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Systems reaching thermal equilibrium are ubiquitous. For classical systems, this phenomenon is
typically understood statistically through ergodicity in phase space, but translating this to quantum systems
is a long-standing problem of interest. Recently, a strong notion of quantum ergodicity has been proposed,
namely, that isolated, global quantum states uniformly explore their available state space, dubbed Hilbert-
space ergodicity. Here, we observe signatures of this process with an experimental Rydberg quantum
simulator and various numerical models, before generalizing to the case of a local quantum system
interacting with its environment. For a closed system, where the environment is a complementary
subsystem, we predict and observe a smooth quantum-to-classical transition in that observables progress
from large, quantum fluctuations to small, Gaussian fluctuations as the bath size grows. This transition
exhibits universal properties on a quantitative level among a wide range of systems, including those at finite
temperature, those with itinerant particles, and random circuits. For an open system, where the environment
is uncontrolled, we predict the statistics of observables under largely arbitrary noise channels including
those with correlated errors, allowing us to discriminate between candidate error models both for
continuous Hamiltonian time evolution and for digital random circuits. This allows for computationally
efficient experimental noise learning and, more broadly, is a new avenue for quantitatively classifying the
behavior of noisy quantum systems. Ultimately, our results clarify the role of ergodicity in quantum

dynamics, with fundamental and practical consequences.
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I. INTRODUCTION

The developing study of quantum thermalization [1-8]
has sought to create a consistent formulation for both
statistical and quantum mechanics. In this framework,
entanglement entropy between subsystems of a quantum
state plays the role of thermal entropy in statistical
mechanics. Considering a closed, bipartite quantum
system composed of interacting subsystems A and B under
a time-independent Hamiltonian, quantum thermalization
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suggests that, at late times, local observables in A behave as
if they were drawn from a thermal state. Here, B acts as a
thermal bath, for which the system Hamiltonian and initial
state define an effective temperature [8], behavior observed
by numerous experiments [9-14].

In order to explain the ubiquity of this phenomenon, a
set of interconnected theories have been studied, most
notably the eigenstate thermalization hypothesis [8]
(ETH). The ETH predicts that the above system-bath
behavior occurs even on the level of individual many-
body energy eigenstates, and, accordingly, it suggests that
quantum thermalization occurs for generic states because,
at late times, coherent contributions between energy
eigenstates will be effectively dephased. Underlying the
ETH is the assumption that energy eigenstates act as
random vectors in certain ways in accordance with
predictions from random matrix theory [8,15,16], which
is generally believed to hold when the Hamiltonian is
nonintegrable, meaning it has no exact solution.
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FIG. 1. Hilbert-space ergodicity. (a) Hilbert-space ergodicity
(HSE) characterizes unitary quantum evolution under which a
global quantum state |¥) uniformly explores its Hilbert space H.
(b) While originally introduced [17] as complete HSE, which
characterizes certain symmetry-free dynamics, in recent theoreti-
cal work [18], HSE was extended to systems with symmetries and
conservation laws. This expanded the framework and conse-
quences of HSE to a host of new models of time-constant
Hamiltonian systems, such as those exhibiting nonintegrable
dynamics traditionally understood via the eigenstate thermal-
ization hypothesis, as well as certain interacting-integrable
systems. In this work, we show experimental evidence consistent
with the predictions of HSE with a Rydberg quantum simulator,
we generalize the theory to describe and then observe universal
behavior of subsystems of closed systems displaying HSE, and,
finally, we introduce a framework inspired by HSE for describing
the behavior of open quantum systems.

Despite its success, the ETH restricts itself to the
expectation values of local observables. In contrast, newer
theoretical perspectives have begun to shed light on the
behavior of global quantum systems. In particular, it
was proposed that under certain quantum dynamics global
quantum states homogeneously explore their available
Hilbert space [17,18]. This phenomenon, dubbed Hilbert-
space ergodicity (HSE), is analogous to ergodicity in
classical mechanics, whereby over time a system visits
its state space uniformly [Fig. 1(a)]. While HSE was
originally [17] restricted only to certain symmetry-free
models—such as random unitary circuits (RUCs) and
aperiodic sequences of unitaries, for which it was delin-
eated as complete HSE—recent theoretical work [18] has
extended it to systems with symmetries and conservation
laws, including nonintegrable thermalizing systems and
certain interacting-integrable systems [Fig. 1(b)].

Importantly, a system obeying HSE entails consequences
beyond standard predictions of quantum thermalization and
the ETH. For instance, consider a global projective observ-
able which is not described by the ETH, like the probability
to measure a specific basis state (e.g., a “bitstring” for a
system of qubits). HSE predicts that relative probability
fluctuations over time precisely follow an exponential (or
Porter-Thomas [19,20]) distribution. While this is well
known for the case of random quantum circuits [20,21], it

applies to all HSE systems including time-independent,
thermalizing Hamiltonian dynamics. Given the power and
generality of this framework, it is important to first test its
existing conjectures before exploring further generaliza-
tions and potential practical applications.

Here, we employ an experimental Rydberg quantum
simulator [22-24] undergoing thermalizing dynamics to
study both existing and new predictions of HSE. To start,
we find temporal fluctuations of bitstring probabilities are
consistent with the emergence of the Porter-Thomas dis-
tribution, a result also borne out by numerics. Then, we
extend the framework of HSE to the case of a system
interacting with its environment to make concrete predic-
tions beyond the scope of conventional quantum thermal-
ization, for the case of both closed and open quantum
systems.

For closed quantum systems, we consider the typical
setting of quantum thermalization: when the environment is
a complementary subsystem, which we call the intrinsic
bath. For thermalization at infinite effective temperature,
we find temporal fluctuations of projective observables
follow a universal form as a direct consequence of HSE: the
Erlang distribution [25]. Solely parametrized by the dimen-
sion of the bath, the Erlang distribution undergoes a smooth
quantum-to-classical transition, progressing from the
global Porter-Thomas distribution to a narrow Gaussian
distribution as the intrinsic bath size increases. Using a
precisely defined notion of effective bath dimension [26],
we find consistent behavior for systems evolving at finite
effective temperature or with conservation laws. Our results
are exact and universal (i.e., independent of system details)
for ergodic systems both globally and locally. This in
contrast to studies of quantum thermalization, which had
typically either only bounded [27,28] or predicted the
scaling of fluctuations with the total system dimension
[29-31]; previous predictions have been made more exact
for special cases like explicitly randomized dynamics [32]
or the weakly nonintegrable regime [33].

For open quantum systems, we focus our study on global
observables. Such a setting is ubiquitous for noisy quantum
experiments [34]. The coupling to the environment is
generically thought to damp out fluctuations of observ-
ables, but we find the manner in which this occurs is highly
dependent on the microscopic system-environment inter-
action for certain observables like bitstring probabilities.
Based on our understanding of HSE principles, we devise a
formalism to account for this behavior, and, in particular,
we find that such fluctuations follow a hypoexponential
distribution, a generalization of the Erlang distribution
which captures the microscopic effects of the environment.
We leverage the accuracy of this approach for practical
applications by identifying classes of noise models with
distinct signatures in the hypoexponential distribution in
order to discriminate candidate models directly with many-
body bitstring measurements. Our method can handle
bespoke models with correlated noise and with heavy
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tails [35], both of which could be detrimental to quantum
error correction [35-37].

Overall, our work examines the role of ergodicity in open
and closed quantum dynamics and studies the consequent
emergence of universal statistical behavior. This leads to
uncovering both fundamental and practical ramifications
for modern quantum experiments.

II. HILBERT-SPACE ERGODICITY

HSE makes universal predictions about the statistics of
bitstring measurements readily available from quantum
simulators. In this section, we first briefly recapitulate
the theoretical concepts of HSE (see Ref. [18] and
Appendix C for further details); in subsequent sections,
we discuss its original predictions for the distribution of
global bitstring probabilities and finally extend it to the
broader settings of subsystems and open systems.

Central to HSE is the temporal ensemble, the set of pure
states |W(7)) = exp(—iHt/h)|¥(r = 0)), evaluated at dif-
ferent times ¢ for evolution under a time-independent
Hamiltonian H. Explicitly, if we discretize the time
evolution with infinitesimal step size o and define the time
tj = oj for j € Z, the temporal ensemble is the infinite set
{|‘P( i)}jez,- We also define the diagonal ensemble

[27,28], which is the average over all states in the temporal
ensemble:

pa=lim OTdr|lP<t>><‘P<r>| (1)
VOO = YJelIENEL )

where |E,) are energy eigenstates and |c,|> = [(¥(0)|E,)|?
are their corresponding populations, set by the initial
state |¥(0)).

In the case of time-independent Hamiltonian evolution
considered here, the Schrodinger equation conserves the
populations |c,|?, thus restricting the temporal ensemble to
a subset of Hilbert space obeying energy conservation. On
this manifold, the only remaining degrees of freedom are
the complex phases arg[(E,|¥(¢))]. It was shown [18] that
HSE equates the temporal ensemble with the so-called
random phase ensemble [18,26,38]. The only assumptions
for this relation are the no-resonance conditions, a com-
monly held assumption [18,27-29,39,40] that there are no
high-order degeneracies in the energy spectrum (see
Appendix C). The no-resonance conditions are believed
to apply to any nonintegrable quantum system. Their only
known exceptions are systems of noninteracting spins and
systems with exact solution by noninteracting fermions,
such as the TFIM. These resonances are unstable to
nonzero interactions, and it has been proven that almost
every local quantum system satisfies the no-resonance
condition [41].

Under this condition, we can define the higher-order
moments of the temporal ensemble in terms of the well-
known moments of the Haar ensemble [18,42]. In particu-
lar, the kth moment of the temporal ensemble is, up to
corrections which are exponentially small in the system
size, equal to

E/ (I (1) ((1)|®] ~ p§ ) Perm(o), 3)

cES;

which, for p, =1I/D, are the moments of the Haar
ensemble [18,42] (up to exponentially small corrections).
Here, Perm(s) is the permutation operator acting on k
copies of the Hilbert space with a permutation ¢ in the
symmetric group S; which takes any configuration

lir, ia, ..., 1) € H®* and maps it to lig(1)s E6(2)s - s Bo(t))-
As an example, for k = 2,
E,[1W(0)) (W(2)[®%] ~ p3* (1 + 5), (4)

where ] is the identity and S is the swap operator between
two copies of Hilbert space.

Crucially, this means that if we pick any random (late)
time, then in a statistical sense the properties of the
corresponding pure state |¥(7)) will be those of a state
drawn from the uniform (i.e., Haar) random ensemble,
reweighted as

)R NDpadld), 1)

This is the general statement of HSE, that global
quantum states uniformly randomly cover their available
Hilbert space, as constrained by conservation laws,
symmetries, or a finite effective temperature, effects
which are all encoded by the diagonal ensemble state
pg- This factorization between the universal Haar behav-
ior and the evolution-specific p,; then allows for straight-
forward evaluation of high-order, otherwise nontrivial
quantities.

Specifically, we consider the probability p(z,7) to
measure a given bitstring z over time, where the time-
average probability p,.,(z) is given by p,y,(z) = (z|A4l2).
We then are interested not just in the time average, but in
temporal fluctuations about this mean, i.e., higher-order
moments like the variance, etc. If we contract Eq. (3) with
(z|®* and [2)®*, we find E,[p(z.1)*] = k!paye(z)F, where
each of the k! permutations have equal contribution. If we
then divide out the p,,,(z) and instead study a normalized
bitstring probability p(z, ) = p(z,1)/Paye(z), we find that
HSE predicts relative fluctuations follow a universal form
of simply

~ Haar. (5)

E,[p(z, )] = k!. (6)
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Intuitively, normalization by the mean eliminates the effects =~ measured after evolving for a time ¢, producing a global
of symmetries and conservation laws which constrain HSE  bitstring z € {0, 1}, and over many measurements we

and make the p,,,(z) nonequal. build up the global probability distribution p(z, t). We then
normalize these by p,,(z) (obtained from numerics) to

III. TESTING HSE: THE PROBABILITY-OF- obtain relative fluctuations p(z, ) [Fig. 2(b)]. We note that,
PROBABILITIES DISTRIBUTION for numerical simulations, we consider the full Rydberg

Hamiltonian, described in Appendix A, taking into account

Havi iewed the basics of HSE, to test . . .
aving reviewed the basics o e now move {0 18 dynamics outside the blockaded Hilbert space.

whether these theoretical predictions are consistent with A first h to testine HSE micht be to direct]
the behavior of an experimental quantum system. In Irst approach to festing might be to- directly

particular, we use an experimental Rydberg quantum calcqlalte the moments E,[p(z, 7)*] and compare against the
simulator [22,23] to implement a time-independent, global ~ Prediction of Eq. (6) order by order. However, we can
quench under the one-dimensional Ising-like Rydberg dlrec.tly compare at all orders simultaneously if, }ns.teaq of
Hamiltonian, with parameters chosen such that the initial ~ considering individual moments, we study the distribution
all-zero state |¥,) = |0)®" thermalizes at infinite effective Wthh they encode. Th.IS so-called PoP is the central ol?Ject
temperature  within the Rydberg-blockaded subspace of interest for the remainder of our work [Fig. 2(c)]. Written
[Fig. 2(a)l—see Appendix A for experimental details. s @ function of the bitstring probability po, we write the
We consider a system size of N = 10 qubits, which are ~ PoP as (where we drop the z for notational simplicity)
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FIG. 2. HSE for system-bath interactions: a smooth quantum-to-classical transition for closed systems. (a) We employ a Rydberg
quantum simulator with N = 10 atoms to simulate an Ising-like Hamiltonian parameterized by detuning A, Rabi frequency €,
interaction constant Cg, and interatomic distance R (model details are in Appendix A). (b) The all-zero state is time evolved and
measured producing a bitstring; in postprocessing, we subselect the reduced bitstring z, in subsystem A, ignoring the measurement in
subsystem B. (c) To characterize relative fluctuations of the bitstring probabilities, probabilities are normalized by their long-time
average and then binned into a histogram (indicated by dashed lines). This is the probability-of-probabilities (PoP) distribution.
(d) When A is the entire system (i.e., there is no intrinsic bath, N, = 10 qubits, Nz = 0 qubits), normalized bitstring probabilities are
highly fluctuating past a short-onset timescale (gray fill before this time, time is rescaled by the Rabi frequency). (e) In contrast, when
the bath is large (N, = 4 qubits, Nz = 6 qubits), fluctuations are substantially reduced (e.g., typified by the temporal variance ofel), and
the PoP distribution is narrow. (f) PoP distributions for many bath Hilbert-space dimensions, Dy, are in excellent agreement with our
prediction that the PoP follows a universal form, the Erlang distribution (see the text). The Erlang distribution starts as an exponential
distribution for Dy = 1 (an existing prediction of HSE [18]) before becoming progressively more narrow and Gaussian as Dy increases.
Dp values (indicated by gray enlargement from the lower axis) are constrained by the Rydberg blockade mechanism; see Appendix A.
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T

P(p) = EL6[p(1) - p')} = lim = [ 6[p(r) - p'ldr.

T—>ooT 0

(7)

where 6 is the 6 function. We construct the experimental
PoP distribution by forming a histogram of p(z, t) aggre-
gated over all times, using a finite bin width Ap.

The key property of the PoP is that the moments of the
PoP are equal to the temporal fluctuations of p(z, 1) at all
orders:

fo P*P(p')dp' = lim 1 Ti)(t)"dt =E[p()"]. (8)

T—»ooT 0

In other words, the PoP encodes the full distribution of the
bitstring probability values; this is in contrast to typical
quantities like the cross-entropy [20] which encode only
second-order fluctuations (and which require extensive
classical computation). From Eq. (6), we identify the
PoP for normalized bitstring probabilities under HSE as
the Porter-Thomas [19,20] (exponential) distribution

P(p) = exp(=p). ©)

the same as for the case of random quantum dynam-
ics [20,21].

For several representative choices of z, we observe the
experimental p are highly fluctuating [Fig. 2(d), left]. We
can then aggregate probabilities from all bitstrings from
intermediate evolution times, from which we find the PoP
is a nearly exponential distribution [Fig. 2(d), right]. For the
experiment here, we focus on intermediate time dynamics
such that the global fidelity remains high (Z0.8 [24]), i.e.,
such that the influence of the external environment is small.
This is critical, as external decoherence can deform the
PoP, as is visible in the slightly lowered experimental
probability of P(0)~ 0.5 compared to the theoretical
prediction of P(0) =1, visible in Fig. 2(d), right. We
elucidate the importance of this choice in the latter half of
this work, where we study the deformation of the PoP at
late times under the influence of the noisy environment.
This deformation effect also forces our aggregation over
many bitstrings, as we can experimentally sample only a
few tens of distinct early times, which is not sufficient to
fully resolve the PoP on a single bitstring level.
Aggregating over bitstrings does not modify the PoP,
because we can treat the probabilities p(z,t) as indepen-
dent random variables, both over time as well as between
different bitstrings [26]. These random variables are pre-
dicted to follow the same Porter-Thomas distribution, up to
an overall factor of p,,(z) which is negligible here as the
evolution is at infinite effective temperature. Furthermore,
in Fig. 8 in Appendix C, we numerically show the agree-
ment between the PoP and the exponential distribution

persists even on the level of a single bitstring sampled over
time for clean, noise-free dynamics.

Furthermore, while Eq. (9) is rigorously true only in the
infinite time limit, remarkably we find the key signatures of
our theory are visible experimentally already at these early
times (see also Fig. 9 in Appendix C). Thus, the results in
Fig. 2(d) stand as a concrete experimental observation
consistent with Eq. (9) and HSE in ergodic Hamiltonian
dynamics more generally.

IV. GENERALIZING HSE TO SUBSYSTEMS

While we have tested HSE in the established setting of
global observables, the experimental data we have on hand
allow us to investigate more than just the PoP of global
bitstrings. By bipartitioning the system into two subsys-
tems A and B (of sizes N4, and Np and Hilbert-space
dimensions D, and Dpg, respectively), we can discard
measurements in B and examine the PoP formed only
from local bitstrings measured in A [Fig. 2(b)]. This allows
us to directly study the fluctuations of a system coupled to a
bath, where the dimension of the bath is readily controllable
in postprocessing. Explicitly, we consider the marginal
probability, p(z4, t), to measure a given bitstring z, in A at
a particular time ¢. As in the global case, we normalize
probabilities by their long-time average (obtained from
numerics) and then study their relative fluctuations, e.g.,
P(z4.1) = p(24.1)/ Pave(24). We then seek to study how
the temporal fluctuations of p(z4,7) differ from the
global case.

As an example, we take Ny =4 and Nz = 6 and plot
P(z4, 1) for a few choices of z, [Fig. 2(e)]. We see that the
bitstring fluctuations are greatly reduced (compared to
those from the global system), though still not completely
damped out. Accordingly, when we form the PoP by
aggregating over multiple experimental measurement times,
we see that the resultant PoP is much narrower than in the
global case. Indeed, the width of the PoP decreases mono-
tonically with increasing bath dimension Dy [Fig. 2(f)],
progressing from a wide exponential distribution for Dy = 1
to a narrower, Gaussian-like distribution for Dy > 1.

To understand this behavior, we apply HSE to derive the
behavior of local observables. In particular, under HSE we
predict the PoP to be

D

- D N D
Priiang (3 D) :(DBilil),eXP(—DBP)PDB Lo (10)

which is the Erlang distribution, parametrized solely by the
intrinsic bath Hilbert-space dimension Dy (see Appendix C
for the full derivation).

Here, we have assumed a large global Hilbert-space
dimension D — oo and thermalization at infinite effective
temperature. Thus, in the thermodynamic limit, Eq. (10)
dictates that temporal fluctuations of observables in sub-
system A are entirely controlled by the dimension of the
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bath and not by the dimension of the subsystem in which
they are measured. The Erlang distribution is the convo-
Iution of Dy independent exponential distributions (a
viewpoint which we return to and generalize in the
following section concerning open system dynamics);
for Dy = 1, the Erlang is simply the exponential distribu-
tion, while for D — oo it approaches a narrow Gaussian
distribution [25]. In other words, when the bath is small,
large quantum fluctuations dominate (and recover the
expected prediction of the exponential distribution), but
when the bath is large, quantum fluctuations are damped
out, leaving only small, Gaussian fluctuations. We identify
this smooth quantum-to-classical crossover as integral to
the transition from quantum mechanical to statistical
mechanical descriptions of generic, closed, quantum
many-body systems as the number of bath configurations
increases.

Across various choices of Dg, we see that the Erlang
distribution is in excellent agreement with experimental
data across several orders of magnitude [Fig. 2(f)]. We do
observe slight deviations from the Erlang distribution in
Fig. 2(f) for Dg = D, as our derivation assumed D — oo.
Still, using HSE, we can rigorously calculate arbitrary
moments of the PoP accounting for finite D and finite
temperatures, as we demonstrate explicitly for low-order
moments in Appendix C. In particular, we predict the
variance (second moment) of the PoP is

1 1
Dgeie(za)  Dplza)’

(11)

G%el (ZA) =

where Dy (24) and Dp(z4) are effective dimensions that
appropriately generalize a z,-dependent notion of Hilbert-
space dimension at finite effective temperature for the
subsystem B and the global system, respectively (see
Appendix C for their detailed definitions). Importantly,
at infinite temperature, Dy — D and Dg . — Dp; then,
taking D — oo returns the expected variance of the Erlang
distribution, 1/Dp.

Significantly, the predictions of Eq. (10) for infinite-
temperature systems and Eq. (11) for more general systems
are not unique to the Rydberg Hamiltonian but are instead
universal for any quantum many-body system which
exhibits HSE [Fig. 1(b)]. To observe this, we plot orzel +
1/Dy for various systems expected to exhibit HSE includ-
ing our experimental Rydberg system and also numerical
simulations of one-dimensional systems including RUCs, a
mixed field Ising model, and itinerant Hubbard models
(Fig. 3)—see Appendix B for details of the various
numerics. In all cases, we find good agreement with the
analytic prediction of Eq. (11).

On the contrary, for failure cases which do not exhibit
HSE (because they do not fulfill the no-resonance con-
ditions [26]; see Appendix C), such as the transverse field
Ising model (TFIM) and systems of noninteracting spins,

Experiment— @ Rydberg

8 N Rydberg
@\ V Mixed field Ising model

8\@) Simulation <> Bose-Hubbard

Fermi-Hubbard

‘% [7] Random unitary circuit
0%

% 8‘
n e
i o
Noninteracting >
spins > > 1/DB,eff

> o,
b,
4

10{3}0

=]
T

Relative variance + 1/Dg
~

S,
N}
T
w

Transverse field Ising model
q4 4« €« €« ¢
(889 F-2-v-9

Scaling coefficient
N

N ;
Models in
main plot

o

6 8 10
Total system size

1 10 100
Effective bath dimension

FIG. 3. Universality of the PoP variance. The PoP variance (i.e.,
the variance of temporal fluctuations) scales inversely with the
bath dimension for both the experiment and various one-dimen-
sional numerical models exhibiting Hilbert-space ergodicity, in
agreement with Eq. (11). Markers are averaged over all bitstring
realizations with an effective bath dimension in an interval from
[i—0.5,i40.5), for i€Z, and error bars are the standard
deviations over these realizations. Inset: the scaling coefficient
(Dp (0% 4+ 1/Dp)) ((-) denotes an average over choices of
Dy .t) is uniformly 1 for the models studied in the main plot but
deviates as a function of total system size for models for which
Hilbert-space ergodicity does not hold.

the prediction of Eq. (11) is violated (Fig. 3 inset).
Specifically, the estimated scaling coefficient with bath
dimension—(Djp ¢t (0% + 1/Dj)), where (-) is an average
over choices of Dy .¢—is uniformly 1 for systems exhibit-
ing HSE but shows nonuniform and progressively greater
deviations from 1 as a function of system size for non-
ergodic cases. Both the TFIM and the 1D Fermi-Hubbard
model are integrable (the former via Jordan-Wigner trans-
formation [43], the latter by Bethe ansatz [44]), but HSE
holds for the latter and not the former because of the no-
resonance conditions [26], and accordingly the 1D Fermi-
Hubbard model exhibits the expected universal behavior in
Fig. 3 while the TFIM does not. These results support the
universality of HSE and demonstrate its testability in low-
order observables, even incorporating the effects of finite
system size.

V. HSE PRINCIPLES FOR OPEN SYSTEMS
AND APPLICATIONS IN NOISE LEARNING

So far, we have studied HSE for closed system dyna-
mics through the lens of the PoP distribution; for both
local and global systems, we found that the PoP has a
universal, quantitative form. Now we ask how this behavior
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FIG. 4. Distinguishing noise channels using PoP distributions. (a) Interaction with the external environment through open system
dynamics also leads to concentration of bitstring probabilities; as an example, we show bitstring probabilities following quench
dynamics from experiment (markers), error-free simulation (gray line), and error-model simulation [24] (black line). However, the
microscopic error model is highly relevant to the manner of concentration, which allows us to discriminate different possible noise
models directly from bitstring measurements. (b) The Erlang distribution observed in the case of closed, infinite-temperature
thermalization can be alternatively derived as a convolution of independent exponential distributions with equal weights, one for each
bath configuration. (c) We extend this heuristic derivation to the case of open system dynamics, where the weights in the convolution are
determined by the specifics of the noise channel, for example, here a local error channel (see the text), resulting in the PoP being a
hypoexponential distribution. (d) Hypoexponential distributions for four different noise channels, each with distinct hypoexponential
weights (insets; see Appendix B for model details), with noise strengths set to result in the same fidelity F' = 0.2. Also shown is the
Erlang distribution from closed system thermalization with an intrinsic bath of two qubits. PoP obtained from numerical simulations of
RUC (top) and Hamiltonian evolution under a mixed field Ising model (bottom) show excellent agreement with their corresponding
analytical predictions (thick, dark lines) but can easily be distinguished from predictions of other bath types (thin, faint lines), both
intrinsic and extrinsic.

changes under the influence of an external, uncontrollable
environment, as is the setting for all modern quantum
experiments.

Under such noisy open system dynamics, the PoP
distribution narrows [20]; i.e., fluctuations of observables
damp out [Fig. 4(a)], analogous to how fluctuations
damped out for local subsystems as the bath dimension
increased. We introduce a quantitative description of this
open system behavior through an appropriate generaliza-
tion of the Erlang distribution, leveraging our understand-
ing of baths from closed systems into open ones. This
provides a tool to distinguish between the different types of

noise in the system even when the system and environment
are far from equilibrium—applying it to experimental and
numerical data yields predictions in agreement with ab ini-
tio noise models of the system.

We first revisit our understanding of the Erlang distri-
bution for closed system thermalization. Under HSE, the
global bitstring probability p(z) is randomly sampled from
an exponential distribution. The marginal probability p(z4)
is then a sum of Dp uncorrelated exponential random
variables, each with equal weight, w = 1/Dp, as the
infinite-temperature bath has no preferred configuration.
This process leads precisely to the Erlang distribution; i.e.,
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the Erlang distribution is the convolution of Dy exponential
distributions [25] [Fig. 4(b)].

We can make a similar assumption for open system
dynamics—that for each bath configuration the bitstring
distribution is sampled from an independent exponential
distribution—but now allow for nonequal weights that are
determined by the microscopic details of the extrinsic
coupling mechanisms. In other words, for each bath state,
we take the system to be in an independently random state.
As an example, we consider the case of RUC evolution,
where a single error can occur on a random qubit sometime
during the evolution [Fig. 4(c)]. For a circuit with N qubits
run for a depth D, there are K = N x D potential error
locations, and the circuit executes with a finite global fidelity
of F. Thus, with a probability of F, the circuit will execute
without error and will sample bitstring probabilities from an
exponential distribution. However, if an error does occur at
one of the K locations, assuming the circuit is sufficiently
scrambling [20], it will sample a separate independent
exponential distribution. Without the ability to explicitly
keep track of all errors, the result is an incoherent sum of
independent exponential variables with weights @w; = F and
{wy, ..., 0k 11} = (1 = F)/K [Fig. 4(0)].

For a given set of weights w; (which are positive and sum
to 1) and associated probability distributions {p;(z)}, the
overall bitstring probability distribution is given by the
weighted sum:

p(z) = Zwipi(Z)- (12)

When all weights are equal, the associated PoP is the Erlang
distribution, but when weights are allowed to be nonequal,
we identify the associated PoP as a hypoexponential dis-
tribution [25,45], or generalized Erlang distribution, with the
probability distribution function (PDF) given by

Priypo(x) = @?PExp(x/wi)’ (13)

where ® denotes repeated convolution. While Eq. (13) does
not have a closed form for general weights w;, it can be
analytically simplified for many relevant special cases and
can always be numerically solved. Thus, we can quantita-
tively characterize largely arbitrary noise channels which
couple the quantum system to the external environment
simply by adjusting the weight vector [Fig. 4(c)]. See
Appendix D for explicit analytical constructions of the
hypoexponential distribution for various error models and
Algorithm 1 therein for an example of how to numerically
apply this approach for more bespoke error models. Note that
the hypoexponential weights can be related to the Kraus
operators of a given noise channel; see Appendix G.

To demonstrate the power of this formalism, we perform
numerical simulations of RUC evolution and mixed field

Ising model Hamiltonian evolution; explicitly, we study

the global PoP distribution measured at a fixed time, for
which the results of HSE also apply [18] (see Fig. 8 in
Appendix C). In both cases we apply either (i) global
depolarizing errors, (ii) local amplitude damping errors,
(iii) global Gaussian coherent errors, or (iv) a combination
of errors (ii) and (iii). For each, the error strength is tuned so
the final fidelity is F' ~ 0.2. By coherent error, we mean a
static, shot-to-shot under- or overrotation in either the qubit
gates or the amplitude of the Hamiltonian terms, which here
we take to be Gaussian distributed and applied to all qubits
globally. Crucially, determining the weight vectors and
associated hypoexponential distributions for the different
noise models does not require explicit simulation and
instead follows directly from the model definitions; see
Appendix D. We study these representative noise models,
as they are highly relevant to various aspects of quantum
science. For instance, global depolarizing error is often
assumed in studies of error-correcting codes, local ampli-
tude damping is prevalent in T1-limited systems like many
superconducting circuits [46], global Gaussian coherent
errors are limiting for certain analog simulations including
for Rydberg systems [24], and the combination of local and
global errors is likely universal for all quantum platforms.

We note that the weights for the global depolarizing
channel are the same as those of the local error channel with
K — oo, consistent with Ref. [47]. By contrast, however,
the PoP for global coherent errors does not converge to the
PoP of global depolarizing noise for increasing system
sizes at fixed fidelity. Coherent errors could arise from non-
Markovian Hamiltonian parameter variations [24,48] or
systematic gate miscalibrations [46,49]; discriminating
such noise sources from Markovian errors is crucial, as
they lead to different functional forms of fidelity decay
which may be otherwise difficult to distinguish [24,50], and
their mitigation necessitates different models of error
correction [35-37,51].

In all cases, we see excellent agreement between the
numerical PoP distributions and their corresponding ana-
lytical hypoexponential predictions, while being visually
distinct from those of other noise channels, and from
thermalization with an infinite-temperature bath with Dy =
4 [Fig. 4(d)]. Thus, on a qualitative level, we can discrimi-
nate between a wide range of noise models through many-
body bitstring probability measurements, even when those
models lead to an equal final fidelity.

We then turn to apply this method quantitatively to our
experimental quantum simulator. We program the same
time-independent dynamics as we studied in the case of
intrinsic thermalization but now evolve out to late times
with N = 15 atoms such that the global fidelity is F = 0.18,
as estimated via the F; cross-entropy variant [24,26]. We
then compare the experimental PoP distribution against the
predictions for various noise models including our in-house
ab initio noise model. The use of a finite number of samples
modifies the predicted PoP distributions [inset in Fig. 5(a);
see Appendix E], which can potentially be circumvented

031001-8



EXPERIMENTAL SIGNATURES OF HILBERT-SPACE ...

PHYS. REV. X 15, 031001 (2025)

[V
~

( 15} No.of samples = 32000
N =15 atoms

infinite sampling
F =018 pina

a
t =22cycles L2
{ 2 finite sampling
/ 0
@ 0o 1_ 2 3 1
p(z)
N
O Experiment

= Global depolarizing (GD)
== Global coherent

== ab anitio error model
(AEM)

Probability-of-probabilities (PoP)

1 2
Rescaled probability, p(z)

RUC simulation
(b) © , S
—_ I I depth=48 %
Qa4 r N=12 d
o
4 5 F=0.2 o
g i 1 2 W
© 05
52 N /1 £ N
ol I (R NS A 2 a actual
° \j | w 8 i
R % 0
0 ol 0 R 4
S N 0 05 1 0 05 1
®<3° v Fraction of coherent error, R Actual R
FIG. 5. Characterizing experimental noise. (a) We compare the

PoP distribution obtained from the experiment following long-
time evolution against various noise models, including our own
ab initio error model. Model PoPs are nontrivially modified by
finite sampling effects (inset, see Appendixes). (b) We compute
the symmetric y* distance (CSD) between the experimental
distribution and the model PoPs (left), including to a mixture
error model composed of global coherent error and local
incoherent error with varying global coherent error fraction, R.
(c) We perform noisy RUC simulations with varying R and find
that estimating R from the CSD minimum is well correlated with
the actual R (Appendixes).

by applying postprocessing to rectify the distributions
(Fig. 15). Furthermore, even with limited sampling, the
different noise models can be robustly discriminated by
studying more sample-efficient low-order moments of the
PoP (Appendix F).

Importantly, in Appendix F, we also derive the fidelity
dependence of the low-order moments of the global PoP
under various noise channels. For instance, we find that the
second moment of the PoP scales as F?> for global
depolarizing noise but F for global Gaussian coherent
noise. These sharp dependencies underscore the necessity
of operating the experimental system in a high-fidelity
regime when studying the effects of thermalization on the
PoP, as we do in the early part of this work.

A qualitative evaluation [Fig. 5(a)] already suggests our
ab initio noise model is the best match to the experiment.
To quantify this statement, we compute the normalized
symmetric y> distance (CSD) between the experiment and
the model PoPs, defined as

(14)

where B is the number of bins in the PoP, x; is a bin drawn
from experiment, and y; is a bin drawn from the model
distribution. We find the distance is indeed minimized for
the ab initio noise model [Fig. 5(b)].

Furthermore, we apply this technique to error models
with a mixture of global Gaussian coherent error and local
incoherent error. We vary the fractional contribution of
global coherent error R and analytically construct the
model PoP to compare against. We find the lowest CSD
is found for R &~ 2/3, suggesting room for future improve-
ment of our ab initio error model. This technique is
applicable to both analog quantum simulators and digital
quantum processors. For instance, we simulate noisy RUC
dynamics for different choices of R and for each compare
the R estimated from the CSD minimum versus the actual R
[Fig. 5(c)]. We find the estimated and actual values are well
correlated (which improves with deeper circuits; see
Fig. 13) across the entire range of R. This result implies
that one can quantitatively estimate the relative contribu-
tions of coherent versus incoherent errors in noisy circuit
dynamics using our methods.

Importantly, our analysis requires no circuit or
Hamiltonian simulation and relies only on the emergence
of the Porter-Thomas distribution, which applies to both
time-dependent and time-independent Hamiltonian evolu-
tion, as well as random quantum circuits. Furthermore, it
makes no assumption about the underlying noise model
besides its weight vector. However, this also means it cannot
discriminate between noise models with the same weights,
such as distinguishing local bit flips from local phase flips.
Thus, it should be considered a tool for efficiently identifying
experimentally consistent models with bespoke noise dis-
tributions, which can then be further refined via additional
measurements to distinguish different models with the same
weights. More generally, beyond its potential practical
applications, this approach opens a new suite of theoretical
analysis for understanding open system dynamics, as, for
instance, the weights of the hypoexponential distribution are
related to the system’s Kraus operators; see Appendix G.

VI. DISCUSSION

The evolution of a quantum system interacting with its
environment is of both fundamental and practical interest.
Here, we have studied this process through the lens of
Hilbert-space ergodicity [18] both for the case of inter-
actions between complementary subsystems and for noisy
interactions with an external environment.

For closed system thermalization at infinite temperature,
we have analytically, experimentally, and numerically
found that the PoP for bitstring measurements is universally
the Erlang distribution. As a corollary, we showed exper-
imental evidence consistent with existing predictions of
HSE, namely, the emergence of the Porter-Thomas dis-
tribution for global systems. Accordingly, there is a smooth
quantum-to-classical transition with bath size from large,
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Porter-Thomas fluctuations to small, Gaussian fluctuations,
highlighting the transition between quantum mechanical
and statistical mechanical descriptions of physical systems
as the number of bath configurations grows. This transition
was observed universally for systems obeying HSE, even
for systems which were integrable, which evolved at finite
temperature, or which were constrained by conservation
laws. While questions remain for calculating the PoP
distribution at all orders for finite effective temperatures,
we have made significant strides, showing how low-order
moments of the PoOP may be calculated as a function of an
effective bath dimension and showing how the PoP may be
obtained in some limits (Appendix D). It remains open how
our results extend to systems which do not exhibit Hilbert-
space ergodicity, such as some noninteracting integrable
systems [43] or potentially nonthermalizing models like
many-body localized systems [4,5].

For the case of open system dynamics, the hypoexponen-
tial model we introduce allows us to categorize different
noise models via the weight vector and produce an analytical
prediction for the PoP. This enables experimentally acces-
sible discrimination between candidate noise models purely
through their effect on the many-body bitstring PoP, without
expensive numerical simulations of quantum dynamics. We
have demonstrated how bespoke noise models can be found
through a quantitative comparison between model predic-
tions and experimental statistics, as has been explored in the
context of random circuit sampling [52—54]. Our technique is
computationally inexpensive and applies equally to analog
quantum simulators and digital quantum processors.
Additional quantitative tests, such as comparing the low-
order moments of the PoP distributions, may enhance
discrimination power while being more sample-efficient.
Fruitful questions remain, such as directly learning the
hypoexponential weights via entanglement spectroscopy
methods [55,56]. Furthermore, learning the weights of
heavy-tailed and correlated noise distributions may guide
improvements of quantum error correction schemes [35-37].
As our method takes the fidelity as input, we note it is
an explicit application of fidelity-estimation techniques
[10,20,24,26,49].

Ultimately, our results probe new types of universal
behavior visible to high-precision quantum systems. In
turn, the universality we uncover has applications for both
improving quantum experiments and studying fundamental
quantum dynamics. In total, our work demonstrates the
power of applying a unified approach to studying many-
body quantum systems, for both open and closed dynamics,
through HSE principles.
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APPENDIX A: DETAILS OF THE EXPERIMENT

Our experiment is a Rydberg atom array quantum
simulator [23] trapping individual strontium-88 atoms in
optical tweezers [57,58]. Up-to-date details of our appara-
tus may be found in previous works [24,59]. In brief, one-
dimensional defect-free [60,61] arrays of atoms are initial-
ized in the 5s% 'S state and are cooled on the narrow-line
552 1S, <> 5s5p 3P, transition close to their motional
ground state. Atoms are prepared into the long-lived
555p 3Py clock state with a preparation fidelity of approx-
imately 0.996 per atom, which we then treat as a metastable
ground state, |0). Atoms are then driven globally to the
5561s 3S,,m; = 0 Rydberg state, |1) while the traps are
briefly blinked off.

Following Hamiltonian evolution, state projection is
performed by autoionizing [62] the Rydberg atoms, leaving
them dark to our fluorescence imaging, with a fidelity of
approximately 0.9996 per atom. Atoms in the clock state
are pumped into the imaging cycle, from which we map
atomic fluorescence to qubit state [62,63] with a detection
fidelity =0.9995 per atom [59,63]. For an initially defect-
free array, this results in a series of bitstrings associated
with the measured qubit states in the array; note that we
discard any experimental bitstrings for which initial rear-
rangement failed.

1. System Hamiltonian

The Hamiltonian of our system is given by

An=03 8~ A i, + %Z Ll

i>j |i_j

(A1)

which describes a set of interacting two-level systems,
labeled by site indices i and j, driven by a laser with Rabi
frequency Q and detuning A. The interaction strength is
determined by the C¢ coefficient and the lattice spacing a.
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Operators are S5 = (|1);(0]; 410);(1];)/2 and A; = |1);(1;,
where [0); and |1); denote the electronic ground and
Rydberg states at site 7, respectively. Both  and A are
tunable.

We calibrate Hamiltonian parameters first via indepen-
dent measurements and then optimize further through
maximum-likelihood estimation based on fidelity estima-
tion. This technique is described in detail in our previous
work [10]; in brief, we use the accumulated experimental
bitstrings to calculate the many-body fidelity estimator
[10,24,26], F,;, through cross-correlation with a numerical
simulation. We then vary the simulation parameters to find
the optimal fidelity overlap with the experiment.

For the N = 10 data at approximately infinite tem-
perature shown in Figs. 2 and 3 in the main text, the
Hamiltonian parameters are chosen to be Q/27 =
5.3 MHz, A/27 = 0.6 MHz, C¢/27 = 254 GHz x pm®,
and a = 3.77 pm (the lattice spacing is calibrated with a
laser-based ruler [64]). For the N = 15 data at approx-
imately infinite temperature shown in Fig. 5 in the main
text, the Hamiltonian parameters are the same, but with
Q/2x = 5.4 MHz. For the N = 10 data at finite temper-
ature in Fig. 7, the parameters are the same, but with
Q/2x =53 MHz and A/27x = 4.6 MHz.

We typically normalize Hamiltonian evolution times by
the Rabi frequency, with a corresponding unit of cycles.

2. Data analysis
Through measurement, we accrue a set of time-labeled
bitstrings, {z}. When normalizing bitstring probabilities,
we obtain the temporal long time average directly from the
diagonal ensemble [2,3,26]:

ﬁd = Zlcn|2|En><En|7 (AZ)

where |E,) are energy eigenstates and ¢, = |(E,|¥,)|* are
overlaps with the initial state. Any observable, including
bitstring probabilities, of p,; is equal to the same observable

obtained from an infinite time average:

Pavel2) = (2lal2) = / a PP (A3)

A major feature of our system Hamiltonian is the
Rydberg blockade mechanism [23], whereby the energy
eigenspectrum is naturally stratified into a number of
widely spaced sectors. In particular, the nearest-neighbor
interaction is approximately 20x greater than the next-
largest energy scale, so cases where neighboring pairs
of atoms are both excited to the Rydberg state are
greatly suppressed. The resulting effective Hilbert-space
dimension D of a system with N qubits is given by
Fib(N + 2) ~ 1.6V, where Fib is the Fibonacci function.
To be clear, statements in this work that the Rydberg system

thermalizes at infinite effective temperature refer only to
thermalization within the blockade-satisfying subspace, not
across the entire Hilbert space.

For N = 10, we find approximately 99% of all exper-
imental bitstrings are in the blockade-satisfying energy
sector at short times; for data shown in the main text, we
refine {z} by discarding all realizations not in this sector.
For the late-time N = 15 data, the number of blockade-
satisfying bitstrings drops to approximately 75%, which we
attribute mainly to spontaneous decay [59] though leave
careful investigation to future work. We stress that the
number of blockade-satisfying bitstrings decreases only
mildly as a function of system size [24] and is not a major
impediment to the studies of either closed-system thermal-
ization or open system decoherence that we carry out in
this work.

The effective dimension of the intrinsic bath, Dp, is
altered by the blockade constraint. Specifically, the block-
ade must be accounted for at the boundary between
subsystems A and B, such that Dy then depends on the
bitstring measured in A. As an example, consider the
system A as the leftmost atoms in a one-dimensional array
with ten total atoms and B as the remaining Nz = 9 atoms,
such that the global bitstring is written as z = z,zp. For
the subsystem bitstring z4 =0, there is no possible
blockade violation across the boundary between A and
B, and so the bath dimension is given by Dg(z4 = 0) =
Fib(Np +2) = 89. However, for the subsystem bitstring
z4 = 1, the blockade constraint forbids the leftmost qubit in
B from also being a 1. Thus, the bath dimension is
Dy(zy = 1) =Fib[(Ng—1) +2] =55. In general, we
allow A to be any contiguous block of atoms in the array
(meaning B may be discontiguous), and, for instance, in the
analysis of Fig. 2(c) in the main text, we aggregate over
bitstrings in A with equal effective bath dimension.

The variance for the random unitary circuit in Fig. 3 is
taken as the median over 1000 circuit realizations. In Fig. 5,
the error model prediction is calculated via a Monte Carlo
wave-function approach [10,24,65] from which bitstrings
are sampled at an equal number as the experiment.
Experimental error bars in Fig. 5 are analytic based on
the Poisson sampling errors: For a histogram bin with m
counts, its standard error is y/m (see Appendix E 3).

APPENDIX B: NUMERICAL SIMULATION
PARAMETERS

Here, we summarize the parameters used in numerical
simulations throughout the main text. In general, PoP
distributions from numerics are aggregated over several
hundred cycles of evolution, except where otherwise noted.

1. Error-free simulations

Rydberg—Rydberg simulation parameters are the same
as for experiment, as given in a previous section.
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MFIM—For the mixed field Ising model simulations in
Figs. 3 and 7, we utilize the following Hamiltonian [66]:

N N
A/h=> (S5 +h,S) —£85)+ > IS8,
i=1 i=1

(B1)

where h, = 0.41, h, = 0.45, and J = 1. The field { =0
corresponds to infinite-temperature evolution and § = 0.86
to finite-temperature evolution. In Fig. 11, we instead set
¢ = 0 but tune the initial state as |¥,) = [exp(i0S*)|0)]®Y
for various angles 6.

TFIM—For the transverse field Ising model simulations
in the inset in Fig. 3, we consider a one-dimensional open
chain under the following Hamiltonian:

A/h ==Y 8§ -3) 88

i#]

(B2)

We use as an initial state of [¥(z = 0)) = |+)®V.

Noninteracting spins—Noninteracting spins studied in
the inset in Fig. 3 are initialized in their ground state and
then evolved with equal Rabi frequency and no detuning,
thus undergoing disconnected, correlated Rabi oscillations.

Bose-Hubbard—We simulate the Bose-Hubbard model
with N particles on a one-dimensional open chain with
length M:

—1 M

. PN U

H/h=-Q (b}bj+1+H-C-)+5§ A= 1), (B3)
j=1 j=1

where 71; = 13;13]-. We choose parameter values (Q, U) =
(1,2.87). In our simulations, we have M = N, and we take
the initial state to be the one with one particle at each site,
ie., [1,1...,1).
Fermi-Hubbard—The
Hamiltonian is

1D Fermi-Hubbard model

N
HFH = Z —-Q Z (C}.,o'CjJrlﬁ + HC) + Unj,Tnji y
j=1

o=1.4

(B4)

where cjf’{r is the creation operator of a fermion at site j,
with spin c€{?,|}, and n;, = c;ﬁcm €{0,1} is the

fermion occupation number. We use the parameter value
(Q,U) = (1,1). We take as initial state the antiferromag-
netic state at half filling, |1, |,...).

Random unitary circuit—For RUC simulations, we
consider a brickwork pattern of SU(4) gates.

2. Open system simulations

Rydberg Hamiltonian dynamics—Our ab initio error
model for Rydberg Hamiltonian dynamics has been

described previously [10] and shown to be accurate to
experiment in several regimes [10,24,59]. We utilize
stochastic wave-function evolution [65] with around a
thousand trajectories, incorporating various precalibrated
noise sources such as laser noise, atomic motion, and
spontaneous decay, among others. We note that many of
these noise sources generically are highly non-Markovian
with important impact on the many-body fidelity [24].
Furthermore, spontaneous decay channels are potentially
nonunital and predominantly dominated by leakage errors
out of the qubit subspace [59].

Spin chain Hamiltonian dynamics: Amplitude damping
—To obtain the bottom row in Fig. 4 in the main text, we
simulate the open system dynamics of the mixed Field Ising
model [Eq. (B1)] in the presence of amplitude damping, or
spontaneous decay |0)(1| errors, with the quantum trajec-
tory method [65,67]. In all trajectory methods, we perform
a sufficient number of trajectories, typically 1000 for a
system size of N = 12, to see convergence of the PoP.

Global coherent errors—To simulate global coherent
errors, we again perform a trajectory method, where in each
trajectory we sample the parameter J in Eq. (B1) from a
normal distribution N (Jj, 63), with Jo = 1 and o, tuned to
achieve the desired fidelity at a given time.

Mixed error sources—To simulate both amplitude
damping and global coherent errors, we simply use a
quantum trajectory method with both noise sources
enabled.

Random unitary circuits: Local errors—We simulate the
open system dynamics of a RUC in the presence of
amplitude damping errors. We evolve the density matrix
by applying a layer of random unitary gates, before
applying Kraus operators of the amplitude damping chan-
nel (for the top row in Fig. 4) independently at every qubit.

Global coherent errors—In order to model global
coherent errors in a RUC, we parametrize each ideal
random two-qubit gate as an SU(4) rotation about some
axis and with some angle. In each run, we model the angles
of each gate to be systematically over- or underrotated by a
factor which is constant over all gates within each run but
sampled from a normal distribution over many runs. For the
mixed error sources in Fig. 4, we perform this stochastic
over- and underrotation with the density matrix evolution
method outlined above.

Mixed error sources—For the mixed error sources in
Fig. 5, we use a quantum trajectory method with both bit-
flip errors and stochastic over- and underrotation errors
(outlined above).

APPENDIX C: DERIVING THE ERLANG
DISTRIBUTION FROM HILBERT-SPACE
ERGODICITY

In this work, we studied closed system dynamics and
predicted the distribution functions of bitstring probabilities
(or PoP) in a subsystem which is strongly coupled to the
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rest of the system that serves as a bath. Our main
quantitative predictions were Eq. (10), the Erlang distri-
bution, for such systems at infinite effective temperature
and large total system sizes, as well as Eq. (11) for the
variance of the PoP at arbitrary temperatures.

Here, we provide a rigorous derivation of the Erlang
distribution, repeating some of the statements from Sec. II for
completeness. First, we formally define the PoP distribution
and the no-resonance conditions upon which Hilbert-space
ergodicity depends. Then, we derive the Erlang distribution
which describes the PoP of subsystems thermalizing at
infinite effective temperature, during closed system dynam-
ics and in the large system size limit. In more technical
sections, we then relax some of our assumptions and show
how arbitrary order moments of the PoP may be calculated
even at finite effective temperatures and finite system sizes.
We also note that we provide a different, more heuristic,
derivation of the Erlang distribution in Appendix D 3.

1. The probability-of-probabilities distribution

The PoP distribution for a single bitstring, z, is a
histogram of the bitstring probabilities, p(z, ), formally
over infinite time. For a given probability p,, we write it as
(where we drop the z for notational simplicity)

1 [T
P(po) = Eolp(n) = pol} = fim 1 [ olp(0) = polar
c1)

The PoP encodes all temporal fluctuations of the time series
p(t) as its moments:

1 1 T [1
/ PSP(po)dpy = lim — / / piolp(t) — poldpodt
0 T—oco T 0 0

(C2)

~ fim l/Tp(t)kd;z Elp()H. (C3)
T—oo T 0

The PoP is defined here for a single bitstring over all

evolution times, but it can alternatively be defined for a

single time over all bitstrings, a distinction which we

revisit below.

In this study, we are chiefly interested in studying
relative temporal fluctuations, i.e., normalizing the time
series p(r) to have mean 1. For random-circuit dynamics,
this is simply the rescaling p = Dp, while in Hamiltonian
dynamics, this is (z) = p(c)/ pue(2). Where piuy(2) =
E,[p(z,1)] is the time-averaged probability of z. This
accordingly rescales the PoPs, which we write as
P(p)dp (occasionally omitting dp). The p,,(z) may be
found from the diagonal ensemble:

Pa= Z|Cn|2|En><En|’

n

(C4)

where |E,) are energy eigenstates and ¢, = |(E,|¥,)|* are
overlaps with the initial state. Any observable, including
bitstring probabilities, of p, is equal to the same observable
obtained from an infinite time average:

Pae(s) = (lpule) = fim . [ d(cl¥)P. - (c5)

2. The no-resonance conditions

As described in Sec. II, the chief object of our interest is
the temporal ensemble, the set of pure states, |¥(r)),
evaluated at different times ¢ for evolution under a time-
independent Hamiltonian A. The temporal ensemble has
been previously studied [18,26,38], where at late times it
was connected to the random phase ensemble, the ensem-
ble of quantum states with well-defined amplitudes in the
energy eigenbasis but random phases. This connection
depends on so-called no-resonance conditions [28], which
are colloquially the absence of high-order degeneracies in
the energy eigenspectrum. More concretely, a Hamiltonian
H satisfies the kth no-resonance condition if for any two
sets of k eigenvalues {E, }\_, and {Ej }}_, the equation

Eq +Eg + o+ Eq = Ep +Ep, +--- + Ep, (Co)
is true if and only if the sets of indices (ay, ay, ..., @) and
(B1, P2, ---, Pr) are equal up to reordering. For example, the
second-no-resonance condition states that the relation £, 4
E,=E.+E;istrueifandonlyifa =c,b=dora =d,
b = c¢. That is, there are no “accidental resonances.”
Existence of kth no-resonance conditions for any order k
guarantees the temporal ensemble is equivalent to the
random phase ensemble in the infinite time limit [18]; as
shown in Ref. [18], this then is equivalent to the statement
that Hilbert-space ergodicity holds. We note that, while the
statements of HSE require the no-resonance conditions to
hold at all orders, this is not necessary for trivial first-order
degeneracies, which can be eliminated by working with
representative states from projections onto degenerate
subspaces [26].

3. The Erlang distribution
from Hilbert-space ergodicity

In Sec. II, we describe how the Porter-Thomas distri-
bution could be derived for global systems using Eq. (3),
the moments of the temporal ensemble. Similarly, we can
also derive that the rescaled marginal distributions
P(24)/ Pave(z4) follow the Erlang distribution, as stated
in the main text. To do so, we consider the kth cumulants of
p(z4), which is related to the kth moment but subtracts off
trivial contributions from lower-order moments. The kth
cumulant of the Erlang distribution can be simply calcu-
lated as k;, = (k — 1)!/D%!, since the Erlang distribution is
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the convolution of multiple exponential distributions [25],
and cumulants of convolutions are additive [68].

To calculate the kth cumulant, we consider the permu-
tations in Eq. (3). The permutation operator swaps between
different copies of the Hilbert space and can be represented
by a directed graph indicating the action of the permutation
on k elements. Importantly, this graph can be disconnected;
e.g., for three copies of the Hilbert space, the permutation
operator can leave one unchanged while swapping the other
two. However, in this case, the permutation will contain
only terms which are related to lower-order moments.
The cumulant explicitly subtracts off such lower-order
moments, and, thus, it is related only to cyclic permuta-
tions, i.e., permutations with only a single cycle [68].

Applying this to our observable of interest, we write the
general formula for the kth cumulant of the time series of

P(2a), Ki» as

=) > Z(@ 2428 >ﬁ;®"Per1n(6)

ceCy ()
B

X (g |ZAng)>>,

where ® represents a repeated Kronecker product and Cy, is
the subset of S containing only cyclic permutations, which
importantly has (k — 1)! elements. This is a general state-
ment for cumulants of a local bitstring probability, p(z,), in
the large total system size limit; it is much like Eq. (6) but is
subselected only to the cyclic permutations and with the
inclusion of sums over different choices of zz in the
contraction.

To simplify this equation, it is helpful to first consider its
lowest nontrivial form for k =2, for which the only
contributing permutation is the swap operator S, with
explicit steps

(C7)

Ky = Z(<ZA»ZB| ® <ZA7Z£?|)pA;1®2‘§(|ZAvZB> ® [24.25))

2.2
(C8)
= Z<ZA’ZB|pAd|ZA’Z£?><ZAvZ23|ﬁd|ZA’ZB> (C9)
2.2
=Y (za zlalza- 28)2 + D [z 25lalzar ) P
2p p#2y
(C10)
’“Z<ZA,ZB|,5d|ZA,ZB>2- (C11)

iB

In Eq. (C10), we have split the sum over different
choices of z and zj; into cases where zz = 7}, and cases
where zp # 7. In Eq. (C11), we have made the infinite-

temperature approximation that p,; =~ i /D—up to small

variations along the diagonal due to the varied pjy,(z)—
which nullifies the second term, where zz # zg. In other
words, we assume off-diagonal terms are negligible.

Carrying out a similar calculation—and again keeping
only terms where all zz are equal—for the kth cumulant
yields

K~ (k= 1)!Z<1Aa zglPalzas 28)",

iB

(C12)

where the coefficient (k—1)! comes precisely from the
number of elements in the set of cyclic permutations. To be
explicit, by selecting cases where all zp are equal (because
of the infinite-temperature condition), the cyclicity of the
permutations does not actually matter for our proof, beyond
the fact that there are (k — 1)! of them.

Then, to further simplify Eq. (C12), we assume that any
zp dependence can be ignored, and we can approximate

Z<ZAaZB|pAd|ZAvZB>k ~

zB

(zaltrp(Pa)lza)* /Dy (C13)

= Pavg (ZA)k/DIZ?_l . (C14)
This is an assumption that the basis {zz} is energy
nonrevealing; see Appendix D 4.

Thus, when considering cumulants of relative quantities,
i.e., dividing the kth cumulant by p,.(z4)*, we find that the
kth cumulant is (k — 1)!/D%!. This is precisely equal to
the kth cumulant of the Erlang distribution. Since all
cumulants match, all moments must match, too, and we
conclude that the marginal probabilities p(z4) follow an
Erlang distribution for systems thermalizing at infinite
temperature, up to corrections exponentially small in the
system size.

In this derivation, we have made two approximations.
First, we have assumed that the basis zp is energy non-
revealing, and, second, we have assumed that the oft-
diagonal terms of the form (z4z5|p4|z425) are negligible.
Remarkably, we may perform an exact calculation of the kth
moments E,[p(z4, 1)¥] to estimate the effect of these approx-
imations. We outline these more technical results below.

4. Universal variance of subsystem bitstring
probabilities, including 1/D corrections

We study the variance of bitstring probabilities by using
explicit expressions for the second moment of the temporal
ensemble when Hilbert-space ergodicity applies [18,26].
Specifically, we study the relative temporal fluctuation
02,(z4), and we find an expression that has a natural
interpretation as an effective dimension of the finite-
temperature bath.

We define the relative temporal fluctuation 62, (z4) of the
probability of a particular bitstring z4 in subsystem A as
follows:
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E[p(za.1)?] — E

Gfel (ZA )

p(za. 1)*  E[p(za.1)?]
E/[p(z4.1)]?

(C15)

Here, p(z4.1) = tr[(|z4) (za] ® I5)|¥(1))(¥(7)|] is the marginal probability of measuring z, at time #, where I is the
identity operator acting on subsystem B. The denominator of Eq. (C15) can be simplified to

£ p(aan0)] = el el @ T Jim 1 [ a0 0(01]) | = ealiatplen) =l

(C16)

where in the second-last equality trz(j,) is a mixed state on subsystem A and in the last equality we instead consider the

quantity py(z4) =

((z4] ® I5)pa(lza) ® I5), which is a mixed state on the subsystem B.

Meanwhile, the numerator of Eq. (C15) can be evaluated from the second moment of the temporal ensemble [18,26]. This
yields three terms: the permutation terms from Eq. (3), as well as a correction term illustrated in Fig. 6:

Ei[p(za. )] = E/[((zaltrp (|2 (1) (¥ (1)])]24))?] (C17)
= t([ea)(eal @ 1)®20F7] + trl([2a) (2al ® 1) 2573 = tr(Jea) (eal ® 1)) (c18)
= trp[pa(za)]* + trplpa(za)’] ZQZA (C19)

[
where pd =Yg WE.E|p§ Y(E, E|isatwo-copy  [26] (of size D) over the energy eigenstates, which has

generalization of the d1agona1 ensemble and in Eq. (C19) we
have defined ¢,, (E) = Y., [(zazp|E)|*|(E[¥o)|* (here, we
have dropped the subscript on energy eigenstates for nota-
tional simplicity). The inclusion of ﬁf) prevents double
counting of certain terms in the sum of permutations (see
Fig. 6) and is explicitly included here, while previously [e.g.,
Eq. (3)] we disregarded it as negligible in the large system
size limit.

Combining all of these simplified results, we obtain the
relative fluctuation as follows:

02,(z4) = trg[Pa(z4)]” + trplpa(za)’] = 2 op42, (E) 1
et trplpa(za))?
(C20)
1 1
- Dper Dy’ (c21)
where
A 2

Dyl = EB [EZE ;]2 ; (C22)
Dl;l — ZEQ%A(E) . (C23)

trp[pa(z4)]?

Here, Dg}eff is the purity of the conditional reduced density
matrix p,(z4)/trg[pa(z4)]. It measures the effective size of
the bath; hence, we dub it the effective bath dimension.
Meanwhile, DEI is the purity of the classical distribution

typical value O(1/D). At infinite temperature, we can
approximate p,(z4) ~ I5/D and q.,(E) ~ Dg/D?, where
D and Dy are the Hilbert-space dimension of the total
system and subsystem B, respectively, leading to Dy — D
and Dy — Djp.

Applying these infinite-temperature approximations, we
immediately arrive at

1 1

5D (C24)

O-gel (ZA) -

Explicitly, in Fig. 3 in the main text, in the main plot for the
Rydberg, mixed field Ising model, and random unitary
circuits, the x axis is Dp, as those systems are evolved at
infinite effective temperature, while for the Fermi-Hubbard
and Bose-Hubbard systems the x axis is Dp ¢ to account
for particle number conservation. Furthermore, when cal-
culating the scaling coefficients for all models in the inset in
Fig. 3, we use Dy .1 instead of D p—this is to be maximally
fair to all models in case there are slight non-infinite-
temperature conditions.

The prediction of Eq. (C21) is also matched by both
numerical and experimental data at finite effective temper-
ature. In Fig. 7, we plot the relative variance 62%,(z,) versus
either the bath dimension Dy or the effective bath dimen-
sion Dy ¢ [Eq. (C22)] for finite-temperature evolution with
both Rydberg (experiment and simulation) and mixed field
Ising model (simulation) systems. We observe the relative
variance scales inversely with the effective bath dimension,
as expected.
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FIG. 6. Diagrams for subsystem bitstring probability fluctuations. We diagrammatically organize our computations for the second and
third moments [F,[p(z4, #)¥], which we show are equal to the low moments of the Erlang distribution at infinite temperature. (a) We
organize the terms in the second moment of the temporal ensemble diagrammatically, which translates to the equation E,[p(z,,1)%] =
tr)pa(za))? + tr[pa(z4)?] = tr[ﬁsz) (z4)] [Eq. (C19)]. The blue dot represents p4(z, ), which is an operator on H, and can be interpreted as
the initial state, dephased in the energy eigenbasis, and projected onto a subsystem bitstring |z, ). The blue bar represents /322 ) (z4), which
acts on the double Hilbert space H?z, and is a subleading correction term to the first two terms. Each diagram is ultimately traced out
(gray lines), which we subsequently omit for simplicity. (b) The diagrammatic framework greatly simplifies the computation of the third
moment [Eq. (C25)]. The six permutations of S give rise to three terms, since permutations with the same cycle type produce the same
terms (blue box). Correction terms may be expressed in terms of diagrams with blue bars. Furthermore, diagrams where the lines with a
blue bar are swapped are equivalent. Therefore, there are only two inequivalent diagrams involving pAEIZ) (z4)- The number of equivalent
diagrams, along with double-counting coefficients from the twirling identity, gives rise to the coefficients —3 and —6. Finally, there is a
higher-order diagram that accounts for triple counting, involving ﬁ(3)(zA).

To be explicit, for each bitstring z, we calculate the
corresponding D . and Dy numerically, which will be
different generically for every z,. For the experimental
data, we select only blockade-satisfying bitstrings, as we do
not have sufficiently many experimental measurements to
resolve probabilities with high confidence outside this
space. However, we note, in general, that rescaling the
bath dimension naturally takes into account the Rydberg
blockade, as it is essentially a finite-temperature effect. In
other words, while we can operate in an infinite effective
temperature regime within the blockade-satisfying sub-
space, within the global Hilbert space the system is at
effectively low temperature; this temperature is naturally

accommodated via the bath dimension rescaling for
each zy4.

5. Higher moments of subsystem bitstring probabilities

Equation (C21) shows that the relative temporal vari-
ance, i.e., the second moment of the PoP, approximately
satisfies 62, = 1/Dy — 1/D. This agrees with the second
moment of the Erlang distribution, up to the 1/D term.
Here, we explicitly compute the third moment, demonstrate
that it is similarly consistent with the Erlang distribution,
and discuss leading-order corrections.

Higher moments of the temporal ensemble may be
evaluated [18,26]. We find

E([p(z4, 1)%] = tlpa(za) + 3ulpa(za)rlpa(za)?) + 2ulpa(24)?] = 3telpa(za) el (24)

—6tp (24) [ ® palza)]} + 4up) (za)],

(C25)
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FIG. 7. Rescaling by effective bath dimension for finite-temperature systems. We show relative variance plots for Rydberg (both
experiment and simulation) as well as for the mixed field Ising model (simulation). In each case, the quench evolution is at a finite
effective temperature. In the left plots, we show the relative variance (without the addition of a 1/D term) versus the bath dimensional,
showing nonuniversal behavior. In the right plots, we show the relative variance [plus the 1/D 5 term, Eq. (C23)] versus the effective bath
dimension Dpg ¢ [Eq. (C22)], which recovers the scaling expected from Eq. (C21). In all plots, the markers are averaged over all
bitstring realizations with an effective bath dimension in an interval from [i —0.5,i 4 0.5), for i € Z, and error bars are the standard
deviations over these realizations.

where ﬁ(dk)(zA) = ((zal ® I5)® S p |ce**|EVE|®*(]z4) ® I5)®* are higher-order correction terms. We diagrammatically
illustrate this expression in Fig. 6(b). We emphasize that this expression is exact, and further approximations are often
required to make headway.

The relevant quantity we wish to compare is the third cumulant «5:

o Bl 0)’) ElpGa ] wlpa(za)] w{pP () @ palza)]} P (z4)]
P R w0 wpden) Yoy O
2 6 4 o

“D3 DD D

where in the last step we have used the same approximations  the Erlang distribution (which is simply 2/ D%) up to
above at infinite temperature, that p,(z4) =~ Ip/D and  corrections O(1/D). It is also close, but not exactly equal

q., (E)~Dg/D? (and note that tr[[)?)(ZA)] :ZEQZA(E)3)- to2(1/Dg — 1/Q)2, ie., replacigg 1./D?; with 1/Dy —1/D
As with the variance, this agrees with the third cumulant of ~ as the parameter in the Erlang distribution.
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We note that both Egs. (C24) and (C27) agree with the (average) second and third cumulants of Haar random states
[32,42], i.e., for marginal distributions p,,(z4) = (zaltrg(|y) (w|)|z4) of Haar random states |y),

D+ D, 11
E ) ~Haar (DA Py (24)] = 1 = Dl 1 zD_B D (C28)
D?+3D?D, +2DD% _D+D 2 6 4
E D3 pl(z4) —3D2 p2 2] = 4 A_ Ao —— 4 (C29
\1//>~Haar[ Apl//(ZA) Apl/I(ZA) + ] D(D + ])(D +2) D+ 1 + D%, DD +D2 ( )

We next note that the substitutions py(z4) ~ I3/D and
q.,(E) ~ Dg/D?* leading up to Eq. (C27) are heuristic in
nature and they may not appropriately capture the relevant
higher-order fluctuations to the desired level of precision
(here, up to 1/D?). Nevertheless, they appear to give the
correct answer; we have verified that Eqs. (C24) and (C27)
agree with a more careful calculation which treats the
eigenbasis {|E)} as a random basis and averages over such
bases with an integral over Haar-random unitaries.

6. Equivalence of PoP distributions over bitstrings
or over time and time dependence of the PoP

So far, we have shown the global PoP forms the
Porter-Thomas distribution when aggregated over many
measurement times. However, under Hilbert-space ergo-
dicity, Refs. [18,26] state that the Porter-Thomas distri-
bution should also be apparent when forming the PoP
over many choices of bitstrings at a fixed measure-
ment time.

Numerics

— Analytic

z=001001000100100

Single bitstring, many times

-3 "

z=101001010010100

z=000010011010111

— Analytic

Probability-of-probabilities (PoP)
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»

(]
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o
W
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10° :
0 1 2 3 4 50 1 2 3 4 50 1 2 3 4 5
Rescaled probability, p(z)
FIG. 8. Observation of Porter-Thomas statistics on the level of a single bitstring or time. PoP distributions obtained from numerical

simulations for an N = 15 Rydberg atom array with the same parameters as used in the main text. Top: PoP distributions for the
probability to observe a single bitstring, aggregated over evolution times ranging from 0 to 500 cycles and normalized by the average
temporal probability. Bottom: PoP distributions aggregated over all 2'3 bitstrings at a single fixed time, with probabilities normalized by
their average temporal probability. In all cases, the observed PoP distributions agree with the exponential Porter-Thomas distribution, as
is expected from theoretical arguments related to Hilbert-space ergodicity [18]. In the case of averaging over all bitstrings at a fixed time,
this agreement is observed to set in past approximately 4 cycles, as quantified by the L1-norm between the numerical and analytic PoP as
a function of time (inset). Note that in all plots we consider not just the lowest-energy nonblockaded sector, but the entire Hilbert space.
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FIG. 9. Time-resolved saturation of the temporal variance. We
plot 62, + 1/D for both experiment and numerical simulations
evolved at infinite temperature, for various choices of bath
dimension Dp. The variance is calculated in a temporal window
of varying length, where the endpoint is fixed at four Rabi cycles
of evolution, the latest time measured experimentally, while the
start of the window is varied (inset). We see for both the numerics
and the experiment that the variance settles to the prediction of
1/Dy for start times of approximately 1.5 cycles. We note that
when simulating out to many hundreds of cycles—to emulate the
infinite time limit—the convergence is observed without exclud-
ing any early time transient behavior (not shown), but we do not
have the experimental resolution to evolve to such late times
without incurring fidelity loss.

In Fig. 8, we present numerical evidence for this by
simulating the Rydberg Hamiltonian with no decoherence
out to several hundred cycles of evolution for N =15
atoms. We then form the global PoP either by (a) aggregat-
ing normalized probabilities across many times for a single
bitstring or (b) aggregating normalized probabilities over
many bitstrings at a fixed time. Explicitly, in both cases, the
normalization is done by dividing probabilities by their
respective long-time averages. Note that in the main text for
the Rydberg systems we consider only the nonblockaded
Hilbert space, as it is difficult to gather sufficient exper-
imental statistics to reconstruct bitstring probabilities in the
higher-energy sectors, but in Fig. 8 we consider all bit-
strings, not just those drawn from the nonblockaded
subspace.

An important aspect visible in the inset in Fig. 8 is that the
fixed-time PoP converges close to the Porter-Thomas dis-
tribution over a few cycles of evolution. In Fig. 2 in the main
text—where we observe that the experimental global PoP is
roughly consistent with the Porter-Thomas distribution—we
aggregated over both bitstring index and measurement times

from 1.5 to 4 cycles of evolution to gather sufficient statistics.
Evolving out to longer times experimentally modifies the
PoP distribution due to interaction with the external envi-
ronment, as discussed at length in the main text. To verify we
study sufficiently late dynamics in the experiment, we
consider o2, calculated in a temporal window of varying
length but fixed end point at four Rabi cycles of evolution
(Fig. 3), the latest time measured experimentally. We find 62,
appears roughly converged for a start time of approximately
1.5 cycles, for which we observe both the experimental and
numerical 62, closely matches the 1/Dg — 1/D prediction
(see Fig. 9). We note some disagreement for the experimental
data at Dy = 1, which again we attribute to early signatures
of decoherence.

7. Failure cases

As shown in the inset in Fig. 3 of the main text, not all
models follow our analytic predictions, in particular, those
that do not fulfill the no-resonance conditions such as the
transverse field Ising model and systems of noninteracting
spins. As a further example of this failure, we plot the PoP
aggregated over global bitstring probabilities from many
times for the transverse field Ising model (Fig. 10).
Probabilities are normalized by their long time average
and are measured out to several hundred cycles. We observe
clear nonexponential signatures in the PoP.

- Transverse field Ising model

PoP

Rescaled probability

FIG. 10. Non-Porter-Thomas behavior of the transverse field
Ising model. We evolve an N = 12 atom system under the
transverse field Ising model out to several hundred cycles, as in
the inset in Fig. 3, and aggregate all global bitstring probabilities
over all bitstrings and at different times (to obtain better
statistics), normalized by their respective long time averages.
The resulting PoP shows nonexponential and nonuniversal
signatures. Accounting for such effects may allow us to better
describe models not exhibiting Hilbert-space ergodicity.
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APPENDIX D: HYPOEXPONENTIAL
DISTRIBUTIONS FOR PROBABILITY
OF PROBABILITIES

In Appendix C, we formally derived the emergence of
the Erlang distribution from results in Hilbert-space ergo-
dicity for closed system dynamics. Using the intuition
gained from that derivation, in this appendix, we build
models of how the PoP should behave under a variety of
conditions, including open system dynamics, explicitly
comparing them to numerical simulations. We find that
the PoP qualitatively and quantitatively is changed in the
presence of different types of noise, which we use in the
main text both to discriminate between noise channels as
well as learn their relative strengths.

We first give an overview of how the exponential or Porter-
Thomas distribution emerges from ergodic unitary dynam-
ics. We then introduce hypoexponential distributions, which
parametrize all the PoP distributions studied in this work,
including the Erlang distribution, which describes closed
system dynamics at infinite temperature. For closed system
dynamics at finite temperature, we describe the hypoexpo-
nential weights and discuss the conditions on the bath size
under which these weights are the eigenvalues of the system
(or bath) reduced density matrix.

We then move on to the case where our system is coupled
to an external environment, describing our models for local
errors, global depolarizing noise, Gaussian coherent errors,
and a mixture of local and Gaussian coherent errors.

In Appendix E, we describe the effects of finite sampling
on empirically estimating the PoP. This naturally leads us to
more sample-efficient methods of characterizing the PoP
via its cumulants (Appendix F), which, by a chain of
approximate equalities summarized in Eq. (G3), quantify
the decoherence strength (Kraus operators) of the quantum
channel.

In this section, all PDFs will be supported on the non-
negative real line x > 0.

1. Exponential (Porter-Thomas) distribution
from random probability distributions

Our basic building block will be the exponential dis-

tribution Exp(4), with PDF

Pryp(x, 4)dx = Aexp(—Ax)dx. (D1)
We refer to variables which follow the exponential dis-
tribution with 4 =1 (or Porter-Thomas distribution) as
“standard exponential variables.”

The Porter-Thomas distribution is a universal feature of
random quantum states [19-21]. To see this, note that the
probability distributions p(z) = |(z|¥)[> obtained from
Haar-random states are random probability distributions
p(z). To be precise, such distributions are drawn from the
flat Dirichlet distribution, which is a distribution over the
space of probability distributions (the probability simplex).

Such random distributions can be generated by i.i.d.
sampling each probability value p(z) ~Exp(1/D) and
then normalizing all entries such that ) _p(z) = 1. This
final step introduces weak correlations cov([p(z), p(z')] =
5../2D —1/2D? which vanish in the limit of large
Hilbert-space dimension D.

We are primarily interested in the marginal distributions
P[p] of individual probability values, namely, the distri-
bution of the values of p(z). This is known to be the Beta
distribution Beta(1,D — 1) [25,69], which converges to
Exp(1/D) in the large system limit D — oo. Crucially, the
marginal distribution P[p(z)] can be observed from a single
typical distribution p(z), and one does not have to sample
many Dirichlet random distributions. Since the entries p(z)
of a typical distribution {p(z)} are very weakly correlated,
the histogram of their values, or PoP, is also approximately
exponentially distributed. In this context, the exponential
distribution is referred to as the Porter-Thomas distribution.

In the above discussion, we have motivated the Porter-
Thomas distribution through Haar-random states. However,
the Porter-Thomas distribution is present in states which
can be practically produced. Specifically, it is present in the
states output from RUCs [20]. It is convenient to rescale the
probability values as Dp(z), which follow the standard
exponential distribution (i.e., with mean 1).

Furthermore, as shown in Sec. II, the Porter-Thomas
distribution appears in states obtained from unitary
Hamiltonian evolution [26], i.e., [¥(f)) = exp(—iH1)|¥,)
for an arbitrary initial state |¥,). We prove [18] this in the
limit of exponentially long times and observe that in
practice the required time is small, growing only weakly
with system size [26]. Specifically, we consider the
probabilities p(z,?) = |(z|¥(¢))|* and their time-average
values p,e(z) = E,[p(z, t)]. Hamiltonian dynamics differs
from RUC dynamics by energy conservation, which
introduces nontrivial p,.(z). The probabilities p(z,?)
fluctuate about their average value, but the rescaled
probabilities  p(z) = p(z)/Paye(z) follow the Porter-
Thomas distribution.

2. Hypoexponential distributions

As described in the main text, the hypoexponential
distribution is the probability distribution of a weighted
sum of independent standard exponential variables. For a
given set of weights w; (which are positive and sum to 1)
and associated i.i.d. Dirichlet probability distributions
{pi(2)}, the overall distribution is given by the weighted
sum:

p(z) = Y oni(2) (D2)

When the number of weights is small (i.e., for a small
bath dimension), the weights can be related to the eigen-
values of the density matrix p. Their properties may be
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inferred from each other (Appendix F 1). For example, the
state purity is related to the second moment of the weights
tr(p*) = Y_; w?, which we utilize heavily in Appendix F.

The corresponding PoP distribution is given by
Hypo({w;}) (note that the hypoexponential distribution
is conventionally parametrized in terms of the inverse
weights 7!, which are known as raftes). When the w;
are distinct, the hypoexponential distribution has PDF [45]

PHyp0<x) - @PExp(x/wi)

_Zw exp( x/a))Ha)a_)w,

J#

(D3)

where & denotes convolution an operation of functions
defined by (f®g)(x) = [dyf(y)g(x —y). Equation (D3)
does not hold when there are degenerate ;, which is often
the case for our purposes. Hence, we rarely directly use
Eq. (D3) (see Ref. [45] for an expression valid for
degenerate ;).

Different types of noise give different weights ;. Below,
we state types of noise we consider, their weights w;, and
their resultant PoP distributions.

3. Intrinsic bath at infinite temperature

We first consider the PoP distribution in the context of
closed system quantum thermalization: A subsystem effec-
tively thermalizes due to its entanglement with the rest of
the system, which serves as a bath. In this section, we let the
bath be at infinite effective temperature. The quantities of
interest are the subsystem bitstring probabilities p(z4),
which are marginal probabilities p(z4) = Y. p(za - 25)-
As discussed in the main text, we find that the PoP of the
marginal probabilities are described by Erlang distribu-
tions. In Appendix C, we gave a rigorous derivation of this,
including small deviations from the perfect Erlang distri-
bution. Here, we give an intuitive, heuristic derivation.

Consider an infinite-temperature state in the absence of
symmetries for simplicity. We take the average probabilities
Pave(2) to be trivially 1/D. Therefore, the joint probabilities
p(z4 - zp) are essentially i.i.d. exponential variables, and
the (rescaled) sum Dyp(z,) is the average of Dp i.i.d.
standard exponential variables, ie., w; =1/Dy for
i ={1,2,...,Dg}. This special case of the hypoexponen-
tial distribution is precisely the Erlang distribution, para-
metrized by a positive integer k (here, k = Dp). Because
the weights are degenerate, its PDF cannot be directly
obtained from Eq. (D3) but can be independently derived as

kkxk—l
(k—1)!

where in our case of interest the variable x = D, p(z4)
and k = Djp.

k
PErlang(X;k) = i(;k)l PExp(kx) = exp(—kx), (D4)

4. Intrinsic bath at finite temperature

Having established the PoP distribution for an intrinsic
bath at infinite effective temperature, a natural next step is
to investigate the PoP distribution at finite effective temper-
atures. Specifically, we consider the following setting: A
system is partitioned into a larger subsystem A and smaller
one B, which we treat as the “bath.”

We first restrict ourselves to a special type of measure-
ment basis 74, whose conditions are explained later. Here,
we claim that, when the bath B is small, the PoP of the
bitstrings on A is the hypoexponential distribution with
coefficients 47!, where {4; } *, are the eigenvalues of the
reduced dens1ty matrix p, (or pg). That is,

P(z4) = p(24)/ Pave(z4) ~Hypo({4;}).  (D5)
where  p(z4) = > ., P(za - 28) and  pu(z4) =
>z, Pave(2a - 2) are the marginal distributions of z,.

This result may be understood through the lens of
projected ensembles [10,70]. These are the ensembles of
states defined on a subsystem Hilbert space (here, Hp) by
measuring a global state |¥) in its complement (A). For
concreteness, we let |¥) = |¥()) be generated by many-
body dynamics for time . Each of the exponentially many
measurement outcomes z, projects |¥) into a distinct pure
state |¥(z4)) € Hp. The statistical properties of projected
ensembles translate to properties of the PoP.

In companion work [18], we study projected ensembles
at finite temperature, relevant to our setting here. When
two conditions are satisfied, p,(z4) is approximately the
reduced density matrix Pg (1) = try[|¥(7))(¥(7)|], which
gives the stated claim Eq. (D5). These two conditions are
(i) that the measurement basis should be “energy non-
revealing” and (ii) the bath size must be sufficiently small.

Effect of the measurement basis—The result Eq. (D5)
applies to specific measurement bases |z,) that are energy
nonrevealing, i.e., do not have significant correlations with
the Hamiltonian that generated the state |¥(7)) (and which
defines the notion of temperature). One example of an energy
nonrevealing basis is the Z, basis for the mixed field Ising
model with fields and couplings in the X and Y directions,
where the measurement outcomes z, are uncorrelated with
the energy density. For other bases, such as the X, basis for
the mixed field Ising model discussed above, such correla-
tions may exist. Specifically, due to energy conservation of
the overall state, measurement outcomes with higher values
of energy (on subsystem A) on average lead to projected
states with lower energy (on subsystem B), and vice versa.
Therefore, the projected ensemble {|¥(z,))} may not be
taken to be samples from the same distribution, independent
of z,. Among other consequences [ 18], the simple prediction
Eq. (D5) does not hold in this setting.

Effect of bath size—When the measurement basis is
energy nonrevealing, we may conclude that the time-
averaged reduced density matrix E,[pg(7)] is proportional
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FIG. 11. Hypoexponential distributions for finite-temperature closed system dynamics. In (a)—(d), we plot the PoP of the conditional
probabilities of p(z4) = p(24)/Pave(z4) formed by states time evolved by the MFIM. Here, the system is a one-dimensional N = 18
open chain, and the subsystem B is four sites at the center of the chain. (a)—(c) The temperature is tuned by rotating the initial state
|¥o) = [exp(i6S,)|0)]®Y at various angles & = 0, —0.6, —1.2. In (a)—(c), B is measured in the {z} basis. Only at infinite temperature
does the PoP agree with the Erlang distribution (green), while at finite temperatures, the PoP agrees with the hypoexponential
distribution [Eq. (D5)] instead. In (d), B is measured in the energy-revealing {xz} basis, showing small deviations from the
hypoexponential distribution. In (e) and (f), we form the PoP from the state |1, 1...1) evolved by the Bose-Hubbard model [Eq. (B3)]
with M = 10 sites and N = 10 particles, measured in the particle number basis, and with a subsystem of three sites. Because of the
number conservation of the evolution, we restrict to the measurement outcomes where zp has (e) four and (f) five particles and form the
symmetry-resolved density matrix accordingly. The PoPs agree better with the hypoexponential prediction instead of the Erlang

distribution with the appropriate symmetry-resolved subsystem dimension.

to any of the p,(z4). However, pp(¢) has fluctuations over
time, and, therefore, the eigenvalues of [E,[pp(f)] (the
weights of the hypoexponential PoP) may not agree with
the eigenvalues of pg(¢). To see this, it is instructive to
consider the case of infinite temperature, where we model
the global state as a Haar-random state. Indeed, for
Haar-random states, the eigenvalues of the reduced state
follow the so-called Marchenko-Pastur distribution [71,72],
which is supported on the interval [D3' (1 — \/Dg/D,)?,
D3'(1 + \/Dg/D4)? and is controlled by the parameter
Dy/D, = 2*BI=N_Meanwhile, the time-averaged reduced
state is equal to [ /Dy, with all eigenvalues equal to 1/Djp.
When |B| = N/2, the second moment of the Marchenko-
Pastur distribution is ) ; /IJZ ~ 2/Dg, while the flat spectral
distribution has second moment 1/Dpg, a clear disagree-
ment. This feature is not particular to our results and instead
reflects the conditions under which the time-dependent
reduced density matrix may be approximated by a time-
independent thermal state. Thus, the size of the bath should
be sufficiently small; specifically, |B| should be a constant
amount less from half the system size N/2.

In Fig. 11, we confirm some of our predictions. In
Figs. 11(a)-11(c), we plot the PoP of a state time evolved
under the MFIM [Eq. (B1)], with a total system size

of N =18 qubits and a bath size of Np =4 qubits.
We tune the effective temperature by rotating the initial
state  |¥,) = [exp(i6S,)]0)]®". At infinite temperature
[Fig. 11(a), & = 0], the PoP is well described by the
Erlang distribution. Tuning through finite temperature
[Figs. 11(b) and 11(c), & = —0.6, —1.2], the PoP is instead
well described by the hypoexponential distribution
[Eq. (D5)]. Measuring in the energy-revealing {xz} basis
[Fig. 11(d)], the PoP shows small deviations from Eq. (D5).
To illustrate the ubiquity of our prediction, we illustrate this
with a finite-temperature state evolved under the Bose-
Hubbard model. In the presence of number conservation
(N) = Nyo,» we must form the projected ensemble by
restricting to measurement outcomes with fixed number
N, and forming the according symmetry resolved den-

sity matrix pg(Na) & D0 ey (24l ® Tp)[¥(1)) x
(P(1)|(|z4) ® I5), as detailed in Refs. [18,70].

5. Extrinsic bath: Local errors

We now consider the appearance of the hypoexponential
under coupling to an extrinsic bath, i.e., with weights
controlled by a given noise model.

First, we consider the case of local errors. As illustrated
in Fig. 4 in the main text, our model for the PoP obtained
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FIG. 12. PoP for local noise. (a) PoP distributions for local noise [see Eq. (D6)] with F = 0.5 and k varying from 2 to 10000
logarithmically. As k increases, the PoP distribution converges to the prediction for global depolarizing noise [see Eq. (D8)] at the same
fidelity, consistent with Ref. [47]. (b) PoP distribution for local noise with k = 50 and F varying from 1 to 0.1. (c) PoP distribution for
either local Pauli-X errors or Pauli-Z errors, both of which are roughly equally well described by the same effective k value. (d) Fitted
value of k versus value predicted from Eq. (D7) for noisy simulation with either Pauli-X or Pauli-Z errors evaluated for varying circuit
depths. (e) The fitted value agrees best with the predicted value in the low-fidelity regime, as quantified by the relative error between k.
and kg;. In (c)—(e), results are aggregated over ten random circuit instances, blue points represent a local Pauli-X error model, and red

points represent a local Pauli-Z error model.

from local errors with k locations is that it is the con-
volution of one exponential variable (speckle pattern) with
large weight F (the “ideal trajectory”) and k exponential
variables with small weights (1 — F)/k. In this case, the
PDF is given by

PLocal EIT(X; F? k) = PExp(x/F)®PErlang[x/(1 - F)’k]

k k F—-14kF
=\ )7 k,i_ X
1-F"'+k F(1-F)

e—x/F

“Flk-D (D6)
where y(k,x) = [§z*'e7*dz is the lower incomplete
Gamma function. In Figs. 12(a) and 12(b), we plot these
PDFs for various values of k and F.

This model holds for any type of local error. In Fig. 4(b)
in the main text, we illustrate the PoP with amplitude
damping errors, i.e., spontaneous decay of the |1) state to

|0), while in Fig. 12 we show it for local Pauli noise. In
practice, however, the various assumptions made in the
main text for the local noise channel may not hold, for
instance, because errors are not necessarily completely
orthogonal and because multiple errors can occur in a
single shot of the experiment. These largely result in a value
of k which is not simply the spacetime volume of the
circuit. To address this, in practice we use an effective
predicted k value defined as

(1-F)?

) D7
K2—F2 ( )

keff =

where «, is the second cumulant of the experimentally
measured PoP distribution (as discussed in greater detail in
Appendix F—see Table I). Using Eq. (D7), we can predict
the k value for a given measured PoP distribution at a given
fidelity. In Fig. 12(c), we show the good agreement
between Eq. (D6) and numerical simulations using an
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TABLE 1. Low-order cumulants of PoPs for various selected noise channels.

Noise channel K K3

Global depolarization F? 2F3

Local incoherent F2+(1-F)*/k 2(F*+ (1 -F)*/k?)

Global Gaussian coherent

F/V2

2F2/\/3

effective k found from Eq. (D7). Furthermore, in Fig. 12(d),
we compare kg from Eq. (D7) against k value of best fit for
various error rates and evolution depths and generally find
that the two are in good agreement, particularly in the low-
fidelity regime [Fig. 12(e)].

We stress that this model is limited. As an example, it
stipulates that the weights of the nonideal trajectories be
equal. This is not true if more than one error can occur
during the dynamics: The probability of the trajectory
decreases exponentially with the number of errors, while
the number of such distinct trajectories increases expo-
nentially. Furthermore, even the weights of single-error
events may not be uniform. For example, the probability
of amplitude damping errors depends on the magneti-
zation of the state at each layer, which may change
during the dynamics. These effects may lead to small
deviations between our model and PoPs generated by
realistic many-body dynamics, which may affect high-
precision tasks such as determining the fraction of
coherent-to-local error in Figs. 5(b) and 5(c) in the
main text. However, such limitations may be solved
with straightforward model-level refinements (such as
explicitly adjusting weights to account for multiple error
occurrences).

6. Extrinsic bath: Global depolarizing noise

Global depolarizing noise is a commonly used toy model
for the effects of noise on quantum states. This channel
maps states p > Fp + (1 — F)I/D, where I is the identity
and F is a parameter which is approximately the fidelity of
the channel. Under this channel, the bitstring distribution
p(z) = Fp(z) + (1 = F)/D, and, hence, the PoP distri-
bution of x = Dp(z) is shifted to the right and rescaled by
1/F, with PDF

0 for0<x<1-F,
P F) = (1=
ap (% F) F~lexp (—%) forx>1-F.

(D8)

As seen in Fig. 12, Ppocgn(X; F, k) = Pgp(x; F) as
k — oo, consistent with Ref. [47], which states that the
output distribution of random circuit sampling under local
noise converges to that of “global white noise” when
scaling the circuit spacetime volume.

7. Extrinsic bath: Gaussian coherent errors

Next, we discuss the case of Gaussian coherent errors,
which describes shot-to-shot variation of a global parameter.

For a circuit model, we model this error by systematically
under- or overrotating every two-qubit gate by a multipli-
cative, Gaussian-distributed factor. For Hamiltonian evolu-
tion, a global Hamiltonian parameter, such as the Rabi
frequency €, is taken to be a Gaussian random variable.
Such a noise channel is linked to shot-to-shot parameter
fluctuations observed in Hamiltonian evolution [24] and
certain models of control errors. As found in Ref. [24],
evolution for a time 7 under these parameter values produces
a continuous family of pure states |¥(z, Q)) which mutually
overlap as |(W(#,Q)|¥(7,Q')) > xexp[-N(Q—Q')?1? /263)].
When Q is normally distributed, i.e., with P(Q) =

exp[—(Q — Q)?/(26"?)]/V2r0" for some ¢’, we obtain a
normally distributed mixture p(r) = [ dQP(Q)|¥(t, Q))x
(P(r,Q)|.

Our model for the PoP converts this continuous mixture
of states into a discrete sum of probability distributions,
with discrete weights ;. It is natural to let the weights
follow a Gaussian profile when o is sufficiently large (see
below for deviations)

! Z(op) 20%

where i ranges from —oo to 0. These weights are parametri-
zed by the width o1, and Z(op) =2 exp[—i%/(20%)] is
anormalization constant. This sum is equal to the Jacobi theta
function [73] 03{exp[—1/(20%)]}, which is well approxi-

(D9)

mated by /276 when 6 > 1 but approaches 1 as o — 0.
Incidentally, since wy = 1/Z(of) has the largest height, it
corresponds to the fidelity F, i.e., the maximum overlap
(P|p|¥) for any pure state |¥). Therefore, we may para-
metrize the PoP in terms of F instead, by solving for o such
that 03{exp[—1/(206%)]} = F~..

A large fidelity corresponds to a small ¢, and our model
of discrete Gaussian weights shows quantitative differences
in this regime. As an illustration, the second moment of the
PoP can be computed analytically and differs from the
Gaussian hypoexponential model at small ¢ [Appendix F
and Fig. 16(c)]. This may be addressed by a non-Gaussian
profile of weights in the narrow limit.

As a technical point, the weights @*P = w$" are
degenerate, and, therefore, we must modify Eq. (D3) to
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8. Extrinsic bath: Mixture of local
and global coherent errors

Finally, we turn to modeling the effects of both local and
global coherent errors simultaneously. We take the errors to
be independent of each other, and the weights are simply
products of the local and global weights w;; = ' x a)j(’h.
We further notice that, in numerical simulations of such a
mixture of errors, the fidelity factorizes into the fidelities
arising from incoherent and coherent errors [Fig. 16(a)],
i.e., F = Fegp X Fige, 1.€., 10g(F o) + 10g(Fioc) = log(F).
This allows us to define the “fraction” of coherent errors as
f =1og(F)/ log(F). We note that such a factorization is
also approximately apparent for our ab initio Rydberg error
model [24].

For completeness, we outline our algorithm used in Figs. 5
(b) and 5(c) to generate the PoP arising from a mixture of
local and global errors based on our model, with a finite
number of samples. The effects of a finite number of samples
are detailed in a later section. We use this algorithm to
generate the local and global coherent finite-sample PoPs in

Algorithm 1.

(D10)

(D11)

JjeEZ 1
J#i J#

|
Fig. 5(a) as well as to provide a reference distribution to
calculate the y? distances in Figs. 5(b) and 5(c). Note that, in
the case of RUCs, the average probability is p,y,(z) = 1/D,
and the rescaled empirical probabilities will take finite values
JjD/M only for positive integer j.

9. Other noise sources

We briefly remark that our analysis here is by no means
complete. While we have analyzed commonly considered
noise sources, other sources such as qubit leakage and
readout error will yield different PoP distributions. For
example, readout error may be treated in a similar fashion
to local error. However, here there are only N possible error
locations, and as such the parameter £ may not be taken to
be large. This is particularly notable for our moment
analysis in Eq. (F9). We leave a detailed study of this,
and other noise models, to future work. However, we
expect that, in general, accounting for novel noise models
will simply amount to judicious corresponding choice of
the hypoexponential weight vector.

Numerical algorithm to generate model PoP under both local and global coherent noise.

Data:
Pave(2), and bin width Ap
Result: Empirical PoP 7
Floc - Ff;
FCOh <« Fl_f
I(F <—) Solution of 03{exp[—1/(26%)]} = FZ}
n\or) < Fcoh’
p(z) < 0;
for j in {—[507],—[50F] + 1,...,
do
Prand(2) < Dirichlet random distribution;
p(Z) « p{(z) + Finc’}:l(aF) exp[_jz/(zg%)]pRand(Z)
for nin {1,2,...,k} do
Prand(2) < Dinclhllst random distribution;
p(2) < p(z) + = n (o) expl=2/(203)] Prana (2);

coh’

[Sor]}s

end
end
P(2) < p(2) X Payg(2)/11P(2) X Payg (2]l
Nirjal < lOOv
R
ne 0;
for jin {1,2,...,n4y} do
{21, ..., 2y} < M samples from p(z);
N, < #(z = 2);

n—n-+ HlSt({Mp } AP)/”mal

Fidelity F, fraction f, number of samples M, Hilbert-space dimension D, number of trajectories k, averaged probabilities

/* Infinite sum truncated at +[50] */

/* Multiply mixture of Dirichlet random distributions by p,,, and normalize */

/* Initialize mean for finite sample PoP*/

/*Form histogram of rescaled empirical frequencies N_/[Mp lVg( )], with bin width

Ap, add to mean vgector n. Each entry is the expected number of bitstrings with empirical frequency in bin. */

end
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APPENDIX E: EFFECTS OF FINITE SAMPLING
ON THE PROBABILITY OF PROBABILITIES

It is important to understand the effect of a finite number
of experimental samples on the probability of probabilities
discussed in this work. Finite sampling must be carefully
treated, since its effects on the PoP can be drastic: The
simplest estimation of the PoP introduces not only stat-
istical noise, but also systematic bias. Here, we first discuss
how experimental and model PoPs are compared in the
main text and then describe how the model PoP is affected
by finite sampling by effectively smearing out the distri-
bution. Finally, we suggest a method to potentially invert
this finite sampling effect. In the next section, we show that
low-order moments of the PoPs can be estimated in an
unbiased way which is robust to a finite number of samples.

1. Comparing experiment and finite-sampled
model PoP

In the main text, we compare the experimental empirical
PoP against PoPs obtained from analytical models,
accounting for the finite sampling of the experiment.
Specifically, we accrue roughly 32000 blockade-satisfying
[23] bitstrings from the experimental evolution, which is
m =~ 20.6x the Hilbert-space dimension of D = 1597, and
compare against analytical PoPs which are modified to
account for this degree of finite sampling (described
below). For our ab initio error model, we perform the full
quantum simulation, then sample an equivalent number of
bitstrings from the resultant state, and then repeat this
sampling many times to find the mean finite-sampling
prediction.

For the analytical noise models, no direct quantum
simulation is necessary. We first take the analytical model
PoP and sample a given normalized probability vector from
it. We then sample this probability vector as many times as
the experiment was sampled and reconstruct an empirical
model PoP. We repeat this procedure many times and take
the average over iterations to define the numerically
sampled model PoP. We emphasize that, in doing so, no
actual quantum simulation was needed, simply repeated
resampling. The results of this resampling are in excellent
agreement with analytical predictions where available
(discussed below), as in Fig. 14.

For our comparison between the model PoPs and RUC
numerics in Fig. 5(c) in the main text, we again employ the
standardized y? distance (CSD) as our distance and
compare our noisy RUC simulations against model
PoPs. For each point in Fig. 5, we average over 100
RUC circuit realizations. We show additional results in
Fig. 13, where we see the estimation correlation improves
with greater circuit depth at an equal fidelity, which we
attribute to (a) limited scrambling in shallower circuits and
(b) not accounting for higher-order terms in the analytic
noise channels; we note that the second of these effects is

Depth=24,F=0.2 Depth=48,F=0.2

r @ Infinite sampling /p i , 9
O Finite sampling /‘3 /(3
(M=20D) et Jie)
&
% ¢
7

Estimated R
o
w1

I &7 )
4 ’ﬁ,"
5 Y

Points are horizontally offset | P/ J
0 0.5 0.5 1

1 0
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FIG. 13. Noise learning improves with greater depth. We
perform RUC numerics with varying fraction of global coherent
error to local incoherent error, as in Fig. 5(c) in the main text, with
parameters chosen such that the final fidelity is 0.2 after either
depth 24 (left) or depth 48. For shorter depth circuits, the
estimator correlation becomes worse, which we believe is due
to (a) limited scrambling and (b) not accounting for higher-order
terms in the analytic noise channels (i.e., nondilute effects of the
local error channel). We also show the results for either infinite or
finite sampling, which are horizontally offset from each other to
better distinguish, which does not seem to have a dramatic effect
on the estimation correlation.

solvable with model-level refinements, discussed in
Appendixes D 5 and D 7. We further find that finite sampling
does not introduce significant bias in the estimator correla-
tion, only increasing its statistical fluctuations.

In the following subsections, we describe an analytic
description of finite sampling for the PoP distribution and
potential ways to undo these effects.

2. Multinomial distribution and Poisson sampling

Taking M i.i.d. samples from a probability distribution
p(z) yields a number n, of occurrences of each bitstring z.
The vector 7 = (n,,, ..., n,, ) of such numbers is a random
variable following the multinomial distribution 7 ~
Multinomial[M, p(z)] with PDF

M! .
|71P(Zl)n” .p(zp)">,

n,l.n, |

Pli; M, p(z2)] = (E1)

where we have indexed the bitstrings from 1 to D. This is
known i.i.d. sampling [74].

While Eq. (E1) is an exact statistical description of the
outcome of sampling, it is analytically easier to use the
Poisson sampling model, which assumes that each number
n, is an independent Poisson random variable with mean
Mp(z),i.e., n, ~Poi[u = Mp(z)] [74]. Since each number
variable is independent, the constraint ) _n, = M is not
enforced; in the multinomial distribution, there are weak
anticorrelations between number variables n, and n,. The
Poisson sampling approximation becomes increasingly
accurate with increasing sample number M and serves as
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a useful model for sampling [74]. Nevertheless, the full
multinomial distribution is necessary for quantitatively
accurate formulas in some cases which we indicate.

3. Finite-sample estimate of PoP distribution

The Poisson sampling model will be essential to helping
us understand the effects of finite sampling on reconstruct-
ing the PoP distribution. Here, we wish to estimate the
distribution of probabilities P(p) from empirical data. The
challenge lies in the fact that the probabilities p(z) are
difficult to empirically estimate—the plug-in estimate
p(z) = n,/M is arescaled Poisson variable and is unbiased
but may exhibit large fluctuations. For simplicity of
discussion, we first consider the case where p,,(z) =
1/D (as in RUCs) before tackling the general case. In this
case, the possible values of p(z) are discrete; they are
integer multiples of 1/M, and the rescaled probability p(z)
is simply Dp(z). Accordingly, we express our PoP as
P(Dp), which is system-size independent.

A standard practice to empirically estimate the PoP is to
simply take the histogram of p(z). That is, one takes M
samples from p(z), measuring each bitstring n, times. The
empirical frequencies p(z) = n,/M take discrete values in
multiples of 1/M [when p,,(z) is nontrivial, the empirical
rescaled frequencies are continuous] and estimates the PoP
by the fraction of bitstrings with a given empirical
frequency P(Dp) = N;/D.

For each bitstring z with probability p(z), the empirical
frequency n,/M is a rescaled Poisson random variable. For
a given empirical frequency p, the number of bitstrings N 5
with that empirical frequency is also a Poisson random
variable with expected value

P(Dp = nD/M) = / ® d(Dp)P(Dp)pro(n: pM). (E2)

where ppi(n; pM) = e PM(pM)" /n! is the probability of
a Poisson variable taking value n when the expected
number of counts is 4 = pM. This prediction determines
the empirical PoP with a finite number of samples. We
emphasize that Eq. (E2) is the expected value of the finite-
sampling PoP, and a given experimental PoP will show
statistical fluctuations about this mean. In practice, occur-
rences for large Dp occur with sufficiently small proba-
bility that the number of potential values may be truncated
at some level. Then, as long as M/ D is large enough, there
will be enough outcomes that each PoP count is approx-
imately independent (i.e., the normalization constraint is
negligible), acting as a Poisson random variable with /N
uncertainty.

When the factor p,(z) is not constant, the empirical
rescaled probability p/p,y,(z) takes on continuous values,

and we must perform histogram binning instead. Here, the
expected value of the histogram is given by

X <ﬁ—m . (E3)

The empirical PoP P(p) is akin to (but not exactly) a
convolution of the underlying PoP with the Poisson PDF. It
solely depends on the underlying PoP, P(Dp), as well as
the ratio of samples to Hilbert-space dimension, m = M/D.
In the limit m — o0, the estimate converges to the true value
P(Dp) — P(Dp). Finite values of m show potentially
substantial deviations between P(Dp) and P(Dp). In
Fig. 14, we illustrate the effects of finite sampling when
the underlying PoP distribution is Porter-Thomas or arising
from global depolarization errors [Eq. (D8)]. The Porter-
Thomas (PT) distribution is accurately reconstructed with
modest ratios m 2 1. However, the global depolarization
distribution shows a sharp discontinuity at Dp =1 —F,
which is smoothed out under finite sampling. Even large
sampling ratios such as m =30 show considerable
deviations.

These two cases can be analytically solved. The PT
distribution yields the following finite-sampling PoP:

P(Dp)A(Dp) = - (i) o),

E4
P>O 1—|—m ( )

where P.q = m/(1 + m) is the probability of observing a
nonzero value of p in Eq. (E2), elaborated on below.
Meanwhile, the global-depolarization PoP gives

L . | Fm 1+mDp
P(Dp)d(Dp) :P—OF Lef™! 1<1 +Fm>

>

I[1 +mDp,ZE(1 4+ Fm)]

I'(1+ mDp)

d(Dp),
(ES)

where P.g = 1— "~V T(k,x) = [* 5 exp(—z)dz is
the upper incomplete Gamma function, and I'(k) is the
Gamma function.

In the literature, the probability P(p = 0) is typically not
included in the empirical PoP, and we must renormalize the
resulting histogram by the factor PZ). Indeed, if one does
include P(p = 0), the finite-sampling deviations from the
PT distribution become more evident, the factor P;}) should
not be included in Eqgs. (E4) and (ES), and Eq. (E2) is true
without modification.
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FIG. 14. Finite sampling effects on the PoP. The PoP is nontrivially modified when reconstructed from a finite number of samples, as
generally considered in Eq. (E2). However, not all PoPs are as susceptible as others; for instance, (a) the Porter-Thomas distribution
[Eq. (E4)] shows relatively little sensitivity to M/D (the ratio of number of measured bitstrings divided to the total Hilbert-space
dimension), while (b) the PoP for global depolarization noise with F' = 0.5 [Eq. (E5)] shows greater sensitivity due to the discontinuous
PDF. In both cases, we see good agreement between numerical finite sampling and the analytical predictions Eqs. (E4) and (ES).

4. Inverting finite sample effects

Proof of principle: Inverting with Laguerre polynomials—
Remarkably, for any value of m, it is theoretically possible
to invert Eq. (E2) with Laguerre polynomials [making a
technical assumption that the PoP P(Dp) is square inte-
grable, which is true in any finite system]. We expand
P(Dp) in terms of Laguerre polynomials:

P(Dp) = exLy(2mDp) exp(~mDp).  (E6)
=0

where L;(x) is the kth Laguerre polynomial, satisfying the
orthogonality relation [§° dxe™L,(x)L,,(x) = &,,, and c;
are the unknown coefficients to be determined. Using the
above orthogonality relation, ¢; can be extracted from the
empirical PoP, P(Dp,), with the formula

o = zZ(") (=2 B(Dp,).

where p, = n/M are the discrete values of the empirical
frequencies. However, this formula is not practical. It is not
robust to any amount of statistical or measurement error,
since it weights the measured frequencies P(Dp = Dn/M)
with exponentially increasing and oscillatory weights in n.
Nevertheless, this serves as a theoretical basis that the ideal
PoP can be reconstructed from any finite-sampling PoP. For
a more practical procedure, we employ a regularized least-
squares approach.

(E7)

Inversion with regularized least squares—OQOur practical
approach to undo the effects of finite sampling is based on
regularized least squares. We note that this method is not
used for any data shown in the main text, and we instead
present it for completeness and as a potential way to further
improve our results.

We discretize the domain of the PoP into a discrete
number of histogram bins centered at p; and with width
Ap. For concreteness, it suffices to stop at p = 5. We also
discretize the finite-sampling PoP into discrete and finite
histogram bins. When p,.,(z) = 1/D, its domain is nat-
urally discrete, but this is not so for nontrivial p,(z).
Working in the former case for simplicity, we can rewrite
Eq. (E2) as a linear equation:

P = MP, (ES8)
(p;M)"

n!

M, ; = exp(—p;M) (Ap). (E9)

When p,,(z) is nontrivial, one must perform histogram
binning on both the range and the domain, and the matrix
M is instead

1
M"~/z52

Z n= [M<ﬁi_Aﬁ/2)pa\'g (Zﬂ

\.M(ﬁi+Aﬁ/2)pavg (Z)J
P(i’j)PPoi [n; Mp,y,e (Z>I3j]-
(E10)

Our result Eq. (E7) essentially gives an explicit result for
M~ in the Laguerre polynomial basis. Unfortunately,
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M1 is extremely ill conditioned and cannot accommo-

dated the shot noise in P. If one naively attempts to solve
this linear equation, the solution is wildly oscillatory and
large. In order to remedy this, we simply regularize our
solution and solve the least-squares equation with a penalty
term:

P = argminy[(My — P)"A(My —P) + 2y"By], (El1)

where we have presented this problem in its full generality
and A and B are arbitrary symmetric positive-semidefinite
matrices that we can suitably choose to regularize the
regression. When A and B = I, the first term is the well-
known squared error, and the second is the L, norm.
However, we may modify A and B to enforce other
constraints, such as smoothness of the solution. This is
known as ridge, or Tikhonov, regression [75] and has
explicit solution

P = (MTAM + AB)"' MTAP. (E12)
As an illustration, we demonstrate this in Fig. 15. The
parameter A is tunable, and one must choose and appro-
priate value. While it can be deduced analytically, here, we
present a user-friendly and intuitive method. In Fig. 15(c),
we plot the squared error || MP. (1) — P||3 as a function of
the parameter A. This shows two parameter regions. When 1
is small, the squared error is nearly independent of A. In
this regime, the solution is overfitted, and enforcing the
constraint effectively regularizes the solution without
significant effect on the squared error. When 4 is large,
the squared error grows quickly with A. In this regime, the
solution is overdamped and the constraint is too strong. We

(a) (b)

o5 Laguerre inversion

Ridge regression

find that operating at the midpoint between both regimes is
often optimal. Despite this, its reconstructed solutions are
often imperfect, though potentially improvable through
addition of additional constraints on the regression (like
forcing the PoP to be always positive). Therefore, in the
main text, we rely on direct comparisons of the finite-
sampling PoP, outlined below.

APPENDIX F: CUMULANTS OF PROBABILITY-
OF-PROBABILITIES DISTRIBUTIONS

As established above, due to finite-sampling effects, it
can be challenging to empirically estimate the PoP. In the
main text, we have compared directly to a finite sampled
version of model PoP predictions, and in addition we have
discussed potential theoretical means of reversing the
finite-sampling effect. Here, we discuss how we can also
estimate properties of the PoP to greater precision, without
reconstructing the PoP distribution itself. Specifically, the
moments of the PoP can be efficiently estimated, which we
may use to learn about the type of noise present in the
system. Furthermore, the moments for different error
models can have different functional dependencies on
the fidelity F, meaning that analyzing how moments
change over multiple values of fidelity may improve
predictive power.

From Appendix D, the probability distribution can be
written as p(z) = 3_; @;pi(z), where p(z) = p(2)/ Pave(2)
is the rescaled probability and p;(z) are independent Porter-
Thomas (i.e., Dirichlet random) distributions. Remarkably,
some properties of the coefficients {®;} can be estimated
from empirical samples from p(z), even without knowledge
of the constituents p;(z). Specifically, cumulants of the PoP
are related to moments of {w;}.

(€)
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FIG. 15.

Strategies to reverse finite-sampling effects on the PoP. We simulate the finite-sampling effects on a global depolarization

PoP, with a Hilbert-space dimension of D = 2'5 and M = 20D samples. (a) Regular least-squares regression [Eq. (E8)] is numerically
unstable and leads to large, unphysical solutions (note scale of values). (b) Regularized regression penalizes this divergence and gives an
approximate reconstruction (blue line) of the infinite-sampling PoP (black dashed line) from the finite-sampling PoP (red points).
(c) The free parameter A is chosen by plotting the regression error as a function of A, displaying two regimes where the solution is
respectively overfitted and overdamped. We choose /4 at the transition between these regimes. Nevertheless, the reconstructed PoP is
imperfect; adding further constraints, that, for instance, force the PoP to be always positive, may improve agreement, but we leave such
avenues to future work.
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As above, we first discuss the case when the factors p,,,
are constant, before generalizing. The kth (raw, i.e., non-
central) moment of the PoP P(Dp) is given by

=D S Dp(2)]t / (Dp)P(Dp)d(Dp). (1)

where the approximation follows by treating each value
Dp(z) as an independent sample from the PoP P(Dp). We
then consider the cumulants k. For example, the first three
cumulants are

Ky = my, (F2)
Ky = my —mji, (F3)
K3 = my — 3mym; + 2m3. (F4)

A key property of the cumulants is that they add for sums of
independent random variables [68]. That 1is, for
P =>_10p; k(p) = Ziwf‘{’ck(i)i)' Since each p; is an
independent Porter-Thomas distribution, they have identi-
cal cumulants x; = (k — 1)!. Therefore, these kth cumu-
lants of the PoP are equal to the raw kth moment of {w;}:

As an illustration, we concretely demonstrate this with
k = 2. We have

k2(p) =D p7 -1~} of (F6)

To see this, note that ) p(2)* = Y- w,0; >, pi(2)p;(2).
Since p;(z) and p;(z) are independent Porter-Thomas
distributions, they are approximately orthogonal, in the
sense DY p;(z)p;(z) = 1+ 6;; + O(D7'/?). Using this
relation, we obtain

DY p(x)?=1+ sz +0(D7'?),  (F7)

where we have used the fact that Y, w; = 1. Remarkably,
due to this approximate orthogonality, the second moment
of the PoP depends on only the coefficients w;, up to
exponentially small fluctuations. When p,.,(z) is non-
trivial, we should replace D p(z) with p(z) = p(2)/Pave(2)
and the average over z as a weighted mean E.[]|=
Y. Pave(2)[-]. This modifies the moments to my =

> P Pave(2)5"

1. Relation of hypoexponential moments
to mixed state moments

The moments give key information about the mixed
state. In the context of closed system dynamics, we found
that the moments of the weight vector satisfy

> ol mu(ph), (F8)

as long as the bath B is sufficiently small.

We conjecture that the above equation also holds in the
context of open system dynamics, as long as the fidelity is
sufficiently high. Indeed, Eq. (F8) is true for Haar-random
measurement bases {|z)}, up to subleading O(D~'/?)
corrections. If the eigenstates of p look “random” with
respect to the computational basis |z), we get the desired
equivalence.

2. Moments under different noise sources

The moments >_; ¥ behave differently under different
noise channels. In Table I, we summarize the low-order
cumulants (k, and x3) of the PoP predicted for various noise
channels and their dependence on the fidelity F. By
independently measuring the fidelity F (using, for example,
cross-entropy benchmarking [24,26,49]) and the cumulants
ki (p), one would be able to discriminate between such
noise models.

Consider first a local error channel, we have {®°} ~
{F,(1-F)/k,(1=F)/k,...,(1 = F)/k}. Therefore, its
second moments

1 —F)2i0
Z(wiocy = F2 +%kz F?. (F9)

i

This relationship generalizes to higher moments: The

largest weight F dominates, and we have Y, (0'®)* ~ F*.

We next consider global coherent errors. Here, the
weights follow a Gaussian distribution

o = exp[-i*/(20%)]/ Z(0F) (F10)

with a width o that depends on the fidelity F. When

or > 1, the normalization factor is well approximated by

Z(op) ~ \/276%. Performing the sum, we have

1 F
coh\2 ~ _ .
2 R =

1

(F11)

Note the different scaling with F. In Fig. 16(b), we verify
these scaling behaviors for our two types of errors in an
RUC simulation.

Note that the above prediction breaks down when
F ~ 1. Using our Gaussian hypoexponential model above,
the discrete Gaussian sums can be explicitly evaluated,
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FIG. 16. RUC simulations of mixed local and coherent errors. (a) We first verify that errors factorize over a large range of fidelities.
Here, a single instance of a random unitary circuit is presented, at a fixed proportion of local error and coherent error. As a function of
circuit depth, its fidelity F decreases. We simulate the same circuit in the presence of only local or coherent errors at the same rate,
obtaining the “local” and “coherent” fidelities F),. and F ., respectively. The overall fidelity is well approximated by F & F,.F .op. This
makes the concept of an error source “fraction” meaningful. (b) Plots of the purity, or second moment, D . p(z)? for noisy RUC
dynamics in the presence of global coherent or local noise, or a mixture of the two noise sources (Table I). The purity due to global

coherent noise asymptotically behaves as F..;,/+/2, while the purity due to local noise behaves as F 120c' In the presence of both types of

2

noise, the purity behaves as Fj_

Foon/V/2 (blue dashed line), enabling efficient estimation of the noise content from the second moment.

Our mixed error simulation is a depth-96 RUC with 12 qubits, using the same error rates as in Fig. 5(c) in the main text (precise depth
marked with a red star), while our local and global coherent errors are simulations of RUCs at several error rates. Data points displayed
are at depths of 24 and above. (c) Purity from global coherent noise at high fidelities. Here, we see deviations from the asymptotic
behavior F/+/2 (red dashed line). In particular, it takes a value of 1 at F = 1. At intermediate values 0.5 < F < 0.9, the purity deviates
from the prediction from our Gaussian-hypoexponential model (blue dashed line), instead agreeing with (2/F? — 1)~'/2 (blue solid
line), an expression obtained from a calculation of the state purity. This indicates that our model for the hypoexponential distribution
[Eq. (D9)] should be refined in this regime. In addition, to illustrate the importance of circuit depth, for the open markers we indicate the
purity at depths 24 and below. These deviate from our prediction due to a lack of anticoncentration in shallow circuits.

coh

giving 37, ()2 =03 (exp[~1/6%]) /0 {expl—1/(203)]}*
where 65 is a Jacobi theta function. Meanwhile, using
methods developed in Ref. [24], one can perform an exact
calculation of the state purity in this setting, which gives
tr(p*) = (2/F*—1)""/2. As seen in Fig. 16(c), these
expressions show deviations when F = 1, with numerical
data from RUC simulations more consistent with the latter
expression.

In the presence of mixed noise, we further observe that
since the weights factorize as a)?j‘-ixed = w}occoj(’h, so do the
cumulants, in particular, ky & F2 Foo, /v/2. Coupled with
knowledge of the fidelity F' = F},.F ., one could extract
the fidelities of each noise type. In Fig. 16(b), we show
proof-of-principle numerical evidence for this behavior in
a RUC.

3. Estimator of moments

Remarkably, the moments can be efficiently estimated
[76] with the following estimator:

k
A — n - g—
my :Dk 1 E (]W%NDI( 1 E p(Z)k, (FlZ)
Z Z

where nt = n(n — 1)...(n — k) is the kth falling power of n
and n, is the number of occurrences of the bitstring z from
M measurements. This was shown to be an unbiased

estimator of m;, with optimal sample complexity scaling.
Specifically, Ref. [76] showed that the kth Rényi entropy
(obtained from m;) can be estimated to additive error &
with M = ®(D'~/k/8%) samples, where D is the Hilbert-
space dimension (more generally, the number of possible
measurement outcomes). In the same work, they showed
that this scaling is optimal. Furthermore, note that in the
original reference [76] the denominator of Eq. (F12) is M*
instead of MX. The former is the unbiased estimator in the
Poisson sampling setting, while the latter is the unbiased
estimator under realistic sampling. When p,,(z) is nontrivial,
the moment estimator is iy = Y__(n,)%/[M*p,.(2)']~
22 P(2) ! pag(2)

We are interested in Eq. (F12) because the low moments
of the PoP can be estimated with far fewer samples [e.g.,
M = O(+/D) for the second moment] than the entire PoP,
which requires M = O(D). It is illustrative to consider the
simplest nontrivial case, the second moment m,. Our
estimator 1y =D _n,(n,—1)/[M(M —1)] essentially
counts the number of times a bitstring z is seen more than
once. Accordingly, this estimates the collision probability
D" p(z)?, here rescaled to be typically an O(1) quantity.
The sample complexity is almost optimal: Estimating the
second moment to multiplicative accuracy 0 requires only
V/D/&* measurements, a manifestation of the birthday
paradox. For our purposes, it is also useful to estimate
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its sample requirements for additive accuracy. Using
properties of the multinomial distribution, we find that
the expected uncertainty in the second moment m, is

) 2ME—M M3 M2(2M =3
(Am2)2 = TDT’”Q +4mm3 — Z(T)mz
(F13)
o 2Dm %_4_’”% (F14)

MM M
where the last term arises from anticorrelations between n,
and n, which are not present in the Poisson sampling
model. Since m, and m3 are O(1) quantities, this result
indicates that, for an additive error |r1,| = &, the sample
complexity behaves as O[max(v/D/8, 1/8%)], where the
crossover between the two scaling behaviors occurs
at M =~ D.

To recover the result of Ref. [76] for the required number
of samples to achieve a multiplicative error 5, namely,
©(v/D/8%), we focus on the second term in Eq. (F14)
and then use the inequalities ms; = D> p(z)® <
DX(Y, p(2)2)*2 = VDm)* and m, >1 to give the
desired result that (Ari,)> ~m3/M < /Dm3/M. The
former inequality comes from the relation between L,
norms, L, < L, for p > g, relating m, and mj3 to the L,
and L; norms of the probability vector p(z), while the
latter inequality is a straightforward application of the
|

S (e (KK (K KD + (KKK GK)

Cauchy-Schwarz inequality. Finally, note that this result is
valid only in the asymptotic regime, where the second term
in Eq. (F14) dominates the first term. This is valid at a
crossover value of M =~ D, before which the sample

complexity scales as M ~ /D /& instead.

APPENDIX G: RELATIONSHIP BETWEEN
THE HYPOEXPONENTIAL WEIGHTS
AND THE CHANNEL KRAUS OPERATORS

In addition to their relative ease of measurement, the
moments of the hypoexponential weight vector @ can also
be theoretically analyzed and related to quantities that
characterize the strength of the noise channel. Given our
analysis, it is natural to ask how the weight vector @ reflects
the underlying quantum channel. We find that the pro-
perties of @ are related to the strength of the channel, but
there are additional terms that we expect to be subleading.
We denote the channel @, such that the output state
is p=d(|W)(¥o|) =, K| W) (¥o|K], where K; are
Kraus operators that describe the channel, satisfying
S KK; = I. {K;} can be uniquely chosen to be orthogo-
nal [77], in the sense that tr(K,-Kj.) = Dgq;6
that >, ¢, = 1.

We first consider the second moment Zi a),2 which,
using Eq. (F8), approximates the purity tr[®(|¥,)(¥,])?].
We approximate this purity with the Haar-averaged value:

ij» such

Ey~taar { [ () (w])*]} =

= DLH (Zq% + tr[@(i/D)2]>,

where we have used the orthogonality conditions above.
The first term is the “purity” of the noise channel strengths
p;» while the second term is related to whether the channel
is unital or not [78]. If the channel is unital, then ® (/D) =
1/D so the second term has size 1/D, which we expect to
be exponentially smaller than the purity of the channel.
Meanwhile, if the channel is nonunital—in an extreme
case, consider the amplitude damping channel such that
®(I/D) = |0)(0|—then the second term has size 1, which
is larger than Y _; ¢2. In other words, the purity of the state
has two contributions, given by the decoherence strength of
the channel and the purity of the steady state ®(//D).
Assuming that ®(1/D) is unital or close to maximally
mixed, however, we conclude that the purity of a typical
input state reflects how noisy the channel is.

DD+ 1) (G1)

(G2)

Higher moments give additional terms which we may
not simplify, such as ), tr(Kth'Kj) + H.c. for k = 3.
However, we may assume that such quantities are expo-
nentially suppressed, since the orthogonal operators K;
are obtained by the (reshaped) eigenvectors of the Choi
matrix which describes the channel [77]. If these eigen-
vectors have sufficiently complicated bipartite structure,
we expect the contributions from such terms to be
exponentially suppressed. We may repeatedly apply this
argument to all orders k and find that the (expected)
dominant contribution is >, g¥. This also bounds the
typicality error that is the difference between the moment
tr(®(|W)(P|)¥) of a single, typical random state |¥) and
the ensemble average. Indeed, we also expect our con-
clusion to hold as long as the initial state |¥,) has
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sufficiently small overlap with the eigenstates {|E)}.
Therefore, we have

7~Zw =t

which, therefore, allows us to conclude that w; = ¢;, as
long as the number of nonzero weights is less than the
Hilbert-space dimension, i.e., #{w;} < D.

D(|'¥o)(Po))*] (G3)
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