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Quantum routers (QRouters) are essential components of bucket-brigade quantum random access
memory (QRAM), enabling quantum applications such as Grover’s search and quantum machine learning.
Despite significant theoretical advances, achieving scalable and coherent QRouters experimentally remains
challenging. Here, we demonstrate coherent quantum routers using a superconducting quantum processor,
laying a practical foundation for scalable QRAM systems. The quantum router at the core of our
implementation utilizes the transition composite gate scheme, wherein auxiliary energy levels temporarily
mediate conditional interactions. By leveraging two-qubit primitives in its construction, the quantum router
preserves straightforward initialization and calibration while significantly reducing circuit depth and
duration relative to traditional gate-based decompositions. Moreover, by encoding routing addresses in the
nonadjacent qutrit states j0i and j2i, our design inherently enables erasure-detection capability, providing
efficient postselection to mitigate routing errors. Experimentally, we achieve an average fidelity of 94.8%
across three individual QRouters, and we validate scalability through a two-layer quantum routing network
achieving a fidelity of 82.4%. Our results represent a significant advancement in quantum routing
technology, providing enhanced fidelity, built-in error resilience, and practical scalability crucial for the
development of future QRAM and large-scale quantum computing architectures.

DOI: 10.1103/h5m3-qrn9 Subject Areas: Quantum Physics,
Quantum Information

I. INTRODUCTION

Quantum random access memory (QRAM) stands as a
cornerstone of quantum computing [1–8], enabling super-
position-based access to classical data—a crucial capability

for algorithms such as Grover’s search [9], quantum
machine learning [10–13], and quantum simulation
[14–19].
Among various QRAM designs, the bucket-brigade

architecture [1,20] stands out for its favorable scaling
and noise resilience [21], which organizes QRAM access
as a conditional routing process along a binary-tree net-
work. The key enabling element in this scheme is the
quantum router (QRouter)—a conditional switch that
coherently routes a quantum input to one of two output
paths based on the superposed state. Through recursive
composition of such routers, a complete binary-tree routing
network can be constructed to support superposition-based
queries for QRAM.
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While the concept of quantum routers has been widely
explored in both theory and experiment [22–37], most of
these studies focus on quantum communication scenarios,
where routing typically refers to controlling the propaga-
tion of flying qubits. While preserving coherence in transit,
they are predominantly routed via nondeterministic
[34,35], incomplete-transmission methods [29,31], render-
ing them unsuitable for the reversible bucket-brigade
QRAM. In contrast, stationary qubit systems, such as
superconducting circuits [38–40], are particularly well
suited to support fully coherent, deterministic, and cascad-
able routing [37,41–47]. Recent notable progress includes
the first experimental demonstration of deterministic quan-
tum routing on a superconducting processor via native
three-qubit operations as well as proposals for three-layer
QRAM implementations based on subspace-equivalent
digital decompositions [37,48]. As with many super-
conducting implementations, engineering considerations
remain: Native multiqubit routing requires complex
initialization and calibration, while traditional digital
decomposition based on standard one- and two-qubit
gates inherently deepens circuits [49,50], exacerbating
decoherence and cumulative gate errors compared to the
native implementations. These challenges highlight the
need for new architectures that bridge the gap between
router-level coherence and QRAM-level scalability through
compact, hardware-efficient designs.
In this work, we address these challenges by implement-

ing QRouters based on the recently proposed transition
composite gate (TCG) scheme [51]. The TCG scheme uses
auxiliary energy levels as intermediate states to mediate
conditional interactions, allowing for shallower gate
sequences than conventional Clifford decompositions.
This results in improved coherence and reduced circuit
overhead—an essential feature for routing networks. By
relying on two-qubit primitives rather than native multi-
qubit gates, the approach preserves simple initialization and
calibration, thereby enabling scalable circuit synthesis and
implementation. Furthermore, by encoding the address
qubit in the nonadjacent qutrit states j0i and j2i, we enable
an erasure-detection mechanism [48,52–57], through
which enormous routing errors can be identified and
discarded by postselection. This provides lightweight error
mitigation without the need for ancillary hardware.
Leveraging both shallow circuit depth and erasure-detec-

tion-based error suppression, we present the first experi-
mental demonstration of a two-layer coherent quantum
routing system for bucket-brigade QRAM on a supercon-
ducting quantum processor. Specifically, we experimentally
construct and characterize three individualQRouterswith an
average fidelity of 94.8% and further demonstrate a two-
layer quantum routing network achieving a fidelity of
82.4%. These results establish a scalable and error-resilient
routing architecture with minimal overhead, representing a
significant step toward practical QRAM systems.

II. QROUTER ARCHITECTURE AND
IMPLEMENTATION

A QRouter implements a conditional SWAP operation
between an input qubit QI and one of two path qubits (QL
orQR), depending on the quantum state of an address qutrit
QC. The logical function is defined as

UQRouter ¼ jLihLj⊗ SWAPQL;QI
þ jRihRj⊗ SWAPQR;QI

;

ð1Þ

where jLi and jRi are two orthogonal address states (e.g.,
j0i, j1i, or j2i) encoded in QC. The QRouter, thus,
conditionally transfers the quantum state of QI to either
QL or QR, realizing address-dependent data routing.
Figure 1(a) illustrates the logical structure of a QRouter

and how multiple such routers are recursively composed
into a binary-tree network to support superposition-based
queries. The physical implementation of the QRouter,
shown in Fig. 1(b), consists of two controlled-SWAP

(CSWAP) gates and two address-flipping operations. Each
CSWAP conditionally exchanges QI with QL or QR, based
on the state of QC.
Direct realization of three-qubit CSWAP gates is exper-

imentally demanding. To overcome this, we employ the
transition composite gate (TCG) scheme [51], which

FIG. 1. Design and operation of the QRouter and routing
network. (a) Logical structure of a QRouter and its recursive
integration into a binary-tree routing network. Each QRouter
routes an input qubit (QI) to a path qubit (QL orQR) based on the
address state of QC. (b) Circuit decomposition of the QRouter
using two CSWAP gates and two address-flipping operations.
(c) Gate-level realization of CSWAP via the TCG scheme, using
three

ffiffiffiffiffiffiffi
CZ

p
gates that induce transitions between j11i and j02i.

(d) Transition pathways for the TCG-based CSWAP under address
states j1i (gray) and j2i (black). (e) Illustration of routing errors
caused by leakage to j1i and the erasure-detection protocol for
error suppression through postselection.
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decomposes the CSWAP into a sequence of three two-qubit
entangling gates (

ffiffiffiffiffiffiffi
CZ

p
), as shown in Fig. 1(c). The key

idea is to temporarily access the noncomputational j2i level
of transmons to enable state transitions such as j11i ↔ j20i
or j02i [58,59], thus implementing effective conditional
operations with reduced gate depth.
The transition pathways for the TCG-based CSWAP are

shown in Fig. 1(d). A conditional SWAP can be achieved
through sequences like j011i → j020i → j110i or
j021i ↔ j111i ↔ j120i, depending on whether the control
qutrit QC is in j1i or j2i (gray and black pathways,
respectively). When QC is in the j0i state, the SWAP

operation is inhibited.
This TCG-based approach represents a key advantage of

our design: By engineering intermediate-level transitions,
we achieve a shallower gate decomposition compared to
traditional Clifford-based methods, reducing both circuit
depth and accumulated error. Table I quantitatively com-
pares gate counts and circuit depths for different decom-
position strategies, with further details available in
Appendix B 1.
The address qutrit QC can be encoded in two configu-

rations: jLi ¼ j0i, jRi ¼ j1i (nonerasure scheme) or
jLi ¼ j0i, jRi ¼ j2i (erasure scheme). The latter enables
an additional mechanism for error mitigation where the QC
functions as an erasure qubit [52,53]. As shown in Fig. 1(e),
gate imperfections, decoherence, or thermal population can
causeQC to transition into the intermediate j1i state, which
leads to routing errors. In the erasure scheme, these
erroneous events can be postselected by measuring the
final state of QC. If QC is found in j1i, the corresponding
data are discarded. This built-in erasure-detection mecha-
nism allows us to suppress a dominant class of routing
errors without introducing additional hardware or qubits—
another core advantage of our QRouter design.
We implemented the QRouter using ten transmon qubits

on the superconducting processor Wukong, with additional
details provided in Appendix A 1. The

ffiffiffiffiffiffiffi
CZ

p
gates are

realized by tuning frequencies of qubits and coupler close

to the j02i ↔ j11i interaction point wherein these two
states accomplish a SWAP operation. The gates are further
optimized through Floquet sequence experiments [60–62]
(see Appendix A 2). Address preparation and flipping (X)
were carried out using single-qubit gates designed
with the derivative reduction by adiabatic gate scheme [63].
The state j0i ↔ j1i flip uses an X01

π gate, while the state
j1i ↔ j2i flip uses an X12

π gate.
All address qubits were measured at the end of each

experiment. Unless otherwise specified, we used the
erasure scheme encoding.

III. CHARACTERIZATION OF QUANTUM
ROUTER

We begin by characterizing the conditional routing
and the coherence properties of the QRouter, where
Fig. 2 illustrates the experimental setups. First, we

TABLE I. Gate counts and circuit depth for different QRouter
implementations. Comparison between standard Clifford decom-
position and the TCG-based QRouter under two encoding
schemes: nonerasure (address states j0i and j1i) and erasure
scheme (address states j0i and j2i). TCG significantly reduces the
number of single- and two-qubit gates, as well as circuit depth,
compared to the Clifford-based implementation. The erasure
scheme incurs slightly more single-qubit gates due to address-
state flipping but retains overall efficiency.

QRouter Clifford TCGnonerasure TCGerasure

N1q 20 2 6
N2q 16 6 6

Depth 30 8 12

FIG. 2. Verification of conditional and coherent routing proper-
ties of the QRouter. (a) Experimental setup for testing both
transmission (via θ variation) and coherence (via ϕ variation) of
the QRouter with address qubit QC initialized in the state
jψci ¼ cosðθ=2Þj0i þ eiϕ sinðθ=2Þj2i. QI is prepared in state
j1i, and the path qubits are prepared in state j0i. (b) Interference
scheme using three Xπ=2 gates to probe phase-sensitive entangle-
ment. (c) Routing population versus θ, showing expected
cos2ðθ=2Þ and sin2ðθ=2Þ behavior for path qubits QL and QR.
(d) Phase-coherent interference oscillations in the population of
odd- and even-parity states as a function of ϕ, indicating address-
path coherence. Dots represent experimental data (5000 shots),
and solid lines are theoretical predictions.
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prepared the address qutrit in a superposition state
jψci ¼ cos ðθ=2Þj0ic þ eiϕ sin ðθ=2Þj2ic and observed
how information flows from the input qubit QI to path
qubits QL and QR. As shown in Fig. 2(c), we varied θ and
found that the population distributions of PL (PR) changed
continuously with adjusted θ, following the theoretical
cos2ðθ=2Þ [sin2ðθ=2Þ] behavior (lines). The residual pop-
ulation of the input qubit (PI) stayed below a certain
threshold (2%) after routing, indicating high transmission
efficiency of approximately 98%. Second, to verify the
phase coherence during routing, we scanned ϕ and applied
three Xπ=2 operations in parallel to interfere with the
generated entangled states of QI , QC, QL, and QR, as
illustrated in Fig. 2(b). The phase of the address changes
the phase difference between the entangled states generated
under this coherent control. This leads to oscillations
in the population of odd-parity states (PO ¼Pk Pjki,
k∈ f0001; 0010; 0200; 0211g). Here, to evaluate the parity
of the routing network, the address state j2i is treated as a
single excitation. By compensating for a single-qubit phase
δϕ, PO is aligned to oscillate as ð1 − sinϕÞ=2. Even-parity
states (PE ¼Pk Pjki, k∈ f0000; 0011; 0201; 0210g)
exhibited complementary behaviors, indicating a ϕ-driven
coherence process, as shown in Fig. 2(d). The high-contrast
routing in Fig. 2(c) and clear interference patterns in
Fig. 2(d) demonstrate that our QRouter effectively achieves
deterministic routing with address-path entanglement.
More theoretical and experimental details are provided
in Appendix C.
To benchmark the fidelity of our QRouter, we employed a

standard quantum state tomography (QST), with the setup
shown in Fig. 3(a). After routing under various addresses,
QST reconstructed the experimental state density matrix (ρ)
of QC, QL, and QR, with fidelities as FQST ¼ hΨjρjΨi,
where jΨi is the target state. Figures 3(c) and 3(d) display
QST results under addresses j0i and jþi ¼ ðj0i þ j2iÞ= ffiffiffi

2
p

,
respectively, where corresponding fidelities are 95.66%
and 93.36%.We additionally provide numerical simulations
covering more representative input and address
configurations, with methods and complete results in
Appendix D.
We further developed a random access test (RAT) to

evaluate the system’s average fidelity [see Fig. 3(b)]. Here,
random address sequences fða1; a1Þ;…; ðan; anÞ; ðanþ1Þg
(ai ∈ fj0i; j2i; jþi; j−ig), where j�i ¼ ðj0i � j2iÞ= ffiffiffi

2
p

,
were loaded into 2N þ 1 QRouters, with each sequence
repeated 30 times. Then, we measured QI , QL, and QR to
determine the population Pjk0i (k0 ∈ f000; 001; 010; 011g).
We regarded the consistency between ideal (P0

jti) and exper-
imental (Pe

jti) populations, MRAT ¼ 1 −
P

t jP0
jti − Pe

jtij, as
the quantitative measure, where jti is the routing target state.
We further fit MRATðNÞ ¼ l1 þ l2F

2Nþ1
RAT to extract the

fidelity FRAT, where l1 and l2 are fitting parameters. The
RAT experiments are detailed in Appendix E. Ultimately, as

shown in Figs. 3(e)–3(g), the three QRouters exhibit fidelities
of 95.1% �0.11%, 93.5% �0.15%, and 95.7% �0.04%
under the erasure scheme (FwPS

RAT, brown)with their respective

FIG. 3. QST and RAT of the QRouter. (a) Experimental circuit
used for QST under different addresses. The tomography includes
single-qubit basis rotations (P) and simultaneous readout. (b) Cir-
cuit structure of the RAT, consisting of N þ 1 blocks, with the
input qubit initially prepared in the j1i state. The first N blocks
have random addresses ai, with two QRouters sharing the same
address to implement round-trip information transfer. The final
block contains a single QRouter with a random address, trans-
ferring the information to data qubits. (c),(d) Reconstructed
density matrices ρ from QST under addresses j0i and
jþi ¼ ðj0i þ j2iÞ= ffiffiffi

2
p

, with fidelities 95.66% and 93.36%, re-
spectively. (e)–(g) ExtractedMRAT values as a function of depth N
(and corresponding duration) for three QRouters under erasure
and nonerasure schemes. The blue curve represents the rejection
rate (Rrejection) during the postselection. Each data point is the
mean of 30 independent experiments. Within each experiment, 30
random trials are performed, with 5000 measurement shots
per trial.
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rejection rates Rrejection (blue), compared to only 90.7%
�0.28%, 90.6% �0.14%, and 87.5% �0.11% under the
nonerasure scheme (Fw=o PS

RAT , green).Within our experimental
duration, Rrejection for the single-layer router increases and
then saturates as erasure-detectable errors accumulate. This
steady-state plateau reflects a dynamic balance within the
error-erasure QRouter sequences consisting of CSWAP and X
gates.The continuous pumpingofpopulation into the j2i state
by the alternatingX gates, and its subsequent cascade into j1i,
is ultimately offset by the natural relaxation from j1i back to
j0i. Overall, the erasure protocol improves QRouter perfor-
mance while keeping Rrejection within an acceptable range.
More details are provided in Appendix F.
The dominant error channels in our device are

decoherence and leakage. These contributions are dis-
cussed in detail in Appendixes A 1, A 2, and G.
Experimentally, these errors arise primarily from three
technical factors: the absence of Purcell filtering, low-
frequency noise, and short-timescale distortions of theffiffiffiffiffiffiffi
CZ

p
waveforms [61,64–67]. We expect that combining

the erasure protocol with targeted hardware improvements
and physically intuitive pulse optimization strategies, such
as sudden net-zero (SNZ) shaping, will materially improve
the QRouter’s fidelity while preserving straightforward
calibration [68,69]. The erasure protocol also shows

robustness to thermal errors and to unwanted SWAP-type
processes in the qubit-qubit and qubit-coupler subspaces,
as detailed in Appendix G. Therefore, this high-fidelity
QRouter, endowed with independent routing capabilities,
shows strong potential for constructing scalable routing
networks.

IV. TWO-LAYER QUANTUM ROUTING
NETWORK

Cascaded quantum routers form the foundational archi-
tecture of bucket-brigade QRAM, where conditional data
routing is achieved through a binary-tree network of
QRouter units [see Fig. 4(a)]. While we have demonstrated
the performance of individual QRouters, scaling the system
to multilayer networks introduces additional practical
challenges. In particular, query efficiency (i.e., the circuit
depth and timing required to resolve a path) and layout
efficiency (the physical feasibility of embedding the net-
work onto a quantum processor) must be addressed for
scalable implementation [70].
To overcome these challenges, we adopt several strat-

egies tailored to the constraints of planar superconducting
hardware. For layout optimization, we employ a triangular
tiling topology that preserves binary-tree connectivity
while minimizing interrouter wiring and avoiding loops,

FIG. 4. Design and characterization of a two-layer quantum routing network. (a) Logical diagram of the binary-tree routing structure
used in bucket-brigade QRAM. (b) Qubit layout on the superconducting processor, based on a triangular tiling scheme for optimized
planar connectivity. (c) Measured populations of data qubits D1 and D2 as functions of address parameters ðθ1; θ2Þ encoded in address
qutrits C1 and C2, demonstrating controlled excitation transfer. (d) Simplified circuit structure enabling symmetric top-down and
bottom-up routing, supporting layerwise parallel activation of QRouters. (e) RAT protocol for the two-layer network using randomized
address sequences across blocks. (f) Extracted MRAT values from RAT measurements as a function of routing depth N (and
corresponding duration), for both erasure and nonerasure schemes. The blue curve represents the rejection rate (Rrejection) during the
postselection. Each data point is the mean of 30 independent experiments. Within each experiment, 30 random trials are performed, with
5000 measurement shots per trial.
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as shown in Fig. 4(b) and further discussed in
Appendix B 3. To reduce query latency, we adopt a similar
circuit structure inspired by Ref. [71], as illustrated in Fig. 4
(d), with full circuit details provided in Appendix B 4. This
circuit follows a symmetric “∨” structure to support both
forward (top-down) and backward (bottom-up) routing—
an essential feature for full QRAM operations. Under this
architecture, layerwise parallel activation of QRouters
becomes possible in both directions, allowing routing
information to propagate through the network with minimal
latency and maintaining temporal symmetry. By overlap-
ping noninterfering gate executions across adjacent layers,
this parallelized scheduling further compresses the overall
circuit depth, substantially reducing decoherence overhead.
We also present a simplified unidirectional variant that
retains routing functionality while additionally com-
pressing the circuit depth. Details are provided in
Appendixes B 4 and B 5.
As a proof-of-concept demonstration, we implemented a

two-layer routing network using the above strategies and
evaluated its routing performance and fidelity. This setup
represents the minimal nontrivial configuration for a
cascaded QRAM-compatible system and serves as an
essential validation of the network’s scalability.
First, we investigated address-path entanglement within

the system. Using the setup illustrated in the inset in
Fig. 4(c), we excited the top qubit and continuously varied
the addresses (Ac

1, A
c
2) of C1 and C2 through θ adjustments

in multiple routing tests, while monitoring the data qubits
D1 and D2. The experimental results in Fig. 4(c) depict the
population distributions of D1 and D2 after routing. When
θ1 ¼ 0 and θ2 ¼ 0, the population of D1 reaches its
maximum (Pmax

1 ¼ 93.96%), consistent with the expected
cos2ðθ1=2Þ cos2ðθ2=2Þ. A similar trend is observed for D2

(Pmax
2 ¼ 92.51%) when θ1 ¼ 0 and θ2 ¼ π, demonstrating

the system’s effective routing capability for information
transfer.
We further conducted random access tests to evaluate the

system’s average fidelity. A randomized address sequence
fðA1; A1Þ; ðA2; A2Þ;…; ðAn; AnÞ; ðAnþ1Þg was loaded,
where each Ak comprised three random addresses
fa1; a2; a3g. Each address sequence was initialized within
the corresponding block and reset after routing, as shown in
Fig. 4(e). The fidelity was determined by comparing the
experimentally measured populations of the input qubits
and four data qubits with the theoretically expected results,
as illustrated in Fig. 4(f). The measured MRAT values at
N ¼ 0 were 90.0% with the erasure scheme and 78.5%
without. The performance gradually declined with increas-
ing routing depth due to factors such as addresses’ two-
photon transitions, imperfect operations, and data informa-
tion decay. Notably, the system employing the erasure
scheme consistently outperformed its nonerasure counter-
part, with fitted average fidelities of 82.4%� 0.91% and
81.1%� 0.30%, respectively. For the two-layer routing

network, Rrejection exhibits a pronounced peak followed by a
decrease. We suspect that coherent errors on the address
qubit (perhaps due to crosstalk [72,73], known to be present
in the scaled-up system) may be responsible for the sharper
turnaround in the rejection rate in the two-layer case. These
additional disturbances can break the original dynamic
pumping balance, serving as a possible mechanism for this
phenomenon. Concurrently, while decoherence and leak-
age remain the dominant error channels, these crosstalk
mechanisms degrade the effectiveness of the postselection,
resulting in the reduced incremental fidelity gain observed
in the two-layer device. Mitigating such crosstalk is a
central goal of our ongoing work. As detailed in
Appendix G, our theoretical analysis and simulations
confirm that the erasure advantage persists, underscoring
its potential for scalable QRAM implementations.

V. ERROR BUDGET

To pinpoint the physical mechanisms limiting routing
fidelity, we construct quantitative error budgets by inte-
grating our experimental data with numerical simulations
of the RAT.We evaluate the system performance across two
distinct scales: the isolated component level and the
cascaded two-layer network.
At the component level, the error decomposition in

Fig. 5(a) reveals that environmental decoherence and
coherent leakage errors dominate the baseline routing
infidelities. Notably, in the standard nonerasure baseline,
QRouter 3 exhibits a coherent error penalty that substan-
tially exceeds the theoretical upper bound for combined
decoherence and

ffiffiffiffiffiffiffi
CZ

p
gate leakage (“Max Est.”). We

attribute this excess error to the destructive impact of

FIG. 5. Quantitative error budgets across component and
system scales. (a) Component-level error decomposition for
the three individual QRouters. The dashed boxes (“Max Est.”)
represent the theoretical upper bound of errors contributed by
environmental decoherence (coral) and the maximum calibratedffiffiffiffiffiffiffi
CZ

p
leakage (cyan). (b) System-level error budget for the

integrated two-layer network. The dashed boxes (“Est.”) denote
the theoretical error expectations derived from the independent
multiplication of single-layer component fidelities. While the
nonerasure baseline (“w/o PS”) strictly follows this independent
accumulation model, the error-erasure protocol (“w/ PS”) ex-
hibits an “unexpected” coherent error gap, quantifying the
operational penalty introduced at scale (“Unexp.”).
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uncharacterized parasitic SWAP-type interactions, which
corrupt the computational address state in standard
schemes. By contrast, the nonadjacent state encoding of
our error-erasure protocol affords inherent structural
robustness against this class of coherent errors, ensuring
the total error remains within or near the anticipated
boundaries, detailed in Appendix G.
Figure 5(b) presents the estimated error contributions for

the expanded two-layer routing network. Given the com-
plex interplay of coherent errors in a scaled system, we
aggregate all participating coherent channels into a single
“remaining” error metric.
By calculating the expected two-layer fidelity through

the independent multiplication of single-layer component
fidelities (dashed “Est.”), we explicitly expose the inherent
operational overhead of active error mitigation. While the
baseline nonerasure scheme aligns with its independent
theoretical projection, the erasure protocol exhibits an
“unexpected” performance gap. We evaluate the expected
two-layer fidelity by multiplying the independent single-
layer fidelities. The nonerasure scheme closely aligns with
the resulting theoretical expectation (80.8%). Conversely,
the erasure protocol exhibits a performance gap from its
expected value (90.0%), revealing its scaling penalty. In
this scaled configuration, the supplementary pulses
required for intermediate address manipulation for error
erasure may exacerbate classical and quantum crosstalk
across the network, subsequently narrowing the practical
gains offered by the erasure scheme. Consequently, while
the protocol effectively shields against localized coherent
SWAPs, fully unlocking the potential of scalable routing
networks necessitates the hardware-level suppression of
these underlying control deficiencies.

VI. DISCUSSION AND CONCLUSION

In this study, we demonstrated the implementation of
hardware-efficient, deterministic, and complete-transmis-
sion QRouters on a superconducting quantum processor.
Our work constitutes one of the first experimental realiza-
tions of a two-layer quantum routing network, enabling
address-dependent, reversible routing with minimal hard-
ware overhead. While previous efforts have largely
remained at the theoretical level or focused on single-
router demonstrations, our cascaded routing network show-
cases scalable, coherent routing compatible with grid-based
superconducting hardware, marking a critical step toward
practical QRAM architectures.
The coherent QRouters achieved reversible routing with

a high transmission efficiency of 98%, and the two-layer
network maintained an overall efficiency of 93%. In
random access tests—a benchmark we introduce for
scalable quantum routing systems—the one-layer and
two-layer configurations achieved average fidelities of
94.8% and 82.4%, respectively. These results validate
theoretical observations that shallow circuits and

postselection can effectively suppress errors and improve
fidelity in noisy intermediate-scale quantum devices
[74–76].
In terms of single-layer router performance, both our

scheme and the implementations reported recently [37,48]
utilized QST and achieved comparable fidelities. For more
complex routing systems, Ref. [48] reports the query
fidelity after executing a standard QRAM protocol.
Given the scalability challenges and increasing measure-
ment overhead associated with QST, our evaluation focuses
instead on the average path performance of the routing
network. Architecturally, Ref. [37] minimizes depth
through two native C-ISWAP gates enabled by a strong
state-dependent ZZ interaction, whereas Ref. [48] com-
bines subspace-optimized CZ-based decompositions with
teleportation-assisted connectivity to realize QRAM query.
Our TCG approach constructs modular routers from two-
qubit transition gates, reducing depth relative to conven-
tional digital decompositions while providing intrinsic
qutrit-based erasure detection without additional ancilla
qubits. The demonstrated planar two-layer integration and
scalable RAT characterization, thus, complement the
native-gate and end-to-end QRAM approaches of
Refs. [37,48].
Through detailed characterization and simulation, we

identified decoherence and control-induced leakage as
dominant sources of infidelity. These observations provide
concrete targets for system-level optimization. Techniques
such as postselection, high-coherence fabrication, and
waveform optimization offer practical pathways to mitigate
such effects without introducing additional quantum over-
head. Furthermore, in the two-layer system, potential
crosstalk issues additionally degrade the effectiveness of
the postselection, thereby reducing the net gain of the error-
erasure scheme. This highlights the need for further
research into parallelized circuit design and corresponding
crosstalk suppression techniques. Our recent research [77]
quantifies the error-rate thresholds required for scalable
QRAM and offers actionable optimization targets for
implementing larger, practical systems.
As the routing network scales further, new challenges

emerge, including QRouter layout overlap, increased cross-
talk [72,78,79], and error accumulation across multiple
routing paths. Addressing these issues will require
advances in hardware layout, control sequencing, and
short-range quantum interconnects [80–82]. We also antici-
pate that the current circuit design offers significant
potential for further optimization to reduce the overall
gate-depth overhead. We anticipate that synthesizing cir-
cuits at a higher structural level within the TCG framework,
specifically through direct implementation using QRouter
primitives, will yield more compact and higher-perfor-
mance routing architectures [51]. Building upon these
optimized router networks, future implementations of the
full QRAM data-fetch pipeline can be directly constructed

DEMONSTRATING COHERENT QUANTUM ROUTERS FOR … PHYS. REV. X 16, 031051 (2026)

031051-7



by adapting highly efficient memory access protocols [71].
Nevertheless, our results establish both the architectural
viability and the experimental feasibility of scalable
QRAM-compatible routing and provide a practical blue-
print for extending coherent quantum data access on near-
term superconducting platforms.
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APPENDIX A: EXPERIMENTAL SETUP AND
GATE CALIBRATIONS

1. Superconducting processor and qubit layout

We conducted experiments on a superconducting quan-
tum processor named Wukong, comprising 72 transmon
superconducting qubits (Q) and 126 transmon-type cou-
plers (C) arranged in a gridlike topology. The topology of
the chip is shown in Fig. 6.

We selected ten specific qubits as our experimental
platform, because their spatial arrangement forms three
connected triangular modules, satisfying the connectivity
requirements for constructing a two-layer quantum routing
network. Their basic parameters and decoherence perfor-
mance are listed in Table II. As shown, the typical energy
relaxation (T1) and dephasing (T2) times are on the order of
ten to a few tens of microseconds. Because only Q2, Q6,
and Q8 are utilized as control qutrits (address nodes) in our
routing architecture, calibrations for the second excited
state j2i (such as T21

1 and T21;E
2 ) are exclusively performed

for these three qubits. The corresponding entries for the
remaining data and path qubits are, therefore, omitted.
The relatively short overall coherence times observed on

this device arise from two primary factors. First, the
absence of Purcell filtering increases the qubits’ coupling
to the environment, which accelerates energy relaxation
and degrades coherence [65,66]. Second, we have observed
that low-frequency noise in the control hardware further
exacerbates decoherence.

2. Optimization of
ffiffiffiffiffiffiffi
CZ

p
gates via Floquet sequences

Serving as the primary component, the
ffiffiffiffiffiffiffi
CZ

p
gate

enables the precise interference pathways essential for
the quantum router demonstrated in this work. This gate
relies on the full exchange between the j11i and j02i states,
where the higher-frequency qubit occupies the latter.
However, quantifying microscopic coherent errors, such
as leakage into the noncomputational j2i state, is chal-
lenging with standard single-shot measurements. To

FIG. 6. The topology of the superconducting processor Wukong and the specific qubits used in the experiment. Solid dark circles and
connections indicate well-performing qubits and couplers across the chip, while faded light ones correspond to malfunctioning or
uncalibrated components. Ten qubits (highlighted with dark red outlines, Q1–Q10) and their corresponding couplers (highlighted in
blue, C1–C9) were selected as our experimental platform. These are arranged into three connected triangles (shaded in light red), where
each triangle functions as a modular quantum router.
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amplify these small errors into measurable population
oscillations, we employ a repeating gate circuit known
as a Floquet sequence. This section presents the theoretical
analysis and experimental optimization of the

ffiffiffiffiffiffiffi
CZ

p
gate,

along with relevant statistical data. We began by system-
atically characterizing this operation to determine suitable
Floquet sequences and optimization targets [60–62]. The
mathematical representation of the iSWAP02↔11 operation
in the fj11i; j02ig basis is given by

iSWAP02↔11ðϑ; ηÞ ¼
�
eiη cos ðϑ=2Þ −i sin ðϑ=2Þ
−i sin ðϑ=2Þ e−iη cos ðϑ=2Þ

�
;

ðA1Þ
ffiffiffiffiffiffiffi
CZ

p
¼ iSWAP02↔11ðπ; ηÞ ¼

�
0 −i
−i 0

�
; ðA2Þ

where ϑ and η denote the Rabi angle and the controlled
phase acquired during the operation [68]. Setting ϑ ¼ π
realizes the ideal

ffiffiffiffiffiffiffi
CZ

p
, which fully exchanges the pop-

ulations of states j11i and j02i.
Floquet theory can be used to analyze the dynamics of

repeated
ffiffiffiffiffiffiffi
CZ

p
gates. To construct the Floquet sequence, we

interleave the two-qubit gates with single-qubit phase
rotations. The evolution under N applications of this
composite gate ðZqq ·

ffiffiffiffiffiffiffi
CZ

p
· ZqqÞN is described by

ðZqq ·
ffiffiffiffiffiffiffi
CZ

p
· ZqqÞN ¼ e−iNΩσn ¼ I cosNΩ − iσn sinNΩ;

ðA3Þ

where

Ω ¼ arccos½cosðϑ=2Þ cosðζ=2 − ηÞ�; ðA4Þ

Zqq ¼
�
1 0

0 eiζ=2

�
; ðA5Þ

σn ¼
�
cos α sin α

sin α − cos α

�
; ðA6Þ

α ¼ arctan

�
tanðϑ=2Þ

sinðη=2 − ζÞ
�
: ðA7Þ

Here, Zqq represents a Z-gate operation applied between

the
ffiffiffiffiffiffiffi
CZ

p
gates. Interleaving these single-qubit phase

rotations (ζ) allows us to tune the interference conditions
within the sequence, isolating the specific dynamics of the
fj11i; j02ig subspace.
For the ideal case where ϑ ¼ π, we have

Ω ¼ π=2; α ¼ π=2; ðA8Þ

ðZqq ·
ffiffiffiffiffiffiffi
CZ

p
·ZqqÞN

¼
 
eiðηþζ=2Þ cos ðNπ=2Þ −i sin ðNπ=2Þ

−i sin ðNπ=2Þ e−iðηþζ=2Þ cos ðNπ=2Þ

!
: ðA9Þ

As a result, the population of state j11i (Pj11i
2i ; i ¼ 0; 1; 2…)

reaches 1 after an even number of gates, while the population

of state j02i (Pj02i
2iþ1) reaches 1 after an odd number of gates.

Under the application of 2m successive
ffiffiffiffiffiffiffi
CZ

p
gates, we

define the average population of these two states as the cost

functionCm
l ¼Pm−1

i¼0 ðPj02i
2iþ1 þ Pj11i

2i Þ=2m, which character-
izes both leakage and decoherence. For ideal operations
without relaxation or leakage, Cm

l evaluates to 100%.
In our experiment, we first adjusted the basic waveform

parameters of the
ffiffiffiffiffiffiffi
CZ

p
gate using a peak-finding algorithm

TABLE II. Relevant qubit parameters and performances for the device under test. We list qubit transition frequencies from states jii to
jji (fij) and anharmonicities α, while f12 ¼ f01 þ α. We also give qubit coherence parameters (T10

1 , T10;E
2 , T21;E

2 , T21
1 , and Γ10=Γ21),

single-qubit readout fidelities (F0=F1), and single-qubit gate fidelities (Fsq). T
ij
1 is the relaxation time from state jii to jji, and Tij;E

2 is the
T2 time obtained by the spin-echo experiment between state jii and jji. The decoherence ratio Γ10=Γ21 is T21

1 =T10
1 . Note that parameters

related to the j2i state are marked with � � � for data and path qubits, as they are calibrated only for the designated control qutrits (Q2,Q6,
and Q8).

Parameters Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10

f01 (GHz) 4.269 4.622 4.163 4.238 4.308 4.587 4.107 4.401 4.315 4.130
α (MHz) −246.6 −188.4 −242.4 −244.1 −236.7 −233.9 −243.5 −238.7 −248.3 −245.4
T10
1 (μs) 22 19 20 22 17 24 8 17 16 23

T10;E
2 (μs) 9 11 8 9 8 10 7 8 7 1

T21
1 (μs) � � � 15 � � � � � � � � � 17 � � � 14 � � � � � �

T21;E
2 (μs) � � � 7 � � � � � � � � � 8 � � � 7 � � � � � �

Γ10=Γ21 � � � 0.79 � � � � � � � � � 0.70 � � � 0.82 � � � � � �
F0 (%) 95.6 96.2 97.5 93.4 96.0 96.7 96.0 96.7 95.2 96.8
F1 (%) 89.0 91.1 90.7 88.5 91.4 88.8 89.4 89.7 91.8 90.3
Fsq (%) 99.8 99.7 99.7 99.3 99.7 99.8 99.7 99.6 99.8 99.7
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to achieve full population exchange between states j11i and
j02i [see Fig. 7(a)]. Next, we employed an N-repeat gate
circuit along with a Nelder-Mead (NM) algorithm to
optimize the detailed waveform parameters in parallel
[Fig. 7(b)]. Given the susceptibility of experimental envi-
ronments to parameter fluctuations, the gradient-free NM
method provides a robust approach for this multidimen-
sional optimization. Specifically, we adjusted the frequency
modulation amplitudes of the two interacting qubits and
their shared coupler (Δω1;Δω2;ΔωC) under a fixed gate
duration of 25 ns. The optimization objective was to

maximize Cm¼15
l ¼P14

i¼0 ðPj02i
2iþ1 þ Pj11i

2i Þ=30, minimizing
unwanted rotations and the influence of spurious two-level
systems.
Figures 7(c) and 7(d) compare the gate performance

before and after optimization. Since an ideal
ffiffiffiffiffiffiffi
CZ

p
gate

corresponds to a π rotation in this subspace, any nonideal
deviation (defined as the leakage angle θlea) accumulates
with the sequence depth N. This phase accumulation
manifests as a slow envelope modulation in the population

oscillations. We extract this leakage angle θlea by fitting the
population data at odd or even depths to the function
a sin½Nðπ − θleaÞ þ b� þ c, where a, b, and c are fitting
parameters. After optimization, this slow oscillation
envelope was suppressed, indicating a reduction in leakage.
Similar optimization procedures were performed for all
relevant qubit pairs, with the results summarized in
Fig. 7(e). The average leakage angle was controlled to
approximately 0.01π.
We observed that, even when using optimized param-

eters and a flattop Gaussian waveform, some
ffiffiffiffiffiffiffi
CZ

p
gates

exhibited minor residual leakage. A technical source of this
issue is waveform distortion, which prevents ideal non-
adiabatic population transfer between states j11i and j02i
within the 25 ns. In our system, such distortion originates
from the arbitrary waveform generators, cryogenic wiring,
and sample packaging. While digital predistortion tech-
niques, such as finite impulse response or infinite impulse
response filters [64,67,83–85], can partially mitigate these
effects, they are often insufficient for complete suppression.
Optimal control methods like gradient ascent pulse engi-
neering [86–88] provide a theoretical pathway to minimize
this leakage. However, their computational complexity and
demanding calibration requirements pose practical chal-
lenges. Machine-learning-based offline physical models
can reduce this computational overhead [89], yet a more
hardware-efficient alternative is the SNZ waveform scheme
[68,69]. By leveraging precise interference control, SNZ
pulses ensure complete population exchange between the
j11i and j02i energy levels, effectively mitigating the
impact of imperfect evolutions caused by short-timescale
distortions. Furthermore, SNZ schemes exhibit inherent
robustness to long-timescale drifts and generalized wave-
form distortions. Integrating this physically driven wave-
form engineering strategy is expected to enable higher-
fidelity two-qubit gates for future scalable routing archi-
tectures without sacrificing the simplicity of the calibration
work flow.

APPENDIX B: CONSTRUCTION OF QUANTUM
ROUTING SYSTEM

1. Controlled-SWAP based on the TCG scheme

Implementing the controlled operations necessary to
construct a quantum router via standard Clifford decom-
position typically incurs prohibitive circuit depths, making
the system highly vulnerable to decoherence in near-term
superconducting platforms. To address this overhead, this
section outlines a hardware-efficient implementation
scheme for the CSWAP operation [50,90]. In previous work,
we proposed the TCG scheme, demonstrating that con-
trolled operations can be implemented with reduced circuit
depths by utilizing higher-energy levels as auxiliary states
through transition pathway engineering [51]. Under this
framework, the TCG-based CSWAP gate requires only three

FIG. 7. Optimization of the
ffiffiffiffiffiffiffi
CZ

p
gate. (a) Landscape of the

j02i state population (P02) as a function of the energy detuning
(δεqq ¼ εj11i − εj02i) and the effective coupling strength (gqq) for
a fixed operation time of 25 ns. (b) Schematic illustration of the
N-repeat Floquet sequence setup used for optimization. (c),(d)
State population evolution as a function of sequence depth N
before (c) and after (d) Nelder-Mead optimization. The slow
envelope modulation corresponding to the accumulated leakage
error is visibly suppressed in (d). (e) Distribution of the
optimization cost C15

l (blue) and the extracted leakage angle
θlea (purple) for the nine

ffiffiffiffiffiffiffi
CZ

p
gates calibrated in our experiment

(5000 shots each). The ideal cost function value is 100%.
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ffiffiffiffiffiffiffi
CZ

p
gates, with the corresponding transition pathways

shown in Fig. 8(a). Analysis of these transition pathways
reveals that this operation exhibits multiple-flag switching
capabilities. Functioning as a controlled switch, it remains
in the off state (no SWAP operation) when the control unit is
in state j0i. Conversely, it conducts (activates the SWAP

operation) when the control unit is in states j1i or j2i. The
addressing fj0i; j1ig is a nonerasure scheme, while the
fj0i; j2ig one is an error-erasure scheme, as detailed in
Appendix F.
This effective CSWAP operation can be described

in the Hilbert subspace spanned by the basis states
fj011i; j020i; j110i; j111i; j021i; j120ig:

CSWAPQ1QCQ2

¼
ffiffiffiffiffiffiffi
CZ

p
Q1QC

⊗ IQ2
· IQ1

⊗
ffiffiffiffiffiffiffi
CZ

p
QCQ2

·
ffiffiffiffiffiffiffi
CZ

p
Q1QC

⊗ IQ2

ðB1Þ

¼ IQ1
⊗

ffiffiffiffiffiffiffi
CZ

p
QCQ2

·
ffiffiffiffiffiffiffi
CZ

p
Q1QC

⊗ IQ2
· IQ1

⊗
ffiffiffiffiffiffiffi
CZ

p
QCQ2

ðB2Þ

¼ ð−1Þ ·

0
BBBBBBBBB@

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

0 0 0 0 1 0

1
CCCCCCCCCA
; ðB3Þ

where

ffiffiffiffiffiffiffi
CZ

p
Q1QC

⊗ IQ2
¼

0
BBBBBBBBB@

1 0 0 0 0 0

0 0 −i 0 0 0

0 −i 0 0 0 0

0 0 0 0 −i 0

0 0 0 −i 0 0

0 0 0 0 0 1

1
CCCCCCCCCA
; ðB4Þ

IQ1
⊗

ffiffiffiffiffiffiffi
CZ

p
QCQ2

¼

0
BBBBBBBBB@

0 −i 0 0 0 0

−i 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 −i
0 0 0 0 1 0

0 0 0 −i 0 0

1
CCCCCCCCCA
; ðB5Þ

and I denotes the identity operation. Here, Q1 and Q2 are
data qubits, and QC is the control qutrit.
The effective CSWAP operation can be implemented in

two equivalent ways, each corresponding to a distinct yet
symmetric transition path, as shown in Fig. 8(b). In both
cases, the operation matrix is block diagonal, and the SWAP

occurs within two decoupled subspaces of the Hilbert
space. Compared to the conventional Clifford-based
decomposition, which requires circuit depths up to 14
[Figs. 8(c)–8(e)], this scheme provides a significant reduc-
tion in operational complexity.
We acknowledge that similar work has been conducted

recently in this field [91]. However, our analysis offers a
distinct perspective through the TCG framework by pro-
posing the utilization of higher energy levels as active
switches. Furthermore, while the complete CSWAP

described above is bidirectional, many quantum routing
tasks, such as QRAM address loading and unloading,
inherently require only unidirectional information transfer.
To accommodate this, the short-path TCG (SPTCG)
utilizes truncated transition pathways specifically designed
for unidirectional transmission [51]. For instance, trans-
ferring information unidirectionally fromQ1 toQ2 requires
only two

ffiffiffiffiffiffiffi
CZ

p
gates, as detailed in Appendix B 5. This

SPTCG variant retains the benefit of rapid initialization
while minimizing circuit depth, thereby providing a

FIG. 8. CSWAP operation based on the TCG scheme. (a) Tran-
sition pathways of our CSWAP operation. Two parallel transition
paths (j110i ↔ j020i ↔ j011i, j120i ↔ j111i ↔ j021i) enable
CSWAP conditional on the control qutrit states ðj1i; j2iÞ. (b) Two
equivalent composite implementations of the CSWAP operation,
each requiring only three two-qubit gates. (c)–(e) Standard CSWAP

construction based on Clifford decompositions, requiring nine
single-qubit gates and eight two-qubit CNOT gates.
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foundational building block for the scalable QRAM
architecture.

2. Quantum router construction

The core function of the QRouter is to distribute
quantum information from an input node to distinct spatial
paths conditional on a quantum control state. This section
details the structural design and construction of the
QRouter module.
For simplicity, we analyze the nonerasure scheme

(jLi ¼ j0i; jRi ¼ j1i) as a representative case.
Structurally, the QRouter module is constructed by con-
catenating two CSWAP gates, interleaved with specific
single-qubit operations, as shown in Fig. 13(a). The
primary design objective is to ensure that the input qubit
(QI) is exclusively routed to either the left path qubit (QL)
or the right path qubit (QR) depending on the logical state
of the control qutrit (QC).
To enforce this mutually exclusive routing, a bit-flip

operation (X gate) is applied to the control qutrit between the
two constituent CSWAP operations. The full logical routing
operation, denoted asUQIQCQLQR

, is constructed as follows:

UQIQCQLQR

¼ ðIQI
⊗ XQC

⊗ IQL
⊗ IQR

Þ · ðCSWAPQIQCQL
⊗ IQR

Þ
· ðIQI

⊗ XQC
⊗ IQL

⊗ IQR
Þ · ðCSWAPQIQCQR

⊗ IQL
Þ:
ðB6Þ

The operational mechanism of this constructed circuit is
deterministic: If QC is initially in the state j0i, the first
CSWAP gate remains inactive. The subsequent X gate flips
QC to j1i, thereby activating the second CSWAP gate and
routing the input data toQL. Conversely, ifQC is initially in
the state j1i, the first CSWAP gate activates, routing the data
toQR. The following X gate then flipsQC to j0i, preventing
the second CSWAP gate from executing. The final X gate in
Eq. (B6) serves to restore the control qutrit to its original
logical state, preserving the control information for sub-
sequent operations or uncomputation.
This hardware logic can bemathematically represented in

the restricted Hilbert subspace spanned by the ordered
computational basis fj0010i; j1000i; j0101i; j1100ig,
where the basis corresponds to the state vector
jQIQCQLQRi. Within this basis, the constructed QRouter
operation evaluates to the following unitary matrix:

UQIQCQLQR
¼

0
BBB@

0 −1 0 0

−1 0 0 0

0 0 0 −1
0 0 −1 0

1
CCCA: ðB7Þ

This block-off-diagonal matrix confirms that the con-
structed sequence of gates effectively realizes the

conditional operations. Having established the functional
logic and structural composition of a single QRouter
module, scaling this architecture into a network necessi-
tates a systematic strategy for physical implementation on a
hardware processor.

3. Topological mapping of routing trees on 2D grids

With the construction of an individual QRouter estab-
lished, scaling this architecture into a functional QRAM
prototype requires mapping a cascaded binary-tree network
onto a physical processor. As the system scales, the
exponential growth in required quantum components
presents a hardware-engineering challenge. Specifically,
embedding the prototype’s binary-tree architecture into a
standard planar 2D grid topology imposes severe spatial
constraints, particularly when accounting for unavoidable
fabrication defects in specific qubits or couplers [70].
To address this topological constraint, we propose a

densely packed triangular scheme. In this model, each
fundamental QRouter is represented as an isosceles triangle
comprising four physically adjacent qubits on the 2D grid.
The overall QRAM network is then formed by a cascade of
such triangles, effectively emulating the logical binary tree.
To optimize qubit utilization while mitigating the impact of
defective hardware components, the constituent triangles
are packed in accordance with two geometric design
principles: (i) Triangles must be connected at their vertices
in pairs to form the routing tree structure, and (ii) the
resulting network must not enclose any isolated regions
(i.e., avoiding closed loops) to ensure that the QRouters do
not physically overlap.
To implement this scheme, we developed a heuristic

layout algorithm that initiates from a designated seed
triangle [labeled S in Fig. 9(a)] and iteratively expands
triangular links into topologically favorable regions. By
computing all possible seed locations across the processor,
we identified the most compact and defect-tolerant con-
figurations. The specific layout utilized in our experiment,
shown in Fig. 9(a), was selected based on an evaluation of
regional qubit coherence, operational crosstalk, and pre-
vailing hardware constraints.
Furthermore, we simulated the optimal packing geom-

etries for an ideal Wukong processor with a complete
12 × 6 topology. The optimal configurations consistently
place the seed triangle near the geometric center of the
processor grid, indicating a radial expansion strategy for
maximizing packing efficiency.
Structural analysis reveals that this densely packed

scheme can accommodate up to a five-layer routing system
on this grid without topological conflict. Scaling beyond
this five-layer limit on a purely planar architecture intro-
duces physical overlaps between separate QRouters, neces-
sitating short-range quantum interconnects or dynamic
SWAP networks to cross intermediate routing lines. This
observation highlights the limits of planar embedding and
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the necessity of hardware-aware layout designs.
Nonetheless, the proposed triangular packing scheme
establishes a scalable topological framework for arranging
QRAM hardware.

4. Circuit design and parallelization for QRAM

Translating the static physical layout of the cascaded
network into a functional memory requires a synchronized
circuit execution protocol. While QRAM represents the
comprehensive memory application, its operational core is
fundamentally driven by the quantum routing system.
Because the complex memory access protocols are entirely
orchestrated by the dynamic signal distribution of individ-
ual QRouter modules, our work deliberately emphasizes
the design and optimization of this routing system. By
defining the routing system as a network of independent
modular components, the logical operations of a single
QRouter naturally extend to the entire architecture, ena-
bling consistent and parallel execution across the array.
The overall QRAM structure, depicted in Fig. 10(a),

adopts a binary-tree architecture. The physical qubits are
hierarchically divided into an input bus, address layers, and
data layers. At the top of the tree resides the bus, which
orchestrates both address and data transmission. Each gray
box denotes a QRouter module, whose intermediate qubits
serve as control nodes, thereby forming the address layer.
The remaining qubits constitute the data layer, responsible
for routing and temporarily storing quantum information. In
practical architectures, the lowest-level data qubits are
typically connected to classical memory resources to facili-
tate quantum-classical data transduction [3,5–7,50,92].

To address the query latency characteristic of deep
cascaded networks, we designed the quantum circuits
illustrated in Fig. 10(b). According to the circuit definitions,
the underlying operations are classified into SWAP gates,
unidirectional QRouters, and bidirectional QRouters (blue-
green). The memory access protocol proceeds in three
parallelized phases: (i) address setting (Ai) to establish
coherent traversal routes; (ii) data fetch, where data inputs
(Di) propagate along the defined paths to interact with the
memory via data copy operations (Mi); and (iii) uncomput-
ing, where the sequence is coherently reversed through the
same route to reset the routing network.
To maintain uniform query latency across all possible

address paths, the SWAP and QRouter operations are applied
in a fixed sequential order regardless of the queried address.
Across the cascaded routing system, operations targeting
nodes within the same architectural layer operate on
disjoint sets of qubits and are, thus, executed simultane-
ously as unified layered operations. Furthermore, as suc-
cessive address or data bits propagate through the network,
operations across different layers overlap in execution time.
This controlled combination of intralayer concurrency and
pipelined parallelism is enabled by the localized structure
of the digital QRouter components, thereby compressing
the total circuit duration.
We also note that specific memory operations inherently

involve unidirectional data flow. During the initial and final
stages of the QRAM process (e.g., the address setting and
uncomputing sequences), information propagates strictly
forward or backward, invoking the unidirectional routing
modules (green blocks in Fig. 10). As established in

...

(a)

(b)

(c)

S

S

S

FIG. 9. Layout of the routing network for QRAM on a grid-based quantum processor. (a) QRouters are arranged in an isosceles
triangular pattern within a regular 2D grid topology. By applying optimization constraints and our layout algorithm, we achieved an
optimal arrangement on the physical processor. This illustrates the layout for a two-layer quantum routing network, where the color
gradient from dark red to light red indicates ascending network layers. The label S denotes the “seed” triangle, which serves as the
foundational starting point for our network layout algorithm. Within each QRouter, the central qubit (yellow) serves as the address node,
while the peripheral qubits (green and blue) function as data nodes. To accommodate hardware defects and practical decoherence
limitations, a portion of the ideal layout is truncated for the experimental implementation of the two-layer system. (b) An optimal
simulated layout for a four-layer routing network on a defect-free 12 × 6 processor grid. (c) An example of the maximally dense five-
layer system layout achievable on a defect-free processor.
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Appendix B 1, this unidirectional requirement allows the
substitution of the full QRouter with the optimized SPTCG
module. Furthermore, under the TCG framework, the con-
stituent SWAP gates can be decomposed into a combination of
a single

ffiffiffiffiffiffiffi
CZ

p
gate and local single-qubit rotations, replacing

the standard three-CNOT implementation. This reduction in
operational overhead directly mitigates cumulative gate
errors, increasing the viability of executing complex routing
algorithms on current generation processors [51].
To physically implement the routing networkwithminimal

decoherence overhead, we employ a highly parallelized gate
scheduling strategy. Figure 11 illustrates this optimization for
a two-layer routing system. While the abstract logical circuit
[Fig. 11(b)] implies a sequential cascade of routing oper-
ations, the underlying gate-level executions can be signifi-
cantly overlapped. As depicted in the topological layout
[Fig. 11(a)] and the corresponding gate sequence [Fig. 11(c)],
the operations of the second-layer QRouters (green and
yellow blocks) do not strictly require the complete termi-
nation of the first-layer QRouter (red block). Instead, once the
initial excitation transfer to the intermediate nodes (Q3 and
Q4) is achieved, the subsequent routers can immediately
initiate their local entangling sequences in a pipelined fashion.
A naive, fully serialized execution of this three-node network
would necessitate a total two-qubit gate depth of 24 (com-
prising eight layers per individual QRouter). By actively
overlappingnoninterferinggate layers, our parallel-optimized
circuit compresses the total depth to 18. This reduction in

circuit depth is highly advantageous for near-term super-
conducting processors, as it restricts the temporal window for
environmental decoherence and directly mitigates the accu-
mulation of coherent gate errors across the expanded QRAM
architecture.
In summary, the integration of synchronized circuit

parallelism, TCG-optimized operations, and hardware-
aware triangular layouts establishes a comprehensive
foundation for the quantum routing system. This holistic
codesign approach significantly reduces the physical depth
and operational latency of the routing circuits. Ultimately,
by providing a complete bottom-up blueprint that spans
from fundamental gate-level optimizations to system-level
execution, this work demonstrates a practical pathway for
scaling complex architectures such as QRAM on near-term
superconducting platforms.

5. Unidirectional routing via short-path TCG

While the preceding sections focused on the implemen-
tation of fully bidirectional quantum routers, practical
QRAM architectures often feature distinct data-loading
(writing) and data-retrieval (reading) phases. Because these
specific processes strictly require only unidirectional infor-
mation transfer, employing a full, symmetric routing
protocol introduces unnecessary operational overhead. To
optimize for these task-specific deployments, this section
presents the design of unidirectional quantum routers
implemented via the SPTCG scheme [51]. The SPTCG

FIG. 10. Hierarchical structure and quantum circuits for bucket-brigade QRAM operations. (a) Schematic of the binary-tree
architecture. Qubits are functionally categorized: green circles represent data qubits, yellow circles indicate control (address) qubits, and
gray boxes define individual QRouter modules. The dashed legend box defines the specific circuit components: SWAP operations
(orange), unidirectional routing modules (green), and bidirectional routing modules (blue-green). It also introduces the operational
notations for address bus input (Ai), data bus input (Di), and data copy (Mi). (b) Generalized quantum circuit for QRAM data access.
The execution flow is orchestrated into three parallelized phases: address setting, data fetch (interacting with memory via Mi), and
uncomputing via inverse operations to reset the network.
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scheme deliberately employs a truncated, asymmetric
evolution process to achieve directed state transitions.
By utilizing only half of the available transition pathways
compared to the full TCG framework, this approach
significantly reduces the required quantum resources and
simplifies the underlying circuit implementation.
To physicalize this concept, we introduce the short-path

controlled-SWAP (SP-CSWAP) operation, as illustrated in
Fig. 12. This operation breaks the symmetry of the full
CSWAP gate to dictate a unidirectional excitation transfer
(unidirectional arrow), as shown in Fig. 12(a). For instance,
the abbreviated sequence shown in Fig. 12(b) utilizing the
fj0i; j1ig control basis enforces the cascaded evolution
j110i → j020i → j011i, routing quantum data from Q1 to
Q2. For data retrieval (e.g., fromQ2 toQ1), one simply applies
the spatially reversed pulse sequence in Fig. 12(c). Note that,
while this shorter-depth scheme implements unidirectional
routing, it trades off compatibility with our qutrit-based error-
erasure protocol (which relies on the j2i address encoding).
This inherent directional duality naturally serves

as the foundational building block for constructing two
specialized memory variants: quantum write-only memory
(QWOM) and quantum read-only memory (QROM) [3].
As depicted in Figs. 12(c) and 12(d), QWOM relies on one
operational basis to direct data strictly from the bus into the
memory register, whereas QROM utilizes the inverse basis
to extract data from the memory back to the bus. By
replacing the generalized bidirectional routers with these
targeted SP-CSWAP modules, the required circuit depth is

reduced to approximately 67% of the original implemen-
tation. This substantial compression in circuit depth mit-
igates cumulative gate errors and decoherence, making the
streamlined SPTCG architecture a highly scalable and
compelling candidate for near-term specialized quantum
memory applications.

APPENDIX C: EXPERIMENTAL VERIFICATION
OF ROUTING FUNCTIONALITY IN THE

QUANTUM ROUTING SYSTEM

1. Deterministic routing and address-path
entanglement

The primary objective of a quantum router is to direct
incoming quantum information to designated spatial paths
dictated by a control state. Establishing a fully functional
QRouter requires demonstrating two core functionalities.
First, the device must act as a deterministic switch,
accurately routing data to a specific path when provided
with a definite, classical-like address state. Second, and
crucially, it must preserve quantum coherence when the
address is prepared in a superposition. Under such con-
ditions, the router does not collapse the input onto a single
trajectory. Rather, it coherently distributes the data across
multiple paths, generating entanglement between the
address and the physical spatial paths. This address-path
entanglement serves as the definitive signature of a genuine
quantum routing process.

FIG. 11. Gate-level parallelization of the two-layer quantum routing circuit. (a) Topological layout of the two-layer routing system,
with individual QRouter modules highlighted by distinct color blocks. (b) Logical circuit representation of the generalized two-layer
routing network. (c) Parallel-optimized gate sequence for the circuit depicted in (b). By scheduling the execution of the second-layer
QRouters (green and yellow blocks) to overlap with the latter stages of the first-layer QRouter (red block), the total gate depth is
compressed from 24 to 18.
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We evaluate these dual capabilities in our hardware.
Within this framework, we decouple the validation process
into two distinct experimental phases. This decoupling is
achieved by parametrizing the control qutrit’s initial state
with two degrees of freedom: jψci ¼ cosðθ=2ÞjLi þ
eiϕ sinðθ=2ÞjRi. Here, jLi ¼ j0i denotes the inactive control
state, while jRi represents the active control flag, which can
be flexibly chosen as either j1i or j2i due to the multiflag
switching capability of our TCG scheme. Specifically,
varying the amplitude parameter θ allows us to assess the
deterministic routing distribution, while tuning the phase
parameterϕ enables us to verify the preservation of quantum
coherence and the resulting entanglement.
First, we verify the routing ratio governed by θ. We

prepare the input qubit (QI) in the excited state j1i, forming
the initial combined state jΨini¼j1iQI

⊗jψciQC
⊗j00iQLQR

.
Applying the routing operator UQIQCQLQR

(derived in
Appendix B) to this state induces the spatial distribution.
Expressed as a column vector in the relevant operational
basis fj0L10i; j1L00i; j0R01i; j1R00ig, the initial state S
and the final routed state S0 are, respectively,

S ¼ eiτð0; cosðθ=2Þ; 0; eiϕ sinðθ=2ÞÞT; ðC1Þ

UQIQCQLQR
S ¼ −eiτðcosðθ=2Þ; 0; eiϕ sinðθ=2Þ; 0ÞT; ðC2Þ

where τ is an adjustable global phase. From UQIQCQLQR
S,

we can extract the expected theoretical populations for the
respective routing paths, denoted as PL and PR:

PL ¼ Pj0L10i ¼ cos2ðθ=2Þ; ðC3Þ

PR ¼ Pj0R01i ¼ sin2ðθ=2Þ: ðC4Þ

As shown in Fig. 13(b), the measured populations PL and
PR closely follow this expected θ dependence. Although
this agreement validates the device’s capability to act as a
tunable population distributor, identical statistics could be
produced by a classical probabilistic switch.
To definitively confirm the genuinely quantum nature of

this routing process, the second step is to verify the phase
relationship governed by ϕ. We initialize the control
qutrit in an equal superposition (θ ¼ π=2), resulting
in jΨini ¼ ðj1L00iQIQCQLQR

þ eiϕj1R00iQIQCQLQR
Þ= ffiffiffi

2
p

.
After the routing operation, the input qubit QI
deterministically returns to the j0i state and entirely disen-
tangles from the rest of the system. The remaining three
qubits (QC, QL, and QR) are left in a tripartite entangled
Greenberger-Horne-Zeilinger-like cat state: ðjL10i þ
eiϕjR01iÞ= ffiffiffi

2
p

. In this state, the relative quantum phase ϕ
is nonlocally stored across the three-qubit system. Repre-
sented in the reduced three-qubit basis fjL00i; jL01i;…;
jR11igQCQLQR

, this intermediate state S0þ is

S0þ ¼ 1ffiffiffi
2

p �
0 0 1 0 0 eiϕ 0 0

�
T: ðC5Þ

Because the relative phase ϕ cannot be extracted through
direct population measurements, we map this phase infor-
mation onto population observables via a parity interference
measurement. By applying globalXπ=2 rotations to the three
remaining qubits (X⊗3

π=2), we force the separate components
of the cat state to interfere. This yields the final state S00þ:

S00þ ¼ X⊗3
π=2 · S

0þ

¼ 1

4

0
BBBBBBBBBBBBBBB@

−i − eiϕ

−1 − ieiϕ

1þ ieiϕ

−i − eiϕ

−1 − ieiϕ

iþ eiϕ

−i − eiϕ

−1 − ieiϕ

1
CCCCCCCCCCCCCCCA

: ðC6Þ

FIG. 12. Unidirectional quantum routing based on the SPTCG
scheme. (a) Transition pathways of the SPTCG scheme for the
short-path CSWAP (SP-CSWAP) operation. Unlike the full CSWAP

gate, the state evolution in the SP-CSWAP operation is asymmetric
and unidirectional (e.g., j110i → j020i → j011i). (b) Circuit
implementation of the SP-CSWAP using the control basis
fj0i; j1ig. (c),(d) Schematic representations of quantum write-
only memory (QWOM) and quantum read-only memory
(QROM), respectively. By employing the complementary oper-
ations detailed in (b) and (c), the QRouter facilitates targeted,
unidirectional data transfer for these specificmemory applications.
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The resulting probability P ¼ jS00þj2 becomes

P ¼ 1

8

0
BBBBBBBBBBBBBBB@

1þ sinϕ

1 − sinϕ

1 − sinϕ

1þ sinϕ

1 − sinϕ

1þ sinϕ

1þ sinϕ

1 − sinϕ

1
CCCCCCCCCCCCCCCA

: ðC7Þ

We categorize these basis states by their logical excitation
parity. By mapping the inactive state jLi to a logical
0 and the active flag jRi to a logical 1, the total population
of logically odd-parity states (i.e., jL01i, jL10i, jR00i,
and jR11i) is denoted as PO, which evaluates to
½1 − sinðϕþ δϕÞ�=2. Conversely, the sum of logi-
cally even-parity populations (PE) evaluates to
½1þ sinðϕþ δϕÞ�=2. Here, δϕ represents a deterministic
single-qubit phase offset that is compensated using virtual

Z gates [93]. As depicted in Figs. 13(e) and 13(f), the
measured odd- and even-parity populations exhibit the
expected high-contrast complementary oscillations. This
interference confirms the successful generation of coherent
address-path entanglement, establishing the module as a
genuine quantum router.

2. Cascaded routing and system-level verification

While the preceding section validates the generation of
address-path entanglement within a single QRouter, prac-
tical QRAM architectures require quantum information to
cascade through multiple routing nodes. To demonstrate the
scalability and addressing accuracy of the physical layout,
we performed system-level routing verification on our two-
layer quantum routing network. Figure 14 illustrates the
experimental configurations and the corresponding results.
In the first set of experiments, we initialized the root

input qubit to the excited state j1i and validated the
sequential addressability of the network by continuously
varying the control addresses (Ac

1 and Ac
2) of nodes C1 and

C2. This is achieved by adjusting the amplitude parameters
θ1 and θ2 and subsequently measuring the excitation
transfer to the target data qubits D1 and D2. The resulting

FIG. 13. Experimental verification of address-path entanglement in the QRouter. (a),(c) Experimental pulse sequences for
characterizing the amplitude (θ) and phase (ϕ) dependence of the routing operations, respectively. (b) Measured routing populations
as a function of θ. The deterministic routing ratio follows the theoretical probability governed by θ while remaining independent of the
relative phase ϕ. (d) Schematic of the phase-interference protocol. Following the routing operation, the input qubit disentangles
(returning to the j0i state), leaving the remaining subsystems in a three-qubit entangled cat state ðjL10i þ eiϕjR01iÞ= ffiffiffi

2
p

. Applying
global Xπ=2 rotations maps the relative phase ϕ onto the excitation parity of the final state. (e) Interference patterns obtained by sweeping
the address phase ϕ. The measured populations of individual logically odd- and even-parity states oscillate in agreement with the
theoretical ½1 ∓ sinðϕþ δϕÞ�=8 distributions, incorporating the phase offset δϕ. (f) Aggregated populations for the odd-parity (PO) and
even-parity (PE) subspaces extracted from (e), demonstrating complementary oscillations that confirm coherent address-path
entanglement.
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population landscapes, shown in Fig. 14(a), reveal that,
when θ1 ¼ 0 and θ2 ¼ 0, the population of D1 reaches a
maximum of Pmax

1 ¼ 93.96%. This observation aligns with
the theoretical cos2ðθ1=2Þ cos2ðθ2=2Þ dependence.
Similarly, for θ1 ¼ 0 and θ2 ¼ π, we observe a maximum
population of Pmax

2 ¼ 92.51% in D2, corresponding
to the cos2ðθ1=2Þ sin2ðθ2=2Þ transmission amplitude.
These results confirm reliable and selective quantum
routing behavior across successive network layers, a con-
clusion further corroborated by matching numerical
simulations.
A second set of experiments assessed an independent

routing branch targeting path qubits D3 and D4, as shown
in Fig. 14(b). Here, the initial excitation is directed to the
right network branch by setting θ1 ¼ π. By subsequently
varying θ3 of nodeC3, we observe that the population ofD3

reaches a maximum of Pmax
3 ¼ 92.23% at θ3 ¼ 0, which is

consistent with the theoretical sin2ðθ1=2Þ cos2ðθ3=2Þ dis-
tribution. Correspondingly, for θ3 ¼ π, the population of
D4 maximizes at Pmax

4 ¼ 88.38%, aligning with the
sin2ðθ1=2Þ sin2ðθ3=2Þ. The slightly reduced excitation
transfer observed for D4 is a direct consequence of the
limited coherence properties of its designated physical
carrier (qubit Q7), which exhibits a comparatively short
relaxation time of T1 ¼ 8 μs.
In summary, the successful execution of these indepen-

dent routing branches validates the structural viability of
the cascaded architecture. Despite the inevitable
decoherence inherent in near-term superconducting pro-
cessors, the cascaded network maintains high routing
fidelity and deterministic addressing accuracy. These sys-
tem-level results confirm the functional integrity of the
architecture under a densely packed triangular layout,
thereby establishing the experimental foundation required
to deploy the complex, highly parallelized QRAM circuits.

APPENDIX D: TOMOGRAPHIC
CHARACTERIZATION

To evaluate the performance of our quantum routing
architecture, we begin in this section by employing tradi-
tional QST to reconstruct the exact output states of a single
QRouter. By combining experimental QST with extended
numerical simulations, we uncover a state- and path-
dependent decoherence mechanism inherent to the
QRouter. Because characterizing every possible routing
path via full QST requires an exponentially growing
number of measurements and becomes practically unscal-
able for larger networks, these findings directly motivate
the need for a holistic, scalable benchmarking protocol.
This unified metric, which we introduce as the RAT, is
detailed in the subsequent section.

1. QST for QRouters

To verify the coherent generation of the routed states at
the fundamental hardware level, we first performed QSTon
a single QRouter under various address configurations.
However, because raw tomographic data in superconduct-
ing processors are highly susceptible to readout classifi-
cation errors, extracting an accurate physical density matrix
requires a rigorous data processing pipeline.
Before evaluating the experimental fidelities, we adopted

the iterative Bayesian unfolding (IBU) method [94] to
correct these measurement errors. This approach over-
comes the inherent limitations of conventional matrix-
inversion techniques, such as the generation of unphysical
negative probability entries and the amplification of stat-
istical uncertainties.
For our n-qubit system, we define a 2n × 2n response

matrix R that maps the ideal probability distribution of the
prepared states to the experimentally observed distribution.

FIG. 14. Experimental verification of two-layer system routing performance. (a),(b) Characterization of the routing behavior for two
independent network branches, targeting the data qubit pairs fD1; D2g and fD3; D4g, respectively. The color maps compare the
experimentally measured target-qubit populations (top rows) with numerical simulations (bottom rows) as a function of the cascaded
address-control parameters. Specifically, (a) maps the population against θ1 and θ2, while (b) maps it against θ1 and θ3. The
experimental data demonstrate strong agreement with the theoretical transmission amplitudes across both hardware branches.
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Here, Rij ¼ Prðmeas ¼ ijprep ¼ jÞ represents the condi-
tional probability of obtaining outcome i given that state j
was prepared. The matrix R is constructed through exhaus-
tive single-shot calibration experiments on the target qubits,
under the assumption of negligible readout crosstalk. Given
the experimentally measured noisy probability distribution
w, the IBU algorithm iteratively estimates the corrected
distribution v as

vðtþ1Þ
j ¼

X2n−1
i¼0

wi

Rijv
ðtÞ
jP

2n−1
k¼0 Rikv

ðtÞ
k

; ðD1Þ

where t is the iteration index and vð0Þ is the initial guess,
typically chosen as a uniform distribution. In our imple-
mentation, the number of IBU iterations is capped at a
maximum of 50.
Following the IBU readout correction, we utilized a

maximum-likelihood estimation procedure to extract the
closest positive semidefinite, trace-one physical density
matrix [95]. The final QST fidelity is then computed as
FQST ¼ hΨjρjΨi, where jΨi denotes the ideal target pure
state and ρ represents the experimentally reconstructed
density matrix.
With this rigorous pipeline established, we characterized

the QRouter performance both with and without the
application of the erasure-detection scheme, as illustrated
in Fig. 15. We performed three-qubit QSTon the subsystem
QC,QL,QR, and experimental results indicate that erasure-
detection improves the overall QST fidelity by approx-
imately 3%–5%, though further hardware-level enhance-
ment remains possible. The residual errors primarily stem
from unavoidable environmental decoherence, imperfect
initial state preparation, and residual leakage during theffiffiffiffiffiffiffi
CZ

p
operations.

2. QST simulations and state-dependent performance

While experimental QST provides an exact snapshot of a
single routing operation, evaluating the architecture’s
scalability requires understanding how errors accumulate
over deep cascaded circuits across diverse input states. To
investigate this, we performed full QST-based numerical
simulations to assess the routing performance across a
representative set of classical and quantum input states.
As detailed in Table III, these simulations focus on the

nonerasure protocol and rigidly follow the experimental
QST procedure. Setting the baseline decoherence param-
eters to T1 ¼ 20 μs and T2 ¼ T1=2, the resulting output
density matrices following a single-layer QRouter oper-
ation are presented in Figs. 16(a)–16(f). These single-layer
simulations demonstrate coherent routing while revealing
an inherent state-dependent sensitivity to decoherence:
Input states with fewer physical excitations or less super-
position content consistently yield higher QST fidelities.

To further quantify how these state-dependent errors
accumulate over deep circuits, we extended our simulations
to sequences of 2N þ 1 consecutive QRouter operations,
motivated by the tomographic error analysis methodology
in Ref. [37]. We extracted an effective decay factor by
fitting the resulting sequence fidelities to the empirical
model:

fQSTðNÞ ¼ aþ bp2Nþ1; ðD2Þ

where 1 − p is the decay factor and a and b are fitting
parameters. Under the baseline decoherence condition,
Figs. 17(b) and 17(c) summarize the fidelity decay trajec-
tories and the extracted decay factors. Notably, when both
the address and information registers are prepared in a
quantum superposition (labeled as QQ), the routing fidelity
exhibits the steepest decay. This is consistent with the
combined detrimental impact of longitudinal relaxation and
rapid dephasing acting simultaneously on both registers.
Conversely, when only the information qubit is excited
(CC0), the accumulated error is minimized, as the

FIG. 15. QST results for QRouters. Left column: density
matrices obtained under the nonerasure scheme for addresses
j1i, j0i, and jþi ¼ ðj0i þ j1iÞ= ffiffiffi

2
p

, shown in (a), (c), and (e),
respectively. Right column: density matrices obtained after
postselection under the erasure scheme for addresses j2i, j0i,
and jþ0i ¼ ðj0i þ j2iÞ= ffiffiffi

2
p

, shown in (b), (d), and (f), respec-
tively. The reconstructed matrices are averaged over ten inde-
pendent QST experiments, each utilizing 10 000 measurement
shots.
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population relaxation of the information qubit becomes the
dominant error channel.
A necessary caveat when interpreting these fitted decay

factors is the presence of distinct asymptotic fidelities
across different state types. For example, when the infor-
mation register is in a superposition, the fitted decay factor
obtained for an excited address (QC1) can appear smaller
than that for a ground-state address (QC0), despite excited-
address paths experiencing strictly stronger longitudinal
decay. This mathematical artifact arises because QC0 final
states have a greater intrinsic overlap with the global
ground state, which artificially raises the asymptotic

convergence level and confounds direct comparisons of
the raw fitted parameter p. Because our empirical model
assumes a common idealized asymptote, p should not be
directly compared across configurations with different
physical convergence limits. We acknowledge this caveat
and plan to investigate generalized, asymptote-aware fitting
procedures in future work.
Finally, to isolate the impact of pure dephasing,

Figs. 17(d) and 17(e) present analogous simulation results
for a dephasing-suppressed scenario (T1 ¼ 20 μs,
T2 ¼ 2T1). As expected, reducing transverse dephasing
uniformly increases fidelities and lowers the effective decay

TABLE III. Input-output state types for the QRouter simulations. The state-type nomenclature follows the format
{information state type, address state type, address value}. The letters Q and C denote whether the respective
register is prepared in a quantum superposition or a classical basis state. The numerical suffix “1” (or “0”) indicates
that the selected target address is the state j1i (or j0i).
State type Input state Target state

CC0 j1000i j0010i
CC1 j1100i j0101i
QC0 1ffiffi

2
p ðj1000i þ j0000i) 1ffiffi

2
p ðj0010i þ j0000i)

QC1 1ffiffi
2

p ðj1100i þ j0100i) 1ffiffi
2

p ðj0101i þ j0100i)
CQ 1ffiffi

2
p ðj1000i þ j1100i) 1ffiffi

2
p ðj0010i þ j0101i)

QQ 1
2
ðj0000i þ j0100i þ j1000i þ j1100i) 1

2
ðj0000i þ j0100i þ j0010i þ j0101i)

%98.5
F

%97.0
F

%97.4
F

%96.0
F

%91.6
F

%93.5
F
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(c) (d)
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FIG. 16. Quantum state tomography simulation results under
different initial states. (a)–(f) display the simulated output density
matrices for a representative set of classical and quantum input
states (as defined in Table III) following a single-layer QRouter
operation.

(d) (e)
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×2N+1
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FIG. 17. Simulated QST fidelity decay under repeated QRouter
operations. (a) Experimental setup. We evaluate the QST fidelity
after a sequence of 2N þ 1 consecutive QRouter operations for
various input state types. (b),(c) QST fidelity (FQST) decay curves
and the corresponding extracted decay rates under the
decoherence condition T2 ¼ T1=2. (d),(e) QST fidelity decay
curves and the corresponding extracted decay rates under the
improved decoherence condition T2 ¼ 2T1.
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rates. The most significant improvements are observed for
state types involving superpositions in either register.
Crucially, these state-dependent sensitivities underscore

a fundamental challenge in QRAM architectures: Different
paths within a bucket-brigade network incur vastly different
error budgets depending on their specific excitation pro-
files. Because full QST requires an exponentially growing
number of measurements and cannot efficiently capture this
holistic, path-dependent variation in a large-scale system,
evaluating the entire routing network path by path is
practically unscalable. This intrinsic nonuniformity and
scaling bottleneck serve as the primary physical motivation
for introducing a unified, scalable benchmarking metric,
the RAT, which we detail in Appendix E.

APPENDIX E: THE RAT PROTOCOL

1. Physical motivation

The primary motivation for developing the RAT protocol
stems from the path-dependent nature of address
decoherence inherent in binary-tree routing architectures.
In the bucket-brigade (BB)-QRAM framework, the number
of independently addressable paths scales exponentially
with the layer count L, as illustrated in Fig. 18(a). Crucially,
each routing path exhibits distinct performance character-
istics due to the varying decoherence vulnerabilities of its
specific address configuration. This path-dependent
decoherence process consequently induces highly nonuni-
form error profiles across the routing network.

(a)
10

10 10

10

(b) (c)

...

 L = 1

 L = 2

2
L

10 10

 L = 1

(d) (e)
 L = 2

(f) µ µ µ µ µ µ µ µ

FIG. 18. Path-dependent decoherence and its impact on quantum routing performance. (a) Schematic illustration of path-dependent
decoherence in the quantum routing network. Paths dictated by an address register in the global ground state suffer the least coherence
loss (marked in green), while paths routing through all-excited address qubits experience the most severe decoherence (marked in red).
This disparity in decoherence across different paths becomes increasingly pronounced as the router depth L increases. (b) One-layer
(L ¼ 1) comparison of transmission error rates for fixed addresses (j0i; j1i; jþi) and for randomly sampled addresses (labeled “Rand.”),
with T2 ¼ 2T1. The fixed-address error rates correlate strongly with the excited-state population of the corresponding address register.
(c) The same comparison as in (b) but for a stronger dephasing regime (T2 ¼ T1=2). The reduced T2 increases error rates across all
address types but impacts superposition addresses the most severely. (d) Two-layer (L ¼ 2) comparison of fixed and random addresses.
The label C1C2 denotes the first- and second-layer address choices, where L (left) indicates the ground-state branch and R (right)
indicates the excited-state branch. “QQ” denotes the set of fully superposed addresses. Results are shown for T2 ¼ 2T1 and mirror the
trends observed in (b). (e) The same as (d) but for T2 ¼ T1=2. The trends are analogous to (c), with superposition-addressed paths
exhibiting pronounced fidelity loss under stronger dephasing. (f) Comparison between fixed-address transmission simulations and
random-address test fidelities across various decoherence parameter sets. Each column displays a violin plot summarizing the
probability distribution of simulated transmission fidelities across all 64 possible address paths for that specific parameter set.
Specifically, the horizontal width of the shaded region at any given vertical axis value represents the probability density (or relative
frequency) of routing paths achieving that specific fidelity. The solid black line within each violin indicates the sample mean value of all
paths, while the diamond marker positioned to the right of each violin denotes the corresponding random address transmission fidelity
(RAT) for the same parameter set.
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Specifically, we consider two distinct physical error
mechanisms: longitudinal relaxation (amplitude damping)
and transverse relaxation (dephasing). Under pure longi-
tudinal relaxation, the error rates correlate directly with the
total number of excited states present in the address
configuration. For instance, the routing path dictated by
an all-excited address register [marked in red in Fig. 18(a)]
suffers maximal fidelity degradation, whereas the path
corresponding to the global ground-state address (marked
in green) demonstrates significantly reduced error suscep-
tibility. The introduction of transverse relaxation further
compounds this disparity, as paths relying heavily on
superposition amplitudes experience enhanced dephasing
penalties. Device-level nonuniformities, particularly qubit-
specific variations in coherence times, further amplify these
performance discrepancies across individual network paths.
Because the number of paths grows exponentially,

traditional benchmarking methods that require exhaustive
per-path tomographic analysis quickly become intractable.
To overcome this scalability bottleneck, we propose the
RAT protocol—a characterization scheme specifically tail-
ored for large-scale quantum routing systems. By employ-
ing stochastic address sampling, the RAT efficiently
averages out these path-dependent errors, providing a
scalable, single-value metric for comprehensive system
performance evaluation.

2. Theoretical analysis

To formally understand the physical implications of the
RAT in a quantum router network, we model the system as
a binary tree of depth L, representing a QRAM architecture.
There are N ¼ 2L possible pathways from the root to the
leaves, indexed by a binary string x∈ f0; 1gL.
In the RAT protocol, an address sequence a ¼

ða1; a2;…; aLÞ is generated, where each address state ai
is uniformly sampled from the set A ¼ fj0i; j1i; jþi; j−ig.
We assume the data qubit experiences a path-dependent
depolarizing channel with an intrinsic fidelity Fx when
traversing the specific path x, while the address qubits are
considered ideal to isolate the routing transmission errors.

a. Path averaging

To evaluate the overall performance of a spatially
heterogeneous QRAM, it is crucial that the benchmarking
protocol does not bias toward any specific high-performing
or defective hardware branch. The RAT protocol achieves
this by utilizing a randomized address sequence that
inherently balances the population distribution across the
entire network. Furthermore, the inclusion of coherent
states simulates the complex, simultaneous multibranch
queries typical of quantum algorithms. We formalize this
path-averaging mechanism and query simulation in the
following theorems.

Theorem 1 (uniform path sampling). Under the uniform
sampling of address states ai ∈A, the expected population
distribution (probability of data routing) across all 2L

pathways is perfectly uniform, despite the absence of the
j � ii states.
Proof. For a single quantum router at layer i, let pðLjaiÞ

and pðRjaiÞ denote the population fraction of the data qubit
routed to the left and right branches, respectively. Based on
the controlled-SWAP dynamics,

(i) if ai ∈ fj0i; j1ig, the routing is deterministic:
pðLj0Þ¼1;pðRj0Þ¼0, and pðLj1Þ¼ 0;pðRj1Þ¼ 1;

(ii) if ai ∈ fjþi; j−ig, the data qubit is routed into an
equal superposition. Tracing out the relative phase
yields a balanced population: pðLj�Þ ¼ 1=2 and
pðRj�Þ ¼ 1=2.

Since each state is chosen with probability PðaiÞ ¼ 1=4,
the marginal probability of routing to the left branch is

E½pðLÞ� ¼ 1

4

�
1þ 0þ 1

2
þ 1

2

�
¼ 1

2
: ðE1Þ

By symmetry, E½pðRÞ� ¼ 1=2. Because the address state at
each layer is chosen independently, the expected proba-
bility of reaching any specific leaf x is

Q
L
i¼1ð1=2Þ ¼ 1=2L.

Thus, the sampling covers all branches uniformly. ▪
Theorem 2 (arithmetic mean of network fidelity).

Assuming ideal addressing operations, the overall survival
fidelity F̄RAT measured by the RAT protocol is exactly the
arithmetic mean of the fidelities of all individual physical
paths in the router network.
Proof. For a specific address sequence a, let pðxjaÞ be

the deterministic population fraction reaching path x. The
fidelity of the network for this specific query is
FðaÞ ¼Px pðxjaÞFx. The RAT protocol repeats this
process over a uniformly sampled ensemble of sequences
a. The measured fidelity is the expectation value over this
ensemble:

F̄RAT ¼ Ea

�X
x

pðxjaÞFx

�
¼
X
x

Ea½pðxjaÞ�Fx: ðE2Þ

According to Theorem 1, Ea½pðxjaÞ� ¼ 1=2L for all x.
Therefore,

F̄RAT ¼ 1

2L

X
x

Fx: ðE3Þ

This demonstrates that the fj0i; j1i; jþi; j−ig basis selec-
tion perfectly hedges the spatial heterogeneity of the
network, yielding the true average fidelity of the entire
QRAM structure. ▪
Beyond spatial averaging, the inclusion of the super-

position states intrinsically simulates the complex query
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workloads of a QRAM, which is mathematically described
by the distribution of activated route subsets.
Theorem 3 (distribution of activated route subsets). In a

single RAT shot on a QRAM of depth L, the number of
simultaneously activated branches (leaves), denoted as M,
follows a log-binomial distribution over the sup-
port f1; 2; 4;…; 2Lg.
Proof. Let k be the number of coherent address states

(jþi or j−i) within a randomly generated sequence of
length L. Because the address line at layer i globally
controls all routers at that depth, a classical state (j0i and
j1i) maintains the current number of active paths, whereas a
coherent state (jþi and j−i) coherently splits every active
path, multiplying the total number of branches by 2.
Thus, the number of activated leaves is given byM ¼ 2k.

Since the probability of selecting a coherent state at any
layer is Pcoh ¼ PðjþiÞ þ Pðj−iÞ ¼ 1=2, the number of
coherent splittings k follows a binomial distribution
k ∼ BðL; 1=2Þ. The probability of activating exactly
M ¼ 2k branches is, therefore,

PðM ¼ 2kÞ ¼
�
L

k

��
1

2

�
k
�
1

2

�
L−k

¼
�
L

k

�
1

2L
: ðE4Þ

▪
Theorem 3 highlights the superiority of the RAT protocol

over fixed-path characterizations. By randomly drawing
from fj0i; j1i; jþi; j−ig, the RAT automatically transitions
between distinct operational regimes: single-point queries
(k ¼ 0, M ¼ 1), full-tree broadcasts (k ¼ L;M ¼ 2L), and
random subset queries (0 < k < L). Consequently, the
extracted exponential decay parameter FRAT does not
merely represent a local gate error; rather, it serves as a
holistic metric indicating the average probability of suc-
cessful data retrieval under arbitrary coherent superposition
workloads in QRAM applications.

b. Initial state selection of RAT

Beyond the routing sequence, the choice of the data
qubit’s initial state is equally critical for error diagnostic
sensitivity. In our experiment, the initial state is selected to
be a single excitation injected into a global vacuum
background, namely, jDini ¼ j1i and jΩPi ¼ j00…0i.
Rather than tracking mere population transfer, this specific
state preparation tracks a unique excitation token, maxi-
mizing the observability of nonunitary dissipation and
computational bit flips throughout the network.
Theorem 4 (optimal sensitivity to dissipative and bit-flip

errors). Let the initial state of the data qubit be jDini and
the initial state of all N spatial routing paths be the global
vacuum state jΩPi ¼ ⊗N

k¼1j0iPk
. Selecting jDini ¼ j1i

provides the theoretically maximal observable contrast
for characterizing both amplitude damping (energy

relaxation) and bit-flip errors during the routing process,
compared to the j0i state initialization.
Proof. Consider the physical action of a quantum router

network as an operator Û route that maps the state of the data
qubit into the spatial modes of the paths. We evaluate the
sensitivity of the population measurement at the target leaf
to two dominant hardware error channels: the amplitude
damping (AD) channel EAD parametrized by decay rate γ
and the bit-flip channel EX parametrized by probability px.
Case 1: Vacuum initialization (jDini ¼ j0i)—The

total initial state is jΨ0i ¼ j0iD ⊗ jΩPi. Since the con-
trolled-SWAP operations of the router are excitation
preserving, the ideal output state remains in the zero-
excitation manifold, jΨidi ¼ j00…0i. The AD channel is
defined by Kraus operators M0 ¼ j0ih0j þ ffiffiffiffiffiffiffiffiffiffi

1 − γ
p j1ih1j

and M1 ¼ ffiffiffi
γ

p j0ih1j. Applying EAD to the ideal output
yields

EADðj00…0ih00…0jÞ ¼ j00…0ih00…0j: ðE5Þ

The measured population error ΔP ¼ Pideal −
Pmeasured ¼ 1 − 1 ¼ 0. The sensitivity to amplitude damp-
ing is strictly zero. The system is entirely blind to T1

relaxation.
Case 2: Single-excitation injection (jDini ¼ j1i)—The

initial state is jΨ0i ¼ j1iD ⊗ jΩPi. Ideally, the network
routes this single quantum of energy to a target path
k (or a superposition of paths), meaning the ideal output
ρid lies entirely within the single-excitation subspace
Hð1Þ ¼ spanfj0…1k…0ig. Applying the AD channel to
any state ρ∈Hð1Þ results in

EADðρÞ ¼ ð1 − γÞρþ γj00…0ih00…0j: ðE6Þ

When measuring the successful routing population
Psuccess ¼ TrðΠ̂ð1ÞρoutÞ (where Π̂ð1Þ is the projector onto
the target excitation paths), the measured population strictly
decays by γ. The signal contrast ΔPAD ¼ γ is maximized.
Furthermore, consider a localized bit-flip error X occur-

ring with probability px on the active path. For the j1i
excitation, Xj1i → j0i, projecting the state back into the
vacuum manifold and decreasing the success population by
px. If the X error occurs on an idle (vacuum) path,
Xj0i → j1i, it injects a spurious excitation, pushing the
system into the two-excitation manifoldHð2Þ, which can be
distinctly identified as leakage or crosstalk background.
Therefore, initializing the system with exactly one

excitation against a vacuum background (j1i⊗ j00…0i)
establishes an “excitation token tracking” paradigm. Any
measured deviation from

P
Pleaves ¼ 1 linearly and max-

imally quantifies the combined effect of nonunitary damp-
ing and computational bit flips. ▪
Theorem 4 justifies the specific state preparation in our

experiment. In a realistic QRAM application, data are
encoded as arbitrary superpositions αj0i þ βj1i. Since the
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j0i component is inherently immune to amplitude damping
during transit, the j1i component represents the “worst-case
scenario” for state survival. By characterizing the routing
fidelity using jDini ¼ j1i, the extracted RAT decay rate
serves as a rigorous lower bound (the most conservative
estimate) for the coherence preservation capacity of the
QRAM network.

3. Numerical verification

To establish the RAT as a representative and scalable
metric, we conducted comprehensive comparative simu-
lations between fixed-path and random-access routing
behaviors. For the fixed-path configuration, the simulation
involves averaging the fidelities over 2N deterministic
address sequences followed by a final randomized routing
step. In contrast, for the random-path protocol, every
routing operation is executed with randomized address
states. The simulation results are presented in Figs. 18(b)–
18(e), where the curves labeled “Rand” correspond to the
random-address-based RAT characterization, while the
others represent fixed-address routing performance.
The analysis begins with RAT simulations for one-layer

(L ¼ 1) and two-layer (L ¼ 2) QRouters under experi-
mentally relevant parameters (T1 ¼ 20 μs; r ¼ 0.8). The
complete RAT sequence is evaluated numerically using
discrete matrix multiplications of the corresponding evolu-
tionary operations, and the open-system dynamics model is
obtained from Ref. [96]. Figures 18(b) and 18(d) depict the
dephasing-suppressed scenario (T2 ¼ 2T1). Here, ground-
state paths consistently demonstrate maximum routing
fidelity, all-excited-state paths exhibit minimal fidelity,
and superposition-rich addresses occupy an intermediate
performance regime. Conversely, in the T2 ¼ T1=2 case
shown in Figs. 18(c) and 18(e), the reduced transverse
coherence time heavily amplifies dephasing effects.
This causes superposition-addressed paths to experience
significantly greater fidelity degradation compared to the
T2 ¼ 2T1 configuration. These simulations reveal the
distinct, path-dependent degradation mechanisms driven
by longitudinal and transverse decoherence, highlighting
the urgent need for a unified metric capable of capturing the
average system behavior.
Crucially, the RAT protocol fulfills this requirement by

inherently quantifying the arithmetic average of the routing
performance across all individual paths. Because uniform
sampling over the address subspace ensures that the routing
signal traverses every path with equal probability, the RAT
fidelity theoretically converges to the global mean fidelity.
To validate this mathematical equivalence, we compared
the arithmetic mean of the per-path transmission fidelities
(FMea ¼

P
m
i¼1 FAi

=m, where Ai denotes the ith address
configuration. Specifically, in our two-layer simulation
where L ¼ 2, the routing network comprises three address
qubits, each evaluated across four distinct address states,
yielding a total of m ¼ 43 ¼ 64 comprehensive address

configurations) against the stochastically acquired RAT
fidelity FRand under various decoherence regimes.
As explicitly shown in Fig. 18(f), the random access

fidelity FRand demonstrates near-identical alignment with
the network-wide average fidelity FMea. This convergence
numerically confirms the RAT’s mathematical validity as a
statistically representative metric for system-wide routing
performance. The minor discrepancies occasionally
observed between these two quantities arise solely from
finite-sampling errors inherent in stochastic address prepa-
ration. However, these minor deviations scale inversely
with the sample size and remain well within the statistical
tolerance thresholds required for scalable quantum routing
characterization.

APPENDIX F: ERROR-ERASURE SCHEME

1. Mechanism of the error-erasure protocol

Before quantifying the specific physical error channels,
it is essential to analyze the underlying mechanisms by
which these errors propagate. In conventional quantum
routing, the address register relies strictly on the two-level
subspace fj0i; j1ig. Consequently, when amplitude damp-
ing corrupts the address state, the resulting errors remain
confined within this computational subspace. This mecha-
nism induces routing failures that are indistinguishable and
uncorrectable. One effective strategy to overcome this
limitation is to introduce an observable error flag. Our
error-erasure architecture deliberately redirects these physi-
cal errors into a designated, noncomputational flag state.
By transforming address errors into identifiable erasures,
this mechanism allows for error mitigation via postselec-
tion, bypassing the massive hardware overhead associated
with active quantum error correction or traditional multi-
qubit erasure schemes [7].
To realize a scalable, high-performance quantum router

without introducing ancillary qubits, we construct the
router using the TCG scheme and harness the higher-
energy degrees of freedom inherent in superconducting
transmons, as described in Appendix B. Specifically, we
encode the valid routing address in the nonadjacent sub-
space fj0i; j2ig for the error-erasure scheme while delib-
erately reserving the intermediate energy level j1i as an
error flag state, independent of the computational logic.
The core advantage of this encoding strategy lies in the fact
that a dominant fraction of first-order physical errors
experienced by the quantum system during operation will
deterministically drive the system into this flag state. First,
during decoherence dominated by amplitude damping, an
address qubit in the excited state j2i preferentially under-
goes single-photon decay, dropping into the j1i state.
Second, under thermal excitation, a qubit in the ground
state j0i absorbs environmental energy and similarly
transitions to the j1i state. Furthermore, during the execu-
tion of two-qubit entangling gates (such as an imperfect
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ffiffiffiffiffiffiffi
CZ

p
gate), control pulse distortions or parasitic inter-

actions can induce coherent leakage, irreversibly trans-
ferring population from the computational subspace to
parasitic levels containing the j1i state. Consequently,
owing to the adjacency of the energy-level structure, the
j1i state naturally acts as a physical convergence point to
intercept these first-order hardware errors.
Leveraging this error-mapping mechanism, we execute a

postselection measurement at the conclusion of the entire
quantum routing operation. Specifically, when reading out
the address qubit, the detection of the j1i state serves as an
unambiguous indicator that a physical-level error has
occurred during the routing process. Subsequently, during
the classical data processing phase, we directly discard this
portion of the data. Considering the energy relaxation of the
address qubits, typically only lower-probability, second-
order transition processes (e.g., the cascaded decay
j2i → j1i → j0i) will result in undetectable errors that
ultimately degrade the final fidelity.

2. Analytical model and numerical validation

To understand the decoherence dynamics within the
periodic quantum routing protocol, we develop a continu-
ous-time model in this section. We first analyze the ideal
operational sequence, demonstrating how the strictly alter-
nating gate operations lead to a monotonic accumulation of
the error flag state (j1i). This idealized analytical frame-
work is then validated against exact discrete numerical
simulations. Subsequently, to bridge the gap between
theoretical predictions and empirical observations in scaled
multilayer architectures, we extend our model to incorpo-
rate parasitic leakage channels. This generalized framework
captures the nonmonotonic anomalous dynamics observed
in experiments, providing possible insights into the error
mechanisms of highly parallelized quantum circuits.
In practical periodic quantum routing circuits, the

fundamental operational sequence along the primary
decoherence pathway consists of interleaved multiqubit
entangling gates and X02 pulses (as illustrated in
Appendix B 2). Under continuous cascaded amplitude
damping (j2i → j1i → j0i), the X02 pulses act as instanta-
neous exchange operations, periodically swapping the
populations of the j0i and j2i states. Consequently, over
any two consecutive cycles, the system spends an equal
effective duration exposed to the specific dissipation
dynamics of both j0i and j2i. This temporal symmetry
effectively averages out the state-dependent dissipation
across the asymmetric gate intervals. This cyclic sequence
establishes an effective pumping mechanism, driving a
monotonic accumulation of population within the error flag
state (j1i) in an ideal isolated system. However, it is crucial
to emphasize that this dynamical symmetry is strictly
confined to the internal execution phase of the individual
ideal QRouter. This local characteristic must be carefully
distinguished from the perspective of the overall RAT

architecture. At the system level, the impact of address
errors across different global routing paths remains inho-
mogeneous. This global asymmetry arises from various
factors, including the variations in specific hardware
performances across different physical pathways, address
state preparation and loading and the fact that not all routers
within the network are consistently in an active working
state during the routing process.
To analytically model this process, we define a duty

cycle ratio k ¼ tMq=tX, where tMq and tX represent the
duration of the multiqubit gate and the X02 gate, respec-
tively. Let ϵ ¼ γtX be the dimensionless error accumulated
during a single X02 gate, where γ ¼ Γ10 is the base
relaxation rate. The single-qubit gate relaxation propaga-
tors for the X02 and multiqubit gate intervals can be
expanded to the first order in ϵ:

DX ¼ expðL · tXÞ ≈ I þ ϵL; ðF1Þ

DMq ¼ expðL · tMqÞ ≈ I þ kϵL; ðF2Þ

where L is the dimensionless continuous-time relaxation
generator governing the natural cascaded decay.
The discrete evolution operator for a single cycleMsingle,

applied from right to left, consists of an X02 gate followed
by the combined decoherence of both operations:

Msingle ¼ DMq ·DX · X ≈ ðI þ kϵLÞðI þ ϵLÞX ðF3Þ

≈ ½I þ ðkþ 1ÞϵL�X: ðF4Þ

Because the X02 gate flips the relevant subspace, a
continuous generator must be evaluated over two consecu-
tive cycles to form a complete identity-mapped envelope.
The double-cycle operator is

MQRouter ¼ M2
single ≈ ½I þ ðkþ 1ÞϵL�X½I þ ðkþ 1ÞϵL�X

¼ ½I þ ðkþ 1ÞϵL�½I þ ðkþ 1ÞϵXLX�X2

≈ I þ ðkþ 1ÞϵðLþ XLXÞ: ðF5Þ

Since the double cycle spans a duration equivalent to 2ϵ
in base units, we define the generalized effective continu-
ous-time generator Leff such that MQRouter ¼ I þ 2ϵLeff :

Leff ¼
kþ 1

2
ðLþ XLXÞ: ðF6Þ

To construct the effective equations, we first define the
state space and the amplitude damping generator L. We
represent the macrostate of the transmon as a probability
column vector P⃗ ¼ ðP0; P1; P2ÞT. This vector is spanned
by the standard canonical basis, where each basis element
directly corresponds to the normalized population residing
in the energy levels j0i, j1i, and j2i, respectively.
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Within this basis, the continuous-time Markovian
dynamics of the cascaded amplitude damping channel
are governed by the classical rate equations (i.e., the
diagonal projection of the Lindblad master equation):

d
dt

0
B@

P0

P1

P2

1
CA ¼ γ

0
B@

0 1 0

0 −1 η

0 0 −η

1
CA
0
B@

P0

P1

P2

1
CA: ðF7Þ

By scaling the time with respect to the base relaxation
rate γ ¼ Γ10, we introduce the decay enhancement ratio
η ¼ Γ21=Γ10 (noting that η ¼ 1=r, where r is the lifetime
ratio, r ¼ Γ10=Γ21) to extract the dimensionless continu-
ous-time relaxation generator L. Physically, its off-diagonal
elements Lij (where i ≠ j) denote the transition rate from
state j to state i, while the diagonal elements Ljj represent
the total decay rate out of state j. Thus, the generator L and
the corresponding pumped term XLX are evaluated as

L¼

0
B@
0 1 0

0 −1 η

0 0 −η

1
CA; XLX¼

0
B@
−η 0 0

η −1 0

0 1 0

1
CA: ðF8Þ

Substituting these matrices into the generalized effective
generator, we obtain a matrix:

Leff ¼
kþ 1

2

2
64
0
B@

0 1 0

0 −1 η

0 0 −η

1
CAþ

0
B@

−η 0 0

η −1 0

0 1 0

1
CA
3
75

¼ kþ 1

2

0
B@

−η 1 0

η −2 η

0 1 −η

1
CA: ðF9Þ

Transitioning to a continuous -time variable t ¼ nϵ, the
evolution is governed by ½ðdP⃗Þ=dt� ¼ LeffP⃗. Extracting the
explicit components, we obtain

dP1

dt
¼ kþ 1

2
½ηP0 − 2P1 þ ηP2�; ðF10Þ

dP2

dt
¼ kþ 1

2
½P1 − ηP2�: ðF11Þ

Remarkably, by invoking the probability conservation
P0 þ P2 ¼ 1 − P1, the differential equation for the flag
state P1 decouples into a first-order linear ordinary differ-
ential equation:

dP1

dt
¼ kþ 1

2
½η − ðηþ 2ÞP1�: ðF12Þ

Setting ½ðdP1Þ=dt� ¼ 0, we find that the theoretical limit
for the steady-state population is fundamentally

independent of the duty cycle ratio k, relying strictly on
the intrinsic decay enhancement ratio η:

P�
1 ¼

η

ηþ 2
: ðF13Þ

Similarly, the steady state for the second excited state is
derived as P�

2 ¼ ½1=ðηþ 2Þ�.
Given the initial condition P1ð0Þ ¼ 0, the time evolution

of P1ðtÞ is a strict, monotonic exponential approach to the
asymptote, entirely devoid of any transient overshoot:

P1ðtÞ ¼ P�
1ð1 − e−λtÞ; where λ ¼ kþ 1

2
ðηþ 2Þ: ðF14Þ

This rigorous analytical framework proves that the strictly
alternating sequence balances the dynamic dissipation,
reducing the temporal asymmetry introduced by the multi-
qubit gates.
To validate our theoretical framework, we compare the

predictions of the analytical model with numerical simu-
lations of the discrete operational sequence. Figure 19(a)
illustrates the theoretically derived postselection rejection
rateRrejection as a function of the normalized effective time for
varying decay enhancement ratios η, with the duty cycle ratio
fixed at k ¼ 5=2 (tMq ¼ 75 ns, tX ¼ 30 ns here). In parallel,
Fig. 19(b) presents the corresponding numerical results. The
simulation data are plotted against the discrete operational
cycle index N. To mitigate the classical computational
overhead of the exact numerical simulations, we assigned
a relatively short baseline relaxation time of T1 ¼ 5 μs.
The comparison reveals a strong qualitative consistency

between the twomethodologies. Both approaches capture the
defining monotonic dynamics of the system: a smooth
transient accumulation followed by a gradual relaxation
toward a stable asymptote. Furthermore, the dynamic depend-
ence on η is consistently reflected in both panels. Increasing η

(a) (b)

FIG. 19. Comparison of theoretical predictions and numerical
simulations for the postselection rejection rate Rrejection. (a) The
analytical continuous-time model showing Rrejection for various
decay enhancement ratios η, evaluated at a fixed duty cycle ratio
of k ¼ 5=2. (b) Discrete numerical simulation against the opera-
tional cycle index N. Both panels demonstrate identical mono-
tonic transient dynamics and steady-state limits. The color map
indicates the transition from a moderate population accumulation
(η ¼ 2, dark purple) to a severe dissipation bottleneck (η ¼ 10,
light yellow).
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elevates the final steady-state limit, corroborating the ana-
lytical predictions derived in the previous section.
We also observe subtle quantitative discrepancies between

the datasets, most notably a slight divergence in the exact
asymptotic convergence levels for extremeparameters, such as
η ¼ 10. These deviations stem fundamentally from the first-
order approximation utilized to construct the effective con-
tinuous-time generator, which smooths over the higher-order
intracycle discrete decoherence jumps. Despite these minor
deviations, the continuousmodel serves as a highly robust and
computationally efficient analytical tool. It maps the complex
discrete quantum routing circuit into a tractable mathematical
framework, providing a reliable approximation for predicting
the scaling behavior of the postselection overhead.
In the fundamental analysis of the quantum routing circuit,

the idealized continuous-time model predicts a monotonic
accumulation of the flag state population P1, smoothly reach-
ing aplateau in a strictly isolated one-layer system.However, in
more complex experimental implementations, particularly in
the scaled two-layer architecture, empirical data reveals an
anomalous signature: The evolution of Rrejection exhibits non-
monotonic behavior, characterized by a pronounced transient
peaking followed by degradation over time.
To account for this phenomenon, we hypothesize that, in

more complex architectures, the high degree of parallelization
in quantum circuits and factors such as microwave crosstalk
may invalidate the initially stable pumping model. Specific
contributing factors include the leakage of the transmon qubit
to higher energy levels (e.g., j3i and j4i) driven byunintended
excitations and spurious interactions, as well as parasitic
energy transfer to adjacent couplers. These effects cause the
energy originally intended for the computational subspace to
be erroneously pumped into uncontrolled trap states. To
theoretically encapsulate these complex dynamics, we
abstract these additional leakage channels into a single
generalized leakage state, denoted as jLi.
Assuming that the generalized leakage state jLi is

coupled to the auxiliary state j2i via the aforementioned
parasitic mechanisms, we augment the local symmetric
generator by introducing a forward parasitic transition rate,
γleak (from j2i to jLi), and a generalized return rate, γback
(representing the relaxation from jLi back to j2i or the
active computational subspace). Consequently, the state of
the system is extended to a four-dimensional probability
vector P⃗ ¼ ðP0; P1; P2; PLÞT. The asymmetric single-step
dissipation generator Lleak is defined as

Lleak ¼

0
BBB@

0 1 0 0

0 −1 η 0

0 0 −ðηþ γleakÞ γback

0 0 γleak −γback

1
CCCA: ðF15Þ

By incorporating this cross-block coupling into the
strictly alternating double-cycle sequence, we apply the

symmetrizationoperator over twoadjacent cycles.The resulting
effective continuous-time generator Leff ¼ ½ðkþ 1Þ=2�
ðLleak þ XLleakXÞ assumes a strictly symmetric form:

Leff ¼
kþ1

2

0
BBBBB@
−ðηþγleakÞ 1 0 γback

η −2 η 0

0 1 −ðηþγleakÞ γback

γleak 0 γleak −2γback

1
CCCCCA:

ðF16Þ
The corresponding evolution is governed by the master

equation ½ðdP⃗Þ=dτ� ¼ ½2=ðkþ 1Þ�LeffP⃗, where τ is the
scaled effective time (τ ¼ ½ðkþ 1Þ=2�t). In this context,
the additional generalized leakage breaks the dynamic
equilibrium of the system, disabling the originally stable
pumping source. To obtain a rigorous analytical under-
standing of this nonmonotonic dynamical process, we
further derive the time-dependent evolution formula for
the flag state P1ðtÞ based on this equation.
The system of differential equations for the primary

computational subspace can be extracted from thematrixLeff :

dP0

dτ
¼ −ðηþ γleakÞP0 þ P1 þ γbackPL; ðF17Þ

dP1

dτ
¼ ηP0 − 2P1 þ ηP2; ðF18Þ

dP2

dτ
¼ P1 − ðηþ γleakÞP2 þ γbackPL: ðF19Þ

Exploiting the inherent dynamic symmetry of the sys-
tem, we define the joint survival probability within the
driving subspace as Pþ ¼ P0 þ P2. Summing the differ-
ential equations for P0 and P2 yields

dPþ
dτ

¼ −ðηþ γleakÞPþ þ 2P1 þ 2γbackPL: ðF20Þ

Crucially, the global probability conservation of the
system requires P0 þ P1 þ P2 þ PL ¼ 1, which inherently
constrains the population of the generalized leakage state to
PL ¼ 1 − Pþ − P1. Substituting this conservation con-
straint into the aforementioned equations allows us to
eliminate PL, reducing the original four-dimensional
homogeneous system into a two-dimensional nonhomo-
geneous linear differential equation system:

d
dτ

�
Pþ
P1

�
¼
�−ðηþ γleak þ 2γbackÞ 2ð1− γbackÞ

η −2

��
Pþ
P1

�

þ
�
2γback

0

�
: ðF21Þ

The nonhomogeneous nature of this system physically
indicates that, unlike a perfect sink model, the system
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population does not asymptotically collapse to zero but
rather reaches a nonzero steady-state thermal equilibrium.
By setting the derivatives to zero (ðdPþ=dτÞ ¼ 0 and
ðdP1=dτÞ ¼ 0), we can solve for the asymptotic limit of
the flag state population, P�

1 ≡ P1ð∞Þ, which mathemati-
cally defines the height of the final degraded plateau:

P�
1 ¼

ηγback
γleak þ ðηþ 2Þγback

: ðF22Þ

This steady-state solution is consistent under physical
limits: In the absolute trap limit (γback → 0), the flag state
eventually reaches zero, i.e., P�

1 → 0; whereas in the ideal
closed-system limit (γleak → 0), the formula seamlessly
converges to the classical monotonic plateau limit of the
one-layer system, P�

1 → ½η=ðηþ 2Þ�.
The transient dynamical behavior of the system is

determined by the eigenvalues of the corresponding two-
dimensional homogeneous matrix. Solving the character-
istic equation yields two real roots, s1;2:

s1;2 ¼
−ðηþ γleak þ 2γback þ 2Þ �W0

2
; ðF23Þ

where the generalized scaling factor W0 incorporates the
influence of the reversible relaxation dynamics:

W0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðηþ γleak þ 2γback þ 2Þ2 − 8½γleak þ ðηþ 2Þγback�

q
:

ðF24Þ

To map these effective parameters back to the real
physical time domain t, we scale the eigenvalues by the
duty cycle, such that λ1;2 ¼ ½ðkþ 1Þ=2�s1;2. Assuming the
system is perfectly initialized in the address state j2i [with
initial conditions Pþð0Þ ¼ 1 and P1ð0Þ ¼ 0], solving the
aforementioned nonhomogeneous differential equation
system yields the exact analytical time-dependent formula
for the evolution of the flag state P1ðtÞ:

P1ðtÞ ¼ P�
1 þ

ηþ s2P�
1

W0 eλ1t −
ηþ s1P�

1

W0 eλ2t: ðF25Þ

Equation (F25) provides a mathematical description of
the complex anomalous dynamics observed in the experi-
ment. The first term, P�

1, establishes the steady-state
thermalized noise floor determined by the interplay
between the drive-induced leakage γleak and the intrinsic
relaxation γback. The subsequent biexponential terms math-
ematically capture the transient peaking process: Since both
decay constants λ1 and λ2 are strictly negative, the flag state
population experiences a rapid initial surge (forming a
peak) before inevitably decaying under the influence of
cross-block coupling, ultimately settling smoothly at the
asymptotic steady-state limit P�

1.

As corroborated by Fig. 20, the deviation from the ideal
plateau reflects the underlying hardware limitations of the
scaled architecture. Based on our theoretical framework, we
estimate that a severe disparity between the forward leakage
and the intrinsic return rate (γleak ≫ γback) drives the gradual
degradation of the flag state population following its initial
transient peak. This estimation suggests that, in highly
parallelized multilayer routing circuits, collective parasitic
interactions and unintended leakages into jLi eventually
outpace the population accumulation within the target
computational subspace. Consequently, while our postse-
lection mechanism effectively mitigates errors in the short-
depth regime, this continuous parasitic drain inherently
bounds its asymptotic performance in deep circuits.
To mitigate these secondary effects and further enhance

the scalability of the routing protocol, future architectural
optimizations should focus on suppressing these parasitic
channels. Potential solutions include implementing more
stringent hardware and pulse-level isolation techniques to
minimize crosstalk-induced leakage in parallel operations.
Furthermore, exploring architectures with an expanded
redundant Hilbert space could provide the system with
enhanced capacity to absorb and dissipate these parasitic
excitations, thereby extending the operational depth and
maintaining the integrity of the primary computational
subspace.

3. The scalability of error-erasure scheme

To assess how the erasure protocol scales in larger
routing networks, we extrapolate the performance to
varying numbers of layers L. We first consider a baseline
limited primarily by environmental decoherence, focusing
on the worst-case path where all address registers are in
excited states [Figs. 21(a) and 21(b)]. Figure 21(c) plots the
resulting error rates for two coherence scenarios (T1 ¼ 20
and 60 μs, with r ¼ 0.8).
As L increases, the nonerasure scheme exhibits a rapidly

rising error that grows faster than linearly, driven by the

FIG. 20. Evolution of the rejection rate (Rrejection) as a function
of cycle index N. The dashed line (Ideal) demonstrates the
continuous accumulation plateau expected in an isolated system.
The solid line (Leak) illustrates the transient peaking and
subsequent gradual degradation, captured by our reversible
leakage model with parameters γleak ¼ 0.55, γback ¼ 0.01,
k ¼ 5=2, and η ¼ 1=0.8.
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combined decoherence of the address and data registers.
Address errors are particularly damaging, because they
inherently corrupt the routing control. By suppressing the
impact of address decoherence, the erasure protocol
achieves uniformly lower errors across all tested sizes.
However, this advantage requires a practical trade-off: The
postselection overhead increases with system size. The
peak rejection rate RMax

rejection rises from approximately 0.4 at
L ¼ 1 to about 0.8 at L ¼ 3. Figure 21(c) reports the
maximum Rrejection as a function of L:

RMax
rejectionðLÞ ¼ 1 − ½1 − RMax

rejectionð1Þ�L; ðF26Þ

where RMax
rejectionð1Þ is the maximum Rrejection of the one-layer

system. This scaling relationship allows us to estimate the
postselection overhead for larger-scale architectures, pro-
viding a practical evaluation for the resource costs of error
erasure.
We suspect that extra errors on the address qubit, perhaps

due to crosstalk, which is known to be present in the
system, may be responsible for the sharper turnaround in
the rejection rate observed in the two-layer experimental
case, as discussed in Appendix F 2. However, actual
experimental deviations are multifaceted, such that other
explanations remain possible. For instance, imperfect ai
and a−1i routing pulses, which are not explicitly included in
this specific simulation, could also contribute to the
observed dynamics. These simulations serve primarily to
illustrate how the accumulation of coherent errors can lead
to such phenomenological effects. Ultimately, deploying
scalable routing architectures requires managing these
practical trade-offs. Notably, even in the absence of the
erasure scheme, the underlying TCG-based implementation
retains a substantial circuit-depth advantage relative to
traditional CZ-based decompositions, providing a favor-
able baseline. Furthermore, because the erasure scheme can
be applied locally, selective deployment on highly suscep-
tible nodes offers a flexible path to maximizing end-to-end
fidelity in near-term distributed architectures.
Looking forward, bridging the gap between current

component-level demonstrations and practical large-
scale deployment will require coordinated advances. On
the control front, optimizing waveforms to minimizeffiffiffiffiffiffiffi
CZ

p
-induced leakage and employing machine-learning-

assisted crosstalk compensation are critical priorities
[68,69,72,86,87]. Simultaneously, device-level upgrades,
such as enhanced Purcell filtering to suppress radiative loss
[61,64], will extend intrinsic coherence limits. As estab-
lished in our recent architectural study [77], operating a
deep, five-layer BB-QRAM necessitates pushing the equiv-
alent depolarization rate to a stringent threshold of
p≲ 0.01. We believe that unifying the structural resilience
of the error-erasure protocol with these ongoing hardware
and control optimizations establishes a viable trajectory
toward that ambitious operational milestone.

APPENDIX G: COMPREHENSIVE ERROR
ANALYSIS AND ERROR BUDGETS

To understand the physical mechanisms degrading our
quantum routing architecture, the primary objective of this
section is to construct a quantitative error budget that
analyzes the specific contributions of dominant error
channels. Our experimental baseline is established using
the RAT protocol. By extracting the average operational
fidelity through depth fitting, RAT reduces state preparation

Layer 1

Layer 2

Layer L

...

 L = 1

 L = 3

...

R

R

R

 L = 2

(a) (b)

(c)

(d)

(e)

(f)

×N
Input

Layer L

R
L

FIG. 21. Simulated validation of the error-erasure scheme in an
L-layer quantum routing system. (a) Structural diagram of the
single-chain quantum routing system. We probe the worst-case
single path (all-excited address), which suffers the strongest
address-induced decoherence and provides a stringent test of the
erasure protocol. (b) Simplified circuit diagram. The top input
qubit is initialized in the excited state, all address registers are
initialized in jRil (j1i or j2i), and 2N þ 1 consecutive routing
operations are applied. (c) Comparison of error rates versus L
under pure decoherence. Two scenarios are shown: T1 ¼ 20 μs
(solid lines) and T1 ¼ 60 μs (dashed lines) with T2 ¼ 2T1. The
maximum rejection rates (RMax

rejection) are marked in blue. (d)–
(f) Detailed RAT results for L ¼ 1, L ¼ 2, and L ¼ 3. The brown
and green curves indicate the error-erasure and nonerasure
schemes, respectively. The blue curve tracks the rejection rate.
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and measurement errors. This allows us to cleanly isolate
the intrinsic error rate (1 − FRAT) of the routing network,
which serves as the total error variance to be subsequently
decomposed into distinct physical sources.
To accurately attribute this total intrinsic error to specific

physical mechanisms within the superconducting proces-
sor, we must first establish theoretical models for each
individual noise channel. Consequently, this comprehen-
sive analysis is structurally organized to progress from
fundamental noise modeling to system-level synthesis.
Specifically, Appendixes G 1 a and G 1 b first analyze
the incoherent environment errors, namely, environmental
decoherence and thermal excitations. Following this,
Appendixes G 2 a–G 2 c evaluate the coherent control
errors, isolating the impacts of coherent leakage and
parasitic SWAP interactions induced by imperfect

ffiffiffiffiffiffiffi
CZ

p
operations. Next, in Appendix G 3, we integrate these
isolated theoretical models with our experimental RAT
measurements. This synthesis yields a comprehensive
quantitative error budget, explicitly breaking down the
primary error contributions to the routing infidelities at both
the component and system levels. Finally, building upon
this comprehensive error understanding, Appendix G 4
performs a targeted parameter sweep to explicitly verify
the advantages of the error-erasure scheme and establish the
specific hardware requirements necessary for realizing
high-performance quantum routers in the future.

1. Incoherent environment error

a. Impact of decoherence

Among all physical error sources in superconducting
processors, decoherence, comprising amplitude damping
(T1) and pure dephasing (Tϕ), establishes the fundamental
fidelity limit of any quantum operation. Specifically, our
error-erasure protocol helps mitigate the impact of ampli-
tude damping on the address register by identifying
aberrant populations in the j1i flag state. While this
targeted approach yields neutral benefits regarding pure
address dephasing and data-qubit relaxation, it nonetheless
provides a advantage against the dominant amplitude
damping channels. With this defined scope, we now solve
the open-system dynamics to derive the theoretical
fidelity penalty imposed by amplitude damping on both
the standard nonerasure baseline and our postselected
scheme.
To model the nonerasure baseline, we first consider the

standard two-level qubit system. The relaxation rate from
the excited state j1i to the ground state j0i is denoted by
Γ10 ¼ 1=T10, where T10 is the relaxation time. The corre-
sponding population dynamics are given by

˙Aj1i ¼ −Γ10Aj1i; ðG1Þ
˙Aj0i ¼ Γ10Aj1i; ðG2Þ

with the initial condition Aj1iðt ¼ 0Þ ¼ 1, yielding the
standard exponential decay:

Aj1iðtÞ ¼ e−Γ10t; ðG3Þ

Aj0iðtÞ ¼ 1 − e−Γ10t; ðG4Þ

where Ajii represents the probability of state jii. Under the
nonerasure scheme, both the routing data and the address
state subjected to this first-order amplitude damping
process are irreversibly corrupted within the computational
basis.
By contrast, the erasure scheme operates within a three-

level transmon configuration. The presence of the higher
excited state j2i introduces an additional damping pathway
characterized by Γ21 ¼ 1=T21, representing the relaxation
from j2i to j1i. Because direct transitions from j2i to j0i are
second-order processes with a significantly lower proba-
bility, the full open-system damping dynamics of this three-
level configuration are cascaded:

˙Aj2i ¼ −Γ21Aj2i; ðG5Þ

˙Aj1i ¼ Γ21Aj2i − Γ10Aj1i; ðG6Þ

˙Aj0i ¼ Γ10Aj1i: ðG7Þ

Given the initial condition Aj2iðt ¼ 0Þ ¼ 1, the state
populations evolve as

Aj2iðtÞ ¼ e−Γ21t; ðG8Þ

Aj1iðtÞ ¼
Γ21ðe−Γ10t − e−Γ21tÞ

Γ21 − Γ10

; ðG9Þ

Aj0iðtÞ ¼
Γ10e−Γ21t − Γ21e−Γ10t

Γ21 − Γ10

þ 1: ðG10Þ

As established, the erasure protocol utilizes postselection
to detect and discard trials that fall into the intermediate j1i
state. Consequently, the effective amplitude damping in the
postselected system manifests only through the second-
order decay from j2i directly to j0i. The renormalized
populations of the target states, conditioned on the absence
of the j1i flag, are therefore given by A0

j0iðtÞ ¼ Aj0i=ðAj0i þ
Aj2iÞ and A0

j2iðtÞ ¼ Aj2i=ðAj0i þ Aj2iÞ.
To analytically map this to our QRouter, we model

amplitude damping on the fundamental CSWAP unit. This
minimal module is composed of two data qubits (q1;2) and
one control qutrit (qc), assuming identical Γ10 and Γ21

decay rates for all transmon qubits. Figures 22(a) and 22(b)
illustrate the corresponding energy-level diagrams, focus-
ing on the typical initial states: j120i for the erasure scheme
and j110i for the nonerasure baseline.
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The system dynamics for the initial state j120i under
amplitude damping are

Ȧj120i ¼ −ðΓ10 þ Γ21ÞAj120i; ðG11Þ

Ȧj020i ¼ Γ10Aj120i − Γ21Aj020i; ðG12Þ

Ȧj110i ¼ Γ21Aj120i − 2Γ10Aj110i; ðG13Þ

Ȧj010i ¼ Γ21Aj020i þ Γ10Aj110i − Γ10Aj010i; ðG14Þ

Ȧj100i ¼ Γ10Aj110i − Γ10Aj100i; ðG15Þ

Ȧj000i ¼ Γ10Aj010i þ Γ10Aj100i: ðG16Þ

Solving the coupled differential equations for the initial
state j120i under this continuous evolution with initial

condition Aj120iðt ¼ 0Þ ¼ 1, the postselected amplitude of
the target state evaluates to

A0
j120i ¼

Aj120i
Aj120i þ Aj020i þ Aj100i þ Aj000i

¼ 1

eðΓ10þΓ21Þt þ λ
; ðG17Þ

λ ¼ Γ21ðeΓ10t − eΓ21tÞ
Γ21 − Γ10

; ðG18Þ

where λ accounts for the statistical effect of the postse-
lection normalization. Conversely, the target state evolution
for the nonerasure baseline experiences unmitigated ampli-
tude damping on both the data and control registers:

A0
j110i ¼ e−2Γ10t: ðG19Þ

By taking the difference between Eqs. (G17) and (G19),
we identify three intersection points where the two schemes
yield identical populations: t1 ¼ 0, t2 ¼ ∞, and a critical
balance point (BP) at t3:

t3 ¼ −
logð1 − Γ10=Γ21Þ

Γ10

; valid when Γ10 < Γ21:

ðG20Þ

This BP, illustrated in Fig. 22(c), serves as a fundamental
metric for evaluating practical system setups. It dictates that
the erasure technique yields a net fidelity advantage over
the nonerasure baseline prior to time t3. Conversely, if
Γ10 > Γ21 (defining the ratio r ¼ Γ10=Γ21 > 1), the post-
selection technique strictly outperforms the baseline across
all timescales. To validate these dynamics, Fig. 22(c) plots
two representative scenarios (r ¼ 1=3 and r ¼ 3) extracted
by simulating discrete CSWAP2N sequences initialized in
j120i (erasure) and j110i (baseline). Furthermore, the inset
confirms the reliability of the analytical formula for t3 over
the parameter space r∈ ð0; 1Þ.
To assess the combined effects of environmental noise on

system-level QRouter performance, we expand our scope
beyond pure amplitude damping and conduct full numeri-
cal simulations of the RAT utilizing a Lindblad master
equation approach. In this comprehensive model, full
decoherence, encompassing both amplitude damping and
pure dephasing, is modeled using a complete qutrit, specific
formalism adapted from Ref. [96]. The vectorized density
matrix evolves under the 9 × 9 decoherence matrix:
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FIG. 22. Energy-level diagrams and analytical amplitude damp-
ing evaluation. (a) Energy-level diagram for a single qutrit. The
erasure scheme utilizes postselection to detect state evolution into
the j1i state caused by amplitude damping and thermal excitation.
(b) Energy-level diagram for the three-qubit system. Blue arrows
indicate data mutation, red arrows denote address mutation, and
purple arrows represent coherent leakage. (c) Comparison of the
erasure and nonerasure schemes under varying ratios of Γ10 to Γ21

(r ¼ Γ10=Γ21). We set Γ10 ¼ 1=15 μs−1 and a CSWAP duration of
90 ns. Data points represent QuTiP simulations for CSWAP2N

[97], while solid lines denote the theoretical predictions. The
balance point (BP, marked in red) reflects the temporal equilib-
rium between the two schemes when r < 1. The inset illustrates
the relationship between the BP and r. As r increases, the BP
occurs at progressively later times.
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BBBBBBBBBBBBBBBBB@

ρ00ðtÞ
ρ01ðtÞ
ρ02ðtÞ
ρ10ðtÞ
ρ11ðtÞ
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ρ20ðtÞ
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ρ22ðtÞ

1
CCCCCCCCCCCCCCCCCA

¼

0
BBBBBBBBBBBBBBBBB@

1 0 0 0 1 − e−Γ10t 0 0 0 V1

0 e−Γ2t 0 0 0 0 0 0 0

0 0 e−Γ3t 0 0 0 0 0 0

0 0 0 e−Γ2t 0 0 0 0 0

0 0 0 0 e−Γ10t 0 0 0 V2

0 0 0 0 0 e−Γ4t 0 0 0

0 0 0 0 0 0 e−Γ3t 0 0

0 0 0 0 0 0 0 e−Γ4t 0

0 0 0 0 0 0 0 0 e−Γ21t

1
CCCCCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBBBBB@

ρ00ð0Þ
ρ01ð0Þ
ρ02ð0Þ
ρ10ð0Þ
ρ11ð0Þ
ρ12ð0Þ
ρ20ð0Þ
ρ21ð0Þ
ρ22ð0Þ

1
CCCCCCCCCCCCCCCCCA

; ðG21Þ

where

V1 ¼ 1 −
Γ10e−Γ21t − Γ21e−Γ10t

Γ10 − Γ21

; ðG22Þ

V2 ¼
Γ21ðe−Γ21t − e−Γ10tÞ

Γ10 − Γ21

: ðG23Þ

Here, the amplitude damping rates are Γ21 ¼ 1=T21
1 and

Γ10 ¼ 1=T10
1 , while the corresponding dephasing rates

governing the off-diagonal coherences are denoted by
Γ2 ¼ 1=T10

2 , Γ3 ¼ 1=T21
2 , and Γ4 ¼ 1=T20

2 .
To evaluate the error-erasure protocol in routing system,

we must account for the intrinsic penalty of encoding the
active address in the shorter-lived j2i state
(r ¼ Γ10=Γ21 < 1). Building upon our analytical model,
we anticipate that the BP will similarly emerge in the
quantum router, determining the operational depth at which
postselection yields a net advantage. We simulate this
process using our numerical framework to pinpoint when
the benefits of error filtration outweigh the penalty of
accelerated decay.
We conduct RAT simulations (Appendix E) utilizing a

coherence of T1 ¼ 20 μs and T2 ¼ 2T1, following the
same decoherence dynamics specified in Eq. (G21).
As depicted in Fig. 23(a), comparing the depth-
dependent performance across representative values
(r∈ f1=3; 0.77; 3g) confirms the emergence of the BP
when r < 1. Figure 23(b) further illustrates the routing
error (1 − FRAT), extracted from the depth-fitted decay
curves, as a function of r. As r increases, the probability of
the detrimental cascade j2i → j1i → j0i occurring within a
single routing window diminishes (purple curve). The
erasure and nonerasure curves intersect at the break-even
point r0 ¼ 0.38 (red triangle). For any r > r0, the erasure
protocol proves profitable. Crucially, our hardware typi-
cally operates near r00 ¼ 0.77 (orange triangle), firmly
positioning the device in the regime where the error-erasure
architecture provides a definitive fidelity advantage. We
also evaluated the erasure protocol with postselection

disabled (dark red curve). In this scenario, parity with
the nonerasure baseline is reached only around r ¼ 1,

(b)

(a)

(c)

FIG. 23. Impact of the decay ratio r ¼ Γ10=Γ21 on the error-
erasure protocol. (a) RAT comparison between the error-erasure
protocol (orange) and the nonerasure baseline (blue) for several
representative values of r. For r < 1, a BP emerges that
determines, for a given depth, whether enabling erasure is
advantageous. (b) RAT error rate (1 − FRAT) as a function of
r. The plot compares the erasure scheme with postselection (PS)
enabled (purple solid line), the erasure scheme with PS disabled
(dark red solid line), and the traditional nonerasure baseline (red
dashed line). The performance of the erasure scheme with PS
surpasses the nonerasure baseline when r > r0 ¼ 0.38 (red
triangle). Our system’s typical operating point lies near r00 ¼
0.77 (orange triangle), safely within the regime of net fidelity
improvement. Notably, if PS is disabled, the erasure scheme
suffers a severe error penalty due to the fast decay of j2i,
matching the baseline only at r ¼ 1. (c) Estimated decoherence
errors for the three experimental QRouters (QR 1–3). The stacked
bars represent the error-erasure protocol with postselection
enabled (salmon) and the additional penalty incurred if post-
selection is disabled (cyan). The dashed dark-red boxes outline
the error for the nonerasure baseline.
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reflecting the inherent penalty of briefly populating the
shorter-lived j2i level if errors cannot be subsequently
discarded. Figure 23(c) quantifies the decoherence impact
on the three QRouters utilizing measured experimental
parameters. Consistent with theoretical predictions, the
results confirm that, while the native higher-energy encod-
ing incurs a larger raw penalty (represented by the higher
total error when PS is disabled), active PS overcomes this
overhead. Consequently, the fully enabled error-erasure
scheme yields a net reduction in energy relaxation
errors across all QRouters compared to the nonerasure
baseline.
In summary, our analytical models quantify the perfor-

mance impact induced by decoherence. The results clearly
demonstrate that the error-erasure scheme provides a
substantial net gain against amplitude damping errors,
provided that the ratio r exceeds the break-even threshold.
However, because this operational advantage strictly relies
on the postselection technique, it imposes a penalty on the
effective data yield. Therefore, realizing the protocol’s full
potential in scalable implementations requires a rigorous
architectural trade-off: Future system designs must opti-
mally balance the hardware decoherence profile against the
inherent data-rejection costs and overhead associated with
active postselection.

b. Impact of thermal excitations

While the preceding section quantified the fidelity limits
imposed by downward amplitude damping, finite-temper-
ature environments also induce upward thermal excitations,
populating unwanted higher energy levels in the address
register. It is worth noting that the raw readout assignment
fidelity of the ground state (e.g., the F0 values reported in
Table II) can, to some extent, serve as a conservative
indicator of these thermal effects. Compared to recent state-
of-the-art reports [47,98–100], these initial observations
indicate a non-negligible thermal load, which we attribute
primarily to excess thermal radiation coupled through
multiple microwave control lines, alongside imperfect
cryogenic filtering and attenuation.
However, raw assignment fidelity invariably conflates

the true physical populations with measurement-induced
errors, such as amplifier noise and state overlap in the I-Q
plane. To accurately isolate the pure physical thermal
occupancy from measurement infidelity, we extracted the
true equilibrium ground-state populations (P0) by perform-
ing a physically constrained Gaussian mixture model fitting
on the undriven dispersive readout I-Q histograms
[101,102]. Through this deconvolution method, we deter-
mined the actual P0 in our device to be in the range of
95.4%–98.8%. By extending our Lindblad master equation
to incorporate upward thermal jump operators, this section
isolates and quantifies the exact fidelity penalty imposed by
this specific thermal environment, providing the second
component of our incoherent error analysis.

To quantitatively assess this impact at the system level,
we extended our RAT Lindblad simulations by incorpo-
rating upward-jump thermal channels across the transmon
manifold (i.e., j0i → j1i and j1i → j2i transitions), sweep-
ing the effective thermal occupancy via the measured P0

baseline. For this analysis, we maintained T1 ¼ 20 μs,
T2 ¼ 2T1, and r ¼ 0.8. Following the thermal model
outlined in Ref. [103], the thermalized background state
of a single transmon mode is approximated as

ρq ¼ ð1 − kÞj0ih0j þ kj1ih1j; ðG24Þ

where k denotes the effective excited-state fraction, leaving
1 − k as the measurable ground-state population (P0)
following an identity operation. Within the Lindblad master
equation framework, these thermal excitations are driven
by the jump operator L↑:

L↑ ¼ l↑ · a† ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

1 − k
·
1

T1

s
· a†; ðG25Þ

where a† serves as the appropriate creation operator.
The simulation results, presented in Fig. 24(a), confirm

that, as P0 decreases (i.e., the thermal load increases), the
RAT error 1 − FRAT rises monotonically. However, across
the entire explored thermal range, the error-erasure protocol
consistently outperforms the nonerasure baseline. As

(b)

(a)

FIG. 24. Impact of thermal excitations on routing fidelity.
(a) Simulated RAT curves for two thermal-population settings:
solid lines correspond to a low-thermal-load environment
(P0 ¼ 0.99), while dashed lines represent an elevated thermal
load (P0 ¼ 0.93). (b) Comparison of the FRAT decay under
increasing thermal excitation (decreasing P0). Linear fits yield
degradation slopes of 0.041 for the error-erasure protocol and
0.051 for the nonerasure baseline, quantitatively demonstrating
the erasure scheme’s enhanced resilience to thermal fluctuations.
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extracted from the linear-fit guides in Fig. 24(b), the erasure
curve exhibits a shallower degradation slope (0.041)
compared to the nonerasure curve (0.051).
This enhanced thermal robustness is a direct conse-

quence of the physical mechanism described in
Appendix F 1. In the standard nonerasure scheme, a
thermal excitation on a j0i-addressed router flips the
address to j1i, causing a completely valid but erroneous
reversal of the routing path. By contrast, in our erasure
architecture, the identical j0i → j1i thermal jump merely
pushes the system into the designated error flag state.
Consequently, a significant fraction of these thermally
induced routing faults are intercepted and filtered out via
postselection. Nevertheless, at excessively high thermal
excitation levels, thermally induced errors occurring
directly on the data qubits, which lack a dedicated flag
state, will still accumulate and eventually bottleneck the
overall QRouter performance. Therefore, proactive physi-
cal mitigation remains essential. Practical measures to
suppress the effective thermal occupancy seen by the chip
include implementing stronger cryogenic attenuation,
deploying specialized infrared shielding (e.g., Eccosorb
filters) on control lines, and exploring advanced optical-
control or active cooling techniques [104].

2. Coherent control errors

Having fully accounted for the incoherent errors arising
from system-environment coupling, we now transition to
evaluating the coherent errors induced by imperfect gate
operations. Realizing a flawless

ffiffiffiffiffiffiffi
CZ

p
evolution in practical

superconducting transmon architectures remains a formi-
dable challenge. During gate operations, near-resonance
conditions combined with waveform distortions, spectral
crowding, and parasitic couplings inevitably drive unin-
tended coherent population transfers [105]. Although both
the error-erasure and nonerasure protocols rely on the same
underlying

ffiffiffiffiffiffiffi
CZ

p
gate, they exhibit different resiliencies to

these coherent errors.
To complete the theoretical foundation for our experi-

mental error budget, this section models the three
primary coherent error channels stemming from such non-
ideal gate dynamics. We first analyze coherent leakage

out of the qubits’ computational subspace, which is a
mechanism we directly calibrate and quantify experimen-
tally. Subsequently, we construct analytical models for
parasitic qubit-qubit (QQ) SWAP interactions and unintended
qubit-coupler (QC) energy exchanges. Although the exact
parameters for these specific parasitic SWAPs are not indi-
vidually isolated in our current hardware characterization,
we perform a detailed quantitative simulation analysis of
their behavior. By establishing these analytical models, we
provide a mathematical framework that can accurately
quantify their specific contributions to the overall error
budget once these parameters are explicitly measured in
future experiments. In the current context, this analysis
allows us to estimate and explain the possible origins of the
residual infidelities observed in the routing network.

a. Leakage from imperfect
ffiffiffiffiffiffiffi
CZ

p
operations

The most prominent coherent error channel during the
QRouter operation is leakage from the designated computa-
tional subspace. In practical superconducting implementa-
tions, realizing a perfect population transfer between the j11i
and j02i states during the ffiffiffiffiffiffiffi

CZ
p

gate is inherently limited by
spectral crowding and waveform distortions. Consequently,
population inevitably leaks out of the target computational
subspace. Unlike environmental decoherence, which acts as a
unidirectional incoherent loss, this gate-induced leakage is
fundamentally a coherent process. If unmitigated, these
coherent errors accumulate through complex interference
pathways across deep routing circuits. To accurately extract
leakage contributions for our final error budget,wemodel this
process using coherent evolution matrices.
At the single-gate level, an imperfect

ffiffiffiffiffiffiffi
CZ

p
inter-

action effectively implements a detuned or miscalibrated
iSWAP02↔11ðϑ ≠ π; ηÞ (A1). Assuming a negligible
phase error (η ¼ 0) for clarity, we characterize the strength
of this parasitic interaction via the effective angle ϑ. To
capture the full coherent dynamics necessary to calculate
the resulting routing penalty, the distorted routing
operation, denoted as CSWAP0, must be modeled within
an extended relevant Hilbert subspace spanned by
fj011i; j020i; j110i; j111i; j021i; j120ig. The coherent
evolution matrix is explicitly given by

CSWAP0 ¼

0
BBBBBBBBBB@

cos ðϑ=2Þ −i sinðϑÞ=2 −sin2ðϑ=2Þ 0 0 0

−i sinðϑÞ=2 K1 K2 0 0 0

−sin2ðϑ=2Þ K2 K3 0 0 0

0 0 0 K1 K2 −i sinðϑÞ=2
0 0 0 K2 K3 −sin2ðϑ=2Þ
0 0 0 −i sinðϑÞ=2 −sin2ðϑ=2Þ cos ðϑ=2Þ

1
CCCCCCCCCCA
; ðG26Þ
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where thematrix elements are defined asK1 ¼ cos3 ðϑ=2Þ−
sin2 ðϑ=2Þ, K2 ¼ −i=2 sinðϑÞ − i=2 cos ðϑ=2Þ sinðϑÞ, and
K3 ¼ cos2 ðϑ=2Þ − cos ðϑ=2Þ sin2ðϑÞ.
Because this leakage mechanism is coherent, its accu-

mulation over multiple routing cycles is sensitive to the
relative phases dynamically acquired by the participating
states. Specifically, the phase of the address qutrit’s
auxiliary states (j1i and j2i) modulates the interference
between the intended computational subspace and the
leakage subspace. In our experimental setup, one source
of such phase shifts is the ac Stark effect induced by
nonresonant microwave drives during address-flipping
operations (e.g., X01

π and X12
π ).

We numerically probe this coherent interference mecha-
nism by injecting a controllable relative phase, denoted as
δϕ, into the leakage component of the address register. As
illustrated in Fig. 25(a), this parameter is tuned via a virtual

Z rotation Zjleai
δϕ . By scanning this relative phase, we can

determine whether the intended computational routing

pathway and the parasitic leakage pathway undergo con-
structive or destructive interference.
As demonstrated in the decoherence-free RAT simula-

tion [Fig. 25(b)], when δϕ ¼ 0, the interference is destruc-
tive, yielding a lower error response for both schemes (solid
lines). However, when δϕ ¼ π, constructive interference
amplifies the coherent leakage, increasing the routing error
in the nonerasure baseline (dashed blue line). In contrast,
the error-erasure protocol (dashed black line) suppresses
the impact of this leakage-induced constructive interfer-
ence. This is because leakage events lead to an accumu-
lation of population in the j1i state of the address qubit,
which can subsequently be detected and flagged. These
coherent errors are intercepted and discarded during the
final postselection. This resilience is maintained when
realistic environmental decoherence is included in the
simulations, as evidenced by Fig. 25(c).
This analytical and experimental evidence indicates that

while active phase engineering (e.g., δϕ tuning via virtual Z
frame updates) can mitigate leakage for standard architec-
tures, the error-erasure protocol offers a more robust and
scalable approach against leakage-induced errors.
Furthermore, we acknowledge that leakage introduces
coherent interference that cannot be perfectly averaged
out by the RAT protocol within an isolated QRouter.
Strictly speaking, the accompanying coherent oscillations
deviate from a pure exponential decay. Nevertheless, for
small leakage errors and in the presence of natural
decoherence, these long-period oscillations are heavily
damped, allowing us to accurately approximate them as
a relaxation-type error. Moreover, because the delicate
phase conditions required for such coherent interference
are overwhelmingly lost in larger, scaled routing systems,
treating leakage as a Markovian channel is physically
justified. Consequently, we employ a standard exponential
model to extract the effective routing error rate in our
integrated analyses.

b. Qubit-qubit SWAP interactions

While the preceding section addressed population loss to
noncomputational states, imperfect

ffiffiffiffiffiffiffi
CZ

p
operations also

induce parasitic population exchanges entirely within the
active multiqubit set. Specifically, near-resonance condi-
tions and waveform distortions can trigger unintended
coherent SWAPs between adjacent data and address
qubits. To assess their impact, we should quantitatively
model this specific error mechanism. We first consider
coherent SWAPs between the qubit states j10iQQ ↔ j01iQQ

and j12iQQ ↔ j21iQQ, which are well documented in
transmon architectures [105,106]. By representing these
coherent SWAP-type perturbations as a unitary swapping
operation UQQ

SWAPðϑsÞ acting in the two-qubit subspace
spanned by fj01i; j10i; j12i; j21ig, we can model this error
channel:

(a)

(b)

(c)

Ciia
1

0

0

0
1

ia

Random Address

CCi CCm

×N

leaZ ma ma 1leaZ

FIG. 25. RAT experiments probing the coherent interference of
leakage errors. (a) Experimental setup used to control the leakage
phase. The phase of the leakage component on the address qubit is
deterministically varied via a virtual Z gate (Zjleai

δϕ ). (b) RAT
comparison between the error-erasure and nonerasure protocols in
an idealized, decoherence-free simulation (ϑ ¼ 0.98π). (c) RAT
comparison including realistic decoherence (T1 ¼ 20 μs,
T2 ¼ 2T1, r ¼ 0.8). The erasure scheme robustly suppresses
leakage-induced constructive interference across all phase re-
gimes.
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UQQ
SWAPðϑsÞ ¼

0
BBBBB@

cosðϑs=2Þ −i sinðϑs=2Þ 0 0

−i sinðϑs=2Þ cosðϑs=2Þ 0 0

0 0 cosðϑs=2Þ −i sinðϑs=2Þ
0 0 −i sinðϑs=2Þ cosðϑs=2Þ

1
CCCCCA: ðG27Þ

Here, ϑs is the effective SWAP angle. We assume compa-
rable SWAP rates for both transitions, consistent with near-
resonance conditions. The imperfect operation is then
described by U0 ffiffiffiffiffi

CZ
p ¼ U ffiffiffiffiffi

CZ
p ·UQQ

SWAP, where U ffiffiffiffiffi
CZ

p is the

operation of the ideal
ffiffiffiffiffiffiffi
CZ

p
gate.

To quantify the impact of these coherent SWAPs, we
evaluate the routing performance at both the component
level (CSWAP operations) and the system level (RAT). First,
to isolate the error accumulation within the basic routing
component, we simulate CSWAP2N sequences. For the
nonerasure baseline, we separately prepare the initial states
j100i and j110i and monitor the corresponding output
populations Pj100i and Pj110i. For the erasure scheme, we
separately prepare j100i and j120i and track Pj100i and
Pj120i. Performance is summarized by the average target
population: Pne ¼ ðPj100i þ Pj110iÞ=2 without erasure, and
P̄e ¼ ðPj100i þ Pj120iÞ=2 with erasure. In the absence of
SWAP perturbations, the target population remains unity.
When a representative perturbation of ϑs ¼ 0.01π is
introduced, coherent error accumulation drives distinct
population dynamics, as shown in Fig. 26(c). The non-
erasure baseline (dashed red curve) undergoes continuous
degradation, with the target population dropping to zero at
N ≈ 48. In contrast, the erasure scheme with postselection
disabled (solid purple curve) decays at a lower rate. When
postselection is enabled (solid black curve), the target
population loss is further mitigated.
Moving to the system level, RAT simulations performed

without decoherence [Fig. 26(d)] reveal the scaling of these
errors across the QRouter. As the perturbation strength
increases (ϑs ¼ 0.005π and 0.01π), the nonerasure MRAT
metric (dashed blue lines) decays monotonically toward
zero. Conversely, the erasure protocol (solid green lines)
maintains higher MRAT values across the tested depth. The
coherent nature of the SWAP error manifests as oscillations,
distinctly visible in the ϑs ¼ 0.01π erasure curve, which
reaches a local minimum near N ¼ 40 before rebounding.
Across these coherent cycles, the erasure protocol limits the
maximum routing failure relative to the baseline.
Mechanistically, the SWAP channel UQQ

SWAP degrades
routing by transferring population between the information
qubit and the address register. In the nonerasure protocol,
this transfer simultaneously scrambles the information
qubit state and directly flips the computational address,
inducing systematic routing faults. In the erasure protocol,

the nonadjacent address encoding (j0i and j2i) provides
structural isolation, making the address less susceptible to
total inversion via a single exchange. At the same time,

(a) (b)

(c)

(d)
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FIG. 26. Simulation study of parasitic qubit-qubit SWAP errors.
(a) Energy-level schematic illustrating the intended transition
alongside the parasitic j10iQQ ↔ j01iQQ and j12iQQ ↔ j21iQQ

SWAP processes induced during an imperfect
ffiffiffiffiffiffiffi
CZ

p
operation.

(b) Circuit-level representation demonstrating how a j10iQQ ↔
j01iQQ SWAP exchanges population between the address qutrit
(QC) and a data qubit (Q1, Q2). This transfers information out of
the data path and corrupts the address state for subsequent routing
cycles. (c) Target state population dynamics under repeated
CSWAP2N sequences with a fixed effective SWAP angle
ϑs ¼ 0.01π. The nonerasure baseline is denoted by the dashed
red curve, while the erasure protocol is shown with postselection
disabled (solid purple curve) and enabled (solid black curve).
(d) Simulated RAT metric (MRAT) as a function of depth N for
varying perturbation strengths (ϑs ¼ 0; 0.005π; 0.01π). Dashed
blue lines and solid green lines correspond to the nonerasure and
erasure protocols, respectively.
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parasitic exchanges with an information qubit in the j1i
state inherently push the address register into the inter-
mediate j1i state, specifically, j10iQQ → j01iQQ (when the
address is j0i) or j12iQQ → j21iQQ (when the address is
j2i). Furthermore, postselection actively identifies and
discards trials where the parasitic SWAP populates the
intermediate j1i state. Consequently, corrupted addresses
are prevented from propagating through the network,
preserving a higher overall routing fidelity.

c. Qubit-coupler SWAP interactions

Beyond interqubit interactions, parasitic SWAP errors can
also occur between a transmon qubit and its adjacent
tunable coupler. During the

ffiffiffiffiffiffiffi
CZ

p
operation, the high-

frequency qubit can become nearly resonant with the
coupler, enabling unintended energy transfer [105].
Waveform distortion can amplify this effect, corrupting
the qubit state and degrading routing performance. We
model this process by an effective QC SWAP UQC

SWAPðϑcÞ
acting in the subspace spanned by fj10iQC; j01iQCg:

UQC
SWAPðϑcÞ ¼

�
cosðϑc=2Þ −i sinðϑc=2Þ
−i sinðϑc=2Þ cosðϑc=2Þ

�
; ðG28Þ

where ϑc is the effective SWAP angle. In a three-qubit chain,
such interactions occur between the target qubit and its
neighboring couplers. For this analysis, we assume a
uniform ϑc across these pairs.
Applying the sequential evaluation framework estab-

lished in the preceding QQ SWAP analysis, we quantified
the impact of these QC interactions. Component-level
simulations of the CSWAP2N sequences [Fig. 27(c)] reveal
distinct population dynamics under SWAP perturbations.
The nonerasure baseline (dashed red curve) undergoes
rapid, coherent degradation, dropping to a local minimum
near 0.2 at N ¼ 50. In contrast, the erasure scheme
systematically maintains a higher target population,
remaining above 0.7 at N ¼ 75. Notably, the erasure
trajectories with postselection enabled (solid black) and
disabled (dashed purple) are perfectly overlapping.
Moving to the system level, RAT simulations

[Fig. 27(d)] confirm these topological trends across the
full routing network. As the perturbation strength increases
to ϑc ¼ 0.01π and 0.02π, the nonerasure MRAT metric
(dashed blue lines) decays sharply. Conversely, the erasure
protocol (solid green lines) exhibits superior resilience,
consistently bounding the routing failure rate below the
baseline across the simulated depth.
The overlapping curves in Fig. 27(c) numerically illus-

trate the underlying mechanism of this resilience, which
differs from the QQ SWAP case. In a QC SWAP, population is
diverted entirely out of the computational qubit subspace
and into the active coupler mode. Consequently, this
specific error channel avoids generating a detectable event

on the auxiliary j1i flag state, rendering the active post-
selection mechanism ineffective. However, the erasure
scheme inherently retains a robust structural advantage:
Because the nonadjacent address encoding (j0i and j2i)
dictates a distinct participation profile during the inter-
mediate routing primitive, the parasitic QC interaction
corrupts a localized transition rather than directly inverting
the entire address state.
This inherent structural isolation strictly limits the

propagation of routing faults across the binary tree, a
feature that manifests in the system-level RAT simulations
[Fig. 27(d)]. As the effective QC perturbation strength
increases, the nonerasure baseline undergoes a rapid,
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FIG. 27. Simulation study of parasitic qubit-coupler SWAP

errors. (a) Energy-level schematic illustrating the parasitic qu-
bit-coupler SWAP process induced during an imperfect

ffiffiffiffiffiffiffi
CZ

p
operation. This process induces j101iQCQ ↔ j011iQCQ and
j100iQCQ ↔ j010iQCQ transitions, where the first index denotes
the high-frequency qubit. (b) Circuit-level representation dem-
onstrating how a QC swap diverts population into the coupler
mode, corrupting the address state. (c) Target state population
dynamics under CSWAP2N sequences. The nonerasure baseline
is denoted by the dashed red curve. The erasure protocol is shown
with postselection disabled (dashed purple curve) and enabled
(solid black curve), which perfectly overlap in this error regime.
(d) Simulated RAT metric (MRAT) as a function of depth N under
varying QC SWAP perturbation strengths (ϑc ¼ 0; 0.01π; 0.02π).
Dashed blue lines and solid green lines correspond to the
nonerasure and erasure protocols, respectively.
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monotonic collapse in the routing metric MRAT. In stark
contrast, the structural isolation of the erasure protocol
significantly delays this fidelity decay. For instance, under a
perturbation of ϑc ¼ 0.01π, the erasure scheme preserves
an MRAT above 0.6 at a depth of N ¼ 75, whereas the
nonerasure baseline drops below 0.15. This pronounced
divergence confirms that even when the active postselection
filter is bypassed, the topological resilience of the erasure
encoding bottlenecks the proliferation of coherent errors
across deep cascaded circuits.
We recognize that these distinct scaling behaviors may

account for the deviations observed in our final system
integration, where the erasure scheme suppresses the
overall impact of unspecified coherent SWAP channels.
As emphasized previously, while direct experimental char-
acterization of these specific parasitic couplings via Floquet
calibration is planned for future investigations, our current
theoretical models can bound their contribution to the
residual routing infidelity.

3. Error budgets for the experimental system

Having established robust analytical models for both
incoherent environmental noise and coherent control
imperfections, we now transition to evaluating the physical
implementation. In this section, we construct error budgets
to estimate the primary contributions to the infidelities
observed in our experimental quantum routing system. The
parameters utilized in these numerical simulations are
directly extracted from the independent device calibrations
detailed in Appendix A. We analyze the hardware
performance across two distinct scales: first, by assessing
the localized errors at the component level (individual
QRouters) and, second, by evaluating the topological
error accumulation within the integrated two-layer net-
work. Through this quantitative evaluation, we isolate the
underlying error channels, identifying environmental
decoherence and

ffiffiffiffiffiffiffi
CZ

p
gate leakage as the dominant

sources of routing infidelity while attributing the residual
discrepancies to the aforementioned parasitic SWAP

interactions.

a. Component-level error decomposition

To establish the baseline hardware performance, we first
evaluate the individual QRouters at the component level.
Figure 28(c) presents the RAT experimental results along-
side the depth-fitted fidelities for the three QRouters.
Employing the error-erasure protocol yields component-
level fidelities of 95.1% �0.11%, 93.5% �0.15%, and
95.7% �0.04%. In comparison, the standard nonerasure
baseline exhibits lower fidelities of 90.7% �0.28%, 90.6%
�0.14%, and 87.5% �0.11%, respectively.
By incorporating the independently measured

decoherence and gate parameters (Appendix A) into our
numerical simulations, we decompose the total error into
contributions from individual physical mechanisms, as

summarized in Fig. 29(d). The estimated thermal contri-
butions are negligible (< 0.2%) compared to decoherence
and control errors, leaving environmental decoherence and
coherent gate errors as the dominant factors in the funda-
mental error budget. We establish a theoretical upper bound
for the combined error from decoherence and maximum
calibrated gate leakage, indicated by the dashed boxes in
Fig. 29(d). A discrepancy is observed in QRouter 3, where
the error of the nonerasure baseline substantially exceeds
this theoretical limit. We suspect that the parasitic SWAP-
type channels account for this excess residual error as
modeled in Appendixes G 2 b and G 2 c. In standard
routing schemes, these coherent interactions blindly corrupt
the address state and induce severe routing failures. By
contrast, the nonadjacent state encoding of the error-erasure
protocol affords inherent structural robustness against this
specific class of coherent errors, ensuring a consistently
lower net error across all three devices. As emphasized

%5.87PS w/o
RAT �F

%7.95PS w
RAT �F

(a)

(c)

(b)

%6.90PS w/o
RAT �F

%5.93PS w
RAT �F

%7.90PS w/o
RAT �F

%1.95PS w
RAT �F

µ

FIG. 28. QRouter distribution and RAT experimental data.
(a) Layout of the two-layer quantum routing system used in
the experiment. (b) Physical placement of the corresponding
QRouters on the quantum processing unit layout. (c) RAT
experimental results for each QRouter at the component level,
evaluated under both the error-erasure and nonerasure protocols.
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previously, direct experimental characterization of these
parasitic SWAP channels is deferred to future work, where
we intend to perform fSim-type gate calibrations within a
Floquet framework [62].

b. System-level error accumulation

Figure 30 presents the estimated error budget for the full
two-layer routing network. The depth-fitted fidelities for
the integrated two-layer system evaluate to 82.4%� 0.91%
utilizing the error-erasure protocol and 81.1% � 0.30% for
the nonerasure baseline.
To quantitatively analyze how errors accumulate across

this integrated network, we first establish the theoretical
fidelity expectation for a two-layer routing cycle
[Fig. 11(b)]. We define the noisy evolution superoperator
for the ith layer router as Ũ i ¼ EdðtÞ ∘ Egi ∘U ideal;i, where
U ideal;i is the ideal unitary transformation, Egi represents the
localized control error channel, and EdðtÞ denotes the time-
dependent decoherence channel. Within each round-trip
block of our RAT circuit, the quantum state is subjected
to the operations Ũ1, Ũ2, and Ũ1 in sequence, that
is, Ũcycle ¼ Ũ1Ũ2Ũ1.
However, the physical error depth does not scale linearly

with the number of operations due to two key architectural
mechanisms. First, once the state is routed downwards (via
Ũ2Ũ1), the quantum information is localized at the target
data qubits. The subsequent operation Ũ1 executed by the
upstream router acts on an empty subspace for the
information carrier, closely approximating the identity

operation. Second, through circuit parallelization, the
execution of the layered routers overlaps in time, com-
pressing the total decoherence duration to approximately

(a) (b)

(c) (d)

FIG. 29. The comparison between simulations and experiments and inferred error budgets for the QRouters. (a)–(c) Each QRouter’s
comparison between experimental data (markers) and numerical simulations (shaded regions). The shaded regions indicate the
simulated response bounded by the minimal and maximal leakage scenarios. (d) Inferred error budgets for each QRouter derived from
the simulations. Coral bars show the incoherence contributions, while cyan bars indicate leakage errors. The dashed block gives the
simulated maximum estimated error to each QRouter, while the khaki bars show the remaining errors in the experiments.

FIG. 30. System-level error budget and the coherent overhead
penalty. The bar plot compares the total experimental routing
error (1 − FRAT) of the error-erasure protocol (w/ PS) and the
standard nonerasure baseline (w/o PS) in the integrated two-layer
network. The total error is decomposed into fundamental in-
coherent environmental contributions (coral) and the remaining
error (cyan). The dashed outlines (Est.) denote the theoretical
error expectations derived from the product of single-layer
component fidelities. Notably, the standard baseline’s experi-
mental error closely aligns with its theoretical estimate. In stark
contrast, the erasure scheme exhibits a significant “unexpected”
error gap between the component-level independent projection
(approximately 10% error) and the integrated system-level reality
(approximately 17.6% error). This explicitly labeled gap visually
quantifies the system-level overhead introduced by complex
multiqubit crosstalk and frequency crowding during scaled
operations.
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two sequential operations (2t). Consequently, the physical
impact of a complete round-trip cycle on the initial state ρ0
can be simplified to a single directional transmis-
sion: Ũcycleðρ0Þ ≈ Ũ2Ũ1ðρ0Þ.
Given this effective error depth of two, the theoretical

average fidelity of the two-layer network can be explicitly
formulated by compounding the individual component
fidelities along the two symmetric routing paths. This
overall two-layer fidelity is estimated as Ftwo−layer ¼
FQR1 × ðFQR2 þ FQR3Þ=2, where FQR1 represents the fidel-
ity of the first-layer router and FQR2 and FQR3 correspond
to the fidelities of the two possible target routers in the
second layer. For the standard nonerasure baseline, this
expected fidelity evaluates to 0.907 × ð0.906þ 0.875Þ=2≈
80.8%. For the error-erasure protocol, the expected fidelity
evaluates to 0.951 × ð0.935þ 0.957Þ=2 ≈ 90.0%.
Comparing these theoretical projections with our inte-

grated RAT measurements reveals the operational overhead
of the respective schemes. The experimental nonerasure
fidelity (81.1%) is consistent with its theoretical projection
(80.8%), indicating that errors in the standard baseline
accumulate primarily independently. In contrast, the exper-
imental erasure fidelity (82.4%) falls notably below its
theoretical independent-component projection (90.0%).
This numerical discrepancy explicitly quantifies the

system-level penalty introduced by the erasure scheme.
The supplementary microwave pulses required for address
manipulation into the j2i encoding exacerbate frequency
collisions, classical microwave crosstalk, and residual
quantum ZZ couplings across the expanded multiqubit
network. As reflected in the error budget in Fig. 30, while
the erasure protocol reduces the fundamental decoherence
contribution from9.8% to 8.6%, these unmitigated crosstalk
phenomena cause the “remaining error” (the total exper-
imental error excluding decoherence) to remain comparable
at 9.0% (compared to 9.1% for the nonerasure scheme).
Therefore, while the nonadjacent encoding provides robust
immunity against localized SWAP errors, mitigating these
global coherent interactions remains an essential require-
ment for scaling high-fidelity quantum routing networks.

4. Hardware requirements for high-fidelity QRouters

Having decomposed the underlying infidelities of our
current physical implementation, we now pivot to a
forward-looking perspective. By leveraging the compre-
hensive error models validated in the preceding sections,
we project the specific hardware specifications required to
cross the threshold of high-fidelity quantum routing. This
analysis not only quantifies the practical scalability of our
proposed error-erasure scheme, but also establishes a
quantitative road map for next-generation hardware
development.
To isolate the fundamental performance limits imposed

by environmental decoherence, we assume ideal coherent
control for these projections. Under this assumption, we

perform a two-dimensional parameter sweep over the
primary relaxation and dephasing channels. Specifically,
we simulate the QRouter’s RAT fidelity by varying the
longitudinal relaxation time T1 and the ratio of transverse to
longitudinal coherence times, T2=T1. The relaxation time
of the second excited state is fixed at a constant
ratio r ¼ 0.8.
Figures 31(a) and 31(b) present the simulated fidelity

landscapes for the standard nonerasure baseline and our

(a)

(b)

(c)

�

�

�

FIG. 31. Decoherence requirements for high-fidelity QRouter
performance. Simulated RAT fidelity landscapes as a function of
the longitudinal relaxation time T1 and the coherence ratio T2=T1

for (a) the standard nonerasure baseline and (b) the proposed
error-erasure protocol. The simulations assume ideal coherent
control to isolate the fundamental impact of decoherence, with
the higher-level relaxation ratio fixed at r ¼ Γ10=Γ21 ¼ 0.8. The
99% fidelity thresholds are highlighted by the red solid line and
the blue dashed line on the respective surfaces. (c) A 2D
projection comparing the 99% fidelity boundaries. The region
above each curve indicates the parameter space satisfying the
F ≥ 0.99 criterion. The error-erasure scheme (blue dashed line)
consistently demands less stringent T1 and T2 hardware require-
ments than the nonerasure approach (red solid line), demonstrat-
ing its capability to significantly lower the technological
threshold for high-fidelity quantum routing. The minor fluctua-
tions in the data arise from finite sampling.
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proposed error-erasure protocol, respectively. As antici-
pated, the overall fidelity scales monotonically with con-
current improvements in both T1 and the T2=T1 ratio (T2

ratio). To establish concrete hardware targets for scalable
architectures, we extract the parameter contours corre-
sponding to a critical 99% operational fidelity thresh-
old (F ≥ 0.99).
A direct comparison of these threshold requirements is

explicitly delineated in the projected 2D phase diagram in
Fig. 31(c). The parameter space above the respective
boundary curves represents the regime where 99% fidelity
is physically achievable. The data demonstrate that the
error-erasure scheme (blue dashed line) relaxes the
decoherence constraints demanded by the nonerasure base-
line (red solid line) across the entire parameter space. For
instance, operating at a standard coherence limit of
T2 ¼ T1, achieving 99% routing fidelity without erasure
necessitates a robust relaxation time of T1 ≈ 60 μs.
Notably, as T2 decreases, the relaxation of the T1 constraint
afforded by the erasure scheme diminishes. This behavior is
attributed to the accumulation of dephasing errors, which
the erasure protocol is unable to mitigate. Consequently,
this imposes a requirement on the T2 coherence time. In
stark contrast, our structural erasure protocol substantially
lowers this hardware barrier to approximately 50 μs.
Ultimately, these results furnish specific materials and
fabrication targets for future high-performance QRouter
implementations.
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