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We show that no Einstein-Podolsky-Rosen (EPR)-like bipartite entanglement can be distilled from a
tripartite Haar random state |¥) 45 by local unitaries or local operations when each subsystem A, B, or C
has fewer than half of the total qubits. Specifically, we derive an upper bound on the probability of sampling
a state with EPR-like entanglement at a given EPR fidelity tolerance, showing a doubly exponential
suppression in the number of qubits. Our proof relies on a simple volume argument supplemented by an e-
net argument and concentration of measure. Viewing |¥), ¢ as a bipartite quantum error-correcting code
C — AB, this implies that neither output subsystem A nor B supports any nontrivial logical operator. We
also establish general constraints on the structure of tripartite entanglement in Haar random states, showing
that W- or Greenberger-Horne-Zeilinger—like entanglement cannot be distilled and that nontrivial global
symmetries are absent. Finally, we discuss a physical interpretation in the AdS/CFT correspondence,
indicating that a connected entanglement wedge does not necessarily imply bipartite entanglement,

contrary to a previous belief.
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I. INTRODUCTION

Quantum entanglement lies at the heart of many funda-
mental questions in quantum physics. However, the study
of strongly entangled quantum systems poses significant
challenges, as analytical and numerical approaches are
often limited. Haar random states provide useful insights
into the physical properties of certain many-body quantum
systems. These states, characterized by their entanglement
properties averaged over random ensembles, provide a
powerful tool for understanding complex quantum systems
with some degree of analytical tractability. In condensed
matter physics, Haar random states (and unitaries) have
proven instrumental in understanding dynamical proper-
ties, as in the eigenstate thermalization hypothesis [1],
scrambling dynamics [2], and random matrix theory [3]. In
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the AdS/CFT correspondence, Haar random states and
unitaries serve as minimal toy models of a quantum black
hole [4-6], and Haar random tensor networks serve as toy
models obeying the Ryu-Takayanagi formula at the AdS
scale at the leading order [7,8]. Also, the properties of Haar
random states have played a central role in quantum
information theory, as many protocols and fundamental
questions rely on these states or on approximations that
mimic their behavior [9]. These examples represent only a
fraction of the widespread applications of Haar random-
ness, which has become an essential concept across diverse
areas of modern physics.

Bipartite entanglement of a Haar random state |¥),p,
when the total system is bipartitioned into two comple-
mentary subsystems A and B, is well understood [4,10,11].
In particular, |¥),; contains approximately min(n,, ng)
copies of approximate Einstein-Podolsky-Rosen (EPR)
pairs shared between A and B up to some local unitary
(LU) transformations U, ® Ug. However, the nature of
tripartite entanglement in a Haar random state |¥),zc,
where the system is divided into three complementary
subsystems A, B, and C, remains much less understood.
While various entanglement measures and properties of
tripartite Haar random states have been studied extensively,
the most fundamental question remains open: whether two
subsystems A and B in |¥) .z exhibit bipartite EPR-like
entanglement or not (Fig. 1).
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(b)

FIG. 1. (a) Bipartite Haar random states with |A| < |B|. EPR
pairs can be distilled by applying a local unitary Up. (b) Tripartite
Haar random states. Can EPR pairs be distilled by local unitary
rotations or local operations?

In this paper, we prove that no EPR-like entanglement
can be distilled between two subsystems by LU trans-
formations or local operations (LO) when each subsystem
A, B, C has fewer than half of the total qubits. Specifically,
we derive an upper bound with doubly exponential sup-
pression (in terms of n) on the probability of sampling a
quantum state with bipartite entanglement. Hence, we
show that quantum entanglement in a tripartite Haar
random state |¥),pzc is nonbipartite, despite the fact that
the reduced mixed state p,p possesses a large number of
quantum (nonclassical) correlations [e.g., the mutual infor-
mation I(A:B)~ O(n) and the logarithmic negativity
Eyn(A:B) ~ O(n)]. We also discuss an application of our
results in the context of quantum error-correcting codes.
Viewing |¥),5¢ as a random encoding isometry C — AB
with input C and output AB, our results imply that each
output subsystem A or B supports no logical operator of the
code if ne < ny + ng and |ny — ng| < nc.

We also discuss the implications of our results in the
context of the AdS/CFT correspondence. Namely, our
results on LU and LO distillability suggest that a connected
entanglement wedge does not necessarily imply the pres-
ence of EPR-like entanglement, contrary to previous
beliefs. Furthermore, our results on logical operators lead
to a surprising prediction concerning entanglement wedge
reconstruction: They suggest the possible existence of
extensive bulk regions whose degrees of freedom cannot
be reconstructed on A or B = A° when the boundary is
bipartitioned into A and B.

A. Entanglement in Haar random states

Consider an n-qubit Haar random state |¥,z) where
qubits are bipartitioned into two complementary subsys-
tems A and B with ny and ng = n — n, qubits, respectively.
For n, < ng, we have

1
pA_ZTAIA < 2(na=ng)/2. (1)

~

i

where E represents the Haar average [12]. This result is
often referred to as Page’s theorem [4,10,11], suggesting
that A is nearly maximally entangled with a 2"-

dimensional subspace in B. Namely, there exists a local
unitary /, ® Up acting exclusively on B such that

(I, ® Up)|¥) 45 ~ |EPR)®™ , . ® |something),
1

V2

where A’ C B and |A| = |A’| with |R| representing the
number of qubits in a subsystem R. Hence, n, approximate
EPR pairs can be distilled between A and B by applying
some local unitary transformations without using mea-
surements or classical communications. Such unitary trans-
formations can be explicitly constructed by unitarily
approximating the Petz recovery map [13]. It is worth
noting that EPR pairs can be distilled from a single copy of
|¥,5) without considering the asymptotic (many-copy)
scenario.

Next, consider a tripartite n-qubit Haar random state
|W4pc) on A, B, and C. We focus on regimes where each
subsystem occupies less than half of the system and, thus,
satisfies

[EPR) = —=(|00) +[11)), (2)

SRan <O<I’IR<§> (3)

for R=A, B, C. In particular, we are interested in the
asymptotic limit of large n. Two subsystems, say, A and B,
have a large number of correlations as seen in the mutual
information

SAB ~nc,
I(A:B)=S, + Sg— Sag~ny +ng—nc~0(n). 4)

While the mutual information does not distinguish classical
and quantum correlations, in general, it can be verified that
these are nonclassical by computing the logarithmic neg-
ativity [14,15]:

EN(A:B)z%I(A:B), EN(A:B)ElogZ(Z|/1j|>,

(5)

where 4; are eigenvalues of the partial-transposed density
matrix pi*‘B.

A naturally arising question concerns the nature of
quantum entanglement in p,p. Namely, we are interested
in whether EPR pairs can be distilled in a single copy of pp
by applying some local unitary transformation U4 ® Uy or
some local operation ®, ® Pp.

When |¥,5c) is randomly sampled from (qubit) stabi-
lizer states, the mixed state p,p contains approximately
11(A:B) copies of unitarily (Clifford) rotated EPR pairs.
This is essentially due to the fact that tripartite qubit
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stabilizer states have only two types of entanglement:
bipartite entanglement (i.e., Clifford rotated EPR pairs)
or Greenberger-Horne-Zeilinger (GHZ)-like entanglement
[16,17], with the latter being rare in random stabilizer
states [18].

Do tripartite Haar random states also consist mostly of
bipartite entanglement? There has been a significant body
of previous works addressing this question in a variety of
contexts, but no definite or quantitative answer has been
provided. In particular, in the AdS/CFT correspondence,
there have been extensive studies based on the bit thread
formalism (see Refs. [19-23], for instance) which, implic-
itly or explicitly, assume that entanglement in p 4 is mostly
bipartite with approximately 1 /(A : B) EPR pairs. However,
another line of research [24-27] has presented evidence for
the presence of genuinely tripartite entanglement in a Haar
random state.

B. Main results: Tripartite Haar random state

Consider a Haar random pure state | ¥, z¢) supported on
a d-dimensional Hilbert space with n qubits (d = 2"). In
this paper, we prove that no EPR pairs can be distilled from
pap = Tre(|Wage)(Wapc|) via local unitary transforma-
tions or local operations when ni < (n/2) forR = A, B, C
in the large-n limit.

1. Local unitaries

For a non-negative constant 0 < & < 1, the (one-shot)
LU-distillable entanglement is defined as

ED;"(4:B) = sup sup {mITr(A(pAB)Hg@) > hz},
meNAeLU
(6)
where A = U, ® Up €LU represents a local unitary act-

ing on A ® B and Hipg is a projection operator onto m
EPR pairs supported on R, and Rp. Here, R4 C A and
Rp C B, and |R,| = |Rp| = m with |R,| and |Rp| denoting
the number of qubits in subsystems R, and Rp, respec-
tively. The parameter 4 controls the fidelity of EPR pairs,
where h = 1 corresponds to perfect EPR pairs while 4 = 0
corresponds to lovxé—ff"ldelity EPR pairs.

Theorem 1. If §=h? — 272" > 0, then, for an arbitrary
constant 0 < ¢ < 2, we have

log P (EDLLU] (A:B) > m)

1
< —c8d+ 0 <(d§ +d%) 10g5>. (7)

Note that the assumption 4% > 272" is necessary. In fact,
even without applying any unitaries, the region R,Rp

already contains m EPR pairs with fidelity approximately
272msince R4Rjp is nearly maximally mixed.

Theorem 1 provides a meaningful bound when the
second term of Eq. (7) is subleading, ensuring that the
right-hand side is negative. The bound then implies that
EPR pairs cannot be LU distilled from p4p with a fidelity
better than that from a maximally mixed state. In other
words, any attempt to enhance the EPR fidelity by applying
LU transformations U, ® Ujp will be useless.

Specifically, if we require 6 to be a constant, then it
suffices to assume ny,ng = (n/2) —w(1) [here, w(1)
means superconstant: A function f(n) is w(1) if and
only if lim,_ . f(n)=4o0], which ensures that
d%, d% = o(d). Namely,

(i) if ny.ng = (n/2) — (1), then P(ED""/(A:B) >

m) < exp (—O(d)) whenever h> — 272" = ©(1).
Noting that d = 2", we see that the probability of A and B
containing EPR-like entanglement is doubly exponentially
small in the number of qubits.

More generally, an even lower EPR fidelity, allowing o to
vanish, is also permissible. In fact, it suffices to require
6> c'(dy +dg)\/[(logd)/d] for a sufficiently large con-
stant ¢/, which ensures that the second term remains
subleading and the first term diverges to negative infinity.
As long as ny,ng = [(n—logyn)/2] —w(1), we have
(dy + dg)+/[(logd)/d] = o(1), ensuring our choice of &
can be satisfied. Therefore,

(i) if ny.np = [(n—logon)/2] — (1), then P(EDI")
(A:B) >m) =o0(1)  whenever  h>—-272" >
c/amax(nang)=[(n=loga m)/2] for 3 sufficiently large con-
stant ¢’.

2. Local operations

Analogous to Eq. (6), the (one-shot) LO-distillable
entanglement with fidelity /2 is defined as

EDQ‘O] (A:B) = sup sup {m
meNAeLO

Tr(A(PAB)HEin) > h? }
(8)

where A = @, ® @ represents a local operation (channel)
actingon A ® B and HEQE;@ is a projection operator onto m
EPR pairs supported on Ry, Rp, where |R4| = |Rp| = m.

Theorem 2. If 8=h? —2=" > 0, then, for an arbitrary
constant 0 < ¢ < 1, we have

log P <EDE}°] (A:B) > m>

1
< —c8*d+ 0 (22’"(11731 +d%) log 5) 9)

The threshold value 27 for h? is also optimal. In fact,
we can consider a simple quantum channel on both sides:
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attaching m ancillas in |0)®” and doing nothing. Making
Bell measurement on the ancilla, the probability of getting
m EPR pairs is already 27. Our bound essentially suggests
that any attempt to enhance the EPR fidelity cannot
outperform this simple quantum channel.

This result is similar to Theorem 1, with the threshold
value 272" replaced by 27 and n, (and np) replaced by
ny +m (and ng + m) in the second term. Following the
discussions above, we conclude that

() if ng.np=(n/2) —m—w(1), then P(EDI"Y x
(A:B) > m) < exp (—0O(d)) whenever h* —27" =
o(1);

() if ny,ng=[(n—-1logyn)/2] —m—w(1l), then
IP(ED%LU] (A:B) > m) = o(1) whenever h*> — 27" >
c/2max(nang)=[(n—loga n)/2+m for a sufficiently large
constant ¢’.

3. Logical operators

Since the subsystem C is nearly maximally entangled
with AB (assuming n. < n4 + ng), one can view a
Haar random state |W,pc) as an approximate isometry
V:C — AB that encodes k = n. logical qubits

A B
output

input

C

via the Choi isomorphism, where C (AB) corresponds to
the input (output) Hilbert space.

We are interested in whether the encoded quantum
information is recoverable from a single subsystem A or
not while the complementary subsystem B is traced out
(e.g., under erasure errors). This question can be addressed
by asking whether a logical operator can be supported on A
or not. Loosely speaking, U is said to be a logical unitary of
U when U implements an action of U in the encoded code-
word subspace. If a logical operator U, can be supported
on A, then a piece of information about U with respect to
the initial state can be deduced from py.

The relation to the LU-distillation problem becomes
evident by considering a pair of anticommuting Pauli logical
operators. Namely, if Pauli logical operators X and Z could
be supported on A, it would imply that an EPR pair could be
LU distilled between A and C. Hence, one can deduce that
logical Pauli operators X and Z cannot be supported inside A.
This observation enables us to establish the following no-go
result on random encoding. (A rigorous and quantitative
bound will be presented in Theorem 4).

Theorem 3 (informal). Consider a random encoding
C— AB. If nc <ny+np and ny, < ng+ne, then A
contains no quantum information about C. Namely, A does
not support any nontrivial logical unitary operator [28].

One interesting corollary of this result is that the so-called
cleaning lemma does not necessarily hold for nonstabilizer
codes. To recap, the cleaning lemma for a stabilizer code
asserts that, if a subsystem A supports no nontrivial logical
operators, then the complementary subsystem B = A€ sup-
ports all the logical operators of the code [29]. This
fundamental result is central in establishing the fault toler-
ance of topological stabilizer codes (those with geometrically
local generators), as it ensures that logical operators can be
supported on regions that avoid damaged qubits. While
the original formulation is restricted to stabilizer codes,
analogous properties (e.g., deformability of string logical
operators) are known to hold in various models of topological
phases beyond the stabilizer formalism. Despite these
examples, our result suggests that the cleaning lemma, in
its original formulation given by Ref. [29], does not extend to
general nonstabilizer quantum error-correcting codes.

4. Generalizations

We also generalize our main theorems in three different
directions in Sec. V.

(1) Tripartite entanglement—Essentially no nontrivial
tripartite pure state of smaller local dimension, such
as GHZ, or W-like states, can be LU distilled from a
Haar random tripartite state.

(i1) Chirality—Tripartite Haar random states are in-
trinsically chiral. Namely, there is no tripartite LU
which converts |y),pc into |y*) 4 pc-

(iii) Global symmetry—Tripartite Haar random states do
not possess any (approximate) global symmetry.
Namely, there is no tripartite LU satisfying

(Us ®Up @ Uc) W) apc ® W) apc-

C. Miscellaneous comments

Let us mention another relevant question concerning
local operation and classical communication (LOCC)-
distillable entanglement. Recall the hashing lower bound
for LOCC-distillable entanglement in the asymptotic sce-
nario [30,31]:

hash(A:B) < Ep(A:B),
hash(A: B) = max(S, — Sup. Sp — S45,0).  (11)

In Ref. [32], we considered one-shot one-way LOCC-
distillable entanglement in p, and showed (see Ref. [33]
also)

EDlreshotonewasl 4. py o hash(A:B).  (12)
Hence, the hashing lower bound is tight for a tripartite Haar

random state under the one-shot one-way scenario.

D. Physical and proof intuition

In this paper, we provide separate proofs for Theorems 1
and 2. The first proof follows an elementary approach with
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volume counting; the second proof requires a few additional
prerequisites, but the core idea remains similar. In fact, the
proof of Theorem 2 can be simplified to establish Theorem 1.
Since the proofs are somewhat technically involved, it will be
helpful to first provide some physical intuition and highlight
the key technical ingredients and challenges.

1. Counting argument

We begin with the intuition behind the first proof
(Sec. II). Consider a tripartite state |w4pc) Where each
subsystem is smaller than half the total size,
ny,ng,nc < (n/2). Suppose that, by acting only with
local unitaries on A and B, we can distill m EPR pairs
between them. After removing these distilled EPR pairs,
the remaining state lives on n’ = n — 2m qubits and can be
arbitrary:

(Ua ® Up)lw)apc = [EPR)®" 15 ® [something).  (13)

Our goal is to argue that states admitting such a structure
form an extremely small subset of the whole Hilbert space.

In an n-qubit system, there exist 2" mutually orthogonal
pure states. However, if we relax the requirement of exact
orthogonality and demand only that distinct states have
small mutual overlaps, one can show that there are, in fact,
doubly exponentially many such nearly orthogonal states.
Namely, letting ®g,.(n) denote the number of nearly
orthogonal n-qubit states within some small inner-product
cutoff, we have

(Dstate(n) ~ 60(2”). (14)

Drawing a Haar random state is effectively equivalent to
picking a state from this enormous set of quantum states.
Likewise, letting @i,y (1) denote the number of distin-
guishable n-qubit unitaries, @iy () is also doubly
exponential:

(I)unitary(n) ~ 0, (15)

Here, the difference in the exponents can be understood via
the Choi-Jamiotkowski isomorphism where an n-qubit
unitary can be viewed as a 2n-qubit pure state.

Now we can estimate the total number of states with LU-
distillable EPR pairs. The first step is to pick local unitaries
Uy ® Up that distill m EPR pairs. Since @iy grows
doubly exponentially, the number of choices for such
unitary operators is upper bounded by

q)unitary(nA)q)unitary (nB) ~ eO(4"A)+0(4”R) < <I)unit.alry(nR + C),

ng = max(ny, ng), (16)

where ¢ > 0 is an O(1) constant. Once the EPR pairs are
removed, the remaining n’ = n — 2m qubits can be in an

arbitrary state, giving @, (n’) possibilities. Therefore, the
total number of states with LU-distillable EPR pairs is
upper bounded by

q)unitary(nR + C)q)state(n/) ~ 80(22"R+2r)+0(2n—2m)' (17)
Importantly, if ngp < (n/2) [more precisely, if
ng = (n/2) — w(1)], then

eo(22/1R+Zc>+0(2n—2m)/eo(zn) < e_C/0<2n)’ (18)

which is doubly exponentially small. [Here, ¢’ > 0 is
another O(1) constant.] In other words, among the doubly
exponentially large number of nearly orthogonal states in
an n-qubit Hilbert space, only a doubly exponentially tiny
fraction of states admit LU-distillable entanglement
between A and B. This intuition also clarifies when the
counting argument applies: When 2ny 2 n (i.e., one sub-
system contains half of the system), the counting argument
no longer suppresses such states, and LU distillation of
EPR pairs becomes possible.

2. e-net

While the above argument is intuitively appealing,
promoting it to a rigorous proof requires overcoming
two technical hurdles. First, the argument’s scope is limited
to exact EPR pairs [i.e., Eq. (13) holds perfectly], but we
also hope to consider states that contain approximate EPR
pairs as measured by fidelity. Second, although Haar
measure is defined over a continuous space, the above
intuitive argument is based on a discrete set of states. To
address these challenges, we employ the idea of an e-net,
which allows us to discretize the continuous Hilbert space.
Specifically, an e-net is a finite set of reference states, M.,
with the property that any state in the entire space is
guaranteed to be within a distance € of some state in M,
[34]. Elements of an e-net serve as reference points that
allow us to characterize the Hilbert space.

A generic lower bound on the number of states (the
cardinality) of an e-net M, can be obtained by a simple
volume argument. However, known constructions contain
significantly more states than this lower bound [34]. In this
paper, we prove the existence of M, whose cardinality is
essentially tight with respect to this bound (Lemma 1 and
Corollary 1). This construction is crucial and enables us to
obtain an essentially tight threshold for LU-distillation
results. The construction may also be of independent
interest.

3. Concentration of measure

While the above counting argument provides physically
transparent intuition, it unfortunately does not apply to LO-
distillation problems. The main reason is that LO allows
ancilla qubits that are initially unentangled, which spoils
the volume-counting argument. Moreover, LO modifies the
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relevant fidelity threshold significantly, as explained below
in Theorem 2. As such, we need to use a different strategy.

The key idea is to use concentration of measure. Many
physical quantities computed for Haar random states
exhibit concentration of measure, meaning that their
probability distributions sharply concentrate around their
expectation values. This phenomenon is most precisely
captured by Levy’s lemma, which establishes exponential
concentration for observables satisfying a continuity (more
precisely, Lipschitz) property. It turns out that the EPR
fidelity satisfies this condition.

We are interested in the distribution of the EPR fidelity.
For given LOs (characterized by isometries V4 and V), the
expectation value of the EPR fidelity depends on the choice
of isometries. Thus, we cannot directly identify the location
of concentration. The key observation, however, is that we
can uniformly upper bound the average fidelity over all
possible isometries. This allows us to conclude that
measure concentration occurs at or below the threshold,
and, therefore, the probability of LO distillation is expo-
nentially suppressed.

To extend the argument from fixed isometries to arbitrary
local operations, we apply the concentration bound uni-
formly over an e-net of isometries and then take a union
bound. Although the number of candidate local operations
grows exponentially in subsystem dimensions, the concen-
tration estimate is exponentially strong in the total Hilbert
space dimension. Consequently, the union bound does not
overwhelm the concentration effect, and the probability that
any local operation achieves fidelity above the threshold
remains exponentially suppressed.

II. LOCAL UNITARY: PROOF OF THEOREM 1
A. Spherical cap

Recall that a pure state can be written as

W) = > (a; + b))

J=1

d
dal+bpi=1, (19)
j=1

where a;, b; € R. Hence, a pure state corresponds to a point
on a unit sphere in R??. Sampling a Haar random state

corresponds to choosing a point uniformly at random from
a unit sphere [35]. Throughout this paper, a unit sphere in
R” is called a unit (p — 1)-sphere and is denoted by SP~!
while its interior is called a unit p-ball. Their area and
volume are given by

27P/2 P2
Spmi=Zm e Vo=t
(%) rG+1)

(20)

where I'(z) is the Gamma function.

Consider a unit (p — 1)-sphere in R”. Letting (x;. ..., x,)
be the coordinates, a spherical cap Cap(h) is a portion of
the sphere cut off by a hyperplane at height x; = h, where
0 < h <1, namely,

P
Cap(h) = {(xl, X)) ERPIR < xp < 1,2)@ — 1},
j=1
(1)
where the radius of the cap is r = V1 — h?. See Fig. 2(a)

for an illustration. We also consider a generalized spherical
cap defined as

(22)

for 1 < g < p—1. Note that Cap!")(h) consists of two
copies of Cap(h) for x; > 0 and x; < 0.

B. e-net

For 0 < e < 1, a set of states M, = {|¥;)} is said to be
an e-net in the 2-norm [34] when, for every pure state |¥) in
the Hilbert space, there exists |¥;) € M, such that

I[¥) = )2 <. (23)

See Fig. 3 for an illustration. For a d-dimensional Hilbert
space, the 2-norm distance between a pair of pure states

\

(@) (b)

)
AN

FIG.2. A spherical cap and upper and lower bounds on its surface area on a unit sphere SP~!. Figures are depicted for p = 2; x, is the
vertical axis. (a) A spherical cap Cap in R”. (b) A lower bound. (c) An upper bound.
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FIG. 3. A schematic picture of an e-net. Any point in the Hilbert
space has some e-neighbor point in the e-net.

corresponds to the Euclidean distance in R?¢. An e-net is
often discussed in terms of the 1-norm in the literature, but
an e-net in the 2-norm suffices to establish the desired
result. Note that an e-net in the 2-norm is a 2e-net in the 1-
norm [34], but the converse is not true.

We begin by proving that there exists an e-net M, with
|M,| < (1/€)*@ up to subleading factors. This construction
yields an e-net with nearly optimal cardinality, a result that
is exponentially tighter (in dimension) than the one in [34].
For this, we use the following lemma regarding e-nets on a
unit sphere SP~!.

Lemma 1. Assume p >3 and 0 < e < /2. For any
region R C SP~!, there exists an absolute constant a > 0
and an e-net M_(R) of R such that

Area(R"%)

R)| <aplogp— 7
|IMc(R)| < aplog p Arca(B,)

(24)
Here, B, C SP~! is the e spherical ball (in the
Euclidean distance), R*%¢ = {x & SP~!|dist(x, R) < 2¢},
and M, (R) C SP~! does not need to be contained in R.

Proof. It is proven in Ref. [36] that SP~! can be covered
by e spherical balls such that every point on a unit sphere
§P=1is covered by less than 400p In p times. We pick such
a covering. For any R C §7~!, we collect ¢ spherical balls
that intersect with R. Denote M, (R) as the set of centers of
these balls. Then, M_(R) is an e-net of R, since the union
of these balls covers R. On the other hand, the union of
those balls is contained in R*?¢ due to the triangle
inequality, and each point of R*2¢ is counted by less than
400p In p times; hence,

|M.(R)|Area(B,) < 400p In p Area(R*%¢). (25)

This completes the proof. =
Observing that B, is a spherical cap Cap(V'1 — r?) with
radius r = e\/1 — (¢?/4), its area can be lower bounded by

[ e\
Area(B,) > (e 1 —Z> Vi (26)

see Fig. 2(b) for an illustration. Hence, by choosing

R = $?4=1 = R*2¢_ we obtain the following corollary.
Corollary 1. For pure states in a d-dimensional Hilbert

space, there exists an e-net M, of §?¢~! satisfying

IM,| < 2ad log(2d) (J%) !

for 0 < € < /2, where f(e) = /1 — (2/4).

C. State with bare EPR pairs

Consider a set of states where m EPR pairs are already
prepared approximately on smaller subsystems R, C A and
Rz C B without the need to apply local unitary trans-
formations. Namely, we define

N(mh) = {T> € Hapc

(P o |¥) > h2} (28)

for some fixed Ry, Ry with |R,| = |Rg| = m.
Lemma 2. For 0 < 2e¢ < h <1, there exists an e-net

N for NOmh) guch that

s

- () (j, -
VU < 2adlog(2d) (f(le)>2d ! Area(Cap®? (h - 2¢))

Vaa-i
(29)

where d = 22",
Proof. Let R = R, U Ry with |R| = 2m. Expand |¥) as

d 2 d
W) = Z%IDR ® |j)re + ZZﬂzij ® |j)ge (30)
=1 i—2 =1

with orthonormal basis on R and R¢ while choosing
[T)g = [EPR)g g,. The state [¥) is in N if and only if

22m {}

ZZ Bil* <1-h*.  (31)

d
Z a;|* > h?,
=1 i=2 j=1
Hence, the total surface region occupied by states in N("")
is Cap@? (1) in R%. Using Lemma 1 with R = Cap® (k)
and observing R2 C Cap®?(h —2¢), we obtain the
desired result. [

The area of Cap(m(h) has a simple asymptotic expres-
sion for large d, namely,

Area(Cap@d (1))

SZd—l

~u (2—2'" - h2) : (32)

where u(x) is a “step function”: For A2 > 272", the area of
Cap®¥ (h) will be negligibly small, while for A2 < 22",
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the area will be almost as large as that of the unit sphere.

For our purpose, we need the estimation only when

h* > 272" which i is formalized in the following lemma.
Lemma 3 Let 62 p2 —2-2"_ For § > 0,

Area(Cap@9 (1))

<exp(=2(d + 1)8%). (33)
S2d-1

Proof. The area of Cap®? (k) has an exact expression.
Using the polar coordinates on $?¢~!, we have

Area(Cap® (h))
S2d-1

1 - .
_ d—1 _ \d—d-1
=— - /2 x4 =x) dx,
B (d, d— d) h
(34)

where B(-,-) is the Beta function. Namely, it equals
P(X > h*) where the random variable X follows the Beta
distribution Beta(d, d — d). For an X ~ Beta(d,d — d), we
have

E(X)==-=2"2" Var(X)=—>—>~. (35)

QU [Wa

Therefore, for large d, the distribution is narrowly peaked at
the mean value 272", In particular, Ref. [37] shows that
Beta(d, d — d) is [1/4(d + 1)]-sub-Gaussian, implying that

Area(Cap® (h))

<exp(=2(d+ 1)8%), (36)
S24-1

where 6 = h2 = 272" > (. n

D. State with distillable EPR pairs
Let us define a set of states with LU-distillable EPR pairs

Nm4) { |¥) € Hapc

ED!"(A:B) > m} (37)

Note that N can be constructed by applying unitaries
with the form of U, y L to states in N("-")
Lemma 4. Let NU™" be an e-net for N et

é=¢+2¢, where ¢ < /2. Then, there exists an é-net
N k) for K™ such that

WD) < o, dB 2 og(d,) log(d) (

Szd§—152d§—1 mh
AT G ) (38)

Vo -1Vow-1

for some absolute constant a; > 0.

Proof. For each |¥) e N "M we can Schmidt decom-
pose it as

K
= Z’lih//i)A ® |di)pcs (39)
=1

where the Schmidt rank K <d, since |A| < |B|+ |C|.
Therefore, we can represent Uy ® Igc|¥) as (L, Uulw),
WHUxlys), ...), a normalized complex vector with com-
plex dimension Kd,. Such representation is an isometry
from the space {Uy ® Ipc|¥)|Us €U(H,)} to SPKd-T,
where U(Hy) denotes the group of unitaries acting on
a subsystem R. Conversely, any point on $*§¢1~1 also
corresponds to a normalized pure state on ABC.
Therefore, we can use an ¢'-net on $2K94~1 to construct
an ¢’-net of pure states for the space {U, ® I4|¥)}.
The cardinality of this net is upper bounded by
2ad; 10g(2‘{/24){1/[f(€/)]}2d3‘_1(Szdg—l/vzdf‘-l) due to
Corollary 1 and K < d4.

Repeating the same argument for Up and using the
triangle inequality for the 2-norm, we find a 2¢'-net
for the space {Uy ® Up|¥)| Uy € U(Hy), Ug € U(Hp)}-
Repeating this procedure for all states |¥) in the e-net

N ém‘h), we conclude that there exists an é-net ./\A/' ém‘h) for

N whose cardinality is upper bounded as specified in
the lemma. [
Combining Lemmas 2 and 4, we arrive at the following
result.
Lemma 5. For 0 < 2¢ < h < 1, ¢ < /2, there exists an
é-net with é = € + 2¢' such that

|MH<%ffm%@m%@m%w

() )

Area(Cap@ (h — 2€)) Saiz—15242-1
Vaa-

(40)
Vo -1Var-1

for some absolute constant a, > 0.

E. Putting together
Recall

Py N = 3§y e NP
such that [||¥) — [P)|l, <&  (41)

Hence, we have

P <|‘P> c N(m,h))

gp@@mﬂymmmmm%—@mga.m@
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Let {|¥;)} be elements of N g.m'h). Using the union bound, we have

P(31%) e N such that [I19) - [}, < €) < ZIP<|||‘P = )l < €). (43)

Lemma 6. Let |¥) be chosen according to the Haar measure and |¥,) be an arbitrary, fixed state. Let ¢ < 1. Then,

B(I1) = W), <) < L Vaat, (44)

S2d—1

where g(e) = (e¢/V1 —€?).
Proof. The e-ball around |W¥,) is given by Cap(V'1 — r?), where r(e) = e1/1 — (¢?/4). This area can be upper bounded
by (2d — 1)-ball of radius

r(e) €
< = g(e). 45
\/l—r(e)2 \/1_62 <> ( )
See Fig. 2(c) for an illustration. This completes the proof. m
Using Lemmas 5 and 6 and Eq. (43), we have
S(mh) . 1 \2&3+2d5-2 / 1 \ 2d-1 i
P(1%) eN") < ardidid log(dy) log(d) log(d — 22
) < axdidiogta) ogtan)ogd) (1) (i) 9@
S22 -1522-1 Area(Cap9 (h — 2¢)) (46)
V2d§—l V2d§—l S2d-1 .

Taking the logarithm with base 2 leads to

A S _ S _ A (2&) -2
1og[p<|xp>eN<m,h>>] <10g< 2 ﬂ) +10g< rea(Cap® (i e)))

Va1 Vaz-1 S2d-1

- (2d5 +2d% —2)log f(€') — (2d — 1) log f(e) + (2d — 1) log g(é) + O(log d), ~ (47)

where the multiplicative factor a,d3d3dlog(d,) log(dy)log(d) leads to a contribution of O(log d). Let us split terms into
three groups as follows:

Va1V -1
A, = log <Area(Cap(2‘§> (h— 26))) ’
S2d-1
Ay =—(2d5 +2d% —2)log f(¢') — (2d — 1) log f(€) + (2d — 1) log g(é). (48)
We then have
log [IP <|‘I‘) € N“"-h)ﬂ <A, + A, + A5+ 0(log d). (49)

Note that the bound is valid for arbitrary ¢, ¢’ (as long as é = ¢ +2¢’ < 1).
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Let us evaluate each term. As for A;, we have

d3-(1/2)

2 (2
A, = log 22% 22% T(di +)T(dy +3)\ _ log RACEPNCES)
ndﬁ—(lﬂ) a%

P(d)T(dp) =

< log(4nd,dy), (50)
where we have used I'(n* + 1) < nI'(n*). Hence, we have
A, < O(logd). (51)
As for A,, Lemma 3 implies
Ay < =2(d+1) ((h —26)? - 2—2m)2 < “2d(h? — de — 2722 < —2d8 + O(dée), (52)
where the second inequality follows from (h — 2¢)?> > h?> — 4¢ and assumes § = h*> — 272" > de.
As for As, recall that
fO=ef 1= =1 4 0] gle) == €1 + O() (53)
= 1 , = :
Hence, we have
g(e +2¢€) 1 1
Ay = 2dlogw+ o d&; logg,dﬁlog?
! 1 1
=0 <d€z) + O(de?) + O(de’?) + O<di logg,d% logg>. (54)
Putting these together, for § = h2 — (d/d) > 0, we have
.\ ! 1 1
log[P(|%) e N"M)Y] < —2d8* 4 O <10g d.de?, de”, des.d* d3 log— . d3 10g—/> . (55)
€ € €
By choosing € = &5 and €’ = ¢ where ¢ is a small enough constant, we have [38]
N 1 1
log [P(|‘I‘) e N(’"'h))} <-2-0(1)]ds +0 (dg log = 3 log5> : (56)

This completes the proof of Theorem 1.

III. LOCAL OPERATION: PROOF OF THEOREM 2

In this section, we extend our bound on distillable
entanglement to local operations. For convenience, we
work within the Stinespring dilation picture, where a local
operation is described as first applying an isometry (or
attaching ancillas and applying a unitary) and then tracing
out a subsystem.

Fact 1—Every quantum channel ®:S(C%) — S(C®%)
can be expressed as

®(p) = Trca; (VpVY), (57)

where V: C% — C% @ C% is an isometry. Furthermore,
since the Kraus rank of @ is at most d;d, [39], we can
always choose d; < d;d,.

Applying it to @, and ®p in our setting, we obtain
two isometries V,: C% — C% and Vjp: C% — C%,
where [40]

dy <d22, dly < dg2?m, (58)

In other words, crucially, we do not need to attach a large
number of ancilla, as the relevant output system on each
side contains only m qubits.

Let us first consider the case where the isometries V4, and
V are fixed.

041013-10
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Lemma 7. Suppose the quantum channel ®, (and ®p) is
defined via Eq. (57) from a given isometry V,: C% — C%
(and Vg: C% — C%, respectively), A = ®, @ ®p, then

p (Tr<A<pAB>n[EPR]> S0y n) < exp(—dip). (59)

Here, the probability is taken over the Haar measure on
states |y) on ABC, d = 2"sc, and n > 0 is arbitrary.
|

) = @) = [Te(THw ol = o)D) | <[|fi]|_sinow. @) <[[lv) - 1), < disttw. ).

Proof. We define a function fy v, (y) as

Fvavy (W) = Tr(A(pgp)TER)) = (y |VIVETTERIV, V),
(60)

where we slightly abuse the notation of ITFPR]: In the third

term, it now acts as an operator on C% ® C%. We claim f
is 1-Lipschitz. In fact,

(61)

Here, 1T = V VLIIEPRIV, V. 0(yr, §) is the (Hermitian) angle between |y) and |¢) defined as cos 0(w, ¢) = |(y|¢)|, and

dist(y, ¢) is the (geodesic) distance when regarding |y) and

¢) as points on §2¢~! The first inequality is due to the fact that

the eigenvalues of |y)(w| — |¢)(¢| are {sin@, —sin 6,0, ...,0}.
Let us compute the average of fy v, () over Haar random [y). By standard Haar average computation, we have

Efy,v, () = 2Tr

d

(vj; ViITER)y VB) .

(62)

While it may depend on V, and Vg, the following always holds:

where the inequality comes from the fact that Tr(XY) <
Tr(X)Tr(Y) for two positive semidefinite matrices.
Therefore, fy v, (w) >27" +n implies fy v, (w) >
E(fv,v,(w)) +n.

Now, applying Levy’s lemma (see below) for f on $?¢~1,
we obtain the desired bound:

. 2di?

P(fv,v,(w) >2""+n) <exp <—T> = exp(—dn?).

(64)
u

In the above proof, we used the following fact about the
concentration of measure on high-dimensional spheres
[41,42].

Fact 2 (Levy’s lemma)—If a function f: SP~! — Ris K-
Lipschitz in the sense that |f(x)— f(y)| < Kdist(x,y)
(geodesic distance), then

P’
iy > 6 el <ew(-0). (69

Next, to allow arbitrary isometries on A and B, we

consider e-nets on the space of isometries. We denote the

space of isometries C? — C? as V,(C?). It is a Stiefel
manifold U(d')/U(d' — d), and dim V(C?) = 2dd’' — d*.
We quote the following result from Ref. [43,44].

Fact 3—There exists an absolute number ¢ such
that V,(C?) has an e-net M, in operator norm |||,
such that

(66)

Now we prove Theorem 2.

Proof of Theorem 2. We pick e-nets for isometries
according to Fact 3 and denote them as M% and M3,
respectively. We choose ¢ later. For any |w), V4 and Vg, we
can always choose V/, € M2 and Vi€ M2 such that
IVs—=Villo <€ and ||Vp—Vj|, <€ and, hence,
IVaVly) = ViVily)|lo < 2e. Tt follows from Eq. (61)
that

fvv, (w) > fv,v,(w) = 2e. (67)
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We denote § = h?> — 27", By definition, for any |y),

EDQ‘O] (A:B)>m < 3V,,Vy suchthat fy v () > 27" +6. (68)

Therefore, due to the union bound, we have

PED!(A:B) > m)

DI

P(fv,v,(w) >27"+6~-2e). (69)

VA eMAVyeME

Applying Fact 3 and Lemma 7, we get

P(EDE}O](A:B) > m) < | MA||ME| exp(—d(5 — 2¢)?) < (E

as long as & > 2e.

o\ 2d4d,+2dyd,
) exp(—d(5 — 2¢)?), (70)

Now we pick € = ¢’8, where the proportional constant may be taken arbitrarily small. Taking the logarithm of Eq. (70),

we obtain

logP(EDE‘O] (A:B) > m) <-[1-0(1))5% + 0(22"1(Jj +d3) 1ogl>. (71)

IV. LOGICAL OPERATORS
IN RANDOM ENCODING

A. No logical operators in bipartite subsystems

Given two parameters 0 < &, w < 1, we say an isometric
encoding V:C — AB admits a logical unitary operator U p
if there exists a unitary U, such that

Tr (U* ViU v)

dc C

<w. (72)

The first inequality imposes a fidelity ~ on a logical
unitary operator U,p. Namely, it compares two isometries
U,V and VU via the fidelity between their Choi states:

Tr(ULVTUABV) o
a0 = (EPR|U.V'U,53V|EPR)
= (Y|Urp ® U |¥), (73)
where |¥) = (V ® I)|EPR) is the Choi state for V. Note

that
- 1
1~ [(EPR|ULV' U VIEPR)| <3| UagV = VU]
(74)

thus, a large 4 is also a necessary condition for U,zV and
VU, to be close in the operator norm.

fV)l < K|V, =

0

The second inequality ensures the nontriviality of the
logical operator. Namely, w < 1 is required to ensure that
U acts nontrivially on the input state. Otherwise, w = 1
would imply that U is a phase eI, and eI, is always
a trivial logical operator for ¢’’I~ with 4 = 1. On the other
hand, if U, is a unitary conjugation of a Pauli operator,
then w = 0.

Theorem 4. Assuming 5d§fhz —w > 0, there exists an
absolute constant ¢’ > 0 such that, for a Haar random
isometry V,

log P(V admits a logical operator on A)

<—'8*d+ 0 <(d§ +d?) log;) (75)

Here, d = 2"sc,

To prove this theorem, we need the following result
(Ref. [41], Sec. II. 1) concerning the concentration of
measurement on V,,(C?), the space of isometries C? — C”.

Fact 4—If f: V,(CP) - R is K-Lipschitz: [f(V;)-
V||, where the norm is defined as
Vi =Vallp = /Tr[(V, = V,)T(V, = V)], then there exist
absolute constants ¢y, ¢, > 0, independent of p and g,
such that

il = £ >l < crexp(-25). 6)
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Proof of Theorem 4. Fixing unitaries U, and U, define
a function fy, .. V,(CP) — C as follows:

(ViHce = Hap) = fu,w(V) = (EPR|(V ® I)'U,
® U.(V ® I)|EPR). (77)
Here, g = 2"c, and p = 2", In the following, we some-

times omit the subscript. By standard Haar average com-
putation, we have

E(f(V)) = % (78)

We now establish the Lipschitz property of f. Denote
lw;) = (V; ® I)|[EPR) (i = 1, 2). We have

] .
(wily) = ﬁTr(Vi Va); (79)

hence,

[Vi-ValF = Tr<210 — ViV, - V§V1)

= 2"c+1(1 — Re(y |wa))
> 27¢H (1= |y ]ya)]) = 27esin?0(yry, ).
(80)

In the last step, we used an elementary inequality
1 — cos @ > 3sin® . Therefore, similar to Eq. (61), we have

(V1) = £(V2)] < sinyy.pa) < 2772V, = Vs
(81)

Therefore, f is 27"¢/2-Lipschitz with respect to the
Frobenius norm. Applying Fact 4 to the real part of
f(V), we obtain

P(Re f(V) = ReE(F(V)) > 1) < ¢, exp (-%)

= crexp(—cdr’),  (82)

where d = 2"sc,

Now we pick e-nets for U(H,) [and U(Hc), respec-
tively] using Fact 3, such that the cardinality is less than
(¢/€)% [and (c/e)%, respectively]. Note that if ||U, —
U)llo < €and ||Uc — Ugl|| < €, then

fu,ue(V) = fuu (V)| <26,V VEV,(Cr). (83)

Taking the expectation over V, it also follows that

E(fu,u.(V)) - [E(fU;AU’C(V)) < 2e. (84)

We now assume a given isometry V admits a logical
operator that is fully supported on region A: There exist U4
and U such that [|Tr(Uc)|/dc] < wand |fy,y. (V)] > h?
as in Eq. (72). We can always assume without loss of
generality that £y, ;. (V) > h* (otherwise, we can multiply
U, or U with a phase), which implies that

RerAUC(V) —Re [E(fUAUC(V))
Tr(U,)Tr(UE)

> h?—
dpdc

> h? —w. (85)

This inequality, together with Eqgs. (83) and (84), implies
that there exist U’; and U{. in two e-nets respectively such
that

Re Ry, p (V) —Re[E(fU;U/C(V)> > h2—de—w. (86)

Substituting it into Eq. (82) and applying the union bound
over the e-nets, we obtain

o\ ditde
P(V admits a logical operator onA) < 2¢, <—)
€

x exp(—c,d(h® — de —w)?). (87)

Then Theorem 4 is proved by choosing € « h> — w with a
small enough proportional constant, similar to the proof of
Eq. (71). m

B. Miscellaneous comments

We have established that, when |4 is a Haar random
state (or when V:C — AB is a random isometry), encoded
logical qubits cannot be recovered from subsystems A or B
assuming n, ng, ne < % (ns + ng + n¢). On the contrary,
when |¥,pc) is a random stabilizer state (or when V is a
random Clifford isometry), part of the encoded logical
qubits can be recovered from subsystems A and B. Namely,
let gz be the number of independent nontrivial logical
operators supported on a subsystem R; the following
relations are well known [16]:

ga =I(A:C)~ny + ne — ng,

gp =1(B:C) ~ng+nc—ny, ga+9s =2k, (88)
where k = n in our setting and the approximations hold
when ni < (n/2) for R = A, B, C. This suggests that
I(A:C) ~ O(n) logical operators can be supported on A. In
fact, when V is sampled randomly, it is likely that a given
logical operator £, on A can find some other logical
operator 74 on A that anticommutes with £,. As such, one
can choose (g4/2) — o(1) pairs of mutually anticommuting
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basis logical operators on A, suggesting that (g,/2) — o(1)
logical qubits can be recovered from A.

In the above discussion, it is crucial to consider unitary
logical operators Uc. In fact, some nonunitary logical
operators can be constructed on A or B. For instance, let us
split C further into two subsystems C = C,Cy, where C,
consists only of one qubit while C; consists of nc —1
qubits. Consider the following operator:

Ve =Xc, ®|0)(0lc,. (89)

where |0)(0]¢, is a projection operator acting on C;.
Observe that |0)(0[c, acting on a Haar random state
|Wapc) effectively creates another Haar random state
|@apc,) < [0){0|c, [Papc) after an appropriate normaliza-
tion. Then, finding a logical operator V for [W,zc) is
equivalent to finding a logical operator X, for [®4pc, ),
reducing the problem to an EPR distillation in the projected
state |®4pc, ). Then, if A contains more than half of ABCy,
namely, ny > ng + 1, X—CO can be supported on A even
when no logical unitary operator can be supported on A.

We note that, in fact, Theorem 4 also holds for
nonunitary operators with bounded operator norm. The
inability to exclude nonunitary logical operators stems from
the fidelity threshold h: For V. in Eq. (89), we have
h* = O(1/d.), rendering the bound in Theorem 4 vacuous
when n, > np + 1. Referring to Eq. (89) as a nonunitary
logical operator implicitly assumes postselection on the
|0)(0| outcome, which effectively rescales the fidelity
threshold by the success probability of the measurement.

It is worth noting that the reconstruction of a nonunitary
logical operator V- on A can be interpreted as (one-shot)
LOCC entanglement distillation where one (i) performs
projective measurements {|[i)(i|}c, on Ci, (i) sends the
measurement outcome i to A, and (iii) applies an appro-
priate LU on A to prepare an EPR pair between A and C,.
See Ref. [32] for details.

V. GENERALIZATIONS

The method developed in this paper is general and
admits broader applicability. In this section, we establish
three theorems highlighting the tripartite entanglement
structure of Haar random tripartite states. We omit some
technical details in this section, as the proofs are similar to
those in Secs. III and IV.

A. Nothing is LU-distillable

We have shown that bipartite EPR-like entanglement is
essentially absent in tripartite Haar random states. This
naturally raises a broader question: Can any other tripartite
pure state be LU-distilled? For instance, could one distill
GHZ-like or W-like entanglement?

We now show a much stronger no-go statement:
Essentially no nontrivial tripartite pure state of smaller
local dimension can be LU-distilled from a tripartite Haar
random state. Let the tripartition be A, B, C, and decom-
pose each subsystem as
A:A1®A2, B:Bl®B2, C:C1®C2 (90)
We ask whether there exists a local unitary U = U, @
Up ® Uc and a pure state |¢), p ¢, such that

Uly)apc = |$)a,5,c, ® [something), 5 .. (91)

Without loss of generality, we may assume 1 < n; <n,
(here, n; = ny, +np, + nc,). If ny > n,, we can consider
an equivalent problem of outputting a pure state |¢')
on A232 C2.

Theorem 5 (nothing is LU-distillable). Let |y) 45c be a
Haar random state with n,, ng, nc < n/2. Then, the prob-
ability that there exists a tripartite pure state [¢), p c,
which can be LU-distilled from |y) sz is o(1) in the large-
n limit.

Proof sketch. Consider the entanglement entropy of |y)
with respect to the bipartition into A;B;C, and A,B,C,,
denoted as S(y). If there exists a LU-distillable tripartite
pure state |¢) on A;B;C; [namely, Eq. (91) holds], then
S(Uy) = 0. Here, this entropy is across the (A;B,C):
(A,B,C,) cut. In the following, we relax this condition to
S(Uy) < & and upper bound its probability.

Page’s theorem shows that E,,[S(Uy)] = E, [S(y)] = n
for any U. Moreover, we have the following lemma regarding
the Lipschitz continuity of the entanglement entropy.

Lemma 8. S(y) is O(n,)-Lipschitz as a function of y.

Proof. Given |w) and |¢), we consider the two-
dimensional subspace spanned by them and define H
as a rotation that rotates [y) to |¢p) in unit time. We

have [[Hl, = 0(w. ). where cosO(y.d) = |(w|)].
Reference [45] shows that

dS(e_iH’y/)

dr < c||H|| ,log, min{d,, d}, (92)

where ¢ < 1.9123. Hence, [S(w) — S(¢)| < cn0(y, ¢).

Levy’s lemma then implies that P(S(y) < &) is doubly
exponentially small when § is bounded well below n; (say,
0 < ny — c¢y/n; with some ¢ > 0):

pis) < <esn(- ) sow(-0). a2

ny
(93)

Covering the space of LUs by an e-net with size
~(1/€)4+95+4e and applying the union bound, we can

041013-14



TRIPARTITE HAAR RANDOM STATE HAS NO BIPARTITE ...

PHYS. REV. X 16, 041013 (2026)

establish that, with overwhelming probability, no smaller
tripartite pure state |¢), g ¢, can be LU-distilled. L]
This result shows that as n,, ng, and n, increase (while
remaining below n/2), a Haar random state represents a
genuinely new form of tripartite entanglement that cannot
be reduced, by local unitaries, to any smaller tripartite pure
state. In this sense, tripartite Haar random states are
maximally irreducible under LU distillation [46].

B. Chirality of wave function

Another interesting application of our method concerns
the intrinsic chirality of wave functions. Conventionally,
chirality has been characterized dynamically through
responses to external perturbations, such as robust edge
currents or quantized transport coefficients. Recently, there
have been significant developments toward characterizing
chirality directly from a single many-body wave function
[47]. In this subsection, we focus on the characterization
based on multipartite local unitaries [48]. More precisely,
an m-partite pure state |y)g x is said to be m-partite
nonchiral if there exists a local unitary of the form

U=Ug ® - ®Uyg, suchthat Uly) = [y*), (94)
where |y*) denotes the complex conjugate of |y) in the
computational basis. Each component U R, Mmay be arbi-

trary. If no such local unitary exists, the state is called
m-partite chiral.

We now ask whether Haar random states are chiral in this
sense. It is instructive to first consider the bipartite case. A
Haar random state |w) .5 is not bipartite chiral. Indeed, by
Page’s theorem [Eq. (2)], it can be converted by bipartite
local unitaries into a tensor product of approximate EPR
pairs and a product state. Since each EPR pair may be
chosen to be real, the resulting state can be mapped to its
complex conjugate by further local unitaries. Thus, bipar-
tite Haar random states are generically nonchiral.

The situation changes dramatically in the tripartite
setting.

Theorem 6 (tripartite chirality). Let |y) pc be a Haar
random state with ny,ng, ne < n/2. Then, |[y),pc is
tripartite chiral with probability 1—o0(1) in the large-
n limit.

Proof sketch. Suppose there exists a tripartite local
unitary U = Uy ® U ® U, such that |y*) = Uly) or,
equivalently,

(W' |Uly) = 1. (95)
Define
Tuly) = (v |Ulw). (96)

One verifies that f; is O(1)-Lipschitz on the unit
sphere S24-1,

We next evaluate the Haar average of f(y). The Haar
measure is invariant under global phase rotations
ly) > e|y). Under this transformation, we have

fulw) = e fy(w). (97)
Hence,
Eylfuly)] = e?E,[fu(w)] (98)
for all 6, which implies
E,[fu(w)] = 0. (99)

Applying Levy’s lemma, we find, for any fixed U,
P(fy(w)=~1) is doubly exponentially small in n.
Therefore, using the e-net and the union bound argument,
we can establish that, with overwhelming probability, no
tripartite local unitary maps |y) to |y™). "

C. Absence of global symmetry

The final application our method concerning the absence
of global symmetry. Conventionally, a global symmetry is
characterized as a tensor-product representation of a group
acting on local degrees of freedom. A prototypical example
is a global Z, symmetry on qubits generated by ®; X,
which implements a simultaneous spin flip on every site
and corresponds to conservation of total Z, charge.

More generally, one may characterize a global symmetry
of a pure state as invariance under a tensor-product unitary.
Namely, given an m-partite state [y)g  , we say that it
possesses a (possibly approximate) global symmetry if
there exists a tensor-product unitary
such that Uly) ~ |y),

U=Up ® - ® Upg, (100)

where at least one U is nontrivial (not proportional to the

identity) in a sense of Eq. (72). This is a broad charac-
terization, as we do not require the operators to form a finite
group, nor do we require exact equality. Nevertheless, this
formulation contains the conventional notion of (exact or
approximate) global symmetry under finite groups as a
special case.

A natural question is whether Haar random states admit
any such (approximate) tensor-product symmetry. The
bipartite case again provides useful intuition. A Haar
random state |y) 45 can be brought, by local unitaries, into
a tensor product of approximate EPR pairs and a product
state. Since each EPR pair is invariant under nontrivial
operators such as X ® X and Z ® Z, conjugating these
symmetries back by the inverse local unitaries produces
nontrivial tensor-product operators U, ® Up that leave
|w),p invariant. Hence, bipartite Haar random states
generically possess bipartite tensor-product symmetries.

In contrast, this structure disappears in the tripartite
setting.
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Theorem 7 (absence of global symmetry). Let [y) 45 be
a Haar random state with ny, ng,ne < n/2. Then, with
probability 1 —o(1) in the large-n limit, there does not
exist a tensor-product unitary
U=U,Q®Up®Uc, such that Uly) = |y), (101)
with at least one Uy being nontrivial.

Here and in Theorem 8, nontriviality is defined as in the
second inequality of Eq. (72).

Proof sketch. Suppose such a tensor-product unitary
exists. Then, (y|U|w) = 1. Define

gu(w) = W|Uly). (102)

where gy is O(1)-Lipschitz on the unit sphere. We first
compute its Haar average:

Tr(U)
7

where d =2". If at least one of U,, Up, and U, is
nontrivial, then |Tr(U)| < wd and, hence,
Eylgu(w)] =w < 1. (104)

Applying Levy’s lemma, we find, for fixed U,
P(gy(y) =~ 1) is doubly exponentially small. Covering
the space of tensor-product unitaries by an e-net and
applying the union bound, we can establish that, with
overwhelming probability, |y7) does not have nontrivial
tripartite global symmetry. (]

An analogous statement holds for Haar random isome-
tries, which extends Theorem 4.

Theorem 8 (absence of tensor-product logical operator).
Let V:C — AB be a Haar random isometry with no <
ny + ng and |ny — ng| < ne. Then, with overwhelming
probability, V does not admit a nontrivial logical operator
of the form U, ® Ugp.

The proof proceeds in the same manner as Theorem 4, by
considering the concentration of

Te[VI(U, ® Up)VU{] (105)

over the Haar measure and applying an e-net argument.

VI. HOLOGRAPHY

In this section, we illustrate two particular applications of
our results in the AdS/CFT correspondence. The first
question concerns the presence or absence of bipartite
entanglement in holographic mixed states. The second
question concerns whether the converse of entanglement
wedge reconstruction holds or not. Both questions have
remained unresolved and led to important conceptual
puzzles. While we keep the presentation of this section
minimal, we encourage readers to refer to Ref. [32] for

C

FIG.4. Connected entanglement wedge. Here, the minimal area
surface of AB is given by geodesics shown in solid lines, leading
to a large mutual information /(A : B). Do two subsystems A and
B contain EPR-like entanglement?.

detailed discussions and background of these problems in
the AdS/CFT correspondence.

A. Entanglement distillation

In the AdS/CFT correspondence, entanglement entropy
S, of a boundary subsystem A is given by the Ryu-
Takayanagi (RT) formula

1
Sy = ——minArea(y,) +---

106
4GN 7A ( )

at the leading order in 1/Gy for static geometries, where y 4
is a bulk surface homologous to A in the asymptotically
AdS spacetime and Gy is the Newton’s constant. (Recall
that Gy is a very small constant.) This formula predicts that
two boundary subsystems A and B can have large mutual
information even when they are spatially disconnected on
the boundary with a separating subsystem C:

I(A:B) =S, + Sg — Sapg = O(1/Gy) (107)
when the minimal surface y,p extends into the bulk and
connects A and B with a connected entanglement wedge.
[49] A prototypical example is depicted in Fig. 4 for
the AdS;/CFT,.

The entanglement structure in p,p remains mysterious.
For one thing, the mutual information is sensitive to
classical correlations such as those in the GHZ state.
Evidence from quantum gravity thought experiments and
toy models [17,50,51] suggests that correlations in p,p in
holography are not of classical nature at the leading order in
1/Gy. Furthermore, a previous work [24] showed that
|¥45c) in holography must contain some tripartite entan-
glement at the leading order in 1/Gy.

In Ref. [32], we proposed that a holographic mixed state
pap does not contain bipartite entanglement when two
individual minimal surfaces y, and yz do not overlap in the
bulk. Namely, a connected entanglement wedge does not
necessarily imply EPR-like bipartite entanglement. The
present paper provides supporting evidence for our pro-
posal. Recall that a Haar random state serves as a minimal
toy model of holography. We have S, ~ min(n,, n — ny) at
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the leading order in n, which can be interpreted as the RT-
like formula with the area (equals the total number of qubits
across the cut) minimization by employing tensor dia-

grams:
—B AV )

S4 ~ min ( A} (0
(108)

C
~_ ] —
A— Y —B=nc,
/2'\

SAB ~

Our result shows that no EPR-like entanglement is con-
tained between A and B even when they have a “connected
entanglement wedge.”

While our work provides insights into entanglement
properties of holographic mixed states, we hasten to
emphasize that whether p,p in the real holography pos-
sesses EPR-like entanglement or not remains open. It is
important to recall that Haar random states (and their
networks) reproduce entanglement properties of fixed area
states, where quantum fluctuations of area operators are
strongly suppressed due to the flat spectrum. Real holo-
graphic states have subleading fluctuations that may
potentially lead to bipartite entanglement. Also, bipartite
entanglement in bulk matter fields can contribute to
subleading bipartite entanglement in the boundary.

Our result on tripartite Haar random states is formulated
for a finite-dimensional Hilbert space with a tensor product
structure 'H = H, ® Hp ® He. However, many physi-
cally relevant systems, particularly those arising in quan-
tum field theory (QFT), are infinite-dimensional.
Furthermore, in relativistic QFT, the Hilbert space does
not literally factorize into a tensor product for spatially
adjacent regions due to the Reeh-Schlieder property and the
type-III nature of local von Neumann algebras. This
naturally leads to the question of how our results should
be interpreted in the context of continuum or “nonqubit”
systems.

In continuum theories, bipartite entanglement can be
unbounded or even divergent. For example, the entangle-
ment entropy of a finite spatial region A in relativistic QFT
diverges, and two complementary regions A and B = A¢
may share an infinite amount of entanglement. Such
divergences are typically regulated using a UV cutoff
(e.g., a lattice spacing or energy cutoff). The resulting
entanglement is dominated by short-distance modes near

When ny, ng,ne < (n/2), we have

SRan (R :A,B, C), (109)
where the minimal surface y, does not contain the tensor at
the center. This mimics the situation with a connected
entanglement wedge as in Fig. 4. Namely, by splitting C
into two subsystems, the minimal surface of AB can be

schematically depicted as follows:

I(A:B)~na+ng—nc~ O(n). (110)

|

the entangling surface and is accordingly referred to as UV
entanglement. This contribution indeed contains large
amounts of bipartite, EPR-like entanglement between
neighboring subregions.

At first sight, this conventional picture of QFT entangle-
ment seems to be at odds with our result, which asserts the
absence of EPR-like pairs. A natural interpretation is that
the Haar random state result concerns the IR, long-distance
structure of entanglement, after coarse-graining the UV
correlations. In this sense, the Haar random state may be
viewed as a toy model for the entanglement structure that
remains after all UV, short-range bipartite correlations have
been removed.

This can be seen clearly in the holographic entanglement
structure illustrated in Fig. 4. In that geometry, neighboring
regions A and C, or B and C, share large amounts of UV
bipartite entanglement. By contrast, spatially separated
regions A and B do not exhibit UV-divergent entanglement,
although their total entanglement remains parametrically
large, of the order of 1/Gy. The absence of UV contri-
butions is reflected in the fact that the mutual information
I(A: B) is independent of the cutoff scale. Equivalently, the
minimal surfaces associated with A and B are spatially
separated in the bulk, ensuring that short-distance modes
near the boundary do not contribute to the A-B correlation.
The resulting entanglement is, therefore, purely IR in
nature. This IR contribution is encoded geometrically in
the central bulk region bounded by the minimal surfaces of
A, B, and C.

B. Entanglement wedge reconstruction
(and its converse)

In the AdS/CFT correspondence, the physics of bulk
quantum gravity is holographically encoded into boundary
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quantum systems like a quantum error-correcting code. The
conceptual pillar behind this interpretation is entanglement
wedge reconstruction [52] which asserts that, if a bulk
operator ¢ lies inside the entanglement wedge £, of a
boundary subsystem A, then it can be expressed as some
boundary operator O, which is supported exclusively on A:

¢ can be reconstructed on A<¢ is inside £,. (111)

While the microscopic mechanisms of the bulk
reconstruction still remain somewhat mysterious, random
tensor network toy models can provide crucial insights on
how the bulk operators may be reconstructed on the
boundary subsystems. Let us illustrate the idea by using
a Haar random state |¥) as a minimal toy model. Let us first
assume that the bulk consists only of one qubit, which is
encoded into n — 1 boundary qubits by viewing an n-qubit
Haar random state |¥) as an encoding isometry 1 — n — 1
as schematically shown below:

bulk

boundary (112)

_>B

C
boundary l
Ae— ¥

where the bulk qubit is denoted by C and the boundary
qubits are partitioned into AB.

In this toy model, the question of whether the bulk
unitary operator U can be reconstructed on a subsystem A
is equivalent to whether a logical unitary operator U can
be supported on A in the C — AB quantum error-correcting
code. It is well known that A supports a nontrivial logical
operator U- when n, > (n/2) (and does not support one
when n, < (n/2)) [53].

This standard result on Haar encoding can be understood
as entanglement wedge reconstruction. Recall that, for
static cases in the AdS/CFT correspondence, the entangle-
ment wedge is computed by minimizing the generalized
entropy

S, = min Area(y,)

113
vaA 4GN ( )

+ Shuiks

where Sy, 1S a bulk entropy on a subregion surrounded by
74- When A occupies more than half of the total system, we
have

ng+1 C
Sa =

P (114)

where the bulk qubit C is inside the £4, suggesting its
recoverability on A. Here, +1 comes from Sy = Sc = 1.

Awp

<64 >

EW
B

A B Biett, B right

o >

(a) (b) Adown

FIG. 5. Entanglement wedge reconstruction. (a) When C
carries subleading entropy, the minimal surfaces Y5V and y&W
coincide. Hence, C can be reconstructed on one and only
one subsystem A or B. (b) Here, A=A, UAgw and
B = By U Byjgr- When C carries leading-order entropy, the
minimal surfaces y5V and y§V do not necessarily coincide, and C
may not be contained inside £, or £z. Can A or B reconstruct C?.

On the other hand, when A occupies less than half of the
total system, the minimal surface is given by

Sy= A |
/}w

where the bulk qubit is outside the £,. Instead, in this case,
the bulk qubit is inside £, suggesting the recoverability on
B. Hence, the bulk information about C can be recovered
from either A or B (unless the sizes of A and B match
exactly).

An analogous setup can be considered in the
AdS;/CFT, correspondence as depicted in Fig. 5(a).
Here, observe that when the bulk degree of freedom
(d.o.f.) C carries a subleading entropies [O(1) or, more
generally, O(1/G%) with 0 < a < 1], the minimal surface
yEV for defining the entanglement wedge £, matches with
the minimal area (Ryu-Takayanagi) surface y&7:

(115)
— B

EW

yEV ~ yRT at leading order in 1/Gy. (116)

Hence, if the bulk d.o.f. C is enclosed by y&7, an operator
acting on C can be reconstructed on A. On the other hand, if
C lies outside yX7T, it will be enclosed by yXT since y§T =
yRT (unless we fine-tune the sizes of A and B so that there
are multiple minimal area surfaces). Thus, an operator
acting on C can be reconstructed on B. Recalling the no-
cloning theorem, this also implies that an operator on C
cannot be reconstructed on A if C lies outside y&T.
(Otherwise, quantum information encoded on C could be
reconstructed on both A and B, creating two copies of C.)
Hence, unless the bulk d.o.f. C lies exactly at the minimal
surface Y&V, it can always be reconstructed on one and only
one subsystem, A or B.
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In the above arguments for a Haar random state as well
as holography, we have observed that, when the bulk C
carries a subleading entropy, entanglement wedge recon-
struction is an if and only if statement at the leading order in
1/Gy (or n):

¢ can be reconstructed on A < ¢ is inside £,

(when Sy is subleading). (117)
A naturally arising question concerns whether this remains
the case when C carries a leading-order entropy. Indeed, it
is worth emphasizing that the original entanglement wedge
reconstruction Eq. (111) is an if statement, implying that a
bulk operator can be reconstructed on A if it is contained
inside £,. Some of previous works shows that the converse
statement also holds if the complementary recovery is
possible [55]. However, the complementary recovery gen-
erally fails when the bulk region C carries leading-order
entropies. In such cases, physical or analytical evidence
supporting the converse statement has thus far been
lacking. In other words, whether the converse statement
holds or not remains unclear:

?
¢ can be reconstructed on A=>¢ is inside £,. (118)

When the bulk C is subleading, we were able to promote it
to an if and only if statement since y§W =yEW at the
leading order. However, this may fail when C is not
subleading.

One particular holographic setup, highlighting this
subtlety, was considered in Ref. [56] [Fig. 5(b)]. Here,
the boundary is divided into four segments of roughly equal
sizes and organized into A and B. In the absence of the bulk
d.o.f., the minimal surfaces of A and B would be the
same and given by the smaller of the two geodesic lines,
colored in red and blue in Fig. 5(b). However, when
Sc = O(1/Gy), the minimal surface locations may change
at the leading order as Sy, = S¢ needs to be included in
the evaluation of the generalized entropy. In particular, we
can observe that 5V # yEW at the leading order when the
length difference for the red and blue geodesics, multiplied
by 1/4Gy, is smaller than S [Fig. 5(b)]. In this case, the
bulk C lies outside £4 or £ [57].

The key question is whether the bulk C is recoverable
from A or B. The converse of entanglement wedge
reconstruction would say no, since C lies outside £, or
Ep. However, we can observe that I(C:A),I(C:B) =
O(1/Gy) in the Choi state, which suggests the presence
of leading-order correlations between the input C and
the output subsystems A and B. Our result on logical
operators supports the converse of entanglement wedge
reconstruction as a Haar random encoding with
ny,ng,nc < (n/2) mimics the situation considered in
Fig. 5(b):

bulk
C

B

where £, and £ do not contain C. Theorem 4 from Sec. [V
then suggests that a nontrivial logical unitary operator U
cannot be reconstructed on either A or B.

In summary, our result suggests that the converse of
entanglement wedge reconstruction is true even when the
bulk d.o.f. carries a leading-order entropy. One interesting
consequence is that there can be a bulk region whose
information cannot be reconstructed on either A or B. In
Ref. [32], such a bulk region was referred to as shadow of
entanglement wedge. This is in strong contrast with random
stabilizer states, where the bulk information C can be
recovered from either A or B at the leading order. Note that
it is essential to restrict to unitary logical operators in the
above argument, as discussed in Sec. IV.

(119)

VII. OUTLOOK

In this paper, we showed that a Haar random state does
not contain bipartite entanglement under nontrivial tripar-
tition satisfying ny, ng, nc < (n/2) at the limit of large n.
In the quantum error-correction picture (C — AB), this
implies that neither subsystem A nor B can support any
logical operator if ne < ny + ng and |ny — ng| < nc. We
also discussed two particular applications of our results in
the AdS/CFT correspondence: one about the presence or
absence of bipartite entanglement in holographic mixed
states and the other about the converse of entanglement
wedge reconstruction and the possible extensive bulk
region that cannot be reconstructed from bipartite
subsystems.

A natural next step is to consider more structured toy
models of holography, such as Haar random tensor net-
works. While Haar random states serve as minimal toy
models, tensor networks incorporate geometric locality and
are, therefore, closer in spirit to AdS/CFT. An important
question is whether the absence of bipartite distillable
entanglement persists once such geometric structures are
introduced. Technically, this would require understanding
whether concentration-of-measure arguments, underlying
our results, remain valid in random tensor network
ensembles.

The possible breakdown of complementary recovery in
holography may also have important implications. Our
result predicts the existence of a semiclassical region that is
not contained in the entanglement wedge of any bipartite
boundary subsystem. As an example, in an accompanying
work we proposed that the breakdown of complementary
recovery for Haar random isometries provides a possible
mechanism for the emergence of semiclassical closed baby
universes [58]. We expect that this perspective may prove
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useful in understanding the black hole interior and the role
of black hole singularities, where Haar random (or pseu-
dorandom) ideas have already played an important role.

Another important direction is to determine how much
randomness is actually required for our conclusions to hold.
Haar randomness is an extreme assumption, and physically
relevant states may only approximate it. It would be
interesting to investigate whether similar suppression
results hold for states drawn from less random ensembles,
such as approximate unitary k designs or 7-doped Clifford
circuits. Technically, this amounts to asking whether the
concentration phenomena underlying our proofs persist
under weaker pseudorandomness assumptions and to
identifying the minimal degree of scrambling necessary
to eliminate bipartite distillable entanglement.

Furthermore, our analysis places no restriction on the
computational complexity of the local operations used in
the distillation protocol. In practice, however, implement-
able operations are constrained by circuit depth and gate
count. It would, therefore, be interesting to study entangle-
ment distillation under bounded-complexity restrictions
and to understand how computational constraints modify
the suppression behavior.
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