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Bosonic excitations like phonons and magnons dominate the low-temperature transport of magnetic
insulators. Similar to electronic Hall responses, the thermal Hall effect (THE) of charge-neutral bosons has
been proposed as a powerful tool for probing topological properties of their wave functions. For example,
the intrinsic contribution of the THE of a perfectly clean system is directly governed by the distribution of
Berry curvature, and many experiments on topological magnon and phonon insulators have been
interpreted in this way. However, disorder is inevitably present in any material, and its contribution to
the THE has remained poorly understood. Here, we develop a rigorous kinetic theory of the extrinsic side-
jump contribution to the THE of bosons. We show that the extrinsic THE is always relevant for bosonic
systems and can be of the same order as the intrinsic one but sensitively depends on the type of local
imperfection. We study different types of impurities and show that a THE can even arise as a pure impurity-
induced effect in a system with a vanishing intrinsic contribution. As a side product, we also generalize
existing results for the electronic anomalous Hall effect to general types of impurities beyond the standard
assumption of local potential scattering. We discuss the importance of our results for the correct
interpretation of THE measurements, for example, in the Kitaev magnet α-RuCl3, and provide a ready-to-
use formula for comparison to experimental data.
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I. INTRODUCTION

For charged particles, such as electrons, the origin of
classical Hall transport from the Lorentz force has been
known since the end of the 19th century. After the
discovery of the quantum Hall effect a century later [1],
its origin from the intrinsic Berry curvature of the
electron’s wave functions was swiftly established [2].
Understanding the nonquantized anomalous Hall effect
(AHE) in metallic materials with broken time-reversal
(TR) symmetry has proven much more complicated,
because it is both difficult experimentally and theoreti-
cally cumbersome to disentangle contributions from
intrinsic Berry phase effects and extrinsic scattering
contributions [3]. Charge-neutral excitations in solids,
for example, phonons, magnons, or exotic fractionalized
spinons, can also exhibit Hall transport but now in res-
ponse to gradients in temperature (or energy density [4]).

A quantized thermal Hall effect (THE) has been put
forward as a powerful probe of exotic fractionalized
excitations from intrinsic topological order of Mott
insulators [5,6], signatures of which have been arguably
observed experimentally [7,8]. Unquantized THE in insu-
lators can also originate from more mundane phonon and
magnon excitations, as recently reported in many experi-
ments on magnets [9–19], and particularly in the Kitaev
material and spin liquid candidate α-RuCl3 [20–27]—for a
recent review, see Ref. [28]. While the theory of the
intrinsic (Berry curvature) contribution to this bosonic
THE has been firmly established over the past decade
[29–35], much less is known about the extrinsic contri-
butions. Concretely, scattering contributions from disor-
der inevitably present in any material are still poorly
understood and are the subject of the present paper.
The established way of calculating the THE in insulating

magnets is to derive an effective quadratic magnon
Hamiltonian (various ways of including effects of inter-
actions, or not, have been explored) and to derive from it
the magnon band structure and especially the Berry
curvature. The same procedure can also be used for other
types of neutral bosonic excitations, e.g., phonons. In both
cases, knowing the Berry curvature, one may compute the
thermal Hall conductivity:
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κcleanxy ¼ −
1

T
Trþ

Z
p

Z
dεΘ½ε − KdðpÞ�

× ε2∂εnBðε; TÞΩpxpy
ðpÞ; ð1Þ

where Θ is the Heaviside step function, Trþ is a sum over
boson bands, nBðε; TÞ ¼ 1=ðeε=T − 1Þ is the Bose function,
KdðpÞ is the bosonic energy, and crucially Ωpxpy

ðpÞ is the
bosons’ Berry curvature. This formula Eq. (1) is similar to
the Karplus-Luttinger formula for the intrinsic AHE of
electrons. However, in both the (bosonic) thermal and
(fermionic) electrical cases, the intrinsic contribution is but
part of the total Hall conductivity. Other phenomena
contribute, that are usually classified as skew-scattering
[36–41] and side-jump mechanisms: For a review in the
electronic case, see Ref. [3]. Here, we investigate the latter.
The general expectation is that the electronic side-jump

effect is nonperturbative, in that it does not depend on the
strength of disorder (or impurity density), when interpar-
ticle interactions can be neglected. Yet, for electronic
systems, the side-jump effect is actually not so commonly
seen experimentally [42], because electron-electron inter-
actions are usually strong especially in two dimensions [43]
and dominate over other scattering effects due, e.g., to
disorder. In the presence of strong disorder, the electron
liquid may also undergo localization in the bulk [44], while
mobile edge excitations account for a quantized Hall
conductivity [45]: The side-jump contribution, as a bulk
effect, is again negligible in this situation. Meanwhile, and
at odds with the electronic case, the side-jump contribution
is expected to play a significant role in the thermal Hall
effect of phonons or magnons. Indeed, in the absence of
Pauli exclusion, and even in the presence of a (mobility)
gap and of edge states between two bulk bands, bosonic
states from the lower bulk band are always thermally
excited, so that they always contribute to thermal transport.
Thus, side-jump effects are always present. Moreover, the
latter are presumably much less dominated by interaction
effects than in electron liquids, insofar as interactions
between collective bosonic modes like phonons or mag-
nons are usually small. For instance, they are due to lattice
anharmonicity for phonons or to higher-order terms in the
1=S expansion for magnons, and they are usually local (as
opposed to long range like the Coulomb interaction
between electrons) [46]. Possible experimental evidence
for significant side-jump effects may be found in the
kagome antiferromagnet volborthite [13], in pyrochlore
terbium oxides [11,15], and in the Kitaev compound
α-RuCl3 [25]—see Sec. V D.
Motivated by many reports of THE in insulating materi-

als [9–28], we derive rigorously the side-jump effect in the
thermal Hall conductivity of neutral bosons. Employing a
kinetic equation formalism (see below) for systems of
noninteracting bosons, we include the presence of generic
disorder fields, i.e., not only potential but a fully fledged

local deformation of the Hamiltonian as the most general
form of disorder. Within the semiclassical approximations
which we discuss later, we find that disorder scattering
induces new contributions in the boson thermal Hall
conductivity which are carried by bulk currents. As our
main result, we derive the corresponding disorder-induced
thermal Hall conductivity reading

κdisxy ¼ −
1

T
Trþ

Z
p

Z
dεδ½ε − KdðpÞ�ε2∂εnBðε; TÞ

× pλ½ΩW
pypλ

ðpÞ∂px
KdðpÞ −ΩW

pxpλ
ðpÞ∂py

KdðpÞ�; ð2Þ

where ΩW
pμpν

ðpÞ is a band-dependent and disorder-depen-
dent quantity, generally distinct from the Berry curvature
and which reduces to the latter in specific cases. Its
expression is provided in Eq. (32), and a concrete numeri-
cal recipe to compute it can be found in Appendix G. These
show that ΩW

pμpν
depends on the detailed matrix structure of

impurities: We discuss how the latter may be obtained for
any given physical model in Sec. III E. Interestingly, our
derivation translates with very little change to the case of
electrical Hall transport by electrons. This provides a
generalized formula for the side-jump AHE where impu-
rities, as local random Hamiltonians, have a general matrix
form in the space of fermion flavors and a general
momentum dependence. We provide this electronic AHE
contribution, together with a simple derivation, in Eq. (43).
As a concrete application, in Sec. V B, we consider the

honeycomb-lattice KΓΓ0 spin model in a magnetic field.
This Hamiltonian was proposed as a minimal model for the
Kitaev material α-RuCl3 in Ref. [47], where qualitative
agreement was found with experimental measurements of
κxy in this compound. We investigate the role of disorder, in
the form of random fluctuations of the model’s parameters
that may be caused by chemical variations. We find that the
side-jump term is a sizable contribution that leads to clear
differences, both quantitative and qualitative, from the
intrinsic THE, in accordance with experiments [27].
These observations appear to be quite generic. To

illustrate this somewhat formally, in Sec. V C, we inves-
tigate a generic low-energy theory for bosonic fields with
broken time-reversal symmetry. We find again that the side-
jump thermal Hall effect is comparable in magnitude to the
intrinsic thermal Hall effect (see Fig. 1). This makes Eq. (2)
an indispensable contribution alongside Eq. (1). Since for
bosonic systems the intrinsic and extrinsic contributions are
not clearly separated in different temperature regimes—i.e.,
they generically coexist—we argue that both necessarily
need to be treated on equal footing for a correct inter-
pretation of experimental data. Because ΩW

pμpν
ðpÞ depends

on the form of disorder considered, the above formula
shows that κdisxy is nonuniversal and depends on the specific
instance of disorder that we consider, as illustrated in
Fig. 1. We highlight in particular case (c), which shows
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that even with vanishing intrinsic Berry curvature Ωpxpy

there may still exist sizable disorder-induced thermal Hall
conductivity.
While our paper discusses the physics of Eqs. (1) and (2),

both in generic and in concrete applications, a significant
part of it is devoted to actually deriving Eq. (2) rigorously.
Our proof uses the language of kinetic theory, thereby
satisfying formal constraints (of systematicity and physical
intuition) that we introduce next with some historical
context. The general formula Eq. (1) for the intrinsic
thermal Hall conductivity of neutral bosons was first
derived rigorously using the Kubo-Streda formalism for
phonons [31] and magnons [32]. Its intuitive picture as a
semiclassical current carried by particles obeying the
semiclassical equations of motion [29] was recently pro-
vided rigorous support in Ref. [35], where one of the
authors took part in deriving Eq. (1) directly from the
inhomogeneous kinetic equation. Except for the now well-
known complications introduced by the energy magneti-
zation [30], this development is very similar to that of the
intrinsic AHE of electrons, which was first obtained from
the Kubo formula [48] before it was given a semiclassical
picture using the semiclassical equations of motion of the
electron wave packet [49], later derived rigorously within
the kinetic language using the Wigner-Weyl formalism
[50]. The effect of disorder on the electronic AHE, and
especially the side-jump effect, was originally computed in
specific electron models using Kubo’s formula [51–53] but
can also be derived in the language of semiclassical
dynamics. This was shown much later, based on the wave
packet analysis [54,55], and was also derived rigorously in
a particular model within the Schwinger-Keldysh kinetic
formalism [56]. At least in one particular case, a formal
connection can be drawn between both approaches [57]. In
the case of the thermal Hall conductivity of neutral bosons,

the side-jump effect was seldom studied (for a rare
exception, see Ref. [58] within the linear response formal-
ism [59]), and a general, intuitive, semiclassical picture
based on kinetic theory was still missing—this is the
problem we address in Secs. II–IV.
The rest of the paper is organized as follows. In Sec. II,

we summarize the derivation of Ref. [35] of the inhomo-
geneous kinetic theory without disorder, which forms the
basis for the inclusion of disorder in a real-space, real-time
picture. We then show how disorder scattering can be
included in this formalism. In Sec. III, we expand the time
evolution equation in phase space and show how disorder-
induced coordinate shifts naturally appear in the full gauge-
invariant kinetic equation. In Sec. IV, we show how these
coordinate shifts lead to a side-jump current operator,
which we derive, and to a displaced equilibrium distribu-
tion, which together lead to Eq. (2). Finally, in Sec. V, we
apply our results, first very concretely to a spin model with
direct experimental implications for the Kitaev compound
α-RuCl3 [47] (Sec. V B) and then to a more generic low-
energy theory of chiral bosons (Sec. V C), in both cases
with different instances of disorder.

II. SETUP

A. Reminders about the clean case

We start from the general formulation introduced in
Ref. [35], of a free boson system described by 2N
Hermitian fields ΦaðrÞ, r∈Rd, a ¼ 1;…; 2N, with com-
mutation relation ½Φaðr1Þ;Φbðr2Þ�≡ ℏΓ̂abðr1; r2Þ a 2N ×
2N matrix with pure imaginary c-number entries. The free
theory without disorder is defined by an arbitrary quadratic
Hamiltonian, H ¼ 1

2
Tr½Φ ∘ Ĥ ∘Φ�, where the convolution

∘ and the trace Tr run over both flavor and spatial indices,
explicitly

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0
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0 1 2 3 4
0.0

0.5

1.0

FIG. 1. Thermal Hall conductivity divided by temperature κxy=T as a function of temperature T for three different instances (a)–(c) of
disorder and TR-breaking parameters, in a minimal model of bosons with viscosity (TR-breaking) terms introduced in Sec. V. κcleanxy is
the intrinsic contribution in the absence of disorder [Eq. (1)], κdisxy is the contribution due to disorder [Eq. (2)], and κtotxy ¼ κcleanxy þ κdisxy .
Both axes are in arbitrary units, identical in all three plots. (a) Disorder is a local modulation of the clean Hamiltonian, with identical
matrix structure. (b) Disorder is a local viscosity term, distinct from that already present in the clean theory. (c) The clean theory has zero
viscosity and preserves TR, but impurities still introduce TR breaking locally: remarkably, in this case thermal Hall conductivity is a
pure impurity effect. (a)–(c) The temperature dependences and distinctive features of these curves are discussed in Sec. V C 4.
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H ¼ 1

2

Z
r1;r2

X
a;b

Φaðr1ÞĤabðr1; r2ÞΦbðr2Þ; ð3Þ

where Ĥ is a 2N × 2N matrix of pure real c-number entries.
The kinetic theory describes the evolution of the (real)
density matrix

F̂abðr1; r2Þ≡ 1

2
hfΦaðr1Þ;Φbðr2Þgi: ð4Þ

All three Ĥ, F̂, and Γ̂, regarded as matrices in the joint
flavor (a, b) and coordinate (r1, r2) space, are Hermitian.
The theory can be formulated in phase space, with ðX; pÞ

coordinates, by means of the Wigner transform,

OðX; pÞ≡
Z
x
e−ði=ℏÞpxÔ

�
X þ x

2
; X −

x
2

�
; ð5Þ

where p; X∈Rd and
R
x ≡
R
ddx. Then, F, H, and Γ are

functions on phase space (X, p) and are all Hermitian as
2N × 2N matrices at fixed ðX;pÞ. The equation of motion
for the density matrix is

∂tFðX; pÞ ¼ −
i
ℏ
ðK ⋆ F − F ⋆ K†Þ; ð6Þ

where ⋆ is the Moyal product (with sign convention as in
Refs. [35,60]) and KðX; pÞ ¼ ℏΓ ⋆ H is the dynamical
matrix.
At this stage, it is worth noticing that the same pro-

cedure applied to fermions instead of bosons, with
H ¼ Tr½Ψ† ∘ Ĥ ∘Ψ�, yields the very same kinetic equation
Eq. (6), for the density matrix now defined as F̂abðr1; r2Þ≡
hΨ†

aðr1ÞΨbðr2Þi and where the dynamical matrix identifies
as the Hamiltonian, K ¼ ℏH.
Back to bosonic systems, the energy current density,

obtained from the continuity equation [35], reads (to the
first order in ℏ)

JμðXÞ ¼
1

2

Z
p
ReTrð∂kμKðF ⋆ HÞÞ; ð7Þ

where μ∈ f1;…; dg and
R
p ¼ R ddp=ð2πℏÞd. We come

back to this in Sec. IV.

B. Introducing disorder

We now consider the similar problem of an inhomo-
geneous theory (allowing for a possibly spatially depen-
dent Lagrangian) of free bosons with disorder. While, in
principle, frozen disorder may be treated as a specific
instance of spatial dependence in the Hamiltonian
Eq. (3), we instead consider disorder as a distinct random
contribution to the Hamiltonian. This means replacing
Eq. (3) with

H ¼ 1

2
Tr
h
Φ ∘ ðĤþ V̂Þ ∘Φ

i
; ð8Þ

where V̂abðr1; r2Þ is a random matrix variable. Since H,
together with the commutation relation, defines a free
theory for the fields Φ, one can simply use the classical
equations of motion to derive the kinetic equation

∂tF̂ ¼ −
i
ℏ

�
ðK̂þ V̂Þ ∘ F̂ − F̂ ∘ ðK̂þ V̂Þ†

�
; ð9Þ

where now K̂ ¼ ℏΓ̂ ∘ Ĥ and V̂ ¼ ℏΓ̂ ∘ V̂. (In the fermionic
case, K̂ ¼ ℏĤ and V̂ ¼ ℏV̂.)
The new ingredient here is V̂, accounting for disorder.

Generally, V̂abðr1; r2Þ has an arbitrary matrix structure,
constrained only by the same symmetry properties as
Ĥabðr1; r2Þ. In the existing treatments of disorder in
(fermionic) anomalous Hall effects [51–57], a diagonal
scalar potential V̂abðr1; r2Þ ¼ δa;bδðr1 − r2ÞVðrÞ is used,
which corresponds effectively to an on-site shift of the
electronic chemical potential [61]; in the following, we
refer to this as the “case of fermions in a random scalar
potential.” For real bosons, this would be unreasonable, in
general: Because of the relation V̂ ¼ ℏΓ̂ ∘ V̂, an on-site
chemical potential (i.e., a term V̂ ∝ 1) corresponds, in
general, to a nontrivial and fine-tuned matrix structure
for V̂.We also drop the assumption V̂abðr1; r2Þ ∝ δðr1 − r2Þ
and instead consider a more general spatial dependence.
This allows us to describe structural disorder, bond disorder,
impurities interacting or mediating interactions at longer
range, and, more generally, any local disturbance of
momentum-dependent features of the clean theory (as
opposed to just an on-site scalar potential).
Explicitly, we consider V̂abðr1; r2Þ a Gaussian random

variable with zero average, hV̂abðr1; r2Þi ¼ 0, interpreted
as a fixed (i.e., nonrandom) function of ðr1 − r2Þ centered
at a position 1

2
ðr1 þ r2Þ which is random. This means,

mathematically,

hV̂abðr1; r2ÞV̂cdðr3; r4Þi

¼ Ŵabðr1− r2ÞŴcdðr3− r4Þw
�
r1þ r2

2
−
r3þ r4

2

�
; ð10Þ

where the first two factors describe the fixed matrix
structure of single impurities and the function w describes
the impurities’ spatial correlation—we assume w�ðr − r0Þ ¼
wðr − r0Þ ¼ wðr0 − rÞ. We choose the normalization
wð0Þ ¼ nimp, the impurity density, to remove ambiguity.

For future convenience, we also define Ŵ ¼ Γ̂ ∘ Ŵ. We note
that the general disorder we consider here is similar to that of
Ref. [62], where a homogeneous problem is considered in a
full momentum representation—at odds with our approach
of an inhomogeneous problem in a phase-space representa-
tion, allowing for a semiclassical identification of wave
packet coordinate shifts.
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We provide more intuition on Eq. (10), together with a
concrete recipe to compute Ŵ, in the more convenient
language of phase-space coordinates in Sec. III E. For now,
it suffices to say that Ŵabðx − x0Þ, the “disorder matrix,”
accounts for the local matrix structure of an impurity in the
basis of the field components ΦaðxÞ and Φbðx0Þ.

C. Equal-time formalism

The next step is to diagonalize the clean problem: Here,
we just outline in two sentences the method described in
Ref. [35]. Explicitly, the diagonalization is realized by
solving for a matrix S such that Kd ¼ S−1 ∘K ∘S is
diagonal (one can also prove that its entries are real):
This defines the basis of bosonic bands. Then, we define
F ¼ S ∘Fd ∘S† and Vd ¼ S−1 ∘V ∘S—the index “d” indi-
cates that a quantity is expressed in the basis where Kd is
made diagonal, but note that neither Vd nor Fd is diagonal
a priori. Then, the kinetic equation reads

iℏ∂tFd − ½Kd ̊;Fd� ¼ Vd ∘Fd − Fd ∘V†
d; ð11Þ

with the shorthand ½Kd ̊;Fd� ¼ Kd ∘Fd − Fd ∘Kd. Note that
Vd is a random variable, and, consequently, Fd, as a
solution of Eq. (11), is also random: To extract physical
quantities, a disorder average of Eq. (11) must be taken.
Because the disorder we consider is correlated in space

but not in time, scattering is elastic and an equal-time
formalism (as opposed to the full Schwinger-Baym-
Kadanoff-Keldysh treatment) is sufficient. We write

Fdðx; y; tÞ ¼
Z
x0;y0

Uðx; tjx0; t0ÞFdðx0; y0; t0ÞU†ðy; tjy0; t0Þ;

ð12Þ
in terms of the evolution operator

Uðx; tjx0; t0Þ≡ hxjT exp

�
−
i
ℏ

Z
t

t0
dτðKd þ VdÞðτÞ

�
jx0i;

ð13Þ
where T stands for time ordering, and note that in Eq. (12)
one integrates over x0 and y0 but not t0, which is an arbitrary,
but fixed “initial” time. Then, the next steps, following the
standard procedure (see, for instance, Ref. [63]), are to
replace Eq. (12) into the kinetic equation, expand in powers
of Vd, and average over disorder using Eq. (10): This is
represented diagrammatically in Fig. 2, using the standard
intuitive pictorial language of, e.g., Ref. [63].
To the lowest diagrammatic order, one uses the expansion

Uðx; tjx0; t0Þ ¼ U0ðx; tjx0; t0Þ −
i
ℏ

Z
t

t0
dτ
Z
ξ;ζ

U0ðx; tjξ; τÞVdðξ; ζÞU0ðζ; τjx0; t0Þ þ � � � ; ð14Þ

where U0ðx; tjx0; t0Þ≡ hxj exp ½− i
ℏ ðt − t0ÞKd�jx0i is the clean evolution operator. In the last line in Fig. 2, the rightmost part

of each diagram can be contracted using again Eq. (12) (to the lowest order in powers of the disorder potential), yielding the
disorder-averaged kinetic equation

hiℏ∂tðFdÞn;nðx; y; tÞ − ½Kd ̊;Fd�n;nðx; y; tÞi

¼ −
i
ℏ

�Z
t

t0
dτ
Z
fξig

ðU0Þn0;n0 ðξ1; tjξ2; τÞhðVdÞn;n0 ðx; ξ1ÞðVdÞn0;nðξ2; ξ3ÞiðFdÞn;nðξ3; ξ4; τÞðU0Þn;nðξ4; τjy; tÞ

−
Z

t

t0
dτ
Z
fξig

ðU0Þn;nðx; tjξ1; τÞhðVdÞn;n0 ðξ1; ξ2ÞðV†
dÞn0;nðξ4; yÞiðFdÞn0;n0 ðξ2; ξ3; τÞðU0Þn0;n0 ðξ3; τjξ4; tÞ

−
Z

t

t0
dτ
Z
fξig

ðU0Þn0;n0 ðξ1; tjξ2; τÞðFdÞn0;n0 ðξ2; ξ3; τÞhðVdÞn;n0 ðx; ξ1ÞðV†
dÞn0;nðξ3; ξ4ÞiðU0Þn;nðξ4; τjy; tÞ

þ
Z

t

t0
dτ
Z
fξig

ðU0Þn;nðx; tjξ1; τÞðFdÞn;nðξ1; ξ2; τÞhðV†
dÞn;n0 ðξ2; ξ3ÞðV†

dÞn0;nðξ4; yÞiðU0Þn0;n0 ðξ3; τjξ4; tÞ
�
þ � � � ; ð15Þ

FIG. 2. Graphical representation of our equal-time procedure,
inspired by Ref. [63]. The horizontal direction represents time
(with later times to the left), and the dashed lines represent a
statistical contraction as per Eq. (10). Symbols are defined in the
first line, and the other three lines represent Eqs. (12)–(13), (14),
and (15), respectively. We use the shorthand DtFd ¼ ∂t þ
i½Kd ̊;Fd�, and for notational clarity ℏ ¼ 1.
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where the integral is over all four ξi, i ¼ 1;…; 4. In Eq. (15), disorder now enters solely in the form of statistical correlations

hðVs
dÞn;n0 ðz1; z2ÞðVs0

d Þn0;nðz3; z4Þi ¼
Z
fλig

w

�
1

2
ðλ1 þ λ2Þ −

1

2
ðλ3 þ λ4Þ

�

× ½S−1ðz1; λ1ÞWðλ1; λ2ÞSðλ2; z2Þ�sn;n0 ½S−1ðz3; λ3ÞWðλ3; λ4ÞSðλ4; z4Þ�s0n0;n; ð16Þ

where the integral is over all four λi, i ¼ 1;…; 4, and the
upper index s; s0 ¼ − (respectively,þ) on an operator means
Hermitian conjugation (respectively, absence thereof).
Taking t0 → −∞, Eq. (15) gives FdðtÞ as a function of

FdðτÞ at all earlier times τ < t. Considering Fdð−∞Þ to be
disorder independent, then FdðτÞ on the right-hand side of
Eq. (15), as a solution to the equation at an earlier time, is
no longer a random variable but a deterministic function.
Therefore, we can drop the disorder average h·i on the left-
hand side and, henceforth, treat Eq. (15) as a deterministic
integro-differential equation for FdðtÞ.

III. DERIVATION OF THE KINETIC EQUATION

A. Phase-space formulation and semiclassical
approximations

In order to obtain the kinetic equation in terms of phase-
space variables ðX; pÞ, we now perform the Wigner trans-
formation [see Eq. (5)] on the kinetic equation. We provide
some technical details about the intermediate steps in
Appendix A, and here we outline only a few salient aspects
of the calculation.
First, our semiclassical derivation relies on an expansion

in powers of ℏ. Throughout the paper, this is referred to as
the semiclassical expansion [64]. Scattering of bosons on
disorder affects the phase-space coordinates X and p of
the wave packets, which by convention are Oðℏ0Þ in the
free case. Upon scattering, the particle momentum is
modified, p→ p0, by an amount p0 − p ¼ Oðℏ0Þ governed
by the Fourier-transformed disorder correlation w̃ðkÞ ¼R
ξ e

−ikξ=ℏwðξÞ: Since the latter can hardly be known with
sufficient accuracy, any Oðℏ1Þ semiclassical correction is
irrelevant, and we neglect scattering shift effects on the
momentum of excitations. Meanwhile, we focus on the
position shift effects induced by disorder which will occur
at the order of Oðℏ1Þ—in other words, we consider
semiclassical corrections on the X but not the p variable
of FdðX; pÞ;KdðX; pÞ in our derivation.
Second, we use the classical limit of the time evolution,

given by the limit ℏ → 0 and the identity

lim
ℏ→0

1

ℏ
θðtÞe−itðE−i0Þ=ℏ ¼ −iδðtÞ 1

E − i0

¼ −iδðtÞP 1

E
þ πδðtÞδðEÞ; ð17Þ

where P stands for principal value. Physically, this
amounts to assuming destructive interferences between

all contributions in Eq. (15) at times τ earlier than t,
yielding an equal-time differential equation for the time
evolution of the density matrix. Equivalently, the ℏ → 0
limit selects the classical path in the functional integral
representation of time evolution. In the following, we also
discard the principal value term, which accounts for the
perturbative [64] effect of disorder on the bosonic quasi-
particle energies, and keep only the dirac delta term, which
accounts for elastic scattering of bosonic waves.
Third, we assume adiabaticity in the sense that the

disorder correlation length λdis is much larger than the
typical wavelength of bosonic excitations λbos (at a given
temperature T), λdis ≫ λbos, equivalently, that the disorder
correlation function w̃ðkÞ is a narrow enough peak centered
around zero momentum: The momentum transfer k during
a single scattering event is then small in comparison to a
typical bosonic excitation’s momentum p. Based on this, as
a crucial step we perform a small-k expansion:

ðS−1Þn;aðpþ k=2ÞWab

�
pþ p0

2
þ k=2

�
Sb;n0 ðp0 þ k=2Þ

≈Mn;n0 ðp; p0Þ exp½iðk=2Þδrn;n0 ðp; p0Þ=ℏ�; ð18Þ

where we define

Mn;n0 ðp; p0Þ ¼ ðS−1Þn;aðpÞWab

�
pþ p0

2

�
Sb;n0 ðp0Þ; ð19aÞ

δrn;n0 ðp; p0Þ ¼ ℏð∂p þ ∂p0 ÞArg½Mn;n0 ðp; p0Þ�: ð19bÞ

Contrary to the previous two approximations, Eq. (18) is, in
principle, an uncontrolled assumption, which amounts to
neglecting variations of the moduli of eigenvectors, focus-
ing on their phase variations. In the wave packet inter-
pretation of phase-space quantum dynamics, this means we
are focusing on the position and momentum of particle
wave packets (contained in the phase), neglecting varia-
tions of their extension or spreading (contained in the
amplitude): This is again a semiclassical approximation in
the traditional sense [65].
In the case of fermions in a random scalar potential,

because W ∝ 1 and S† ∘S ¼ 1, Eq. (18) is strictly equiv-
alent to k ≪ pð0Þ; in our general bosonic case, there is no
such equivalence.
Note also that in Eqs. (18) and (19) we dropped the X

variable of all quantities (S;M; δr, etc.): While these may
indeed vary spatially in our inhomogeneous theory, this
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dependence is irrelevant to the order of ℏ considered here,
and we keep omitting the X variable in the following
wherever this cannot possibly cause any confusion.

The upshot of the procedure just described is Eq. (A8) in
Appendix A, which, after one extra (minor) simplification
discussed there, becomes

iℏ∂tðFdÞn;nðX; p; tÞ − ½Kd ;⋆Fd�n;nðX; p; tÞ

¼ −i2π
X
n0

Z
p0
w̃ðp − p0ÞδððKdÞn0;n0 ½X þ δr−n;n0 ðp; p0Þ; p0� − ðKdÞn;nðX; pÞÞ

×

�
ðFdÞn;nðX; p; tÞRe½Mn;n0 ðp; p0ÞMn0;nðp0; pÞ� − ðFdÞn0;n0 ½X þ δr−n;n0 ðp; p0Þ; p0; t�Re½Mn;n0 ðp; p0ÞMn;n0 ðp; p0Þ��

	
; ð20Þ

where ½O1 ;⋆O2� ¼ O1 ⋆O2 −O2 ⋆O1 is the Moyal
bracket and δr−n;n0 ðp; p0Þ ¼ 1

2
½δrn;n0 ðp; p0Þ − δrn0;nðp0; pÞ�

appears as a coordinate shift. We note that
w̃�ðkÞ ¼ w̃ðkÞ ¼ w̃ð−kÞ.

B. Gauge-invariant coordinates and shift

When defining eigenfunctions of a given operator (here,
K), one is faced with a gauge choice: After fixing the
eigenvector normalization S† ⋆ H ⋆ S ¼ 1, there remains
a U(1) phase redundancy

S → S ⋆ eiθ ð21Þ
at any point ðX; pÞ in phase space (θ a diagonal matrix of
phases, function of X and p). As explained, e.g., in
Ref. [35], KdðX; pÞ and FdðX;pÞ themselves are not
invariant under such a gauge transformation Eq. (21).
Instead, KdðX; pÞ ¼ KdðX; pÞ and FdðX; pÞ ¼ FdðX; pÞ,
functions of the “kinetic” coordinates

Xμ ¼ Xμ þ ℏApμ
; ð22aÞ

p
μ
¼ pμ − ℏAXμ

; ð22bÞ

are gauge invariant (to the first order in ℏ).
Here, Aγ ¼ Im ðS−1

∂γSÞðdÞ, for γ ¼ Xμ; pμ, where Im
selects the imaginary part and (d) the diagonal part, is the
generalized Berry connection in phase space [up to Oðℏ1Þ
corrections].
In terms of these new coordinates and physical quan-

tities, one can show (see Refs. [35,50,56]) that the time
derivative operator appearing on the left-hand side of the
gauge-invariant kinetic equation is

Dt ¼ ∂t þ Ẋμ∂Xμ
þ ṗμ∂pμ

; ð23Þ

with what can be identified as the Hamilton equations:

Ẋμ ¼ ∂pμ
Kd − ℏðΩpμpν

∂Xν
Kd −ΩpμXν

∂pν
KdÞ; ð24aÞ

ṗμ ¼ −∂Xμ
Kd þ ℏðΩXμpν

∂Xν
Kd −ΩXμXν

∂pν
KdÞ; ð24bÞ

in terms of the generalized Berry curvature in phase space:

Ωαβ ≡ ∂αAβ − ∂βAα; ð25Þ

with α; β∈ fXμ; pνg and always up to Oðℏ2Þ corrections.
We note that all these quantities Ωαβ, Aγ, Ẋμ, ṗμ, and Dt

must be understood as diagonal matrices in the eigenbasis
of energy bands (where Kd is diagonal). (We also note that
this discussion translates straightforwardly to the language
of fermions [50].)
The above results hold for a general inhomogeneous

theory. In the following, we focus on physical problems
where the “magnetic field” ΩX;X, the mixed Berry curva-
tures ΩX;p and Ωp;X, and the real-space Berry connection
AXμ

play no role (which includes not only homogeneous
theories, but also, for instance, the “gravitational potential”
or “separable” case [4,35]).
Then, performing the change of coordinates Eq. (22)

in Eq. (20), one obtains the gauge-invariant kinetic
equation (27), whose left-hand side is DtFdðX;pÞ and
whose right-hand side is now expressed fully in terms of
KdðX; pÞ and FdðX; pÞ, with the corresponding position
coordinates

for ðKdÞn;n; ðFdÞn;n∶ Xμ;

for ðKdÞn0;n0 ; ðFdÞn0;n0∶ Xμ þ δXn;n0 ðp; p0Þ;

where we have defined the gauge-invariant position shift

δXμ
n;n0 ðp; p0Þ ¼ δr−;μn;n0 ðp; p0Þ þ ℏðApμ

Þn;nðpÞ
− ℏðApμ

Þn0;n0 ðp0Þ: ð26Þ

We note that all three terms in Eq. (26) are of the order of
Oðℏ1Þ and that, although δr−n;n0 ðp; p0Þ is not gauge invari-
ant, the full position shift δXμ

n;n0 ðp; p0Þ is.
We have obtained
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ð∂t þ Ẋμ∂Xμ
þ ṗμ∂pμ

ÞFdðX; p; tÞjn;n
¼ −

2π

ℏ

X
n0

Z
p0
w̃ðp − p0Þ × δ

�
ðKdÞn0;n0 ½X þ δXn;n0 ðp; p0Þ; p0� − ðKdÞn;nðX; pÞ

�

×
�
ðFdÞn;nðX; p; tÞRe½Mn;n0 ðp; p0ÞMn0;nðp0; pÞ� − ðFdÞn0;n0 ½X þ δXn;n0 ðp; p0Þ; p0; t�Re½Mn;n0 ðp; p0ÞMn;n0 ðp; p0Þ��

	
: ð27Þ

Note that the position arguments of the functions Fd and Kd
in Eq. (27) are derived systematically to semiclassical order
Oðℏ1Þ, and they are crucial in the following.

C. Corrected kinetic equation: Practical
implementation and further assumptions

In order to make quantitative predictions in specific
applications, it is possible to use Eq. (27) as a starting point
and to solve it, for instance, numerically, using variational
methods [66] and/or decomposing the distribution function
onto a basis of harmonics [67]. Here, we remain general
and proceed with further approximations to make analytical
progress.
First, we replace Mn;n0 ðp; p0Þ by its modulus: While it is

clear that this does not affect the semiclassical physics of
coordinate shifts but merely modifies the scattering rates,
whose precise form ultimately does not affect our final
results, it is also possible to justify this assumption more
rigorously based on a small-momentum expansion (see
Appendix C 3). Second, contrary to the case of fermions in
a random scalar potential, where it is always true,

jMn;n0 ðp; p0Þj¼? jMn0;nðp0; pÞj ð28Þ

does not hold a priori for the problem at hand. We discuss
the validity of this assumption in Appendix C 4, where we
show that it is valid in a particular (yet still reasonably
general) case. Henceforth, we assume Eq. (28) to hold, so
that jMn;n0 ðp; p0Þj2 may be factorized in the right-hand side
of Eq. (27). The latter then takes a simplified form:

DtFdðX; p; tÞjn;n ¼ −
2π

ℏ

X
n0

Z
p0
w̃ðp − p0Þ × δðenergyÞ

× jMn;n0 ðp; p0Þj2 × δFn;n0 ðp; p0Þ; ð29Þ

where one defines the distribution difference

δFn;n0 ðp; p0Þ≡ ðFdÞn;nðX; pÞ
− ðFdÞn0;n0 ½X þ δXn;n0 ðp; p0Þ; p0� ð30Þ

and the energy conservation delta-function is the same as in
Eq. (27). Besides, in the following, we neglect n ≠ n0
contributions to the collision integral. An argument based
on the relative magnitude of matrix elementsMn;n0 ðp; p0Þ is

given in Appendix C 2, but here we simply notice that, for
nondegenerate bands and small deviations p0 − p, the
energy conservation delta strongly favors n0 ¼ n terms,
which we henceforth focus on.

D. The disorder-induced curvature

We now consider the band-diagonal position shift δXn;n.
An expansion at small deviations p0 − p (see details in
Appendix B) yields

δXμ
n;nðp; p0Þ ≈ ðp0 − pÞνðΩW

pμpν
Þn;n; ð31Þ

where we define a gauge-invariant, disorder-dependent
quantity:

ΩW
pμpν

ðpÞ≡−∂pν
Im ½S−1ðpÞ∂pμ

SðpÞ�ðdÞ
þ ∂pμ

Imf½S−1ðpÞWðpÞ∂pν
SðpÞ�ðdÞD−1

d ðpÞg

þ 1

2
∂pμ

Imf½S−1ðpÞ∂pν
WðpÞSðpÞ�ðdÞD−1

d ðpÞg;
ð32Þ

where we use the shorthand

DdðpÞ≡ ½S−1ðpÞWðpÞSðpÞ�ðdÞ; ð33Þ

and we note that a necessary condition for this small-
deviation expansion to be well grounded is that
ðDdÞn;nðpÞ ≠ 0 ∀ ðn; pÞ, i.e., that the diagonal elements
of S−1WS be nonvanishing. To the order we consider in
λbos=λdis ≪ 1 (small-deviation expansion), in Eq. (31) ΩW

can be evaluated equivalently at p or p0. Also, in Eq. (32)
the sum of the first and second terms is gauge invariant,
while the third term by itself is gauge invariant. An
explicitly gauge-invariant formula for 1

2
ðΩW

pμpν
−ΩW

pνpμ
Þ,

suitable for numerical evaluation, is provided in
Appendix G.
The quantity Eq. (32) may be dubbed for convenience

the “disorder-induced curvature,” although it does not
a priori qualify as a curvature in the strict mathematical
sense. In the case of fermions in a random scalar potential,
withWðpÞ ∝ 1, the two curvatures coincide: Then, one just
has
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δXμ
n;nðp; p0Þ ≈ ðp0 − pÞνðΩpμpν

Þn;n;

where Ωpμpν
¼ ∂pμ

Apν
− ∂pν

Apμ
is the usual Berry curva-

ture. This recovers the familiar result of Refs. [54,55].
We notice that, in general, ΩW

pμpν
≠ −ΩW

pνpμ
, at odds with

the usual Berry curvature. Meanwhile, from Eq. (31), it
appears that ΩW

pμpν
is odd under TR and even under

inversion, just like the usual Berry curvature.
Besides our rigorous formal proof of Eq. (27) (and of the

energy current below) including semiclassical disorder
corrections, Eqs. (31) and (32) are the main new result
of this work, displaying both qualitative and quantitative
differences with the known theory for the case of fermions
in a random scalar potential.

E. The disorder matrix structure Ŵ

We now provide more details on the interpretation
and the determination in practice of the disorder matrix
WðpÞ ¼ ΓŴðpÞ, which plays a crucial role in defining the
disorder-induced curvature ΩW in Eqs. (32) and (33).
An impurity localized at a given position modifies

locally the Hamiltonian. Should one place such an impurity
at each site, translational invariance would be restored, and
the homogeneous Hamiltonian would simply be shifted by
a matrix function of momentum, HðpÞ → HðpÞ þ ŴðpÞ.
This defines ŴðpÞ and provides a way to compute it
concretely. Such a disorder matrix can describe any local
variations of the parameters of the Hamiltonian (magnetic
exchanges, hopping amplitudes, elastic moduli, etc.), that
define the matrix structure and momentum dependence of
HðpÞ: In fact, at this stage, ŴðpÞ could simply be absorbed
into a redefinition of HðpÞ.
Now, more generally, in the inhomogeneous setting,

distributing a “bunch” of impurities around position X
weighted by a smoothly decreasing function of distance
shifts the Hamiltonian as HðX; pÞ → HðX; pÞ þ W̃ðX; pÞ,
where W̃ðX; pÞ reduces to ŴðpÞ in the homogeneous limit
where the impurities “extend” over the whole system. To
describe the realistic case of correlated but dilute impu-
rities, we describe them as a self-averaging, effectively
randomdistribution.We introduce such disorder as a random
variable, W̃ðX;pÞ ↦ V̂ðX; pÞ, and assume Gaussian corre-
lations between the impurity positions, Eq. (10), which
equivalently in phase-space notations reads

hV̂abðX; kÞV̂cdðX0; k0Þi ¼ ŴabðkÞŴcdðk0ÞwðX − X0Þ:

Thus, V̂ðX; pÞ can be simply understood as a random (self-
averaging) distribution of impurities with fixed matrix
structure ŴðpÞ, whose random positions X have a
Gaussian correlation function wðX − X0Þ.
Although these formal details are needed to establish

rigorously our results, we emphasize that determining ŴðpÞ,

whenceWðpÞ ¼ ΓŴðpÞ andΩW
pμpν

from Eqs. (32) and (33),
in practice is more straightforward and can be done in a fully
deterministic (nonrandom) setting.

IV. COORDINATE SHIFT EFFECTS
IN THE THERMAL HALL CURRENT

In the presence of disorder, there arise two new con-
tributions to the thermal Hall current, originating (i) from
a displacement of the equilibrium distribution due to the
Oðℏ1Þ position shift and (ii) from a new term of the order of
Oðℏ1Þ in the current operator itself.

A. Solving the kinetic equation

We now look for a distribution FdðX; pÞ, solution of the
kinetic equation (29), in the form

FdðX; pÞ ¼ fðKdðX; pÞ; TðXÞÞ þ gdðX;pÞ; ð34Þ
where the first term is the clean equilibrium solution, with
fðεÞ ¼ ε½nBðεÞ þ 1

2
�, and the second term contains both

the out-of-equilibrium distribution and the “compensation
term” to the local equilibrium distribution due to the
position shift.
Details are given in Appendix E. One finds

gdðX; pÞ ¼ gsjd ðX; pÞ þ grtad ðX; pÞ; ð35aÞ

gsjd ðX;pÞ ¼ −pνΩW
pλpν

ðpÞ∂λT∂TfðKdÞ; ð35bÞ
grtad ðX; pÞ ¼ ∂kλKd∂λT∂TfðKdÞτðX; pÞ; ð35cÞ

where f is still implicitly a function of TðXÞ, all objects
gd;ΩW;Kd are diagonal matrices in the basis of energy
bands, the dependence KdðX; pÞ remains implicit, Eq. (35c)
relies on the same assumptions as the relaxation time
approximation, and

τ−1n;nðX; pÞ≡ 2π

ℏ

Z
p0
w̃ðp − p0ÞjMn;nðp; p0Þj2ð1 − p̂ · p̂0Þ

× δððKdÞn;nðX; p0Þ − ðKdÞn;nðX; pÞÞ; ð36Þ
where p̂ ¼ p=jpj.

B. The “jump-forward” term

Plugging Eq. (35) into the Oðℏ0Þ formula for the energy
current density [35], one obtains the first disorder con-
tribution to the thermal Hall current:

Jgv;sjμ ðXÞ ¼ 1

2

Z
p

X
n

∂pμ
ðKdÞn;nðgsjd Þn;nðX; pÞ: ð37Þ

Since we assumed disorder is the only source of scattering,
Jgv;sjμ does not depend on the disorder strength, in the sense
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that under a rescaling w̃ðkÞ → ζw̃ðkÞ, with ζ∈R, gsjd and,
thus, Jgv;sjμ are invariant.

C. The “side-jump” accumulation term

We now derive the “side-jump” contribution, corre-
sponding intuitively to the accumulation of position shifts
over the course of a trajectory. In the case of charge
transport by electrons, it was originally postulated [54,55]
on a phenomenological basis. The charge current operator
may also be derived rigorously using a Ward identity [56],
but its expectation value still required a phenomenological
input [68]. In the present case of a thermal current carried
by nonconserved bosons, we cannot resort to such an
approach. Instead, we use the local conservation equation
of energy to identify the energy current, similar to the
derivation of Eq. (7) in the case without disorder. For details
of the derivation in the presence of disorder, we refer the
reader to Appendix D 1. The result is identical to Eq. (7)
with the replacements H → Hþ V and K → Kþ V.
Expanding the Moyal product, we find to the order of

Oðℏ1Þ two new contributions in the energy current density.
One of these is due to the perturbative shift of energy
levels, which [see discussion below Eq. (18) and details in
Appendix D 1] falls outside of the semiclassical picture: We
do not consider it here. The other one can be identified as
the side-jump current:

Jsjμ ¼ 1

2

Z
p
ReTr½S−1ð∂pμ

VÞSFd�: ð38Þ

After some lengthy algebra, very similar to that involved
in deriving the kinetic equation (27) and detailed in
Appendix D 2, this can be recast into the form

Jsjμ ðXÞ ≈ −
π

ℏ

X
n

Z
p;p0

w̃ðp − p0ÞjMn;nðp; p0Þj2

× ðp0 − pÞνðΩW
pμpν

Þn;nðpÞ
× δððKdÞn;nðp0Þ − ðKdÞn;nðpÞÞðFdÞn;nðX; p0Þ:

ð39Þ

In this expression, only the out-of-equilibrium part grtad
of Fd may yield a finite current: This follows from basic
thermodynamic principles and may also be easily proven
directly (see Appendix D 3). Plugging Eq. (35c) into
Eq. (39), and again under the usual assumptions of the
relaxation time approximation (see Appendix E), we obtain
Jsjμ → Jsj;rtaμ :

Jsj;rtaμ ðXÞ ≈ 1

2

X
n

Z
p
pνðΩW

pμpν
Þn;nðpÞ∂λT

× ∂Tf½ðKdÞn;nðX; pÞ�∂pλ
ðKdÞn;nðX; pÞ: ð40Þ

Crucially, the fact that Jsj;rtaμ [Eq. (40)] ultimately does not
depend on τ−1 [Eq. (36)] relies on the assumption that
disorder is the only source of scattering for bosons in the
system.

D. Total contribution of disorder
to the thermal Hall conductivity

We now consider a temperature gradient in the x
direction. The local energy current in the y direction indu-
ced by disorder has two contributions, Jdisy ¼ Jsj;rtay þ Jgv;sjy .
Contrarily to the clean case, where the bulk thermal Hall
current is in part compensated by boundary magnetization
currents [30,69], the current induced by disorder Jdisy is a
fully bulk current, and contributions from the boundaries
vanish in the thermodynamic limit. From Eqs. (37) and
(40), we may then obtain the thermal Hall conductivity:

κdisxy ¼ 1

∂xT
lim
L→∞

1

L

Z þ∞

−∞
dxJyðXÞ ¼bulk

Jy
∂xT

; ð41Þ

which takes the form given in the introduction, Eq. (2)—
see details in Appendix F 1.
We note that because ΩW is not antisymmetric a priori,

Jdisx ≠ 0 a priori, so that from Eqs. (37) and (40) there may
be a Oðℏ1Þ contribution to the longitudinal thermal
conductivity, which otherwise is mainly Oðℏ0Þ. In the limit
of weak disorder, the Oðℏ0Þ contribution is the dominant
one, as it is larger by one power of the mean-free path.

E. Analogous derivation for the fermionic
Hall conductivities

1. Thermal Hall conductivity of fermions

The same steps can be adapted with almost no change
to derive the intrinsic and disorder contributions to the
thermal Hall effect of fermions (be they neutral or charged).
Importantly, the normalization of eigenvectors is now
S† ⋆ S ¼ 1, so that Fd has dimension of a number, not
an energy. The equilibrium distribution is then fðεÞ ¼
nFðεÞ, with nFðxÞ ¼ 1=ðex=T þ 1Þ the Fermi function. Then
Eqs. (1) and (2) still hold, up to the changes nB → nF and
Trþ → Tr, the trace over all fermionic bands.
Here, it is worth noting, by inspection of the fermionic

equivalents of Eqs. (1) and (2), that κcleanxy gets contributions
from all filled states [cf. the Θðε − KdÞ factor], whereas κdisxy

gets contributions solely from states close to the Fermi
level [cf. the δðε − KdÞ factor]. In particular, in a gapped
fermionic phase, κdisxy exhibits a thermal activation behavior
and vanishes at temperatures well below the fermion gap,
while no such behavior is expected for κcleanxy . This makes it
possible, in principle, to distinguish the two types of
contributions from each other. We note that a similar
separation of the contributions is not possible in the case
of bosons.
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As a direct application, it will be interesting to study
thermal Hall transport, e.g., in the quantum spin liquid
phase of Kitaev’s honeycomb model with fermionic spi-
nons in the presence of disorder.

2. Electrical Hall conductivity of fermions

The same steps can also be adapted with very little
change to derive the electrical Hall effect of electrons. The
equilibrium distribution is then fðεÞ ¼ nFðε − eϕÞ, with
−e the electron charge and ϕ the electrical potential
(E ¼ −∇ϕ the electric field).
Then, Eqs. (34)–(37) still hold, up to the replacement

∂λT∂Tf → ∂λϕ∂ϕf ¼ eEλ∂εf:

The jump-forward current Eq. (37) requires the simple
change

Jgv;sjμ → 2ð−eÞJgv;sjμ :

From the local conservation of particle charge density in
phase space,

∂tTrF ¼ 1

ℏ
ImTr½Kþ V ;⋆F�; ð42Þ

one can derive analogously the electronic side-jump current,
which is Eqs. (38) and (39) again up to the simple change

Jsjμ → 2ð−eÞJsjμ ;

and Eq. (40) holds up to a factor of 2ð−eÞ and the
replacement ∂λT∂Tf → eEλ∂εf.
The analogous formula to our main result Eq. (2) is then

σdisxy ¼ e2Tr
Z
p
pλ∂εfðKdðpÞÞ

×
h
ΩW

pypλ
ðpÞ∂px

KdðpÞ −ΩW
pxpλ

ðpÞ∂py
KdðpÞ

i
; ð43Þ

see details in Appendix F 2. This formula generalizes the
known result for electron side jump based on a wave packet
analysis [54], by allowing for impurities with a local matrix
structure Ŵ. In the limit case of fermions in a random scalar
potential (where ΩW ¼ Ω reduces to the Berry curvature),
assuming a quadratic dispersion and a uniform (i.e.,
momentum-independent) Berry curvature Ωz, one recovers
immediately the familiar result σdisxy ¼ −2σcleanxy , where
σcleanxy ¼ e2p2

FΩz=4π is given by the Karplus-Luttinger
formula (pF the Fermi momentum).

F. Generalizations and discussion

The above calculations can be generalized to the case of
several independent sets of impurities, labeled (ι), each with

its own matrix structure ŴðιÞ and spatial correlation
function wðιÞ. One can also include the effect of interactions
as an extra collision integral:

ðdtFdÞintcollðX; pÞ ¼
Z
p0
ϒint

p;p0 ðgdðX; p0Þ − gdðX;pÞÞ; ð44Þ

to be added on the right-hand side of Eq. (29) and assumed
to be diagonal in the (implicit) band index n.
Details of this generalization are provided in

Appendix E 4. The upshot is that our main result,
Eq. (2), still holds up to the replacement

ΩW
pμpν

ðpÞ ↦
P

ðιÞΩ
W;ðιÞ
pμpν ðpÞτ−1ðιÞ ðpÞ

τ−1int ðpÞ þ
P

ðιÞτ−1ðιÞ ðpÞ
; ð45Þ

where τ−1int ðpÞ≡
R
p0 ϒint

p;p0 and Ω
W;ðιÞ
pμpν ðpÞ; τ−1ðιÞ ðpÞ are defined

analogously to ΩW
pμpν

ðpÞ; τ−1ðpÞ just by putting a (ι) index

on each instance of Ŵ and w̃ encountered.
By allowing for complex realistic systems with various

types of impurities and a minimal inclusion of many-body
interaction effects, Eq. (45) plugged into Eq. (2) accounts
for many pieces of physics that are absent from the clean
contribution Eq. (1).
That the contribution we derived in Eq. (2) is non-

perturbative in the disorder strength (i.e., it scales as
n0imp) is an intriguing, yet well-known [3] property of
coordinate shift effects in anomalous Hall transport and
may be given a very intuitive explanation. Whenever
heat is carried by well-defined quasiparticles, one may
write κ ∼ cvl, with c the specific heat, v the velocity,
and l the mean-free path. This holds for any contribu-
tion independently, so focusing on the side-jump Hall
conductivity,

κsjxy ∼ cvsj⊥l; ð46Þ

where vsj⊥ is now the side-jump transverse velocity,
vsj⊥ ∝ nimp. In Eq. (2), we have assumed that l is
governed by disorder scattering, l−1 ∝ nimp, which

entails that κsjxy is independent of nimp. More generally,
when interactions also contribute to the mean-free path,
κsjxy ∝ lnet=limp: the ratio of the net mean-free path
(including all effects) to the impurity mean-free path.
Precisely this correction is captured in Eq. (45).
We note that a recent effort was made to include the

effect of band broadening in the intrinsic thermal Hall
effect [70]: This effect is perturbative in the disorder
strength and, thus, fully distinct from side jump, which
appears as a separate, nonperturbative contribution.
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V. APPLICATIONS

We first provide a reminder of the equivalence between
our formalism, introduced in Sec. II A, and general bosonic
lattice models expressed in a momentum-space formu-
lation. As a direct concrete application, we consider the
honeycomb-latticeKΓΓ0 model in a field, in the presence of
disorder. Then, for a different illustration of our results and
a more formal discussion, we adopt a more “low-energy”
perspective and consider an application to three slightly
different physical models with disorder, the results of
which are displayed in Fig. 1.

A. General bosonic Hamiltonians
in second-quantized notations

A homogeneous quadratic theory of bosons, in its most
general form in momentum space, reads

Hhom ¼ ℏ
2

Z
k
ðb†i;k; bi;−kÞ

 ðAkÞij ðBkÞij
ðB−kÞ�ij ðA⊤

−kÞij

! 
bj;k

b†j;−k

!
;

ð47Þ

where b†i;k is a creation operator for a complex boson with

flavor index i and momentum k. Hermiticity imposes Ak ¼
A†
k and without loss of generality Bk ¼ B⊤

−k. Real bosons
may then be defined as

Φ⊤
i;k ¼

1ffiffiffiffiffiffi
2ℏ

p
�
b†i;k þ bi;−k; iðb†i;k − bi;−kÞ

�
; ð48Þ

with two components γ ¼ 1, 2 commuting as ½Φ1
i;k;Φ2

j;k0 � ¼
iℏδi;jδkþk0 . Defining the joint index a ¼ ðγ; iÞ so that

Φ⊤
a;k ¼

�
fΦ1

i;kgi; fΦ2
i;kgi

�
a¼ðγ;iÞ

, upon Fourier transforma-

tion Hhom may be rewritten precisely as Eq. (3) with

Habðx1; x2Þ ¼
Z
k
e−ikðx1−x2Þ

 
Cþ
k Dþ

k

D−
k C−

k

!
ab

ð49Þ

and

C�
k ¼ 1

2
ðAk þ A�

−kÞ �
1

2
ðBk þ B�

−kÞ; ð50aÞ

D�
k ¼ −

i
2
ðBk − B�

−kÞ �
i
2
ðAk − A�

−kÞ: ð50bÞ

From ðC�
k Þ⊤ ¼ C�

−k and ðD�
k Þ⊤ ¼ D∓

−k, one can check
Habðx1; x2Þ ¼ Hbaðx2; x1Þ. From ðC�

k Þ� ¼ C�
−k and

ðD�
k Þ� ¼ D�

−k, one can check Habðx1; x2Þ∈R. Besides,
with this choice of basis, the commutation relation between
fields ΦaðxÞ is just given by

Γðx1; x2Þ ¼
�

0 i1

−i1 0

�
δðx1 − x2Þ: ð51Þ

Thus, any quadratic theory written in terms of b†i;k and
bi;k can equivalently be put into the form introduced in
Sec. II A. This includes, notably, any spin Hamiltonian
defined on any lattice and expanded into magnons to the
quadratic order [71].
In the case of canonical bosons, such as phonons or

magnons in the spin path integral representation [72], the
Berry curvature is known [see Ref. [31] and discussion of
the di coefficients in Eq. (56)] to arise from diagonal
elements of the dynamical matrix K ¼ ΓH. These are
proportional to the D�

k matrix elements: In models where
D�

k ¼ 0, no intrinsic THE is possible. Now, for such
canonical bosons, the TR operation is bkð†Þ → b−kð†Þ:
This implies the symmetries Ak¼TRA�

−k and Bk¼TRB�
−k.

Thus, D�
k involves precisely those combinations of Ak

and Bk that break TR [73]. This illustrates the general fact
that TR breaking is a necessary condition for a THE.
The same procedure and physical arguments hold for the

disorder matrix ŴðpÞ. Namely, the homogeneous disorder
Hamiltonian as described in Sec. III E can be written most
generally as

Hdis ¼
ℏ
2

Z
k

�
b†i;k; bi;−k

� ðÃkÞij ðB̃kÞij
ðB̃−kÞ�ij ðÃ⊤

−kÞij

! 
bj;k

b†j;−k

!
;

ð52Þ

where Ãk ¼ Ã†
k and B̃k ¼ B̃⊤

−k can be chosen independently
from Ak and Bk. Then, in these notations

ŴðkÞ ¼
 
C̃þ
k D̃þ

k

D̃−
k C̃−

k

!
; ð53Þ

where C̃�
k and D̃�

k are defined in analogy to Eqs. (50a) and
(50b). This determines W ¼ ΓŴ.
OnceHhom andHdis are specified, it is straightforward to

obtain both Ωpxpy
and 1

2
ðΩW

pxpy
−ΩW

pypx
Þ: We remind the

reader that a recipe suitable for numerical evaluation is
detailed in Appendix G.

B. Concrete application: Honeycomb KΓΓ0 model
in a magnetic field with disorder

We now apply the above to a particular case of a bosonic
Hamiltonian, the ferromagnetic honeycomb-lattice KΓΓ0
spin model in a field, whose dynamics in the field-aligned
ordered phase can be described in terms of magnon
excitations. The clean thermal Hall conductivity of mag-
nons in this model was extensively studied in Ref. [47],
which discusses in great detail how the interplay of globally
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broken TR symmetry and anisotropic magnetic exchange
generates a magnon Berry curvature and a sizable THE. We
do not reproduce this discussion here but investigate the
role of disorder as random local variations of the param-
eters of the model.
The microscopic spin Hamiltonian reads

Hspin ¼
X

γ ∈ fx;y;zg

X
hi;ji∈ γ

S⊤i HγSj −
X
i

h · Si; ð54Þ

where hi; ji∈ γ labels neighboring sites i; j sharing a bond of
type γ ∈ fx; y; zg, the field h points along the â axis (for
geometrical conventions, see Fig. 1 in Ref. [47]), Si is the
spin operator at site i, and Hx, Hy, and Hz are 3 × 3

matrices with elements

ðHγÞμν ¼ Jδμν þ Kδμγδνγ þ Γjϵμνγj
þ Γ0ðδμγ þ δνγÞð1 − δμγδνγÞ ð55Þ

indexed by μ; ν∈ fx; y; zg. As in Ref. [47], we consider
the pure KΓΓ0 model where J ¼ 0, in the ferromagnetic
case where K < 0. Upon spin wave expansion of the Si
operators around the classical field-polarized state, Hspin

can be recast into the form of Eq. (47), where the 2 × 2
matrices Ak and Bk are provided in Ref. [47], Eqs. (S3b),
(S3c), and (S7a)—again, we do not reproduce the details
here and refer the reader to the original paper.
For real materials, all parameters in the model depend on

the chemical environment of the spins Si: This holds for
magnetic exchange parameters J, K, Γ, and Γ0 as well as for
h ¼ gμBB through the g tensor g (here, B is the applied
magnetic field). Since this chemical environment may be
affected by disorder, all parameters ðJ; K;Γ;Γ0; gÞ have a
random component, which can be described by a disorder
Hamiltonian in the form of Eq. (52). In the following,
we consider these various instances of disorder independ-
ently from each other and call “X-type disorder” (where
X∈ fJ; K;Γ;Γ0; gg) that instance of Hdis where Ãk and B̃k
are derived from Ak and Bk by setting all parameters to zero
except X → 1. We note that, because the computed side-
jump effect does not depend on the disorder strength, any
global rescaling of Hdis leads to the same results.
Using the procedure detailed in Appendix G, we evaluate

the thermal Hall conductivity given by Eqs. (1) (κcleanxy ,
intrinsic contribution) and (2) (κdisxy , disorder contribution)
for K-type, Γ0-type [74], J-type, and g-type disorder. We
use the same relative parameter values ðK;Γ;Γ0Þ ¼
ð−1; 0.2;−0.02Þ and h=SjKj ¼ 0.1 as in Ref. [47] (with
S ¼ 1=2). We also use the same numerical values in
physical units, namely, jKj ≈ 80 K, g ≈ 2.3 (hence,
B ≈ 3 T), and interlayer spacing κ2Dxy =κ3Dxy ¼ 5.72 Å, all
inspired by α-RuCl3. The results are displayed in Fig. 3.
We find that different types of disorder can produce

very different extrinsic contributions to the THE that are

typically of the same order of magnitude as the intrinsic
contribution and that can be of the same or the opposite sign
(depending, in particular, on temperature). In turn, the total
thermal Hall conductivity κtotxy ¼ κcleanxy þ κdisxy is generally
quite different from the sole intrinsic contribution, con-
firming our qualitative discussions in previous sections.
Qualitative differences appear: Notably, we find that κtotxy

can undergo a sign change as a function of T that is absent
in κcleanxy . There are also clear quantitative differences: In
some temperature ranges, κxy can be enhanced by an Oð1Þ
factor, that for some types of disorder (especially g-type)
can be as large as 2 or more.
We note that, for the latter type of disorder, our

quantitative estimates for κxy=T are comparable to those
found in experiments on α-RuCl3 [27], although for
different experimental parameters ðB; TÞ, and are interest-
ingly close to the half-quantized value that was predicted
[75,76] to arise from very different excitations. We do not
claim, from our simple study, any quantitative description
of that compound, which was argued to be rather described
by a JKΓΓ0 [77] or a JKΓJ3 [78–80] model. However, our
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FIG. 3. Thermal Hall conductivity of magnons in the disordered
KΓΓ0 model. Blue, red, and yellow curves represent the intrinsic,
extrinsic, and total contribution, respectively. Different symbols
account for different instances of disorder (for instance, filled
disks mean K-type disorder). Right axis: experimental quantity
κ3Dxy =T in SI units. Left axis: equivalent 2D quantity κ2Dxy =T in
units of the thermal Hall quantum.
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results clearly show that side-jump effects produce an
indispensable contribution to the total thermal Hall effect,
that should always be taken into account in order to reach
quantitative agreement with the experimental data. To
achieve this, a realistic description of disorder in the actual
compound, that may involve different types of impurities
(that can be incorporated as described in Sec. IV F), will
also be necessary.

C. Formal application and discussion
in a low-energy bosonic model

1. Introduction and realization in physical systems

We now consider a formal application to a less specific
instance of a bosonic model, formulated in the equivalent
language of effective field theory. For the model without
disorder, we start from a low-energy perspective and
consider a nonlinear sigma model for emergent bosonic
m, n fields, conjugated with each other. We discuss two
physical instances of such a field theory below. We assume,
for simplicity, that the theory is rotationally invariant
around the z axis. Then, the most general Hamiltonian
density preserving this symmetry, to the second order in the
m, n fields and up to irrelevant terms [81], is

H ¼ 1

2χ
m2 −

1

2
c1n ·∇2nþ 1

2
c2ð∇nÞ2 þ 1

2
Δn2

þ 1

2
d1m · ∇2nþ 1

2
d2ð∇mÞð∇nÞ þ 1

2
d3m · n

−
1

2
d4ẑ · ðm × nÞ; ð56Þ

where χ, Δ, c1, c2, d1, d2, d3, and d4 are real parameters
and stability requires χ > 0, c1 > 0, c1 þ c2 > 0, and
Δ ≥ 0. The coefficients di ði ¼ 1…4Þ, by coupling
together conjugated fields m, n, will enable the breaking
of time-reversal symmetry. Of course, in lattice systems
with enforced crystal symmetries, not all of these terms will
be allowed (and possibly other terms, beyond our quadratic
low-energy Hamiltonian, will turn out to be more relevant).
The actual magnitude of these terms (and of the resulting
THE) may also vary vastly from one physical system to the
other. Physical systems described by this Hamiltonian
Eq. (56) include the following.
Elasticity with viscosity terms—In this case, H describes

the low-energy lattice dynamics, with n the lattice local
displacement field (usually called u), m is the lattice local
momentum field (usually called p), c1 and c2 are elasticity
moduli [82], Δ ¼ 0 is imposed by translational invariance
(i.e., acoustic phonons are Goldstone bosons), χ−1 is the
lattice mass density (usually called ρ), and di ði ¼ 1…4Þ
are phonon viscosity parameters [83,84]. Such terms are
known [31] to generate a phonon Berry curvature and a
phonon thermal Hall effect. Since these viscosity terms
break time-reversal symmetry, they may arise only in an

effective phonon theory beyond pure elasticity, for instance,
from an external magnetic field beyond the Born-
Oppenheimer approximation [85] or as a result of spin-
phonon interactions in magnetic materials [86].
Magnetic systems—In this case, H describes the low-

energy dynamics of spins.Here,we discuss briefly how it can
be derived from a microscopic theory, starting from a spin
Hamiltonian Hspin ¼

P
r;r0 J

ab
r;r0S

a
rSbr0 with a; b∈ fx; y; zg.

Assuming a bipartite lattice with Néel antiferromagnetic
ordering along ẑ, spin fluctuations can be described in terms
of the local net magnetization m and local staggered
magnetization fluctuations n, which are two-component
vectors orthogonal to the Néel order parameter and with
each other. For a concrete illustration, one can consider the
square lattice and a Kitaev-Heisenberg magnetic exchange
Jabr;r0 ¼ JIr0 ∈NðrÞδa;b þ KIr0 ∈NaðrÞδa;b, where NðrÞ [respec-
tively,NaðrÞ] is the set of nearest neighbors of r [respectively,
along a bond of type a∈ fx; yg], and IE is the indicator of E.
To restore rotational symmetry in the effective theory, we
select the rotation-invariant component of the Hamiltonian,
which then takes the form Eq. (56) where one identifies
χ−1 ¼ 8J þ 2K, c1 ¼ a2ðJ þ K=8Þ, and c2 ¼ a2K=4, with
a the lattice parameter (see details in Appendix H 4). The
magnon mass Δ may result from anisotropic exchange, and
nonvanishing di coefficients require the effective breaking of
time-reversal symmetry in themagnondynamics, e.g., froma
ferromagnetic moment induced by Dzyaloshinskii-Moriya
exchange andZeeman coupling to an externalmagnetic field.
Although these coefficients are essential in the existence of a
nonvanishing Hall effect, we do not consider their possible
microscopic origin inmore detail here, referring the reader to
the literature on magnon Berry curvature [87,88].
In the following, we come back to the low-energy

Hamiltonian Eq. (56) without reference to its possible
origin from a microscopic spin model.

2. The model without disorder

At the stage of defining the commutation relations
between ma and nb, there appears a physical difference
between phonons (where ma is conjugate with na) and
magnons (where mx is conjugate with ny and conversely)
at the level of the terms with di coefficients. In the
following, we focus on the magnon case, and, defining
n1 ¼ nx; n2 ¼ ny and m1 ¼ my;m2 ¼ −mx, the commuta-
tion relation is

½ni; mj� ¼ iδij: ð57Þ

Then, up to total derivative terms and to the leading order
in d1, d2, d3, and gradients,

Heff ¼
χ

2
πiπiþ 1

2
Δnini −

1

2
∂μniðc1δμ;νδi;jþ c2δi;μδν;jÞ∂νnj;

ð58Þ
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upon introducing the conjugate momentum

πi ¼
�
mi þ 1

2
ηχϵij∂

2
μμnj þ

1

2
d3ϵijnj

�
=χ ð59Þ

with convention ϵ12 ¼ þ and where η ¼ d1 − 1
2
d2. For

details, see Appendix H 1.
To connect with the general formulation introduced in

Secs. II A and II B, we now define the four-vector

ΦðrÞ ¼
h
n1ðrÞ; n2ðrÞ; π1ðrÞ; π2ðrÞ

i⊤
; ð60Þ

and, considering a homogeneous bulk theory, one can
readily identify Γ and H:

Γ ¼ i
χ

�
0 δi;j

−δi;j −ϵi;jðηp2 − d3=χÞ

�
; ð61aÞ

H ¼
�
pμðc1δμ;νδi;j þ c2δi;μδν;jÞpν þ Δδi;j 0

0 χδi;j

�
; ð61bÞ

whence the dynamical matrix K ¼ ΓH.
A boson Berry curvature, leading to an intrinsic Hall

effect, is caused by the lower-right block of Γ; see Eq. (61).
We note that η and d3 play essentially the same role in
that regard, but with different momentum dependences.
Because the d3 term makes the Berry curvature very
singular close to zero momentum, so that physical proper-
ties such as the (clean) thermal Hall conductivity may
depend strongly on the gap Δ, for convenience, we assume
in the following d3 ¼ 0.
These Eqs. (61a) and (61b) define the clean theory: We

now investigate several instances of disorder.

3. Three models with disorder

Details of the calculations are provided in Appendix H 3,
and results for κdisxy are displayed in Fig. 1, with the
numerical values given in Table I.
Case where W ¼ K—For any clean theory ðH; ΓÞ with

disorder Ŵ ¼ Ĥ and, thus, W ¼ K, corresponding physi-
cally to locally modulating the clean Hamiltonian by a
random global prefactor, interesting simplifications occur
(see Appendix B 2) and the disorder-induced curvature
identifies with the usual Berry curvature:

ΩK
pμpν

ðpÞ ¼ Ωpμpν
ðpÞ: ð62Þ

The disorder-induced thermal Hall conductivity Eq. (2)
then reads

κdisxy ¼ 1

T
Trþ

Z
p
Ωpxpy

ðpÞ½px∂px
KdðpÞ þ py∂py

KdðpÞ�

×
Z

dεδðε − KdÞε2∂εnBðε; TÞ; ð63Þ

to be compared with Eq. (1). Crucially, this result is general
in that it relies only on the constraintW ¼ K but not on the
clean model ðH; ΓÞ chosen—in Fig. 1, we display the result
Eq. (63) in the particular case of the clean theory Eqs. (61a)
and (61b).
Case with both intrinsic and extrinsic chirality—Starting

again from the clean model Eqs. (61a) and (61b), which
contains “intrinsic chirality” for η ≠ 0, we now consider a
different instance of disorder, which will be a source of
“extrinsic chirality.” Namely,

Hdis ¼ −η̃ϵijmi
∂
2
μμnj ¼

1

2
ΦŴΦ; ð64Þ

Ŵ ¼ χη̃p2

�
0 −iσy

iσy 0

�
; ð65Þ

where η̃ can be interpreted as a local random fluctuation
amplitude of η. Let us recall that, in the clean case, η is
responsible for the breaking of TR symmetry and the
generation of Berry curvature; in the disordered case, that
role will be shared by η̃.
Details of the calculations are provided in

Appendix H 3 a: The third term in Eq. (32) vanishes, the
first one is order ηþOðη3Þ, and the second one is order
η−1 þOðηÞ, singular in the limit η → 0. As already
mentioned in generality, the disorder-induced curvature
does not depend on the strength of disorder: η̃ does not
appear in the final result.
Case where κcleanxy ¼ 0—Starting from a clean model

which is Eqs. (61a) and (61b) in the particular case η → 0,
that is to say, Γ → Γjη¼0 whence K → Kjη¼0, one finds
Ωpμpν

ðpÞ ¼ 0 ∀ p since both inversion and time-reversal
symmetry are preserved. This implies the absence of an
intrinsic thermal Hall effect, κcleanxy ¼ 0: Any instance of
thermal Hall effect will originate solely from extrinsic
chirality generated by disorder. To illustrate this, we
consider

Ŵ ¼ Hþ χη̃p2

�
0 −iσy

iσy 0

�
; ð66Þ

where only the second term generates chirality and the first
term ensures regular behavior—see Appendix H 3 a for

TABLE I. Parameter values used for the numerical evaluations.
Momentum integrals are computed over p∈ ½−π=a;þπ=a�2. We
note that, in the particular case where d1 ¼ 0, d2 ¼ 0, d3 ¼ 0,
and η̃ ¼ 0, TR symmetry is preserved and no THE is allowed.

χ c1 c2 d1 d2 d3 Δ η̃ a

1.0 1.0 0.25 −0.2 þ0.1 0.0 0.01 0.2 1.0

EXTRINSIC CONTRIBUTION TO BOSONIC THERMAL HALL … PHYS. REV. X 16, 011048 (2026)

011048-15



details. Only the second term in ðΩW
pμpν

ÞnðpÞ, Eq. (32), is
not zero, and ΩW ∝ η̃p2. This causes a finite thermal Hall
conductivity to arise, as shown in Fig. 1(c). We state again
that this stems purely from the elastic scattering with
impurities of bosons with zero (intrinsic) Berry curvature.

4. Results and discussion

These three examples show that the side-jump contri-
bution to κxy gives an order one correction to the intrinsic
part. Since both its amplitude and its sign depend on the
specifics of the disorder Hamiltonian, it can enhance or
reduce κxy and may even lead to sign changes. In addition,
even in the case of a trivial (i.e., TR-preserving) clean
system, special forms of disorder like local viscosity terms
can lead to a nonvanishing THE.
The temperature dependences of κcleanxy and κdisxy are

imposed by the distribution in momentum space of
Ωpxpy

and ΩW
pxpy

, respectively, and by the bosonic dis-
persion Kd. An approximately linear dispersion Kd ∼ kwith
a curvature going as ΩðWÞ ∼ 1=k yield a thermal Hall
conductivity κxy ∼ T2, as is seen in all three plots. The
sharp peak in case (b) is governed by the interplay between
the momentum distribution of ΩW and the dispersion gap
Δ, so that its position is approximately T ∼ Δ. The
maximum of the “broad peak” seen in all three plots
corresponds to the saturation of the integral of the Berry
curvature, which in our model is imposed by the Brillouin
zone boundaries (i.e., the maximum occurs around T ≈ θD,
the Debye temperature of the boson bands). The orders of
magnitude we provide here are purely qualitative, given
that the quantitative determination of the Berry curvature
(and similarly disorder-induced curvatures) of bosonic
excitations in concrete models of materials is a challenge
in its own right [85].
Even these qualitative features are, of course, very model

dependent. In particular, in our examples,Ωpx;py
and ΩW

px;py

both are concentrated close to the gamma point k ¼ 0, but it
would be interesting, as another direct application, to study
cases, for instance, hybridized magnon-phonon bands,
where one or both of these quantities is largest at a finite
momentum, e.g., around the avoided-crossing point.

D. Experimental aspects

On the experimental side, the theory of side jump
developed above could help with the interpretation of
thermal Hall measurements, especially in systems where
heat is carried by chiral bosons such as spin excitations in
quantum magnets. It is, in principle, possible to distinguish
side jump from other mechanisms of THE in cases where
sample dependence for one given compound is observed or
by investigating dependence upon doping or substitutions.
One key experimental feature of side-jump THE, due to the
relation κsjxy ∝ lnet=limp, is that κxy as a function of κxx is, as a

rule of thumb, decreasing or constant, depending on
whether lnet is dominated by interactions or disorder,
respectively. This is at odds with skew-scattering mecha-
nisms, where a thermal Hall resistivity ρxy is generated
from either disorder or interactions; then, the thermal Hall
conductivity κxy ≈ −ρxy=ρ2xx is, as a rule of thumb, increas-
ing or constant as a function of κxx ≈ 1=ρxx, depending on
whether skew scattering originates from interactions or
disorder, respectively. This is also at odds with the intrinsic
mechanism, where κxy simply does not depend on κxx.
These features are summarized in Table II.
Experimental examples of compounds where κxy is

smaller for larger κxx include the kagome disordered anti-
ferromagnet volborthite [13], where the reported THE was
attributed to spin excitations. Another example are pyro-
chlore terbium oxides, Tb2Ti2O7 [11] and ðTb.3Y.7ÞTi2O7

[15], where upon substituting magnetic Tb3þ ions with
nonmagnetic Y3þ one observes that κxx slightly decreases
while κxy noticeably increases [89]. While arguments have
been put forward to discard either phonons or spin
excitations as heat carriers in this family of compounds,
we note that these observations are compatible with a non-
negligible role of side jump. A κxy smaller for larger κxx was
also found [25] in the Kitaev compound α-RuCl3—a fact
that may be considered in regard with our Sec. V B.
As a final note, while decreasing κxy vs κxx is, in

principle, a sufficient argument supporting a side-jump
mechanism, it is not necessary. Indeed, sample dependence
with κxy and κxx roughly proportional to each other has
been reported in kagome antiferromagnets Ca-kapellasite
[14] and Cd-kapellasite [16] as well as in honeycomb
ferromagnet VI3 [17] and in all three cases was attributed to
spurious geometrical factors afflicting the data: Unfor-
tunately, such effects obscure possible signatures of side-
jump mechanisms.

VI. CONCLUSION

We have derived systematically the side-jump contribu-
tion to the bosonic THE, Eq. (2). As a side product, we also
found a generalized formula of the side-jump contribution
to the electronic AHE from generic types of impurities (i.e.,
any local deformation of the Hamiltonian); see Eq. (43).
This contribution is a sizable correction to the intrinsic part

TABLE II. Compared variations of κxy; κxx upon tuning dis-
order (expected behavior).

Mechanism generating THE Expected κxy vs κxx

Intrinsic Constant
Skew scattering (interactions) Increasing (κxy∝

∼
κ2xx)

Skew scattering (disorder) ∼ constant
Side jump (case lnet ≪ limp) Decreasing (κxy∝

∼
κ−1xx )

Side jump (case lnet ≈ limp) ∼ constant
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of the Hall response, that is nonperturbative, i.e., indepen-
dent of the density of impurities (in the absence of
interactions). Thus, the prevailing interpretation of thermal
Hall experiments with Eq. (1) alone is always incomplete,
and we have shown quantitatively (both formally and in a
realistic spin model for α-RuCl3) that extrinsic contribu-
tions can be of similar magnitude. This is especially so in
bosonic systems, where so far Eq. (1) has been most
commonly used alone. Therefore, we argue that any
reasonable estimate of the THE in the absence of inter-
actions should involve both Eqs. (1) and (2) together—the
latter can be evaluated straightforwardly, for instance, using
the procedure detailed in Appendix G.
This independence of Eq. (2) on the impurity density

holds only if the carriers’ mean-free path is governed by
disorder scattering. For sufficiently strong interactions,
such that the mean-free path is independent of impurity
density, the side-jump contribution becomes perturbative
(∝ nimp) and might be negligible—the price to pay is that
interactions, in turn, will play a role in the Hall conduc-
tivity, e.g., via many-body skew-scattering mechanisms.
Ultimately, for bosonic systems there is no reason to
believe that Eq. (1) alone should ever provide a good
approximation of the thermal Hall conductivity in any
experiment. In particular, should there be a “near-universal”
mechanism for THE in trivial nonmagnetic insulators [91],
interactions should be involved to some extent.
Beyond thermal Hall transport, our gauge-invariant for-

mulation of a kinetic equation for bosons including disorder
scattering promisesmany useful applications. For instance, it
naturally allows for the calculation of other transport
coefficients, such as the spin Nernst effect. It also points
to several concrete directions for future research: (i) The
kinetic formalism should be extended for calculating non-
linear response functions—for a recent treatment of the clean
case, see Ref. [92]. (ii) It can also be generalized to include
time-dependent (random) terms in theHamiltonian, allowing
one, in particular, to study in a minimal version the
dissipative quantum dynamics of systems with nontrivial
band geometry. (iii) Our results indicate that quantitative
predictions for the THE in the intrinsic regime will require
knowledge of the operatorial formof disorder. Thus, it will be
useful to interface our theory with quantitative ab initio
efforts to obtain not only the clean features (energies, wave
functions) of the phonons or magnons [93], but also input
for the effective disorder Hamiltonian, as we describe in

Sec. III E. (iv)A challengingnext stepwill be the inclusion of
interaction effects between bosons, which will not only
provide yet another contribution to the thermal Hall effect
from skew scattering, but will also alter the side-jump
contribution from impurities and may even generate a
side-jump-like contribution of their own by mixing many-
body dynamics with band geometrical properties.
The promise of THE measurements in magnetic insu-

lators is to learn about the properties of charge-neutral
low-energy excitations, most commonly of bosonic nature.
Disentangling the different intrinsic and extrinsic contri-
butions will be crucial for a proper understanding. In this
sense, our work, by providing means to compute extrinsic,
disorder-dependent contributions that might otherwise
obscure some more “universal” features, serves as a
rigorous step toward a full quantitative theory.
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Table I. All the data needed to reproduce Fig. 3 are pro-
vided in the main text (fourth paragraph in Sec. V B). The
data are available from the authors upon reasonable request.

APPENDIX A: DERIVATION OF THE KINETIC
EQUATION: CALCULATORY DETAILS

We briefly consider Eq. (16). Defining the Fourier
transform as OðxÞ ¼ Rp eipx=ℏÕðpÞ, and henceforth omit-

ting to write the tildes [except on wðrÞ!FT w̃ðkÞ for clarity],
one obtains

hðVs
dÞn;n0 ðz1; z2ÞðVs0

d Þn0;nðz3; z4Þi ¼
Z
p;p0;k

w̃ðkÞeisðpþkÞz1e−ispz2eis0p0z3e−is
0ðp0þkÞz4

× ½S−1ðpþ kÞWðpþ k=2ÞSðpÞ�sn;n0 ½S−1ðp0ÞWðp0 þ k=2ÞSðp0 þ kÞ�s0n0;n: ðA1Þ
Here and in the following, we omit to write the position variable of S which is irrelevant to the order considered: The main
contribution to the side-jump effect happens at the order ℏ1 and inhomogeneities of the clean theory may contribute only
to Oðℏ2Þ.
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We now start from Eq. (15). Changing variables to highlight the common structure of all four terms and omitting the
symbol for disorder average as explained in the main text, one obtains

iℏ∂tðFdÞn;nðx; y; tÞ − ½Kd ̊;Fd�n;nðx; y; tÞ

¼ −
i
ℏ

Z
dτθðt − τÞ

Z
ξ;ξ0;u;v;ζ;ζ0

ðU0Þl;lðu; tjξ; τÞðFdÞm;mðζ; ζ0; τÞðU0Þl0;l0 ðξ0; τjv; tÞ

× ½hðVdÞn;n0 ðx; uÞðVdÞn0;nðξ; ζÞiδðζ0−ξ0Þδðv−yÞδl;n0δl0;nδm;n − hðVdÞn;n0 ðξ; ζÞðV†
dÞn0;nðv; yÞiδðx−uÞδðζ0−ξ0Þδl;nδl0;n0δm;n0

− hðVdÞn;n0 ðx; uÞðV†
dÞn0;nðζ0; ξ0Þiδðξ−ζÞδðv−yÞδl;n0δl0;nδm;n0 þ hðV†

dÞn;n0 ðζ0; ξ0ÞðV†
dÞn0;nðv; yÞiδðx−uÞδðξ−ζÞδl;nδl0;n0δm;ni�; ðA2Þ

where the disorder-free evolution operator is

U0ðr; tjr0; t0Þ ¼ −isgnðt − t0Þ
Z
p
eði=ℏÞpðr−r0Þe−ði=ℏÞKdð½ðrþr0Þ=2�;pÞjt−t0j: ðA3Þ

For convenience in intermediate calculations, we now perform a Fourier transform on the position variable of Wigner-
transformed quantities:

Fdðζ; ζ0; τÞ ¼
Z
p
eþði=ℏÞpðζ−ζ0ÞFd

�
ζ þ ζ0

2
; p; τ

�
≡
Z
p;Π

eþði=ℏÞpðζ−ζ0ÞeiΠ½ðζþζ0Þ=2�F̆dðΠ; p; τÞ; ðA4Þ

where the first Fd is in real space, the second Fd is its Wigner transform, and F̆d is the Fourier transform of the latter.
Similarly,

ðU0Þl;lðu; tjξ; τÞðU0Þl0;l0 ðξ0; τjv; tÞ ¼
Z
q;q0;Π;Π0

eiΠ½ðuþξÞ=2�eiΠ0½ðvþξ0Þ=2�eði=ℏÞqðu−ξÞe−ði=ℏÞq0ðv−ξ0Þe−ði=ℏÞðt−τÞððKdÞl;lðΠ;qÞ−ðKdÞl0 ;l0 ðΠ0;q0ÞÞ:

ðA5Þ

Doing the replacements Eqs. (A3)–(A5) into Eq. (A2) and computing the integrals over variables ξ, ξ0, u, v, ζ, and ζ0, one
obtains

iℏ∂tðFdÞn;nðx;y;tÞ− ½Kd ;̊Fd�n;nðx;y;tÞ

¼−
i
ℏ

Z
dτθðt−τÞ

Z
p;p0;K;Π;Π0

w̃ðp−p0ÞeiðKþΠþΠ0Þ½ðxþyÞ=2�

×

�
eiðpþðΠ−Π0Þ=2Þðx−yÞe−ði=ℏÞðt−τÞððK̆dÞn0 ;n0 ðΠ;p0þK=2−Π=2Þ−ðK̆dÞn;nðΠ0;p−K=2−Π0=2ÞÞðF̆dÞn;nðK;p;τÞ

×

�
S−1ðpþK=2ÞW

�
pþp0

2
þK=2

�
Sðp0 þK=2Þ

�
n;n0

�
S−1ðp0 þK=2−ΠÞW

�
pþp0

2
þK=2−Π

�
SðpþK=2−ΠÞ

�
n0;n

−eiðpþðΠ−Π0Þ=2Þðx−yÞe−ði=ℏÞðt−τÞððK̆dÞn;nðΠ;pþK=2þΠ=2Þ−ðK̆dÞn0 ;n0 ðΠ0;p0−K=2−Π0=2ÞÞðF̆dÞn0;n0 ðK;p0;τÞ

×

�
S−1ðpþK=2ÞW

�
pþp0

2
þK=2

�
Sðp0 þK=2Þ

�
n;n0

�
S−1ðp−K=2−Π0ÞW

�
pþp0

2
−K=2−Π0

�
Sðp0−K=2−Π0Þ

�†
n0;n

−eiðpþðΠ−Π0Þ=2Þðx−yÞe−ði=ℏÞðt−τÞððK̆dÞn0 ;n0 ðΠ;p0þK=2þΠ=2Þ−ðK̆dÞn;nðΠ0;p−K=2−Π0=2ÞÞðF̆dÞn0;n0 ðK;p0;τÞ

×

�
S−1ðpþK=2ÞW

�
pþp0

2
þK=2

�
Sðp0 þK=2Þ

�
n;n0

�
S−1ðp−K=2−ΠÞW

�
pþp0

2
−K=2−Π

�
Sðp0−K=2−ΠÞ

�†
n0;n

þeiðpþðΠ−Π0Þ=2Þðx−yÞe−ði=ℏÞðt−τÞððK̆dÞn;nðΠ;pþK=2þΠ=2Þ−ðK̆dÞn0 ;n0 ðΠ0;p0−K=2þΠ0=2ÞÞðF̆dÞn;nðK;p;τÞ

×

�
S−1ðp0−K=2ÞW

�
pþp0

2
−K=2

�
Sðp−K=2Þ

�†
n;n0

�
S−1ðp−K=2−Π0ÞW

�
pþp0

2
−K=2−Π0

�
Sðp0−K=2−Π0Þ

�†
n0;n

	
:

ðA6Þ
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We now perform the Wigner transform with respect to
ðx; yÞ on both sides, by writing X ¼ ½ðxþ yÞ=2� and
performing the Fourier transform with respect to x − y.
We further perform one momentum integral, resolve
one momentum conservation delta function, identify the
matrix elementsMn;n0 ðp; p0Þ, perform momentum shifts by
amounts �Π and �Π0 (different for each term in the sum),

and neglect such K, Π, and Π0 dependence in the second
(i.e., fast) variable of F̆d and K̆d as explained in the main
text, Sec. III A.
One then recognizes—up to changes of variables Π ↔

Π0 and ðK;Π;Π0Þ → ðK;Π;Π0Þ—that complex-conjugated
terms appear pairwise on the right-hand side, so that one
eventually obtains

iℏ∂tðFdÞn;nðX; p; tÞ − ½Kd ;⋆Fd�n;nðX; p; tÞ

¼ −
i
ℏ

Z
dτθðt − τÞ2Re

Z
p0;K;Π;Π0

w̃ðp − p0ÞeiðKþΠþΠ0ÞXX
n0

�
e−ði=ℏÞðt−τÞððK̆dÞn0 ;n0 ðΠ;p0Þ−ðK̆dÞn;nðΠ0;pÞÞ

×Mn;n0

�
pþ K

2
þ Π

2
; p0 þ K

2
þ Π

2

�
Mn0;n

�
p0 þ K

2
−
Π
2
; pþ K

2
−
Π
2

�
ðF̆dÞn;nðK; p; τÞ

− e−ði=ℏÞðt−τÞððK̆dÞn;nðΠ;pÞ−ðK̆dÞn0 ;n0 ðΠ0;p0ÞÞ

×Mn;n0

�
pþ K

2
þ Π0

2
; p0 þ K

2
þ Π0

2

�
Mn;n0

�
p −

K
2
−
Π0

2
; p0 −

K
2
−
Π0

2

��
ðF̆dÞn0;n0 ðK; p0; τÞ

	
p→p−ðΠ−Π0Þ=2;
p0→p0−ðΠ−Π0Þ=2

: ðA7Þ

We now make the approximation discussed in the main text, Eq. (18), then perform the K;Π;Π0 integrations, and take the
semiclassical limit of time evolution, Eq. (17): One obtains

iℏ∂tðFdÞn;nðX;p; tÞ− ½Kd ;⋆Fd�n;nðX;p; tÞ ¼−i2π
X
n0

Z
p0
w̃ðp−p0Þ½ðFdÞn;n½Xþ δrþn;n0 ðp;p0Þ;p; t�Re½Mn;n0 ðp;p0ÞMn0;nðp0;pÞ�

× δððKdÞn0;n0 ½Xþ δr−n;n0 ðp;p0Þ− δrþn;n0 ðp;p0Þ;p0�− ðKdÞn;n½Xþ δrþn;n0 ðp;p0Þ;p�Þ
− ðFdÞn0;n0 ½Xþ δrþn;n0 ðp;p0Þþ δr−n;n0 ðp;p0Þ;p0; t�Re½Mn;n0 ðp;p0ÞMn;n0 ðp;p0Þ��
× δððKdÞn0;n0 ½Xþ δrþn;n0 ðp;p0Þþ δr−n;n0 ðp;p0Þ;p0�− ðKdÞn;nðX;pÞÞ�; ðA8Þ

where one defined δr�n;n0 ðp; p0Þ≡ 1
2
½δrn;n0 ðp; p0Þ � δrn0;nðp0; pÞ� for convenience. Further neglecting δrþn;n0 ðp; p0Þ, as argued

in Appendix C 1, we obtain Eq. (20) in the main text.

APPENDIX B: SMALL-MOMENTUM EXPANSIONS

1. Obtaining the disorder-induced curvature

At small deviations jp − p0j ≪ p; p0, such that Sðp0Þ ≈ SðpÞ þ ðp0
ν − pνÞ∂pν

SðpÞ, we obtain

�
S−1ðpÞW

�
pþp0

2

�
Sðp0Þ

�
n;n0

≈ ½S−1ðpÞWðpÞSðpÞ�n;n0

×

�
1þ ðp0

ν −pνÞ
½S−1ðpÞWðpÞ∂pν

SðpÞ�n;n0
½S−1ðpÞWðpÞSðpÞ�n;n0

þ 1

2
ðp0

ν −pνÞ
½S−1ðpÞ∂pν

WðpÞSðpÞ�n;n0
½S−1ðpÞWðpÞSðpÞ�n;n0

�
;

ðB1Þ

which is a valid expansion only provided ½S−1ðpÞWðpÞSðpÞ�n;n0 ≠ 0. We then take the argument and use Argðz1z2Þ ¼
Argðz1Þ þ Argðz2Þ and Argð1þ zÞ ≈ ImðzÞ for jzj ≪ 1. We then apply ð∂p þ ∂p0 Þ, which to the order of Oðp − p0Þ yields

δr−;μn;n0 ðp; p0Þ ¼ 1

2
∂pμ

Arg½S−1ðpÞWðpÞSðpÞ�n;n0 þ
1

2
δxμn;n0 ðpÞ þ

1

2
δxμn0;nðpÞ

−
1

2
∂p0

μ
Arg½S−1ðp0ÞWðp0ÞSðp0Þ�n0;n −

1

2
δxμn0;nðp0Þ − 1

2
δxμn;n0 ðp0Þ; ðB2Þ
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δxμn;n0 ðpÞ ¼ −pν∂pμ
Im

�½S−1ðpÞWðpÞ∂pν
SðpÞ�n;n0

½S−1ðpÞWðpÞSðpÞ�n;n0
�
−
1

2
pν∂pμ

Im

�½S−1ðpÞ∂pν
WðpÞSðpÞ�n;n0

½S−1ðpÞWðpÞSðpÞ�n;n0
�
: ðB3Þ

Here, it is easy to check gauge invariance under S → Seiθ of δXμ
n;n0 ðp; p0Þ defined in Eq. (26). Indeed, the gauge

transformation rules are Aμ
nðpÞ → Aμ

nðpÞ þ ∂pμ
θnðpÞ and δxμn;n0 ðpÞ → δxμn;n0 ðpÞ − pν∂

2
μνθn0 [note that the second term in

δxμn;n0 ðpÞ is gauge invariant by itself], and

1

2
∂pμ

Arg½S−1ðpÞWðpÞSðpÞ�n;n0 → idem −
1

2
∂pμ

θnðpÞ þ
1

2
∂p0

μ
θn0 ðp0Þ þ 1

2
ðpν − p0

νÞ∂2μνθn0 ; ðB4Þ

−
1

2
∂p0

μ
Arg½S−1ðp0ÞWðp0ÞSðp0Þ�n0;n → idemþ 1

2
∂p0

μ
θn0 ðp0Þ − 1

2
∂pμ

θnðpÞ −
1

2
ðp0

ν − pνÞ∂2μνθn; ðB5Þ

where ∂2μνθ means ∂2pμpν
θðpÞ ≈ ∂

2
p0
μp0

ν
θðp0Þ, since apostrophes are irrelevant to the order considered. This shows the gauge

invariance of Eq. (26). Now considering specifically diagonal elements n ¼ n0 and collecting all terms, one obtains Eq. (31)
in the main text.

2. Case where disorder has the same matrix structure as the clean Hamiltonian

Here, we investigate the particular case where Ŵ ¼ Ĥ and, thus, W ¼ K. Then, one simply has

ðΩK
pμpν

Þn;nðpÞ ¼ ðΩpμpν
Þn;nðpÞ þ

1

2
∂pμ

Im ð½S−1ðpÞ∂pν
KðpÞSðpÞ�n;n=½Kd�n;nÞ

¼ ðΩpμpν
Þn;nðpÞ þ

1

2
∂pμ

Im ð½∂pν
Kd þ ½Λpν

;Kd��n;n=½Kd�n;nÞ ¼ ðΩpμpν
Þn;nðpÞ; ðB6Þ

where Λpν
¼ S−1

∂pν
S, which is Eq. (62) in the main text. We also note that, in this case,

S−1ðpÞK
�
pþ p0

2

�
Sðp0Þ ¼ Kd

�
pþ p0

2

�
þ 1

2
ðp0

μ − pμÞ
�
Kd

�
pþ p0

2

�
;Λpμ

�
pþ p0

2

�	
þ � � � : ðB7Þ

APPENDIX C: COLLECTION OF TECHNICAL
ARGUMENTS

1. Neglecting δr+

We first note that δrþ is gauge invariant; therefore, taking
δrþ → 0 is a well-defined approximation. Note that, in the
case of fermions in a random scalar potential, δrþ ¼ 0 is
rigorous. We now argue why it can also be neglected in the
cases we are considering in this paper.
In Eq. (A8), one sees that δrþ appears with the same sign

in the position coordinate of both ðFdÞn;n and ðFdÞn0;n0 on
the right-hand side, so that it can be absorbed in a global
shift of X without any physical consequences (to the order
of ℏ1).
By contrast, its occurrences in the position coordinate of

Kd on the right-hand side cannot be absorbed in such a
shift. However, their contribution to the collision integral is
proportional to ℏ1

∂XKd, which can be safely neglected in
the homogeneous limit of the bulk theory. This justifies the
assumption δrþ → 0.

2. Neglecting interband ðn ≠ n0Þ terms

Here, we argue, based on the matrix elements Mn;n0 , that
interband effects can be neglected, at least in the particular
case W ¼ K—for a more generally valid proof based on
elastic scattering and the small-deviation approximation,
see the main text.
For W ¼ K, one sees from Eqs. (19a) and (B7) that,

within the small-deviation approximation,

Mn;n0 ðp; p0Þ ¼ ðKdÞn;n0
�
pþ p0

2

�
þOðp0 − pÞ; ðC1Þ

where we recall that Kd is a diagonal matrix. Therefore, the
moduli of off-band-diagonal elements jMn;n0 ðp; p0Þj2 with
n ≠ n0 are smaller by a factor of the order of jp0 − pj than
those of band-diagonal elements. Now, the important
quantity whose diagonal and off-diagonal elements need
be compared is

δXn;n0 ðp; p0ÞjMn;n0 ðp; p0Þj2; ðC2Þ
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as is visible, e.g., in Eqs. (29) and (D7). From Eq. (31), one
finds δXn;n ¼ Oðp0 − pÞ, while a priori δXn;n0 ¼ Oð1Þ for
n ≠ n0. Thus, ultimately, Eq. (C2) is smaller by one power
of jp0 − pj for off-diagonal elements than for diagonal
ones. This concludes the argument.

3. Replacing Mn;n0 ðp;p0Þ → jMn;n0 ðp;p0Þj
From the small-deviation expansion Eq. (B1), it is clear

that replacing Mn;n0 ðp; p0Þ by its modulus will be justified,
to the leading order, provided that

½S−1ðpÞWðpÞSðpÞ�n;n0 ∈
?
R; ðC3Þ

at least for n ¼ n0 (see Appendix C 2) and for all p. We note
that, because matrix elements Mn;n0 ðp; p0Þ appear pairwise
in the collision integral, the condition “∈R” (instead of
“>0”) is sufficient.
In the particular case W ¼ K, the validity of Eq. (C3)

follows directly from Eq. (C1). More generally, all the cases
we consider for applications (see Appendix H) satisfy this
constraint, although this is not a priori a general truth. This
justifies the replacement here.

4. Validity of the approximation Eq. (28)

In the particular caseW ¼ K, the approximation Eq. (28)
is justified. Indeed, focusing on band-diagonal terms
n ¼ n0 as justified above, it follows immediately from
Eq. (C1) to the zeroth order in jp0 − pj, using the fact that
ðKdÞn;n0 ∈R.

APPENDIX D: DERIVATION OF THE
ACCUMULATION TERM IN THE

ENERGY CURRENT

1. Identifying the side-jump current

We derive the energy current from the conservation
equation in phase space, following the same steps as
Ref. [35]. The phase-space energy density in the presence
of disorder V is

HðX; pÞ ¼ 1

4
TrfHþ V ;⋆Fg; ðD1Þ

whose time evolution is given by

∂tH ¼ 1

2ℏ
ImTrð½Kþ V ;⋆F ⋆ ðHþ VÞ�Þ: ðD2Þ

Then, after a very short calculation, the phase-space energy
current, up to a total phase-space derivative and to the order
of Oðℏ1Þ, is

J αðX;pÞ ¼
1

2
ωαβReTr½ð∂βðKþVÞÞðF⋆ ðHþVÞÞ�; ðD3Þ

where α; β ¼ Xμ; pν and ωXμ;pν
¼ δμ;ν ¼ −ωpν;Xμ

.
Then, to the first order in ℏ, it will be sufficient to replace

the star product by a “normal” product in those terms of the
current that contain disorder operators V:

J αðX; pÞ ¼
1

2
ωαβReTr½ð∂βKÞðF ⋆ HÞ� ðD4aÞ

þ 1

2
ωαβReTr½ð∂βVÞðFHÞ� ðD4bÞ

þ 1

2
ωαβReTr½∂βðKþ VÞðFVÞ� þ � � � : ðD4cÞ

These three terms can be understood as follows.
The first term Eq. (D4a) contains both the clean
classical energy current (order of ℏ0) and its anoma-
lous velocity correction (order of ℏ1), responsible for
the clean anomalous thermal Hall effect Eq. (1), as
shown in Ref. [35].
The second term Eq. (D4b), as we show, has the
interpretation of the side-jump accumulation current.
The third term Eq. (D4c) features V where H was in
Eq. (D4a), whose interpretation was the normalization
of eigenvectors or, physically and more loosely speak-
ing, the amount of energy carried by a bosonic
excitation. Thus, Eq. (D4c) corresponds to a local
modulation of the normalization of wave packets or,
“equivalently,” to a renormalization of the bosonic
energies by disorder. In both cases, as argued in
Sec. III A, this falls outside of the semiclassical picture
as it is usually defined: Thus, we discard this con-
tribution in the following.

Introducing Kd;Fd defined in Sec. II C and using the
normalization choice S† ⋆ H ⋆ S ¼ 1, which as shown in
Ref. [35] guarantees that the clean anomalous thermal Hall
current density is band diagonal, Eq. (D4) becomes

J sj
Xμ
ðX; pÞ ¼ 1

2
ReTr½S−1ð∂pμ

VÞSFd�; ðD5Þ

and its integrated version Eq. (38) in the main text.

2. Semiclassical expansion

We can now use the fact that in real-space notations

ð∂pμ
VÞðx; yÞ≡ −iðxμ − yμÞVðx; yÞ ðD6Þ

and then carry out the same technical derivation as in
Sec. II C and Appendix A. We do not reproduce the
intermediate steps here, since they are very similar. The
upshot is
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J sj
Xμ
ðX; pÞ ¼ −

π

ℏ

X
n;n0

Z
p0
δððKdÞn0;n0 ½X þ δXn;n0 ðp; p0Þ; p0� − ðKdÞn;nðX; pÞÞ

× δXn;n0 ðp; p0ÞðFdÞn0;n0 ½X þ δXn;n0 ðp; p0Þ; p0; t�jMn;n0 ðp; p0Þj2w̃ðp − p0Þ: ðD7Þ

In Eq. (D7), one already took δrþn;n0 ðp; p0Þ → 0, as
justified in Appendix C 1, for notational clarity. Now
focusing on band-diagonal processes (n ¼ n0), as justified
in Appendix C 2 and in the main text, and dropping
δXn;nðp; p0Þ within the position arguments of energies
and distribution functions, since this is irrelevant to the
order of Oðℏ1Þ, one obtains the result Eq. (39) in the
main text.
It might not be obvious why the same technical steps

appear in the derivation of the kinetic equation and the
current. A proof based on a Ward identity is given in
Ref. [56]. In the present case, here is an intuitive explan-
ation at the technical level. One can rewrite Eq. (D5) as

J sj
Xμ

¼ 1

2
ReTrðð∂pμ

VdÞFdÞ þ
1

2
ReTrðΛpμ

½Vd;Fd�Þ; ðD8Þ

with Λpμ
¼ S−1

∂pμ
S. In the case where interband processes

are neglected (meaning only diagonal entries of Vd are
considered), the commutator in the second term vanishes
and J sj

μ consists only of the first term. Using Eq. (D6) and

the fact that x − ξ ¼ 2f½ðxþ yÞ=2� − ½ðyþ ξÞ=2�g, one
gets

J sj
Xμ
ðx; yÞ ≈ ImTr

Z
ξ
½Vdðx; ξÞFdðξ; yÞ�

�
xþ y
2

−
yþ ξ

2

�
:

ðD9Þ

Now it is key to notice [e.g., from Eq. (11)] that
Appendix A is precisely devoted to computing

Vd ∘Fd − Fd ∘V†
d ¼ 2i Im ½Vd ∘Fd�; ðD10Þ

which is the right-hand side of the kinetic equation.
Thus, J sj

Xμ
[Eq. (D9)] can be easily obtained from the

calculation in Appendix A, by in Eq. (A6) or (A7) replacing

FdðKÞ → ðXμ − i∂Kμ
ÞFdðKÞ

and dividing by 2i. Assuming δrþn;n0 ðp; p0Þ → 0 as always,
one, thus, obtains [cf., e.g., Eq. (A8)]

J sj
Xμ
ðX; pÞ ¼ 1

2i

X
n;n0

2π

ℏ
ð−iÞ

Z
p0
w̃ðp − p0ÞδððKdÞn0;n0 ½X þ δXn;n0 ðp; p0Þ; p0� − ðKdÞn;nðX;pÞÞ

× ½ðX − XÞ × ðFdÞn;nðX; p; tÞjMn;n0 ðp; p0ÞjjMn0;nðp0; pÞj
− ðX − X − δXn;n0 ðp; p0ÞÞ × ðFdÞn0;n0 ½X þ δXn;n0 ðp; p0Þ; p0; t�jMn;n0 ðp; p0ÞjjMn;n0 ðp; p0Þj�; ðD11Þ

which is the correct result Eq. (D7).

3. Formal proof that the side-jump current vanishes
in thermodynamic equilibrium

We now consider its value at equilibrium, J sj
Xμ
ðX; pÞjeq,

obtained by replacing

ðFdÞn;nðX; p0Þ → fððKdÞn;nðX; p0Þ; TðXÞÞ
within Eq. (39), where fðεÞ ¼ ε½nBðεÞ þ 1

2
�. The deviation

gsj
d ¼ Oðℏ1Þ, which yields the corrected equilibrium

distribution, need not be included to this order: We verify
only that

Jsjμ ðXÞjeq ≡
Z
p
J sj

Xμ
ðX; pÞjeq ¼ 0þOðℏ2Þ: ðD12Þ

We know on general grounds (see Ref. [35], especially
Appendix B.3 therein) that the boson spectrum is sym-
metric, in the sense that there exists a bijection between
bands n ↔ n̄ such that

ðKdÞn;nð−pÞ ¼ −ðKdÞn̄;n̄ðpÞ; ðD13Þ

ðΩW
pμpν

Þn;nð−pÞ ¼ −ðΩW
pμpν

Þn̄;n̄ðpÞ: ðD14Þ

Since fð−εÞ ¼ −fðεÞ, one finds the relation

J sj
Xμ
ðX; pÞjeq ¼ −J sj

Xμ
ðX;−pÞjeq; ðD15Þ

therefore, its momentum integral vanishes, which
proves Eq. (D12).
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APPENDIX E: SOLVING BOLTZMANN’S
EQUATION AND THE DISPLACED LOCAL

EQUILIBRIUM CURRENT

Here, we derive the solution Eq. (35a) to Eq. (29), to the
first order in ℏ, equivalently in coordinate shifts δX. To this
order, the “compensation term” gsjd ðX; pÞ and out-of-equi-
librium part grtad ðX; pÞ can be solved for independently,
which we do following the steps in Ref. [54] adapted to our
generalized bosonic problem and notations.

1. Displaced local equilibrium current

We write the time-independent local equilibrium solu-
tion to the kinetic equation as

FdðX; pÞ ¼ fðKdðX; pÞ; TðXÞÞ þ gsjd ðX; pÞ; ðE1Þ

where Fd is assumed to satisfy local equilibrium,
DtFdðX;pÞ ¼ 0. In the collision integral of Eq. (29), we
expand to the order of linear response:

fðE; TðXÞÞ − fðE; T½X þ δXn;n0 ðp; p0Þ�Þ
¼ −δXn;n0 ðp; p0Þ∂XT∂TfðE; TðXÞÞ; ðE2Þ

where

E ¼ ðKdÞn;nðX; pÞ ≃ ðKdÞn0;n0 ðX; p0Þ: ðE3Þ

Here, the “≃” approximate equality is enforced by the
energy conservation delta function in Eq. (27); below, this
is enforced only to the order ofOðℏ0Þ, which is sufficient in
that context. Then, Eq. (29) becomes

∀ n; 0 ¼ −
2π

ℏ

X
n0

Z
p0
w̃ðp − p0ÞjMn;n0 ðp; p0Þj2δððKdÞn0;n0 ðX; p0Þ − ðKdÞn;nðX; pÞÞ

× ½ðgdÞn;nðX; pÞ − ðgdÞn0;n0 ðX; p0Þ − δXμ
n;n0 ðp; p0Þ∂Xμ

T∂TfððKdÞnð0Þ;nð0Þ ðX; pð0ÞÞÞ� þ � � � ; ðE4Þ

where “þ � � �” contains terms higher order in powers of ℏ or beyond linear response and the optional set of apostrophes in
∂Tf follows from Eq. (E3).
We now use the fact that Eq. (26), up to the approximations discussed in Appendix B, takes the form Eq. (31). Then, a

solution to the collision integral is given by Eq. (35) in the main text, which is clearly gauge invariant.

2. Response in the relaxation time approximation (RTA)

We now consider the Oðℏ0Þ out-of-(local-)equilibrium distribution grtad , by again defining

FdðX; pÞ ¼ fðKdðX;pÞ; TðXÞÞ þ grtad ðX; pÞ ðE5Þ

but now requiring only that both the left-hand side and the right-hand sides of Eq. (29) be Oðℏ0Þ. We focus on the bulk
currents of the homogeneous theory, so that spatial gradients ∂XKdðX; pÞ are neglected, and the left-hand side reads

DtFdjn;nðX; pÞ ¼ ∂pμ
Kd∂Xμ

T∂TfðKdðX; pÞ; TðXÞÞjn;n: ðE6Þ

Meanwhile, in the right-hand side, all the position shifts can be discarded at Oðℏ0Þ, and one obtains

∂kμKd∂Xμ
T∂TfðKdðX; pÞÞjn;n ¼ −

2π

ℏ

X
n0

Z
p0
w̃ðp − p0Þ × δððKdÞn0;n0 ðX;p0Þ − ðKdÞn;nðX; pÞÞ

× jMn;n0 ðp; p0Þj2 × ½ðgrtad Þn;nðX; pÞ − ðgrtad Þn0;n0 ðX; p0Þ�: ðE7Þ

While this is still, in principle, a hard problem, it reduces to the relaxation time approximation [94], provided that
scattering is elastic (which is the case here), that dispersion is isotropic [meaning KdðjpjÞ only] and nondegenerate, and that
scattering is isotropic; i.e., Mn;n0 ðp; p0Þ depends on only the angle between p and p0 (i.e., on p̂ · p̂0, where we
define p̂≡ p=jpj).
Assuming all this for the sake of analytical tractability, one obtains Eqs. (35c) and (36) in the main text.
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3. Explicit writing of the side-jump current in the RTA

Inserting Eq. (35c) into Eq. (39), one obtains

J sj;rta
Xμ

ðX; pÞ ≈ −
π

ℏ

X
n

Z
p0
w̃ðp − p0ÞjMn;nðp; p0Þj2δððKdÞn;nðX; p0Þ − ðKdÞn;nðX; pÞÞ

× ðp0 − pÞνðΩW
pμpν

Þn;nðpÞ × ∂kρðKdÞn;nðX; p0Þ∂Xρ
T∂TfððKdÞn;nðX; p0ÞÞτn;nðX; p0Þ

≈ −
1

2

X
n

ðΩW
pμpν

Þn;nðpÞ∂kρðKdÞn;nðX; pÞ∂Xρ
T∂TfððKdÞn;nðX; pÞÞτn;nðX; pÞΞν

nðX; pÞ: ðE8Þ

In going to the second line, we use the fact that τn;n, defined in Eq. (36), depends on only the modulus jpj ¼ jp0j, and we use
the temporary notation

Ξν
nðX; pÞ ¼

2π

ℏ

Z
p0
ðp0 − pÞνw̃ðp − p0ÞjMn;nðp; p0Þj2δððKdÞn;nðX; p0Þ − ðKdÞn;nðX; pÞÞ

¼ 2π

ℏ
× ð−pνÞ

Z
p0
ð1 − p̂ · p̂0Þw̃ðp − p0ÞjMn;nðp; p0Þj2δððKdÞn;nðX; p0Þ − ðKdÞn;nðX; pÞÞ ¼ −pντ

−1
n;nðX; pÞ: ðE9Þ

The cancellation τn;nτ
−1
n;n ¼ 1 leads to Eq. (40) in the main text.

4. Generalizations

We now look for the equilibrium and out-of-equilibrium solutions gsjd and grtad to the generalized kinetic equation, where
we now assume explicitly only interband scattering (n ¼ n0 enforced):

DtFdðX; p; tÞjn;n ¼ −
X
ðιÞ

Z
p0
ðtðιÞn;nÞ−1ðp; p0Þf½pν − p0

ν�ðΩW;ðιÞ
pμpν Þn;nðpð0ÞÞ∂μT∂TfððKdÞn;nðpð0ÞÞÞ

þ ðgdÞn;nðpÞ − ðgdÞn;nðp0Þg þ
Z
p0
ϒint

p;p0 ½ðgdÞn;nðp0Þ − ðgdÞn;nðpÞ�; ðE10Þ

ðtðιÞn;nÞ−1ðp; p0Þ≡ 2π

ℏ
w̃ðιÞðp − p0ÞδððKdÞn;nðp0Þ − ðKdÞn;nðpÞÞjMðιÞ

n;nðp; p0Þj2: ðE11Þ

First looking for the local equilibrium solution, where the lhs and the rhs vanish separately, one finds

ðgsjd Þn;nðpÞ ¼ −
�
pν∂μT∂TfððKdÞn;nðpÞÞ

X
ðιÞ

ðΩW;ðιÞ
pμpν Þn;nðpÞ

Z
p0
ðtðιÞn;nÞ−1ðp; p0Þ

���Z
p0

�
ϒint

p;p0 þ
X
ðιÞ

ðtðιÞn;nÞ−1ðp; p0Þ
	�

:

ðE12Þ
Then, taking the order of Oðℏ0Þ on the rhs and restoring the gradient term on the lhs, one finds

ðgrtad Þn;nðpÞ ¼ ∂kλKdðpÞ∂λT∂TfðKdðpÞÞ
��Z

p0
ð1 − p̂ · p̂0Þ

�
ϒint

p;p0 þ
X
ðιÞ

ðtðιÞn;nÞ−1ðp; p0Þ
	�

: ðE13Þ

Assuming that ϒint
p;p0 just like ðtðιÞn;nÞ−1ðp; p0Þ satisfies the usual assumptions of RTA (namely, it depends only on the angle

p̂ · p̂0 and on the moduli jpj ¼ jp0j constrained to be equal), one obtains Eq. (45) in the main text.

APPENDIX F: OTHER CALCULATORY DETAILS ON HALL CURRENTS

1. Thermal Hall conductivity

We consider for concreteness the case where a temperature gradient is imposed along x and the (local) energy current is
measured along y. Then, explicitly, Eqs. (37) and (40) read

Jsj;rtay ðXÞ ¼ ∂xT ×
1

2

X
n

Z
p
pλ∂px

ðKdÞn;nðX; pÞðΩW
pypλ

Þn;nðX; pÞ∂TfððKdÞn;nðX; pÞÞ; ðF1Þ
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Jgv;sjy ðXÞ ¼ −∂xT ×
1

2

X
n

Z
p
pλ∂py

ðKdÞn;nðX; pÞðΩW
pxpλ

Þn;nðX; pÞ∂TfððKdÞn;nðX; pÞÞ: ðF2Þ

Contrarily to the case of fermions in a random scalar potential, because ΩW
pμpν

is not antisymmetric a priori, these two

currents are not identical a priori. The local current due to disorder, Jdisy ≡ Jsj;rtay þ Jgv;sjy , is, thus,

Jdisy ðXÞ ¼ ∂xT ×
1

2

X
n

Z
p
pλ½ðΩW

pypλ
Þn;nðpÞ∂px

ðKdÞn;nðpÞ − ðΩW
pxpλ

Þn;nðpÞ∂py
ðKdÞn;nðpÞ�∂TfððKdÞn;nðpÞÞ: ðF3Þ

Now one can use the spectrum symmetry relations Eqs. (D13) and (D14) to replace 1
2

P
n → Trþ, which is the sum over

positive-eigenvalue eigenspaces of the dynamical matrix, i.e., over bosonic bands in the strict physical sense.
We obtain the disorder-induced thermal Hall conductivity

κdisxy ¼ Trþ

Z
p
pλ½ΩW

pypλ
ðpÞ∂px

KdðpÞ −ΩW
pxpλ

ðpÞ∂py
KdðpÞ�∂TfðKdðpÞ; TÞ; ðF4Þ

and using ∂Tfðε; TÞ ¼ −ðε2=TÞ∂εnBðε; TÞ we obtain the final result Eq. (2) in the main text.

2. Electrical Hall effect

The two disorder contributions to the charge current are

Jsj;rtay ðXÞ ¼ −e2Ex

X
n

Z
p
pλ∂px

ðKdÞn;nðX;pÞðΩW
pypλ

Þn;nðX; pÞ∂εfððKdÞn;nðX; pÞÞ; ðF5Þ

Jgv;sjy ðXÞ ¼ þe2Ex

X
n

Z
p
pλ∂py

ðKdÞn;nðX; pÞðΩW
pxpλ

Þn;nðX; pÞ∂εfððKdÞn;nðX; pÞÞ: ðF6Þ

The local charge current due to disorder, Jdisy ≡ Jsj;rtay þ Jgv;sjy , is

Jdisy ðXÞ ¼ −e2Ex

X
n

Z
p
pλ½ðΩW

pypλ
Þn;nðpÞ∂px

ðKdÞn;nðpÞ − ðΩW
pxpλ

Þn;nðpÞ∂py
ðKdÞn;nðpÞ�∂εfððKdÞn;nðpÞÞ: ðF7Þ

At odds with the bosonic case, here, one simply hasP
n → Tr, which is the sum over fermionic bands. We

obtain the disorder-induced electrical Hall conductivity,
Eq. (43) in the main text.

APPENDIX G: EXPLICIT FORMULAS FOR
NUMERICAL EVALUATION

Here, we recapitulate how to evaluate Eqs. (1) and (2)
straightforwardly from a disordered bosonic theory of the
form in Sec. VA. Once the clean Hamiltonian Eq. (47) and
the disorder Hamiltonian Eq. (52) have been specified,
Sec. VA provides explicit expressions for the dynamical
matrix K and its disorder counterpart W, both of which are
2N × 2N matrices. Ultimately, K andW fully determine the
thermal Hall conductivities Eqs. (1) and (2): We now detail
the procedure to derive the latter.
The dynamical matrix is diagonalized as S−1

0 KS0 ¼ Kd.
Note that S0, whose columns are the bosonic eigenmodes,
is generally not unitary (and is, of course, not uniquely

defined). Note also that Kd is a diagonal matrix whose 2N
entries are the N bosonic energies (all positive) and their
opposites (all negative). While Eqs. (1) and (2) involve only
summation over the N physical bands, actual calculations
of the curvatures Ωpxpy

and ΩW
pxpy

can involve all 2N
eigenvalues and eigenvectors.
For numerical evaluation, it is useful to resort to

formulas for the Berry curvature Ωpxpy
and its disorder

counterpart 1
2
ðΩW

pxpy
−ΩW

pypx
Þ that avoid computing

momentum derivatives of gauge-dependent quantities.
Such gauge-invariant formulas can be derived using the
identity

½S−1
0 ð∂px

KÞS0�n;n0 ¼ ½S−1
0 ∂px

S0�n;n0 ð½Kd�n0;n0 − ½Kd�n;nÞ;
ðG1Þ

which can be inverted for n ≠ n0. For instance, it is well
known that the Berry curvature can be recast into the form
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ðΩpxpy
Þn;n ¼ Im ½S−1

0 ∂py
S0S−1

0 ∂px
S0 − ðx ↔ yÞ�

n;n
ðG2Þ

¼
X
n0≠n

Im ð½S−1
0 ð∂px

KÞS0�n;n0 ½S−1
0 ð∂py

KÞS0�n0;nÞ
ð½Kd�n0;n0 − ½Kd�n;nÞ2

− ðx ↔ yÞ:

ðG3Þ

Although only those indices n corresponding to eigenm-
odes with positive eigenvalues are useful to compute
Eq. (1), note that the summation

P
n0≠n involves all

2N − 1 other indices.
A similar formula can be obtained for the antisymmetric

part of ΩW
pxpy

[defined in Eq. (32)]: One finds

1

2
ðΩW

pxpy
−ΩW

pypx
Þn;n ¼

1

2
ðΩpxpy

Þn;n

þ 1

2

X
n0≠n

X
n00≠n

Im

�
ð½S−1

0 ∂px
S0�n00;n½S−1

0 ∂py
S0�n;n0 − ðx ↔ yÞÞ

�½S−1
0 WS0�n0;n00

½S−1
0 WS0�n;n

−
½S−1

0 WS0�n0;n½S−1
0 WS0�n;n00

½S−1
0 WS0�2n;n

�	

þ 1

4

X
n0≠n

Im

�
1

½S−1
0 WS0�n;n

ð½S−1
0 ∂py

S0�n0;n½S−1
0 ð∂px

WÞS0�n;n0 þ ½S−1
0 ∂py

S0�n;n0 ½S−1
0 ð∂px

WÞS0�n0;nÞ − ðx ↔ yÞ
	

þ 1

4
Im

�½S−1
0 ð∂py

WÞS0�n;n
½S−1

0 WS0�2n;n
X
n0≠n

ð½S−1
0 ∂px

S0�n;n0 ½S−1
0 WS0�n0;n þ ½S−1

0 ∂px
S0�n0;n½S−1

0 WS0�n;n0 Þ − ðx ↔ yÞ
	
; ðG4Þ

which together with Eq. (G1) provides a gauge-invariant
formula suitable for numerical evaluation. This is the one we
used to obtain our results in Sec. V B. Again, although only
those indices n corresponding to eigenmodes with positive
eigenvalues are useful to compute Eq. (2), note that the
summations

P
n0≠n and

P
n00≠n involve all 2N − 1 other

indices.

APPENDIX H: APPLICATION TO A
LOW-ENERGY BOSONIC THEORY–DETAILS

1. Effective low-energy theory for magnons
in an antiferromagnet

For an antiferromagnet on a bipartite lattice, the spin
operator may be expressed locally as

Sr ¼
X

a¼x;y;z

ûa½ð−1ÞrnaðrÞ þmaðrÞ�; ðH1Þ

where the vectors ûa define an orthonormal basis, ð−1Þr ¼
� alternates between the two sublattices, and na and ma are
the staggered and the net magnetization fluctuations,
respectively, constrained by

m2 þ n2 ¼ 1; m · n ¼ 0: ðH2Þ
Assuming collinear Néel order along the z axis, to the cubic
order in the transverse components one may replace

mz ≃ −mxnx −myny; ðH3aÞ

nz ≃ 1 −
1

2
ðm2

x þ n2x þm2
y þ n2yÞ: ðH3bÞ

This yields an effective theory in terms of the low-energy
fields nx, ny, mx, and my, defined in the collinear case

simply as na ¼ na and ma ¼ ma for a∈ fx; yg. These low-
energy fields satisfy the commutation relation

½my; nx� ¼ iℏ ¼ −½mx; ny�; ðH4Þ
which is Eq. (57).
In terms of mi, ni with i ¼ 1, 2, and writing

∂1 ≡ ∂x; ∂2 ≡ ∂y, the Hamiltonian Eq. (56) reads

H ¼ 1

2χ
mimi þ Δnini −

1

2
c1ni∂2μμni þ

1

2
c2∂ini∂jnj

þ 1

2
d4mi

∂
2
μμni þ

1

2
d1ϵijmi

∂
2
μμnj −

1

2
d2ϵiī∂im

ī
∂jnj

þ 1

2
d3ϵijminj: ðH5Þ

Because to leading order in spatial gradients

mi ≈ χ∂tni;

up to integration by parts the d4 term is a total time
derivative and does not appear in the effective theory. It is
then possible to write

ϵiī∂im
ī
∂jnj →

1

2
ϵijmi

∂
2
μμnj;

so that an equivalent effective Hamiltonian density is

Heff ¼
1

2χ
mimi −

1

2
c1ni∂2μμni þ

1

2
c2∂ini∂jnj þ

1

2
d3ϵijminj

þ 1

2

�
d1 −

1

2
d2

�
ϵijmi

∂
2
μμnj þΔnini: ðH6Þ

One can rewrite this, to the first order in d1, d2, and d3, as
Eq. (58) in the main text.
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Note that, in the following, for notational clarity we write
all the expressions in the d3 ¼ 0 and Δ ¼ 0 case. While for
numerical evaluations we indeed take d3 ¼ 0, they are still
performed at finite Δ (with value given in Table I).

2. Diagonalization of the clean problem

The dynamical matrix is

K ¼ i

"
0 1

−pμ

�
c1
χ δμ;νδi;j þ c2

χ δi;μδν;j
�
pν −ηϵijp2

#
: ðH7Þ

One finds the energy bands

Kd ¼ diagðε1;−ε1; ε2;−ε2Þ;
ε1 ¼ ½ðc1 þ c2Þp2=χ�1=2; ε2 ¼ ½c1p2=χ�1=2; ðH8Þ

and the Berry curvatures

Ωð1Þ
pxpy ¼ −η

1

ε1

4c1 þ 3c2
2c2

þOðη3Þ;

Ωð2Þ
pxpy ¼ η

1

ε2

4c1 þ c2
2c2

þOðη3Þ: ðH9Þ

The normalized eigenvectors are Ψi and Ψ�
i such that

S ¼
h
Ψ1jΨ�

1jΨ2jΨ�
2

i
: ðH10Þ

A suitable choice of properly normalized eigenvectors
(in the sense S†HS ¼ 1) is

Ψ1 ¼
1ffiffiffi
2

p
� ffiffiffi

χ
p η

c2

jkj
jk2j

þ iffiffiffi
χ

p
ε1

k1
k2

jk2j
jkj ;

iffiffiffi
χ

p
ε1

jk2j
jkj ;

k1
k2

1ffiffiffi
χ

p jk2j
jkj − i

η

c2

jkj
jk2j

ffiffiffi
χ

p
ε1;

1ffiffiffi
χ

p jk2j
jkj
�⊤

þOðη2Þ;

Ψ2 ¼ −
1ffiffiffi
2

p
� ffiffiffi

χ
p η

c2

jkj
jk1j

þ iffiffiffi
χ

p
ε2

k2
k1

jk1j
jkj ;−

iffiffiffi
χ

p
ε2

jk1j
jkj

1ffiffiffi
χ

p ;
k2
k1

1ffiffiffi
χ

p jk1j
jkj − i

η

c2

jkj
jk1j

ffiffiffi
χ

p
ε2;−

1ffiffiffi
χ

p jk1j
jkj
�⊤

þOðη2Þ: ðH11Þ

Here, we provideΨ1 andΨ2 to the first order in η only. This is sufficient to compute the leading contribution to the Berry
curvature Ωpxpy

given above, Eq. (H9), which is odd under time reversal and, thus, odd in powers of η.

3. Explicit calculations in two given instances of disorder (b) and (c)

a. Case (b): A case with both intrinsic and extrinsic chirality

We consider the local disorder Hamiltonian density

Hdis ¼ −η̃ϵijmi
∂
2
μμnj ¼ −η̃ðm1

∂
2
μμn2 −m2

∂
2
μμn1Þ ¼ Eq: ð65Þ; ðH12Þ

such that

W ¼ ΓŴ ¼ −η̃p2

�
σy 0

−iηp21 σy

�
: ðH13Þ

One finds

�
S−1ðpÞ

�
σy 0

−iηp21 σy

�
SðpÞ

�
n;n

¼ 2
χ

c2
ηðε1;−ε1; ε2;−ε2Þ þOðη3Þ; ðH14Þ

implying that the third term in Eq. (32) vanishes. As for the first and second terms, they are determined by

Im
�
S−1ðpÞ

�
σy 0

−iηp21 σy

�
∂pμ

SðpÞ
�
n;n

¼ ϵμ;μ̄ðpμ̄=p2Þ þOðη2Þ; ðH15Þ

Im ½S−1ðpÞ∂pμ
SðpÞ�

n;n
¼ η

c2

�
1

ε1
#μðpÞ;−

1

ε1
#μðpÞ;

1

ε2
#0μðpÞ;−

1

ε2
#0μðpÞ

�
þOðη3Þ; ðH16Þ

where #μðpÞ and #0μðpÞ are real quantities which we do not write explicitly here.
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b. Case (c): A case where the clean thermal Hall
conductivity is zero

Because

Im ½S−1ðpÞ∂pμ
SðpÞ�

n;n
¼ 0; ðH17Þ

where implicitly S here means Sjη¼0, the first term in
Eq. (32) vanishes.
We note that using the disorder Ŵ of the previous case

[Eqs. (64) and (65)] one would find

½S−1ðpÞWðpÞSðpÞ�n;n ¼ 0;

implying that the small-momentum expansion in
Appendix B 1 would be ill defined. Here, instead we
consider Ŵ as given in Eq. (66), whence

W ¼ Γjη¼0Ŵ ¼ Kjη¼0 − η̃p2

�
σy 0

0 σy

�
: ðH18Þ

We obtain

½S−1ðpÞWðpÞSðpÞ�n;n ¼ ðε1;−ε1; ε2;−ε2Þ ðH19Þ

and

½S−1ðpÞ∂pμ
WðpÞSðpÞ�

n;n

¼ −η̃p2ðpμ=p2Þðε1;−ε1; ε2;−ε2Þn;n; ðH20Þ

which is real so the third term in Eq. (32) vanishes. There
subsists only the second term, which is determined by

Im ½S−1ðpÞWðpÞ∂pμ
SðpÞ�

n;n

¼ −η̃p2 Im

�
S−1ðpÞ

�
σy 0

0 σy

�
∂pμ

SðpÞ
�
n;n

¼ þη̃p2ðϵμ;μ̄ðpμ̄=p2Þ þOðη2ÞÞ: ðH21Þ

4. Derivation from a microscopic spin model

Here, we show how to derive χ, c1, and c2 from the
Hamiltonian

Hspin ¼ J
X
hr;r0i

Sr · Sr0 þ K
X
hr;r0ia

SarSar0 : ðH22Þ

Performing the expansion Eqs. (H1)–(H4) and assuming
smooth variations of the emergent m, n fields to derive a
continuous low-energy theory, Eq. (H22) becomes, on the
square lattice,

Hmag ¼
J
2

X
r

X
η

�
2maðrÞmaðrÞ þ

1

2
ημην∂μnaðrÞ∂νnaðrÞ

�
þ K

X
r

maðrÞmaðrÞ

−
K
2

X
r

naðrÞnaðrÞ þ
K
4
a2
X
r

ð∂xnxðrÞ∂xnxðrÞ þ ∂ynyðrÞ∂ynyðrÞÞ þ � � � ; ðH23Þ

where a is the lattice parameter and “þ � � �” contains terms that are higher order in gradients or beyond quadratic order inm,
n. Since the purpose of this appendix is to derive the magnon velocities, determined by parameters χ, c1, and c2, and not the
magnon gap which will depend sensitively on other (anisotropic) magnetic exchanges not included in Eq. (H22), we
henceforth drop the mass term in Eq. (H23).
The last term is not rotationally invariant; therefore, to recover the symmetry of Eq. (56), we select its rotation-invariant

component. Technically, this is simply done by writing n ¼ Rθñ and ∂ ¼ Rθ∂̃, where Rθ is the 2D rotation matrix by an
angle θ and ñ and ∂̃ are the expression of n and ∂, respectively, in a rotated orthogonal frame, coinciding with ðx̂; ŷÞ at
θ ¼ 0. We then average over the angle, ½1=ð2πÞ� R dθ. This yields

∂xnx∂xnx þ ∂yny∂yny →
1

2
ð∇nÞ2 − 1

4
n ·∇2n: ðH24Þ

One, thus, obtains

Hmag ¼
1

2

X
r

ð8J þ 2KÞmaðrÞmaðrÞ −
1

2
a2J
X
r

ðnaðrÞ∂2xxnaðrÞ þ naðrÞ∂2yynaðrÞÞ

þ K
4
a2
X
r

�
1

2
ð∇nÞ2 − 1

4
n · ∇2n

�
þ � � � ; ðH25Þ

allowing for the identification χ−1 ¼ 8J þ 2K, c1 ¼ a2ðJ þ K=8Þ, and c2 ¼ a2K=4 as reported in the main text.
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Natl. Acad. Sci. U.S.A. 113, 8653 (2016).

[14] Hayato Doki, Masatoshi Akazawa, Hyun-Yong Lee, Jung
Hoon Han, Kaori Sugii, Masaaki Shimozawa, Naoki
Kawashima, Migaku Oda, Hiroyuki Yoshida, and Minoru
Yamashita, Spin thermal Hall conductivity of a kagome
antiferromagnet, Phys. Rev. Lett. 121, 097203 (2018).

[15] Yuji Hirokane, Yoichi Nii, Yasuhide Tomioka, and
Yoshinori Onose, Phononic thermal Hall effect in diluted
terbium oxides, Phys. Rev. B 99, 134419 (2019).

[16] Masatoshi Akazawa, Masaaki Shimozawa, Shunichiro
Kittaka, Toshiro Sakakibara, Ryutaro Okuma, Zenji
Hiroi, Hyun-Yong Lee, Naoki Kawashima, Jung Hoon
Han, and Minoru Yamashita, Thermal Hall effects of spins

and phonons in kagome antiferromagnet cd-kapellasite,
Phys. Rev. X 10, 041059 (2020).

[17] Heda Zhang, Chunqiang Xu, Caitlin Carnahan, Milos
Sretenovic, Nishchay Suri, Di Xiao, and Xianglin Ke,
Anomalous thermal Hall effect in an insulating van der
Waals magnet, Phys. Rev. Lett. 127, 247202 (2021).

[18] Lu Chen, Marie-Eve Boulanger, Zhi-Cheng Wang, Fazel
Tafti, and Louis Taillefer, Large phonon thermal Hall
conductivity in the antiferromagnetic insulator Cu3TeO6,
Proc. Natl. Acad. Sci. U.S.A. 119, e2208016119 (2022).

[19] É. Lefrançois, G. Grissonnanche, J. Baglo, P. Lampen-
Kelley, J.-Q. Yan, C. Balz, D. Mandrus, S. E. Nagler, S.
Kim, Y.-J. Kim, N. DoironLeyraud, and L. Taillefer,
Evidence of a phonon Hall effect in the Kitaev spin liquid
candidate α-RuCl3, Phys. Rev. X 12, 021025 (2022).

[20] Richard Hentrich, Maria Roslova, Anna Isaeva, Thomas
Doert, Wolfram Brenig, Bernd Büchner, and Christian Hess,
Large thermal Hall effect in α-RuCl3: Evidence for heat
transport by Kitaev-Heisenberg paramagnons, Phys. Rev. B
99, 085136 (2019).

[21] M. Yamashita, J. Gouchi, Y. Uwatoko, N. Kurita, and
H. Tanaka, Sample dependence of half-integer quantized
thermal Hall effect in the Kitaev spin-liquid candidate
α-RuCl3, Phys. Rev. B 102, 220404(R) (2020).

[22] T. Yokoi, S. Ma, Y. Kasahara, S. Kasahara, T. Shibauchi, N.
Kurita, H. Tanaka, J. Nasu, Y. Motome, C. Hickey, S.
Trebst, and Y. Matsuda, Half-integer quantized anomalous
thermal Hall effect in the Kitaev material candidate
α-RuCl3, Science 373, 568 (2021).

[23] J. A. N. Bruin, R. R. Claus, Y. Matsumoto, N. Kurita, H.
Tanaka, and H. Takagi, Robustness of the thermal Hall effect
close to half-quantization in α-RuCl3, Nat. Phys. 18, 401
(2022).

[24] Y. Kasahara, S. Suetsugu, T. Asaba, S. Kasahara, T.
Shibauchi, N. Kurita, H. Tanaka, and Y. Matsuda,Quantized
and unquantized thermal Hall conductance of the Kitaev
spin liquid candidate α-RuCl3, Phys. Rev. B 106, L060410
(2022).

[25] Heda Zhang, Andrew F. May, Hu Miao, Brian C. Sales,
David G. Mandrus, Stephen E. Nagler, Michael A.
McGuire, and Jiaqiang Yan, Sample-dependent and sam-
ple-independent thermal transport properties of α-RuCl3,
Phys. Rev. Mater. 7, 114403 (2023).

[26] Heda Zhang, Michael A. McGuire, Andrew F. May,
Hsin-Yun Chao, Qiang Zheng, Miaofang Chi, Brian C.
Sales, David G. Mandrus, Stephen E. Nagler, Hu Miao,
Feng Ye, and Jiaqiang Yan, Stacking disorder and thermal
transport properties of α-RuCl3, Phys. Rev. Mater. 8,
014402 (2024).

[27] Peter Czajka, Tong Gao, Max Hirschberger, Paula Lampen-
Kelley, Arnab Banerjee, Nicholas Quirk, David G Mandrus,
Stephen E Nagler, and N Phuan Ong, Planar thermal Hall
effect of topological bosons in the Kitaev magnet α-RuCl3,
Nat. Mater. 22, 36 (2023).

[28] Xiao-Tian Zhang, Yong Hao Gao, and Gang Chen,
Thermal Hall effects in quantum magnets, Phys. Rep.
1070, 1 (2024).

[29] Ryo Matsumoto and Shuichi Murakami, Rotational motion
of magnons and the thermal Hall effect, Phys. Rev. B 84,
184406 (2011).

EXTRINSIC CONTRIBUTION TO BOSONIC THERMAL HALL … PHYS. REV. X 16, 011048 (2026)

011048-29

https://doi.org/10.1103/PhysRevLett.45.494
https://doi.org/10.1103/PhysRevLett.45.494
https://doi.org/10.1103/PhysRevLett.49.405
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/PhysRev.135.A1505
https://doi.org/10.1016/j.aop.2005.10.005
https://doi.org/10.1103/PhysRevB.55.15832
https://doi.org/10.1103/PhysRevB.55.15832
https://doi.org/10.1038/s41586-018-0274-0
https://doi.org/10.1038/s41586-018-0274-0
https://doi.org/10.1103/PhysRevLett.133.076601
https://doi.org/10.1103/PhysRevLett.133.076601
https://doi.org/10.1126/science.1188260
https://doi.org/10.1126/science.1188260
https://doi.org/10.1103/PhysRevB.85.134411
https://doi.org/10.1103/PhysRevB.85.134411
https://doi.org/10.1126/science.1257340
https://doi.org/10.1126/science.1257340
https://doi.org/10.1103/PhysRevLett.115.106603
https://doi.org/10.1103/PhysRevLett.115.106603
https://doi.org/10.1073/pnas.1524076113
https://doi.org/10.1073/pnas.1524076113
https://doi.org/10.1103/PhysRevLett.121.097203
https://doi.org/10.1103/PhysRevB.99.134419
https://doi.org/10.1103/PhysRevX.10.041059
https://doi.org/10.1103/PhysRevLett.127.247202
https://doi.org/10.1073/pnas.2208016119
https://doi.org/10.1103/PhysRevX.12.021025
https://doi.org/10.1103/PhysRevB.99.085136
https://doi.org/10.1103/PhysRevB.99.085136
https://doi.org/10.1103/PhysRevB.102.220404
https://doi.org/10.1126/science.aay5551
https://doi.org/10.1038/s41567-021-01501-y
https://doi.org/10.1038/s41567-021-01501-y
https://doi.org/10.1103/PhysRevB.106.L060410
https://doi.org/10.1103/PhysRevB.106.L060410
https://doi.org/10.1103/PhysRevMaterials.7.114403
https://doi.org/10.1103/PhysRevMaterials.8.014402
https://doi.org/10.1103/PhysRevMaterials.8.014402
https://doi.org/10.1038/s41563-022-01397-w
https://doi.org/10.1016/j.physrep.2024.03.004
https://doi.org/10.1016/j.physrep.2024.03.004
https://doi.org/10.1103/PhysRevB.84.184406
https://doi.org/10.1103/PhysRevB.84.184406


[30] Tao Qin, Qian Niu, and Junren Shi, Energy magnetization
and the thermal Hall effect, Phys. Rev. Lett. 107, 236601
(2011).

[31] Tao Qin, Jianhui Zhou, and Junren Shi, Berry curvature and
the phonon Hall effect, Phys. Rev. B 86, 104305 (2012).

[32] Ryo Matsumoto, Ryuichi Shindou, and Shuichi Murakami,
Thermal Hall effect of magnons in magnets with dipolar
interaction, Phys. Rev. B 89, 054420 (2014).

[33] Atsuo Shitade, Heat transport as torsional responses and
Keldysh formalism in a curved spacetime, Prog. Theor. Exp.
Phys. 2014, 123I01 (2014).

[34] Yinhan Zhang, Yang Gao, and Di Xiao, Thermodynamics of
energy magnetization, Phys. Rev. B 102, 235161 (2020).
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