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We construct an effective field theory (EFT) that captures the universal behavior of out-of-time-order
correlators (OTOCsS) at late times in generic quantum many-body systems with conservation laws. The EFT
hinges on a generalization of the strong-to-weak spontaneous symmetry-breaking pattern adapted to out-
of-time-order observables and reduces to conventional fluctuating hydrodynamics when time-ordered
observables are probed. We use the EFT to explain different power-law behavior observed in OTOCs at late
times and show that many OTOCs are entirely fixed by conventional transport data at leading order.
Nevertheless, we show that a specific combination of OTOC: is sensitive to novel transport parameters not
visible in regular time-ordered correlators. We test our predictions in Hamiltonian and Floquet spin chains

in one spatial dimension.
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I. INTRODUCTION

The thermalization dynamics of quantum many-body
systems has been a subject of active research in the past
decades [1-4]. Despite the complexity of the microscopic
dynamics, universal behavior typically emerges at late
times, including in the form of hydrodynamics, random
matrix behavior, and patterns of entanglement or operator
growth. Fluctuating hydrodynamics, in particular, offers
one of the few controlled tools to make quantitative
predictions in chaotic quantum many-body systems with
conservation laws. The success of an effectively classical
hydrodynamic description obscures to some extent the
microscopic quantum complexity and extensive entangle-
ment that allowed it to emerge. Understanding whether the
hydrodynamic regime hides signatures of the underlying
quantum dynamics is an important outlying question.

Recently, hydrodynamic behavior has been observed in
quantum observables that do not have an obvious classical
counterpart. These include the spectral form factor [5,6],
entanglement growth [7,8], and out-of-time-order correla-
tors (OTOCs) [9,10]. While it is not surprising that
hydrodynamic signatures pervade observables beyond
conventional linear response and transport, understanding
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and predicting these signatures quantitatively requires a
quantum description of fluctuating hydrodynamics going
beyond the conventional Martin-Siggia-Rose (MSR)
formalism [11-14].

The framework that will allow us to go beyond classical
observables is the recent formulation of fluctuating hydro-
dynamics as an effective field theory (EFT) on a
Schwinger-Keldysh contour [15-19]. While most applica-
tions of these EFTs to date led to results that could have
been obtained from the classic MSR formalism, their
construction is naturally extendable to capture purely
quantum observables. In this paper, we focus on one of
the simplest such observables, OTOCs, with the goal of
uncovering their universal behavior in generic thermalizing
systems.

Much of the early work on OTOCs was in the context of
semiclassical, large-N, or weakly coupled systems, where
microscopic calculations and effective descriptions showed
that OTOCs feature exponential Lyapunov growth inside a
butterfly cone [20-32]. Although Lyapunov growth does
not survive away from these simplifying limits, numerical
studies have shown that butterfly cones may be more
generic [9,10,33-36]. The operator growth dynamics that is
responsible for the butterfly front happens for local
quantum many-body systems whether or not conserved
quantities are present. References [9,10] studied systems
with conservation laws and found an interesting interplay
of this “information dynamics” with conserved densities.

The goal of this paper is to establish a controlled
theoretical framework that captures OTOCs in generic
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quantum many-body systems with conservation laws. Are
hydrodynamic signatures in OTOCs quantitatively related
to those in more conventional correlators? Can one predict
the asymptotic, late-time OTOCs from knowledge of time-
ordered correlators (TOCs) only? We will find that this is
the case to a certain extent—regular OTOCs are entirely
fixed, asymptotically, in terms of time-ordered correlators;
however, certain linear combinations of OTOCs reveal
novel transport parameters that are invisible in time-ordered
correlators alone.

We start by describing a simple heuristic argument in
Sec. II that explains the power laws observed in previous
numerical studies. In Sec. III, we construct the EFT that
provides a controlled approach to OTOCs at late times.
This construction reveals the existence of novel transport
parameters even in simple diffusive systems that are visible
only in OTOCs. Section IV further explores these transport
parameters and discusses the properties of the EFT. Finally,
we compare our predictions to Hamiltonian and Floquet
systems with conservation laws in Sec. V.

II. HEURISTIC SCALING ARGUMENT

OTOCs in systems with conservation laws were observed
to have diffusive tails in Refs. [9,10]. Figure 1 reproduces
and generalizes their results to OTOCs at noncoincident
points, revealing several different power laws: 1/¢'/2, 1/1,
and 1/13/. Before presenting the detailed construction of the
EFT that will quantitatively predict OTOCs at late times, we
describe a simple heuristic argument that captures this
observed scaling behavior. At late times, in a hydrodynamic
regime, operators that overlap with conserved densities
approximately commute: [A, B] ~ twAB, where o is the
frequency scale of the probe, and 7 is an intrinsic timescale of
the hydrodynamic description (7w < 1 in the hydrodynamic
regime). This statement will be sharpened later—in fact,
we will see it is a prediction of the EFT—but for now we
simply note that it is consistent with the fluctuation-
dissipation relation for two-point functions Im G¥(w) =
tanh[(fw)/2]G%(w) =~ [(Bw)/2]G%(w), where in this case,
the intrinsic timescale is set by inverse temperature 7 =
p=1/T (weseth=1).

Thus, OTOCs are approximately equal to TOCs. For
example,

(O(t3)O0(1))O(1,) O(0)) s = (O(t3) O(1,) O(1,)O(0) ) 5, (1)

where (-); = Tr(p;-) denotes the expectation values in the
thermal state py = ¢ /Tr(e™"H). The corrections to the
equality have a relative 1/t suppression at large time
separations ¢ = min;; |t; —¢;| (this error estimate is
conservative and can be improved when the operators
are also spatially separated).

To leading order, OTOCs of the form (1) can thus be
obtained from regular time-ordered higher-point functions.
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FIG. 1. Out-of-time-ordered correlators in the mixed-field Ising

model at # = 0.2 [(a)—(c)] and in the Floquet XXZ model [(d)—
(O] at u = 0.0. In both models, the operator O = n — (n), where
n is the conserved local density. The OTOC at coincident times
(0(n)00(1)0), and (dis)connected OTOC at separate times
(0(31)0(1)0(21)0) and (O(31)O(t)O(2t)O),. obey three differ-
ent power laws as predicted by the EFT.

Nonlinear TOCs in the hydrodynamic regime were studied
in Ref. [37] and are characterized by a simple scaling
behavior which we briefly review. Consider a hydrody-
namic regime described by the scaling o ~ ¢*, with z = 2
corresponding to diffusion. The charge-density two-point
function behaves as

() = . @

so that charge fluctuations scale as én ~ 1/14/(29) ~ g4/2,
Nonlinear response or higher-point functions arise from
non-Gaussianities in the EFT, which are suppressed by addi-
tional powers of fluctuations én. Since a connected N-point
function requires N — 2 such insertions, its overall scaling is

©Ot) - OW)ep~ e O

Here, O is any operator overlapping with the diffusing
density n. Other operators may also feature power-law
decay due to overlap with composite hydrodynamic fields
[0,n, (6n)?, etc.] [38,39]; for example, in the mixed-field
Ising model, every operator of finite support is expected to
feature polynomial decay [40].

Setting d =1, z =2 (diffusion), and N =4, Eq. (3)
explains the 1/¢3/? scaling observed in Fig. 1. Implicit in
this statement is the fact that regular (nonconnected)
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correlators approximately factorize, because the hydro-
dynamic EFT is weakly coupled (even if the underlying
microscopics is strongly coupled). Thus, for N even, a
nonconnected N-point function is approximately equal to a
product of N/2 two-point functions, which scales as
(1/14/7)N/2 Setting again d = 1, z = 2, and N = 4 repro-
duces the 1/¢ scaling observed in Fig. 1.

We must still explain the 1/4/7 scaling of the “coinci-
dent” OTOC observed in Fig. 1 as well as Ref. [9]. The
results above break down if two operators are taken closer
to each other than the UV cutoff of the hydrodynamic EFT.
Beyond this limit, pairs of nearby operators can be viewed
as a single composite operator and expanded in an operator
product expansion of the EFT [37]. The four-point OTOC
therefore reduces to a single two-point function, whose
scaling indeed agrees with the observed behavior [41].

These heuristic results—and in particular Eq. (1), which
shows that OTOCs approximately reduce to TOCs at late
times—already point to where novel universal phenomena
may be found: in the difference between OTOCs and
TOCs. Correlators involving commutators can capture the
difference between OTOCs and TOCs, for example,

Goroc(t;) = (O(13)[O(1,), O(1,)]0(0)) 4. 4)

As will be discussed below, this observable reveals novel
transport parameters that are invisible in time-ordered
correlators or conventional response functions. These
transport parameters also give subleading contributions
to other OTOC:s like Eq. (1) at late times, but the fact that
they control the leading-order behavior of Eq. (4) makes
them most physically relevant and straightforward to
extract in numerics.

III. EFT FOR OUT-OF-TIME-ORDERED
TRANSPORT

A. Generating functional for OTOCs

Consider a quantum many-body system with time
evolution generated by a Hamiltonian H. Our construction
will also apply to Floquet dynamics and local unitary
circuits with conservation laws, but we use the notation of
Hamiltonian evolution for concreteness. We assume the
system has at least one continuous global symmetry, which
could be time translation invariance, leading to the con-
servation of a current

9,j* =0. (5)
It will be useful to couple this current to external sources:
Hy — HI[A|(t) = Hy(1) — / ddxAM(t, X)j*(1,X). (6)

One could also similarly source other operators. We will
drop the u index and let A collectively denote any source

FIG. 2. The 1-CTP (“closed-time path”) and 2-CTP contours.

that is considered. The time-evolution unitary is then

UlA)(ty. 1) = T~ Ji A0, (7)

where 7 denotes time ordering. The conventional
Schwinger-Keldysh generating functional is given by

Z,[Ay. Ay] = Tr(pUSUY), (8)
where we use the shorthand notation

This functional can be used to generate any time-ordered
correlator of currents and densities. We will instead con-
sider a generalization with four “switchbacks”:
Z4[A1, Ay, As, Ay = Tr(pULUSULUY). (10)

The corresponding closed-time paths (CTPs) are illustrated
in Fig. 2. Z, can generate any four-point OTOC, as well as a
large class of higher-point functions. Our goal is to find an
EFT that controls the asymptotic late-time expansion of Z,.
This generating functional can also be expressed in the
path integral formalism in terms of the microscopic action

S[w], where w denotes the microscopic fields or lattice
degrees of freedom:

Zi = [3 Dy eSS (1)

The boundary conditions (BCs) corresponding to the
object (10) are w(tr) = wa(ty), walt;) =ws(1;), and
w3 (1) = wu(ty), and finally the path integral is weighted
by the matrix element (y(#;)|p|w4(2;)).

B. Properties of the generating functional

The generating functional (10) satisfies a number of
properties, which would be automatic in any microscopic
realization. However, because the EFT constructed in this
paper is not microscopic, these properties will have to be
carefully imposed by hand to constrain the EFT.

(1) Collapse: If sources on any two successive legs

are identified (say, A; = A, = A), these two legs
“collapse” U;U 1 = 1, and the result is independent
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of A. In equations,

Z4[A],A2,A,A] - Z4[A],A,A,A2]
- Z4[A,A,A1,A2]
=Z,[A1, Ayl (12)

(2) Unitarity of the time-evolution operator implies
Zy[A1 Ay A3 Ag]" = Z4[Ay A3 Ay Ay (13)

(3) Kubo-Martin-Schwinger (KMS): The thermal state
p=ePH/TreP" can be commuted across any
number of unitaries, giving

Zy=Zy[AN (=14 iB). A (1) AN (=) A%(=1)]. (14a)

Zy = Z4[A3(1),A* (1), A (t+iB), A% (t+iB)]. (14b)

In the second equation, p was commuted across U, and U;.
In the first equation, time-reversal symmetry was applied
after commuting p across U, to recover a generating func-
tional of the form (10). We note that time-reversal symmetry
is not necessary to impose the KMS symmetries [43—45]:
One can instead define a reversed generating functional
7y = Tr(pU4U§ UZUD, and relate Z, to Z, (in the EFT, the
Wilsonian coefficients of both must be the same, as they can
both produce the same observables).

These constraints generalize similar properties of Z, that
played an important role in recovering fluctuating hydro-
dynamics from an EFT on a Schwinger-Keldysh
contour [16—-18]. Note that the collapse constraint (12)
in particular implies that the 2-CTP EFT reduces to the
conventional 1-CTP one (fluctuating hydrodynamics).
Thus, the 2-CTP EFT we will construct will also contain
all the information of fluctuating hydrodynamics, as well as
new transport parameters that can appear in OTOCs.

The generating functional also satisfies “partial collapse”
constraints that are stronger than Eq. (12): If two consecu-
tive sources are set to be equal past a certain time ¢, [say,
A} — A, x 0(t, — 1)], then the dependence of the generat-
ing functional on the source past f, drops out. This
condition is sometimes referred to as a latest-time con-
dition, and is further discussed in Appendix B. As we will
see, this stronger condition will be automatically satisfied
in the EFT.

C. Symmetries of mixed-state time evolution

Let us take the microscopic system to be invariant under
a global U(1) symmetry for concreteness, [Hy, Q] = 0.
There is a natural doubling of symmetries in the dynamics
of mixed states: Time evolution of a density matrix p
commutes with the action of a symmetry generator on
either side e/ 2p or pe~®€ of the density matrix [46]. This

doubling was already used in Eq. (8), where the symmetry
currents were coupled to independent gauge fields.

In the generating function for OTOCsS, there are further
additional symmetries for each switchback. One can view
the object being time evolved as an elementp @ 1€ (H ®
H*)? of a quadrupled Hilbert space—a symmetry action on
any of the four legs commutes with time evolution for a
closed system. The dynamics is thus invariant under U (1)*.

Now that we have discussed symmetries of the time
evolution, we would like to know if observables respect
these symmetries. Consider an operator y charged under
the U(1). Notice that charged thermal correlators generi-
cally do not vanish

Trpy'y #0,  Trpyly'yw #0,....  (15)
We have not specified the spacetime argument of the
operators, as it does not play an important role below;
one can imagine that they are slightly separated in time. In
terms of correlation functions of the y; appearing in
Eq. (11), the nonvanishing of charged thermal correlators
implies that, e.g.,

<wawa3wi4> £0, Vi, e{1,2,3,4}. (16)

We thus see that all of the symmetries y; — e'®y; are
generically broken by observables, except for the diagonal
U(1)iyg that acts on all legs in the same way, y; — ey,
We will interpret this invariance of the observables only
under the diagonal U(1)4;,, as a spontaneous breaking of
the symmetries (SSB). Note that the symmetries and the
SSB pattern depend on the observable under consideration:
For generating functionals Z,, Z,, or more generally Z,,,
the symmetry is U(1)?" and is expected to be sponta-
neously broken to the diagonal group:

U=

U(l)diag' (17)
This statement generalizes to any symmetry group G,
which can be non-Abelian, higher form, and include
discrete factors; we generically expect thermal dynamics
to realize the SSB pattern

G 28 G (18)

For continuous symmetry groups, this SSB pattern will lead
to (2n — 1) dim G Nambu-Goldstone-like fields that non-
linearly realize the symmetry. This generalizes the proposal
of viewing fluctuating hydrodynamics as a theory of
Nambu-Goldstone (NG) bosons for the strong-to-weak
spontaneous symmetry breaking (SWSSB) of continuous
symmetries in thermal states [47,48], which is the n =1
version of our statement (see Refs. [40,49-52] for further
discussions on fluctuating hydrodynamics from the
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SWSSB perspective, and Refs. [53-55] for studies of
strong discrete or generalized symmetries and their break-
ing). The Nambu-Goldstone fields can be thought of as
noise fields that accompany the density in fluctuating
hydrodynamics, the winding history of OTOCs allowing
for multiple noise realizations in our case.

D. Degrees of freedom of the EFT

The SSB pattern identified above immediately suggests
the collective field content that governs the late-time
dynamics. First consider the symmetry-breaking pattern
U(1)? - U(1)gie that pertains to Z, and time-ordered
correlators. If the entire U(1)? were spontaneously broken,
the EFT would contain two NG fields

¢lﬂ¢2' (19)

It is convenient to work with fields that are even and odd
under interchange of the two legs (“Keldysh rotation”)

bo=3bitd) bu=di—h (20

Such an EFT describes the ordered (superfluid) phase, for
example, the XY model below the ordering or Berezinskii-
Kosterlitz-Thouless (BKT) temperature. Instead, the diago-
nal symmetry is preserved in the normal state that we are
considering; this implies that ¢»; + ¢, is not an NG field.
The diffusive EFT should therefore contain ¢,, but not ¢,.
Nevertheless, as reviewed in Appendix A, the simplest way
to impose the collapse rules and KMS symmetry is to
introduce a Keldysh partner for ¢,: a field y, that has the
same transformation properties as ¢, would have. Note the
key time derivative; p, is thus invariant under the U(1)
symmetries and does not need to appear with derivatives in
the action. The construction of the EFT is reviewed in
Appendix A: To leading order in derivatives, the action is

where [, = [dtd’x. The physical density n=(1/y)u,
satisfies the noisy diffusion equation to leading order in
derivatives: 7 — DV?n ~ —iTyDV?¢,.

Let us now turn to the symmetry-breaking pattern
U -u (1)4iqg relevant for Z, and four-point OTOCs.

If the U(1)* symmetry were entirely spontaneously broken,
the EFT would now contain four NG fields

¢17¢2’ ¢33¢4' (22)

In analogy with Eq. (20), we introduce the basis

br = Q1+ 2+ b3 + s,
ba =1 — 2+ 3 — s,
by =1+ b2 — 3 — s,
b- =1 — =3+ ¢a. (23)

The fields ¢4, ¢, ¢p_ are NG fields that must enter with
derivatives in the action. The fact that the diagonal
symmetry is preserved implies that ¢, should not enter
the EFT. However, the EFT will again contain a partner g,
whose transformation properties under collapse or KMS are
the same as ¢@p.

E. Constraints on the EFT

Having identified the relevant degrees of freedom, we
would like to construct an effective field theory represen-
tation for the generating functional (10)

ZJA) = [ DukDpsDp. Dp_eSbastns 4. (24)

The symmetry-breaking pattern (17) implies that the NG
fields ¢4, ¢, ¢_ must enter the action with derivatives,
while up does not need derivatives.

The general constraints on Z, obtained in Sec. [II B can
be translated into constraints on the effective action S.
While unitarity (13) and KMS (14) essentially translate
into symmetries of S, the collapse constraint (12) is
somewhat unusual in EFT: It does not relate the generating
functional to itself upon a group action on the sources, and
hence does not have the interpretation of a symmetry.
Nevertheless, we show in Appendix B that it leads to a
simple condition on the action. In summary, the action must
satisfy

(1) Collapse: If any two neighboring fields are identi-

fied, the action is independent of that field and
collapses to the 1-CTP EFT. In the ¢y, ¢, ¢z, P4
basis, this implies that S[¢;, ¢, @3, ¢p4] must satisfy

S[¢l ’ ¢2’ ¢’ ¢] = S[¢1 s ¢’ ¢7 ¢2]
= S[¢7 ¢’ ¢1’ ¢2]
= SI—CTP[¢17¢2]‘ (25)

(2) Unitarity imposes a reality condition on the action

S*[¢R’ ¢A’ ¢+’ ¢—] - _S[¢R’_¢A7_¢+7 ¢—] (26)

(3) KMS symmetry imposes

S[¢] = S[&KZ] = S[(ZTK]- (27)
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The KMS-transformed fields c])Kz, ¢rx are given by

(dr2) (@) = (hg2)' (@) (o). (28a)
(@rx) (@) = =(hr)! s (@) (~w), (28b)
with, in the 1234 basis,
1
1
hygr = oo ,
ebe
e P
1
hrgx = | : (29)
1

[The notation K" reflects the fact that we permuted legs
across the density matrix n times in Eq. (14), and T refers to
time reversal.] In practice, it is often useful to implement
KMS perturbatively in fw; see Appendix C 1.

F. Construction of the EFT

We are now ready to construct the EFT for OTOCs.
Consider first the Gaussian action

1
Sp) = 2/ M (p)pL ¢, (30)
P
with p = {w, k} and [, = [ldwd’k/(27)**"]. Imposing all

the collapse constraints (25) leads to a matrix in the
(RA + —) basis

0 b,, 0 0
b_ a 0 b_,—-b
M[J(‘PJ’): Op Op 0 pb : . (31)
p
0 b,,—b_p b_,, 0

Imposing KMS (27) then fixes

alp) = 260m (%) o) - b (32

Finally, imposing unitarity (26) leads to the relation
b(p)* = b(=p). (33)
which implies that b is a real function (real Taylor

coefficients) of ip. It also implies that a(p) is purely
imaginary (as a function of p), and even under p — —p:

a(p) = —4icoth (’%J) Im b(p). (34)

We can now expand the action in p (or derivatives).
SWSSB implies that ¢pp must appear with a time derivative
tir = g, and hence, b(p) « w. Further using Eq. (33), its
small momentum expansion must take the form

b(p) =% (~iw) (i + DI + ). (35)

with y, D € R. Equation (34) then implies
a(p) = 2iTyDk* + - - -. (36)

The fact that the parameters y, D correspond to the familiar

charge susceptibility and diffusivity follows from Eq. (25),

which requires the 2-CTP action under certain conditions to

reduce to the 1-CTP one (regular fluctuating hydrodynamics).
The final action in position space takes the form

S(z) —%(/tx4iTD(v¢A)2 +,MR(¢A + DVZ¢A)
+ ¢t (¢~ + DV2p™) + 2DV~ +---,  (37)

where - - - denotes higher-derivative terms. The only coef-
ficients entering are the familiar thermodynamic and trans-
port parameters y and D (or the conductivity o = yD), which
already appeared in the 1-CTP EFT. This is no surprise: The
Gaussian action captures only two-point functions, which
could have been obtained from the 1-CTP EFT.

Let us now turn to interactions. In this paper, we focus on
cubic and quartic terms:

1
S(S)Zg/ Sxp Muk({P}) ), &), b5, (38)
I PiP2P3

1
So=y | onpMun 0\ bl (39
* Y P1P2P3P4

with 5, = (27)4+15(w)6¢(K). These will give the leading
contributions to the simplest OTOCs, which are four-point
functions.

We impose the constraints on the cubic and quartic
action in Appendix C 1 to find the leading-order terms. For
the cubic action, the only terms we find are equivalent to
cubic terms entering the 1-CTP EFT [37] (the leading-order
ones are related to derivatives of thermodynamic or trans-
port parameters with respect to chemical potential 3’ =
dy/du and ¢’ = do/dp). Importantly, there is no parameter
in the cubic 2-CTP action that does not appear in the 1-CTP
action. This is to be expected, since these parameters
contribute to three-point functions, and any three-point
function in a thermal state can be represented on a 1-CTP
contour (this would not be the case for a nonthermal density
matrix; see, e.g., Ref. [56]).

The quartic action instead can feature new terms not
present in the 1-CTP EFT, because there are four-point
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OTOC:s that cannot be represented on a 1-CTP. The leading
1-CTP quartic terms were studied in Ref. [37] and are
reviewed in Appendix C 1: They again have the interpre-
tation of derivatives of familiar transport parameters y”, ¢”.
These terms of course have incarnations in the 2-CTP
EFT. At leading order in derivatives and scaling, we find
two new terms that drop out of any 1-CTP correlation
function:

S(4) = /dtddX/h,Cl +/12£2 (40)

with

Ly = i[¢2(Vh = V§3) + VP2 (di — ¢3) + -,
Lr=ilp-Vo_(h Vo, — paVepsa) + -+

The unitarity constraint (26) implies that these coefficients
are real 1; , €R. The ellipses denote terms that are higher
order in scaling (see Sec. IVA), as well as terms « f that
are imposed by KMS symmetry; these terms are spelled out
in Egs. (C5) and (C6). These coefficients also enter the
constitutive relation for the current jR = 455/5A%:

jir =0(Eig — Ojug — 20:p_ + 8iTOigps) + - - -
+ 4i(31 P 0ipa + Aap_dadip_ + -+ ). (41)

The first line is the usual constitutive relation for the current
of a diffusing charge, albeit with an unusual basis of noise
fields due to the 2-CTP representation. The new out-of-
time-ordered transport parameters A, , can be interpreted as
a form of nonlinear response involving correlated noise
between the two replica.

IV. OTOCS AND THEIR TRANSPORT
PARAMETERS

Our construction revealed novel transport parameters for
diffusive systems that were visible only in OTOCs. We
explore these parameters in this section and use the EFT to
predict the behavior of OTOCs more generally.

A. Scaling in the EFT

The control parameter underlying the validity of the EFT
is small-frequency @ or wave vector g. Corrections to the
Gaussian actions (21) or (37) can be classified according to
their scaling dimension to anticipate their contributions to
observables. The interesting scaling regime for diffusion is
@ ~ ¢*; in this regime, the 1-CTP EFT (21) describing
conventional fluctuating diffusion shows that the fields
scale as

p~ Pt~ g2 (42)

For regular densities n ~ ", this scaling indeed predicts
that diffusive correlators (nn) ~ 1/t4/2. Applying the same
logic to the 2-CTP Gaussian action (37), one finds

W e e g, (43)

Note that one of the Goldstones (¢~) is more relevant. The
advantage of the Keldysh basis introduced in Eq. (23) is
precisely that it is an eigenbasis for scaling. This scaling
underpins the construction of the EFT in Sec. III F.

In the 1-CTP action, the leading quartic terms y” and ¢”
have two extra powers of y”, so that

@

TOC  (,,r\2 ~ ,d
s ~ W)~ (44)

The new OTOC parameters found in Eq. (40) have the same
scaling

5@

oTOC _ ,d
@ 4" (45)

In particular, corrections to diffusion are irrelevant, and the
dynamics is controlled to leading order by the Gaussian
diffusive fixed point. This already justifies part of the
heuristic argument in Sec. II: Higher-point TOCs and
OTOC:s factorize into products of two-point functions (said
differently, any operator overlapping with hydrodynamic
fields approximately satisfies Wick’s theorem).

While the dynamics is described to leading order by a
simple diffusive fixed point, many observables vanish at
the fixed point; this is the case for the connected OTOCs
of interest in this paper. These observables are thus
controlled by the leading irrelevant corrections to the dif-
fusive fixed points, namely, y”, 6", and the OTO-transport
parameters A .

B. Predicting the scaling of observables

We are now ready to make predictions for OTOCs in
generic thermalizing quantum many-body systems using
the EFT. A simple argument shows that there are only
three independent four-point functions of identical oper-
ators O in a thermal state p=e P /Tre™PH [4345]. Let
1 <ty <t3<ty. Using trace cyclicity, commuting past
the thermal density matrix at the cost of a shift in
imaginary time, one can make O(#;) the rightmost operator.
Every four-point function can then be related to the
correlators

90 = Tr[pO(14)O(13) O(1,) O(1,)], (46a)
g1 = Tr[pO(13)O(t4) O(t,) O(1y)], (46b)
92 = Tr[pO(14) O(1;) O(13) O(1,)], (46c¢)
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TABLE 1. EFT prediction for the scaling of the connected
correlators defined in Eq. (46). While the first column directly
follows from the scaling analysis, several cancellations at f = 0
lead to smaller correlators.

p#0 p=0
Re(gp) 3d/2 (~3d/2
Im(gp) ~(3d/2+1) ~(3d/2+2)
Re(go — g1) ~(3d/2+2) ~(3d/2+3)
Im(gy — g1) ~(3d/2+1) ~(3d/2+2)
Re(go — 92) ~(3d/2+2) ~(3d/2+2)
Im(go — g») ~(3d/2+1) ~(3d/2+2)

and their complex conjugates. gy is the regular time-ordered
Wightman function. g; is not time ordered, but can be
represented on a 1-CTP. Finally, g, is a genuine OTOC that
requires a 2-CTP.

The 2-CTP Keldysh basis of correlators

Grxr = (04(11)0,(12) Ok (1) OL (1)), (47)
with I,J, K, L €{1,2,3,4}, is highly redundant; each can
be expressed in terms of the three complex functions in
Eq. (46). We provide the map between these two bases in
Appendix D.

Having expressed physical observables in terms of the
Keldysh fields with simple scaling properties, it is now
straightforward to estimate the observables (46). As dis-
cussed above, they approximately factorize into a discon-
nected piece; we then focus on the connected versions g¢ of
these correlators, i =0, 1, 2. We find that they are all
approximately equal and given by the largest Keldysh
correlator

1

90+ 91- 95 ~ GrrrR ™~ papn (48)

The last relation follows from (uf)* ~ ¢?? ~ 1/t using

Eq. (43) and the fact that one vertex (45) costs g¢ ~ 1/14/2.
The fact that gi ~ g{ ~ g5 at late times is the EFT derivation
for the heuristic argument of Sec. II: Operators approx-
imately commute at late times. As discussed there, it
motivates us to study the difference between the g¢, which
involve commutators. This is carried out in detail in
Appendix D, with results reported in Table I.

C. Kubo formulas for OTOC-transport parameters

Beyond the scaling behavior of observables, the EFT
provides predictions for the entire spatial and time-resolved
correlators

Tr[pn(ty. x4)n(t3, x3)n(tz, x2)n (11, )] (49)
As in Eq. (46), these can be separated into correlators that
are representable on a 1-CTP (g, and g,) and a correlator

FIG. 3. Feynman diagrams that contribute to OTOCs in the
EFT. Cubic vertices are forbidden in the presence of particle-hole
symmetry, in which case, only the right diagram exists. There are
only four different quartic vertices at leading order: two which
can be measured in regular transport (¥” and ¢”), and the two
OTO-transport parameters 4; and 4,.

that requires a 2-CTP (g,). The former were studied in
Ref. [37] and are briefly reviewed in Appendix A. Here we
focus on the genuine OTOC g,, which probes the novel
OTO-transport parameters 4;,. As discussed above, g, is
approximately equal to the time-ordered correlator g at late
times, and the interesting observable is g, — gy, as antici-
pated in Eq. (4). We show in Appendix D that its real and
imaginary parts can be obtained with the following Keldysh
correlators:

1
Re(g, — go) = RG——++7

Im(g, — go) = — %Gk—m- (50)
(These expressions hold at # = 0; the generalization to f #
0 is shown in Appendix D.) The leading behavior of these
correlators is captured by a tree-level diagram in the EFT
shown in Fig. 3. Their full expression in momentum space
is given in Eq. (C15). Remarkably, the real and imaginary
parts of this OTOC have qualitatively different behavior: At
leading order in the late-time expansion, the imaginary part
is entirely determined by conventional transport data that
can be extracted from time-ordered correlators (specifically,
x and o, and their derivatives with respect to thermody-
namic parameters), whereas the real part reveals the OTO-
transport parameters identified in Eq. (40). As with conven-
tional transport parameters, the limits of these correlators
can be used to establish Kubo formulas for the OTO-
transport parameters A;, A, identified in Eq. (40). In
particular, the static limit w; — 0 of G__, | involves both
A1 and 4,; see Eq. (C16). Different kinematic configurations
of the wave vectors k; can then be used to isolate each
parameter separately, for example,

- 43, (2 + 12
lim lim G__,,(p1.p2.P3.pa) = 4 (ki +K)

a),-—>0’;f;-_:-_*l‘(31- ﬂDZ k%k% ’
. . 4 (241 +4)
(})}E}) k,l_g{»lk G__ 1+ (P1,p2:P3:P4) :WT (51)

k3. kg——k

Here, we have assumed particle-hole symmetry for sim-
plicity to forbid the cubic EFT terms y’, ¢/, which would
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otherwise give additional contributions to Eq. (51). These
Kubo formulas could help identify OTOC parameters in
tractable microscopic models.

It is of course also possible to measure the OTO-
transport parameters 4, , in the time domain. For example,
the coefficient of the 1/£34/>%2 tail in Re(gy — g,) probes a
linear combination of 4; and 1, and is measured numeri-
cally in the d = 1 models in Sec. V.

D. Bounds on OTOC-transport parameters

In addition to the conditions (12)—(14), the generating
functional Z[{A}] also satisfies a bound

1zl <1, (52)

which follows from unitarity [18,19,57]. This bound is
closely related to the positivity of spectral densities in
unitary quantum mechanics. It is often assumed that this
condition translates into the constraint on the hydrody-
namic effective action

Im S >0, (53)

which must hold for any configuration of the fields (in our
case, fp, s, ¢p_,¢.). To leading order in fields and
derivatives, applying this bound to the action (21) or
(37) correctly requires the conductivity to be positive:
o = yD > 0. However, we show in Appendix B that this
condition is too strong and leads to incorrect conclusions in
general. Here, we propose a slightly different criterion and
explore its consequences on OTOC parameters.

In the Gaussian action (37), notice that only field
configurations involving V¢, # 0 dissipate. To obtain
nontrivial positivity bounds beyond ¢ > 0, Eq. (53) would
suggest that we consider configurations involving the other
fields, or ¢, = ¢h4(#). As discussed in Appendix B, this
leads to unphysical constraints. We instead consider field
configurations with ¢, = 0. For the conventional 1-CTP
EFT, this would reduce the entire action to 0, and no
positivity bound other than ¢ > 0 is obtained (as expected).
Interestingly, the 2-CTP EFT instead has an imaginary
part that does not involve ¢,, coming entirely from the
OTO-transport parameters. This imaginary part from
Eq. (40) is

Im Lg)pa = 0] = 4[(Ve_)* + (6-V, )]
+ ¢ ¢_(Vop_-Vo_). (54)

This has the form 4,(a* + b*) + Aab, and thus is non-
negative if the OTO-transport parameters satisfy

1
b 2 5|h| > 0. (55)

It is surprising for the coefficients of irrelevant opera-
tors to be bounded by positivity of dissipation in
hydrodynamics—indeed, this does not occur in the conven-
tional 1-CTP EFT—because dissipation is usually domi-
nated by the leading transport parameters. We emphasize
that the argument above is not rigorous; it would be
interesting to prove these conjectured bounds, perhaps
by considering spectral densities of bilocal operators
n(t,x)n(r,x") that are dominated by the OTO-transport
parameters. We leave this for future work.

E. Regime of validity of the EFT

The effective field theory constructed in Sec. III is an
expansion in derivatives and fluctuations, as is conventional
in fluctuating hydrodynamics. This, together with the
observation that fluctuation corrections are irrelevant
[Eq. (45)], guarantees that the EFT provides a controlled
expansion for small frequencies and wave vectors
w,Dk* < 1/ 7.q- However, interestingly, this does not
imply that it is controlled at late times 7 > 7., for any x.
This is simplest to see by considering gradient corrections
to the diffusion equation:

n+V.j=0,j=-D(=V)Vn+--., (56)

with  D(k?) = Dy + D k* + D,k* +---. The higher-
derivative terms D, will clearly give small corrections
to momentum-space observables at small wave vector «.
For example, the symmetric Green’s function for ® <« T is

B 2Ty (k*)D(k?*)
G(w, k) = o* + [D(KP (57)

where we are also allowing for higher-derivative correc-
tions to the static susceptibility y(k*) = yo + yi1k> + - -
The Fourier transform can be expressed in terms of a
differential operator acting on the usual diffusive correlator:

1 e —x?/(4Dt)

VarDt '

G(1,x) = Ty(=V?2)eP=V)Vi (58)

with 8D (k?) = D(k*) — Dy. Evaluating this in the diffusive
region x ~ /Dyt, the gradient expansion becomes an
expansion in 1/¢ and is thus controlled at late times

X1 D, o
£x) ~ AL D=L e /4D) (5
G(t,x) [){0+D0[+ ] [ 0+D0t+ ]e (59)

However, evaluating the correlator along a sound front
x = vt, the expansion is uncontrolled:
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FIG. 4. Regime of validity of the EFT versus the butterfly cone.
The EFT requires 7 2 74, and ¢ 2 x* for z > 1.

U2
G(t,x) ~ [){0 +x1ﬁ+~}
0

4
X [Do + D, ”—3z+ . } e=/4D1) (60)
DO

The higher-derivative corrections in y(k?) are already
problematic as they give O(1) corrections in this region.
The corrections in D(k?) are worse: they grow. One can
check that control is recovered along any trajectory x ~
t'/70i with 1 < Ziraj» although if z, < 2, one needs to keep
derivative corrections D, up t0 n=[(2—Zuy)/2(1 = Zyj) |
to capture the leading late-time behavior of the correlator.

The upshot of this discussion is that predictions from the
diffusive EFT for spacetime correlators are controlled in a
broad “cone” that slightly bends inward and does not include
any sound cone at late times. This is notable, because for
certain models one expects “butterfly cones” in OTOCs
[10,36]. These are not at tension with the EFT results, which
do not predict such a ballistically propagating excitation,
precisely because the EFT becomes uncontrolled in this
region. These nonoverlapping regimes of validity, as shown
in Fig. 4, make it challenging to establish an EFT that
captures both diffusive fronts and butterfly cones in a
controlled way. It would be interesting to revisit the results
of Refs. [29,30] from this perspective.

F. Flow of time

Real-time Schwinger-Keldysh quantum field theories
have an interesting causal structure that leads to a notion
of “flow of time” in Feynman diagrams [58,59]. This
property comes from the latest time conditions discussed in
detail in Appendix B. It leads to several diagrammatic
simplifications that are not apparent from straightforward
symmetry principles [58—60]: Otherwise valid Feynman
diagrams that do not respect this flow-of-time structure will
inevitably vanish upon evaluation.

In the conventional 1-CTP EFT, ¢, must flow to the
future to ¢,, while (¢,¢,) is nonzero for any time ordering.
A generalized flow of time is at play in our 2-CTP EFT: ¢4
must flow to the future to ¢g, and ¢p_ must flow to the future
to ¢, while (¢r¢pr) and (¢prep. ) are nonzero for any time

(a) (b)

FIG. 5. Flow of time in (a) 1-CTP and (b) 2-CTP Schwinger-
Keldysh correlators. Panel (a) illustrates the two nonzero corre-
lators G,,,G,,, and the fact that G,,(t) =0 for # < 0. Panel
(b) shows the corresponding four nonzero 2-CTP propagators and
their causal properties.

ordering. This causal structure is illustrated in Fig. 5. In
terms of equations of motion, the fields ¢4 and ¢_ satisfy an
advanced diffusion equation (like ¢,,), while ¢ ~ nand ¢,
satisfy the regular diffusion equation (like ¢,.).

V. COMPARISON TO NUMERICS

To test our analytical predictions, now we present
numerical simulations performed in two one-dimensional
spin models, which exhibit diffusive transport. As a first
model, we consider the spin-% mixed-field Ising model

L
H =Y Joioi,, + 9.0 + g.00, (61)
n=I

where o), are Pauli operators in the 4 = x, y, z direction,
and we use periodic boundary condition o , | = ¢/. Energy
is the only conserved quantity in this model; the lattice
energy density operator is

1 1
hy = Jo30y11 +59:(0 + 05 00) 5 0:(on +05,). (62)
The parameters considered here are J = 1.0, g, = 0.9,
and g, = 1.1.
As a second model, we consider a Floquet XXZ model
with Floquet operator given by

U= Z/{odduevenuNN’ (63)
Here,
N/2 N/2
uodd = H U2n,2n+l’ Z/{even = H U2n—1,2n’ (64)
n=1 n=1
where
Upin = e-i90eiet, boiel =i i) (3)
and

Uy = €721 502, (66)
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100 10! 102
¢

FIG. 6. Measurement of the OTO-transport parameters in
the Floquet XXZ model for g =0.0 and parameters
J = (n/8),J" = (n/4),A = —(x/8). The dashed lines indicate
the EFT prediction in Table I. Here the system sizes are L = 24,
26, 28, 30 (from light to dark).

The total magnetization along the z direction
N
5= (67)
n=1

is the only conserved quantity. This system has no energy
conservation and equilibrates to a maximally mixed state
(corresponding to # = 0). We consider states of the form
p = e 5" with different values of 4. When 4 = 0 (i.e., in
the absence of next-nearest-neighbor coupling), the system
is integrable and exhibits various types of spin transport—
ballistic, diffusive, or anomalous—depending on the values
of 7 and J'. For 4 # 0, the system becomes nonintegrable,
and the transport behavior is generally expected to be
diffusive [61]. Throughout the numerical simulations, we
consider two different parameters J=(z/8),J =
(z/4),A=(x/8) and J = (x/10),T = (x/4),A=(z/10).
We consider again periodic boundary conditions. Our
numerical method is based on dynamical quantum
typicality [62,63], an approach that has been widely applied
to quantum transport [64—68] and recently extended to the
study of OTOCs [69] (see also Ref. [70]). In contrast to
two-point correlation functions, the computational com-
plexity of OTOC simulations scales as O(#?), rendering the
simulations substantially more challenging.

We first reproduce the findings from Refs. [9,10] for the
1/4/t scaling of OTOCs of operators at coincident times;
see Fig. 1. As explained in Sec. II, this scaling arises in the
EFT from an OPE of the coincident operators, which
reduces the OTOC to a two-point function. Figure 1 further
shows that the OTOCs at noncoincident points also have a
behavior in agreement with the EFT predictions: a 1/¢
disconnected part and a 1/7/? connected part.

As discussed above, novel OTO-transport parameters
can be measured by considering OTOCs involving

(d)

1075+ . . : .
10° 10 10 10° 10!
t t
FIG. 7. Results in the mixed-field Ising model at finite temper-

ature f# = 0.2: go(t) [(@),(d)]; go(t) — 91(2) [().()]; go(t) — 92 (1)
[(c),(f)]. The real and imaginary parts are presented in the left and
right panels, respectively. The dashed lines indicate the EFT
prediction in Table I. The dash-dot line in panel (c) is shown as a
guide to the eye. Here the system sizes are L = 24, 26, 28 (from
light to dark).

commutators, in particular, gy — g, defined in Eq. (46).
This observable is shown in Fig. 6: We first observe that
go — 9> < go at late time, confirming the heuristic argu-
ment that operators approximately commute at late times
(which is substantiated by the EFT). Furthermore, Re (g, —
¢) indeed appears to have a rapid power-law decay at late
times consistent with the EFT prediction, 1/7/2. The
coefficient of this decay is a measurement of the OTO-
transport parameters 4, ,. There also appears to be an
intermediate 1/73/2 behavior in this observable [see also
Fig. 7(c)], which we do not have an explanation for; it
would be interesting to understand if this intermediate
regime is generic.

Finally, we perform a thorough test of the EFT pre-
dictions by considering all six predictions for power-law
behavior given in Table I. We find good agreement between
the EFT and numerics for all these power laws [with the
exception of the intermediate regime in Re(gy — ¢,) men-
tioned above]; see Fig. 7. Note that all log-log plots
show the absolute value of the corresponding
correlator. While hydrodynamic tails with large exponents
are often difficult to match between numerics and
theory [38,61], it is encouraging that the 1/ and
1/65/ power laws show good agreement with theory.
Appendix E shows similar results for different parameters
and temperatures.
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VI. DISCUSSION

Our effective field theory revealed the existence of novel
transport parameters in diffusive quantum many-body
systems that are visible only in OTOCs. These parameters
were measured numerically in several one-dimensional
models in Sec. V. It should be possible to evaluate these
OTO-transport parameters analytically in tractable models,
such as holographic systems or Brownian models [47].
Recent experimental breakthroughs have also made
OTOCs accessible in experimental platforms including
trapped ions [71-73], NMR on large molecules [74,75],
and superconducting quantum circuits [76,77], where our
predictions could be tested.

It would be interesting to understand the interplay of
diffusive dynamics in OTOCs with information dynamics
and the butterfly front; see Refs. [10,78] for observations in
this direction. The butterfly front is often discussed through
the lens of operator weights, which satisfy a conservation
law and therefore have a hydrodynamiclike description
[10,35]. However, it is unclear if this description applies to
OTOCs themselves at finite temperature. As discussed in
Sec. IVE, it is challenging at first glance to maintain
control in the EFT in the regime where one expects a
butterfly front. Furthermore, while butterfly fronts are very
sensitive to the presence of dephasing noise [79], we expect
our OTO-transport parameters to be more robust. It would
also be interesting to understand how to unify our EFT with
other EFTs proposed in the context of large-N holographic
QFTs which capture Lyapunov growth [24,29,30]. See
Refs. [80—82] for other connections between hydrodynam-
ics and the butterfly effect in large-N holographic QFTs.

It would also be interesting to identify classical versions
of the OTOC—other than the obvious Poisson bracket
which is dominated by the butterfly effect and Lyapunov
growth—where analogs of our OTO-transport parameters
may appear [83-85]. See also Refs. [86,87] for further rich
phenomenology of OTOCs in different contexts.

On a formal note, it is somewhat surprising that OTOCs
can reveal transport parameters that are invisible in TOCs,
given that they can both be obtained by analytic contin-
uations of the Euclidean (imaginary time) Green’s function.
Of course, hydrodynamic transport parameters are defined
only in an asymptotic late-time expansion, so this is not a
contradiction.

It is also interesting to note that, unlike equilibrium
EFTs, EFTs for real-time thermal dynamics are “observable
dependent.” For example, the appropriate EFT for a given
system will feature more and more switchbacks (Fig. 2) if
one is interested in higher-order OTOCs. We have seen that
more complex observables are sensitive to additional
transport parameters. It would be interesting to understand
whether more sophisticated observables could feature
entirely different universality classes. References [6,88]
hint that this may indeed occur; for the observables
considered there, the appropriate EFT includes a ¢? term

that would otherwise be forbidden by a latest-time con-
dition in the conventional 1-CTP EFT.

There are many possible extensions to our EFT, includ-
ing to systems with sound modes, non-Abelian symmetries,
anomalous symmetries, or higher-form or other generalized
symmetries. It would be particularly interesting to study the
effect of large hydrodynamic fluctuations on OTOCsS, as
arise for example in the KPZ universality class that
accompanies sound modes in one spatial dimension.
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APPENDIX A: REVIEW OF THE SCHWINGER-
KELDYSH EFT APPROACH TO FLUCTUATION
HYDRODYNAMICS

Fluctuating hydrodynamics is a time-honored framework
that is expected to describe the late-time dynamics of any
interacting many-body system at nonzero temperature
[11-13]. Compared to the “classical” hydrodynamics of
differential equations satisfied by conserved densities (the
Navier-Stokes equation, the diffusion equation, etc.), it
recognizes the need to supplement the description with
additional dynamical “noise” fields that capture fluctua-
tions in the thermal state. Its early successes include the
description of hydrodynamic long-time tails [90,91] and the
discovery of novel dissipative universality classes beyond
diffusion [14]. More recently, the reformulation of fluctu-
ating hydrodynamics in terms of an EFT on a Schwinger-
Keldysh contour [16-18], and the subsequent realization
that the long-lived degrees of freedom could be interpreted
as the Nambu-Goldstone modes of SWSSB [47,48], have
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allowed us to recast fluctuating hydrodynamics in the more
familiar language of EFTs for symmetry-broken phases in
equilibrium. While this modern reformulation is equivalent
to the previous approaches [92], its versatility allows for
generalizations beyond conventional observables, such as
the ones pursued in this paper. In this section, we briefly
review this modern approach to fluctuating hydrodynamics
(see also Ref. [19] for a review).

Consider the generating functional Z[A!, A?] defined in
Eq. (8). It satisfies several conditions:

(1) Z[A,A] =1 (collapse)

(2) Z[A', A?]* = Z[A?, A'] (unitarity)

(3) Z[A!,A?] = Z[A' (=t + iB), A% (—1)] (KMS)
The notation Z[A!(—7 + i), ...] means that the first argu-
ment is a function A' defined by A'(r) = A'(—1 + ip).
KMS involves dropping a contour of length iff at t = o0
and acting with time reversal. As discussed below Eq. (14),
time-reversal symmetry is not necessary to impose KMS,
but we assume it for simplicity. In the Keldysh basis, these
conditions read

(1) Z[A",A? = 0] =1 (collapse)

(2) Z|A", A" = Z[A", —A?] (unitarity)

(3) Z[|A", A% = Z[A",A?] (KMS)

with
- ifo 1 ipo
Ar(=t) = cosh P2 ar(r) + Lsinn P2 pa(s), (A1)
2 2 2
~ 30 o
A(-1) = coshlﬂz—tA"(t) + 2sinh %A’(z). (A2)
This expression is simpler in frequency space:
Allw) = i j(0)A! (~a), (A3)
cosh?2  —lginhZ2
i) = (2, TN e
-2 sinh/% cosh%’

Note that KMS? = h(—w)h(w) = 1.

Condition 1 (collapse) states that if the sources on the
two legs are identified, the legs collapse and produce
Trp = 1. There is a stronger version of this statement: If
the two sources are identified only after a certain time 7,
the dependence on that source drops out. In the Keldysh
basis, if A* is zero beyond a time ¢, then the dependence on
A’(t > t,) drops:

ZIAT, AO(=t +1,)] = Z[A"O(=t + 1,),A*O(—t + 1,)].
(AS)
We refer to this stronger version of the collapse constraint

as the “latest-time condition,” since it implies that corre-
lators involving a ¢, field at the latest time must vanish.

SWSSB implies that one expects this generating func-
tional to be described by a local EFT at late times

Z[A] = / Dy D eiS 4" Al (A6)

One can translate the conditions on Z into constraints on the
effective action (see Appendix B):

(1) S[¢", ¢* = 0] = 0 (collapse)

@) 8 (¢4 = ~S[¢7. ~¢*) (unitarity)

(3) S[¢’. 4] = S[¢". p*] (KMS)

(4) Im S > 0 (stability)
These conditions are simpler to express in terms of a
Keldysh partner ¢" to the SWSSB Nambu-Goldstone field
¢“. However, we should keep in mind that the true degree
of freedom entering the EFT is p’ = ¢'.

Let us now construct the action § satisfying these
constraints, working perturbatively in derivatives and
fields. At the Gaussian level

5(2) = %/p ¢i—pMij(p)¢j(p)’ (A7)

collapse imposes M,. =0, and unitarity imposes
M, (p)€ER and M,,(p)* = M,,(—p). The KMS condi-
tion M(p) = h(w)" M (p)h(-w) is solved by

pw

Maa(p) :ImMra(p) COth?' (AS)

Expanding now in derivatives and recognizing that SWSSB
implies that only 4" = ¢" should enter the action:

Mra(p) :)(<—10)>(la)—Dk2-|—)’ (A9)
which leads to the action
S(2) ZZ/ ¢+ DV (iTV* = V') +---.  (A10)
tx

The leading-order quadratic action has two independent
coefficients y and D (or alternatively, y and ¢ = yD).
We now turn to the cubic action:

1 o
5(3) :—/ 52;p;Mijk(p17p2’p3)¢lpl¢572 ];13’ (A“)
3! P1P2D3

with 8y, = (27)4t'641 (3", p;). The collapse condition
implies that M,,. =0, leaving M,,,,M,,,, M, ., as
independent components, and unitarity gives the reality
condition

Mjra(;”) = Mrra(_p)vMiaa(p) = _Mraa(_p)’

Mjma(;”) :Maaa(_p)' (A12)
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Finally, KMS requires

M ({=p}) = =Myp({p 1" ((p1)h j(p2)B* ((p3).
(A13)

These constraints can be solved for M, and M, in terms
of M,,,. For example, one has

1 oin1a 0
-3 sinh =t
s By s o
sinh =2 sinh 53
coth ﬂ%
+ TMrra(pla P2, p3>
pos
coth =2
2

Mraa<pl7p2vp3): Mrra(_va_p37_pl)

Mrra(pl’pSvp2>’ (A14)

and a similar but more complicated expression for M .
Let us now expand in derivatives, keeping in mind that the
SWSSB pattern requires ¢, to enter with time derivatives.
To leading order in the diffusive scaling, we expect
M,,o(p1. pa. p3) = 0@y (crims + cak3) + -+ (A15)
Some other candidates are equivalent after integration by
parts. Unitarity implies that ¢, ¢, € R. They will have no
sign constraint as they are not the leading dissipative terms.
Equation (A14) then gives

PM 1aa(P1s P2, P3) = —2¢201kaks. (Al6)

Returning to real space, we find the leading-order cubic
action

S@) = / e + e,V (iTVh, — Vu,).  (A17)
x

As discussed in Refs. [37,93,94], the parameters c;, ¢,
entering the cubic action are equal to derivatives of the
linear response parameters with respect to chemical poten-
tial: 2¢; =y =dy(u)/du and ¢, = ¢’ = do(u)/du. One
can show more generally that higher-order terms in the
action follow this pattern, and the nonlinear EFT to leading
order in gradients takes the form

S= [ nlu)+olu) Vg GTV = V) . (A9

It is an interesting prediction of the EFT of diffusion that
nonlinear response in time-ordered correlators at late times
is entirely fixed by data available from linear response at
various densities, i.e., y(4) and o(u). For example, three-
point functions are given by a universal functional form at
late times that depends only on y, o, and their first
derivatives y’,¢’; see Ref. [37]. Similarly, four-point
functions that can be captured on a 1-CTP contour will
depend on the additional parameters y”, ¢”.

APPENDIX B: FROM GENERATING
FUNCTIONAL TO EFFECTIVE ACTION

The definition of the generating functional (10) immedi-
ately implies several simple properties that it must satisfy,
which we refer to as collapse (12), unitarity (13), and KMS
(14) constraints. In this appendix, we explain how to turn
these conditions into constraints on the effective action.

1. KMS and unitarity constraints

Consider the path integral representation of the generat-
ing functional

Z[A] = /D¢1,2.3,43i5[¢]+ifA"q”“', (B1)

where ¢/ = diag(1,—1,1,—1) is a Minkowski-like
“metric” in field space. One appeal of introducing this
metric is that a 2-CTP action of the form SD
S (=1)1So(hy) = [ g™y is certainly allowed, so that
symmetries of the EFT that act on the legs will form a

subgroup of SO(2,2). KMS is such a symmetry: From
Eq. (14), we see that it acts on the sources as A; — A; with

(Akz)l(a’) = (hld)lj(w)AJ(a’)» (B2a)

(Arg); (@) = =(hr) (@)A;(-0),  (B2b)
with, in the 1234 basis,

1 e Po
1 1
hKZ - fo ) hTK - (B3)
e
efo 1

Equation (B1) shows that Z is the Fourier transform of ¢S,
The symmetry of Z is thus equivalent to the symmetry of S,
which gives Eq. (27) from the main text.

The unitarity condition can be treated similarly.
Equations (13) and (B1) lead to

S*[¢1,¢2,¢3,¢4] = —S[¢4,¢3,¢2,¢1],

which in the Keldysh basis (23) gives Eq. (26).

(B4)

2. Collapse constraint at tree level

Next, we want to show how the collapse constraints (12)
on the generating functional lead to constraints on the
effective action (25). Our argument is an n-CTP generali-
zation of the argument presented in Ref. [16]. So, the only
difference is the presence of additional sources A, and
fields ¢* in higher CTP.

We first note that we can rewrite the constraints (12) in a
new basis such that setting two sources equal is the same as
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setting a source to be zero in the new basis. In other words,
if we consider the constraint A| = A, = A as an example,
we can rewrite that in the new basis as A, = A; — A, =0
and A, = [(A, + A,)/2] = A. Then the constraint (12) tells
us that when A, = 0, the generating functional no longer
depends on A,. More generally, upon a linear transforma-
tion of the sources, the collapse constraints (12) can be
written as

ZZn[Ai :O’AjﬂAk""] :ZZ(n—l)[Ak""}' (BS)

At tree level, this leads to a corresponding constraint on the
EFT (note the raised indices, ¢* = ¢"'¢)):
Sl = 0.4"...] = Sl ...].  (B6)

Our goal is to now show that this follows from Eq. (BY).

Let us show that the lhs of Eq. (B6) is independent of ¢'.
At tree level, the generating function is related to the on-
shell action:

Z[Aj A, L] :/D¢i...ei(3[¢]+Af¢f>
~ el Sel+Ad) (B7)

where ¢(A) is the solution to the equation of motion

5S[¢]
0= LA B8
s A (B8)
Now, Eq. (B5) implies in particular,
6Z5,|A
0Aj a0
Using Eq. (B7), this implies
58 [f/)]' ) spilA] | - }
|:< 5¢l (Z) 6A] A;=0
:g?)j[AiIO,Aj,AC,...}, (BIO)

where in the last step we used the fact that ¢ solves the
equations of motion. Now consider the inverse function of
¢(A), namely,

3 5S[¢)

A;lp| = - =, Bl11
Since A;[#[A]] = A; by definition, Eq. (B10) implies
Alp'.¢7 = 0,¢%,...] =0, which shows that S[¢',¢/ =

0, ¢*, ...] is independent of ¢’ as claimed. Note that the map
between Z and S is assumed to be injective. This finally

leads to the collapse condition on the effective action
quoted in the main text, Eq. (25).

3. All-order generalization and latest-time condition

The argument in the previous section followed from a
saddle-point approximation (B7) and thus holds at tree
level. The leading-order OTOCs at late times are obtained
from tree-level diagrams in the EFT; the collapse constraint
on the action obtained in Appendix B2 in the tree-level
approximation is thus sufficient. Nevertheless, it can be
shown that this condition is also sufficient to all order in
loops. In other words, imposing collapse on the EFT (25) is
sufficient to capture the collapse of the generating func-
tional (12) even beyond tree level. This was shown for the
1-CTP case in Ref. [59], which also showed that the latest-
time condition described below follows from imposing
collapse condition on the EFT. A key ingredient was the
retarded nature of the G,, propagator.

The collapse constraint involves collapsing the field for
all times. For example, in the 1-CTP case, Z[A, = 0,A,] =
1 where A, = O for all times. A consequence of this is that
(@29, ..., %) = 0. The latest-time condition (A5), on the
other hand, involves setting A,(7) = 0 after time ¢ = 1,,,
such that the correlator with the ¢“(¢) field placed at the
latest time is zero, 1.€.,

(@ (1) (1) -, 97 (11)) = 0,

where ¢% can be either (¢, ¢"). On a general n-CTP
contour, there is more than one latest-time condition—one
for each pair of legs. In addition, there are also earliest-time
conditions. Denoting ¢% = ¢; — ¢;.1, ¢'= as fields also on
legs (i,i+ 1) and ¢*« as fields on all other legs, the latest-
time condition can be written as

tm+1 > [i’ (Blz)

()" (11).....¢" (1)@". ... ") =0, V1> 1;,

when i€{1,3,....2n— 1} in ¢% = ¢; — ¢p;,,. The ear-
liest-time condition holds when the ¢ = ¢; — ¢, fields
lie on legs i€{2,4,...,2n — 2},

(B13)

(B (O (1), oo (1) o) =0, Vi<t (BI4)
Note that the equations are true for any time ordering of the
spectator ¢« fields. The proof that Eqs. (B13) and (B14)
hold at all loop orders by imposing collapse conditions
(B6) on the EFT follows from a simple generalization of the
proof in Ref. [59].

4. A comment on positivity conditions

When hydrodynamic correlators are generated by a path
integral as in this paper, it is natural to require Im S > 0 to
guarantee its convergence [16,18,19,57]. However, we will
argue here that this is too conservative a requirement, and
leads to incorrect bounds on transport parameters. Let us
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illustrate this with the usual 1-CTP diffusion EFT (A10),
considering one of its higher-derivative corrections

S= )(/ Vog'u" + DV (iTV¢p* — 0" + E; ;)
x

+ aVod? (iTVod® — dou”), (B15)
where we have coupled to background gauge fields and let
V,¢° = 0,¢° + Aj,, with d; = 9,. On one hand, requiring
Im S > 0 for any field configuration in the path integral
would require a > 0 [choose ¢ = ¢*(t)]. On the other
hand, the extra term with coefficient « is irrelevant in the
diffusive scaling o ~ k*; we therefore do not expect it to
satisfy a bound from positivity of dissipation since a
positive conductivity yD > 0 will dominate spectral den-
sities. For example, the retarded Green’s function for
charge density from this action is

xDK*(1 + iwa)
—iw + DI + aw*’

GR (w0, k) = (B16)

so that @ Im GR > 0 requires yD > 0 but sets no constraint
on a within the regime of validity of hydrodynamics.
Higher-derivative corrections to diffusion including a were
measured in a Floquet system [60]; it would be interesting
to see whether @ < 0 can be realized in models.

Another counterexample is provided by the 2-CTP EFT,
where the cubic action has an imaginary part [see Eq. (C8)]
To' . . .
e (Vpa(Voadr + Vo, 9+ Vo o)
— Vo Ve, dal.

Im [,(3) =
(B17)

Setting ¢4 = (1), the last term remains and is nonsign
definite. Imposing Im S > 0 would therefore lead to the
incorrect conclusion that ¢/ = 0.

APPENDIX C: DETAILS OF THE 2-CTP EFT
1. OTOC parameters

Starting with the most general quartic action,

1
S :E/ Ss.p, Mk AP}, b7, 905,45, (C1)
*J P1P2P3P4

we impose collapse, KMS, and unitarity constraints. While
collapse and unitarity are easy to impose, solving the
equations for the full KMS transformations is hard com-
pared to the quadratic case. Instead, we impose KMS
perturbatively by expanding Eq. (B2) in fw. In other words,
we impose that the action be invariant under the following
two transformations of the fields: First is the expanded
version of K2,

i
HR = UR + 551V0¢+,

i
Vs = Vua + L0,

vu¢+ - _vyd)Jr - g (ayﬂR + FOy,R)’

ip

vy¢— - _vﬂ¢— - 3atvy¢A7 (Cz)

where F o p = 5,’;E,»’R is the electric field. And, the second
one is TK,

Hr(t) = pur(=1) + dop(—1),

vﬂ¢] - ”M[_vﬂ¢l(_t) - 5;4¢<_t)} (C3)
with
b = L0, (Ba+ s+ B2) + Supe + Foul. ()

and (19,7;) = (—=1,1). On imposing these constraints, at
leading order in scaling, we find three terms, one of which
collapses to the 1-CTP ¢” term. The other two terms
collapse to zero (at the order we work at), meaning that
these terms are potential new OTOC-transport parameters.
We call their coefficients 4; . They have the following form
at leading order in scaling:

-
/
+ 0 (b_on_ o+ 20s0p.)
+ 002 (s — P(p)(b- + Pr)]

(¢%<a¢3 ) + (P — i)

R (0 — o) 0 +auR>>) (3)
and
—idy (. . .
5 <(¢—5¢—(¢A5¢A — ¢ 0p.))

+§(¢—{20¢— [¢R(6¢A - a¢+) —+ (¢A — ¢+)(a¢_ +0”R>]
+¢—[0¢—(0¢+—0¢A)+0¢_(a¢+_a¢A)}})>. (C6)

We also write here the leading-order expressions for the
terms that collapse to regular 1-CTP terms. First, we have
the cubic terms that collapse to the y' and ¢ terms,
respectively,

2@ i) +20-pum). (CT)
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iyo' (. . .
45 <¢+0¢Aa¢— + 0p. (Opacp— — ha09_) + (9p4)*pir
i . . . . . .
= (D4 =)0 (0¢_ + Oug) + prl0h—(0pa = 0¢,) = 0h4(0¢— + )]
+¢-[0¢_ (s — ) + 0h_ (05 = 20.) - a«mauR]))). (C8)
Similarly, the quartic terms that collapse to y” and ¢” have the following form at leading order:
ZZX” . . . . . . .
iy*c” o : . 7/
0 0pp(0pa (P~ + ug) + 2¢ uroP_) + 2ur0p  (Oppp_ — Pp0dp_) + q (2¢_(firodp_ (0 — Ops)
+ uR[0¢— (0, = 0hs) + 0¢a(Opg — 0p-) + 20_0¢..]) + §2 (004 (200 + Opg) — 0¢p-0p..]
+ ur{ur[0h_(0d, — 0pn) + 04 (0 + Oug)] — 20_(pp — b..) (0p— + aﬂR)})) (C10)
|
2. Coupling to background sources The nonzero propagators are
Note that the procedure above gives us an action without 5
any background sources. To calculate the correlators, we Grr = ﬂ
will need the fully gauge-invariant action with background (@ +q*)
sources. To introduce the sources, we first note that from 192
the symmetry-breaking pattern, the relevant degrees of Gra = W,
freedom are the three Nambu-Goldstone modes 5
(s, ., ¢_) and a density field puz. We can couple back- G, —_ %
ground sources to the Goldstone modes in a gauge- - 4 w+iq*)’
invariant way as follows: V,¢' =d,¢' + A]. For the Tyq?
density, we note that gauge invariance and KMS require Gig= m, (C13)

that 0;ur always appear with an electric field o;ug — Eg.
This was discussed for the 1-CTP case in Ref. [48] and
extends to the 2-CTP case as well. One way to see this
would be to work entirely in terms of the ¢ fields first and
then introduce background sources like above. The action
would be KMS invariant by construction. We then use the
fact that the right degrees of freedom are the three Nambu-
Goldstone modes (¢4, ¢, , ¢_) and the density pp. In terms
of these variables, 0;¢p = 0iup — E;g. On coupling to
background sources, the fully gauge-invariant quadratic
action is

j—;cm — LTD(V, M + pEV o — DV (0u® — E, )

+ Vot Vod™ — DoV~ +2D0,V:p V™.
(C11)

From here, we can get the different densities by varying
with respect to the Al fields:

nl :I{ﬂR’Dv2¢A’v0¢+vv0¢_}' (Clz)

where we define G;; = {[5log Z,]/[(8iA})(8iA})]} and
g; = \/Dk;. Similarly, we also calculate different correla-

tors. Our convention for the correlators is
G B ologZ,
L [8iA 0 (x1)][81A 0 (32)] [BiA ko (x3)][iA 1o (x4)]
(C14)

where Hh <t <tz <ly.

3. Correlators

As noted in Sec. IV B, not all 4% correlators on the 2-CTP
are independent, and there are only six independent real-
valued correlators. We can pick a convenient basis of
correlators in the 2-CTP EFT and express everything else in
terms of these. We pick (Grrrrs G4, G_y_,Grr_,
Gr_.r-G_,gg) as our basis. Out of these, as we note in
Appendix D, G__, is the only correlator that cannot be
obtained from 1-CTP correlators even at leading order. We
write here the leading-order expression for this correlator in
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momentum space. It turns out that in the particle-hole
symmetric case, the leading-order contribution comes only
from the OTOC parameters 4, ;:

(4/x)
Dp

1

X —————[421(q19> + 4394)
91929394

—h((q1 + 42)(q3 + q4))],

Gy, = G_ (P1)G_(P2)G4—(P3)Gi_(Ps)

(C15)

where p; = (w;, k;), g; = v/Dk;, and G _(p) is the propa-
gator from Eq. (C13). Unlike the 1-CTP case, the static
limit of this correlator does not reduce to a lower-point
function [37], consistent with the fact that these parameters
are beyond regular (1-CTP) transport parameters and
cannot be captured through 1-CTP correlators:

lim G__++(P1, P2, P3» p4)

w;—0
_ 40y (kyky + ksky) — 2o (ky + ko) (ks + ky)
BD kyksks

. (C16)

We can take specific choices for the momenta to isolate
these transport parameters. We note one such configuration
in Eq. (51).

On the other hand, as we discussed in the main text,
certain OTOCs can be predicted entirely from TOCs; one
example of this is the correlator Gg_, . As we show in
Appendix D, at leading order, Gy_ p is captured by a linear
combination of Im(g,) (an entirely 2-CTP correlator) and
go- Despite getting a leading-order contribution from g, its
leading-order expression gets fixed completely in terms of
1-CTP parameters ¢” and y”. In momentum space, it has
the following expression:

4
Gr-1r = D—)(zGRR(Pl)G—+(P2)G+—(P3)GR+(P4)

91492 . 2 2
——557 (0" 0192q5(iq4[(q7 + 43)
el R e

— (92 + 95)(q1 + q4)] = 2q40,

— (02 — 45 + 41)04) — 4293q4(q1 + G2 — q3) )]

+2Dy" q194(g503 — g3, + imyw3)).  (C17)

APPENDIX D: SCALING OF THE
CORRELATORS

In this section, we explain the scaling of correlators
presented in Table I. To get the scaling of (gq, g1, ¢») in the
hydrodynamic regime, we need to express them in terms of
our EFT correlators. Since this is not a one-to-one map,
we work backward. We first express our EFT basis of
correlators in terms (gy, g1, ¢g>) using Eq. (23) and trace

cyclicity. This map can then be inverted to express
(90,91, 92) in terms of the EFT correlators. The most
general expression is a complicated expression of the
form

Re(gp) Grrrr
Re(g;) Gy
Re(g,) — F(en, e i) Gt
Im(go) ’ 7 Grr—t |
Im(g,) Gr-yr
Im(g,) G_irr

where F' is a 6 x 6 matrix. But given that we want only the
leading-order expressions, we can expand in fd,. On
expanding, we get that at leading order in scaling, the
regular time-ordered Wightman function in terms of the
EFT correlators is

1
Re(gy) = aGRRRR(l +0(r™)).

1
Im(go) = 3 (G_irr + Grr—+)

s

_ —1024 (9(();' + 0,2) + zatg)GRRRR(] + O(t_] ))

(D1)

We can subtract the Wightman function from g, to capture
subleading terms,

Re(go - gl) = é‘%(az] + atz)GRR—Jr(l + O(l_l)),

Im(go — 91) = = Gy (1 + O().

16 (b2)

Similarly, we can get the true 2-CTP correlator g,,

Re(g,-90) :11—6G——++ _%
— (0t =301, +20t3)Grp_
+4(30t, 40t +20t3)Gr__ g)
—%(50t,% +60t,0t, +0t,> + 140t,0t5

+2201,0t3 +80132)Grrrr (1 +O(t71))

((0,, +0t,=20t3)G_ g

(D3)

and

1
Im(go — g5) = RGR—-&-R
p _
+ 512 (0;, 4 0, +20,,)Grrrr(1 + O(t™")).

(D4)
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FIG. 8. Similar to Fig. 7, results in the mixed-field Ising model
but at infinite temperature f = 0.0.

These relations explain the scaling in Table I. More
precisely, from the EFT, we find that
Grrrr ~ 17392,

Grry ~ 1704241,

G, ~1(34/242),

The scaling for the =0 case differs because
limy_o Grg_y = O(r734/241); je., the leading-order term
vanishes (for all time orderings).

APPENDIX E: FURTHER NUMERICAL RESULTS

In this appendix, we report the three independent four-
point functions discussed in Secs. IV and V for various
other choices of parameters and temperatures shown in
Figs. 8-10. In Fig. 13, we also show the three-point
functions in the mixed-field Ising model.

In addition to determining the charge susceptibility y, we
also calculate the connected two-point correlation function
of the conserved local densities o0,, = h,,, 65 for the mixed-
field Ising model and the Floquet XXZ model, respectively.
The results are shown in Fig. 11 where we show
'%(0,(t)o,), as a function of r. Furthermore, for the
diffusion constant, we consider the density wave operator
0,(t) = >_t=l[cos(2nnq)/L]o,. Here we study the lon-
gest wavelength ¢ =1 and show the autocorrelation
function C,(1) = (0,(t)0O,) in Fig. 12. In summary, we
find the following diffusivities and susceptibilities for the
models studied:

,1 N
107 (a)

1073,

1076,

10° 10! 102

(b)

10° 10!
107
1076,
10° 10! 102 10° 10!
t t

FIG. 9. Results in the Floquet XXZ model at x = 0.0: go (1) [(a),
(DI; go(1) = g1 (1) [0 go(t) = g2(1) [(©).(D]. The real and
imaginary parts are presented in the left and right panels, respec-
tively. The dashed lines indicate the EFT prediction in Table I.
The dash-dot line in panel (c) is shown as a guide to the eye.
Here the system sizes are L = 24, 26, 28, 30 (from light to
dark). The parameters are chosen as J = (z/8),J' = (x/4),
A= —(n/8).

10 10! 102 10 10! 102

= 1071 ® i)
= 10
|
= 1077 : 10~
=
10 10! 102 10 10! 102
1072,
1075,
100 10! 102 10° 10! 102
t t

FIG. 10. Similar to Fig. 9, results in the Floquet XXZ model,
but for parameters J = (z/10), J" = (z/4),4 = —(x/10).
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1.5{(@) Ising B8=0 ) FXXZp=0
< e 0.41
= 1.01 o
)
N 0.2
a 0.5
o
0.01. ‘ 0.0
0 100 0 100
L[ Tsing B =02 @) FXXZ 1 =03
ot 0.31
S A
= [T 0.2
Q 0.51
< 0.14
ES
0.01. ‘ 0.0 ‘
0 100 0 50
t t

FIG. 11. Connected two-point correlation function #'/2(0(1) 0),
versus time ¢, where O = o,, for the mixed-field Ising model and
O = o7 for the Floquet XXZ model for system sizes L = 24, 26,
28. The dashed lines indicate the approximate plateau values as a
guide to the eye. They are related to the susceptibility as y =
Av/4zD with A the plateau values and D the diffusion constant. In
(c) and (d), the parameters are chosen as J = (z/8), J' = (z/4),
A =—(n/8).

10
107! e 0-51t(2m/L) oce—0-954(27/ L)
= 1071
11&*
> 1075 107
(a) Ising =0 ‘ 10-5 (C) FXXZ p=0 ‘
0.0 0.5 0.0 0.2
10
107! e 06312/ LY 1 e 1042/ L)
= 10~
il 1073
> 107° 1072
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FIG. 12.  Autocorrelation function C,(t) = (0,(1)0,) of den-
sity wave operator O, (1) = > 5=} cos[(2zng)/L]o,. Here the
longest wavelength is considered ¢ = 1. The dashed lines
indicate the exponential fit. In (c) and (d), the parameters are

chosen as J = (z/8),J' = (x/4),1 = —(n/8).

Ising, =0, D=0.5I, xr~3.00(3.02),

Ising, f=02 Dw~063,  yr~193(2.09),
FloquetXXZ, pu=0, D=0.95, xr~0.98(1.00),
FloquetXXZ, u=03, D~104,  yp~0.88(0.92),

where the susceptibilities y = (y/f) are defined using the
variance

D) ga), - .
L) — (), - (S (1)

and the # = 0 case shows the value that (y/f) saturates to
since limy_y = 0. The parentheses show susceptibilities
obtained directly from calculating the variance numerically
while the other values are obtained from the plateau values
in the connected two-point functions in Fig. 11. Note that
the (infinite-temperature) spin susceptibility of the Floquet
XXZ model can be easily obtained analytically: Z(u) =
Tre#S: o coshu so that y(u)=d*logZ/du*=1/cosh?(u).
Similarly, for the mixed-field Ising model at infinite temper-
atre, (v/B) = J* + gi + ¢2.

APPENDIX F: COMMENT ON INFINITE-
TEMPERATURE CORRELATORS

We observe an apparent discrepancy between the EFT
predictions and some of the numerics for f = 0, most
visible in the right panels in Figs. 8 and 10: The data seem
to show slower decay consistent with the f > 0 EFT
predictions rather than the # = 0 ones. These power laws
are all very fast, making them notably difficult to observe in
simulations of quantum many-body systems [39].
Furthermore, the disagreement is less or not apparent for
different choices of parameter; see Fig. 9. It is thus possible
(and perhaps likely) that larger-scale simulations would
resolve this discrepancy. For completeness, and to help
guide future studies, we document this possible tension in
this section.

This discrepancy is not tied to OTOCs and is visible in
correlators representable on a 1-CTP as well. The simplest
observable that manifests it is the three-point function.
Trace cyclicity implies that there are only two independent
real three-point functions of identical operators: the real and
imaginary parts of

Kk3(1) = Tr[pO21)O(1)O(0)]. (F1)

These are shown in Fig. 13 for the Hamiltonian spin chain.
As explained below, the 1-CTP EFT predicts that x5 is
mostly real and decays as 1/f at both f =0 and f > 0, in
agreement with the numerics in Fig. 13. Let us now turn to
the subleading imaginary part: the EFT predicts Imxz ~
1/¢* at f > 0, which seems to agree with Fig. 13(d), but
predicts a faster decay Imx; ~ 1/¢7% at f = 0, which is not
observed in Fig. 13(b). This apparent mismatch between
fluctuating hydrodynamic predictions and f = 0 numerics
therefore arises in conventional higher-point functions
as well.

In the rest of this section, we explain how the EFT
prediction for the scaling is obtained. In terms of the fields
in the Keldysh basis, the two correlators are
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FIG. 13. Connected three-point correlation functions in the

mixed-field Ising model at infinite temperature # = 0.0 and [(a),
(b)] and finite temperature = 0.2 [(c),(d)]. The dashed and
dotted lines indicate the scaling o #~' and o 72, respectively.

Relks(1)] =
3(0)] =
These correlators were studied in Ref. [37], and it was

shown that at leading order, they are completely fixed in
terms of y/ and D’ with the scaling

Grrr[1 +
G..[1+ (F2)

Im[K rar[

xT
(D)

Grrr ~ (C + O(I_l))’

S0, ()

where the dimensionless coefficients ¢, ¢’ are linear combi-
nations of the dimensionless ratios {[T(dy/du)]/x} and
{[T(dD/du)]/D}. Note that Ty = Tdn/du and D typically
have finite limits in lattice models with bounded local Hilbert
space as § — 0 (as do ¢ and ¢’). Thus, the two correlators are
related by the scaling

Grar~ Lﬁw + (Ta))m]Grrr’

E_{%Grar ~ (Ta)) Grrs (F4)

where 7 is some timescale that comes from higher-order
terms in the action. Equation (F3) implies that m > 2. This
explains why the EFT predicts a subleading scaling for the
f = Ocase. Determining the timescale 7 and the precise value
of m would require a more systematic analysis of higher-
order terms in the EFT than presented here. Here we illustrate
one possible mechanism by which such a timescale may
emerge.

In the 1-CTP theory, there are three kinds of cubic vertices
possible: c¢;¢,n?, cop2n, and c3¢; each with additional
derivative structure. At a fixed order in derivatives, the

coefficients have different dimensions related by [c,]=
[yw] ™' [cs] = [*@]2[c3] since [n] = [y][¢.]. These vertices
contribute as follows in momentum space:

r T) 1

i + 5+ 35—
2 €33,
a)3 0)3 a)3

Grrr ~
X
Grar~ €2 P . <F5)

There are two possible ways in which limy_,j G,,, can remain
finite. The first is if the coefficients scale as ¢; ~ O(f°), in
which case limg_,, G,,, = 0, and no timescale constructed
from these coefficients survives in the f — O limit. The
second possibility is that the coefficients scale as c¢; ~
O(p~') with their values tuned such that the singular
contributions to G,,, cancel while limg_,, G,,, is finite. In
this case, a timescale 7 emerges that is finite at f = 0. At
higher orders in the derivative expansion, there are more
possibilities for coefficients that lie beyond classical trans-
port coefficients [94] and can make such a cancellation
possible. One may expect that the relations among the
coefficients ¢; required for such a cancellation arise as a
consequence of KMS.
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