
Dynamical Response of Noncollinear Spin Systems at Constrained Magnetic Moments

Miquel Royo 1,* and Massimiliano Stengel 1,2,†
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Noncollinear magnets are notoriously difficult to describe within first-principles approaches based on
density-functional theory because of the presence of low-lying spin excitations. At the level of ground-state
calculations, several methods exist to constrain the magnetic moments to a predetermined configuration
and thereby accelerate convergence toward self-consistency. Their use in a perturbative context, however,
remains very limited. Here, we present a general methodological framework to achieve parametric control
over the local spin moments at the linear-response level. Our strategy builds on the concept of Legendre
transform to switch between various flavors of magnetic functionals and to relate their second derivatives
via simple linear-algebra operations. Thereby, we can address an arbitrary response function at the time-
dependent density-functional level of theory with optimal accuracy and minimal computational effort.
In the low-frequency limit, we identify the leading correction to the existing adiabatic formulation of the
problem [S. Ren et al., Phys. Rev. X 14, 011041 (2024)], consisting in a renormalization of the phonon
and magnon masses due to electron inertia. As a demonstration, we apply our methodology to the terahertz
optical response of bulk CrI3 and Cr2O3, where we identify contributions from hybrid (electro)magnons
with mixed spin-lattice character.

DOI: 10.1103/c68v-8tkb Subject Areas: Condensed Matter Physics, Magnetism,
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I. INTRODUCTION

In recent years, the terahertz (THz) dynamics of mag-
netically ordered crystals has gained considerable attention
due to the potential for creating and manipulating spin-
wave excitations through ultrafast laser pulses [1–3]. The
research activity in this area has increased at a fast pace
after the breakthrough discovery [4–7] of electromagnons
in rare-earth manganites, 35 years after their theoretical
prediction [8]. Since then, a wide range of emergent
phenomena have been reported, such as coherent spin
switching [9], magnetic order melting [10], and magneto-
electric coupling [11,12], offering promising opportunities
in low-power computing technologies [13]. A key chal-
lenge in this field consists in identifying the most efficient
microscopic mechanisms that enable optical control of
spin-wave excitations and in quantitatively understanding
how the ensuing dynamics manifests itself in optical probes
(e.g., Faraday rotation).

Among the most promising routes that are currently being
explored, spin-lattice couplings occupy a central place.
Infrared-active phonons can act as a proxy by converting
the electrical component of the external THz radiation into
magnetic torques and, hence, endow spin waves with a
sizable dipolar strength [14–17]. Such multimode interaction
can also enter a nonlinear regime under intense laser pulses
[12,18,19], opening new opportunities for the coherent
control of magnetism on subpicosecond timescales.
However, the underlying mechanisms remain poorly under-
stood at a fundamental level, due to the conceptual and
technical intricacies that the coupled dynamics of the spin-
phonon system entails. Perturbative density-functional cal-
culations are, in principle, ideally suited to tackle these
challenges; however, their reliability still depends critically
on overcoming fundamental limitations in the state-of-the-art
formalism and implementations.
Since its inception in the 1980s [20,21], density-

functional perturbation theory (DFPT) has been widely
employed to study the linear response of crystalline
systems to perturbations such as phonons [22], electric
fields [23,24], and strains [25]. More recently, DFPT has
been extended to investigate the response of noncollinear
magnetic systems to electric fields and phonons, both at
the Brillouin zone center [26] and for arbitrary wave
vectors [27]. Even earlier, the Sternheimer equation, a
cornerstone of DFPT, had been applied in a noncollinear
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and dynamic (time- or frequency-dependent) regime to
calculate spin-wave excitation spectra [28]. This approach
was further refined and optimized in Refs. [29–31] within
various open-source density-functional suites. Of particular
significance is the work by Gorni, Timrov, and Baroni [30],
who developed a powerful Lanczos chain algorithm to
obtain the spin susceptibility over a dense grid of frequen-
cies in a single-shot calculation. These advancements
highlight the potential of DFPT within a frequency-
dependent framework as a valuable tool, competitive with
many-body methods [32–38].
Recently, promising methods have emerged to treat

magnons and phonons on equal footing, emphasizing the
importance of such coupled dynamics in accurately evalu-
ating the eigenfrequencies of both excitations [39,40]. The
approach proposed by Ren et al. [39] relies on a generalized
adiabatic approximation, where Hessians in the extended
parameter space are combined with Berry curvatures,
ensuring the correct propagation of time-reversal symmetry
breaking from the electronic to the lattice subsystem. In the
clamped-ion limit, this method reduces to the semiclassical
approach of Niu and Kleinman [41] for magnon dynamics,
where both Hessians and Berry curvatures can be computed
using DFPT, as demonstrated by Lin, Liu, and Feng [42].
A common challenge in all the aforementioned

approaches is the difficulty in achieving convergence when
calculating the linear response of noncollinear spin systems
to external perturbations. This arises due to magnon
resonances, which typically occur at very low energies,
significantly increasing the condition number of the linear
problem. These challenges also affect static calculations at
the Brillouin zone center, where the acoustic magnon is a
Goldstone mode in the absence of spin-orbit coupling or
otherwise has a frequency on the order of a few meV,
corresponding to the weak magnetocrystalline anisotropy
energy. More broadly, calculating the spectral function
near resonance becomes intractable unless a sufficiently
large “inverse relaxation time” (η) is introduced, which
severely limits the energy resolution that can be practically
achieved. Furthermore, a unified formulation of DFPT that
treats magnons, phonons, and their contributions to the
electromagnetic response within a single theoretical and
computational framework has yet to be developed. The
current implementation of the method developed by Ren
et al. [39] is based on a finite-difference (“frozen-phonon”
and “frozen-magnon”) calculation of the relevant Hessian
and Berry curvatures and suffers from equally serious
numerical convergence issues. More generally, the
adequacy of the adiabatic approximation has been bench-
marked only against the “exact” result from nonadiabatic
time-dependent density-functional theory (DFT) at the
clamped-ion level [42].
In this work, we propose a solution to the convergence

issues by constraining the magnetic moments to their
unperturbed value during the linear-response calculations.

The constraint, which we introduce via the penalty-function
approach, has the main purpose of stiffening the spin
degrees of freedom. This way, we effectively eliminate the
problematic magnon resonances from the low-frequency
part of the spectrum and, thus, achieve an optimally fast
convergence of the self-consistent iterations. Interestingly,
our preconditioned functional can be regarded as the
magnetic equivalent of the constrained electric displace-
ment (D) method of Ref. [43]. Pursuing this analogy, we
frame our theory around the concept of Legendre trans-
form, which we use to establish exact relations between the
calculated coefficients and the physically relevant (relaxed-
spin) response functions. This way, we can achieve an
accurate representation of the coupled spin-phonon reso-
nances while performing the calculation of the relevant
coefficients in the nonresonant regime, with a drastic
increase in computational efficiency. In passing, we also
establish an exact mapping between our results and those
of a hypothetical constrained-DFT calculation based on the
Lagrange multiplier approach.
We showcase the effectiveness of our approach using

bulk CrI3 and Cr2O3 as test cases of prototypical ferro-
magnetic and antiferromagnetic insulators, respectively.
We calculate the frequency-dependent response of both
materials to atomic displacements and electric and Zeeman
magnetic fields over the frequency range that is relevant to
phonons and magnons. We focus here on the response
at the Γ point, while the full Brillouin-zone dispersion will
be addressed in a forthcoming publication. We then study
the nonadiabatic spin-lattice dynamics and discuss its
signatures in the magnetic, (anti)magnetoelectric, and
dielectric susceptibilities. By separately investigating the
clamped- and relax-ion regime, we highlight the phonon-
(electro)magnon coupling as evidenced by shifts and
splittings of resonances and by large lattice-mediated spin
responses to the external electric field.
Finally, we test the adiabatic formalism of Ren et al. [39]

and Lin, Liu, and Feng [42], which emerges as a well-
defined approximation to our theory. We find that such an
approximation is generally justified and propose a simple
scheme to improve its accuracy in cases where significant
deviations exist. The resulting second-order adiabatic
approximation differs from the aforementioned schemes
by a renormalization of the atomic and magnonic masses.
The latter originates from the inertia of the electronic
currents that are associated with a given adiabatic path in
parameter space.
This work is organized as follows. In Sec. II, we present

the theoretical framework and main formal results. In
Sec. III, we discuss the practical implementation within
a DFPT framework. In Sec. IV, we present the computa-
tional parameters and a thorough numerical validation of
our approach; this technical section may be skipped by
nonspecialists on a first read. In Secs. Vand VI, we present
our main physical results for bulk CrI3 and Cr2O3,
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respectively. Finally, in Sec. VII, we present a brief
summary and outlook.

II. THEORY

In this section, we introduce an efficient first-principles
formalism to study the linear response of noncollinear spin
systems. Our approach builds on the penalty-function
approach [44] to constrained DFT, which is routinely used
in many codes to calculate the ground-state properties of
the system in a predetermined magnetic structure. Here,
we focus on the linear-response regime, where we dem-
onstrate that the constraints indeed reduce the condition
number of the problem by orders of magnitude and allow
for a robust convergence to the stationary solution.
Subsequently, the (physically relevant) response of the
system in absence of constraints can be recovered exactly
at the postprocessing stage via a sequence of straightfor-
ward linear-algebra operations.

A. Thermodynamic magnetic functionals

We start by defining the magnetization density as [45]

mðrÞ ¼
Z

½d3k�
X
m

fmkψ
†
mkðrÞσψmkðrÞ; ð1Þ

where σ are the Pauli matrices and ψmk is a two-component
spinor wave function for the electronic bandm at point k of
the Brillouin zone. The local magnetic moments are then
defined as integrals of mðrÞ over the Wigner-Seitz (WS)
atomic spheres, following the usual conventions:

mκ ¼
Z
ΩðκÞ

d3rmðrÞ ¼
Z

d3rmðrÞfκðr − τκÞ: ð2Þ

Here, κ is an atomic basis index and τκ the position vector.
The integration domain ΩðκÞ is defined by jr − τκj < RWS

κ ,
where the RWS

κ is the radius of the WS spheres. This can be
conveniently implemented by defining a window function
fκðrÞ ¼ ΘðRWS

κ − jrjÞ, where ΘðxÞ is the Heaviside func-
tion. [In practice, we set a smooth boundary, which is
preferable in a plane-wave context.]
We then introduce the following modified Kohn-Sham

functional:

Ũðψ ; λ; BlÞ ¼ EKSðψ ; λÞ þ
α

2

X
l

½Bl −mlðψ ; λÞ�2; ð3Þ

where we have introduced a new set of free parameters Bl,
with the physical dimension of a magnetic moment. l is a
composite index that runs over the magnetic degrees of
freedom, defined by their atomic sites and Cartesian
components, and α is a constant to be adjusted for optimal
performance on a case-by-case basis. Meanwhile, both
the Kohn-Sham total energy (EKS) and the local magnetic

moments (ml) depend on the electronic orbitals (ψ) and on
other physical parameters (atomic coordinates, electric
fields, etc.) of the system (indicated as λ). We are primarily
interested on the related functional Ũðλ; BlÞ, which we
define as the variational minimum of Ũðψ ; λ; BlÞ with
respect to the electronic degrees of freedom, under the usual
orthonormality constraints:

Ũðλ; BlÞ ¼ min
ψ

Ũðψ ; λ; BlÞ: ð4Þ

The purpose of the additional penalty term in Eq. (3) is to
force the noncollinear spin system into a predetermined
target configuration, which is specified by the parameters
Bl. In practice, at the variational minimum of Eq. (3), ml
and Bl generally differ slightly, by an amount that becomes
smaller the larger the constant α.
The ground-state solution of the constrained functional

allows one to explore the 2Nmag-dimensional parameter
space of the possible magnetic configurations, where Nmag

is the number of magnetic sites. This method, first
established by Ma and Dudarev [44], is widely popular
nowadays and a useful feature of most first-principles
codes. (Note that standard implementations thereof target
the direction, and not the modulus, of the local spin
moment; this technicality is largely irrelevant for what
follows, so we disregard it for simplicity.) The reason
behind our use of the symbol Bl for the target magnetic
moments rests on the analogy with the constrained-D
approach [43], which can be regarded as the electrical
counterpart of Eq. (3). Indeed, the constrained-D functional
is obtained by incorporating the Maxwell energy of the
uniform electric field into EKS, and the latter [in the same
form as the magnetic penalty on the rhs of Eq. (3)]
effectively forces the macroscopic polarization (P) of
the crystal to adopt a value as close as possible to the
“target polarization” D. The present interpretation of Bl
as a magnetic induction field is, of course, a loose one:
For example, ml is a magnetic moment and not a
magnetization; also, the prefactor α is not necessarily
related to the vacuum permeability. Notwithstanding,
we often refer to the penalty-based internal energy Ũ as
“constrained-B functional.”
Bringing the analogy with the electric case [43] one

notch further, we can put our discussion of Eq. (3) on firmer
theoretical grounds by invoking the concept of Legendre
transform. In particular, starting from Eq. (3), we can
define a magnetic enthalpy functional as the Legendre
transform of Ũ:

F̃ðλ; HlÞ ¼ min
Bl

�
Ũðλ; BlÞ −

X
l

HlBl

�

¼ min
ψ

�
EKS −

X
l

Hlml

�
−
X
l

H2
l

2α
: ð5Þ
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(We no longer indicate the parametric dependence of EKS
and ml on λ and ψ explicitly, as it is now obvious from the
context.) The new free parameters Hl have the physical
meaning of local Zeeman field amplitudes and correspond
to the first derivative of the internal energy with respect
to Bl (see the next subsection). The functional F̃ can be
regarded as the magnetic counterpart of the electric field
enthalpy [43]. The quadratic term in Hl plays the same role
as the macroscopic Maxwell energy in Ref. [43] and has no
impact on the electronic ground state since Hl now enters
the functional as an external parameter.
As an alternative to the penalty-function approach

described above, a given magnetic configuration can also
be enforced via holonomic constraints. To that end, we first
introduce the following enthalpy functional:

Fðλ; HlÞ ¼ min
ψ

�
EKS −

X
l

Hlml

�
; ð6Þ

which is the same as F̃ðHlÞ, except for the trivial constant
that is quadratic in the Zeeman field amplitudes.
Equation (6) corresponds to the magnetic enthalpy for a
system under a (local, in this case) Zeeman magnetic field
as defined in Ref. [46]. Then, we define the internal energy
U as the inverse Legendre transform of F:

Uðλ;MlÞ ¼ max
Hl

�
Fðλ; HlÞ þ

X
l

HlMl

�

¼ max
Hl

min
ψ

�
EKS þ

X
l

HlðMl −mlÞ
�
: ð7Þ

Here, Ml are the free parameters, corresponding to the
target set of local magnetic moments, and the Zeeman
fields Hl play now the role of Lagrange multipliers, whose
purpose is to impose ml ¼ Ml exactly. (The latter equality
is guaranteed by the stationary condition on Hl.) This
differs from the penalty-based approach [Eq. (3)], where
ml −Ml ¼ Hl=α can be made to be small but never to
vanish. Equation (7) can be regarded as the magnetic
counterpart of the constrained-P functional proposed in
Ref. [47]. Recent developments in the framework of
constrained-DFT [48] have renewed the interest for this
class of approaches, making them even more attractive for
practical applications.

B. First derivatives

In order to perform a number of basic tasks (e.g.,
calculate the electronic ground state or relax the atomic
structure), it is essential to determine the first derivatives of
the functionals introduced above. By taking the functional
derivative of Eq. (3) with respect to the wave functions, one
readily obtains the electronic Hamiltonian

Ĥ ¼ ĤKS þ
X
l

HlV̂
Hl ; ð8Þ

where we have introduced the calligraphic symbol Ĥ
for screened Hamiltonians inclusive of the self-consistent
(SCF) Hartree and exchange-correlation potentials. The
additional local Zeeman potential reads as

VHlðrÞ ¼ −σβfκðr − τκÞ; ð9Þ

and σβ is a Pauli matrix. The Hamiltonian takes this same
form in all four magnetic functionals introduced in this
section; the only difference consists in the way the Zeeman
field strength Hl enters the formalism.
In both enthalpies (F and F̃), Hl are external parameters

that remain fixed throughout the simulation. Conversely,
in the context of the internal energies (U and Ũ), Hl are
themselves function of both the electronic (ψ) and struc-
tural (λ) degrees of freedom and need to be determined
self-consistently. More generally, the first derivatives with
respect to the magnetic variables are in each case given by
the standard Legendre transform relations:

∂Ũ
∂Bl

¼ Hl;
∂F̃
∂Hl

¼ −Bl;

∂U
∂Ml

¼ Hl;
∂F
∂Hl

¼ −Ml: ð10Þ

It is useful to work out the first derivative of Ũ explicitly,
where the conjugate variable of Bl is

Hl ¼
∂Ũ
∂Bl

¼ αðBl −mlÞ: ð11Þ

Here the local Zeeman field consists of two separate
contributions:

Hl ¼ Hext
l þHind

l ; ð12Þ

where the “external field” (ext) is determined by the free
parameter Bl via Hext

l ¼ αBl while the “induced” (ind) part
depends on the local magnetic moments via Hind

l ¼ −αml.
This observation is central to our method; we shall come
back to it shortly.
The derivatives with respect to other parameters λ are

given, via the Hellmann-Feynman theorem, in terms of the
first derivative of the Hamiltonian [Eq. (8)]:

∂Ĥ
∂λ

¼ Ĥλ
KS þ

X
l

Hl
∂V̂Hl

∂λ
: ð13Þ

The second term on the rhs appears whenever the local
Zeeman fields are nonzero and the functions fκðr − τκÞ
explicitly depend on λ. For example, if λ refers to an atomic
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displacement, the additional term can be regarded as a
Pulay force, originating from the fact that the magnetic
species drag their own WS spheres along the trajectory.
Note that the partial derivative acts on only the explicit
dependence of the Hamiltonian on the parameter λ and
excludes SCF fields.
Similarly to the ground-state Hamiltonian, the first-order

Hamiltonian has the same identical form in all cases, which
means that all the magnetic functionals yield the same
atomic forces, provided that the parameters used in each
case are equivalent. In particular, suppose that we perform
a calculation by using the standard magnetic enthalpy F,
with a given set of Zeeman fields Hl. Once we reach the
electronic ground state, we extract the converged values
of the local magnetic moments m0

l . Then, we repeat the
calculation, this time by using the internal energy U, by
setting the corresponding magnetic input parameters to
Ml ¼ m0

l ; or we can alternatively use the modified enthalpy
F̃ and the same set of Hl or even adopt the constrained-B
functional, with Bl ¼ Hl=αþm0

l : We obtain exactly the
same Hamiltonian, ground-state orbitals, and atomic forces
in all cases.
This is an important result, whose consequences are of

key relevance for the remainder of this work. The discrep-
ancy between the “target magnetic moments” (Bl) and their
actual values (ml) at the variational minimum of Ũ, often
regarded as the main drawback of the penalty-function
approach [48], can be easily dealt with via a set of exact
Legendre relations. In other words, one is free to work with
either flavor (U or Ũ) of the constrained-spin internal
energy and rest assured that the physical results extracted
from one or the other approach are in all respects
equivalent. We shall come back to this point in Sec. II D.

C. Second derivatives

In the next few paragraphs, we establish exact relations
between the second derivatives of the magnetic energy
functionals presented insofar. This is an essential ingredient
of our method, as it allows one to perform calculations with
the most computationally convenient functional and sub-
sequently reconstruct the physically meaningful properties
of the system via a sequence of simple linear-algebra
operations. We organize the discussion into the three
possible combinations of perturbations, either describing
a purely magnetic response or involving other nonmagnetic
degrees of freedom. In the remainder of this section, we
assume that the derivatives are taken statically along an
adiabatic path that preserves the periodicity of the crystal;
the generalization to finite frequency ω and momentum q is
provided in the forthcoming Sec. II E.

1. Two magnetic fields

We start by considering the second derivatives with
respect to two magnetic parameters. In this context, the

central quantity to be considered is the physical suscep-
tibility matrix. Its jl element is defined as the first derivative
of the local magnetic moment j with respect to a Zeeman
field l:

χjl ¼
∂mj

∂Hl

����
F;F̃

; ð14Þ

where differentiation is meant to be carried out in the
framework of the magnetic enthalpy functionals (F or F̃).
By using Eq. (10), we can equivalently express χjl as
(minus) the second derivative of the standard magnetic
enthalpy F with respect to two Zeeman fields:

χjl ¼ −
∂
2F

∂Hj∂Hl
¼ −Fjl: ð15Þ

(From now on, we use the shorthand notation Ejl to
indicate the second derivative of a given magnetic func-
tional E with respect to the independent magnetic varia-
bles.) The second derivatives of the modified enthalpy, F̃,
are also trivially related to χ via

∂
2F̃

∂Hj∂Hl
¼ F̃jl ¼ −χjl −

δjl
α
: ð16Þ

For reasons that shall become clear shortly, it is numeri-
cally more advantageous to work with the internal energies
rather than with the enthalpies. As we anticipated earlier,
the second derivatives of U contain the same physical
information as Fjl or F̃jl; for example, the following
relation to the susceptibility holds:

∂
2U

∂Mj∂Ml
¼ Ujl ¼ χ−1jl : ð17Þ

That U−1
jl ¼ −Fjl is a general property of two functionals

that are related via Legendre transformation and holds for
the tilded pair as well:

∂
2Ũ

∂Bj∂Bl
¼ Ũjl ¼ −F̃−1

jl : ð18Þ

By combining the latter expression with Eq. (16), we
obtain a Dyson-like expression for the susceptibility in
terms of Ũjl:

χ ¼ Ũ−1 −
1

α
I: ð19Þ

For what follows, it is also useful to define an auxiliary
quantity that is proportional to the inverse of Eq. (28):

χ̃ ¼ ðχ−1 þ αIÞ−1 ð20Þ
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and has the physical interpretation of a spin-spin correlation
function within the constrained-B functional Ũ. Indeed,
one can equivalently express χ̃ as derivative of the local
magnetic moments ml with respect to the external Zeeman
field as defined in Eq. (12):

χ̃jl ¼
1

α

∂mj

∂Bl

����
Ũ
¼ ∂mj

∂Hext
l

����
Ũ
: ð21Þ

After observing that

∂
2Ũ

∂Bj∂Bl
¼ αðδjl − αχ̃jlÞ; ð22Þ

we can also summarize the above results more compactly
as follows:

Ũ−1 ¼ 1

α
ðIþ αχ Þ ¼ 1

α
ðI − αχ̃ Þ−1: ð23Þ

2. Mixed derivatives

We next consider the case of second derivatives with
respect to one magneticlike perturbation and another
external perturbation λ, referring to atomic basis and/or
spatial directions. These derivatives can be directly related
to the first-order local magnetic moments induced by the
perturbation λ at specific boundary conditions. For in-
stance, the relaxed-spin first-order magnetic moments are
given by

∂mj

∂λ

����
F
¼ −

∂
2F

∂Hj∂λ
¼ −Fjλ; ð24Þ

where the F subscript on the left-hand side indicates that
the derivative is intended to be taken within the framework
of the standard magnetic enthalpy. This implies that the
first-order magnetic moments are written as minus the
second derivative of the enthalpy. Note that Flλ ¼ F̃lλ: We
need to distinguish between the two enthalpies only when
both indices are magnetic in nature.
As in the case of the purely magnetic response functions,

the same information can be extracted from the second
derivatives of the internal energy. For the constrained-M
functional, we have

∂mj

∂λ

����
F
¼ −χjl

∂Hl

∂λ

����
U
¼ −U−1

jl Ulλ: ð25Þ

Here, ½ð∂HpÞ=ð∂λaÞ�jU have the physical interpretation of
internal local Zeeman fields induced by the perturbation λ
when the magnetic moments are fixed; this is the type of
data usually extracted from finite-difference methods such
as the one used by Ren et al. [39]. In fact, a relation that is

in all respects equivalent to Eq. (25) also holds for the
constrained-B functional:

∂mj

∂λ

����
F
¼ −Ũ−1

jl
∂Hl

∂λ

����
Ũ
¼ ðI − αχ̃ Þ−1jl

∂ml

∂λ

����
Ũ
; ð26Þ

where the second equality follows immediately from
Eq. (23). Finally, by combining Eqs. (25) and (26), we
obtain a formula that directly yields the first-order Zeeman
fields at frozen spins in terms of the constrained-B
(penalized-spin) response:

∂Hj

∂λ

����
U
¼ UjlŨ−1

lp

∂Hp

∂λ

����
Ũ
: ð27Þ

The matrix product on the rhs can be further simplified by
using Eq. (19) and written in a manifestly symmetric form:

UjlŨ−1
lp ¼ δjp þ

1

α
χ−1jp ¼ ðαχ̃ Þ−1lp : ð28Þ

This expression is consistent with the expected behavior
in the large-α limit: The first-order magnetic moments in
response to λ become increasingly suppressed by the
penalty, which implies that the first-order Zeeman fields
within the constrained-B approach recover the same values
as in the frozen-spin functional. The second equality shows
that χ̃jl ≃ δjl=α in the same limit.

3. Nonmagnetic second derivatives

Regarding the second derivatives with respect to two
nonmagnetic perturbations, the relevant relations are

Fλλ0 ¼ Uλλ0 −UλlχlpUpλ0 ; ð29aÞ

Uλλ0 ¼ Ũλλ0 þUλlχ̃lpUpλ0 ; ð29bÞ

where the mixed derivatives are given by

Ujλ ¼
∂Hj

∂λ

����
U
: ð30Þ

The above equations constitute one of the main results of
the present work: In combination with Eq. (27), they allow
one to recover the physically meaningful response func-
tions (dielectric tensor, force constants, Born effective
charges, etc.) from those calculated at constrained B. In
addition, Eq. (29a) represents a physically interesting
partition of Fλλ0 . Uλλ0 corresponds to the frozen-spin (FS)
response, i.e., calculated by enforcing the magnetic
moments to be the exactly the same as in the unperturbed
state; for this reason, this term is free from magnonic
resonances. In turn, the second term on the right-hand side
describes the additional (possibly resonant) contributions
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due to the induced spin cantings; we consequently refer to
the total Fλλ0 as the relaxed-spin (RS) response coefficient.
Note that Uλλ0 is generally sensitive to the details (e.g.,

the form factor of the atomic spheres) of how the magnetic
moments are constrained to their unperturbed value.
Conversely, Fλλ0 is independent of such choices and must
yield the exact same outcome (bar the convergence issues
discussed below) of a straight DFPT calculation [26] of the
second-order Kohn-Sham energy.

D. Choice of the functional

In the above sections, we have demonstrated that
all magnetic functionals are formally equivalent, as the
ground-state properties and response functions that one
extracts from one or the other are related by simple linear-
algebra expressions. From the point of view of a practical
numerical implementation, however, it is highly advanta-
geous to work with the internal energies rather than with the
enthalpies. In most materials, the spin degrees of freedom
are characterized by a very shallow energy landscape with
multiple local minima. This means that the electronic
Hessian of the unconstrained Kohn-Sham functional F is
poorly conditioned, and reaching convergence can be
difficult or impossible depending on the system. The
situation becomes all the more serious in the dynamical
regime, as the frequency-dependent susceptibility diverges
at the physical magnon frequencies.
Both internal energy functionals described here provide

an effective solution to the aforementioned issue. In the
case ofU, the reason is obvious: The holonomic constraints
on the local magnetic moments freeze the spin degrees of
freedom, effectively removing the problematic low-lying
modes from the electronic Hamiltonian. Furthermore, the
Ujl matrix corresponds to the inverse of χ and is a smooth
function of frequency within the subgap range of the
spectrum. Within the penalty-based internal energy Ũ,
the magnetic moments are not frozen completely, and
the performance of the method relies on choosing an
appropriate value of the parameter α. The main indicator
in this context is given by the spin-spin correlation function
introduced in Eq. (20). In the limit of small α, χ̃ coincides
with the physical spin-spin susceptibility of the system,
as the additional penalty term in Eq. (3) becomes vanish-
ingly small (e.g., compared to the magnetocrystalline
anisotropy). For increasing α, the potential energy land-
scape associated with the magnetic degrees of freedom
progressively stiffens; as a consequence, the poles of χ̃ shift
to higher energy. If α is large enough, such resonances
become larger than the optical gap and, therefore, are no
longer an issue for the numerical calculations. (Pushing α to
even higher values does not improve the condition number
of the problem and might lead to numerical instabilities.)
Since both U and Ũ yield the same physical answers, the

choice of one over the other is a matter of convenience.
In this work, we have opted for the penalty-based approach

for our calculations, as we found it easier to implement
within the linear-response module of ABINIT in its current
state. Indeed, no modification is needed to the preexisting
potential mixing scheme, unlike the Lagrange multiplier
method described in Ref. [48]. Notwithstanding, we find
it most appropriate to convert all physical properties of
relevance into second derivatives of U prior to storing them
for later use. This way, we avoid the undesirable depend-
ence of Ũ on the arbitrary constant α, and we obtain a more
direct link to recent literature works [39,48].

E. Dynamical regime and causality

To access a number of useful physical properties, it is
necessary in general to assume perturbations of the system
that are modulated in space and time as follows:

ΔVðr; tÞ ¼ λq;ωVλ
qωðrÞeiq·r−iðωþiηþÞt: ð31Þ

Here,ΔVðr; tÞ is the perturbing potential entering the crystal
Hamiltonian, which is conveniently expressed as a cell-
periodic part Vλ

qω times a complex phase. The latter depends
on the momentum q and on the frequency ω; the positive
infinitesimal ηþ ensures proper treatment of causality; λq;ω is
the (generally complex) perturbation parameter.
Spatial modulation (embodied by the eiq·r phase factor)

is easy to treat within the context of density-functional
perturbation theory (see Sec. III) and entails only minor
modifications to the formulas in Sec. II C. The assumption
of a finite frequency, on the other hand, implies recasting
the formalism of the earlier sections into the language
of time-dependent perturbation theory, which requires a
number of additional considerations. We briefly go through
them in the following.
For an insulator in the transparent regime (i.e., at

frequencies that are smaller than the lowest cross-gap
resonances) the electronic response to an external pertur-
bation is purely reactive; this means that we can safely set
ηþ to zero in Eq. (31). (In the presence of noncollinear
spins, the low-lying magnon resonances generally violate
such a condition; as we explained in the previous section,
however, this issue is solved once and for all by working
at constrained local magnetic moments.) Then, one can
conveniently express the frequency- and momentum-
dependent response functions as second derivatives of
the Kohn-Sham action functional, which is defined as [49]

AKSðλ;ψÞ ¼
1

T

Z
T

0

dt

�
−i
Z

½d3k�
X
m

hψnkðtÞjψ̇nkðtÞi

þ EKSðtÞ −
X
κα

Mκ

2
τ̇2κα

�
; ð32Þ

withMκ and τκα being, respectively, the mass and displace-
ments along α of sublattice κ. At this point, in order to
generalize the theory in Sec. II C to the dynamical case,
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it suffices to replace EKS with AKS in the definition of all
magnetic functionals. (We keep referring to these func-
tionals as internal energies and enthalpies, even if such a
nomenclature is no longer accurate at finite frequency.) The
main practical consequence of working at finite ω and/or q
is that the response coefficients are now complex quantities,
defined by

Uabðω;qÞ ¼
∂
2U

∂λ−q;−ωa ∂λq;ωb

: ð33Þ

Given the absence of dissipation, the second-order matrices
are Hermitian tensors:

U�
abðω;qÞ ¼ Ubaðω;qÞ: ð34Þ

By keeping this in mind, most of the formulas presented in
Sec. II C can be directly applied to the dynamical response
at finite momentum without modification.
A notable exception concerns the Legendre relations that

are used to switch between the frozen-spin internal energies
and the relaxed-spin enthalpies. These typically involve the
inverse of the spin-spin correlation matrix, which becomes
singular at the magnon resonances. A similar issue occurs
in the inversion of the frequency-dependent interatomic
force-constant (IFC) matrix, which we use in the next
section to define the phonon propagator. To perform such
operations, a careful treatment of causality at the level of
the Uab coefficients is important; this can be easily done
a posteriori, via analytic continuation to the upper complex
half-plane in frequency space.
In particular, we first represent the frozen-spin internal

energy as a Taylor expansion in powers of the frequency ω:

UabðωÞ ¼
X∞
m¼0

ωm

m!
UðmÞ

ab : ð35Þ

Once the coefficients of the Taylor expansion are deter-
mined via a numerical fit, then we can simply replace
ω → ωþ iη in the right-hand side (with η a suitably small
number) and thereby obtain the desired causal functions,
whose matrix inverse is well defined at all frequencies.
Note that this procedure always yields retarded correlation
matrices, where the second index [b in Eq. (35)] is assumed
to be the cause, i.e., an external field that we adiabatically
switch on at a time t ¼ −∞, and the first index (a) refers
to the effect (response). For the same reason, Eq. (34) no
longer holds if η ≠ 0, as the response functions acquire an
anti-Hermitian dissipative part.

F. Spin-phonon correlation functions

In the following, we demonstrate that the formalism
developed in the earlier sections can be used to determine
the frequency-dependent correlation functions between the
active degrees of freedom of the crystal (phonons and

spins). As we shall see shortly, such knowledge is essential
in order to calculate the susceptibility of the system with
respect to an arbitrary external perturbation and in a variety
of conditions (fixed- or relaxed-spin, clamped- or relaxed-
ion, or any combination thereof). The first task consists in
generalizing the formalism developed insofar to allow for
the simultaneous treatment of the atomic displacements τκα
alongside the local magnetic moments Mj.
In close analogy with the formalism that we established

in Sec. II A, we frame our theory around the concept of
Legendre transform, which we apply to the extended set of
variables ðτ;MÞ. By construction, the functional Uðτ;MÞ
in Sec. II A plays the role of the internal energy in both
the spin and phonon sectors. Its Legendre transform with
respect to the lattice variables reads as

Uðf;MÞ ¼ min
τ

�
Uðτ;MÞ −

X
κα

fκατκα

�
: ð36Þ

The conjugate variable to τκα is fκα and plays the role of an
external force along α acting on the sublattice κ. We can
perform a similar operation on the magnetic enthalpy F and
obtain the spin-phonon enthalpy:

F ðf;HÞ ¼ min
τ

�
Fðτ; HÞ −

X
κα

fκατκα

�
: ð37Þ

The mutual relations between the four functionals defined
insofar are in all respects analogous to the textbook
thermodynamic relations between internal energy,
enthalpy, Helmholtz, and Gibbs free energy.
The physical significance of the four functionals defined

above becomes clear once we look at their second deriv-
atives. In all cases, the resulting matrices take a four-block
structure; for example, the Hessian of Uðτ;MÞ can be
written as

U ¼
 

UðssÞ UðspÞ

UðpsÞ UðppÞ

!
; ð38Þ

where the individual elements refer to the phonon-phonon
(pp), spin-spin (ss,) and mixed second derivatives (ps and
sp) introduced in Sec. II C. Note that the pp channel takes
the form

UðppÞ
κα;κ0βðq;ωÞ ¼ ΦFS

κα;κ0βðq;ωÞ −Mκδκκ0δαβω
2; ð39Þ

where the first term on the rhs is the frozen-spin IFC matrix
and the mass contribution originates from the last term
in Eq. (32). Similarly, we define as F the Hessian of the
functional Fðτ; HÞ, which is related toUðτ;MÞ via a partial
Legendre transform operated on the spin channel only;
its four blocks are related to those of U via the relations
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established in Sec. II C. In particular, its pp channel
reads as

FðppÞ
κα;κ0βðq;ωÞ ¼ ΦRS

κα;κ0βðq;ωÞ −Mκδκκ0δαβω
2; ð40Þ

where the relaxed-spin IFC matrix is given by ΦRS ¼
ΦFS − UðpsÞχUðspÞ and χ ¼ −FðssÞ ¼ ½UðssÞ�−1 is the spin-
spin correlation function at clamped ions.
Of the remaining two functionals, F ðf;HÞ is the most

interesting physically. Its HessianF corresponds to the full
correlation function in the extended spin-phonon parameter
space, defined as the amplitude of the atomic displacement
(or spin canting) qa in response to an externally applied
atomic force (or local Zeeman field) fb, at a given
frequency ω and momentum q:

∂qa
∂fb

¼ −F ab ¼ U−1
ab : ð41Þ

Its poles correspond to the resonances (in general, of
mixed magnon-phonon character) of the coupled spin-
lattice system and can, therefore, be regarded as a Green’s
function within this extended parameter space. To touch
base with the extensive electron-phonon literature, note that

−F ðppÞ ¼ �UðppÞ − UðpsÞ½UðssÞ�−1UðspÞ�−1 ¼ ½FðppÞ�−1
ð42Þ

coincides (modulo a sign) with the nonadiabatic phonon
propagator indicated as DðωÞ in Ref. [50]. It is also
interesting to consider the spin-spin block:

−F ðssÞ ¼ �UðssÞ − UðspÞ½UðppÞ�−1UðpsÞ�−1 ¼ ½UðssÞ�−1:
ð43Þ

which corresponds to the spin-spin correlation function
(or local spin susceptibility) at relaxed ions, χRI.
All in all, the present formalism provides a simple way to

access all possible combinations of clamping or relaxing a
subset of modes via a unified procedure, which is of central
importance when discussing the dynamical response of the
system to an external field.

G. Dielectric, magnetic, and magnetoelectric
susceptibilities

We now consider the susceptibility of the system with
respect to two types of macroscopic perturbations, respec-
tively, a uniform Zeeman Hmac and a uniform electric
field E. The coupling can be incorporated by following the
same strategy, based on Legendre transforms, as above; the
guidelines in the electrical case have been discussed at
length in Ref. [43]. In the context of the present work, we
limit ourselves to adding the following terms to the Kohn-
Sham energy EKS [46,51]:

ΔEðψ ; τ; E; HmacÞ ¼ −ΩPðψ ; τÞ · E −Hmac ·mðψÞ; ð44Þ

where P is the formal polarization and m is the total
magnetic moment of the cell. This modification then
propagates to all Legendre pairs defined so far either
directly (in the static case) or via the quantum action
[Eq. (32)] [52]. At this stage, the parametric second
derivatives of U, F, U, or F with respect to E or Hmac

directly yield the desired electric or magnetic susceptibil-
ities within any physically relevant regime.
For instance, the dielectric susceptibility at clamped ions

(CI) and frozen spins (FS) is readily given by

χ̄dieαβ ðωÞ ¼ −
1

Ω
UEαEβ

ðωÞ: ð45Þ

Conversely, the full susceptibility including the dynamical
screening mediated by the coupled spin-lattice response
(i.e., calculated within a RS and RI regime) reads as

χdieαβ ðωÞ ¼ −
1

Ω
FEαEβðωÞ: ð46Þ

Based on the results derived above, it is easy to relate the
two via

χdieαβ ¼ χ̄dieαβ −
1

Ω
UEαaF abUbEβ : ð47Þ

The mixed derivative of U in the second term on the rhs
has the meaning of a generalized Born dynamical charge
tensor, describing the macroscopic polarization that is
associated with an atomic displacement or spin canting:

ZαaðωÞ ¼ Ω
∂Pα

∂λa
¼ −UEαaðωÞ: ð48Þ

Here, we have used the known thermodynamic relation
between the electric field derivatives of the energy and the
polarization [43]:

∂U
∂Eα

¼ −ΩPα: ð49Þ

Finally, we can plug Eq. (47) into the standard definition of
the frequency-dependent dielectric tensor:

ϵαβðωÞ ¼ δαβ þ 4πχdieαβ ðωÞ: ð50Þ

One can easily verify that Eq. (50) reduces to the standard
formulas [24,53] for the infrared-range dielectric tensor in
the absence of magnetic degrees of freedom. Equation (50)
constitutes the generalization thereof to magnetic insulators
with coupled spin-phonon excitations and is one of the key
formal results of this work.
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The macroscopic magnetic susceptibility can be
expressed in a similar form as Eq. (47):

χmag
αβ ¼ χ̄mag

αβ −
1

Ω
UHαaF abUbHβ

; ð51Þ

where χ̄mag
αβ ðωÞ ¼ −UHαHβ

ðωÞ=Ω describes the clamped-
ion and frozen-spin response and the subscriptHα indicates
differentiation with respect to the macroscopic (uniform)
Zeeman field. Of the two additional ingredients involved
in Eq. (51), note that χ̄mag

αβ ðωÞ tends to be negligibly small,
as the dominant contribution to the response is typically
associated with the canting of the local spin moments. For
the same reason, the tensor UHαa often adopts a trivial
structure and reduces to a proportionality constant between
the macroscopic and local Zeeman fields along the same
Cartesian direction α. This means that the information
about the macroscopic magnetic susceptibility can be
directly extracted, to a high degree of accuracy, from
the spin-spin sector of the matrix F ab, consistent with
the usual assumptions of spin-lattice models. We provide
direct numerical tests of the latter statement in the forth-
coming application sections V and VI, respectively, focus-
ing on CrI3 and Cr2O3.
Finally, within our formalism the macroscopic magneto-

electric (ME) susceptibility reads as

ααβ ¼ ᾱαβ −
1

Ω
UHαaF abUbEβ ; ð52Þ

where ᾱαβðωÞ ¼ −UHαEβðωÞ=Ω describes, as above, the
clamped-ion and frozen-spin contributions. [The orbital
magnetoelectric coupling may or may not be contained
in ᾱαβ, depending on how the total magnetic moment of the
cell is defined in Eq. (44).] This way, Eq. (52) generalizes
the standard descriptions of the magnetoelectric response
(see, e.g., Refs. [54,55]) by incorporating the dynamical
response of the coupled phonon-magnon system.

H. Adiabatic expansion

An appealing feature of the spin-phonon U matrix
defined in Eq. (38) consists in its regular character and
weak dependence of frequency within the relevant range
of the spectrum. This means that U is ideally suited to an
adiabatic expansion in powers of ω:

UðωÞ ¼ Kþ iωG − ω2Mþ � � � ; ð53Þ
where the dots stand for higher orders in ω. Note that the
mass operator M has the same basic structure as K and G;
i.e., it can be decomposed into spin-spin, phonon-phonon,
and off-diagonal subblocks:

M ¼
 

MðssÞ MðspÞ

MðpsÞ MðppÞ

!
: ð54Þ

All blocks are nonzero, in general, since, in addition to the
(dominant) contribution of the bare nuclear masses to
MðppÞ, they also contain an electronic contribution from
the frequency dispersion of the Uab coefficients.
The convenience of Eq. (53) lies in the hope that higher

orders in ω can be dropped without compromising the
accuracy of the result. In the remainder of this work, we
test two levels of approximation, which we refer to as
first-order (FOA) and second-order (SOA) adiabatic
theory. Within FOA, we truncate Eq. (53) to first order
in ω while discarding the electronic contributions to M.
In other words, we set the MðppÞ tensor to the conven-
tional diagonal matrix of atomic masses [corresponding
to the second term on the rhs of Eq. (39)], while the
remainder blocks of M are set to zero. The advantage is
that only Hessians and Berry curvatures (zeroth and first
order in ω) need to be explicitly calculated, which can be
done very efficiently with the methods described in
Sec. III. This approach corresponds to the spin-wave
theory of Niu and Kleinman [41,42,56], later generalized
to the treatment of the coupled spin-phonon system by
Ren et al. [39].
Within SOA, we follow the same procedure as in FOA,

except that we fully account for the electronic contribu-
tions to the mass tensor M. The physical explanation of
these additional terms lies in the inertia of the electrons
that are dragged by a given degree of freedom along its
trajectory. (In the phonon sector, the present theory
recovers the adiabatic renormalization of the ionic masses
as established in Ref. [57].) Since the electrons are much
lighter than the nuclei, this renormalization of the masses
has, in most cases, a marginal impact on the phonon
frequencies. Conversely, in the spin-spin channel, the
SOA constitutes a qualitative departure from the usual
assumption of zero magnon mass and (as we demonstrate
in Secs. V and VI) may have a significant impact on
the calculated frequencies. At the SOA level, the time-
honored Landau-Lifshitz (or Niu-Kleinman) equations
of motion for the local spin moments sl must be revised
as follows:

X
l

ðMjl ̈sl −Gjlṡl þ KjlslÞ ¼ 0; ð55Þ

where all matrices refer to their respective ðssÞ subblock.
We regard this as one of the major formal achievements
of this work. Our approach retains the conceptual sim-
plicity of the FOA method established in Ref. [39], in that
the coupled magnon and phonon frequency spectrum can
be calculated by solving essentially the same secular
equation. On the other hand, the renormalization of the
masses described here substantially improves the accu-
racy of the results to a level that, at least in our CrI3 and
Cr2O3 test cases, is indistinguishable from the exact
DFPT treatment.
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III. IMPLEMENTATION

In the following, we briefly recap the basics of DFPT,
which provides the general theoretical framework for
carrying out the perturbative expansion of the Kohn-
Sham energy. We frame our presentation around the
dynamical formulation of DFPT by assuming a plane-
wave basis set and norm-conserving pseudopotentials,
which is appropriate to dealing with the low-energy
magnon and phonon resonances. In other words, we
approach the problem within the general framework of
time-dependent density-functional theory at the adiabatic
local-density approximation level, by working in the
frequency domain and in the linear-response regime.
Our formalism is closely related to those employed

previously to analyze the nonadiabatic linear response to
atomic displacements [58], electric [49,59], and Zeeman
magnetic [29–31] fields. We loosely follow the notation of
Ref. [26]; however, we omit for simplicity the explicit
indication of spin indices (in both the wave functions and
2 × 2 density matrices and operators), except for situations
where it becomes essential.

A. Dynamical DFPT

To begin with, we represent the perturbing potential
of Eq. (31) as a first-order Hamiltonian [60] (in the
following, we alternate between representing the ω depend-
ence using a subscript notation, when paired with explicit
spatial coordinate dependence, and a parenthetical notation
otherwise):

ΔHðr; r0Þ ¼ λq;ωeiðkþqÞ·rHλ
k;qωðr; r0Þe−ik·r

0
e−iωt; ð56Þ

which couples states at any given point k in the Brillouin
zone with those at kþ q. The cell-periodic part of the
operator satisfies the following Hermiticity condition:

Ĥλ
k−q;qðωÞ ¼ ½Ĥλ

k;−qð−ωÞ�†: ð57Þ

In turn, the screened first-order Hamiltonian (Hλ) consists
of an external potential (Hλ) that generally does not depend
on frequency, plus a self-consistent (SCF) field contribution
(Vλ) that is independent of k:

Hλ
k;qðωÞ ¼ Hλ

k;q þ Vλ
qðωÞ: ð58Þ

The latter is defined in terms of the first-order density
nλqωðrÞ and the interaction (Hartree plus exchange and
correlation) kernel Kqðr; r0Þ ¼ Kðr; r0Þe−iq·ðr−r0Þ via

Vλ
qωðrÞ ¼

Z
d3r0Kqðr; r0Þnλqωðr0Þ: ð59Þ

Note that nλ and Vλ are implicitly understood as four-
vectors (or, equivalently, as 2 × 2 matrices [26]), as they

contain information about both the charge and the mag-
netization density; for the same reason, the interaction
kernel K is generally a 4 × 4 matrix function of r and r0.
Straightforward application of time-dependent perturbation
theory then leads to the first-order variation of the observ-
able λa in response to the external field λb:

Eabðω;qÞ¼
Z

½d3k�Tr½Ha
kþq;−qρ̂

b
k;qðωÞþHab

k ðqÞρ̂k�: ð60Þ

Here, we have introduced the second-order Hamiltonian
Hab

k ðqÞ and the ground-state, ρ̂k, and first-order, ρ̂bk;qðωÞ,
density operators. The latter describes the response of the
electronic system to the modulated external field and also
defines the first-order electron density that enters Eq. (59):

nλqωðrÞ ¼ Tr

�
σ
Z

½d3k�hrjρ̂λk;qðωÞjri
�
; ð61Þ

where the trace is taken in spinor space. Here,
nλ ¼ ðnλ0;mλÞ, with nλ0 being the first-order particle density
and mλ

α the α ¼ x, y, z component of the first-order
magnetization density, and σ ¼ ðσ0; σx; σy; σxÞ is a four-
vector with σ0 being the 2 × 2 identity matrix and σα the
Pauli matrices. As the perturbing potential contains a
contribution of the response, the linear problem needs to
be solved self-consistently.
Following the standard DFPT rules, the first-order

density operator can be written as

ρ̂λk;qðωÞ¼
X
n

fnkðjuλnk;qðωÞihunkjþjunkihuλnkþq;−qð−ωÞjÞ;

ð62Þ

where the sum is carried out on the valence states only
(fnk ¼ 1 are the band occupancies) and first-order spinor
wave functions are given by the following Sternheimer
equation:

�
Ĥkþq þ aP̂kþq − ϵnk − ω

�
juλmk;qðωÞi

¼ −Q̂kþqHλ
k;qðωÞjuð0Þmki: ð63Þ

Note that the calculation of the resonant wave functions
at þq;þω needs to be carried out in parallel with the
antiresonant ones at −q;−ω, as they are mutually coupled
via the SCF potential. [The latter is given by the combi-
nation of Eqs. (62), (61), and (59).] This formulation is in
all respects equivalent to existing approaches that are based
on the use of the time-reversal operator [27,30].
By plugging Eq. (62) into Eq. (60), we can also write the

second derivative more explicitly as

Eabðq;ωÞ ¼ Ēabðq;ωÞ þ Ē�
abð−q;−ωÞ þ Esta

abðqÞ; ð64Þ
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where the static (sta) contribution corresponds to the
second term on the rhs of Eq. (60) and we have decom-
posed the dynamical contribution of the first term into
resonant and antiresonant parts by defining

Ēabðq;ωÞ ¼
Z

½d3k�
X
m

humkjðHa
k;qÞ†jubmk;qðωÞi: ð65Þ

This result generalizes the nonstationary expression for the
linear response in the adiabatic regime [23,24], with the
latter being recovered when ω ¼ 0. Equation (65) allows
us to obtain the desired second-order energies once the
first-order response functions to one of the perturbations
(λb) have been calculated, e.g., by iteratively solving the
Sternheimer equations.

B. Treatment of the magnetic variables

To differentiate the magnetic functionals in Sec. II Awith
respect to a perturbation parameter λ, the central quantity
we need to consider are the first-order magnetic moments
mλ

κ. Whenever the functions fκ do not depend explicitly
on λ, mλ

κ are given by the integral over the atomic spheres
of the first-order magnetization density:

mλ
κðq;ωÞ ¼

Z
cell

d3rf−qκ ðrÞmλ
qωðrÞ: ð66Þ

Here, κ runs over the active magnetic sites, and we have
introduced the cell-periodic form factor of the atomic
spheres via

fqκ ðrÞ ¼ fκðr − τκÞeiqðτκ−rÞ: ð67Þ

This function enters directly the “external field” perturba-
tion associated with a local Zeeman potential, which
reads as

VHl
q ðrÞ ¼ −σβf

q
κ ðrÞ: ð68Þ

By plugging this perturbation into the DFPT formalism of
the previous section, we can readily calculate the response
of a noncollinear system to a local Zeeman field; this is
essentially all we need in the context of the enthalpy
functionals F and F̃.
Note that, in the specific case where λ ¼ τκ0β is a phonon

perturbation, there is generally an additional contribution to
Eq. (66):

Δm
τκ0β
κ ðq;ωÞ ¼ −δκκ0

Z
cell

d3r
∂fκðrÞ
∂rβ

mðrÞ: ð69Þ

This second piece is a momentum-independent static
contribution and describes the ground-state magnetization

that crosses the boundary of the sphere when the latter is
displaced along the phonon trajectory. This contribution
vanishes identically in our CrI3 and Cr2O3 test cases, and
we do not consider it further.
In the penalty-based internal energy Ũ, the external

potential (derivative of the Hamiltonian with respect to the
parameter Bl) is related to the local Zeeman field via

VBl
q ðrÞ ¼ αVHl

q ðrÞ; ð70Þ

i.e., the two perturbations are essentially identical except
for a trivial factor of α. At difference with the case of the
magnetic enthalpy, however, the penalty term in Eq. (3)
entails a modification of the interaction kernel:

K̄qðr; r0Þ ¼ Kqðr; r0Þ þ α
X
l

VHl
q ðrÞVHl

−qðr0Þ: ð71Þ

This means that the total Zeeman field acting on a given
sphere, inclusive of the self-consistent contribution of
the spin response mediated by the additional term in K̄,
is given by

Hλ
l ¼ α½δlλ −mλ

l ðq;ωÞ�; ð72Þ

consistent with Eq. (11). Note that, similarly to the case of
the enthalpy functional F̃, there is an additional nonvaria-
tional contribution to the second-order energy. It arises in
the second derivatives of Ũ with respect to two Bl’s and is
in the form ΔŨjl ¼ αδjl.
To minimize the dependence of the calculated parame-

ters on the atomic sphere functions fκðrÞ, we follow the
prescriptions of Ref. [39] and normalize the definition of all
magnetic variables to the amplitude of the ground-state
magnetic moments m0

κ . Then, the first-order local magnetic
moments mλ

l and their conjugate Zeeman fields Hλ
l acquire

the physical meaning of induced canting angles and
torques, respectively. In practice, we operate the normali-
zation a posteriori on the second-order coefficients, multi-
plying (dividing) the result bym0

κ every time that the energy
is derived with respect to Ml (Hl).

C. Stationary formulation and Berry curvatures

The dynamical linear-response approach described in
the previous paragraphs enjoys a variational formulation,
where the Sternheimer equation of Eq. (63) emerges from a
stationary principle imposed on the second-order action
functional [49]. More specifically, we rewrite the second
derivative of the action in the following form:

Eabðq;ωÞ ¼ Ẽabðq;ωÞ þ Ẽ�
abð−q;−ωÞ

þ ESCF
ab ðq;ωÞ þ Esta

abðqÞ; ð73Þ
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where the tilded symbols correspond to

Ẽabðq;ωÞ

¼
Z

½d3k�
X
m

h
huamk;qðωÞjðHkþq − ϵnk − ωÞjubmk;qðωÞi

þ huamk;qðωÞjHb
k;qjuð0Þmki þ huð0ÞmkjðHa

k;qÞ†jubmk;qðωÞi
i

ð74Þ

and the new SCF contribution is

ESCF
ab ðq;ωÞ¼

Z
d3r
Z

d3r0½naqω��ðrÞKqðr;r0Þnbqωðr0Þ: ð75Þ

Eabðq;ωÞ is intended to be minimized while imposing the
parallel-transport gauge on the first-order wave functions,
which requires

humkþqjuλnk;qðωÞi ¼ 0 ð76Þ

for all m and n running over the valence manifold.
[Alternatively, one can avoid enforcing Eq. (76) explicitly
by adopting the unconstrained approach of Ref. [61].] It is
straightforward to verify that the stationary condition on
Eabðq;ωÞ yields the Sternheimer equation (63).
The stationary nature of the second-order functional,

represented in Eq. (73), greatly facilitates a direct compu-
tation of higher-order parametric derivatives thanks to the
2nþ 1 theorem. Here, we specifically examine the case of
the frequency derivative, which reads as

dEabðq;ωÞ
dω

¼ ∂Eabðq;ωÞ
∂ω

¼
Z

½d3k�
X
m

fnkðhubmk;−qð−ωÞjuamk;−qð−ωÞi − huamk;qðωÞjubmk;qðωÞiÞ: ð77Þ

In the static limit and at the zone center, this formula takes
the form of a Berry curvature calculated in the parameter
space spanned by λa and λb; Eq. (77) can be regarded as
the finite-momentum and finite-frequency generalization
thereof. In the special case of two magnetic perturbations,
our Eq. (77) recovers Eq. (14b) of Lin, Liu, and Feng [42].
Our theory, however, is applicable to any pair of perturba-
tions of arbitrary physical nature; it provides, therefore, a
natural methodological framework for, e.g., the approach to
coupled spin-lattice dynamics proposed in Ref. [39].

IV. COMPUTATIONAL DETAILS
AND VALIDATION

A. Computational details

We perform our calculations using noncollinear DFT
[62] and DFPT [26] as implemented in ABINIT v9.9, where
we have incorporated the dynamical approach at con-
strained magnetic moments described in Secs. II and III.
The exchange-correlation kernel is described using the
Perdew and Wang parametrization [63] of the local density
approximation (LDA) for both the ground-state and linear-
response calculations. We use full relativistic norm-
conserving pseudopotentials from Pseudo Dojo [64],
regenerating them for LDA using the ONCVPSP software
[65,66]. The calculations employ a plane-wave cutoff
of 40 hartree, a hexagonal 6 × 6 × 6 k-point mesh, and
incorporate spin-orbit coupling throughout [67,68]. We
note that, at the time of writing, the treatment of crystal
symmetries in magnetic systems is still unreliable in
ABINIT; therefore, all our calculations are performed with-
out taking advantage of magnetic space groups to reduce,

e.g., the number of k points and independent phonon and
spin perturbations.
The dimensions of the rhombohedral CrI3 primitive cell

are fixed to the experimental values [69], with atomic
coordinates optimized until all forces are smaller than
10−6 hartree=bohr. Unless otherwise stated, we set the
atomic sphere radius to RWS ¼ 2 bohr for all atoms and the
boundary smearing width to 0.5 bohr. This setup correctly
predicts a ferromagnetic ground state with a total magnetic
moment of jm0j ∼ 6.02μB oriented along the out-of-plane
direction z. In each CrI3 layer, the Cr atoms form a
honeycomb lattice with two sites that are related by a
space inversion symmetry operation [see Fig. 1(b)]. The
structure is slightly buckled, with the individual Cr’s lying
either above or below the central plane of each layer; they
are referred to, respectively, as “Cr1” and “Cr2” henceforth.
The calculated local magnetic moments in the ground state
amount to jm0

Crj ∼ 2.54μB.
For Cr2O3, standard DFT calculations predict a ground

state with an easy-plane magnetic anisotropy, in contrast to
the experimentally observed easy axis along the out-of-
plane, [111] direction of the rhombohedral primitive
cell [70]. To correct for this discrepancy, we applied a
2% epitaxial strain in the in-plane directions while allowing
relaxation along the out-of-plane axis. This yields a
rhombohedral lattice with a ¼ 5.358 Å and α ¼ 58.65°.
In this configuration, the system reproduces the experi-
mental easy-axis alignment shown in Fig. 2, where the
Cr magnetic moments are chosen to form an in-pointing
antiferromagnetic arrangement along the z axis. The Cr
ions are referred as “Cr1, Cr2, Cr3, and Cr4” according
to their position along the axis z; i.e., from bottom to top,
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their ground-state magnetic moments point up, down, up,
and down. The corresponding local magnetic moments,
obtained within the aforementioned atomic spheres, are
jm0

Crj ¼ 2.23μB.
In the linear-response calculations, we use a penalty

parameter of α ¼ 0.0125 hartree, with a stringent tolerance
criterion of 10−14 for the squared residual of the first-order
potential. To obtain linear-response quantities over a broad
and dense frequency mesh, we first perform constrained-B
DFPT calculations over a coarse grid of ℏω ¼ 0.0, 0.6, 1.2,
1.8 and 2.4 mHa. (Given that all coefficients are smooth
functions of ω, an even coarser mesh could be used without
losing accuracy.) At each frequency, we then convert the
result into the FS flavor of the constrained-spin response.
We then perform a fourth-order polynomial interpolation
thereof and operate the analytic continuation of Eq. (35)
with a value of η ¼ 1 μHa. Finally, we calculate the
correlation and susceptibility functions of Secs. II F
and II G, respectively, over the vibrational and magnonic
frequency ranges.

B. Performance of the algorithm

In this section, we demonstrate the practical advantages
of our implementation of DFPT at constrained magnetic
moments, as opposed to the standard approach to the linear
response of a noncollinear magnet. To that end, by using
CrI3 as a test case, we study the evolution of the first-order
magnetic moments (mλ

κα) throughout the self-consistent
iterations and use them as indicators of the convergence
rate of the calculation in both the static and dynamic
regimes. We illustrate the difficulties in converging mλ

κα

within standard DFPT first.
Figures 3(a) and 3(c) show the evolution of the mλ

κα

induced by a uniform Zeeman field and the displacements
of Cr1, respectively. Not surprisingly, the uniform in-plane
Zeeman field produces the strongest magnetic response,
consisting in an equally large canting of both mCr1 and
mCr2 along the field direction. As shown in Fig. 3(a),
however, the values remain far from converged even after
numerous self-consistent iterations. These numerical diffi-
culties are due to the acoustic magnon resonance, which
occurs at 0.74 meV within our computational model and
couples strongly with the Zeeman field. Such an exceed-
ingly small energy is a consequence of the weak magneto-
crystalline anisotropy, which depends on spin-orbit
coupling. This low-lying electronic excitation, in turn,
makes the linear-response problem ill conditioned, making
convergence nearly impossible. A similar catastrophic
behavior occurs in the case of the phonon perturbation
[Fig. 3(c)], where not only is convergence unattained, but
the expected symmetry in the response along the three
reduced directions breaks down during the self-consistent
process, suggesting a nearly chaotic regime.
Figures 3(e) and 3(g) show the convergence of the

magnetic moments induced by a static and dynamic

FIG. 2. Side view of the Cr2O3 rhombohedral cell. The dashed
lines outline the three real-space primitive vectors, labeled as ai.
Thick black arrows indicate the magnetic moments, aligned along
the z axis.

FIG. 1. (a) Side view and (b) top view of a three-layer section of
the CrI3 structure. The dashed lines in (a) outline the primitive
cell used in the numerical calculations, with the three real-space
primitive vectors labeled as ai. Thick black arrows indicate the
magnetic moments, aligned along the z axis. In (b), only the Cr
sites are shown to clearly illustrate the ABC hexagonal stacking
pattern.
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(ℏω ¼ 32.7 meV) electric field, respectively. Interestingly,
in the static case convergence is achieved after a reasonable
number of iterations, at difference with the previous
examples. This is because an electric field cannot couple
by symmetry to the acoustic magnon in CrI3. Instead, it
couples to the optical magnon (involving opposite spin
canting of the two Cr ions), which occurs at a much higher
frequency (28.27 meV) in our calculations, and, hence,
does not affect the condition number of the problem as
dramatically. Notwithstanding, the conditioning issues
are back in force if we probe the system dynamically,
for instance, at a frequency that is slightly larger than the
magnon resonance [Fig. 1(g)].
All the above difficulties are resolved in full by our

constrained-B approach. In the bottom panels in Fig. 1,
we show the results for the first-order magnetic moments
after converting them from their fixed-spin to the physical
relaxed-spin values. In all cases, full convergence is
achieved after about 20 iterations, with no hint of the
erratic behavior observed in the above panels and a
tolerance that can be systematically improved to essentially
machine precision. Additionally, a comparison of the
results for the static electric field obtained via both
approaches [Figs. 3(e) and 3(f)] reveals that, upon con-
vergence, the values differ only at the fifth decimal place.
This agreement validates the robustness of our formalism
and computational implementation. Overall, these results

demonstrate that our method brings a noncollinear spin
calculation to the same level of computational efficiency as
that of a standard nonmagnetic insulator.

C. Influence of the penalty parameters

Here, we assess the influence of the parameters defining
the magnetic penalty—the stiffness (α) and the radius
(RWS) of the WS atomic spheres—in terms of computa-
tional efficiency and impact on the final results. Table I
presents a set of selected coefficients of the CI local spin
susceptibility and the CI and RS dielectric tensor calculated
with different combinations of α and RWS, while keeping
the smearing constant. The constrained-B values of these

FIG. 3. Convergence rate of first-order local magnetic moments versus number of SCF iterations within standard noncollinear DFPT
(top) and within our constrained-B method (bottom). The following types of perturbations are considered: static uniform Zeeman field
(a),(b), static displacement of Cr1 (c),(d), static electric field (e),(f), and dynamic electric field at ℏω ¼ 32.7 meV (g),(h). In the latter
case, only the real part of the magnetic moment is shown. The first-order magnetic moments are expressed in Cartesian coordinates in (a)
and (b). In (c) and (d), we show their projection on a direction that is either parallel (l) or perpendicular (t) to the atomic displacement
in the xy plane. In (e)–(h), the antiferromagnetic component of the induced moments is projected on the applied electric field
direction (l) or its normal (t).

TABLE I. Selected coefficients of the CI local spin suscep-
tibility and the CI and RS dielectric tensor (εxy) calculated at
ℏω ¼ 32.7 meV and η ¼ 0 with different values of the penalty
parameter (α) and radius of the WS atomic spheres (RWS). All
quantities are expressed in atomic units, and only the relevant real
or imaginary part of the complex coefficients is shown.

α × 103 RWS χ011 χ0013 ε0xx ε00xy

6.25 2.0 −57.8669 −83.9676 8.804 55 −0.001 62
12.50 2.0 −57.8669 −83.9676 8.804 55 −0.001 62
17.50 2.0 −57.8668 −83.9675 8.804 55 −0.001 62
12.50 2.5 −57.4413 −83.4718 8.804 55 −0.001 62
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second-order tensors quantitatively depend on the penalty
parameters (not shown). However, the macroscopic observ-
ables at relaxed spins (constrained-H) are essentially
unaffected by this choice, as illustrated in the table for
the dielectric tensor.
The local spin susceptibility is not macroscopic, mean-

ing it is not averaged over the entire unit cell but rather
over the WS spheres. This is why the magnitude of its
coefficients shows a slight dependence on RWS (but not
on the penalty parameter, since χjl is the inverse of the
fixed-spin Ujl matrix). Importantly, the extracted magnon
frequencies are independent on both parameters, as they
should. [Note that the negative sign of χ011 in Table I is
physically correct, as it is evaluated at a frequency higher
than the optical magnon resonance (see, e.g., Fig. 6).]
Since the final results are independent on the penalty

parameter α, the latter can be tuned to maximize computa-
tional efficiency. For instance, larger values of α result in
stiffer spin modes, which facilitate smoother and faster
convergence to a fixed tolerance by reducing the condition
number of the problem. This is illustrated in Fig. 4 for
the linear-response to a finite-frequency electric field. The
values of α ¼ 0.00625, 0.0125 and 0.0175 hartree used in
our calculations respectively shift the magnon resonances
to energies of approximately 0.7, 1.4, and 2.0 eV, namely,
of the order of and well above the electronic band gap
(approximately 0.9 eV as per our LDA calculation for the
direct transition). Using even larger values of α would be
ineffective, as the condition number is bounded by the
onset of cross-gap electronic excitations. This fact can be
appreciated in Fig. 4(b), where the first-order magnetic
moments obtained for α ¼ 0.0125 and 0.0175 hartree
reach the converged value in approximately the same
number of iterations.
Having demonstrated the performance of the con-

strained-B approach, in what follows, we use it to study
the physical linear-response properties of bulk CrI3 and
Cr2O3 associated with external electric and Zeeman fields,
as well as lattice displacements.

V. FERROMAGNETIC CrI3

CrI3 is a van der Waals ferromagnet that remains
ordered down to the monolayer limit [71]. Its properties
arise from the interplay of electronic, vibrational, and
magnetic degrees of freedom [72–75], and its spin-wave
dispersion has attracted particular interest due to possible
nontrivial topology, including chiral magnon edge
states [76–78]. First-principles studies of magnons in
CrI3 have, therefore, focused mainly on topological
aspects [79], while magnon-phonon coupling has often
been treated with model Hamiltonians [80]. A fully
ab initio description was first reported in Ref. [39] using
an adiabatic approximation equivalent to the FOA dis-
cussed below, which revealed magnon-phonon-induced
splittings of a few tens of μeV between circularly
polarized chiral phonons.
In this section, we benchmark the validity of the

adiabatic formalism by comparing it with exact TD-DFPT
calculations of bare magnons and hybrid magnon-phonon
excitations and then examine how their dynamics shape the
electromagnetic susceptibilities of CrI3.

A. Bare magnons and adiabatic approximation

To start with, we study the local spin susceptibility
at the CI level as defined in Eqs. (14) and (15). The
magnetic degrees of freedom span a four-dimensional
space (Cr1x, Cr1y, Cr2x, Cr2y), corresponding to the
in-plane components of the Cr magnetic moments or
local Zeeman fields. To simplify the physical analysis in
terms of magnonlike normal modes, we first convert the
Cartesian 4 × 4 tensor into a pair of 2 × 2 tensors by
projecting χij onto the basis of the spin cantings (or
Zeeman fields) associated with the acoustic and the
optical magnon [39]:

eAM ¼ 1ffiffiffi
2

p

0
BBB@

1 0

0 1

1 0

0 1

1
CCCA; eOM ¼ 1ffiffiffi

2
p

0
BBB@

1 0

0 1

−1 0

0 −1

1
CCCA: ð78Þ

In such a basis, the inverse susceptibility UðssÞ is block
diagonal (the AM and OM sectors are decoupled) and
takes the following form:

UðssÞ ¼


uAM 0

0 uOM

�
; u ¼



a ib

−ib a

�
: ð79Þ

Here, a ¼ K − ω2M þ � � � and b ¼ ωGþ � � � are scalar
real functions of ω such that að−ωÞ ¼ aðωÞ and
bð−ωÞ ¼ −bðωÞ.
Next, we project the result onto the basis of circularly

polarized modes, ê� ¼ 1=
ffiffiffi
2

p ðêx ∓ iêyÞ, where êx=y are

FIG. 4. (a) Squared residual of the SCF potential and (b) longi-
tudinal in-plane first-order atomic magnetic moments as a
function of the SCF iterations for the linear-response calculation
to an electric field of ℏω ¼ 32.7 meV. Colored curves illustrate
the results obtained with different values of the magnetic penalty
stiffness (α).
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the Cartesian basis vectors. Both uAM and uOM become
then diagonal, with eigenvalues

u� ¼ aðωÞ ∓ bðωÞ ≃ K ∓ ωG − ω2M: ð80Þ

The zeros of u� correspond to the magnon resonances.
The “þ” and “−” modes correspond to clockwise (þ) and
counterclockwise (−) spin precession, respectively, within
the xy plane (Fig. 1). The calculated parameters of the
adiabatic expansion of Eq. (80) are reported in Table II.
Within this setup, we find the AM and OM resonances at
0.74 and 28.27 meV, respectively. The overestimation of
the latter compared to the experimental value—about
19 meV in Ref. [76]—is consistent with previous theoreti-
cal studies using similar DFPT approaches [79]. Inclusion
of terms in Eq. (80) beyond Oðω2Þ does not affect the
calculated frequencies within machine precision: This
result confirms that the SOA (see Sec. II H) is essentially
exact in bulk CrI3.
We are now in a good position to test the performance of

the FOA level of theory (Sec. II H) that has oftentimes been
adopted in the literature [39,40,42]. The magnon frequen-
cies are given by K=G within FOA: By using the values in
Table II, we obtain 0.74 and 28.39 meV for the AM and
OM, respectively. In the case of the acoustic magnon, the
FOA values match the exact ones within a remarkable
accuracy of one part in 10−5 meV, well below other sources
of numerical error. Conversely, the bare optical magnon
displays a significant discrepancy, with a resonance that
appears 0.12 meV blueshifted at the FOA level. To explain
the reason, in Figs. 5(a) and 5(b), we plot the aOMðωÞ and
bOMðωÞ functions of Eq. (79). The FOA appears as an
excellent approximation for bðωÞ, which exhibits an almost
exactly linear dispersion within the relevant frequency
range. On the other hand, aðωÞ shows a parabolic
dispersion that is missed by the FOA, since the latter
assumes a constant aFOAðωÞ ¼ K. Within the SOA,
the inclusion of an effective mass coefficient via aðωÞ ¼
K −Mω2 corrects this limitation, yielding an essentially
exact description of aðωÞ.

Summarizing this section, our second-order adiabatic
approximation constitutes a robust improvement over
earlier semiclassical treatments of spin dynamics. It also
avoids the necessity for the iterative refinement of the
Hessian and Berry curvature coefficients that was proposed
recently by Lin, Liu, and Feng [42].

B. Coupled spin-phonon dynamics

We now assess the impact of the dynamical spin-lattice
coupling on the magnon and phonon frequency spectrum of
CrI3. We focus on the Brillouin zone center and defer the
analysis of the finite-q case to a forthcoming publication.
The nonanalytic dipole-dipole terms are neglected, as they
are largely irrelevant to what follows.
To start with, it is useful to recall the multiplet structure

that is associated with the space group of the crystal. Space
inversion symmetry implies a first partition into gerade (g)
and ungerade (u) modes, which can be further decomposed
into sets of one-dimensional (4Au and 4Ag) and two-
dimensional (4Eu and 4Eg) irreps. Because of the broken
time-reversal symmetry environment, both Eu and Eg

doublets further split into one-dimensional irreps of oppo-
site chirality (þ and −), which means that in CrI3 all optical
modes are singly degenerate [39,40]. We find that such
splittings are in most cases negligible, consistent with the
conclusions of Ref. [39]. The (highest) Eu doublet at
approximately 27 meV is an interesting exception, in that
it interacts strongly with the nearby OM mode (at
28.43 meV) and provides a representative example of
the physics of interest in our context. In the remainder
of this section, we focus exclusively on this group of three
modes, which we indicate as Eþ

u , E−
u , and OM henceforth.

In the first column in Table III, we show the non-
interacting phonon frequencies, which we calculate by
searching for the poles of the bare (FS) propagator
½UðppÞ�−1. (We also show the noninteracting OM frequency,
corresponding to the bare magnon value discussed in the
previous section.) At this level, the Eu splitting is negli-
gible: ωðEþ

u Þ and ωðE−
u Þ essentially coincide with the

TABLE II. Parameters of the adiabatic expansion [Eq. (53)] for
the matrix UðssÞ expressed in the basis of acoustic and optical
magnons (AM and OM, respectively). K and G are analytically
calculated from Eqs. (17) and (77), respectively, and M is
numerically extracted by fitting the n ¼ 4 data in Fig. 5 (the
same fitting provides G numbers that agree with the analytical
ones up to the fifth decimal position). Values between brackets
are extracted from Ref. [39].

KðssÞ (meV) GðssÞ MðssÞ (eV−1)

AM 1.112 (0.885) 1.500 (1.500) 0.034
OM 43.865 (35.795) 1.545 (1.566) 0.244

FIG. 5. (a) Frequency dependence of the optical-magnon
coefficients of Eq. (79), as obtained from polynomial frequency
interpolation at different degrees: n ¼ 4 (dark solid line), n ¼ 2
(turquoise dashed line), and n ¼ 1 (orange dashed line). (b) shows
an amplified view of the abscissa axis around the intersection of
the curves shown in (a).
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Born-Oppenheimer value ω0, indicating that, at frozen
spins, the nonadiabaticity of the interatomic force constants
is insignificant in this system. In particular, the FS Berry
curvature in phonon space results in only a correction of
ΔωðE�

u Þ ¼∓ 0.005 meV, while the mass renormalization
due to electron inertia yields an even smaller redshift of
−0.003 meV for both Eu modes.
In the rhs in Table III, we show the interacting frequen-

cies, which we define and calculate as the poles of the full
spin-phonon correlation matrix U−1. Here, the Eu doublet
presents a sizable splitting, approximately −0.17 meV,
between the clockwise (þ) and counterclockwise (−)
mode, as Eþ

u shifts to lower frequencies compared to ω0.
Such a shift is due to the coupling of Eþ

u with the nearby
optical magnon, which, in turn, displays a comparable
(0.16 meV) shift to higher frequencies. Conversely, the E−

u
mode remains largely unaffected, as it couples with the
faraway counterclockwise magnon occurring at negative
frequencies. This analysis is in qualitative agreement
with that of Ref. [39], except that in our present computa-
tional model the OM lies above the Eu phonon frequency;
hence, the frequency shifts of both Eþ

u and the optical
magnon are reversed. As in the noninteracting case,
the main difference between the FOA and SOA results
appears to reside in the treatment of the bare OM
resonance (see the previous section).

C. Magnetic susceptibility

To illustrate the impact of the Eu-OM coupling on the
physical properties of the crystal, in Fig. 6 (solid curves)
we plot our results for the relaxed-ion susceptibility χRI.
The main difference with its CI counterpart (dashed curves)
consists in a slight shift of the main magnon resonances.
The effect is strongest in the case of the optical magnon,
where a secondary peak also appears at a frequency of
the Eþ

u -derived mode. These are both direct conse-
quences of the dynamical spin-phonon interaction dis-
cussed above, whereby the magnons hybridize with
circularly polarized lattice modes of the same symmetry.
The two peaks at 28.43 and 26.62 meV correspond,

respectively, to the predominantly optical magnonlike
and Eu phononlike hybrids.
The impact of lattice relaxation on the acoustic magnon

frequency is comparatively much smaller, with a shift of
−0.01 meV, indicating a weaker coupling to the Eg lattice
modes. For comparison, in Fig. 6 we also show the CI
macroscopic spin susceptibility (orange dashed curves),
which is derived from the linear response to a uniform
Zeeman field. (For consistency, we also express the latter as
a canting angle in response to a torque, by dividing the
calculated susceptibility by a factor of jm0j2.) Since, at the
considered Brillouin zone center, the uniform field couples
only to the acoustic magnon, the susceptibility exhibits a
single resonance at 0.73 meV, which perfectly matches the
value obtained via the local Zeeman perturbation. Note that
the respective amplitudes of χCIðωÞ and χmac;CIðωÞ closely
match as well once we take into account a factor of 2 on
the macroscopic susceptibility, which originates from the
1=

ffiffiffi
2

p
normalization factor of the acoustic magnon coor-

dinate; see Eq. (78).

D. Dielectric tensor

Next, we investigate the dynamical response of CrI3 to
a uniform electric field, which we discuss in terms of the
frequency-dependent dielectric tensor of Eq. (50). We
focus on the in-plane components, which we represent in
the circularly polarized ðþ;−Þ basis of normal modes.
Our results for ϵþþðωÞ and ϵ−−ðωÞ are shown in Fig. 7. In
order to illustrate the respective role played by spin and
lattice modes, we repeat our calculations for all four
combinations of freezing or relaxing each set of degrees
of freedom.

FIG. 6. Real (top) and imaginary (bottom) parts of the local and
macroscopic spin susceptibilities as a function of the frequency.
Left (right) panels show frequency domains around the AM (OM)
resonance, and dashed (solid) curves are used to represent the
CI (RI) flavor of the susceptibilities.

TABLE III. Eigenfrequencies (in meV) of the OM and the two
nearby E�

u phonon modes. Interacting (noninteracting) frequen-
cies are obtained from the poles of the full spin-phonon
correlation matrix U−1 (the bare magnon ½UðssÞ�−1 and phonon
½UðppÞ�−1 sectors). Values between brackets are calculated within
the FOA in Sec. II H. For comparison, the Born-Oppenheimer
eigenfrequencies of the phonon doublet calculated at the FS and
RS level are wFSðEuÞ ¼ 26.799 and wRSðEuÞ ¼ 26.789 meV.

Noninteracting Interacting

Eþ
u 26.791 (26.794) 26.622 (26.635)

E−
u 26.801 (26.804) 26.795 (26.800)

OM 28.271 (28.385) 28.432 (28.548)
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At the FS/CI level [dashed curves in Figs. 7(a) and 7(b)],
both components show a smooth dispersion across a
broad frequency range and are accurately described by
the following quadratic function of ω:

ϵ̄��ðωÞ ≃ ϵ̄ ∓ ωδ̄þ ω2γ̄: ð81Þ

Our calculated values for these parameters are ϵ̄ ¼ 8.803,
δ̄ ¼ 0.047 eV−1, and γ̄ ¼ 1.532 eV−2. Upon switching on
the spin response while keeping the lattice frozen, an
additional contribution appears in the form of a sharp
resonance at the bare OM frequency. This feature can be
described (see Sec. II G) as

ΔϵðωÞ ¼ 4π

Ω
jHEþj2

K ∓ ωG − ω2M
; ð82Þ

where the torque on the OM mode in response to an
electric field, HEþ, plays the role of a Born dynamical
charge associated with the OM. The presence of this feature
suggests that the optical magnon could, in principle,
be detected experimentally via infrared spectroscopy.
However, the signal is both narrow and weak, potentially
making it challenging to resolve as previously noted by
Olsen [36]. In the static limit, Δϵð0Þ ¼ 2.8 × 10−5, con-
firming the negligibly small dipolar strength of the bare
magnon.
Upon inclusion of the lattice-relaxation contributions,

the above picture changes rather drastically. In the
infrared range, the dielectric response is dominated by
the strong resonances associated with the Eu phonons.

As we explained in the earlier sections, the phonons are
shifted in frequency and their degeneracy lifted by the
interaction with the optical magnon [Figs. 7(c) and 7(d)],
and the effect is strongest for modes that lie close in the
spectrum. In turn, the magnon hybridizes with the phonon
(see Sec. V B) and thereby acquires a significant dipolar
strength. As a consequence, the intensity of the magnonlike
peak at 28.43 meV [Fig. 7(d)] is now more than 3 orders
of magnitude larger than the original bare magnon feature
[Fig. 7(b)]. The amplified intensity of the renormalized
optical magnon resonance, arising from the spectral weight
transfer from the nearby Eþ

u phonon mode, is consistent
with experimental observations in other material classes
[4,5,18] and suggests that such a feature should be readily
detectable through optical methods.
As we noted earlier, however, our first-principles model

yields an OM that is approximately 8 meV higher in energy
than the experimental value [76]. Such a discrepancy likely
originates from the LDA overestimation of the exchange
couplings that contribute to the static magnetic Hessian K
[79,80]. This is not per se a big issue, as long as the
representation of the physics is qualitatively correct.
Unfortunately, in our case the calculated dipolar strengths
and frequency splittings strongly depend on the relative
position of the magnon and phonon resonances. Since
phonon frequencies are remarkably accurate within DFPT,
the misalignment of the magnon mode can have direct
consequences on the predicted spectra.
To obtain a more realistic picture of the experimental

situation, in the following we perform a computational
experiment where we modify the K coefficient of the
OM to match the experimental frequency of 19 meV [76]
while leaving the remainder parameters unaltered. We then
recalculate the absorptive part of the dielectric tensor via
Eq. (29) applied to the revised parameter set; the result is
shown in the inset in Fig. 8(a). As expected, the energy
splitting of the chiral Eu phonon at 28 meV is smaller in

FIG. 8. (a) Reflectivity spectrum for incidence normal to the
x-y plane and (b) magnetic circular dichroism signal of CrI3. The
results are obtained from the full LDA dielectric tensor (orange
dashed line) and from an effective dielectric tensor calculated
after adjusting the coefficients of the magnetic Hessian K to
reproduce the experimental optical-magnon frequency (blue solid
line). The inset shows the logarithmic imaginary part of the
dielectric tensor computed with the adjusted Hessian.

FIG. 7. Real (top) and imaginary (bottom) parts of the diagonal
components of the relaxed-spin (RS) and fixed-spin (FS) dielec-
tric tensor in the circularly polarized basis as a function of the
frequency. Left (right) panels show the CI (RI) flavor of the
tensor. The vertical gray dashed line depicts the exact position of
the CI optical magnon resonance.
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magnitude (Δω ¼ 0.032 meV) and opposite in sign com-
pared to our raw first-principles data in Fig. 7(d). The sign
of the effect, in particular, is now consistent with the
predictions of Ref. [39], where the energy ordering of the
phonon and magnon resonances matches that of our
modified model. Interestingly, the optical magnon now
lies much closer in energy to the Eu doublet at 13.3 meV.
As a consequence, the latter mode displays a sizable
frequency splitting (Δω ¼ −0.026 meV) as well and sig-
nificantly contributes to the dipolar strength of the magnon.
To further illustrate these points, we calculate the

reflectivity spectrum of optical waves normal to the x-y
plane from the Cartesian RI dielectric tensor:

RðωÞ ¼

��������
ffiffiffiffiffiffiffiffiffiffiffiffiffi
εRIq ðωÞ

q
− 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

εRIq ðωÞ
q

þ 1

��������
2

; ð83Þ

where εRIq represents the projection of the dielectric tensor
on an in-plane direction q of the crystal. The result is
shown in Fig. 8(a) for the relevant frequency range. As
observed experimentally [81,82], the calculated reflectiv-
ity spectrum of CrI3 is dominated by a broad, intense
signal that spans frequencies between 26 and 29 meV,
corresponding to light absorption by the highest-energy Eu
phonon mode. In addition, within our raw first-principles
model, we can identify a distinct, intense peak around
28.5 meV, which is due to the optical magnon resonance.
Our modified model, on the other hand, exhibits much
weaker magnon-related features, with only a small signal
at the OM resonance. Still, the optical magnon feature is
comparable in magnitude to that of the IR-active phonon
at 13.3 meV, which suggests the concrete possibility of
detecting it in reflectivity spectra.
Finally, we evaluate the magnetic circular dichroism

spectrum arising from the interacting magnon-phonon
system. The magnetic circular dichroism signal is calcu-
lated as [83]

ΔðωÞ ¼ εRI;A−− ðωÞ − εRI;Aþþ ðωÞ
εRI;A−− ðωÞ þ εRI;Aþþ ðωÞ ; ð84Þ

where the superscript “A” denotes the anti-Hermitian
(dissipative) part of the dielectric tensor. The raw LDA
results and those based on the modified model discussed in
the previous paragraph are presented in Fig. 8(b). In both
cases, a broad negative peak appears due to absorption by
the optical magnon, accompanied by three phonon-related
features. The amplitudes of the latter are clearly enhanced
through coupling with the OM, and their signs depend on
the relative position in energy with respect to the magnon.
All in all, our results emphasize the importance of treating
magnons and phonons self-consistently in the calculation
of the frequency-dependent dielectric function, as most of

the aforementioned features cannot be captured within
approximations where the spin-wave dynamics is not fully
accounted for [58,84].

E. Electromagnons

The analysis of the previous section has revealed an
interesting interplay of spin and phonon modes in deter-
mining the infrared spectrum of the crystal. In this section,
we clarify how the magnetic degrees of freedom respond to
the external electric field E, giving rise to a hybrid spin-
phonon electromagnon feature.
The steady-state oscillation amplitude of a given spin

mode is readily given in terms of the second derivatives of
either Fðτ; HÞ or F ðf;HÞ, depending on whether the ions
are clamped (F) or allowed to move (F ). Straightforward
application of Eq. (25) yields

∂mj

∂Eα

����
F
¼ −½UðssÞ�−1jl UlEα ¼ −χjl

∂Hl

∂Eα

����
U

ð85Þ

for the clamped-ion response and

∂mj

∂Eα

����
F
¼ −U−1

ja UaEα

¼ −χRIjl

�
∂Hl

∂Eα

����
U
þ ∂Hl

∂τ

����
U
½UðppÞ�−1ττ0 ½Zα;τ0 ��

�
ð86Þ

for its relaxed-ion counterpart. In the second line in

Eq. (86), we have used U−1
jτ0 ¼ −χRIjl U

ðspÞ
lτ ½UðppÞ�−1ττ0 and

observed that UτEα ¼ ½Zα;τ�� (the absorptive non-Hermitian
part can be safely neglected in the mixed derivatives at
frozen spins). This way, Eqs. (85) and (86) are written in the
exact same form as minus the spin susceptibility times the
first-order Zeeman fields; the difference lies in that both
quantities are calculated at the CI level in Eq. (85), at the
RI level in Eq. (86). In the following, we discuss our
numerical results by adopting, as earlier in this section, a
circularly polarized basis for the optical magnon and
applied electric field.
Our CI results are shown in Figs. 9(a) and 9(b). As in

the case of the dielectric tensor, the þþ and −− compo-
nents are degenerate in the static limit and progressively
split as the frequency increases, until the þþ component
diverges at the bare OM frequency. Interestingly, the real
and imaginary parts of the response differ significantly in
shape from those seen in the dielectric tensor (Fig. 7) and
indicate a nontrivial phase shift for the OM response to
the field. To understand such a phase shift, one can write
the CI spin response to the field as a scalar function of
frequency:

∂mþ
∂Eþ

¼ HEþ
K ∓ ωG − ω2M

: ð87Þ
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The calculated phases of the coupling coefficients HE
�

in the static limit are approximately ∓126° in the ��
sectors and evolve almost linearly with frequency, reach-
ing −130° and 123° at 30 meV. This unusual phase
mismatch is due to the out-of-plane stacking in bulk
CrI3, which lowers the symmetry group of the individual
layers; indeed, in the monolayer limit, an exact 90° phase
shift is expected.
As shown in Figs. 9(c) and 9(d), the result changes

drastically when both spin and lattice degrees of freedom
are allowed to evolve in response to the field. Compared to
the CI case, we observe the following: (i) The magnitude
of the þþ response increases by 2 orders of magnitude,
(ii) the phase shift changes to a nearly constant value
of −97° across the entire frequency window, and (iii) the
OM-like and the Eþ

u phononlike resonances exhibit similar
spectral weights in terms of magnitude but with opposite
signs. All these features can be explained by taking a closer
look at Eq. (86). First, in a vicinity of the Eu resonance, one
can expect a large enhancement in the magnitude of the
response because of the divergent nature of the bare phonon
propagator (second term in the square bracket). Next, given
that the lattice-mediated response dominates over the direct
one (first term in the square bracket), the overall phase
delay is now dictated by the spin-phonon coupling coef-
ficientHτ instead ofHE . Finally, note that the divergency in
the bare phonon propagator cancels out exactly with a zero
of χRI, yielding an equal and opposite response at the two
hybrid spin-phonon resonances. Thus, the above can be
regarded as general features of hybrid electromagnons

where the interaction with the electric field is mediated
by the phonon dipolar strength; a more quantitative
derivation to support this interpretation is provided in
the Appendix.

VI. ANTIFERROMAGNETIC Cr2O3

Cr2O3 is an antiferromagnetic insulator with a corundum
structure containing two formula units per primitive
cell (Fig. 2). It was the first crystal in which the linear
magnetoelectric effect was experimentally observed
[85,86] following Dzyaloshinskii’s prediction [87] and is
now regarded as the prototypical local-moment magneto-
electric. Despite extensive study, the role of collective
spin-wave excitations in its optical and magnetoelectric
properties remains only partially understood.
For instance, recent THz pump-probe experiments by

Bilyk et al. [12] showed that the antiferromagnetic mode
(acoustic magnon) of Cr2O3 can be driven not only by the
Zeeman component of a THz pulse, as expected by the
established selection rules, but also by its electric field.
Remarkably, the dynamics induced by the two channels
have comparable amplitudes and scale linearly with field
strength. This was interpreted as a dynamical magneto-
electric effect, though the microscopic mechanism—
such as possible coupling to vibrational modes—remains
unresolved.
In the following, we analyze the electromagnetic

susceptibilities of Cr2O3 across the vibrational spectrum,
with particular attention to a magnon-phonon spectral-
weight transfer that proves essential for quantitatively
accounting for the THz response observed by Bilyk
et al. [12]. To establish a clear framework, we first
introduce an adiabatic model of antiferromagnetic mag-
nons formulated in terms of static collective magnetic
modes. This construction provides an intuitive basis for
interpreting the magnonic features that emerge in the
macroscopic response functions.

A. Static magnetic susceptibility

In Cr2O3, the magnetic degrees of freedom span an
eight-dimensional space corresponding to the in-plane
components of the four Cr magnetic moments (or local
Zeeman fields). The inverse local susceptibility χ−1 ¼
UðssÞ is, therefore, an 8 × 8 tensor with four doubly
degenerate eigenvalues. To start with, we represent it onto
the following Cartesian basis of collective spin cantings:

ð88Þ

where the individual entries are 2 × 2 identity matrices
in the Cartesian space of the in-plane magnetic moments.

FIG. 9. Real (top) and imaginary (bottom) parts of the diagonal
components of the local magnetoelectric susceptibility, expressed
in the circularly polarized basis and for the optical magnon,
as a function of the frequency. Left (right) panels show clamped-
ion (relaxed-ion) flavor of the susceptibilities. The vertical
gray dashed line depicts the position of the CI optical magnon
resonance.
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This basis is very convenient, as it can be directly linked
to key results established in the existing literature on
antiferromagnets [70,88,89]: e1, of Eu character, corre-
sponds to the primary (antiferromagnetic) order param-
eter, often referred to as L [70]; e3 (of Eg character)
corresponds to the ferromagnetic mode M (not to be
confused with the mass tensor, which we indicate with the
same symbol), with all spins canting in the same in-plane
direction; e2 (Eg) and e4 (Eu) are secondary antiferro-
magnetic modes, indicated as L00 and L0 in Ref. [70],
respectively. Note that the ej mode amplitudes are
expressed as canting angles: They are linearly related
to the aforementioned order parameters by a constant
prefactor; see Sec. VI D.
Within this representation, the static Hessian K ¼

UðssÞðω ¼ 0Þ adopts the following structure:

K ¼

0
BBB@

K1 0 0 Du

0 K2 Dg 0

0 DT
g K3 0

DT
u 0 0 K4

1
CCCA; ð89Þ

where the individual elements are 2 × 2 matrices in the
form Kj ¼ kjS and Du;g ¼ du;gA and

S ¼


1 0

0 1

�
; A ¼



0 −1
1 0

�
: ð90Þ

The calculated values are reported in Table IV. k1, related
to the (weak) magnetocrystalline anisotropy, is by far the
smallest parameter consistent with its relativistic origin.
(Incidentally, our Sternheimer-based implementation repro-
duces the Goldstone character of e1 within machine
precision when spin-orbit coupling is switched off. This
represents a clear advantage over approaches relying on
truncated sums over excited states, where enforcing the

Goldstone rule has proven particularly challenging in
antiferromagnets [90].)
The remainder diagonal elements kj are more than

3 orders of magnitude larger; of them, k3 is the most
interesting physically, as it directly relates to the static
macroscopic magnetic susceptibility. The two off-diagonal
parameters are intermediate in magnitude and have to
do with the two energy invariants derived from the
Dzyaloshinskii-Moriya interaction (DMI), of the type
duðL0

xLy − L0
yLxÞ and dgðL00

xMy − L00
yMxÞ [70]. (Both du

and dg are of the order of 2 meV in our calculations,
consistent with the results in Ref. [70] for the DMI
parameter D.) As a consequence of the latter, the eigen-
vectors of the static spin susceptibility matrix χ ð0Þ differ
from the basis vectors ej for a slight intermixing between
modes of the same parity. The angles of rotation in the
e1;4 and e2;3 subspaces are, respectively, αu ∼ 0.4° and
αg ∼ 2.5°. These are very small effects but enough to
produce a significant decrease of the anisotropy parameter
from the “collinear” [70] value k1 to k̃1 ¼ 0.047 meV.

B. Antiferromagnetic magnons

The bare magnon resonances are defined, within our
formalism, by the frequencies at which UðssÞðωÞ becomes
singular. In Fig. 10, we show the frequency dispersion of
the (doubly degenerate) eigenvalues of UðssÞðωÞ, where
the two zeros are indeed evident. To understand the
physics underlying these spectral curves, in the following,
we complement the discussion of the Hessian (see
previous section) with an analysis of the Berry curvature
tensor G. (For simplicity, we restrict our analysis to
the FOA level of theory for the time being, where the
inverse susceptibility can be conveniently represented as

TABLE IV. Adiabatic expansion of the matrix UðssÞ, obtained
by fitting a fourth-order polynomial in ω. The Hessian (K) and
mass (M) tensors follow the structure given in Eq. (89), while the
Berry curvature tensor (G) is represented according to Eq. (91).
The two bottom rows show the off-diagonal entries of K and M.

i ki (meV) gi mi (eV−1)

1 0.060 1.3109 0.081
2 168.433 1.3813 0.154
3 217.315 0.0002 0.200
4 267.040 −0.0013 0.223

p dKp (meV) dMp (eV−1)

g 2.135 0.0002
u −1.869 0.0002

FIG. 10. Eigenvalues of the inverse local spin susceptibility of
Cr2O3 as a function of frequency. Vertical gray lines signal the
magnon resonance frequencies.
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UðssÞ ≃Kþ iωG; see Sec. II H). Its representation on the
basis of Eq. (88) reads as

G ¼

0
BBB@

0 G3 G1 0

−G3 0 0 G2

G1 0 0 G4

0 G2 −G4 0

1
CCCA; ð91Þ

where the individual 2 × 2 blocks are in the form G1;2 ¼
g1;2A and G3;4 ¼ g3;4S. Because of the time-odd nature of
the Berry curvature, in conjunction with the underlying
PT symmetry of the Cr2O3 crystal, the nonzero blocks of
G occur only between irreps of different parity, which are,
therefore, allowed to mix at finite frequency [39]. Such
mixing primarily occurs between e1 − e3 and e2 − e4
pairs, while the remaining symmetry-allowed couplings
(e1 − e2 and e3 − e4) are negligibly small (see Table IV).
The peculiar frequency dispersion of the susceptibility
spectrum (Fig. 10) is precisely due to the (1, 3) and (2, 4)
matrix elements of G.
The physical reason why the Berry curvature strongly

couples (1, 3) and (2, 4) and not other pairs can be
understood by recalling the classic Kittel’s arguments
about antiferromagnetic resonances [88]. Suppose we
neglect for a moment the small DMI parameters du;s,
which are largely irrelevant to the present qualitative
discussion. Then, by solving the adiabatic equation of
motion detðKþ iωGÞ ¼ 0, we obtain a doubly degenerate
AM mode in the form eAM ¼ ðαe1x þ βe3y;αe1y − βe3xÞ,
where the resonance frequency and aspect ratio are given,
respectively, by

α

β
≃

ffiffiffiffiffi
k3
k1

s
; ωAM ≃

ffiffiffiffiffiffiffiffiffi
k1k3

p
jg1j

: ð92Þ

(Similar formulas hold for the OM, which is associated
with the e2 − e4 pair.) Thus, magnons in Cr2O3 naturally
emerge from our formalism as elliptically polarized modes
[88], where the two orthogonal components have different
amplitude and opposite parity. This behavior reflects a
universal characteristic of easy-axis antiferromagnets in
zero field: The natural precession of the individual spins
results in the in-plane components of “up” and “down”
sublattices rotating in opposite directions [88]. This implies
that, in the course of an oscillation cycle, the spin canting
pattern visits two different modes that are related by a sign
switch on the Cr2 and Cr4 sites; these are precisely (1, 3)
and (2, 4). Moreover, by incorporating into this reasoning
the mode mixing associated with the du;s parameters, one
recovers the full semiclassical picture [89], in which the
two spin sublattices precess with distinct aspect ratios.
We report in Table V the numerical results for the

magnon frequencies calculated at various levels of theory:

Eq. (92), FOA, SOA, and full TD-DFPT. Overall, our first-
principles implementation reproduces the intuitive physical
picture outlined above with remarkable accuracy. The FOA
values are in excellent agreement with Eq. (92): The latter
differ from the former only by the neglect of the off-
diagonal elements (du;g) of the Hessian, whose most
significant consequence is the renormalization of the
anisotropy parameter k1. The main change occurs when
moving from the FOA to the SOA, where inclusion of the
effective magnon masses results in a redshift of the optical
magnon frequency by approximately 3 meV. (The time-
even mass tensor M bears an analogous structure as the
HessianK; the calculated values of the independent entries
are also reported in Table IV.) Such a correction can be
understood as a renormalization of the Berry curvature
parameter g2 by a factor of γ ≃ 1þ ðm2k4 þm4k2Þ=ð2g22Þ:
By using the values in Table IV, we obtain γ ¼ 1.02,
consistent with the calculated approximately 2% redshift.
This result highlights the necessity of accounting for
the magnon inertia in developing quantitatively accurate
adiabatic models of spin dynamics. As in CrI3, the SOA
model matches the full TD-DFPT values essentially to
machine precision.
To conclude this section, we note that our LDA treatment

of exchange and correlation effects yields magnon reso-
nances that do not reproduce the experimental values
(0.68 and approximately 55 meV [91]) very accurately.
Regarding the acoustic magnon, the discrepancy can be
rationalized by looking at the dependence of the HessianK
on the geometry of the simulation cell. Our calculations
on the experimental Cr2O3 structure yield an unstable
spin Hessian with a negative anisotropy parameter of
k1 ¼ −0.051 meV. This points to the well-known qualita-
tive failure of LDA (and Hubbard-corrected LDAþ U
[70]) at reproducing the correct easy-axis anisotropy in this
material. The relaxed structure within LDA, on the other
hand, yields a severe underestimation of the rhombohedral
angle, significantly worsening (we find k1 ¼ −0.135 meV)
the issue [92]. Consistent with earlier works [39,70], we
find that a tensile in-plane strain of 2% compared to the
experimental lattice parameter is enough to restore the
observed easy axis [93].
In the case of the OM, our calculated resonance

frequency is strongly overestimated by almost a factor of

TABLE V. Magnon resonance frequencies (in meV), deter-
mined from Eq. (92); from the solution of the adiabatic equation
of motion, excluding (FOA) and including (SOA) the mass
contributions; and from the zeros of the curves in Fig. 10 (TD-
DFPT).

Eq. (92) FOA SOA TD-DFPT

AM 2.754 2.445 2.432 2.431
OM 153.537 153.498 150.447 150.438
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3 compared to the experiment. Note that this is not an
artifact of the artificially strained structure, since we find
essentially the same value (ωOM ¼ 154.4 meV) in the
experimental structure. As we have pointed out in the case
of CrI3, local and semilocal approximations to DFT suffer
[79,80] from a systematic overestimation of magnetic
exchange interactions, likely due to the well-known ten-
dency of LDA to delocalize the atomic orbitals. We believe
that similar detrimental effects are responsible for the large
overshoot of ωOM in Cr2O3. For Cr2O3, previous studies
have shown that including a Hubbard U correction softens
the bare LDA magnons [39,90] but at the cost of intro-
ducing both qualitative and quantitative anomalies in their
momentum dispersion [90]. Since the aforementioned
disagreement bears limited consequences on the discussion
that follows, we have not explored such a route in this
work. Indeed, the OM plays essentially no role in the
coupling of Cr2O3 to external fields, which are dominated
by the AM in the low-frequency region of the spectrum.

C. Macroscopic electromagnetic susceptibilities

In Fig. 11, we present the in-plane components of the
relaxed-spin tensors that describe the linear electromag-
netic response of Cr2O3 across the vibrational frequency
range. We consider, in particular, the dielectric constant ϵ,
the macroscopic magnetic susceptibility χ, and the mag-
netoelectric coefficient α. Their numerical values are

calculated following the recipes in Sec. II G, i.e., as second
derivatives of the appropriate enthalpy functional with
respect to macroscopic electric or Zeeman fields. (We
use −Fλλ0=Ω or −F λλ0=Ω within clamped-ion or relaxed-
ion conditions, respectively.)
For the magnetic susceptibility, we obtain in the static

limit a value that is essentially insensitive to ionic relax-
ations, χCI ≈ χRI ¼ 9.19 × 10−4. Compared with previous
LDAþ U results [46], our value is smaller by roughly a
factor of 2. This discrepancy is consistent with the LDA
overestimation of the magnetic-Hessian parameters dis-
cussed above [Eq. (89)]: The susceptibility is largely
controlled by the inverse of k3, which in our calculation
is 217.3 meV, whereas Ref. [39] reports a substantially
smaller value of 89.9 meV within the LDAþU frame-
work. The low-frequency part of the spectrum is dominated
by the acoustic magnon resonance, consistent with the
discussion of the previous subsection. (The AM resonance
is a coupled oscillation of the ferromagnetic and antiferro-
magnetic order parameters.) In contrast, the optical magnon
contributes negligible spectral weight, which is in line with
its antiferromagnetic character. The contribution of the
lattice modes to the magnetic response is even smaller,
indicating that the coupling between phonons and the spin
mode e3 is weak on the scale of Fig. 11(a). And, indeed, the
frequency shifts that are associated with magnon-phonon
interactions are generally small: For example, the acoustic

FIG. 11. Frequency dispersion of the three electromagnetic linear-response tensors in Cr2O3: (a),(b) magnetic susceptibility, (c),(d)
magnetoelectric tensor, and (e),(f) dielectric tensor. Both the clamped-ion (red dashed line) and relaxed-ion (dark blue solid line) cases
are shown, with spins relaxed in all calculations. For clarity, only the þþ in-plane component is plotted; the −− component is identical
by symmetry.
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magnon resonance shifts by only −0.17 μeV between CI
and RI conditions, and its spectral weight remains essen-
tially unchanged.
The dielectric tensor shows the opposite trend, with the

vibrational resonances outweighing the magnetic ones by 5
orders of magnitude. Their respective contribution (28.7%
and 0.002%) to the static dielectric constant reflects this
behavior, pointing to a negligible dipolar strength of the spin
modes compared to the phonons. The most prominent
features correspond to the two E modes at 62.9 and
69.5 meV, while other lattice modes (e.g., those at 36.2
and 55.2 meV) display a comparatively much weaker signal.
Finally, the magnetoelectric tensor exhibits an inter-

mediate picture, with the acoustic magnon and IR-active
phonons yielding comparable spectral weight.
Interestingly, the sign of the magnetoelectric response
appears to be reversed at the phonon resonances compared
to the magnon peak. This is reminiscent of our discussion
of the electromagnon in CrI3, although the mechanism
leading to such a behavior appears to be different (see
Sec. VI D). Ionic relaxations also lead to a marked increase
in the spectral weight of the acoustic magnon contribution
to the magnetoelectric tensor. Projection of the lattice-
mediated contribution reveals that most of this weight is
transferred by the E mode at approximately 62.9 meV.
A similar trend is observed in the static limit: The
magnetoelectric response is enhanced by nearly an order
of magnitude due to the same Emode, with αCI⊥ ¼ 0.12 and
αRI⊥ ¼ 1.05 ps=m. Our result for the lattice-mediated con-
tribution, αLM⊥ ¼ αRI⊥ − αCI⊥ , is in good agreement with
previous reports [46,54,94–96]. αCI⊥ , on the other hand,
appears somewhat underestimated compared to literature
values [46,54,94–96]. We ascribe this discrepancy to the
epitaxial strain applied to our simulation cell: Indeed,
when using the unstrained experimental structure, we
obtain αCI⊥ ¼ 0.36 (and αRI⊥ ¼ 1.14 ps=m), in closer agree-
ment with Refs. [46,95]. This sensitivity, which is only
weakly reflected in αLM⊥ and in the magnetic susceptibility,
originates from an unusually strong strain dependence of
the coupling parameter kE3 (see the next subsection).
The large spectral-weight transfer observed for the

acoustic magnon is directly relevant to the recent experi-
ments by Bilyk et al. [12], reporting on the resonant
excitation of the acoustic magnon in Cr2O3 via a THz
electric-field pump. To trace a closer link to Ref. [12], and
more generally to assess the respective role of the spin and
phonon degrees of freedom in the dynamical magnetoelec-
tric response of Cr2O3, we provide a more detailed analysis
in the following.

D. Dynamical magnetoelectric coupling

First, we analyze how the constitutive magnetic modes of
Eq. (88) couple to the external electric field. Based on
Eq. (86), the Zeeman torques induced by an electric field Eβ

at frequency ω on a magnetic mode of Eq. (88)—
characterized by a mode index n and Cartesian direction
α—can be written as

∂Hnα

∂Eβ

����
U
¼ ∂Hnα

∂Eβ

����
U
þ
X
ν

∂Hnα

∂uνγ

����
U

∂uνγ
∂Eβ

����
U
; ð93Þ

where the summation on the rhs is performed over the E
doublets (ν labels the irrep, γ ¼ x, y discriminates the two
Cartesian components, and uνγ is the mode amplitude) and
the frozen-spin functionals U and U refer to clamped-ion
and relaxed-ion conditions, respectively. The first term
in Eq. (93) describes a direct coupling, which is of purely
electronic origin; the second term embodies the lattice-
mediated contribution of each phonon irrep and corre-
sponds to the second term in the square brackets of
Eq. (86). To simplify the analysis, we neglect the depend-
ence of Zβ;νγ and of the force-constant matrix on frequency
henceforth; this is justified, since both appear to have
negligible impact on the results. We then arrive at

∂uνγ
∂Eβ

����
U
¼ ½UðppÞ�−1νγ;ν0γ0 ½Zβ;ν0γ0 �� ≈ δβγ

Zν

Mðω2
ν − ω2Þ ; ð94Þ

where Zν denotes the static Born effective charge of mode ν
and ω2

ν is the corresponding eigenvalue of the Born-
Oppenheimer dynamical matrix.
With the above results in hand, we are now able to seek

an approximate form for Eq. (52) by taking two further
steps. First, we neglect the frozen-spin clamped-ion con-
tribution ᾱ ≃ 0.01 ps=m, which is largely irrelevant on
the scale of Figs. 11(c) and 11(d). Second, we observe (as
anticipated in Sec. VI A) that the representation of UHαa on
the basis of Eq. (88) has the following structure:

UHα;uνβ ≈ 0; UHα;nβ ≈ −2g1δn3δαβ; ð95Þ

where the prefactor accounts for the constant of propor-
tionality that relates e3 to the physical macroscopic
magnetization. (The spin-spin Berry curvature provides
an accurate measure of the angular momentum carried
by a given local mode; the factor of 2 has to do with the
normalization of the ej eigenvectors by 1=2.) Then, the
dynamical magnetoelectric susceptibility can be written as

ααβðωÞ ≈ −
2g1
Ω

X
nβ

χRI3α;nβðωÞ
∂HnαðωÞ

∂Eβ

����
U
; ð96Þ

where the relaxed-ion spin susceptibility matrix χRI is also
expressed in the basis of Eq. (88).
Based on the above analysis, the key physical quantities

that govern the magnetoelectric coupling in Cr2O3 are the
clamped-ion Zeeman torques induced by either an electric

field Eβ, H
Eβ
nαðωÞ, or by the β component of a given E
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phonon irrep, H
uνβ
nα ðωÞ. Their frequency dependence can be

accurately represented in terms of a static coupling plus a
Berry curvature contribution:

H
λβ
nαðωÞ ¼ ∂HnαðωÞ

∂λβ

����
U
≃ Knα;λβ þ iωGnα;λβ ; ð97Þ

where λ ¼ E; uν. In particular, K and G take the following
form:

Knλ ¼

0
BBB@

0

kλ2A

kλ3S

0

1
CCCA; Gnλ ¼

0
BBB@

gλ1A

0

0

gλ4S

1
CCCA: ð98Þ

From the point of view of symmetry, these tensors have
the same structure as Kn3 and Gn3 [the third columns in
Eqs. (89) and (91), respectively], which couple en with the
ferromagnetic order parameter e3. In other words, the
electric field and Eu phonon perturbations both transform
like a macroscopic Zeeman field, a signature of the
magnetoelectric effect.
In the static regime, kλ3 describe a torque on e3 produced

by an in-plane electric field or Eu phonon. As such, they are
the main physical parameters entering the static magneto-
electric coefficient of Cr2O3, which can be written (within
the approximations of this section) as

αRI⊥ ≃ −
2g1
Ω

χ33



kE3 þ

X
ν

kν3Zν

M0ω
2
ν

�
; ð99Þ

here, χ33 ¼ χRI3α;3αð0Þ ≃ χCI3α;3αð0Þ is the relevant component
of the static spin susceptibility matrix. The first term in the
round brackets governs the clamped-ion response: We find
kE3 ¼ −0.383 meV=ðVÅ−1Þ in our strained geometry, to be
compared with kE3 ¼ −1.437 meV=ðVÅ−1Þ in the exper-
imental structure. (This large difference explains the under-
estimation of αCI that we have pointed out earlier.) The
second term in the round brackets, accounting for the
lattice-mediated contribution, bears strong connections to
the established linear-response theory [94], with the main
(cosmetic) difference that the magnetic charges in Ref. [94]
are expressed here in terms of the Zeeman torques kν3. (Our
calculated values are reported in Table VI.)
In the dynamical regime, the rate of change of λ

produces, via the Berry curvature, additional torques on
e1 (gE1 ¼ −2.269 × 10−3 Å=V; the values of gν1 correspond-
ing to the four Eu irreps are reported in Table VI) and e4;
to the best of our knowledge, these couplings have not
been discussed before. To assess their importance in the
dynamical ME response, we perform a computational
experiment where we set the Berry curvatures to zero

[i.e., we approximateH
λβ
nαðωÞ → Knα;λβ ] and recalculate the

frequency-dependent ME response via Eq. (96) while
keeping all the other parameters unchanged.
The results, shown in Fig. 12, point to a remarkable

impact of the Berry-curvature-related couplings on all
spectral features. On one hand, the characteristic structures
that are associated with the phonon resonances appear
strongly suppressed in amplitude and opposite in sign
compared to the fully frequency-dependent solution; this
indicates that the dynamical torque on e1, mediated by gν1,
largely dominates over the static torques due to kν3 in the
phonon frequency range. Such an outcome is especially
remarkable when compared to the CrI3 case discussed
earlier, where the spin-phonon Berry curvature has a
negligible impact on the calculated electromagnetic spec-
tra. Instead, in Cr2O3, gν1 is entirely responsible for the
phase reversal of αðωÞ in a vicinity of the phonon
resonances, pointing to a qualitative difference in how
electromagnons behave in the two materials. On the other

TABLE VI. Magnetoelectric coupling parameters for the Eu
phonon irreps of Cr2O3. From left to right: Born-Oppenheimer
eigenfrequencies (ων) and effective charges (Zν) and static (kν3)
and dynamic (gν1) part of the torques induced on magnetic modes
e3 and e1, respectively.

ων (meV) Zν (e) kν3 (meV/Å) gν1 (10−3=Å)

36.2 1.55 −13.43 −5.58
55.2 2.17 −0.23 −5.74
62.9 22.16 −40.89 −22.47
69.5 14.94 6.34 −13.28

FIG. 12. Real part of the in-plane RI magnetoelectric coef-
ficient calculated with Eq. (96) including (blue solid line) and
neglecting (yellow dash-dotted line) dynamical contributions to
the local Zeeman torques induced by electric fields and phonons.
The inset shows an enlargement of the CI acoustic magnon
resonance.
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hand, the amplitude of the acoustic magnon resonance
appears significantly affected as well. The most dramatic
effect occurs at the clamped-ion level, where the neglect of
G1E leads to a suppression of the corresponding spectral
feature by a factor of 2. (At the RI level, the neglect of both
G1E and G1ν entails a 20% suppression.) The same Berry
curvature is also responsible for the persistence of a
nonvanishing magnetoelectric response far away from
the resonance, where αCIðω ≫ ωAMÞ ≈ gE1=g1.
With the above results in hand, we can directly compare

the coupling strength between the acoustic magnon and a
macroscopic Zeeman or electric field; this can be regarded
as a first-principles realization of the experiment of Bilyk
et al. [12]. To that end, in Fig. 13, we plot the magneto-
electric efficiency, which we define as the ratio of the
dynamical magnetoelectric response (in dimensionless
units of 1=c) and magnetic susceptibility:

γMEðωÞ ¼ cαðωÞ
χðωÞ : ð100Þ

At the acoustic magnon resonance, our full DFPT descrip-
tion yields γME ≃ 0.4, in fair agreement with the exper-
imental findings of Ref. [12], which indicate a ratio of the
order of unity. Note the drastic enhancement (roughly a
factor of 20) of γME that is associated with the inclusion of
lattice-mediated contributions; a neglect of the latter would
lead to a marked discrepancy with the results of Ref. [12].
Also, the Berry curvatures yield a significant enhancement
of the dynamical magnetoelectric coupling coefficient

compared to the static one, consistent with the discussion
of the previous section.

VII. CONCLUSIONS

In summary, we have presented a general methodo-
logical framework to calculate the dynamical response of
noncollinear magnets to arbitrary external perturbations.
The foundations of our theory rest on a general result:
the equivalence of the penalty-function and Lagrange-
multiplier approaches to constrained DFT. Establishing
their mutual relation via an exact mapping in parameter
space, which we express in the language of Legendre
transforms, can be regarded as one of the main formal
achievements of this work. Our strategy overcomes
several long-standing difficulties of existing first-princi-
ples approaches, related to the poor conditioning of the
magnetic degrees of freedom in the calculations, and to
the lack of an exact linear-response framework to treat
the coupled nonadiabatic dynamics of phonons and
spins. Thanks to the methods developed here, one can
now perform DFPT calculations in magnets with com-
parable efficiency, accuracy, and ease as in standard
nonmagnetic insulators.
As a first application, we have tested the adiabatic

approach to the spin [41,42] and coupled spin-phonon [39]
problem that were proposed in earlier works. While we
find good numerical agreement with our full frequency-
dependent treatment in both CrI3 and Cr2O3, we propose
a procedure to systematically improve its accuracy, which
we refer to as “second-order adiabatic approximation.”
Our main formal result here consists in the demonstration
that magnons are endowed with a nonzero mass, origi-
nating from the inertia of the electrons that are dragged
along during spin precession. This result calls for a
revision of the Landau-Lifshitz equations, via the inclu-
sion of an effective mass term at second order in the
frequency.
As a second application, we have demonstrated the

calculation of the frequency-dependent dielectric, mag-
netic, and magnetoelectric susceptibilities of the system,
including the contributions from the coupled spin-lattice
dynamics in the external electric field. In addition to
recovering several known results (e.g., the partial shift of
spectral weight from optical phonon to magnon resonan-
ces), we have identified some interesting new features—for
example, some general properties of hybrid phonon-
electromagnon modes that were formerly unknown or
overlooked. Of particular note, we generalize the spin-
phonon model in Ref. [39] by introducing the coupling to
the external electric field. This allows us to understand, to a
high degree of accuracy, our full first-principles results in
terms of simple analytic formulas that depend on a minimal
set of parameters.
As an outlook, our work opens countless opportunities

for future research. Our approach nicely complements the

FIG. 13. Magnetoelectric efficiency, as defined in Eq. (100).
Results are reported at the CI (red lines) and RI (blue lines) levels,
with (solid lines) and without (dashed lines) inclusion of the
dynamical contributions to the local Zeeman torques induced by
electric fields and phonons. The vertical gray line indicates the
position of the AM resonance.
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adiabatic theory of Ref. [39], by providing an efficient
DFPT route to calculating the required Hessians and Berry
curvatures. A natural next step will consist in combining
the two approaches to enable Fourier interpolation of the
coupled magnon and phonon bands over the whole
Brillouin zone; work toward this goal is underway.
Another obvious future goal consists in achieving a better
integration of our linear-response method with the preex-
isting algorithms to calculate the electronic ground state
at constrained magnetic moments. This task will enable
calculating second derivatives in an arbitrary spin configu-
ration, which is especially interesting in the perspective
of constructing “second-principles” spin models. Also, one
could incorporate the ideas in Ref. [42] to go beyond the
limitations of the atomic-sphere approximation. Last but
not least, it will be interesting to combine the formalism
presented here with the recently developed first-principles
approach to spatial dispersion [61]. This appears as a very
timely addition to address the pressing experimental ques-
tions in the context of optical activity [97], where magnons
can play a key role [98]. Also, flexomagnetism [75]
(describing the modification of the spin couplings due to
strain gradients) can be regarded as a spatial dispersion
effect that has received increasing attention as of late but
has been largely out of reach in the context of first-
principles methods. The possibility of systematically cal-
culating flexomagnetic coefficients via DFPT calculations
on the primitive crystal cell would open many exciting
research avenues in this area.
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APPENDIX: MINIMAL MODEL OF CrI3

To understand the results presented so far, we can reason
in terms of a minimal model of the coupling between
the Eþ

u phonon, the optical magnon, and the (circularly
polarized) electric field Eþ. All the relevant coupling
coefficients are then contained in a 3 × 3 Hermitian matrix,
consisting in the second derivatives of Uðτ;M; EÞ within
the aforementioned subspace of parameters. Their values
are readily obtained via projection of the full U matrix on

the relevant mode vectors. For the optical magnon and
electric field, we use the eOMþ and eEþ components intro-
duced in Secs. VA and VD. Regarding the phonon, we
define the eigendisplacement vectors associated with the
Eu doublet as

eph�;κα ¼ v�κα

ffiffiffiffiffiffiffi
M0

Mκ

s
; ðA1Þ

where v� are circularly polarized eigenvectors of the static
dynamical matrix andM0 is an arbitrary mass factor, whose
purpose is to guarantee that the phonon amplitude τ has a
physical dimension of length.
Based on our results in Sec. V B, we can write the

(inverse of the) bare phonon propagator, to a very good
accuracy, in terms of the Born-Oppenheimer frequency:

UðppÞ
þþ ¼ ðephþ Þ� · UðppÞ · ephþ ≈M0ðω2

0 − ω2Þ: ðA2Þ

Next, we calculate the spin-phonon coupling coefficient as

Hτ
� ¼ ðeOM� Þ� · UðspÞ · eph� ; ðA3Þ

with the physical meaning of the torque on the OM induced
by the lattice distortion. We find that Hτ

�ðωÞ has a weak
frequency dependence and is well approximated by its
static value, which is Hτ

�ð0Þ¼ð−8.347∓ i70.163ÞmeV=Å
according to our calculations. Finally, we define the Born
dynamical charge of the Eu mode as

Zþ ¼ −ðeEþÞ� · UðEpÞ · ephþ ; ðA4Þ

which we approximate with its static limit where it becomes
a real constant Z ¼ 15.816jej.
By combining the above definitions with the static limit

of the parameter HE
� introduced in Sec. V D, HE

�ð0Þ ¼
ð−0.810 ∓ i1.097Þ meV=ðVÅ−1Þ, we can provide a sim-
ple analytical representation that reproduces faithfully most
of our first-principles results. For example, we write the
nonadiabatic (relaxed-spin) phonon propagator in Eq. (42)
as the inverse of the following scalar function:

FðppÞ
�� ≈M0ðω2

0 − ω2Þ − jHτj2
K ∓ ωG − ω2M

: ðA5Þ

Then, the poles of the propagator are given by the zeros of
its denominator:

ðω2
0 − ω2ÞðK ∓ ωG − ω2MÞ − jHτj2

M0

¼ 0: ðA6Þ

This equation has three real roots, yielding the frequencies
of the hybrid phonon-magnon modes derived from Eþ

u , E−
u ,
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and OM. If we neglect the effective magnon mass param-
eter M, Eq. (A6) recovers the minimal model in Ref. [40].
Also, starting from Eq. (43), we can obtain the following

approximate formula for the optical magnon channel of χRI:

χRI�� ≈
ðω2

0 − ω2Þ
ðω2

0 − ω2ÞðK ∓ ωG − ω2MÞ − jHτ j2
M0

: ðA7Þ

This expression shares the exact same denominator as
the nonadiabatic phonon propagator and yields a result
for χRIðωÞ that is indistinguishable from the fully first-
principles result on the scale of Fig. 6.
Next, our results for the full frequency-dependent

dielectric function can be understood by approximating
the contribution of the coupled spin-lattice system as

ΔϵRI ≈
4π

Ω
jZj2

FðppÞðωÞ ; ðA8Þ

where we have neglected the (small) direct coupling
between the field and the spins. Equation (A8) yields a
description of the RI/RS dielectric tensor that matches the
full first-principles curves in Fig. 7 to a very good accuracy,
confirming that the IR intensity of the OM-like hybrid
indeed originates from its phonon fraction.
Finally, in a vicinity of the coupled Eu-OM resonances,

we can approximate Eq. (86) as

∂mþ
∂Eþ

≃ −χRIþþ
HτþZ

M0ðω2
0 − ω2Þ : ðA9Þ

By using Eq. (A7) for the RI susceptibility, we obtain

∂mþ
∂Eþ

≈ −
C

ðK − ωG − ω2MÞðω2
u − ω2Þ − jHτj2

M0

; ðA10Þ

where C ¼ HτþZ=M0 is a frequency-independent complex
number that is responsible for the phase delay via Hτþ
and the denominator explains the equally large (but with
opposite sign) spin response at the phonon- and magnon-
like resonance frequencies.
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