PHYSICAL REVIEW X 16, 011048 (2026)

Extrinsic Contribution to Bosonic Thermal Hall Transport

Léo Mangeolle "2 and Johannes Knolle'*?
"Technical University of Munich, TUM School of Natural Sciences,
Physics Department, 85748 Garching, Germany
*Munich Center for Quantum Science and Technology (MCQST),
Schellingstrasse 4, 80799 Miinchen, Germany
*Blackett Laboratory, Imperial College London, London SW7 2AZ, United Kingdom

®  (Received 26 May 2025; revised 14 November 2025; accepted 12 December 2025; published 5 March 2026)

Bosonic excitations like phonons and magnons dominate the low-temperature transport of magnetic
insulators. Similar to electronic Hall responses, the thermal Hall effect (THE) of charge-neutral bosons has
been proposed as a powerful tool for probing topological properties of their wave functions. For example,
the intrinsic contribution of the THE of a perfectly clean system is directly governed by the distribution of
Berry curvature, and many experiments on topological magnon and phonon insulators have been
interpreted in this way. However, disorder is inevitably present in any material, and its contribution to
the THE has remained poorly understood. Here, we develop a rigorous kinetic theory of the extrinsic side-
jump contribution to the THE of bosons. We show that the extrinsic THE is always relevant for bosonic
systems and can be of the same order as the intrinsic one but sensitively depends on the type of local
imperfection. We study different types of impurities and show that a THE can even arise as a pure impurity-
induced effect in a system with a vanishing intrinsic contribution. As a side product, we also generalize
existing results for the electronic anomalous Hall effect to general types of impurities beyond the standard
assumption of local potential scattering. We discuss the importance of our results for the correct
interpretation of THE measurements, for example, in the Kitaev magnet a-RuCls, and provide a ready-to-

use formula for comparison to experimental data.
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I. INTRODUCTION

For charged particles, such as electrons, the origin of
classical Hall transport from the Lorentz force has been
known since the end of the 19th century. After the
discovery of the quantum Hall effect a century later [1],
its origin from the intrinsic Berry curvature of the
electron’s wave functions was swiftly established [2].
Understanding the nonquantized anomalous Hall effect
(AHE) in metallic materials with broken time-reversal
(TR) symmetry has proven much more complicated,
because it is both difficult experimentally and theoreti-
cally cumbersome to disentangle contributions from
intrinsic Berry phase effects and extrinsic scattering
contributions [3]. Charge-neutral excitations in solids,
for example, phonons, magnons, or exotic fractionalized
spinons, can also exhibit Hall transport but now in res-
ponse to gradients in temperature (or energy density [4]).
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A quantized thermal Hall effect (THE) has been put
forward as a powerful probe of exotic fractionalized
excitations from intrinsic topological order of Mott
insulators [5,6], signatures of which have been arguably
observed experimentally [7,8]. Unquantized THE in insu-
lators can also originate from more mundane phonon and
magnon excitations, as recently reported in many experi-
ments on magnets [9—19], and particularly in the Kitaev
material and spin liquid candidate a-RuCl; [20-27]—for a
recent review, see Ref. [28]. While the theory of the
intrinsic (Berry curvature) contribution to this bosonic
THE has been firmly established over the past decade
[29-35], much less is known about the extrinsic contri-
butions. Concretely, scattering contributions from disor-
der inevitably present in any material are still poorly
understood and are the subject of the present paper.

The established way of calculating the THE in insulating
magnets is to derive an effective quadratic magnon
Hamiltonian (various ways of including effects of inter-
actions, or not, have been explored) and to derive from it
the magnon band structure and especially the Berry
curvature. The same procedure can also be used for other
types of neutral bosonic excitations, e.g., phonons. In both
cases, knowing the Berry curvature, one may compute the
thermal Hall conductivity:
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where O is the Heaviside step function, Tr, is a sum over
boson bands, ng (e, T) = 1/(e*/" — 1) is the Bose function,
Ki(p) is the bosonic energy, and crucially Q, , (p) is the
bosons’ Berry curvature. This formula Eq. (1) is similar to
the Karplus-Luttinger formula for the intrinsic AHE of
electrons. However, in both the (bosonic) thermal and
(fermionic) electrical cases, the intrinsic contribution is but
part of the total Hall conductivity. Other phenomena
contribute, that are usually classified as skew-scattering
[36-41] and side-jump mechanisms: For a review in the
electronic case, see Ref. [3]. Here, we investigate the latter.

The general expectation is that the electronic side-jump
effect is nonperturbative, in that it does not depend on the
strength of disorder (or impurity density), when interpar-
ticle interactions can be neglected. Yet, for electronic
systems, the side-jump effect is actually not so commonly
seen experimentally [42], because electron-electron inter-
actions are usually strong especially in two dimensions [43]
and dominate over other scattering effects due, e.g., to
disorder. In the presence of strong disorder, the electron
liquid may also undergo localization in the bulk [44], while
mobile edge excitations account for a quantized Hall
conductivity [45]: The side-jump contribution, as a bulk
effect, is again negligible in this situation. Meanwhile, and
at odds with the electronic case, the side-jump contribution
is expected to play a significant role in the thermal Hall
effect of phonons or magnons. Indeed, in the absence of
Pauli exclusion, and even in the presence of a (mobility)
gap and of edge states between two bulk bands, bosonic
states from the lower bulk band are always thermally
excited, so that they always contribute to thermal transport.
Thus, side-jump effects are always present. Moreover, the
latter are presumably much less dominated by interaction
effects than in electron liquids, insofar as interactions
between collective bosonic modes like phonons or mag-
nons are usually small. For instance, they are due to lattice
anharmonicity for phonons or to higher-order terms in the
1/S expansion for magnons, and they are usually local (as
opposed to long range like the Coulomb interaction
between electrons) [46]. Possible experimental evidence
for significant side-jump effects may be found in the
kagome antiferromagnet volborthite [13], in pyrochlore
terbium oxides [11,15], and in the Kitaev compound
a-RuCly [25]—see Sec. V D.

Motivated by many reports of THE in insulating materi-
als [9-28], we derive rigorously the side-jump effect in the
thermal Hall conductivity of neutral bosons. Employing a
kinetic equation formalism (see below) for systems of
noninteracting bosons, we include the presence of generic
disorder fields, i.e., not only potential but a fully fledged

local deformation of the Hamiltonian as the most general
form of disorder. Within the semiclassical approximations
which we discuss later, we find that disorder scattering
induces new contributions in the boson thermal Hall
conductivity which are carried by bulk currents. As our
main result, we derive the corresponding disorder-induced
thermal Hall conductivity reading

o = Tr, / [ detle = Kap)eaum (e
x plQ) (P9, Ka(p) = Q) ()0, Ka(p)l,  (2)

where QYJ\,/, »,(p) is a band-dependent and disorder-depen-
dent quantity, generally distinct from the Berry curvature
and which reduces to the latter in specific cases. Its
expression is provided in Eq. (32), and a concrete numeri-
cal recipe to compute it can be found in Appendix G. These
show that Q\z,v\,/, », depends on the detailed matrix structure of

impurities: We discuss how the latter may be obtained for
any given physical model in Sec. Il E. Interestingly, our
derivation translates with very little change to the case of
electrical Hall transport by electrons. This provides a
generalized formula for the side-jump AHE where impu-
rities, as local random Hamiltonians, have a general matrix
form in the space of fermion flavors and a general
momentum dependence. We provide this electronic AHE
contribution, together with a simple derivation, in Eq. (43).
As a concrete application, in Sec. V B, we consider the
honeycomb-lattice KI'T” spin model in a magnetic field.
This Hamiltonian was proposed as a minimal model for the
Kitaev material a-RuCly in Ref. [47], where qualitative
agreement was found with experimental measurements of
Kyy in this compound. We investigate the role of disorder, in
the form of random fluctuations of the model’s parameters
that may be caused by chemical variations. We find that the
side-jump term is a sizable contribution that leads to clear
differences, both quantitative and qualitative, from the
intrinsic THE, in accordance with experiments [27].
These observations appear to be quite generic. To
illustrate this somewhat formally, in Sec. V C, we inves-
tigate a generic low-energy theory for bosonic fields with
broken time-reversal symmetry. We find again that the side-
jump thermal Hall effect is comparable in magnitude to the
intrinsic thermal Hall effect (see Fig. 1). This makes Eq. (2)
an indispensable contribution alongside Eq. (1). Since for
bosonic systems the intrinsic and extrinsic contributions are
not clearly separated in different temperature regimes—i.e.,
they generically coexist—we argue that both necessarily
need to be treated on equal footing for a correct inter-
pretation of experimental data. Because Q;Y, »,(p) depends
on the form of disorder considered, the above formula
shows that k% is nonuniversal and depends on the specific
instance of disorder that we consider, as illustrated in
Fig. 1. We highlight in particular case (c), which shows
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FIG. 1. Thermal Hall conductivity divided by temperature «,, /T as a function of temperature 7 for three different instances (a)—(c) of

disorder and TR-breaking parameters, in a minimal model of bosons with viscosity (TR-breaking) terms introduced in Sec. V. K;l;:an is

the intrinsic contribution in the absence of disorder [Eq. (1)], Kﬁ{* is the contribution due to disorder [Eq. (2)], and Kt;;‘ = Kﬁ}f"‘" + K;l‘v“
Both axes are in arbitrary units, identical in all three plots. (a) Disorder is a local modulation of the clean Hamiltonian, with identical
matrix structure. (b) Disorder is a local viscosity term, distinct from that already present in the clean theory. (c) The clean theory has zero

viscosity and preserves TR, but impurities still introduce TR breaking locally: remarkably, in this case thermal Hall conductivity is a

pure impurity effect. (a)—(c) The temperature dependences and distinctive features of these curves are discussed in Sec. V C 4.

that even with vanishing intrinsic Berry curvature Q,

there may still exist sizable disorder-induced thermal Hall
conductivity.

While our paper discusses the physics of Egs. (1) and (2),
both in generic and in concrete applications, a significant
part of it is devoted to actually deriving Eq. (2) rigorously.
Our proof uses the language of kinetic theory, thereby
satisfying formal constraints (of systematicity and physical
intuition) that we introduce next with some historical
context. The general formula Eq. (1) for the intrinsic
thermal Hall conductivity of neutral bosons was first
derived rigorously using the Kubo-Streda formalism for
phonons [31] and magnons [32]. Its intuitive picture as a
semiclassical current carried by particles obeying the
semiclassical equations of motion [29] was recently pro-
vided rigorous support in Ref. [35], where one of the
authors took part in deriving Eq. (1) directly from the
inhomogeneous kinetic equation. Except for the now well-
known complications introduced by the energy magneti-
zation [30], this development is very similar to that of the
intrinsic AHE of electrons, which was first obtained from
the Kubo formula [48] before it was given a semiclassical
picture using the semiclassical equations of motion of the
electron wave packet [49], later derived rigorously within
the kinetic language using the Wigner-Weyl formalism
[50]. The effect of disorder on the electronic AHE, and
especially the side-jump effect, was originally computed in
specific electron models using Kubo’s formula [51-53] but
can also be derived in the language of semiclassical
dynamics. This was shown much later, based on the wave
packet analysis [54,55], and was also derived rigorously in
a particular model within the Schwinger-Keldysh kinetic
formalism [56]. At least in one particular case, a formal
connection can be drawn between both approaches [57]. In
the case of the thermal Hall conductivity of neutral bosons,

the side-jump effect was seldom studied (for a rare
exception, see Ref. [58] within the linear response formal-
ism [59]), and a general, intuitive, semiclassical picture
based on kinetic theory was still missing—this is the
problem we address in Secs. [I-IV.

The rest of the paper is organized as follows. In Sec. II,
we summarize the derivation of Ref. [35] of the inhomo-
geneous kinetic theory without disorder, which forms the
basis for the inclusion of disorder in a real-space, real-time
picture. We then show how disorder scattering can be
included in this formalism. In Sec. III, we expand the time
evolution equation in phase space and show how disorder-
induced coordinate shifts naturally appear in the full gauge-
invariant kinetic equation. In Sec. IV, we show how these
coordinate shifts lead to a side-jump current operator,
which we derive, and to a displaced equilibrium distribu-
tion, which together lead to Eq. (2). Finally, in Sec. V, we
apply our results, first very concretely to a spin model with
direct experimental implications for the Kitaev compound
a-RuCly [47] (Sec. V B) and then to a more generic low-
energy theory of chiral bosons (Sec. V C), in both cases
with different instances of disorder.

II. SETUP

A. Reminders about the clean case

We start from the general formulation introduced in
Ref. [35], of a free boson system described by 2N
Hermitian fields @,(r), r€R?, a = 1,...,2N, with com-
mutation relation [®,(r;), ®,(r,)] = Al ,,(r1. 72) a 2N x
2N matrix with pure imaginary c-number entries. The free
theory without disorder is defined by an arbitrary quadratic
Hamiltonian, H = %Tr[d) oHo ®|, where the convolution
o and the trace Tr run over both flavor and spatial indices,
explicitly
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where H is a 2N x 2N matrix of pure real c-number entries.
The kinetic theory describes the evolution of the (real)
density matrix

A

Fap(ri.r) =

| =

5 {®a(r1). @y(r2)})- (4)
All three H, F, and T, regarded as matrices in the joint
flavor (a, b) and coordinate (r;, r,) space, are Hermitian.
The theory can be formulated in phase space, with (X, p)
coordinates, by means of the Wigner transform,

OX,p) = / e~(impxQ (X —|—§,X - %), (5)

where p, X €R? and [ = [d’x. Then, F, H, and T are
functions on phase space (X, p) and are all Hermitian as
2N x 2N matrices at fixed (X, p). The equation of motion
for the density matrix is

o F(X, p) :—%(K*F—F*KT), ()

where % is the Moyal product (with sign convention as in
Refs. [35,60]) and K(X, p) = Al x H is the dynamical
matrix.

At this stage, it is worth noticing that the same pro-
cedure applied to fermions instead of bosons, with
H = Tr[¥' o Ho W], yields the very same kinetic equation
Eq. (6), for the density matrix now defined as F., (ri,r) =
(Wi (r))¥,(r,)) and where the dynamical matrix identifies
as the Hamiltonian, K = AH.

Back to bosonic systems, the energy current density,
obtained from the continuity equation [35], reads (to the
first order in h)

J,(X) = % /,, ReTr(0, K(F % H)), (7)

where p€{l,...,d} and [, = [d'p/(2zh)?. We come
back to this in Sec. IV.

B. Introducing disorder

We now consider the similar problem of an inhomo-
geneous theory (allowing for a possibly spatially depen-
dent Lagrangian) of free bosons with disorder. While, in
principle, frozen disorder may be treated as a specific
instance of spatial dependence in the Hamiltonian
Eq. (3), we instead consider disorder as a distinct random
contribution to the Hamiltonian. This means replacing
Eq. (3) with

where V,,(r,.7,) is a random matrix variable. Since H,
together with the commutation relation, defines a free
theory for the fields @, one can simply use the classical
equations of motion to derive the kinetic equation

i

oF =-
! h

(R+V)oF-Fo®R+0)),  (9)

where now K = Al oH and V = Af o V. (In the fermionic
case, K=nH and V = hf/.)

The new ingredient here is v, accounting for disorder.
Generally, V,,(r,.r,) has an arbitrary matrix structure,
constrained only by the same symmetry properties as

A

H.,(r1, ;). In the existing treatments of disorder in
(fermionic) anomalous Hall effects [51-57], a diagonal
scalar potential V,(ry, 7)) = 8,,0(r; — r,)V(r) is used,
which corresponds effectively to an on-site shift of the
electronic chemical potential [61]; in the following, we
refer to this as the “case of fermions in a random scalar
potential.” For real bosons, this would be unreasonable, in
general: Because of the relation V=nfo V, an on-site
chemical potential (i.e., a term V 1) corresponds, in
general, to a nontrivial and fine-tuned matrix structure
for V. We also drop the assumption V(. r,)  8(r; — r5)
and instead consider a more general spatial dependence.
This allows us to describe structural disorder, bond disorder,
impurities interacting or mediating interactions at longer
range, and, more generally, any local disturbance of
momentum-dependent features of the clean theory (as
opposed to just an on-site scalar potential).

Explicitly, we consider V,,(r,r,) a Gaussian random
variable with zero average, (V,,(r,r,)) = 0, interpreted
as a fixed (i.e., nonrandom) function of (r; — r,) centered
at a position 1 (r; 4+ r,) which is random. This means,
mathematically,

<Vab(r1vr2)‘7cd(r3vr4)>

N ~ ri+r r3+r
—Wab(”l—’”z)ch(”3—r4)W< 12 2 32 4)7 (10)

where the first two factors describe the fixed matrix
structure of single impurities and the function w describes
the impurities’ spatial correlation—we assume w*(r — ') =
w(r—r)=w(r'—r). We choose the normalization
w(0) = Ry, the impurity density, to remove ambiguity.
For future convenience, we also define W = [ o W. We note
that the general disorder we consider here is similar to that of
Ref. [62], where a homogeneous problem is considered in a
full momentum representation—at odds with our approach
of an inhomogeneous problem in a phase-space representa-
tion, allowing for a semiclassical identification of wave
packet coordinate shifts.
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We provide more intuition on Eq. (10), together with a

concrete recipe to compute W, in the more convenient
language of phase-space coordinates in Sec. III E. For now,
it suffices to say that W, (x — x'), the “disorder matrix,”
accounts for the local matrix structure of an impurity in the
basis of the field components @, (x) and @, (x').

C. Equal-time formalism

The next step is to diagonalize the clean problem: Here,
we just outline in two sentences the method described in
Ref. [35]. Explicitly, the diagonalization is realized by
solving for a matrix S such that K; =S7'oKoS is
diagonal (one can also prove that its entries are real):
This defines the basis of bosonic bands. Then, we define
F=So0F;0S"and V4 = S7! oV o S—the index “d” indi-
cates that a quantity is expressed in the basis where K; is
made diagonal, but note that neither V4 nor Fy is diagonal
a priori. Then, the kinetic equation reads

ihd,Fy — [KysFy] = VgoFyg —Fgo Vi, (11)
with the shorthand [Ky, Fy] = KyoFq — F4 oK. Note that
V, is a random variable, and, consequently, F;, as a
solution of Eq. (11), is also random: To extract physical
quantities, a disorder average of Eq. (11) must be taken.

Because the disorder we consider is correlated in space
but not in time, scattering is elastic and an equal-time
formalism (as opposed to the full Schwinger-Baym-
Kadanoft-Keldysh treatment) is sufficient. We write

—e —

—— = U(a, ] 1) 8 =
= Fa(z,y,t) ]

MO('% t|$,v t,)

- R 3 +Z~$+.__

FIG. 2. Graphical representation of our equal-time procedure,
inspired by Ref. [63]. The horizontal direction represents time
(with later times to the left), and the dashed lines represent a
statistical contraction as per Eq. (10). Symbols are defined in the
first line, and the other three lines represent Eqs. (12)—(13), (14),
and (15), respectively. We use the shorthand D,F; =0, +
i[K4:F4], and for notational clarity # = 1.

U(x,tx', 1) = (x|Texp {—5/ dr(Kyq + Vy)(r )] |x"),
(13)

where T stands for time ordering, and note that in Eq. (12)
one integrates over x” and y’ but not 7, which is an arbitrary,
but fixed “initial” time. Then, the next steps, following the
standard procedure (see, for instance, Ref. [63]), are to

Fa(x,y, 1) = / Ux 1| 2 F (XY U (v 1]y 7). replace Eq. (12) into the kinetic equation, expand in powers
Xy of Vg, and average over disorder using Eq. (10): This is
(12) represented diagrammatically in Fig. 2, using the standard
intuitive pictorial language of, e.g., Ref. [63].
in terms of the evolution operator To the lowest diagrammatic order, one uses the expansion
|
U(x, t]x, 1) = Uy(x, t]x, 1) / dr/ Uo(x, 1|, T)V4(E, O UL, 7)) + (14)

where U (x,

', 1) = (x|exp [ £ (1 — ')Ky]|x') is the clean evolution operator. In the last line in Fig. 2, the rightmost part

of each diagram can be contracted using again Eq. (12) (to the lowest order in powers of the disorder potential), yielding the

disorder-averaged kinetic equation

(i70;(Fq),,, (x, v, 1) = [Kg Fal, (%, 3, 1))

1

/ / Z/{O n.n )C t|£1’ )<(Vd)n.n’(€l’€2)<v
{&}

/ de / (&0 110 ) (Fo)
{&}

~

~x

Il)n’,n (54’ y)> (Fd)n’.n’ (52’ 53? T) (uo)n’.n’

(62. &5, ) {(Va) (. ED)(V

- %( / [ @b, 12,V (3. 0V B ) (P8 1 )0 G )

(&5, 71840 1)

g)n/,n (53’ 54)> (UO)n,n (54’ T|y’ t)

+/ dT/ uo nn x f|51, )(Fd)n,n(élv5217)<<V3)n,n’(52’éf&)(vg)n’,n(éby)>(u0)n’.n’(§3’1|§4?[)> +oee (15)
{&i}

011048-5



LEO MANGEOLLE and JOHANNES KNOLLE

PHYS. REV. X 16, 011048 (2026)

where the integral is over all four &;,i = 1, ..., 4. In Eq. (15), disorder now enters solely in the form of statistical correlations

(Ve )V hater i) = [ (500420 -
x [871(z1, )W (41, 4

where the integral is over all four 4;,, i =1, ...,4, and the
upper index s, s’ = — (respectively, +) on an operator means
Hermitian conjugation (respectively, absence thereof).

Taking 7 — —o0, Eq. (15) gives F4(#) as a function of
Fq(z) at all earlier times 7 < 7. Considering F4(—o0) to be
disorder independent, then F4(7) on the right-hand side of
Eq. (15), as a solution to the equation at an earlier time, is
no longer a random variable but a deterministic function.
Therefore, we can drop the disorder average (-) on the left-
hand side and, henceforth, treat Eq. (15) as a deterministic
integro-differential equation for Fy(7).

III. DERIVATION OF THE KINETIC EQUATION

A. Phase-space formulation and semiclassical
approximations

In order to obtain the kinetic equation in terms of phase-
space variables (X, p), we now perform the Wigner trans-
formation [see Eq. (5)] on the kinetic equation. We provide
some technical details about the intermediate steps in
Appendix A, and here we outline only a few salient aspects
of the calculation.

First, our semiclassical derivation relies on an expansion
in powers of A. Throughout the paper, this is referred to as
the semiclassical expansion [64]. Scattering of bosons on
disorder affects the phase-space coordinates X and p of
the wave packets, which by convention are O(%°) in the
free case. Upon scattering, the particle momentum is
modified, p — p’, by an amount p’ — p = O(#°) governed
by the Fourier-transformed disorder correlation w(k) =
J: e7®/Mw(&): Since the latter can hardly be known with

sufficient accuracy, any O(h') semiclassical correction is
irrelevant, and we neglect scattering shift effects on the
momentum of excitations. Meanwhile, we focus on the
position shift effects induced by disorder which will occur
at the order of O(h')—in other words, we consider
semiclassical corrections on the X but not the p variable
of F4(X, p),Ky(X, p) in our derivation.

Second, we use the classical limit of the time evolution,
given by the limit 72 — 0 and the identity

1
E—-i0

1 P
}li_r%%g(t)e—zt(E—tO)/h —_ —i5<t)

- —icS(t)Pé +x8(1)5(E).  (17)

where P stands for principal value. Physically, this
amounts to assuming destructive interferences between

(A3 + /14)>

S(h, 22)]5 ,[S7" (23, A3)W(43, A4)S (A4, 24)]5 (16)

n',n’

—_ DN =

|

all contributions in Eq. (15) at times z earlier than ¢,
yielding an equal-time differential equation for the time
evolution of the density matrix. Equivalently, the 72 — 0
limit selects the classical path in the functional integral
representation of time evolution. In the following, we also
discard the principal value term, which accounts for the
perturbative [64] effect of disorder on the bosonic quasi-
particle energies, and keep only the dirac delta term, which
accounts for elastic scattering of bosonic waves.

Third, we assume adiabaticity in the sense that the
disorder correlation length Ay is much larger than the
typical wavelength of bosonic excitations ;. (at a given
temperature 7T'), Ags > Apos, €quivalently, that the disorder
correlation function w(k) is a narrow enough peak centered
around zero momentum: The momentum transfer k during
a single scattering event is then small in comparison to a
typical bosonic excitation’s momentum p. Based on this, as
a crucial step we perform a small-k expansion:

(Sl + /2o (P57 11280+ 472)
~ M, (p, p') expli(k/2)or, . (p, p')/ ], (18)

where we define

Mo () = (8P Wos (P57 (). (199

5rn,n’ (p’ p,> = h(ap + ap'>Arg[Mn.n’ (pv P/)] (19b)
Contrary to the previous two approximations, Eq. (18) is, in
principle, an uncontrolled assumption, which amounts to
neglecting variations of the moduli of eigenvectors, focus-
ing on their phase variations. In the wave packet inter-
pretation of phase-space quantum dynamics, this means we
are focusing on the position and momentum of particle
wave packets (contained in the phase), neglecting varia-
tions of their extension or spreading (contained in the
amplitude): This is again a semiclassical approximation in
the traditional sense [65].

In the case of fermions in a random scalar potential,
because W o 1 and S0 S = 1, Eq. (18) is strictly equiv-
alent to k < p!); in our general bosonic case, there is no
such equivalence.

Note also that in Egs. (18) and (19) we dropped the X
variable of all quantities (S, M, dr, etc.): While these may
indeed vary spatially in our inhomogeneous theory, this
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dependence is irrelevant to the order of 7 considered here,
and we keep omitting the X variable in the following
wherever this cannot possibly cause any confusion.

|

ihat(Fd)n.n(X’ P, t) - [Kthd]n,n(X9 P, t)

The upshot of the procedure just described is Eq. (A8) in
Appendix A, which, after one extra (minor) simplification
discussed there, becomes

- _iznZ /,, w(p = p")o((Ka)w w[X + 6, (P, P), P'] = (Ka)u (X, P))

X {(Fd)n,n(Xv P, t>Re[Mn,n/ (p7 p/)Mn’,n(p/7 p)] - (Fd)n’ﬂ’

where [0,*0,] =0, %0, -0, 0O, is the Moyal
bracket and or, .(p, p') = 5[0 (P, P') = 86w a(P'. D))

appears as a coordinate shift. We note that
w* (k) = w(k) = w(=k).

B. Gauge-invariant coordinates and shift

When defining eigenfunctions of a given operator (here,
K), one is faced with a gauge choice: After fixing the
eigenvector normalization ST x H x S = 1, there remains
a U(1) phase redundancy

S—Sxe® (21)

at any point (X, p) in phase space (8 a diagonal matrix of
phases, function of X and p). As explained, e.g., in
Ref. [35], K4(X,p) and F4(X,p) themselves are not
invariant under such a gauge transformation Eq. (21).
Instead, K4(X, p) = K4(X, p) and F4(X, p) = F4(X, p),
functions of the “kinetic” coordinates

X, =X, +hA, . (22a)

)4 (22b)

u :pl‘_hAxu’

are gauge invariant (to the first order in #).

Here, A, = Im(S‘I()yS)(d), for y = X,. p,, where Im
selects the imaginary part and (d) the diagonal part, is the
generalized Berry connection in phase space [up to O(h')
corrections].

In terms of these new coordinates and physical quan-
tities, one can show (see Refs. [35,50,56]) that the time
derivative operator appearing on the left-hand side of the
gauge-invariant kinetic equation is

D, = 0, + X,0x, + Pu0p,» (23)
with what can be identified as the Hamilton equations:

X, = 0p,Ka = 1(Q,, 5, 0x,Kq = Q) x,0,,Ka), (24a)

X+ 5r;/_l_n/ (P, p/>’ p/v t]Re[Mn,n’ (pv p/)Mn,n’(pv p/)*] }’ (20)

P = —0x Ky + h(Qy,,, 0x, Ki = Qyx x,0,,K,).  (24b)

in terms of the generalized Berry curvature in phase space:
Qaﬂ = 80,Aﬂ - 0ﬂAa, (25)

with @, € {X,, p,} and always up to O(A?) corrections.
We note that all these quantities Q,4, A,, Xﬂ, P, and D,
must be understood as diagonal matrices in the eigenbasis
of energy bands (where Ky is diagonal). (We also note that
this discussion translates straightforwardly to the language
of fermions [50].)

The above results hold for a general inhomogeneous
theory. In the following, we focus on physical problems
where the “magnetic field” Qy y, the mixed Berry curva-
tures Qy , and Q, x, and the real-space Berry connection
Ay, play no role (which includes not only homogeneous
theories, but also, for instance, the “gravitational potential”
or “separable” case [4,35]).

Then, performing the change of coordinates Eq. (22)
in Eq. (20), one obtains the gauge-invariant kinetic
equation (27), whose left-hand side is D,F4(X, p) and
whose right-hand side is now expressed fully in terms of
Kq(X, p) and Fy4(X, p), with the corresponding position
coordinates

for (Kd)n,n’ (Fd)n,n: X

”7
fOI' (Kd)n/,n" (Fd)n',n' . Xﬂ 4 5Xn7n/(p, p/),

where we have defined the gauge-invariant position shift

sX . (p.p') = 8r, M (p. p') + A(A,) . (P)
- h(Ap#)n’,n' (p/) (26)

We note that all three terms in Eq. (26) are of the order of
O(h') and that, although or, »(p, p') is not gauge invari-
ant, the full position shift 56X} ,(p. p') is.

We have obtained
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(0 + X,0x, + Pu0,, )Ea(X, p. 1)l

= _%Z/p’ W(p - p/) X 5<(Kd)n’,n’[x + 5Xn,n’(p’ p,)’ pl} - (Kd)n,n(x’ p))

x {(F(om(x, PR My (P My (P P)] = (Eo)urs

Note that the position arguments of the functions Fy and K,
in Eq. (27) are derived systematically to semiclassical order
O(h'), and they are crucial in the following.

C. Corrected Kinetic equation: Practical
implementation and further assumptions

In order to make quantitative predictions in specific
applications, it is possible to use Eq. (27) as a starting point
and to solve it, for instance, numerically, using variational
methods [66] and/or decomposing the distribution function
onto a basis of harmonics [67]. Here, we remain general
and proceed with further approximations to make analytical
progress.

First, we replace M, (p, p’) by its modulus: While it is
clear that this does not affect the semiclassical physics of
coordinate shifts but merely modifies the scattering rates,
whose precise form ultimately does not affect our final
results, it is also possible to justify this assumption more
rigorously based on a small-momentum expansion (see
Appendix C 3). Second, contrary to the case of fermions in
a random scalar potential, where it is always true,

|Mn,n’(p7 p/)|;|Mn’,n(plv p)'

does not hold a priori for the problem at hand. We discuss
the validity of this assumption in Appendix C 4, where we
show that it is valid in a particular (yet still reasonably
general) case. Henceforth, we assume Eq. (28) to hold, so
that [M,,_, (p, p')|* may be factorized in the right-hand side
of Eq. (27). The latter then takes a simplified form:

(28)

27 .
D,Fa(X, p.t)],, = _?Z//W(p — p') x 5(energy)
n VP

X My (p. p)]P X 8F 0 (p. P'). (29)

where one defines the distribution difference

5Fn,n’(p9 pl) = (Ed)n,n<X’ p)

- (Ed)n’,n' [X + 5Xn,n’ (p’ p’)’ p/] (30)
and the energy conservation delta-function is the same as in
Eq. (27). Besides, in the following, we neglect n # n’
contributions to the collision integral. An argument based
on the relative magnitude of matrix elements M, ,(p, p’) is

/[x+5xn.n/<p,p/>,pcrJRe[Mn,n/(p,p/)Mn.,f(p,p/)*]}. 27)

|
given in Appendix C 2, but here we simply notice that, for
nondegenerate bands and small deviations p’ — p, the
energy conservation delta strongly favors n’ = n terms,
which we henceforth focus on.

D. The disorder-induced curvature

We now consider the band-diagonal position shift 6X,, ,.
An expansion at small deviations p’ — p (see details in
Appendix B) yields

X (p ) = (P =) ( QY ) s (31)
where we define a gauge-invariant, disorder-dependent
quantity:

QY ,, (p)=-0, Im[S7'(p)a, S(p)]¥

+0,, Im{[S~' (p)W(p)d,, S(p)|'D7" (p)}

+%% Im{[S™'(p)a,,W(p)S(p)|“’Dy" (p)},
(32)

where we use the shorthand
(33)

and we note that a necessary condition for this small-
deviation expansion to be well grounded is that
(Dg)pn(p) #0 V (n,p), ie., that the diagonal elements
of S'WS be nonvanishing. To the order we consider in
Abos/ Adis < 1 (small-deviation expansion), in Eq. (31) QW
can be evaluated equivalently at p or p’. Also, in Eq. (32)
the sum of the first and second terms is gauge invariant,
while the third term by itself is gauge invariant. An
explicitly gauge-invariant formula for %(Q\Il,\: b= QZ\Z )

suitable for numerical provided in
Appendix G.

The quantity Eq. (32) may be dubbed for convenience
the “disorder-induced curvature,” although it does not
a priori qualify as a curvature in the strict mathematical
sense. In the case of fermions in a random scalar potential,
with W(p) « 1, the two curvatures coincide: Then, one just

has

evaluation, i1s
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5XI1;n(P, P’) ~ <p/ - P)y(Qpﬂpp)n,n’

where Q, , =9, A, —9, A, is the usual Berry curva-
ture. This recovers the familiar result of Refs. [54,55].

We notice that, in general, Q‘,’,‘," p, F —Q‘ﬁf p,s At odds with

the usual Berry curvature. Meanwhile, from Eq. (31), it
appears that Q‘,’,‘," p, 18 odd under TR and even under

inversion, just like the usual Berry curvature.

Besides our rigorous formal proof of Eq. (27) (and of the
energy current below) including semiclassical disorder
corrections, Eqs. (31) and (32) are the main new result
of this work, displaying both qualitative and quantitative
differences with the known theory for the case of fermions
in a random scalar potential.

E. The disorder matrix structure W

We now provide more details on the interpretation
and the determination in practice of the disorder matrix
W(p) = T'W(p), which plays a crucial role in defining the
disorder-induced curvature QW in Eqs. (32) and (33).

An impurity localized at a given position modifies
locally the Hamiltonian. Should one place such an impurity
at each site, translational invariance would be restored, and
the homogeneous Hamiltonian would simply be shifted by
a matrix function of momentum, H(p) — H(p) + W(p).
This defines W(p) and provides a way to compute it
concretely. Such a disorder matrix can describe any local
variations of the parameters of the Hamiltonian (magnetic
exchanges, hopping amplitudes, elastic moduli, etc.), that
define the matrix structure and momentum dependence of
H(p): In fact, at this stage, W(p) could simply be absorbed
into a redefinition of H(p).

Now, more generally, in the inhomogeneous setting,
distributing a “bunch” of impurities around position X
weighted by a smoothly decreasing function of distance
shifts the Hamiltonian as H(X, p) — H(X, p) + W(X, p),
where W(X, p) reduces to W(p) in the homogeneous limit
where the impurities “extend” over the whole system. To
describe the realistic case of correlated but dilute impu-
rities, we describe them as a self-averaging, effectively
random distribution. We introduce such disorder as a random
variable, W(X ,p) = V(X , P), and assume Gaussian corre-
lations between the impurity positions, Eq. (10), which
equivalently in phase-space notations reads

<‘A/ah(X7 k)‘,\/cd(xl9 k/)> = Wub(k)ch(k/)w(X - X,)
Thus, V(X, p) can be simply understood as a random (self-
averaging) distribution of impurities with fixed matrix
structure W(p), whose random positions X have a
Gaussian correlation function w(X — X’).

Although these formal details are needed to establish
rigorously our results, we emphasize that determining W(p),

whence W(p) = T'W(p) and Q\A{m from Egs. (32) and (33),

in practice is more straightforward and can be done in a fully
deterministic (nonrandom) setting.

IV. COORDINATE SHIFT EFFECTS
IN THE THERMAL HALL CURRENT

In the presence of disorder, there arise two new con-
tributions to the thermal Hall current, originating (i) from
a displacement of the equilibrium distribution due to the
O(h") position shift and (ii) from a new term of the order of
O(h') in the current operator itself.

A. Solving the kinetic equation

We now look for a distribution Fy(X, p), solution of the
kinetic equation (29), in the form

Fa(X,p) = f(Ka(X, p), T(X)) + Qa(X, p), (34)

where the first term is the clean equilibrium solution, with
f(e) = elng(e) +3], and the second term contains both
the out-of-equilibrium distribution and the “compensation
term” to the local equilibrium distribution due to the
position shift.

Details are given in Appendix E. One finds

9u(X. p) = gJ(X. p) + g (X. p). (35a)
9l (X, p) = —p, QY (p),Torf(Ky),  (35b)
94 (X, p) = 0y, Ky0,Torf(Kq)z(X, p), (35¢)

where f is still implicitly a function of 7(X), all objects
94, QY K, are diagonal matrices in the basis of energy
bands, the dependence Ky (X, p) remains implicit, Eq. (35¢)
relies on the same assumptions as the relaxation time
approximation, and

G060 = [ (o= M. p)P(1 =B B)
P

X 8((Kg) (X, ') = (Ka)u(X. ). (36)
where p =p/|p|.

B. The “jump-forward” term

Plugging Eq. (35) into the O(#°) formula for the energy
current density [35], one obtains the first disorder con-
tribution to the thermal Hall current:

JﬁV»SJ'(X) - %/p ;apu (Kd)n,n(gfij)n,n<x’ p> (37)

Since we assumed disorder is the only source of scattering,
Ji"" does not depend on the disorder strength, in the sense
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that under a rescaling w(k) — {w(k), with { €R, gfij and,
thus, J§'* are invariant.

C. The “side-jump” accumulation term

We now derive the ‘“side-jump” contribution, corre-
sponding intuitively to the accumulation of position shifts
over the course of a trajectory. In the case of charge
transport by electrons, it was originally postulated [54,55]
on a phenomenological basis. The charge current operator
may also be derived rigorously using a Ward identity [56],
but its expectation value still required a phenomenological
input [68]. In the present case of a thermal current carried
by nonconserved bosons, we cannot resort to such an
approach. Instead, we use the local conservation equation
of energy to identify the energy current, similar to the
derivation of Eq. (7) in the case without disorder. For details
of the derivation in the presence of disorder, we refer the
reader to Appendix D 1. The result is identical to Eq. (7)
with the replacements H - H+ V and K - K+ V.

Expanding the Moyal product, we find to the order of
O(h') two new contributions in the energy current density.
One of these is due to the perturbative shift of energy
levels, which [see discussion below Eq. (18) and details in
Appendix D 1] falls outside of the semiclassical picture: We
do not consider it here. The other one can be identified as
the side-jump current:

T = %/ ReTr[S™'(9,,V)SFy. (38)
p

After some lengthy algebra, very similar to that involved
in deriving the kinetic equation (27) and detailed in
Appendix D 2, this can be recast into the form

T

Ji(X) R-g

| o= Mo )
p.p

X (p/ - p)y(QX\,{pb)nn(p)

X 6((Ka)n(P") = (Ka)n (P))(Ea) (X, D).
(39)

In this expression, only the out-of-equilibrium part gf*
of F4 may yield a finite current: This follows from basic
thermodynamic principles and may also be easily proven
directly (see Appendix D 3). Plugging Eq. (35¢) into
Eq. (39), and again under the usual assumptions of the
relaxation time approximation (see Appendix E), we obtain

sj sjrta,
Ji = Ji

sj,rta 1
JﬂLn (X) zZZ:/pl/(()\ll),{[/l,,)n,n(p)a/lT

n p

X an[(Kd)n,n (X’ p)]am (Kd)n,n (X’ p) (40)

sj,rta

Crucially, the fact that J;" [Eq. (40)] ultimately does not
depend on 77! [Eq. (36)] relies on the assumption that
disorder is the only source of scattering for bosons in the
system.

D. Total contribution of disorder
to the thermal Hall conductivity

We now consider a temperature gradient in the x
direction. The local energy current in the y direction indu-
ced by disorder has two contributions, J _‘Jis =) 4T %V"Yj .
Contrarily to the clean case, where the bulk thermal Hall
current is in part compensated by boundary magnetization
currents [30,69], the current induced by disorder Jf,is is a
fully bulk current, and contributions from the boundaries
vanish in the thermodynamic limit. From Egs. (37) and
(40), we may then obtain the thermal Hall conductivity:

. 1 1 [+ J
e =g fim 7 [ w00 )
which takes the form given in the introduction, Eq. (2)—
see details in Appendix F 1.

We note that because QW is not antisymmetric a priori,
JUs £ 0 a priori, so that from Egs. (37) and (40) there may
be a O(h') contribution to the longitudinal thermal
conductivity, which otherwise is mainly O(#°). In the limit
of weak disorder, the O(#°) contribution is the dominant
one, as it is larger by one power of the mean-free path.

E. Analogous derivation for the fermionic
Hall conductivities

1. Thermal Hall conductivity of fermions

The same steps can be adapted with almost no change
to derive the intrinsic and disorder contributions to the
thermal Hall effect of fermions (be they neutral or charged).
Importantly, the normalization of eigenvectors is now
S" xS =1, so that F; has dimension of a number, not
an energy. The equilibrium distribution is then f(e) =
ng(g), with ng(x) = 1/(e*/T + 1) the Fermi function. Then
Egs. (1) and (2) still hold, up to the changes ng — ng and
Tr, — Tr, the trace over all fermionic bands.

Here, it is worth noting, by inspection of the fermionic
equivalents of Egs. (1) and (2), that Kfclyea“ gets contributions
from all filled states [cf. the ®(e — K;) factor], whereas K;'}j:
gets contributions solely from states close to the Fermi
level [cf. the §(e — K;) factor]. In particular, in a gapped
fermionic phase, Kj'g? exhibits a thermal activation behavior
and vanishes at temperatures well below the fermion gap,
while no such behavior is expected for ngvea“. This makes it
possible, in principle, to distinguish the two types of
contributions from each other. We note that a similar
separation of the contributions is not possible in the case
of bosons.
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As a direct application, it will be interesting to study
thermal Hall transport, e.g., in the quantum spin liquid
phase of Kitaev’s honeycomb model with fermionic spi-
nons in the presence of disorder.

2. Electrical Hall conductivity of fermions
The same steps can also be adapted with very little
change to derive the electrical Hall effect of electrons. The
equilibrium distribution is then f(¢) = ng(e — e¢), with
—e the electron charge and ¢ the electrical potential
(E = —V¢ the electric field).
Then, Eqgs. (34)—(37) still hold, up to the replacement

lean d allgba(/,f = eE,la,;.f.

The jump-forward current Eq. (37) requires the simple
change
I = 2(—e)Ji".

From the local conservation of particle charge density in
phase space,

0, TrF = %Im Tr[K + V*F], (42)

one can derive analogously the electronic side-jump current,
which is Egs. (38) and (39) again up to the simple change

= 2(-e)Jy,
and Eq. (40) holds up to a factor of 2(—

replacement 0,Torf — eE,d,f.
The analogous formula to our main result Eq. (2) is then

e) and the

ol — T / P20 (Ka(p))
p

< [QU,, ()0, Ka(p) = QW (P9, Ka(p)|: - (43)

see details in Appendix F 2. This formula generalizes the
known result for electron side jump based on a wave packet
analysis [54], by allowing for impurities with a local matrix
structure W. In the limit case of fermions in a random scalar
potential (where QY = Q reduces to the Berry curvature),
assuming a quadratic dispersion and a uniform (i.e.,
momentum-independent) Berry curvature Q%, one recovers

immediately the familiar result o5 = —265", where

xy
o — e?plQ7/4x is given by the Karplus-Luttinger

formula (pg the Fermi momentum).

F. Generalizations and discussion

The above calculations can be generalized to the case of
several independent sets of impurities, labeled (1), each with

its own matrix structure W) and spatial correlation
function w). One can also include the effect of interactions
as an extra collision integral:

(dE)m (X, p) = / T (Ge(X, ') — Ga(X. p)),  (44)

to be added on the right-hand side of Eq. (29) and assumed
to be diagonal in the (implicit) band index n.

Details of this generalization are provided in
Appendix E4. The upshot is that our main result,
Eq. (2), still holds up to the replacement

>0 Qop. <p>r;; (p)
W >
Ql’upp(p) lm( ) + Z l (p) ’ (45)

where 7! (p) = f T““ ,and QY s, pb ( ),

analogously to QY », m( p)

7} (p) are defined
~1(p) just by putting a (1) index
on each instance of W and W encountered.

By allowing for complex realistic systems with various
types of impurities and a minimal inclusion of many-body
interaction effects, Eq. (45) plugged into Eq. (2) accounts
for many pieces of physics that are absent from the clean
contribution Eq. (1).

That the contribution we derived in Eq. (2) is non-
perturbative in the disorder strength (i.e., it scales as

lmp) is an intriguing, yet well-known [3] property of

coordinate shift effects in anomalous Hall transport and
may be given a very intuitive explanation. Whenever
heat is carried by well-defined quasiparticles, one may
write k ~ cvl, with ¢ the specific heat, v the velocity,
and [/ the mean-free path. This holds for any contribu-
tion independently, so focusing on the side-jump Hall
conductivity,

K‘x‘ ~ cvll (46)

where v7 is now the side-jump transverse velocity,

In Eq. (2), we have assumed that [ is

which
entails that «¥, is independent of Nimp- More generally,

when interactions also contribute to the mean-free path,

Ky o Lot/ limp: the ratio of the net mean-free path
(including all effects) to the impurity mean-free path.
Precisely this correction is captured in Eq. (45).

We note that a recent effort was made to include the
effect of band broadening in the intrinsic thermal Hall
effect [70]: This effect is perturbative in the disorder
strength and, thus, fully distinct from side jump, which
appears as a separate, nonperturbative contribution.

Sj
V] X Mipp.
governed by disorder scattering, 7! Mimps
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V. APPLICATIONS

We first provide a reminder of the equivalence between
our formalism, introduced in Sec. IT A, and general bosonic
lattice models expressed in a momentum-space formu-
lation. As a direct concrete application, we consider the
honeycomb-lattice KI'T” model in a field, in the presence of
disorder. Then, for a different illustration of our results and
a more formal discussion, we adopt a more “low-energy”
perspective and consider an application to three slightly
different physical models with disorder, the results of
which are displayed in Fig. 1.

A. General bosonic Hamiltonians
in second-quantized notations

A homogeneous quadratic theory of bosons, in its most
general form in momentum space, reads

h (A (Bu)y; ) [ P
Hyom = EK (b;k’biq—")<( H (A-I——k>ij> (bj'-—")

B}
(47)

where b;k is a creation operator for a complex boson with
flavor index i and momentum k. Hermiticity imposes A; =

A,t and without loss of generality B, = Bfk. Real bosons
may then be defined as

1 . N
T _ l . : ' b.
Q) = T (bi,k +b; . i(b; bl,—k))7 (48)

with two components y = 1, 2 commuting as [®;,, @3 ,/] =
ihd; ;0. Defining the joint index a = (y,i) so that

q)lk = <{q)}.k}iv {q)iz,k}i)
tion Hy,, may be rewritten precisely as Eq. (3) with

) Cct DS
Hab(xth):/e_lk(xl_xZ) k_ ’i (49)
k Dy C; b

i) upon Fourier transforma-
a=(y.i

and

1
Ci ==(Ap+A%,) £ 2 (Bx + B*,). (50a)

1

2
i i

Dy = ) (Bx —BZ) £ 3 (Ax —AZ;).  (50b)

From (Cf)" = C%, and (Dff)" = DT, one can check
Hup(x1,%2) = Hpo(x2.x1).  From (Cif)*=C%, and
(Df)* = D%, one can check H,,(x;,x,) €R. Besides,
with this choice of basis, the commutation relation between
fields ®,(x) is just given by

0 i1

M(x1 %) = (—i]] . )5(x1 —x).  (51)

Thus, any quadratic theory written in terms of b;k and
b, can equivalently be put into the form introduced in
Sec. II A. This includes, notably, any spin Hamiltonian
defined on any lattice and expanded into magnons to the
quadratic order [71].

In the case of canonical bosons, such as phonons or
magnons in the spin path integral representation [72], the
Berry curvature is known [see Ref. [31] and discussion of
the d; coefficients in Eq. (56)] to arise from diagonal
elements of the dynamical matrix K =TH. These are
proportional to the D,jf matrix elements: In models where
D,f =0, no intrinsic THE 1is possible. Now, for such
canonical bosons, the TR operation is by — b_,(¥):
This implies the symmetries AkT:RA*_k and BkT:RBfk.
Thus, D,f involves precisely those combinations of Ag
and By, that break TR [73]. This illustrates the general fact
that TR breaking is a necessary condition for a THE.

The same procedure and physical arguments hold for the
disorder matrix W( p). Namely, the homogeneous disorder
Hamiltonian as described in Sec. III E can be written most
generally as

i _é i (Ak)ij (Ek)ij b
HdlS - 2[{ (bi,kv bi,_k> ((B‘_k)fj (A‘l_’k)l] b;_k )
(52)

where 4; = AZ and B, = Efk can be chosen independently
from A; and By. Then, in these notations

W(k) = (C’j Dk ) (53)

Dy G

where Cf and Dif are defined in analogy to Egs. (50a) and
(50b). This determines W = 'W.
Once Hy,,, and H g, are specified, it is straightforward to

obtain both Q, , and Ly p Qg‘i ».): We remind the

reader that a recipe suitable for numerical evaluation is
detailed in Appendix G.

B. Concrete application: Honeycomb KI'T' model
in a magnetic field with disorder

We now apply the above to a particular case of a bosonic
Hamiltonian, the ferromagnetic honeycomb-lattice KIT’
spin model in a field, whose dynamics in the field-aligned
ordered phase can be described in terms of magnon
excitations. The clean thermal Hall conductivity of mag-
nons in this model was extensively studied in Ref. [47],
which discusses in great detail how the interplay of globally
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broken TR symmetry and anisotropic magnetic exchange
generates a magnon Berry curvature and a sizable THE. We
do not reproduce this discussion here but investigate the
role of disorder as random local variations of the param-
eters of the model.

The microscopic spin Hamiltonian reads

Hgin= > > STHS->h-S. (54)
i

re{xy.z} (i) er

where (i, j) € y labels neighboring sites i, j sharing a bond of
type y €{x,y, z}, the field k points along the & axis (for
geometrical conventions, see Fig. 1 in Ref. [47]), S; is the
spin operator at site i, and H,, H,, and H_ are 3 x3
matrices with elements

(H,),, = Jd,, + K&,,6,, +Tle

;wy|

+1"(6,, +6,,)(1 =6,,6,,) (55)
indexed by p,v€{x,y,z}. As in Ref. [47], we consider
the pure KTT' model where J = 0, in the ferromagnetic
case where K < 0. Upon spin wave expansion of the S
operators around the classical field-polarized state, H gy,
can be recast into the form of Eq. (47), where the 2 x 2
matrices A, and By, are provided in Ref. [47], Egs. (S3b),
(S3c¢), and (S7a)—again, we do not reproduce the details
here and refer the reader to the original paper.

For real materials, all parameters in the model depend on
the chemical environment of the spins S;: This holds for
magnetic exchange parameters J, K, I', and I as well as for
h = gugB through the g tensor g (here, B is the applied
magnetic field). Since this chemical environment may be
affected by disorder, all parameters (J, K,I',I",g) have a
random component, which can be described by a disorder
Hamiltonian in the form of Eq. (52). In the following,
we consider these various instances of disorder independ-
ently from each other and call “X-type disorder” (where
X e{J,K.I',T",g}) that instance of Hg;, where A, and By
are derived from A; and B, by setting all parameters to zero
except X — 1. We note that, because the computed side-
jump effect does not depend on the disorder strength, any
global rescaling of Hy; leads to the same results.

Using the procedure detailed in Appendix G, we evaluate

clean

the thermal Hall conductivity given by Eqs. (1) (55",

intrinsic contribution) and (2) (Kj‘c';?, disorder contmbutlon)

for K-type, I"-type [74], J-type, and g-type disorder. We
use the same relative parameter values (K,[,I")=
(=1,0.2,-0.02) and h/S|K|= 0.1 as in Ref. [47] (with
S =1/2). We also use the same numerical values in
physical units, namely, |K|~80 K, g=~2.3 (hence,
B~3T), and interlayer spacing Kx /ny =5.72 A, all
inspired by a-RuCl;. The results are displayed in Fig. 3.

We find that different types of disorder can produce
very different extrinsic contributions to the THE that are

03}’
clean/T
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FIG.3. Thermal Hall conductivity of magnons in the disordered

KTT’ model. Blue, red, and yellow curves represent the intrinsic,
extrinsic, and total contribution, respectively. Different symbols
account for different instances of disorder (for instance, filled
disks mean K-type disorder). Right axis: experimental quantity
<3P /T in SI units. Left axis: equivalent 2D quantity Kﬂ D/T in
units of the thermal Hall quantum.

typically of the same order of magnitude as the intrinsic
contribution and that can be of the same or the opposite sign
(depending, in particular, on temperature). In turn, the total
thermal Hall conductivity «%} = K%,ea“ + K'ii,s is generally
quite different from the sole intrinsic contribution, con-
firming our qualitative discussions in previous sections.
Qualitative differences appear: Notably, we find that %}
can undergo a sign change as a function of 7T that is absent
in KCI‘*‘“ There are also clear quantitative differences: In
some temperature ranges, k,, can be enhanced by an O(1)
factor, that for some types of disorder (especially g-type)
can be as large as 2 or more.

We note that, for the latter type of disorder, our
quantitative estimates for ,,/7 are comparable to those
found in experiments on a-RuCl; [27], although for
different experimental parameters (B, T'), and are interest-
ingly close to the half-quantized value that was predicted
[75,76] to arise from very different excitations. We do not
claim, from our simple study, any quantitative description
of that compound, which was argued to be rather described
by a JKIT' [77] or a JKT'J5 [78-80] model. However, our
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results clearly show that side-jump effects produce an
indispensable contribution to the total thermal Hall effect,
that should always be taken into account in order to reach
quantitative agreement with the experimental data. To
achieve this, a realistic description of disorder in the actual
compound, that may involve different types of impurities
(that can be incorporated as described in Sec. IV F), will
also be necessary.

C. Formal application and discussion
in a low-energy bosonic model

1. Introduction and realization in physical systems

We now consider a formal application to a less specific
instance of a bosonic model, formulated in the equivalent
language of effective field theory. For the model without
disorder, we start from a low-energy perspective and
consider a nonlinear sigma model for emergent bosonic
m, n fields, conjugated with each other. We discuss two
physical instances of such a field theory below. We assume,
for simplicity, that the theory is rotationally invariant
around the z axis. Then, the most general Hamiltonian
density preserving this symmetry, to the second order in the
m, n fields and up to irrelevant terms [81], is

1 1 1 1
H = amz —5an: Ven + zcz(Vn)2 + EAn2

1 1 1
+§d1m . Vzn —I—Edz(Vm)(Vn) +§d3m ‘n
1
- §d42 : (m X n)7 (56)

where y, A, cq, ¢,, dy, dy, d3, and d, are real parameters
and stability requires y >0, ¢; >0, ¢y + ¢, >0, and
A >0. The coefficients d; (i=1...4), by coupling
together conjugated fields m, n, will enable the breaking
of time-reversal symmetry. Of course, in lattice systems
with enforced crystal symmetries, not all of these terms will
be allowed (and possibly other terms, beyond our quadratic
low-energy Hamiltonian, will turn out to be more relevant).
The actual magnitude of these terms (and of the resulting
THE) may also vary vastly from one physical system to the
other. Physical systems described by this Hamiltonian
Eq. (56) include the following.

Elasticity with viscosity terms—1In this case, H describes
the low-energy lattice dynamics, with n the lattice local
displacement field (usually called u), m is the lattice local
momentum field (usually called p), c; and ¢, are elasticity
moduli [82], A = 0 is imposed by translational invariance
(i.e., acoustic phonons are Goldstone bosons), y~! is the
lattice mass density (usually called p), and d; (i = 1...4)
are phonon viscosity parameters [83,84]. Such terms are
known [31] to generate a phonon Berry curvature and a
phonon thermal Hall effect. Since these viscosity terms
break time-reversal symmetry, they may arise only in an

effective phonon theory beyond pure elasticity, for instance,
from an external magnetic field beyond the Born-
Oppenheimer approximation [85] or as a result of spin-
phonon interactions in magnetic materials [86].

Magnetic systems—In this case, H describes the low-
energy dynamics of spins. Here, we discuss briefly how it can
be derived from a microscopic theory, starting from a spin
Hamiltonian Hgy, = Y-, 0 J20,S¢Sh with a,be{x,y. z}.
Assuming a bipartite lattice with Néel antiferromagnetic
ordering along Z, spin fluctuations can be described in terms
of the local net magnetization m and local staggered
magnetization fluctuations r, which are two-component
vectors orthogonal to the Néel order parameter and with
each other. For a concrete illustration, one can consider the
square lattice and a Kitaev-Heisenberg magnetic exchange
J = Iy exgryOas + Kl e, (r)0ap» Where N(r) [respec-
tively, N, (r)]is the set of nearest neighbors of r [respectively,
along a bond of type a € {x, y}], and I is the indicator of £.
To restore rotational symmetry in the effective theory, we
select the rotation-invariant component of the Hamiltonian,
which then takes the form Eq. (56) where one identifies
1 ' =8J+2K,c; =a%*(J+K/8),and ¢, = a’K /4, with
a the lattice parameter (see details in Appendix H 4). The
magnon mass A may result from anisotropic exchange, and
nonvanishing d; coefficients require the effective breaking of
time-reversal symmetry in the magnon dynamics, e.g., froma
ferromagnetic moment induced by Dzyaloshinskii-Moriya
exchange and Zeeman coupling to an external magnetic field.
Although these coefficients are essential in the existence of a
nonvanishing Hall effect, we do not consider their possible
microscopic origin in more detail here, referring the reader to
the literature on magnon Berry curvature [87,88].

In the following, we come back to the low-energy
Hamiltonian Eq. (56) without reference to its possible
origin from a microscopic spin model.

2. The model without disorder

At the stage of defining the commutation relations
between m“ and n’, there appears a physical difference
between phonons (where m“ is conjugate with n%) and
magnons (where m* is conjugate with n” and conversely)
at the level of the terms with d; coefficients. In the
following, we focus on the magnon case, and, defining
n' = n*,n? =n’ and m' = m’, m* = —m*, the commuta-
tion relation is

[n', mJ] = i5;;. (57)

Then, up to total derivative terms and to the leading order
in dy, d,, d3, and gradients,

X Ly 1o j
Heff :Eﬂﬂ' +§Ai’l n —Edﬂn (015”,,,5,-,]-+c25l~y},6p.j)6,,n1,

(58)
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upon introducing the conjugate momentum

A | o1 .
T = (m’ +§’I)(€ijaﬁﬂn] +2d3€ijn]>/)( (59)
with convention €, = + and where 7 = d; —%dz. For
details, see Appendix H 1.

To connect with the general formulation introduced in
Secs. II A and II B, we now define the four-vector

o(r) = [ (1. w27 (.2 |, (60)

and, considering a homogeneous bulk theory, one can
readily identify I" and H:

irT o0 b;
i { 2 } ’ (61a)
X —51"]‘ —€;; (7717 - d3/)()
H _ pﬂ(cléﬂ,l/éi.j "l_ 6251',/451/~j)pv —+ Aél! O , (61b)
0 X0

whence the dynamical matrix K = H.

A boson Berry curvature, leading to an intrinsic Hall
effect, is caused by the lower-right block of I'; see Eq. (61).
We note that n and d3 play essentially the same role in
that regard, but with different momentum dependences.
Because the d; term makes the Berry curvature very
singular close to zero momentum, so that physical proper-
ties such as the (clean) thermal Hall conductivity may
depend strongly on the gap A, for convenience, we assume
in the following d; = 0.

These Eqgs. (61a) and (61b) define the clean theory: We
now investigate several instances of disorder.

3. Three models with disorder

Details of the calculations are provided in Appendix H 3,
and results for k% are displayed in Fig. 1, with the
numerical values given in Table I.

Case where W = K—For any clean theory (H,T") with
disorder W = H and, thus, W = K, corresponding physi-
cally to locally modulating the clean Hamiltonian by a
random global prefactor, interesting simplifications occur
(see Appendix B?2) and the disorder-induced curvature
identifies with the usual Berry curvature:

TABLE I. Parameter values used for the numerical evaluations.
Momentum integrals are computed over p € [-z/a, +7/a]%. We
note that, in the particular case where d; =0, d, =0, d3 =0,
and 7 = 0, TR symmetry is preserved and no THE is allowed.

X ¢ 2 d, d, d; A n a
1.0 1.0 025 -02 +0.1 0.0 0.01 0.2 1.0

Qz}i‘pb (p) = Qp#pv (p)- (62)

The disorder-induced thermal Hall conductivity Eq. (2)
then reads

1
Ky = 7 It / Q,.p,(P)[Px9, Ka(p) + Py, Ka(p)]
P

X /d£5(£ —Ky)e?o,ng (e, T), (63)

to be compared with Eq. (1). Crucially, this result is general
in that it relies only on the constraint W = K but not on the
clean model (H, I') chosen—in Fig. 1, we display the result
Eq. (63) in the particular case of the clean theory Egs. (61a)
and (61Db).

Case with both intrinsic and extrinsic chirality—Starting
again from the clean model Egs. (61a) and (61b), which
contains “intrinsic chirality” for # # 0, we now consider a
different instance of disorder, which will be a source of
“extrinsic chirality.” Namely,

. R B
H g = —ije;m'0%,n/ = 5oI>WoI>, (64)
. ~ 0 —io”
W = yiip? [ . ] (65)
io’ 0

where 77 can be interpreted as a local random fluctuation
amplitude of #. Let us recall that, in the clean case, 1 is
responsible for the breaking of TR symmetry and the
generation of Berry curvature; in the disordered case, that
role will be shared by 7.

Details of the calculations are provided in
Appendix H 3 a: The third term in Eq. (32) vanishes, the
first one is order 5 + O(5*), and the second one is order
n~ '+ 0(n), singular in the limit » — 0. As already
mentioned in generality, the disorder-induced curvature
does not depend on the strength of disorder: 77 does not
appear in the final result.

Case where K;l)?a‘n = 0—Starting from a clean model
which is Egs. (61a) and (61b) in the particular case 1 — 0,
that is to say, [ = I'],_, whence K — K],_,, one finds
Q,,p,(p) =0V p since both inversion and time-reversal
symmetry are preserved. This implies the absence of an
intrinsic thermal Hall effect, K%?a“ = 0: Any instance of
thermal Hall effect will originate solely from extrinsic
chirality generated by disorder. To illustrate this, we
consider

(66)

. 0 —io
W=H+;ﬂ7p2[ 6},

io” 0

where only the second term generates chirality and the first
term ensures regular behavior—see Appendix H3a for
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details. Only the second term in (Q\,’,\f ».)n(P)s Eq. (32), is

not zero, and QW « 7jp?. This causes a finite thermal Hall
conductivity to arise, as shown in Fig. 1(c). We state again
that this stems purely from the elastic scattering with
impurities of bosons with zero (intrinsic) Berry curvature.

4. Results and discussion

These three examples show that the side-jump contri-
bution to k,, gives an order one correction to the intrinsic
part. Since both its amplitude and its sign depend on the
specifics of the disorder Hamiltonian, it can enhance or
reduce «,, and may even lead to sign changes. In addition,
even in the case of a trivial (i.e., TR-preserving) clean
system, special forms of disorder like local viscosity terms
can lead to a nonvanishing THE.

The temperature dependences of Kf&v""‘" and Kg;? are
imposed by the distribution in momentum space of
prm and Q\,’,‘il,y, respectively, and by the bosonic dis-
persion K. An approximately linear dispersion Ky ~ k with
a curvature going as QW) ~ 1/k yield a thermal Hall
conductivity K, ~ T2, as is seen in all three plots. The
sharp peak in case (b) is governed by the interplay between
the momentum distribution of QW and the dispersion gap
A, so that its position is approximately 7 ~ A. The
maximum of the “broad peak” seen in all three plots
corresponds to the saturation of the integral of the Berry
curvature, which in our model is imposed by the Brillouin
zone boundaries (i.e., the maximum occurs around 7 = 6,
the Debye temperature of the boson bands). The orders of
magnitude we provide here are purely qualitative, given
that the quantitative determination of the Berry curvature
(and similarly disorder-induced curvatures) of bosonic
excitations in concrete models of materials is a challenge
in its own right [85].

Even these qualitative features are, of course, very model
dependent. In particular, in our examples, Q, , and QYX—- ?
both are concentrated close to the gamma point k = 0, but it
would be interesting, as another direct application, to study
cases, for instance, hybridized magnon-phonon bands,
where one or both of these quantities is largest at a finite
momentum, e.g., around the avoided-crossing point.

D. Experimental aspects

On the experimental side, the theory of side jump
developed above could help with the interpretation of
thermal Hall measurements, especially in systems where
heat is carried by chiral bosons such as spin excitations in
quantum magnets. It is, in principle, possible to distinguish
side jump from other mechanisms of THE in cases where
sample dependence for one given compound is observed or
by investigating dependence upon doping or substitutions.
One key experimental feature of side-jump THE, due to the

relation ¥y o Lo/ limp 18 that k,, as a function of k,, is, as a

TABLE II. Compared variations of k,y,ky, upon tuning dis-
order (expected behavior).

Mechanism generating THE Expected k,, vs Ky,

Intrinsic Constant
Skew scattering (interactions) Increasing (ny&xﬁx)
Skew scattering (disorder) ~ constant
Side jump (case lne < lipyp) Decreasing (nyoNcK;Xl)
Side jump (case lne; ~ lipp) ~ constant

rule of thumb, decreasing or constant, depending on
whether [, is dominated by interactions or disorder,
respectively. This is at odds with skew-scattering mecha-
nisms, where a thermal Hall resistivity p,, is generated
from either disorder or interactions; then, the thermal Hall
conductivity Ky, & —py,/ p2, is, as a rule of thumb, increas-
ing or constant as a function of k, % 1/p,,, depending on
whether skew scattering originates from interactions or
disorder, respectively. This is also at odds with the intrinsic
mechanism, where k., simply does not depend on x,,.
These features are summarized in Table II.

Experimental examples of compounds where «,, is
smaller for larger «,, include the kagome disordered anti-
ferromagnet volborthite [13], where the reported THE was
attributed to spin excitations. Another example are pyro-
chlore terbium oxides, Tb,Ti,O5 [11] and (Tb3Y ;)Ti, O,
[15], where upon substituting magnetic Tb** ions with
nonmagnetic Y>* one observes that k,, slightly decreases
while k,, noticeably increases [89]. While arguments have
been put forward to discard either phonons or spin
excitations as heat carriers in this family of compounds,
we note that these observations are compatible with a non-
negligible role of side jump. A k., smaller for larger «,, was
also found [25] in the Kitaev compound a-RuCl;—a fact
that may be considered in regard with our Sec. V B.

As a final note, while decreasing k., vs Kk, is, in
principle, a sufficient argument supporting a side-jump
mechanism, it is not necessary. Indeed, sample dependence
with «,, and k,, roughly proportional to each other has
been reported in kagome antiferromagnets Ca-kapellasite
[14] and Cd-kapellasite [16] as well as in honeycomb
ferromagnet VI; [17] and in all three cases was attributed to
spurious geometrical factors afflicting the data: Unfor-
tunately, such effects obscure possible signatures of side-
jump mechanisms.

VI. CONCLUSION

We have derived systematically the side-jump contribu-
tion to the bosonic THE, Eq. (2). As a side product, we also
found a generalized formula of the side-jump contribution
to the electronic AHE from generic types of impurities (i.e.,
any local deformation of the Hamiltonian); see Eq. (43).
This contribution is a sizable correction to the intrinsic part
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of the Hall response, that is nonperturbative, i.e., indepen-
dent of the density of impurities (in the absence of
interactions). Thus, the prevailing interpretation of thermal
Hall experiments with Eq. (1) alone is always incomplete,
and we have shown quantitatively (both formally and in a
realistic spin model for a-RuCl;) that extrinsic contribu-
tions can be of similar magnitude. This is especially so in
bosonic systems, where so far Eq. (1) has been most
commonly used alone. Therefore, we argue that any
reasonable estimate of the THE in the absence of inter-
actions should involve both Egs. (1) and (2) together—the
latter can be evaluated straightforwardly, for instance, using
the procedure detailed in Appendix G.

This independence of Eq. (2) on the impurity density
holds only if the carriers’ mean-free path is governed by
disorder scattering. For sufficiently strong interactions,
such that the mean-free path is independent of impurity
density, the side-jump contribution becomes perturbative
(¢ njyp) and might be negligible—the price to pay is that
interactions, in turn, will play a role in the Hall conduc-
tivity, e.g., via many-body skew-scattering mechanisms.
Ultimately, for bosonic systems there is no reason to
believe that Eq. (1) alone should ever provide a good
approximation of the thermal Hall conductivity in any
experiment. In particular, should there be a “near-universal”
mechanism for THE in trivial nonmagnetic insulators [91],
interactions should be involved to some extent.

Beyond thermal Hall transport, our gauge-invariant for-
mulation of a kinetic equation for bosons including disorder
scattering promises many useful applications. For instance, it
naturally allows for the calculation of other transport
coefficients, such as the spin Nernst effect. It also points
to several concrete directions for future research: (i) The
kinetic formalism should be extended for calculating non-
linear response functions—for a recent treatment of the clean
case, see Ref. [92]. (ii) It can also be generalized to include
time-dependent (random) terms in the Hamiltonian, allowing
one, in particular, to study in a minimal version the
dissipative quantum dynamics of systems with nontrivial
band geometry. (iii) Our results indicate that quantitative
predictions for the THE in the intrinsic regime will require
knowledge of the operatorial form of disorder. Thus, it will be
useful to interface our theory with quantitative ab initio
efforts to obtain not only the clean features (energies, wave
functions) of the phonons or magnons [93], but also input
for the effective disorder Hamiltonian, as we describe in

|

Sec. III E. (iv) A challenging next step will be the inclusion of
interaction effects between bosons, which will not only
provide yet another contribution to the thermal Hall effect
from skew scattering, but will also alter the side-jump
contribution from impurities and may even generate a
side-jump-like contribution of their own by mixing many-
body dynamics with band geometrical properties.

The promise of THE measurements in magnetic insu-
lators is to learn about the properties of charge-neutral
low-energy excitations, most commonly of bosonic nature.
Disentangling the different intrinsic and extrinsic contri-
butions will be crucial for a proper understanding. In this
sense, our work, by providing means to compute extrinsic,
disorder-dependent contributions that might otherwise
obscure some more ‘“‘universal”’ features, serves as a
rigorous step toward a full quantitative theory.
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vided in the main text (fourth paragraph in Sec. V B). The
data are available from the authors upon reasonable request.

APPENDIX A: DERIVATION OF THE KINETIC
EQUATION: CALCULATORY DETAILS

We briefly consider Eq. (16). Defining the Fourier
transform as O(x) = [, ¢”*/*O(p), and henceforth omit-

ting to write the tildes [except on w(r)F—T> w(k) for clarity],
one obtains

(Vi 2V 2)) = [ e i i ol b
p.0'k

< [S7Hp + )W(p + k/2)S(p)];

[S™' (P )W(p' + k/2)S(p' + k)3

n',n’

(A1)

n,n’'

Here and in the following, we omit to write the position variable of S which is irrelevant to the order considered: The main
contribution to the side-jump effect happens at the order 7' and inhomogeneities of the clean theory may contribute only

to O(h?).
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We now start from Eq. (15). Changing variables to highlight the common structure of all four terms and omitting the
symbol for disorder average as explained in the main text, one obtains

ih9,(Fa),,,, (%, 5, 1) = [Ka Fal,, (%, 3, 1)

i

=—— [ d0(t-7 / (Uo) 1 (u, 118, 7) (Fa) o (C. C 7)) Uo ) p o (€ [0, 1)
R £8unid

[<(Vd>nn (x ”)(Vd)n n(g C)> ()] 5(@—}')5l,n’51’,n5m,n - <(Vd)n,n’(§’ C)(ij)n’,n(v’ y)>5(x—u)5(4”—§’)51,1151’,n’5m,n’
<(Vd)n.n’ ('X7 l/t) (Vs)iz’,n(g ’ é/)> (&-0) (v—y)él,n'(sl',nam.n’ + <(V£)n,n’(§/’ 5/)(V3)n’.n(v’ y)>5(x—u)5(5—{)5l.n§l’,n'5m.n>]’ (Az)

where the disorder-free evolution operator is

Po1) = —isgn(t — 1) / i/Mp(r=r) g=(i/MKa([(r+7)/2).p)1~1'| (A3)
P

For convenience in intermediate calculations, we now perform a Fourier transform on the position variable of Wigner-
transformed quantities:

/
Fo(C, 0 7) = / PO (‘: ZC , p,T> _ / ne+<i/’l>P<¢—4’>e"“[<<+<’>/2]I“:d(H, 7). (A4)
)4 D

where the first Fy is in real space, the second F is its Wigner transform, and F, is the Fourier transform of the latter.
Similarly,

(Uo) . (u 1]E,7) Uo)p (£ 2|, 1) = / . T8)/2] iV [(018)/2) i/ 1) q(u=8) o= (i/R) (&) =i/ 1) (1=2)(Ky) (TL)~(Ky) .y (T )
q9.9
(AS5)

Doing the replacements Egs. (A3)—(A5) into Eq. (A2) and computing the integrals over variables &, &', u, v, {, and ', one
obtains

ihat(Fd)n,n(x’y’t) - [KdvoFd}n,n(xJ)’ t)

L / de6(1—7) / (p — p')el KA [(9)/2
n [p—

x {ei<p+<n—n'>/2) (3=9) =0/ =) (R (LK /2-11/2)=(Ra) (V- p=K/ 2T (E ) (K )

n'.n

i (pH(I-IT)/2) (xy

14

W

n'.n

<[5 (o4 K/2)W <p;p/+1(/z>s P +K/2)] —S‘l(p’+K/2—H)W<p_;p +K/2—- H>S(p+K/2—H)}
( + _S_l(p—K/Z—H')W(p_;pI—K/Z—H’>S(p’—K/Z—H')}T

i/h)(t=7)((Ka),,,, (Lp+K/2+11/2)— (Kd)n n (H’-,p’—K/2—H’/2))(|“:d)n, (K. p'.7)
o~ (i/M) (=) (Ky) . l/(Hp+K/2+H/2) ( Q)nn (1. p=K/2-11'/2)) (r:d) (K. p'.T)

)W
X _S_l(p—i—K/Z) +K/2>S p +K/2

o~
P
(P HI=TT)/2) (1)

p+p t

)
)
5 +K/2>S(p’+K/2)] {S_l(p—K/Z—H)W(p—;p —K/2— H)S(p’—K/Z—H)}

(
(/) ) (Ra) o (K 212) (R0, (KA (B (K p )

!

n.n n',n

x |S7!(p +K/2)W<
4 i(pHII-IT)/2) (x-y)

p+p
2

x :S‘l(p’—K/2)W >S(p—K/2)]:nI {S‘l(p—K/2—H’)W (#-K/%H/)S(p/—zqz—n/)} T}

(A6)
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We now perform the Wigner transform with respect to ~ and neglect such K, F{, and H: dependence in the second
(x,y) on both sides, by writing X = [(x+y)/2] and (i.e., fast) variable of Fy and K, as explained in the main
performing the Fourier transform with respect to x —y.  text, Sec. IIl A.

We further perform one momentum integral, resolve One then recognizes—up to changes of variables I1 <>
one momentum conservation delta function, identify the  IT and (K,II,IT") — (K, II, IT')—that complex-conjugated
matrix elements M, (p, p’), perform momentum shifts by ~ terms appear pairwise on the right-hand side, so that one
amounts +IT and £IT (different for each term in the sum), eventually obtains

|

ihar(Fd)n,n(X7 P> t) - [KdTFd]n,n<X’ P> t)
__i / dzd(t — )2Re / B — pr)el KA XZ{ (/) 1=5) (K, (M) =Ko, (1)
h P KILIT

K 1 K 10 K 1 K 1
M S pH=4+=M, — ———(F K
X n,,,(p+2+2,p+2+2> (p+2 5P+ 2>(d) (K. p.7)

— = (i/M)(1=0)((K),.,(TLp) =(Ka) .y (V"))

K 1T K 1T K 1 K II'\* .
M p+m+= 0+ 5+ M (p—m =0 === (Fo)wu(K. P, - (AT
- ”’”(“2*2 p+2+2> ”’"(” 272772 2>(d)"’"( pr)}wﬂ?a”;m w7
p'=p —(I-]

We now make the approximation discussed in the main text, Eq. (18), then perform the K, IT, IT integrations, and take the
semiclassical limit of time evolution, Eq. (17): One obtains

ihat(Fd)n,n(X7p’t) - [Kthd]n,n(X’ P, = _12”2/ Fd)n,n[X—i_(sr;n’(P?p/)’p’t]Re[Mn,n'<p7p/)Mn’,n(P,’p)]

< 8((Ka)w w[X+0r,,(p.p") =01, (p.P"). Pl = (Ka) X + 007 (. P'). P])

= (Fa)wwX+0r, ,(p.p)+0r, (p.p").p" fIRe[M, ; (p. P )M, v (p.p')’]

X 8((Ka)ww[X+0r, ,(p.p)+0r, . (p.p'). Pl = (Ka)p(X.P))], (A8)
where one defined 6rin, (p.p') =118t (p.p') £ty ,(p', p)] for convenience. Further neglecting ort . (p.p'), as argued
in Appendix C 1, we obtain Eq. (20) in the main text.

APPENDIX B: SMALL-MOMENTUM EXPANSIONS
1. Obtaining the disorder-induced curvature

At small deviations |p — p’| < p, p’, such that S(p’) = S(p) + (p, — p,)d,, S(p). we obtain

STeW(EE)S0)| xS WS

S WO, Sy L [s-'<p>a,,DW<p>s<p>1,,,,,,>
STPWESP.w 2P TS T W)S() )
(B1)

< (140t- )

which is a valid expansion only provided [S~'(p)W(p)S(p)],» # 0. We then take the argument and use Arg(z;z,) =
Arg(z;) + Arg(z,) and Arg(1 + z) ~ Im(z) for |z| < 1. We then apply (9, + d,,), which to the order of O(p — p’) yields

2 (p.0') = 50, Ate[S~ (D)W(P)S(p)], 366, (p) + 555, ()
—%(),,L/\rg[s—l(p’)W(p’)S(p’)]nan—1 x,(P') = % L (P), (B2)
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ox!, /(p) = =p,0,, Im(

[S‘l(p)W(p)apVS(P)]n,n)
ST (p)W(p)S(P)],

1
__pzza

3 ,,”1m<[8—1(p)a,,bW(,,)S(pHM/)'

S WSy (B3)

Here, it is easy to check gauge invariance under S — Se®® of Xt ’n,( p,p') defined in Eq. (26). Indeed, the gauge

transformation rules are Ay (p) — Au(p) + 9,,0,(p) and ox,, ,(p) = ox, . (p) —

5xﬁ’n,( p) is gauge invariant by itself], and

1
2

1 . 1
= 50 Are[S™ (P W()S()], = idem +30,,0,(p') = 50,,0,(p)

. 1
595, Are[STH (P)W(p)S(p)],., = idem =59,

pyaﬁyen, [note that the second term in

1 1
Qn(p> + EapLgil/(p/> + E (py - pi)a/%z/gn’v (B4)

1

1
_E(pi _pu)aﬁven’ (BS)

where 02,6 means 6%,# 2,0(p) = ainLH( p'), since apostrophes are irrelevant to the order considered. This shows the gauge

invariance of Eq. (26). Now considering specifically diagonal elements n = n’ and collecting all terms, one obtains Eq. (31)

in the main text.

2. Case where disorder has the same matrix structure as the clean Hamiltonian

Here, we investigate the particular case where W = H and, thus, W = K. Then, one simply has

Q5,5 )nn(P) = (Qp,p)nan(P) + %apﬂ Im ([S7'(p)a,, K(P)S(P)] ./ [Kaln.n)

= Qo un(P) + 20y, T (19 K + A Kl Kebn) = (@ un():

2

where A, = S“()pr, which is Eq. (62) in the main text. We also note that, in this case,

2 2

S‘l(p)K(p . pl>8(p') =Ky <p s pl) i

APPENDIX C: COLLECTION OF TECHNICAL
ARGUMENTS

1. Neglecting or*

We first note that 51 is gauge invariant; therefore, taking
Srt — 0 is a well-defined approximation. Note that, in the
case of fermions in a random scalar potential, 5r* = 0 is
rigorous. We now argue why it can also be neglected in the
cases we are considering in this paper.

In Eq. (A8), one sees that 5r™ appears with the same sign
in the position coordinate of both (Fy), , and (Fy),,, on
the right-hand side, so that it can be absorbed in a global
shift of X without any physical consequences (to the order
of ah).

By contrast, its occurrences in the position coordinate of
K4 on the right-hand side cannot be absorbed in such a
shift. However, their contribution to the collision integral is
proportional to 7'dyK,, which can be safely neglected in
the homogeneous limit of the bulk theory. This justifies the
assumption &rt — 0.

2

<p;,—pﬂ){Kd(%”/>,/\pﬂ(P+2p’>}+_.._

[

2. Neglecting interband (n # n’) terms

Here, we argue, based on the matrix elements M, ,,/, that
interband effects can be neglected, at least in the particular
case W = K—for a more generally valid proof based on
elastic scattering and the small-deviation approximation,
see the main text.

For W = K, one sees from Egs. (19a) and (B7) that,
within the small-deviation approximation,

Moo () = (Kaor (25 7) + 00 = ) (1)

where we recall that K; is a diagonal matrix. Therefore, the
moduli of off-band-diagonal elements |M,_, (p, p')|> with
n # n' are smaller by a factor of the order of |p’ — p| than
those of band-diagonal elements. Now, the important
quantity whose diagonal and off-diagonal elements need
be compared is

5Xn,n’(p’ p/)|Mn,n’(p’ p/)|27 (Cz)
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as is visible, e.g., in Egs. (29) and (D7). From Eq. (31), one
finds 6X,,,, = O(p' — p), while a priori 6X,,,, = O(1) for
n # n'. Thus, ultimately, Eq. (C2) is smaller by one power
of |p’ — p| for off-diagonal elements than for diagonal
ones. This concludes the argument.

3. Replacing M,,,, (p.p') — (M, (p.p")|
From the small-deviation expansion Eq. (B1), it is clear
that replacing M,/ (p, p’) by its modulus will be justified,
to the leading order, provided that

9

[S_l (p)W(p)S(p)}nn’ € R, (C3)

at least for n = n’ (see Appendix C 2) and for all p. We note
that, because matrix elements M, /(p, p’) appear pairwise
in the collision integral, the condition “€&€R” (instead of
“>07) is sufficient.

In the particular case W = K, the validity of Eq. (C3)
follows directly from Eq. (C1). More generally, all the cases
we consider for applications (see Appendix H) satisfy this
constraint, although this is not a priori a general truth. This
justifies the replacement here.

4. Validity of the approximation Eq. (28)

In the particular case W = K, the approximation Eq. (28)
is justified. Indeed, focusing on band-diagonal terms
n=n' as justified above, it follows immediately from
Eq. (C1) to the zeroth order in |p’ — p|, using the fact that
(Kd)n.n’ eR.

APPENDIX D: DERIVATION OF THE
ACCUMULATION TERM IN THE
ENERGY CURRENT

1. Identifying the side-jump current

We derive the energy current from the conservation
equation in phase space, following the same steps as
Ref. [35]. The phase-space energy density in the presence
of disorder V is

1
H(X, p) ZZTr{H+V’,‘F}, (D1)
whose time evolution is given by
1
oH=—ImTr([K+V*Fx (H+V)]). (D2

2h

Then, after a very short calculation, the phase-space energy
current, up to a total phase-space derivative and to the order
of O(h'), is

1
T o(X.p) = 504ReTr[(0;(K+V))(Fx (H+ V)], (D3)
where a, f = X, p, and wx, p, = Opy = —Wp, x,-

Then, to the first order in 7, it will be sufficient to replace
the star product by a “normal” product in those terms of the
current that contain disorder operators V:

Tu(X.p) = %waﬂReTr[(aﬁK)(F « H)| (Dda)
+ %a)aﬂReTr[(()ﬂV)(FH)] (D4b)
+ %waﬁReTr[aﬁ(K +V)(FV)]+---. (D4c)

These three terms can be understood as follows.

The first term Eq. (D4a) contains both the clean
classical energy current (order of 4°) and its anoma-
lous velocity correction (order of #'), responsible for
the clean anomalous thermal Hall effect Eq. (1), as
shown in Ref. [35].

The second term Eq. (D4b), as we show, has the
interpretation of the side-jump accumulation current.
The third term Eq. (D4c) features V where H was in
Eq. (D4a), whose interpretation was the normalization
of eigenvectors or, physically and more loosely speak-
ing, the amount of energy carried by a bosonic
excitation. Thus, Eq. (D4c) corresponds to a local
modulation of the normalization of wave packets or,
“equivalently,” to a renormalization of the bosonic
energies by disorder. In both cases, as argued in
Sec. I A, this falls outside of the semiclassical picture
as it is usually defined: Thus, we discard this con-
tribution in the following.

Introducing Ky, F4 defined in Sec. IIC and using the
normalization choice S* x H x« S = 1, which as shown in
Ref. [35] guarantees that the clean anomalous thermal Hall
current density is band diagonal, Eq. (D4) becomes

T3, (X.p) = JReTH(S(9, VISF,).  (DS)

and its integrated version Eq. (38) in the main text.

2. Semiclassical expansion

We can now use the fact that in real-space notations

(9, V)(x,y) = =i(x, = y)V(x,y) (D6)
and then carry out the same technical derivation as in
Sec. IIC and Appendix A. We do not reproduce the
intermediate steps here, since they are very similar. The
upshot is
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7i =——Z/ (K)o [X + X, (. p'). p') = (Ko, (X )

n,n

X 5Xn.n’(pv p/)(Fd)n/ n [X + 5X ( )

In Eq. (D7), one already took 5r;n,(p,p’) -0, as
justified in Appendix C 1, for notational clarity. Now
focusing on band-diagonal processes (n = n’), as justified
in Appendix C2 and in the main text, and dropping
06X, .(p, p') within the position arguments of energies
and distribution functions, since this is irrelevant to the
order of O(h'), one obtains the result Eq. (39) in the
main text.

It might not be obvious why the same technical steps
appear in the derivation of the kinetic equation and the
current. A proof based on a Ward identity is given in
Ref. [56]. In the present case, here is an intuitive explan-
ation at the technical level. One can rewrite Eq. (D5) as

: 1 1
‘732,4 = EReTr((apMVd)Fd) + ERCTI‘(AP“ [Vd’ Fd])? (Dg)
with A "
are neglected (meaning only diagonal entries of V, are
considered), the commutator in the second term vanishes

=5! d,,S. In the case where interband processes

and J ,S} consists only of the first term. Using Eq. (D6) and
|

T =3 5 D [ = )

(Ed)n,n(X7 P t) |Mn,n’(p7 p,) ‘ |Mn’,n(p/’ p)|
(Ea)w . [X + X, (P, P').

X [(X = X) x
- (X _X_éxn,n/(p’ p/)) X

which is the correct result Eq. (D7).

3. Formal proof that the side-jump current vanishes
in thermodynamic equilibrium

We now consider its value at equilibrium, 7 ;ﬁﬂ (X, P)leqs

obtained by replacing

(Fa)un(X. P') = f((Ka), o (X, p). T(X))

within Eq. (39), where f(¢) = e[ng(e) + 4]. The deviation

ng = O(h'), which yields the corrected equilibrium
distribution, need not be included to this order: We verify
only that

ROl = [ T xplg =0+ 0m).  (D12)

[X + 5Xn n’(pv p/)v p/] - (Kd)

P M, (p, p)PW(p - p). (D7)

the fact that x —&=2{[(x+y)/2] - [(y+ &)/2]}, one

gets
7wy mme [ W oren) (52 -255)
(09)

Now it is key to notice [e.g., from Eq. (11)] that
Appendix A is precisely devoted to computing
VyoF;—FgoVi=2ilm[V,oFy],  (DI10)

which is the right-hand side of the kinetic equation.
Thus, J ;ﬁﬂ [Eq. (D9)] can be easily obtained from the
calculation in Appendix A, by in Eq. (A6) or (A7) replacing
Fa(K) - (X;z - iaK)Fd(K)

and dividing by 2i. Assuming &r," . (p, p’) — 0 as always,
one, thus, obtains [cf., e.g., Eq. (A8)]

wn(X,P))

P M, (p, P)|IM,(p, )], (DI1)

[

We know on general grounds (see Ref. [35], especially
Appendix B.3 therein) that the boson spectrum is sym-
metric, in the sense that there exists a bijection between
bands n <> 71 such that

(Ka)un(=P) = =(Ka)sa(P), (D13)
QL )nn(=P) = =(QF) )5z (P) (D14)
Since f(—¢) = —f(e), one finds the relation
T%,(X.P)leg = =T%,(X.=p)les (D15)
therefore, its momentum integral vanishes, which

proves Eq. (D12).
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APPENDIX E: SOLVING BOLTZMANN’S
EQUATION AND THE DISPLACED LOCAL
EQUILIBRIUM CURRENT

Here, we derive the solution Eq. (35a) to Eq. (29), to the
first order in 7, equivalently in coordinate shifts 6X. To this

order, the “compensation term” g (X, p) and out-of-equi-
librium part g§*(X, p) can be solved for independently,
which we do following the steps in Ref. [54] adapted to our
generalized bosonic problem and notations.

1. Displaced local equilibrium current

We write the time-independent local equilibrium solu-
tion to the kinetic equation as

Fu(X.p) = f(Ke(X. p). T(X)) + gJ(X. p). (E1)
|

where F,; is assumed to satisfy local equilibrium,
D,F4(X, p) = 0. In the collision integral of Eq. (29), we
expand to the order of linear response:

F(ET(X)) = f(E.T[X + 6X,.0 (. P)])
= _5Xn,n’ (p’ p/)aXTan(Ev T(X))’ (EZ)

where

E= (Kd)n,n (X’ p) = (Kd)n’,n’(X’ p/) (E3)

Here, the “~” approximate equality is enforced by the
energy conservation delta function in Eq. (27); below, this
is enforced only to the order of O(#%), which is sufficient in
that context. Then, Eq. (29) becomes

2w B
V0= =25 [ 0= )M )P0 (X ) = (Ka) (X )
n YP
X [(9a)nn (X P) = (). (X. P') = X, (P, P")0x, TOrf (Ka) o o (X, PU))] 4+ (E4)
where “+ - - -7 contains terms higher order in powers of 7 or beyond linear response and the optional set of apostrophes in

orf follows from Eq. (E3).

We now use the fact that Eq. (26), up to the approximations discussed in Appendix B, takes the form Eq. (31). Then, a
solution to the collision integral is given by Eq. (35) in the main text, which is clearly gauge invariant.

2. Response in the relaxation time approximation (RTA)

We now consider the O(%°) out-of-(local-)equilibrium distribution gif#, by again defining

Fa(X. p) = f(Ku(X. p). T(X)) + 95" (X. p) (ES)

but now requiring only that both the left-hand side and the right-hand sides of Eq. (29) be O(A°). We focus on the bulk
currents of the homogeneous theory, so that spatial gradients dxKy(X, p) are neglected, and the left-hand side reads

DIEd|n,n (Xv p) = apyﬁdaXyTan(Kd()L p)9 T(X))|nn (Eé)

Meanwhile, in the right-hand side, all the position shifts can be discarded at O(#°), and one obtains

04 K0, T FKa(X. D)) = = 3 [ 380 = /) X B3 X ) = (K (X )
X |Mn,n’(p’ p/)|2 X Kgga)n,n(x’ p) - (gga)n’.n’(x’ p/)} (E7)

While this is still, in principle, a hard problem, it reduces to the relaxation time approximation [94], provided that
scattering is elastic (which is the case here), that dispersion is isotropic [meaning K4 (| p|) only] and nondegenerate, and that
scattering is isotropic; i.e., M, (p,p’) depends on only the angle between p and p’ (i.e., on p-p’, where we

define p = p/| ).

Assuming all this for the sake of analytical tractability, one obtains Egs. (35¢) and (36) in the main text.
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3. Explicit writing of the side-jump current in the RTA
Inserting Eq. (35¢) into Eq. (39), one obtains

T =53 [ 0= )M ) P30 (X 2) = (K (X )

(p p) (Qp#p,,)n n(p) X akp (Kd)n,n (X’ p/)aX,, Tan((Kd)n,n(X7 p/))Tn,n (X’ p/)

——Z(Q Jnn(P)0k, (Ka) (X, P)Ox, TOrf((Ka)y (X, P))7nn(X, P)EL(X, p). (E8)

In going to the second line, we use the fact that z,, ,,, defined in Eq. (36), depends on only the modulus |p| = |p’|, and we use
the temporary notation

27
1)

- 2;; ( py) // (1 - ﬁ : f)/)w(p - pl)|Mn,n(pv pl)|25((ﬁd)n,n(x’ pl) - (Kd)n,n(X’ p)) = _pyT;,1n<X7 p) (E9)

En(X.p) = /,(P/ =) (p = P)IM, (p. P")P6((Ka) (X, P') = (Ka)y (X, )

The cancellation 7, ,7,}, = 1 leads to Eq. (40) in the main text.

4. Generalizations

We now look for the equilibrium and out-of-equilibrium solutions g;j and g* to the generalized kinetic equation, where
we now assume explicitly only interband scattering (n = n’ enforced):

DEAX. P hn = =3 [ R 12, = QB (P00 £ (K (P)
+(90)nn(P) = (Ga)n (P} + / T (90 (P') = (Go)un(P)). (E10)
(01 (p. ) = 259 (p = )6((Ks) () = (K)n (PDIMES P 1) (E11)

First looking for the local equilibrium solution, where the lhs and the rhs vanish separately, one finds

@aat) = =P8, T0n (K)o () @D 0) [ 400700 ) / /,{mez Lo} ).

w
(E12)

Then, taking the order of O(#°) on the rhs and restoring the gradient term on the lhs, one finds
(€5)0a0) = 0 Kalp)osTor () /([ 1= { i, 4 S )})- (E13)
P
Assuming that Ti;;), just like (tg,’,),,)‘1 (p, p') satisfies the usual assumptions of RTA (namely, it depends only on the angle

p-p’ and on the moduli |p| = |p’| constrained to be equal), one obtains Eq. (45) in the main text.

APPENDIX F: OTHER CALCULATORY DETAILS ON HALL CURRENTS
1. Thermal Hall conductivity

We consider for concreteness the case where a temperature gradient is imposed along x and the (local) energy current is
measured along y. Then, explicitly, Eqgs. (37) and (40) read

B0 =0T x5 37 [ 10, 60,0 6. P)@Y ), (X)) X)) (F1)
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JEI(X) = =0,T %Z/ P20y, (Ka)ya (X 2) Q) )n (X 2)Orf (K)o (X ). (F2)

Contrarily to the case of fermions in a random scalar potential, because Q‘,’,\: p, 18 not antisymmetric a priori, these two

. . Lo . i sj. 1tz Sje
currents are not identical a priori. The local current due to disorder, J& = J"™ + J§"*, is, thus,

JEX) = 0T x5S / PO (20 (Ka)un(P) = QW) ()0, (Ke)n(P)IOrF(Ki)n(p))- (F3)

Now one can use the spectrum symmetry relations Egs. (D13) and (D14) to replace 1 >°, — Tr,, which is the sum over
positive-eigenvalue eigenspaces of the dynamical matrix, i.e., over bosonic bands in the strict physical sense.

We obtain the disorder-induced thermal Hall conductivity

dis _

s = Tr, / PR, (9)9, Ka(p)
P

~Qf, ()9, Ka(p)orf (Ka(p). T). (F4)

and using d7f(e,T) = —(¢*/T)0,ng(e, T) we obtain the final result Eq. (2) in the main text.

2. Electrical Hall effect

The two disorder contributions to the charge current are

J;j’rta(x) = _ezExZ/ p/lapx (Kd)n,n(X’ p)(QZ\_{-[Jx)n,n(X’ p)aef((ﬁd)n,n (X’ p))’ (FS)
J%VJI(X) = +92EXZ / P,{apv (Kd)n,n<X’ p><Q\1/J\£p4)n,n(X’ p)asf((ﬁd)nn (X7 P)) (F6)

The local charge current due to disorder, J$* = T T

J?IS(X) = _ezExZ /p p/l[(QYJ\Cp;y)n,n(p)apx(Kd)n,n(p) - (Qg\im)n.n (p)ap).(Kd)n.n(p)]aef<(Kd>n,n(p))' (F7)

At odds with the bosonic case, here, one simply has
>, = Tr, which is the sum over fermionic bands. We
obtain the disorder-induced electrical Hall conductivity,
Eq. (43) in the main text.

APPENDIX G: EXPLICIT FORMULAS FOR
NUMERICAL EVALUATION

Here, we recapitulate how to evaluate Eqgs. (1) and (2)
straightforwardly from a disordered bosonic theory of the
form in Sec. V A. Once the clean Hamiltonian Eq. (47) and
the disorder Hamiltonian Eq. (52) have been specified,
Sec. VA provides explicit expressions for the dynamical
matrix K and its disorder counterpart W, both of which are
2N x 2N matrices. Ultimately, K and W fully determine the
thermal Hall conductivities Egs. (1) and (2): We now detail
the procedure to derive the latter.

The dynamical matrix is diagonalized as S5'KS, = K.
Note that S\, whose columns are the bosonic eigenmodes,
is generally not unitary (and is, of course, not uniquely

[

defined). Note also that K, is a diagonal matrix whose 2N
entries are the N bosonic energies (all positive) and their
opposites (all negative). While Eqgs. (1) and (2) involve only
summation over the N physical bands, actual calculations
of the curvatures Q, , and Q‘I’,\i p, can involve all 2N
eigenvalues and eigenvectors.

For numerical evaluation, it is useful to resort to

formulas for the Berry curvature Q, , and its disorder

counterpart §(Q),,
momentum derivatives of gauge-dependent quantities.
Such gauge-invariant formulas can be derived using the

identity

- Q‘I’,\im) that avoid computing

55" (9, K)S0l,,, = [S5'0,,S0l,,,. (Kal o = [Kal,.0)-
(G1)

which can be inverted for n # n’. For instance, it is well
known that the Berry curvature can be recast into the form
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(prp)n.n = Im [Sala[’ysosalapxso - (x < y)}n,n (G2)
5 S 00 0SS5 0 S
Wn ([Kd]n/,n’ - [Kd]n.n)z '
(G3)
|
U aw 1
5 (QP,VP_V - QPny)n,n = E (QPXP.v)”,"

1 _ _
+ E Z Z Im{ ([SO lal’xsdn”,n [SO lal’ySO]n,n' - (x < y)) < [361W30]n,n -

n'#nn"#n

Although only those indices n corresponding to eigenm-
odes with positive eigenvalues are useful to compute
Eq. (1), note that the summation )., involves all
2N — 1 other indices.

A similar formula can be obtained for the antisymmetric
part of Q\[’,\f_ p, [defined in Eq. (32)]: One finds

[S5' WSy, [S5'WSal,,[S5'WSq),,.»
[S5TWS,)? ) }

n,n

1 1
#3150, 8L, 850 WS + 850, 81, 550, W)Sol.,) - (x <)}

n'#n
1 (1859, W)So],, . _ _ .
* ZIm{ [Salwso]ﬁn | ,,/Z:#([SO lanSO]n,n’ [SO IWSO]n’ﬁ + [SO lal’xSO}n’,n [SO IWSO]”'”/) B (x g y) } ’ (G4)

which together with Eq. (G1) provides a gauge-invariant
formula suitable for numerical evaluation. This is the one we
used to obtain our results in Sec. V B. Again, although only
those indices n corresponding to eigenmodes with positive
eigenvalues are useful to compute Eq. (2), note that the
summations ), and ) ., involve all 2N — 1 other
indices.

APPENDIX H: APPLICATION TO A
LOW-ENERGY BOSONIC THEORY-DETAILS

1. Effective low-energy theory for magnons
in an antiferromagnet

For an antiferromagnet on a bipartite lattice, the spin
operator may be expressed locally as

S, = Z ﬁu[(_])rna(r) + ma(r)]’

a=x.y.z

(H1)

where the vectors 1, define an orthonormal basis, (—1)" =
+ alternates between the two sublattices, and n, and m, are
the staggered and the net magnetization fluctuations,
respectively, constrained by

m? +n?=1, m-n = 0. (H2)
Assuming collinear Néel order along the z axis, to the cubic

order in the transverse components one may replace

m, ~ —m,n, — myn,, (H3a)

1
nzzl—i(m§+n§+m§+n§). (H3b)
This yields an effective theory in terms of the low-energy

fields n,, ny, my, and my, defined in the collinear case

|
simply as n, = n, and m, = m, for a € {x, y}. These low-
energy fields satisfy the commutation relation

(H4)

[my,nx] =ijh= —[mx,ny],

which is Eq. (57).
In terms of m;, n; with i=1, 2, and writing
0| = 0y, 0, = 0,, the Hamiltonian Eq. (56) reads

1 .. 1 . 1 o
H = z(mlml + An,-ni - Ecln’ﬁfwn’ + ECZaii’llajl’l‘]

1 ) 1 ) | S
+ §d4m’0ﬁﬂn’ + Edleijm’diﬂnf - §d2€i;aimlajnj

(H5)

1 -
+ §d3€,»jm’nf.

Because to leading order in spatial gradients
mi x yon',

up to integration by parts the d, term is a total time
derivative and does not appear in the effective theory. It is
then possible to write

| . 4
2
€;0;m'o;n’ — Eeijm’dlmnf,
so that an equivalent effective Hamiltonian density is

| . o1 R | .
Hep = ﬂm’m’ —Ecln’aﬁ”n’ +§czain’0jn/ —|—§d3€ijm’n/

1 1 ) )

+§ <d[ —§d2>€,~jm’aﬁﬂn/ —|—Anl~n,~. (H6)
One can rewrite this, to the first order in d,, d,, and ds, as
Eq. (58) in the main text.
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Note that, in the following, for notational clarity we write
all the expressions in the d; = 0 and A = 0 case. While for
numerical evaluations we indeed take d; = 0, they are still
performed at finite A (with value given in Table I).

2. Diagonalization of the clean problem

The dynamical matrix is

0 1

K=i H7
’l— (58,0815 + 6140, (H7)

) Pu —’1€ijl72
One finds the energy bands

Kd = diag(el, —&1, &, —82),

e = [(c; + ca)p? /2] = [cp?/x]V/?.  (H8)

and the Berry curvatures

1 4c) 43¢

Q(l) — 0 3 ,
PPy ’781 2, +0(r)
14c;+c¢
Q) =n—~"2 L 0(p). H9
PPy 5 20 +0(r°) (H9)

The normalized eigenvectors are ¥; and ¥ such that
S = [ Wil |w,l s | (H10)

A suitable choice of properly normalized eigenvectors
(in the sense STHS = 1) is

1 n |kl i kil i k| k1 k| . n |k 1 |k2|>
T - = /’( + FETRE T 01—~ 0 YT ) +0 ’72 )
: \/§< Cz|k2\ \/)781/(2 |k| k2f|k| Cz|/7<2|\/_1 f|k| ( )
1 n |kl i kylk i k| 1 k1 k| . n |k 1 |k1|>T
v, ——— (L Rl 2l W D o). @
== (e Tk W vz W Ve kvE B etk VAT g ) TO- EHID

Here, we provide ¥, and ¥, to the first order in # only. This is sufficient to compute the leading contribution to the Berry

curvature Q .

», given above, Eq. (H9), which is odd under time reversal and, thus, odd in powers of 7.

3. Explicit calculations in two given instances of disorder (b) and (c)

a. Case (b): A case with both intrinsic and extrinsic chirality

We consider the local disorder Hamiltonian density

Hgs = —fje;m'0%,n! = —ij(m'0,n* — m*o;,n') = Eq. (65), (H12)
such that
R Y 0
W=rW=— 2[ “ ] (H13)
—inp“l o
One finds
o’ 0 X
S| 7L S]] =2Eateimeee) + o) (H1
—imp 1 o’ n,n 5)
implying that the third term in Eq. (32) vanishes. As for the first and second terms, they are determined by
-1 o’ 0 2 2
Im |S7(p) il o 9,,5(p) = €.1(Pa/P?) + O(n*), (H15)
-1 n(1 1 1, 1, X
Im[S7(p)a, S(p)],, = | —#.(p)i——#.(p);—#.(p); ——#.(p) | + O(n), (H16)
, Ccr \ & €] & &

where #,(p) and #,(p) are real quantities which we do not write explicitly here.
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b. Case (c): A case where the clean thermal Hall [S—l( p)apﬂW( 2)S(p)]
conductivity is zero

n,n

Because = —ip*(p./P*)(ers—€1: €25 —€2) e (H20)

m[S~(p) 5,7,, S (p)]n —0. (H17) which is real so the third term in Eq. (32) vanishes. There

no subsists only the second term, which is determined by

where implicitly S here means S|,_, the first term in

Eq. (32) vanishes. Im [S_l(P)W(P)apuS(PHM
We note that using the disorder W of the previous case ., » o 0
[Egs. (64) and (65)] one would find = —iip~Im |87 (p) 0 o p,S(P)
S~ (P)W(p)S(p)],, = O, = +ip*(euu(Pa/ P?) + O(1%)). (H21)

implying that the small-momentum expansion in

Appendix B 1 would be ill defined. Here, instead we 4. Derivation from a microscopic spin model

consider W as given in Eq. (66), whence nge, we show how to derive y, ¢, and ¢, from the
Hamiltonian
W= oW =K, o—ip?| I
= MyoW =Ko —ip*| |- (HIS) How=JY S;-Se+KY Sise.  (H22)
(r,r’) (r,r’)

We obtain
Performing the expansion Eqgs. (H1)-(H4) and assuming
[S™Hp)W(p)S(p)],., = (e1;—€1: €25 —€2) (H19)  smooth variations of the emergent m, n fields to derive a
continuous low-energy theory, Eq. (H22) becomes, on the
and square lattice,

g =5 50 3 (26, (5) 4 30,1, 610,1,(6) ) + K S om0

roq
K K ,
- 5 n, (l’)l’la (l‘) + Z a Z(axnx(r)axnx(r) + ayny (r)a}'ny (l‘)) + e (H23)
r r
where a is the lattice parameter and “+ - - -” contains terms that are higher order in gradients or beyond quadratic order in m,

n. Since the purpose of this appendix is to derive the magnon velocities, determined by parameters y, c;, and ¢,, and not the
magnon gap which will depend sensitively on other (anisotropic) magnetic exchanges not included in Eq. (H22), we
henceforth drop the mass term in Eq. (H23).

The last term is not rotationally invariant; therefore, to recover the symmetry of Eq. (56), we select its rotation-invariant
component. Technically, this is simply done by writing n = Ryii and 0 = R0, where R, is the 2D rotation matrix by an
angle 0 and 7i and 0 are the expression of n and 0, respectively, in a rotated orthogonal frame, coinciding with (X,¥) at
0 = 0. We then average over the angle, [1/(2x)] [ d6. This yields

o.n.o.n, + o,n,

1 1
n,on, — = (Vn)? — i V2n. (H24)

4 2

One, thus, obtains
1 1
Hmag = 52(8‘] + ZK)ma (r)ma (I‘) - 5 az‘]Z(”a (r)a)zcxna (l’) +ng (l’)a,%y”a (l‘))
K , 1 , 1 )
+5a Z<2 (Vn)? = n-V n> 4+, (H25)

allowing for the identification y~! = 8J + 2K, ¢, = a*(J + K/8), and ¢, = a’>K /4 as reported in the main text.
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