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Fractional quantum Hall states are promising platforms for topological quantum computation due to
their capacity to encode quantum information in topologically degenerate ground states and in the fusion
space of non-Abelian anyons. We investigate how the information encoded in two paradigmatic states, the
Laughlin and Moore-Read states, is affected by density decoherence—coupling of local charge density to
nonthermal noise. We identify a critical filling factor νc, above which the quantum information remains
fully recoverable for arbitrarily strong decoherence. The ν ¼ 1=3 Laughlin state and ν ¼ 1=2Moore-Read
state both lie within this range. Below νc both classes of states undergo a decoherence-induced Berezinskii-
Kosterlitz-Thouless (BKT) transition into a critical decohered phase. For Laughlin states, information
encoded in the topological ground state manifold degrades continuously with decoherence strength inside
this critical phase, vanishing only in the limit of infinite decoherence strength. On the other hand, quantum
information encoded in the fusion space of non-Abelian anyons of the Moore-Read states remains fully
recoverable under arbitrarily strong decoherence even beyond the BKT transition. These results lend
further support to the promise of non-Abelian FQH states as platforms for topological quantum
computation. They reveal how the interplay between chiral topological order and global symmetry can
give rise to novel mixed-state phases under decoherence, distinguished by their capacity for storing
quantum information.
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I. INTRODUCTION

One route towards realizing topological quantum com-
putation is through solid-state systems that host anyonic
excitations [1–6]. A paradigmatic example is the fractional
quantum Hall (FQH) platform, where charged anyons can
be manipulated with electrostatic controls to perform
quantum computation [7–11]. There are two major sources
of errors that arise in such devices, one is from thermally
excited quasiparticles, and the other from decoherence
caused by local noise in the device, cosmic rays, and other
uncontrolled effects. The thermal errors can be suppressed
by cooling the system and safely ignored at experimentally
accessible low temperatures, e.g., in graphene quantum
Hall systems [12,13]. However, the second type of error is

harder to eliminate and persists throughout the experiment.
In this work, we examine the effect of such local
decoherence on the encoded quantum information.
There are two ways to encode quantum information in a

topologically ordered FQH state [3]. The first is to store the
information in the topologically degenerate ground state
subspace, which applies to both Abelian and non-Abelian
FQH states. The second is to prepare a non-Abelian
quantum Hall state and encode information into the fusion
space of non-Abelian anyons. In practice, the first route
may require using bilayer FQH systems or fractional
quantum spin Hall insulators with engineered edge cou-
plings [14–16]. For the purpose of analyzing robustness
against decoherence, it is more convenient to consider
single-layer FQH states on a torus as a theoretical sim-
plification. We will investigate the robustness of quantum
information stored in both approaches.
From a theoretical perspective, our investigation aligns

with the broader program of understanding topological
order in mixed quantum states [17–34]. Quantifying the
capacity for encoding quantum information amounts to
characterizing the long-range entanglement in the presence

*These authors contributed equally to this work.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW X 16, 031074 (2026)

2160-3308=26=16(3)=031074(33) 031074-1 Published by the American Physical Society

https://orcid.org/0000-0002-4527-1432
https://orcid.org/0000-0003-0511-2581
https://orcid.org/0000-0001-6602-0061
https://orcid.org/0000-0003-2663-6376
https://orcid.org/0000-0003-4068-8287
https://ror.org/03cve4549
https://ror.org/01an7q238
https://ror.org/03vek6s52
https://ror.org/00hx57361
https://ror.org/02jbv0t02
https://crossmark.crossref.org/dialog/?doi=10.1103/bw7c-y5dc&domain=pdf&date_stamp=2026-09-21
https://doi.org/10.1103/bw7c-y5dc
https://doi.org/10.1103/bw7c-y5dc
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


of decoherence. We can then view it as a probe of
topological order in the mixed-state setting. Most prior
work in this direction has focused on fixed-point models
with commuting projector Hamiltonians. As we will see
below, decohered FQH states are different in several
important ways, raising new technical and conceptual
challenges. Moreover, decoherence-induced transitions of
non-Abelian topological orders remain much less explored
than the corresponding transitions in Abelian states [30,31].
In particular, little is known about the fate of non-Abelian
anyons under decoherence. This is one of the central
questions addressed in this work.
For topological stabilizer codes or the quantum double

models, one can always specify a decoding algorithm and
discuss its success probability [35–38]. While the non-
stabilizer and chiral nature of FQH states complicates an
explicit construction of this kind, we can infer the threshold
of the optimal decoder by analyzing certain information-
theoretic quantities [17]. In particular, we can use the
quantum coherent information to quantify the recoverable
quantum information in a decohered system [39,40]. A
sharp drop in this quantity as the decoherence increases
beyond a threshold signals the breakdown of the FQH state
as a quantum memory [17].
In realistic platforms such as graphene heterostructures,

the decoherence in the bulk conserves the total electron
number. After the ground state is prepared, the subsequent
dynamics have two components. First, decoherence con-
tinually creates small pairs of anyons. Second, these anyons
move diffusively under the combined effect of Hamiltonian
evolution and decoherence. In this work we isolate the
effect of density decoherence, neglecting the diffusion of
anyons. We will comment on the effect of more generic
decoherence dynamics in Sec. VI.
Decoherence coupling purely to the electron density is

described by the following Lindblad equation

dρ̂
dt

¼ γ

Z
d2zðn̂ðzÞρ̂ n̂ðzÞ − 1

2
fn̂ðzÞ2; ρ̂gÞ; ð1Þ

where ρ̂ is the density matrix, n̂ðzÞ the electron density
operator. By dimensional analysis, the decoherence
strength γ has the unit of ½time�−1½length�2, where the
length scale can only come from the short-distance regu-
larization. Therefore, it is important to keep a finite short-
distance cutoff to ensure that the density decoherence has
nonvanishing effects [41].
We examine the effect of decoherence in the Laughlin

and Moore-Read states, the simplest Abelian and non-
Abelian FQH states, respectively [42,43]. The Laughlin
state offers the simplest arena for analyzing the robustness
of information encoded in degenerate ground states and
also helps with the development of tools before addressing
the more intricate non-Abelian states. The Moore-Read
state is the simplest non-Abelian FQH state that can be used

for quantum computation with anyons. We derive our
results by using the well-known model wave functions
of these states. They admit well-developed plasma anal-
ogies and conformal field theory (CFT) descriptions that
allow us to solve the problem analytically [42–45]. One can
also employ the Chern-Simons theory description of the
quantum Hall states and derive the same results. Therefore,
we expect our results to be applicable even beyond the ideal
wave functions.
The rest of the paper is organized as follows. In Sec. II we

provide a non-technical overview of the main results and
motivate themwith physical arguments, leaving the technical
derivations to subsequent sections. In Sec. III we use the
plasma analogy to identify and characterize a decoherence-
induced transition in Laughlin states. Then, in Sec. IV we
determine how the quantum coherent information, quantify-
ing the recoverable quantum memory, evolves across the
transition. To accomplish this, we utilize the field theory
description of the Laughlin state in terms of a 1þ 1-
dimensional CFT. In Sec. V we use the CFT formulation
to identify the decoherence-induced transition in Moore-
Read states and determine its effect on information encoded
in the fusion space of non-Abelian anyons.We concludewith
general remarks on the results and outlook in Sec. VI.

II. OVERVIEW

In this section, we give an overview of the main results,
emphasizing the physical intuition. Our starting point is an
FQH state that encodes quantum information either in the
topological ground state degeneracy or the fusion space of
non-Abelian anyons. We assume that this logical qudit is
entangled in somewaywith another quditR, as it would be if
it were taking part in a quantum computation. The amount of
information that can be recovered using operations on the
system Q, subject to decoherence, can be quantified by the
quantum coherent information IcðRiQÞ ¼ SQ − SRQ, where
SQ andSRQ arevonNeumann entropies of these systems after
the decoherence.
The density matrix of the system affected by the

decoherence channel (1) has a simple form in the particle
position basis:

ρðz1; z2Þ ¼ Ψðz1ÞΨ⋆ðz2Þe−1
2
Vðz1;z2Þ: ð2Þ

Here zα ≡ fzα1;…; zαNg denote electron configurations,
ΨðzαÞ is the first quantized wave function of the original
pure state, and the decoherence generates V that depends on
the electron density niðzÞ as

Vðz1; z2Þ ¼ γt
Z

d2z½n1ðzÞ − n2ðzÞ�2: ð3Þ

It is convenient to define a dimensionless measure of the
decoherence strength μ ¼ γt=2πa2, where a is a short-
distance cutoff much smaller than the magnetic length.
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In the strong decoherence limit μ → þ∞, the coupling V
suppresses off-diagonal elements and thus the density
matrix reduces to a classical probability distribution.
The simplest proxy for the behavior of the quantum

coherent information is the Rényi-2 version of this quantity.
Thus, as a first step, we analyze the purity as a generating
function for all other Rényi-2 information quantities.
Following Eq. (2) we have

trρ2 ¼
Z

Dz1Dz2jΨðz1Þj2jΨðz2Þj2e−Vðz1;z2Þ; ð4Þ

which can be interpreted as a partition function of classical
electron fluids residing in two layers as depicted in Fig. 1
(a). The intralayer interactions among fluid particles derive
from the structure of the initial state ΨðzÞ through the
modulus squared. At the same time, the decoherence
introduces an interlayer attraction (3), which grows with
the decoherence strength. Thus, in the pure initial state,
electrons in the two layers fluctuate independently, while in
the opposite limit μ → þ∞ they form tightly bound pairs,
depicted as the solid circles in Fig. 1(a). The nature of the
transition between the two extremes can be understood by
expanding about the strong decoherence limit in the small
fugacity e−μ of unbound interlayer pairs.

A. Decohered Laughlin states

The physics of unlocking the two electron fluids near the
strong decoherence limit is particularly intuitive in the
Laughlin states with filling factor ν ¼ 1=m. This is
addressed in Sec. III. Through Laughlin’s plasma analogy,

the wave function gives rise to Coulomb interactions
between particles of effective charge

ffiffiffiffiffiffiffi
2m

p
within each

layer. In the pure state μ ¼ 0, the two plasmas are
independently in their screening phase (for m < 70), while
in the opposite limit μ → ∞ they are locked into tightly
bound pairs, which screen only the symmetric component
of the charge. Because the interaction between unbound
(relative) charges is not fully screened in the decohered
state, their tendency to proliferate depends on the usual
competition between the Coulomb energy cost and entropy
gain, leading to the Berezinskii-Kosterlitz-Thouless (BKT)
RG flow depicted in Fig. 1(b) [46–48]. Interestingly, the
filling factor ν plays the role of the dielectric constant or
inverse stiffness. So, increasing the decoherence strength
moves the physical system (i.e., the initial condition for the
flow) vertically downward on this diagram. This results in a
BKT transition at a finite value of μ if ν < νc. Remarkably,
if the filling factor ν ≥ νc the screening phase persists to
arbitrarily large μ (νc ¼ 1=4 in the analysis of the purity).
This is suggestive, and we will show that it indeed implies,
that a fully recoverable quantum memory persists to
arbitrarily strong decoherence.
An important aspect of our analysis is that the fully

decohered state falls on a line of critical states, with
properties determined by universal aspects of the FQH
state. In fact, the expansion around the fully decohered
state, which reveals the decoherence-induced transitions,
relies on the same universal properties rather than on the
detailed structure of the underlying state. Therefore, the
main results of this analysis are expected to hold for FQH
states in the Laughlin series beyond specific model wave
functions.
The critical decohered state, discussed in Sec. III B, is

characterized by algebraic decay of Rényi correlations in
both the electron and quasihole (anyon) operators, which
originate from universal properties of the initial pure state.
It is interesting to connect this result with the understanding
that decoherence-induced transitions arise from anyon
condensation in 2þ 0 dimensions [18]. In the decohered
Laughlin state anyons cannot fully condense because they
carry a (fractional) charge of the global charge U(1)
symmetry. Instead, they form a critical condensate exhibit-
ing quasi-long-range order.
The critical nature of the fully decohered state also helps us

generalize from a theory of the purity to one of Rényi-1 and
von Neumann quantities, which have more transparent
information-theoretic meanings. This is done in Sec. III C.
The key, again, is to develop an expansion in small fugacity
about the diagonal, fully decohered state. Divergence of the
expansion then signals an instability of the critical diagonal
density matrix toward the encoding phase. While we are not
able to obtain the exact critical filling factor, we derive
rigorous bounds placing it within the range 1=8 ≤ νc ≤ 1=4.
So far we have not addressed directly how these

transitions affect the quantum information encoded in

(a)

(b) (c)

FIG. 1. (a) Schematics for the purity of the decohered state.
Two layers are the two copies of states, orange and blue dots are
the electrons, black circles represent their tight binding at the
strong decoherence limit, dashed circles represent the unbinding
events when deviating from the limit. (b) Renormalization-group
flow for decohered Laughlin and Moore-Read states. Below a
critical filling the system enters a critical phase through a BKT
transition. Above it the system remains topological. (c) Encoding
a single qubit in the two-dimensional fusion space of four well-
separated fundamental quasiholes of the Moore-Read state.
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the m-dimensional ground state subspace on a torus. To
access thesem states, which are not easily discerned within
the plasma analogy, we reformulate the problem in Sec. IV
in terms of an effective field theory, using the well-known
correspondence between the FQH states and correlations in
1þ 1-dimensional CFTs. In particular, a basis of m
Laughlin states on a torus is given by

ΨlðzÞ ¼
�YN

i¼1

eimφðziÞe−
i
2π

R
d2zφ

�
l
; ð5Þ

where the N-point correlation is evaluated in the CFT of a
chiral boson φ with a twist of 2πl=m in the boundary
conditions along x̂ and l ¼ 0;…; m − 1.
In the expression for the purity (4), the chiral and

antichiral modes originating from the two wave functions
and their conjugates add up to two nonchiral bosonic
modes ϕ�. These fields can be interpreted as the phases
conjugate to the plasmas associated with the symmetric and
anti-symmetric (relative) charge between the two layers.
The resulting field theory naturally reproduces the
decoherence-induced transitions found through the plasma
analogy. In the pure state (μ ¼ 0), where the two plasmas
are in the screening phase, both fields are locked to zero and
the effective theory is gapped. In the opposite limit
(μ → ∞), corresponding to the fully decohered state, only
the symmetric charge density is screened in the plasma
analogy, hence ϕþ is still gapped, but ϕ− is critical. Away
from the infinite decoherence limit, the expansion of the
purity in small fugacity leads to the low-energy effective
sine-Gordon theory

Z−¼
Z

Dϕ−exp

�
−
Z

m
4π

ð∇ϕ−Þ2−2e−μcosmϕ−

�
; ð6Þ

which exhibits the same BKT transition discussed above
[49]. The field theory formulation now allows us to
compute the evolution of the coherent information across
the transition separating the gapped screening phase, in
which the cosine term is relevant, and the critical decohered
state, in which it is irrelevant.
To have a non-trivial coherent information, the

decoherence channel needs to operate on a Laughlin state
on a torus Q, whose ground state manifold is entangled
with a reference qudit R. In Sec. IV we show that the
purities that enter the Rényi-2 coherent information can be
written as sums over the sine-Gordon partition functions (6)
with different twisted boundary conditions of the field ϕ−
or of its dual θ−=m. The Rényi-2 coherent information is
then given by

Ið2Þc ðRiQÞ ¼ log
1þP

m−1
l¼1 e

−ΔFð0;lÞ

1þP
m−1
l¼1 e

−ΔFðl;0Þ
: ð7Þ

Here ΔFðl; 0Þ and ΔFð0;lÞ are the relative free energy
costs of inserting a twist of 2πl=m in the boundary

conditions of, respectively, ϕ− and its dual θ−=m along
the x̂ direction of the torus.
In the screening phase (μ < μc) the cosine term domi-

nates and any nonvanishing twist of ϕ− incurs a free energy
cost of order L, while twists in θ− are free. Thus we have

Ið2Þc ¼ logm as expected. For μ > μc the cosine term is
irrelevant and the system flows to the critical phase. This,
however, does not imply the vanishing of the coherent
information. The contribution of the irrelevant cosine term
to the free energy cost of a ϕ− twist can be calculated
perturbatively and is easily seen to be of order one. Thus,
the coherent information jumps upon crossing the transition
at μc from logm to a smaller nonuniversal positive value.
As μ exceeds μc, the coherent information decreases
monotonically, as shown by the blue curve in Fig. 2(a),
approaching zero in the limit μ → ∞. This result, a
signature of the critical nature of the mixed state above
the error threshold, stands in sharp contrast to the vanishing
of the coherent information across the error threshold in the
toric code [17].
If the filling factor is above the critical filling νc, the

cosine term is relevant even at the infinite decoherence
limit. Consequently, the coherent information stays at logm
for any finite decoherence strength in the thermodynamic
limit, as is shown by the red curve in Fig. 2(a). In a finite
system of linear size L, however, the cosine term becomes
effectively irrelevant when μ ∼OðlogLÞ. As a result, the
lifetime of the memory diverges logarithmically in the
system size.

B. Decohered Moore-Read states

Moore-Read states are the simplest FQH states that host
non-Abelian anyons. Though these anyons do not support a
fault-tolerant universal gate set, one can store protected
quantum information in their fusion space, as is illustrated
in Fig. 1(c). Our aim is to understand the decoherence-
induced transitions in Moore-Read states and how they

(a) (b)

FIG. 2. Rényi-2 quantum coherent information as a function of
the decoherence strength. (a) For Laughlin states, the information
is encoded in the degenerate ground states. For systems below the
critical filling it starts to decrease after a finite time and becomes
zero only at the strong decoherence limit. (b) For Moore-Read
states, the information is encoded in the fusion space and is
infinitely robust against decoherence.
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affect the information encoded in the fusion channels of
non-Abelian anyons. To this end, we use both an effective
field theory description and a plasma analogy [45] of
Moore-Read states.
Like the Laughlin states, Moore-Read states can also be

represented as a correlation function in a 1þ 1-dimensional
CFT, which in this case includes two sectors: a chiral Ising
(fermion) CFT and a chiral boson CFT that we refer to as
the bosonic charge sector of the theory. For the description
of the purity (4), the chiral and antichiral modes originating
from the wave functions and their conjugates combine into
a pair of nonchiral Ising CFTs and a pair of nonchiral
boson CFTs. The purity is then formulated as an insertion
of strong perturbations in this CFT.
Our strategy again is to expand about the limit μ → ∞ of

the fully decohered Moore-Read state. In this limit, the
nonchiral boson field ϕ− from the bosonic charge sector is
in a free critical state, while the symmetric boson field ϕþ is
gapped, exactly as in the fully decohered Laughlin state.
The Ising sector, on the other hand, forms a more complex
strongly coupled theory. Nonetheless, we can obtain the
long-range correlations in this sector, needed for the small
fugacity expansion, by utilizing the plasma analogy of the
Moore-Read states [45].
Having established the correlations in the fully deco-

hered state we use them to formulate the effective theory
through the expansion about this reference point. In the
bosonic charge sector, this gives rise to an effective sine-
Gordon theory similar to (64), which leads to a
decoherence-induced BKT transition for filling factors
ν < νc. In the Ising sector, however, the expansion about
the fully decohered state inevitably generates relevant
perturbations. As a result, for any finite decoherence the
Ising sector flows back to a topological phase. This
suggests the establishment of a new intrinsically mixed
phase of matter, which is critical and simultaneously has
quantum information preserved only in the non-Abelian
sector. No known ground state of a local Hamiltonian
exhibits such a phenomenon.
In Sec. V C we verify the robustness of the quantum

memory encoded in the fusion space of (four) non-Abelian
anyons by directly calculating the quantum coherent
information. As a first step, we represent the basis states
in this space as conformal blocks in the chiral Ising × Uð1Þ
CFT. This allows us to entangle the initial state with a
reference qubit and represent the quantum coherent infor-
mation of the decohered system in terms of expectation
values in the effective field theory. The result, illustrated in
Fig. 2(b), shows that the coherent information remains log 2
for arbitrary (yet finite) decoherence strength, indicating
fully recoverable quantum memory independent of the
filling factor.
At the same time, quantum information encoded in the

bosonic charge sector of the degenerate ground state on a
torus undergoes a transition similar to that found in the

Laughlin state if ν < νc. Using the expansion in small
fugacity about the von Neumann entropy of the fully
decohered state we find that this critical filling for the
Moore-Read states is bounded by 1=8 ≤ νc ≤ 1=3.

III. DECOHERED LAUGHLIN STATES

In this section, we apply the plasma analogy to study
decoherence-induced phase transitions in Laughlin states
and show how they depend on the filling factor. We start
with analyzing the purity of the density matrix, the Rényi-2
quantity, and then the von Neumann quantities.

A. Plasma analogy and filling-dependent transition

The Laughlin state is an incompressible state in the
lowest Landau level at filling ν ¼ 1=m. Its universal
properties are captured by the following un-normalized
model wave function

ΨðfzigÞ ¼
YN
i<j

ðzi − zjÞme−
P

i
jzij2=4l2B : ð8Þ

Here, m is an odd integer, N is the number of electrons,
zi ¼ xi þ iyi is the electron coordinate and lB is the
magnetic length. Notably, all analyses in this work also
apply to bosonic Laughlin states, where m is an even
integer. To simplify the notation, we often omit the curly
bracket f� � �g and set lB ¼ 1 from now on. The squared
norm ofΨ takes the form of a partition function of a single-
component two-dimensional plasma

hΨjΨi ¼
Z

Dze−ΦLðzi;
ffiffiffiffiffi
2m

p Þ;

ΦLðzi; QÞ ¼ −Q2
X
i<j

log jzi − zjj þ
Q2

4m

X
i

jzij2; ð9Þ

where Dz≡Q
N
i¼1 d

2zi=N! is the integration measure. In
this analogy, each particle carries a charge Q ¼ ffiffiffiffiffiffiffi

2m
p

and
moves on a uniform neutralizing background of charge
density −Q=2mπ. For physically relevant values of m (e.g.,
m < 70), the plasma is in a screening phase [50], and all
long-distance properties of the Laughlin state follow.
Following Eq. (4), the purity admits a similar mapping to

the partition function of a classical two-component plasma,
from which many properties of the decohered systems
follow. Specifically, after time t under the decoherence
channel (1), the purity of the Laughlin state is given by

trρ̂2 ¼
Z

Dðz1; z2Þe−ΦLðz1i ;
ffiffiffiffiffi
2m

p Þ−ΦLðz2i ;
ffiffiffiffiffi
2m

p Þ−V; ð10Þ

where ΦLðz1i ;
ffiffiffiffiffiffiffi
2m

p Þ and ΦLðz2i ;
ffiffiffiffiffiffiffi
2m

p Þ are the plasma
energy functionals defined in Eq. (9). It is therefore natural
to interpret the purity as the partition function of two layers
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of plasmas, labeled by 1 and 2, which originate from the bra
and ket spaces of the density matrix. The decoherence
suppresses off-diagonal elements of the density matrix in
the position basis. In the language of plasma, it induces an
attractive interaction between the two plasmas, through the
potential

V ¼ γt
Z

d2z½n1ðzÞ − n2ðzÞ�2: ð11Þ

As noted in the overview, V depends on the short-distance
regularization. One convenient choice is to smear the
density operator in Eq. (1) by a Gaussian

n̂ðzÞ ↦ 1

πa2

Z
d2z0e−jz−z0j2=a2 n̂ðz0Þ; ð12Þ

which yields

V ¼ μ
XN
i;j¼1

e−
jz1
i
−z1

j
j2

2a2 þ e−
jz2
i
−z2

j
j2

2a2 − 2e−
jz1
i
−z2

j
j2

2a2 ; ð13Þ

where μ ¼ γt=2πa2 is the dimensionless quantity that
parametrizes the decoherence strength. The first two terms
in Eq. (13) describe a short-range repulsion within each
plasma, which is overwhelmed by the Coulomb repulsion
and does not qualitatively affect the physics. Below we
examine how the last term, representing interlayer attrac-
tion, affects the bilayer plasma.
An instructive reference point for understanding the

transition is the strong-decoherence limit (μ → þ∞). In
the plasma analogy, this limit corresponds to having
infinitely strong interlayer attractions so that all charges
in the two layers form tightly bound pairs. Denoting the
density matrix in this limit by ρ∞, we have

Z∞ ¼ trρ2∞ ¼
Z

Dze−2ΦLðzi;
ffiffiffiffiffi
2m

p Þ; μ → þ∞; ð14Þ

where zi ¼ z1i ¼ z2i labels the position of each pair [51].
We can reinterpret Z∞ as the partition function of a
single-component plasma formed by the pairs, i.e.,
2ΦLðzi;

ffiffiffiffiffiffiffi
2m

p Þ ¼ ΦLðzi; 2
ffiffiffiffi
m

p Þ. Each particle carries a
chargeQ ¼ 2

ffiffiffiffi
m

p
and moves on a neutralizing background.

For m < 35, any test charge that is only coupled to this
paired plasma is fully screened, while test charges coupled
to one of the two plasmas are partially screened. As a result,
the plasma is in a different phase than at μ ¼ 0.
As a first step to characterizing the behavior at finite μ,

where unbound pairs may exist, we examine the screening
of external test charges in the Z∞ plasma. Specifically,
consider inserting two pairs of test charges: q1 and q2 at
position η in the two respective layers, and −q1 and −q2 at
η0. The coupling to the plasma mediates an effective
interaction between the test charges:

e−Ueffðη;η0Þ ¼ 1

Z∞

Z
Dz expf−ΦLðzi;

ffiffiffiffiffiffiffi
2m

p
; η; q1; η0;−q1Þ

−ΦLðzi;
ffiffiffiffiffiffiffi
2m

p
; η; q2; η0;−q2Þg: ð15Þ

Here ΦLðzi; Q; η; q; η0; q0Þ denotes the energy of a charge-
Q single-component plasma with two test charges q, q0
inserted at η; η0:

ΦLðzi; Q; η; q; η0; q0Þ

¼ ΦLðzi; QÞ þQq
4m

jηj2 þQq0

4m
jη0j2

−
X
i

Qq log jzi − ηj þQq0 log jzi − η0j

− qq0 log jη − η0j; ð16Þ

where the three lines of additional terms are the interaction
energies with the background, mobile particles, and the
bare interaction between test charges themselves. We can
formally separate the test charges into a pair of “center-of-
mass” charges qCM ¼ �ðq1 þ q2Þ=

ffiffiffi
2

p
that are coupled

only to the charge-2
ffiffiffiffi
m

p
paired plasma, and a pair of

“relative” charges qrel ¼ �ðq1 − q2Þ=
ffiffiffi
2

p
that interact only

with each other. Namely, we rewrite the exponent in
Eq. (15) as

−ΦLðzi; 2
ffiffiffiffi
m

p
; η; jqCMj; η0;−jqCMjÞ

− jqrelj2 log jη − η0j; ð17Þ

and accordingly

Ueffðη; η0Þ ¼ ΔFðη; η0Þ þ jqrelj2 log jη − η0j: ð18Þ

The first term is the free energy difference of the charge-
2

ffiffiffiffi
m

p
plasma with and without the pair of the center-of-

mass charges. Since the charge-2
ffiffiffiffi
m

p
plasma is in the

screening phase for m < 35, we expect ΔFðη; η0Þ to
approach some finite constant when jη − η0j is much larger
than the screening length, and thus

Ueffðη; η0Þ ¼ jqrelj2 log jη − η0j þ…; ð19Þ

where the ellipsis represents constant corrections. We
conclude that the relative charges interact via an unscreened
Coulomb interaction.
The last result suggests that at finite decoherence

strength μ the bilayer plasma may undergo a BKT transition
through unbinding of the relative charges. Following the
standard BKT analysis, we estimate the free energy cost f0
of each individual unpaired particle. To this end, we
consider a single unbinding pair, with the two particles
separated at a distance of the order of the linear size L. The
unbinding introduces a pair of center-of-mass charges that
are fully screened by the charge-2

ffiffiffiffi
m

p
plasma, and a pair of
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relative charges qrel ¼ � ffiffiffiffi
m

p
whose interaction energy is

given by Eq. (19). The total energy cost of the unbinding
event is then 2μþm logðL=aÞ þ � � �, where the ellipsis
represents the constant terms due to screening. The entropy
gain is logðNA=a2Þ, where A is the total area, N ∝ A the
total particle number. Thus for m < 4 the free energy cost
of unbinding is negative, indicating that the strongly
decohered state is unstable towards the unbinding of
inter-layer pairs for arbitrarily small deviation from infinite
decoherence (i.e., for any non-vanishing fugacity ∝ e−μ).
We will show below that this also holds for m ¼ 4.
For a more systematic treatment of the BKT transition

we expand the partition function, representing the purity
near the strong decoherence limit, as a sum over the number
of unpaired particles. In the dilute limit, the unpaired
particles effectively introduce relative charges � ffiffiffiffi

m
p

with
the interaction (19). We can approximate the partition
function by

Z ¼ Z∞Zrel

Zrel ≈
X
k

e−2μ̄k

ðk!Þ2
Z Y2k

i

d2ξie
P

i<j
qiqj log jξi−ξjj: ð20Þ

Namely, the original bilayer plasma re-organizes into a
charge-2

ffiffiffiffi
m

p
paired plasma Z∞ in its screening phase (for

m < 35) and a plasma of relative charges Zrel in the grand
canonical ensemble, with qi ¼ � ffiffiffiffi

m
p

,
P

i qi ¼ 0, and
fugacity e−μ̄ ∝ e−μ [52]. The phase diagram is determined
by the standard RG flow of the BKT transition as shown in
Fig. 1(b) with ν ¼ 1=m taking the role of the dimensionless
temperature (or inverse stiffness). Increasing the
decoherence strength tunes the starting point of the RG
flow downward on a vertical line in this phase diagram.
Crucially, the RG flow implies that for m ≤ 4, the relative
plasma is always in the screening phase for arbitrarily small
fugacity. For m > 4 on the other hand, there is a BKT
transition at a finite noise strength μc, leading to an
unscreened phase at μ > μc.

B. Critical phase above the threshold

In this section we examine the critical phase. As
explained in [17], only quantities that are nonlinear
functions of the density matrix can show the establishment
of a new phase beyond the decoherence threshold. Here we
characterize the critical phase using the Rényi-2 correlation
functions [17–19,53–55]. In particular the Rényi-2 corre-
lation for electrons is given by

Cð2Þ
e ðη; η0Þ ¼ trðcðη0Þρc†ðη0ÞcðηÞρc†ðηÞÞ

trρ2
: ð21Þ

Intuitively, Cð2Þ
e quantifies the distinguishability between

the state ρwith a hole at η and another state with a hole at η0.

Below the threshold, we expect Cð2Þ
e to decay exponentially

with jη − η0j. Above the threshold, however, we will show
that Cð2Þ

e decays algebraically.
We start with the infinite decoherence limit (μ ¼ þ∞),

where the numerator of Eq. (21) is given by

trðcðη0Þρc†ðη0ÞcðηÞρc†ðηÞÞ

¼ 1

ðN − 1Þ!
Z YN−1

i¼1

d2zie−ΦLðzi;2
ffiffiffi
m

p
;η;

ffiffiffi
m

p
;η0;

ffiffiffi
m

p Þ−m log jη−η0j:

Similar to the analysis of Eq. (15), the Rényi-2 correlation
can be rewritten as

Cð2Þ
e ðη; η0Þ ¼ N

A
e−ΔF

0ðjη−η0jÞ−m log jη−η0j; ð22Þ

where N=A is the average particle density, and ΔF0 is the
free-energy difference between inserting a pair of test
charges with q ¼ þ ffiffiffiffi

m
p

at η; η0 in a Laughlin plasma with
Q ¼ þ2

ffiffiffiffi
m

p
, and that of inserting a single test charge

þ2
ffiffiffiffi
m

p
. Because the plasma is in the screening phase (for

m < 35), ΔF0 is independent of the separation jη − η0j at
large separations, and we have

Cð2Þ
e ðη − η0Þ ∼ 1

jη − η0jm ; ðμ ¼ ∞Þ: ð23Þ

The result for the case m ¼ 1 was also observed previously
in the context of a fully decohered Chern insulator [56]. For
μc ≤ μ < ∞ðm > 4Þ, the Luttinger parameter is renormal-
ized by the cosine term, so

Cð2Þ
e ðη − η0Þ ∼ 1

jη − η0jα ; 4 ≤ α < m; ð24Þ

where α ¼ 4 at the critical transition μ ¼ μc.
The power-law correlations in the decohered state are

inherited from the power-law correlation of composite
bosons in Laughlin states [57,58]. For the Laughlin state
with filling factor ν ¼ 1=m, the composite bosons b are
defined by attaching m flux quanta to each electron via a
singular gauge transformation:

bðzÞ ¼ cðzÞe−im
R

d2z0nðz0Þ argðz0−zÞ: ð25Þ

The pure Laughlin state has off-diagonal quasi-long-range
order for such composite bosons,

hΨjb†ðη0ÞbðηÞjΨi ∼ 1

jη − η0jm=2 :

For the decohered Laughlin state, the Rényi-2 correlation of
composite bosons has a simple plasma analogy for arbitrary
dephasing strength:
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trðbðη0Þρb†ðη0ÞbðηÞρb†ðηÞÞ
trρ2

¼ 1

jη − η0jm
�

1

ðN − 1Þ!
�

2
R Q

N−1
i¼1 d2z1i d

2z2i e
−V−

P
κ¼1;2

ΦLðzκi ;
ffiffiffiffiffi
2m

p
;η;

ffiffiffiffiffiffi
m=2

p
;η0;

ffiffiffiffiffiffi
m=2

p
Þ

R
Dðz1; z2Þe−V−

P
κ¼1;2

ΦLðzκi ;
ffiffiffiffiffi
2m

p Þ

where the test charges at η; η0 carry only the “center-of-
mass” charges and will be screened at long distance.
Therefore, the correlator decays algebraically for any
dephasing strength

trðbðη0Þρb†ðη0ÞbðηÞρb†ðηÞÞ
trρ2

∼
1

jη − η0jm : ð26Þ

The composite boson correlation functions are related to
the electron correlations via the nonlocal phase factors
implementing the flux attachment. However, at infinite
dephasing the phase factors from the two sides of the
density matrix exactly cancel because the fully dephased
density matrix is diagonal in the local occupation.
Therefore, in this limit the Rényi-2 electron correlations
are the same as the Rényi-2 composite boson correlations,
which leads to Eq. (23). Reference [59] noted a similar
effect, where the power-law composite boson correlations
can be translated to local observables through measurement
and feedback.
We can find the correlation functions of quasiholes in the

critical state by replacing the electron operators in Eq. (21)
with quasihole operators. Let ρη be the decohered state with
a single quasihole at η

ρη ¼ eLt½jΨηihΨηj�;

ΨηðfzigÞ ¼
YN
i

ðzi − ηÞ
YN
i<j

ðzi − zjÞme−
P

i
jzij2=4: ð27Þ

Substituting this state into the correlation function we
obtain

Cð2Þ
qh ðη; η0Þ ¼

trρη0ρη
trρ2

∼
1

jη − η0jα=m ; ð28Þ

where α is the exponent appearing in Eq. (24). In contrast to
previously studied examples of decoherence-induced tran-
sitions in topological states [18], here the anyons do not
fully condense even at infinite decoherence. The reason is
that they are charged under the global U(1) symmetry, and
the density dephasing preserves the original probability
distribution in position space.

C. Critical filling for the von Neumann quantities

It is straightforward to generalize the analysis of the
previous section to Rényi-n quantities with n ¼ 2; 3; 4;….
In this case the decoherence-induced transition is described
by the statistical mechanics of n layers of coupled plasmas.

All the relative plasma modes exhibit a BKT transition
below a critical filling νc that depends on the Rényi index:

νcðnÞ ¼
n − 1

2n
; n ¼ 2; 3;…: ð29Þ

Quantities that have direct information-theoretic meanings,
and bear directly on the recoverability of quantum informa-
tion, require taking the replica limit n → 1 [39,54,60,61].
However,we show inAppendixB that νcðnÞ is not analytic at
n ¼ 2 because taking the limitn → 1 does not commutewith
taking the thermodynamic limit. Consequently, the expres-
sion (29), derived for integern ≥ 2, does not extend ton < 2.
In Appendix B, we derive the correct expression for non-
integer n and prescribe the proper way for taking the
n → 1 limit.
Here, we present a simpler approach, working directly

with the Rényi-1 or von Neumann quantities. As in the
Rényi-2 case, we take the fully decohered state ρ∞ as a
starting point and show that it is critical also at n ¼ 1. Then
we assess the stability of the critical state to a small
deviation from the infinite decoherence limit. This allows
us to bound the critical filling factor within the range
1=8 ≤ νcð1Þ ≤ 1=4.
To establish the critical nature of the fully decohered

state ρ∞ in the n → 1 limit, it is convenient to calculate the
Rényi-1 correlation function for electrons:

Cð1Þ
e ðη; η0Þ ¼ trðcðη0Þ ffiffiffi

ρ
p

c†ðη0ÞcðηÞ ffiffiffi
ρ

p
c†ðηÞÞ: ð30Þ

In the electron occupation basis jfzgi ¼ Q
N
i¼1 c

†ðziÞj0i,
ρ∞ is fully diagonal with the matrix element:

hfzigjρ∞jfz0igi ¼
1

Z
jΨðfzigÞj2δfzig;fz0ig;

where Z is a normalization factor. It is then straightforward
to calculate

ffiffiffiffiffiffi
ρ∞

p
and the Rényi-1 correlation function, for

which we have

Cð1Þ
e ðη; η0Þ ¼ Z−1

ðN − 1Þ!
Z YN−1

i

d2zijΨðfzi; ηgÞΨðfzi; η0gÞj;

ð31Þ

where we introduce the notation

fzi; ηg ≔ ðz1; z2;…; zN−1; zN ¼ ηÞ
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to denote a set of coordinates with the last one being
specified. Using the same steps as the analysis for Eq. (21),
we obtain

Cð1Þ
e ðη; η0Þ ∼ 1

jη − η0jm=2 ; ðμ ¼ þ∞Þ: ð32Þ

We will frequently quote this result in our subsequent
analysis of the instability.
As in the Rényi-2 case, we assess the stability of the

critical phase by expanding the Rényi-1 or von Neumann
quantities in the small deviation from the fully decohered
state. The convergence of this expansion determines the
stability of the critical phase. The same kind of analysis is
valid more generally and we use it also to understand the
Moore-Read state under decoherence in Sec. V E. Hence
we will keep the following discussion general and special-
ize to the Laughlin states toward the end of it.
In the fully decohered limit, the density matrix in Eqs. (2)

and (3) becomes diagonal in the coarse-grained position
basis [62]. Namely, all electrons in the ket and bra spaces
are matched into pairs that are bound within the cutoff
scale. Going slightly away from this limit, gives finite
weight to off-diagonal elements, corresponding to
unmatched ket-bra electron pairs. It is natural to organize
such off-diagonal contributions by the number of
unmatched pairs, with each unmatched pair suppressing
the matrix element by a factor of ∼e−μ̄. Here the renor-
malized value μ → μ̄ absorbs the short-distance effects
below the cutoff scale a. Then, to lowest nontrivial order in
e−μ̄ we have

ρ ¼ ρ∞ þ e−μ̄δρþOðe−2μ̄Þ; ρ∞ ¼ 1

Z

X
b

jψbj2jbihbj;

δρ ¼ 1

Z

X
ðb;cÞ

ψbψ
�
cjbihcj; ð33Þ

where the ψb are the many-electron position basis states
corresponding to electron configurations labeled by b. The
brackets ðb; cÞ indicate pairs of electron configurations that
differ in one particle:

fðb; cÞjb ¼ fzi; ηg; c ¼ fzi; η0g; jη − η0j > ag:

Hence, δρ collects the leading contribution in the off-
diagonal coherences.
We now consider the expansion of the von Neumann

entropy SðρÞ ¼ −trρ log ρ to the first nontrivial order in δρ.
Analyzing other von Neumann quantities yields the same
conclusion. To properly expand SðρÞ with respect to e−μ̄,
we use the following identity for a positive matrix

log ρ ¼
Z þ∞

0

�
1

sþ 1
−

1

sþ ρ

�
ds; ð34Þ

which leads to

SðρÞ ≈ Sðρ∞Þ þ e−2μ̄δS;

δS ¼ −
Z þ∞

0

tr½δρðsþ ρ∞Þ−1δρðsþ ρ∞Þ−1�ds: ð35Þ

The fact that ρ∞ is diagonal in the chosen basis simplifies
the calculation, leading to

δS ¼ −
2

Z

X
ðb;cÞ

jψbjjψcj
jψcj=jψbj − jψbj=jψcj

log
jψcj
jψbj

: ð36Þ

To derive the upper and lower bound, let us introduce the
notation x ¼ logðjψcj=jψbjÞ. Using the inequality
x= sinh x ≤ 1 we can find an upper bound on jδSj

ðupper boundÞ∶ jδSj ≤ 1

Z

X
ðb;cÞ

jψbjjψcj: ð37Þ

To derive a lower bound, we first use the inequality
x= sinh x ≥ 1= cosh x, which gives

jδSj ≥ 2

Z

X
ðb;cÞ

jψbjjψcj
jψcj=jψbj þ jψbj=jψcj

:

We then apply Jensen’s inequality x−1 ≥ x̄−1 by interpret-
ing jψbjjψcj as being proportional to the weight of the
distribution and jψbj=jψcj þ jψcj=jψbj in the denominator
as the observable. This leads to the lower bound

jδSj ≥ 2

Z

ðPðb;cÞjψbjjψcjÞ2P
ðb;cÞjψbj2 þ jψcj2

:

Finally, we note that
P

ðb;cÞ jψbj2þjψcj2¼ 2c0NðL=lBÞ2Z
where c0 is a nonuniversal constant [63]. We explicitly
include lB in expressions here and below to clarify the
units. We have

ðlower boundÞ∶ jδSj ≥ l2
B

c0NL2Z2

�X
ðb;cÞ

jψbjjψcj
�

2

: ð38Þ

Using the formulas (37) and (38), we have

l2
B

c0NL2

�Z
d2ηd2η0Cð1Þ

e ðη; η0Þ
�

2

≤ jδSj ≤
Z

d2ηd2η0Cð1Þ
e ðη; η0Þ; ð39Þ

where Cð1Þ
e is exactly the Rényi-1 correlation function we

have encountered in Eq. (31).
The physical instability comes from unbound pairs

separated over a macroscopic distance of order the system
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size jη − η0j ∼OðLÞ. To see whether such an instability
occurs, we isolate contributions to δS that come from
macroscopically separated unpaired particles by defining

δSL ¼ δS½δρ�; ð40Þ

where δρ ¼ 1
Z

P
½b;c�ψbψ

�
cjbihcj includes pairs of configu-

rations described below

fb ¼ fzi; ηg; c ¼ fzi; η0gjjη − η0j > αLg;

with 0 < α < 1. We determine the critical filling νc by

examining whether δSðnÞL diverges in the thermodynamic
limit L → þ∞.
Repeating the derivation of Eq. (39), we can get

l2
B

c0NL2

�Z
jη−η0j>αL

d2ηd2η0Cð1Þ
e ðη; η0Þ

�
2

≤ jδSLj ≤
Z
jη−η0j>αL

d2ηd2η0Cð1Þ
e ðη; η0Þ; ð41Þ

Both the upper and lower bounds can be estimated using
the result Eq. (32) for the Rényi-1 correlations in the
Laughlin state. On one side of the inequality, we have

jδSLj ≤ CL4−m=2; ð42Þ

where C is some constant. Thus, form > 8 the correction is
convergent in the IR and there is no unbinding instability.
In other words the critical filling νc ≥ 1=8. The other side
of the inequality gives

jδSLj ≥ C0L4−m; ð43Þ

where C0 is some other constant. This inequality implies
that there must be an instability for m ≤ 4, therefore the
critical filling νc ≤ 1=4.

IV. DIAGNOSING QUANTUM MEMORY

In this section, we determine how the decoherence-
induced phase transition in the Laughlin state, identified
using the plasma analogy, impacts the quantum memory
encoded in the degenerate ground states on a torus. These
degenerate ground states differ only in nonlocal properties
and are therefore complicated to represent using the plasma
analogy. Instead we turn to an effective field theory
description, which also sets the stage for analyzing the
Moore-Read state in the next section.

A. Quantum coherent information

The quantum coherent information quantifies the quan-
tum information that is recoverable by an optimal decoder
after the action of decoherence. Below we briefly review

the definition of this quantity and discuss its general form in
the context of Laughlin states.
Let jΨli;l ¼ 0;…; m − 1, denote them-fold degenerate

normalized Laughlin states on the torus. We initialize the
system Q into a maximally entangled state with a reference
qudit R

jΨRQi ¼
1ffiffiffiffi
m

p
Xm−1

l¼0

jΨli ⊗ jliR:

Let ρRQ denote the state after decoherence, the quantum
coherent information is defined as

Ic ≔ SðρQÞ − SðρRQÞ; ð44Þ

where SðρÞ is the von Neumann entropy. The quantum
coherent information is maximal Ic ¼ logm for the initial
state jΨRQi, and it cannot increase under arbitrary quantum
channels. Its value is bounded by− logm ≤ Ic ≤ logm. We
can perfectly recover the encoded information if and only if
Ic ¼ logm. Here, for simplicity, we only consider the
Rényi-2 version of the quantum coherent information

Ið2Þc ¼ log
trρ2RQ
trρ2Q

: ð45Þ

Besides its computational simplicity, this Rényi-2 version

also has an information-theoretic meaning: Ið2Þc > 0 implies
that Q and R are nonseparable, a necessary condition for
the decodability [64]. From now on, we focus on the Rényi-
2 coherent information and determine how it evolves across
the decoherence-induced transition identified in the pre-
vious section.
It is convenient to use the doubled space description,

where the density matrix is vectorized,

ρ ¼
X
a;b

ρabjaihbj → jρ⟫ ¼
X
ab

ρabjai ⊗ jb�i: ð46Þ

Here jb�i denotes the complex conjugate wave function in
the density basis. We can view the pure state jρ⟫ as a
bilayer system, where the two layers correspond to the ket
and bra space. According to our definition of the complex
conjugation, the density matrix of the undecohered
Laughlin state is mapped to a bilayer of Laughlin states
with opposite chiralities. In the doubled space, the
decoherence channel is mapped to an operator

N ¼ eLt ¼ e−
γt
2

R
d2zðn̂1ðzÞ−n̂2ðzÞÞ2 ; ð47Þ

and we have
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Ið2Þc ¼ log

P
m−1
l;l0¼0

⟪ΨlΨ�
l0 jN †N jΨlΨ�

l0⟫P
m−1
l;l0¼0

⟪Ψl0Ψ�
l0 jN †N jΨlΨ�

l⟫
; ð48Þ

where the denominator and numerator have subtle but
important differences in the indices. The value of the
(Rényi-2) quantum coherent information is independent
of the choice of the basis states. Below, we simplify the
expression by choosing a particular basis.
We can attribute the m-fold degeneracy of the Laughlin

state to its center-of-mass (c.m.) motion [65]. Thus, we can
pick our basis states jΨli to have a definite c.m. position
along the y direction, or equivalently, a definite c.m.
momentum along the x direction. More explicitly, let
tiðaÞ denote the magnetic translation operator that moves
the ith electron by a, and TðaÞ ¼ Q

i tiðaÞ the c.m. trans-
lation. We can specify the basis states by

TxjΨli ¼ e
2πi
m ljΨli; jΨlþ1i ¼ TyjΨli; ð49Þ

where Ti ¼ TðeiLi=NϕÞ, i ¼ x, y, moves the c.m. position
along the ith direction by Li=m, and they serve as the
logical operators for the code subspace. Note that the effect
of the dephasing channel does not change if we apply the
magnetic translation Ti to the ket and bra state simulta-
neously, i.e., ½N ; Ti ⊗ T�

i � ¼ 0. We then have the follow-
ing simplified form:

Ið2Þc ¼ log

P
m−1
l¼0 ⟪ΨlΨ�

0jN †N jΨlΨ�
0⟫P

m−1
l¼0 ⟪Ψ0Ψ�

0jN †N jΨlΨ�
l⟫

; ð50Þ

where we reduce the double summations in Eq. (48) to
single ones.

B. Effective field theory of the
decohered Laughlin states

Under the plasma analogy, degenerate Laughlin states
correspond to configurations with magnetic and electric
fluxes inside the torus, which complicates direct statistical
analysis. In this section, we reformulate the bilayer plasma
discussed in the previous section in terms of an effective
field theory, leveraging the established correspondence
between Laughlin wave functions and (1þ 1)-dimensional
conformal field theories (CFTs) [43]. This equivalent
framework provides a more transparent description of
the degenerate ground states, facilitating the analysis of
quantum coherent information.
To represent the ν ¼ 1=m Laughlin wave function, we

consider the Uð1Þm compact boson CFT

S0 ¼
m
8π

Z
d2zð∇ϕÞ2; ϕ ≃ ϕþ 2π: ð51Þ

The bosonic field ϕ can be decomposed into chiral and anti-
chiral components as ϕðz; z̄Þ ¼ φðzÞ þ φ̄ðz̄Þ. The Laughlin

wave function on the torus can be expressed in terms of the
correlation function of the chiral vertex operators [43].
Specifically, on an Lx × Ly torus, we write down an
unnormalized Laughlin wave function as

ΨlðfzigÞ ¼ trHl

�
e−LyHφ

YN
i¼1

eimφðziÞe−
i
2π

R
d2zφ

�
; ð52Þ

where Hφ is the Hamiltonian of the chiral boson, and Hl

denotes the Hilbert space with twisted boundary conditions
of the chiral field along the x direction,

φðzþ LxÞ ¼ φðzÞ þ 2π

�
kþ l

m

�
; k∈Z: ð53Þ

Importantly, we do not normalize the right-hand side of
Eq. (52) by the l-dependent chiral character χl ¼
trHl

e−LyHφ so that the resulting wave functions satisfy
Eq. (49). Their overlaps take the form

hΨljΨl0 i ¼ Cδll0 ; ð54Þ

where C is an l-independent positive constant. We there-
fore adopt the convention (52) in the subsequent analysis.
In the following, we use h� � �i0 to denote such unnormalized
correlation functions and use h� � �i for the normalized
expectation values.
Using this representation, we can express the wave

function overlaps in the numerator and denominator of
Eq. (50) as path integrals of two non chiral fields. More
generally, we consider

Zðl1;l2;l1;l2Þ ¼ ⟪Ψl1
Ψ�

l2
jN †N jΨl1Ψ

�
l2
⟫: ð55Þ

We need two chiral fields φ1, φ2 for jΨl1i, hΨ�
l2
j, and two

antichiral fields φ̄1, φ̄2 for hΨl1
j, jΨ�

l2
i, which should obey

the following spatial boundary conditions

ð56Þ

We can combine them into nonchiral fields ϕα ¼ φα þ φ̄α

and write the overlap as

Zðl̄1;l2;l1; l̄2Þ ¼
Z

Dn1;2Dϕ1;2e
−γt

R
ðn1−n2Þ2

× e−
P

2

α¼1
S0½ϕα�þim

R
ðnα−n̄Þϕα ; ð57Þ

where nα is the electron density and n̄ ¼ 1=2πm ensures
the correct total electron number.
As a sanity check, we examine Eq. (57) at μ ¼ 0,

where n1;ϕ1 and n2;ϕ2 correspond to the two decoupled
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single-component plasmas as described in Eq. (10). The
fact that each plasma is screening (for m < 70) implies that
both ϕ1 and ϕ2 are gapped fields. The screening behavior
further indicates that magnetic charges are linearly con-
fined. Consequently, threading a magnetic flux through the
torus incurs an extensive free energy cost, which leads to
the following no-winding condition for the two nonchiral
fields:

kα þ k̄α þ
lα − lα

m
¼ 0; α ¼ 1; 2: ð58Þ

Thus we recover Eq. (54).
This simple case illustrates the general strategy that we

adopt in the subsequent analysis, including the treatment of
the Moore-Read state later. Specifically, we start with
kinematic analysis with a field theory, e.g., (57), then
invoke the screening property from the plasma analogy to
determine the low-energy degrees of freedom. With this
input, we carry out the remainder of the analysis with the
field-theory technique. For example, the confinement of
magnetic charge is not immediately evident from the
screening property due to its non-local formulation in
terms of electric charges. The corresponding no-winding
condition emerges naturally as a consequence of the fields
being gapped.
We close this section with a remark on the generality of

our results. Our analysis so far is fully based on the model
wave function of the Laughlin states. The effective field
theory approach may have broader applicability. The model
wave function can also be obtained at the temporal
boundary of the Euclidean-time path integral of Uð1Þm
Chern-Simons field theory, where the states jΨli are
distinguished by the holonomy of the gauge field a around
the noncontractible x cycle

I
γx

a ¼ 2π

�
kþ l

m

�
; k∈Z: ð59Þ

Deviation from the model wave function can be interpreted
as arising from the inclusion of gapped matter fields
coupled to the Chern-Simons gauge field. By appealing
to the principle of universality, we expect Eq. (57) to retain
the dominant contributions relevant for long-wavelength
behavior. Accordingly, we regard Eq. (57) as an effective
field theory for more general Laughlin states subject to
density dephasing.

C. Filling-dependent decodability transition

In the plasma analogy, it is convenient to reorganize the
bilayer plasma into a paired plasma and a “relative plasma.”
Accordingly, we recombine the field variables as follows:

n� ¼ n1 � n2; ϕ� ¼ 1

2
ðϕ1 � ϕ2Þ; θ� ¼ θ1 � θ2;

ð60Þ

where θα ¼ mðφα − φ̄αÞ=2, α ¼ 1, 2 are the 2π-periodic
nonchiral field dual to ϕα. It is necessary to introduce them
to keep track of the boundary conditions faithfully. We then
recast the partition function as

Zðl1;l2;l1;l2Þ ¼
Z

Dðn�;ϕ�Þe−Sþ½ϕþ;nþ�−S−½ϕ−;n−�;

Sþ½ϕþ; nþ� ¼ 2S0½ϕþ� − im
Z

ðnþ − 2n̄Þϕþ;

S−½ϕ−; n−� ¼ 2S0½ϕ−� −
Z

imn−ϕ− þ γtn2−:

Namely, nþ;ϕþ correspond to the charge-2
ffiffiffiffi
m

p
paired

plasma with a uniform background charge, and n−;ϕ−
correspond to the relative plasma with a decoherence-
controlled fugacity.
Despite the formal separation into Sþ and S−, the fields

nþ;ϕþ and n−;ϕ− are not entirely independent in general.
Recall that the paired plasma is in the screening phase (for
m < 35), thus implying that ϕþ remains gapped regardless
of the decoherence strength. Consequently, energetically
favored configurations of ϕþ should obey the no-winding
condition, which in turn constrains the spatial boundary
conditions for ϕ− and θ−:

k1 þ k̄1 þ k2 þ k̄2
2

þ l1 − l̄1 þ l2 − l̄2

2m
¼ 0;

ϕ−ðzþ LxÞ ¼ ϕ−ðzÞ þ
�
k1 þ k̄1 þ

l1 − l̄1

m

�
2π;

θ−ðzþ LxÞ ¼ θ−ðzÞ þm
�
k1 þ k̄2 þ

l1 − l̄2

m

�
2π: ð61Þ

Furthermore, to account for the quantized charge of the
underlying particles, we need to introduce a short-distance
cutoff and discretize the space into a lattice so that the
density fields nþ and n− become integer-valued fields
defined on lattice sites. Under this discretization, it
becomes clear that nþ and n− are not independent either,
as their sum must always yield even integers.
Since ϕþ remains gapped, the presumed decodability

transition should be governed by the dynamics of ϕ−. To
isolate this, we integrate out nþ;ϕþ and write

Zðl1;l2;l1;l2Þ ¼ Z∞Z−ðl1 − l1;l1 − l2Þ;

Z∞ ≔
Z

Dðnþ;ϕþÞe−Sþ½ϕþ;nþ�jn−¼0;

Z−ðl1 − l1;l1 − l2Þ ≔
Z

Dðn−;ϕ−Þe−Seff ½ϕ−;n−�; ð62Þ
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where Z∞ is obtained by integrating out nþ;ϕþ at fixed
n− ¼ 0; Z− encodes the dynamics of ϕ−, which contains a
summation over the allowed winding numbers of ϕ−; θ−
subjected to the no-winding condition (61). We can
compare Eq. (62) with Eq. (20) and recognize that Z∞
corresponds to the paired plasma at the strong decoherence
limit, and Z− to the relative plasma. Equation (20) in the
plasma analogy holds only near the strong decoherence
limit, while Eq. (62) and the following analysis can be
applied more broadly.
To determine the structure of Seff ½n−;ϕ−�, we note that

integrating out nþ;ϕþ generates terms involving n− alone,
as n− is the only field locally coupled with them. Moreover,
the original action is symmetric under n− → −n− and
ϕ− → −ϕ−, implying that only even powers of n− can
appear. Performing an expansion in the powers of n− and its
gradients, we have

Seff ½n−;ϕ−� ¼ 2S0½ϕ−� −
Z

imn−ϕ− þ γ̄tn2− þ… ð63Þ

The coefficient γ̄t implicitly includes the renormalization
from integrating out nþ;ϕþ, and the ellipsis denotes terms
involving gradients of n− or higher powers. Near the strong
decoherence limit, n− only weakly fluctuates around n− ¼
0 so that it suffices to omit the subleading terms in Eq. (63)
and further integrate out n−. A proper treatment requires us
to discretize the space into a lattice with a short-distance
cutoff a. This procedure yields a sine-Gordon field theory

Z−ðl1−l1;l1−l2Þ¼
Z

Dϕ−e−Seff ½ϕ−�;

Seff ½ϕ−�≈
Z

m
4π

ð∇ϕ−Þ2−2e−μ̄cosmϕ−; ð64Þ

Since the boundary conditions involve the dual field θ−, it
is convenient to recast Eq. (64) with the corresponding
Hamiltonian that includes θ− explicitly:

Z−ðl1 − l1;l1 − l2Þ ≈ trl1−l1;l1−l2e
−LyH− ;

H− ¼
Z

Lx

0

ð∂xθ−Þ2
4πm

þ m
4π

ð∂xϕ−Þ2 − 2e−μ̄ cosmϕ−: ð65Þ

Even though we need approximations that are well con-
trolled only near the strong decoherence, we expect
Eqs. (64) and (65) to capture the possible phases and
the potential transition away from this limit. For simplicity,
we assume Lx ¼ Ly ¼ L in the following analysis. The
reader can refer to Appendix C for a discussion on the
general cases.
Using Eq. (62), we can write the Rényi-2 quantum

coherent information in terms of ϕ− only:

Ið2Þc ¼ log

P
m−1
l¼0 Z−ð0;lÞP
m−1
l¼0 Z−ðl; 0Þ

: ð66Þ

It is also convenient to divide both the numerator and
denominator by Z−ð0; 0Þ and write

Ið2Þc ¼ log
1þP

m−1
l¼1 e

−ΔFð0;lÞ

1þP
m−1
l¼1 e

−ΔFðl;0Þ
; ð67Þ

where ΔFð0;lÞ and ΔFðl;0Þ are the free energy costs of
twisting the boundary conditions of θ− and ϕ−. At the
maximal dephasing μ ¼ ∞, the sine-Gordon theory is
reduced to the compact boson CFT. The duality symmetry
ϕ− ↔ θ−=m guarantees that Z−ð0;lÞ ¼ Z−ðl; 0Þ, and thus
Ið2Þc ¼ 0. This result is expected because the fully deco-
hered state becomes separable between the system Q and
reference R, which cannot contain any positive coherent
information. At finite μ, the duality symmetry is explicitly

broken, leading to nonzero Ið2Þc . There are two phases, in

which Ið2Þc exhibits distinct behavior:
(1) The topologically ordered encoding phase is estab-

lished for μ < μc. In this case the cosine interaction
is strong enough to gap out ϕ− and energetically
penalize its spatial winding. Accordingly, we have
ΔFð0;lÞ ≈ 0 while ΔFðl≠0;0Þ ∼ e−μ̄L. Therefore

Ið2Þc ¼ logm in the thermodynamic limit.
For m ≤ 4, the critical decoherence strength μc is

pushed to infinity in the thermodynamic limit. In this

case Ið2Þc ¼ logm for any finite decoherence strength

or time. In a finite-size system, on the other hand, Ið2Þc

will start to deviate from logm if the free energy cost
ΔFðl≠0;0Þ becomes negligible. This happens when
e−μ̄L ∼Oð1Þ, or equivalently, when μ̄ ∼OðlogLÞ.
Since μ̄ is linear in the decoherence time t, the lifetime
of the quantum memory is therefore of order
OðlogLÞ. It is worth pointing out thatOðlogLÞ time
is sufficient for the channel to converge to the
maximum dephasing. Therefore, the scaling of the
lifetime with L, in this case, saturates the maximum
that is achievable under such density dephasing [24].

(2) The critical phase is established forμc ≤ μ < ∞. In this
case the cosine term is irrelevant, so we can analyze its
contribution perturbatively. Surprisingly, it contributes
an additional Oð1Þ free energy cost for nonzero
windings ofϕ−, i.e.,ΔFðl;0Þ > ΔFð0;lÞðl ≠ 0Þ,which
leads to 0 < Ið2Þc < logm. The calculation is shown in
Appendix C.

In Fig. 2(a), we plot the Rényi-2 coherent information as a
function of decoherence strength of the Laughlin states (for
both m > 4 and m ≤ 4) under dephasing. Remarkably, for
m ≤ 4, the quantum memory is robust for any finite
dephasing noise in contrast to that of the toric code under
Z dephasing. For m > 4, the coherent information remains
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finite and decreases continuously after the transition.
Operationally, the decoding fidelity of the optimal decoder
also decreases continuously, meaning that the critical phase
has partial quantum memory. This is in sharp contrast to the
toric code under dephasing noise, where the quantum
memory is completely destroyed after the transition.

V. DECOHERED MOORE-READ STATES

In this section, we analyze the decohered Moore-Read
(MR) states, the simplest non-Abelian quantum Hall states
[43]. The most prominent feature of the MR states is the
non-Abelian quasihole excitations. Multiple well-separated
quasiholes can span a multidimensional fusion space that
can be used for storing quantum information and perform-
ing topological quantum computation. The main goal of
this section is to examine the integrity of this fusion space
under decoherence. We again primarily consider Rényi-2
quantities and discuss the von Neumann quantities at
the end.

A. Review of the Moore-Read wave function

The MR wave function at ν ¼ 1=m is constructed from
the chiral Ising and chiral boson CFT. Let ψ be the chiral
fermion field in the Ising sector and φ the chiral boson field
with hφðzÞφðwÞi ¼ −ð1=mÞ logðz − wÞ. The electron cor-
responds to ψeimφ, and the (un-normalized) MR wave
function of N electrons on the plane reads

ΨðfzigÞ ¼
�YN

i¼1

ψðziÞeimφðziÞe−
i
2π

R
d2zφ

�
; ð68Þ

where we need to assume N is even and e−
i
2π

R
d2zφ provides

the neutralizing background charge. For simplicity, we
introduce h� � �ibg as the expectation value with the back-
ground charge. If there are nonchiral or multicomponent
fields fϕαg, we use the same notation,

h� � �ibg ¼ h� � � e− i
2π

P
α

R
d2zϕαi: ð69Þ

The reader can infer the correct background charge from
the context. The MR state hosts 3m types of anyons
corresponding to the following primary fields

feilφ;ψeilφ; σeiðlþ1
2
Þφg; l ¼ 0; 1;…; m − 1; ð70Þ

all of which are local with respect to the operator ψeimφ. For
instance, eiφ creates a Laughlin quasihole carrying charge
1=m, while σeiφ=2 corresponds to the fundamental quasi-
hole with charge 1=2m. Two fundamental quasiholes can
fuse into more than one particle

σeiφ=2 × σeiφ=2 ¼ eiφ þ ψeiφ; ð71Þ

and thus they are non-Abelian anyons. In the following
discussion, “quasihole” always refers to the fundamental
quasihole unless specified explicitly.
When there are multiple quasiholes, their wave functions

span a degenerate subspace called the fusion space. As the
simplest example, having four quasiholes at locations η1,
η2, η3, η4 yields two basis states

Ψμ;fηkgðfzigÞ ¼ F μðzi; ηkÞ ×
�Y4

k¼1

eiφðηkÞ=2
YN
i¼1

eimφðziÞ
�

bg
;

ð72Þ

where μ ¼ 1;ψ labels the fusion outcome of the first two
σ’s, and F 1, F ψ are the two chiral conformal blocks of the
following correlation function of nonchiral primaries [66]

�Y4
k¼1

σðηk; η̄kÞ
YN
i¼1

εðzi; z̄iÞ
�

¼
X
μ¼1;ψ

F μðzi; ηkÞF̄ μðz̄i; η̄kÞ;

ð73Þ

where ε ¼ ψ̄ψ . When the quasiholes are far apart, the Gram
matrix of the two wave functions is [45]

hΨμ;fηkgjΨν;fηkgi ¼ Cδμ;ν þOðe−jηi−ηjj=ξÞ; ð74Þ

where C is a positive constant that is independent of the
fusion channel and ξ is a correlation length. Namely, they
are two orthogonal states. We can use the fusion space to
encode one qubit represented by entangling this state with
an external reference qubit

jΨRQi ¼
1ffiffiffi
2

p ðjΨ1;fηkgi ⊗ j0Ri þ jΨψ ;fηkgi ⊗ j1RiÞ: ð75Þ

As a proxy for the recoverable quantum information we
will compute the Rényi-2 quantum coherent information
from R to Q of the above state subject to decoherence.

B. Effective field theory near
the strong decoherence limit

The CFT construction of the Moore-Read wave func-
tions serves as a convenient starting point for analyzing the
effect of decoherence on encoded quantum information.
We begin by calculating the purity, which serves as a
generating function for various information quantities and
can be directly represented using the wave functions (68) in
close analogy to the analysis of the decohered Laughlin
states.
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trρ2 ¼
Z

Dðz1i ; z2i Þe−Vðfz1i g;fz2i gÞ

×

�Y2
α¼1

YN
i¼1

εαðzαi ; z̄αi Þeimϕαðzαi ;z̄αi Þ
�

bg
: ð76Þ

This expression of the purity can be viewed as insertions of
specific perturbations in a pair of Ising and a pair of U(1)
CFTs. Here εα denotes the energy operator of the Ising CFT
α and ϕα ¼ φα þ φ̄α is the nonchiral boson field of the
corresponding U(1) CFT; V represents a local attraction
between the two liquids with electron locations given by
the complex numbers zαi . As in the case of Laughlin states,
treated above, our strategy for determining the
decoherence-induced transitions is to build an effective
theory in terms of perturbations from the fully deco-
hered limit.
Before considering the fully decohered state it is worth

noting the symmetries intrinsic to the field theory (76),
which are present at any decoherence strength. Many of
these symmetries originate from the presence of anyons in
the MR state. Here we highlight two that are particularly
useful for constructing the effective theory. The first
symmetry, inherited from the Laughlin quasihole, is a
Z⊗2

m symmetry acting on the Uð1Þ2 part alone. It shifts
the boson fields ϕ1;2 by

ðZmÞi∶ ϕi → ϕi þ
2πki
m

; i ¼ 1; 2; ð77Þ

where ki ¼ 0; 1;…; m − 1. The vertex operators eimϕ1 and
eimϕ2 are clearly invariant. The extra phase from the
background charge can be canceled by adding background
vector potential to the corresponding topological defect
lines [67–69]. The second symmetry, related to the funda-
mental quasiholes, is a doubled Kramers-Wannier sym-
metry that transforms both the Ising and U(1) fields

KWi∶ εi → −εi; ϕi → ϕi þ
π

m
; i ¼ 1; 2: ð79Þ

As with the Z⊗2
m symmetry, the topological defect line

implementing the KW⊗2 symmetry must be dressed by the
background vector potential as well.
In the strong decoherence limit, the particle positions of

the two electron fluids become identified, so that the purity
reads

trρ2∞ ¼
Z

Dξ

�YN
i¼1

ðε1ε2Þðξi; ξ̄iÞe2imϕþðξi;ξ̄iÞ
�

bg
; ð80Þ

where ϕ� ¼ ðϕ1 � ϕ2Þ=2. It is important to note two sets
of symmetries, special to the strong decoherence limit,
which will be explicitly broken once we deviate from this
limit. One is a U(1) symmetry shifting ϕ−

Uð1Þ∶ ϕ− → ϕ− þ α; α∈ ½0; 2πÞ; ð81Þ

which is manifest from the expression (80). The other is a
Uð1Þ × Uð1Þ symmetry acting only on the Ising2 part. To
see this, recall that the Ising2 CFT is equivalent to the Z2

orbifold of a 2π-periodic compact boson [70]

SΦ ¼ 1

2π

Z
d2zð∇ΦÞ2; Φ ∼Φþ 2π; −Φ: ð82Þ

The latter manifestly has a Uð1Þm × Uð1Þw symmetry forΦ
and its dual Θ

Uð1Þm∶ Φ → Φþ αm; αm ∈ ½0; 2πÞ;
Uð1Þw∶ Θ → Θþ αw; αw ∈ ½0; 2πÞ: ð83Þ

The dictionary of the operator mapping is

σ1σ2 ∼ cosΦ; μ1μ2 ∼ sinΦ;

σ1μ2 ∼ cos
Θ
2
; μ1σ2 ∼ sin

Θ
2
;

ε1 þ ε2 ∼ cos 2Φ; ε1 − ε2 ∼ cosΘ;

ε1ε2 ∼ ð∇ΦÞ2 − ð∇Θ=2Þ2: ð84Þ

One can also read out other global symmetry actions from
this dictionary. In particular, the aforementioned KW⊗2

symmetries act by

KW1∶ 2Φ ↔ π − Θ;

KW2∶ 2Φ ↔ Θ: ð85Þ

Since the reference theory (80) only contains the insertion
of ε1ε2, the Uð1Þm × Uð1Þw symmetry is fully preserved.
Similar to our discussion on the purity of decohered

Laughlin state, we organize the deviation from the refer-
ence point ZMR∞

≡ trρ2∞ by the number of unpaired
operators

trρ2 ¼
X
n

e−2μ̄nZðnÞ
unpaired; Zð0Þ

unpaired ¼ ZMR∞
: ð86Þ

Near the strong decoherence limit, we can approximate the
contribution from unpaired operators as inserting test
operators to the partition function of the reference theory

ZðnÞ
unpaired

ZMR∞

≈
1

ðn!Þ2
Z Y2

α¼1

Yn
i¼1

d2zαi

�Y
α;i

eimϕαεαðzαi ; z̄αi Þ
�

MR∞

;

ð87Þ

where we introduce the following notation for the corre-
lation function in the reference theory
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hXiMR∞
≡ 1

ZMR∞

Z
Dξ

�
X
YN
p¼1

ðε1ε2Þðξp; ξ̄pÞe2imϕþðξp;ξ̄pÞ
�

bg
:

ð88Þ

Equation (87) generalizes the approximation (20) for the
decohered Laughlin state in the dilute limit. The inserted
test operators eimϕαεα preserve the intrinsic symmetries of
course, while breaking the symmetries that are special to
the fully decohered reference state.
To construct an effective theory we must identify the

low-energy modes of the reference theory and their overlap
with the test operators. Equivalently, we need to determine
whether any of the symmetries are spontaneously broken in
the infrared. For the Z⊗2

m symmetry and U(1) shift of ϕ−,
the plasma analogy yields

lim
jηj→∞

heiϕþðη;η̄Þe−iϕþð0;0ÞiMR∞
> 0;

heiϕ−ðη;η̄Þe−iϕ−ð0;0ÞiMR∞
¼ jηj−1=m: ð89Þ

In the plasma language, inserting eiϕþ or eiϕ− amounts to
adding two different types of test charge into the plasma.
The ϕþ charge is completely screened, producing true
long-range order, whereas the ϕ− charge is unscreened and
shows only quasi-long-range order. Consequently, we
retain only ϕ− and ignore ϕþ in the effective theory, by
making the replacement

eimϕ1 → eimϕ− ; eimϕ2 → e−imϕ− : ð90Þ

For the Uð1Þm and Uð1Þw symmetry, note that cosΦ
translates into test charges in the plasma that are fully
screened. Together with the KW symmetry (85), we have

lim
jηj→∞

hcosΦðη; η̄Þ cosΦð0ÞiMR∞
> 0;

lim
jηj→∞

�
cos

Θðη; η̄Þ
2

cos
Θð0Þ
2

�
MR∞

> 0: ð91Þ

Thus both the Uð1Þm and Uð1Þw symmetry are broken
spontaneously. On the other hand, Θ creates vortices of Φ
(and vice versa), which are linearly confined in the
symmetry breaking phase so that their mixed correlators
still decay exponentially, e.g.

hcosΦðη; η̄Þ cosΘð0ÞiMR∞
∼Oðe−jηj=ξÞ: ð92Þ

Equations (91) and (92) imply that a Φ condensate and a Θ
condensate coexist in the reference state and they make
separate contributions to the effective theory [71].
Specifically, we replace ε1 and ε2 by constant fields

ε1 → cos 2Φþ cosΘ; ε2 → cos 2Φ − cosΘ; ð93Þ

and neglect all correlators that mix Φ and Θ. With these
recipes, we have

ZðnÞ
unpaired

ZMR∞

≈
1

ð2nÞ!
��

2cos2Φ
Z

d2zcosmϕ−ðzÞ
�

2n
�

MR∞

þ 1

ð2nÞ!
��

2cosΘ
Z

d2zcosmϕ−ðzÞ
�

2n
�

MR∞

;

ð94Þ

where the two terms account for the contribution from the
Φ and Θ condensate, respectively.
Altogether, the effective theory near the strong

decoherence limit is

trρ2 ≈
Z

2π

0

dΦ
Z

Dϕ−e−Seff ½ϕ−;cos 2Φ�

þ
Z

2π

0

dΘ
Z

Dϕ−e−Seff ½ϕ−;cosΘ�; ð95Þ

where Seff takes the form of a sine-Gordon theory, e.g.,

Seff ½ϕ−; cos 2Φ�

¼
Z

m
4π

ð∇ϕ−Þ2 − 2e−μ̄ cos 2Φ cosmϕ−ðxÞ: ð96Þ

This closely resembles the effective description of the
decohered Laughlin state in Eq. (64), except that the Ising
sector of the MR state enters by modifying the coupling of
cosmϕ− to be proportional to cos 2Φ or cosΘ.
Because Φ and Θ are constant fields, the perturbation

retains its scaling dimensionm=2. Form < 4, the relevance
of cosmϕ− implies no transition at any finite decoherence
strength. Minimizing the two relevant perturbations
cos 2Φ cosmϕ− and cosΘ cosmϕ− pins Φ at four discrete
values 0; π=2; π; 3π=2, and Θ at 0; π. One can verify that Φ
and Θ are pinned at the same sets of values for the pristine
MR state. Therefore, it suggests that the system remains
fully topological at all finite decoherence.
For m > 4, a transition occurs at a finite threshold,

beyond which ϕ− becomes a critical degree of freedom. To
understand the dynamics of the Φ and Θ field, we can
integrate out ϕ− and have

trρ2 ¼
Z

2π

0

dΦe−F½cos 2Φ� þ
Z

2π

0

dΘe−F½cosΘ�;

F½X� ¼ − log
Z

Dϕ−e−Seff ½ϕ−;X�: ð97Þ

For m > 4, cosmϕ− is irrelevant, so that we can perturba-
tively expand F½X� in e−μ̄ and have
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F½X� − F½0�≈

− 2e−2μ̄X2L2

Z
d2xhcosmϕ−ðxÞ cosmϕ−ð0Þi; ð98Þ

where F½0� is the free energy at e−μ̄ ¼ 0 and translation
invariance simplifies the expression. Form ≥ 4, the integral
converges to a finite positive value that depends on the
short-distance cutoff, and we have

F½X� − F½0� ≈ −
2e−2μ̄L2a2−m

m − 2
X2; ð99Þ

where a is a short-distance cutoff. Although the perturba-
tion is not relevant, it can generate new symmetry-allowed
terms that fully determine the dynamics of Φ and Θ.
Indeed, Eqs. (97) and (99) are the simplest forms compat-
ible with the KW × KW symmetry. As a result,Φ andΘ are
still pinned at the same sets of values for any finite
decoherence. It suggests that the Ising sector remains intact
despite the fact that the bosonic charge sector is corrupted
above the threshold. In what follows, we discuss the precise
information-theoretic meaning of this transition.

C. Integrity of the fusion space

In this section, we examine how the decoherence affects
the fusion space of multiple fundamental quasiholes.
Specifically, we apply decoherence to the state (75) that
maximally entangles the fusion space of four quasiholes
with a reference qubit, and evaluate the Rényi-2 quantum
coherent information

Ið2Þc ¼ log
trρ2RQ
trρ2Q

:

We will show that both the numerator and denominator can
be mapped to simple correlation functions in the effective

theory (95), enabling a straightforward computation of Ið2Þc

near the strong decoherence limit.
Using the quasihole wave functions (72) and the relation

between conformal blocks and correlation functions of
nonchiral primaries (73), we have

trρ2RQ ¼
Z

Dðz1i ; z2jÞe−Vðfz1i g;fz2i gÞ

×

�Y4
k¼1

eiϕþσ12ðηk; η̄kÞ
Y
α;i

eimϕαεαðzαi ; z̄αi Þ
�

bg
;

ð100Þ

where σ12 ¼ σ1σ2, ηk¼1;…;4 are locations of the four
quasiholes. The only difference between trρ2RQ and the
purity trρ2 is the insertion of

Y4
k

eiϕþσ12ðηk; η̄kÞ ∼
Y4
k

eiϕþ cosΦðηk; η̄kÞ:

In the effective theory, the above four-point correlator
vanishes in the Θ condensate, and we can approximate it
by a constant field cos4Φ in the Φ condensate (96). We
have

trρ2RQ ¼ N hðcosΦÞ4ieff ; ð101Þ

where h…ieff stands for the expectation value in the
effective theory (96), and N ¼ R

DðΦ;ϕ−Þe−Seff ½ϕ−;cos 2Φ�

is a normalization factor. Analogously, trρ2Q corresponds to
inserting the following operator (ignoring eiϕþ’s):

1

2
ðσ12ðη1; η̄1Þσ12ðη2; η̄2Þσ12ðη3; η̄3Þσ12ðη4; η̄4Þ
þ μ12ðη1; η̄1Þσ12ðη2; η̄2Þσ12ðη3; η̄3Þμ12ðη4; η̄4Þ
þ σ12ðη1; η̄1Þμ12ðη2; η̄2Þσ12ðη3; η̄3Þμ12ðη4; η̄4Þ
þ μ12ðη1; η̄1Þμ12ðη2; η̄2Þσ12ðη3; η̄3Þσ12ðη4; η̄4ÞÞ:

In the effective theory, we get

trρ2Q ¼ N
2
hðcosΦÞ4ieff þ

3N
2

hðcosΦ sinΦÞ2ieff ; ð102Þ

which, similarly, involves only the Φ condensate to
evaluate the expectation value. Therefore, the Rényi-2
quantum coherent information is simplified as

Ið2Þc ¼ log
2hðcosΦÞ4ieff

hðcosΦÞ4ieff þ 3hðcosΦ sinΦÞ2ieff
ð103Þ

in the effective theory.
We first calculate Ið2Þc at the strong decoherence limit as a

sanity check of our effective theory. In this case, Φ and ϕ−
are decoupled from each other, which reduces the expect-
ation value to an integral over Φ, e.g.,

hcos4Φieff ¼
1

2π

Z
2π

0

dΦ cos4 Φ; ðe−μ̄ ¼ 0Þ:

We thus obtain the expected result

Ið2Þc ¼ 0; ðe−μ̄ ¼ 0Þ: ð104Þ

Surprisingly, infinitesimal deviation from the strong
decoherence limit restores Ið2Þc to its initial value log 2 in
the thermodynamic limit. To see this, recall that Φ remains
pinned at the same four values 0; π=2; π; 3π=2 regardless of
whether cosmϕ− is relevant or not. In all cases, evaluating
the expectation values in Eqs. (100) and (102) reduces to a
discrete sum. We get
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Ið2Þc ¼ log 2; ð0 < e−μ̄ ≤ 1Þ: ð105Þ

Strictly speaking, the effective theory and its corollaries are
valid near the strong decoherence limit. Since we expect

Ið2Þc to be monotonic in the decoherence strength, we extend
the range of validity for Eq. (105) to include finite
decoherence strength. Therefore, although the bosonic
charge sector of the topological order is corrupted across
the BKT transition, the fusion space of the non-Abelian
fundamental quasiholes remains well preserved for any
finite dephasing. In a finite-size system, the perturbation
becomes negligible if μ̄ ∼OðlogLÞ. Therefore the lifetime
of this quantum memory using the fusion space is also of
the order OðlogLÞ, as in the case of the Laughlin state
above the critical filling.

D. Corruption of information
stored in the Abelian sector

In contrast to the robustness of the fusion space, the
filling-dependent transition does affect information stored
in the Abelian sector of the MR state. Specifically, consider
the MR states on the torus [72]. Similar to the Laughlin
states, the degenerate MR wave functions can be con-
structed from the correlation function of the chiral Ising and
compact boson CFT [44]

Ψα;lðfzigÞ ¼
�YNe

i

ψðziÞ
�0

α

�YNe

i

eimφðziÞ
�0

bg;l−αxþ1=2
;

ð106Þ

where h…i0 stands for the unnormalized correlator, α ¼
ðαx; αyÞ; αi ¼ 0; 1=2 labels the boundary conditions of the
Majorana fermion ψðzþ LiÞ ¼ −e2iπαiψðzÞ, and
l − αx þ 1=2, l ¼ 0; 1;…; m − 1, labels different winding
number sectors of the chiral boson CFT. When the number
of electronsNe is odd, only α ¼ ð1=2; 1=2Þ gives a nonzero
result and the ground-state degeneracy is m. When Ne is
even, α ¼ ð0; 0Þ, ð0; 1=2Þ, and ð1=2; 0Þ all give nonzero
results, and the degeneracy is 3m.
To address the stability of the information in the Abelian

sector, we fix the Ising sector label α and use only l for the
encoding. In this case the same calculation of the coherent
information as in Sec. IV B applies here and will yield the
same result. Namely, for systems below the critical filling
ν ¼ 1=4, the information encoded with l (characterized by
Rényi-2 quantities) will be corrupted across the
decoherence-induced transition. The corrupted quantum
information exactly corresponds to the c.m. motion of the
fractional quantum Hall states. Similar to the Laughlin
states on a torus, Ψα;lðfzigÞ factorizes into a Gaussian part,
a holomorphic c.m.-motion part, and a holomorphic rela-
tive-motion part [73]

Ψα;lðfzigÞ ¼ e−
P

i
y2i =2Fαx;lðZÞfαðfzi − zjgÞ: ð107Þ

Importantly, changing l only affects the c.m. part, and the
corresponding logical operators are, again, the magnetic
translation operators Tx, Ty. Therefore, we can restate the
result as the quantum memory of the c.m. motion is
corrupted above the threshold.
In principle, we can use both α and l to encode quantum

information on the torus. Calculating the coherent infor-
mation in this general case, especially that from the Ising
sector, is beyond the scope of this work. We leave it to
future work.

E. Critical filling for the von Neumann quantities

In this section, we extend our discussion to the von
Neumann quantities. Using the same approach as in
Sec. III C, we analyze the von Neumann entropy to obtain
both the upper and lower bounds of the critical filling νc.
For the MR state, the instability of the von Neumann

entropy near the strong decoherence limit also obeys the
general inequality (39). Again, we are interested in δSL, the
contribution of macroscopically separated pairs with jη −
η0j > αL ð0 < α < 1Þ:

1

2NL2

�Z
jη−η0j>αL

d2ηd2η0Cð1Þ
e ðη; η0Þ

�
2

≤ jδSLj ≤
Z
jη−η0j>αL

d2ηd2η0Cð1Þ
e ðη; η0Þ;

where Cð1Þ
e ðη; η0Þ is the Rényi-1 correlator (30) for the fully

decohered MR state ρ∞

Cð1Þ
e ðη; η0Þ ¼ trðcðη0Þ ffiffiffiffiffiffi

ρ∞
p

c†ðη0ÞcðηÞ ffiffiffiffiffiffi
ρ∞

p
c†ðηÞÞ:

Unlike the decohered Laughlin case, the Rényi-1 correlator
itself lacks a direct plasma analogy. Nevertheless, as shown
in Appendix E, it admits upper and lower bounds that do
map onto a plasma description. For separation jη − η0j ≫ ξ
(screening length of the plasma),

c0

jη − η0jm=2þ3=4 ≤ Cð1Þ
e ðη; η0Þ ≤ c

jη − η0jm=2 ; ð108Þ

where c, c0 are some Oð1Þ constants. Integrating these
bounds yields

C0L5=2−m ≤ jδSLj ≤ CL4−m=2; ð109Þ

for some finite constant C, C0. Therefore, the critical filling
for von Neumann quantities satisfies

1=8 ≤ νcð1Þ ≤ 1=3: ð110Þ
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The experimentally relevant Moore-Read state at ν ¼ 1=2
lies above this range, and it therefore remains topological at
any finite decoherence strength.

VI. DISCUSSION AND OUTLOOK

In this work, we examined the Laughlin and Moore-
Read wave functions subject to decoherence that couples to
the electron density. We identified a critical filling factor,
below which the system can exhibit a BKT transition into a
critical phase. Within this phase, the quantum information
encoded in the degenerate ground states is partially
corrupted, whereas the information stored in the fusion
space of non-Abelian anyons (for the Moore-Read states)
remains intact.
These results and, in particular, the existence of a critical

filling factor, derive from the properties of the fully
decohered states. Surprisingly, the fully decohered states
are always critical, with a varying scaling dimension,
making them unstable to infinitesimal coherence above a
critical filling. For this reason, the system exhibits absolute
resilience to decoherence above the critical filling. If the
fully decohered state were “gapped,” in the sense of having
a finite correlation length and Markov length [24,25], then
it would have a finite domain of stability and the transition
would occur at a finite decoherence strength regardless of
filling factor [17–20,23,74].
The fully decohered states are interesting and unusual in

other aspects too. Having zero coherent information, rather
than the minimum value of − log m implies that they retain
log m bits of residual information. But although the fully
decohered states are classical by virtue of having a diagonal
density matrix in the position basis, the retained memory
cannot be entirely classical as we explain below.
In Abelian topologically ordered states the retained

memory is determined by the subset of anyons that have
not been proliferated by the decoherence and that have a
trivial braiding with those that have been proliferated [18].
This memory is said to be classical if the residual nontrivial
logical (anyon) operators form a commuting algebra. One
example is the fully decohered toric code under X or Z
errors. If the X strings proliferate due to X errors, the
commuting X loops on the two cycles persist as a classical
memory.
In the Laughlin state, on the other hand, the loop

operators Tx and Ty transporting quasiholes along the
two cycles of the torus, form noncommuting logical
operators. Because C4 rotation symmetry is preserved by
decoherence, it is impossible to preserve only a commuting
subset of nontrivial logical operators and thereby a purely
classical memory. All the logical information would be
destroyed if the quasiholes fully proliferate because of their
nontrivial self-statistics. However, for the density dephas-
ing noise we studied here, the quasiholes are not fully
proliferated, and instead establish a critical state, leading to
zero (rather than negative) coherent information. This

indicates that the logical information encoded by Tx, Ty

is partially preserved. Similar results also hold for more
general FQH states under maximal dephasing. A similar
analysis also applies to the toric code under (X þ Z) noise
[29], which leads to a critical state at infinite decoherence.
However, this requires a fine-tuned e −m symmetry, and
therefore the critical state exists only at a single point and
not as an extended critical phase. In Appendix F, we clarify
what we mean by nonclassical memory in a classical state,
where we prove this is indeed the case for the dephased
FQH states, and also provide a more mundane two-qubit
example.
The decoherence model analyzed in this work is an

idealized limit. In practice, other noise sources, as well as
the interplay of the noise with Hamiltonian evolution, are
expected to generate diffusion of excited anyons, which is
not captured by the simple density dephasing model.
Nonetheless, the effective field theories for the Renyi-2
coherent information, developed in Secs. IVand V, general-
ize to this case as long as we can model the noise by a
finite-depth quantum channel. In particular the effect of the
noise is still to induce a coupling between the four chiral
(temporal) edge modes originating from the ket and bra in
the two copies of the density matrix. In the Laughlin state, a
general charge-preserving noise can still only lead to the
sine-Gordon model

Seff ¼
Z

d2x
K
4π

ð∇ϕ−Þ2 − J cosmϕ− þ…; ð111Þ

where the ellipses denote less relevant terms.
A special feature of the density decoherence model

defined by Eq. (1) is that it does not alter the charge
distribution and, therefore, leaves the bare value of K
unchanged, independent of the noise strength (K ¼ m). On
the other hand, a decoherence channel that also hops
charges incoherently, enhances correlations of the phase
dual to ϕ−, i.e., of eiθ− , and thereby suppresses the bare
value of K. So, while the pure density decoherence takes
the bare parameters of the effective model on a vertical
downward path on the phase diagram in Fig. 1(b) a more
generic decoherence model would chart a path that goes
both down and to the left (larger values of K correspond to
smaller values of the effective filling factor). We conclude
that generic noise would still induce the same KT transition
as pure density dephasing, but the value of the critical
filling factor νc above which the system is absolutely stable
and even the existence of such a critical value is special to
pure density decoherence. This is indeed seen explicitly in
subsequent work by some of us [75], where we considered
a phenomenological noise model that includes the diffusion
of Abelian anyons. We find that in this case there is always
a finite decoherence threshold.
The above analysis can be further generalized to include

number-nonconserving processes. Such noise could be
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induced, for example, by incoherent hopping of electrons in
and out of the system. Using the representation of the
electron operator as c ∼ eimφ, the effective field theory is
generalized to

Seff ¼
Z

K
4π

ð∇ϕ−Þ2 − J cosmϕ− − g cos θ−: ð112Þ

The term cos θ− describing the particle gain and loss breaks
the U(1) symmetry and its coefficient g increases with the
decoherence strength or time. This form of the effective
field theory also implies a finite decoherence threshold.
Unlike for the charge-conserving noise, the fully decohered
state in this case is not critical, but rather is a “gapped” state
dominated by the g term and characterized by vanishing of
the coherent information. There are two possible paths
through which the system can reach the trivial state with
increasing decoherence time or strength: (i) the FQH state
first undergoes a BKT transition into the critical phase at
one critical noise strength, and then another BKT transition
into the trivial phase; (ii) the state undergoes a direct
transition from the topological phase to the trivial phase at
some threshold. Which scenario occurs depends on the
details of the noise model.
The above discussion applies to both the decohered

Laughlin states and the U(1) sector of the decohered
Moore-Read state. The fate of the non-Abelian sector
under generic noise is more complicated and we leave it
for future study. As a first step toward a better under-
standing of non-Abelian topologically ordered states under
generic decoherence sources, it is worth considering
simpler examples, such as the chiral Ising topological
order, not complicated by a global U(1) symmetry or a
bosonic charge sector in the CFT. Finally, we note that the
quantum coherent information, discussed throughout this
work as an intrinsic measure of the transition is not a
directly observable quantity. It would be interesting to
construct explicit decoders that can witness the intrinsic
transition or a proxy of it through the decoding fidelity.
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APPENDIX A: CHEAT SHEET ON THE FREE-
BOSON AND ISING CFT

In this section, we collect basic facts about the free-
boson CFT and the Coulomb-gas formalism for the Ising
CFT. We refer the reader to Refs. [70,76] for details.

1. Free-boson CFT on the plane

Consider a nonchiral compact scalar boson ϕ with the
following Euclidean action

S½ϕ� ¼ g
4π

Z
ð∇ϕÞ2d2z; ϕ ≃ ϕþ 2π: ðA1Þ

The two-point function of ϕ (formally) reads

hϕðz1; z̄1Þϕðz2; z̄2Þi ¼ −
log jz1 − z2j

g
: ðA2Þ

Another commonly used convention is to absorb the
coupling constant into the radius of the boson

S½ϕ0� ¼ 1

8π

Z
ð∇ϕ0Þ2d2x; ϕ0 ≃ ϕ0 þ 2πR: ðA3Þ

The two conventions are related by g ¼ R2=2, ϕ ¼ ϕ0=R.
Here, we work with the first one (A1).
The action manifests two U(1) symmetries that are

generated by the following two conserved currents

Jμ ¼
1

2π
∂μϕ; J̃μ ¼

1

2π
ϵμν∂νϕ: ðA4Þ

They generate the shift and winding of ϕ, respectively. The
local operators, especially the vertex operators, can be
organized by charges under the two symmetries.
Specifically, there are two basic types of vertex oper-

ators, the electric and magnetic operators. One convenient
way of writing them down is to separate the nonchiral field
ϕðz; z̄Þ into a chiral (holomorphic) part φðzÞ and antichiral
part φ̄ðz̄Þ

ϕðz; z̄Þ≡ φðzÞ þ φ̄ðz̄Þ; ðA5Þ

which have the following correlation functions
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hφðz1Þφðz2Þi ¼ −
logðz1 − z2Þ

2g
;

hφ̄ðz̄1Þφ̄ðz̄2Þi ¼ −
logðz̄1 − z̄2Þ

2g
: ðA6Þ

The electric and magnetic operators are defined as (we
suppress normal ordering in the expression)

Veðz; z̄Þ≡ eieðφðzÞþφ̄ðz̄ÞÞ;

Owðz; z̄Þ≡ eiwgðφðzÞ−φ̄ðz̄ÞÞ; ðA7Þ

where one often calls θ ¼ gðφ − φ̄Þ the dual field. One can
also define their composite, the electromagnetic operator

Ve;w≕VeOw ≔∶ei2
ffiffi
g

p
αe;wφþi2

ffiffi
g

p
α̃e;wφ̄∶ ;

αe;w ¼ 1

2

�
effiffiffi
g

p þ ffiffiffi
g

p
w

�
; α̃e;w ¼ 1

2

�
effiffiffi
g

p −
ffiffiffi
g

p
w

�
;

ðA8Þ

which has the conformal dimensions

he;w ¼ α2e;w; h̃e;w ¼ α̃2e;w: ðA9Þ

The shift and winding symmetries imply that the correla-
tion function of these operators is nonzero only when they
satisfy the two neutrality conditions

X
k

ek ¼
X
a

wa ¼ 0; ðA10Þ

and we have

�Y
k

Vek;wk
ðzk; z̄kÞ

�
¼

Y
i<j

ðzi − zjÞ2αiαjðz̄i − z̄jÞ2α̃iα̃j :

ðA11Þ

A charge-e electric operator encircling a charge-wmagnetic
operator produces a phase 2πew. More generally, the chiral
and antichiral fields φ, φ̄ circling around Ve;w are shifted by

φ ↦ φþ πðwþ e=gÞ; φ̄ ↦ φ̄þ πðw − e=gÞ; ðA12Þ

or, equivalently,

ϕ ↦ ϕþ 2πw; θ ↦ θ þ 2πe: ðA13Þ

In a set of mutually local vertex operators, e and w must be
integers. It follows that θ ≃ θ þ 2π.

2. Coulomb-gas formalism for the Ising CFT

In this section, we briefly review the Coulomb-gas
formalism for the Ising CFT. In particular, we show how
to represent the thermal operator ε and spin operator σ in
this formalism. There are several ways to present this
formalism. Here we will not be pedantic and just pick one
presentation that can give us the correct answer. We refer
interested readers to [76], Chap. 9 and references therein for
a more thorough discussion.
We start with the linear dilaton CFT, which has the same

action Eq. (A1) but is defined for a noncompact boson and
a different energy-momentum tensor. To emphasize the
difference, we denote the boson field by X and the chiral
energy-momentum tensor reads

TðzÞ ¼ −
1

2
∶∂X∂X∶þ i

ffiffiffi
2

p
α0∂

2X; ðA14Þ

where α0 parametrizes the CFT. It follows from the TT
OPE that the central charge is c ¼ 1–24α20. The vertex

operators Vα ≕ ei
ffiffi
2

p
αX∶ are the scalar primaries, where the

noncompactness of X allows α to be any real number. From
the OPE

TðzÞVαð0Þ ∼
α2 − 2αα0

z2
Vαð0Þ þ

∂Vαð0Þ
z

; ðA15Þ

we can read out its conformal dimension hα ¼ α2 − 2αα0.
The Coulomb-gas formalism is a prescription to repro-

duce all the minimal models from the linear dilaton CFT by
choosing α0 to match the central charge and appropriate set
of vertex operators to match the operator content. To obtain
the Ising CFT, we first set α0 ¼

ffiffiffi
3

p
=12 to get the correct

central charge c ¼ 1=2. Then we select the set of vertex
operators with the following α’s so that their conformal
dimensions match those of primary fields in the Ising CFT
(the choice is not unique):

αI ¼ 0; αε ¼
ffiffiffi
3

p
=2; ασ ¼

ffiffiffi
3

p
=4: ðA16Þ

However, directly identifying the associated non-chiral
vertex operators Vαðz; z̄Þ with the Ising primaries leads
to a contradiction. For example, the two-point function
of the thermal operator becomes hεðz; z̄Þεð0Þi ¼
hVαεðz; z̄ÞVαεð0Þi ¼ 0, where the first equality is the naive
identification and the second equality is the charge neutral-
ity condition, i.e., hQi Vαiðzi; z̄iÞi is nonzero if and only
if
P

i αi ¼ 0.
The key idea of the Coulomb-gas formalism is to remedy

this issue by introducing two screening operators

Q� ¼
I

dw
I

dw̄ei
ffiffi
2

p
α�Xðw;w̄Þ: ðA17Þ
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They carry nonzero charges α� but a zero conformal
dimension, i.e., hα� ¼ α2� − 2α�α0 ¼ 1. For the Ising
CFT, we have αþ ¼ 2=

ffiffiffi
3

p
; α− ¼ −

ffiffiffi
3

p
=2. Consequently

inserting these screening operators into correlation func-
tions of vertex operators can screen their charges without
affecting their conformal properties. Specifically, we define
the screened vertex operator

Vrs
α ðz; z̄Þ ¼ Qr

−QsþVαðz; z̄Þ; ðA18Þ

where the integration contours in the screening operators
circle the vertex operator. These contours are implicitly
radially ordered and can be freely deformed as long as they
do not pass other operators. We can instead use appropriate
screened vertex operators so that the total charge is
neutralized and the result becomes nonzero. We identify
the primaries in the Ising CFT with these screened vertex
operators, where the screening charges r, s are chosen so
that the correlation function obeys the charge neutrality.
For example, the correlation function of an even number

of thermal operators ε’s can be written as

hεðz1; z̄1Þεðz2; z̄2Þi
¼ hV20

αε ðz1; z̄1ÞV00
αε ðz2; z̄2Þi

¼
I

dw1dw̄1dw2dw̄2

jw1 − w2j3jz1 − z2j3Q
2
i;j jzi − wjj3

; ðA19Þ

where the integration contours enclose all zi’s. Similarly,
the σ two-point function is

hσðη1; η̄1Þσðη2; η̄2Þi ¼ hV00
ασ ðη1; η̄1ÞV10

ασ ðη2; η̄2Þi

¼
I

dwdw̄
jη1 − η2j3=4

jη1 − wj3=2jη2 − wj3=2 :

ðA20Þ

We can also combine and generalize the above results to
write down the correlation function of two spin operators
and 2N thermal operators

�
σðη1; η̄1Þσðη2; η̄2Þ

Y2N
i¼1

εðzi; z̄iÞ
�

¼
I Y2Nþ1

k¼1

dwkdw̄kjη1 − η2j3=4
Y2N
i<j

jzi − zjj3

×
Y2Nþ1

k<l

jwk − wlj3
Y2N
i¼1

Y2Nþ1

k¼1

jzi − wkj−3
Y2Nþ1

k¼1

jη1 − wkj−3=2jη2 − wkj−3=2

×
Y2N
i¼1

jη1 − zij3=2jη2 − zij3=2: ðA21Þ

As a final remark, we can apply the so-called Mathur’s trick
to further replace each pair of the contour integrals in
the above expressions by a 2D integral over the complex
plane [77]

I
dw

I
dw̄ ↦

Z
d2w: ðA22Þ

The resulting expressions are used to derive the plasma
analogy for the Moore-Read state [45].

APPENDIX B: CRITICAL FILLING AT GENERAL
RÉNYI INDICES AND ITS REPLICA LIMIT

The goals of this Appendix are twofold. We will derive
the Rényi-n critical filling (29) at n ¼ 2; 3;… for the
decohered Laughlin state. Then we show how to take the
replica limit n → 1 correctly, which complements the direct
analysis of von Neumann quantities in Sec. III C.
The basic strategy is to perform a strong-decoherence

expansion of the Rényi-n entropy

SðnÞ½ρ� ¼ 1

1 − n
log trρn; ðB1Þ

and examine the instability. Specifically, we expand the
density matrix as in Eq. (33):

ρ ¼ ρ∞ þ yδρþ y2δρð2Þ þOðy3Þ;

where y ¼ e−μ̄, ρ∞ and δρ are defined in Eq. (33), and δρð2Þ
denote terms with two particles having different bra/ket
positions. Accordingly, the expansion of the Rényi-n
entropy with respect to y reads

SðnÞ½ρ� ¼ SðnÞ½ρ∞� þ δSðnÞ½δρ� þOðy3Þ; ðB2Þ

where the OðyÞ term vanishes and δρð2Þ does not enter at
this order. We isolate contributions to δSðnÞ that come from
far separated unpaired particles by defining

δSðnÞL ¼ δSðnÞ½δρ0�; ðB3Þ
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where δρ0 ¼ P
½b;c� ψbψ

�
cjbihcj includes pairs of configu-

rations described below

fb ¼ fzi; ηg; c ¼ fzi; η0gjjη − η0j > αLg;

with 0 < α < 1 and L the linear system size. We determine

the critical filling νc by examining whether δSðnÞL diverges
in the thermodynamic limit L → þ∞.

1. Higher integer Rényi indices

For n ¼ 2; 3; 4;…, trρn has a polynomial expansion in
δρ, which yields

δSðnÞL ¼ ny2

2ð1 − nÞ
Xn−2
k¼0

trρn−k−2∞ δρ0ρk∞δρ0

trρn∞
: ðB4Þ

The denominator of the summand can be interpreted as a
single-component plasma in the screening phase (for
n < 70=m). Similarly, the numerator is related to the same
type of plasma with two test charges. We have

trρn−k−2∞ δρ0ρk∞δρ0

trρn∞

¼
Z
jη−η0j>αL

d2ηd2η0

jη − η0jqq0
Z

Dze−ΦLðzi;
ffiffiffiffiffiffiffi
2mn

p
;η;q;η0;q0Þ; ðB5Þ

where q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ð2mÞ=n�p ðn − k − 1Þ, q0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ð2mÞ=n�p ðkþ
1Þ are the charges carried by the test particles, respectively.
Using the screening property, we have

trρn−k−2∞ δρ0ρk∞δρ0

trρn∞
∼
Z
jη−η0j>αL

d2ηd2η0

jη − η0jqq0

∼ L4−2mðkþ1Þðn−k−1Þ
n : ðB6Þ

In the thermodynamic limit, the summation in (B4) is
dominated by the k ¼ 0 and k ¼ n − 2 terms. We have

δSðnÞL ∝ L4−2mðn−1Þ=n: ðB7Þ

Equation (B7) diverges with the system size L when the
filling factor is above the following critical value

νcðnÞ ¼
n − 1

2n
; n ¼ 2; 3; 4; � � � ðB8Þ

2. Noninteger Rényi indices

Next we turn to the generic case including noninteger n.
We will show that the result (B8) no longer holds for
1 < n < 2. In the general case, we have to use the matrix
derivative to expand trρn with respect to δρ. Given a
diagonalizable matrix AðyÞ and diagonal Að0Þij ¼ λiδij,

the derivative of an arbitrary matrix function f½AðyÞ� is [78]

dfðAðyÞÞ
dy

����
y¼0

¼ Δfðλi; λjÞA0ð0Þij;

d2fðAðyÞÞ
dy2

����
y¼0

¼ 2Δ2fðλi; λj; λkÞA0ð0ÞikA0ð0Þkj

þ Δfðλi; λjÞA00ð0Þij; ðB9Þ

where we sum over repeated indices and

Δfðλ1; λ2Þ ¼
fðλ1Þ − fðλ2Þ

λ1 − λ2
;Δfðλ; λÞ ¼ f0ðλÞ;

Δ2fðλ1; λ2; λ3Þ ¼
Δfðλ1; λ2Þ − Δfðλ1; λ3Þ

λ2 − λ3
; ðB10Þ

are the divided differences. In our case where fðρÞ ¼ ρn,
the expansion around y ¼ 0 is

trρn ¼ trρn∞ þ Δfðλa; λaÞðyδρaa þ y2δρð2Þaa Þ
þ y2Δ2fðλb; λb; λcÞδρbcδρcb; ðB11Þ

where λa ¼ jψaj2. The second term vanishes, and the third
term can be simplified by symmetrizing b, c. We have

trρn ¼ trρn∞ þ ny2

2

X
ðb;cÞ

λn−1b − λn−1c

λb − λc
λbλc; ðB12Þ

leading to

δSðnÞL ¼ ny2

2 − 2n

P
½bc�λbλc

λn−1b −λn−1c

λb−λcP
aλ

n
a

: ðB13Þ

For n ¼ 2; 3; 4;…, we can factorize the numerator and
reduce it to Eq. (B4). For noninteger n, however, the
numerator of Eq. (B13) has to be analyzed by a different
method. In particular, it does not have a plasma analogy.
Instead, we rewrite the numerator as

λbλc
n−1

λn−1b −λn−1c

λb−λc
¼ðλbλcÞn=2

ðλb=λcÞn−12 − ðλb=λcÞ−n−1
2

ðn−1Þððλb=λcÞ12− ðλb=λcÞ−1
2Þ :

Noticing that the second factor monotonically increases
with n for n > 1, we can derive the following inequality

λbλc
n − 1

λn−1b − λn−1c

λb − λc
≤ ðλbλcÞn=2; 1 < n < 2: ðB14Þ

We can then apply the plasma analogy to the upper bound
and obtain
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jδSðnÞL j ≤ cL4−mn=2 ⇒ νcðnÞ ≥
n
8

ðn < 2Þ; ðB15Þ

where c > 0 is some finite constant.
Extending Eq. (B7) to n < 2 clearly contradicts the

bound derived above. This implies that the critical filling
νcðnÞ is not an analytic function of the Rényi index n on the
half-plane ReðnÞ > 1. The origin of this nonanalyticity is
that νc is defined only in the thermodynamic limit L → ∞,
i.e., νc is extracted from the leading asymptotic behavior of

δSðnÞL after discarding all subleading (finite-size) terms. If
we instead compute the exact finite-L quantity δSðnÞ,
perform the analytic continuation in n at finite L, and
only then take L → ∞, we would be able to obtain the
correct νc. Indeed, taking the limit n → 1 in the exact result
(B13), we obtain

δSL ¼ −
y2

2

P
½bc�

λbλc
λb−λc

log λb
λcP

aλa
; ðB16Þ

which is consistent with the result (36) from direct
perturbation expansion of the von Neumann entropy. In
other words, the analytic continuation in n and taking the
thermodynamic limit do not commute, so naive extrapo-
lation from integer n could fail.

APPENDIX C: PERTURBATIVE CALCULATION
OF QUANTUM COHERENT INFORMATION IN

THE CRITICAL PHASE

For Laughlin states below the critical filling, the system
enters a critical phase once the decoherence exceeds a
threshold. In this Appendix, we examine the Rényi-2
quantum coherent information Ið2Þc in this critical phase.
Because the perturbation in the corresponding sine-Gordon
effective theory is irrelevant, a controlled perturbative
expansion applies. We will show that the quantum coherent
information remains finite throughout the critical phase and
vanishes only at the strong decoherence limit.
Recall that the Rényi-2 quantities can be captured by the

following effective Hamiltonian

H− ¼
Z

Lx

0

ð∂xθ−Þ2
4πm

þ m
4π

ð∂xϕ−Þ2 − 2e−μ̄ cosmϕ−:

The Rényi-2 quantum coherent information reads

Ið2Þc ¼ log

P
m−1
l¼0 Z−ð0;lÞP
m−1
l¼0 Z−ðl; 0Þ

;

where Z−ðl1;l2Þ ≈ trl1;l2e
−LyH− is the partition function of

twisted boundary conditions for ϕ− and θ− as is specified
in Eq. (61).
For notational simplicity, we suppress the subscript “−”

on H;ϕ; θ, and define the aspect ratio of the torus:

τ ¼ iτ2; τ2 ¼
Ly

Lx
:

We always consider the thermodynamic limit Lx; Ly ≫ lB.
The cosine term in the effective sine-Gordon field theory

is irrelevant, and can be treated as a perturbation. Up to the
orderOðe−2μ̄Þ, the free energy of the twisted sector ðl1;l2Þ
changes by

Fðl1;l2Þ ≈ Fð0Þ
ðl1;l2Þ

− e−2μ̄
Z

d2rd2r0ReheimϕðrÞe−imϕðr0Þiðl1;l2Þ;

ðC1Þ

where h…iðl1;l2Þ denotes the expectation value in the free-
boson theory with the specified boundary condition.
We separate ϕ and θ into zero-mode and oscillator pieces

ϕðXÞ ¼ ϕ0 þ
2πwX
Lx

þ ϕoscðXÞ;

θðXÞ ¼ θ0 þ
2πeX
Lx

þ θoscðXÞ; ðC2Þ

where w∈l1=mþ Z, e=m∈l2=mþ Z, and ½ϕ0; e� ¼
−½θ0; w� ¼ i. The corresponding zero-mode energy is
H0ðw; eÞ ¼ π

Lx
½mw2 þ ðe2=mÞ�, so the Boltzmann weight

is given by

pðw;eÞ
ðl1;l2Þ ¼

e−πτ2mðw2þðe=mÞ2ÞP
ðw0;e0Þe−πτ2mðw02þðe0=mÞ2Þ : ðC3Þ

Accordingly, the two-point function decomposes as (with-
out loss of generality, we assume Y > 0):

heimϕðX;YÞe−imϕð0;0Þiðl1;l2Þ
¼

X
ðw;eÞ

pðw;eÞ
ðl1;l2Þe

2πimw
Lx

X

× Kþ−ðYÞheimϕoscðX;YÞe−imϕoscð0;0Þiosc; ðC4Þ

where Kþ−ðYÞ is the zero-mode factor:

Kþ−
e ðYÞ ≔ hw; eje−ðLy−YÞH0eþimϕ0e−YH0e−imϕ0 jw; ei

e−LyH0ðw;eÞ

¼ exp ½−YH0ðw; e −mÞ þ YH0ðw; eÞ�

¼ exp
�
−
πm
Lx

Y þ 2πe
Lx

Y
	
: ðC5Þ

The expectation value h…iosc in the “oscillator” part has an
exact expression in terms of the elliptic theta function
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heimϕoscðX;YÞe−imϕoscð0;0Þiosc ¼
�
a
Lx

�
m
���� ∂zθ1ð0jτÞθ1ðzjτÞ

����
m
; ðC6Þ

where z≡ xþ iy≡ ðX þ iYÞ=Lx and a ≪ Lx; Ly is a short-distance cutoff. Plugging these results into Eq. (C1) and
writing the integral in a dimensionless form, we have

Fðl1;l2Þ ≈ Fð0Þ
ðl1;l2Þ −

2e−2μ̄amLxLy

Lm−2
x

X
ðw;eÞ

pðw;eÞ
ðl1;l2Þ

Z
½−1

2
;1
2
�×½−τ2

2
;
τ2
2
�
d2zΘ



jzj − a

Lx

�
cosð2πmwxÞe−πmjyj coshð2πeyÞ

���� ∂zθ1ð0jτÞθ1ðzjτÞ
����
m
;

where Θð·Þ is the Heaviside step function, imposing the short-distance cutoff. For m > 4, the integral is dominated by the
ultra-violet divergence:

Z
½−1

2
;1
2
�×½−τ2

2
;
τ2
2
�
d2zΘ

�
jzj − a

Lx

�
cosð2πmwxÞe−πmjyj coshð2πeyÞ

���� ∂zθ1ð0jτÞθ1ðzjτÞ
����
m

∼
Z
jzj> a

Lx

d2z
cosð2πmwxÞe−πmjyj coshð2πeyÞ

jzjm

∼
Z
jzj> a

Lx

d2z
1

jzjm
�
−
1

2
ð2πmwxÞ2 þ 1

2
ð2πeyÞ2

	
þ � � �

∼ −
2π3m2

m − 4

�
a
Lx

�
4−m

�
w2 −

e2

m2

�
þ � � � ; ðC7Þ

where “� � �” denotes terms independent of w, e. The free energy of the twisted sector reads

Fðl1;l2Þ≈Fð0Þ
ðl1;l2Þ þC

þ2π3a4m2e−2μ̄τ2
m−4

X
ðw;eÞ

pðw;eÞ
ðl1;l2Þ

�
w2−

e2

m2

�
; ðC8Þ

where C collects winding-independent corrections, while
the second line gives a finite winding-dependent correction
to the free energy. To perturbatively calculate the Rényi-2
quantum coherent information, it is convenient to divide
both the numerator and denominator by Zð0; 0Þ and recast
the expression in terms of the free-energy difference
between different twisted sectors

Ið2Þc ¼ log
1þP

m−1
l¼1 e

−ΔFð0;lÞ

1þP
m−1
l¼1 e

−ΔFðl;0Þ
:

For free bosons ðμ̄ ¼ þ∞Þ, we have ΔFð0Þ
ðl;0Þ ¼

ΔFð0Þ
ð0;lÞ ≡ ΔFð0Þ

l . Then from Eq. (C8), we can get

ΔFðl;0Þ ≈ ΔFð0Þ
l þ e−2μ̄δlðτ2Þ;

ΔFð0;lÞ ≈ ΔFð0Þ
l − e−2μ̄δlðτ2Þ; ðC9Þ

to order e−2μ̄, where

δlðτ2Þ ¼
2π3a4m2τ2
m − 4

�X
ðw;eÞ

pðw;eÞ
ðl;0Þ

�
w2 −

e2

m2

�

−
X
ðw;eÞ

pðw;eÞ
ð0;0Þ

�
w2 −

e2

m2

�	
: ðC10Þ

For any finite μ̄; τ2 and l ≠ 0, we have δlðτ2Þ > 0, which

leads to a finite positive coherent information Ið2Þc . In the
anisotropic limit τ2 → ∞, we have ΔFl;0 ∝ τ2 for l ≠ 0, so
all nontrivial twisted sectors are exponentially suppressed

and Ið2Þc → 0. Since the coherent information is invariant
under aC4 rotation τ2 → 1=τ2, the same conclusion holds in
the opposite limit τ2 → 0.

APPENDIX D: PLASMA ANALOGY OF THE
DECOHERED MOORE-READ STATE

Similar to the Laughlin wave function, the Moore-Read
(MR) wave function and the quasihole wave functions also
have a plasma analogy [45]. In this section, we briefly
review the analogy and discuss subtleties of its proper
statistical mechanical interpretation that is not explicitly
addressed in Ref. [45]. We then apply it to the fully
decohered MR state and determine its screening properties
via Monte Carlo simulation.
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1. Plasma analogy of the Moore-Read state

Recall the definition of the unnormalized MR wave
function of N electrons

ΨðfzigÞ ¼
�YN

i¼1

ψðziÞeimφðziÞ
�

bg
:

Using its explicit expression, its squared norm reads

hΨjΨi ¼
Z

Dz

�YN
i¼1

εðzi; z̄iÞeimϕðziÞ
�

bg

¼
Z

Dz

����Pf
�

1

zi − zj

�����
2

× e−ΦLðzi;
ffiffiffiffiffi
2m

p Þ; ðD1Þ

whereΦL is defined in Eq. (9). As is shown in Ref. [45], we
can combine the Coulomb-gas formalism (reviewed in
Appendix A 2) of the Ising CFT and the Mathur’s trick to
rewrite the squared norm of the Pfaffian as a partition
function of a two-component Coulomb gas

����Pf
�

1

zi − zj

�����
2

¼
Z YN

k¼1

d2wke−ΦIðzi;wkÞ;

ΦIðzi; wkÞ ¼ −3
XN
i<j

ðlog jzi − zjj þ log jwi − wjjÞ

þ 3
XN
i;j

log jzi − wjj: ðD2Þ

The integral on the right-hand side has an ultraviolet
divergence as zi → wj for any zi and wj. We will comment
on this subtlety at the end of this section. Altogether, we
can write the squared norm of the MR wave function as

hΨjΨi ¼
Z

Dz
YN
k¼1

d2wke−ΦLðzi;
ffiffiffiffiffi
2m

p Þ−ΦIðzi;wkÞ: ðD3Þ

We call ΦL and ΦI the energy of the Laughlin and Ising
plasma, respectively. The combined plasma has two species
of mobile particles: the N electrons are mapped to N
particles at z1; z2;…; zN carrying both Laughlin and Ising
charges ðQL;QIÞ ¼ ðþ ffiffiffiffiffiffiffi

2m
p

;þ ffiffiffi
3

p Þ. There are also N
auxiliary particles at w1;…; wN carrying only negative
Ising charges ðQL;QIÞ ¼ ð0;− ffiffiffi

3
p Þ. For m < 70, the

Laughlin plasma and Ising plasma, when not coupled to
each other, are both in the screening phase individually.
Therefore the combined plasma is in the screening phase as
well [45].
Similarly, we can derive a plasma analogy for the

quasihole wave function. For our purpose, it suffices to
consider the case with two quasiholes

Ψfη1;η2gðfzigÞ

¼
�Y2

k¼1

σðηkÞeiφðηkÞ=2
YN
i¼1

ψðziÞeimφðziÞ
�

bg
: ðD4Þ

Its squared norm reads

hΨfη1;η2gjΨfη1;η2gi

¼
Z

Dz

�
σðη1; η̄1Þeiϕðη1;η̄1Þ=2σðη2; η̄2Þeiϕðη2;η̄2Þ=2

×
YN
i¼1

εðzi; z̄iÞeimϕðziÞ
�

bg
: ðD5Þ

We can use the Coulomb-gas representation (A21) and
Mathur’s trick to rewrite it as

hΨfη1;η2gjΨfη1;η2gi

¼
Z

Dz
YNþ1

k¼1

d2wk

× e−ΦLðzi;
ffiffiffiffiffi
2m

p
;fη1;η2g;1=

ffiffiffiffiffi
2m

p Þ−ΦIðzi;wk;fη1;η2g;
ffiffi
3

p
2
Þ; ðD6Þ

where ΦIðzi; wk; fη1; η2g;
ffiffiffi
3

p
=2Þ is the energy of the Ising

plasma with two test charges ð0;þ ffiffiffi
3

p
=2Þ at η1, η2, i.e.,

ΦI

�
zi; wk; fη1; η2g;

ffiffiffi
3

p

2

�

¼ ΦIðzi; wkÞ −
3

4
log jη1 − η2j

−
3

2

X2
ν¼1

�XN
i¼1

log jzi − ηνj −
XNþ1

k¼1

log jwk − ηνj
�

ðD7Þ

Therefore the squared norm of the two-quasihole wave
function hΨfη1;η2gjΨfη1;η2gi is related to the free energy cost
of inserting such two test charges. By the screening
property of the combined plasma, the squared norm should
asymptote to a finite constant for jη1 − η2j → ∞.
We close this section with a remark on the ultraviolet

divergence in Eq. (D2). To cure the divergence, the most
straightforward approach is to impose a short-distance
cutoff: only configurations satisfying jzi − wjj > r0 for
all i, j are included in the integration domain. The
advantage of this approach, compared with analytical
continuation, is that the regulated integral has a simple
stat-mech interpretation: a two-component plasma with a
hard-core repulsion. However, it immediately raises a
subtlety: Eq. (D2) is no longer a mathematical equality.
The left-hand side of Eq. (D2) clearly does not depend on
the short-distance cutoff r0 whereas the regulated integral
does. Instead, it can be shown that the regulated integral,
despite having complicated dependence on r0, has an r0-
independent part that is equal to the Pfaffian squared norm,
in addition to an ultra-violet divergent part. Since the
infrared properties of the plasma should be insensitive to
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the ultraviolet divergent part, we will directly use the right-
hand side of Eq. (D2) with a finite r0 to deduce properties
of the MR wave function.

2. Plasma analogy of the fully
decohered Moore-Read state

It is straightforward to generalize the above idea and
write down a plasma analogy for the purity of the fully
decohered MR state

trρ2∞ ≡ ZMR∞
¼

Z
Dξ

YN
k¼1

d2w1
k

YN
l¼1

d2w2
l

× e−ΦLðξp;2
ffiffiffi
m

p Þ−ΦIðξp;w1
kÞ−ΦIðξp;w2

l Þ: ðD8Þ

Accordingly,

hσ1σ2ðη; η̄Þσ1σ2ð0ÞiMR∞

¼ 1

ZMR∞

Z
Dξ

YNþ1

k¼1

d2w1
k

YNþ1

l¼1

d2w2
l

× e−ΦLðξp;2
ffiffiffi
m

p Þ−
P

α¼1;2
ΦIðξp;wα

k ;fη;0g;
ffiffi
3

p
2
Þ; ðD9Þ

which is related to the free-energy cost of inserting test
charges into the Ising plasmas. From the bosonization dic-
tionary (84) and the KW × KW symmetry (85), Eq. (D9)
is also proportional to hcosΦðη; η̄Þ cosΦð0ÞiMR∞

¼
hcosΘðη; η̄Þ cosΘð0ÞiMR∞

. In the following, we use a gen-
eralizedKT-type argument aswell asMonte-Carlo simulation
to show that this plasma is in the screening phase, thus the
free-energy costs asymptote to constants at long distances.
This result verifies Eq. (91) in the main text, which is further
applied to construct the effective theory for the decoheredMR
state away from the strong decoherence limit.
First, we note that the plasma (D8) is composed of one

charge-2
ffiffiffiffi
m

p
Laughlin plasma and two charge-� ffiffiffi

3
p

Ising
plasmas. The electrons carry all three types of charges
ðQL;QI1 ; QI2Þ ¼ ðþ2

ffiffiffiffi
m

p
;þ ffiffiffi

3
p

;þ ffiffiffi
3

p Þ, and their coordi-
nates are labeled by fξig. The two Ising-type plasmas
contain additional particles, that carry charges ð0;− ffiffiffi

3
p

; 0Þ
and ð0; 0;− ffiffiffi

3
p Þ, with coordinates fw1

kg and fw2
l g, respec-

tively. Since all three types of plasmas are in the screening
phase when treated individually (for m < 35), the com-
bined plasma is expected to be in the screening phase. This
can be verified using a KT-type argument. Since in the
experimentally relevant region, m is much smaller than 35,
the Laughlin plasma always screens. We focus on the
screening property of the two Ising plasmas and omit the
QL component of the charge for simplicity. The Ising
plasmas do not screen only when all particles form
neutral bound trimers, which consist of one charge-
ðþ ffiffiffi

3
p

;þ ffiffiffi
3

p Þ particle, one charge-ð− ffiffiffi
3

p
; 0Þ particle, and

one charge-ð0;− ffiffiffi
3

p Þ particle. Now consider the perturba-
tion that unbinds, without loss of generality, the charge-
ð− ffiffiffi

3
p

; 0Þ particle from a trimer to an OðLÞ distance. This
unbinding entails a Coulomb energy cost ΔE ∼ 3 logL and
entropy gain TΔS ∼ 4 logL > ΔE. Consequently, the com-
bined plasma has an unbinding instability and it is in the
screening phase.
We also numerically confirm the screening property via a

Monte Carlo simulation of the combined plasma form ¼ 2.
We simulate the combined plasma on a periodic L × L
square lattice with lattice constant a ¼ 1. On each lattice

site, there can be nð1Þi electrons, nð2Þi and nð3Þi the other two

particles, where nðsÞi ¼ 0, 1 for s ¼ 1, 2, 3. They carry three
types of charges, labeled by α ¼ L; I1; I2. The three types

of total charges on site i, labeled by qðαÞi , are

qðLÞi ¼ 2
ffiffiffiffi
m

p
nð1Þi ;

qðI1Þi ¼
ffiffiffi
3

p
ðnð1Þi − nð2Þi Þ; qðI2Þi ¼

ffiffiffi
3

p
ðnð1Þi − nð3Þi Þ:

ðD10Þ

The Hamiltonian of the combined plasma is

Φ ¼
X

α¼L;I1;I2

1

2

X
i;j

qðαÞi qðαÞj

�
ð1 − δijÞUðri − rjÞ

−
ln y
3

ð1 − δα;LÞδij
�
; ðD11Þ

which contains a Coulomb interaction UðrÞ and a finite
fugacity 0 < y < 1 for unpaired Ising charges. The
Coulomb potential UðrÞ is determined by the discretized
Poisson’s equation

X
i¼x;y

Uðrþ aêiÞ þUðr− aêiÞ− 2UðrÞ ¼ −2π
�
δr;0 −

1

L2

�
;

ðD12Þ

The solution is

UðrÞ ¼ 1

L2

X
jkj≠0

πeik·r

2 − cos kxa − cos kya
; ðD13Þ

where kx;y ¼ 2πjx;y=L; jx;y ¼ 0; 1;…L − 1. In the con-
tinuum limit 1 ≪ jrj ≪ L, UðrÞ ≈ − log jrj, as expected.
The fugacity corresponds to the ultraviolet regularization of
the continuum integral expression that we discuss in the
previous subsection. We fix the number of particles in the
numerical simulation and will neglect the Coulomb poten-
tial from the background charge since it merely results in a
constant shift of Φ on a periodic lattice.
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To determine the screening property, we calculate the
inverse dielectric constant ϵ−10 ¼ limjkj→0 ϵ

−1ðkÞ of the
Ising plasma I1. It is finite in an insulating phase and
vanishes in a screening phase. Based on the linear response
theory, we have [79]

ϵ−1ðkÞ ¼ 1 −
2π

L2Tk2
hqðI1Þk qðI1Þ−k i; ðD14Þ

where qðI1Þk ¼ P
sitesðx;yÞ q

ðI1Þ
x;y e−ikxx−ikyy is the Fourier trans-

formed charge density of plasma I1, and T ¼ 1 in this
problem.
In the simulation, each particle type has a fixed number

N ≡P
i n

ð1Þ
i ¼ P

i n
ð2Þ
i ¼ P

i n
ð3Þ
i ¼ L2=10. Initially, we

generate a random configuration for each particle type.
At each step, we randomly choose (with probability 1=3)
one species of particle, a site ðrx; ryÞ that is occupied by that
species and another site ðr0x; r0yÞ that is not. Then we
calculate the energy difference ΔΦ of moving the particle
from ðrx; ryÞ to ðr0x; r0yÞ. Then we accept or reject the update
according to the standard Metropolis algorithm, that is, we
move the particle from ðrx; ryÞ to ðr0x; r0yÞ with probability
p ¼ minf1; e−ΔΦg. For each parameter, we take an average
over 96 independent trajectories. In each trajectory, we
discard the initial 50000 × 3N steps to equilibrate the
system. After equilibration, we use 50 000 × 3N steps to

evaluate the correlation function hqðI1Þk qðI1Þ−k i in Eq. (D14).
Finally, for each system size, we average over ϵ−1ðkÞ for
k ¼ ð2π=L; 0Þ and k ¼ ð0; 2π=LÞ. In Fig. 3, we show the
results for the fugacity ranging from 0.01 to 0.5. Indeed,
there is no sign of a phase transition (curves for different
L’s should exhibit crossings if there is a BKT transition, as
shown in [79]), and the inverse dielectric constant keeps
decreasing with the system size, indicating that the plasma
remains in the screening phase.

APPENDIX E: RÉNYI-1 CORRELATION OF THE
FULLY DECOHERED MOORE-READ STATES

In this Appendix, we show how to use the plasma
analogy to bound the long-distance behavior of the Rényi-1
correlation for the fully decohered MR states:

Cð1Þ
e ðη; η0Þ ¼ Z−1

MR∞

ðN − 1Þ!
Z YN−1

i

d2zijΨðfzi; ηgÞΨðfzi; η0gÞj;

where Ψðfzi; ηgÞ is the MR wave function with an electron
fixed at the location η. Plugging in the MR wave function
on the plane, we have

jΨðfzi; ηgÞΨðfzi; η0gÞj
¼ jη − η0j−m=2e−ΦLðzi;

ffiffiffiffiffi
2m

p
;fη;η0g;

ffiffiffiffiffiffi
m=2

p
Þ

×

����Pf
�

1

zi − zj

�
zN¼η

����·
����Pf

�
1

zi − zj

�
zN¼η0

����: ðE1Þ

Here, ΦLðzi;
ffiffiffiffiffiffiffi
2m

p
; fη; η0g; ffiffiffiffiffiffiffiffiffi

m=2
p Þ is the energy of the

Laughlin plasma with two test charges at η and η0, both of
which carry charge

ffiffiffiffiffiffiffiffiffi
m=2

p
. The absolute value of the

Pfaffian wave function does not have a direct plasma
analogy on its own. Below we find its upper and lower
bounds that do admit a plasma description, and we apply it
to compute the bounds explicitly.
For the upper bound, we use the inequality 2ab ≤ a2 þ

b2 to turn the absolute value into squared norms

2

����Pf
�

1

zi − zj

�
zN¼η

����·
����Pf

�
1

zi − zj

�
zN¼η0

����
≤
����Pf

�
1

zi − zj

�
zN¼η

����
2

þ
����Pf

�
1

zi − zj

�
zN¼η0

����
2

: ðE2Þ

From Eq. (D2), we can interpret each term on the right-
hand side as a two-component plasma with a single test
charge, e.g.,

����Pf
�

1

zi − zj

�
zN¼η

����
2

¼
Z YN

k¼1

d2wke−ΦIðfzi;ηg;fwkgÞ:

As a result, the upper bound on the Rényi-1 correlator has a
plasma analogy as

1

2

1

jη − η0jm=2

Z−1
MR∞

ðN − 1Þ!

×
Z YN−1

i¼1

d2zi
YN
k¼1

d2wke
−ΦLðfzig;

ffiffiffiffiffi
2m

p
;fη;η0g;

ffiffiffiffiffiffi
m=2

p
Þ

× ðe−ΦIðfzi;ηg;fwkgÞ þ e−ΦIðfzi;η0g;fwkgÞÞ:

FIG. 3. Inverse dielectric constant of the Ising plasma at
jkj ¼ 2π=L. The error bars are invisible in the plot.
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Using the screening property of the plasma, we have

Cð1Þ
e ðη; η0Þ ≤ c

jη − η0jm=2 ; ðjη − η0j ≫ ξÞ ðE3Þ

for some positive constant c.
For the lower bound, we first use Eq. (D2) to get

����Pf
�

1

zi − zj

�
zN¼η

����·
����Pf

�
1

zi − zj

�
zN¼η0

����

¼
YN−1

i<j

jzi − zjj3
YN−1

i

jzi − ηj3=2jzi − η0j3=2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
D̃w

YN
j

jwj − ηj−3
Z

D̃w
YN
k

jwk − η0j−3
vuut ;

where we introduce the short-hand notation

D̃w≡YN
j

d2wj

YN
j<k

jwj − wkj3
YN−1

i

YN
j

jzi − wjj−3:

Next, we use the Cauchy-Schwarz inequality:

Z
D̃w

YN
j

jwj − ηj−3
Z

D̃w
YN
k

jwk − η0j−3

≥
�Z

D̃w
YN
j

jwj − ηj−3=2jwj − η0j−3=2
�

2

;

to obtain a plasma analogy for the lower bound

1

jη − η0jm=2þ3=4

Z−1

ðN − 1Þ!
Z YN−1

i

d2zi

Z YN
j

d2wj

× e−ΦLðfzig;
ffiffiffiffiffi
2m

p
;fη;η0g;

ffiffi
m
2

p
Þ−ΦIðfzig;fwjg;fη;η0g;

ffiffi
3

p
2
Þ;

where

ΦIðzi; wk; fη; η0g;
ffiffiffi
3

p
=2Þ

¼ ΦIðzi; wkÞ −
3

4
log jη − η0j

−
3

2

X
i

log jzi − ηj þ 3

2

X
k

log jwk − ηj

−
3

2

X
i

log jzi − η0j þ 3

2

X
k

log jwk − η0j;

is the energy of Ising plasma with two test charges of
charge

ffiffiffi
3

p
=2 inserted at η; η0. Using the screening property

of the combined plasma, we have

Cð1Þ
e ðη; η0Þ ≥ c0

jη − η0jm=2þ3=4 ; ðjη − η0j ≫ ξÞ ðE4Þ

for some positive constant c0.

APPENDIX F: NONCLASSICAL MEMORY
UNDER MAXIMAL DEPHASING

In Sec. VI, we stated that although the maximally
dephased state is diagonal in the density basis, the retained
logical information is not purely classical. We clarify what
this means in this Appendix. First, clearly all the informa-
tion must be stored classically, and there is no way to
reconstruct an entangled quantum state of the logical qubit
and an external reference qubit by acting on the system
alone. In this sense, there is no recoverable quantum
information. However, it is not a purely classical memory,
in the sense that the final classical state retains some
residual information about the phase coherence of a given
superposition state (for any chosen basis) in the code space.
Below, we explain this in more detail.
Suppose that the logical code space C is initially

maximally entangled with a reference system R,

jΨRQi ¼
1ffiffiffi
d

p
Xd−1
l¼0

jΨli ⊗ jliR; d ¼ dimðCÞ:

After maximal dephasing on Q, the joint state becomes

ρð∞Þ
RQ ¼

Z
DzjzihzjQ ⊗ jχðzÞihχðzÞjR;

jχðzÞiR ¼ 1ffiffiffi
d

p
Xd−1
l¼0

ΨlðzÞjliR; ðF1Þ

where z ¼ fz1;…; zNg denotes an electron configuration.
This state is separable across RjQ. Therefore, no operation
acting on the FQH system alone can reconstruct entangle-
ment between the logical degree of freedom and the
reference. In this sense, the maximally dephased state
contains no recoverable quantum information.
However, this does not mean a classical memory. Below,

we provide a definition of classical memory. Let CL be the
logical code space at linear system size L, and let N L be a
noise channel. A purely classical logical memory of the full
logical system is associated with a maximal commuting
logical algebra

Acl ¼ spanfΠigd−1i¼0 ; Πi ¼ jψL
i ihψL

i j; ΠiΠj ¼ δijΠi;

ðF2Þ

where fjψL
i ig is an orthonormal logical basis. The deco-

hered state retains a classical memory associated with Acl

if, for an arbitrary logical state jΨLi ¼ P
i cijψL

i i, the
following two conditions are satisfied. First, the classical
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probabilities jcij2 in the basis fjψL
i ig can be recovered:

lim
L→∞

inf
RL

sup
jΨLi∈ CL

����RL ∘NL½jΨLihΨLj� −
Xd−1
i¼0

jcij2Πi

����
1

¼ 0;

ðF3Þ

where kXk1 ≡ tr
ffiffiffiffiffiffiffiffiffi
X†X

p
is the trace norm. In particular, all

the basis states jψL
i i can be recovered. Second, the

information about arg ci is lost:

lim
L→∞

sup
jΨLi;jΨ0Li∈CL

jhψL
i
jΨLij2¼jhψL

i
jΨ0Lij2 ; ∀ i

kNL½jΨLihΨLj�−NL½jΨ0LihΨ0Lj�k1¼0:

ðF4Þ

Namely, there is no residual “quantum coherence.” For
example, for toric code under Z dephasing, the quantum
memory is degraded to a classical memory above the error
threshold pc ≈ 0.109, with the classical information
encoded in the probability distribution in the eigenbasis
of logical Z operators.
We now show that the fully dephased FQH states fail the

second condition, Eq. (F4). For any logical basis fjψL
i ig,

define the corresponding many-body wave functions

ψL
i ðzÞ ¼ hzjψL

i i: ðF5Þ

Then, for any logical state jΨLi ¼ P
i cijψL

i i under maxi-
mal dephasing, we get

N∞
L ½jΨLihΨLj� ¼

Z
Dz

�X
i;j

cic�jψ
L
i ðzÞψL�

j ðzÞ
�
jzihzj:

ðF6Þ

Then the second condition (F4) requires

PijðLÞ≡
Z

DzjψL
i ðzÞj · jψL

j ðzÞj→ 0 ðL→∞Þ; ∀ i ≠ j:

ðF7Þ

However, we show below that for ν ¼ 1=m Laughlin states
on a torus with fixed modular parameter τ ¼ iLy=Lx,
PijðLÞ does not vanish in the thermodynamic limit. An
arbitrary state ψL

i (L≡ ffiffiffiffiffiffiffiffiffiffi
LxLy

p
) in the ground-state mani-

fold can be written as

ψL
i ðfzagÞ ¼ ΨL

relðfξa; ξ̄agÞ exp
�
−
ðImZÞ2
2N

	
Fi;c:m:

�
Z
Lx

�
;

ðF8Þ

where

Z ¼
XN
a¼1

za; ξa ¼ za −
Z
N
; ðF9Þ

are the c.m. and relative coordinates, respectively. The
relative part ΨL

rel is common to all degenerate ground states,
and the c.m. wave function Fi;c:m:. can be chosen from an
m-dimensional space Vm;τ spanned by the generalized
Jacobi ϑ functions:

Vm;τ ¼ span



ϑ

�
αþ l=m

β

	
ðmζjmτÞ

�m−1

l¼0

; ðF10Þ

where α, β are determined by the magnetic boundary
conditions. After integrating over the relative coordinates,
the overlap Pij reduces to

PijðLÞ ¼
Z
T τ

d2ζ exp

�
−
2πm
Im τ

ðIm ζÞ2
	

× jFL
i;c:m:ðζÞj · jFL

j;c:m:ðζÞj; ðF11Þ

where ζ ¼ Z=Lx. Here we used LxLy ¼ 2πmNl2
B

and imposed the normalization
R
T τ
d2ζ exp f−½ð2πmÞ=

ðIm τÞ�ðIm ζÞ2g½FL
i;c:m:ðζÞ��FL

j;c:m:ðζÞ ¼ δij. Consequently,
at fixed m,τ, PijðLÞ is independent of L. Since the
integrand is non-negative, and the generalized ϑ functions
have isolated zeros, we have

lim
L→∞

inf
i≠j

PijðLÞ > 0: ðF12Þ

This leads to failure of the condition (F4) of a classical
memory.
A similar argument applies to a generic FQH state at

fractional filling ν ¼ n=m, where n andm are coprime. The
many-body magnetic translations Tx and Ty generate m-
dimensional c.m. multiplets [65]. If the total ground-state
degeneracy exceeds m, the ground-state manifold may
contain several such multiplets, distinguished by a relative
or neutral-sector label. Within any fixed multiplet Cc:m:, all
states share a common relative-coordinate wave function
and differ only in their center-of-mass dependence, so that
an arbitrary state in Cc:m: retains the factorized form of
Eq. (F8). See also the related discussion in Sec. V D. The
above argument for Laughlin states therefore applies
separately to each such c.m. logical subspace. We conclude
that maximal density dephasing does not erase all relative-
phase information encoded in these c.m. logical sectors.
More precisely, the resulting classical electron-configura-
tion distribution cannot depend solely on the probabilities
in any single logical basis: it necessarily retains distinguish-
able records of superpositions that differ only by their
relative phases. The residual information is therefore not
equivalent to a purely classical memory.
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The assumption of fixed τ is essential. For Laughlin
states in the thin-torus limit, Lx ≫ lB ≫ Ly, a charge
density-wave order occurs [80,81], and thus under maximal
dephasing a classical memory is realized in this particu-
lar case.
That a fully dephased state can have nonclassical

memory might appear mysterious and related to the local
indistinguishability of logical states. In the following, we
provide a more mundane two-qubit example, showing that
such a phenomenon is actually quite common.
We consider a two-qubit code with the following

stabilizer

ðcos θZ1 þ sin θX1Þðcos θZ2 þ sin θX2Þ: ðF13Þ

The code space is two-dimensional, and a generic pure state
in the code space takes the form (up to a global phase
factor):

jΨκ;αi¼ κðcj0iþ sj1iÞ⊗2 þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1− κ2

p
eiαðsj0i−cj1iÞ⊗2 ;

with c≡ cos
θ

2
; s≡ sin

θ

2
; 0≤ κ≤ 1; 0≤ α< 2π:

ðF14Þ

Then we add maximal Z dephasing to both qubits, which
leads to

ρðκ; αÞ ¼ N∞½jΨκ;αihΨκ;αj�
¼ jκc2 þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
eiαs2j2j00ih00j

þ jκs2 þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
eiαc2j2j11ih11j

þ c2s2jκ −
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
eiαj2ðj01ih01j þ j10ih10jÞ:

ðF15Þ

For generic θ, the final state ρðκ; αÞ lies in a 2d region K in
the 4d space generated by the basis vectors
j00ih00j; j01ih01j; j10ih10j; j11ih11j.
On the other hand, a classical memory is encoded in

the orthogonal basis jψ0i; jψ1i, the condition (F4) is
replaced by

N∞½jψ0ihψ1j� ¼ 0: ðF16Þ

This means the final state belongs to the following one-
parameter family:

ρ¼ jc0j2N∞½jψ0ihψ0j�þð1− jc0j2ÞN∞½jψ1ihψ1j�: ðF17Þ

However, this is only true in the special cases
θ ¼ nπ=2; n ¼ 0, 1, 2, 3, where K collapses to a 1D line.
Therefore, for other values of θ, this two-qubit code realizes
a nonclassical memory under maximal Z dephasing.
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