms not involving the parallel transport simplify through
Eq. (B18) and do not vanish since F ½EL;R� ≠ 0. The terms
with the parallel transport can be reduced to the compu-
tation of ½Rab½LŷðAÞ�; ðELÞcL;ŷðAÞ�, which is nonvanishing,
in general, if the group indices are not contracted [64].
The nonlocal electric Hamiltonian is the only contribu-

tion to the full commutator; therefore, we conclude that

½H; ðELÞL;ŷðAÞ� ≠ 0; ðD4Þ

meaning that the vertical loop LŷðAÞ is not a constant of
motion.
The computation for the horizontal loop Lx̂ðCÞ can be

done on the same lines. The magnetic and local electric
Hamiltonians trivially commute with the conjugate electric
field ðELÞcL;x̂ðCÞ. The nontrivial contribution comes from
the nonlocal electric part, which is

½HE;nonloc; ðELÞL;x̂ðCÞ�
¼ g2½FC½EL;R�ðELÞL;x̂ðCÞ þ ELðCÞR½L†

x̂ðCÞ�
× ERðAÞ; ðELÞL;x̂ðCÞ�; ðD5Þ

where FC½EL;R�≡ ELðCÞ þR½LŷðAÞ�ERðBÞ. The same
considerations of the vertical large loop apply here, and
we conclude that

½H; ðELÞL;x̂ðCÞ� ≠ 0: ðD6Þ

APPENDIX E: GENERALIZATION TO
ARBITRARY PERIODIC SQUARE LATTICES

We present the extension of the reformulation to an
arbitrary square lattice of size Nx × Ny. Since the math-
ematical expressions of the loop electric fields get more
involved, we omit them and refer only to the graphical
construction of the loop variables. However, the CTs are
essentially iterations of Eqs. (9) and (10), and the dual
electric fields can be reconstructed from the sequence of
CTs by summing and parallel transporting accordingly the
link electric fields.
To understand the general structure of CTs for a general

torus, we show how to extend the single periodic plaquette
along the vertical and horizontal directions. The combina-
tion of these two operational blocks leads to the dualization
for the Nx × Ny periodic lattice.

1. Vertical extension

We first count the degrees of freedom: initially, we have
12 links and 5 independent Gauss laws (Fig. 5, left panel).
After the CTs, we have five plaquettes, two large loops
wrapping the lattice, and a set of five open strings. All of
the final degrees of freedom are physical and independent.
We proceed by applying consecutive CTs, starting from

the bottom left site A and following the lattice sites as for
the single periodic plaquette. Graphically, the three sets of
CTs are reported in Figs. 5 and 6. As a counting of
operations, we have three CTs for each plaquette, two CTs
for LŷðAÞ, a single one for Lx̂ðEÞ, and four CTs to get the
open strings T iðFÞ, for a total of 22 CTs.
By looking at Fig. 5, we adopt the usual link order for the

leftmost plaquette column, while for all the others we
choose the origin in correspondence of the top left site of

FIG. 5. Graphical representation of canonical transformations to obtain five independent plaquettesWn (left) and two large loops Lx̂;ŷ
(right). In the final lattices, we report only the reference site F.
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the square. For the reference site F, we do not have an
independent plaquette due to the PBCs. Regarding the
large loops, they are centered in A (bottom left corner)
and E (top right corner), with the same orientation as in
the single-plaquette case. Finally, in Fig. 6 we show how
to transform all the remaining links into open strings
ending in the reference point F, which is our dependent
point, i.e., the Gauss law GðFÞ is written in terms of the
independent ones. The number of strings is equal to the
number of independent Gauss laws, and we can use this
freedom to fix them to the identity in the gauge group.
As commented in the main text, this corresponds to the
choice of a particular maximal tree gauge associated with
our prescription [60,112].

2. Horizontal extension

The same counting of degrees of freedom done for the
vertical extension applies here, and we just summarize the
sets of CTs in Fig. 7. The strategy is the same: We apply
iteratively single CTs to get independent plaquettes and

large loops, and then build open strings ending in the
reference point F in Fig. 7.

3. Full extension

Given the extension of Secs. E 1 and E 2, we generalize
the single periodic plaquette to an arbitrary Nx × Ny torus
Σ. We set the notation for the lattice sites graphically in
Fig. 8. In the standard formulation, we have 2NxNy links
and NxNy − 1 independent Gauss laws, for a total of
NxNy þ 1 independent degrees of freedom. Once per-
formed, for the full set of CTs, we end up with NxNy − 1

plaquettes, i.e., a plaquette per lattice site except for
the reference site N ¼ ð0; Ny − 1Þ, and two large loops
wrapping the lattice, for a total of NxNy þ 1 physical
independent degrees of freedom. The number of open
strings can be obtained from the property that the single CT
preserves the number of initial links. Therefore, from the
counting of the loops, the number of open strings is
2NxNy − ðNxNy þ 1Þ ¼ NxNy − 1, i.e., exactly the num-
ber of independent Gauss law constraints.
In summary, if we call W the set of closed loops and S

the set of open strings, after the CTs we end up with

fUμðnÞgn∈Σ → W ⊕ S; jWj ¼ NxNy þ 1;

jSj ¼ NxNy − 1: ðE1Þ

Only the loop electric fields are the physical ones, i.e., those
that appear in the Hamiltonian and rule the dynamics of the
theory after the explicit resolution of the Gauss laws, in
complete analogy with the single periodic plaquette. Also
in this case, the number of CTs can be computed depending
on the torus sizes [114].

FIG. 7. Graphical representation of the change of variables for
the horizontal extension. In the top lattice on the right, we show in
red the plaquette and large-loop closed strings, while in the
bottom lattice, we show, always in red, the open strings ending in
the reference point. In all the lattices, we report only the reference
site F.

FIG. 8. Unfolded torus Σ in the two-dimensional plane, of size
Nx × Ny. A generic lattice site ðnx; nyÞ∈Σ if nx;y¼0;…;Nx;y−1.
In red, we report the reference site N ¼ ð0; Ny − 1Þ using this
enumeration.

FIG. 6. Graphical representation of canonical transformations
to obtain five open strings T iðFÞ. In the final lattice, we report
only the reference site F.

EFFICIENT FINITE-RESOURCE FORMULATION OF … PHYS. REV. X 15, 031065 (2025)

031065-19



Thegraphical reformulated degrees of freedom are reported
in Fig. 9. In addition to the physical setW, we observe that the
most intricate part resides in the set of open strings S. All of
them end in the reference point N, and their number is Nx þ
Ny − 2 (orange strings in Fig. 9) plus NxNy − Nx − Ny þ 1

(blue strings in Fig. 9). The expected total is jSj ¼ NxNy − 1,
coincidentwith the number of independentGauss laws.We set
T i ∈S to the group identity using the gauge freedom,
analogous to the single periodic plaquette case.

APPENDIX F: AXIS-ANGLE COORDINATES
AND HAAR MEASURE OF SU(2)

We give here a brief reminder on SU(2) axis-angle
coordinates and representations of the operators needed in
the main text. In this coordinate frame, group elements
jgi∈SUð2Þ are interpreted as 3D rotations of angle ω and
around a given axis n̂, acting on the group generators
[64,91]. In spherical coordinates Ω ¼ ðω; θ;ϕÞ, we have

n̂ ¼

0
B@ cosϕ sin θ

sinϕ sin θ

cos θ

1
CA; θ∈ ½0; π�; ϕ∈ ½0; 2π�; ω∈ ½0; 2π�: ðF1Þ

The fundamental, or defining, representation j ¼ 1=2 is a 2 × 2 matrix, whose explicit expression is

D
1
2ðΩÞ≡DðΩÞ ¼

�
cos ω

2
− i sin ω

2
cos θ −i sin ω

2
sin θe−iϕ

−i sin ω
2
sin θeiϕ cos ω

2
þ i sin ω

2
cos θ

�
: ðF2Þ

We also remind the reader that the Haar measure in these coordinates is

dμðΩÞ ¼ 4sin2
ω

2
sin θ dω dθ dϕ; ðF3Þ

and the volume of the group is jGj ¼ 16π2.
Concerning the representation of left and right electric operators, they are differential operators defined as

EL;RðΩÞ ¼ −Σ�L; ðF4Þ

where L is the angular momentum differential operator

Lx ¼ i

�
sinϕ

∂

∂θ
þ cot θ cosϕ

∂

∂ϕ

�
; Ly ¼ i

�
− cosϕ

∂

∂θ
þ cot θ sinϕ

∂

∂ϕ

�
; Lz ¼ −i

∂

∂ϕ
; ðF5Þ

and Σ has components

FIG. 9. Graphical representation of reformulated degrees of freedom, the setW and S. Left: we show the plaquettes (red strings) and
the large loops (blue strings), and we refer to the dots as their origin. We observe that the leftmost column has standard plaquette
definition, while for all the others we have to change origin to consistently complete the CTs. Right: vertical and horizontal open strings
(in orange), and low right cornerlike strings (in blue).
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Σx ¼ 2i sin θ cosϕ
∂

∂ω
þ i cot

ω

2

�
cos θ cosϕ

∂

∂θ
− csc θ sinϕ

∂

∂ϕ

�
; ðF6Þ

Σy ¼ 2i sin θ sinϕ
∂

∂ω
þ i cot

ω

2

�
cos θ sinϕ

∂

∂θ
þ csc θ cosϕ

∂

∂ϕ

�
; ðF7Þ

Σz ¼ 2i cos θ
∂

∂ω
− i cot

ω

2
sin θ

∂

∂θ
: ðF8Þ

Consequently, we have the square electric operator

E2ðΩÞ ¼ L̂2

sin2 ω
2

− 4

�
∂
2

∂ω2
þ cot

ω

2

∂

∂ω

�
: ðF9Þ

Regarding the loop operators in the group basis, they can
be represented using the unitary matrices Dj

mm0 ðgÞ asso-
ciated with a specific irreducible representation (irrep) of
SU(2) [67,115]. Therefore, in general, the loop operator in
the j irrep is

Wj
mm0 ðiÞ ¼

Z
dμðgiÞDj

mm0 ðgiÞjgiihgij; ðF10Þ

being i the loop index of Li ∈W. The loop operators are
diagonal in the group basis. In the whole manuscript, we

always fix j ¼ 1=2 and consider the loop operators in the
defining representation.

APPENDIX G: LEFT-LOOP ELECTRIC
OPERATOR REDUCED MATRIX ELEMENTS

We compute the reduced matrix element of the left-loop
electric field by decomposing it into the spherical vectors of
L and Σ. For the first one, we fix mI ¼ 1, mJ ¼ 0 and
compute it for the q ¼ 1 component, i.e., Lþ, as

hαlI
lIjjLjjαlJlJi ¼

hαlI ;lI; 1jLþjαlJ ;lJ; 0i
hlI1jlJ0; 11i

: ðG1Þ

Explicitly, this is

hαlI ;lI; 1jLþjαlJ ;lJ; 0i ¼
Z

dω u�αlI ðωÞuαlJ ðωÞY�
lI1

ðθ;ϕÞLþYlJ0ðθ;ϕÞ sin θdθdϕ; ðG2Þ

and by taking into account that LþYlJ0ðθ;ϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJðlJ þ 1Þp

YlJ1ðθ;ϕÞ, we get hαlI ;lI; 1jLþjαlJ ;lJ; 0i ¼
δlI ;lJ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJðlJ þ 1Þp

. Considering also that hlI1jlJ0; 11i ¼ −1=
ffiffiffi
2

p
, the reduced matrix element is

hαlIlIjjLjjαlJlJi ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lJðlJ þ 1Þ

p
δlI ;lJ : ðG3Þ

We proceed equally for the spherical vector of Σ, and here we fix mI ¼ mJ ¼ 0 and q ¼ 0, computing the reduced matrix
element as

hαlIlIjjΣjjαlJlJi ¼
hαlI ;lI; 0jΣ0jαlJ ;lJ; 0i

hlI0jlJ0; 10i
: ðG4Þ

In the integral representation, the numerator on the right-hand side is

hαlI ;lI; 0jΣ0jαlJ
;lJ; 0i ¼ i

Z
dω u�αlI ðωÞY�

lI0
ðθ;ϕÞ

�
2 cos θ

�
∂

∂ω
−
1

2
cot

ω

2

�
− cot

ω

2
sin θ

∂

∂θ

�
× YlJ0ðθ;ϕÞuαlJ ðωÞ sin θdθdϕ; ðG5Þ

and we have the properties of spherical harmonics [91]

cos θ YlJ0
ðθ;ϕÞ ¼ lJ þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ þ 3Þp YlJþ1;0ðθ;ϕÞ þ

lJffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ − 1Þð2lJ þ 1Þp YlJ−1;0ðθ;ϕÞ; ðG6Þ
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sin θ
∂YlJ0ðθ;ϕÞ

∂θ
¼ lJðlJ þ 1Þ

�
YlJþ1;0ðθ;ϕÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ þ 3Þp −

YlJ−1;0ðθ;ϕÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ − 1Þp �
: ðG7Þ

Using the normalization of the spherical harmonics with respect to the angular measure dΩ≡ sin θdθdϕ, we end up with

hαlI ;lI; 0jΣ0jαlJ ;lJ; 0i ¼ i
Z

dω u�αlI ðωÞ
�

2ðlJ þ 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ þ 3Þp �
∂

∂ω
−
lJ þ 1

2
cot

ω

2

�
δlJþ1;lI

þ 2lJffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ − 1Þp �
∂

∂ω
þ lJ

2
cot

ω

2

�
δlJ−1;lI

�
uαlJ ðωÞ: ðG8Þ

The involved Clebsch-Gordan coefficients

hlJ þ 1; 0jlJ0; 10i ¼
lJ þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðlJ þ 1Þð2lJ þ 1Þp ; hlJ − 1; 0jlJ0; 10i ¼ −

lJffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJð2lJ þ 1Þp ðG9Þ

lead to the simplification

2ðlJ þ 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ þ 3Þp ×
1

hlJ þ 1; 0jlJ0; 10i
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJ þ 1

2ðlJ þ 1Þ þ 1

s
; ðG10Þ

2lJffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ − 1Þp ×
1

hlJ − 1; 0jlJ0; 10i
¼ −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJ

2lJ − 1

s
: ðG11Þ

Finally, the reduced matrix element can be written as

hαlIlIjjΣjjαlJlJi ¼ 2i
Z

dω u�αlI ðωÞ
" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lJ þ 1

2ðlJ þ 1Þ þ 1

s �
∂

∂ω
−
lJ þ 1

2
cot

ω

2

�
δlJþ1;lI

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJ

2lJ − 1

s �
∂

∂ω
þ lJ

2
cot

ω

2

�
δlJ−1;lI

#
uαlJ ðωÞ: ðG12Þ

The reduced element of the left-loop electric field is the
sum of Eqs. (G3) and (G12) with the relative signs dictated
by the definition of Eq. (F4).

APPENDIX H: LEFT-RIGHT-LOOP ELECTRIC
OPERATORS PRODUCT MATRIX ELEMENTS

In the dual Hamiltonian, we need to evaluate the scalar
term Ea

LðBÞEa
RðBÞ. Since this is the only term with product

of left and right electric fields, we omit the site index B to

lighten the notation. Starting from the definition of left and
right electric fields in Eq. (F4), and given that ½L;Σ� ¼ 0,
we have

Ea
LE

a
R ¼ Σ2 −L2: ðH1Þ

As L2Ylmðθ;ϕÞ ¼ lðlþ 1ÞYlmðθ;ϕÞ by definition, we
need to evaluate the action of Σ2 on a given state jαl;l; mi.
In axis-angle coordinates, we can write

Σ2 ¼ −cot2
ω

2

�
cot θ

∂

∂θ
þ ∂

2

∂θ2
þ csc2θ

∂

∂ϕ2

�
−

2

sin2 ω
2

�
sinω

∂

∂ω
− ðcosω − 1Þ ∂

2

∂ω2

�
≡ Σ2

AðΩÞ þ Σ2
BðωÞ ðH2Þ

and evaluate each contribution separately. For Σ2
A, we recognize that

cot θ
∂

∂θ
þ ∂

2

∂θ2
þ csc2θ

∂

∂ϕ2
¼ 1

sin θ
∂

∂θ

�
sin θ

∂

∂θ

�
þ csc2θ

∂

∂ϕ2
≡ −L2ðθ;ϕÞ; ðH3Þ
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therefore, we get immediately

hαlI
;lI; mIjΣ2

AjαlJ ;lJ; mJi ¼ δlI ;lJδmI;mJ
lJðlJ þ 1Þ

Z
dω u�αlI ðωÞcot2

ω

2
uαlJ ðωÞ: ðH4Þ

Regarding Σ2
B, since it depends only on the axis coordinate ω, we can directly evaluate the integral, obtaining

hαlI ;lI; mIjΣ2
BjαlJ ;lJ; mJi ¼ −δlI ;lJ

δmI;mJ

Z
dω u�αlI ðωÞ

�
1þ 4

∂
2

∂ω2

�
uαlJ ðωÞ: ðH5Þ

We, consequently, get

hαlI ;lI; mIjEa
LE

a
RjαlJ ;lJ; mJi ¼ −δlI ;lJδmI;mJ

�
lJðlJ þ 1Þ þ

Z
dω u�αlI ðωÞ

�
1þ 4

∂
2

∂ω2
− lJðlJ þ 1Þcot2 ω

2

�
uαlJ ðωÞ

�
:

ðH6Þ

APPENDIX I: LOOP OPERATOR REDUCED MATRIX ELEMENTS

We report here the computation of the loop operator reduced matrix elements, for the application of the Wigner-Eckart
theorem. To this end, we decompose the loop operator as [64]

W ≡ S1þWaTa; S≡ TrW
2

; Wa ≡ 2Tr½TaW�; ðI1Þ

where Ta ¼ σa=2. The scalar part S is straightforward to compute from Eq. (F2) and equals

hαlI ;lI; mIjSjαlJ ;lJ; mJi ¼ δlI ;lJδmI;mJ

Z
dω u�αlI ðωÞ cos

ω

2
uαlJ ðωÞ: ðI2Þ

Concerning the vector part, we focus on the q ¼ 0 spherical component of Wa, i.e.,

2TrðTzWÞ ¼ TrðσzWÞ ¼ −2i cos θ sin
ω

2
; ðI3Þ

and use the independence of the reduced matrix elements on the azimuthal quantum number to fix mI ¼ mJ ¼ 0. We then
evaluate

hαlIlIjj2TrðTWÞjjαlJlJi ¼
hαlI

;lI; 0jTrðσzWÞjαlJ ;lJ; 0i
hlI0jlJ0; 10i

: ðI4Þ

The numerator on the right-hand side can be written immediately by writing explicitly the value cos θ YlJ;0ðθ;ϕÞ, given by
Eq. (G6), as

hαlI ;lI; 0jTrðσzWÞjαlJ ;lJ; 0i ¼ −2i
Z

dω u�αlI ðωÞ sin
ω

2
uαlJ ðωÞ

×

"
lJ þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ þ 3Þp δlJþ1;lI þ

lJffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lJ þ 1Þð2lJ − 1Þp δlJ−1;lI

#
: ðI5Þ

The reduced matrix element is obtained as the ratio of this last expression to the corresponding Clebsch-Gordan
coefficients. By simplifying as in Eqs. (G10) and (G11), we get

hαlIlIjj2TrðTWÞjjαlJlJi ¼ −2i
Z

dω u�αlI ðωÞ sin
ω

2
uαlJ ðωÞ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJ þ 1

2ðlJ þ 1Þ þ 1

s
δlJþ1;lI −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJ

2lJ − 1

s
δlJ−1;lI

#
: ðI6Þ
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Finally, the total matrix element is given by summing Eqs. (I2) and (I6), weighted with the proper Clebsch-Gordan
coefficient in light of the Wigner-Eckart theorem.

APPENDIX J: PARALLEL TRANSPORT DECOMPOSITION

We show how to write the parallel transportRbaðWÞ ¼ 2Tr½W†TbWTa� of a generic loopW in terms of scalar and vector
components. If we decompose the loop operator W as in Eq. (I1), we have, in the specific case of SU(2), that

RbaðWÞ ¼ 1

2
Tr

�
S�Sσbσa þ 1

2

�
S�Wdσbσdσa þ SðW�Þcσcσbσa

�
þ 1

4
ðW�ÞcWdσcσbσdσa

�
: ðJ1Þ

Because of the properties of the Pauli matrices

Tr½σbσa� ¼ 2δba; Tr½σbσdσa� ¼ 2iϵbda; Tr½σcσbσdσa� ¼ 2ðδcbδda − δcdδba þ δcaδbdÞ; ðJ2Þ

we obtain

RbaðWÞ ¼ S�Sδba þ i
2
ϵcba½W�S − S�W�c þ 1

4
½ðW�ÞbWa − ðW�ÞcWcδba þ ðW�ÞaWb�; ðJ3Þ

where repeated indices are summed over. By noticing that S ¼ S� ¼ cosðω=2Þ, ðW� −WÞc ¼ −2 ImðWcÞ, and
ðW�ÞcWc ¼ 4 sin2ðω=2Þ, we can rewrite everything more compactly as

RbaðWÞ ¼ cos ωδba þ 1

4
½ðW�ÞbWa þ ðW�ÞaWb� − i cos

ω

2
ImðWcÞϵcba: ðJ4Þ

In axis-angle coordinates, we can write explicitly the last two contributions as three-dimensional matrices,

1

4
½ðW�ÞbWaþðW�ÞaWb� ¼ 2sin2

ω

2

0
B@ sin2θcos2ϕ sin2θcosϕsinϕ sinθcosθcosϕ

sin2θcosϕsinϕ sin2θ sin2ϕ sinθcosθ sinϕ

sinθcosθcosϕ sinθcosθ sinϕ cos2θ

1
CA≡2sin2

ω

2
Rab
S ; ðJ5Þ

−i cos
ω

2
ImðWcÞϵcba ¼ i sinω

0
B@ 0 − cos θ sin θ sinϕ

cos θ 0 − sin θ cosϕ

− sin θ sinϕ sin θ cosϕ 0

1
CA≡ i sinωRab

A : ðJ6Þ

In the computation of matrix elements of the parallel transports in Eq. (J4), the following integral appears:

hαlI ;lI; mIjRbaðWÞjαlJ ;lJ; mJi ∋
Z

Y�
lImI

fabðθ;ϕÞYlJ;mJ
sin θdθdϕ; ðJ7Þ

where fabðθ;ϕÞ is a combination of the matrix elements written above, i.e., a linear combination of trigonometric functions.
To compute this, we write fabðθ;ϕÞ using spherical harmonics, expressing the integrand as the product of three spherical
harmonics, and then use the relation [92]

YlmYlJmJ
¼

XlþlJ

L¼jl−lJ j

XL
M¼−L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2lJ þ 1Þ

4πð2Lþ 1Þ

s
hl; 0;lJ; 0jL; 0ihl; m;lJ; mJjL;MiYLM ðJ8Þ

to decompose the product of two spherical harmonics. In this way, the integral reduces to the normalization condition on the
spherical harmonics, giving rise to selection rules in the angular momentum quantum numbers. For completeness, we report
the expressions of the matrices in Eqs. (J5) and (J6), in terms of spherical harmonics

FONTANA, MIRANDA-RIAZA, and CELI PHYS. REV. X 15, 031065 (2025)

031065-24



Rab
S ¼

0
BBBBB@

ffiffiffiffi
2π
15

q
ðY2;2 þ Y2;−2Þ þ 1

3
ð1− 2

ffiffi
π
5

p
Y2;0Þ i

ffiffiffiffi
2π
15

q
ðY2;−2 − Y2;2Þ

ffiffiffiffi
2π
15

q
ðY2;−1 − Y2;1Þ

i
ffiffiffiffi
2π
15

q
ðY2;−2 − Y2;2Þ 1

3
ð1− 2

ffiffi
π
5

p
Y2;0Þ−

ffiffiffiffi
2π
15

q
ðY2;2 þ Y2;−2Þ i

ffiffiffiffi
2π
15

q
ðY2;1 þ Y2;−1Þffiffiffiffi

2π
15

q
ðY2;−1 − Y2;1Þ i

ffiffiffiffi
2π
15

q
ðY2;1 þ Y2;−1Þ 1

3
ð1þ 4

ffiffi
π
5

p
Y2;0Þ

1
CCCCCA; ðJ9Þ

Rab
A ¼

0
BBBBBB@

0 −2
ffiffi
π
3

p
Y1;0 i

ffiffiffiffi
2π
3

q
ðY1;1 þ Y1;−1Þ

2
ffiffi
π
3

p
Y1;0 0

ffiffiffiffi
2π
3

q
ðY1;−1 − Y1;1Þ

−i
ffiffiffiffi
2π
3

q
ðY1;1 þ Y1;−1Þ −

ffiffiffiffi
2π
3

q
ðY1;−1 − Y1;1Þ 0

1
CCCCCCA: ðJ10Þ

APPENDIX K: ADDITIONAL DISCUSSION ON
THE PLAQUETTE OPERATOR

In this appendix, we present additional data regarding the
determination of the plaquette operator. Because of the
renormalization of the coupling, in order to extract con-
tinuum-limit results from a LGT it is important to employ a
truncation scheme that is efficient for all values of the
coupling constants. Therefore, it has been our goal to assess
the performance of the variationally optimized basis in all the
range of coupling strengths. For this reason, in Fig. 4(d) we
have decided to show the relative difference in the determi-
nation of the plaquette operator, ðΔh□i=h□iÞ. However, due
to the bounded nature of h□i itself, it is also interesting to
observe the absolute error in the determination of the
plaquette expectation value. We report it, for completeness,
in Fig. 10. Since the plaquette expectation value vanishes for
β → ∞, the computation of ðΔh□i=h□iÞ is demanding
truncationwise and especially sensitive to the numerical
precision of the computation. Since in Fig. 4(d) this quantity

is shown to behave smoothly toward weak coupling, we can
deduce that the truncation performswell in the determination
of the plaquette h□i and that the difference Δh□i is not
plagued by numerical errors in the computed range of the
coupling strength.

APPENDIX L: NUMERICAL IMPLEMENTATION

Numerical data have been obtained using exact diago-
nalization. All the numerical work was done with
Mathematica [116]. The local eigenstates were obtained
with a finite-element method with a precision δ ¼ 10−2.
All Hamiltonian matrix elements were obtained through
numerical integration. The methods “DoubleExponential”
and “SymbolicPreprocessing” were found to give the best
performance for the types of integrals involved in this
model. To find the optimal choice for the local basis, the
minimization of the energy was performed using an interior
point method [117]. Convergence was assumed when the
relative difference in the energy δE=E ≤ 10−4.

(a) (b)

FIG. 10. (a) Absolute difference Δh□i≡ h□iðg0Þ − h□iðgVÞ in the expectation values of the plaquette operator between the initial
ansatz g0 and the optimal couplings as a function of the bare coupling β, for the different values of truncations Lmax ¼ 1, 4, 5.
(b) Absolute difference in the expectation value of the plaquette operator δh□i≡ h□iL0

max
− h□iLmax

between consecutive values of the
truncation Lmax as a function of the bare coupling β.
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