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The bootstrap method aims to solve problems by imposing constraints on the space of physical
observables, which often follow from physical assumptions such as positivity and symmetry. Here, we
employ a bootstrap approach to study interacting electrons in the lowest Landau level by minimizing the
energy as a function of the static structure factor subject to a set of constraints, bypassing the need to
construct the full many-body wave function. This approach rigorously lower bounds the ground state
energy, making it complementary to conventional variational upper bounds. We show that the lower bound
we obtain is relatively tight, within at most a few percent from the ground state energy computed with exact
diagonalization at small system sizes, and generally gets tighter as we include more constraints. We also
show that, by combining the bootstrap lower bounds with variational Monte Carlo calculations for various
quantum Hall states, we can obtain two-sided bounds on the ground state energy that rigorously bounds the
error to below a few percentage for large system sizes where exact diagonalization is not accessible.
Beyond the energetics, our results reproduce the correct power law dependence of the pair correlation
function at short distances and the existence of a large entanglement gap in the two-particle entanglement
spectra for the Laughlin states at ν ¼ 1=3. We further identify signatures of the composite Fermi liquid state
close to half filling. This shows that the bootstrap approach is capable, in principle, of describing nontrivial
gapped topologically ordered, as well as gapless, phases. We further study the evolution of the ground state
energy and correlation functions as we interpolate between the lowest and first Landau levels at half filling
and find indications of a phase transition from a composite Fermi liquid to a non-Abelian state. We also
discuss more generally how the geometry of the allowed set of structure factors can be used to diagnose
phase transitions. At the end, we discuss possible extensions and current limitations of this approach and
how they can be overcome in future studies. Our work establishes numerical bootstrap as a promising
method to study many-body phases in topological bands, paving the way to its application in moiré
platforms where the energetic competition between fractional quantum anomalous Hall, symmetry broken,
and gapless states remains poorly understood.
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I. INTRODUCTION

The importance of the quantum Hall problem in con-
densed matter physics cannot be overstated [1]. Not only
did it provide one of the first experimental realizations
of particle fractionalization and nontrivial statistics, it also
led to the birth of the concept of topological order, which
has since heavily influenced the study of phases of matter
[2–5]. Recently, the discoveries of both flat topological
bands in moiré systems and, subsequently, fractional

quantum Hall states at small [6] and zero magnetic fields
[7–11] have revived the study of quantum Hall phases.
While the universal aspects of these zero-field fractional
quantum Hall states are expected to be broadly similar
to their finite-field counterparts, their detailed energetics
and competition with other phases such as gapless metallic
or symmetry-broken phases are quite different, requiring
the application of unbiased numerics to capture such
competition.
Most numerical studies of strongly correlated phases

focus on spin lattice models or models of hopping fermions
on a lattice, e.g., the Hubbard model, where locality plays
an important role. In contrast, the quantum Hall problem,
and, more generally, the problem of interactions in topo-
logical flat bands, inherently lacks such a local lattice
description. Furthermore, quantum Hall systems realize
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many exotic, strongly correlated phases that cannot be
captured by Hartree-Fock or related mean-field methods.
As a result, numerical studies of the quantum Hall problem
have been mostly restricted to exact diagonalization (ED)
and density matrix renormalization group (DMRG) [12].
The former is limited by exponential scaling in system size,
whereas the latter is restricted to cylinder geometries, with
exponential scaling in the cylinder circumference, and is
best suited to capture gapped phases with relatively low
entanglement. This motivates the search for alternative
numerical approaches that can overcome these limitations,
complement existing methods, and exploit the rich struc-
ture of the problem.
One class of such alternative approaches follows the

bootstrap philosophy. Broadly speaking, the bootstrap way
of thinking aims to constrain the space of physical
observables by exploiting symmetries and other physical
assumptions, such as unitarity. Bootstrap ideas in this spirit
were originally invoked to study scattering amplitudes [13]
and were central to the development of conformal field
theory (CFT) [14–18]. The recent introduction of numerical
optimization techniques in conformal bootstrap [19]—
especially semidefinite programming (SDP) [20,21]—has
revitalized the utility of the bootstrap philosophy, in
particular, providing a tractable and quantitative way to
leverage positivity conditions [22]. Of the many interesting
CFT results this new ingredient has produced, the precise
determination of the critical exponents of the 3d Ising
CFT stands out as one of the clearest demonstrations of the
potential power of bootstrap [25,26]. The success of the
modern numerical conformal bootstrap has motivated
interest in exploring broader classes of problems benefit-
ing from a bootstrap approach. Positivity conditions are
abundant in quantum and statistical physics problems, and
many recent works have shown that such conditions fit
nicely within the modern numerical bootstrap framework
[27–35]. We also note here several earlier and parallel
works with a similar flavor to the now-developing
quantum mechanics bootstrap program, including the
pioneering work of Mazziotti [36–42] in quantum chem-
istry, as well as more general reduced density matrix
(RDM) and semidefinite relaxation approaches [43–46]
applied to quantum many-body problems.
In this work, we employ a bootstrap approach to study

density-density interactions in the lowest Landau level
(LLL). We show that the energetics and correlation
functions of known states can be reproduced to reasonable
accuracy using significantly less computational resources
relative to ED, due to the polynomial scaling of the method
in system size. Our approach is based on imposing
mathematical consistency conditions on the static structure
factor Sq ≔ hρqρ−qi, where ρq is the guiding center density
operator. For density-density interactions, the energy is
completely determined by Sq. Importantly, since the Sq of

the exact ground state is necessarily part of the search
space, minimizing the energy subject to the constraints
yields a lower bound on the energy. The constraints we
use include a self-duality first derived by Haldane [47],
combined with a set of positivity conditions. The latter are a
subset of the N-representability conditions—a set of
necessary and sufficient conditions that ensure a given
RDM is derivable from a valid N-fermion density matrix
[40,42,48–50]—which we apply to the Landau level
problem, exploiting its additional structure.
Let us emphasize several advantages of this method that

make it very promising for a wide range of many-body
problems. First, while the only rigorous guarantee we have
is a lower bound on the ground state energy, our results
indicate that we can reproduce several features of the
correlations functions in the ground state to very good
accuracy—even for strongly correlated ground states with
no mean-field description such as topologically ordered
gapped states and strongly correlated gapless composite
Fermi liquids. The rigorous lower bound also makes the
method complementary to variational methods like Hartree
Fock and DMRG which produce upper bounds. Second,
while this method is a general method for any quantum
many-body system, it is particularly powerful at exploiting
problem-specific structures and can incorporate symmetries
and nontrivial analytical information about the problem
through the selection of constraints. Third, by making
connections to the bootstrap program, the approach can be
extended to extract information about other quantities such
as gaps, excitation spectra, etc. Finally, the method can be
implemented fully in momentum space or any other basis,
making it insensitive to the absence of a local lattice
description in topological bands.

II. A BRIEF REVIEW OF REDUCED DENSITY
MATRIX OPTIMIZATION METHOD

Our work aims to employ a bootstrap approach to
problems of fermions interacting with few-body inter-
actions projected to a band in the continuum. While our
problem has some special structures resulting from the
band projection, it shares the same basic structure as the
problem of electrons interacting via two-body interactions
in vacuum—an extensively studied problem in quantum
chemistry. Thus, our approach heavily uses the positivity
constraints developed in quantum chemistry in the context
of RDM methods (also called wave-function-free methods)
[36–42]. In the following, we give a brief review of the
general theory for such RDM positivity constraints.
We consider a system withN fermions interacting with at

most p-body interactions with p ≪ N. In this work, we
focus on two-body interactions (p ¼ 2), which is the most
general form of interaction obtained when projecting
Coulomb or screened Coulomb interaction onto a set
of bands, ignoring band mixing effects. Generalization
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to p > 2 is straightforward. For p ¼ 2, the Hamiltonian of
interest can always be written as

H ¼
X
ij;kl

Hij
klc

†
i c

†
jclck; ð1Þ

where the rank-(2, 2) tensor Hij
kl is antisymmetric in the

indices i, j and k, l, respectively. In the following, we use
calligraphic letters to denote second quantized operators
and the corresponding noncalligraphic letters to denote
their first quantized version. Since we are acting on the
Hilbert space of fixed particle number, we can absorb any
single-particle terms into the two-body interaction through

X
ik

Hikc
†
i ck ¼

X
ij;kl

1

N − 1
A½Hikδjl�c†i c†jclck; ð2Þ

where the operation A antisymmetrizes the indices i, j and
k, l, respectively, and N − 1 is the particle number of the
system acted on by one annihilation operator.

A. Reformulating the many-body problem
as an optimization problem

The quantum many-body bootstrap relies on the obser-
vation that the wave function, which is a complicated object
living in an exponentially large Hilbert space, is not needed
to compute all the observables of a system. For instance,
for a two-body interaction, only the two-particle reduced
density matrix is needed to compute the energy, which is
given by

E ¼ Tr½H2D�; ð3Þ

where pD is the p-particle reduced density matrix (p-RDM)
obtained from the full N-body density matrix ND by tracing
out N − p particles. For p ¼ 2, this gives the 2-RDM

2Di1i2
j1j2

≡ hc†i1c†i2cj2cj1i: ð4Þ

This means that we can find the ground state energy and all
two-particle correlation functions by minimizing the func-
tional E½2D� ≔ Tr½H2D� over the space of 2-RDMs that can
be obtained from an N-body fermionic density matrix.
To phrase this problem more concretely, let us define

the contraction or partial trace operator Lp
N which maps an

N-particle density matrix to a p-particle density matrix by
tracing over N − p indices. We can then find the ground
state energy and correlation functions by solving the
optimization problem

EGS ¼ min
2D∈P2

N

Tr½H2D�; ð5Þ

P2
N ¼ f2D∶2D ¼ L2

NðNDÞg; ð6Þ

where ND is a valid N-particle density matrix with the
standard form ND¼P

ipijψ iihψ ij with pi ≥ 0,
P

i pi ¼ 1,
and N̂jψ ii ¼ Njψ ii. The energy functional to be optimized
is a simple linear functional of 2D which lives in a space
whose dimension scales polynomially with the single-
particle Hilbert space dimension. However, characterizing
the set P2

N , known as the N-representability problem [48],
turns out to be a hard problem; determining whether a
2-RDM belongs to P2

N was proven to be QMA-hard [51].
This is not surprising, since we know the many-body
problem is generally hard, so in any formulation the
difficulty has to appear somewhere.
We note here the crucial distinction between the 1-RDM,

which is used as the basis for the Hartree-Fock method,
and the p-RDM for p > 1. A matrix Di

j which is positive,
Hermitian, and properly normalized can always be inter-
preted as the 1-RDM for a (pure or mixed) density matrix.
However, positivity, Hermiticity, and antisymmetry are
necessary but not sufficient conditions for a p-RDM,
p > 1, to be obtainable from a valid N-body fermionic
state [48]. The RDM method aims to approximate the set
P2
N by imposing a partial set of necessary constraints that

can be efficiently checked and yield a superset P̃2
N ⊇ P2

N .
Since any 2D∈P2

N satisfies all the constraints, the ground
state 2-RDM is always contained in the search space. Thus,
the energy ẼGS obtained from the minimization procedure
over the space P̃2

N is always a lower bound on the actual
ground state energy, ẼGS ≤ EGS. The set P̃2

N can be
constructed as a convex set so that convex combinations
of constraints generates new constraints. This allows the
many-body bootstrap problem to be formulated as a convex
optimization problem.

B. Hierarchy of constraints

In conformal bootstrap, there are an infinite number of
constraints, whereas in quantum many-body bootstrap the
number of constraints is finite but exponentially large for
finite system size. In both cases, it is desirable to have a
hierarchy of constraints that allows us to include the most
important constraints first and then add more and more
constraints until some convergence is achieved. In local
lattice models, the hierarchy of constraints is usually based
on locality [45], starting with constraints built from local
operators and gradually incorporating operators acting on
larger regions. In our problem, the projected interaction is
not strictly local, and there is no local lattice basis due
to band topology. On the other hand, our interaction is a
two-body interaction, and we expect the most important
correlations to be few-body correlations. Thus, we employ
the hierarchy of constraints adapted from quantum chem-
istry as we explain below.
A hierarchy of constraints characterizing the set of

N-representable 2-RDMs, P2
N , can be constructed using

the simple observation that any N-representable 2-RDM
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can be obtained by a process of contraction or partial trace of
an N-representable p-RDM for p > 2. Since the set
of N-representable p-RDMs is a subset of the set of all
p-DMs, N-representability implies p-representability, P2

N ⊆
P2
p [52]. This allows a gradation or hierarchy of constraints

which approximates the full set of N-representability con-
straints with partial sets of constraints for p < N, schemati-
cally illustrated in Fig. 1(a), which can be written
as P2

N ⊆ P2
N−1 ⊆ P2

N−2…P2
3 ⊆ P2

2.
The main disadvantage of the above procedure is that it

requires constructing the higher p-RDMs. In Ref. [50],
Mazziotti showed that we can sidestep the need to construct
higher RDMs through an explicit construction of the
N-representability constraints that depends on only the
2-RDM. Mazziotti’s construction generalizes earlier con-
structions [53,54] of positivity constraints and follows from
the simple inequalityX

i

hOiO
†
i i ≥ 0 ð7Þ

for any choice of Oi. For a general set of p-fermion
operators fOig, the summation above is expressible in
terms of the p-RDM. However, there are special choices
of fOig where the r-particle parts, r > 2, cancel, allowing
us to express Eq. (7) as a constraint on the 2-RDM. The
constraints constructed from sets fOig, where Oi is a
polynomial in fermionic creation or annihilation operator of
the order of at most p, are called ð2; pÞ constraints. Clearly,
from this definition, the set of ð2; pÞ constraints contains
the set of ð2; p0Þ constraints for p0 < p [55]. This gives rise
to a hierarchy of constraints which gets stronger as p is
increased as shown in Fig. 1(b). Mazziotti [50] has shown
that all N-representability constraints take this form. Thus,
imposing all ð2; NÞ constraints is necessary and sufficient
to determine whether a 2-RDM is N-representable.
The simplest constraints are constructed by taking O to

be a two-body operator. In that case, we do not need to sum
over multiple terms in Eq. (7), and we get the positivity
constraints (usually called the DQG conditions [53]):

hODO
†
Di ≥ 0; hOQO

†
Qi ≥ 0; hOGO

†
Gi ≥ 0 ð8Þ

with OD ¼ P
α;β A

D
αβc

†
αc

†
β, OQ ¼ P

α;β A
Q
αβcαcβ, and

OG ¼ P
α;β A

G
αβc

†
αcβ, for arbitrary AD;Q;G under proper

antisymmetrizations. All these constraints have the form
½Al�†Mlð2DÞAl ≥ 0 for all Al, where l ¼ D,Q,G (here, we
use a vector notation where the two lower indices of Al

αβ are
combined together and Al is treated as a vector in this
combined index). This translates to the condition that the
matrices Mlð2DÞ which depend only on the 2-RDM
are positive semidefinite (PSD), usually denoted by
Mlð2DÞ ≽ 0. Note that the first constraint just reflects
the fact that the 2-RDM is a PSD matrix, whereas the other
two generally give different nontrivial constraints on the
2-RDM.
For p > 2, a more careful choice of the Oi is required to

yield constraints involving only the 2-RDM. To illustrate
this, consider the case of p ¼ 3. The simplest positivity
constraint at this level, called T1 [54], is defined throughP

2
i¼1hOT1;iO

†
T1;ii ≥ 0, where OT1;1 ¼

P
αβγ Aαβγc

†
αc

†
βc

†
γ

and OT1;2 ¼ O†
T1;1 ¼

P
αβγ A

�
αβγcγcβcα. This constraint

can be phrased as MT1 ≽ 0, where MT1 is defined as
½MT1�αβγα0β0γ0 ≔ hfc†αc†βc†γ ; cγ0cβ0cα0 gi. Note that, when com-

muting ccc past c†c†c†, the three-particle term cancels due
to the fermionic anticommutation relation. As a result,
MT1 contains only expectation values of at most four
fermions, leading to a PSD constraint on the 2-RDM of
the form MT1ð2DÞ ≽ 0. Another constraint we can
construct at this level, called the (generalized) T2 constraint
[40,56], is obtained by imposing

P
2
i¼1hOT2;iO

†
T2;ii ≥ 0

with OT2;1 ≡P
αβγ Aαβγc

†
αc

†
βcγ þ

P
α Bαc

†
α and OT2;2 ≡P

αβγ A
�
αβγc

†
γcβcα þ

P
α D

�
αcα. Similar to the case of T1,

it is easy to see that the expectation values containing more
than four fermion operators cancel, and we obtain a PSD
constraint of the form MT2ð2DÞ ≽ 0. Other constraints for
p ¼ 3 and p > 3 can be constructed similarly [40,50], but
they require imposing a tensor decomposition structure
on the variables A, e.g., Aαβγ ¼ BαβCγ . We come back to
this in the later discussions. For the rest of the manuscript,
we focus on the (2, 2), T1, and generalized T2 constraints.

III. PROBLEM SETUP

In this section, we discuss the main bootstrap setup
applied to the quantum Hall problem. We find that the
RDM positivity constraints take a particularly simple form
in the quantum Hall problem due to continuous magnetic
translation symmetry. In particular, the 2-RDM can be
expressed in terms of the much simpler static structure
factor.

A. Interacting quantum Hall system

We begin with a brief review of the basic setup of the
quantum Hall problem. We consider the LLL on a torus

Contraction

GS

(a)

(b)

FIG. 1. Hierarchy of density matrices (DMs) at different
particle levels (a) and corresponding positivity constraints for
the N-representable 2-RDM (b). The red star in (b) denotes the
true ground state.
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with N electrons and NΦ flux quanta corresponding to the
filling ν ¼ N=NΦ. For simplicity, we set the magnetic
length lB to 1. A LLL projected density-density interaction
Vq is described by the Hamiltonian

H ¼ 1

2

Z
d2q
2π

Vqρ̃qρ̃−q; ρ̃q ¼
X
α;β

Λ̃αβ
q c†αcβ: ð9Þ

Here, the sum over α and β runs over any complete
orthonormal basis of the LLL, and Λ̃αβ

q ¼ hαje−iq·rjβi is
the form factor matrix. We can write the LLL projected
density operator as ρ̃q ¼ e−q

2=4ρq, where ρq ¼P
α;β Λ

αβ
q c†αcβ with Λαβ

q ¼ hαje−iq·Rjβi and R is the
guiding center coordinate satisfying ½Ra; Rb� ¼ −iϵab.
Generalization to the nth LL can be straightforwardly
implemented via the replacement Vq ↦ Vq½Lnðq2=2Þ�2,
where LnðxÞ denotes the nth Laguerre polynomial. We
note that, on a system with NΦ flux quanta placed on an
Nx × Ny grid (with NΦ ¼ NxNy), the momenta q are
discretized in units of Δx;y ¼ ½ð2πÞ=Nx;y� and the operators
ρq satisfy ρqþNΦp ¼ �ρq for any p on the grid [47]. This
means that there are at most N2

Φ distinct momenta. For the
LLL, the dimension of the linear vector space spanned
by ρq for different q’s turns out to be exactly equal to N2

Φ.
The momentum integral in Eq. (9) and all subsequent
expressions should be interpreted as

R ½ðd2qÞ=ð2πÞ� ¼
ð1=NΦÞ

P
q, where the sum goes over these N2

Φ distinct
momenta [57]. For example, we can take q¼ðnxΔx;nyΔyÞ,
where nx; ny ¼ 0;…; NΦ − 1.
The energy of any state for a density-density interaction

is completely specified by the static structure factor,
defined as Sq ¼ hρqρ−qi:

E½Sq� ¼
1

2

Z
d2q
2π

Vqe−q
2=2Sq; ð10Þ

where Sq ≥ 0 and satisfies Sq¼0 ¼ N2. It is also useful to
define the structure factor per flux quantum [47] whose
q ¼ 0 component is subtracted off, which we denote by
sq ≔ ð1=NΦÞðSq − N2δq;0Þ. Many of our expressions are
simpler when expressed in terms of Sq, but we present the
final numerical results always in terms of sq, which does
not scale with system size, to facilitate comparison with
previous work.
The structure factor encodes the full information about

all two-body correlation functions, which means it contains
the same information as the 2-RDM. This may seem
surprising since the 2-RDM is an antisymmetric matrix
with linear dimension ½NΦðNΦ − 1Þ�=2 parametrized by
f½NΦðNΦ − 1Þ�=2g2 ∼ N4

Φ variables. On the other hand,
there are only N2

Φ possible values for q. The resolution
for this discrepancy arises from continuous magnetic

translation symmetry (CMTS), which allows us to diago-
nalize the 2-RDM of any state [58] using a unitary
transformation that does not depend on the state, as we
discuss later. This reduces the number of independent
variables in the 2-RDM to the number of its eigenvalues,
½NΦðNΦ − 1Þ�=2. On the other hand, not allN2

Φ values of Sq
are independent. In fact, a duality derived by Haldane [47],
which we explain in detail, relates Sq to its own Fourier
transform reducing the number of independent values of Sq
to ½NΦðNΦ − 1Þ�=2 matching the count for the 2-RDM.
Thus, we have two equivalent representations for the two-
body correlation functions in the LLL:

Sq þ Haldane duality ⇔ 2 − RDMþ CMTS: ð11Þ

With this identification, we can write the ð2; pÞ positivity
constraints, usually expressed in terms of the 2-RDM, in
terms of Sq. It should be noted that using the Sq repre-
sentation makes the symmetries more manifest. For exam-
ple, inversion symmetry has the simple implementation
Sq ¼ S−q. Furthermore, in the thermodynamic limit, the
full rotational symmetry implies Sq ¼ Sjqj. Since we are
always working on a torus, we have only some discrete
rotation symmetry depending on the chosen lattice. Here,
we choose a square lattice with a C4 such that Sq ¼ SR4q,
where R4 is the π=2 rotation matrix. Note that, as we
increase system size, we should expect Sq ≈ Sjqj for
sufficiently small q such that the effect of boundary
conditions can be neglected.
We emphasize that, because the search space of Sq ’s (or,

more generally, RDMs) is convex, the minimum energy
always lies at its boundary. Combined with the fact that
we are searching a larger region than the physical space,
this means that the optimal Sq will almost always not
correspond to any physical state. However, if we have
imposed enough constraints such that the search space is a
good approximation for the physical region at least close to
the minimum of the Hamiltonian, we expect the correlation
functions, e.g., structure factor, we obtain to be a good
approximation for the correlation functions of the true
ground state.

B. Haldane duality

An important identity satisfied by the structure factor Sq
is a duality derived by Haldane [47]:

Sp − N ¼ �
Z

d2q
2π

eiq∧pðSq − NÞ; ð12Þ

where the � signs correspond to bosons and fermions,
respectively, and the wedge product is defined as q ∧ p ¼
qxpy − qypx. We are focusing exclusively on the fermionic
case in this work.
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Haldane’s proof of Eq. (12) uses the properties of
magnetic translation symmetry and its relation to the
guiding center coordinates, which are features unique to
the quantum Hall problem, making it unclear whether this
duality is generalizable beyond the LLL case. Here, we
provide an alternative proof that shows that the duality can
be generalized to a much wider class of bands. The main
assumption we need is that the relation between the
operator ρq ¼ eð1=4Þq2 ρ̃q (which can be defined for any
band) and the fermion bilinear c†αcβ can be inverted:

ρq ¼
X
α;β

Λαβ
q c†αcβ ⇔ c†αcβ ¼

Z
d2q
2π

Λq
αβρq;

X
α;β

Λαβ
q Λq0

αβ ¼ NΦδq;q0 ;
Z

d2q
2π

Λq
αβΛ

γδ
q ¼ δα;γδβ;δ: ð13Þ

For an arbitrary band, lattice translation symmetry implies
momentum conservation modulo reciprocal lattice trans-
lations, which implies hρqρpi ¼ δqþp;GSq;G, where G is a
reciprocal lattice vector [for our grid, this corresponds
to the vectors G ¼ 2πðn;mÞ for n ¼ 0;…; Ny − 1 and
m ¼ 0;…; Nx − 1]. In the LLL, CMTS implies full
momentum conservation such that Sq;G ¼ δG;0Sq. Below,
we show that there is a more general version of the Haldane
duality valid for any band satisfying the form factor
invertibility relation (13) which reduces to the Haldane
duality when using CMTS and the precise form of the
matrices Λ for the LLL. To derive this relation, we note that
there are two ways to express the four-fermion expectation
value hc†αcβc†γcδi in terms of Sq:

hc†αcβc†γcδi ¼
X
G

Z
d2q
2πNΦ

Λq
αβSq;GΛ

−qþG
γδ

¼ δγ;δhc†αcβi þ δβ;δhc†αcγi − hc†αcδc†γcβi
¼ δγδhc†αcβi þ δβ;δhc†αcγi

−
X
G

Z
d2q
2πNΦ

Λq
αδSq;GΛ

−qþG
γβ : ð14Þ

Acting with Λαβ
p Λγδ

−pþG and summing over α, β, γ, and δ

yields

Sp;G ¼ −
X
G0

Z
d2q
2π

Γq;G0
p;G Sq;G0 þ trΛpMtrΛ−pþG

þ trΛpΛ−pþGMT; ð15Þ

where we define Γq;G0
p;G ≔ ð1=NϕÞtrΛT

pΛqΛT
−pþGΛ−qþG0

and

Mαβ ≔ hc†αcβi. Note that, in deriving Eq. (15), we have
used only the fermionic anticommutation relation and the
invertibility of the form factors (13).

For the LLL, we can use Sq;G ¼ SqδG;0 and Λq ¼ e−iq·R.
Furthermore, we can show that Λq ¼ Λ�

q ¼ ΛT
−q, ΛqΛp ¼

e−ði=2Þq∧pΛpþq (the latter follows from the commutation
relations of the guiding center R) and Mαβ ¼ νδα;β.

This yields Γq;0
p;0 ¼ eiq∧p, trΛ−p ¼ NΦδp;0, and trM ¼ N,

which gives the Haldane duality (12) upon substituting
in Eq. (15).
We note that the derivation above used only the proper-

ties Λq ¼ Λ�
q ¼ ΛT

−q and ΛqΛp ¼ e−ði=2Þq∧pΛpþq, which
hold irrespective of the basis and gauge choice we use.
For our explicit computations, we use a Bloch basis for
the lattice magnetic translation operators labeled by BZ
momentum k and assume a periodic gauge. This yields the
explicit expression for Λq:

Λk;k0
q ¼ e−ði=2Þq∧kα�k0αkþqδ½k0�;½kþq�; ð16Þ

where ½k� denotes the BZ part of k, fkg ≔ k − ½k� is the
reciprocal lattice part, and αk ¼ ηfkgeði=2Þ½k�∧fkg. More
details about the form factor, its inverse, and the Bloch
basis are given in Appendix B.
This duality plays a big role in fixing the antisymmet-

rization (fermionic exchange statistics) of the 2-RDM
which can be seen from its derivation. Besides that, we
want to point out several extra constraints that can also
be inferred by the duality—the first one is the sum rule
(equivalent to the trace condition in 2-RDM):

Z
d2q
2π

Sq ¼ N − N2 þ NNΦ; ð17Þ

and the second one is the large q behavior of the Sq:

lim
q→∞

Sq ¼ N − N2=NΦ: ð18Þ

These two are obtained by taking p ¼ 0 and p ¼ ∞
in Eq. (12), respectively. A third identity is obtained
by multiplying both sides of Eq. (12) by e−ð1=2Þp2 and
integrating over p, leading to

Z
d2q
2π

Sqe−ð1=2Þq
2 ¼ N: ð19Þ

One way to understand this relation is to note that the
right-hand side is nothing but (twice) the energy expect-
ation value E½Sq� (10) for Vq ¼ 1, which corresponds to a

contact interaction. However, writing e−ð1=2Þq2ρqρ−q ¼
e−ð1=2Þq2∶ ρqρ−q∶þ ρ0, we note that the first (normal-
ordered) part vanishes when acting on any fermionic state,
since contact interaction does nothing when acting on
spinless fermions. Thus, for Vq ¼ 1, 2E½Sq� ¼ N.
We note that the invertibility of the LLL form factor

follows directly from the fact that the linear vector spaces
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spanned by c†αcβ and ρq have the same dimension N2
Φ. This

condition is equivalent to the existence of an invertible
linear map between the projected density operator in a band
and a set of “unphysical” density operators satisfying the
Girvin-MacDonald-Platzman (GMP) algebra [59]. Such a
map was first discussed by Shankar and Murthy [60] in the
context of general Chern bands and was discussed by one
of the authors [61] in the context of ideal bands. We expect
this property to remain true for bands obtained by per-
turbing the LLL by a small amount. We leave the full
characterization of the invertibility of form factors in
general bands to future works.

C. Positivity constraints in terms of Sq
In this section, we discuss how the general positivity

constraints of the 2-RDM are expressed in terms of Sq and
discuss the simplifications in this representation, particu-
larly by exploiting CMTS.

1. (2, 2) constraints

Let us start with the simplest (2, 2) positivities which
contain three constraints. First, the G condition hOGO

†
Gi≥0

with OG ¼ P
αβ A

G
αβc

†
αcβ implies the matrix Gαβ

δγ ¼
hc†αcβc†γcδi is positive semidefinite, G≽0. Using Eq. (13),
the matrix G can be expressed in terms of the structure
factor Sq via

Gαβ
δγ ¼

Z
d2q
2π

Λq
αβΛ

−q
γδ Sq: ð20Þ

Noting that Λ−q
αβ ¼ ½Λq

βα�� ¼ Λβα
q =NΦ and recalling Eq. (13),

we see that Eq. (20) above implies that the form factor matrix
Λ diagonalizes Gwith the eigenvalues being the values of the
structure factor Sq at different q’s. Crucially, this means that
the PSD condition G ≽ 0 reduces to the simple linear
condition Sq ≥ 0 (see Appendix B for a detailed discussion).
Next, we consider the D condition with operator OD ¼P
αβ A

D
αβc

†
αc

†
β, with AD

αβ ¼ −AD
βα; the positivity of hODO

†
Di

translates to the statement that the 2-RDM Dαβ
γδ ¼

hc†αc†βcδcγi is PSD. This can be expressed in terms of
the structure factor via

Dαβ
γδ ¼ −νδαδδβγ þ

Z
d2q
2π

Λq
βδΛ

−q
αγ Sq; D ≽ 0: ð21Þ

The Haldane duality (12) guarantees the antisymmetry of
Dαβ

γδ under exchanging α ↔ β or γ ↔ δ. A more physically
suggestive way to writeD is to express it as a first quantized
two-particle Hamiltonian:

D ¼ νð1þ νÞ þ
Z

d2q
2π

sqeiq·ðR1−R2Þ: ð22Þ

This corresponds to the Hamiltonian of two particles in
the LLL interacting via an effective Coulomb potential
Ṽq ¼ sqeð1=2Þq

2

. Note that
Pp

i;j¼1 e
iq·ðRi−RjÞ ¼ pþPp

i≠j¼1 e
iq·ðRi−RjÞ corresponds to the first quantized action

of the guiding density operator ρq on a wave function of p
particles. Then, the positive semidefiniteness of D trans-
lates to the statement that the spectrum of the correspond-
ing effective Hamiltonian is non-negative. As we show later
in Sec. IV D, the spectrum of Eq. (22) admits a simple form
whose energies are also linear functionals of sq provided
that sq is rotationally symmetric. While this is generally not
true on a finite torus, we expect it to be true either on
geometries with rotation symmetry such as sphere or disk
or for sufficiently large system size. Hence, while we
impose this constraint as a PSD constraint, we see later in
Sec. IV D that we can analyze its behavior as a linear
constraint.
Finally, we can consider the Q condition which is a

particle-hole conjugated version of the D condition,
hO†

DODi ≥ 0. It is straightforward to see (see Appendix B
for a detailed discussion) that the Q condition for quantum
Hall is strictly weaker than theD condition for ν < 1=2 and
strictly stronger for ν > 1=2, so it suffices to consider only
one of the two.

2. (2, 3)—T1 and T2 constraints

We now consider the next level in the constraint
hierarchy as discussed in Sec. II B. As we discussed
earlier, there are two constraints built from the identityP

ihO†
iOii ≥ 0. The first, called T1 constraint, is con-

structed by taking OT1;1 ¼
P

αβγ Aαβγc
†
αc

†
βc

†
γ and OT1;2 ¼

O†
T1;1 ¼

P
αβγ A

�
αβγcγcβcα, whereas the second, called

the generalized T2 constraint [40], is constructed by
taking OT2;1 ≡P

αβγ Aαβγc
†
αc

†
βcγ þ

P
α Bαc

†
α and OT2;2 ≡P

αβγ A
�
αβγc

†
γcβcα þ

P
α D

�
αcα. In both cases, the expressionP

i O
†
iOi contains only terms of the form c†c†cc and c†c

due to the cancellation of the term c†c†c†ccc. The term
hc†c†cci can be expressed as a linear functional of Sq using
Eq. (21), whereas hc†αcβi ¼ νδαβ due to CMTS. Thus, both
constraints take the form M½Sq� ≽ 0 for some matrix M
which depends linearly on Sq.
The (2, 3) constraints can be simplified considerably using

CMTS as follows. To do this, we use a basis of Bloch states
labeled by crystal momenta. Such a basis is constructed
by choosing basis vectors enclosing a unit cell containing a
2π flux such that magnetic translation symmetries corre-
sponding to the basis vectors commute [62]. This basis is
natural when working on the torus geometry and has the
advantage that the form factors are sparse matrices. To
see how this basis simplifies the (2, 3) constraints, let us
rewrite OT1;1¼

P
k1;k2;QA

Q
k1;k2

ck1ck2cQ−k1−k2 and similarly
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for OT1;2. Then, we find that
P

ihO†
T1;iOT1;ii ¼P

Q½AQ
k1;k2

��MQ
k1;k2;k01;k

0
2
½SQ�AQ

k0
1
;k0

2
[62]. This reduces the

PSD constraint M½Sq� ≽ 0 where M has linear dimension
∼N3

Φ to NΦ PSD constraints MQ½SQ� ≽ 0 where the
matricesMQ are much smaller with linear dimension going
only as ∼N2

Φ. Note that this simplification relies on only
lattice translation symmetry, which is applicable beyond the
LL problem and is a subgroup of CMTS. As we show in
Appendix B, the full CMTS allows us to relate the matrices
MQ for different Q’s through unitary transformations,
which reduces the number of PSD constraints to Oð1Þ
constraints [62]. Overall, this reduces the complexity of the
T1 and T2 constraints from imposing the PSD condition
of ∼Oð1Þ matrices with linear dimension ∼N3

Φ to that
of ∼Oð1Þ matrices of linear dimension ∼N2

Φ.

D. Convex optimization

On a practical level, one of the main advantages of the
bootstrap and related methods is that they transform the
problem into a convex optimization problem. Importantly,
convex optimization is capable of solving problems with
nonlinear PSD constraints through SDP. The latter problem
is now reasonably well studied with well-developed algo-
rithms, especially the primal-dual interior point method
[63,64] that we use in this work. The SDP implemented in
this work is carried out using MATLAB [65] together with
the MOSEK [66] solver. We also use the comprehension
layers YALMIP [67] and/or CVX [68,69] to convert our
program into a standard form in SDP.
We close Sec. III by summarizing the bootstrap setup

used in this work:

Minimize E½Sq�;
subject to Haldane duality ½Eq:ð12Þ�

þ 2-RDM positivity constraints: ð23Þ
Here, the 2-RDM constraints are implemented as
linear matrix inequality constraints having the formP

q SqΓq − C ≽ 0, where Γq’s and C are given (precalcu-
lated) matrices and Haldane duality is an equality con-
straint. For example, for the D condition, we have

½ΓD�qαβ;γδ ¼
1

NΦ
Λq
βδΛ

−q
αγ ; ½CD�αβ;γδ ¼ νδαδδβγ: ð24Þ

These can be easily formulated through the comprehension
layer and passed to the solver.

IV. RESULTS ON BOOTSTRAPPING THE
LOWEST LANDAU LEVEL

To obtain our results, we use a screened Coulomb
interaction Vq ¼ ½1=ðηjqjÞ� tanh ηjqj, where η controls the

range of the interaction. This allows direct comparison with
pseudopotential results where the nth pseudopotential is
given by Vn ¼

R ½ðd2qÞ=2π�ðVqe−q
2=2ÞLnðq2Þe−q2=2 [70],

where Vqe−q
2=2 is the LLL-projected interaction. We

note that our density-density interaction differs from a
normal-ordered interaction (which is the one used in first
quantization for pseudopotential arguments) by the
term NE0, where E0 ¼ 1

2

R ½ðd2qÞ=ð2πÞ�Vqe−q
2=2. In the

following, we measure the energies in units of Vs,
the sum of all contributing pseudopotential components:
Vs ≡P

n¼1;odd Vn. This provides the natural energy scale
for spinless fermions, since all even terms drop out when
acting on fermionic wave functions. It can be shown that
the following is true in large system size with a full
rotational symmetry:

Vs ¼
1

4
ðVq¼0 − 2E0Þ; ð25Þ

which turns out to be a good measure even for small system
sizes with no full rotational symmetry (i.e., system on
torus) and is used in our calculation. In particular, this
means that Vs is parametrically smaller than E0 for short-
range interactions, η ≪ 1, since E0ðη → 0Þ ¼ Vq¼0=2.
Our results are presented for two levels of constraints

(2, 2) and ð2; 2Þ þ T1þ T2. In this section (treating LLL),
we find that imposing ð2; 2Þ þ T2 ensures that T1 is
already satisfied, so we refer to the two levels of constraints
as (2, 2) and ð2; 2Þ þ T2 or, alternatively, bootstrap without
and with T2.

A. Energetics: Comparison to ED and variational
Monte Carlo (VMC)

We start by comparing the energies we obtain in the
bootstrap approach to ED at small system size, as sum-
marized in Fig. 2. In Figs. 2(a) and 2(b), we compare the
energies at fillings ν ¼ 1=3 and 1=5 with ED on small
system sizes 3 × 3 and 5 × 5, respectively. We see that our
energy provides a lower bound to the actual energy as
expected. For short-range interaction, the error in the
energy per particle is very small but increases as we
increase the interaction range. With the (2, 2) constraint
only, the maximum error in the energy per particle is
around 1%–2% and goes down to 0.5%–1% when includ-
ing the (2, 3) constraint. In Fig. 2(c), we show how our
bound changes as we increase the system size, indicating
convergence as a function of system size. In addition to the
comparison to ED, we also performed VMC calculation,
since the Laughlin wave function is expected to provide a
very good variational wave function for the ν ¼ 1=3 state
that becomes exact in the limit of small η. Details about the
model wave functions can be found in Appendix A. The
Laughlin VMC provides a rigorous variational upper bound
for the ground state energy which can be combined with the
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bootstrap lower bounds to provide rigorous two-sided
bounds on the energy. This simultaneously bounds the
error for both approaches and can be done for system sizes
where ED is intractable. As shown in Fig. 2(c), we combine
the VMC and bootstrap bounds to confine the exact ground
state energy at filling 15=45 within 1%–2% of the natural
energy scale [see the green curve in the inset in Fig. 2(c)].
In Fig. 2(d), we show the energy obtained from the

bootstrap vs ED for a 5 × 5 grid for different particle
number N with the inset showing the error per particle. The
error per particle never exceeds 5%, suggesting our
procedure captures the energetics reasonably well for all
fillings. However, we see there is some systematic behavior
in the error that can produce large errors when computing
quantities that depend on the derivative of energy relative to
particle number, e.g., compressibility. In particular, there
is a noticeable increase in the error on adding a particle to

the 1=3 Laughlin state (between N ¼ 8 and N ¼ 9) and a
smaller one around the 1=5 Laughlin state (between N ¼ 5
and N ¼ 6). This suggests the bootstrap approach under-
estimates the energy of quasielectron excitations on top of
the Laughlin state (the error improves again as we add more
particles). Later, we will perform an in-depth analysis to
identify the source of this error.

B. 1=3 filling

To go beyond the energetics, we now look for specific
correlation functions that can be constructed from the static
structure factor sq. For small screening distance η, we
expect the ground state at fillings 1=m, with m odd and not
very large, to be the Laughlin state. The main characteristic
of the Laughlin state at filling 1=m is the existence of an
order m zero when any pair of particles approach
each other. This is most readily detected from the
pair correlation function gðrÞ, which corresponds to the
probability of having a pair of electrons separated by a
distance r. Its explicit form is given by gðrÞ ¼ hc†0c†rcrc0i,
where cr ¼

P
α ϕαðrÞcα and ϕαðrÞ is any basis of the LLL.

It can be obtained from sq via the relation gðrÞ ¼
ν−1 − e−r

2=2 − ν−2
R ½ðd2qÞ=ð2πÞ�e−ðqþrÞ2=2sq. This expres-

sion can be obtained through applying Haldane duality to
the expression in Ref. [59]. For the Laughlin state at filling
ν ¼ 1=m, gðrÞ grows as jrj2m at small r reflecting the order
m zero as the particles approach each other. In Fig. 3(a), we
show the pair correlation function obtained in our approach
for relatively short-range interaction, η ¼ 0.15, at ν ¼ 1=3.
We see that our results perfectly reproduce the jrj6 power
law at small distances. Comparing to the pair correlation
function of the Laughlin state computed using VMC [59],

FIG. 2. Energetics of the quantum Hall (QH) from bootstrap,
ED, and variational Monte Carlo (VMC). Energy per particle
from bootstrapping with only (2, 2) (blue lines) and with ð2; 2Þ þ
T2 (black lines) constraints, from the ED (red lines), and from the
VMC using Laughlin wave function on torus (green lines) for
(a) 3 × 3 with 1=3 filling and (b) 5 × 5 with 1=5 filling,
respectively, as functions of η. The inset shows the energy errors
with respect to the ED data (EED − E). In (a), the VMC energies
are so close to the ED so that they are totally covered by the red
curve. (c) Energy per particle of bootstrap with ð2; 2Þ þ T2 for a
large system size 5 × 9 at filling ν ¼ 1=3 (blue line) with VMC
results (green line) included as a comparison. The inset shows the
relative energy of the results from other system sizes to the largest
5 × 9 grid (E − E5×9

bootstrap) showing convergence of the results.

E5×9
VMC − E5×9

bootstrap is also shown. (d) Total energy comparison
between bootstrapping with the ð2; 2Þ þ T2 constraints (black
line) and the ED (red line) for 5 × 5 as functions of the electron
number N at fixed η ¼ 1.5. The inset shows the energy error per
particle with respect to the ED. All energies are measured in the
unit of corresponding Vs, the sum of all contributing pseudopo-
tential components (see the text).

FIG. 3. Pair correlation function gðrÞ and particle entangle-
ment spectrum (PES) for 1=3 filling. (a) gðrÞ from bootstrap-
ping systems of filling 15=45 with a screened Coulomb
potential (blue circles) and the first pseudopotential V1 (purple
triangles). The solid black curve indicates the results extracted
from GMP [59]. The inset shows the log-log plot of the data.
Large system calculation with filling 39=117 with screened
Coulomb is also shown (green squares). (b) PES from boot-
strapping systems of filling 15=45 with two different screening
lengths: η ¼ 1 (solid circle) and η ¼ 2 (square). The dashed
lines indicate the gap in the PES, where the below gap count is
shown explicitly, which is ðNΦ − 2mþ 1Þ=2.
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we see that, while our approach reproduces most of the
features of gðrÞ, it overestimates the oscillations of gðrÞ at
large r and slightly underestimates the coefficient of the
jrj6 term.
Interestingly, when we take the interaction to be the

first pseudopotential V1, we reproduce the model state
almost exactly at both small and large distances. In fact,
our results show a discontinuity as a function of η: If the
third pseudopotential V3ðηÞ is smaller than the energy
tolerance, we obtain the Laughlin state almost exactly, but
if V3ðηÞ is above the tolerance, then we obtain finite η
result depicted in Fig. 3. We later discuss the source of
this discontinuity.
While the pair correlation allows us to directly compare

the correlation functions in our approach to those of the
Laughlin state, it is important to consider other quantities
that access more general aspects of the topologically
ordered state that are not tied to a specific model wave
function. This can be done by computing the entanglement
spectra [71–75]. Two different entanglement cuts are
usually employed: a spatial or orbital cut [71–73] or a
particle cut [74,75]. The former provides information on
the edge excitations [71–73], whereas the latter provides
information on the bulk quasiparticle excitations [74,75].
The particle entanglement spectrum (PES) is directly
related to the RDM. To see this, note that the p-PES is
obtained by dividing the N particles in the system into p
and N − p particles, performing a Schmidt decomposition
of the wave function and tracing over the N − p part. The
entanglement spectrum obtained is nothing but the negative
logarithm of the eigenvalues of the p-RDM. Since our
approach gives direct access to the 2-RDM, we can obtain
the 2-PES which is shown in Fig. 3(b). In general, the
p-PES consists of a low-energy sector separated by a large
“entanglement gap” (which becomes infinite for model
states) from high-energy states. The number of low-energy
states is an indicator of the topological order and corre-
sponds to the number of ways to place p particles into NΦ
orbitals subject to so-called admissibility rules; for the m
Laughlin states, this simply means placing the particles on a
ring withNΦ sites such that anym consecutive sites contain
at most one particle. For p ¼ 2, this gives ½NΦðNΦ − 2mþ
1Þ�=2 low-energy states. Since there are NΦ distinct
momenta and since the spectrum is momentum indepen-
dent due to CMTS, this leads to ðNΦ − 2mþ 1Þ=2 states
when both Nx and Ny are odd. As we see in Fig. 3(b), the
number of low-energy states matches this count perfectly,
and the entanglement gap is relatively large even away from
the small η limit. We note here that the entanglement gap in
the 2-PES is a measure of the smallness of the terms jrj2l,
with l < m, in the expansion of gðrÞ at small distances. This
means that it encodes the same information as gðrÞ but in a
way that highlights the features associated with the topo-
logical order.

C. Half filling

Next, we consider fillings close to ν ¼ 1=2 where the
ground state is expected to be a composite Fermi liquid
(CFL) [76]. Unlike Laughlin states, the CFL state has a
first-order zero only when particles approach each other,
which corresponds to gðrÞ ∼ jrj2. We see in Fig. 4(a) that
our results not only reproduce this short-distance asymp-
totic behavior, but also match gðrÞ at all r when compared
to ED data for a small system on the sphere [77]. There is a
slight mismatch in the oscillation period that may be due to
different geometry and finite size effects. Remarkably, our
approach seems to better reproduce the pair correlation
function for the CFL at half filling compared to the
Laughlin state at ν ¼ 1=3. This is in contrast to most other
methods such as mean field and DMRG, which usually
work better for gapped states. A more direct way to identify
the CFL is a 2kF feature in the static structure factor sq,
which is clearly identified in Fig. 4(b), where there is a ring
of peaks with the radius close to 2kF [78]. The ring
structure also suggests that the rotation symmetry is
reasonably good at relative small q.
To evaluate how tight our lower bound is, we can

compare the bootstrap energy near half filling to a VMC
calculation using the CFL model wave function described
in Appendix A. One caveat in such comparison is that our
bootstrap implementation assumes odd NΦ. There is no
fundamental barrier to doing even NΦ, but it makes it easier
to implement all symmetries and include the q ¼ 0 point
which we use to fix the particle number. To circumvent
this, we perform the bootstrap calculation for fillings of
ðNΦ − 1Þ=2 and ðNΦ þ 1Þ=2 electrons and interpolate
between the two results. For sufficiently large odd NΦ,
this should approach the ν ¼ 1=2 result. For NΦ ¼ 7 × 9

and η ¼ 3, we have ECFL
bootstrap=Vs ≈ 0.789 per particle while

ECFL
VMC=Vs ≈ 0.803 per particle [79]. This corresponds to an

energy error below 2%. We reiterate that this number

FIG. 4. Pair correlation function gðrÞ and structure factor sq for
half filling. (a) gðrÞ obtained from bootstrapping a system of
filling 61=121 with η ¼ 3 (red circle) and extracted from
Ref. [77] for an ED calculation of half filling with nine electrons
on the sphere (red curve). The inset shows the log-log plot of the
same data. (b) The 2D plot of the structure factor sq obtained from
bootstrapping. The inset highlights the 2kF feature.
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constitutes a rigorous bound on the sum of the errors of
both VMC and the bootstrap.

D. Characterization of the allowed region

To gain a deeper understanding of our results, we now
introduce a representation of the structure factor that allows
us to visualize the allowed region and the energy mini-
mization procedure. We note that, for a geometry where
rotation symmetry is a good symmetry, the structure factor
sq depends only on jqj, and the Haldane duality implies that
we can expand it in terms of odd Laguerre polynomials:

sq ¼ νð1 − νÞ þ
X
n odd

cnLnðq2Þe−q2=2; ð26Þ

where

cn ¼ 2

Z
d2q
2π

ðsq − νð1 − νÞÞLnðq2Þe−q2=2: ð27Þ

Although we are working on the torus where full rotation
symmetry is absent, we expect it to be recovered in the
thermodynamic limit irrespective of geometry. The expan-
sion (26) should then yield a very good approximation.
The approximate rotation symmetry of our results is also
evident in Fig. 4(b).
The advantage of this representation is that the effective

Hamiltonian (22) describing the (2, 2) constraint takes the
simple form

D ¼ 1

2

X
n odd

ð4ν2 þ cnÞPn; ð28Þ

where Pn is the projector on the space where the two
particles have relative angular momentum n. Then, the
PSD constraint D ≽ 0 translates to the linear constraint
cn ≥ −4ν2 [also linear in Sq since the map between cn and
sq − νð1 − νÞ is linear]. Furthermore, the energy takes the
simple form

E ¼ NΦ

2

X
n odd

ð4ν2 þ cnÞVn; ð29Þ

where Vn is the nth pseudopotential component of the
LLL-projected potential defined before.
Let us now understand our results in terms of the

expansion coefficients cn. For short-range interactions,
we have V1 ≫ V3 ≫ V5…; thus, energetically, we are
trying to get c1 þ 4ν2 as close to zero as possible followed
by c3 þ 4ν2 and so on. The other constraints, sq ≥ 0 and
(2, 3) constraints, impose other nontrivial filling-dependent
constraints on the coefficients cn. In Fig. 5(a), we map the
allowed region at ν ¼ 1=3 in the c1 − c3 plane in the
presence of only (2, 2) or (2, 3) constraints. We see that, as

expected, the allowed region shrinks as we add more
constraints. In the limit of short-range interaction,
V3 ≪ V1 and we should have c1 ≈ −4ν2. This should
uniquely lead to the Laughlin state marked by the green
triangle in Fig. 5(a). Instead, since our constraints are not
sufficiently tight, we get an extended region of allowed c3
along the y axis surrounding the Laughlin state. We note
that the extended region does not extend all the way to the
bottom of the y axis, indicating that our approach can detect
the fact that adding a small V3 always yields a nonzero
energy. Since our approach always aims to minimize the
energy within the feasible region, in the presence of any
finite V3 we get the smallest allowed value of c3 þ 4ν2. For
our (2, 2) and (2, 3) constraints, this is around 0.5,
compared to 0.66 for the Laughlin state. This discrepancy
is the source of the error in the pair correlation function at
large r. To explain why we got something very close to the
model state if we just use V1 as the interaction, note that, in
this case, the energy is degenerate along the line
0.5 ⪅ c3 þ 4ν2 ⪅ 1. In the case of degeneracy, the interior
point method we use picks out the point furthest from the
upper and lower boundaries, leading to a state very close to
the Laughlin state [80].

FIG. 5. Allowed region characterized by the Laguerre poly-
nomial basis (26) and (29). (a) Allowed region for c1 and c3 for a
filling of 9=27 obtained from imposing (2, 2) (red) and ð2; 2Þ þ
T2 constraint (blue). The pink circles denote data from a larger
system (15=45) calculation. The green triangle indicates the 1=3
Laughlin state. (b) Filling dependence of the allowed region:
ν ¼ 9=27 (green), ν ¼ 10=27 (blue), and ν ¼ 11=27 (red). All
data are obtained with T2 imposed. (c) Filling dependence of the
coefficients (c1; c3;…; c11) and its relation to the charge gap Δ.
(d) Shifting the allowed region for different fillings in (c) so that
they maximally overlap with each other. The green and blue
regions are shifted by (Δc1 ¼ 0.19;Δc3 ¼ 0.2) and (Δc1 ¼ 0.1;
Δc3 ¼ 0.11), respectively, while the red region is not shifted.

BOOTSTRAPPING THE QUANTUM HALL PROBLEM PHYS. REV. X 15, 031034 (2025)

031034-11



The error in the energy as a function of filling can also be
understood within this picture. For fillings larger than 1=3,
we expect the allowed region to detach from the y axis;
adding an electron to the Laughlin state should cost finite
energy even with only the first pseudopotential V1.
However, because our feasible region is slightly larger
than the physical one, we find that an allowed solution with
c1 ¼ −4ν2 persists for a range of filling after 1=3 before
getting detached. This can be seen in Fig. 5(b), where we
find a range of allowed solutions with c1 ¼ −4ν2 with
ν ¼ 10=27 which disappears only at ν ¼ 11=27, i.e., after
adding two electrons to the Laughlin state. We can also
track this in Fig. 5(c), where we see the value of c1 þ 4ν2

taking off from 0 only at ν ¼ 1=3þ δ, where δ ≈ 0.05. We
can use the data for the energy as a function of N to extract
a charge gap ΔN ¼ ENþ1 þ EN−1 − 2EN , which is also
equivalent to a discretized version of the inverse compress-
ibility. We see that the shift δ mentioned above leads to a
shift in the incompressibility peak expected at the Laughlin
fractions as shown in Fig. 5(c). The shift seems to be a
constant for all Laughlin fractions; it scales with the total
number of particles (so it should yield a finite shift in the
filling in the thermodynamic limit) and is expected to get
smaller as we add more constraints.
The existence of this shift can be understood as follows.

Our approach always tries to lower bound the energy
subject to a set of constraints. Our set of constraints,
constructed using few-body operators, likely accounts for
few-body correlations. However, the fact that adding an
electron to the Laughlin state costs finite energy arises due
to global configurational constraints. This is evidenced by
the difficulty of establishing a rigorous lower bound on the
gap of such an excitation; proving that the Laughlin state
has a charge gap even for pseudopotential Hamiltonians
remains an open mathematical problem [81] away from the
so-called thin-torus limit [82]. It is also suggested by the
construction of Laughlin states in second quantization
[83,84] or in terms of Jack polynomials [85–87]. Here,
the energy of a state, while depending on pairwise
interactions, is related to a clustering property in the
occupation number basis which is restricted by global
occupation number configurations in a nontrivial way. We
expect such kinds of global filling-dependent configuration
constraints to be captured only on average when we
account for only few-particle correlations. An interesting
future direction is whether such constraints can be phrased
as PSD constraints that can be incorporated in the bootstrap
approach.
Finally, we also point out an interesting observation. The

convergence of the boundary of the allowed region with
system size is very different for the upper and lower
boundaries [see pink circles in Fig. 5(a)]. To understand
this, recall that the lower boundary generally corresponds
to ground states obtained by minimizing V3 with positive
coefficient, whereas the upper boundary corresponds to

minimizing V3 with negative coefficient. The former is the
standard quantum Hall problem with repulsive interaction
where the convergence in system size indicates a short
correlation length as expected. The latter corresponds to the
LLL with attractive interaction which likely stabilizes a
different class of states. Thus, the results in Fig. 5 already
provide some information about the behavior of a LLL with
attractive short-range interaction. This observation under-
scores the power of the RDM bootstrap approach in
extracting a broad range of information about the system.

V. DIAGNOSING PHASE TRANSITIONS

In this section, we briefly discuss how to diagnose phase
transitions within the bootstrap approach discussed in this
work. We leave a more detailed systematic investigation
for future works. For simplicity, we focus on first-order
transitions, although our analysis can be generalized to
higher-order transitions as well. Let us say we have a first-
order transition between two phases characterized by the
2-RDMs D1 and D2. At the transition point, the energies
of D1 and D2 are the same, which means that any 2-RDM
D ¼ λD1 þ ð1 − λÞD2 also has the same energy. Since the
energy is a linear functional of the 2-RDM for any two-
body interaction, this means that the boundary of the
allowed region must have a straight line perpendicular to
the direction defined by the Hamiltonian. This will lead to a
kink in the energy as a function of the direction of the
Hamiltonian (as we change the Hamiltonian parameters),
reflecting a first-order transition [88]. Below, we show how
this manifests first for a simple toy example and then to
study the transition from the CFL to possible non-Abelian
states in higher LLs.

A. A simple warm-up exercise

Consider the following optimization problem:

Minimize E ¼ n1x1 þ n2x2;

subject to x2 ≥ 0.1ðx1 − 1Þðx1 − 2Þ and x2 ≥ 0; ð30Þ

where x1 and x2 are the optimization variables and we have
two constraints: One is nonlinear and the other is linear.
The vector n≡ ðn1; n2Þ defines the direction of the
optimization. A visualization of this optimization problem
is given in Fig. 6(a).
Without even using any solver, we see that there is a

jump in the optimized x1 values (denoted as xo1) when the
vector n is near ð0; n2 > 0Þ: For n ¼ ð0.01; 2Þ, xo1 ¼ 1;
for n ¼ ð−0.01; 2Þ, xo1 ¼ 2, as shown by two red dots in
Fig. 6(a). If one thinks of x1 > 1.5 and x1 < 1.5 as different
phases, then we have a first-order phase transition near the
critical point nc ¼ ð0; n2 > 0Þ. It is not hard to see that the
constraint x2 ≥ 0 is what makes this sharp transition
happen, and the vector nc is precisely the normal vector
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to the boundary of that constraint. Thus, we define x2 > 0
as the critical constraint of the phase transition.
However, it is usually hard to visualize the allowed

region in more complicated problems given its high-
dimensional nature. Instead, we can see that the form of
the allowed region given in Fig. 6(a) immediately gives rise
to a kink in the optimized energy (or a discontinuity in its
first derivative) as a function of n1 while fixing n2 ¼ 2 as
shown in Fig. 6(b). Oneway to identify the critical constraint
responsible for this kink is to compare the optimized energy
in the presence and absence of this constraint. As we see in
the figure, switching off the x2 ≥ 0 constraint (red curve)
leads to the disappearance of the kink, suggesting it plays the
role of the active constraint in perfect agreement with the
visualization in Fig. 6(a). We emphasize that this ability to
switch constraints on and off is unique to the bootstrap
approach and allows us to identify the type of correlations
that are relevant close to the transition.

B. Landau level interpolation (LLI)
and three-body correlations

As an application for the phase transition discussion
above, we now attempt to study the transition from CFL in
the LLL at half filling as we change the form factors to
those of the first LL. For unscreened Coulomb interaction,
we expect a transition to a non-Abelian gapped state such
as Moore-Read [89–96]. To this end, we consider the
interaction

VLLIðq; λ; ηÞ

¼ ½ð1 − λÞ½L0ðq2=2Þ�2 þ λ½L1ðq2=2Þ�2�
tanh ηjqj
ηjqj ; ð31Þ

where the parameter λ interpolates between the zeroth LL
for λ ¼ 0 and the first LL for λ ¼ 1. We note that such

interaction can be realized in Bernal bilayer graphene
where the wave functions of the lowest Landau levels
are mixtures of the zeroth and first LL wave functions
controlled by the Bernal interlayer hopping parameter
[97–102]. The parameter η controls the interaction range
as usual.
The results are shown in Fig. 7 for a system near half

filling, showing a clear kink in the energy curve as a
function of the parameter λ [see Fig. 7(a)] for a wide range
of η’s. This is also corroborated by calculating the first
derivative of the energy as a function of λ which displays a
sudden jump [see Fig. 7(b)]. To identify the constraint
responsible for the kink, we note that, by switching off the
T1 constraints, the kink is gone and we obtain a smooth
energy curve instead [Fig. 7(c)]. The similarity to the toy
model in Fig. 6(b) strongly suggests T1 has a similar role,
becoming important close to the transition point from the
zeroth to the first Landau levels.
To understand the significance of the T1 constraint,

recall that it corresponds to the positivity of the expectation
value hc†c†c†cccþ cccc†c†c†i associated with three-body
correlations. At half filling, the two three-body terms are
related by particle-hole symmetry, and this correlation
function reduces to the 3-RDM. The T1 constraint becom-
ing critical indicates that the 3-RDM starts developing
zeros as we move from the zeroth to the first LL. Zeros of
the 3-RDM indicate the existence of a three-body inter-
action that annihilates the corresponding state; i.e., we are
transitioning to a state that is the ground state of a three-
body pseudopotential. This is consistent with the expect-
ation of a non-Abelian (Moore-Read or Pfaffian state) as
we move toward the first LL. Distinguishing the different
non-Abelian topological states will likely require comput-
ing more complicated correlation functions and is left to

(a)

(b)

(c)

FIG. 7. Phase transition between Landau levels near half filling.
(a) The optimized energies of the mixed Landau level system as a
function of the mixing parameter λ. Curves with different colors
represent different η’s in the potential profile, with the color bar
shown in (b). (b) The corresponding derivatives of the energies
with respect to λ. Results in (a) and (b) are obtained with T1 and
T2 constraints. (c) A comparison of energies and their derivatives
(inset) between T1þ T2 (solid curve) and T2 only (dashed
curve) optimizations. η is fixed to be 0.5.

FIG. 6. A simple toy model to illustrate the phase transition.
(a) The boundaries of the two constraints in the optimization
problem (30) with the red dots highlighting the intersections of
the two constraints. The arrow represents the descending direc-
tion of minimization process, which is −n. (b) The optimized
objective function values E for two constraints (blue curve) and
for only one constraint without the x2 ≥ 0 (red curve) as functions
of the parameter n1 while n2 is fixed to be 2. The inset shows the
derivative of E with respect to n1, indicating a sudden jump in the
blue curves.
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future works. We emphasize that, rather remarkably, our
approach is able to diagnose the emergence of three-body
correlations although our interaction is purely two-body.

VI. COMPUTATIONAL ANALYSIS

Now, let us move on to the numerical part and discuss in
detail the complexity of using bootstrap to deal with the
quantum Hall problem. The complexity is essentially
divided into two parts: the optimization problem itself
(quantum Hall in our case) and the solver (algorithms used
to solve the optimization problem). Thus, there are two
parallel routes to improve efficiency: a better representation
of the problem and a more robust and advanced solver. We
mainly focus on the first route but have a few comments
regarding the second. In this section, we provide a detailed
complexity analysis with actual running hours. We also
introduce a physics-inspired simplification that allowed us
to go to very large system sizes that are comparable to state-
of-the-art sizes accessible to other methods such as DMRG.

A. Runtime complexity

It should be noted that, although a polynomial-time
algorithm means a problem can be efficiently solved, in
principle, scaling as a polynomial with a high power or
large prefactor can still make a problem intractable in
practice (though, in this case, we may hope that some
tweaks on optimizations can go a long way into making it
tractable). Thus, techniques like symmetry reductions that
can reduce the power or prefactor of the computational
scaling become extremely important. In the following
complexity analysis, we primarily consider the T2 con-
straints. Other constraints can be analyzed similarly.

With CMTS encoded and using the Sq representation,
the SDP corresponding to T2 has the form of linear
matrix inequality with N2

Φ variables (number of elements
in Sq) and a matrix dimension of ðNΦ − 1ÞNΦ=2×
ðNΦ − 1ÞNΦ=2. From the standard convex optimization
theory [103,104], the time complexity using the primal-
dual interior-point method is given by [64]

Oððm3 þm2n2 þmn3Þ ffiffiffi
n

p
logð1=ϵÞÞ; ð32Þ

where m ¼ N2
Φ, n ¼ ðNΦ − 1ÞNΦ=2, and ϵ is tolerance for

the duality gap. So, without any further optimization,
bootstrapping the QH with the T2 constraint is roughly
OðN9

ΦÞ hard [105]. This allows us to do NΦ ∼ 10 s, which
can take us beyond ED, but makes NΦ ∼ 100 difficult to
realize. The first and simplest optimization we did is to use
the discrete symmetries to reduce the number of variables,
i.e., the number independent elements in Sq. For example,
since the q lattice is always square, we can use the C4

symmetry to reduce the number of variables by a factor
of 4. Further considering the mirror symmetry with mirror
axes qx;y ¼ 0 and qx ¼ �qy, we can reduce the number by
a factor of 8. Here, we emphasize that this mirror is not a
symmetry of the fractional quantum Hall state (magnetic
field chooses a chirality) but a symmetry of the structure
factor Sq ¼ Sjqj, since the mirror actions preserve the norm
jqj [106]. The results are summarized in Table I. One
should notice that the particle number N does not enter
the complexity at all [107], so we did not include the
information about the particle number in the table, as it
does not change the runtime too much.

TABLE I. Computational complexity overview [ð2; 2Þ þ T2]. The results are also very sensitive to the settings of
the solver such as tolerance. We used default settings. All values of CPU hours and memory usage are roughly
estimated, since it is hard to get exact values from the MATLAB interface. The sizes of 9 × 9 and 11 × 11 are done for
half filling, while all others are done for one-third filling. The complexity of this algorithm does not depend on the
filling ν or electron number N, meaning that different fillings will not change the order of runtime and memory
usage. For a reference, the 11 × 11 case was running on the cluster (one node with 112-core CPU) for roughly one
day.

System size Symmetry reductiona CPU hoursf Memory (GB) Solver

NΦ ¼ 3 × 3 No < 0.1 < 1 MOSEK10.1
NΦ ¼ 5 × 9 C4

b 100 200 MOSEK10.1
NΦ ¼ 7 × 9 C4 þmirrorc 200 500 MOSEK10.1
NΦ ¼ 9 × 9 C4 þmirror 800 1500 MOSEK10.1
NΦ ¼ 9 × 9 C4þmirror 800 < 1500 COPT 7.2.4e

NΦ ¼ 13 × 9 Full rotation þ samplingd ∼1000 < 2000 MOSEK10.1
NΦ ¼ 11 × 11 Full rotationþ sampling ∼1000 < 2000 MOSEK10.1

aWe have assumed CMTS for all simulations, so the listed reductions come from extra symmetries.
bSq is constructed only in one of the C4 sectors of the q lattice (NΦ × NΦ).
cFour mirror axes: qx;y ¼ 0 and qx ¼ �qy.dDetails can be found in Sec. VI B.
eWe include the state-of-art SDP solver COPT [108] for comparison which performs better than MOSEK.
fIntel Sapphire Rapids 112-core CPU.

GAO, LANZETTA, LEDWITH, WANG, and KHALAF PHYS. REV. X 15, 031034 (2025)

031034-14



B. q-lattice sampling using approximated
full rotational symmetry

The discrete symmetries discussed above give us only a
constant reduction which does not change the scaling,
meaning that the complexity is still OðN9

ΦÞ, only now with
a much smaller prefactor. On the other hand, to enable
large-system calculation, we can employ other continuous
symmetry of the quantum Hall problem as discussed below.
Apart from CMTS, quantum Hall systems also have
continuous rotation symmetry. This symmetry is broken
on the torus, but we expect it to be recovered in the limit of
a sufficiently large torus. To account for this, we introduce
the sampling method explained below.
Let us consider the structure factor Sq on a q lattice

spanned by f−qmax
x ;−qmax

x þ Δqx;…; qmax
x g and

f−qmax
y ;−qmax

y þ Δqy;…; qmax
y g. We want to sample κ

points from a line segment: fq1 ¼ 0; q2; q3;…; qκ−1;

qκ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqmax

x Þ2 þ ðqmax
y Þ2

q
g with qi ordered. We introduce

a set of new optimization variables S ¼ ðS1; S2;…; SκÞ
such that the original Sq can all be linearly interpolated
from the new variables:

Sq ¼
jqj − ql
qr − ql

Sl þ
qr − jqj
qr − ql

Sr; ð33Þ

where r; l∈ f1; 2;…; κg and ql ≤ jqj ≤ qr with ql;r the two
nearest neighbors of jqj. In doing so, the number of
variables is reduced from N2

Φ to κ, which is practically
less than NΦ. Thus, the complexity is also reduced
to OðN8

ΦÞ.
One might be worried about the inaccuracy induced by

this simplification, since it relies on the full rotational
symmetry and Sjqj being smooth. In fact, those two
requirements are both approximately satisfied in quantum
Hall on torus when the system size is sufficiently large. We
tested this method with a uniform sampling of NΦ points
for a few system sizes. The result looks almost identical to
the one using C4, only with a difference of less than 10−4 in
energy per particle. This allows us to perform very large
system calculations as shown in Table I. For example, the
system size of NΦ ¼ 11 × 11 is translated to a circum-
ference of Ly ¼ 11 ×

ffiffiffiffiffiffi
2π

p
≈ 27 in DMRG, which is

comparable to state-of-the-art sizes achievable.
One final remark is that Sq has a fast-damping tail

(Sq→∞ ¼ S∞). Furthermore, for any physical quantity, the
large-q behavior is suppressed by the Gaussian factor
e−q

2=2. Thus, when sampling the Sκ, we can use fewer
points for large jqj without introducing any error in any
physical observable such as energy or pair correlation
function. This means, for very large systems, most of the q
points are irrelevant with only few small q’s needed.
We call this the importance sampling. With this, m can

be further reduced from N2
Φ to just Oð1Þ (a constant)

leading to an OðN7
ΦÞ time complexity.

C. SDP solvers

The above analysis is based on the primal-dual interior-
point method [64], which is a second-order algorithm and
used in most of the modern SDP solvers like MOSEK [66] or
COPT [108] since it is the most robust algorithm applicable
to all kinds of SDPs. However, it does not necessarily mean
that it is the best algorithm for quantum many-body
bootstrap using the RDM theory. In fact, it has been
demonstrated that a first-order algorithm called boun-
dary-point method can improve the efficiency by at least
one order of magnitude for RDM calculations in quantum
chemistry comparing to the interior-point method [109].
We believe that developing a special solver for quantum
many-body bootstrap will enable a similar speedup that will
enable us to access even larger system sizes and impose
more constraints.

VII. DISCUSSION AND OUTLOOK

A. Nature of correlation functions

We begin by discussing a few subtleties and caveats
regarding this method, particularly when used to compute
ground state correlation functions (static structure factor in
our case). While the conventional variational method
searches a subset of valid physical states and, thus, always
outputs a physically realizable correlation function, even if
it is not the correct one for the ground state, this method
searches a superset of valid physical correlation functions
and, thus, its output is not always associated with any
physical state. However, by enforcing enough constraints,
we can make sure these correlation functions are not easily
distinguishable from physical ones, since if there was a
computationally simple way to check that the obtained
correlation is unphysical, we can add it to our set of
constraints (at least if it has PSD form). This suggests that
the more constraints we include, the harder it will be to
distinguish the results we get from physical correlation
functions. Our results on the quantum Hall problem suggest
that our structure factors approximate the physical ones to a
good degree. We leave a more rigorous discussion of how
the output of this method approaches physical correlation
functions to future works.
One feature we may expect in the output of this method

is the following. If there are two closely competing states A
and B, we may get some “compromise” correlation
functions that combine energetically favorable features
of both states, even if there is no physical state with both
features. As the constraints get tighter, the method will be
forced to choose the correlation function corresponding
to one of the states. This may help explain some of the
features of our results; the extra fluctuations at large r in
gðrÞ at ν ¼ 1=3 (Fig. 3) may be associated with correlations
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of a nearby CFL or a Wigner crystal. This is perhaps
because the ν ¼ 1

4
CFL optimizes V3 in the degenerate

space annihilated by V1, and the bootstrap constraints are
not yet tight enough to select out Laughlin as the unique
zero mode of V1 at ν ¼ 1

3
. Another option is a competitor

Wigner crystal state, which in reality cannot be a zero mode
of V1 like the state in the bootstrap [110]. This picture
suggests that constraints which rule out such compromise
correlation functions between closely competing states can
help significantly improve the results.

B. Evolution of the allowed region

We now discuss the shift of the allowed region of the cn.
We comment on a curious observation. Apart from the rigid
“walls” at cn þ 4ν2 ¼ 0, the allowed region seems to
evolve smoothly with filling, shifting with an almost
constant vector with its shape change very little. This is
illustrated in Fig. 5(d), where we undo such a shift showing
the allowed regions for ν ¼ 9=27; 10=27; 11=27 almost
coinciding away from the regions where they intersect
the rigid walls as cn þ 4ν2 ¼ 0. In fact, assuming the
actual physically allowed region (i.e., the physical set
of N-representable 2-RDMs, 2D∈P2

N) also rigidly shifts
with filling without significantly changing its shape, we
can extract important physical information from the shift
vector Δc ¼ ðΔc1;Δc3;…Þ. We know that at fillings
ν ¼ 1=ðnþ 2Þ, for odd n, the physically allowed region
has to intersect with the wall cn0 ¼ −4ν2 for all n0 ≤ n.
When n ¼ 1, namely, the 1=3 filling, such intersection
becomes a touching point illustrated in Fig. 8, since the
Laughlin state is the unique ground CMTS-symmetric
ground state for V1. For fillings below ν ¼ 1=3, we expect
a degenerate line of zero, and for fillings larger than 1=3,
we get a gap related to the shift. The shift vector near the

filling 1=3 (in our case, from 9=27 to 10=27) obtained from
the data in Fig. 5 has Δc1 ¼ 0.09, which corresponds
to a gap Δ1 ¼ Δc1=ð10=27 − 9=27Þ=2 ¼ 1.215, reason-
ably close to the gap computed in ED (1.037). This error
can be further reduced when more constraints are included.
Therefore, we believe this bootstrap picture provides a
unique point of view for the pseudopotential argument
for quantum Hall. The discussion about other fillings for
n > 1 is more complicated than n ¼ 1, which will be
discussed elsewhere.

C. Further extensions: 3-RDM

One limitation of the 2-RDM approach discussed here is
that constraints beyond (2, 2), T1, and generalized T2
require tensor factorization of the variables and, thus, do
not have the form of PSD constraints. While there are
possible approaches to deal with this limitation, which will
be the topic for follow-up work, a straightforward way to
go beyond our results is to consider higher RDMs. In this
approach, instead of combining higher-body operators to
produce a two-body operator, we directly impose positivity
constraints on the higher-body operators. Clearly, this
approach is more memory intensive; 3-RDM positivity
constraints [namely, the (3, 3) constraints] involve OðN4

ΦÞ
after accounting for CMTS. In fact, due to fermionic
antisymmetry, the number of optimization variables is in
practice approximately 0.03N4

Φ, making it achievable for
reasonable system sizes.
While an elaborate discussion about the higher RDM

constraints will be given elsewhere, we provide the energy
comparison in Fig. 9, which shows modest improvement

FIG. 8. Ideal allowed region for LLL near ν ¼ 1=3. The black
dashed line represents the rigid wall (c1 þ 4ν2 ¼ 0). The allowed
regions for three consecutive fillings are shown: ν ¼ 1=3 − δ
(left), which is cut through by the wall leading to a degenerate line
(red dashed line) for the V1 potential, ν ¼ 1=3 (middle), touching
the rigid wall with the 1=3 Laughlin state sitting in the touching
space (red star), and ν ¼ 1=3þ δ (right), leaving the hard with a
gap proportional to the change of the filling: 2δΔ1, where Δ1 is
the charge gap of the pseudopotential V1 right above the 1=3
filling.

FIG. 9. Comparison of results obtained from bootstrapping
with ð2; 2Þ þ T2 conditions (black lines) and with full (3, 3)
constraints (blue lines). Upper: the total energy error [not per
particle as shown in the inset in Fig. 2(d)] with respect to ED.
Lower: the calculated charge gaps (or incompressibility).
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compared to the T1 and T2 constraints used in this work.
The improvement in the relative error is largest for small
fillings. Interestingly, our (2, 3) results approach the full
(3, 3) for fillings close to ν ¼ 1=2. This can be understood
by noting that particle-hole symmetry makes hc†c†c†ccci
equivalent to hcccc†c†c†i at exactly half filling, thus
indicating that the (2, 3) T1 and T2 combined are
equivalent to the full (3, 3) constraints. Note, however,
that the 3-RDM positivity constraints are still not suffi-
ciently strong to fix the shift of the charge gap (as shown in
the lower panel in Fig. 9), suggesting the need of different
constraints as we argued earlier.
It is worth mentioning that it is possible to formulate a

dual version of the RDM optimization [41,42], where the
constraints become the optimization variables and RDM
plays the role of a Lagrange multiplier. The main
simplification in this formulation relies on the observa-
tion that, for any solution of the optimization problem,
only a small number of constraints is saturated or “active”
(these correspond to zero eigenvalues of the PSD con-
straint matrices). Furthermore, since the solution always
lies on the boundary of the feasible region, there is a
simple geometric meaning for those active constraints;
e.g., if there is only one active constraint, it has to
describe the plane tangent to the feasible region which is
perpendicular to the direction of the Hamiltonian. We
leave a detailed discussion of such formulation to follow-
up works.

D. Higher constraints, convergence, and
approximations

One important consideration for future works is to
develop a more systematic understanding of the conver-
gence of both the structure factor (or, more generally, the
2-RDM) and the energy as we add more constraints and of
the kinds of constraints that are best for capturing certain
states. We speculate that the (2, 2) and (2, 3) constraints
capture two-particle and three-particle correlations to a
large extent, leading to accurate ground state properties for
states whose main correlations are two- and three-body
correlations. The prominence of few-body correlations is
expected, since the projected Coulomb Hamiltonian itself is
a two-body Hamiltonian. However, there may be more
filling-dependent global configurational constraints arising
from the structure of the Hilbert space that are not encoded
in these constraints or at least are encoded only on average.
One route to understand ð2; pÞ constraints is by viewing
them as positivity constraints on two-body dual
Hamiltonians acting on some p-particle wave functions
belonging to a constrained space. While the computational
cost for such ð2; pÞ constraints increases with p, good
approximations of such constraints can be implemented
far more efficiently if we can find a good variational ansatz
for the space of low-energy states of the corresponding
Hamiltonian.

E. Constraints beyond the ð2;pÞ hierarchy
While we have focused on deriving energetic lower

bounds, several generalizations of this approach employed
in the context of quantum mechanical bootstrap [27–33,35]
can also give information about the spectrum and provide
bounds on correlation functions. One is to replace the
energy minimization by the constraints hHi ¼ E and
hHOi ¼ hOHi ¼ EhOi for any operator O, which has
the effect of restricting to eigenstates of the Hamiltonian.
This could potentially yield discrete windows of possible
values of the energy [35]. For the LLL, the simplest choice
for O involves a product of projected densities ρpρ−p. Such
a condition provides a constraint on the 4-RDM rather than
the 2-RDM. The weaker condition h½H;O�i ¼ 0 leads to a
constraint on the 3-RDM. For more general band systems
lacking CMTS, choosing O ¼ c†αcβ would lead to con-
straints on the 3-RDM (using hHOi ¼ hOHi ¼ EhOi) and
2-RDM (h½H;O�i ¼ 0). Such constraints are normally
referred to the equation of motion constraints, since it
selects the possible eigenstates of the Hamiltonian [27].
Another possible approach is to notice that the ground state

energy cannot be lowered by applying any operator, which
implies hO†HOi ≥ EhO†Oi for expectation values evalu-
ated in the ground state. Combined with hHOi¼EhOi,
which holds for any eigenstate, we get the relation
hO†½H;O�i ≥ 0. If the operator O can be expanded by a
set of basis operators fOig such thatO ¼ P

i AiOi, then the
positivity becomes a PSD constraint:

C ≽ 0; Cij ≡ hO†
i ½H;Oj�i; ð34Þ

since we have hO†½H;O�i ¼ P
ij A

�
i CijAj ≥ 0; ∀ A. This

PSD constraint is called the perturbative positivity that selects
(works for only) the ground state (note that theDQG,T1, and
T2 conditions work for any possible states including the
excited states). When considering operators O for perturba-
tive positivity constraints, it is important to keep track of the
number of particles involved, since we are studying systems
with fixed particle number. For operators which change
particle number, such constraints relate ground state proper-
ties at different fillings. We can avoid this by focusing on
operators that do not change the particle number. Thus, the
choices for fOg are limited to the zero-particle basis: order-2
basis fc†αcβg (or fρqg if the form factor matrix is invertible);

order-4 basis fc†αc†βcδcγ; c†αcβg; and so on. Aweaker version
of this perturbative positivity is to take the double commu-
tator: h½O†; ½H;O��i ≥ 0whichwill lower the order ofRDMs
involved by one. For example, if we choose fOg to be fρqg,
combining CMTS and GMP algebra, we have the following
constraint on the structure factor:

Z
d2p
2π

Vpe−p
2=2 sin2

p ∧ q
2

ðSqþp − SpÞ ≥ 0 ∀ q: ð35Þ
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We tested these constraints and found that they do not
lead to tighter lower bounds on energy compared to the
positivity constraints we use, but they lead to upper bounds
on the ground state energy since the perturbative positivity
selects the ground state, excluding excited states. We found
these bounds to be a lot looser than known variational
bounds for the simplest operators we tried, but they
will likely get tighter as we impose more constraints.
Nevertheless, this shows the great potential to get two-
side bounds purely from bootstrap (see also Ref. [111] for a
related discussion). We leave a detailed discussion of these
more general bounds to future works. We also note recent
attempts aiming to generalize this approach to finite
temperatures [111–113].

F. Higher Landau levels and Chern bands

A few obvious extensions of this work include (i) higher
Landau levels, (ii) bosonic quantum Hall states, and
(iii) correlated states in topological flat bands. Direction
(i) is the most obvious generalization and can be
implemented through the simple replacement Vq ↦
Vq½Lnðq2=2Þ�2. In higher LLs, both non-Abelian states
and symmetry-broken states such as stripes and Wigner
crystals are expected [114–116]. Detecting these phases
through the structure factor is possible but requires more
careful analysis of its dependence as a function of geometry
and system size [115,116]. For direction (ii), we can still
employ the Haldane duality and the (2, 2) constraints, but
there is no simple analog of the higher ð2; pÞ constraints.
One possibility to address this is to include higher RDMs as
variables in the bootstrap approach. For direction (iii), the
main difference is the absence of CMTS, which means that
hρqρ−qþGi is, in general, nonvanishing for any reciprocal
lattice vector G. As discussed in the main text, we can
still derive some version of the Haldane duality under
some assumptions that remain to hold for bands which are
sufficiently close to the LLL. For bands where the
generalized Haldane duality does not hold, we can still
perform the bootstrap by using the 2-RDM instead of the
structure factor. Note that single-particle dispersion may
also be included, as its expectation value also depends on
only the 2-RDM.
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APPENDIX A: UPPER BOUNDS FROM
VARIATIONAL MONTE CARLO

In this section, we provide the details about the upper
bound calculations using VMCwith model wave functions.
The method used is called the lattice Monte Carlo for
quantum Hall on torus developed by one of us [70]. We do
not discuss any of the technical details of that method, for
which the reader is encouraged to read Ref. [70]. Here, we
outline the model wave functions used for the VMC.
First, for the ν ¼ 1=m Laughlin state, the model wave

function on torus is given by [117]

ΨLaughlinðfαgÞ ¼
YN
i<j

½fðzi − zjÞ�m
Ym
k¼1

fðZ − αkÞ; ðA1Þ

where z ¼ xþ iy is the complexified electron coordinate,
Z ¼ P

N
i zi is the center of mass, αk’s ðk ¼ 1;…; mÞ are the

center-of-mass zeros that encode the periodic boundary
condition by requiring

P
m
k¼1 αk ¼ 0 mod BZ, and fðzÞ ¼

σðzja1; a2Þ expf−ð1=NΦÞzz�g with σðzja1; a2Þ the “modi-
fied Weierstrass sigma function” [118] (a1 and a2 are two
complex vectors defining the unit cell, i.e., the lattice
constants).
Then, for the CFL state (ν ¼ 1=m with m even), there

are a few model states proposed [77,95,119]. We use the
one in Ref. [70] which is more favorable for Monte Carlo
calculations. It is given by [120,121]

ΨCFLðfαg;fdgÞ ¼ det M̃ij

Y
i<j

½fðzi − zjÞ�m−2
Ym
k¼1

fðZ− αkÞ;

ðA2Þ

where M̃ij is a N × N matrix:

M̃ij ¼ e1=2mðzid�j−z�i djÞ
YN
k≠j

fðzi − zk − dj þ d̄Þ; ðA3Þ

with det M̃ij its determinant. In addition to a dependence on
them center-of-mass zeros fαg, this wave function depends
on N additional parameters fdg, the dipole moments.

APPENDIX B

This appendix contains detailed discussions on momen-
tum space formulation of the QH problem and the boot-
strapping constraints.
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1. Bloch states in the LLL and form factors

We can define the magnetic translation operator
Tu ¼ e−iu∧R. Using the commutation relations of the
guiding center ½Rα; Rβ� ¼ −iϵαβ, it is straightforward to
show that this operator satisfies the magnetic algebra

TuTv ¼ eði=2Þu∧vTuþv ¼ eiu∧vTvTu: ðB1Þ

Here, we use the notation ∧v¼ðvy;−vxÞ and u ∧ v ¼
u · ð∧ vÞ ¼ uxvy − uyvx. Note that the magnetic trans-
lation operator is related to the form factor matrix via
Λαβ
q ¼ hαjT∧qjβi.
To express the form factor in momentum space, let us

define a unit cell containing 2π flux spanned by the vectors
a1 and a2 such that ja1 ∧ a2j ¼ 2π. Then for any lattice
vectors a ¼ na1 þma2 and a0 ¼ n0a1 þm0a2, the magnetic
translation operators commute ½Ta; Ta0 � ¼ 0. As a result,
they can be simultaneously diagonalized with the eigen-
states corresponding to the Bloch states defined via

Taψk ¼ ηaeik·aψk; ðB2Þ

where the factor ηa, introduced for latter convenience, isþ1
if a=2 is a lattice vector and −1 otherwise. The explicit
action of Tu in real space is can be chosen to be
TufðrÞ ¼ e−ði=2Þu∧rfðrþ uÞ. Thus, the Bloch states take
the form

ψkðrÞ ¼ Ceði=2Þk̄rσðrþ ikja1; a2Þe−ð1=4Þrr̄e−ð1=4Þkk̄; ðB3Þ

where C is an unimportant normalization constant. Here,
we use the notation that the complexified version of a
variable is denoted by unbolded letter, e.g., r ¼ rx þ iry,
k ¼ kx þ iky, and σðzja1; a2Þ is the modified Weierstrass
sigma function with lattice parameters a1 and a2 which
satisfies

σðzþ aja1; a2Þ ¼ ηaeðā=2Þ½zþða=2Þ�σðzja1; a2Þ;
σð−zÞ ¼ −σðzÞ: ðB4Þ

In what follows, we drop the lattice parameters and use the
simplified notation σðzÞ ≔ σðzja1; a2Þ.
It is easy to see using Eq. (B4) that Bloch states (B3)

satisfy

ψkðrþ aÞ ¼ ηaeik·aeði=2Þa∧rϕkðrÞ;
ψkþGðrÞ ¼ ηGeði=2ÞG∧kψkðrÞ: ðB5Þ

In the Bloch basis, the form factor is given by
Λk;k0
q ¼ hψkje−iq·Rjψk0 i. Now notice that Tueiq·R ¼

TuT−∧q ¼ eiq·ueiq·RTu, which means that Ta½eiq·Rψk� ¼
ηaeiðkþqÞ·aeiq·Rψk. Thus, since we are considering a single
nondegenerate band, eiq·Rψk should be proportional to
ψkþq. The proportionality constant (which generally
depends on both k and q) can be determined from the
explicit form of the Bloch wave functions (B3) as

eiq·RψkðrÞ ¼ T−∧qψkðrÞ ¼ Ceði=2Þq·reði=2Þk̄ðrþiqÞσðrþ iðkþ qÞja1; a2Þe−ð1=4ÞðrþiqÞðr̄−iq̄Þe−ð1=4Þkk̄

¼ Ceði=2Þrðk̄þq̄Þσðrþ iðkþ qÞja1; a2Þe−ð1=4Þrr̄e−ð1=4Þkk̄e−ð1=4Þqq̄−ð1=2Þqk̄ ¼ ψkþqðrÞeði=2Þq∧k; ðB6Þ

which leads to the form factor Λk;k0
q ¼ heiq·rψkjψk0 i ¼

e−ði=2Þq∧khψkþqjψk0 i. Note that jψki and jψk0 i are not
orthogonal unless we restrict k and k0 to the first BZ (if
k0 ¼ kþ G, clearly hψkjψk0 i ¼ ηGeiG∧k ≠ 0). Let us de-
note by ½k� the part of k within the first BZ and by fkg ≔
k − ½k� its reciprocal lattice part. Using Eq. (B5), we can
write jψki ¼ α�kjψ ½k�i, where αk ¼ ηfkgeði=2Þ½k�∧fkg, which
leads to the expression of the form factor

Λk;k0
q ¼ e−ði=2Þq∧khψkþqjψk0 i ¼ e−ði=2Þq∧kα�k0αkþqδ½k0�;½kþq�:

ðB7Þ

Notice that the form factor is not gauge invariant. Instead,
it changes by Λk;k0

q ↦ Λk;k0
q ei½ϕðk0Þ−ϕðkÞ� under the gauge

transformation ψk ↦ eiϕðkÞψk. We find it convenient to
choose a periodic gauge corresponding to the wave functions

jψ̃ki≡ αkjψki ¼ jψ ½k�i; ðB8Þ

which is manifestly periodic in k since it depends only on
½k�. The form factors in the periodic gauge become

Λk;k0
q ¼ e−ði=2Þq∧kα�kαk0 hψkþqjψk0 i

¼ e−ði=2Þq∧kα�kαkþqδ½k0�;½kþq� ¼ λqðkÞδ½k0�;½kþq�;

λqðkÞ ¼ e−ði=2Þq∧kα�kαkþq: ðB9Þ

This expression is manifestly invariant under k0 ↦ k0 þ G
for any reciprocal lattice vectorG. To show it is also periodic
in k, note that for any reciprocal lattice vectors
e�ði=2ÞG∧G0 ¼ ηGηG0ηGþG0 , which implies

αkþG ¼ ηfkgηfkgþGeði=2Þ½k�∧Gαk ¼ ηGeði=2Þk∧Gαk; ðB10Þ
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leading to the identities

λqðkþGÞ¼ λqðkÞ; λqþGðkÞ¼ηGeði=2Þq∧Ge−iG∧kλqðkÞ:
ðB11Þ

2. CMTS

The action of magnetic translation symmetry in the
periodic gauge is

T−∧qψ̃kðrÞ ¼ αkT−∧qψkðrÞ
¼ αkψkþqðrÞe−ði=2Þk∧q
¼ αkα

�
kþqe

−ði=2Þk∧qψ̃kþqðrÞ ðB12Þ

by noting that α½k� ¼ 1.

To see how the second-quantized operator transforms
under the magnetic translation, we first look at the trans-
formation of a single fermion operator in position space:

T −1
u crT u ¼ e−ði=2Þu∧rcrþu ¼ Tucr: ðB13Þ

We can then expand cr using the momentum basis:

cr ¼
X
k∈BZ

ψ̃kðrÞck with ckþG ¼ ck: ðB14Þ

Thus, the magnetic translation becomes

X
k∈BZ

ψ̃kðrÞT −1
−∧qckT −∧q ¼

X
k∈BZ

h
T−∧qψ̃kðrÞ

i
ck ¼

X
k∈BZ

αkα
�
kþqe

−ði=2Þk∧qψ̃kþqðrÞck

¼
X
k∈BZ

λ�qðkÞψ̃kþqðrÞck ¼
X
k∈BZ

λ�qðk − qÞψ̃kðrÞck−q ¼
X
k∈BZ

λ−qðkÞψ̃kðrÞck−q; ðB15Þ

which implies

T −1
−∧qckT −∧q ¼ λ−qðkÞck−q ≡ βk;qck−q: ðB16Þ

Similarly, we have

T −1
−∧qc†kT −∧q ¼ β�k;qc

†
k−q: ðB17Þ

Now, let us discuss the CMTS for the density matrices.
First, we define the density operator in the following way:

D̂n ¼ d†σ1;k1…d†σn;kndσn;k0n…dσ1;k01 ; ðB18Þ

where σi ¼ � for i ¼ 1;…; n and dþ;k ¼ ck and d−;k ¼ c†k.
Thus, the CMTS in terms of d’s becomes

T −1
−∧qdσ;kT −∧q¼βσk;qdσ;k−q with βþ¼β and β−¼β�:

ðB19Þ

We can call this density operator the order (n −m, m)
density operator and denote it as D̂ðn;mÞ, where m ¼P

n
l¼1ðjσlj þ σlÞ=2. It is not hard to see that the density

operator is not invariant under the continuous magnetic
translation. We have to look at the physical state that is
invariant under such transformation. Given a state jΨi
such that

T ujΨi ¼ eiθu jΨi; ðB20Þ

we should have

hΨjT −1
u D̂ðn;mÞT ujΨi ¼ hΨje−iθuD̂ðn;mÞeiθu jΨi

¼ hΨjD̂ðn;mÞjΨi; ðB21Þ

which gives the CMTS in the primal form.
Now, if the ground state jΩi of the system does

not spontaneously break the CMTS [122], we can
define the density matrix in momentum space correspond-
ing to D̂ðn;mÞ as

Mðn;mÞ
k1;…;kn;k01;…;k0n

≡ hΩjd†σ1;k1…d†σn;kndσn;k0n…dσ1;k01 jΩi:
ðB22Þ

The CMTS then implies that

Mðn;mÞ
k1;…;kn;k01;…;k0n

¼
�Yn
l¼1

�
βσlkl;q

��
βσlk0l;q

�
Mðn;mÞ

k1−q;…;kn−q;k01−q;…;k0n−q
: ðB23Þ

If we further consider the crystal momentum conservation,
we can define the total momentum Q as

Q ¼
�Xn
l¼1

σlkl

�
¼

�Xn
l¼1

σlk0l

�
; ðB24Þ
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and, thus, we can eliminate two momentum variables from the two equalities above:

kn ¼ σn

�
Q −

Xn−1
l¼1

σlkl

�
and k0n ¼ σn

�
Q −

Xn−1
l¼1

σlk0l

�
: ðB25Þ

Substituting into Eq. (B23), we have the transformation between different momentum sectors:

Mðn;mÞ;Q
k1;…;kn−1;k01;…;k0n−1

¼
�
βσn
σn½Q−

P
n−1
l¼1

σlkl�;q

��
βσn
σn½Q−

P
n−1
l¼1

σlk0l�;q

�Yn−1
l¼1

�
βσlkl;q

��
βσlk0l;q

�
Mðn;mÞ;½Q−ð2m−nÞq�

k1−q;…;kn−1−q;k01−q;…;k0n−1−q
: ðB26Þ

Although the mapping looks complicated, it simply states that the two matrices are related in the following way:

Mðn;mÞ;Qðk; k0Þ ¼ UQ†ðk; k0ÞMðn;mÞ;½Q−ð2m−nÞQ�ðk − q; k0 − qÞUQðk; k0Þ; ðB27Þ

where k ¼ fk1; k2;…; kn−1g and UQ is a diagonal unitary
matrix in the indices ðk; k0Þ. Notice that both the constant
index shifting and the unitary transformation cannot change
the spectrum of a matrix. Thus, under the CMTS,Mðn;mÞ;Q

and Mðn;mÞ;½Q−ð2m−nÞq� have exactly the same spectrum.

3. Momentum space formulation of the ð2; pÞ constraints
In this section, we show in detail how to write the

positivity constraints on a momentum basis.

a. Inverse form factor matrix for zeroth LL
and (2, 2) positivity constraints

Given that in the momentum space

ρq ¼
X
k

c†kckþqλqðkÞ

¼ e−ð1=4Þq2
X
k

c†kckþqλ̃qðkÞ≡ e−ð1=4Þq2 ρ̃q; ðB28Þ

or, equivalently,

ρ̃q ¼
X
k;k0

Λk;k0
q c†kck0 with Λk;k0

q ≡ δ½qþk−k0�;0λ̃qðkÞ; ðB29Þ

we have

ρ̃qþG ¼
X
k

c†kckþqλ̃qþGðkÞ

¼
X
k

c†kckþqηGe−iG∧kþði=2Þq∧Gλ̃qðkÞ; ðB30Þ

where we use

λ̃qþGðkÞ ¼ e−ði=2ÞðqþGÞ∧kα�kαkþqþG

¼ e−ði=2ÞðqþGÞ∧kηGeði=2ÞðkþqÞ∧Gα�kαkþq

¼ ηGe−iG∧kþði=2Þq∧Gλ̃qðkÞ: ðB31Þ

This then leads to

ρ̃qþGηGe−ði=2Þq∧G ¼
X
k

c†kckþqe−iG∧kλ̃qðkÞ: ðB32Þ

Multiplying both sides by eiG∧k0 λ̃�qðk0Þ=NG (NG ¼ NΦ in
this case) and summing over G, we get

1

NG

X
G

eiG∧k0 ρ̃qþGηGe−ði=2Þq∧Gλ̃�qðk0Þ

¼
X
k

c†kckþqλ̃qðkÞλ̃�qðk0Þ
1

NG

X
G

eiG∧ðk0−kÞ

¼
X
k

c†kckþqλ̃qðkÞλ�qðk0Þδk;k0

¼ c†k0ck0þq; ðB33Þ

where we have used the fact that ð1=NGÞ
P

G eiG∧ðk0−kÞ ¼
δk;k0 and jλ̃qðkÞj ¼ 1 by construction. Notice that c†kckþq ≡
c†kckþ½q� on the right-hand side; we can restrict q to be
within the first BZ and let q0 ≡ qþ G to be the unrestricted
momentum (thus, q ¼ ½q� andG ¼ fq0g). By doing this, the
above equation can be rewritten in the following form:

c†kckþq ¼
1

NG

X
q0
δ½q0−q�;0eifq

0g∧kρ̃q0ηfq0ge−ði=2Þ½q
0�∧fq0gλ�½q0�ðkÞ:

ðB34Þ

Then, letting k0 ¼ kþ q, we can further adopt a matrix
form for such an expression:

c†kck0 ¼
X
q

Λq
k;k0 ρ̃q ðB35Þ

with the matrix Λq
k;k0 defined as

Λq
k;k0 ≡

1

NG
δ½q−ðk0−kÞ�;0eifqg∧ke−ði=2Þ½q�∧fqgηfqgλ̃�½q�ðkÞ

¼ 1

NG
δ½qþk−k0�;0λ̃�qðkÞ: ðB36Þ
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One can check that

X
q

Λq
k1;k2

Λk3;k4
q ¼ 1

NG

X
q

δ½qþk1−k2�;0δ½qþk3−k4�;0λ̃
�
qðk1Þλ̃qðk3Þ

¼
X
½q�

δ½½q�þk1−k2�;0δ½½q�þk3−k4�;0
1

NG

X
G

λ̃�½q�þGðk1Þλ̃½q�þGðk3Þ

¼
X
½q�

δ½½q�þk1−k2�;0δ½½q�þk3−k4�;0λ̃
�
½q�ðk1Þλ̃½q�ðk3Þ

1

NG

X
G

eiG∧ðk1−k3Þ

¼
X
½q�

δ½½q�þk1−k2�;0δ½½q�þk3−k4�;0δk1;k3 ¼ δk1;k3δk2;k4 ðB37Þ

and

X
k1;k2

Λq
k1;k2

Λk1;k2
q0 ¼ 1

NG

X
k1;k2

δ½qþk1−k2�;0δ½q0þk1−k2�;0λ̃
�
qðk1Þλ̃q0 ðk1Þ

¼ 1

NG

X
k1

δ½q−q0�;0λ̃�qðk1Þλ̃q0 ðk1Þ

¼ 1

NG

X
k1

δ½q−q0�;0
X
G

λ̃�qðk1Þλ̃qþGðk1ÞδG;fq0−qg

¼δ½q−q0�;0
X
G

δG;fq0−qg
1

NG

X
k1

ηGeiG∧k1−ði=2Þq∧G

¼δ½q−q0�;0δfq−q0g;0¼δq;q0 : ðB38Þ

The expectation value of the two-particle operator
c†k1ck2c

†
k3
ck4 can then be related to the structure factor in

the following way:

hc†k1ck2c
†
k3
ck4i

¼
X
q;p

Λq
k1;k2

Λp
k3;k4

hρ̃qρ̃pi¼
X
q;p

Λq
k1;k2

Λ−q
k3;k4

hρ̃qρ̃−qiδp;−q

¼
X
q

Λq
k1;k2

Λ−q
k3;k4

Sq

¼ 1

N2
G

X
q

δ½qþk1−k2�;0δ½−qþk3−k4�;0λ
�
qðk1Þλ�−qðk3ÞSq

¼ 1

N2
G

X
q

δ½qþk1−k2�;0δ½−qþk3−k4�;0λ̃
�
qðk1Þλ̃�−qðk3ÞSq: ðB39Þ

Let us now construct matrices that have indices q and kk0:

½M12�k1k2;q ≡
1

NG
δ½qþk1−k2�;0λ̃

�
qðk1Þ and

½M34�q;k3k4 ≡
1

NG
δ½−qþk3−k4�;0λ̃

�
−qðk3Þ ðB40Þ

since there are N2
G numbers of q points and NG numbers of

k points so that the matrices constructed are square. Using

the same reasoning in Eqs. (B37) and (B38), we findM12 ¼
M†

34 and

h
M†

12M12

i
q;q0

¼ 1

NG
δq;q0 ;h

M12M
†
12

i
k1k2;k3k4

¼ 1

NG
δk2k1;k3k4 ; ðB41Þ

where δk1k2;k3k4 ≡ δk1;k3δk2;k4 . This follows from the
fact that ½δ½−qþk3−k4�;0λ̃

�
−qðk3Þ�� ¼ δ½−qþk3−k4�;0λ̃−qðk3Þ ¼

δ½−qþk3−k4�;0λ̃
�
qðk3 − qÞ ¼ δ½qþk4−k3�;0λ̃

�
qðk4Þ; thus,

½½M34�q;k3k4 �� ¼ ½M12�k4k3;q ⇒ M†
34 ¼ M12. Note that the

k labels are also flipped. Thus, M12 (M34) is actually a
unitary matrix up to a constant scaling. In this sense, the
two-particle expectation value is given by

hc†k1ck2c
†
k3
ck4i¼

h ffiffiffiffiffiffiffi
NG

p
M12diag½Sq=NG�

ffiffiffiffiffiffiffi
NG

p
M†

12

i
k2k1;k3k4

;

ðB42Þ

which is a unitary rotation of matrix diag½Sq=NG�.
Thus, Sq ≥ 0 for all q implies that the two-particle expect-
ation value in the form of a matrix with indices k1k2 and
k4k3 is necessarily positive semidefinite. This can be
summarized as

hc†cc†ci∈H
Nq
þ ⇔ Sq ≥ 0 ∀ q; ðB43Þ

where H
Nq
þ is the set of PSD Hermitian matrices with

dimension Nq × Nq.
However, for other types of four-fermion operators

like hccc†c†i and hc†c†cci, this is, in general, not true.
For example, let us consider the four-fermion operator
hc†c†cci. Notice that because of the fermionic anticom-
mutation relation, we should restrict the indices. We can
define

Dk1<k2
k3<k4

≡ hc†k2c
†
k1
ck3ck4i; ðB44Þ
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where k1 < k2 just denotes a way of pairing k1 and k2
to avoid its reverse and bears no meaning of the
magnitude comparison. By definition, the matrix D has
a dimension f½NkðNk − 1Þ�=2g × f½NkðNk − 1Þ�=2g (note:
Nq ¼ N2

k ¼ N2
G ¼ N2

Φ). Then, for a two-hole operator
O1 ¼

P
k1<k2 Ak1k2ck1ck2 , we have

hO†
1O1i ¼

X
k1<k2;k3<k4

A�
k1k2

Dk1<k2
k3<k4

Ak3k4 ≥ 0

∀ A∈CNkðNk−1Þ=2; ðB45Þ

which means D∈HNkðNk−1Þ=2þ . Using the expressions
derived above, we can rewrite the matrix D as

Dk1<k2
k3<k4

¼ −hc†k2c
†
k1
ck4ck3i

¼ hc†k2ck4c
†
k1
ck3i − νδk2;k3δk1;k4

¼
X
q

Λq
k2;k4

Λ−q
k1;k3

Sq − νδk2;k3δk1;k4 : ðB46Þ

In this case, Sq ≥ 0 implies nothing about the semidefinite-
ness of the matrix D, which, therefore, acts nontrivially on
the bootstrapping process.
The other four-fermion operator hccc†c†i is actually

related to the above discussed one by the particle-hole
symmetry and gives weaker constraints when ν < 1=2 and
exactly the same constraints when ν ¼ 1=2. Let us define

Qk1<k2
k3<k4

≡ hck3ck4c†k2c
†
k1
i; ðB47Þ

which can be evaluated as

Qk1<k2
k3<k4

¼ hc†k2ck4c
†
k1
ck3i þ ð1 − 2νÞδk1;k3δk2;k4

− ð1 − νÞδk2;k3δk1;k4 : ðB48Þ

One can see immediately that Qk1<k2
k3<k4

ðν ¼ 1=2Þ ¼
Dk1<k2

k3<k4
ðν ¼ 1=2Þ. To see this gives only weaker constraints

for ν < 1=2, we note that by the way we vectorized the
coefficients Ak1;k2 (or antisymmetrization), δk2;k3δk1;k4 is
always zero since k2 ¼ k3 and k1 ¼ k4 are incompatible
with the conditions k1 < k2 and k3 < k4. Moreover,
δk1;k3δk2;k4 is the identity matrix in our notation. So, all
together, we have simply

Qk1<k2
k3<k4

¼ Dk1<k2
k3<k4

þ ð1 − 2νÞI : ðB49Þ

This means that, for ν < 1=2, a positive semidefiniteDk1<k2
k3<k4

always leads to a positive definite Qk1<k2
k3<k4

.

b. GMP algebra in terms of inverse form factor matrix

The GMP algebra is also encoded in the inverse form
factor matrix but in a much more complicated way. To see
this, we first observe that

c†k1ck2c
†
k3
ck4 − c†k3ck4c

†
k1
ck2 ¼ c†k1ck4δk2;k3 − c†k3ck2δk1;k4 ;

ðB50Þ

which then can be rewritten in terms of inverse form factor
matrices:

X
q;p

Λq
k1;k2

Λp
k3;k4

½ρ̃q; ρ̃p� ¼
X
q;p

Λq
k1;k2

Λp
k3;k4

ρ̃qþp2i sin
q ∧ p
2

¼
X
q

ðΛq
k1;k4

δk2;k3 − Λq
k3;k2

δk1;k4Þρ̃q; ðB51Þ

which can be rewritten as

X
q

�X
p

Λq−p
k1;k2

Λp
k3;k4

2i sin
q ∧ p
2

�
ρ̃q ¼

X
q

ðΛq
k1;k4

δk2;k3 − Λq
k3;k2

δk1;k4Þρ̃q; ∀ k1;2;3;4 ∈BZ: ðB52Þ

Multiplying both sides by ρ̃−q0 and taking the expectation value, we have

�X
p

Λq−p
k1;k2

Λp
k3;k4

2i sin
q ∧ p
2

�
Sq ¼ ðΛq

k1;k4
δk2;k3 − Λq

k3;k2
δk1;k4ÞSq; ∀ k1;2;3;4 ∈BZ: ðB53Þ

Notice that we have, in general, Sq > 0, and the GMP algebra becomes simply

X
p

Λq−p
k1;k2

Λp
k3;k4

2i sin
q ∧ p
2

¼ Λq
k1;k4

δk2;k3 − Λq
k3;k2

δk1;k4 ; ∀ k1;2;3;4 ∈BZ: ðB54Þ
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One should be aware that this is not a constraint but a
property of the inverse form factor matrix for the zeroth LL,
since no Sq dependence is in it. This also means, by using
the inverse form factor matrix, the GMP algebra for the Sq
(or 2RDM) is built in and does not need to be implemented
as a separate constraint.
Another way of seeing this is the following. Consider an

arbitrary bilinear operator

Â ¼
X
αβ

Aαβc
†
αcβ; ðB55Þ

where A denotes some operator, Â is its second quantized
representation, and Aαβ are its matrix elements in some

basis. It is straightforward to show that ½Â; B̂� ¼ d½A;B�
and that Â ¼ B̂ if and only if A ¼ B (which also means
Aαβ ¼ Bαβ for all α and β). Furthermore, the form factors
are the matrix representation of the density operator
ρ̃q ¼ Λ̂q. Thus, the GMP algebra implies

d½Λq;Λp� ¼ 2i sin
q ∧ p
2

Λ̂pþq ↔ ½Λq;Λp�

¼ 2i sin
q ∧ p
2

Λpþq; ðB56Þ

where the last relation holds as an identity for the
matrix elements. Thus, the GMP algebra is encoded in
the form factor matrix. Then, one can use the relation
between the form factor matrix and its inverse to get the
expression (B54).

c. (2, 3)—T1 and T2 constraint

In this section, we want to impose the so-called (2, 3) T1
constraint which is deduced from convexly combining two
three-particle positivity constraints to get a reduced con-
straint for two-particle expectation values. Consider the
following two operators: OT1;1 ¼

P
k1;k2;k3 Ak1k2k3ck1ck2ck3

and OT1;2 ¼
P

k1;k2;k3 A
�
k1k2k3

c†k1c
†
k2
c†k3 ; we have the follow-

ing positivity constraints:

hOT1;1O
†
T1;1i ≥ 0 and hOT1;2O

†
T1;2i ≥ 0; ðB57Þ

as well as any convex combinations of the above two
inequalities. It is not hard to see that

OT1;1O
†
T1;1 ¼

X
k1k2k3
k0
1
k0
2
k0
3

Ak1k2k3A
�
k0
1
k0
2
k0
3
ck1ck2ck3c

†
k0
3
c†k0

2
c†k0

1

¼
X
k1k2k3
k0
1
k0
2
k0
3

Ak1k2k3A
�
k0
1
k0
2
k0
3

h
−c†k0

1
c†k0

2
c†k0

3
ck3ck2ck1 þ c†k0

3
c†k0

2
δk0

1
;½k1ck2ck3� − c†k0

3
δk0

2
;½k1ck2ck3�c

†
k0
1
þ δk0

3
;½k1ck2ck3�c

†
k0
2
c†k0

1

i
;

ðB58Þ

where δk0i;½k1ck2ck3� is defined as the sum of the cyclic
permutations of the indices enclosed in the square bracket:

δk0i;½k1ck2ck3� ≡ δk0i;k1ck2ck3 þ δk0i;k2ck3ck1 þ δk0i;k3ck1ck2 :

ðB59Þ

Thus, the convex combination OT1;1O
†
T1;1 þOT1;2O

†
T1;2

cancels exactly the three-particle terms. Then, the following
constraint containing only at most two-particle terms:

hOT1;1O
†
T1;1i þ hOT1;2O

†
T1;2i ≥ 0; ∀ Ak1k2k3 ðB60Þ

is the so-called (2, 3) T1 constraint.
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By using the inverse form factor matrix, we can rewrite the (2, 3) T1 constraint in terms of the two-particle structure
factor:

hOT1;1O
†
T1;1iþ hOT1;2O

†
T1;2i

¼
X
k1k2k3
k0
1
k0
2
k0
3

Ak1k2k3A
�
k0
1
k0
2
k0
3

��
−
X
q

Λq
k0
3
;k2
Λ−q
k0
2
;k3
Sqδk0

1
;k1 þ νδk0

3
;k3δk02;k2δk01;k1 þðcyclic permutation of k1;k2;k3Þ

�

−
�
−
X
q

Λq
k0
3
;k2
Λ−q
k0
1
;k3
Sqδk0

2
;k1 þ νδk0

3
;k2δk01;k3δk02;k1 þðcyclic permutation of k1;k2;k3Þ

�

þ
�
−
X
q

Λq
k0
2
;k2
Λ−q
k0
1
;k3
Sqδk0

3
;k1 þð2ν−1Þδk0

2
;k2δk01;k3δk03;k1 þð1− νÞδk0

2
;k3δk01;k2δk03;k1 þðcyclic permutation of k1;k2;k3Þ

��

≥ 0; ∀ Ak1k2k3 ∈C: ðB61Þ

Like what has been discussed in the (2, 2) positivity case,
we can also antisymmetrize the indices to reduce the
dimensionality of the matrix.
Similar to the (2, 3) T1 constraint discussed above, there

is another simple (2, 3)-positivity constraint bearing the
name (2, 3) T2 constraint as an extension to the T1, which
involves the following two operators:

OT2;1 ¼
X

k1;k2;k3

Ak1k2k3ck1ck2c
†
k3
þ
X
k

Bkck;

OT2;2 ¼
X

k1;k2;k3

A�
k1k2k3

c†k1c
†
k2
ck3 þ

X
k

D�
kc

†
k; ðB62Þ

which are really the generalized T2 operators. Following
the same reasoning discussed above, we have that
OT2;1O

†
T2;1 þOT2;2O

†
T2;2 cancels exactly the three-particle

terms. Writing the (2, 3) T2 constraint using the structure
factor and the inverse form factors is similar to what we
did for the T1 case but more complicated, which is
omitted here. This procedure can then be extended to
any ð2; pÞ-positivity constraints.
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perturbations, Séminaire Laurent Schwartz—EDP et ap-
plications, pages 1–17, 2019.

[82] Bruno Nachtergaele, Simone Warzel, and Amanda Young,
Spectral gaps and incompressibility in a ν ¼ 1=3 frac-
tional quantum Hall system, Commun. Math. Phys. 383,
1093 (2021).

[83] G. Ortiz, Z. Nussinov, J. Dukelsky, and A. Seidel,
Repulsive interactions in quantum Hall systems as a
pairing problem, Phys. Rev. B 88, 165303 (2013).

[84] Li Chen and Alexander Seidel, Algebraic approach to the
study of zero modes of Haldane pseudopotentials, Phys.
Rev. B 91, 085103 (2015).

[85] B. A. Bernevig and F. D. M. Haldane, Generalized cluster-
ing conditions of Jack polynomials at negative Jack
parameter α, Phys. Rev. B 77, 184502 (2008).

[86] B. A. Bernevig and F. D. M. Haldane, Model fractional
quantum Hall states and Jack polynomials, Phys. Rev.
Lett. 100, 246802 (2008).

[87] B. A. Bernevig and F. D. M. Haldane, Properties of non-
Abelian fractional quantum Hall states at filling ν ¼ k=r,
Phys. Rev. Lett. 101, 246806 (2008).

[88] V. Zauner, D. Draxler, Laurens Vanderstraeten, Jutho
Haegeman, and Frank Verstraete, Symmetry breaking
and the geometry of reduced density matrices, New J.
Phys. 18, 113033 (2016).

[89] Gregory Moore and Nicholas Read, Non-Abelions in the
fractional quantum Hall effect, Nucl. Phys. B 360, 362
(1991).

BOOTSTRAPPING THE QUANTUM HALL PROBLEM PHYS. REV. X 15, 031034 (2025)

031034-27

https://doi.org/10.1063/1.1704098
https://doi.org/10.1063/1.1704098
https://doi.org/10.1002/qua.560130603
https://doi.org/10.1002/qua.560130603
https://doi.org/10.1063/1.1636721
https://doi.org/10.1103/PhysRevB.33.2481
https://doi.org/10.1103/PhysRevB.33.2481
https://doi.org/10.1103/PhysRevB.86.195146
https://doi.org/10.1103/PhysRevB.86.195146
https://doi.org/10.1103/PhysRevResearch.5.023167
https://doi.org/10.1137/S1052623496304700
https://doi.org/10.1080/10556788.2010.517532
https://cvxr.com/cvx
https://cvxr.com/cvx
https://cvxr.com/cvx
http://stanford.edu/boyd/graph_dcp.html
http://stanford.edu/boyd/graph_dcp.html
http://stanford.edu/boyd/graph_dcp.html
https://doi.org/10.1103/PhysRevB.99.125123
https://doi.org/10.1103/PhysRevLett.101.010504
https://doi.org/10.1103/PhysRevB.84.121309
https://doi.org/10.1103/PhysRevB.84.121309
https://doi.org/10.1103/PhysRevB.84.205136
https://doi.org/10.1103/PhysRevLett.106.100405
https://doi.org/10.1103/PhysRevLett.106.056801
https://doi.org/10.1103/PhysRevLett.72.900
https://doi.org/10.1007/s00220-021-03997-0
https://doi.org/10.1007/s00220-021-03997-0
https://doi.org/10.1103/PhysRevB.88.165303
https://doi.org/10.1103/PhysRevB.91.085103
https://doi.org/10.1103/PhysRevB.91.085103
https://doi.org/10.1103/PhysRevB.77.184502
https://doi.org/10.1103/PhysRevLett.100.246802
https://doi.org/10.1103/PhysRevLett.100.246802
https://doi.org/10.1103/PhysRevLett.101.246806
https://doi.org/10.1088/1367-2630/18/11/113033
https://doi.org/10.1088/1367-2630/18/11/113033
https://doi.org/10.1016/0550-3213(91)90407-O
https://doi.org/10.1016/0550-3213(91)90407-O


[90] N. E. Bonesteel, Singular pair breaking in the composite
Fermi liquid description of the half-filled Landau level,
Phys. Rev. Lett. 82, 984 (1999).

[91] Martin Greiter, X. G. Wen, and Frank Wilczek, Paired
Hall states, Nucl. Phys. B 374, 567 (1992).

[92] Max A. Metlitski, David F. Mross, Subir Sachdev, and T.
Senthil, Cooper pairing in non-Fermi liquids, Phys. Rev. B
91, 115111 (2015).

[93] Z. Papić, Quantum phase transitions and the ν ¼ 5=2
fractional Hall state in wide quantum wells, Phys. Rev.
Lett. 109, 266806 (2012).

[94] N. Read, Paired states of fermions in two dimensions with
breaking of parity and time-reversal symmetries and the
fractional quantum Hall effect, Phys. Rev. B 61, 10267
(2000).

[95] Edward H. Rezayi and F. Duncan M. Haldane, Incom-
pressible paired Hall state, stripe order, and the composite
fermion liquid phase in half-filled Landau levels, Phys.
Rev. Lett. 84, 4685 (2000).

[96] Zhiqiang Wang, Ipsita Mandal, Suk Bum Chung, and
Sudip Chakravarty, Pairing in half-filled Landau level,
Ann. Phys. (Amsterdam) 351, 727 (2014).

[97] Vadim M. Apalkov, Stable Pfaffian state in bilayer
graphene, Phys. Rev. Lett. 107, 186803 (2011).

[98] Z. Papić, Tunable interactions and phase transitions in
Dirac materials in a magnetic field, Phys. Rev. B 84,
241306 (2011).

[99] Z. Papić, Tunable electron interactions and fractional
quantum Hall states in graphene, Phys. Rev. Lett. 107,
176602 (2011).

[100] Z. Papić, Topological phases in the zeroth Landau level
of bilayer graphene, Phys. Rev. Lett. 112, 046602
(2014).

[101] A. A. Zibrov, C. Kometter, H. Zhou, E. M. Spanton, T.
Taniguchi, K. Watanabe, M. P. Zaletel, and A. F. Young,
Tunable interacting composite fermion phases in a half-
filled bilayer-graphene Landau level, Nature (London)
549, 360 (2017).

[102] Z. Zhu, D. N. Sheng, and I. Sodemann, Widely tunable
quantum phase transition from Moore-Read to composite
Fermi liquid in bilayer graphene, Phys. Rev. Lett. 124,
097604 (2020).

[103] Lieven Vandenberghe and Stephen Boyd, Semidefinite
programming, SIAM Rev. 38, 49 (1996).

[104] Stephen Boyd, Convex Optimization (Cambridge Univer-
sity Press, Cambridge, England, 2004).

[105] In this section, we neglect the sparsity of the matrices
which further reduces the complexity.

[106] This can also be confirmed from the bootstrap results with
no mirror symmetry imposed which show automatically
the mirror symmetry.

[107] The particle number matters a lot in the optimization but
does not affect the computational complexity since it does
not change the dimensionality of the constraint matrices or
the optimization variables.

[108] Dongdong Ge, Qi Huangfu, Zizhuo Wang, Jian Wu,
and Yinyu Ye, Cardinal Optimizer (COPT) user guide,
https://guide.coap.online/copt/en-doc, 2023.

[109] David A. Mazziotti, Large-scale semidefinite program-
ming for many-electron quantum mechanics, Phys. Rev.
Lett. 106, 083001 (2011).

[110] We checked that the oscillating structure factor at ν ¼ 1
3
has

a peak at q� ≈ 1.59l−1
B . A fictitious CFL at ν ¼ 1

3
will have

πk2F ¼ 2πl−2ν such that 2kF ≈ 1.62. A triangular lattice
Wigner crystal, with translation breaking wave vector
determined by ð ffiffiffi

3
p

=2Þq2wc ¼ 2πl−2
B , is another possible

competing state. Here, the expected peak is qwc ≈ 1.56l−1
B ,

which is also close to the bootstrap peak.
[111] Minjae Cho, Colin Oscar Nancarrow, Petar Tadić, Yuan

Xin, and Zechuan Zheng, Coarse-grained bootstrap of
quantum many-body systems, arXiv:2412.07837.

[112] Hamza Fawzi, Omar Fawzi, and Samuel O. Scalet,
Certified algorithms for equilibrium states of local quan-
tum Hamiltonians, Nat. Commun. 15, 7394 (2024).

[113] Minjae Cho, Barak Gabai, Joshua Sandor, and Xi Yin,
Thermal bootstrap of matrix quantum mechanics, arXiv:
2410.04262.

[114] Edward H. Rezayi and F. Duncan M. Haldane, Incom-
pressible paired Hall state, stripe order, and the composite
fermion liquid phase in half-filled Landau levels, Phys.
Rev. Lett. 84, 4685 (2000).

[115] Naokazu Shibata and Daijiro Yoshioka, Ground-state
phase diagram of 2d electrons in a high Landau level:
A density-matrix renormalization group study, Phys. Rev.
Lett. 86, 5755 (2001).

[116] Daijiro Yoshioka and Naokazu Shibata, DMRG study of
the ground state at higher Landau levels—stripes, bubbles
and the Wigner crystal, Physica (Amsterdam) 12E, 43
(2002).

[117] F. D. M. Haldane and E. H. Rezayi, Periodic Laughlin-
Jastrow wave functions for the fractional quantized Hall
effect, Phys. Rev. B 31, 2529 (1985).

[118] F. D. M. Haldane, A modular-invariant modified Weier-
strass sigma-function as a building block for lowest-
Landau-level wavefunctions on the torus, J. Math. Phys.
(N.Y.) 59, 071901 (2018).

[119] M. Fremling, N. Moran, J. K. Slingerland, and S. H.
Simon, Trial wave functions for a composite Fermi liquid
on a torus, Phys. Rev. B 97, 035149 (2018).

[120] J. K. Jain and R. K. Kamilla, Quantitative study of large
composite-fermion systems, Phys. Rev. B 55, R4895
(1997).

[121] Junping Shao, Eun-Ah Kim, F. D. M. Haldane, and
Edward H. Rezayi, Entanglement entropy of the ν¼1=2
composite fermion non-Fermi liquid state, Phys. Rev. Lett.
114, 206402 (2015).

[122] If the ground state breaks such symmetry, we can always
form a mixed state density matrix which averages over all
symmetry sectors. Note that our approach does not dis-
tinguish pure and mixed density matrices.

GAO, LANZETTA, LEDWITH, WANG, and KHALAF PHYS. REV. X 15, 031034 (2025)

031034-28

https://doi.org/10.1103/PhysRevLett.82.984
https://doi.org/10.1016/0550-3213(92)90401-V
https://doi.org/10.1103/PhysRevB.91.115111
https://doi.org/10.1103/PhysRevB.91.115111
https://doi.org/10.1103/PhysRevLett.109.266806
https://doi.org/10.1103/PhysRevLett.109.266806
https://doi.org/10.1103/PhysRevB.61.10267
https://doi.org/10.1103/PhysRevB.61.10267
https://doi.org/10.1103/PhysRevLett.84.4685
https://doi.org/10.1103/PhysRevLett.84.4685
https://doi.org/10.1016/j.aop.2014.09.021
https://doi.org/10.1103/PhysRevLett.107.186803
https://doi.org/10.1103/PhysRevB.84.241306
https://doi.org/10.1103/PhysRevB.84.241306
https://doi.org/10.1103/PhysRevLett.107.176602
https://doi.org/10.1103/PhysRevLett.107.176602
https://doi.org/10.1103/PhysRevLett.112.046602
https://doi.org/10.1103/PhysRevLett.112.046602
https://doi.org/10.1038/nature23893
https://doi.org/10.1038/nature23893
https://doi.org/10.1103/PhysRevLett.124.097604
https://doi.org/10.1103/PhysRevLett.124.097604
https://doi.org/10.1137/1038003
https://guide.coap.online/copt/en-doc
https://guide.coap.online/copt/en-doc
https://guide.coap.online/copt/en-doc
https://doi.org/10.1103/PhysRevLett.106.083001
https://doi.org/10.1103/PhysRevLett.106.083001
https://arXiv.org/abs/2412.07837
https://doi.org/10.1038/s41467-024-51592-3
https://arXiv.org/abs/2410.04262
https://arXiv.org/abs/2410.04262
https://doi.org/10.1103/PhysRevLett.84.4685
https://doi.org/10.1103/PhysRevLett.84.4685
https://doi.org/10.1103/PhysRevLett.86.5755
https://doi.org/10.1103/PhysRevLett.86.5755
https://doi.org/10.1016/S1386-9477(01)00306-X
https://doi.org/10.1016/S1386-9477(01)00306-X
https://doi.org/10.1103/PhysRevB.31.2529
https://doi.org/10.1063/1.5042618
https://doi.org/10.1063/1.5042618
https://doi.org/10.1103/PhysRevB.97.035149
https://doi.org/10.1103/PhysRevB.55.R4895
https://doi.org/10.1103/PhysRevB.55.R4895
https://doi.org/10.1103/PhysRevLett.114.206402
https://doi.org/10.1103/PhysRevLett.114.206402

	Bootstrapping the Quantum Hall Problem
	I. INTRODUCTION
	II. A BRIEF REVIEW OF REDUCED DENSITY MATRIX OPTIMIZATION METHOD
	A. Reformulating the many-body problem as an optimization problem
	B. Hierarchy of constraints

	III. PROBLEM SETUP
	A. Interacting quantum Hall system
	B. Haldane duality
	C. Positivity constraints in terms of Sq
	1. (2, 2) constraints
	2. (2, 3)-T1 and T2 constraints

	D. Convex optimization

	IV. RESULTS ON BOOTSTRAPPING THE LOWEST LANDAU LEVEL
	A. Energetics: Comparison to ED and variational Monte Carlo (VMC)
	B. 1/3 filling
	C. Half filling
	D. Characterization of the allowed region

	V. DIAGNOSING PHASE TRANSITIONS
	A. A simple warm-up exercise
	B. Landau level interpolation (LLI) and three-body correlations

	VI. COMPUTATIONAL ANALYSIS
	A. Runtime complexity
	B. q-lattice sampling using approximated full rotational symmetry
	C. SDP solvers

	VII. DISCUSSION AND OUTLOOK
	A. Nature of correlation functions
	B. Evolution of the allowed region
	C. Further extensions: 3-RDM
	D. Higher constraints, convergence, and approximations
	E. Constraints beyond the (2,p) hierarchy
	F. Higher Landau levels and Chern bands

	ACKNOWLEDGMENTS
	APPENDIX A: UPPER BOUNDS FROM VARIATIONAL MONTE CARLO
	APPENDIX B 
	1. Bloch states in the LLL and form factors
	2. CMTS
	3. Momentum space formulation of the (2,p) constraints
	a. Inverse form factor matrix for zeroth LL and (2, 2) positivity constraints
	b. GMP algebra in terms of inverse form factor matrix
	c. (2, 3)-T1 and T2 constraint

	References


