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Preparation of quantum thermal states of many-body systems is a key computational challenge for
quantum processors, with applications in physics, chemistry, and classical optimization. We provide a
simple and efficient algorithm for thermal state preparation, combining engineered bath resetting and
modulated system-bath coupling to derive a quantum channel approximately satisfying quantum detailed
balance relations. We show that the fixed point σ̂ of the channel approximates the Gibbs state as

kσ̂ − σ̂βk ∼ θ2, where θ is the system-bath coupling and σ̂β ∝ e−βĤS . We provide extensive numerics, for
the example of the 2D quantum Ising model, confirming that the protocol successfully prepares the thermal
state throughout the finite-temperature phase diagram, including near the quantum phase transition.
Simulations for free-fermion systems provide further evidence for the accuracy of the protocol for large
system sizes in the weak-coupling limit. Our algorithm provides a path to efficient quantum simulation of
quantum-correlated states at finite temperature with current and near-term quantum processors.
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I. INTRODUCTION

In experimental quantum systems, one frequently
observes that the system tends naturally toward a near-
equilibrium distribution, so long as heat can be efficiently
dissipated into the wider environment. For electronic
degrees of freedom in solid-state systems, the atomic lattice
acts as an effective heat bath, while in atomic and molecular
setups, energy typically dissipates into electromagnetic
field modes. In contrast, the task of sampling on a quantum
computer from the equilibrium (Gibbs) distribution with
inverse temperature β,

σ̂β ∝ e−βĤS ; ð1Þ

is a formidable algorithmic challenge with a wide range of
applications [1–6]. Given the efficiency of cooling in real-
world quantum systems, where does the difficulty arise in
designing practical cooling algorithms for use in quantum
simulators and quantum processors?

In particular, two main difficulties have frustrated efforts
to design efficient quantum algorithms mimicking cooling
processes in nature. Firstly, the basic assumption in
statistical mechanics is that the reservoir (or “bath”) to
which the system is coupled is macroscopic, with
NB ≫ NS, where NS (NB) is the number of degrees of
freedom in the system (bath). Under this assumption, the
bath density of states approaches a continuous function,
which allows for irreversible decay of the system toward a
steady state set by the coupling with the bath [7,8]. A
system coupled to a finite bath, on the other hand, will
exhibit recurrences in the late-time limit, and does not tend
toward a steady state. With present-day quantum simulators
of modest sizes, and often restricted geometries, it is not
immediately clear how to get around this issue.
Secondly, cooling processes are inherently limited by the

quantum energy-time uncertainty relation, ΔϵΔt≳ ℏ. In
order to accurately resolve the energy levels of the system
Hamiltonian, one requires times of order of the inverse
level spacing, which is typically exponentially large in the
system size. This hinders quantum algorithms which
depend on quantum phase estimation (QPE) [9] routines,
such as the quantum Metropolis sampling algorithm
introduced in Ref. [10], since the QPE resolution scales
inversely proportional to the run-time. We expect many
systems to thermalize much faster in practice, at least from
the point of view of local observables [11]. Exceptions are
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glassy systems, where the system remains stuck in local
minima for extremely long timescales, or low-temperature
symmetry-breaking phases, where observables probing the
symmetry breaking (such as the magnetization of the Ising
model in d ≥ 2) can take exponentially long times to
equilibrate.
Recent works have aimed to surmount these obstacles,

with progress in several directions. On the experimental
side, recent experiments on a digital Google quantum
processor [12] have demonstrated preparation of low-
energy states of up to 35 qubits, by coupling to a small
resettable bath of auxiliary qubits. By periodically resetting
the bath, the issues associated with recurrences are miti-
gated, and the system settles into a steady state at late times.
A theoretical breakthrough was made in the paper by Chen
et al. [13] (see also Ref. [14]), where a Lindblad equation
was derived which has the Gibbs state as an exact steady
state, but with provably efficient run-time and resource
costs. The total Hamiltonian simulation time depends only
on the “mixing time” of the Lindbladian, a quantity which
essentially measures the worst-case time to reach the steady
state starting from any initial state. Importantly, the mixing
time may scale subexponentially with system size in many
phases, showing that perfect resolution of energy levels is
not required for thermal state preparation. The key insight
of Ref. [13] is that the conditions of quantum detailed
balance (QDB) can be satisfied for a class of efficiently
implementable Lindbladians. We refer to Refs. [15–22] for
related works, as well as Ref. [23] for a pedagogical
overview. Unfortunately, the proposed algorithmic tech-
niques are rather high level and likely out of reach for
simulators in the near future (although for very recent
progress in this area see Ref. [24]). The mixing time
entering the bounds in Ref. [13] is also a quantity which is
notoriously difficult to bound even in simple cases [25],
and is also expected to grow polynomially or exponentially
with the system size in most low-temperature quantum
phases. Recent efforts have led to impressive new results in
this area, in particular, proving efficient mixing in certain
weakly interacting or high-temperature systems [26–31].
With near-term applications in mind, we put forward a

simple algorithm [32] aimed at efficiently preparing low-
energy states of many-body Hamiltonians. The algorithm
combined two main features: a small resettable bath as in
the experiment [12] and a coupling between system and
bath qubits which is modulated in time, again with the aim
of achieving detailed balance. The algorithm was shown to
be effective at preparing ground states of several quantum
systems, supported by heuristic arguments for cooling via
quasiparticle processes at low temperatures. Other works
based on similar principles have helped establish dissipa-
tive ground state preparation as a practical and efficient
method for future applications [33–43].
In this work, we generalize the modulated coupling

protocol of Ref. [32] (also dubbed “quasiparticle cooling
algorithm”) to efficiently prepare quantum thermal states,

applicable to present-day digital and analog simulator
platforms. There are three essential ingredients to our
algorithm, displayed schematically in Fig. 1, all of which
are accessible on today’s hardware: (i) unitary Hamiltonian
evolution, U ¼ e−itĤS , implemented either “exactly” or via
a suitable Trotterization of the evolution, (ii) fast reset of
auxiliary qubits, i.e., reinitialization to the empty state j0i,
(iii) time-dependent coupling between the system and
auxiliary qubits. The coupling needs only to be of the
form V̂ðtÞ ¼ θfðtÞÂiR̂j, where Âi (R̂j) is a local operator
acting on the system (bath), θ is the overall system-bath
coupling strength, and fðtÞ is a time-dependent modula-
tion. We do not require the operators entering the coupling
to vary in time.
Compared to Ref. [32], our algorithm includes an addi-

tional randomization step. The extra randomization step
involves Hamiltonian evolution for a short random time,
and does not change the overall resource-cost scalings of
the algorithm. We argue that this step is essential for
accurately preparing thermal states, as it suppresses off-
diagonal elements in the Hamiltonian eigenbasis.
For weak system-bath coupling θ, we show, through a

combination of perturbative and numerical methods, that
the modulated coupling protocol prepares the Gibbs state to
an accuracy kσ̂β − σ̂k1 ∼ θ2 in the system-bath coupling,
where σ̂ is the steady state of the cooling protocol. Thus the
errors in both populations and coherences (off-diagonal
elements) in the eigenbasis of ĤS scale to zero in the limit
of small system-bath coupling. Our results hold for any
digital or analog platform capable of implementing the
simple steps displayed in Fig. 1.

FIG. 1. Protocol for quantum thermal state preparation. The
system density matrix evolves under the repeated map
ρ̂nþ1 ¼ Eðρ̂nÞ, consisting of three stages: (i) initializing a bath
of auxiliary qubits in the j0i state, (ii) joint unitary evolution, and
(iii) reset of the bath qubits. The unitary stage consists of
evolution under a time-dependent unitary ÛðτÞ, defined in
Eq. (4), with −M ≤ τ ≤ M, M ∝

ffiffiffi
β

p
. The coupling to the bath

is smoothly switched on with an interaction strength modulated
by the filter function fðτÞ, to ensure the resulting map approx-
imately satisfies detailed balance. A randomization step R̂
(iv) grants an additional suppression of unwanted system coher-
ences. Our protocol is designed with near-term analog and digital
processors in mind.
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We numerically demonstrate the efficiency of our pro-
tocol by preparing thermal states of the two-dimensional
quantum Ising model, for a range of temperatures and
interaction strengths, and lattice sizes of up to 16 spins. We
benchmark the steady state by comparing several observ-
ables against exact values for the thermal state, finding
close agreement in all cases. Of particular note is the system
heat capacity, which displays clear signatures of the
thermodynamic phase transition near the critical values
of β and J (the ferromagnetic coupling), suggesting that our
protocol can be used to prepare quantum-critical thermal
states without additional complications. The accuracy of
our results increases as the system-bath coupling is
decreased, verifying the predicted perturbative scaling.
We also study thermal state preparation in the example of

a free-fermion chain (equivalently, the 1D quantum Ising
model). We perform large scale simulations for systems of
several hundred sites, assessing the accuracy of the protocol
with the system-bath coupling and system size. For this
model, we demonstrate an upper bound on the errors
scaling as kσ̂ − σ̂βk1 ≤ Oðθ2 ffiffiffiffiffiffiffi

NB
p Þ, and error on local

operators such as the energy density E=NS scaling as
Oðθ2Þ, independent of system size.
The rest of the paper is organized as follows. In Sec. II,

we define our modulated coupling protocol for efficiently
preparing quantum thermal states. This section can be read
as a “recipe” for future digital and analog experiments. In
Sec. III, we show that the protocol steady state approx-
imates the target Gibbs state, with small errors due to finite
system-bath coupling: Section III A derives the interaction-
picture protocol under the assumption of weak coupling.
Section III B explains how the absence of the “coherent
term” presented in Ref. [13] leads to small violations of
quantum detailed balance. Our discussion closely follows
that found in Ref. [13]. Finally, Sec. III C shows that, after
returning to the Schrödinger picture, the violations of
detailed balance lead only to small errors on the order of
Oðθ2Þ in the system-bath coupling. Turning to numerical
results,we present inSec. IVA results for single spin cooling,
demonstrating the correctness of our perturbative formulas,
and in Sec. IV B our results for cooling in the 2D quantum
Isingmodel.Weverify the perturbative scaling and show that
our protocol accurately prepares the thermal state throughout
the finite-temperature phase diagram. In Sec. V, we provide a
short discussion, comparing our protocol with other recently
proposed exact and approximate Gibbs samplers. Finally, in
Sec. VI, we present conclusions and directions for future
work. We present our numerical results for free-fermion
cooling in Appendix A.

II. MODULATED COUPLING PROTOCOL

In this section, we describe our modulated coupling
protocol for preparing quantum thermal states. The idea of
modulating the coupling to bias cooling transitions was

suggested in Ref. [32], while the idea of engineering a
resettable qubit bath goes back to Ref. [44]. Throughout
this section we use uppercase letters with “hats” for
operators, e.g., Û, with the exception of density operators
which are denoted either ρ̂ or σ̂. We use X̂, Ŷ, and Ẑ to
denote the single-site Pauli matrices. Superoperators are
denoted with calligraphic notation, e.g., E.
We consider NS system qubits coupled to NB bath qubits

(“auxiliaries”). The bath qubits are prepared initially in the
product state ϕ̂ ¼ j0ih0j⊗NB . For the initial state of the
system, we take the maximally mixed (infinite-temper-
ature) state, ρ̂0 ∝ Î. Experimentally, initial states of the
system can be uniformly sampled from any complete basis
set; in our numerics in Sec. IV B, we uniformly sample
from the computational basis, which is a standard choice
experimentally.
In each step of the cooling protocol, the system and bath

are evolved under a joint unitary Q̂, specified below, and
then the bath qubits are reset to the initial state ϕ̂. The effect
of coupling and reset can be expressed as a quantum
channel acting on the system density matrix ρ̂:

Eðρ̂Þ ¼ trB½Q̂ðρ̂ ⊗ ϕ̂ÞQ̂†�: ð2Þ

We refer to one application of the above channel as the
“reset cycle”. The system density matrix then evolves as
ρ̂nþ1 ¼ Eðρ̂nÞ. The system converges to a fixed point of the
channel, defined by Eðσ̂Þ ¼ σ̂, in the limit of a large number
of cycles. We assume below that the fixed point is unique,
which will be the case for generic systems in the absence of
symmetries of the channel E. Note, however, that a system
may have long-lived metastable states leading to long
mixing times; we discuss this case further below.
So far the specified channel is completely general. We

now explain how to choose the unitary Q̂ to prepare
quantum thermal states. We focus on the setup for digital
platforms, while the setup for analog platforms requires
minor modifications which we comment on at the end of
this section. We decompose Q̂ into a total of 2M þ 1

unitary layers, followed by a “randomization” unitary R̂:

Q̂ ¼ R̂ ÛðMÞ…Ûð0Þ…Ûð−MÞ: ð3Þ

Here, −M ≤ τ ≤ M is an integer time label. Each unitary
ÛðτÞ is in turn reduced into system (S), bath (B), and
coupling components (SB),

ÛðτÞ ¼ ÛSBðτÞÛBÛS ≡ e−iδθV̂ðτÞe−iδĤBe−iδĤ
0
S ; ð4Þ

where θ is a small dimensionless coupling parameter
(the system-bath coupling) and δ the Trotter angle, also
assumed to be small in order to avoid errors from Floquet
heating effects. Note that the time dependence of ÛðτÞ
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enters only via the time-dependent coupling V̂ðτÞ, as will
be specified further below.
The Hamiltonian Ĥ0

S can be viewed as an effective
prethermal Hamiltonian for the system evolution: Typically
we want to implement US ¼ e−iδĤS but instead implement
ÛS ¼ e−iδĤ1…e−iδĤn , Trotterizing the evolution into n
noncommuting gate layers. The prethermal Hamiltonian
Ĥ0

S then differs from the target system Hamiltonian ĤS by a
correction which scales as OðδÞ and which is the sum of
(quasi)local terms [45]. In driven systems, although the
energy is not conserved, the prethermal Hamiltonian
operator Ĥ0

S is typically conserved for times which are
exponentially long in the driving frequency ωδ ¼ 2π=δ
(relative to the natural energy scales of the problem)
[45,46]. Replacing ÛS with higher-order Trotter decom-
positions [47] is expected to effectively reduce the errors
due to finite δ, although high-order expansions may not be
practical on current devices. Here, we do not aim to provide
a detailed analysis of the errors due to finite Trotter angles,
and will mainly consider the Hamiltonian cooling limit
obtained as δ → 0, M → ∞, and Ĥ0

S → ĤS, with the ratio
T ≡Mδ kept constant. In the rest of the paper we write
ÛS ¼ e−iδĤS for the system unitary, with the above limit
assumed. We refer to parameter T, which measures the
overall depth of the unitary evolution before the bath reset
takes place, as the “reset time.”
The randomization unitary R̂ consists of a random-depth

unitary acting only on the system,

R̂ ¼ e−iδĤ
0
SMR ¼ ÛMR

S ; ð5Þ

where MR ∈ ½0;∞Þ is a random integer typically on the
same order as M, sampled at the start of each new reset
cycle. For concreteness we will consider the case where the
probability pðMRÞ follows the exponential distribution

pðMRÞ ∝ e−MR=λM: ð6Þ

λ parametrizes the distribution ofMR relative toM, and will
be referred to as the “randomization parameter.” The reason
for the extra randomization step will be explained in detail
in Sec. III C: Essentially, it acts as a further dephasing map
on the density matrix coherences. In our results below, we
will make use of both the protocol with the extra randomi-
zation step (randomized protocol) and without (unrandom-
ized protocol), in which case we set λ ¼ 0 in Eq. (6).
Similar randomized evolution times have been considered
in Refs. [17,42].
For the bath Hamiltonian, a sufficient choice is to take

noninteracting qubits according to

ĤB ¼ −
h
2

XNB

μ¼1

Ẑμ; ð7Þ

where parameter h enters as the single bath energy scale. It
is also possible (and may be advantageous in some settings
[17,42]) that each bath spin is subject to an independent
field hμ, as long as the system-bath couplings are adjusted
accordingly [see Eq. (9)].
The τ-dependent coupling operator V̂ðτÞ is specified by

V̂ðτÞ ¼ fðτÞ
XNB

μ¼1

ÂS;μ ⊗ ŶB;μ; ð8Þ

where fðτÞ is a modulating function which will be referred
to as the “filter function,” ŶB;μ is the Pauli-Y matrix acting
on the μth auxiliary qubit (X̂B;μ can also be used), and ÂS;μ

is a local system operator associated with the μth auxiliary
coupling, which is assumed to be Hermitian. Below, we
will simply write Âμ ≡ ÂS;μ, with the understanding that Âμ

acts on the system. The precise choice of Âμ does not affect
arguments regarding the form of the steady state (after
making the Hermiticity assumption), but a good choice of
the operators is important for controlling the ergodicity of
the dynamics, as well as ensuring fast approach to the
steady state. For preparing low-temperature states, it is
beneficial to choose Âμ to target quasiparticlelike excita-
tions of the system, while still remaining local [32].
Frequently, a single Pauli operator suffices, e.g., Âμ ¼ Ŷiμ .
The choice of the filter function is the critical element in

designing the protocol such that the steady state approaches
the Gibbs state. The class of allowed functions is restricted
according to the principle of quantum detailed balance [19],
as will be explained in Sec. III B. This still leaves some
flexibility, and a convenient choice is to take a Gaussian
filter,

fðτÞ ∝ exp

�
−
a2δ2τ2

2

�
; ð9Þ

with a normalization δ
P

M
τ¼−M jfðτÞj ¼ 1, and width set by

a ¼
ffiffiffiffiffiffi
4h
β

s
: ð10Þ

While at this level β enters as a free parameter of the
protocol, the association with the inverse temperature of the
Gibbs state is not accidental. The bath splitting h enters to
fix the overall width of the filter function. In order to avoid
truncation effects from the finite reset time, we require
T ≫

ffiffiffiffiffiffiffiffiffiffi
β=4h

p
. Thus low temperatures (large β) require

longer periods of unitary evolution. In our numerics, we
have found Ta≲Oð1Þ sufficient for effective cooling, due
to the fast decay of the Gaussian tails. The bath parameter h
should also be chosen judiciously, as it fixes the resonance
center for the cooling processes [see Eq. (24)] and thus
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affects the rate at which the steady state is approached.
Normally we should choose h≳ Δ, where Δ is the many-
body energy gap, to ensure resonant removal of low-energy
excitations [32]—we have found this choice efficient in our
numerical examples. In applications, the system gap is
usually not known precisely. However, simple estimates are
often available and the parameter h may be varied exper-
imentally to find approximately optimal values of h.
Above we defined the cooling protocol for use on digital

quantum simulators. The protocol can be defined similarly
for analog machines. In this case we replace the unitary
evolution by

Q̂ ¼ R̂T e−i
R

T

−T
dt½ĤSþĤBþθV̂ðtÞ�; ð11Þ

where V̂ðtÞ is defined by Eq. (8) with the replacement
τδ → t and R̂ ¼ e−iTRĤS . In the next section, we will work
exclusively in the δ → 0 limit to simplify our derivations,
so the results hold for both analog protocols and digital
protocols (in the limit of small Trotter step). We will abuse
notation slightly by writing, e.g., fðtÞ, ÂðtÞ for continuous-
time versions of functions where we replace τδ → t, but the
meaning should be clear.
Experimentally, implementing our protocol on analog

simulators requires the capability for reset of the bath
qubits, which is available, e.g., in the recently developed
digital-analog superconducting qubit platform [48], or
trapped ion architectures [49]. Digital processors allow a
rapid reset on timescales comparable to two-qubit gate
operation times; see, e.g., Refs. [12,50,51].
In summary, our protocol requires (i) time evolution under

the system unitary US ¼ e−itĤS, for a time T ¼ Oð ffiffiffiffiffiffiffiffi
β=h

p Þ,
(ii) a small [NB ≥ Oð1Þ] bath of resettable qubits (in practice,
NB ∝ NS is likely needed to efficiently compete with device
noise), and (iii) weak local coupling between system and
bath, with time-dependent interaction strength set by the
filter function, Eq. (9). The parameters of our protocol are
displayed in Table I for convenience.

III. APPROXIMATELY THERMAL
STEADY STATES

To which extent do the steady states of the cooling
protocol E approximate the target thermal state σ̂β? To
answer this question, we will first show that the modulated
coupling protocol leads to small violations of “detailed
balance” in the interaction frame defined with respect to the
system Hamiltonian ĤS. These violations cause the steady
state to deviate from the exact Gibbs state. We then
calculate the errors introduced in the steady state by means
of a perturbation theory around the Gibbs state, and show
that the errors generically scale as kσ̂ − σ̂βk1 ∼ θ2, in terms
of the system-bath coupling.

A. Expansion in weak coupling

Intuitively, we expect errors in the thermal state to arise
due to finite coupling between the system and the bath. We
therefore consider the weak-coupling limit θ2 ≪ 1 where
we may expand the reset channel, Eq. (2), in powers of the
system-bath coupling. Because of our choice of normali-
zation for the filter function, θ is dimensionless and the
relevant small parameter to control the weak-coupling limit.
The interaction picture is defined with respect to the free

system-bath evolution by

ÔIðτÞ ¼ Û−τ
0 ÔðτÞÛτ

0; Û0 ¼ ÛBÛS; ð12Þ

such that

Q̂I ¼ Û−MR
S Û−M

0 Q̂Û−ðMþ1Þ
0

¼ ÛSB;IðMÞ…ÛSB;Ið0Þ…ÛSB;Ið−MÞ: ð13Þ

We note that this unconventional definition of the inter-
action picture is due to our choice of symmetrizing the reset
protocol with respect to −M ≤ τ ≤ M, and is purely
convention. The interaction picture allows us to rewrite
Eq. (2) as the concatenation of channels:

Eðρ̂Þ ¼ SMþMR ∘ EI ∘ SMþ1ðρ̂Þ; ð14Þ

where

Sðρ̂Þ ¼ ÛSðρ̂ÞÛ−1
S ; ð15Þ

EIðρ̂Þ ¼ trB½Q̂Iðρ̂ ⊗ ϕ̂ÞQ̂†
I �: ð16Þ

We refer to EI as the interaction-picture map and E as the
Schrödinger-picture map. We will not distinguish between
states in the interaction-picture vs. Schrödinger picture,
since the action of Eq. (16) is always defined on its input.
Next, under the weak-coupling assumption, we expand

EI to second order in θ (we leave the details to Appendix B)
to arrive at the interaction-picture map in Lindblad form:

TABLE I. Parameters of the protocol and their symbols
used throughout the text (note not all parameters listed are
independent).

Parameter Meaning

Âμ Cooling operators (μth coupling)
NB Number of bath spins
NS Number of system spins
β Target inverse temperature
θ System-bath coupling strength
h Bath energy scale
δ Trotter angle
T Reset time
λ Randomization parameter
a Filter function width, Eq. (10)
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EIðρ̂Þ − ρ̂

θ2
¼ −i½ĜLS; ρ̂� − fK̂; ρ̂g þ

X
μ

L̂μρ̂L̂
†
μ: ð17Þ

Here,

L̂μ ¼ δ
XM
τ¼−M

fðτÞeiδhτÂμ;IðτÞ ð18Þ

is the jump operator associated to interactions with the
μth auxiliary, K̂ ¼ 1

2

P
μ L̂

†
μL̂μ, and ĜLS ¼Pμ Ĝ

LS
μ is a

Hamiltonian correction traditionally referred to as the
“Lamb shift” (LS), defined in Appendix B, Eq. (B9).
Since T ≫ a−1, the limits on the Gaussian sums may

be extended to infinity with marginal error. Using also the
assumption of small δ (we require δa ≪ 1), we make the
replacement τδ → t and replace the summation formulas
with continuous-time integrals according to

L̂μ ¼
Z

∞

−∞
dtfðtÞeihtÂμ;IðtÞ; ð19Þ

and similarly for the Lamb shift. The error incurred in this
replacement is max½Oðe−T2a2=aTÞ;Oðe−π2=2δ2a2Þ� as shown
in Appendix C. The final form of the interaction-picture
map is the Lindblad equation specified in Eq. (17), with the
operators replaced with their continuous-time versions.

B. Violations of quantum detailed balance

As we will show below, the steady states of the Lindblad
equation, Eq. (17), are not exact Gibbs states with respect to
the system Hamiltonian ĤS. The error can be traced to an
“incorrect” choice of the Lamb-shift Hamiltonian ĜLS. It
was shown in Ref. [13] that, surprisingly, there exists a
different choice of Hamiltonian ĜDB, which ensures that
the steady state is exactly thermal. Below we give a simple
proof of this statement. In our case, the Lamb shift is
fixed by the cooling protocol, and it is not clear how to
derive a similar protocol where ĜDB appears naturally in
the interaction picture.
We first introduce the concept of quantum detailed

balance [20], following the definition in [10], which holds
for a general quantum channel E. This coincides with the
definition of “Kubo-Martin-Schwinger (KMS)” detailed
balance used in other works, defined at the level of the
Lindbladian [13,19]. For a given basis, jψai, the QDB
condition requires that E satisfies the relation

hψajEðjψcihψdjÞjψbi
hψdjEðjψbihψajÞjψci

¼
ffiffiffiffiffiffiffiffiffiffiffi
papb

pcpd

r
; ð20Þ

where pa are probabilities satisfying
P

a pa ¼ 1. Then,

π̂ ¼
X
a

pajψaihψaj ð21Þ

is a fixed point of the channel E, since

hψajEðπ̂Þjψbi ¼
ffiffiffiffiffiffiffiffiffiffiffi
papb

p X
c

hψcjEðjψbihψajÞjψci

¼ paδab; ð22Þ

where we used the fact that E is trace preserving. We say
that E satisfies quantum detailed balance with respect to the
state π̂.
Our choice of filter function in Eq. (9) is made in order to

approximately satisfy the QDB criteria with respect to the
Gibbs state σ̂β. To see this, consider the action of L̂μ

between eigenstates of the system Hamiltonian jϕai. For
the jump operators defined in Eq. (19),

hϕajL̂μjϕbi ¼ Aμabf̄hðωabÞ; ð23Þ

where ωab ¼ ϵb − ϵa are the transition (Bohr) frequencies,
Aμab ¼ hϕajÂμjϕbi, and

f̄hðωÞ ¼
Z

∞

−∞
dte−iðω−hÞtfðtÞ ¼ e−ðω−hÞ2=2a2 : ð24Þ

It is easy to check that the function f̄hðωÞ satisfies the
classical detailed balance condition,

f̄hðωÞ ¼ eβω=2f̄hð−ωÞ; ð25Þ

using our choice of a in Eq. (10). This fixes the jump
operators to obey the relation

hϕajL̂μjϕbi ¼ eβωab=2hϕajL̂†
μjϕbi: ð26Þ

We then separate the Lindblad equation in Eq. (17) into two
parts, the dissipative part,

W ¼
X
μ

L̂μ • L̂
†
μ; ð27Þ

and a part

G ¼ −i½Ĝ; •� þ fK̂; •g; ð28Þ

which depends on a general Hamiltonian term Ĝ in place of
ĜLS. From Eq. (26), QDB is satisfied for the dissipative
part:

hϕajL̂μðjϕcihϕdjÞL̂†
μjϕbi

hϕdjL̂μðjϕbihϕajÞL̂†
μjϕci

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eβϵd=2eβϵc=2

eβϵa=2eβϵb=2

s
; ð29Þ

with pa ∝ e−βϵa the Gibbs weights. On the other hand, G
satisfies QDB only if

ffiffiffiffiffiffi
pb

p hϕajĴ†jϕbi ¼ ffiffiffiffiffiffi
pa

p hϕajĴjϕbi; ð30Þ
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with the non-Hermitian operator

Ĵ ¼ K̂ þ iĜ: ð31Þ

Solving this equation for Ĝ, we find

ĜDB
ab ¼ −i tanh

�
βωab

4

�
K̂ab: ð32Þ

For this choice of the coherent term, the Lindblad
equation,

LDB ¼ GDB þW; GDB ¼ −i½ĜDB; •� þ fK̂; •g; ð33Þ

satisfies QDB and, hence,LDBðσ̂βÞ ¼ 0. Note also that ĜDB

is only unique up to the addition of a term Λ̂ which is
diagonal in the eigenbasis of ĤS, since any such term
commutes with the Gibbs state.
Unfortunately, our Lamb shift does not have the form of

Eq. (32). We give an explicit expression for the matrix
elements of ĜLS in Appendix D, from which it is readily
seen that the two differ. We denote the error as

ΔĜ ¼ ĜLS − ĜDB; ð34Þ

and for nonzero ΔĜ, the QDB conditions are not satisfied.
While it is possible that quantum channels may exist which
have the Gibbs state as their fixed point despite not
satisfying the detailed balance conditions (this statement
is at least true for classical Markov chains), this is not true
in our case, as we show in the next section.

C. Approximately thermal steady states

Because of the violations of detailed balance, the steady
state of the protocol differs from the Gibbs state. We denote
the protocol steady state by σ̂ and the error by ζ̂ ≡ σ̂ − σ̂β.
In this section, we will show that the errors scale with the
system-bath coupling and at weak coupling the steady
state is approximately thermal. This claim is not com-
pletely obvious. While corrections to the detailed balance
Lindbladian are small, Oðθ2Þ, the thermalization timescale
is long, Oð1=θ2Þ. The sum of many small errors can
therefore accumulate in the steady state. Our resolution
comes only after returning to the Schrödinger picture:
The perturbation generated by ΔĜ is off diagonal in the
Hamiltonian eigenbasis, and since off-diagonal elements
between widely separated energy levels are rapidly
dephased with a rate γω ∼ ωT, the small errors cannot
accumulate coherently. Our statement can equivalently be
interpreted as saying that dropping the “coherent term,”
−i½ĜDB; •�, introduced in Refs. [13,14] to exactly restore
quantum detailed balance, leads only to perturbatively
small errors after moving back to the Schrödinger picture.

To perform the perturbative expansion, we move back to
the Schrödinger picture via Eq. (14). To simplify final
expressions, we consider the small δ regime, where we can
replace Mδ ¼ T and assume ωabδ ≪ 1. The Schrödinger
map contains the term SMR which depends on the ran-
domization stepMR. In order to obtain the steady state after
repeated application of the random channel, we consider
the averaged map. With pðMRÞ defined in Eq. (6), the
average of the unitary channel SMR now implements a
dephasing channel in the eigenbasis of the Hamiltonian.
Defining D≡ EMR

½SMR �, and setting TR ¼ MRδ, we have

Dðρ̂Þ ¼ 1

λT

Z
∞

0

dTRe−TR=λTe−iĤSTRðρ̂ÞeiĤSTR

¼
X
ab

jϕaihϕajρ̂jϕbihϕbj
1 − iωabλT

; ð35Þ

with λ measuring the “strength” of the randomization step.
For λ ¼ 0 the protocol is unrandomized.
The Schrödinger map can then be written as

Eðρ̂Þ ¼ D ∘ E0 ∘ EI ∘ E0ðρ̂Þ; ð36Þ

where E0 ¼ UT
Sð•ÞU†T

S , and we write EI as

EIðρ̂Þ ≈ ð1þ θ2LÞρ̂; ð37Þ

Lðρ̂Þ ¼ −i½ΔĜ; ρ̂� þ LDBðρ̂Þ: ð38Þ

For ΔĜ ¼ 0, the steady state is the Gibbs state σ̂β and
ζ̂ ¼ 0. Away from this limit, the correction to the Gibbs
state is obtained by

ζ̂ ¼
X∞
n¼0

½Enþ1ðσ̂βÞ − Enðσ̂βÞ� ¼
X∞
n¼0

Enðξ̂Þ; ð39Þ

where ξ̂ ¼ −iθ2D ∘ E0ð½ΔĜ; σ̂β�Þ is the “perturbation”
seededbyΔĜ. Note that ξ̂ is traceless, has vanishingdiagonal
in the Hamiltonian eigenbasis, and kξ̂k1 ≲Oðθ2NBÞ [52],
with kM̂k1 the trace norm of M̂. Aworst-case bound on kζ̂k1
can be derived bydefining themixing time t0mix of the channel
E as the smallest s such that

kEnðX̂Þk1 ≤ e−n=skX̂k1 ð40Þ

holds, for all traceless operators X̂, assuming the steady state
is unique. It follows that kζ̂k1 ≲ t0mixkξ̂k1. However, since
thermalization occurs perturbatively slowly in θ, the mixing
time is expected to scale as t0mix ∼ tmix=θ2, where tmix is an
“intrinsic” timescale which does not depend (strongly) on θ.
This gives the trivial bound

kζ̂k1 ≲OðNBtmixÞ: ð41Þ
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Below, we argue that errors are perturbatively small in
θ2, in spite of the above bound, which is too loose. This
arises due to the following observations. Errors which are
diagonal in the Hamiltonian eigenbasis relax perturbatively
slowly due to the system-bath interaction, but the initial
perturbation ξ̂ has no diagonal component. Errors which are
off diagonal relax nonperturbatively, due to dephasing in
the Schrödinger picture. This leads to the stronger bound
kζk1 ≲O½θ2g̃ðNB;NSÞtmix�, where g̃ðNB;NSÞ is a function
introduced below. Although we are not able to determine g̃
explicitly, in many cases we expect g̃≲ NB, i.e., the error
grows at most extensively with the size of the bath, and
the dependence on system size enters only through the
mixing time.
To see the role of dephasing, we rewrite the series in

Eq. (39) using the Dyson series,

ζ̂ ¼ K0ðξ̂Þ þ θ2K ∘ L ∘ K0ðξ̂Þ; ð42Þ

where K ¼P∞
n¼0 E

n, K0 ¼
P∞

n¼0ðD ∘ E2
0Þn are the inter-

acting and free resolvents, respectively. The motivation is to
separate the dynamics into “slow” and “fast” subspaces,
which approximately govern the mixing of populations and
the dephasing of coherences [53]. Importantly, we expect
terms entering the sum K0ðξ̂Þ to decay faster than the
perturbative timescale ∼1=θ2.
We define ζ̂coh and ζ̂pop, respectively, as the corrections

to coherences and populations, i.e., the off-diagonal and
diagonal projections of ζ̂ in the Hamiltonian eigenbasis.
Since K0ðξ̂Þ is completely off diagonal, it sets the correc-
tion to coherences to leading order in θ, ζ̂coh ≈K0ðξ̂Þ.
[When projecting ζ̂ onto the off-diagonal subspace, we
can replace K with K0 to leading order; hence, the second
term in Eq. (42) is subleading.] Meanwhile, the correc-
tion to populations is given by the second term,
ζ̂pop ¼ θ2K ∘ L ∘ K0ðξ̂Þ. Note that it is not possible to
replace K with K0 when calculating the populations, since
this formally leads to a divergence.
We can explicitly calculate the correction to the coher-

ences by summing K0ðξ̂Þ,

ζcoha≠b ¼ iθ2ðΔĜÞab
�

pðϵbÞ − pðϵaÞ
1 − e2iTωab − iωabλT

�
; ð43Þ

where pðϵÞ ¼ e−βϵ=Z is the Gibbs weight with
Z ¼ Trðe−βĤSÞ. Coherences between well-separated
energy levels are dephased on a characteristic timescale
tω ∼ ðωTÞ−1. On the other hand, coherences between
nearby levels dephase slowly, but are suppressed in the
initial perturbation by the Gibbs weight factors. The
suppression guarantees that the series does not diverge
as the spacing ωab is taken to zero—this should be

contrasted to the case where ξ̂ is a generic perturbation,
for which K0 diverges with the inverse level spacing.
Equation (43) highlights the role played by the additional

randomization step: For λ ¼ 0, we find divergences at the
special values ωab ¼ mπ=T when the frequency is resonant
with the drive frequency (this effect survives for δ → 0, and
is not related to the discretization of the protocol). The
randomization is added to wash out this resonant effect. For
finite λ, the size of the coherences in Eq. (43) can be
bounded. Assuming λ ≥ 2, and ϵb > ϵb for simplicity, we
obtain the bound (see Appendix E):

jζcoha≠bj ≤ C1θ
2NBe

−ω2
ab=4a

2

min

�
β

2T
;

1

jωabjT
�
pðϵaÞ; ð44Þ

where C1 ∼Oð1Þ. The above bound shows that coherences
are perturbatively small in θ.
While we are unable to directly translate Eq. (44) into a

useful bound on the trace norm, we have formally
kζ̂cohk1 ≤ θ2gðNS; NBÞ, where gðNS; NBÞ is a function
depending on the number of system and bath spins (as
well as other parameters of the protocol which we
suppress).
Next we consider the population corrections. Since

Lðζ̂cohÞ remains in the traceless subspace, the correction
can be bounded using Eq. (40) by

kζ̂popk1 ≤ θ2t0mixkLðζ̂cohÞk1 ≤ θ2g̃ðNS;NBÞtmix; ð45Þ

with g̃ðNS; NBÞ ¼ gðNS;NBÞ × C2NB, and we used
kLðζ̂cohÞk1 ≤ C2NBkζ̂cohk1. The contribution from popu-
lations is naively a factor of NBtmix larger than the
contribution from coherences. Combining the two contri-
butions, and absorbing constants into g̃, we have the scaling

kζ̂k1 ≲ θ2g̃ðNS; NBÞtmix: ð46Þ

We expect in many physically relevant cases g̃≲ NB, which
is the scaling one gets from the naive mixing time bound
Eq. (41). Furthermore, any mechanism which suppresses
the size of the coherences, such as our randomization step,
is expected to lead to an improved bound in Eq. (46). Any
nontrivial scaling with the number of qubits is expected to
come from the mixing time. In Appendix A, for a free-
fermionic chain (which is expected to mix rapidly, tmix ≲
logNS [54]) and a wide range of parameters, we numeri-
cally demonstrate the scaling kζ̂k1 ≈Oðθ2 ffiffiffiffiffiffi

NS
p Þ.

We now comment on the experimentally relevant
regimes of low and high temperature. We consider gapped
many-body systems with gap Δ, and estimate the size of
corrections to the Gibbs state:
Low temperature. In the limit Δβ ≫ 1, we aim to cool

toward the ground state, which has been successfully
demonstrated in several recent works [32,40,41] using
variants of the cooling protocol. The population errors
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are bounded by Eq. (45), which may be large if the mixing
time is large. However, since ξ̂ is exponentially suppressed
at high energies by the Gibbs weight, we expect the
corrections at high energies to be similarly small, unless
the relaxation time is very large or L directly couples low-
and high-energy subspaces.
Since coherences at large energies are suppressed by the

Gibbs weight entering Eq. (44), we now focus on the
coherence between the ground state and low-lying excited
states. In this case we have jω0bj ≥ Δ, and from Eq. (44) we
can extract the bound jζcoh0b j ≤ Cθ2NBe−Δ

2=4a2=ΔT. Hence,
for h ∼OðΔÞ, coherences are roughly a factor of θ2NB=ΔT
smaller than the low-lying populations. In the special case
where the ground state manifold becomes degenerate, we
instead have the weaker bound jζcoh

000 j ≤ Cθ2jΔG000 jβ=T—
thus, if the matrix element ΔG000 is finite, we may have
large coherence between the ground states whenever θ2β=T
is not small.
High temperature. At high temperatures, Δβ ≪ 1, we

can use the coherence bound (setting ϵb > ϵa)
jζcoha≠bj ≤ C0θ2βNBe−βϵa=TZ, where Z is the partition func-
tion. We see that coherences are suppressed by a small
factor of θ2βNB=T relative to the upper bound one
would obtain from simply applying the Cauchy-Schwarz
inequality, jσabj ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðϵaÞpðϵbÞ

p
≤ pðϵaÞ. The vanishing

of coherences in the high-temperature regime is consis-
tent with previous works studying thermalization in the
case of physical baths [55,56]. For the populations, since
mixing times are typically short at high temperatures
[27–29], we also expect the corrections to be perturba-
tively small.
We finish this section with two comments. First, we note

that while the mixing time enters the worse-case bound in
Eq. (46), from the splitting of Eq. (42) it is clear that the
physically relevant timescale is the time for the off-diagonal
perturbation ξ̂ to relax. While it is upper bounded by the
mixing time, it may be much shorter if ξ̂ does not couple
directly to the slowest mixing modes; we provide further
discussion in Sec. V. If coherences are suppressed and this
timescale remains short, we expect to be able to prepare the
Gibbs state accurately in practice.
Second, we point out that the steady state corrections

described above can be understood from a complementary
point of view, by rewriting σ̂ in the form of a modified
Gibbs state σ̂ ∝ e−βĤ

0
S , defined with respect to a “renor-

malized” system Hamiltonian Ĥ0
S ¼ ĤS þ θ2Ĉ. We pro-

vide a derivation of the Ĉ term in Appendix F, where we
show how σ̂ can be understood as the fixed point of a
detailed balanced Lindbladian in the interaction frame
defined with respect to Ĥ0

S. The term Ĉ leaves the diagonal
part unspecified, reflecting the ambiguity in fixing the
populations at leading order in θ: We note that establish-
ing desirable properties of the perturbation Ĉ such as

quasilocality appears intimately connected to bounding
ζ̂pop efficiently.

IV. NUMERICAL RESULTS

In this section, we present numerical results for the
cooling protocol, in order to confirm the arguments
presented in Sec. III. As a warm-up, we first present results
for single spin cooling, illustrating the perturbative for-
mulas derived in Sec. III C. Second, we study the practi-
cally relevant case of the 2D quantum Ising model, where
we show accurate cooling for a range of system parameters.
In Appendix A, we provide a systematic study of cooling
for a 1D free-fermion chain, where we are able to test the
protocol for large system sizes and confirm the perturbative
arguments of Sec. III C.

A. Single spin cooling

To support the validity of the perturbative analysis in
Sec. III C, and compare the performance of randomized and
unrandomized protocols, we simulate the cooling of a
single spin with the Zeeman Hamiltonian:

ĤS ¼ −
g
2
Ẑ: ð47Þ

We set g ¼ 1 throughout. The spin is coupled to a single
auxiliary with parameter h ¼ g, and simulations performed
by exact real-time evolution.
The steady state corrections are shown in Fig. 2. In

Fig. 2(a), we plot the matrix elements of the correction
ζ̂ ¼ σ̂ − σ̂β, as a function of the coupling θ. We denote the
magnitude of the matrix elements by jζ00j ¼ ζpop and
jζ01j ¼ ζcoh. The results shown are for the unrandomized

FIG. 2. Single spin cooling. (a) Scaling of steady state
population errors (ζpop) and coherences (ζcoh) vs system-bath
coupling θ2. (b) Comparison of randomized (solid orange and
purple lines) and unrandomized (solid red and blue lines)
protocols, for varying reset time T and θ ¼ 0.25. Black dot-
dashed lines show perturbative solution for coherences, Eq. (43).
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protocol with three different protocol temperatures. The
predicted scaling jζabj ∝ θ2 is evident for small θ.
In Fig. 2(b), we compare randomized and unrandomized

protocols, as the reset time T is varied. We take β ¼ 1,
θ ¼ 0.25 and for the randomized protocol use parameter
λ ¼ 1. The solid colored lines are the numerical results,
obtained by time averaging the state density matrix
between 1000=θ2 ≤ n ≤ 3000=θ2 reset cycles. The black
dot-dashed lines give the perturbative solution for the
coherences, Eq. (43). The results for the unrandomized
protocol confirm that the correction diverges at resonant
values of the drive period, as predicted from Eq. (43) by
setting λ ¼ 0. Interestingly, the perturbative solution for the
coherences matches the true solution well even in this
regime. Randomizing the protocol effectively suppresses
the resonances, for both populations and coherences. While
our perturbative solution does not give a prediction for the
exact population correction, we observe that the order of
magnitude follows that of the coherences, consistent
with Eq. (45).

B. 2D quantum Ising model

We now turn to the question of thermal state preparation
in a many-body model. As our example, we take the
interacting two-dimensional square-lattice quantum Ising
model, and consider lattice sizes of up to 16 spins. The
Hamiltonian is defined for a lattice of spin-1=2 degrees of
freedom as

ĤQI ¼ −J
X
hi;ji

X̂iX̂j − g
X
i

Ẑi; ð48Þ

where the couplings run over all nearest-neighbor pairs,
and for J > 0 the spins favor ferromagnetic alignment. We
will focus on the digital cooling protocol with the corre-
sponding Floquet unitary,

ÛQI ¼ exp

�
iδg
X
i

Ẑi

�
exp

 
iδJ
X
hi;ji

X̂iX̂j

!
; ð49Þ

and periodic boundary conditions assumed. The model
is nonintegrable and hosts (in the thermodynamic and
prethermal limits) two quantum phases, a quantum para-
magnetic phase at small J and high temperature, and a
ferromagmetic ordered phase at large J and low temper-
ature. The phase transition is known from Monte Carlo
computations [57], with a thermal phase transition for
g ¼ 0 at the critical temperature βc ≈ 0.44 J−1, and a
quantum phase transition for β → ∞ at Jc ≈ 0.33g. In
the rest of this section, we set g ¼ 1 and study cooling as
parameters J and β are varied.
We use the quantum trajectory method to simulate the

cooling dynamics in real time, using Google’s QSIM

quantum simulator package [58]. Initial states are sampled

uniformly from the set of computational basis states. We
fix a small Trotter angle δ ¼ π=40 in order to minimize
errors due to the Floquet driving. We found that taking a
larger angle π=20 did not significantly change our results.
As discussed in Sec. II, the bath parameter h should be
chosen to approximately target low-energy transitions of
the system, and we fix h ¼ maxð2g; 4JÞ which ensures
transitions are in resonance with low-lying excitations.
Because of the computational overhead involved, we
use only a small number of auxiliaries (NB ≤ 4); to
maintain translational symmetry, we choose the geometry
of the system-auxiliary couplings ðμ; iμÞ randomly at the
start of each cooling cycle, with a coupling operator
Âμ ¼ ðẐiμ þ ŶiμÞ=

ffiffiffi
2

p
. This randomization differs between

independently sampled trajectories. We do not expect this
randomization to give different results compared to the case
where the system is coupled to a finite density of auxiliaries
in the bulk (assuming of course energy is transported
efficiently).
As a first test, we examine the convergence of the system

energy toward the thermal expectation as the number of
resets is increased. Results are displayed in Fig. 3, for a
3 × 3 lattice and several representative points in the phase
diagram. Each curve is obtained by averaging measure-
ments over 1000 independent trajectories, with a coupling
parameter θ ¼ 0.25 and NB ¼ 3 auxiliaries. We observe
that the measured energy accurately converges toward the
thermal value at late times. We do not observe any
significant difference between the equilibration times of
different phase points—however, it is likely that the system
size is too small to resolve this question, as coarsening

FIG. 3. Evolution of energy in 2D quantum Ising model (3 × 3
sites) vs number of resets. We show results for several different
choices of parameters J, β, using the unrandomized protocol with
θ ¼ 0.25. Energies for different curves are scaled to lie between
−1 (ground state) and 1 (highest excited state) for comparison.
Dot-dashed lines are the corresponding thermal state values.
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dynamics is naively expected for large systems cooled into
the ferromagnetic phase [59].
Next, we turn to an analysis of the steady state. The

steady state distribution is accessed by sampling over late-
time configurations, analogous to classical Monte Carlo
schemes. We define the steady state density matrix as

σ̂ ¼ E½jφkihφkj� ¼
1

K

XK
k¼1

jφkihφkj; ð50Þ

where φk represents the trajectory wave function sampled
periodically in time.
In Fig. 4, we show the expectation values for different

steady state observables, as a function of both β and J. In
each case the open points represent the data from the steady
state simulations, while solid colored lines are the exact
thermal values. We show data for lattice sizes of up to 4 × 4
system sites. In each case, we fix the coupling θ according
to θ2 ¼ 0.05=

ffiffiffiffiffiffi
βh

p
[60].

In Fig. 4(a), we compare the total system energy. In the
main panel, we fix J ¼ 1 and allow β to vary, while the
inset shows results for fixed β ¼ 0.5 and varying J. In both
cases we observe excellent agreement with the exact results
(error bars are smaller than the linewidth).
Further, in Fig. 4(b), we illustrate the system heat

capacity, defined as C ¼ β2ðΔEÞ2, where ðΔEÞ2 is the
variance in the energy. We show results for the same
parameter values as in Fig. 4(a). The data closely follow the
exact curve, with observable error bars due to finite
sampling of trajectories. A characteristic peak in the heat
capacity clearly develops for larger system sizes, close to
the critical values of β and J. This suggests that the thermal

cooling protocol is capable of preparing critical many-body
states.
The total energy and the heat capacity are both diagonal

in the Hamiltonian eigenbasis and probe only the popula-
tion errors. Furthermore, the close agreement of these local
observables does not guarantee that correlation functions
between spatially separated degrees of freedom are accu-
rately represented. Next, we consider two measures which
are also sensitive to off-diagonal corrections: the on-site
transverse magnetization hẐ0i and the mutual informa-
tion between a single spin (denoted A) and the rest of
the system (Ā): IðA∶ĀÞ ¼ Sðρ̂AÞ þ Sðρ̂ĀÞ − Sðρ̂Þ, where
Sðρ̂Þ ¼ −trðρ̂ log ρ̂Þ is the von Neumann entropy. The
mutual information is a good measure of the “total”
correlation between two systems, since it upper bounds
the connected correlation functions of arbitrary observables
supported on A and B [61]:

IðA∶BÞ ≥ hÔAÔBi2c
2kÔAk2kÔBk2

: ð51Þ

For pure quantum states, the bipartite mutual information
IðA∶ĀÞ reduces to (twice) the entanglement entropy, while
for mixed states it also captures classical correlations. Note
that the mutual information is a function of the full density
matrix, and we expect it to capture the error relevant for
local correlation functions. In Fig. 4(c), we compare hẐ0i
and IðA∶ĀÞ for the steady state density matrix and the
thermal value from exact diagonalization. We show the
curves for a range of J and three different values of β, using
a system size of 3 × 3 qubits. The steady state shows good
agreement with the thermal state values in all cases.

(a) (b) (c)

FIG. 4. Steady state observables in 2D quantum Ising model. Numerical values are depicted by open points, while colored lines are
values for the thermal density matrix obtained via exact diagonalization. (a) Total energy in steady state for fixed J ¼ 1 and varying β,
with system sizes between 2 × 2 and 4 × 4. Inset: energy for fixed β ¼ 0.5 and varying J. (b) Total heat capacity in steady state, for same
parameters as in (a) and varying β. Error bars are due to finite sampling over trajectories. Inset: heat capacity for fixed β ¼ 0.5 and
varying J. (c) Upper plot: transverse magnetization hẐ0i for three different temperatures and varying J. Lower plot: mutual information
between a single spin and the rest of the system. System size is 3 × 3 sites.
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To conclude our discussion of the 2D Ising model, we
check how the errors to the Gibbs state scale with the
coupling parameter θ. We focus on two measures of
the protocol accuracy: the relative error in the steady state
energy and the trace distance between the steady state and
the Gibbs state. The trace distance between two state σ̂ and
ρ̂ is defined as

Dðσ̂; ρ̂Þ ¼ 1

2
kσ̂ − ρ̂k1 ≡ 1

2
tr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðσ̂ − ρ̂Þ2

q
; ð52Þ

and takes values in the range [0, 1]. When computing the
trace distance between the steady state and the Gibbs state,
we observed that the dominant error at small θ comes from
the finite Trotter angle in our numerics [precisely, we
observe an offset of Dðσ̂; σ̂βÞ ≈ 0.1 in the limit of small θ,
for δ ¼ π=40]. In order to isolate the dependence on the
system-bath coupling, we compute the trace distance

Dðσ̂; σ̂ð1Þβ Þ with respect to the Gibbs state of the first-order

Floquet Hamiltonian [45], σ̂ð1Þβ ∝ e−βH
ð1Þ
F , where

Ĥð1Þ
F ¼ ĤQI þ

iδ
2
½ĤJ; Ĥg�; ð53Þ

and ĤJ and Hg are the first and second terms in Eq. (48),
respectively. Similar results can be obtained by decreasing
the Trotter angle in the simulations and computing
Dðσ̂; σ̂βÞ, at the cost of increased simulation time. The
result does not improve significantly for higher-order
Floquet Hamiltonians.
We show results as a function of the coupling θ2, for

different values of J and β in Fig. (5); each data point is
averaged over 40 000–100 000 measurements, sampled
from the cooling trajectory every 10 resets. We use a
system size of 3 × 3, with 3 auxiliaries. The errors in both
the energy and the trace distance are expected to depend on
the system size; however, our small system numerics are
not sufficient to determine this scaling. The scaling will
vary depending on the model in question. We also compare
the unrandomized (solid lines) and randomized (dot-dashed
lines) protocols, with a randomization parameter λ ¼ 5.
The relative error in the energy [Fig. 5(a)] converges

cleanly toward zero as the strength of the coupling
parameter θ is reduced, with the deviations largest near
the critical value of J ¼ 0.33, β ¼ 1. For the trace distance
[Fig. 5(b)], we show only the two low-temperature points
β ¼ 1, J ¼ 0.33, and β ¼ 1.5, J ¼ 1, as the higher-temper-
ature points converge too slowly in the number of samples
(the Monte Carlo method is not ideally suited to computing
this quantity). We observe in both cases a convergence
toward zero as the coupling strength is reduced. Deep in the
ferromagnetic phase, on account of the Ising Z2 symmetry,
the Hamiltonian ground state is degenerate with an expo-
nentially small splitting in the system size. In this case, we
expect potentially large coherence between the two ground

states. By subtracting the contribution from ground state
coherence to the trace distance at the ferromagnetic point
β ¼ 1.5, J ¼ 1, we observe a significantly closer agree-
ment to the Gibbs state. Note that in the thermodynamic
limit, due to, e.g., external noise sources, we expect the
Ising symmetry to be spontaneously broken and the system
will be found in one of the two symmetry-breaking states.
For the energy error, we observe that the errors in

randomized and unrandomized protocols are essentially
the same at small values of θ. For the trace distance, the
randomized protocol leads to a more significant decrease in
the errors, but both protocols perform well in the limit of
small θ. It is possible that for the system sizes we access,
the resonances appearing in the perturbation theory of
Sec. III C do not play a strong role. For the free-fermion
model studied in Appendix A, where we can access
significantly larger system sizes, the effect of resonances
appears clearly, although the errors in both randomized and
unrandomized protocols remain small in the weak-cou-
pling limit.
Our numerical results confirm the perturbative picture

developed in Sec. III and show that the modulated coupling

FIG. 5. (a) Scaling of relative error in steady state energy,
relative to thermal energy, vs coupling θ2. We show four
representative points in the J=β phase diagram. Solid lines are
for the unrandomized protocol, while dot-dashed lines are for the
randomized protocol with parameter λ ¼ 5. (b) Scaling of trace
distance between steady state and the first-order Floquet Gibbs
state, vs coupling θ2. We focus on the two low-temperature
points, and for β ¼ 1.5, J ¼ 1 show also the value when the
coherence between the degenerate ferromagnetic ground states
is ignored.
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protocol accurately prepares thermal states in many-body,
interacting quantum systems. Furthermore, we point out
that the protocol parameters used in this section are modest
in that the cooling cycle involves a relatively small number
of unitary layers. For example, for J ¼ g ¼ 1, β ≈ 0.5,
which corresponds to the preparation of the “critical
state” in the main panel of Fig. 4(b), we used a coupling
parameter of θ ≈ 0.2, with a reset time T ¼ 3a−1 ≈ 0.7
(or M ¼ 9 for δ ¼ π=40), and NB ¼ 3 auxiliaries for the
4 × 4 system. These values are within easy reach for
future experiments on current hardware. Since the reset
time only needs to scale as T ∝ β1=2, preparation of low-
temperature and ground states also does not pose a
fundamental issue.

V. DISCUSSION

As we have seen in Secs. II and IV, the accuracy of our
protocol improves as the magnitude of the system-bath
coupling θ is lowered, relative to the energy scales of the
system Hamiltonian. This is due inherently to the fact that
our protocol is defined in the Schrödinger picture, as
discussed in Sec. III C. In contrast, other proposals for
exact [13,18] or approximate [15,21,22] quantum Gibbs
samplers have worked primarily at the level of the
Lindbladian in the interaction picture, i.e., Eq. (17).
Similar to our work, the protocol of Ref. [22] works in
the Schrödinger picture, but their bounds do not appear to
utilize this fact beyond determining the validity of the
Lindblad equation.
The accuracy of these protocols is instead controlled by

applying the mixing time bound Eq. (40), which gives the
error to the Gibbs state kζ̂k1 ≲ tmixk½ΔĜ; σ̂β�k1. As we
discussed in Sec. III C, tmix is an intrinsic timescale of the
thermalization dynamics which is approximately indepen-
dent of the coupling θ. Rather, the error is made small by
increasing the Gaussian filter width a−1, which in turn
allows us to bound the size of the commutator term
k½ΔĜ; σ̂β�k1 more strongly. For example, in Ref. [21],
the authors rigorously showed the errors are upper bounded
by kσ̂ − σ̂βk1 ≤ ÕðaβNBtmixÞ, where Õ denotes an upper
bound neglecting polylogarithmic factors. In this work,
we argued (without establishing a rigorous bound on the
trace-distance error) that even when the commutator norm
is OðNBÞ, we can systematically control the error by
reducing θ.
It is easy to see that our perturbation theory fails if one

tries to solve for the steady state in the interaction picture:
Since there is no Oð1Þ term in the Lindblad equation
Eq. (17), there is no sense in which θ2 can be treated as a
small-coupling parameter. We can approach the interaction
picture map smoothly by applying an additional “rewind-
ing” step at the end of each reset cycle, as is implemented in
the algorithm of Ref. [21]: After applying each reset cycle,
Eq. (2), we apply a reverse time evolution of duration 2T�,

i.e., apply the unitary eþ2iT�ĤS. The interaction picture map
corresponds to a full rewinding T� ¼ T. Accounting for the
rewinding in our perturbation theory, we neglect the
randomization step (λ ¼ 0) and obtain for the coherences:

ζcoha≠b ¼ iθ2ðΔGÞab
�
pðϵbÞ − pðϵaÞ
1 − e2iðT−T�Þωab

�
: ð54Þ

The errors diverge as ζ̂coha≠b ∝ ðT − T�Þ−1 as we approach
the interaction-picture channel. Therefore, while it appears
harder to rigorously bound the accuracy of protocols in the
Schrödinger picture, protocols defined in the interaction
picture miss a physically important effect coming from the
dephasing of coherences due to Hamiltonian evolution in
the Schrödinger picture. It would be desirable to extend
and potentially strengthen rigorous bounds as used in
Refs. [15,21,22] to protocols like the one considered here.
In protocols where the smallness of the error is controlled
by a different parameter than θ, as in, e.g., Refs. [19,21],
we expect the combining these approaches with our weak-
coupling Schrödinger map approach can lead to more
accurate state preparation.
Finally, we remark that in all of the proposed Gibbs

sampling protocols, including ours through our discussion
of the population errors, the mixing time tmix enters since it
controls the worst-case decay time of arbitrary errors.
This presents a pessimistic view of state preparation:
Many phases of interest are expected to feature mixing
times growing exponentially with the system size, due
to the phenomena of spontaneous symmetry breaking.
Nevertheless, our discussion in Sec. III C makes it clear
that the relevant timescale should be set by the decay of
the specific error ξ̂ ∝ Lðσ̂βÞ. As we argued, this error
decays quickly in part due to dephasing of coherences. In
the 2D Ising model, the magnetization order parameter
M̂ ¼Pi X̂i is an example of an operator which takes an
exponentially long time to relax to its equilibrium value
(zero by symmetry). Generic operators which develop a
finite overlap with the magnetization during their dynamics
are therefore also expected to decay exponentially slowly.
However, if the dynamics is designed to preserve the Ising
Z2 symmetry, then the operator Lðσ̂βÞ is blocked from
developing any overlap with the magnetization: M̂ is odd
under the Z2 symmetry, while σ̂β and Lðσ̂βÞ are even.
Indeed, many operators, e.g., total energy, exhibit coars-
ening dynamics at low temperatures, decaying to equilib-
rium on timescales which grow only polynomially with
system size [59]. A careful consideration of protocol
symmetries and operator decay is likely to be important
in efficiently preparing nontrivial phases.

VI. CONCLUSIONS

In summary, we have presented an algorithm for pre-
paring Gibbs states of quantum many-body Hamiltonians.
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Our protocol relies on engineering Lindblad evolution
using auxiliary qubits, which approximately satisfies the
quantum detailed balance condition, thereby driving the
system toward the Gibbs state. Compared to recently
proposed exact Gibbs samplers [14,18,19] which require
significant resources for implementation on quantum hard-
ware, our algorithm offers a straightforward and efficient
path to near-term experiments. Indeed, a closely related
algorithm for ground state preparation in correlated systems
has been recently demonstrated with a superconducting
quantum processor [12].
While this paper focused on establishing a theoretical

basis for approximate Gibbs state sampling, a promising
future direction is to investigate cooling dynamics and
mixing times in specific examples of correlated phases,
especially in two dimensions, as well as to evaluate the
potential of dissipative-engineering algorithms for quantum
chemistry applications in molecular systems. Our results
for the 2D Ising model, though limited to modest system
sizes, show the potential for thermal state preparation of
nontrivial quantum phases and critical points. In this
setting, many open questions exist concerning the time-
scales involved in state preparation and the stability to
breaking of detailed balance. So far, rigorous results on
mixing times have been limited to high-temperature sys-
tems [27–29], or weakly interacting spin and fermion
systems [30,31,41]. Despite the usefulness of these results,
it is unlikely that quantum advantage can be found in these
settings. Understanding the fate of Gibbs samplers in
preparing highly correlated quantum states will require
further efforts and insight on a case-by-case basis, as in
classical Monte Carlo applications [25].
A further open question concerns the stability of cooling

protocols to the presence of unwanted device noise. In
experimental cases, noise which couples directly to pop-
ulations (which relax to equilibrium only on the perturba-
tive timescale tθ ∼ 1=θ2) is likely to be the major barrier to
accurate state preparation. We expect the errors in the
presence of noise to scale approximately as ∼γ=θ2, with γ a
measure of the integrated noise over one reset cycle. For
noise rates γ exceeding the bound γ=θ2 ≫ 1, the protocol
will fail [32]. However, this naive estimate does not take
into account the stability of many ordered phases (e.g., 2D
Ising model) to certain types of noise. A more complete
understanding of how weak noise affects the detailed
balance relations, and the ensuing stability of quantum
state preparation algorithms, is required.
Turning to experiments, one immediate application will

be to simulate phases and quantum-critical points of spin
models in 2D, such as the quantum Ising model considered
above and previously studied experimentally on a digital
processor in Ref. [12], as well as XY and Heisenberg
models in the analog-digital setting [48]. The latter case
may allow for reaching lower temperatures due to reduced
effects from environmental noise. Furthermore, exploring

realizations of cooling algorithms for many-body Gibbs
state preparation in other platforms, such as neutral atom
arrays [62,63] and trapped ions [64,65], would be desirable.
While early proposals exist for simulating open quantum
systems on analog platforms [49,66], it would be timely to
revisit these questions in light of the recent progress in
efficient thermal state preparation.

Note added. Recently, two works [67,68] have rigorously
analyzed the error of the protocol defined in Sec. II (and
related protocols [21,22]), finding results consistent with
our arguments in Sec. III C. We refer to Refs. [67,68] for
the precise statements.
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APPENDIX A: THERMAL STATE PREPARATION
FOR FREE-FERMION CHAINS

In this appendix, we study the cooling protocol for the
example of the Majorana free-fermion chain,

ĤS ¼
ig
2

XNS−1

j¼0

γ̂2jγ̂2jþ1 −
iJ
2

XNS−2

j¼0

γ̂2jþ1γ̂2jþ2; ðA1Þ

where the Majorana fermions satisfy fγi; γjg ¼ 2δij.
Equivalently, this is the quantum Ising chain
Hamiltonian after Jordan-Wigner transforming. Defining
the vector of Majoranas, ðγ⃗Þk ≡ γ̂k, the Hamiltonian can be
written as ĤS ¼ ði=4Þγ⃗TASγ⃗, where AS is a 2NS × 2NS
matrix with elements defined by Eq. (A1). The matrix AS is
real and antisymmetric: It can be brought into canonical
form by an orthogonal transform OA, with α⃗ ¼ OAγ⃗,

ĤS ¼
i
4
α⃗ThSα⃗; hS ¼ ⨁

NS−1

k¼0

�
0 ϵk

−ϵk 0

�
; ðA2Þ

where ϵk are the single-particle energies (eigenvalues of
iAS). For the Hamiltonian Eq. (A1), the energies are given
by [70]

ϵk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2 þ g2 þ 2gJ cosðϕkÞ

q
; ðA3Þ
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where in the limit of a large chain with open boundaries the
ϕk ≈ πk=NS. The spectrum is gapped, except at the critical
point J ¼ g where the gap closes at ϕk ¼ π.
Because of the Gaussian nature of the free-fermion state,

the cooling protocol can be implemented exactly numeri-
cally for large system sizes [32,71,72]: Rather than working
with the full quantum wave function, the fermionic
covariance matrix ðCρÞij ¼ ði=2Þh½γ̂i; γ̂j�iρ is propagated.
So long as ρ̂ remains a Gaussian fermionic state, which is
true as long as the system Hamiltonian is quadratic in
fermions, and the jump operators are linear in fermions,
then due to Wick’s theorem the covariance matrix contains
the full information of the many-body state [72]. This is the
main advantage of working with the free-fermion model.
We also expect our simulations to capture the essential
physics of weakly interacting fermion systems.
We implement the cooling protocol described in Sec. II

for the model Eq. (A1). We refer to Ref. [32] for details of
the numerical implementation. For the system evolution,
we work directly with the unitary,

ÛS ¼ expð−iδĤSÞ; ðA4Þ

which minimizes the errors due to the Trotter angle δ. We
consider cooling operators which are linear in the fermion
operators, Âs ¼ ðγ̂2s − γ̂2sþ1Þ=

ffiffiffi
2

p
. We note that while our

choice of cooling operators may be natural in native-
fermionic simulation platforms, encoding on spin-qubit
platforms requires implementation of a nonlocal Jordan-
Wigner string operator for sites in the bulk of the chain.
However, the linearity is necessary in order to preserve the
Gaussian state property.
The dephasing channel due to the randomization step,

Eq. (35), is implemented directly by scaling the matrix
elements of the covariance matrix in the eigenbasis of AS:

Cab →
Cab

1 − iλTðϵa þ ϵbÞ
; ðA5Þ

where ϵa are the eigenvalues defined above. We point out
that while the random evolution under ĤS preserves the
Gaussianity of the fermion state, explicitly averaging over
the randomization time does not, since a mixture of
Gaussian states is not necessarily Gaussian. Quantities
such as the state entropy, which we compute below in
the Gaussian approximation, may therefore deviate from
the true state value. Still, Eq. (A5) correctly captures the
evolution of quadratic observables, and we expect it to
capture the essential mechanism of the randomization; our
numerics below matches our predictions from Sec. III C
regarding the dephasing of coherences.
We now assess the accuracy of thermal state preparation

under our cooling protocol. We restrict to the case where
each site of the chain is coupled to one auxiliary site, i.e.,
cooling operators Âs with 0 ≤ s ≤ NS − 1. Throughout we

use parameters δ ¼ 0.005π, θ ¼ 0.01, g ¼ 1, h ¼ 2

maxðg; JÞ, and the reset time T ¼ 10a−1, unless specified
otherwise. Here a is the filter function width, Eq. (10).
First, we consider the effect of randomization in the

protocol. In Sec. III C, we showed that at the level of
perturbation theory, the randomization was necessary to
cure uncontrolled divergences in coherences at half-integer
multiples of the drive frequency ωT ¼ 2π=T. We numeri-
cally solve for the steady state covariance matrix Cσ, with
and without the dephasing map, Eq. (A5), and extract the
error with respect to the thermal covariance matrix:

Cσβ ¼ −
1

2
tanh

�
iβAS

2

�
: ðA6Þ

In Fig. 6(a), we plot the absolute value of the matrix
elements of ΔC ¼ Cσ − Cσβ in the eigenbasis of iAS, as a
function of of ωab=ωT , where ωab ¼ ϵa − ϵb. The errors of
the unrandomized protocol are shown by the blue points,
and for the randomized protocol by the orange points. We
use parameters g ¼ J ¼ 1, a system size of 200 sites with
one auxiliary per site, a reset time T ¼ 15a−1 to emphasize
the effect of randomization, and a randomization parameter
λ ¼ 2. In the unrandomized protocol, we observe clear
divergences in the magnitude of the error for coherences at
half-integer multiples of ωT , as predicted in Sec. III C.
These divergences are efficiently removed in the random-
ized protocol, and the only significant error peak occurs in
the population sector, ωab ≈ 0. Our finding suggests that
the randomization may be crucial for accurate state
preparation with large system sizes.
Next, we consider the errors as a function of the system-

bath coupling strength θ and the system size NS. In order to
quantitatively track the total error, we will use Pinsker’s
inequality to upper bound the trace distance by the relative
entropy between the steady state and the thermal state:

1

2
kσ̂ − σ̂βk1 ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
Sðσ̂jσ̂βÞ

r
;

Sðσ̂jσ̂βÞ ¼ Tr½σ̂ðlog σ̂ − log σ̂βÞ�: ðA7Þ
The relative entropy can be calculated efficiently in our
case. We rewrite the relative entropy in terms of free-energy
differences [73]:

Sðσ̂jσ̂βÞ ¼ −Sðσ̂Þ − Trðσ̂ log σ̂βÞ
¼ −Sðσ̂Þ þ logZ þ Trðσ̂ĤSÞβ
¼ β½Eðσ̂Þ − β−1Sðσ̂Þ� − β½Eðσ̂βÞ − β−1Sðσ̂βÞ�;

ðA8Þ

where Eðρ̂Þ ¼ TrðĤSρ̂Þ is the state energy and Sðρ̂Þ ¼
−Trðρ̂ log ρ̂Þ is the von Neumann entropy. Both of these
quantities can be computed from the covariance matrix Cρ,
assuming ρ̂ is a Gaussian fermion state [72]:
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Eðρ̂Þ ¼ 1

4
TrðASCρÞ; ðA9Þ

Sðρ̂Þ ¼ −
XNS−1

k¼0

��
1

2
þ νk

�
log

�
1

2
þ νk

�

þ
�
1

2
− νk

�
log

�
1

2
− νk

��
; ðA10Þ

where νk are the non-negative eigenvalues of iCρ. This
allows us to efficiently bound the trace-norm error for the
cooling protocol.
In Fig. 6(b), we show the trace-norm upper boundffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
Sðσ̂jσ̂βÞ

q
as a function of the system-bath coupling

strength θ. We fix the system size NS ¼ 100, and use
the randomized protocol with λ ¼ 2. We show data for
several representative points in the J − β phase diagram;
for all points, the error displays an almost perfect agree-
ment with the trace-norm error prediction of Sec. III C,
kσ̂ − σ̂βk1 ≲Oðθ2Þ.
In Figs. 6(c) and 6(d), we show the error from the rela-

tive entropy, as well as the total energy error ΔE ¼
Eðσ̂Þ − Eðσ̂βÞ, as a function of the system size. We show
the same phase diagram points as in Fig. 6(b). At low
temperature in the J ≫ g phase, we observe some pro-
nounced fluctuations in the errors, although we cannot rule
out the possibility that this is due to our numerical routine,
which can struggle to converge in the presence of degen-
eracies (as occur for J > g). Nevertheless, the system size
scaling remains clear from the data. For the relative entropy,

we observe the scaling
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
Sðσ̂jσ̂βÞ

q
∝

ffiffiffiffiffiffi
NS

p
. This shows

that the trace-distance error is subextensive in the system
size, while the relative entropy error grows extensively, as
would be expected if the population of each fermionic

mode deviates from its thermal expectation by an Oðθ2Þ
amount. For the total energy error, we observe the scaling
jΔEj ∝ NS, which is again natural to expect from small
population errors. Note that this scaling is better than one
expects based on the trace-distance error, which would give
an upper bound jΔEj ≤ N3=2

S . We note that the mixing time
of free fermions evolving under Lindblad dynamics similar
to that derived in Sec. III B was analyzed in recent work
[54] and shown to scale as tmix ∼ logNS, i.e., free fermions
mix rapidly (assuming a coupling to the bath on system
site). Our numerics supports the hypothesis, in line with the
perturbative arguments of Sec. III C, that the errors for free-
fermion thermal state preparation scale as

kσ̂ − σ̂βk1 ≤ Cθ2
ffiffiffiffiffiffi
NS

p
; ðA11Þ

possibly up to a logNS correction from the mixing time, and
with C a function of the remaining protocol parameters.
Furthermore, accurate prediction of local observable den-
sities, e.g., E=NS, appears to be possible with Oðθ2Þ error.

APPENDIX B: WEAK-COUPLING DERIVATION
OF INTERACTION-PICTURE MAP

In this appendix, we provide a step-by-step derivation of
the Lindblad form of the interaction-picture map, by keeping
leading order terms in the weak-coupling expansion. While
the derivation mirrors standard derivations in the open
systems literature [74], the derivation for discrete-time
processes is uncommon and we reproduce it here for
completeness.
The interaction-picture map was defined in Eq. (16) in

the main text. We remind the reader that the bath state is
ϕ̂ ¼ j0ih0j⊗NB . We expand the unitary Q̂I entering the
interaction-picture map to second order:

FIG. 6. Thermal state preparation for the free-fermion chain, Eq. (A1). (a) Absolute value of the steady state covariance matrix
elements in the energy basis, with the thermal state populations subtracted. We plot the matrix elements as a function of the frequency
ωab=ωT , where ωab ¼ ϵa − ϵb are the single-particle Bohr frequencies and ωT ¼ 2π=T is the drive frequency. (b) Square root relative
entropy between steady state and Gibbs state, as a function of coupling strength θ. (c) Square root relative entropy between steady state
and Gibbs state, as a function of system size. (d) Error in the total steady state energy, as a function of system size. In (c) and (d), gray
lines denote the scaling yðxÞ ∝ x.
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Q̂I ¼ ÛSB;IðMÞ…ÛSB;Ið0Þ…ÛSB;Ið−MÞ

¼ 1 − iθδ
XM
τ¼−M

V̂IðτÞ −
θ2δ2

2

XM
τ¼−M

V̂IðτÞ2 − θ2δ2
XM
τ¼−M

Xτ−1
τ0¼−M

V̂IðτÞV̂Iðτ0Þ

¼ 1 − iθδ
XM
τ¼−M

V̂IðτÞ −
θ2δ2

2

XM
τ;τ0¼−M

T ½V̂IðτÞV̂Iðτ0Þ�: ðB1Þ

In the last line we introduced the discrete-time time-ordering operator T which is defined (along with the anti-time-ordering
operator T �) by

T ½OðτÞOðτ0Þ� ¼
�
OðτÞOðτ0Þ τ > τ0

Oðτ0ÞOðτÞ τ ≤ τ0;
T �½OðτÞOðτ0Þ� ¼

�
OðτÞOðτ0Þ τ ≤ τ0

Oðτ0ÞOðτÞ τ > τ0:
ðB2Þ

Substituting into the definition of the interaction-picture map, and observing that the linear term in θ vanishes due to
trðṼτϕ̂Þ ¼ 0, we arrive at the second-order map:

EIðρ̂Þ − ρ̂

θ2δ2
≈
XM

τ;τ0¼−M

�
trBðV̂Iðτ0Þ½ρ̂ ⊗ ϕ̂�V̂IðτÞÞ −

1

2
trBðT ½V̂IðτÞV̂Iðτ0Þ�½ρ̂ ⊗ ϕ̂�Þ − 1

2
trBð½ρ̂ ⊗ ϕ̂�T �½V̂Iðτ0ÞV̂Iðτ0Þ�Þ

�
: ðB3Þ

We now use the bath correlation function

trB½Ŷμ;IðτÞŶμ0;Iðτ0Þϕ̂� ¼ δμ;μ0eihδðτ
0−τÞ ðB4Þ

and the definition of VðτÞ [Eq. (8)] to write

trB½V̂IðτÞV̂Iðτ0Þϕ̂� ¼ fðτÞfðτ0Þeihδðτ0−τÞ
XNB

μ¼1

Âμ;IðτÞÂμ;Iðτ0Þ: ðB5Þ

This equation takes a more familiar form after introducing the jump operators:

L̂μ ¼ δ
XM
τ¼−M

fðτÞeihδτÂμ;IðτÞ: ðB6Þ

The first term entering the square brackets in Eq. (B3) then becomes
P

μ L̂μρ̂L̂
†
μ. The time-ordered term can be decomposed

into Hermitian and anti-Hermitian parts with the Hermitian matrices K̂ and ĜLS:

Ĵ ¼ δ2
XM

τ;τ0¼−M

trBðT ½V̂IðτÞV̂Iðτ0Þ�ϕ̂Þ≡ K̂ þ iĜLS: ðB7Þ

The new matrix K̂ is given by

K̂ ¼ δ2

2

X
μ

XM
τ¼−M

Xτ−1
τ0¼−M

ðeihδðτ0−τÞfðτÞfðτ0ÞÂμ;IðτÞÂμ;Iðτ0Þ þ eihδðτ−τ0ÞfðτÞfðτ0ÞÂμ;Iðτ0ÞÂμ;IðτÞÞ þ
δ2

2

X
μ

XM
τ¼−M

fðτÞ2½Âμ;IðτÞ�2

¼ δ2

2

X
μ

 XM
τ¼−M

fðτÞ2½Âμ;IðτÞ�2 þ
 XM

τ¼−M

Xτ−1
τ0¼−M

þ
XM
τ¼−M

XM
τ0¼τþ1

!
eihδðτ0−τÞfðτÞfðτ0ÞÂμ;IðτÞÂμ;Iðτ0Þ

!

¼ δ2

2

X
μ

XM
τ0;τ¼−M

eihδðτ0−τÞfðτÞfðτ0ÞÂμ;IðτÞÂμ;Iðτ0Þ

¼ 1

2

X
μ

L̂†
μL̂μ: ðB8Þ
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In going from the first to the second line, we performed a change of variable τ ↔ τ0, and used
P

τ

P
τ0<τ ¼

P
τ0
P

τ>τ0 .

The matrix ĜLS is given by

ĜLS ¼ δ2

2i

X
μ

XM
τ¼−M

Xτ−1
τ0¼−M

ðeihδðτ0−τÞfðτÞfðτ0ÞÂμ;IðτÞÂμ;Iðτ0Þ − eihδðτ−τ0ÞfðτÞfðτ0ÞÂμ;Iðτ0ÞÂμ;IðτÞÞ

¼ δ2

2i

 XM
τ¼−M

Xτ−1
τ0¼−M

−
XM
τ¼−M

XM
τ0¼τþ1

!
eihδðτ0−τÞfðτÞfðτ0ÞÂμ;IðτÞÂμ;Iðτ0Þ

¼ δ2

2i

XM
τ;τ0¼−M

sgnðτ − τ0Þeihδðτ0−τÞfðτÞfðτ0ÞÂμ;IðτÞÂμ;Iðτ0Þ; ðB9Þ

where the sign function is defined with sgnð0Þ ¼ 0. The
anti-time-ordered term is given by

Ĵ† ¼ δ2
XM

τ;τ0¼−M

trBðT �½V̂ðτÞV̂ðτ0Þ�ϕ̂Þ≡ K̂ − iĜLS: ðB10Þ

Combining Eqs. (B6), (B8), and (B9), we arrive at the
Lindblad form given in the main text, Eq. (17):

EIðρ̂Þ − ρ̂

θ2
¼ −i½ĜLS; ρ̂� − fK̂; ρ̂g þ

X
μ

L̂μρ̂L̂
†
μ: ðB11Þ

It is interesting to note that our Lindblad equation has the
same form as the so-called “universal Lindblad equation,”
derived in an attempt to restore complete positivity to the
Redfield equation [75]. In that case, the filter function in the
frequency domain enters as the square root of the bath
spectral function, f̄ðωÞ ¼ ffiffiffiffiffiffiffiffiffiffi

JðωÞp
. We leave a detailed

investigation of the equivalence between the two to
future work.

APPENDIX C: APPROXIMATIONS IN
REPLACING JUMP OPERATORS WITH
OPERATOR FOURIER TRANSFORMS

The jump operators in Eq. (B6) were derived for the
digital channel with a finite reset time M. For analytical
purposes it is convenient to replace this expression with the
continuous-time operator Fourier transform,

L̂μ ¼
Z

∞

−∞
dtfcðtÞeihtÂc

μ;IðtÞ; ðC1Þ

and similarly for the Lamb shift,

ĜLS ¼ 1

2i

X
μ

ZZ
∞

−∞
dtdt0sgnðt − t0ÞfcðtÞfcðt0Þ

× eihðt0−tÞÂc†
μ;IðtÞÂc

μ;Iðt0Þ: ðC2Þ

Here we use

fcðtÞ ∝ exp

�
−
a2t2

2

�
; ðC3Þ

with normalization
R
T
−T dtjfcðtÞj ¼ 1, and

Âc
μ;IðtÞ ¼ eitĤS Âμ;Ie−itĤS ðC4Þ

to denote the continuous-time versions of the filter function
and interaction-picture operators, although we suppress this
notation in the main text. Below we consider a single jump
operator for simplicity and drop the dependence on μ.
The error in this substitution is controlled by the small-

ness of the two parameters, ξT ¼ 1=aT, ξδ ¼ aδ, as we
show here. Let

L̂ðM; δÞ ¼ δ
XM
τ¼−M

fðτÞeihδτÂIðτÞ: ðC5Þ

First, we show the bound,

kL̂ðM; δÞ − L̂ð∞; δÞk ≤ 2ðaNÞ−1kÂk e
−T2a2=2

aT
; ðC6Þ

with N the filter function normalization (N ∼ a−1) and kÂk
the operator norm of Â:
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kL̂ðM; δÞ − L̂ð∞; δÞk ¼
����δ X∞

τ¼Mþ1

½fðτÞeihδτÂIðτÞ þ fð−τÞe−ihδτÂIð−τÞ�
����

≤ 2N−1kÂk
				δ X∞

τ¼Mþ1

e−δ
2a2τ2=2

				
≤ 2N−1kÂk

Z
∞

T
dte−a

2t2=2 ¼
ffiffiffiffiffiffi
2π

p
ðaNÞ−1kÂkerfc

�
aTffiffiffi
2

p
�
; ðC7Þ

where T ¼ δM, erfcðxÞ is the complementary error func-
tion, and we used the fact that the Gaussian is monoton-
ically decreasing for τ > 0; hence, the sum can be bounded
by the integral. The error function satisfies the known
bound,

erfcðxÞ ≤ e−x
2

x
ffiffiffi
π

p ; ðC8Þ

leading to

kL̂ðM; δÞ − L̂ð∞; δÞk ≤ 2ðaNÞ−1kÂk e
−T2a2=2

aT
: ðC9Þ

Next, we consider the frequency domain decomposition
of L̂:

L̂ð∞; δÞ ¼ δ
X∞
τ¼−∞

fðτÞeihδτÂIðτÞ

¼
X
ω

Âω

�
δ
X∞
τ¼∞

fðτÞeiðh−ωÞδτ
�
: ðC10Þ

Using the Poisson summation formula [40] we can replace
the infinite time sum with a sum over shifted copies of the
continuous-time Fourier transform of the filter function:

δ
X∞
τ¼∞

fðτÞe−iωδτ ¼
X∞
k¼−∞

f̄ðω − 2πk=δÞ; ðC11Þ

where f̄ðωÞ ¼ e−ω
2=2a2 . Restricting to the range ωδ ≪ π,

which defines the prethermal regime we work in, the error
from keeping only the k ¼ 0 term in the above sum is of the
order Oðe−π2=2ξ2δ Þ. Combining the two approximations
above, we can replace L̂ðM; δÞ with L̂ð∞; 0Þ [Eq. (C1)].
A similar analysis may be performed for the Lamb-shift
term. This gives the final integral-form jump operators
appearing in Eqs. (C1) and (C2), and the error involved in
these replacements is exponentially small in the parameters
ξT and ξδ.

APPENDIX D: EXPLICIT FORM
FOR THE LAMB SHIFT

Here we derive an explicit formula for the Lamb-shift
Hamiltonian ĜLS, which can be expressed in terms of the
error function. To simplify notation, we consider a single
auxiliary spin, Âμ ≡ Â, and work with the continuous-time
formula given in Eq. (C2).
We first decompose Â ¼Pω Âω in terms of cooling

transitions of frequency ω, such that ÂIðtÞ ¼
P

ω Âωe−iωt.
The Lamb shift is

ĜLS ¼
X
ω;ω0

Â†
ωÂω0KLSðω;ω0Þ; ðD1Þ

with the kernel,

KLSðω;ω0Þ ¼ 1

2i

ZZ
∞

−∞
dtdt0sgnðt − t0Þei½ðω−hÞt−ðω0−hÞt0�

× fðtÞfðt0Þ: ðD2Þ

Using the Fourier transform of sgnðt − t0Þ, we can write this
as a standard principal value integral:

KLSðω;ω0Þ ¼ P
Z

dν
2πν

f̄hðω − νÞf̄hðω0 − νÞ: ðD3Þ

For our choice of Gaussian filter function, f̄ restricts ω
to the range ω ≈ hþ ν�OðaÞ within the integral; in
turn, this restricts the kernel to be finite only when
jω − ω0j ≲OðaÞ. To see this explicitly, we may factor

KLSðω;ω0Þ ¼ 1

2π

Z
dν

ν − h
e−ðω−νÞ2=2a2e−ðω0−νÞ2=2a2

¼ e−ðω−ω0Þ2=4a2

2π

Z
dν

νþ ω̄ − h
e−ν

2=a2 ; ðD4Þ

where we defined ω̄ ¼ ðωþ ω0=2Þ. The latter integral is the
Hilbert transform of a Gaussian, which has a known
solution:

KLSðω;ω0Þ ¼ 1ffiffiffi
π

p e−ðω−ω0Þ2=4a2F
�
ω̄ − h
a

�
: ðD5Þ
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The function,

FðxÞ ¼
ffiffiffi
π

p
2i

e−x
2

erfðixÞ; ðD6Þ
is a real-valued antisymmetric function known as Dawson’s
function, and erf is the error function. Themain points to note
are thatFðxÞ ≈ ½1=ð2xÞ� for large x, andFðxÞ ≈ x for small x.
In total, Eq. (D5) shows that the Lamb-shift kernel is a real-
valued function which is symmetric in the argument ω − ω0,
and suppressed as a Gaussian of width 2a for large jω − ω0j.
This can be compared to the kernel of the Hamiltonian
required for exact detailed balance, derived in Eq. (32):

KDBðω;ω0Þ ¼ i tanh

�
βðω − ω0Þ

4

�
e−ðω−ω0Þ2=4a2e−ðω̄−hÞ2=a2 :

ðD7Þ
In contrast to Eq. (D5), KDB is an imaginary function,
antisymmetric in ω − ω0, but with the same Gaussian decay
for large values of the argument ω − ω0.

APPENDIX E: COLLECTED BOUNDS

In this appendix, we assemble a collection of bounds that
are used in the main text.

1. Operator norm bounds

First, we bound the operator norms kX̂k (largest singular
value of X̂) of the jump operators L̂μ and the Lamb shift
ĜLS. We assume throughout the continuous-time limits
used in Sec. III B of the main text.

a. Bound on jump operator norm kL̂μk
The norm on the jump operators as defined in Eq. (19)

can be bounded as kL̂μk ≤ kÂμk, following

kL̂μk ¼
����
Z

∞

−∞
dtfðtÞeihtÃμðtÞ

���� ≤ kÂμk
Z

∞

−∞
dtjfðtÞj

¼ kÂμk; ðE1Þ

using our normalization assumption
R∞
−∞ dtjfðtÞj ¼ 1 and

the unitary invariance of the operator norm.

b. Bound on Lamb-shift operator norm kĜLSk
The norm of the Lamb shift defined in Eq. (C2) can be

bounded as kĜLSk ≤ 1
2

P
μ kÂμk2, following

kĜLSk ¼ 1

2

����X
μ

ZZ
∞

−∞
dtdt0sgnðt − t0Þe−ihðt−t0Þf�ðtÞfðt0ÞÃ†

μðtÞÃμðt0Þ
����

≤
1

2

X
μ

kÂμk2
ZZ

∞

−∞
dtdt0jfðtÞjjfðt0Þj ¼ 1

2

X
μ

kÂμk2: ðE2Þ

2. Bound on induced trace norm of the Lindbladian kLk1↔1

Combining these two bounds, we bound the induced trace norm of the Lindbladian L. The induced trace norm of a
superoperator M is defined as

kMk1↔1 ¼ sup
kX̂k1≤1

kMðX̂Þk1; ðE3Þ

where kX̂k1 ¼ TrðX̂†X̂Þ1=2 denotes the trace norm of the operator X̂.
The Lindbladian (in the interaction picture) is given by

Lð•Þ ¼ −i½ĜLS; •� þ
X
μ

�
L̂μ • L̂

†
μ −

1

2
fL†

μLμ; •g
�
: ðE4Þ

For the Hamiltonian, k½ĜLS; X̂�k1 ≤ 2kĜLSkkX̂k1, and similarly for the dissipative part, kL̂μX̂L̂
†
μk1 ≤ kL̂μk2kX̂k1,

kL̂†
μL̂μX̂k1 ≤ kL̂μk2kX̂k1. Using Eqs. (E1) and (E2), we have

kLk1↔1 ≤ 2kĜLSk þ 2
X
μ

kL̂μk2 ≤ 3
X
μ

kÂμk2 ≤ 3NBsup
μ
kÂμk2: ðE5Þ

3. Bound on the matrix elements of ΔĜ
We bound the absolute value of the individual matrix elements of the correction termΔĜ ¼ ĜLS − ĜDB, in the eigenbasis

of ĤS. From Appendix D, ΔĜ can be written in the frequency representation as

ΔĜ ¼ 2
X
μ;ω;ω0

Â†
μ;ωÂμ;ω0e−ðω−ω0Þ2=4a2yðω;ω0Þ; ðE6Þ
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where we defined

yðω;ω0Þ ¼ 1

2
ffiffiffi
π

p F

�
ω̄ − h
a

�
−
i
2
tanh

�
βðω − ω0Þ

4

�
e−ðω̄−hÞ2=a2 : ðE7Þ

This function satisfies jyðω;ω0Þj ≤ 1. Thus the matrix elements in the eigenbasis of ĤS are bounded as

jðΔĜÞabj ¼ 2e−ω
2
ab=4a

2

				X
μ;γ

hajÂ†
μjγihγjÂμjbiyðωγa;ωγbÞ

				
≤ 2e−ω

2
ab=4a

2
X
μ;γ

jhajÂ†
μjγijjhγjÂμjbij

≤ 2e−ω
2
ab=4a

2
X
μ

jhajÂ†
μÂμjaij1=2jhbjÂ†

μÂμjbij1=2

≤ 2e−ω
2
ab=4a

2

NBsup
μ
kÂμk2: ðE8Þ

In the third line we used the Cauchy-Schwarz inequality.

4. Bound on steady state coherences

We now bound the size of individual coherences of the
steady state, in the eigenbasis of ĤS. In the main text, the
coherences were derived from the perturbation theory about
the Gibbs state, Eq. (43), reproduced below:

ζcoha≠b ¼ iθ2ðΔGÞab
�

pðϵbÞ − pðϵaÞ
1 − e2iTωab − iωabλT

�
: ðE9Þ

We denote the denominator by DðωabTÞ ¼ 1 − e2iTωab −
iωabλT, with T the reset time and λ the randomization
parameter. We first lower bound the denominator. Writing

jDðxÞj ¼ j1 − cos 2x − i sin 2x − iλxj
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − cos 2xÞ2 þ ðλxþ sin 2xÞ2

q
; ðE10Þ

we then have

jDðxÞj ≥ jλxþ sin 2xj ≥ λjxj − jsin 2xj ≥ ðλ − 2Þjxj:
ðE11Þ

Here we used ð1 − cos 2xÞ2 ≥ 0, the triangle inequality,
and jsin 2xj ≤ j2xj. The numerator pðϵaÞ − pðϵbÞ can be
upper bounded by rewriting the difference of the Gibbs
weights as

pðϵaÞ − pðϵbÞ ¼ −½pðϵaÞ þ pðϵbÞ� tanh
�
βωab

2

�
: ðE12Þ

A useful upper bound is

jpðϵaÞ − pðϵbÞj ≤ ½pðϵaÞ þ pðϵbÞ� min

�
βjωabj

2
; 1

�
;

ðE13Þ

using jtanh xj ≤ minðx; 1Þ. Combining this bound with the
bound on the denominator and Eq. (E8), we finally have

jζcoha≠bj ≤ Cθ2NBe
−ω2

ab=4a
2

× min

�
β

2T
;

1

jωabjT
�
max½pðϵaÞ; pðϵbÞ�; ðE14Þ

with C ¼ ð1=λ − 2ÞsupμkÂμk2 an Oð1Þ constant, and we
assue λ > 2.

a. High-temperature bound

At high temperatures, we can take the bound independ-
ently of ω and obtain, assuming ϵb > ϵa for simplicity,

jζcoha≠bj ≤ C0θ2βNB
e−βϵa

TZ
: ðE15Þ

b. Low-temperature bound

We focus on the coherence between the ground state and
low-lying excited states, in the limit βΔ ≫ 1. The gap is
denoted Δ and we have jω0bj ≥ Δ. The bound Eq. (E14)
simplifies to

jζcoh0b j ≤ Cθ2NB
e−Δ

2=4a2

ΔT
; ðE16Þ

where we used max½pðϵ0Þ; pðϵbÞ� ¼ pðϵ0Þ ≤ 1.

APPENDIX F: HAMILTONIAN
RENORMALIZATION

The corrections to the Gibbs state derived in Sec. III C
were derived using a perturbation theory around the Gibbs
state in the Schrödinger picture. In this appendix, we show
how the same formulas can be obtained through an
alternative method, guided by the following intuition:
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On physical grounds, we expect that the presence of the
bath modifies (renormalizes) the bare system Hamiltonian
(leading to, e.g., level shift phenomena known from atomic
theory [7]); hence, there is no reason to expect exact
thermalization into the Gibbs state set by ĤS [76]. While
detailed balance is therefore broken in the interaction
picture with respect to the bare Hamiltonian, it may be
that it is restored in the interaction frame with respect to a
renormalized Hamiltonian Ĥ0

S. We show below that this
intuition is correct, and that the renormalized system
Hamiltonian can be solved for self-consistently at second
order in the coupling θ. The solution does not fix the
diagonal part of the Hamiltonian, which controls the
populations.
We define the renormalized Hamiltonian with the cor-

rection expanded in powers of the system-bath coupling,

Ĥ0
S ¼ ĤS þ θ2Ĉ; Ĉ ¼

X∞
k¼0

θ2kĈk; ðF1Þ

where Ĉ is an operator acting only on the system Hilbert
space. We assume throughout that the Trotter angle is small
such that

e−iδθ
2Ĉe−iδĤS ≈ e−iδĤ

0
S ≡ Û0

S: ðF2Þ

Then, by making use of the identities

ÛðτÞ ¼ e−iδθV̂ðτÞeiδθ2Ĉe−iδĤBe−iδθ
2Ĉe−iδĤS

¼ e−iδθV̂ðτÞeiδθ2ĈÛBÛ
0
S; ðF3Þ

R̂ ¼
YMR

τ¼1

e−iδτĤS ¼
YMR

τ¼1

eiδθ
2ĈÛ0

S; ðF4Þ

we define the interaction picture with respect to the
renormalized Hamiltonian as

ÔIRðτÞ ¼ Ŷ−τ
0 ÔðτÞŶτ

0; Ŷ0 ¼ ÛBÛ
0
S; ðF5Þ

and Q̂IR ¼ Û0−MR
S Ŷ−M

0 Q̂Ŷ−ðMþ1Þ
0 . The Schrödinger map is

then written in the form

Eðρ̂Þ ¼ S0MþMR ∘ EIR ∘ S0Mþ1ðρ̂Þ; ðF6Þ

S0ðρ̂Þ ¼ Û0
Sðρ̂ÞÛ0−1

S ; EIRðρÞ ¼ trB½Q̂IRðρ̂ ⊗ ϕ̂ÞQ̂†
IR
�:
ðF7Þ

The weak-coupling derivation follows the same steps as
laid out in Appendix B. The only difference at leading order
in θ is the appearance of an additional coherent term:

EIRðρ̂Þ − ρ̂

θ2
¼ −i½ĜLS − ĜC; ρ̂� þ fK̂; ρ̂g þ

X
μ

L̂μρ̂L̂
†
μ;

ðF8Þ

where

ĜC ¼ δ
XMþMR

τ¼−M
Ĉ0;IRðτÞ ≈

Z
TþTR

−T
dtĈ0;IRðtÞ: ðF9Þ

We next seek the frame in which the quantum detailed
balance equations are satisfied. Denote by ϕ0

a the basis of
eigenstates of H0

S. The filter function guarantees that
Eq. (23) holds with the replacement ϕa → ϕ0

a, and hence
the dissipative part of Eq. (F8) still satisfies QDB. To
satisfy QDB for the coherent terms, we require that

ĜLS − ĜDB − ĜC þ Λ̂ ¼ 0; ðF10Þ

where Λ̂ is a term diagonal in the eigenbasis of Ĥ0
S. If we

can find Ĉ such that the above condition is satisfied, then
the steady state of the channel EIR is given by the QDB
solution:

σ̂0β ∝ e−βĤ
0
S : ðF11Þ

Returning to the Schrödinger picture, Ŷ0 commutes with
σ̂0β, and therefore σ̂0β is also the exact steady state for the
cooling channel, Eðσ̂0βÞ ¼ σ̂0β.
The solution which satisfies QDB is simply found in the

basis of eigenstates of Ĥ0
S. Ignoring for a moment the

randomization step and setting TR ¼ 0, we have

ðĈ0Þa0b0 ¼
ðΔĜÞa0b0R
T
−T dte

−iω0
abt

þ δab
Λa

2T

¼ ðΔĜÞa0b0
2Tsincðω0

abTÞ
þ δab

Λa

2T
; ðF12Þ

where the primes remind us that we are working in the
eigenbasis of Ĥ0

S. Returning to the eigenbasis of ĤS
requires a nontrivial perturbation expansion. However,
since we only require Ĉ0 to leading order, we can substitute
the original eigenbasis in place above ϕ0

a → ϕa, i.e.,
dropping the primes (assuming that the perturbation Ĉ
did not lead to degeneracy splitting).
The above expression is problematic due to the reso-

nances at ωabT ¼ kπ, as we observed in Sec. III C. To
include the randomization step, we should consider the
channel averaged over the random time TR. Note that now
both the interaction-picture map and the Schrödinger-
picture map depend on TR. The correct average is per-
formed by fixing

JEROME LLOYD and DMITRY A. ABANIN PHYS. REV. X 16, 031053 (2026)

031053-22



E
Z

TþTR

−T
dtðÛ0

SÞTRĈ0;IRðtÞðÛ0−1
S ÞTR

¼ EðÛ0
SÞTRΔĜðÛ0−1

S ÞTR ; ðF13Þ

which after a little algebra gives

ðĈ0Þab ¼
iωabeiωabT

1 − iωabT0 − e2iωabT
ðΔĜÞab þ δab

Λa

2T þ T0

:

ðF14Þ

It is unfortunate that the diagonal correction Λ̂ remains
undefined in this scheme. However, we expect that our
approach of solving for the renormalized Hamiltonian by
moving to the self-consistent frame satisfying detailed
balance could be of use more generally, for example, in
determining the Hamiltonian of “mean force” which arises
from a finite coupling to a macroscopic bath [55,56,76,77].
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