
Berry Phase Dynamics of Sliding Electron Crystals

Yongxin Zeng 1,* and Andrew J. Millis 1,2

1Department of Physics, Columbia University, New York, New York 10027, USA
2Center for Computational Quantum Physics, Flatiron Institute, New York, New York 10010, USA

(Received 15 December 2024; revised 6 June 2025; accepted 5 August 2025; published 28 August 2025)

Systems such as Wigner crystals and incommensurate charge density waves that spontaneously break a
continuous translation symmetry have unusual transport properties arising from their ability to slide
coherently in space. Recent experimental and theoretical studies suggest that spontaneous translation
symmetry breaking in some two-dimensional materials with nontrivial quantum geometry (e.g.,
rhombohedral pentalayer graphene) leads to a topologically nontrivial electron crystal state called the
anomalous Hall crystal and characterized by a vanishing linear-response dc longitudinal conductivity and a
nonvanishing Hall conductivity. In this work we present a theoretical investigation of the sliding dynamics
of this new type of electron crystal, taking into account the system’s nontrivial quantum geometry. We find
that when accelerated by an external electric field, the crystal acquires a transverse anomalous velocity that
stems from not only the Berry curvature of the parent band but also the Galilean noninvariance of the crystal
state (i.e., crystal states with different momenta are not related by simple momentum boosts). We further
show that acceleration of the crystal modifies its internal current from the static crystal value that is
determined by the Chern number of the crystal state. The net Hall conductance including contributions
from center-of-mass motion and internal current is in general not quantized. As an experimentally relevant
example, we present numerical results in rhombohedral pentalayer graphene and discuss possible
experimental implications.
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I. INTRODUCTION

A gas of electrons in a uniform positive background
interacting via the Coulomb potential undergoes sponta-
neous crystallization [1,2] when the density is reduced
below a critical value, breaking the continuous translational
symmetry down to the discrete translational invariance of
the crystal. In two dimensions, the ground state at low
electron density is a triangular-lattice Wigner crystal (WC)
whose properties are well understood [3]. The recent
experimental discoveries [4–7] of integer and fractional
quantum anomalous Hall (QAH) effects in lightly doped
rhombohedral pentalayer graphene (PLG) was interpreted
theoretically [8–17] as arising from of a new type of
electron crystal state called the anomalous Hall crystal
(AHC). Unlike WCs, AHCs are honeycomb-lattice crystals
in which electrons hop in a nontrivial way that leads to

quantized Hall conductance [18]. While recent model
studies [13–16] have provided a qualitative understanding
of the energetic competition between WCs and AHCs, the
dynamical properties of AHCs remain unexplored.
When a continuous translational symmetry is broken

spontaneously, the energy of the symmetry-broken state is
independent of its real-space location because of the trans-
lation-invariant background, and the broken symmetry state
can slide coherently in space. This phemonenon is well
studied in the case of WCs [19–23] and incommensurate
charge density waves (CDWs) [24–30]. When the transla-
tional symmetry is explicitly broken by disorder and impu-
rities in real materials, the CDWor WC is pinned at a local
energy minimum until a large external electric field depins
the crystallized electrons. The nonlinear current-voltage
characteristics near the threshold voltage for the pinning-
depinning transition are smoking gun signatures of sponta-
neous translational symmetry breaking. Since AHCs also
break continuous translational symmetry, we expect similar
sliding transport phenomena. An important difference,
however, is that the AHC is a topologically nontrivial state
with chiral edge modes and quantized Hall conductance. It is
natural to ask, do AHCs go sideways when they slide?
If the AHC is treated classically, following the usual

treatment of the sliding WC, translation invariance implies
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that in the absence of a magnetic field the crystal slides in the
direction parallel to an applied force. On the other hand,
because the parent band of the AHC usually contains a large
amount of Berry flux, one may suspect [31] that a sliding
AHC in an external electric field acquires a transverse
anomalous velocity whose magnitude is determined by
the average Berry curvature of the parent band weighted
by the crystal state. In this paper we will show, via a detailed
theoretical study of the sliding dynamics of electron crystals
that takes into accountBerry phase effects and applies to both
WCs and AHCs, that this conclusion is not correct; the
correct physical picture is much more subtle.
A central theme of our study is the violation of Galilean

invariance. A translation-invariant electron system is
Galilean invariant when the physics in a moving reference
frame described by the boosted Hamiltonian H − V · P,
where V is the velocity of the moving frame and P is the
total momentum, is equivalent to that described byH (up to
constant momentum and energy shifts). This is the case for
a single-component electron gas interacting via Coulomb
potential. In a generic electron system, Galilean invariance
is explicitly broken both by nonquadratic band dispersion
and by the presence of nontrivial quantum geometry (i.e.,
nontrivial momentum dependence of cell-periodic Bloch
wave functions). Broken Galilean invariance implies that
sliding crystal states with different momenta are not related
by simple momentum boosts. When a crystal accelerates
(i.e., the total momentum varies with time), it adiabatically
evolves into the ground state in a different reference frame.
As a result, we show an accelerating crystal acquires a
transverse anomalous velocity that stems from not only the
Berry curvature of the parent band but also crystal state
deformation due to violation of Galilean invariance.
The sliding motion of the electron crystal is not the only

contribution to the total current; even in a pinned AHC, the
motion of internal Bloch electrons leads to quantized Hall
conductance due to the nontrivial topology of the crystal
state. In a sliding electron crystal, the internal current is
affected by the acceleration of the crystal and deviates from
the quantized value given by the Chern number of the
crystal state. A complete description of the dynamics of
sliding crystals therefore requires two sets of equations, one
for the center-of-mass sliding motion and the other for the
motion of internal Bloch electrons. The total current as the
sum of the center-of-mass sliding current and the current of
internal Bloch electrons is in general unquantized. The
physical picture is schematically illustrated in Fig. 1. While
the general argument applies to both WCs and AHCs, we
find from our numerical results that violation of Galilean
invariance has a stronger effect on AHCs than on WCs.
The paper is organized as follows. In Sec. II we introduce

our model system and construct a group of sliding crystal
states with different center-of-mass positions and momenta.
In Sec. III we derive the equations of motion of the center-of-
mass coordinates of the crystal and of the Bloch electrons

within the crystal. As an experimentally relevant example,
we present in Sec. IV numerical results in rhombohedral
pentalayer graphene. Finally, we conclude in Sec. V and
discuss possible experimental implications of our results.

II. MODEL

Following Ref. [13], we consider a two-dimensional
system of spinless electrons with band dispersion εp and
nontrivial quantum geometry encoded in the form factors
Λp0;p ¼ hup0 jupi, where jupi is the cell-periodic part of the
Bloch wave function with momentum p in the microscopic
lattice. A nontrivial quantum geometry corresponds to a
nontrivial winding of jupi in momentum space. The
Hamiltonian of the system H0 ¼ Hkin þHint consists of
kinetic energy,

Hkin ¼
X
p

εpc
†
pcp; ð1Þ

and electron-electron interactions,

Hint ¼
1

2A

X
pp0q

VqΛpþq;pΛp0−q;p0c
†
pþqc

†
p0−qcp0cp: ð2Þ

FIG. 1. Schematic illustration of the contributions to the current
in a sliding anomalous Hall crystal. The electron crystal is
represented by the rectangular area with honeycomb-lattice
pattern in light gray and hosts a chiral edge mode shown by
the directed line circulating clockwise around the perimeter of the
crystal arising from the nontrivial topology of the QAH state. The
sliding crystal state is described by a many-body wave function
jΨx̄;p̄i [Eq. (7)] where ðx̄; p̄Þ are the center-of-mass position and
momentum (per electron) of the sliding crystal. ðr; kÞ are the
position and momentum of a wave packet of Bloch electrons
within the sliding crystal. Their equations of motion (see Sec. III
for a derivation and precise definition of terms) are shown,
respectively, on the right and inside the box representing the
crystal. In an external electric field E, the center-of-mass
coordinates of the crystal accelerate and acquire a transverse
anomalous velocity from the Berry phase derived term Ωp̄. Bloch
electrons within the crystal also acquire an anomalous velocity

from a combination of the Berry phase derived termsΩk and Ω
↔

kp̄,
the external electric field, and the acceleration of the crystal ˙̄p.

YONGXIN ZENG and ANDREW J. MILLIS PHYS. REV. X 15, 031059 (2025)

031059-2



Here c†p and cp are the creation and annihilation operators
of Bloch states with momentum p, Vq is the Fourier
transformed interaction potential, and A is the area of
the two-dimensional system. In our notation p represents
momentum in the large Brillouin zone of the microscopic
lattice, which for our purpose can be treated as infinite
momentum space, and k (to appear below) represents
crystal momentum within the mini Brillouin zone (mBZ)
of the long-period crystal. Equations (1) and (2) describe
the low-energy physics of interacting electrons in a multi-
band system projected onto the lowest-energy band; quan-
tum geometry of the band enters the Hamiltonian as form
factors that appear only in the interaction Hamiltonian Hint
after band projection. The internal degrees of freedom
including spin and valley are not written explicitly because
it is assumed that these degrees of freedom are sponta-
neously polarized at low electron density, breaking time-
reversal symmetry [32].
Equations (1) and (2) define a translationally invariant

two-dimensional electron system. While the microscopic
Hamiltonian has discrete translation symmetry due to the
microscopic lattice potential, the effective low-energy
model has an emergent continuous translation symmetry
since the length scales of interest are much larger than that
of the microscopic lattice. At low electron density, inter-
actions dominate and the electron system crystallizes,
spontaneously breaking the translational symmetry of the
projected low-energy model. Two-dimensional electron
crystals including WCs and AHCs form a long-period
triangular Bravais lattice and correspondingly a short-
period triangular reciprocal lattice. At the Hartree-Fock
level, an electron crystal state is in general described by the
Slater determinant,

jΨ0i ¼
Y

k∈mBZ

�X
g

vkþgc
†
kþg

�
j0i; ð3Þ

where g represents the reciprocal lattice vectors of the long-
period crystal. The coefficients v are obtained by solving
the self-consistent Hartree-Fock equations. As discussed
below, the ground state is not unique; the real-space
position of the self-consistent solution depends on the
initial conditions of the numerical calculations. Because of
the nontrivial momentum dependence of the Bloch states
created by c†p, the Berry connection Ak contains the
momentum derivatives of both the vp coefficients and
the jupi states:

Ak ¼ hvkji∂kjvki þ
X
g

jvkþgj2hukþgji∂kjukþgi: ð4Þ

From Ak the Berry curvature Ωk and Chern number C of
the crystal state are determined as

Ωk ¼ ∂k ×Ak; ð5Þ

C ¼ 1

2π

Z
mBZ

d2kΩk: ð6Þ

Here the inner product notation of v states represents
an implicit summation over g; e.g., hvkji∂kjvki≡P

g v
�
kþgi∂kvkþg. Depending on the quantum geometry,

band dispersion, and electron density, the ground state can
be a C ¼ 0 WC or a jCj ¼ 1 AHC [13].
The translation invariance of the Hamiltonian Eqs. (1)

and (2) means that jΨ0i described by Eq. (3) is not the
unique ground state. Adding a momentum-dependent
phase factor vp → vpe−ip·x shifts the crystal state by an
in-plane vector x and results in an energetically equivalent
ground state. The ground state degeneracy due to sponta-
neous breaking of continuous translation symmetry implies
that the crystal state can evolve in a continuous family of
many-body states with collective motion of all electrons.
The translation invariance also allows sliding crystal states
with nonzero total momentum per particle p̄. A general
sliding crystal state takes the form

jΨx̄;p̄i ¼
Y

k∈mBZ

�X
g

vkþgðp̄Þe−iðkþgÞ·x̄c†kþg

�
j0i; ð7Þ

with p̄≡P
p jvpðp̄Þj2p=N, where N is the total number of

electrons. x̄ labels the real-space position of the crystal state;
its precise definition and connection to electric polarization
are discussed below. We call ðx̄; p̄Þ the center-of-mass
coordinates of the electron crystal despite the subtlety in
defining the center ofmass of a periodic system.Given ðx̄; p̄Þ,
we assume that the ground state is unique andwork under the
adiabatic approximation such that the crystal state stays in the
family of many-body states jΨx̄;p̄i we construct. We empha-
size that ðx̄; p̄Þ are the collective coordinates of a translation-
symmetry-broken many-electron state rather than the
coordinates of a single-electron wave packet, although their
semiclassical equations of motion are derived in a similar
way as for electron wave packets [33,34] as detailed in the
next section.
The coefficients vpðp̄Þ of a sliding crystal state are

obtained by self-consistently solving the Hamiltonian in
a moving frame H0 − V · P, where V is a constant velocity
and P ¼ P

p pc
†
pcp is the total momentum operator. In a

Galilean-invariant system with quadratic dispersion εp ¼
p2=2m� and trivial form factors Λp0;p ¼ 1, the Galilean-
transformed Hamiltonian H0 − V · P differs from H0 only
by a momentum shift p̄ ¼ m�V (up to a trivial constant
energy). The wave function of a sliding crystal in this case
differs from that of a static crystal only by a momentum
shift: vpðp̄Þ ¼ vp−p̄ð0Þ. In a general system with nonpar-
abolic band dispersion and nontrivial form factors, e.g.,
rhombohedral multilayer graphene, Galilean invariance is
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lost and vpðp̄Þ with different p̄’s are not related by simple
expressions.
While the momentum p̄ is well defined once the

coefficients vp are known, the definition of the real-space
coordinate of the crystal x̄ requires care because the gauge
transformation

vpðp̄Þ → vpðp̄Þeip·δxðp̄Þ; x̄ → x̄þ δxðp̄Þ ð8Þ

shifts the origin of x̄ for each p̄ but leaves the crystal state
Eq. (7) intact. Because sliding crystal states with different
momenta p̄ are not related by simple boosts when Galilean
invariance is broken, it is important to define in a consistent
way the real-space position x̄ of sliding crystals with
different momenta p̄. In other words, a definite phase
choice is required for the coefficients vpðp̄Þ. While the final
results should be independent of the gauge choice (as we
explicitly verify in Appendix D), it is most natural to define
the real-space position of the crystal state in terms of its
electric polarization; otherwise the coupling to external
scalar potential would be p̄ dependent. The electric polari-
zation of the state jΨx̄¼0;p̄i is given by the integral of Berry
connection [35–37]:

ap̄ ¼
1

N

X
k

hνkðp̄Þji∂kjνkðp̄Þi

¼ 1

N

�X
k

hvkji∂kjvki þ
X
p

jvpj2hupji∂pjupi
�
; ð9Þ

where jνkðp̄Þi≡P
g vkþgðp̄Þeig·rjukþgi. A smooth gauge of

Berry connection over the mBZ is required for an unam-
biguous definition of polarization (modulo lattice vectors of
the crystal). For AHCs, additional care is needed because the
integral of Berry connection for Chern insulators depends on
the choice of origin of themBZ [38]. The proper choice here,
as shown in Appendix A, is an mBZ that is centered at p̄.
Identification of the crystal position x̄with polarization leads
to the gauge-fixing condition ap̄ ¼ 0. Under this gauge, an
adiabatic momentum boost of the crystal state does not shift
the real-space position of the crystal. In any other gaugewith
nonzero ap̄, the gauge-invariant crystal position is x̄þ ap̄. In
the following sections wewill fix the gauge such that ap̄ ¼ 0

unless otherwise stated.

III. SEMICLASSICAL DYNAMICS
OF SLIDING CRYSTALS

In this section we derive the semiclassical equations of
motion of sliding electron crystals. In Sec. III A we derive
the equations of motion of the center-of-mass coordinates
of the crystal, and in Sec. III B we study the semiclassical
dynamics of Bloch electrons within the crystal.

A. Center-of-mass motion

We start by considering a rigid electron crystal and leave a
brief discussion of lattice deformations to the end of this
section. The crystal state Eq. (7) is a semiclassical state
characterized by position x̄ and momentum p̄. To study the
dynamics of the sliding crystal, we consider the Hamiltonian
H ¼ H0 þ ΔH, where ΔH describes a slowly varying
external potential. By the time-dependent variational prin-
ciples [39], the semiclassical dynamics of the crystal state is
described by the Lagrangian

Lðx̄; p̄; ˙̄x; ˙̄pÞ ¼ hΨx̄;p̄ji∂t −HjΨx̄;p̄i
¼ N½ ˙̄x · p̄þ ˙̄p ·A p̄ − Ep̄ −Uðx̄Þ�; ð10Þ

where the second line is obtained by using the explicit wave
function Eq. (7) of the crystal state. The first two terms in the
second line of Eq. (10) arise from the time dependence of
the crystal state through x̄ðtÞ and p̄ðtÞ, where we have used
the definition of p̄ below Eq. (7) and the expression ofA p̄ is
provided in Eq. (11), and the last two terms are the energy of
the crystal state, specifically Ep̄ ≡ hΨx̄;p̄jH0jΨx̄;p̄i=N is the
average energy of electrons in the sliding crystal andUðx̄Þ≡
hΨx̄;p̄jΔHjΨx̄;p̄i=N is the external potential acting on the
crystal. We assume thatU is a smooth external potential that
depends only on the polarization of the crystal x̄, e.g., in a
uniform electric field Uðx̄Þ ¼ eE · x̄. The Berry connection
for the center-of-mass motion A p̄, related to but distinct
from the Berry connection for a Bloch stateAk [Eq. (4)], is
given by

A p̄ ¼
1

N

X
k

hvkðp̄Þji∂p̄jvkðp̄Þi ð11Þ

and describes the adiabatic evolution of the crystal state with
the center-of-massmomentumof the crystal.With thegauge-
fixing condition ap̄ ¼ 0 [see Eq. (9), the Berry connection is
equivalently expressed as

A p̄ ¼
1

N

�X
p

jvpðp̄Þj2hupji∂pjupi

þ
X
k

hvkðp̄Þjið∂k þ ∂p̄Þjvkðp̄Þi
�
: ð12Þ

The above expression provides intuition on the physical
origin of the Berry connection A p̄: The first term is the
average Berry connection of Bloch states in the parent band
weighted by occupation jvpðp̄Þj2 and the second term arises
from the Galilean noninvariance of the crystal state
vpðp̄Þ ≠ vp−p̄ð0Þ.
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The Euler-Lagrange equations,

∂L
∂x̄

¼ d
dt

∂L
∂ ˙̄x

;
∂L
∂p̄

¼ d
dt

∂L
∂ ˙̄p

; ð13Þ

with the Lagrangian Eq. (10) lead to the equations of
motion,

˙̄x ¼ ∂p̄Ep̄ − ˙̄p ×Ωp̄; ð14Þ

˙̄p ¼ −∇Uðx̄Þ; ð15Þ

where Ωp̄ ¼ ∂p̄ ×A p̄ is the Berry curvature for the center-
of-mass motion of the crystal. In Appendix B we show that
Ωp̄ has similar symmetry properties as the Berry curvature
of Bloch bands: Inversion symmetry impliesΩ−p̄ ¼ Ωp̄ and
time-reversal symmetry implies Ω−p̄ ¼ −Ωp̄.
Equations (14) and (15) show that, similar to Bloch

electrons moving in a periodic lattice potential, the crystal
gains a transverse anomalous velocity when accelerated by
an external force. Despite the apparent similarity, Eqs. (14)
and (15) do not describe the motion of a single-electron
wave packet in a periodic lattice potential, but rather the
collective motion of a translation-symmetry-broken many-
electron state in a translation-invariant background.
Because the Berry curvature Ωp̄ arises from the center-
of-mass momentum dependence of the crystal state rather
than the Chern number of the crystal state, the anomalous
velocity is nonzero for both AHCs and WCs as long as
time-reversal symmetry is broken in the presence of non-
trivial quantum geometry.
In a perfect translation-invariant system without disorder,

the crystal state accelerates when a uniform electric fieldE is
applied, leading to a transverse anomalous velocity that
produces a Hall current jH ¼ ne2Ωp̄E, where n ¼ N=A
is the electron density. The Hall conductivity σxy ¼
−2πnΩp̄e2=h is in general unquantized. In realistic systems,
disorder and impurities provide a pinning potential and
momentum-relaxation processes for the electron crystal. In
a dc electric field, the electron crystal is pinned by impurities
when the electric field isweak andmoves at constant velocity
when the electric field exceeds a threshold value. Assuming
that disorder scattering acts as a smooth friction force that
counteracts the electric field, the sliding electron crystal does
not have an anomalous velocity. The realistic situation is
complicated by extrinsic mechanisms of anomalous Hall
effect [37,40,41] including side jumps and skew scattering.
As discussed in Sec. V, we expect that a sliding electron
crystal carries a nonzero Hall current associated with its
center-of-mass motion and the net Hall conductance is in
general unquantized.
To see the intrinsic effects of the anomalous velocity, we

consider an ac electric field EðtÞ ¼ E0e−iωtx̂ with fre-
quency ω comparable to or higher than the disorder
scattering rate. As a simple approximate model, we assume

Ep̄ ≈ p̄2=2m and constant Berry curvature Ωp̄ ≈Ω0, which
are valid approximations at small p̄. We model the pinning
potential as a simple harmonic potential Upinðx̄Þ ¼
mω2

0jx̄j2=2 and model the effects of disorder scattering
by a phenomenological damping term −p̄=τ with relaxation
time τ [30,42]. The equations of motion,

˙̄x ¼ p̄
m
− ˙̄p ×Ω0; ð16Þ

˙̄p ¼ −eE −mω2
0x̄ −

p̄
τ
; ð17Þ

have the steady-state solution with momentum,

p̄x ¼
ðω2

0 − ω2 − iω=τÞiωeE
ðω2

0 − ω2 − iω=τÞ2 − ðmωω2
0Ω0Þ2

; ð18Þ

p̄y ¼ −
mω2ω2

0Ω0eE
ðω2

0 − ω2 − iω=τÞ2 − ðmωω2
0Ω0Þ2

; ð19Þ

and corresponding real-space velocity,

˙̄x ¼ ðω2
0 − ω2 − iω=τ −m2ω2ω2

0Ω2
0ÞiωeE=m

ðω2
0 − ω2 − iω=τÞ2 − ðmωω2

0Ω0Þ2
; ð20Þ

˙̄y ¼ −
ðωþ i=τÞω3Ω0eE

ðω2
0 − ω2 − iω=τÞ2 − ðmωω2

0Ω0Þ2
: ð21Þ

The oscillatory center-of-mass motion leads to longitudinal
and transverse conductivity:

σc:m:
xx ¼ −

ðω2
0 − ω2 − iω=τ −m2ω2ω2

0Ω2
0Þiωne2=m

ðω2
0 − ω2 − iω=τÞ2 − ðmωω2

0Ω0Þ2
; ð22Þ

σc:m:
yx ¼ ðωþ i=τÞω3Ω0ne2

ðω2
0 − ω2 − iω=τÞ2 − ðmωω2

0Ω0Þ2
: ð23Þ

We see that the Berry curvatureΩ0 leads to a transverse Hall
current whose magnitude is strongly frequency dependent.
At low frequency ω ≪ ω0; τ−1, oscillation of the crystal is
strongly damped and the Hall current increases with fre-
quency as ∼ω3. At very high frequency ω ≫ ω0; τ−1,
disorder and pinning effects are negligible and the Hall
conductance saturates at σc:m:

yx ≈ 2πnΩ0e2=h.
So far we have focused on the case of a rigid electron

crystal that stays perfectly periodic. In the more realistic
case of deformable crystals, the center-of-mass coordinates
of the crystal ðx̄; p̄Þ should be promoted to the vector fields
½XðrÞ;ΠðrÞ� that are defined as the local crystal displace-
ment and momentum density. In an undeformed crystal,
X ¼ x̄ and Π ¼ np̄. The Lagrangian Eq. (10) is promoted
to an integral,
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L½XðrÞ;ΠðrÞ� ¼
Z

dr

�
ẊðrÞ ·ΠðrÞ þ Π̇ðrÞ ·AΠðrÞ=n

−
Π2ðrÞ
2nm

− nU½XðrÞ� − ΔEð∂XÞ
�
; ð24Þ

where we have approximated the kinetic energy Ep̄ by its
leading quadratic term with effective mass m, and the weak
spatial variation of local electron density is neglected since
it is relevant only beyond quadratic order. The last term in
the above expression represents the energy cost due to local
lattice distortion:

ΔE ¼ κ

2
½∇ · XðrÞ�2 þ χ

2
½∇ × XðrÞ�2

þ n2

2

Z
dr0Vðr − r0Þ½∇ · XðrÞ�½∇ · Xðr0Þ�; ð25Þ

where the first two terms describe short-range elastic
energy with phenomenological constants κ and χ, and
the last term describes long-range Coulomb interactions
with VðrÞ ¼ e2=ϵr. Assuming weak variation of Berry
curvature Ωp̄ ≈Ω0, the equations of motion are

ẊðrÞ ¼ ΠðrÞ
nm

−
Π̇ðrÞ
n

×Ω0; ð26Þ

Π̇ðrÞ ¼ −n∇U½XðrÞ� − ∂

∂X
ΔEð∂XÞ: ð27Þ

The above equations of motion allow us to solve for the
low-energy collective modes of the crystal. We find, as
detailed in Appendix C, that the leading-order dispersion of
the collective modes,

ωþðqÞ ≈
�
2πe2n
ϵm

q

�
1=2

; ω−ðqÞ ≈
�

χ

nm

�
1=2

q; ð28Þ

are unaffected by the Berry curvature term. Here ωþ ∝ ffiffiffi
q

p
is the familiar longitudinal plasmon mode and ω− ∝ q is
the transverse phonon mode. We find that the mass m
defined by the center-of-mass energy-momentum relation
Ep̄ is also the mass that determines the Drude weight and
bulk plasmon dispersion of the sliding crystal. Despite the
classical appearance of the plasmon dispersion ωþðqÞ, the
effects of quantum geometry and broken Galilean invari-
ance are implicitly included in the mass m. We note that
broken Galilean invariance also underlies the quantum
geometric contributions to the superfluid stiffness of super-
conductors [43] and the Drude weight of Fermi liquids.

B. Internal current

AQAH insulator has vanishing longitudinal conductivity
σxx ¼ 0 and quantized Hall conductivity σxy ¼ −Ce2=h,
where C is the Chern number of the bulk band. Likewise,

an AHC hosts an internal Hall current when an electric field
is applied. Note that the internal current is separate from the
center-of-mass motion and does not lead to a shift of charge
density; the internal bulk current is compensated by
unbalanced edge current and leads to vanishing net internal
current [36]. When the crystal is pinned or sliding with
constant velocity, the internal bulk current is a quantized
Hall current given by the Chern number of the crystal state,
similar to an ordinary QAH insulator. The total current is
the sum of the sliding current and the internal current.
When the crystal accelerates, however, the internal

current deviates from the quantized value. In a simple
intuitive picture, electrons in the accelerating crystal frame
feel an inertial force that counteracts the external electric
field. In a Galilean noninvariant system with nonquadratic
dispersion and nontrivial form factors, no simple expres-
sion exists for the inertial force and a careful wave packet
construction [33,34] is required to obtain the semiclassical
equations of motion. Here we make use of the general
results from Ref. [34], which in our context read

ṙ ¼ ∂kε
HF
k −Ω

↔

kk · k̇ − Ω
↔

kp̄ · ˙̄p −Ω
↔

kx̄ · ˙̄x; ð29Þ

k̇ ¼ −eE: ð30Þ

Here εHFk is the Hartree-Fock energy of the state k in the lab

frame, and Ω
↔
’s are 2 × 2 tensors with components

ðΩ
↔

abÞij ¼ −i Imh∂aiνj∂bjνi; ð31Þ

where jνkðx̄; p̄Þi ¼
P

g vkþgðp̄Þe−iðkþgÞ·x̄eig·rjukþgi are
Bloch states in the long-period crystal. In particular,

Ω
↔

kk · k̇ ¼ k̇ ×Ωk, where Ωk ¼ ∂k × hνkji∂kjνki is the
Berry curvature of the Bloch states in the vector form.
The last term in Eq. (29) is, after some algebra,

Ω
↔

kx̄ · ˙̄x ¼ ∂kð ˙̄x · pkÞ − ˙̄x; ð32Þ

where pk ¼
P

g jvkþgj2ðkþ gÞ is the momentum of state
jνki. This allows us to rewrite Eq. (29) in the form

ṙ ¼ ˙̄xþ ∂kε̃
HF
k − Ω

↔

kk · k̇ −Ω
↔

kp̄ · ˙̄p; ð33Þ

where ε̃HFk ¼ εHFk − ˙̄x · pk is the Hartree-Fock energy of
state jνki in the comoving frame of the crystal. In the form
of Eq. (33), the sum of the first two terms on the right-hand
side describe the group velocity of an electron wave packet
in a moving crystal. The last term describes the modifica-
tion of anomalous velocity due to acceleration (“inertial
force”) of the crystal. More explicitly,

−Ω
↔

kp̄ · ˙̄p ¼ ð ˙̄p · ∂p̄Þhνji∂kjνi − ∂k½ ˙̄p · hνji∂p̄jνi�; ð34Þ
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where the first term arises from change of electric polari-
zation due to change of center-of-mass momentum of the
crystal and the second term describes an anomalous
contribution to group velocity due to Berry phase accu-
mulation of Bloch electrons in the accelerating crystal. A
detailed derivation of Eq. (33) based on wave packet
construction is provided in Appendix E.
With the explicit expression of ˙̄x in Eq. (14), Eq. (33) can

be written as

ṙ ¼ ∂p̄Ep̄ þ ∂kε̃
HF
k − Ω

↔

kk · k̇ − ðΩ↔kp̄ þ Ω
↔

p̄ p̄Þ · ˙̄p: ð35Þ

The last term on the right-hand side describes the change of
anomalous velocity due to acceleration of the crystal. Since

Ω
↔

kp̄ þΩ
↔

p̄ p̄ ≠ 0 in a system without Galilean invariance, the
net Hall conductance is in general unquantized when the
crystal accelerates.
Summing over all Bloch states in the crystal, in an

external electric field E ¼ Ex̂ the total internal current
jint ¼ −e

P
kðṙ − ˙̄xÞ=A is

jintx ¼ e
h
ðCkxp̄x

˙̄px þ Ckxp̄y
˙̄pyÞ; ð36Þ

jinty ¼ e2

h
CEþ e

h
ðCkyp̄x

˙̄px þ Ckyp̄y
˙̄pyÞ; ð37Þ

where we defined the tensor,

C
↔

kp̄ ¼
1

2π

Z
d2kΩ

↔

kp̄; ð38Þ

which is formally similar to the Chern number C [Eq. (6)]
but is in general unquantized when Galilean invariance is
broken.

IV. RHOMBOHEDRAL PENTALAYERGRAPHENE

In this section we numerically calculate the energy-
momentum relation and Berry curvatures of sliding crystals
in the specific case of rhombohedral PLG, the first system
in which AHCs were proposed theoretically [8–12] as a
possible explanation of the experimentally observed integer
and fractional QAH effects [4,5].
In the presence of a strong displacement field uD

(defined as the potential difference between two adjacent
layers; see Appendix F), the first conduction band of PLG
is energetically separated from the valence bands and
higher conduction bands. Since the states we are interested
in are spontaneously polarized in spin and valley, we model
the system by the one-band Hamiltonian [Eqs. (1) and (2)]
with εp and jupi describing the dispersion and Bloch wave
functions of the first conduction band of PLG in a single
valley (see details in Appendix F).

Given electron density n, we fold the band into the mBZ
of a triangular lattice with lattice constant a ¼ ð2= ffiffiffi

3
p

nÞ1=2
such that there is one electron per unit cell and perform self-
consistent Hartree-Fock calculations. We find that for a
wide range of parameters (uD and a), two types of crystal
states that take the form of Eq. (3) exist as metastable self-
consistent solutions of the Hartree-Fock equations. In Fig. 2
we plot the energy difference between two types of crystals
and find that the WC is the mean-field ground state at
weaker displacement fields and lower electron densities
and the AHC is the ground state at stronger displacement
fields and higher electron densities. Figures 3(a) and 3(b)
show the mean-field band structure, Berry curvature Ωk,
and real-space electron density neðrÞ of two self-consistent
crystal states at uD ¼ 40 meV and a ¼ 13 nm. While their
mean-field band structures are almost identical, the two
crystal states clearly have different sublattice structure and
topology [13]: The topologically nontrivial AHC [Fig. 3(a)]
forms a honeycomb lattice and the topologically trivial WC
[Fig. 3(b)] forms a triangular lattice.
The sliding crystal states are obtained by performing

Hartree-Fock calculations with modified dispersion
ε0p ¼ εp − V · p, where V is the sliding velocity. The band
structure, Berry curvature Ωk, and charge density distribu-
tions in the comoving frame of two crystal states sliding
along the x direction with velocity Vx ¼ 2 × 104 m=s are
shown in Figs. 3(c) and 3(d). While the sliding crystals
have nonzero center-of-mass momenta, due to lack of
Galilean invariance they are not related to the static crystals
by simple momentum boosts. Our results show that both
the Berry curvature and charge density distributions of the
sliding crystals are different from those of the static
crystals. Comparison of the charge density plots shows
that the charge density of the sliding AHC is more strongly
deformed than that of the sliding WC, suggesting that
breaking of Galilean invariance has a stronger effect on
AHCs than on WCs.

FIG. 2. Energy difference (per electron) between static AHCs
and WCs in rhombohedral pentalayer graphene. The AHC is the
mean-field ground state in the blue region on the left of the
dashed line and the WC is the ground state in the red region on
the right.
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Figure 4(a) shows the total energy—center-of-mass
momentum relation of two types of crystals sliding along
the x direction. While the electronic band dispersion of
PLG is nonquadratic and anisotropic, Ep̄ for both crystal
states are approximately isotropic and quadratic at small p̄.
Anisotropy of the PLG band leads to slight asymmetry of
the Ep̄x

curve at large p̄x. The effective masses of the crystal

states are obtained by quadratic fitting of the small-p̄ part of
the energy-momentum curve: Ep̄ ≈ p̄2=2m. At uD ¼
40 meV and a ¼ 13 nm, we find the effective mass of
the AHC mAHC ¼ 0.73me is slightly larger than that of the
WC mWC ¼ 0.67me. Figure 4(b) shows the effective
masses of two types of crystals in a range of parameters.
The effective mass of the AHC increases rapidly with a and

FIG. 3. Electron crystal states in rhombohedral pentalayer graphene from self-consistent Hartree-Fock calculations. The displacement
field uD ¼ 40 meV and the lattice constant a ¼ 13 nm. (a1)–(a3) Hartree-Fock band structure (with energy minimum set to zero), Berry
curvature, and electron density of a static AHC; (b1)–(b3) same plots for a static WC; (c),(d) same as (a),(b) but the crystals slide in the x
direction with velocity Vx ¼ 2 × 104 m=s. The center-of-mass momenta (per electron) of the sliding crystals are (c) p̄x ¼ 1.300 and
(d) p̄x ¼ 1.264. Here all quantities are expressed with the length scale a ¼ 1.
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uD and can be twice as large as that of the WC on the upper
right-hand corner of the plots. In contrast, the effective
mass of the WC is less sensitive to a and the WC is slightly
heavier than the AHC at small a.
Next we calculate the Berry curvature Ωp̄ ¼ ∂p̄ ×A p̄ of

the sliding crystals with A p̄ given by Eq. (11). More
specifically, we calculate the sliding crystal states around a
small loop in p̄ space and calculate the Berry phase
accumulated per unit area. The phases of the coefficients
vpðp̄Þ must be adjusted by a gauge transformation Eq. (8)
such that ap̄ ¼ 0 [Eq. (9)]. We find that the p̄ dependence of
Ωp̄ is negligibly weak for p̄≲ a−1, so in the following we
focus on Ωp̄¼0. The solid lines in Fig. 5 show Ωp̄¼0 for
AHCs and WCs at fixed uD ¼ 40 meV and varying a (the
uD dependence of the results is relatively weak and is not
important for our purpose). By comparison, the dashed
lines show the average Berry curvature of the parent band
weighted by the static crystal states:

hΩpi ¼ −
1

N

X
p

jvpj2 Imh∂px
upj∂py

upi: ð39Þ

We find that the band-averaged Berry curvature hΩpi for
WCs and AHCs are almost indistinguishable, and that Ωp̄

for WCs is of similar magnitude as hΩpi. In contrast, the

magnitude of Ωp̄ for AHCs is about 3 times as large. Recall
Eq. (12) where we showed that the difference between Ωp̄

and hΩpi arises from the Galilean noninvariance of the
crystal states. The dramatic difference between Ωp̄ and
hΩpi for AHCs suggests that violation of Galilean invari-
ance has a stronger effect on AHCs than on WCs. This is
consistent with the observation in Fig. 3 that sliding AHCs
have strongly deformed charge densities while sliding WCs
are only slightly deformed.
The components of the tensor C

↔

kp̄ [Eq. (38)] are
similarly obtained by computing the Berry phase accumu-
lated when the crystal state adiabatically evolves along a
closed loop in ðki; p̄jÞ space. The results in Fig. 6 show that
Ωkxp̄y

and Ωkyp̄x
for AHCs are much larger in magnitude

FIG. 4. (a) Energy-momentum relation of sliding crystals at
uD ¼ 40 meV and a ¼ 13 nm. The dotted curves are quadratic
fitting of the numerical results with effective mass mAHC ¼
0.73me and mWC ¼ 0.67me. (b) Effective masses of the sliding
crystals at varying a and uD. Two types of crystals have the same
effective mass along the green dashed line; the AHC is heavier on
the right and the WC is heavier on the left.

FIG. 5. Berry curvature of the center-of-mass coordinates of the
sliding crystals at uD ¼ 40 meV. The solid lines with symbols
show Ωp̄ ¼ ∂p̄ ×A p̄ [with A p̄ given by Eq. (11)] computed at
p̄ ¼ 0. The dashed lines show the average Berry curvature of the
parent band weighted by the static crystal states [Eq. (39)].

FIG. 6. Components of the tensor C
↔

kp̄ [Eq. (38)] at p̄ ¼ 0 and
uD ¼ 40 meV. The results for AHCs are shown by solid lines
with filled symbols and the results for WCs are shown by dashed
lines with empty symbols.
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than Ωkxp̄x
and Ωkyp̄y

, which is expected because of the
insulating bulk and nontrivial topology of AHCs. The
precise values of Ωkip̄j

are, however, different from the
Ωkip̄j

¼ −Cϵij expected in Galilean-invariant systems
where acceleration of the crystal ˙̄p produces an inertial
force that acts as an effective electric field for the internal

electrons. ForWCs, all components of C
↔

kp̄ are small but not
precisely zero because of broken Galilean invariance.
In the absence of pinning potential, k̇ ¼ ˙̄p ¼ −eE and

we get the net Hall conductance:

σxy ¼ −ðCþ Ckxp̄y
þ 2πnΩp̄Þ

e2

h
: ð40Þ

The results in Fig. 7 show that the net Hall conductance of
sliding AHCs andWCs are both between 0 and 1 in units of
e2=h, but the Hall conductance of sliding AHCs is about
twice as large in magnitude as that of sliding WCs. The
naive expectation that the Hall conductance is given by the
average Berry curvature of the parent band,

σavxy ¼ −2πnhΩp̄i
e2

h
; ð41Þ

with hΩp̄i defined by Eq. (39), gives nearly identical results
for AHCs and WCs as shown by the dashed lines in Fig. 7
that both fall between the correct σxy for AHCs and WCs.
Our results therefore suggest that a careful analysis of the
Galilean noninvariant sliding crystal states is crucial to
obtain the correct value of Hall conductance and other
transport properties of sliding electron crystals.

V. DISCUSSION

In this paper we theoretically studied the sliding dynam-
ics of Wigner and anomalous Hall electron crystals moving
in a parent band with nontrivial quantum geometry,
focusing in particular on the effects of Berry curvature
and broken Galilean invariance. We find that when accel-
erated by an external electric field, the center-of-mass
motion of the crystal acquires a transverse anomalous
velocity. Importantly, the relevant Berry curvature is not
a simple average of the single-particle Berry curvature of
the parent band as proposed by Ref. [31]. Rather, the
violation of Galilean invariance arising from the quantum
geometry leads to an extra contribution that is dominant for
AHCs in PLG as shown by our numerical results in Fig. 5.
Acceleration of the crystal also affects the internal current
produced by the external electric field, but its effect is again
different from that of an inertial force on internal electrons
due to violation of Galilean invariance. Figure 7 shows that
the net Hall conductance falls between the value given by the
average parent-band Berry curvature [Eq. (41)] and the
quantized value given by the Chern number of the crystal
state.
While most of our theoretical discussion focused on the

idealized case of electrons in a translation-invariant (non-
disordered) background, an important consideration for
experiment is the pinning potential due to disorder and
impurities. When the electron crystal is pinned, the total
current is completely determined by the topology of the
crystal state; the WC has zero current while the AHC has a
quantizedHall current. In a strong dc electric field, the crystal
is depinned and moves with constant velocity. Naive appli-
cation of our theory would suggest that the crystal without
acceleration does not have a center-of-mass anomalous
velocity, but this is not true because disorder scattering does
not act as a smooth external potential that cancels out the
electric field. Instead, disorder scattering events contribute
to the anomalous Hall effect by extrinsic mechanisms
[37,40,41]. For example, a scattering event with transverse
momentum shift Δp̄ leads to a longitudinal side jump
Δx̄ ¼ Ωp̄ × Δp̄. Because side jumps along or against the
electric field result in different electrostatic energies of the
final states, the probabilities of scattering events in two
transverse directions are different, leading to a net Hall
current.
While a detailed study of the effects of pinning potential is

left for future work, it is important to notice that because of
broken Galilean invariance, any spatially nonuniform exter-
nal potential is not just a function of the center-of-mass
position of the crystal x̄ but also a function of momentum p̄.
This is because the real-space charge density distribution
changes with p̄ as shown in Fig. 3. The coupling between x̄
and p̄ in the external potential leads to a p̄-dependent external
force and an x̄-dependent anomalous velocity that are largest
when the external potential varies strongly on the length scale
of the electron crystal a.

FIG. 7. Net Hall conductance of sliding crystals at
uD ¼ 40 meV. The solid lines with symbols represent results
for sliding crystals in the absence of pinning potential [Eq. (40)],
the dashed lines represent results obtained by averaging the Berry
curvature of the parent band [Eq. (41)], and the dotted lines show
results for pinned crystals in which case the Hall conductance is
determined by the Chern number of the crystal state.
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The recent experimental observation of integer QAH
effect in an extended range of electron densities in PLG [5]
suggests possible realization of AHCs incommensurate
with the weak moiré potential. Remarkably, the dc transport
data are consistent with a pinning-depinning transition, and
the Hall conductance in the depinned regime is indeed
unquantized. Another experimental system relevant to our
theory is Bernal bilayer graphene in a strong displacement
field where signatures of insulating states consistent with
WCs or AHCs have been observed [44,45]. More recently,
signatures of depinning and sliding of electron crystals in
bilayer graphene have been observed by current noise
measurement [46]. Transport signatures of sliding WCs
have also been observed in Cd3As2 thin films [47], a
strongly spin-orbit-coupled two-dimensional electron sys-
tem. Further connection with our theory could be made in
ac transport measurements in the pinned regime with
frequency higher than or comparable to the momentum-
relaxation rate τ−1. Because the center-of-mass anomalous
velocity is proportional to the acceleration by the electric
field, we expect a frequency-dependent Hall conductance
as in Eq. (23).
The effective masses of sliding crystals we calculated in

Fig. 4 determine the bulk plasmon dispersion Eq. (28) that
can be measured experimentally. The dependence of the
plasmon dispersion on the carrier density in the extended
QAH regime can distinguish the AHC and hole WC
scenarios proposed in Ref. [31]. Although the Berry
curvature Ωp̄ does not enter the bulk plasmon dispersion,
it gives rise to chiral plasmon modes at the edge [48]. Such
chiral Berry plasmons have been measured experimentally
in twisted bilayer graphene [49], and we expect similar
phenomena in sliding crystals in the presence of nonzero
Berry curvature.
The difference in effective masses of different electron

crystal states implies different dispersions of low-energy
collective excitations which play an important role in the
entropic competition between WCs, AHCs, and possibly
fractional QAH crystals [50,51]. The experimental obser-
vation [5] of extended integer QAH effect at the lowest
temperatures and fractional QAH effect at slightly higher
temperatures suggests that the integer QAH state (possibly
AHC) has lower energy but the fractional QAH state has
higher entropy [31,52,53]. If the fractional QAH state is a
weakly pinned crystal state as proposed by Refs. [8–10], a
careful examination of the sliding states and the associated
collective modes of the integer and fractional QAH crystal
states provides the key to resolving the experimental
mysteries.
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APPENDIX A: POLARIZATION OF SLIDING
CRYSTALS

To derive a well-defined polarization of the sliding
crystal, we consider an adiabatic momentum boost of
the crystal as shown in Fig. 8. In the first-quantized form,
the many-body wave function of the sliding crystal consists
of a plane-wave factor expðip̄ ·Pi riÞ and a cell-periodic
part,

jUp̄i ¼ ⋀
k

X
g

vkþgðp̄Þeiðkþg−p̄Þ·rjukþgi

¼ ⋀
k

X
g

vkþgþp̄ðp̄ÞeiðkþgÞ·rjukþgþp̄i; ðA1Þ

where ⋀ denotes the antisymmetric tensor product (Slater
determinant) of single-particle states. The second expression

FIG. 8. Adiabatic momentum boost of a crystal state. k1, k2
represent momenta along two reciprocal lattice vectors g1, g2, and
the gray areas parallel to the ðk1; k2Þ plane represent the mBZ
containing the Bloch states of the electron crystal at two times
during the boost. The center of the mBZ follows (dotted line) the
time evolution of the crystal momentum p̄ðtÞ. The change of
polarization along k1 during the boost is the integral of Berry
curvature Ωk1t in the blue region, which up to integer multiples of
lattice vectors is equal to the difference of Berry phases along k1
loops at different t’s (red arrows; recall that the momenta are
periodic in g). The proper definition of the polarization is
therefore the integral of the Berry connection [Eq. (9)] in a
smooth gauge over the mBZ centered at p̄ðtÞ.
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makes it clear that the Bloch wave function of an electron in
the sliding crystal evolves as

jνkþp̄ðtÞ½p̄ðtÞ�i ¼
X
g

vkþgþp̄ðtÞ½p̄ðtÞ�eig·rjukþgþp̄ðtÞi: ðA2Þ

When adiabatically boosted, up to first order in time
derivative, the Bloch electron has velocity [35–37]

vkðtÞ ¼ ∂kε
HF
k −Ωkt; ðA3Þ

where the first term is the group velocity and the second term
is a Berry curvature in ðk; tÞ space defined as

Ωkt ≡ − Imh∂kνkþp̄ðp̄Þj∂tνkþp̄ðp̄Þi: ðA4Þ

The change of polarization in the adiabatic process is given
by the time integral:

Δa ¼ 1

N

X
k

Z
dtvkðtÞ ¼ −

1

N

X
k

Z
dtΩkt: ðA5Þ

Consider, for example, the component ofΔa along one of the
reciprocal lattice vectors g1. Given k2, the above integral in
ðk1; tÞ space is shown schematically in Fig. 8 as the blue
regionwhich is a cylinder because of the periodicity alongg1.
The integral of curvatureΩk1t in the blue region is equal to the
difference of the integrals of Berry connection Ak1ðp̄Þ ¼
hνkðp̄Þji∂k1 jνkðp̄Þi along the two red arrows. More generally,

X
k

Z
t2

t1

dtΩkt ¼
X
k

�
Akþp̄ðt1Þ½p̄ðt1Þ� −Akþp̄ðt2Þ½p̄ðt2Þ�

�
:

ðA6Þ

Aproper definition of the polarization of the sliding crystal is
therefore

ap̄ ¼
1

N

X
k

hνkþp̄ðp̄Þji∂kjνkþp̄ðp̄Þi; ðA7Þ

with a fixed choice of mBZ (over which the integrand is
smooth) for all p̄, or equivalently, Eq. (9) but with the mBZ
centered at p̄.

APPENDIX B: SYMMETRIES OF CENTER-OF-
MASS BERRY CURVATURE

The center-of-mass Berry curvature is given by

Ωp̄ ¼
1

N

X
k

∂p̄ × hvkðp̄Þji∂p̄jvkðp̄Þi: ðB1Þ

Inversion symmetry guarantees ε−p ¼ εp and Λ−p0;−p ¼
Λp0;p in the Hamiltonian Eqs. (1) and (2). This implies

that the coefficients vpðp̄Þ for self-consistent mean-field
solutions with opposite momenta are related by vpð−p̄Þ ¼
v−pðp̄Þ, and the Berry curvature satisfies

Ω−p̄ ¼ Ωp̄: ðB2Þ

If time-reversal symmetry is preserved, ε−p ¼ εp and
Λ−p0;−p ¼ Λ�

p0;p. This implies vpð−p̄Þ ¼ v�−pðp̄Þ and

Ω−p̄ ¼ −Ωp̄: ðB3Þ

If inversion symmetry and time-reversal symmetry are both
preserved, the Berry curvature Ωp̄ is identically zero for
all p̄.

APPENDIX C: COLLECTIVE MODES

In the absence of external potential, Eqs. (26) and (27)
read, in Fourier form,

−iωX ¼ Π
nm

þ iω
n
Π ×Ω0; ðC1Þ

−iωΠ ¼ −ðn2Vq þ κÞqðq · XÞ þ χq × ðq × XÞ; ðC2Þ

where Vq ¼ 2πe2=ϵq is the Fourier transformed Coulomb
potential. Assuming q ¼ qx̂, the above equations can be
written explicitly in components:

−iωX ¼ Πx

nm
þ iω

n
Ω0Πy; ðC3Þ

−iωY ¼ Πy

nm
−
iω
n
Ω0Πx; ðC4Þ

−iωΠx ¼ −ð2πe2n2qþ κq2ÞX; ðC5Þ

−iωΠy ¼ −χq2Y: ðC6Þ

Eliminating Πx, Πy by simple substitution, we arrive at the
secular equation,

						
ω2 − 2Dq − κ

nm q
2 iω

n Ω0χq2

iωΩ0



2mDqþ κ

n q
2
�

ω2 − χ
nm q

2

						 ¼ 0; ðC7Þ

which determines the dispersion of collective modes. Here
we defined the Drude weight D ¼ πe2n=ϵm. The two
solutions ω� satisfy the relations

ω2þþω2
− ¼ 2Dqþ κþχ

nm
q2−

Ω2
0χ

n2
ð2nmDþ κqÞq3; ðC8Þ

ω2þ · ω2
− ¼ 2Dχ

nm
q3 þ κχ

n2m2
q4; ðC9Þ
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from which the leading-order expressions of ω�ðqÞ are
readily obtained:

ωþðqÞ ≈ ð2DqÞ1=2; ω−ðqÞ ≈
�

χ

nm

�
1=2

q: ðC10Þ

We find that because the Berry curvatureΩ0 always appears
with time derivatives of momenta, it does not enter the
leading-order expressions of ω�ðqÞ but only shows up in
higher-order expansions. However, this does not mean that
quantum geometry has no effect on the Drude weight and
bulk plasmon dispersion. Rather, quantum geometry affects
the energy-momentum relation Ep̄ and its effect on bulk
plasmon dispersion is hidden in the mass m.

APPENDIX D: GAUGE INVARIANCE
OF THE TOTAL CURRENT

The physically measurable current in the sliding crystal
j ¼ −e

P
k ṙ=A is the sum of center-of-mass current jc:m: ¼

−ne ˙̄x and internal current jint ¼ −e
P

kðṙ − ˙̄xÞ=A. The
expressions of ˙̄x and ṙ are given by Eqs. (14) and (33).
A gauge transformation v0pðp̄Þ ¼ vpðp̄Þeip·δxðp̄Þ leads to a
shift of center-of-mass origin x̄0 ¼ x̄þ δxðp̄Þ. In a physi-
cally consistent theory, the sliding velocity must change by

˙̄x0 ¼ ˙̄xþ ð ˙̄p · ∂p̄Þδx̄; ðD1Þ

and the velocity of internal Bloch electrons in the crystal
frame must change by an opposite amount, resulting in the
same total velocity. Now we explicitly show these with
the equations ofmotion derived in Sec. III and thus verify the
consistency of our theory.
The p̄-dependent coordinate shift δxðp̄Þ enters the

Lagrangian Eq. (10) in two ways. First, it enters the external
potentialUðx̄Þ ¼ Uðx̄0 − δxÞ andmakes it p̄ dependent. This
gives rise to an additional term in group velocity:

∂p̄U ¼ −∂p̄δx ·∇U ¼ ∂p̄ð ˙̄p · δxÞ: ðD2Þ

In addition, δxðp̄Þ enters the Berry connection Eq. (11) as an
extra term,

δA p̄ ¼ δx − ∂p̄ðp̄ · δxÞ; ðD3Þ

and modifies the anomalous velocity by

ð∂p̄ × δA p̄Þ × ˙̄p ¼ ð ˙̄p · ∂p̄Þδx − ∂p̄ð ˙̄p · δxÞ: ðD4Þ

The sum of Eqs. (D2) and (D4) leads to the modified sliding
velocity Eq. (D1) as expected.
To see how the gauge transformation changes the

velocity of internal Bloch electrons Eq. (33), we first
notice that the Hartree-Fock energy in the comoving frame

ε̃HFk ¼ εHFk − ˙̄x · pk changes by δε̃HFk ¼ −δ ˙̄x · pk, resulting in
a change of group velocity in the comoving frame:

∂kδε̃
HF
k ¼ −∂kðδ ˙̄x · pkÞ: ðD5Þ

To see how δx̄ enters the last term in Eq. (33), we make use
of Eq. (34) and find that

−δΩ
↔

kp̄ · ˙̄p ¼ −ð ˙̄p · ∂p̄Þδx̄þ ∂k½pk · ð ˙̄p · ∂p̄Þδx̄�: ðD6Þ

The last term cancels with Eq. (D5), leading to the net
change of electron velocity in the crystal frame:

δðṙ − ˙̄xÞ ¼ −ð ˙̄p · ∂p̄Þδx̄: ðD7Þ

Together with Eq. (D1), we have established the gauge
invariance of the electron velocity in the lab frame and
therefore the physically measurable total current.

APPENDIX E: WAVE PACKET DYNAMICS OF
BLOCH ELECTRONS IN A SLIDING CRYSTAL

In this appendix we derive the semiclassical equations of
motion of Bloch electrons using an explicit wave packet
construction that follows Refs. [33,34]. Consider a wave
packet made from a linear superposition of Bloch states in a
narrow range of k:

jWðtÞi ¼
X
k

wkðtÞjνk½x̄ðtÞ; p̄ðtÞ�i

¼
X
k

wkðtÞ
X
g

vkþg½p̄ðtÞ�e−iðkþgÞ·x̄ðtÞc†kþgj0i: ðE1Þ

The wave packet has a distribution in k space centered at

kcðtÞ≡
X
k

kjwkðtÞj2: ðE2Þ

In real space, the wave packet is centered at

rcðtÞ≡ hWðtÞjrjWðtÞi ¼
X
k

w�
ki∂kwk þAkc þ x̄; ðE3Þ

where we assumed a narrow distribution in k such that
jwkj2 ≈ δðk − kcÞ. The semiclassical dynamics of the wave
packet is described by the Lagrangian,

Lðrc; kc; ṙc; k̇cÞ ¼ hWðtÞji∂t −HjWðtÞi
¼ ðṙc − ˙̄xÞ · kc þ k̇c ·Akc þ ˙̄p ·A p̄ðkcÞ
þ ˙̄x · pkc − εHFkc − eE · rc; ðE4Þ

where total time derivative terms are dropped and we have
defined
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A p̄ðkÞ≡ hvkðp̄Þji∂p̄jvkðp̄Þi: ðE5Þ

It follows that the coordinates of the wave packet fulfill the
equations of motion:

k̇c ¼ −eE; ðE6Þ

ṙc ¼ ˙̄xþ ðk̇c · ∂kc þ ˙̄p · ∂p̄ÞAkc

þ ∂kc ½ε̃HFkc − ˙̄p ·A p̄ðkcÞ − k̇c ·Akc �; ðE7Þ

where ε̃HFk ≡ εHFk − ˙̄x · pk is the mean-field energy of Bloch
states in the crystal frame. Using Eq. (34) and

k̇c × ð∂kc ×AkcÞ ¼ ∂kcðk̇c ·AkcÞ − ðk̇c · ∂kcÞAkc ; ðE8Þ

Eq. (E7) becomes

ṙc ¼ ˙̄xþ ∂kc ε̃
HF
kc

− k̇c ×Ωkc −Ω
↔

kcp̄ · ˙̄p; ðE9Þ

in agreement with Eq. (33).

APPENDIX F: HARTREE-FOCK
CALCULATIONS IN PLG

1. Rhombohedral pentalayer graphene

The single-particle Hamiltonian of PLG is a 10 × 10
matrix in layer-sublattice space. In layer space,

HPLG ¼

0
BBBBBBBB@

h0 þ 2uD h1 h2 0 0

h†1 h0 þ uD h1 h2 0

h†2 h†1 h0 h1 h2

0 h†2 h†1 h0 − uD h1

0 0 h†2 h†1 h0 − 2uD

1
CCCCCCCCA
;

ðF1Þ

where each h is a 2 × 2 matrix in sublattice space. The
diagonal blocks,

h0ðpÞ ¼
�

0 v0p−

v0pþ 0

�
; ðF2Þ

where p� ¼ χvpx � ipy with χv ¼ � depending on the
valley (we choose χv ¼ þ in our single-valley single-spin
calculations), describe the low-energy physics of Dirac
electrons in each graphene layer. The off-diagonal blocks

h1ðpÞ ¼
�
v4p− v3pþ
γ1 v4p−

�
; h2 ¼

�
0 γ2=2

0 0

�
ðF3Þ

describe hopping between neighboring and next-neighbor-
ing layers, respectively. The effect of an applieddisplacement

field is modeled as a potential difference uD between
neighboring layers. We use parameters fromRef. [54] which
are chosen to match the experimental data in rhombohedral
trilayer graphene: v0¼ 1.0×106 m=s, γ1 ¼ 380 meV, γ2 ¼
−15 meV, v3 ¼ −9.4 × 104 m=s, v4 ¼ −4.6 × 104 m=s.

2. Hartree-Fock calculations

The band structure of PLG is obtained by solving for the
eigenvalues and eigenstates of Eq. (F1). For our purpose, the
only relevant band is the first conduction band with
dispersion εp and Bloch eigenstates jupi. Projecting to the
first conduction band, we get the Hamiltonian Eqs. (1)
and (2)with form factorsΛp0;p ¼ hup0 jupi. For the interaction
potential, we use gate screened Coulomb potential Vq ¼
ð2πe2=ϵqÞ tanhðqdÞ with dielectric constant ϵ ¼ 5 and
distance to gate d ¼ 20 nm. To get the electron crystal
states, we fold the band into an mBZ with reciprocal lattice
vectors g1 ¼ ð4π= ffiffiffi

3
p

a; 0Þ, g2 ¼ ð2π= ffiffiffi
3

p
a; 2π=aÞ, where

a ¼ ð2= ffiffiffi
3

p
nÞ1=2 is the lattice constant determined by the

electron density n. The mean-field Hamiltonian is HMF ¼
Hkin þ ΣH þ ΣF with the Hartree term

ΣH ¼ 1

A

X
pp0g

VgΛpþg;pΛp0−g;p0 hc†p0−gcp0 ic†pþgcp ðF4Þ

and the Fock term

ΣF ¼ −
1

A

X
pp0g

Vp0−p−gΛp0−g;pΛpþg;p0 hc†p0−gcp0 ic†pþgcp: ðF5Þ

The electron crystal states are obtained by solving the
Hartree-Fock equations self-consistently. In our numerical
calculations we use a 9 × 9 k grid in the mBZ and three to
four g shells that ensure convergence of our results.
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potential and goldstone gaps in rhombohedral graphene
superlattices, Phys. Rev. B 112, 075109 (2025).

[13] Y. Zeng, D. Guerci, V. Crépel, A. J. Millis, and J. Cano,
Sublattice structure and topology in spontaneously crystal-
lized electronic states, Phys. Rev. Lett. 132, 236601
(2024).

[14] T. Tan and T. Devakul, Parent Berry curvature and the ideal
anomalous Hall crystal, Phys. Rev. X 14, 041040 (2024).

[15] T. Soejima, J. Dong, T. Wang, T. Wang, M. P. Zaletel, A.
Vishwanath, and D. E. Parker, Anomalous Hall crystals in
rhombohedral multilayer graphene. II. General mechanism
and a minimal model, Phys. Rev. B 110, 205124 (2024).

[16] Z. Dong, A. S. Patri, and T. Senthil, Stability of anomalous
Hall crystals in multilayer rhombohedral graphene, Phys.
Rev. B 110, 205130 (2024).

[17] B. Zhou and Y.-H. Zhang, New classes of quantum
anomalous Hall crystals in multilayer graphene, Phys.
Rev. Lett. 135, 036501 (2025).

[18] F. D. M. Haldane, Model for a quantum Hall effect without
Landau levels: Condensed-matter realization of the “parity
anomaly,” Phys. Rev. Lett. 61, 2015 (1988).

[19] L. I. Glazman, I. M. Ruzin, and B. I. Shklovskii, Quantum
transport and pinning of a one-dimensional Wigner crystal,
Phys. Rev. B 45, 8454 (1992).

[20] X. Zhu, P. B. Littlewood, and A. J. Millis, Nonlinear
conductivity of a Wigner crystal in a strong magnetic field,
Phys. Rev. Lett. 72, 2255 (1994).

[21] X. Zhu, P. B. Littlewood, and A. J. Millis, Sliding motion of
a two-dimensional Wigner crystal in a strong magnetic
field, Phys. Rev. B 50, 4600 (1994).

[22] R. Chitra, T. Giamarchi, and P. Le Doussal, Dynamical
properties of the pinned Wigner crystal, Phys. Rev. Lett. 80,
3827 (1998).

[23] M.M. Fogler and D. A. Huse, Dynamical response of a
pinned two-dimensional Wigner crystal, Phys. Rev. B 62,
7553 (2000).

[24] R. E. Peierls, Quantum Theory of Solids (Clarendon Press,
New York, 1996).

[25] H. Fröhlich, On the theory of superconductivity: The one-
dimensional case, Proc. R. Soc. A 223, 296 (1954).

[26] P. Lee, T. Rice, and P. Anderson, Conductivity from charge
or spin density waves, Solid State Commun. 14, 703 (1974).

[27] H. Fukuyama, Pinning in Peierls-Fröhlich state and con-
ductivity, J. Phys. Soc. Jpn. 41, 513 (1976).

[28] H. Fukuyama and P. A. Lee,Dynamics of the charge-density
wave. I. Impurity pinning in a single chain, Phys. Rev. B 17,
535 (1978).

[29] P. Lee and T. Rice, Electric field depinning of charge density
waves, in Basic Notions of Condensed Matter Physics (CRC
Press, Boca Raton, FL, 2018), pp. 460–470.

[30] G. Grüner, The dynamics of charge-density waves, Rev.
Mod. Phys. 60, 1129 (1988).

[31] A. S. Patri, Z. Dong, and T. Senthil, Extended quantum
anomalous Hall effect in moiré structures: Phase transi-
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