
Accuracy Guarantees and Quantum Advantage in Analog Open Quantum Simulation
with and without Noise

Vikram Kashyap ,1 Georgios Styliaris ,2,3 Sara Mouradian ,1 J. Ignacio Cirac ,2,3 and Rahul Trivedi 2,3,1,*

1Department of Electrical and Computer Engineering, University of Washington,
Seattle, Washington, 98195, USA

2Max-Planck-Institut für Quantenoptik, Garching bei München, 85748, Germany
3Munich Center for Quantum Science and Technology (MCQST),

Schellingstraße 4, D-80799 München, Germany

(Received 24 April 2024; revised 8 November 2024; accepted 14 February 2025; published 16 April 2025)

Many-body open quantum systems, described by Lindbladian master equations, are a rich class of
physical models that display complex equilibrium and out-of-equilibrium phenomena which remain to be
understood. In this paper, we theoretically analyze noisy analog quantum simulation of geometrically local
open quantum systems and provide evidence that this problem both is hard to simulate on classical
computers and could be approximately solved on near-term quantum devices. First, given a noiseless
quantum simulator, we show that the dynamics of local observables and the fixed-point expectation values
of rapidly mixing local observables in geometrically local Lindbladians can be obtained to a precision of ε
in time that is polyðε−1Þ and uniform in system size. Furthermore, we establish that the quantum simulator
would provide a superpolynomial advantage, in run-time scaling with respect to the target precision and
either the evolution time (when simulating dynamics) or the Lindbladian’s decay rate (when simulating
fixed points), over any classical algorithm for these problems, assuming BQP ≠ BPP. We then consider the
presence of noise in the quantum simulator in the form of additional geometrically local Lindbladian terms.
We show that the simulation tasks considered in this paper are stable to errors; i.e., they can be solved to a
noise-limited, but system-size independent, precision. Finally, we establish that, assuming BQP ≠ BPP,
there are stable geometrically local Lindbladian simulation problems such that, as the noise rate on the
simulator is reduced, classical algorithms must take time superpolynomially longer in the inverse noise rate
to attain the same precision as the analog quantum simulator.
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I. INTRODUCTION

An extensive body of results suggest that, with a fault-
tolerant quantum computer, several many-body problems
relating to both dynamics and equilibrium properties can be
efficiently simulated [1,2]. However, despite the recent
experimental demonstrations of quantum error correction to
build logical qubits [3–7], building a large-scale fault-
tolerant quantum computer still remains a massive tech-
nological challenge. At the same time, there has been
increasing interest in using available quantum devices
without error correction to obtain approximate solutions
to quantum many-body problems. A major effort in this
direction is to use quantum devices as “analog quantum
simulators,” where the target many-body Hamiltonian is

configured on a (semi)programmable quantum device, and
due to its own physics the quantum device simulates the
target many-body problem [8].
Most of the focus of analog quantum simulation has been

confined to simulating closed many-body systems, i.e.,
many-body problems that are specified by a Hamiltonian.
The goal is typically to measure an intensive observable in
either a nonequilibrium state associatedwith theHamiltonian
(such as the state generated by time evolving an initial
product state under the Hamiltonian) or an equilibrium state
(such as its Gibbs state or ground state). The mappings of a
variety of physically interesting Hamiltonians arising in
solid-state physics, condensed matter physics, and high-
energy physics onto existing quantum computing platforms
such as trapped ions, superconducting qubits, or atomic
systems have been extensively developed [1,8–12].
However, closed many-body systems are just a special

case of open many-body systems, which can be modeled by
Lindblad master equations. Dynamics and equilibrium
properties of open many-body systems have a number
of physical effects—such as driven-dissipative phase tran-
sitions [13,14], super- and subradiance [15–19], and excep-
tional spectral points [20–24]—that are qualitatively
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different from closed systems and make them independently
interesting target problems for quantum simulation.
Furthermore, there is evidence to suggest that open quantum
system problems could inherently be more robust to noise
than closed quantum system problems [25]. In particular, if a
quantum simulator is implementing only aHamiltonian, then
well-known no-go results indicate that, due to entropy
accumulation in the presence of a constant rate of depolariz-
ing noise, the simulator state converges exponentially with
simulation time to the maximally mixed state [26–30].
However, these no-go theorems are not applicable to a
quantum simulator implementing a Lindbladian, since the
simulator dynamics inherently could counter the accumu-
lation of entropy due to external noise.
Several proposals for implementing the digital quantum

simulation of Markovian [31–36] and non-Markovian open
quantum systems [37,38] on fault-tolerant quantum com-
puters have been recently developed. Furthermore,
Ref. [39] has recently proposed and experimentally dem-
onstrated using noise inherent in near-term devices to
design digital circuits that can simulate several restricted,
but physically motivated, classes of Lindbladians and
without using any ancilla qubits. Analog quantum simulation
of general Markovian open quantum systems has also been
proposed [40–42], although it has not received as much
attention as its closed system counterpart. A relatively simple
way of simulating a given Lindbladian is to use a set of
ancillae, each continuously reset to its ground state (i.e.,
experiencing an amplitude damping channel) and couple the
ancillae to the system via a time-independent Hamiltonian
that depends on the jump operators in the target Lindbladian.
By tuning the strength of the Hamiltonian in comparison to
the rate of rate of amplitude damping, an approximation of
the target Lindbladian dynamics can be implemented
on this system (Fig. 1). Since implementing both

amplitude-damping dissipation and a Hamiltonian interac-
tion is possible onmany experimental platforms, thismethod
is particularly suitable for analog quantum simulation of
open quantum systems. The method we consider here has
been proposed to implement dissipative quantum memories
[40] and also been identified as a strategy for Lindbladian
simulation [41]. However, it remains unclear if, and under
what circumstances, this experimentally simple analog
quantum simulation protocol can provide a good approxi-
mation to many-body Lindbladians, especially in the pres-
ence of errors in the quantum simulator.
In this paper, we analyze the analog quantum simulation

of open quantum systems, in both the noiseless and noisy
settings, and rigorously prove accuracy guarantees on the
quantum simulation protocol. We first consider the noise-
less setting, where a user-specified Hamiltonian and an
amplitude damping channel can be perfectly implemented
on the analog quantum simulator. We establish that a
generic k-local Lindbladian implemented on n qudits (of
any dimension) for time t can be simulated with an
overhead in simulation time which is at most polynomial
in the number of qudits n and the evolution time t. We then
focus on the case of a spatially local Lindbladian on a
lattice and show that, as a consequence of Lieb-Robinson
bounds [43,44], local observables on an analog quantum
simulator can be measured in a simulation time that scales
polynomially with t but is uniform in the system size n. For
geometrically local Lindbladians, we also consider the
problem of measuring either long-time dynamics of the
local observable or its fixed-point expectation value. We
show that, under the assumption of rapid mixing [45,46],
this can again be done on an analog quantum simulator in a
simulation time that is uniform in the system size n (and
additionally independent of time t in the case of long-time
dynamics). Our main theoretical technical contribution that
enables us to establish these results is to develop a rigorous
analysis of adiabatic elimination of the damped ancillae
which explicitly leverages the finite Lieb-Robinson veloc-
ity in the target system.
Simultaneously, we build upon the quantum-circuit-to-

Lindbladian mapping developed in Ref. [47] and show that,
unless bounded-error quantum polynomial time (BQP) =
bounded-error probabilistic polynomial time (BPP), we do
not expect there to be a classical algorithm that has a run-time
which is polynomial in both the inverse precision ε−1 and the
evolution time t (when simulating dynamics) or the inverse
of the Lindbladian’s decay rate γ−1 (when simulating
fixed points), and, consequently, we expect there to be a
superpolynomial separation between the run-time of the
quantum simulator and the best possible classical algorithm.
This holds true even when restricting ourselves to the
physically relevant setting of time-independent and spatially
local 2D Lindbladians. To establish this result for 2D local
Lindbladians, we adapt the circuit-to-2D-Hamiltonian-
ground-state mapping developed in Ref. [48] to the dis-
sipative setting and theoretically establish that the resulting

FIG. 1. Diagrammatic depiction of the analog quantum simu-
lator. (a) The target Lindbladian acting on a lattice of sites is the
sum of dissipator Lindbladians DLα

, each corresponding to a
geometrically local jump operator Lα. (b) The analog quantum
simulator approximates each LindbladianDLα

by implementing a
Hamiltonian ωVα that couples the sites (blue) on the lattice region
to an ancilla qubit (purple) that undergoes dissipation resetting it
to j0i. Noise due to unwanted coupling to an environment is
modeled as additional local Lindbladians N β of strength δ each
acting on regions that may include both simulated lattice sites and
ancillae. This figure is inspired by the schematic in Ref. [25].

VIKRAM KASHYAP et al. PHYS. REV. X 15, 021017 (2025)

021017-2



master equation mixes in a time that scales polynomially in
the system size.
Finally, we consider the presence of errors or noise in the

quantum simulator, which can be either coherent configu-
ration errors or incoherent errors due to interaction with an
external environment. Since typically every qudit on the
quantum simulator would be noisy, there are extensively
many errors on the simulator. In the worst case, these errors
could accumulate and result in the observable being
measured on an n-qudit quantum simulator incurring an
error ∼δ × n. Consequently, as the system size is increased
(e.g., to simulate the thermodynamic limit of a many-body
observable), any constant error rate δ would cause the
simulated observable to diverge from its true value.
However, we establish that, when computing dynamics
of local observables or the fixed-point expected value of
rapidly mixing local observables, a noisy quantum simu-
lator incurs a system-size independent error—the precision
in the simulated observable is limited only by noise rate and
scales subpolynomially with the noise rate, reaching perfect
precision for vanishing noise rate. Thus, these simulation
tasks are stable in the sense defined in Ref. [25] and can be
solved using near-term experimental platforms to a hard-
ware-error limited precision. Finally, by combining these
stability results with the circuit-to-2D-geometrically-local-
Lindbladian encoding, we also establish that, to solve these
problems to the same precision as achieved by the noisy
quantum device, any classical algorithm would require time
that scales superpolynomially with the hardware error rate.

II. SUMMARY OF RESULTS

A. Theoretical results

Throughout this paper, we concern ourselves with
simulating a Lindbladian. Any Lindbladian over a
Hilbert space H [dimðHÞ < ∞] can be specified by a
set of jump operators L1; L2…LM and a Hamiltonian
HsysðtÞ. The corresponding Lindbladian master equation is

d
dt

ρðtÞ ¼ −i½Hsys; ρðtÞ� þ
XM
α¼1

DLα
½ρðtÞ�; ð1aÞ

where ρðtÞ is the time-dependent density matrix of the
physical system under consideration and, for any operator
A, the dissipator corresponding to A is the superoperator

DAðXÞ ¼ AXA† −
1

2
fX; A†Ag: ð1bÞ

We assume that the time unit in the physical problem is
normalized such that kLαk ≤ 1 for all α. For typical
problems in physics, the qudits are laid out in a lattice,
the jump operators are local operators that are supported on
a subset of neighboring qudits, and the Hamiltonian is also
geometrically local, i.e., a sum of such local operators.

If a quantum simulator could configure any specified
dissipator, there would be a direct mapping between the
target master equation and the quantum simulator.
However, in most available experimental systems, the
quantum simulator can controllably implement a (family
of) Hamiltonians and simple single-qubit dissipators,
necessitating an experimentally simple way of mapping
a Lindbladian to a quantum simulator.
This problem has been addressed previously—in particu-

lar, Ref. [40] identified that a dissipator DLα
can be

effectively implemented by using an ancilla qubit with a
large amplitude damping dissipation (i.e., a dissipator that
maps j1i of the ancilla to j0i) and coupling it weakly to the
systemwith aHamiltonian that depends on the jumpoperator
Lα. More specifically, to simulate the Lindbladian in Eq. (1)
over Hilbert space HS, we define another Hilbert space
HA ¼ ðC2Þ⊗M ofM ancilla qubits and consider the follow-
ing Lindbladian over HS ⊗ HA:

d
dt

ρωðtÞ ¼ Lω½ρωðtÞ� ð2aÞ

with

LωðXÞ ¼ −iω2½Hsys; X� − iω

�XM
α¼1

Vα; X

�
þ 4

XM
α¼1

DσαðXÞ;

ð2bÞ

where σα ¼ j0αih1αj is the lowering operator on the αth
ancilla qubit,

Vα ¼ Lασ
†
α þ L†

ασα ð2cÞ

is the interaction Hamiltonian between the αth ancilla and
the system, and the dimensionless parameter ω controls the
strength of the interaction between the ancillae and the
system.
The parameter ω also controls the extent to which the

reduced state of the system, TrA½ρωðtÞ�, is a faithful
approximation of the target state ρðtÞ satisfying Eq. (1a).
To see this physically, we treat the ancillae as an environ-
ment for the system qudits. The limit of small ω then
corresponds to the limit of weak system-environment
interaction in which we expect the ancillae to behave like
a bath describable by the Born-Markov approximation [49].
Equivalently, we expect TrA½ρωðtÞ� to satisfy a Markovian
master equation. Consequently, as we rigorously establish
in this paper with a concrete bound for finite ω, it is true
that a smaller ω guarantees a more accurate simulation of
the target quantum dynamics. In particular,

lim
ω→0

TrA

�
ρω

�
t
ω2

��
¼ ρðtÞ: ð3Þ

It is important to note that Eq. (3) suggests that, even for a
fixed time t, the simulation time needed on the quantum
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simulator increases on decreasing ω; i.e., the greater the
accuracy required in simulating the target master equation,
the slower the quantum simulator will be.
While this provides a qualitative reason why a quantum

simulator can reproduce the dynamics of the target system,
it leaves open several theoretical questions that are impor-
tant from the point of view of current experiments. First,
can we provide concrete run-time bounds on the quantum
simulator and gauge its performance for various physically
relevant models? And is it true that an analog open quantum
system simulator can potentially provide a quantum ad-
vantage over classical algorithms for physically relevant
models? Second, does the presence of errors (coherent or
incoherent) catastrophically impact the performance of the
analog open quantum simulator, and, if not, is the analog
open quantum simulator stable to errors for any problems
which are both physically interesting and classically hard?
This question is even more important in view of Eq. (3),
which suggests that the quantum simulation time must be
increased to increase the accuracy of the simulation, and,
hence, it is possible that even a small but constant error rate
could accumulate over this long simulation time and result
in the simulator’s output being completely incorrect. It is,
therefore, crucial to understand if and under what circum-
stances this quantum simulation protocol could be stable to
errors in the quantum simulator and trusted to produce a
faithful approximation of the target problem. In this paper,
we provide answers to all of these questions.

1. Noiseless setting

Dynamics.—We first analyze the noiseless quantum
simulator and provide concrete run-time bounds for the
simulation tasks considered in this paper. We also provide
complexity-theoretic evidence of quantum advantage, even
for the physically motivated restricted settings that we
consider in this paper. We begin by considering the general
Lindblad master equation [Eq. (1)] as the simulation target.
Our goal is to obtain the full density matrix at time t to a
given precision ε in trace-norm. Assuming that kLαk ≤ 1
for all α, we establish the following simulation time bound
on the analog open quantum simulator.
Proposition 1 (noiseless simulator run-time). With all

the ancillae initialized to the state j0i and for any time
t > 0, kρðtÞ − TrA½ρωðt=ω2Þ�k1 ≤ ε can be obtained with

ω ¼ Θ
�

ε1=2

ðM þ 4MkHsysktþ 4M2tÞ1=2
�
;

which implies that the required run-time on the simulator
tsim ¼ t=ω2 scales as

tsim ¼ Θ
�
Mtþ 4MkHsyskt2 þ 4M2t2

ε

�
:

Importantly, in this general setting and if the required
target is the full quantum state to a desired precision, then
the analog quantum simulator must run for a time that
increases with the number of jump operatorsM, which in a
typical n-qudit problem scales as polyðnÞ. Furthermore, we
expect this scaling to be tight as far as a target precision in
the full many-body state is concerned, since we incur an
extensive error in using damped ancillae to mimic a
Markovian environment. Finally, we remark that our bound
on the quantum simulation time exhibits a quadratic slow-
down for the analog quantum simulator with respect to the
target dynamics, i.e., tsim ∼ t2—this is expected and con-
sistentwith lower bounds on digital quantum simulation time
for Lindbladians previously developed in Ref. [34].
The key technical tools that we develop in this paper that

enable us to prove this proposition are (i) a procedure to
rigorously adiabatically eliminate the ancillae while
accounting for the adiabatic elimination errors in terms
of the excitation number in the ancillae, together with (ii) an
excitation number bound on the ancillae which decreases
sufficiently fast with ω. This analysis approach also forms
the basis of the proof of the better run-time bounds for
spatially local Lindbladians provided in the propositions
that follow.
We remark that, to the best of our knowledge, such an

analog simulation protocol has been analyzed previously
only in Refs. [40,41,50]. In Refs. [41,50], the bounds
provided do not explicitly evaluate the dependence of the
simulator time tsim on the target time t compared to the
result in Proposition 1. Furthermore, our proof of this
proposition also significantly differs from Refs. [41,50] and
is more amenable to the analysis of geometrically local
models considered in the remainder of this paper.
Additionally, in Ref. [40], the authors also considered an
encoding similar to the one considered in Proposition 1, but
their error analysis followed a significantly different
approach and is restricted to a single jump operator.
Next, we consider geometrically local models, which

frequently appear in the study of many-body open quantum
systems in physics. We make the assumption that the
system S consists of a set of qudits arranged on a latticeZd,
and the target Lindbladian L is assumed to be of the form

L ¼
X
α

Lα;

where Lα is a Lindbladian corresponding to a jump
operator Lα, with kLαk ≤ 1 and Hamiltonian hα with
khαk ≤ 1. Both Lα and hα are assumed to be supported
on qudits in Sα which has a diameter a, i.e.,
diamðSαÞ ¼ maxx;y∈ Sα dðx; yÞ ≤ a, where dðx; yÞ is the
Manhattan distance between x and y. Such models have
a finite velocity at which correlations can propagate across
the lattice, formalized by the well-known Lieb-Robinson
bounds [43].
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In the following, we analyze the restricted problem of
measuring local observables in the dynamics and fixed points
of such Lindbladians. The physical motivation behind this
choice stems from the fact that inmany-body physics settings
it is typically of interest to measure only intensive order
parameters that are expressible as single (or weighted sums
of) local observables. Furthermore, in the settings that we
consider, the local observables have a well-defined thermo-
dynamic limit—the system size n can be taken to infinity and
the local observable will converge. The computational
problem of interest is to compute this thermodynamic limit
of the local observable. Importantly, we rigorously establish
that the run-time of the analog simulator needed to simulate
these observables to a given precision will be independent of
the system size—this independence from the system size n is
also consistent with the fact that the local observables
converge to a thermodynamic limit as n → ∞.
Consider first the problem of using the analog quantum

simulator to compute a local observable, at time t, for a
spatially local Lindbladian. Given that a spatially local
Lindbladian has a finite Lieb-Robinson velocity [Fig. 2(a)]
[43], and as long as t is independent of the system size n,
local observables have a well-defined thermodynamic limit.
Furthermore, also due to the Lieb-Robinson bounds, it
could be expected that the choice of ω needed to obtain a
good approximation for a local observable, instead of
depending on the total number of jump operators in the
Lindbladians as suggested by Proposition 1, should depend
on the number jump operators within the light cone until
time t. However, a closer look at the quantum simulator
Lindbladian [Eq. (2)] reveals that its Lieb-Robinson veloc-
ity, being dependent on the norm of the interaction terms
between different qudits, scales as ω, while the total
simulation time scales as t=ω2 [Fig. 2(b)]. Consequently,
it would appear that the effective light cone of a local
observable on the analog quantum simulator would scale as
ω × t=ω2 ¼ t=ω, which would diverge as we take ω → 0 to
increase the accuracy of the quantum simulation.
Despite this issue, in the next proposition, we show that

the parameter ω needed to estimate a local observable at t
evolving under a spatially local Lindbladian can be chosen

to be uniform in the system size (i.e., number of jump
operators). More specifically, we consider local observ-
ables (i.e., observables that are supported on a geometri-
cally local subset of system qudits) and establish the
following.
Proposition 2 (geometrically local dynamics—noiseless

simulator run-time). Suppose L is a d-dimensional geo-
metrically local Lindbladian and O with kOk ≤ 1 is a local
observable. To achieve an additive error ε in the expected
local observable with the analog quantum simulator, we
need to choose

ω ¼ Θ
�
t−ðdþ1=2Þ ffiffiffi

ε
p �

;

and this corresponds to a simulator evolution time

tsim ¼ t=ω2 ¼ O
�
t2dþ2ε−1

�
;

which is uniform in the system size.
The key physical insight that allows us to sidestep the

issue of the diverging light cone as ω → 0 is that the light
cone predicted by the Lieb-Robinson bound upper bounds
the spread of a local observable for any initial state of the
ancillae. However, in the analog quantum simulation
experiment, the ancillae are initialized to j0i—moreover,
they are strongly damped by the amplitude damping
channel applied on them and, thus, remain approximately
in j0i throughout the evolution of the simulator. At a
qualitative level, restricting the quantum states of interest to
only slightly excited ancillae results in a much slower
growth of the light cone on the quantum simulator than
predicted by a direct application of the Lieb-Robinson
bounds [Fig. 2(c)]. Our key technical contribution in the
proof of Proposition 2 is to make this expectation precise
by combining the rigorous adiabatic elimination of ancillae
developed in the proof of Proposition 1 together with the
Lieb-Robinson bounds for dissipative systems [43].
Steady state under rapid mixing.—Similarly, we can

consider the quantum simulation of long-time dynamics of

O O O

FIG. 2. (a) In a system evolving under the target Lindbladian L, the support of a local observable O spreads in the Heisenberg picture
in a “light cone” with a Lieb-Robinson velocity scaling as ∼kLαk. (b) In the quantum simulator we analyze, the Lieb-Robinson velocity
scales as ∼ωkVαk ∼ ω; however, the simulator also runs slower by a factor of 1=ω2, leading to a diverging Lieb-Robinson light cone as
we take ω → 0. (c) Our analysis shows that the effective light cone is no longer diverging if we account for the ancillae (red) being
heavily damped and, thus, in a low-excitation state.
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local observables that are rapidly mixing in a geometrically
local Lindbladian. Rapidly mixing Lindbladians were intro-
duced in Ref. [45] as the dissipative counterparts to gapped
Hamiltonians. It has been established that the fixed points of
rapidly mixing Lindbladians have properties similar to those
of ground states of gappedHamiltonians, such as the stability
of local observables to local perturbations in the Lindbladian
[45,46] and a mutual information area law for the fixed point
[51], and have also been proposed as a key tool to rigorously
define phases of mixed many-body states [52].
More specifically, a local observable O in a spatially

local Lindbladian L, with a unique fixed point σ, is
considered to be rapidly mixing if it converges exponen-
tially fast to TrðOσÞ; i.e.,

jTrfOeLt½ρð0Þ�g − TrðOσÞj ≤ k
�
jSOj; γ

�
e−γt; ð4Þ

where SO is the support of observableO, jSOj is the number
of lattice sites in SO (i.e., its volume), kðl; γÞ is O½polyðlÞ�
for a fixed γ, and, for some κ > 0,O½expðγ−κÞ� as γ → 0 for
a fixed l. The parameter γ controls the rate of convergence
of the local observable to the fixed point. Such observables
have a well-defined thermodynamic limit both for dynam-
ics and in the fixed point [45]. For observables and spatially
local Lindbladians that satisfy Eq. (4), we establish that the
ω needed to estimate the observable, at any time t, depends
entirely on the precision required in the observable and is
uniform in both system size n as well as time t.
Proposition 3 (rapid mixing dynamics—noiseless simu-

lator run-time). Suppose L is a d-dimensional geometri-
cally local Lindbladian and O with kOk ≤ 1 is a local
observable supported on Oð1Þ lattice sites satisfying rapid
mixing [Eq. (4)]. To achieve an additive error ε in the
expectation value of O at time t with the analog quantum
simulator, we need to choose

ω ¼ Θ
�
γðdþ1=2Þðκþ1Þ ffiffiffi

ε
p �

;

which corresponds to a simulator evolution time

tsim ¼ t=ω2 ¼ O
�
tγ−ð2dþ1Þðκþ1Þε−1

�
:

Since rapidly mixing local observables [Eq. (4)] are
within ε of their fixed-point expectation value TrðOσÞ in
time t ¼ Θðγ−ðκþ1ÞÞ þ Θ

	
γ−1 logðε−1Þ
, an immediate con-

sequence of the run-time bound in Proposition 3 is that
analog quantum simulators can be used to efficiently
simulate such observables. More specifically,
Corollary 3.1 (rapid mixing fixed points—noiseless

simulator run-time). For a d-dimensional geometrically
local Lindbladian, an analog quantum simulator can com-
pute the fixed-point expected value of a rapidly mixing

local observable O [Eq. (4)], with kOk ≤ 1, to precision ε
in simulator evolution time:

tsim ¼ O
�
γ−ð2dþ2Þðκþ1Þε−1 logðε−1Þ

�
:

The proof of this Proposition 3 builds on the proof of
Proposition 2 together with an application of the rapid
mixing assumption in Eq. (4). To show that ω can be
chosen to be uniform in time, we separately analyze the
error incurred by the quantum simulator in the short-time
and the long-time regimes. In the short-time regime, the
observable error is estimated using Lieb-Robinson bounds
with the same approach used to prove Proposition 2, and in
the long-time regime the error is bounded using the rapid-
mixing property [Eq. (4)].
Quantum advantage.—Propositions 2 and 3 show that,

for the specific problem of spatially local Lindbladians,
significantly better run-time bounds that are uniform in the
system size can be obtained when compared to the general
setting addressed in Proposition 1. However, this immedi-
ately raises the question of whether we even expect a
quantum advantage over classical algorithms in these
restricted settings. In our next proposition, we show that
there is indeed complexity-theoretic evidence for quantum
advantage with respect to physically relevant problem
parameters even in these restricted settings.
Proposition 4 (rapid mixing fixed points—noiseless

quantum advantage). There cannot exist a classical algo-
rithm that can, for every geometrically local 2D Lindbladian
and a corresponding rapidly mixing local observable, com-
pute the fixed-point expected value of the local observable to
additive error ε in time polyðγ−1; ε−1Þ, unless BQP ¼ BPP.
Again, since from Eq. (4) it follows that rapidly mixing

local observables reach a precision ε in time t ¼
Θ½γ−ðκþ1Þ logðε−1Þ�, Proposition 4 also implies the hardness
of measuring local observables in dynamics, as is made
precise by the following corollary.
Corollary 4.1 (geometrically local dynamics—noiseless

quantum advantage). There cannot exist a classical algo-
rithm that can compute every local observable at any given
time t in every 2D Lindbladian to additive error ε in time
polyðt; ε−1Þ unless BQP ¼ BPP.
Our proof of Proposition 4 follows the strategy of

encoding any given quantum circuit on N qubits and depth
polyðNÞ into the unique fixed point of a 2D geometrically
local Lindbladian on n ¼ polyðNÞ six-level qudits.
Furthermore, we also exhibit a local observable whose
expected value in the fixed point determines the probability
of a Pauli-Z measurement on the first qubit of the encoded
circuit resulting in a 1. Since every decision problem in the
BQP class can be solved by measuring only one qubit at the
circuit output, this encoding establishes an equivalence
between the classical hardness of simulating a polyðNÞ
depth quantum circuit and the fixed point of a geometrically
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local 2D Lindbladian. With this encoding, we can see that if
there indeed existed a classical algorithm to obtain a rapidly
mixing observable in the fixed point of a geometrically local
Lindbladian to a precision ε in time polynomial in both γ−1

and ε−1, then these parameters could be chosen as poly-
nomials of N such that the encoding Lindbladian and local
observable would also satisfy Eq. (4), and, thus, we would
obtain a classical algorithm to simulate any polyðNÞ depth
quantum circuit, implying BQP ¼ BPP.
Our key technical contribution to the proof of Proposition

4, therefore, is an encoding of a quantum circuit onN qubits
and of depth polyðNÞ into the fixed point of a geometrically
local 2D Lindbladian, as well as a rigorous analysis of the
convergence of the resulting Lindbladian to its fixed point.
This builds on Refs. [47,48]. In particular, in Ref. [47], the
authors demonstrated a strategy to encode a given quantum
circuit into the unique fixed point of a 5-local (but not
geometrically local) Lindbladian and analyzed the spectrum
of the Lindbladian to assess its convergence to the fixed
point. We extend this construction to geometrically local 2D
Lindbladian by adapting the construction provided in
Ref. [48], where the authors encoded a quantum circuit into
the unique ground state of a 2D geometrically local
Hamiltonian. Furthermore, we provide a detailed conver-
gence analysis of the 2D geometrically local Lindbladian,
which is significantly different from the analysis of the gap of
the geometrically local Hamiltonian constructed inRef. [48].
The simulation times of the noiseless quantum simulator

for all of these problems and complexity-theoretic limi-
tations of classical algorithms are summarized in Table I.

2. Noisy setting

Next, we address the stability of the quantum simulation
protocol to noise in the quantum simulator. The notion of
stability in quantum simulation tasks has been considered
previously in Ref. [25]—a physically meaningful and
stable quantum simulation task is one in which, in the
presence of a constant rate of error δ on the simulator, the
error in the observable being measured is perturbed only by
an amount εðδÞ ≤ OðδcÞ for some c > 0 dependent on the
error rate δ and does not grow with the number of qudits in

the simulator. The observable can, thus, be computed to a
hardware-limited and system-size-independent precision,
εðδÞ, on a noisy quantum simulator. A stable quantum
simulation task is a special computational task where the
quantum simulator avoids an accumulation of errors
incurred on all the qudits—such an accumulation would
typically yield an observable error that grows not only with
δ, but also with the system size n, and would be a worst-
case scenario for the performance of the quantum simulator.
Importantly, for stable many-body simulation tasks where
the observables additionally have a well-defined thermo-
dynamic limit, a noisy quantum simulator can simulate the
thermodynamic limit to a hardware-limited precision fðδÞ.
We start by considering a concrete but general and

realistic error model for the analog quantum simulator.
There can be two sources of errors—coherent errors on the
quantum simulator which lead to the incorrect configura-
tion of Hamiltonian interactions between different qudits or
incoherent errors that arise from the interaction of the
simulator qudits with an external environment. In order to
model both of these sources of errors, we assume that the
quantum simulator implements the Lindbladian Lω;δ
instead of the Lindbladian Lω with

Lω;δ ¼ Lω þ δN ; ð5aÞ

where δ is the error rate and N is itself a spatially local
Lindbladian given by

N ¼
XM0

β¼1

N β; ð5bÞ

where each term N β is a local Lindbladian acting on the
system and ancillae and the number of these terms M0 ≤
OðnÞwith n being the number of qudits. We may consider δ
to be the error rate, since it mediates the strength of N ,
which describes decohering interactions with an environ-
ment. We assume the normalization kN βk⋄ ≤ 1. In general,
N βðXÞ ¼ −i½vβ; X� þ

P
j DQj;β

—the Hamiltonian term vβ
in N β corresponds to coherent errors in the quantum
simulator that perturb the Hamiltonians, and the jump

TABLE I. Summary of the upper bounds on the simulator run-time for the problems considered in Propositions 1–3, as well as the
classical hardness results for these problems following from Proposition 4.

Problem Simulator run-time Quantum advantage

General Lindbladian and observable (dynamics) Oðε−1MtÞ þOðε−1M2t2Þ
þOðε−1MkHsyskt2Þ

� � �

Geometrically local Lindbladian on Zd,
local observable (dynamics)

Oðt2dþ2ε−1Þ No polyðt; ε−1Þ classical algorithm
for d ≥ 2

Geometrically local Lindbladian on Zd,
rapidly mixing local observable (Dynamics)

Oðtγ−ðκþ1Þð2dþ1Þε−1Þ No polyðt; γ−1; ε−1Þ classical algorithm
for d ≥ 2

Geometrically local Lindbladian on Zd,
rapidly mixing local observable (fixed points)

Oðγ−ðκþ1Þð2dþ2Þε−1 logðε−1ÞÞ No polyðγ−1; ε−1Þ classical algorithm
for d ≥ 2
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operators Qj;β can model different incoherent errors in the
Lindbladian.
We now revisit the problem of computing local observ-

ables in dynamics and fixed points and analyze how the
presence of errors and noise effects the results of the
computation. We show that the analog quantum simulator
is stable for both the problem of local observables in
dynamics of geometrically local Lindbladians as well as
that of rapidly mixing local observables in fixed points. In
the next two propositions, we establish that the quantum
simulator is robust to both coherent and incoherent errors
—in particular, we show that, in the presence of hardware
error at rate δ, we can pick the parameter ω dependent on
δ, and uniform in the system size, to obtain a precision ε in
the observable that also scales asOðδcÞ, for some constant
c > 0, and is uniform in system size. More specifically,
for the problem of dynamics of geometrically local
Lindbladians, we establish the following.
Proposition 5 (geometrically local dynamics—noisy

simulator precision and run-time). Suppose L is a d-
dimensional geometrically local Lindbladian and O with
kOk ≤ 1 is a local observable. Then, in the presence of
noise with noise rate δ, the expected local observable at
time t can be obtained to a precision ε ¼ Oðδ1=2t2dþ1Þ,
independent of the system size, with the analog quantum
simulator. Furthermore, to obtain this precision, we need to
choose ω ¼ Θðδ1=4Þ, which results in a simulator run-
time tsim ¼ t=ω2 ¼ Oðtδ−1=2Þ.
We establish a similar stability result for the problem of

long-time dynamics of rapidly mixing observables [defined
in Eq. (4)]; i.e., these observables can be obtained on
quantum simulators to a precision ε that scales as polyðδÞ
and is independent of the system size n as well as the time t.
Proposition 6 (rapid mixing dynamics—noisy simulator

precision and run-time). Suppose L is a d-dimensional
geometrically local Lindbladian and O with kOk ≤ 1 is a
local observable supported on Oð1Þ lattice sites satisfying
rapid mixing [Eq. (4)]. Then, in the presence of noise with
noise rate δ, the expected local observable at any time t
can be obtained to a precision ε ¼ Oðδ1=2γ−ðκþ1Þð2dþ1ÞÞ,
independent of n and t, with the analog quantum simu-
lator. Furthermore, to obtain this precision, we need to
choose ω ¼ Θðδ1=4Þ, which results in a simulator run-
time tsim ¼ t=ω2 ¼ Oðtδ−1=2Þ.
For rapidly mixing observables, Eq. (4) implies that,

after t ≥ Θðγ−ðκþ1Þ logðε−1ÞÞ, the expected value of the
observable at time t is ε-close to its fixed-point expected
value. Consequently, from Proposition 6, it immediately
follows that the problem of measuring the fixed-point
expectation value of such observables is also stable to
errors. More specifically, we obtain the following.
Corollary 6.1 (rapid mixing fixed points—noisy

simulator precision and run-time). Suppose L is a
d-dimensional geometrically local Lindbladian and O with
kOk ≤ 1 is a local observable supported on Oð1Þ lattice

sites satisfying rapid mixing [Eq. (4)]. Then, in the presence
of noise with noise rate δ, the fixed-point expected value of
the local observable can be obtained to a precision
ε ¼ Oðδ1=2γ−ðκþ1Þð2dþ1ÞÞ, independent of n, with the analog
quantum simulator with a simulator run-time tsim ¼
Oðγ−ðκþ1Þδ−1=2 logðδ−1ÞÞ þOðγ−ðκþ1Þδ−1=2 logðγ−1ÞÞ.
Quantum advantage with errors.—Even for a stable

quantum simulation task, the observable of interest cannot
be determined to an arbitrary precision on a noisy quantum
simulator but only to a precision εðδÞ ≤ OðδcÞ for some
c > 0. Furthermore, the settings where we have been able
to establish stability of the analog quantum simulator are
also settings where the observables being computed have a
well-defined thermodynamic limit and, thus, become
asymptotically independent of the system size. To compare
the performance of the noisy quantum simulator with
classical algorithms for such problems, we take the
perspective laid out in Ref. [25]—since we are considering
problems where the observables have a well-defined
thermodynamic limit, and this limit is the quantity of
interest to be computed, we cannot study the classical and
quantum computational time of such observables as a
function of system size (which has been implicitly taken
to∞). The relevant parameter with respect to which we can
measure the computational time is the obtained precision—
since the precision on a noisy quantum simulator, with
noise rate δ, is limited to εðδÞ, we ask if there are families of
problems

(i) that are stable and as δ → 0, the noise-limited
precision εðδÞ in the observables also → 0 and

(ii) the scaling of the (best) classical algorithm run-time
with respect to δ is at least superpolynomially worse
than the scaling of the analog simulator’s run-time
with respect to δ.

Explicitly, if the run-time of the analog simulator scales as
O½polyðδ−1Þ� to achieve the hardware-limited precision
εðδÞ and the run-time of the (best) classical algorithm
scales as superpolyðδ−1Þ to reach the same precision, then
the noisy quantum simulator provides a superpolynomial
advantage over the classical algorithms. Stated differently,
this notion of quantum advantage implies that as the noise
rate δ is reduced the classical algorithm would find it
superpolynomially harder to compute the observable to the
noise-limited precision.
Our main result is to show that this notion of quantum

advantage holds for certain families of problems of
computing local observables in the dynamics or fixed
points of geometrically local 2D Lindbladians that are also
stable to noise on the quantum simulator. In particular, we
consider the following problem for fixed points.
Problem 1. For α, κ > 0, given a family of geometrically

local Lindbladians LðδÞ and rapid mixing local observables
OðδÞ, indexed by δ → 0, such that the observable satisfies
Eq. (4) with γ−1 ≤ Oðδα−1=½10ðκþ1Þ�Þ, compute the expected
value of OðδÞ in the fixed point of LðδÞ.
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Proposition 7 (rapid mixing fixed points—noisy quantum
advantage). A noisy analog quantum simulator with noise
rate δ can solve Problem 1, with parameters α and κ, to a
noise-limited precision Oðδ5αðκþ1ÞÞ (which→ 0 as δ → 0).
Furthermore, there cannot exist a randomized classical
algorithmwith run-time polyðδ−1Þ that can solve Problem 1
to the same precisions for every given α, κ unless
BQP ¼ BPP.
From a physical standpoint, the constraint

γ−1 ≤ Oðδα−1=½10ðκþ1Þ�Þ, for α < 1=½10ðκ þ 1Þ�, simply
states that a quantum simulator with lower noise can be
used to simulate the fixed-point expected value of a rapidly
mixing local observable that takes longer to reach its fixed-
point value while still obtaining a hardware-limited pre-
cision which decreases polynomially with δ. This propo-
sition, which rigorously proves the notion of noisy
quantum advantage laid out in Ref. [25], follows almost
directly from the quantum-circuit-to-2D-Lindbladian
encoding developed for the proof of Proposition 4. The
only additional detail in proving this proposition is to show
that, given any quantum circuit on N qubits with depth
T ¼ polyðNÞ, the encoding Lindbladian can be embedded
into the family of problems considered in Proposition 7
while accounting for the additional constraint on γ. We
show that this is possible simply by choosing α and κ
depending on the degree of the polynomial of N describing
the depth T and then choosing N depending on δ as
N ¼ polyðδ−1Þ. This implies that if there did exist a
polyðδ−1Þ classical algorithm to simulate this family of
problems for any α, κ > 0, then it would necessarily also be
able to simulate an arbitrary polyðNÞ depth quantum
circuit, thus implying BQP ¼ BPP. Furthermore, we also
establish an implication of Proposition 7; i.e., a similar
notion of quantum advantage holds for the problem of
dynamics of local observables. More specifically,
Problem 2. For α > 0, given a family of geometrically

local Lindbladians LðδÞ, local observables OðδÞ, and evolu-
tion times tðδÞ, indexed by δ → 0, such that tðδÞ ≤ Oðδα−1=10Þ,
compute the expected value ofOðδÞ after evolving underLðδÞ
for time tðδÞwhen all the qudits are initially in a product state.

Corollary 7.1 (geometrically local dynamics—noisy
quantum advantage). A noisy analog quantum simulator
with noise rate δ can solve Problem 2, with parameter α, to
a noise-limited precision Oðδ5αÞ (which → 0 as δ → 0) in
simulator run-time O½polyðδ−1Þ� and there cannot exist a
polyðδ−1Þ randomized classical algorithm to estimate this
local observable to the same precision for every given
α > 0 unless BQP ¼ BPP.
We summarize the results pertaining to noisy quantum

simulation of geometrically local Lindbladians in Table II.

B. Numerical example

As an illustrative example of the analog quantum
simulation and the impact of noise on the simulator, we
study the analog quantum simulation of a Gaussian fermion
model. We choose a Gaussian fermion model since it can be
numerically simulated efficiently for large system sizes
[14,53], allowing us to verify the scalings predicted by
Propositions 1, 2, 4, and 5. We consider a family of target
Lindbladians on n ¼ 2Lþ 1 fermions arranged on a 1D
lattice and described by the Hamiltonian

Hsys ¼
XL
x¼−L

Kða†xaxþ1 þ H:c:Þ þ
XL
x¼−L

Jðaxaxþ1 þ H:c:Þ;

where ax is the annihilation operator on the fermionic mode
at x and we assume periodic boundary conditions and,
therefore, set ax¼Lþ1 ≅ ax¼−L. We associate one two-
fermion jump operator per site x, Lx, given by

Lx ¼ λ0ax þ λ1axþ1:

The parameters J, K, λ0, and λ1 specify the model. We
consider the problemofmeasuring theobservableOgivenby

O ¼ 1

n

X
x

a†xax;

TABLE II. Summary of the results from the analysis of noisy open quantum simulator for the dynamics and fixed points of
geometrically local Lindbladians. The table lists the estimates of noise-limited precision and simulator run-time as a function of the noise
rate δ that follow from Propositions 5 and 6, as well as the family of problems as a function of δ where there is expected to be no
polyðδ−1Þ classical algorithm. The Õ in the last row suppresses polynomial factors of logðγ−1Þ and logðδ−1Þ.

Problem
Noise-limited
precision

Simulator
run-time

No polyðδ−1Þ algorithm
for (in 2D)

Geometrically local Lindbladian on Zd,
local observable (dynamics)

Oðδ1=2t2dþ1Þ Oðtδ−1=2Þ t ¼ Oðδα−1=10Þ
for any α > 0

Geometrically local Lindbladian on Zd,
rapidly mixing local observable (dynamics)

Oðδ1=2γ−ðκþ1Þð2dþ1ÞÞ Oðtδ−1=2Þ � � �

Geometrically local Lindbladian on Zd,
rapidly mixing local observable (fixed points)

Oðδ1=2γ−ðκþ1Þð2dþ1ÞÞ Õðγ−ðκþ1Þδ−1=2Þ γ−1 ¼ Oðδα−1=½10ðκþ1Þ�Þ
for any κ, α > 0
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which measures the particle density (i.e., the particle number
per unit lattice size), in the fixed point of this dissipative
system. Figure 3 shows this observable as a function of the
parameter J—at J ¼ 0, since theHamiltonianHsys is particle
number conserving and the jump operators annihilate any
fermions on the lattice, the particle density in the fixed point
is 0 and becomes nonzero when J ≠ 0. Furthermore, as
shown in Fig. 3, this observable also has a well-defined
thermodynamic limit and converges exponentially to
this limit.
To perform a quantum simulation of this model, as

described in the previous subsection, we introduce ancillary
fermions with annihilation operators bx and couple them to
the system fermions. The quantum simulator dynamics is
given by the Lindbladian

LωðXÞ ¼ −iω2½Hsys; X� þ
X
x

�
4DbxðXÞ − iω½Vx; X�

�
;

ð6Þ

where Vx ¼ b†xLx þ L†
xbx. The quantum simulator

becomes increasingly accurate as ω → 0—this is numeri-
cally demonstrated in Fig. 4(a) for different system sizes,
where we compare the expected value of O in the fixed
point of the simulator Lindbladian Lω to its expected value
in the fixed point of the target Lindbladian L. Furthermore,
the scalings of the observable error incurred on the
quantum simulator with the system size n and the param-
eter ω are studied in Figs. 4(b) and 4(c). We note from
Fig. 4(b) that, for a fixed ω, the observable error saturates
on increasing the system size. This uniformity with system
size is consistent with our expectation from Proposition 3.
Furthermore, consistent with Proposition 3, Fig. 4(c) shows
that the observable error, in the limit of large system size,
scales polynomially with ω.
Next, we add noise to the quantum simulator and analyze

its impact on the performance of the quantum simulator. We
consider single-site depolarizing noise acting on the fer-
mions at a rate δ—this can be theoretically modeled by
assuming that the quantum simulator has a Lindbladian
Lω;δ:

Lω;δ ¼ Lω þ δ
X
x

�
Trxð·Þ ⊗

Ix
2
− id

�
: ð7Þ

Such a Lindbladian has Hermitian jump operators that are
quadratic in the fermionic annihilation and creation oper-
ators and can be simulated following the formalism in
Ref. [14]. In Fig. 5, we numerically study the deviation in
the observable O computed in the fixed point of Lω;δ from

n
n
n
n

10 20 30 40

0.1

0.2

0.3

0.4

n

FIG. 3. The particle density observable O in the fixed point of
the dissipative fermionic system as a function of the coupling
parameter J, while setting K ¼ 1, λ0 ¼ 1.1, and λ ¼ 1. The inset
shows the convergence of the particle-density observable to its
thermodynamic limit. Note that, due to the fast convergence of O
to the thermodynamic limit, the curves for n ¼ 21 and 41 overlap
with each other.

Ideal

n
n
n

(a) (b) (c)

J = 0.5

J = 5

J = 0.5

J = 5

FIG. 4. Numerical studies of the performance of the noiseless analog quantum simulator described by Eq. (6). (a) The particle density
observable as a function of J—the solid line shows the target (ideal) observable, and dot-dashed lines show the observable measured on
the quantum simulator for different ω. (b) The observable error incurred by the quantum simulator as a function of the system size,
indicating that the error becomes independent of n as n → ∞. (c) The observable error for large n as a function of ω, showing that the
error scales polynomially with ω (note that both the axes are shown on log scale).
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its expected value in the fixed point of L. Figure 5(a) shows
the dependence of the measured observable on the param-
eter ω in the presence of noise. For a fixed δ, unlike the
noiseless case, reducing ω no longer results in an increas-
ingly accurate simulation. We instead observe that there is
an optimal ω, that is dependent on δ, at which the noisy
quantum simulator best approximates the target observable.
Figure 5(b) shows the scaling of the observable error at this
optimal point with the parameter δ. Consistent with
Proposition 6, we see that the observable error becomes
independent of the system size n as n → ∞, and the error in
the large n limit scales polynomially with δ. The choice of
ω that achieves this optimal error is also shown in Fig. 5,
and we see it too becomes independent of n as n → ∞ and
scales polynomially with δ consistent with Proposition 6.

III. NOTATION AND PRELIMINARIES

Given a Hilbert space H, we denote by LðHÞ the set of
bounded linear operators from H → H, define MðHÞ to be
the set of theboundedHermitian operators fromH → H, and
define D1ðHÞ as the set of valid density matrices on H. We
typically use the † superscript to indicate the adjoint, or
Hermitian conjugate, of an operator or superoperator.
However, in some cases, more compact expression can
obtained by using the following notation—for some operator
or superoperator X, we define Xð−Þ ≔ X and XðþÞ ≔ X†.
Furthermore, we use þ ¼ − and −̄ ¼ þ. For example,
XðūÞ ≔ X† for u ¼ −:
While dealing with mixed states and their dynamics,

it is often convenient to adopt the vectorized notation,
where we map operators on a (finite-dimensional) Hilbert
space to state vectors via ρ ¼ P

il;ir ρil;ir jilihirj → jρ⟫ ¼P
il;ir ρil;ir jil; iri. Superoperators, such as Lindbladians or

channels, map to ordinary operators in this picture. Given
an operator X∈MðHÞ, we define Xl; Xr ∈MðH ⊗ HÞ by

Xljρ⟫¼ðX⊗ IÞjρ⟫¼ jXρ⟫ and Xrjρ⟫ ¼ ðI ⊗ XTÞjρ⟫ ¼
jρX⟫. XlðXrÞ can also be interpreted as a superoperator
which left (right) multiplies its argument with X, i.e.,
XlðYÞ ¼ XY and XrðYÞ ¼ YX. A Lindbladian superoper-
ator L specified by a Hamiltonian H and jump operators
fLαgα∈ f1;2…Mg,

LðXÞ ¼ −i½H;X� þ
XM
α¼1

�
LαXL

†
α −

1

2
fX; L†

αLαg
�
;

can be vectorized:

L¼−iðHl−HrÞþ
XM
α¼1

�
Lα;lL

†
α;r−

1

2
ðL†

α;lLα;lþLα;rL
†
α;rÞ

�
:

The adjoint of the Lindbladian (with respect to the Hilbert-
Schmidt inner product) L† is given by

L†ðXÞ ¼ i½H;X� þ
XM
α¼1

�
L†
αXLα −

1

2
fL†

αLα; Xg
�
:

The adjoint of the Lindbladian, by definition, satisfies
Tr½ALðBÞ� ¼ Tr½L†ðAÞB� and L†ðIÞ ¼ 0. In the vectorized
notation, L† is expressed as

L†¼ iðHl−HrÞþ
XM
α¼1

�
L†
α;lLα;r−

1

2
ðL†

α;lLα;lþLα;rL
†
α;rÞ

�
:

Norms.—kAkp denotes the Schatten p-norm of an
operator A. We denote the operator norm, which is also
the Schatten-∞ norm, by kAk without a subscript.
kAkp→q ≔ maxO;kOkp¼1 kAðOÞkq indicates the norm of
a superoperatorA. We define the completely bounded norm

(a) (b)

FIG. 5. Numerical studies of the performance of a noisy quantum simulator described by Eq. (7). (a) The dependence of the particle
density observable on ω with the dashed line indicating the target observable. In the presence of noise, there is an optimal ω depending
on δ at which this error is the lowest. (b) The (smallest) observable error as a function of the noise rate δ, as well as the choice of ω that
yields this error.
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of a superoperator A as kAkcb;p→q ≔ supn≥2kA ⊗
idnkp→q. The diamond norm is the completely bounded
1 → 1 norm—for the diamond norm, we use the standard
notation kAk⋄ ≔ kAkcb;1→1.
Lattices in this work are lattice graphs. dðx; yÞ for two

lattice sites x and y denotes the Manhattan distance
between x and y, i.e., the graph path length to reach y
from x. We write the distance between a set of lattice sites S
and a single site x as dðS; xÞ ≔ miny∈ S½dðx; yÞ�. The
distance between two sets of lattice sites S1 and S2 is
accordingly dðS1; S2Þ ≔ minx∈ S1;y∈ S2 ½dðx; yÞ�. The diam-
eter of set of lattice sites S is written diamðSÞ ≔
maxx∈ S;y∈ S½dðx; yÞ�.
For two real-valued functions fðxÞ and gðxÞ, we write

fðxÞ ≤ O½gðxÞ� to indicate that there exist C; x0 ∈R such
that fðxÞ ≤ CgðxÞ for all x > x0. Similarly, fðxÞ ≥ Ω½gðxÞ�

indicates that there exist C; x0 ∈R such that fðxÞ ≥ CgðxÞ
for all x > x0. Finally, fðxÞ ¼ Θ½gðxÞ� indicates Ω½gðxÞ� ≤
fðxÞ ≤ O½gðxÞ�.
For notational conciseness, we often use a shorthand for

a list of indices—the list fm;mþ 1; mþ 2…ng is abbre-
viated as ½m∶n�.

IV. ANALYSIS OF THE NOISELESS SIMULATOR

A. Rigorous adiabatic elimination of the ancilla

We begin with analyzing the analog open quantum
simulator in the absence of any noise. Supposing system
qudits S starts in the state ρð0Þ at time t ¼ 0, we wish to
simulate the state ρðtÞ ¼ eLtρð0Þ. To begin the analysis, we
set up equations of motion for TrAðρωðtÞÞ and
TrAðσαρωðtÞÞ. Following from the definition of Lω in
Eq. (A2), we have that

d
dt

TrAðρωðtÞÞ ¼ −iω
X
α

X
u∈ fþ;−g

½LðuÞ
α ;TrAðσðūÞα ρωðtÞÞ� − iω2½Hsys;TrAðρωðtÞÞ�; ð8aÞ

d
dt

TrAðσαρωðtÞÞ ¼ −2TrAðσαρωðtÞÞ − iωLαTrAðρωðtÞÞ − iω2½Hsys;TrAðσαρωðtÞÞ� þ ω
X
α0
Eα;α0 ðtÞ; ð8bÞ

d
dt

TrAðσ†αρωðtÞÞ ¼ −2TrAðσ†αρωðtÞÞ þ iωTrAðρωðtÞÞL†
α − iω2½Hsys;TrAðσ†αρωðtÞÞ� þ ω

X
α0
E†
α;α0 ðtÞ; ð8cÞ

where

Eα;α0 ðtÞ ¼
8<
:

ifLα;TrAðnαρωðtÞÞg α ¼ α0

−i
P

u∈ fþ;−g
½LðuÞ

α0 ;TrAðσασðūÞα0 ρωðtÞÞ� α ≠ α0

ð9Þ

with nα ¼ σ†ασα being the excitation number operator for
the αth ancillary qubit.
To develop concrete error bound on the deviation of the

quantum simulator and the target dynamics, we carefully

analyze the remainder RωðtÞ defined by

RωðtÞ ≔
d
dt

TrAðρωðtÞÞ − ω2LTrAðρωðtÞÞ; ð10Þ

which can be physically interpreted as the error in the rate
of change of the reduced state of the system qudits S on the
analog quantum simulator compared to the target
Lindbladian. The next lemma provides an expression for
RωðtÞ, which we repeatedly use throughout this paper
while analyzing the analog quantum simulator. This
expression follows directly from Eq. (8)—a detailed proof
of this is provided in Appendix A.

Lemma 1. For any t > 0, the remainder RωðtÞ satisfies

RωðtÞ ¼ ω2
X
α

e−2tqα þ ω4
X

j∈ f1;2g

X
α

Z
t

0

e−2ðt−sÞQðjÞ
α;Hsys

ðsÞdsþ ω4
X

j∈ f3;4g

X
α;α0

Z
t

0

e−2ðt−sÞQðjÞ
α;α0 ðsÞds; ð11aÞ
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where

qα ¼ −DLα
½ρð0Þ�;

Qð1Þ
α;hðtÞ ¼ −

1

ω
½L†

α; ½h;TrAðσαρωðtÞÞ�� þ H:c:;

Qð2Þ
α;hðtÞ ¼ −

i
2
½L†

α; Lα½h;TrAðρωðtÞÞ�� þ H:c:;

Qð3Þ
α;α0 ðtÞ ¼

i
ω

X
u∈ fþ;−g

DLα
ð½LðuÞ

α0 ;TrAðσðūÞα0 ρωðtÞÞ�Þ:

If α ¼ α0;

Qð4Þ
α;α0 ðtÞ ¼

2

ω2
ðDL†

α
−DLα

ÞfTrAðnαρωðtÞÞg:
If α ≠ α0;

Qð4Þ
α;α0 ðtÞ ¼ −

1

ω2

X
u;u0

∈ fþ;−g

½LðuÞ
α ; ½Lðu0Þ

α0 ;TrAðσðūÞα σðū
0Þ

α0 ρωðtÞÞ��:

To theoretically analyze the fidelity of the quantum
simulation, we thus need to provide an upper bound on
kRðtÞk1 which → 0 as ω → 0. From the expression

provided in Lemma 1, we see that the terms Qð1Þ
α;Hsys

,

Qð2Þ
α;Hsys

,Qð3Þ
α;α0 , andQ

ð4Þ
α;α0 , which contribute to the remainder,

depend on the operators TrAðnαρωðtÞÞ, TrAðσαρωðtÞÞ,
TrAðσ†α0σαρωðtÞÞ, and TrAðσασα0ρωðtÞÞ. We expect these
operators to be small—to see this physically, we note that if
all the ancillae were exactly in j0i at time t, then all of these
operators would be exactly 0. In the analog simulation, the
ancillae are only weakly coupled to the system, with the
coupling strength ∼ω, while simultaneously being strongly
damped. Thus, we could expect the ancillae to never be
significantly excited during the simulation, and, conse-

quently, we expect the operators Qð1Þ
α;Hsys

, Qð2Þ
α;Hsys

, Qð3Þ
α;α0 , and

Qð4Þ
α;α0 to be small. The next lemma translates this physical

intuition into a rigorous upper bound.
Lemma 2. Suppose ρωðtÞ is the joint state of the system

and ancilla qubits with the ancilla qubits initially being in
state j0i, and then for all α; α0

kTrAðσαρωðtÞÞk1 ≤
ω

2
and

kTrAðσ†ασα0ρωðtÞÞk1; kTrAðσασα0ρωðtÞÞk1 ≤
ω2

4
:

To obtain these upper bounds, we develop a set of input-
output equations for the ancilla-lowering operator σα. These
are analogous to the input-output equations used in
quantum optics [49]. We provide a detailed proof of the
lemma in Appendix A—to illustrate the basic idea behind

the proof, we explicitly bound kσαρωðtÞk1. We begin by
noting that

σαρωðtÞ ¼ Eωðt; 0Þfσα;lðtÞ½ρð0Þ�g;

where Eωðt; sÞ ¼ eLωðt−sÞ is the channel generated by the
Lindbladian of the quantum simulator and σα;lðtÞ is a
superoperator defined by

σα;lðtÞ ¼ E−1
ω ðt; 0Þσα;lEωðt; 0Þ;

where, as defined in Sec. III, σα;lðXÞ ¼ σαX is a super-
operator that left multiplies its argument by σα. We can now
obtain a “Heisenberg-like” equation of motion for σα;lðtÞ:

d
dt

σα;lðtÞ ¼ E−1
ω ðt; 0Þðσα;lLω − Lωσα;lÞEωðt; 0Þ

¼ −iωE−1
ω ðt; 0Þ½σα;l; Vα;l − Vα;r�Eωðt; 0Þ

þ 4E−1
ω ðt; 0Þ½σα;l;Dσα �Eωðt; 0Þ

¼ð1Þ − 2σα;lðtÞ − iωE−1
ω ðt; 0ÞLα;l½σα;l; σ†α;l�E−1

ω ðt; 0Þ;

where in obtaining (1) we use the fact that σα;l commutes
with Vα;r (since it left multiplies while Vα;r right multiplies)
and with itself and that ½σα;l;Dσα � ¼ σα;l=2. Integrating this
equation, we can obtain that

σα;lðtÞ ¼ e−2tσα;l

− iω
Z

t

0

e−2ðt−sÞE−1
ω ðs; 0ÞLα;l½σα;l; σ†α;l�Eωðs; 0Þds;

which can be considered to be an input-output equation for
σα, since it relates its action on the quantum state at time t to
its action on the initial state at t ¼ 0. Now, since σα
annihilates the initial state, i.e., σαρð0Þ ¼ 0, we obtain that

σαρωðtÞ

¼ −iω
Z

t

0

e−2ðt−sÞEωðt; sÞðLα½σα; σ†α�Eωðs; 0Þ½ρð0Þ�Þds:

We can now bound TrAðσαρωðtÞÞ—in particular, using the
fact that k½σα;σ†α�k≤ 1, kLαk ≤ 1 and that kEωðt; sÞðXÞk1 ≤
kXk1 (i.e., trace norm is contractive under application of
quantum channels), we obtain that

kTrAðσαρωðtÞÞk1 ≤ ω

Z
t

0

e−2ðt−sÞkρðsÞk1ds ¼
ω

2
;

which is the bound provided in Lemma 2. A similar
procedure can be followed to obtain bounds on
kTrAðσ†ασα0ρωðtÞÞk1 and kTrAðσασα0ρωðtÞÞk1.
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Proposition 1, repeated. With all the ancillae initialized
to the state j0i and for any time t > 0, kρðtÞ−
TrAðρωðt=ω2ÞÞk1 ≤ ε can be obtained with

ω ¼ Θ
�

ε1=2

ðM þ 4MkHsysktþ 4M2tÞ1=2
�
;

which implies that the required simulation time on the
simulator tsim ¼ t=ω2 scales as

tsim ¼ Θ
�
Mtþ 4MkHsyskt2 þ 4M2t2

ε

�
:

Proof. We note that the remainder defined in Eq. (10),

d
dt

TrAðρωðtÞÞ − ω2LTrAðρωðtÞÞ ¼ RωðtÞ;

can be integrated to obtain

TrA

�
ρω

�
t
ω2

��
¼ ρðtÞ þ

Z
t=ω2

0

eLðt−ω2sÞðRωðsÞÞds;

ð12Þ

where ρðtÞ ¼ eLt½ρð0Þ� is the target state to be simulated.
Using the contractivity of the trace norm under the quantum
channel eLt, we obtain that

����TrA
�
ρω

�
t
ω2

��
− ρðtÞ

����
1

≤
Z

t=ω2

0

kRωðsÞk1ds: ð13Þ

We can now use the explicit expression forRω in Lemma 1
together with Lemma 2 to bound kRωðsÞk1 term by term.
Consider first the bound on qα—note that, since kLαk ≤ 1,

kqαk1 ≤ 2. Next, consider bounds on kQðjÞ
α;Hsys

ðsÞk
1
for

j∈ f1; 2g—we obtain that

kQð1Þ
α;Hsys

ðsÞk
1
≤

8

ω
kHsyskkTrAðσðūÞα ρωðsÞÞk1 ≤ 4kHsysk;

kQð2Þ
α;Hsys

ðsÞk ≤ k½L†
α; Lα½Hsys;TrAðρωðtÞÞ��k ≤ 4kHsysk:

Similarly, a bound on kQð3Þ
α;α0 ðsÞk1 can be obtained via

kQð3Þ
α;α0 ðsÞk1 ≤

1

ω

X
u∈ fþ;−g

4
���TrAðσðūÞα0 ρωðsÞÞ

���
1
≤ 4:

Consider next kQð4Þ
α;α0 ðsÞk1—for α ≠ α0, we obtain that

kQð4Þ
α;α0 ðsÞk1 ≤

4

ω2

X
u;u0 ∈ fþ;−g

���TrAðσðūÞα σðū
0Þ

α0 ρωðsÞÞ
���
1
≤ 4:

For α ¼ α0, it similarly follows that

kQð4Þ
α;αðsÞk1 ¼

2

ω2
kðDL†

α
−DLα

ÞðTrAðnαρωðtÞÞk1;

≤
8

ω2
kTrAðnαρωðtÞÞk1 ≤ 4:

With these bounds, we obtain that

kRωðsÞk1
≤ 2Mω2e−2s þ ω4

Z
s

0

e−2ðs−s0Þð8MkHsysk þ 8M2Þds0

≤ 2Mω2e−2s þ 4Mω4sðkHsysk þMÞ:

Using this bound on kRωðsÞk1 together with Eq. (13), we
obtain that����TrA

�
ρω

�
t
ω2

��
− ρðtÞ

����
1

≤ ðMω2 þ 4Mω2kHsysktþ 4M2ω2tÞ;

from which the theorem statement follows. ▪

B. Geometrically local models

In this subsection, we confine ourselves to geometrically
local models, which frequently appear in the study of
many-body open quantum systems in physics. We make the
assumption that the system S consists of a set of n qudits
arranged on a lattice Zd and the target Lindbladian L is
assumed to be of the form

L ¼
X
α

Lα; ð14aÞ

where Lα is a Lindbladian correspond to a jump operator
Lα, i.e.,

LαðXÞ ¼ −i½hα; X� þDLα
ðXÞ; ð14bÞ

with kLαk ≤ 1 and Hamiltonian hα with khαk ≤ 1. The
operators Lα and hα are assumed to be supported on qudits
in Sα, which has a maximum diameter of a:

diamðSαÞ ¼ max
x;y∈ Sα

dðx; yÞ ≤ a:

Such models are known have a finite velocity at which
correlations can propagate across the lattice, formalized by
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the well-known Lieb-Robinson bounds. While originally
derived for geometrically local Hamiltonian (i.e., closed)
systems, Lieb-Robinson bounds have been extended to
open quantum systems [43]. Below, we quote a Lieb-
Robinson bound from Ref. [44], which we use in the
remainder of this section. To compactly express this bound,
following Ref. [44], it is convenient to define the degree of
a subset S ⊆ Zd:

∂S ¼ jfαjSα ∩ S ≠ ∅gj and Z ¼ max
α

∂ðSαÞ:

∂S is, thus, the number of terms in the Lindbladian that act
on the qudits in S, and, consequently, Z is an upper bound
on the number of terms in the Lindbladian that intersect
with any one term in the Lindbladian. For notational
convenience, given a set S ⊂ Zd of lattice sites, we define

ηS ¼
∂S

Z
:

The Lieb-Robinson bound from Ref. [44] is precisely
stated below.
Lemma 3. Suppose K is a superoperator supported on

region SK and satisfies KðIÞ ¼ 0, and O is a local
observable, with kOk ≤ 1, supported on region SO, and
then

kKeL
†tðOÞk ≤ ηSOkKkcb;∞→∞ exp

�
4eZt −

dðSK; SOÞ
a

�
:

The superoperator K that typically arises in our analysis
throughout this paper would be either commutator KðXÞ ¼
½K;X� with some operator supported on SK or the adjoint of
a Lindbladian supported on SK, i.e., K ¼ L†

K for a
Lindbladian superoperator LK. Both of these examples
can be seen to satisfy KðIÞ ¼ 0.
As we outline in the rest of this section, while analyzing

quantum simulation of both dynamics and fixed points our
strategy is to use Lieb-Robinson bounds to obtain an upper
bound on the remainder calculated in Lemma 1 that is
uniform in the system size n (the total number of qudits in
the lattice). However, we note that the remainder expres-
sion, unlike the Lieb-Robinson bound given in Lemma 3,

has contributions from terms such as Qð3Þ
α;α0 and Qð4Þ

α;α0 that
involve the consecutive application of two superoperators
supported on two different regions of the lattice. Motivated
from this observation, we need a Lieb-Robinson bound that
accounts for the application of two superoperators on a
Heisenberg picture observable as opposed to a single
superoperator. We provide this in the lemma below, and
it follows straightforwardly from the Lieb-Robinson bound
in Lemma 3.

Lemma 4. KX and KY are superoperators supported on
regions X and Y such that KXðIÞ ¼ KYðIÞ ¼ 0 and
diamðXÞ; diamðYÞ ≤ a; then, for any local observable O,
with kOk ≤ 1, supported on region SO,

kKXKYeL
†tðOÞk

≤ eηSOkKXkcb;∞→∞kKYkcb;∞→∞

× exp

�
4eZt −

1

2a
½dðX; SOÞ þ dðY; SOÞ�

�
:

1. Dynamics

With the two Lieb-Robinson bounds in Lemmas 3 and 4,
we can now analyze the remainder expression given in
Lemma 1 to obtain bounds that are uniform in the system
size n when we are interested in evaluating local observ-
ables. In particular, for a local observableO, let us consider
the error between its ideal expected value

hOiideal ≔ Tr½OeLtðρð0ÞÞ�;

and the expected value on the quantum simulator after
evolving it for time t=ω2,

hOisim ¼ Tr
�
Oρω

�
t
ω2

��
¼ Tr

�
OTrA

�
ρω

�
t
ω2

���
: ð15Þ

Using the integral form of the remainder definition,
Eq. (12), we can express the error between hOiideal and
hOisim as

jhOiideal − hOisimj

¼
����
Z

t=ω2

0

TrðOeLðt−ω2sÞRωðsÞÞds
����

¼ 1

ω2

����
Z

t

0

Tr

�
Oðt − sÞTrA

�
Rω

�
s
ω2

���
ds

����; ð16Þ

where OðtÞ ¼ eL
†tðOÞ is the Heisenberg picture evolution

of the observable O under the target Lindbladian L. Using
Lemma 1, we express the remainder RωðsÞ in terms of the

operators qα, Q
ð1Þ
α;Hsys

ðsÞ, Qð2Þ
α;Hsys

ðsÞ, Qð3Þ
α;α0 ðsÞ, and Qð4Þ

α;α0 ðsÞ
and analyze the resulting terms individually. The next
lemma shows that applying the Lieb-Robinson bounds
in Lemmas 3 and 4 provides upper bounds on these
remainder terms that are uniform in the system size.
Lemma 5. SupposeO is a local observable with kOk ≤ 1

supported on SO, and for τ > 0, let OðτÞ ¼ expðL†τÞðOÞ,
where L is a geometrically local Lindbladian of the form in
Eq. (14). Then, for qα as defined in Lemma 1, there is a
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nondecreasing piecewise continuous function ν such that
νðtÞ ≤ OðtdÞ as t → ∞ and

X
α

jTrðOðτÞqαÞj ≤ νðτÞ;

and for j∈ f1; 2; 3; 4g

X
α;α0

���TrðOðτÞQðjÞ
α;α0 ðsÞÞ

��� ≤ ν2ðτÞ;

where, for j∈ f3; 4g, QðjÞ
α;α0 is defined in Lemma 1 and, for

j∈ f1; 2g, we define QðjÞ
α;α0 ¼ QðjÞ

α;hα0
where QðjÞ

α;h is defined

in Lemma 1.
This lemma follows directly from the application of the

Lieb-Robinson bounds. The proof of this lemma is detailed
in Appendix B, but we provide a sketch here. Consider firstP

α jTrðOðτÞqαj—using the explicit expression for qα from
Lemma 1, we obtain that

X
α

jTrðOðτÞqαj ¼
X
α

jTr½OðτÞLαðρð0ÞÞ�j

¼
X
α

jTr½L†
αðOðτÞÞρð0Þ�j

¼
X
α

kL†
αðOðτÞÞk: ð17Þ

Now, we can use the Lieb-Robinson bound in Lemma 3
together with kL†

αkcb;∞→∞ ≤ 4 to obtain

X
α

jTrðOðτÞqαj

≤ 4
X
α

min

�
ηSO exp

�
4eZτ −

dðSα; SOÞ
a

�
; 1

�
: ð18Þ

However, the summation in the above equation is simply a
summation over an exponential over the lattice Zd,
which will be convergent and independent of the size
of system. A careful analysis of this summation, per-
formed in Appendix B, yields that, as stated in the lemma,
it can be upper bounded by a nondecreasing function
which is OðτdÞ. Similarly, as an example, considerP

α;α0 TrðOðτÞQð3Þ
α;α0 ðsÞÞ—by using the explicit expression

for Qð3Þ
α;α0 ðsÞ from Lemma 1, we obtain that

X
α;α0

���TrðOðτÞQð3Þ
α;α0 ðsÞÞ

���
¼ 1

ω

X
α;α0

X
u∈ f−;þg

jTrðOðτÞDLα
ð½LðuÞ

α0 ;TrAðσðūÞα0 ρωðsÞÞ�ÞÞj

¼ 1

ω

X
α;α0

X
u∈ f−;þg

jTrð½D†
Lα
ðOðτÞÞ; LðuÞ

α0 �TrAðσðūÞα0 ρωðsÞÞÞj

≤
1

ω

X
α;α0

X
u∈ f−;þg

k½D†
Lα
ðOðτÞÞ; LðuÞ

α0 �kkTrAðσðūÞα0 ρωðsÞÞk1

≤
1

2

X
α;α0

X
u∈ f−;þg

k½D†
Lα
ðOðτÞÞ; LðuÞ

α0 �k;

where in the last step we use Lemma 2. We can note that

both D†
Lα

and ½·; LðuÞ
α0 � are superoperators that are respec-

tively supported on Sα and Sα0 and have the identity
operator in their kernel. Thus, from Lemma 4, as well as

using the fact that kD†
Lα
k
cb;∞→∞; k½L

ðuÞ
α ; ·�kcb;∞→∞ ≤ 2, we

obtain that

X
α;α0

jTrðOðτÞQð3Þ
α;α0 ðsÞÞj≤2

X
α;α0

min

�
eηSO exp

�
4eZτ

−
1

2a
ðdðSα;SOÞþdðSα0 ;SOÞÞ

�
;1

�
:

This summation, which is approximately a double sum-
mation of a two-dimensional exponential function on a
lattice, can again be analyzed and upper bounded by a
nondecreasing function that grows as Oðτ2dÞ. The rest of
Lemma 5 can be proved similarly—the proofs are outlined
in detail in Appendix B.
Proposition 2, repeated. Suppose L is a d-dimensional

geometrically local Lindbladian and O with kOk ≤ 1
is a local observable. To achieve an additive error
ε in the expected local observable at time t with the
analog quantum simulator, we need to choose ω ¼
Θðt−ðdþ1=2Þ ffip εÞ which corresponds to a simulator evolu-

tion time tsim ¼ t=ω2 ¼ Θðt2dþ2ε−1Þ.
Proof. The proposition follows by combining the expres-

sion of RωðsÞ from Lemma 1 with Eq. (12) and then using
Lemma 5. Using Hsys ¼

P
α hα, we first decompose

QðjÞ
α;Hsys

¼ P
α0 Q

ðjÞ
α;hα0

for j∈ f1; 2g, where QðjÞ
α;h is defined

in Lemma 1. For notational convenience, for j∈ f1; 2g we

define QðjÞ
α;α0 ¼ QðjÞ

α;hα0
. From Eq. (IVA) and Lemma 1, it

follows that
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jhOiideal − hOisimj ≤
X
α

����
Z

t

0

TrðOðt − sÞqαÞe−2s=ω2

ds

����þ ω2
X4
j¼1

X
α;α0

����
Z

t

0

Z
s=ω2

0

e−2ðs=ω2−s0ÞTrðOðt − sÞQðjÞ
α;α0 ðs0ÞÞds0

����
≤
ð1Þ Z t

0

νðt − sÞe−2s=ω2

dsþ 4ω2

Z
t

0

Z
s=ω2

0

e−2ðs=ω2−s0Þν2ðt − sÞds0

≤
ð2Þ
νðtÞ

Z
t

0

e−2s=ω
2

dsþ 4ω2ν2ðtÞ
Z

t

0

Z
s=ω2

0

e−2ðs=ω2−s0Þds0 ≤
ω2

2
νðtÞ þ 2ω2tν2ðtÞ; ð19Þ

where in (1) we use Lemma 5—in particular, the fact that
νðtÞ is a piecewise continuous function and, thus, can be
integrated to give a legitimate upper bound. In (2), we use
the fact that the function νðtÞ, introduced in Lemma 5, is an
nondecreasing function. Noting, again from Lemma 5,
that νðtÞ ≤ OðtdÞ, we obtain that jhOiideal − hOisimj ≤
ω2Oðt2dþ1Þ—consequently, to attain a precision ε
in the simulated observable, we need to choose ω ¼
Θðt−ðdþ1=2Þε1=2Þ which corresponds to a quantum simula-
tion time of tsim ¼ Θðt2dþ2ε−1Þ. ▪

2. Long-time dynamics and fixed point

Next, we consider the problem of simulating long-time
dynamics and fixed-point values of a local observable that
is rapidly mixing for given a spatially local Lindbladian. As
outlined in Sec. II A, a local observable in a spatially local
Lindbladian L, with a unique fixed point σ, is considered to
be rapidly mixing if it satisfies, for any initial state ρð0Þ,

jTrðOeLtðρð0ÞÞ − TrðOσÞj ≤ kðjSOj; γÞe−γt;

where kðl; γÞ is a function that is polyðlÞ for a fixed γ and
exp½Oðγ−κÞ� for a fixed l. Since the rapid mixing condition
is satisfied for any initial state ρð0Þ, it can equivalently be
reformulated in the Heisenberg picture

kOðtÞ − TrðOσÞIk ≤ kðjSOj; γÞe−γt; ð20Þ

where OðtÞ ¼ eL
†tðOÞ is the Heisenberg-picture observ-

able corresponding to O. For the problem of simulating
such rapidly mixing observables at time t in geometrically
local Lindbladians, we show that the ω required is uniform
in both system size and time. This also allows us to use the
quantum simulator to approximate the fixed-point expect-
ation value of the local observable.
To establish this result, we start from Eq. (19) for the

observable error, analyze it term by term, and provide a
bound uniform in t. The key lemma that we establish,
which is the counterpart of Lemma 5 for dynamics, is the
following.
Lemma 6. SupposeO is a local observable with kOk ≤ 1

supported on SO, and for τ > 0, let OðτÞ ¼ expðL†τÞðOÞ,

where L is a geometrically local Lindbladian of the form in
Eq. (14). Furthermore, suppose O is rapidly mixing with
respect to L and satisfies Eq. (20) with kðjSOj; γÞ ≤
O½expðγ−κÞ� as γ → 0. Then, for qα as defined in
Lemma 1,

X
α

����
Z

t

0

TrðOðt − sÞqαÞe−2s=ω2

ds

���� ≤ ω2λð1ÞðγÞ;

where λð1ÞðγÞ ≤ Oðγ−dðκþ1ÞÞ as γ → 0; and for
j∈ f1; 2; 3; 4g
X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQðjÞ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
����

≤ λð2ÞðγÞ;

where λð2ÞðγÞ ≤ Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0 and for

j∈ f3; 4g, QðjÞ
α;α0 is defined in Lemma 1, and for

j∈ f1; 2g, we define QðjÞ
α;α0 ¼ QðjÞ

α;hα0
where QðjÞ

α;h is defined

in Lemma 1.
Importantly, this lemma establishes bounds on the error

terms appearing in Eq. (19) that are uniform in time t—this
is a consequence of not only the spatial locality of the target
Lindbladian, but also an explicit accounting of the rapid
mixing of the target observable [Eq. (20)]. We provide a
detailed proof of this lemma in Appendix B—below, we
illustrate how we obtain bounds uniform in t. The key idea
is instead of using the Lieb-Robinson bounds to obtain an
upper bound on the observable error for any time, we use it
for only short times and use the rapid-mixing property
[Eq. (20)] to upper bound the observable error for long
times. For instance, consider upper bounding

X
α

����
Z

t

0

TrðOðt − sÞqαÞe−2s=ω2

ds

����
¼

X
α

����
Z

t

0

TrðOðsÞqαÞe−2ðt−sÞ=ω2

ds

����: ð21Þ

Suppose tα is a time cutoff for separating long times from
short times, which we choose later and possibly allow it to
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vary with α. We then split the integral with respect to time
in Eq. (21) into a short-time integral e≤α ðt; tαÞ and a long-
time integral e≥α ðt; tαÞ, i.e.,

����
Z

t

0

TrðOðsÞqαÞe−2ðt−sÞ=ω2

ds

���� ≤ e≤α ðt; tαÞ þ e≥α ðt; tαÞ;

where

e≤α ðt; tαÞ ¼
����
Z

minðt;tαÞ

0

TrðOðsÞqαÞe−2ðt−sÞ=ω2

ds

���� and

e≥α ðt; tαÞ ¼
����
Z

t

minðt;tαÞ
TrðOðsÞqαÞe−2ðt−sÞ=ω2

ds

����:
The short-time integral e≤α ðt; tαÞ can be analyzed similar to
the case of dynamics—more specifically, proceeding sim-
ilar to the analyses in Eqs. (17) and (18), we obtain that

e≤α ðt; tαÞ

≤ 2ω2 min

�
ηSO exp

�
4eZminðt; tαÞ −

dðSα; SOÞ
a

�
; 1

�

≤
ð1Þ
2ω2 min

�
ηSO exp

�
4eZtα −

dðSα; SOÞ
a

�
; 1

�
; ð22Þ

where in (1) we use the fact that minðηSO expð4eZs −
dðSα; SOÞ=aÞ; 1Þ is a nondecreasing function of s.
Next, for bounding the long-time integral e≥α ðt; tαÞ, we

explicitly use the rapid-mixing property of O [Eq. (20)]—
in particular, we note that for

jTrðOðsÞqαÞj
¼ jTrððOðsÞ − TrðOσÞIÞqαÞ þ TrðOσÞTrðqαÞj
≤ jTrððOðsÞ − TrðOσÞIÞqαÞj þ jTrðqαÞjjTrðOσÞj

≤
ð1Þ
kOðsÞ − TrðOσÞIkkqαk1

≤
ð2Þ
4kðjSOj; γÞe−γs; ð23Þ

where in (1) we use the expression for qα from Lemma 1 to
obtain TrðqαÞ ¼ TrðLαðρð0ÞÞÞ ¼ 0 and in (2) we use the
fact that, by assumption, O is a rapid mixing observable
and, hence, satisfies Eq. (4). Now, note that if t ≤ tα [or
minðt; tαÞ ¼ t],

e≥α ðt; tαÞ ¼ 0:

On the other hand, if t ≥ tα [or minðt; tαÞ ¼ tα],

e≥α ðt; tαÞ ≤
Z

t

tα

jTrðOðsÞqαÞje−2ðt−sÞ=ω2

ds

≤ 4kðjSOj; γÞ
Z

t

tα

e−γse−2ðt−sÞ=ω2

ds

≤ 4kðjSOj; γÞe−γtα
Z

t

tα

e−2ðt−sÞ=ω2

ds

≤ 2ω2kðjSOj; γÞe−γtα : ð24Þ

Furthermore, it is also true that, for t ≥ tα,

e≥α ðt; tαÞ ≤
Z

t

tα

jTrðOðsÞqαÞje−2ðt−sÞ=ω2

ds

≤
Z

t

tα

kOkkqαk1e−2ðt−sÞ=ω2

ds ≤ 2ω2: ð25Þ

Combining Eqs. (23)–(25), we obtain that, for any t; tα,

e≥α ðt; tαÞ ≤ 2ω2 min½kðjSOj; γÞe−γtα ; 1�: ð26Þ

We note already that the bounds on both the short-time
integral [Eq. (22)] and the long-time integral [Eq. (26)] are
independent of the time t, but instead depend on the time
cutoff tα that separate long times from short times. We can
now choose tα in such as a way that

P
α e

≤
α ðt; tαÞ andP

α e
≥
α ðt; tαÞ are uniform in system size. A specific choice

for tα is to choose them to be

tα ¼
1

8eZa
dðSα; SOÞ;

i.e., choose the time cutoff to grow with distance of Sα from
the observable. With this choice, we note thatX

α

e≤α ðt; tαÞ

≤ 2ω2
X
α

min

�
ηSO exp

�
−
dðSα; SOÞ

2a

�
; 1

�
;

X
α

e≥α ðt; tαÞ

≤ 2ω2
X
α

min

�
kðjSOj; γÞ exp

�
−
γdðSα; SOÞ
8eZa

�
; 1

�
;

both of which, since they are sums of a decaying expo-
nential function on a lattice, converge and are independent
of the system size. As is shown in Appendix B, the other
error terms can be analyzed similarly. Furthermore, a more
careful analysis of these summations allow us to also
calculate their scaling with the parameter γ to obtain the
exact upper bounds quoted in Lemma 6.
With Lemma 6, we can now establish the following

proposition.
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Proposition 3, repeated. Suppose L is a d-dimensional
geometrically local Lindbladian and O with kOk ≤ 1 is a
local observable supported on Oð1Þ lattice sites satisfying
rapid mixing [Eq. (4)]. To achieve an additive error ε in the
expected local observable at time twith the analog quantum
simulator, we need to choose

ω ¼ Θðγðdþ1=2Þðκþ1Þ ffiffiffi
ε

p Þ;

which corresponds to a simulator evolution time

tsim ¼ t=ω2 ¼ Θðtγ−ðκþ1Þð2dþ1Þε−1Þ:

Proof. This proposition can now be proved by directly
combining Lemma 6 and Eq. (19)—in particular, we obtain
that, for any time t,

jhOiideal − hOisimj ≤ ω2ðλð1ÞðγÞ þ 4λð2ÞðγÞÞ:

In the limit of γ → 0, we obtain that jhOiideal−
hOisimj ≤ ω2Oðγ−ð2dþ1Þðκþ1ÞÞ. Thus, to obtain a
precision ε in the simulated observable, i.e., to achieve
jhOiideal − hOisimj ≤ ε, we need to choose ω ¼
Θðε1=2γðdþ1=2Þðκþ1ÞÞ. ▪

C. Quantum advantage over classical algorithms

As discussed in the previous subsection, for the problems
of simulating local observables in constant time dynamics
for spatially local Lindbladians as well as in long-time
dynamics and fixed points for rapidly mixing Lindbladians,
an analog quantum simulator can be very efficient, even
obtaining a run-time that is independent of the system size.
It is a natural question to ask if these problems are hard to
solve on a classical computer, so that we can expect a
quantum advantage with the analog quantum simulation
method discussed so far. In this section, we establish that,
subject to the complexity assumption of BQP ≠ BPP, we
indeed expect superpolynomial advantage with a quantum
simulator applied to both of these problems.
The separation between the run-time of the analog

quantum simulator and classical algorithms is proven based
on a technique to encode a quantum circuit on N qubits and
of depth T ¼ polyðNÞ into the fixed point of a geometri-
cally local Lindbladian in two dimensions. This problem

has been previously addressed for 5-local (but not geo-
metrically local) Lindbladians [47]. A related line of work
encoded a quantum circuit on N qubits and of depth
polyðNÞ into the ground state of geometrically local
Hamiltonians, starting with Hamiltonians in two dimen-
sions [48,54], followed by Hamiltonians even in one
dimension [55]. We build upon the techniques developed
in Ref. [47] for quantum-circuit-to-5-local-Lindbladian
encoding and in Ref. [48] for quantum circuit to 2D
spatially local Hamiltonian encoding and encode a quan-
tum circuit into the fixed point of a 2D spatially local
Lindbladian. Furthermore, one of our key technical con-
tributions is to establish that the resulting Lindbladian has a
mixing time of at most polyðNÞ, where N is the number of
qubits in the circuit, and that its depth is polyðNÞ. More
precisely, we consider circuits of architecture shown in
Fig. 6 and establish the following.
Lemma 7. Suppose we are given a quantum circuit C on

N qubits with architecture shown in Fig. 6(a) and with R
rounds of gates. Then, there exists a two-dimensional
spatially local Lindbladian L on a N × R grid of six-level
qudits with a unique fixed point σ, as well as a local
observable O such that

TrðOσÞ ¼ 1

2NR
zC;

where zC is the expected value of a Pauli-Z operator on the
last qubit at the output of C. Furthermore, for any initial
state ρð0Þ of the two-dimensional grid of qudits,

keLt½ρð0Þ� − σk1 ≤ c0ðN;RÞ exp½−γ0ðN;RÞt�;

where c0ðN;RÞ ¼ OfN6R2 exp½OðNRÞ�g and γ0ðN;RÞ ¼
ΘðN−3R−3Þ.
The circuit is described in terms of rounds instead of

layers due to the nature of the circuit-to-2D-Lindbladian
encoding scheme which we describe in Appendix C.
However, we point out that this circuit architecture
(Fig. 6(a)) is not restrictive—any quantum circuit on N
qubits and depth polyðNÞ can be expressed in this format
with at most polyðNÞ rounds. Furthermore, we also note
that, while the Lindbladian in Lemma 7 is on NR qudits, it
can trivially be embedded into the center of an infinite grid

Round 1 Round 2 Round R

N

R
Circuit to 

Lindbladian 

encoding

(a) (b)

FIG. 6. Circuit architecture of the circuit being encoded into the geometrically local Lindbladian. In each round, the unitaries are
applied in sequence, first on the first qubit, then on qubits 2 and 3, then on qubits 3 and 4, and so on.
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of qudits where the qudits other than these NR qudits are
uncoupled and experience only a single-qudit Lindbladian
with a unique fixed point [Fig. 6(b)]. The observable O in
Lemma 7 will then have a well-defined thermodynamic
limit and N, R will effectively become parameters of the
Lindbladian on which the observable O depends instead of
being the system size.
For quantum circuits with R ¼ polyðNÞ rounds, Lemma

7 shows that it takes time t ¼ O½polyðNÞ logðε−1Þ� for the
encoding Lindbladian L to converge ε-close to its fixed
point σ. Then, measuring the local observable O to a
precision of 1=ð2NRÞ ¼ 1=polyðNÞ effectively measures
the Z operator on the last qubit at the output of the quantum
circuit. Since, for any decision problem in the BQP
complexity class, measuring the Z operator in the last
qubit is the only required measurement for solving the
problem, Lemma 7 indicates that being able to take a local
observable in the fixed point of any spatially local two-
dimensional Lindbladian, even restricting to the class of
Lindbladians that converge to the fixed point in time that
scales at most polynomially in the system size, is a
sufficient resource to perform an arbitrary quantum com-
putation. The construction of this Lindbladian closely
follows the circuit-to-Hamiltonian-ground-state mapping
presented in Ref. [48]. We detail this construction and the
calculation of its fixed point as well as analysis of the
convergence rate of the Lindbladian to its fixed point in
Appendix C. Based on this lemma, we obtain the following
proposition.
Proposition 4, repeated. There cannot exist a classical

algorithm that can, for every geometrically local 2D
Lindbladian and a corresponding rapidly mixing local
observable, compute the fixed-point expected value of
the local observable to additive error ε in time
polyðγ−1; ε−1Þ, unless BQP ¼ BPP.
Proof. Assume the contrary, i.e., that there is a random-

ized classical algorithm that can obtain the fixed-point
expectation of a rapidly mixing local observable to an
additive error ε in time polyðγ−1; ε−1Þ. In such a case, any
decision problem ∈BQP could be solved with this algo-
rithm. To see this, note that the decision problem para-
metrized by the problem size m could be solved by
measuring one qubit at the output of a quantum circuit
on N ¼ polyðmÞ qubits with R ¼ polyðmÞ rounds. By
Lemma 7, the expectation value of the Pauli-Z operator
on the output qubit in such a quantum circuit can then be
embedded into the fixed-point expectation value of a
rapidly mixing local observable with γ−1 ¼ polyðmÞ.
Furthermore, as given by Lemma 7, the expected of value
of this observable is 1=ð2NRÞ ≤ O½1=polyðmÞ� times
smaller than the expected value of the Pauli-Z operator
and, thus, needs to be computed to an O½1=polyðmÞ�
precision to effectively simulate the encoded circuit.
Since this can be done with a randomized polyðγ−1; ε−1Þ

classical algorithm in polyðmÞ time, we contradict the
complexity assumption of BQP ≠ BPP. ▪

V. STABILITY TO ERRORS

A. Stability analysis

Next, we consider the impact of noise on the quantum
simulator. We consider the model of the noisy quantum
simulator given in Eq. 5—the quantum simulator
Lindbladian, in the presence of errors, is given by

Lω;δ ¼ Lω þ δ
X
β

N β;

whereN β is a Lindbladian acting on the system qudits and/
or the ancillae in a geometrically local region S0β. We
assume that the subset S0β at most intersects with Z0 other
subsets S0β or Sα, where Sα are the subsets of system qudits
on which the target Lindbladian is defined [i.e., Eq. (14)].
More specifically, for all β,

jfβ0∶ S0β ∩ S0β0 ≠ ∅gj þ jfα∶S0β ∩ Sα ≠ ∅gj ≤ Z0:

In the remainder of this subsection, we carefully analyze
the error incurred in using the noisy quantum simulator.
Our goal would be to show that, despite the hardware error
rate δ ≠ 0, the quantum simulator can still obtain local
observables to a precision that depends only on the
hardware error rate and not on the system size.
Our analysis of the stability relies strongly on the

extension of Lemmas 1 and 2 to the noisy setting, i.e.,
where the quantum simulator dynamics are described by
the Lindbladian in Eq. 5. In particular, as is shown in
Appendix D, Lemma 1 can be modified to obtain an upper
bound on the remainder Rω;δðtÞ, corresponding to the time
evolution of the noisy quantum simulator, i.e.,

Rω;δðtÞ ¼
d
dt

TrAðρω;δðtÞÞ − ω2LTrAðρω;δðtÞÞ:

More specifically, we obtain the following.
Lemma 8. If the ancillae are initially in j0i, then

Rω;δðtÞ ¼ RωðtÞ þ δ
X
β

Kð0Þ
β ðtÞ

þ δ
X
α;β

X2
j¼1

ωj

Z
t

0

e−2ðt−sÞKðjÞ
α;βðsÞds;

where RωðtÞ is as defined in Lemma 1 but with ρω → ρω;δ
and

VIKRAM KASHYAP et al. PHYS. REV. X 15, 021017 (2025)

021017-20



Kð0Þ
β ðtÞ ¼ TrAðN βðρω;δðtÞÞ;

Kð1Þ
α;βðtÞ ¼ −i½L†

α;TrAðσαN βðρω;δÞÞ� þ H:c:;

Kð2Þ
α;βðtÞ ¼

1

2
½L†

α; LαTrAðN βðρω;δðtÞÞ� þ H:c:

Another key ingredient in the stability analysis is the
following modification of Lemma 2, whose proof is
presented in Appendix D.
Lemma 9. Suppose ρω;δðtÞ is the joint state of the system

and the ancilla qubits with the ancilla qubits initially being
in the state j0i; then, for all α; α0,

kTrAðσαρω;δðtÞÞk1 ≤
ω

2
þ Z0δ and

kTrAðσασα0ρω;δðtÞÞk1; kTrAðσ†ασα0ρω;δðtÞÞk1 ≤
ω2

4
þ ωZ0δ

2
þ Z0δ:

It should be noted that, on setting the hardware noise δ to 0,
the bounds in Lemma 9 reproduce the bounds in the
noiseless case obtained in Lemma 2.
Dynamics.—Next, we can analyze the modified remain-

der provided in Lemma 8 term by term and explicitly use
the Lieb-Robinson bounds (Lemmas 3 and 4) to obtain
bounds that are uniform in the system size. We first
establish an extension of Lemma 5 to the noisy setting.
Lemma 10. Suppose O is a local observable on the

system qudits with kOk ≤ 1 supported on SO, and for
τ > 0, letOðτÞ ¼ expðL†τÞðOÞ, where L is a geometrically
local target Lindbladian of the form in Eq. (14). Then, for
qα as defined in Lemma 1, there are nondecreasing piece-
wise continuous functions ν and ν0 such that νðtÞ; ν0ðtÞ ≤
OðtdÞ as t → ∞ and for ω ≤ 2X

α

jTrðOðτÞqαÞj ≤ νðτÞ and

X
α;α0

���TrðOðτÞQðjÞ
α;α0 ðsÞÞ

��� ≤ �
1þ 2δZ0

ω
þ 4δZ0

ω2

�
ν2ðτÞ;

where, for j∈ f3; 4g, QðjÞ
α;α0 is defined in Lemma 1 with

ρω → ρω;δ and, for j∈ f1; 2g, we define QðjÞ
α;α0 ¼ QðjÞ

α;hα0

where QðjÞ
α;h is defined in Lemma 1 with ρω → ρω;δ.

Furthermore,

X
β

���TrðOðτÞKð0Þ
β ðsÞ

��� ≤ ν0ðτÞ and

X
α;β

���TrðOðτÞKðjÞ
α;βðsÞ

��� ≤ ðν0ðτÞÞ2;

where Kð0Þ
β and KðjÞ

α;β for j∈ f1; 2g are defined in Lemma 8.

In this lemma, the bounds on
P

α jTrðOðτÞqαÞj andP
α;α0 jTrðOðτÞQðjÞ

α;α0 ðsÞÞj can be obtained by closely follow-
ing the proof of Lemma5 butwith an application ofLemma9

instead of Lemma 2. To obtain
P

β jTrðOðτÞKð0Þ
β ðsÞj, we

note that, sinceOðτÞ ¼ expðL†τÞðOÞ is an operator that acts
entirely on the system qudits,

jTrðOðτÞKð0Þ
β ðsÞj ¼ jTrððOðτÞ ⊗ IAÞN βðρω;δðsÞÞj

¼ jTrðN †
βðOðτÞ ⊗ IAÞρω;δðsÞÞj

≤ kN †
βðOðτÞ ⊗ IAÞk ¼ kÑ †

βðOðτÞÞk;

where Ñ †
β, defined by Ñ †

βðXÞ ¼ N βðX ⊗ IAÞ, is a super-

operator acting entirely on the systemqudits.Although Ñ †
β is

not necessarily the adjoint of a Lindbladian superoperator
(like N β), it has the identity (on the system qudits) in its

kernel, i.e., Ñ †
βðIÞ ¼ 0. Furthermore, sinceN †

β is supported

onS0β, Ñ
†
β is supported onlyon the systemqudits contained in

S0β, which we denote by S̃
0
β. Now, with an application of the

Lieb-Robinson bounds (Lemma 3), we obtain that

jTrðOðτÞKð0Þ
β ðsÞj≤min

�
ηSO exp

�
4eZτ−

dðSO;S̃0βÞ
a

�
;1

�
;

where we use that kÑ †
βkcb;∞→∞ ≤ kN †

βkcb;∞→∞ ≤ 1.

This bound immediately yields an upper bound onP
β jTrðOðτÞKð0Þ

β ðsÞj which is uniform in the system
size, since it reduces it to the summation of a decaying
exponential on a lattice. An analysis of the scaling of this
upper bound with τ, together with similar bounds onP

α;β jTrðOðτÞKðjÞ
α;βðsÞj, is provided in Appendix D.

Proposition 5, repeated. Suppose L is a d-dimensional
geometrically local Lindbladian and O with kOk ≤ 1 is a
local observable. Then, in the presence of noise with noise
rate δ, the expected local observable with the analog
quantum simulator can be obtained to a precision
ε ¼ Oðδ1=2t2dþ1Þ. Furthermore, to obtain this precision,
we need to choose ω ¼ Θðδ1=4Þ, which results in a
simulator run-time tsim ¼ t=ω2 ¼ Θðtδ−1=2Þ.
Proof. Given a local observable, the error between the

target expectation value hOitarget and the expectation value
obtained on a noisy simulator, hOisim, can be bounded by
Eq. (16), with the modified remainder Rω;δ from Lemma 8
instead of Rω:
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jhOitarget − hOisimj ¼
1

ω2

����
Z

t

0

Tr

�
Oðt − sÞTrA

�
Rω;δ

�
s
ω2

���
ds

����
≤
X
α

����
Z

t

0

TrðOðt − sÞqαÞe−2s=ω2

ds

����þ ω2
X4
j¼1

X
α;α0

����
Z

t

0

Z
s=ω2

0

e−2ðs=ω2−s0ÞTrðOðt − sÞQðjÞ
α;α0 ðs0ÞÞds0ds

����
þ δ

ω2

X
β

����
Z

t

0

Tr

�
Oðt − sÞKð0Þ

β

�
s
ω2

��
ds

����þ δ

ω2

X2
j¼1

X
α;β

ωj

����
Z

t

0

Z
s=ω2

0

e−2ðs=ω2−s0ÞTrðOðt − sÞKðjÞ
α;βðs0ÞÞds0ds

����
≤
ð1Þ Z t

0

νðt − sÞe−2s=ω2

dsþ 4ω2

Z
t

0

Z
s=ω2

0

�
1þ 2δZ0

ω
þ 4δZ0

ω2

�
e−2ðs=ω2−s0Þν2ðt − sÞds0ds

þ δ

ω2

Z
t

0

ν0ðt − sÞdsþ δ

ω2

X2
j¼1

ωj

Z
t

0

Z
s=ω2

0

e−2ðs=ω2−s0Þν02ðt − sÞds0ds

≤
ð2Þ
νðtÞ

Z
t

0

e−2s=ω
2

dsþ δ

ω2
ν0ðtÞ

Z
t

0

dsþ
�
4ðω2 þ 2ωδZ0 þ 4δZ0Þν2ðtÞ þ δ

ω
ð1þ ωÞν02ðtÞ

�Z
t

0

Z
s=ω2

0

e−2ðs=ω2−s0Þds0ds

≤
1

2
ω2νðtÞ þ t

2

�
4ðω2 þ 2ωδZ0 þ 4δZ0Þν2ðtÞ þ δ

ω
ð1þ ωÞν02ðtÞ þ 2δ

ω2
ν0ðtÞ

�
; ð27Þ

where in (1) we use Lemma 10 and in (2) we use the fact
that the functions νðtÞ and ν0ðtÞ appearing in Lemma 10 are
nondecreasing in t. From this bound, which is uniform in
the system size n, it can be seen that, for a fixed t, a choice
of ω scaling as Θðδ1=4Þ minimizes the error jhOitarget−
hOisimj as δ → 0. Furthermore, with this choice of ω, we
obtain an observable error of Oðδ1=2t2dþ1Þ, as δ → 0 and
t → ∞, independent of the system size. ▪
Long-time dynamics and fixed point.—We now consider

rapidly mixing observables [Eq. (20)] and analyze stability
of these observables for long-time dynamics or fixed
points. For this, we establish the following modification
of Lemma 6 to the account for noise in the quantum
simulator.
Lemma 11. Suppose O is a local observable with kOk ≤

1 supported on SO, and for τ > 0, letOðτÞ ¼ expðL†τÞðOÞ,
where L is a geometrically local Lindbladian of the form in
Eq. (14). Furthermore, suppose O is rapidly mixing with
respect to L and satisfies Eq. (20) with kðjSOj; γÞ ≤
O½expðγ−κÞ�. Then for qα as defined in Lemma 1,

X
α

����
Z

t

0

TrðOðt − sÞqαÞe−2s=ω2

ds

���� ≤ ω2λð1ÞðγÞ;

where λð1ÞðγÞ ≤ Oðγ−dðκþ1ÞÞ as γ → 0 and for
j∈ f1; 2; 3; 4g
X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQðjÞ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
����

≤
�
1þ 2Z0δ

ω
þ 4Z0δ

ω2

�
λð2ÞðγÞ;

where λð2ÞðγÞ ≤ Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0 and, for

j∈ f3; 4g, QðjÞ
α;α0 is defined in Lemma 1 but with ρω →

ρω;δ and, for j∈ f1; 2g, we define QðjÞ
α;α0 ¼ QðjÞ

α;hα0
, where

QðjÞ
α;h is defined in Lemma 1 but with ρω → ρω;δ.

Furthermore,

X
β

����
Z

t

0

Tr

�
Oðt − sÞKð0Þ

β

�
s
ω2

��
ds

���� ≤ λ0ð1ÞðγÞ;

where λ0ð1ÞðγÞ ≤ Oðγ−ðdþ1Þðκþ1ÞÞ as γ → 0 and, for
j∈ f1; 2g,
X
α;β

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞKðjÞ
α;βðs0ÞÞe−2ðs=ω

2−s0Þds0ds
����

≤ λ0ð2ÞðγÞ;

where λ0ð2ÞðγÞ ≤ Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0.
The proof of this lemma closely follows the same

strategy as the proof of Lemma 6 for the noiseless case
and is detailed in Appendix D. With this lemma, we can
then establish the stability of the quantum simulator while
simulating the long-time dynamics or fixed-point expect-
ation values of rapidly mixing observables.
Proposition 6, repeated. Suppose L is a d-dimensional

geometrically local Lindbladian and O with kOk ≤ 1 is a
local observable supported on Oð1Þ lattice sites satisfying
rapid mixing [Eq. (4)]. Then, in the presence of noise with
noise rate δ, the expected local observable at any time t can
be obtained to a precision ε ¼ Oðδ1=2γ−ðκþ1Þð2dþ1ÞÞ, inde-
pendent of n and t, with the analog quantum simulator.
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Furthermore, to obtain this precision, we need to choose
ω ¼ Θðδ1=4Þ, which results in a simulator run-time
tsim ¼ t=ω2 ¼ Oðtδ−1=2Þ.
Proof. To bound the observable error, we start from

Eq. (27) and use Lemma 11—we then obtain

jhOitarget − hOisimj ≤ ω2λð1ÞðγÞ þ 4ðω2 þ 2Z0ωδ

þ 4Z0δÞλð2ÞðγÞ þ δ

ω2
λ0ð1ÞðγÞ

þ δ

ω
ð1þ ωÞλ0ð2ÞðγÞ:

From this bound, which is uniform in the system size n, as
well as the scalings of λðjÞðγÞ and λ0ðjÞðγÞ from Lemma 11,
it can be seen that, for a fixed γ, a choice of ω scaling as
Θðδ1=4Þ minimizes the error jhOitarget − hOisimj as δ → 0.
Furthermore, with this choice of ω, we obtain an observable
error of Oðδ1=2γ−ðκþ1Þð2dþ1ÞÞ, as δ → 0 and γ → 0, inde-
pendent of the system size. ▪

B. Quantum advantage in the presence of noise

As shown in the previous subsection, even though the
dynamics and fixed point of geometrically local
Lindbladians could be stable to noise on the analog
quantum simulator, a noisy quantum simulator cannot
simulate observables perfectly but only to a noise-limited
precision. We now adopt the perspective in Ref. [25] and
ask if there is a family of stable Lindbladian problems
where a reduction in the noise rate δ results in classical
algorithms requiring an superpolynomially longer time to
achieve this noise-limited precision. To show that these
problems exist (subject to the complexity assumption of
BQP ≠ BPP), we leverage the quantum-circuit-to-2D-
Lindbladian mapping presented in Lemma 7.
We first consider the problem of rapidly mixing local

observables in the Lindbladian fixed point in 2D. From
Corollary 6.1, it follows that, given δ > 0, as long as γ−1 ≤
Oðδα−1=½10ðκþ1Þ�Þ for α > 0, the noise-limited precision in
the estimated observable ε ≤ Oðδ5αðκþ1ÞÞ → 0 as δ → 0.
Physically, this corresponds to the intuitively expected fact
that a simulator with lower noise rate δ can be used to solve
problems which have a smaller decay rate γ (or, equiv-
alently, those that take longer to reach their fixed point)
without accumulating a large error. Now, using Lemma 7,
we establish that there cannot exist a classical algorithm
which for any α, κ > 0 can compute the rapidly mixing
local observable to a precision of Oðδ5αðκþ1ÞÞ in time
polyðδ−1Þ unless BQP ¼ BPP.
Proposition 7, repeated. A noisy analog quantum

simulator with noise rate δ can solve Problem 1, with
parameters α, κ, to a noise-limited precision Oðδ5αðκþ1ÞÞ
(which → 0 as δ → 0). Furthermore, there cannot exist a
randomized classical algorithm with run-time polyðδ−1Þ

that can solve Problem 1 to the same precisions for every
given α, κ unless BQP ¼ BPP.
Proof. The estimate of the noise-limited precision and

the quantum simulator run-time follows immediately from
Corollary 6.1 of Proposition 6. We now show the classical
hardness of the sequence of problems defined in Problem 1.
Assume that such a classical algorithm did, in fact, exist—
then, we can use it to simulate the outcome of measuring an
output qubit in an arbitrary poly-depth quantum circuit. To
see this, suppose we had a quantum circuit C with
architecture shown in Fig. 6 on N qubits with R ≤
OðNmÞ rounds for some m > 0. We can then use
Lemma 7 to produce a corresponding 2D geometrically
local Lindbladian L and a rapidly mixing local observable
O which satisfies the rapid mixing condition [Eq. (4)] with
κ ¼ 1=3 and γ−1 ≤ OðN3ðmþ1ÞÞ. Being able to simulate the
local observable O to a precision of O½ðNRÞ−1� ¼
OðN−ðmþ1ÞÞ would allow us to estimate, up to an Oð1Þ
additive error, the probability of the output qubit (which is
arbitrarily chosen to be the first qubit) to be in 1, thus
successfully simulating the quantum circuit.
Now, if we indeed had a classical algorithm that did

satisfy the conditions in the proposition, then for a small
δ > 0, we could use it simulate this Lindbladian for N
being chosen as a function, Nδ, of δ to satisfy the constraint
γ−1 ≤ Oðδα−1=½10ðκþ1Þ�Þ, i.e.,

N3ðmþ1Þ
δ ≤ O

�
δα−3=40

�
;

and, to satisfy the requirement that precision ε ¼
Oðδαðκþ1ÞÞ be at least O½ðNRÞ−1�, we impose that

δ20α=3 ≤ O
�
N−ðmþ1Þ

δ

�
:

We note that both of these requirements can be satisfied by
using α ¼ 1=280 and Nδ ¼ Θðδ−1=½42ðmþ1Þ�Þ.
Thus, if there did exist a polyðδ−1Þ classical algorithm to

simulate the rapidly mixing Lindbladian problem, even
with the constraint on γ−1 as stated in the proposition to
ensure a vanishing noise-limited error as δ → 0, for any α,
κ > 0, we could simulate the outcome of measurement of
an output qubit in an arbitrary poly-depth quantum circuit,
which would imply that BQP ¼ BPP. ▪
Similarly, we can use Proposition 7 to establish a similar

result for dynamics of geometrically local Lindbladians.
Corollary 7.1, repeated. A noisy analog quantum

simulator with noise rate δ can solve Problem 2, with
parameter α, to a noise-limited precision Oðδ5αÞ (which
→ 0 as δ → 0) in simulator run-timeO½polyðδ−1Þ� and there
cannot exist a polyðδ−1Þ randomized classical algorithm to
estimate this local observable to the same precision for
every given α > 0 unless BQP ¼ BPP.
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Proof. The estimate of the noise-limited precision and the
quantum simulator run-time follows immediately from
Proposition 5. To show the classical hardness of the sequence
of problems defined in Problem 2, note that if such a classical
algorithm did exist, then it could be used to simulate the
sequence of fixed-point problems in Proposition 7 to the
corresponding noise-limited precision corresponding to α,
κ > 0 by simply choosing tðδÞ ¼Θ½γ−ðκþ1Þ logðδ−1Þ�≤
O½δα0−1=10 logðδ−1Þ�, where α0 ¼ ðκ þ 1Þα, thus implying
that BQP ¼ BPP. ▪

VI. A FIRST EXPERIMENTAL PROPOSAL:
CORRELATION FUNCTIONS IN LINDBLADIAN

FIXED POINTS

Understanding how fast a many-body Lindbladian
reaches its steady state is a fundamentally important
question in the theory of open quantum systems and has
been of great recent interest. It is physically expected that
typical many-body Lindbladians reach their steady state
quickly, i.e., take O½polylogðn; ε−1Þ� time to reach a state
which is within ε trace distance of the fixed point or
Oðpolylogε−1Þ for local observables to be within ε error of
their steady-state value. However, the precise set of con-
ditions under which a Lindbladian reaches its fixed point
quickly, either at the level of a full state or at the level of
local observables, remains less well understood. While
several sufficient conditions are known, such as the
Lindbladian satisfying a log-Sobolev inequality or being
rapid mixing [45,56–62], it is generally difficult to deter-
mine if a specific Lindbladian fulfills these conditions. So
far, only Davies generators of 1D commuting Hamiltonians
[63,64] and the 2D Kitaev’s double model [65], high-
temperature Gibbs samplers for 2-local models [66], and
Lindbladians corresponding to Glauber dynamics of certain
classical Ising models [45,67,68] are known to reach
ε-close to their fixed points in O½polylogðn; ε−1Þ� time.
It is also not well understood if the rapid-mixing property
itself is stable, i.e., whether a rapid-mixing Lindbladian will
remain rapid mixing under a physically relevant perturba-
tion. Furthermore, several geometrically local Lindbladians
that are exceptions to rapid mixing have also been
discovered: It has been argued either using the Keldysh
path-integral formalism [69–71] or in exactly solvable
models of Gaussian fermions [72,73] that local
Lindbladians could have long-range correlated fixed points
(i.e., fixed points with correlation functions that decay
polynomially with the separation between the sites being
correlated) [74], which would imply that these local
Lindbladians are not rapidly mixing [58].
Since the correlation functions in a Lindbladian’s fixed

point are intimately linked with its mixing time, computing
or measuring these correlation functions can be used as a
probe to understand its mixing properties. A rapid-mixing
Lindbladian will necessarily have a fixed point with

exponentially clustered correlation functions [58], and a
Lindbladian with a fixed point with long-range correlation
functions cannot be rapid mixing. Numerical algorithms for
simulating many-body Lindbladians, such as those based on
tensor networks, can potentially be used to investigate this
problem and guide the identification of rapidly mixing
models and their properties—however, classical algorithms
for simulating Lindbladian fixed points remain restricted to
small system sizes and often to 1D models [74,75].
Consequently, this question could be potentially approached
with an analog quantum simulator capable of simulating
geometrically local Lindbladians. However, we would then
have to understand if noise in the analog simulator could
hinder our ability to distinguish between a short-range
correlated and a long-range correlated fixed point at practi-
cally relevant system sizes. The theoretical results presented
in Propositions 5 and 6 provide evidence for the fact that the
values of local observables in the dynamics and fixed point of
a rapidly mixing Lindbladian can be reliably obtained on a
noisy quantum simulator. In the remainder of this section, by
numerically analyzing a classically tractable family of
Lindbladians which exhibits both a long-range and a short-
range fixed point [72], we investigate if a noisy quantum
simulator can also distinguish between these two phases.
The model that we consider is shown in Fig. 7(a). We

consider a 1D system of n fermionic modes arranged with a
Hamiltonian H given by

H¼ 2h
Xn
x¼1

nxþ
Xn−1
x¼1

ðaxa†xþ1þ γaxaxþ1þUnxnxþ1þH:c:Þ;

ð28aÞ

where ax is the annihilation operator for the fermion at site
x and nx ¼ a†xax is the corresponding number operator.
Additionally, the chain of fermions is dissipated at the
boundaries with jump operators

ffiffiffiffiffiffi
ΓL

p
a1 and

ffiffiffiffiffiffi
ΓR

p
an, where

ΓL and ΓR are the dissipation rates at the left and right,
respectively. The full Lindbladian describing the system is,
thus, given by

LðXÞ ¼ −i½H;X� þ ΓLDa1ðXÞ þ ΓRDanðXÞ: ð28bÞ

At U ¼ 0, this model is exactly solvable using the
formalism in Ref. [53], while for U ≠ 0, the model is
nonintegrable. Furthermore, while we study this problem
for fermions, it is equivalent to a 1D nearest-neighbor spin
model with boundary dissipation via the Jordan Wigner
transformation.
At U ¼ 0 and when h ≤ hc ¼ 1 − γ2, the steady state of

this system is long-range correlated, and, thus, the
Lindbladian is not rapid mixing. This is shown in the first
column in Fig. 7(b)—the steady-state covariance between
fermionic occupation numbers, covðnxnyÞ ¼ hnxnyi−
hnxihnyi, shows a transition from the state being short-range
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correlated when h > hc to being long-range correlated when
h ≤ hc. Next, we consider adding simulator noise to this
model—we do so by adding jump operators

ffiffiffi
δ

p
ax and

ffiffiffi
δ

p
a†x

at each site x, where δ is the noise rate, and simulate instead
the fixed point of the Lindbladian Lδ:

Lδ ¼ Lþ δ
Xn
x¼1

ðDax þDa†x
Þ:

In the absence of the boundary dissipation (i.e.,
ΓL ¼ ΓR ¼ 0), this noise would have resulted in the system
being driven to the maximally mixed state in its steady state.
However, in the presence of the boundary dissipation (i.e.,
ΓL;ΓR ≠ 0), we find that the covariance function measured
on the simulator can still show the signature of a long-range
phase at δ ∼ 0.5%–1% at large system sizes (n ∼ 160) as
shown in Fig. 7(b). Specifically, we observe that the quantum
simulator can show significant signatures of long-range
correlations when the system is deep inside the long-range
correlated phase [h ¼ 0.4–0.6 in Fig. 7(b)], while near the
phase transition point (h ¼ hc), the presence of noise in the
simulator destroys the long-range correlations. Nevertheless,
these simulations indicate that a noisy simulator would be
able to detect long-range correlations in the steady state for
system sizes practically relevant for current experiments but
make a noise-rate limited error in detecting the point atwhich
the phase transition occurs.
For U ≠ 0, the Lindbladian does not remain integrable

and the parameter regimes in which the Lindbladian is
rapid mixing have not been precisely delineated. Based on
the noise analysis for U ¼ 0 discussed above, we con-
jecture that a noisy simulator should be able to detect the
existence of a long-range correlated fixed point in the
model and approximate, to a noise-rate limited precision,
the model parameters (h;U0; γ) at which this phase
transition occurs. We remark that our theoretical result
on the stability of fixed-point values of observables to noise
in the simulator (Proposition 6) does not directly apply to
this problem and rigorously ensure that a noisy simulator
can distinguish between a Lindbladian with a long-range
fixed point and one with a short-range fixed point—we
leave a thorough theoretical and numerical investigation of
this problem for future work.

VII. CONCLUSION

In conclusion, we have provided an analysis of analog
quantum simulation of physically motivated open quantum
system simulation problems. Our analysis developed tools
to study both a noiseless quantum simulator as well as a
noisy quantum simulator and provided rigorous accuracy
guarantees on the observables being measured on the
quantum simulator. Furthermore, we also provided com-
plexity theoretic evidence of classical hardness of the
physically motivated problems that we considered. Our
results provide theoretical evidence for the possibility of
using near-term quantum devices for solving physically
interesting and classically hard open system simulation
problems, while remaining stable to noise. Our paper also
introduces several new technical results that could be of
independent interest—the accuracy and stability guarantees
that we develop in this paper were based on developing
a mathematically rigorous adiabatic elimination analysis
that could account for Lieb-Robinson bounds, and the
classical hardness results were built on a quantum-circuit-
to-2D-Lindbladian encoding together with its convergence
analysis.

(a)

(b)

FIG. 7. (a) Schematic of the open 1D fermion chain model
described by Eq. (28). Solid lines indicate Hamiltonian (smooth)
and dissipative (squiggly) terms in the target model, and dotted
lines indicate noise. (b) Numerically computed occupation
covariance for pairs of fermions in the steady state of the noisy
fermion chain model with γ ¼ 0.5 and ΓR;ΓL ¼ 0.5. For each
pair x, y of fermions, we plot jcovðnxnyÞj. In the noiseless case
(δ ¼ 0), there is a phase change from short-range to long-range
correlations as h is brought lower than hc ¼ 1 − γ2 ¼ 0.75. When
depolarizing noise is added (δ > 0), the phase transition point is
effectively “delayed” to lower values of h.
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Another promising direction investigating open system
simulation problems on analog simulators can be inspired
by Ref. [76], in which a protocol is proposed for verifying
quantum advantage on analog Hamiltonian simulators and
is shown to have some robustness to noise in the simu-
lation. This type of verification protocol is useful in the
scenario that the quantum simulator is not implementing
the claimed computation—either due to uncalibrated noise
or if the operator of the simulator is adversarial to the party
attempting to establish the presence of quantum advantage.
In our work, we make the physics-oriented assumption that
the simulator implements the simulation as defined and that
errors arise from noise that is well calibrated and known in
advance. In future work, we hope to determine if the
physically motivated universal quantum simulation prob-
lem we consider can also be efficiently verified in the same
sense as Ref. [76].
Our work leaves several important theoretical questions

open—most importantly, can we develop certifiable analog
simulation protocols for the analog simulation for the fixed
point of Lindbladians that are not rapidly mixing, and are
these protocols stable to errors? A possible approach to this
problem, which we leave for future work, is to identify a set
of reasonable assumptions on the spectrum of Lindbladians
that may not be rapid mixing but which still allow for
analytical results related to their stability. An alternative
could be studying Lindbladians showing dissipative phase

transitions numerically near the phase transition and under-
standing if (and which) local observables are stable.
Furthermore, another direction would be extending the

classical hardness results to 1D geometrically local
Lindbladians by encoding a quantum circuit in the fixed
point of such a Lindbladian, thereby making the case for
quantum advantage in simpler (i.e., 1D) experimental
setups. This should, in principle, be possible by adapting
the techniques developed for the corresponding result that
encodes a quantum circuit to the ground state of a 1D
Hamiltonian [55]. Furthermore, extending classical hard-
ness results to translationally invariant Lindbladians, along
the lines of similar results in Hamiltonian ground states
[77], also remains open.
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APPENDIX A: DETAILED PROOFS FROM SEC. IV

Lemma 1, repeated. For any t > 0, the remainder RωðtÞ ¼ ðd=dtÞTrAðρωðtÞÞ − ω2LTrAðρωðtÞÞ satisfies

RωðtÞ ¼ ω2
X
α

e−2tqα þ ω4
X

j∈ f1;2g

X
α

Z
t

0

e−2ðt−sÞQðjÞ
α;Hsys

ðsÞdsþ ω4
X

j∈ f3;4g

X
α;α0

Z
t

0

e−2ðt−sÞQðjÞ
α;α0 ðsÞds; ðA1aÞ

where

qα ¼ −DLα
½ρð0Þ�;

Qð1Þ
α;hðtÞ ¼ −

1

ω
½L†

α; ½h;TrAðσαρωðtÞÞ�� þ H:c:;

Qð2Þ
α;hðtÞ ¼ −

i
2
½L†

α; Lα½h;TrAðρωðtÞÞ�� þ H:c:;

Qð3Þ
α;α0 ðtÞ ¼

i
ω

X
u∈ fþ;−g

DLα
ð½LðuÞ

α0 ;TrAðσðūÞα0 ρωðtÞÞ�Þ:

If α ¼ α0; Qð4Þ
α;α0 ðtÞ ¼

2

ω2
ðDL†

α
−DLα

ÞðTrAðnαρωðtÞÞÞ:

If α ≠ α0; Qð4Þ
α;α0 ðtÞ ¼ −

1

ω2

X
u;u0

∈ fþ;−g

½LðuÞ
α ; ½Lðu0Þ

α0 ;TrAðσðūÞα σðū
0Þ

α0 ρωðtÞÞ��:

Proof. In order to find RωðtÞ, we start from the equations of motion for TrAðρωðtÞÞ and TrAðσαρωðtÞÞ as given in
Eqs. (8a) and (8b). We first integrate Eq. (8b) to obtain
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TrAðσαρωðtÞÞ ¼
Z

t

0

e−2ðt−sÞ
�
−iω2½Hsys;TrAðσαρωðsÞÞ� − iωLαTrAðρωðsÞÞ þ ω

X
α0
Eα;α0 ðsÞ

�
ds; ðA2Þ

where we use the fact that σαρωð0Þ ¼ 0, since the ancillae are initialized in j0i. Next, we note that, from integration by parts
and the expression for ðd=dtÞTrAðρωðtÞÞ in Eq. (8a), it follows that

Z
t

0

e−2ðt−sÞLαTrAðρωðsÞÞds ¼
1

2
LαTrAðρωðtÞÞ −

e−2t

2
LαTrAðρωð0ÞÞ −

1

2

Z
t

0

e−2ðt−sÞLα
d
ds

TrAðρωðsÞÞds

¼ 1

2
LαTrAðρωðtÞÞ −

e−2t

2
LαTrAðρωð0ÞÞ −

iω2

2

Z
t

0

e−2ðt−sÞLα½Hsys;TrAðρωðsÞÞ�ds

þ iω
2

X
α0

Z
t

0

e−2ðt−sÞFα;α0 ðsÞds; ðA3Þ

where

Fα;α0 ðsÞ ¼
X

u∈ fþ;−g
Lα½LðuÞ

α0 ;TrAðσðūÞα0 ρωðsÞÞ�: ðA4Þ

From Eqs. (A2) and (A3), we now obtain that

TrAðσαρωðtÞÞ ¼ −
iω
2
LαTrAðρωðtÞÞ þ

iω
2
e−2tLαρð0Þ

þ
Z

t

0

e−2ðt−sÞ
�
−iω2½Hsys;TrAðσαρωðsÞÞÞ�−

ω3

2
Lα½Hsys;TrAðρωðsÞÞ� þ

X
α0

�
ωEα;α0 ðsÞ þ

ω2

2
Fα;α0 ðsÞ

��
ds:

ðA5Þ

We now consider the remainder RωðtÞ—using the definition of the remainder [Eq. (10)] together with Eq. (8a), we obtain
that

RωðtÞ ¼
d
dt

TrAðρωðtÞÞ − ω2LTrAðρωðtÞÞ ¼
X
α

�
ð−iω½L†

α;TrAðσαρωðtÞÞ� þ H:c:Þ − ω2DLα
TrAðρωðtÞÞ

�
: ðA6Þ

It follows from Eq. (A5) that

−iω½L†
α;TrAðσαρωðtÞÞ� ¼ −

ω2

2
½L†

α; LαTrAðρωðtÞÞ� þ
ω2

2
e−2t½L†

α; Lαρð0Þ� þ
Z

t

0

e2ðt−sÞ
�
−ω3½L†

α; ½Hsys;TrAðσαρωðtÞÞ�

− i
ω4

2
½L†

α; Lα½Hsys;TrAðρωðsÞÞ�� − i
X
α0

�
ω2½L†

α; Eα;α0 ðsÞ� þ
ω3

2
½L†

α; Fα;α0 ðsÞ�
��

ds: ðA7Þ

Using Eqs. (A6) and (A7), we note that −½L†
α; LTrAðρωðsÞÞ�=2þ H:c: ¼ DLα

and so arrive at

RωðtÞ ¼
X
α

�
ω2e−2tqα þ ω4

Z
t

0

e−2ðt−sÞ
�
Qð1Þ

α;Hsys
ðsÞ þ ω4Qð2Þ

α;Hsys
ðsÞ

�
ds

�
þ ω4

X
α;α0

Z
t

0

e−2ðt−sÞðQð3Þ
α;α0 ðsÞ þQð4Þ

α;α0 ðsÞÞds;

ðA8Þ

where
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qα ≔
1

2
½L†

α; Lαρð0Þ� þ H:c:;

Qð1Þ
α;Hsys

ðtÞ ≔ −
1

ω
½L†

α; ½Hsys;TrAðσαρωðtÞÞ�� þ H:c:;

Qð2Þ
α;Hsys

ðtÞ ≔ −
i
2
½L†

α; Lα½Hsys;TrAðρωðtÞÞ�� þ H:c:;

Qð3Þ
α;α0 ðtÞ ≔

−i
2ω

½L†
α; Fα;α0 ðtÞ� þ H:c:;

Qð4Þ
α;α0 ðtÞ ≔ −

i
ω2

½L†
α; Eα;α0 ðtÞ� þ H:c: ðA9Þ

The expressions for qα, Q
ð1Þ
α;Hsys

ðtÞ, Qð2Þ
α;Hsys

ðtÞ, Qð3Þ
α;α0 ðtÞ, and Qð4Þ

α;α0 ðtÞ can be seen to be the same as those provided in the

lemma statement. ▪
Lemma 2, repeated. Suppose ρωðtÞ is the joint state of the system and the ancilla qubits with the ancilla qubits initially

being in state j0i; then for all α; α0

kσαρωðtÞk1 ≤
ω

2
and kTrAðσ†ασα0ρωðtÞÞk1; kTrAðσασα0ρωðtÞÞk1 ≤

ω2

4
:

Proof. The proof of the bound on kσαρωðtÞk1 is provided after the statement of Lemma 2 in Sec. IVA. Here, we bound
kTrAðσ†ασα0ρωðtÞÞk and kTrAðσασα0ρωðtÞÞk for any α; α0. It is convenient to define the “Heisenberg-like” picture of any
operator or superoperator O to be OðtÞ ≔ E−1

ω ðt; 0ÞOEωðt; 0Þ. Accordingly, we may write in vectorized form that, for
u∈ f−;þg,

d
dt

ðσðuÞα;uðtÞσα0;lðtÞÞ ¼ ½σðuÞα;uðtÞσα0;lðtÞ;LωðtÞ� ¼ −4σðuÞα;uðtÞ − iωLα0;lðtÞσzα0;lðtÞσðuÞα;uðtÞ þ uiωLðuÞ
α;uðtÞσzα;uðtÞσα0;lðtÞ;

where we interpret the subscripts as − ¼ l;þ ¼ r and σzα ≔ ½σα; σ†α� is the Pauli-Z operator acting on ancilla qubit α.

Integrating the above equation, we obtain a relation between σðuÞα;uðtÞσα;lðtÞ and σðuÞα;uσα;l:

σðuÞα;uðtÞσα;lðtÞ ¼ e−4tσðuÞα;uσα0;l þ iω
Z

t

0

e−4ðt−t0Þð−Lα0;lðt0Þσzα0;lðt0ÞσðuÞα;uðt0Þ þ uLðuÞ
α;uðt0Þσzα;uðt0Þσα0;lðt0ÞÞdt0:

We express the bound on kTrAðσðuÞα σα0ρωðtÞÞk1 in vectorized form using the above equation as

k⟪TrAjσðuÞα;l σα0;ljρωðtÞ⟫k1 ¼ k⟪TrAjEωðt; 0ÞσðuÞα;uðtÞσα;lðtÞjρð0Þ⟫k1
≤ ω

Z
t

0

e−4ðt−t0Þðk⟪TrAjEωðt; 0ÞLα0;lðt0Þσzα0;lðt0ÞσðuÞα;uðt0Þjρð0Þ⟫k1
þ k⟪TrAjEωðt; 0ÞLðuÞ

α;uðt0Þσzα;uðt0Þσα0;lðt0Þjρð0Þ⟫k1Þdt0; ðA10Þ

where we use the assumption that ρð0Þ is initialized with all ancilla in vacuum to apply σα0;ljρð0Þ⟫ ¼ 0. Using the bound
kσαρωðt0Þk1 ≤ ω=2 for any α from the first part of Lemma 2 in conjunction with the contracting effect of channels on the 1-
norm, we have kσα;lðtÞjρð0Þ⟫k1; kσ†α;rðtÞjρð0Þ⟫k1 ≤ ω=2 for any α and t ≥ 0. Inserting these bounds into the above
equation and applying the assumption kLαk ≤ 1, we find

kTrAðσðuÞα σαρðtÞÞk1 ≤ ω

Z
t

0

e−4ðt−t0Þ
�
ω

2
þ ω

2

�
dt0 ≤

ω2

4
: ðA11Þ

The lemma statement is obtained by either setting u ¼ − or u ¼ þ: ▪
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APPENDIX B: DETAILED PROOFS OF LEMMAS FROM SEC. IV B

Throughout this appendix, we focus on geometrically local Lindbladians introduced in Sec. IV B. These are Lindbladians
of the form

L ¼
X
α

Lα;

where we assume that LαðXÞ ¼ −i½hα; X� þDLα
ðXÞ for operators hα and Lα supported on Sα. Furthermore, we assume that

diameter diamðSαÞ ≤ a for all α, and the degree ∂ðSαÞ ¼ fα0∶ Sα ∩ Sα0 ¼ ∅g ≤ Z for all α. As mentioned in Sec. IV B, a
key ingredient in our analysis is the Lieb-Robinson bound from Ref. [44].
Lemma 3, repeated. Suppose K is a superoperator supported on region SK and satisfies KðIÞ ¼ 0, and O is a local

observable, with kOk ≤ 1, supported on region SO; then

kKeL
†tðOÞk ≤ ηSOkKkcb;∞→∞ exp

�
4eZt −

dðSK; SOÞ
a

�
:

An immediate consequence of this lemma is the following modified “two-point” Lieb-Robinson bound.
Lemma 4, repeated. KX and KY are superoperators supported on regions X and Y such that KXðIÞ ¼ KYðIÞ ¼ 0 and

diamðXÞ; diamðYÞ ≤ a; then, for any local observable O, with kOk ≤ 1, supported on region SO,

kKXKYeL
†tðOÞk ≤ eηSOkKXkcb;∞→∞kKYkcb;∞→∞ exp

�
4eZt −

1

2a
½dðX; SOÞ þ dðY; SOÞ�

�
:

Proof. Note that

kKXKYeL
†tðOÞk ≤ kKXkcb;∞→∞kKYeL

†tðOÞk ≤
∂ðSOÞ
Z

kKXkcb;∞→∞kKYkcb;∞→∞ exp
�
4eZt −

1

a
dðY; SOÞ

�
: ðB1Þ

Next, consider the case X ∩ Y ¼ ∅, and thenKXKY ¼ KYKX. In this case, the above equation holds with X and Y swapped,
i.e.,

kKXKYeL
†tðOÞk ≤

∂ðSOÞ
Z

kKXkcb;∞→∞kKYkcb;∞→∞ exp

�
4eZt −

1

a
dðX; SOÞ

�
: ðB2Þ

Multiplying Eqs. (B1) with Eq. (B2), we obtain that

kKXKYeL
†tðOÞk ≤

∂ðSOÞ
Z

kKXkcb;∞→∞kKYkcb;∞→∞ exp

�
4eZt −

1

2a
ðdðX; SOÞ þ dðY; SOÞÞ

�
: ðB3Þ

Consider now the case when X ∩ Y ≠ ∅. In this case, we can treat KXKY as a superoperator supported on X ∪ Y. From the
Lieb-Robinson bounds, it then follows that

kKXKYeL
†tðOÞk ≤

∂ðSOÞ
Z

kKXKYkcb;∞→∞ exp

�
4eZt −

1

a
dðX ∪ Y; SOÞ

�
: ðB4Þ

We note that kKXKYkcb;∞→∞ ≤ kKXkcb;∞→∞kKYkcb;∞→∞. Next, we note that

dðX ∪ Y; SOÞ ¼ min½dðX; SOÞ; dðY; SOÞ� ¼ min½dðx0; SOÞ; dðy0; SOÞ�;

where x0 ¼ argminx∈Xdðx; SOÞ and y0 ¼ argminy∈Ydðy; SOÞ. Since diamðXÞ; diamðYÞ ≤ a, we have dðx0; y0Þ ≤ a
and so min½dðx0; SOÞ; dðy0; SOÞ� ≥ dðx0; SOÞ − dðx0; y0Þ ¼ dðX; S0Þ − a. By the same logic, we also have
min½dðx0; SOÞ; dðy0; SOÞ� ≥ dðY; S0Þ − a and, consequently, we have that

dðX ∪ Y; SOÞ ≥
1

2
fd½XðSOÞ� þ d½YðSOÞ�g − a:
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Therefore, from Eq. (B4), we obtain that, when X ∩ Y ≠ ∅,

���KXKYeL
†tðOÞ

��� ≤
e∂ðSOÞ

Z
kKXkcb;∞→∞kKYkcb;∞→∞ exp

�
4eZt −

1

2a
½dðX; SOÞ þ dðY; SOÞ�

�
: ðB5Þ

From Eqs. (B3) and (B5), the lemma statement follows. ▪
An upper bound on the sum of an exponential function over a d-dimensional lattice is a useful technical result.
Lemma 12. Suppose S̃α, for α∈N, are subsets ofZd which satisfy that, for some Z̃ > 0, ∂S̃α ¼ jfα0∶ S̃α ∩ S̃α0 ≠ ∅gj ≤ Z̃

for all α∈N. Suppose S ⊆ Zd with jSj < ∞ is a fixed subset ofZd. For any k∈ f1; 2…g,m∈ f0; 1g, and T, λ, x ≥ 0, define

ξðm;kÞ
λ;x ðTÞ ¼

X
α1;α2…αk

dmα1;α2…αk min

�
x exp

�
T −

1

λ
dα1;α2…αk

�
; 1

�
;

where dα1;α2…αk ¼
P

k
j¼1 dðS; S̃αjÞ. Then,

ξðm;kÞ
λ;x ðTÞ ≤ maxðx; 1Þkkmðνð0Þðλ; TÞÞk−mðνð1Þðλ; TÞÞm;

where νðmÞðλ; TÞ are piecewise continuous nondecreasing functions of λ (for a fixed T) and T (for a fixed λ) which depend
on only Z̃ and d. Furthermore,

νðmÞðλ; TÞ ≤ O½ðλTÞmþd� as λ; T → ∞ and νðmÞðλ; 0Þ ≤ OðλmþdÞ as λ → ∞:

Proof. We can reduce the multiple summation to a single summation—an important fact that we use here is that, for
0 < x1; x2…xk ≤ 1 and A > 1,

minðAx1x2…xk; 1Þ ≤ minðAx1; 1Þ minðAx2; 1Þ � � �
Yk
i¼1

minðAxi; 1Þ: ðB6Þ

To see that Eq. (B6) is true, consider two cases—if Ax1x2…xk ≥ 1, then, for any i∈ ½1∶k�,

Axi ≥
1

x1…xi−1xiþ1…xk
≥ 1 ⇒ minðAxi; 1Þ ¼ 1

and, hence, satisfies Eq. (B6). On the other hand, if Ax1x2…xk ≤ 1, then we again have that

minðAx1x2…xk; 1Þ ¼ Ax1x2…xk ≤
Y
i∈ S

Axi for any S ⊆ ½1∶k� ⇒ minðAx1x2…xk; 1Þ ≤
Yk
i¼1

minðAxi; 1Þ;

where we use that 0 < xi ≤ 1 and A > 1. Now, note that for any x, y > 0, minðy; xÞ ≤ maxðx; 1Þ minðy; 1Þ. Using this
together with Eq. (B6), we obtain that

ξð0;kÞλ;x ðTÞ ¼
X

α1;α2…αk

min

�
x exp

�
T −

1

λ
dα1;α2…αk

�
; 1

�

≤ maxðx; 1Þ
X

α1;α2…αk

Yk
i¼1

min

�
exp

�
T −

1

λ
dðS̃αi ; SÞ

�
; 1

�

≤ maxðx; 1Þk
�X

α

min

�
exp

�
T −

1

λ
dðS̃α; SÞ

�
; 1

��
k

ðB7aÞ

and
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ξð1;kÞλ;x ðTÞ ¼
X

α1;α2…αk

dα1;α2…αk min

�
exp

�
T −

1

λ
dα1;α2…αk

�
; x

�

≤ maxðx; 1Þ
X

α1;α2…αk

�Xk
i¼1

dðS̃αi ; SÞ
�Yk

i¼1

min

�
exp

�
T −

1

λ
dðS̃αi ; SÞ

�
; 1

�

¼ kmaxðx; 1Þ
X

α1;α2…αk

dðS̃α1 ; SÞ
Yk
i¼1

min

�
exp

�
T −

1

λ
dðS̃αi ; SÞ

�
; 1

�

≤ kmaxðx; 1Þk
�X

α

min

�
exp

�
T −

1

λ
dðS̃α; SÞ

�
; 1

��
k−1X

α

dðS̃α; SÞ min

�
exp

�
T −

1

λ
dðS̃α; SÞ

�
; 1

�
: ðB7bÞ

Having reduced the multiple summation to a single summation, we reexpress the single summation with respect to αwith a
summation with respect to the grid distances. In particular, we note that

X
α

dmðS̃α; SÞ min

�
exp

�
T −

1

λ
dðS̃α; SÞ

�
; 1

�
¼

X∞
n¼0

nmmin

�
exp

�
T −

1

λ
n

�
; 1

�
jfα∶dðS̃α; SÞ ¼ ngj: ðB8Þ

We next upper bound jfα∶dðS̃α; SÞ ¼ ngj—note that

jfα∶dðS̃α; SÞ ¼ ngj≤
ð1Þ

Z̃ jfx∈Zd∶dðx; SÞ ¼ ngj≤
ð2Þ

Z̃ jSjjfx∈Zd∶dðx; 0Þ ¼ ngj; ðB9Þ

where in (1) we use the fact that any one site x∈Zd can be in at most Z̃ sets S̃α (since otherwise there would be more than Z̃
sets S̃α that would intersect each other), and in (2) we simply upper bound the number of sites at a distance of n from S by
the number of sites at a distance of n from any site in S.
A bound on jfx∈Zd∶ dðx; 0Þ ¼ ngj can be obtained by noting that, since dðx; yÞ ¼ P

d
i¼1 jxi − yij is the Manhattan

distance on the lattice,

jfx∈Zd∶dðx; 0Þ ¼ ngj ¼
����


x∈Zd∶

Xd
i¼1

jxij ¼ n

����� ≤ 2d
����


x∈Nd

0∶
Xd
i¼1

xi ¼ n

�����
¼ 2d

�
nþ d − 1

d − 1

�
≤

2d

ðd − 1Þ! ðnþ d − 1Þd−1: ðB10Þ

Combining Eqs. (B9) and (B10), we obtain that

jfα∶dðS̃α; SÞ ¼ ngj ≤ 2dZ̃jSj
ðd − 1Þ! ðnþ d − 1Þd−1:

Returning to Eq. (B8), we obtain that

X
α

dmðS̃α; SÞ min

�
exp

�
T −

1

λ
dðS̃α; SÞ

�
; 1

�
≤

2dZ̃jSj
ðd − 1Þ!

X∞
n¼0

min

�
exp

�
T −

1

λ
n

�
; 1

�
nmðnþ d − 1Þd−1: ðB11Þ

Now, we note that
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X∞
n¼0

min

�
exp

�
T −

n
λ

�
; 1

�
nmðnþ d − 1Þk

≤
ð1ÞX⌈λT⌉

n¼0

nmðnþ d − 1Þd−1 þ
X∞

n¼bλTc
nmðnþ d − 1Þd−1 exp

�
T −

n
λ

�

≤
X⌈λT⌉
n¼0

nmðnþ d − 1Þd−1 þ
X∞
n¼0

ðnþ bλTcÞmðnþ bλTc þ d − 1Þd−1 exp
�
T −

bλTc
λ

−
n
λ

�

≤
ð2ÞX⌈λT⌉

n¼0

nmðnþ d − 1Þd−1 þ
X∞
n¼0

ðnþ bλTcÞmðnþ bλTc þ d − 1Þd−1 expð−n=λÞ

≤
ð3Þ
Ymð⌈λT⌉Þ þ 2d−2

X
σ;σ0 ∈ f0;1g

bλTcð1−σÞmðd − 1þ bλTcÞð1−σ0Þðd−1ÞXσmþσ0ðd−1ÞðλÞ; ðB12Þ

where for p∈ f0; 1; 2…g and m∈ f0; 1g

XpðλÞ ¼
X∞
n¼0

np expð−n=λÞ and YmðzÞ ¼
X⌈z⌉
n¼0

nmðnþ d − 1Þd−1:

In (1), we split the summation over n into two summations—one summation involving only n ≤ ⌈λT⌉, where we use
min½expðT − n=λÞ; 1� ≤ 1, and the other summation involving n ≥ bλTc, where we use min½expðT − n=λÞ; 1� ≤
expðT − n=λÞ. In (2), we use the fact that λT ≤ bλTc, and, thus, expðT − bλTc=λÞ ≤ 1. In (3), we use the fact that, for
a, b > 0, ðaþ bÞd ≤ 2d−1ðad þ bdÞ. We now pick the functions νðmÞðλ; TÞ from the lemma statement to be

νðmÞðλ; TÞ ¼ 2dZ̃jSj
ðd − 1Þ!

�
Ymð⌈λT⌉Þ þ 2d−2

X
σ;σ0 ∈ f0;1g

bλTcð1−σÞmðd − 1þ bλTcÞð1−σ0Þðd−1ÞXσmþσ0ðd−1ÞðλÞ
�
:

FromEqs. (B7), (B11), and (B12), it follows that the lemma statement holds with this choice of νðmÞðλ; TÞ. Furthermore, since
the dependence of νðmÞðλ; TÞ onT is entirely through bλTc and ⌈λT⌉, it follows that it is a piecewise continuous functionofT for
a fixed λ. It is also clear that νðmÞðλ; TÞ is nondecreasing in T for a fixed λ. Finally, to understand the asymptotic behavior of
νðmÞðλ; TÞ as λ; T → ∞, we note that XpðλÞ ≤ Oðλpþ1Þ and Ymð⌈λT⌉Þ ≤ O½ðλTÞmþd�. Therefore, we have that

νðmÞðλ; TÞ ≤ O½ðλTÞmþd� þ
X

σ;σ0 ∈ f0;1g
O½ðλTÞð1−σÞmþð1−σ0Þðd−1Þ�Oðλ½σmþσ0ðd−1Þþ1�Þ

≤ O½ðλTÞmþd� þ
X

σ;σ0 ∈ f0;1g
O½ðλTÞð1−σÞmþð1−σ0Þðd−1Þ�O½ðλTÞ½σmþσ0ðd−1Þþ1��

≤ O½ðλTÞmþd�:

Furthermore, for T ¼ 0,

νðmÞðλ; 0Þ ¼ 2dZ̃jSj
ðd − 1Þ! ðYmð0Þ þ 2d−2ðd − 1Þd−1XmðλÞ þ 2d−2Xmþd−1ðλÞÞ ≤ OðλmþdÞ as λ → ∞:

This concludes the proof of the lemma. ▪

1. Proof of Lemma 5

In this appendix, we establish Lemma 5. We first establish the following.
Lemma 13. Suppose O is a local observable with kOk ≤ 1 supported on SO, and for τ > 0, let OðτÞ ¼ expðL†τÞðOÞ,

where L is a geometrically local Lindbladian of the form in Eq. (14). Then, for qαðsÞ;QðjÞ
α;α0 ðsÞ, with Qð1Þ

α;α0 ¼ Qð1Þ
α;hα0

and

Qð2Þ
α;α0 ¼ Qð2Þ

α;hα0
, as defined in Lemma 1,
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jTrðOðτÞqαðsÞÞj ≤ 2 min

�
ηSO exp

�
4eZτ −

dðSα; SOÞ
a

�
; 1

�
for any α;

and

jTrðOðτÞQðjÞ
α;α0 ðsÞÞj ≤ 4 min

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1

�
for any α;α0; j:

Proof. Using the Lieb-Robinson bounds (Lemma 3) together with the fact that kDLα
k∞→∞ ≤ 2, we obtain that

jTrðOðτÞqαÞj ¼ jTrðOðτÞDLα
ðρð0ÞÞÞj ≤ kD†

Lα
ðOðτÞÞkkρð0Þk1

≤ 2 min

�
ηSO exp

�
4eZτ −

dðSα; SOÞ
a

�
; 1

�
:

Next, consider TrðOðτÞQð1Þ
α;α0 ðsÞÞ. For any α; α0 we obtain that

jTrðOðτÞQð1Þ
α;α0 ðsÞÞj ≤

2

ω
jTrðOðτÞ½L†

α; ½hα0 ;TrAððσαρωðsÞÞ��Þj

≤
2

ω
k½hα0 ; ½L†

α; OðτÞ��kkTrAððσαρωðsÞÞk1
≤ k½hα0 ; ½L†

α; OðτÞ��k;

where, in the last step, we use Lemma 2. Next, we can use Lemma 4 together with the fact that

k½hα0 ; ·�kcb;∞→∞; k½Lð�Þ
α ; ·�kcb;∞→∞ ≤ 2 to obtain

jTrðOðτÞQð1Þ
α;hα0

ðsÞÞj ≤ 4kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1

�
:

Next, for any α; α0, we obtain that

jTrðOðτÞQð2Þ
α;α0 ðsÞÞj ≤ jTrðOðτÞ½L†

α; Lα½hα0 ; ρωðsÞ��Þj ≤ k½hα0 ; ½L†
α; OðτÞ�Lα�kkTrAðρωðsÞÞk1

≤ 4kOkmin

�
eηSO exp

�
4eZτ −

1

2a
½dðSα; SOÞ þ dðSα0 ; SOÞ�

�
; 1

�
:

Next, we bound jTrAðQð3Þ
α;α0 Þj. For any α; α0, we obtain that

���TrðOðτÞQð3Þ
α;α0 ðsÞÞ

��� ≤ 1

ω

X
u∈ fþ;−g

jTrðOðτÞDLα
ð½LðuÞ

α0 ;TrAðσðūÞα0 ρωðsÞÞ�ÞÞj

≤
1

ω

X
u∈ fþ;−g

���½LðuÞ
α0 ;D

†
Lα
ðOðτÞÞ�

������TrAðσðūÞα0 ρωðsÞÞ
���
1

≤
1

2

X
u∈ fþ;−g

���½LðuÞ
α0 ;D

†
Lα
ðOðτÞÞ�

���;
where, in the last step, we use Lemma 2. Next, we use Lemma 4 together with k½LðuÞ

α ; ·�kcb;∞→∞ ≤ 2 and kD†
Lα
k
cb;∞→∞ ≤ 2

to obtain

jTrðOðτÞQð3Þ
α;α0 ðsÞÞj ≤ 4kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1

�
:
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Next, we bound jTrðOðτÞQð4Þ
α;α0 ðsÞÞj1. For α ≠ α0,

jTrðOðτÞQð4Þ
α;α0 ðsÞÞj ≤

1

ω2
jTrðOðτÞ½LðuÞ

α ; ½Lðu0Þ
α0 ;TrAðσðūÞα σðū

0Þ
α0 ρωðsÞÞ��Þj

≤
1

ω2

X
u;u0 ∈ f−;þg

���½Lðu0Þ
α0 ; ½LðuÞ

α ; OðτÞ��
������TrAðσðūÞα σðū

0Þ
α0 ρωðsÞÞ

���
1

≤
1

4

X
u;u0 ∈ f−;þg

���½Lðu0Þ
α0 ; ½LðuÞ

α ; OðτÞ��
���;

where in the last step we use Lemma 2. Furthermore, from Lemma 4 and the fact that k½LðuÞ
α ; ·�kcb;∞→∞ ≤ 2, it follows that

���TrðOðτÞQð4Þ
α;α0 ðsÞÞ

��� ≤ 4kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1

�
: ðB13Þ

Similarly, for α ¼ α0,

jTrðOðτÞQð4Þ
α;αðsÞÞj ≤ 2

ω2

���TrðOðτÞðDLα
−DL†

α
ÞðTrAðnαρωðsÞÞÞÞ

���
≤

2

ω2
kðDLα

−DL†
α
Þ†ðOðτÞÞkkTrAðnαρωðsÞÞk1

≤
1

2
kðDLα

−DL†
α
Þ†ðOðτÞÞk;

where, again, in the last step, we use Lemma 2. Next, we can use Lemma 3 together with the fact that
kðDLα

−DL†
α
Þ†k

cb;∞→∞ ≤ 4, and we obtain that

jTrðOðτÞQð4Þ
α;αðsÞÞj ≤ 2kOkmin

�
ηSO exp

�
4eZτ −

1

a
dðSα; SOÞ

�
; 1

�
: ðB14Þ

Equations (B14) and (B13) together establish a bound on jTrðOðτÞQð4Þ
α;α0 ðsÞÞj for any α; α0 and are consistent with the lemma

statement. ▪
Lemma 5, repeated. Suppose O is a local observable with kOk ≤ 1 supported on SO, and for τ > 0, let

OðτÞ ¼ expðL†τÞðOÞ, where L is a geometrically local Lindbladian of the form in Eq. (B14). Then, for qα as defined
in Lemma 1, there is a nondecreasing piecewise continuous function ν such that νðtÞ ≤ OðtdÞ as t → ∞ andX

α

jTrðOðτÞqαÞj ≤ νðτÞ;

and for j∈ f1; 2; 3; 4g
X
α;α0

���TrðOðτÞQðjÞ
α;α0 ðsÞÞ

��� ≤ ν2ðτÞ;

where, for j∈ f3; 4g, QðjÞ
α;α0 is defined in Lemma 1 and, for j∈ f1; 2g, we define QðjÞ

α;α0 ¼ QðjÞ
α;hα0

, where QðjÞ
α;h is defined in

Lemma 1.
Proof. We prove this lemma using Lemmas 12 and 13. Consider first

X
α

jTrðOðτÞqαÞj ≤ 2
X
α

min

�
ηSO exp

�
4eZτ −

dðSα; SOÞ
a

�
; 1

�
¼ 2ξð0;1Þa;ηSO

ð4eZτÞ ≤ 2maxðηSO; 1Þνð0Þða; 4eZτÞ ≤ 2emaxðηSO; 1Þνð0Þð2a; 4eZτÞ; ðB15Þ
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where, in the last step, we use the fact that as per Lemma 12 νð0Þðλ; TÞ is a nondecreasing function of λ for a fixed T.
Similarly, for j∈ f1; 2; 3; 4g,

X
α1;α2

jTrðOðτÞQðjÞ
α;α0 ðsÞj ≤ 4

X
α;α0

min

�
eηSO exp

�
4eZτ −

dðSα; SOÞ þ dðSα0 ; SOÞ
2a

�
; 1

�

¼ 4ξð0;2Þ2a;eηSO
ð2a; 4eZτÞ ≤ 4ðmaxðeηSO; 1ÞÞ2ðνð0Þð2a; 4eZτÞÞ2

≤ 4e2ðmaxðηSO; 1ÞÞ2ðνð0Þð2a; 4eZτÞÞ2: ðB16Þ

From Eqs. (B15) and (B16), it follows that choosing νðτÞ ¼
2emaxðηSO; 1Þνð0Þð2a; 4eZτÞ satisfies the lemma state-
ment. It can also be noted that, from the asymptotics of
νð0Þðλ; TÞ in Lemma 12, νðτÞ ≤ OðτdÞ and that, since
νð0Þðλ; TÞ, for a fixed λ, is a nondecreasing and piecewise
continuous function of T, νðτÞ is also a piecewise con-
tinuous nondecreasing function of τ. ▪

2. Proof of Lemma 6

In this appendix, we outline a proof of Lemma 6. A
convenient technical lemma to use for this proof is below.

Lemma 14. SupposeO is a spatially local observable and
let OðτÞ ¼ expðL†τÞðOÞ be its Heisenberg-picture evolu-
tion with respect to a geometrically local Lindbladian L of
the form of Eq. (14) and with fixed point σ. Suppose thatO
obeys the local rapid mixing condition [Eq. (20)].
Furthermore, suppose σωðsÞ is a time-dependent operator
which satisfies kσωðsÞk1 ≤ fðωÞ for some fðωÞ > 0.
Furthermore, let Kα and J α0 be superoperators supported
on S̃α and S̃α0 , respectively, which satisfyK

†
αðIÞ ¼ J †

αðIÞ ¼
0 andkKαk⋄; kJ αk⋄ ≤ 2 and ∀ α∶jfα0∶ S̃α ∩ S̃α0 ≠ ∅gj ≤
Z̃ for some Z0 > 0. Then,

(a) for any t > 0,

X
α

����
Z

t

0

e−2s=ω
2

TrðOðt − sÞKαðσωðsÞÞÞds
���� ≤ ω2fðωÞζð1ÞðγÞ; ðB17Þ

where, if kðjSOj; γÞ, defined in Eq. (20), is O½expðγ−κÞ� as γ → 0, then ζð1ÞðγÞ ≤ Oðγ−dðκþ1ÞÞ as γ → 0;
(b) for any t > 0,

X
α

����
Z

t

0

TrðOðt − sÞKαðσωðsÞÞÞds
���� ≤ fðωÞζð2ÞðγÞ; ðB18Þ

where, if kðjSOj; γÞ, defined in Eq. (20), is O½expðγ−κÞ� as γ → 0, then ζð2ÞðγÞ ≤ Oðγ−ðdþ1Þðκþ1ÞÞ as γ → 0;
(c) for any t > 0,

X
α;α0

����
Z

t

0

Z
s

0

e−2ðs−s0Þ=ω2

TrðOðt − sÞKαJ α0 ðσωðs0ÞÞÞds0ds
���� ≤ ω2fðωÞζð3ÞðγÞ; ðB19Þ

where, if kðjSOj; γÞ, defined in Eq. (20), is O½expðγ−κÞ� as γ → 0, then ζð3ÞðγÞ ≤ Oðγ−ðκþ1Þð2dþ1ÞÞ.
In Eqs. (B18)–(B20), the functions ζð1ÞðγÞ, ζð2ÞðγÞ, and ζð3ÞðγÞ depend on Z, a, and Z̃.
Proof.

(a) The idea behind this proof is similar to the example detailed in the main text, i.e., to separate out the integral in the
summation into a short-time and long-time integral. The short-time integral is upper bounded using the Lieb-Robinson
bounds, and the long-time integral is bounded using the local rapid-mixing property [Eq. (20)]. We begin by noting that����

Z
t

0

e−2s=ω
2

TrðOðt − sÞKαðσωðsÞÞÞds
���� ¼

����
Z

t

0

e−2ðt−sÞ=ω2

TrðOðsÞKαðσωðt − sÞÞÞds
���� ≤ e≤α ðt; tαÞ þ e≥α ðt; tαÞ; ðB20Þ
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where

e≤α ðt; tαÞ ¼
����
Z

minðt;tαÞ

0

e−2ðt−sÞ=ω2

TrðOðsÞKαðσωðt − sÞÞÞds
����;

e≤α ðt; tαÞ ¼
����
Z

t

minðt;tαÞ
e−2ðt−sÞ=ω2

TrðOðsÞKαðσωðt − sÞÞÞds
����;

and tα > 0 is to be chosen later. We bound e≤α ðt; tαÞ using Lieb-Robinson bounds. First, we note that, by Lemma 3,

jTrðOðsÞKαðσωðt − sÞÞÞj ≤ kK†
αOðsÞkkσωðt − sÞk1 ≤ 2fðωÞ min

�
ηSO exp

�
4eZs −

dðSO; S̃αÞ
a

�
; 1

�
: ðB21Þ

This allows us to bound e≤α ðt; tαÞ:

e≤α ðt; tαÞ ≤ 2fðωÞηSO
Z

minðt;tαÞ

0

e−2ðt−sÞ=ω2

min

�
ηSO exp

�
4eZs −

dðSO; S̃αÞ
a

�
; 1

�
ds

≤ 2fðωÞ min

�
ηSO exp

�
4eZminðt; tαÞ −

dðSO; S̃αÞ
a

�
; 1

�Z
minðt;tαÞ

0

e−2ðt−sÞ=ω2

ds

≤ ω2fðωÞ min

�
ηSO exp

�
4eZtα −

dðSO; S̃αÞ
a

�
; 1

�
: ðB22Þ

We bound e≥α ðt; tαÞ using the local rapid mixing condition. Note that

jTrðOðsÞKαðσωðt − sÞÞÞj ≤ jTrðOσÞTrðKαðσωðt − sÞÞÞj þ jTrððOðsÞ − TrðOσÞIÞKαðσωðt − sÞÞÞj
¼ð1ÞkOðsÞ − TrðOσÞIkkKαk⋄kσωðt − sÞk1
¼ð2Þ2fðωÞkðjSOj; γÞe−γs; ðB23Þ

where in (1) we have the fact that, for any operator X, Tr½KαðXÞ� ¼ Tr½K†
αðIÞX� ¼ 0 and in (2), we use Eq. (20). For

t ≤ tα, since minðt; tαÞ ¼ t, it follows immediately that

e≥α ðt; tαÞ ¼ 0: ðB24Þ

For t ≥ tα, we can obtain two upper bounds on e≥α ðt; tαÞ. The first upper bound is using Eq. (B24), which yields

e≥α ðt; tαÞ ≤ 2fðωÞkðjSOj; γÞ
Z

t

tα

e−γse−2ðt−sÞ=ω2

ds ≤ ω2fðωÞkðjSOj; γÞe−γtα : ðB25Þ

Alternatively, we can also bound

e≥α ðt; tαÞ ≤
Z

t

tα

e−2ðt−sÞ=ω2 jTrðOðsÞKαðσωðt − sÞÞÞjds ≤
Z

t

tα

e−2ðt−sÞ=ω2kOkkKαk⋄kσωðt − sÞk1ds ≤ ω2fðωÞ: ðB26Þ

From the bounds in Eqs. (B24)–(B26), we obtain that

e≥α ðt; tαÞ ≤ ω2fðωÞ minðkðjSOj; γÞe−γtα ; 1Þ for any t; tα:

Combining the bounds for the short-time and long-time integrals, we obtain that
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X
α

����
Z

t

0

e−2s=ω
2

TrðOðt − sÞKαðσωðsÞÞÞds
����

≤ ω2fðωÞ
X
α

�
min

�
ηSO exp

�
4eZtα −

dðSO; S̃αÞ
a

�
; 1

�
þminðkðjSOj; γÞe−γtα ; 1Þ

�

≤ ω2fðωÞ
X
α

�
min

�
ηSO exp

�
4eZtα −

dðSO; S̃αÞ
a

�
; 1

�
þminðexpðTγ − γtαÞ; 1Þ

�
; ðB27Þ

where Tγ ¼ logfmax½kðjSOj; γÞ; 1�g—note also that Tγ > 0. We now pick tα ¼ dðSO; S̃αÞ=ð8eZaÞ and apply Lemma
12 to obtain

X
α

����
Z

t

0

e−2s=ω
2

TrðOðt − sÞKαðσωðsÞÞÞds
���� ≤ ω2fðωÞðξð0;1Þ2a;ηSO

ð0Þ þ ξð0;1Þ
8eZaγ−1;1

ðTγÞÞ

≤ ω2fðωÞðmaxðηSO; 1Þνð0Þð2a; 0Þ þ νð0Þð8eZaγ−1; TγÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ζð0ÞðγÞ

: ðB28Þ

Now, if kðjSOj; γÞ ≤ O½expðγ−κÞ� as γ → 0, then Tγ ≤ Oðγ−κÞ. Therefore, as γ → 0,

ζð0ÞðγÞ ¼ maxðηSO; 1Þνð0Þð2a; 0Þ þ νð0Þð8eZaγ−1; TγÞ ≤ O½ðγ−1TγÞd� ≤ Oðγ−dðκþ1ÞÞ;

which proves part (a) of the lemma. Note that ζð0ÞðγÞ also depends on Z̃ through νð0Þðλ; TÞ.
(b) We proceed similarly to part (a) and note that����

Z
t

0

TrðOðt − sÞKαðσωðsÞÞds
���� ¼

����
Z

t

0

TrðOðsÞKαðσωðt − sÞÞds
���� ≤ e≤α ðt; tαÞ þ e≥α ðt; tαÞ;

where

e≤α ðt; tαÞ ¼
����
Z

minðt;tαÞ

0

TrðOðsÞKαðσωðt − sÞÞÞds
����;

e≥α ðt; tαÞ ¼
����
Z

t

minðt;tαÞ
TrðOðsÞKαðσωðt − sÞÞÞds

����;
where tα > 0 is to be chosen later. We proceed similarly to part (a). To bound e≤α ðt; tαÞ, we use Eq. (B22) to obtain

e≤α ðt; tαÞ ≤ 2fðωÞ
Z

minðt;tαÞ

0

min

�
ηSO exp

�
4eZs −

dðSO; S̃αÞ
a

�
; 1

�
ds

≤ 2fðωÞ min

�
ηSO exp

�
4eZminðt; tαÞ −

dðSO; S̃αÞ
a

�
; 1

�Z
minðt;tαÞ

0

ds

≤ 2fðωÞtα min
�
ηSO exp

�
4eZtα −

dðSO; S̃αÞ
a

�
; 1
�
: ðB29Þ

Next, we bound e≥α ðt; tαÞ. If t ≤ tα, then minðt; tαÞ ¼ t and we have

e≥α ðt; tαÞ ¼ 0: ðB30Þ

If instead t ≥ tα, we can use Eq. (B24) to write

e≥α ðt; tαÞ ≤ 2fðωÞkðjSOj; γÞ
Z

t

tα

e−γsds ≤ 2fðωÞkðjSOj; γÞγ−1e−γtα : ðB31Þ
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Combining Eqs. (B30) and (B31), we obtain that

e≥α ðt; tαÞ ≤ 2fðωÞγ−1kðjSOj; γÞe−γtα for any t; tα: ðB32Þ

We now pick

tα ¼ T 0
γ þ

dðSO; S̃αÞ
8eZa

;

where T 0
γ ¼ γ−1 maxflog½γ−1kðjSOj; γÞ�g. We accordingly obtain the following expressions for the short-time and

long-time integrals:

X
α

e≤α ðt; tαÞ ≤ fðωÞ
�
2T 0

γξ
ð0;1Þ
2a;ηSO

ð4eZT 0
γÞ þ

1

4eZa
ξð1;1Þ2a;ηSO

ð4eZT 0
γÞ
�
;

X
α

e≥α ðt; tαÞ ≤ 2fðωÞξð0;1Þ
8eZaγ−1;1ð0Þ; ðB33Þ

where we use ξðm;kÞ
λ;x ðtÞ from Lemma 12. Using Lemma 12, we obtain that

X
α

����
Z

t

0

TrðOðt − sÞKαðσωðsÞÞÞds
���� ≤ X

α

e≤α ðt; tαÞ þ e≥α ðt; tαÞ ≤ fðωÞζð2ÞðγÞ;

where

ζð2ÞðγÞ ¼ maxðηSO; 1Þ
�
2T 0

γν
ð0Þð2a; 4eZT 0

γÞ þ
1

4eZ
νð1Þð2a; 4eZT 0

γÞ þ 2νð0Þð8eZaγ−1; 0Þ
�
:

Note that ζð2ÞðγÞ also depends on Z̃ through its dependence on νðmÞðλ; TÞ. If kðjSOj; γÞ ≤ O½expðγ−κÞ� as γ → 0, then
T 0
γ ≤ Oðγ−ðκþ1ÞÞ, and so, using the asymptotics of νðmÞðλ; TÞ from Lemma 12, we obtain that

ζð2ÞðγÞ ≤ Oðγ−ðκþ1ÞÞ ×Oðγ−dðκþ1ÞÞ þOðγ−ðdþ1Þðκþ1ÞÞ þOðγ−dÞ ≤ Oðγ−ðdþ1Þðκþ1ÞÞ;

which establishes the lemma.
(c) We begin by rewriting����

Z
t

0

Z
s

0

e−2ðs−s0Þ=ω2

TrðOðt− sÞKαJ α0 ðσωðs0ÞÞÞds0ds
����¼

����
Z

t

0

Z
t

s
e−2ðs0−sÞ=ω2

TrðOðsÞKαJ α0 ðσωðt− s0ÞÞÞds0ds
����; ðB34Þ

where we make the change of variables s → t − s and s0 → t − s0. Next, we define the short-time and long-time
integrals as follows:����

Z
t

0

Z
t

s
e−2ðs0−sÞ=ω2

TrðOðsÞKαJ α0 ðσωðt − s0ÞÞÞds0ds
���� ≤ e≤α;α0 ðt; tα;α0 Þ þ e≥α;α0 ðt; tα;α0 Þ;

where

e≤α;α0 ðt; tα;α0 Þ ¼
����
Z

minðt;tα;α0 Þ

0

Z
t

s
e−2ðs0−sÞ=ω2

TrðOðsÞKαJ α0 ðσωðt − s0ÞÞÞds0ds
����;

e≥α;α0 ðt; tα;α0 Þ ¼
����
Z

t

minðt;tα;α0 Þ

Z
t

s
e−2ðs0−sÞ=ω2

TrðOðsÞKαJ α0 ðσωðt − s0ÞÞÞds0ds
����;

and tα;α0 > 0 is chosen later. Consider first e≤α;α0 ðt; tα;α0 Þ—this can be upper bounded using the Lieb-Robinson bounds.

Applying Lemma 4 and using kK†
αkcb;∞→∞; kJ †

αkcb;∞→∞ ≤ 2, we see that
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jTrðOðsÞKαJ α0 ðσωðt − s0ÞÞÞj ≤ kJ †
α0K

†
αðOðsÞÞkkσωðt − s0Þk1

≤ 4fðωÞ min

�
eηSO exp

�
4eZs −

1

2a
½dðSO; S̃αÞ þ dðSO; S̃α0 Þ�

�
; 1

�
;

leading to the bound on e≤α;α0 ðt; tα;α0 Þ:

e≤α;α0 ðt; tα;α0 Þ ≤ 4fðωÞ
Z

minðt;tα;α0 Þ

0

Z
t

s
e−2ðs0−sÞ=ω2

min

�
eηSO exp

�
4eZs −

1

2a
½dðSO; S̃αÞ þ dðSO; S̃α0 Þ�

�
; 1

�
ds0ds

≤ 4fðωÞ min

�
eηSO exp

�
4eZtα;α0 −

1

2a
½dðSO; S̃αÞ þ dðSO; S̃α0 Þ�

�
; 1

�Z
minðt;tα;α0 Þ

0

Z
t

s
e−2ðs0−sÞ=ω2

ds0ds

≤ 2ω2fðωÞtα;α0 min

�
eηSO exp

�
4eZtα;α0 −

1

2a
½dðSO; S̃αÞ þ dðSO; S̃α0 Þ�

�
; 1

�
: ðB35Þ

Next, we consider e≥α;α0 ðt; tα;α0 Þ—again, to upper bound this term, we use the local rapid-mixing property [Eq. (20)]. For
any 0 ≤ s; s0 ≤ t, we have

jTrðOðsÞKαJ α0 ðσωðt − s0ÞÞÞj ≤ jTrðOσÞTrðKαJ α0 ðσωðt − s0ÞÞj þ jTrððOðsÞ − TrðOσÞIÞKαJ α0 ðσωðt − s0ÞÞÞj

≤
ð1Þ
kOðsÞ − TrðOσÞIkkKαk⋄kJ α0k⋄kσωðt − s0Þk1

≤
ð1Þ
4fðωÞkðjSOj; γÞe−γs: ðB36Þ

where in (1) we use the fact that J †
α0 ðIÞ ¼ 0 and, therefore, for any X, Tr½J α0 ðXÞ� ¼ Tr½J †

α0 ðIÞX� ¼ 0. In (2), we use
Eq. (20). Now, for t < tα;α0, minðt; tα;α0 Þ ¼ t and, therefore,

e≥α;α0 ðt; tα;α0 Þ ¼ 0: ðB37Þ

Next, for t ≥ tα;α0, using Eq. (B36), we obtain that

e≥α;α0 ðt; tα;α0 Þ ≤ 4fðωÞkðjSOj; γÞ
Z

t

tα;α0

Z
t

s
e−2ðs0−sÞ=ω2

e−γsds0ds

≤ 2ω2fðωÞkðjSOj; γÞ
Z

t

tα;α0
e−γsds

≤ 2γ−1ω2fðωÞkðjSOj; γÞe−γtα;α0 : ðB38Þ

From the bounds in Eqs. (B37) and (B38), we obtain that

e≥α;α0 ðt; tα;α0 Þ ≤ 2γ−1ω2fðωÞkðjSOj; γÞe−γtα;α0 for any t; tα;α0 :

We now pick

tα;α0 ¼ T 0
γ þ

1

16eZa

�
dðSO; S̃αÞ þ dðSO; S̃α0 Þ

�
;

where T 0
γ ¼ γ−1maxðlogðγ−1kðjSOj; γÞ; 1ÞÞ. With this choice, we obtain the following expressions for the long-time

and short-time integrals:
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X
α;α0

e≤α;α0 ðt; tα;α0 Þ ≤ ω2fðωÞ
�
2T 0

γξ
ð0;2Þ
4a;eηSO

ð4eZT 0
γÞ þ

1

8eZa
ξð1;2Þ4a;eηSO

ð4eZT 0
γÞ
�
;

X
α;α0

e≥α;α0 ðt; tα;α0 Þ ≤ 2ω2fðωÞξð0;2Þ
16eγ−1Za;1

ð0Þ;

where we use ξm;k
λ;x ðtÞ defined in Lemma 12. Using Lemma 12, we obtain that

X
α;α0

����
Z

t

0

Z
s

0

e−2ðs−s0Þ=ω2

TrðOðt − sÞKαJ α0 ðσωðs0ÞÞÞds0ds
���� ≤ X

α;α0
ðe≤α;α0 ðt; tα;α0 Þ þ e≥α;α0 ðt; tα;α0 ÞÞ ≤ ω2fðωÞζð3ÞðγÞ;

where

ζð3ÞðγÞ ¼ maxðeηSO; 1Þ2
�
2T 0

γðνð0Þð4a; 4eZT 0
γÞÞ2 þ

1

4eZa
νð0Þð4a; 4eZT 0

γÞνð1Þð4a; 4eZT 0
γÞ
�
þ 2ðνð0Þð16eγ−1ZÞÞ2:

Note that ζð3ÞðγÞ also depends on Z̃ through its dependence on νðmÞðγÞ. If kðjSOj; γÞ ≤ O½expðγ−κÞ� as γ → 0, Tγ ≤
Oðγ−ðκþ1ÞÞ and using the asymptotics of νðmÞðλ; TÞ from Lemma 12, we obtain that

ζð3ÞðγÞ ≤ O
�
γ−ðκþ1Þ

�
×O

�
γ−2dðκþ1Þ

�
þO

�
γ−dðκþ1Þ

�
×O

�
γ−ðdþ1Þðκþ1Þ

�
þO

�
γ−2d

�
≤ O

�
γ−ð2dþ1Þðκþ1Þ

�
;

which establishes the lemma. ▪
Lemma 6, repeated. Suppose O is a local observable with kOk ≤ 1 supported on SO, and for τ > 0, let

OðτÞ ¼ expðL†τÞðOÞ, where L is a geometrically local Lindbladian of the form in Eq. (14). Furthermore, suppose O
is rapidly mixing with respect to L and satisfies Eq. (20) with kðjSOj; γÞ ≤ O½expðγ−κÞ� as γ → 0. Then for qα as defined in
Lemma 1,

X
α

����
Z

t

0

TrðOðt − sÞqαÞe−2s=ω2

ds

���� ≤ ω2λð1ÞðγÞ;

where λð1ÞðγÞ ≤ Oðγ−dðκþ1ÞÞ as γ → 0; and for j∈ f1; 2; 3; 4g
X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQðjÞ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤ λð2ÞðγÞ;

where λð2ÞðγÞ ≤ Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0 and, for j∈ f3; 4g, QðjÞ
α;α0 is defined in Lemma 2, and, for j∈ f1; 2g, we define

QðjÞ
α;α0 ¼ QðjÞ

α;hα0
, where QðjÞ

α;h is defined in Lemma 1.
Proof.Noting from Lemma 1 that qα ¼ DLα

½ρð0Þ� and that kρð0Þk1 ¼ 1, from the application of Lemma 14(a), we obtain
that

X
α

����
Z

t

0

TrðOðt − sÞqαÞe−2s=ω2

ds

���� ≤ ω2ζð1ÞðγÞ;

and, thus, we may choose λð1ÞðγÞ ¼ ζð1ÞðγÞ. By Lemma 14, so long as kðjSOj; γÞ ≤ Oðexpðγ−κÞÞ as γ → 0, then ζð1ÞðγÞ ≤
Oðγ−dðκþ1ÞÞ as γ → 0. Next, we note that

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQðjÞ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ¼ 1

ω2

X
α;α0

����
Z

t

0

Z
s

0

TrðOðt − sÞQðjÞ
α;α0

�
s0

ω2

��
e−2ðs−s0Þ=ω2

ds0ds
����:
ðB39Þ
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We can now consider j∈ f1; 2; 3; 4g separately—for j ¼ 1, we have from Lemma 1 that Qð1Þ
α;α0 ðs0=ω2Þ ¼ KαJ α0 ½σωðs0Þ� þ

H:c:withKαðXÞ ¼ ½L†
α; X�,J α0 ðXÞ ¼ ½hα0 ; X�, and σωðs0Þ ¼ −ω−1TrAðσαρωðs0=ω2ÞÞ. We note that kKαk⋄; kJ α0 k⋄ ≤ 2 and

that, by Lemma 2, kσωðs0Þk1 ≤ 1=2. Thus, from Eq. (B39) and Lemma 14(c), we obtain that

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQð1Þ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤ ζð3ÞðγÞ: ðB40Þ

Similarly, for j ¼ 2, we have from Lemma 1 that Qð2Þ
α;α0 ðs0=ω2Þ ¼ KαJ α0 ½σωðs0Þ� þ H:c:., where KαðXÞ ¼ ½L†

α; LαX�,
J α0 ðXÞ ¼ ½hα0 ; X�, and σωðs0Þ ¼ −iTrAðρωðs0=ω2ÞÞ=2. We note that kKαk⋄; kJ α0k⋄ ≤ 2 and that kσωðs0Þk1 ≤ 1=2. Thus,
from Eq. (B39) and Lemma 14, we obtain that

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQð2Þ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤ ζð3ÞðγÞ: ðB41Þ

For j ¼ 3, we have from Lemma 1 that Qð3Þ
α;α0 ðs0=ω2Þ ¼ P

u∈ f−;þgK
ðuÞ
α J ðuÞ

α0 ½σðuÞω ðs0Þ�, where KðuÞ
α ¼ DLα

,

J ðuÞ
α0 ðXÞ ¼ ½LðuÞ

α0 ; X�, and σðuÞω ðs0Þ ¼ iω−1TrAðσðūÞα0 ρωðs0=ω2ÞÞ. We note that kKðuÞ
α k⋄; kJ ðuÞ

α0 k⋄ ≤ 2 and, using Lemma 2,

kσðūÞω ðs0Þk1 ≤ 1=2. Thus, from Eq. (B39) and Lemma 14, we obtain that

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQð3Þ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤ ζð3ÞðγÞ: ðB42Þ

Finally, for j ¼ 4, we have from Lemma 1 that Qð4Þ
α;α0 ðs0=ω2Þ ¼ P

u;u0 ∈ f−;þgKαJ
ðu;u0Þ
α0 ½σðu;u0Þω ðs0Þ� þ H:c: according to the

following definitions: We define KαðXÞ ¼ ½L†
α; X�. Jðu;u

0Þ
α0 ðXÞ ¼ LðuÞX if u0 ¼ − and Jðu;u

0Þ
α0 ðXÞ ¼ XLðuÞ if u0 ¼ þ. Finally,

σðu;u
0Þ

ω ðs0Þ ¼ ω−2TrAðσðūÞα σαρω;δðs0=ω2ÞÞ if α ¼ α0 and σðu;u
0Þ

ω ðs0Þ ¼ u0ω−2TrAðσðūÞα0 σαρω;δðs0=ω2ÞÞ if α ≠ α0. We note that,

for any u, u0, kKαk⋄; kJ ðu;u0Þ
α0 k⋄ ≤ 2 and, using Lemma 2, kσðu;u0Þω ðs0Þk1 ≤ 1=4. Thus, applying Eq. (B39) and Lemma 14(c),

we obtain that

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQð4Þ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤ 2ζð3ÞðγÞ: ðB43Þ

By Lemma 14, so long as kðjSOj; γÞ ≤ Oðexpðγ−κÞÞ as
γ → 0, then ζð3ÞðγÞ ≤ Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0. Con-
sidering Eqs. (B40)–(B43), we may choose λð2ÞðγÞ ¼
2ζð3ÞðγÞ to satisfy the lemma statement. ▪

APPENDIX C: CIRCUIT-TO-GEOMETRICALLY-
LOCAL-LINDBLADIAN ENCODING

In this appendix, we construct an encoding of a quantum
circuit into a 2D geometrically local Lindbladian with a
unique fixed point. We prove a useful result about its
convergence to fixed point. Our construction follows from
combining the dissipative quantum computing gadgets in
Ref. [47] with the quantum circuit to Hamiltonian encoding
in Ref. [48]. We remark that Ref. [47] already suggested, in
its supplemental material, that it should be possible to
perform dissipative quantum computation with just a 2D
nearest-neighbor Lindbladian but did not provide an
explicit construction. We fill that gap in this appendix.

1. Review of the OðlogNÞ-local
As a review of the basic construction and proof tech-

nique involved in encoding a quantum circuit into the fixed
point of an Lindbladian, we first analyze the 5-local
construction in Ref. [47]. While Ref. [47] laid out the
circuit to Lindbladian encoding and analyzed the eigen-
value spectrum of the resulting Lindbladian, they did not
explicitly bound the error between the state obtained by
evolution under the Lindbladian and the fixed point. This
subsection also serves to fill this gap.
We begin by first reviewing the circuit to Lindbladian

encoding that is a slight modification of the one shown in
Ref. [47]—consider a quantum circuit on N qubits and of
depth T ¼ polyðNÞ. In preparation for the analysis of the
geometrically local Lindbladian, we assume the unitaries
U1; U2…UT applied in each time step of the circuit are in
the architecture as shown in Fig. 8. We construct a master
equation on the Hilbert space ðC2Þ⊗N ⊗ CTþ1 of N data
qubits and a (T þ 1)-level system, which is the clock qudit.
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We consider a Lindbladian Lref with two sets of jump
operators, first, fSαgα∈ f1;2…Ng encoding the initialization
of the data qubits to j0i and, second, fLtgt∈ f1;2…Tg to
encode the quantum gates:

Lref ¼
XN
α¼1

DSα þ
XT
s¼1

DLs
; ðC1aÞ

Sα ¼ j0αih1αj ⊗
Xα−1
t¼0

jtihtj for α∈ ½1∶N�; ðC1bÞ

Ls ¼ Us ⊗ jsihs − 1j þ H:c: if s∈ ½1∶T�: ðC1cÞ

As we demonstrate below, the unique fixed point of this
master equation is given by the state

σ ¼ 1

T þ 1

XT
s¼0

jϕsihϕsj ⊗ jsihsj; ðC2Þ

where jϕsi ¼ UsUs−1…U1j0i⊗N , with jϕ0i ¼ j0i⊗N .
Furthermore, we also establish an upper bound on
keLref t − Trð·Þσk1→1 to assess the time taken to converge
to the fixed point. We remark that our analysis closely
follows Ref. [47], where they calculated the eigenvalues
Lref . However, since the eigenvector matrix of a
Lindbladian superoperator is not necessarily unitary and
can be badly conditioned, just the eigenvalues are not
enough bound the error keLref t − Trð·Þσk1→1. Below, we
build on the analysis in Ref. [47] and provide a concrete
bound on keLref t − Trð·Þσk1→1.
To proceed with our analysis, we need the following

technical lemma.
Lemma 15. Suppose M∈Rk×k is the tridiagonal matrix

given by

M ≅
Xk−2
i¼0

ðjiihiþ 1j þ jiþ 1ihij − jiihij − jiþ 1ihiþ 1jÞ;

and then

kexpðMtÞ − jξihξjkop ≤ exp

�
−4tsin2

�
π

2k

��
¼ exp

�
−Ω

�
t
k2

��
as k → ∞;

where jξi ¼ k−1=2
P

k−1
n¼0 jni. Furthermore, if d∈Rk is a vector with only non-negative elements and with smallest nonzero

element d0, then

kexpf½M − diagðdÞ�tgkop ≤ exp

�
−
t
k
min

�
d0; 4sin2

�
π

2k

���
¼ exp

�
−Ω

�
t
k3

��
as k → ∞:

Proof. We can analytically diagonalize M—consider the vector jvni∈Rk, for n∈ f0; 1; 2…k − 1g given by

jvni ¼
�
2

k

�
1=2 Xk−1

m¼0

cos

�
πn
k

�
mþ 1

2

��
jmi;

jvni is an eigenvector of M with eigenvalue λn ¼ −4 sin2ðnπ=2kÞ. Note that jv0i ¼ jξi with λ0 ¼ 0. It then follows
immediately from the diagonalization of M that

kexpðMtÞ − jξihξjkop ¼
����Xk−1
m¼1

eλmtjvmihvmj
����
op

¼ expðλ1tÞ ¼ exp

�
−4tsin2

�
π

2k

��
:

FIG. 8. Architecture of the circuit being encoded into the Lindbladian assumed in Appendix C 1. The identity gates are treated as
separate time steps. Any poly(N) depth quantum circuit on N qubits can be brought into this architecture with at most a polyðNÞ
overhead in the circuit depth.

VIKRAM KASHYAP et al. PHYS. REV. X 15, 021017 (2025)

021017-42



To bound kexpf½M − diagðdÞ�tgk, we use Ref. [78],
Lemma 14.4, which is as follows: Suppose A1; A2 ≽ 0
are non-negative operators with the minimum positive
eigenvalue being at least c0. Suppose N 1 and N 2 are
the null spaces of A1 and A2, respectively, and θ ¼
cos−1ðmaxjn1i∈N 1

maxjn2i∈N 2
jhn1jn2ij=kn1kkn2kÞ is the

angle between N 1 and N 2; then λminðA1 þ A2Þ ≥
2c0 sin2ðθ=2Þ. We now apply this with A1 ¼ diagðdÞ
and A2 ¼ −M. Note that this implies that c0 ¼
min½d0; 4 sin2ðπ=2kÞ� and cos θ ≤ ðk − 1Þ=k. Thus, we
obtain that

λmax½M − diagðdÞ� ¼ −λmin½−M þ diagðdÞ�

≤ −
1

k
min

�
d0; 4sin2

�
π

2k

��
:

Now, using the fact that kexpf½M − diagðdÞ�tgk ≤
expfλmax½M − diagðdÞ�tg, the lemma statement follows. ▪
Lemma 16 (expanding on Ref. [47]). The state σ

described in Eq. (C2) is the unique fixed point of the
Lindbladian in Eq. (C1), and, for sufficiently large T, N,

keLt − Trð·Þσk1→1 ≤ c0ðT;NÞ exp½−a0ðTÞt�;

where

c0ðT;NÞ ¼ 64ðT þ 1Þ1=2N429N=2 and

a0ðTÞ ¼
4

T þ 1
sin2

�
π

2ðT þ 1Þ
�
:

Proof. In this proof, we work with the vectorized
notation introduced in Sec. III. In both vectorized and
unvectorized states or operators, we consistently write the
operator acting on the space of the data qubits to the left of
the tensor product ⊗ and the operator acting on the clock
qudit on the right of the tensor product ⊗. Following
Ref. [47], as a first step, we introduce the unitary

V ¼
XT
s¼0

UsUs−1…U0 ⊗ jsihsj;

with U0 ¼ I. Note that ∀ α∈ ½1∶N�∶

V†SαV ¼
Xα−1
t¼0

V†ðj0αih1αj ⊗ jtihtjÞV

¼
Xα−1
t¼0

U†
0U

†
1…U†

t ðj0αih1αjÞUtUt−1…U0 ⊗ jtihtj

¼ð1Þ
Xα−1
t¼0

j0αih1αj ⊗ jtihtj; ðC3Þ

where in (1) we use the fact that the unitaries U1…Uα−1 act
only on qubits 1; 2…α − 1 due to the assumption that the
circuit is of the form shown in Fig. 8. Furthermore,
∀ s∈ ½1∶T�∶

L̃s ¼ V†LsV ¼ V†ðUs ⊗ jsihs − 1jÞV þ H:c: ¼ jsihs − 1j þ H:c: ðC4Þ

Therefore, we obtain that

L̃ref ≔ V†
l V

T
rLrefVlV�

r ¼
XN
α¼1

DSα þ
XT
s¼1

DL̃s
: ðC5Þ

Next, we diagonalize the Lindbladian in the space of the data qubits. For this, we consider the following (nonunitary)
transformation

X ¼
XNþ1

j¼1

XjXjþ1…XN ⊗ Πj;

where, for j ¼ N þ 1, XjXjþ1…XN ≔ I,

Xi ¼ P0
i;lP

0
i;r þ σi;lσi;r − P1

i;lP
1
i;r þ P0

i;lP
1
i;r þ P1

i;lP
0
i;r;

Π1 ¼
XT
s¼0

jslsrihslsrj; Πj ¼
Xj−1
s¼0

ðjjlsrihjlsrj þ jsljrihsljrjÞ; and ΠNþ1 ¼ I −
XN
j¼1

Πj;
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with Pα
i;λ ¼ jαi;λihαi;λj, for α∈ f0; 1g; λ∈ fl; rg. It can be checked that Xi satisfies XiDσiXi ¼ −ðP1

i;r þ P1
i;lÞ=2 and that

Xi ¼ X−1
i (and, therefore, X ¼ X−1). Next, we compute XDSαX and XDL̃s

X—note that DSα is explicitly given by

DSα ¼ Dσα ⊗
Xα−1
s;s0¼0

jsls0rihsls0rj −
1

2

�
P1
α;l ⊗

Xα−1
s¼0

XT
s0¼α

jsls0rihsls0rj þ P1
α;r ⊗

Xα−1
s¼0

XT
s0¼α

js0lsrihs0lsrj
�
:

To compute XDSαX, we observe that for α∈ ½1∶N�

Πj

�Xα−1
s;s0¼0

jsls0rihsls0rj
�
Πj0 ¼ 0 if j ≠ j0 or j ¼ j0 > α; ðC6aÞ

Πj

�Xα−1
s¼0

XT
s0¼α

jsls0rihsls0rj
�
Πj0 ¼ Πj

�Xα−1
s¼0

XT
s0¼α

js0lsrihs0lsrj
�
Πj0 ¼ 0 if j ≠ j0 or j ¼ j0 ≤ α: ðC6bÞ

Therefore, we obtain that, for all α∈ ½1∶N�,

XDSαX
−1 ¼ X

�
Dσα ⊗

Xα−1
s;s0¼0

jsls0rihsls0rj
�
X −

1

2
X

�
P1
α;l ⊗

Xα−1
s¼0

XT
s0¼α

jsls0rihsls0rj
�
X −

1

2
X

�
P1
α;r ⊗

Xα−1
s¼0

XT
s0¼α

js0lsrihs0lsrj
�
X

¼ XαDσαXα ⊗
Xα−1
s;s0¼0

jsls0rihsls0rj−
1

2

�
P1
α;l ⊗

Xα−1
s¼0

XT
s0¼α

jsls0rihsls0rj þP1
α;r ⊗

Xα−1
s¼0

XT
s0¼α

js0lsrihs0lsrj
�

¼ −
1

2
ðPð1Þ

α;r þPð1Þ
α;l Þ⊗

Xα−1
s;s0¼0

jsls0rihsls0rj−
1

2

�
P1
α;l ⊗

Xα−1
s¼0

XT
s0¼α

jsls0rihsls0rj þP1
α;r ⊗

Xα−1
s¼0

XT
s0¼α

js0lsrihs0lsrj
�

¼ −
1

2

�
Pð1Þ
α;l ⊗

Xα−1
s¼0

jslihslj þPð1Þ
α;r ⊗

Xα−1
s¼0

jsrihsrj
�
:

Furthermore, it can also be easily seen that, for any s∈ ½1∶T� and j∈ ½1∶N þ 1�, ½Πj;DL̃s�� ¼ 0, and DL̃s
acts as identity on

the space of the data qubits. Therefore, we obtain that XDL̃s
X−1 ¼ DL̃s

.
Thus, by performing the transformation given by X, the vectorized Lindbladian is now diagonal on the space of the data

qubits. In particular, we can express

XL̃refX−1 ¼
X

x;y∈ f0;1gN
jxlyrihxlyrj ⊗ Ax;y;

where, for x; y∈ f0; 1gN, Ax;y ∈LðCTþ1 ⊗ CTþ1Þ given by

Ax;y ¼ −
1

2

XT
s¼0

fsðxÞjslihslj −
1

2

XT
s¼0

fsðyÞjsrihsrj þ
XT
s¼1

Djs−1ihsjþH:c:;

where fsðxÞ ¼ xsþ1 þ xsþ2…xN if 0 ≤ s ≤ N − 1 and fsðxÞ ¼ 0 if s ≥ N. Furthermore,Ax;y is block diagonal—to see this,
we perform the following decomposition:

CTþ1 ⊗ CTþ1 ¼ Sð0Þ ∪
�

∪
t∈ ½1∶T�

Sð1Þ
t

�
∪
�

∪
t;s∈ ½0∶T�jt−sj≥2

Sð2Þt;s

�
;

where
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Sð0Þ ¼ spanðfjt; ti for t∈ ½0∶T�gÞ ≅ CTþ1;

Sð1Þ
t ¼ spanðfjt; t − 1i; jt − 1; tigÞ ≅ C2 for t∈ ½1∶T�;

Sð2Þ
t;s ¼ spanðfjt; sigÞ ≅ C1 for t; s∈ ½0∶T� with jt − sj ≥ 2:

Then, we can note that ∀ x; y∈ f0; 1gN , Ax;y is block diagonal on the subspaces Sð0Þ, Sð1Þ
t , and Sð2Þ

t;s . Furthermore,

Ax;yjSð0Þ ≅ −
1

2

XN−1

s¼0

ðfsðxÞ þ fsðyÞÞjsihsj þ
XT
s¼1

ðjs − 1ihsj þ js − 1ihsj − jsihsj − js − 1ihs − 1jÞ; ðC7aÞ

Ax;yjSð1Þ
t

≅ −
�
2 −

1

2
ðδt;1 þ δt;TÞ

�
I þ j1ih0j þ j0ih1j − 1

2
ððftðxÞ þ ft−1ðxÞÞj0ih0j þ ðftðyÞ þ ft−1ðyÞÞj1ih1jÞ; ðC7bÞ

Ax;yjSð2Þ
t;s

≅ −
1

2
ð4 − δt;0 − δt;T − δs;0 − δs;TÞ −

1

2
ðftðxÞ þ fsðyÞÞ: ðC7cÞ

We now immediately obtain the eigenvalues of Lref , which are just the eigenvalues of the block diagonal operator Ax;y. It
can be noted that Ax;yjSð1Þ

t
≼ −I=2 and Ax;yjSð2Þ

t;s
≤ −1 for any x, y, s, t. Finally, it also follows from Lemma 15 that only

Ax¼0;y¼0jSð0Þ has a zero eigenvalue, with the eigenvector jξ⟫ ¼ ðT þ 1Þ−1=2ðj0l0ri þ j1l1ri þ � � � jTlTriÞ. This allows us to
obtain the fixed point of Lref [where an additional factor of ðT þ 1Þ−1=2 is introduced to make the fixed point a normalized
density matrix]:

jσ⟫ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
T þ 1

p VXj0l0ri⊗N ⊗ jξ⟫ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
T þ 1

p VlV�
r j0l0ri⊗N ⊗ jξ⟫;

from which it follows that

σ ¼ 1

T þ 1
V

��
j0ih0jÞ⊗N ⊗

XT
t¼0

jtihtj
�
V† ¼ 1

T þ 1

XT
t¼0

jϕtihϕtj ⊗ jtihtj:

Next, we bound keLref t − Trð·Þσk1→1. Out of the two transformations used to diagonalizeLref in the Hilbert space of the data
qubits, the unitary V does not effect this norm, i.e.,

keLref t − Trð·Þσk1→1 ¼ keL̃t − Trð·Þσ̃k1→1; ðC8Þ

where L̃ is defined in Eq. (C5) and σ̃ ¼ ðT þ 1Þ−1ðj0ih0jÞ⊗N ⊗
P

T
t¼0 jtihtj. Furthermore, we can note that, in the

vectorized picture, Trð·Þσ̃ ¼ jσ̃⟫⟪Ij, where jσ̃⟫ ¼ ðT þ 1Þ−1j0l0ri⊗N ⊗
P

T
t¼0 jtltri ¼ ðT þ 1Þ−1=2j0l0ri⊗N ⊗ jξ⟫. Also

note that Xjσ̃⟫ ¼ jσ̃⟫ and ⟪IjX ¼ h0l0rj⊗N ⊗
P

T
t¼0htltrj ¼ ðT þ 1Þ1=2h0l0rj⊗N ⊗ ⟪ξj.
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keL̃ref t − Trð·Þσ̃k1→1 ¼
����X

� X
x;y∈ f0;1gN

jxlyrihxlyrj ⊗ eAx;yt

�
X − jσ̃⟫⟪Ij

����
1→1

¼
����X

� X
x;y∈ f0;1gN

jxlyrihxlyrj ⊗ eAx;yt − ðj0l0rih0l0rjÞ⊗N ⊗ jξ⟫⟪ξj
�
X

����
1→1

≤ kXk21→1

���� X
x;y∈ f0;1gN

jxlyrihxlyrj ⊗ eAx;yt − ðj0l0rih0l0rjÞ⊗N ⊗ jξ⟫⟪ξj
����
1→1

≤ ½2NðT þ 1Þ�1=2kXk21→1

���� X
x;y∈ f0;1gN

jxlyrihxlyrj ⊗ eAx;yt − ðj0l0rih0l0rjÞ⊗N ⊗ jξ⟫⟪ξj
����
2→2

≤ ½2NðT þ 1Þ�1=2kXk21→1

X
x;y∈ f0;1gN

kjxlyrihxlyrj ⊗ Qx;yðtÞk2→2

¼ ½2NðT þ 1Þ�1=2kXk21→1

X
x;y∈ f0;1gN

kQx;yðtÞk2→2
; ðC9Þ

where

Qx;yðtÞ ¼


eA0N;0N t − jξ⟫⟪ξj if x ¼ 0N and y ¼ 0N;

eAx;yt otherwise:

Note that, for any superoperator E, kEk2→2 coincides with its operator norm when interpreted as an operator in the
vectorized picture. This fact together with Lemma 15 allows us, for sufficiently large T, to provide the upper bound

kQx;yk2→2
≤ exp

�
−

4t
T þ 1

sin2
�

π

2ðT þ 1Þ
��

∀ x; y∈ f0; 1gN:

Therefore, we obtain that

keL̃ref t − Trð·Þσ̃k1→1 ≤ ðT þ 1Þ1=225N=2kXk21→1 exp

�
−

4t
T þ 1

sin2
�

π

2ðT þ 1Þ
��

:

It remains to bound kXk1→1 (recall that X is interpreted as a superoperator)—we start with the simple upper bound

kXk1→1 ≤ kI ⊗ ΠNþ1k⋄ þ
XN
j¼1

�YN
i¼j

kXik⋄
�
kI ⊗ Πjk1→1

≤ 1þ
XN
j¼1

�
1þ

YN
i¼j

kXik⋄
�
kI ⊗ Πjk1→1

: ðC10Þ

The diamond norm kXik⋄ can be computed explicitly. For this, we note that, as a single-qubit superoperator,
XiðΩÞ ¼ Ωþ h0ijΩj0ii ⊗ ðj0iih0ij − 2j1iih1ijÞ. Therefore, for Ω on a possibly larger space, kXiðΩÞk1 ≤ kΩk1þ
kh0ijΩj0ii ⊗ ðj0iih0ij − 2j1iih1ijÞk1 ≤ kΩk1 þ 3kh0ijΩj0iik1 ≤ 4kΩk1, which yields kXk⋄ ≤ 4. Consequently, we obtain
from Eq. (C10) that

kXk1→1 ≤ 1þ
XN
j¼1

ð1þ 4N−jþ1ÞkΠjk⋄: ðC11Þ

Next, we provide upper bounds on kI ⊗ Πjk. Note first that Π1, as a superoperator on CTþ1, is a channel since it admits the
Kraus representation

Π1ðXÞ ¼
XT
s¼0

jsihsjXjsihsj:

Therefore, we obtain that kΠ1k⋄ ≤ 1. Next, we note that Πj for j∈ ½2∶N� can be expressed as

ΠjðXÞ ¼
Xj−1
s¼1

ðjjihjjXjsihsj þ jsihsjXjjihjjÞ;
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and, consequently, we obtain that

kðΠj ⊗ IÞðXÞk
1
≤
Xj−1
s¼1

ðkjjihjjXjsihsjk1 þ kjsihsjXjjihjjk1Þ ≤ 2ðj − 1Þ ⇒ kΠjk⋄ ≤ 2ðj − 1Þ:

Using these bounds for kΠjk⋄ together with Eq. (C11), we then obtain that

kXk1→1 ≤ 1þ
XN
j¼1

ð1þ 4N−jþ1Þ2ðj − 1Þ ≤ 1þ 2N2ð1þ 4NÞ ≤ 8N24N: ðC12Þ

Combining Eqs. (C8), (C9), and (C12), we obtain the lemma statement. ▪

From Lemma 16, it follows that, starting from any initial
stateρð0Þ,ρðtÞ ¼ eLref tρð0Þ is an ε approximation to the fixed
point σ given in Eq. (C2) after time t ¼ Θ½T3 logðε−1Þ�þ
ΘðT3 logTÞ þ ΘðT3 logNÞ þ ΘðT3NÞ. Then, the fixed
point can be used to effectively perform the quantum
computation by first measuring the clock qudit on the
computational basis and postselecting on the measurement
outcome being jTi—if successful, the data qubits will then
be in the state jϕTi that would have been obtained at the
output of the encoded quantum circuit. Since the probability
of the clock qudit being in jTi is 1=ðT þ 1Þ, this can be
repeated OðTÞ ≤ O½polyðNÞ� to have successfully prepare
jϕTi on the data qubits.

2. 2D local Lindbladian

Construction.—Consider a quantum circuit on N qubits,
with depthpolyðNÞ. As described inRef. [48],weuse the fact
that any quantum circuit [Fig. 9(a)] can be brought into a
specific topology shown in Fig. 9(b), where a quantum gate
first acts on qubits 1 and 2, then on 2 and 3, then on 3 and 4,
and so on, using SWAP gates and with at most a polynomial
overhead in the depth. We assume that the quantum circuit,
expressed in this format, has depthNR, where R is polyðNÞ,
where each round is composed of one single-qubit andN − 1

two-qubit gates. We encode this circuit into a 2D dissipative
system with only spatially local jump operators—we
consider NR qudits with d ¼ 6 arranged in a 2D grid with
N rows and R columns. The qudit internal states are denoted
by fj0i; j1i; j0̄i; j1̄i; j×i; j ⊙ig. We make the following
remarks about notation used in this subsection:
(a) For z∈ f0; 1; 0̄; 1̄;×;⊙g, jzx;yi will mean that the

qudit at the xth column and yth row is in the state z.
(b) We also define the operators π ¼ j0ih0j þ j1ih1j and

π̄ ¼ j0̄ih0̄j þ j1̄ih1̄j, and πx;y or π̄x;y denote the oper-
ators π or π̄, respectively, when applied to the qudit in
the xth row and yth column.

(c) We refer to the qudit being in j×i; j ⊙i, barred 0=1 and
unbarred 0=1 as being of distinct types. Thus, an
operation that changes the “type” of a qudit could be
an operation that converts a qudit from × to ⊙ or from
barred 0=1 to ×, etc. Likewise, an operation that
simply rotates a qudit within the space of barred (or
unbarred) 0=1 states will not change its type.

(d) We often use operators defined on qudits that are
horizontally adjacent, vertically adjacent, or arranged
on a plaquette. It is convenient and visually clearer to
express tensor products of operators as a matrix of
operators associated with the coordinate of the lower
leftmost vertex. For example,
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Often, for convenience, we omit elements in the matrix—the omitted elements should be interpreted as identity operators on
the corresponding qudits. For example,

First, we map the quantum circuit on N qubits into a
larger quantum circuit on the NR qudits with the property
that we only ever apply a gate between two (horizontally or
vertically) neighboring qudits and every neighboring pair
of qudits experiences a gate only once (note that any one

qudit might experience multiple two-qudit gates, but they
will always be with a different second qudit). Similar to the
situation with Hamiltonians, this avoids the need of an
explicit clock qudit. Also similar to the situation with
Hamiltonian encodings, we point out that removing the

Round 1 Round 2

(a)

(b)

Use SWAP and pad with 

Identity gates

(c)

Internal States

Encode into 

a 2D lattice

FIG. 9. Schematic depiction of the circuit to geometrically local Lindbladian encoding. Given an arbitrary quantum circuit onN qubits
and depth polyðNÞ (a), it can always be mapped to a quantum circuit onN qubits with architecture shown in (b) where the quantum gates
are applied on the qubits sequentially and in several rounds. The total number of rounds needed for a circuit that was originally of depth
polyðNÞ is at most polyðNÞ. Finally, this circuit is then encoded into a geometrically local Lindbladian on 2D grid of six-level qudits as
shown in (c).
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(a)

(b)

(c)

FIG. 10. Schematic depiction of the jump operators used to implement the circuit. (a) In the first round, the qudits are initially in the
state shown in jΨ0i. The gates are then applied through the jump operators Lð1Þ

1 ; Lð1Þ
1;2; L

ð1Þ
2;3… which change the state of the qudits in the

first column and also convert them from unbarred to barred states. (b) In the second round, the qudits are swapped from the first column

to the second column by the jump operators Lð1;2Þ
1 ; Lð1;2Þ

2 …—simultaneously, the qudits in the first column are converted to × and the

qudits in the second column are converted to unbarred states. (c) Next, we apply the jump Lð2Þ
1 ; Lð2Þ

1;2; L
ð2Þ
2;3… which execute the second

round of gates. The gray-shaded qudits are the qudits whose state can be changed by the applied operation, and the pink-shaded qudits
are qudits whose state does not change on the application of the jump operator but are checked to be in the valid state by each jump
operator. In particular, a gray-shaded qudit whose type is being changed is always surrounded by a gray- or pink-shaded qudit in our
construction.
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clock qudit to allow for a geometrically local Lindbladian
would come at the cost of a much larger Hilbert space than
that of the encoded qubits—consequently, only a small
subspace of this large Hilbert space is used for the encoded
computation. We provide a precise definition of this sub-
space later—in the following qualitative description of the
how to construct the encoding Lindbladian, we simply refer
to as the “space of valid states.”
Initially, all the qudits other than those in the first column

are in j ⊙i, and all the qudits in the first column are in j0i:

jΨi ¼ ⊗
N

y¼1

�
j01;yi ⊗ ⊗

R

x¼2
j ⊙x;yi

�
: ðC13Þ

We then apply the first round of unitaries, Uð1Þ
1 ; Uð1Þ

12 ;

Uð1Þ
23 …Uð1Þ

N−1;N and simultaneously transform the qudit state
from jai → jāi for a∈ f0; 1g. As depicted in Fig. 10(a),
this is accomplished by applying the operators:

Lð1Þ
1 ¼

X1
a;b¼0

ðUð1Þ
1 Þa;b

� jāihbj j ⊙ih⊙ j
π

�
2;2

þ H:c:;

Lð1Þ
y;yþ1 ¼

8>>>>>>>><
>>>>>>>>:

P
1
a;a0;b;b0¼0

ðUð1Þ
y;yþ1Þa;a0;b;b0

2
664
jāihb̄j
jā0ihbj j ⊙ih⊙ j

π

3
775
2;yþ2

þ H:c: if y∈ ½1∶N − 2�;

P
1
a;a0;b;b0¼0

ðUð1Þ
y;yþ1Þa;a0;b;b0

"
jāihb̄j
jā0ihbj j ⊙ih⊙ j

#
2;yþ1

þ H:c: if y ¼ N − 1:

ðC14Þ

Note that these operators perform two tasks—(i) they apply

the unitaries Uð1Þ
1 ; Uð1Þ

1;2…Uð1Þ
N−1;N and (ii) they also check if

the qudit whose type is being changed is horizontally and
vertically adjacent to a qudit of the correct “type.” After

application of the operators Lð1Þ
1 ; Lð1Þ

1;2…Lð1Þ
N−1;N , all the

qudits in the first column are in the states j0̄i; j1̄i. We
also note that the order in which the operators

Lð1Þ
1 ; Lð1Þ

1;2…Lð1Þ
n−1;n are applied does not matter if we apply

a sufficiently large number of them—this is because the

operator Lð1Þ
y;yþ1 applies Uð1Þ

y;yþ1 only if the yth qudit in the
first column is in a barred state and the (yþ 1)th qudit is in
an unbarred state; else it annihilates the state (i.e., maps the
state to 0). Furthermore, only if this unitary is successfully
applied will the (yþ 1)th qudit be mapped to a barred state,
and consequently the only operator that can act next

without annihilating the state is Uð1Þ
yþ1;yþ2. Consequently,

the choice of operators in Eq. (C14) naturally enforces the
ordering of the unitaries in circuit being encoded. Another
important point about the operators constructed in
Eq. (C14) is that the operators also check if the qudit
whose type is being changed is horizontally and vertically
adjacent to a valid type—in particular, this qudit should
have a barred state vertically above it, an unbarred state
vertically below it, and a j ⊙i state horizontally to its right.
While this check might seem vacuous if the initial state is
valid, it becomes important if the initial state is invalid and
needs to be brought into the valid subspace via additional
jump operators (which we describe below).
Next, we apply operators that swap the barred states from

the first column to unbarred states in the second column
and simultaneously map the states in the first column to
j×i. As depicted in Fig. 10(b), this is accomplished by
applying the operators

Lð1;2Þ
y ¼

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

P
a∈ f0;1g

� j×ihāj jaih⊙ j j ⊙ih⊙ j
j×ih×j π

�
3;yþ1

þ H:c: if y ¼ 1;

P
a∈ f0;1g

2
664

π̄ j ⊙ih⊙ j
j×ihāj jaih⊙ j j ⊙ih⊙ j
j×ih×j π

3
775
3;yþ1

þ H:c: if y∈ ½2∶N − 1�;

P
a∈ f0;1g

�
π̄ j ⊙ih⊙ j

j×ihāj jaih⊙ j j ⊙ih⊙ j

�
3;y

þ H:c: if y ¼ N:

ðC15Þ
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In the next step, we again apply a round of operators similar to Eq. (C14) on the second column, followed by operators
similar to Eq. (C15) on the second and third columns. As depicted in Fig. 10(c), we apply the jump operators

LðxÞ
1 ¼

X1
a;b¼0

ðUðxÞ
1 Þa;b

� j×ih×j jāihbj j ⊙ih⊙ j
π

�
xþ1;2

þ H:c:;

LðxÞ
y;yþ1 ¼

X1
a;a0;b;b0¼0

ðUðxÞ
y;yþ1Þa;a0;b;b0

2
64 jāihb̄j
j×ih×j jā0ihb0j j ⊙ih⊙ j

π

3
75
xþ1;yþ2

þ H:c:; ðC16aÞ

Lðx;xþ1Þ
y ¼

X
a∈ f0;1g

2
64 π̄ j ⊙ih⊙ j
j×ih×j j×ihāj jaih⊙ j j ⊙ih⊙ j

j×ih×j π

3
75
xþ2;yþ1

þ H:c:; ðC16bÞ

where any single-qudit operator in these expressions which
is defined outside the lattice should be treated as identity.
For simplicity, we often denote the set containing all of
these jump operators by fLt∶ t∈ T g, with the set T
indexing different jump operators.
We define S as the set of states which are of the form

shown in Fig. 11 with the barred or unbarred 0=1 qubits
being in a possibly entangled state. S contains the states
that are obtained from the application of the jump operators

LðxÞ
y;yþ1 and Lðx;xþ1Þ

y to the initial state jΨ0i and referred
to as the space of “valid” configurations. Furthermore,
S ≅ ðC2Þ⊗N ⊗ C⊗2NRþ1; i.e., every state in S is a linear
combination of states of the form jψi ⊗ jγti, where jγti for
t∈ f0; 1; 2…2NRg indicates the “shape” of the state (i.e.,
which qudits are barred 0=1, unbarred 0=1, ⊙, or ×) and
jψi is an N-qubit entangled state. We can also think of the
states fjγtigt∈ ½0∶ð2nRþ1Þ� as the state of a clock, even though
we do not have any explicit qubits designated to be the
clock. Similar to the 5-local case, we need to penalize
invalid configurations. As is shown Ref. [48], the invalid
configurations in the 2D encoding can be checked 2-
locally. In particular, we show the following lemma.
Lemma 17 (Claim 4.2 in Ref. [48]). A computational

basis state jxi∈ f×;⊙; 0; 1; 0̄; 1̄g is a valid state (i.e.,

jxi∈S) if none of the following two-qudit horizontally
or vertically adjacent configurations are present in jxi (a or
b denotes unbarred 0 or 1 state and ā or b̄ denotes barred 0
or 1 state):
(1) ð⊙; aÞ, ð⊙; āÞ, since in all valid states, a qudit in the

state ⊙ is to the right of all the other qudits.
(2) ða;×Þ, ðā;×Þ, since in all valid states, a qudit in the

state × is to the left of all the other qudits.
(3) ð⊙;×Þ, ð×;⊙Þ, since in all valid states, qubits in ×

and qubits in ⊙ are separated by a barred or
unbarred qudit.

(4) ða; bÞ, ðā; bÞ, ða; b̄Þ, or ðā; b̄Þ, since there is only one
qudit in a barred or unbarred 0=1 state per row.

(5) ð⊙āÞ; ð×āÞ; ðbāÞ, since only a barred 0=1 qudit can be
vertically above a barred 0=1 qudit.

(6) ða⊙Þ, ða×Þ, since only an unbarred 0=1 qudit can be
vertically below an unbarred 0=1 qudit.

(7) ð⊙×Þ, ð×⊙Þ, since qudits in⊙ state and × state cannot be
vertically adjacent.

(8) ð ā⊙Þ, ð×aÞ, since there is no⊙ qudit below a barred 0=1
qudit and no × qudit above an unbarred 0=1 qudit.

(9) ⊙ in the first column of qudits and × in the last
column of qudits.

For each of the invalid configurations from 1 to 9, which
we now construct a jump operator which maps the invalid

FIG. 11. Schematic depiction of typical valid states, i.e., states that lie in the subspace S and are reached on applying the jump
operators fLt∶ t∈ T g on the initial state jΨ0i.
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qudits’ state to valid qudit states by just changing the state
of one of the qudits. More importantly, for a set of two
neighboring vertical qudits that are in an invalid configu-
ration, we make the choice to change the bottom qudit to
make the configuration valid, and for a set of two
neighboring horizontal qudits that are in an invalid con-
figuration, we make the choice to change the left qudit to
make the configuration valid. This can be accomplished by
adding the jump operators shown in the table below
corresponding to each of the two-qudit invalid configura-
tions. We denote the set of jump operators penalizing these
incorrect configurations by fPj∶ j∈J g—this set includes
the horizontal and vertical two-qudit jump operators at
every point on the lattice, as well as the single-qudit jump
operators on the first and last columns of the lattice.

Finally, to initialize the qubits to jΨ0i, we add jump
operators fSαgα∈ ½1∶N� which act only on the first column of
qudits and map them to unbarred 0 from unbarred 1,
i.e., Sα ¼ j01;αih11;αj.
Analysis.—We begin by establishing that the operators

fPjgj∈J enforce that, at long times, the state of the qudits
is in the valid subspace. For this, we consider the operator
F, which counts the number of invalid configurations in the
state of the qudits:

F ¼
X
j∈J

P†
jPj;

and analyze its dynamics in the Heisenberg picture. We use
the following technical lemma.

Lemma 18. Suppose x1ðtÞ; x2ðtÞ; x3ðtÞ…xnðtÞ ≥ 0, with xið0Þ ≤ 1 ∀ i∈ ½1∶n�, satisfy the inequalities

d
dt

x1ðtÞ ≤ −α1x1ðtÞ and
d
dt

xiðtÞ ≤ −αixiðtÞ þ
Xi−1
j¼1

βi;jxjðtÞ;

where αi ≥ α > 0, βi;j ≥ 0,
P

j βi;j ≤ β for some α, β > 0 and ∀ i, then

xiðtÞ ≤ ½maxð1; 2β=αÞ�ne−αt=2 for all t ≥ 0; i∈ ½1∶n�:

Proof. We immediately obtain that x1ðtÞ ≤ x1ð0Þe−α1t ≤ e−αt. We can rewrite the inequalities for x2ðtÞ; x3ðtÞ…xnðtÞ as
integral inequalities:

xiðtÞ ≤ e−αit þ
Xi−1
j¼1

βi;j

Z
t

0

xjðsÞe−αiðt−sÞds ≤ e−αt þ
Xi−1
j¼1

βi;j

Z
t

0

xjðsÞe−αðt−sÞds:

Define x̃iðtÞ ¼ maxj∈ ½1∶i� xjðtÞ—we then obtain that x̃1ðtÞ ≤ e−αt and, for i ≥ 2,

x̃iðtÞ ≤ e−αt þ
Xi−1
j¼1

βi;j

Z
t

0

x̃i−1ðsÞe−αðt−sÞds ≤ e−αt þ β

Z
t

0

x̃i−1ðsÞe−αðt−sÞds:

We can integrate these equations recursively to obtain that, ∀ i∈ ½1∶n�,

xiðtÞ ≤ x̃iðtÞ ≤
�
1þ βtþ β2t2

2!
þ β3t3

3!
þ � � � β

i−1ti−1

ði − 1Þ!
�
e−αt:

Noting that, for t ≥ 0 and i∈ ½1∶n�, ðβtÞi ¼ ðαt=2Þið2β=αÞi ≤ ½maxð1; 2β=αÞ�nðαt=2Þi, we obtain that

xiðtÞ ≤ ½maxð1; 2β=αÞ�n
�
1þ αt

2
þ α2t2

2!22
þ α3t3

3!23
� � � αi−1ti−1

ði − 1Þ!2i−1
�
e−αt ≤ ½maxð1; 2β=αÞ�ne−αt=2;

which establishes the lemma statement. ▪
Lemma 19. For any initial state ρð0Þ of the 2D grid of qudits, hFðtÞi ¼ TrðFeLtðρð0ÞÞÞ ≤ ðNRþ 1Þ20NRþ1e−t=5.
Proof. It is convenient to define the sets J ðHÞ

x;y ¼ fj∈J ∶Pj is a two-qudit operator supported on ðx − 1; yÞ; ðx; yÞg and
J ðVÞ

x;y ¼ fj∈J ∶Pj is a two-qudit operator supported on ðx; y − 1Þ; ðx; yÞg. We first reexpress F as
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F ¼ π⊙1;1 þ π×R;1 þ
X
x∈ ½1∶R�
y∈ ½1∶N�

Fx;y;

where π⊙x;y ¼ j ⊙x;yih⊙x;y j; π×x;y ¼ j×x;yih×x;yj and

Fx;y ¼ δx≠1F
ðHÞ
x;y þ δy≠1F

ðVÞ
x;y ; where

for x ≠ 1∶FðHÞ
x;y ¼

X
j∈J ðHÞ

x;y

P†
jPj ¼

�
πþ π̄þ j⊙ih⊙ j πþ π̄þ j×ih×j

�
x;y

þ
�
j×ih×j j⊙ih⊙ j

�
x;y

and

for y ≠ 1∶FðVÞ
x;y ¼

X
j∈J ðVÞ

x;y

P†
jPj ¼

� j⊙ih⊙ j þ j×ih×j þ π

π̄

�
x;y

þ
� j×ih×j þ πþ π̄

j⊙ih⊙ j

�
x;y

þ
� j×ih×j

π

�
x;y

þ
�
πþ j⊙ih⊙ j

j×ih×j

�
x;y

:

ðC17Þ

Here, we define δa≠b ¼ 1 − δa;b. We also define

LðHÞ
x;y ¼

X
j∈J ðHÞ

x;y

DPj
and LðVÞ

x;y ¼
X

j∈J ðVÞ
x;y

DPj
: ðC18Þ

As laid out in Table III, since, for any horizontally (vertically) invalid two-qudit configuration, the horizontal (vertical) two-
qudit jump operators Pj correct it by changing the right (bottom) qudit, it follows that

if ðx0; y0Þ ∉ fðx − 1; yÞ; ðx; yÞg; then ∀ j∈J ðHÞ
x0;y0∶ ½Pj; F

ðHÞ
x;y � ¼ 0 ⇒ LðHÞ†

x0;y0 ðFðHÞ
x;y Þ ¼ 0; ðC19aÞ

if ðx0; y0Þ ∉ fðx; y − 1Þ; ðx; yÞg; then ∀ j∈J ðHÞ
x0;y0∶ ½Pj; F

ðVÞ
x;y � ¼ 0 ⇒ LðHÞ†

x0;y0 ðFðVÞ
x;y Þ ¼ 0; ðC19bÞ

if ðx0; y0Þ ∉ fðx; y − 1Þ; ðx; yÞg; then ∀ j∈J ðVÞ
x0;y0∶ ½Pj; F

ðVÞ
x;y � ¼ 0 ⇒ LðVÞ†

x0;y0 ðFðVÞ
x;y Þ ¼ 0; ðC19cÞ

if ðx0; y0Þ ∉ fðx − 1; yÞ; ðx; yÞg; then ∀ j∈J ðVÞ
x0;y0∶ ½Pj; F

ðHÞ
x;y � ¼ 0 ⇒ LðVÞ†

x0;y0 ðFðHÞ
x;y Þ ¼ 0: ðC19dÞ

These relationships are depicted in Fig. 12, which shows, for a given horizontal or vertical edge associated with a FðH=VÞ
x;y ,

which edges are associated with termsLðH=VÞ†
x;y that result in a nonzero value when applied on the FðH=VÞ

x;y . Furthermore, it can
be verified by explicit computation that

TABLE III. Jump operators corresponding to different invalid configurations. Each of the horizontal two-qudit jump operators
corrects the invalid configuration by changing the rightmost qudit, and the vertical two-qudit jump operator corrects the invalid
configuration by changing the bottommost qudit.

Configuration Jump operator(s) Configuration Jump operator(s)

ð⊙; aÞ j ⊙;⊙ih⊙; aj ð⊙āÞ 1ffiffi
3

p j ⊙z ih⊙ā j; z∈ f⊙; 0; 1g
ð⊙; āÞ j ⊙;⊙ih⊙; āj ð×āÞ j ××ih×ā j
ða;×Þ ja;⊙iha;×j ðbāÞ 1ffiffi

2
p j bzihbā j; z∈ f0; 1g

ðā;×Þ jā;⊙ihā;×j ða⊙Þ 1ffiffi
2

p j aziha⊙ j; z∈ f0; 1g
ð⊙;×Þ j ⊙;⊙ih⊙;×j ða×Þ 1ffiffi

2
p j aziha× j; z∈ f0; 1g

ð×;⊙Þ 1ffiffi
5

p j×; zih×;⊙ j; z∈ f×; 0; 1; 0̄; 1̄g ð⊙×Þ 1ffiffi
3

p j ⊙z ih⊙× j; z∈ f⊙; 0; 1g
ða; bÞ ja;⊙iha; bj ð×⊙Þ j ××ih×⊙ j
ðā; bÞ jā;⊙ihā; bj ð ā⊙Þ 1ffiffi

5
p j āzih ā⊙ j; z∈ f×; 0; 1; 0̄; 1̄g

ða; b̄Þ ja;⊙iha; b̄j ð×aÞ j ××ih×a j
ðā; b̄Þ jā;⊙ihā; b̄j
ð⊙1;1Þ 1

2
jz1;1ih⊙1;1 jz∈ f0; 1; 0̄; 1̄g ð×R;1Þ 1

2
jzx;Rih×1;Rj for z∈ f0; 1; 0̄; 1̄g
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X
z∈ f0;1;0̄;1̄g

D†
jzR;1ih×R;1jðF

ðHÞ
R;1 Þ ¼ 0: ðC20Þ

It can also be noted that, as a consequence of the specific choice of Lt [Eqs. (C16)] which checks the validity of the qudits
horizontally and vertically adjacent to the qudit whose type is being changed,

½FðHÞ
x;y ; Lt� ¼ 0 ¼ ½FðVÞ

x;y ; Lt� ∀ t∈ T : ðC21Þ

Furthermore, since FðHÞ
x;y and FðVÞ

x;y are expressible entirely in terms of the projector π ¼ j0ih0j þ j1ih1j, as opposed to the
individual projectors j0ih0j and j1ih1j, it also follows that

½FðHÞ
x;y ; Sα� ¼ 0 ¼ ½FðVÞ

x;y ; Sα� ∀ α∈A: ðC22Þ

We now obtain upper bounds on hFðHÞ
x;y ðtÞi ¼ TrðFðHÞ

x;y ρðtÞÞ and hFðVÞ
x;y ðtÞi ¼ TrðFðVÞ

x;y ρðtÞÞ. It follows from Eqs. (C19)–(C22)
that, ∀ x∈ ½2∶R�; y∈ ½1∶N�,

d
dt

hFðHÞ
x;y ðtÞi þ hFðHÞ

x;y ðtÞi ¼ δx≠2TrðLðHÞ†
x−1;yðFðHÞ

x;y ÞρðtÞÞ þ δy≠1TrðLðVÞ†
x;y ðFðHÞ

x;y ÞρðtÞÞ þ δy≠1TrðLðVÞ†
x−1;yðFðHÞ

x;y ÞρðtÞÞ

þ 1

4
δx;2δy;1

X
z∈ f0;1;0̄;1̄g

TrðD†
jz1;1ih⊙1;1jðF

ðHÞ
x;y ÞρðtÞÞ; ðC23aÞ

and, ∀ x∈ ½1∶R�; y∈ ½2∶N�,

d
dt

hFðVÞ
x;y ðtÞi þ hFðVÞ

x;y ðtÞi ¼ δy≠2TrðLðVÞ†
x;y−1ðFðVÞ

x;y ÞρðtÞÞ þ δx≠1TrðLðHÞ†
x;y ðFðVÞ

x;y ÞρðtÞÞ þ δx≠1TrðLðHÞ†
x;y−1ðFðVÞ

x;y ÞρðtÞÞ

þ 1

4
δx;1δy;2

X
z∈ f0;1;0̄;1̄g

TrðD†
jz1;1ih⊙1;1jðF

ðVÞ
x;y ÞρðtÞÞ þ 1

4
δx;Rδy;2

X
z∈ f0;1;0̄;1̄g

TrðD†
jzR;1ih×R;1jðF

ðVÞ
x;y ÞρðtÞÞ;

ðC23bÞ

where we use the fact that LðHÞ†
x;y ðFðHÞ

x;y Þ ¼ −FðHÞ
x;y and LðVÞ†

x;y ðFðVÞ
x;y Þ ¼ −FðVÞ

x;y . We can upper bound some of the terms on the
right-hand side of Eqs. (C23a) and (C23b) with a simple argument—note that

(a) (b)

FIG. 12. Schematic depiction of which jump operators Pj effect error number operators FðHÞ
x;y and FðVÞ

x;y corresponding to a given edge.

The edges whose associated Pj can change FðHÞ
x;y and FðVÞ

x;y corresponding to a dark edge are shown in gray, while the Pj operators
associated with the dotted edges do not impact the error number operator corresponding to the dark edge.
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TrðLðHÞ†
x−1;yðFðHÞ

x;y ÞρðtÞÞ ¼
X

j∈J ðHÞ
x−1;y

TrðP†
jF

ðHÞ
x;y PjρðtÞÞ − TrðFðHÞ

x−1;yF
ðHÞ
x;y ρðtÞÞ

≤
ð1Þ X

j∈J ðHÞ
x−1;y

TrðFðHÞ
x;y PjρðtÞP†

jÞ≤
ð2Þ X

j∈J ðHÞ
x−1;y

TrðPjρðtÞP†
jÞ ¼ hFðHÞ

x−1;yðtÞi; ðC24Þ

where in (1) we use the fact that FðHÞ
x−1;yF

ðHÞ
x;y ≽ 0 and in (2) we use the fact that kFkðHÞ

x;y ≤ 1 and, consequently, for any

σ ≽ 0;TrðFðHÞ
x;y σÞ ≤ kFðHÞ

x;y kkσk1 ≤ TrðσÞ. Proceeding similarly, we can obtain the upper bounds

TrðLðVÞ†
x−1;yðFðHÞ

x;y ÞρðtÞÞ;TrðLðVÞ†
x;y−1ðFðVÞ

x;y ÞρðtÞÞ ≤ hFðVÞ
x;y−1ðtÞi;TrðLðHÞ†

x−1;yðFðVÞ
x;y ÞρðtÞÞ ≤ hFðHÞ

x−1;yðtÞi: ðC25Þ

Furthermore, X
z∈ f0;1;0̄;1̄g

TrðD†
jz1;1ih⊙1;1jðF

ðVÞ
1;2 ÞρðtÞÞ;

X
z∈ f0;1;0̄;1̄g

TrðD†
jz1;1ih⊙1;1jðF

ðHÞ
2;1 ÞρðtÞÞ ≤ 4hπ⊙1;1ðtÞi; ðC26Þ

and X
z∈ f0;1;0̄;1̄g

TrðD†
jzR;1ih×R;1jðF

ðVÞ
R;2ÞρðtÞÞ ≤ 4hπ×R;1ðtÞi: ðC27Þ

Using these bounds and Eq. (C23), we obtain that, ∀ x∈ ½2∶R�; y∈ ½1∶N�,
d
dt

hFðHÞ
x;y ðtÞi þ hFðHÞ

x;y ðtÞi ≤ δx≠2hFðHÞ
x−1;yðtÞi þ δy≠1hFðVÞ

x−1;yðtÞi þ δy≠1TrðLðVÞ†
x;y ðFðHÞ

x;y ÞρðtÞÞ þ δx;2δy;1hπ⊙1;1ðtÞi; ðC28aÞ

and, ∀ x∈ ½1∶R�; y∈ ½2∶N�,
d
dt

hFðVÞ
x;y ðtÞi þ hFðVÞ

x;y ðtÞi ≤ δy≠2hFðVÞ
x;y−1ðtÞi þ δx≠1hFðHÞ

x;y−1ðtÞi þ δx≠1TrðLðHÞ†
x;y ðFðVÞ

x;y ÞρðtÞÞ þ δx;1δy;2hπ⊙1;1ðtÞi
þ δx;Rδy;2hπ×R;1ðtÞi: ðC28bÞ

We now arrange these inequalities into a sequence which is of the form analyzed in Lemma 18 and then use this lemma to

obtain an upper bound on hFðtÞi. We first consider the first column of qudits and upper bound hFðVÞ
1;y ðtÞi, as well as hπ⊙1;1ðtÞi.

For hπ⊙1;1ðtÞi, we obtain that

d
dt

hπ⊙1;1ðtÞi þ hπ⊙1;1ðtÞi ¼ 0: ðC29Þ

Specializing Eq. (C28b) to the first column of qudits (x ¼ 1), we obtain

d
dt

hF1;yðtÞi þ hF1;yðtÞi ≤ δy≠2hF1;y−1ðtÞi þ δy;2hπ⊙1;1ðtÞi; ðC30Þ

where we use the fact that F1;y ¼ FðVÞ
1;y .

We next consider inequalities for all the remaining columns. For hFðHÞ
x;1 ðtÞi ¼ hFx;1ðtÞi, we obtain from Eq. (28a) that

d
dt

hFx;1ðtÞi þ hFx;1ðtÞi ≤ δx≠2hFx−1;1ðtÞi þ δx;2hπ⊙1;1ðtÞi: ðC31Þ

To use Eqs. (28a) and (C28b) when y∈ ½2∶N�, we need to provide upper bounds on TrðLðHÞ†
x;y ðFðVÞ

x;y ÞρðtÞÞ and

TrðLðVÞ†
x;y ðFðHÞ

x;y ÞρðtÞÞ. While these terms could be bounded by following the argument in Eq. (C24), the bound thus
obtained is too loose to be useful. Instead, a more careful analysis is needed—in particular, one important fact that we use is
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that if FðVÞ
x−1;y and FðHÞ

x;y−1 have small expected values (i.e., the invalid configurations on the edges ½ðx − 1; y − 1Þ; ðx − 1; yÞ�
and ½ðx − 1; y − 1Þ; ðx; y − 1Þ� are unlikely), then the probable configurations on the diagonally opposite sites
ðx − 1; yÞ; ðx; y − 1Þ are also constrained. This can be made formal by noting the simple inequality

Tr

�� j×ih×j þ π þ π̄

j ⊙ih⊙ j þ π þ π̄

�
x;y

ρðtÞ
�

¼ Tr

�� j ⊙ih⊙ j þ π þ π̄ j×ih×j þ π þ π̄

j ⊙ih⊙ j þ π þ π̄

�
x;y

ρðtÞ
�
þ Tr

�� j×ih×j j×ih×j þ π þ π̄

j ⊙ih⊙ j þ π þ π̄

�
x;y

ρðtÞ
�

≤ Tr

��
j ⊙ih⊙ j þ π þ π̄ j×ih×j þ π þ π̄

�
x;y−1

ρðtÞ
�
þ Tr

�� j×ih×j
j ⊙ih⊙ j þ π þ π̄

�
x−1;y

ρðtÞ
�

≤ hFðHÞ
x;y−1ðtÞi þ hFðVÞ

x−1;yðtÞi: ðC32Þ

Equation (C32) can be interpreted as indicating that if the configurations on the edges ½ðx − 1; y − 1Þ; ðx − 1; yÞ� and
½ðx − 1; y − 1Þ; ðx; y − 1Þ� are valid [i.e., hFðHÞðx; yÞi ¼ hFðVÞ

x;y i ¼ 0], then the diagonally opposite vertices ðx − 1; yÞ and
ðx; y − 1Þ cannot have the configurations ða; bÞ where a∈ f⊙; 0̄; 1̄; 0; 1g and b∈ f×; 0̄; 1̄; 0; 1g. We now consider upper

bounding TrðLðVÞ†
x;y ðFðHÞ

x;y ÞρðtÞÞ:

TrðLðVÞ†
x;y ðFðHÞ

x;y ÞρðtÞÞ ¼
X

j∈J ðVÞ
x;y

TrðP†
jF

ðHÞ
x;y PjρðtÞÞ − TrðFðHÞ

x;y F
ðVÞ
x;y ρðtÞÞ

¼ 1

3
Tr

�� j ⊙ih⊙ j
j×ih×j π̄ þ j×ih×j

�
x;y

ρðtÞ
�
þ 2

3
Tr

�� j ⊙ih⊙ j
π þ π̄ þ j ⊙ih⊙ j π̄

�
x;y

ρðtÞ
�

þ Tr

��
π þ j×ih×j

π þ π̄ þ j ⊙ih⊙ j π̄

�
x;y

ρðtÞ
�

þ Tr

�� j×ih×j
π þ π̄ þ j ⊙ih⊙ j π þ j ⊙ih⊙ j

�
x;y

ρðtÞ
�
þ Tr

��
π̄

π þ π̄ þ j ⊙ih⊙ j j×ih×j

�
x;y

ρðtÞ
�

− TrðFðHÞ
x;y F

ðVÞ
x;y ρðtÞÞ

≤
ð1Þ 1

3
Tr

�� j ⊙ih⊙ j
j×ih×j π̄ þ j×ih×j

�
x;y

ρðtÞ
�
þ Tr

��
π̄

π þ π̄ þ j ⊙ih⊙ j j×ih×j

�
x;y

ρðtÞ
�

þ Tr

�� j×ih×j
π þ π̄ þ j ⊙ih⊙ j j ⊙ih⊙ j

�
x;y

ρðtÞ
�

≤
1

3
Tr

�� j ⊙ih⊙ j
π̄ þ j×ih×j

�
x;y

ρðtÞ
�
þ Tr

��
π̄ þ j×ih×j

π þ π̄ þ j ⊙ih⊙ j

�
x;y

ρðtÞ
�

≤
ð2Þ 1

3
hFðVÞ

x;y ðtÞi þ hFðHÞ
x−1;yðtÞi þ hFðVÞ

x;y−1ðtÞi; ðC33aÞ

where, to obtain (1), we need to use the explicit expression for FðHÞ
x;y F

ðVÞ
x;y to cancel terms from

P
j∈J ðVÞ

x;y
P†
jF

ðHÞ
x;y Pj, and in

(2) we use the bound from Eq. (C32). Proceeding similarly, we can upper bound TrðLðHÞ†
x;y ðFðVÞ

x;y ÞρðtÞÞ:
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TrðLðHÞ†
x;y ðFðVÞ

x;y ÞρðtÞÞ ¼
X

j∈J ðHÞ
x;y

TrðP†
jF

ðVÞ
x;y PjρðtÞÞ − TrðFðVÞ

x;y F
ðHÞ
x;y ρðtÞÞ

¼ Tr

�� j×ih×j þ π þ π̄

j ⊙ih⊙ j þ π þ π̄ j×ih×j þ π þ π̄

�
ρðtÞ

�
x;y

þ 3

5
Tr
�� j ⊙ih⊙ j þ π þ 4

3
j×ih×j

j×ih×j j ⊙ih⊙ j

�
ρðtÞ

�
x;y

− TrðFðVÞ
x;y F

ðHÞ
x;y ρðtÞÞ

≤ Tr

�� j×ih×j þ π þ π̄

j ⊙ih⊙ j þ π þ π̄ j×ih×j þ π þ π̄

�
ρðtÞ

�
x;y

þ 3

5
Tr

�� j ⊙ih⊙ j
j×ih×j j ⊙ih⊙ j

�
ρðtÞ

�
x;y

≤ Tr

�� j×ih×j þ π þ π̄

j ⊙ih⊙ j þ π þ π̄

�
ρðtÞ

�
x;y

þ 3

5
Tr

��
j×ih×j j ⊙ih⊙ j

�
ρðtÞ

�
x;y

≤
3

5
hFðHÞ

x;y ðtÞi þ hFðHÞ
x−1;yi þ hFðVÞ

x;y−1ðtÞi: ðC33bÞ

From Eqs. (C33a) and (C33b) together with Eqs. (28a) and (C28b), we obtain that for x∈ ½2∶R − 1�; y∈ ½2∶N�
d
dt

hFx;yðtÞi þ
2

5
hFx;yðtÞi ≤ 2ðhFx−1;yðtÞi þ hFx;y−1ðtÞiÞ þ δx;Rδy;2hπ×R;1ðtÞi: ðC34Þ

Finally, we can similarly obtain an inequality for hπ×1;RðtÞi from

d
dt

hπ×R;1ðtÞi þ hπ×1;RðtÞi ≤ TrðLðHÞ†
R;1 ðπ×R;1ÞρðtÞÞ ≤ hFR;1ðtÞi: ðC35Þ

Now, we can see that the inequalities in Eqs. (C29), (C30), (C31), (C34), and (C35) satisfy the conditions of Lemma
18 with x1ðtÞ; x2ðtÞ; x3ðtÞ…xnðtÞ being chosen as hπ⊙1;1ðtÞi; hF1;2ðtÞi; hF1;3ðtÞi…hF1;NðtÞi; hF2;1ðtÞi; hF2;2ðtÞi…
hF2;NðtÞi…hFR−1;1ðtÞi; hFR−1;2ðtÞi…hFR−1;NðtÞi, hFR;1ðtÞi; hπ×R;1ðtÞi; hFR;2ðtÞi…hFR;NðtÞi and with α ¼ 2=5, β ¼ 4.
We thus obtain from Lemma 18 that

hFx;yðtÞi; hπ⊙1;1ðtÞi; hπ×R;1ðtÞi;≤ 20NRþ1e−t=5 ⇒ hFðtÞi ≤ ðNRþ 1Þ20NRþ1e−t=5;

which proves the lemma. ▪

We can now finally prove Lemma 7 from the main text.
Lemma 7, repeated. Suppose we are given a quantum

circuit C on N qubits with architecture shown in Fig. 6(a)
and with R rounds of gates. Then, there exists a two-
dimensional spatially local Lindbladian L on NR six-level
qudits with a unique fixed point σ, as well as a local
observable O such that

TrðOσÞ ¼ 1

2NR
zC;

where zC is the expected value of a Pauli-Z operator on the
last qubit at the output of C. Furthermore, for any initial
state ρð0Þ of the two-dimensional grid of qudits,

keLt½ρð0Þ� − σCk1 ≤ c0ðN;RÞ exp½−γ0ðN;RÞt�;

where c0ðN;RÞ ¼ OfN6R2 exp½OðNRÞ�g and γ0ðN;RÞ ¼
ΘðN−3R−3Þ.

Proof. We first bound the 1-norm distance between
ρðtÞ ¼ eLtðρ0Þ and ΠSρðtÞΠS to show that as t → ∞, due
to the action of the penalizing jump operators, ρðtÞ evolves
to be almost supported in the valid subspace S. For this, we
use Lemma 19—note that, by definition of S, a state
jψi∈S⊥ is orthogonal to the kernel of at least one of the
projectors P†

jPj and, thus, hψ jFjψi ≥ hψ jP†
jPjjψi ¼

hψ jψi. Also, we observe that F − ΠS⊥ ≽ 0, since for any
jψi ≠ 0,

hψ jðF − ΠS⊥Þjψi ¼ hψ jFjψi − hψ jΠS⊥ jψi
¼ð1Þhψ jΠS⊥FΠS⊥ jψi − hψ jΠS⊥ jψi
≥ hψ jΠS⊥ΠS⊥ jψi − hψ jΠS⊥ jψi ¼ 0;

where in (1) we use the fact that, since PjΠS ¼ 0 ∀ j∈J ,
FΠS ¼ ΠSF ¼ 0 ⇒ ΠS⊥FΠS⊥ ¼ F. Using F ≽ ΠS⊥ , we
obtain that
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Tr½ΠS⊥ρðtÞ� ≤ Tr½FρðtÞ� ≤ ðNRþ 1Þ20NRþ1e−t=5:

Suppose for ρ∈D1½ðC6Þ⊗NR�, ρðtÞ ¼ eLtðρÞ; then,

kρðtÞ − ΠSρðtÞΠSk1 ≤ kΠS⊥ρðtÞk1 þ kΠSρðtÞΠS⊥k1
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½ΠS⊥ρðtÞ�Tr½ρðtÞ�

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½ΠS⊥ρðtÞ�Tr½ΠSρðtÞ�

p
≤ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½ΠS⊥ρðtÞ�

p
≤ 2ðNRþ 1Þ1=220ðNRþ1Þ=2e−t=10: ðC36Þ

Next, it is convenient to introduce the superoperators PS and QS defined by

PSðXÞ ¼ ΠSXΠS and QS ¼ id − PS:

PS can be interpreted to project an operator onto another operator that is entirely supported on S. Now, the master equation
can be expressed as the following two equations:

d
dt

PSðρÞ ¼ PSLPSðρÞ þ PSLQSðρÞ; ðC37aÞ

d
dt

QSðρÞ ¼ QSLPSðρÞ þQSLQSðρÞ: ðC37bÞ

Furthermore, since ∀ j∈J ∶PjΠS ¼ 0, it immediately follows that

DPj
PSðXÞ ¼ PjΠSXΠSP

†
j −

1

2
fP†

jPj;ΠSXΠSg ¼ 0: ðC38Þ

Since ∀ α∈A; t∈ T ∶½Lt;ΠS� ¼ ½Sα;ΠS� ¼ 0, DSαPS ¼ PSDSα and DLt
PS ¼ PSDLt

. Thus, we obtain that

QSLPS ¼
X
α∈A

QSDSαPS þ
X
t∈ T

QSDLt
PS þ

X
j∈J

QSDPj
PS

¼
X
α∈A

QSPSDSα þ
X
t∈ T

QSPSDLt
¼ 0;

where we use that QSPS ¼ 0. Similarly,

kPSLQSk1→1 ¼
����X
α∈A

PSDSαQS þ
XT
t¼1

PSDLt
QS þ

X
j∈J

PSDPj
QS

����
1→1

¼
����X
α∈A

PSQSDSα þ
X
t∈ T

PSQSDLt
þ

X
j∈J

PSDPj
QS

����
1→1

¼
����X
j∈J

ðPSDPj
− PSDPj

PSÞ
����
1→1

≤
X
j∈J

�
kPSDPj

k
1→1

þ kPSDPj
PSk1→1

�

≤
ð1Þ
2
X
j∈J

kDPj
k
1→1

≤
ð2Þ
4
X
j∈J

kPjk2 ≤ 4jJ j;

where in (1) we use that kPSk1→1 ≤ 1 and in (2) we use that kDPj
k
1→1

≤ 2kPjk2 ¼ 2. Finally, it also follows that
PSDLt

PS ¼ DΠSLtΠS
and PSDSαPS ¼ DΠSSαΠS

∀ t∈ T ;α∈A. To see this, note that, since any A∈ fSαgα∈A ∪ fLtgt∈ T

commutes with ΠS ,
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PSDAPSðXÞ ¼ ΠSAΠSXΠSA†ΠS −
1

2
ðΠSA†AΠSXΠS þ ΠSA†AΠSXΠSÞ

¼ ΠSAΠSXΠSA†ΠS −
1

2
ðΠSA†ΠSAΠSXΠS þ ΠSA†ΠSAΠSXΠSÞ

¼ DΠSAΠS
ðXÞ: ðC39Þ

From Eqs. (C38) and (C39), it then follows that

LS ≔ PSLPS ¼
X
α∈A

PSDSαPS þ
X
t∈ T

PSDLt
PS ¼

X
α∈A

DΠSSαΠS
þ

X
t∈ T

DΠSLtΠS
:

Furthermore, LS, which is a Lindbladian superoperator corresponding to the restriction of the full Lindbladian L onto the
valid subspace of states, is by construction unitarily equivalent to Lref with each gate (including the identity gates) in
Fig. 9(b) treated as an independent time step.
Using Eq. (C37), we can now bound keLtðρ0Þ − σk1. From Eq. (C37a), we obtain thatQS½ρðtÞ� ¼ eQSLQSðρ0Þ, and from

Eq. (C37b), we obtain that

PS½ρðtÞ� ¼ eLStPSðρ0Þ þ
Z

t

0

ePSLPSðt−t0ÞPSLQS½ρðt0Þ�dt0: ðC40Þ

Now, since LS is unitarily equivalent to Lref , we can use Lemma 16 to obtain that for any A∈L½ðC6Þ⊗NR;S�

eLS tðAÞ ¼ TrðAÞσ þ χtðAÞ; where kχtk1→1 ≤ c0ðT;NÞe−a0ðTÞt;

where T ¼ 2NR and c0ðT;NÞ; a0ðTÞ are defined in Lemma 16. With this decomposition, we obtain from Eq. (C40) that

PS½ρðtÞ� ¼ ½Tr½PSðρ0Þ� þ
Z

t

0

TrðPSLQS½ρðt0Þ�Þdt0�σ þ χt½PSðρ0Þ� þ
Z

t

0

χt−t0 ðPSLQSðρðt0ÞÞdt0

¼ð1Þ½Tr½PSðρ0Þ� −
Z

t

0

TrðQSLQS½ρðt0Þ�Þdt0�σ þ χt½PSðρ0Þ� þ
Z

t

0

χt−t0 ðPSLQSðρðt0ÞÞdt0

¼ð2Þ½Tr½PSðρ0Þ� −
Z

t

0

Tr

�
d
dt

QS½ρðt0Þ�
�
dt0�σ þ χt½PSðρ0Þ� þ

Z
t

0

χt−t0 ðPSLQSðρðt0ÞÞdt0

¼ Trðρ0Þσ − TrfQS½ρðtÞ�g þ χt½PSðρ0Þ� þ
Z

t

0

χt−t0 ðPSLQSðρðt0ÞÞdt0;

where in (1) we use the fact that Tr½PSLð·Þ� ¼ Tr½Lð·Þ� − Tr½QSLð·Þ� ¼ −Tr½QSLð·Þ�, since every operator in the image of
a Lindbladian is traceless, and in (2), we use Eq. (C27b). Noting that kPS½ρð0Þ�k1 ¼ kΠSρð0ÞΠSk1 ≤ 1 and that from
Eq. (C36), kQS½ρðtÞ�k1 ≤ 2ðNRþ 1Þ1=220ðNRþ1Þ=2e−t=10, we obtain

kPS½ρðtÞ� − Trðρ0Þσk1
≤ kQS½ρðtÞ�k1 þ kχtfPS½ρð0Þ�gk1 þ

����
Z

t

0

χt−t0 ðPSLQSðρðt0ÞÞdt0
����
1

≤ 2ðNRþ 1Þ1=220ðNRþ1Þ=2e−t=10 þ kχtk1→1kPS½ρð0Þ�k1 þ
Z

t

0

kχt−t0 k1→1kPSLQSk1→1kQSðρðt0ÞÞk1dt0

≤ 2ðNRþ 1Þ1=220ðNRþ1Þ=2e−t=10 þ kχtk1→1kPS½ρð0Þ�k1 þ
Z

t

0

kχt−t0 k1→1kPSLQSk1→1kQSρðt0Þk1dt0

≤ 2ðNRþ 1Þ1=220ðNRþ1Þ=2e−t=10 þ c0ðT;NÞe−a0ðTÞtkPS½ρð0Þ�k1
þ 8jJ jðNRþ 1Þ1=220ðNRþ1Þ=2c0ðT;NÞ

Z
t

0

e−a0ðTÞðt−t0Þe−t0=10dt0

≤ 2ðNRþ 1Þ1=220ðNRþ1Þ=2e−t=10 þ c0ðT;NÞe−a0ðTÞt þ 80jJ jðNRþ 1Þ1=220ðNRþ1Þ=2c0ðT;NÞ
10a0ðTÞ − 1

ðe−t=10 − e−a0ðTÞtÞ:

ACCURACY GUARANTEES AND QUANTUM ADVANTAGE IN … PHYS. REV. X 15, 021017 (2025)

021017-59



Finally, we obtain from keLtðρ0Þ − Trðρ0Þσk1 ≤ kQS½ρðtÞ�k1 þ kPS½ρðtÞ�k1 that

keLtðρ0Þ − Trðρ0Þσk1 ≤ 4ðNRþ 1Þ1=220ðNRþ1Þ=2e−t=10 þ c0ðT;NÞe−a0ðTÞt

þ 80jJ jðNRþ 1Þ1=220ðNRþ1Þ=2c0ðT;NÞ
10a0ðTÞ − 1

ðe−t=5 − e−a0ðTÞtÞ:

From this bound, we obtain that, as N;R → ∞,

keLtðρ0Þ − Trðρ0Þσk1 ≤ OfN6R2 exp½OðNRÞ�g expð−ΩðN−3R−3ÞtÞ:

Finally, we construct a local observable whose expected
value is the expected value of the Pauli-Z operator on the last
qubit at the output of the quantum circuit—this local
observable will be O ¼ j1̄R;Nih1̄R;N j − j0̄R;Nih0̄R;N j and it
acts on the lower rightmost qudit on the 2D grid. To see that
this observable indeed measures the Pauli-Z operator on the
last qubit of the encoded circuit, recall from Lemma 16 that
the fixed point of the Lindbladian contains a mixture of the
(valid) state of the qudits corresponding to different time
steps of the encoded circuit. Note that, in all of these time
steps except for the last one, the lower rightmost qudit is in
the state j×i or in an unbarred 0= state and, thus, yields a 0
expected value for the observable O. Consequently, the
expected value ofO in the fixed point has a contribution from
the state only at the last time step and is equal to the expected
value of the Pauli-Z on the last qubit of the encoded circuit
multiplied by a normalization factor of 1=2NR, which arises
from the fact that the fixed point contains a convex
combination of the state of the qudits at all time steps. ▪

APPENDIX D: STABILITY
TO NOISE AND ERRORS

As detailed in the main text, we assume that the quantum
simulator due to noise, instead of implementing Lω,
implements the Lindbladian Lω;δ:

Lω;δ ¼ Lω þ δ
X
β

N β;

whereN β, which itself is a Lindbladian, acts on the system
qudits and ancilla qubits and is supported on S0β and δ is the
noise rate. We assume that there is a Z0 ≥ 0 such that

jfβ0∶ S0β0 ∩ S0β ≠ ∅gj þ jfα∶S0β0 ∩ Sα ≠ ∅gj ≤ Z0

for all β;

i.e., S0β intersects with at most Z0 other subsets S0β or Sα

(on which the jump operators Lα and Hamiltonian terms
hα corresponding to the target Lindbladian are supported).
In particular, this implies that any one ancilla qubit is in
the support of at most Z0 Lindbladians N β. We denote by
Eω;δðt; sÞ ¼ exp½Lω;δðt − sÞ� and ρω;δðtÞ ¼ Eω;δðt; 0Þρð0Þ,
where we again assume the ancillae to initially be in the
j0i state. We first modify the remainder expression given
in Lemma 1 for the noiseless case.
Lemma 8, repeated. If the ancillae are initially in j0i,

then

d
dt

TrA½ρω;δðtÞ� − ω2LTrA½ρω;δðtÞ� ¼ RωðtÞ þ δ
X
β

Kð0Þ
β ðtÞ þ δ

X
α;β

Z
t

0

e−2ðt−sÞðωKð1Þ
α;βðsÞ þ ω2Kð2Þ

α;βðsÞÞds;

where RωðtÞ is as defined in Lemma 1 but with ρω → ρω;δ and

Kð0Þ
β ðtÞ ¼ TrAðN βðρω;δðtÞÞ;

Kð1Þ
α;βðtÞ ¼ −i½L†

α;TrAðσαN βðρω;δðtÞÞÞ� þ H:c:;

Kð2Þ
α;βðtÞ ¼

1

2
½L†

α; LαTrAðN βðρω;δðtÞÞ� þ H:c:

Proof.We follow the method as in the proof of Lemma 1. We begin by writing the equations of motion for TrAðρω;δðtÞÞ
and TrAðσαρω;δðtÞÞ:
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d
dt

TrAðρω;δðtÞÞ ¼ −ω
X
α

ði½L†
α;TrAðσαρω;δðtÞÞ� þ H:c:Þ − iω2½Hsys;TrAðρω;δðtÞÞ� þ δ

X
β

TrAðN βðρω;δðtÞÞÞ; ðD1aÞ

d
dt

TrAðσαρω;δðtÞÞ ¼ −2TrAðσαρω;δðtÞÞ − iωLαTrAðρω;δðtÞÞ − iω2½Hsys;TrAðσαρω;δðtÞÞ�
þ ω

X
α0
Eα;α0 ðtÞ þ δ

X
β

TrAðσαN βðρω;δðtÞÞÞ: ðD1bÞ

We now consider the remainderRω;δðtÞ—using the definition of the remainder [Eq. (10)] together with Eq. (8a), we obtain
that

Rω;δðtÞ ¼
d
dt

TrAðρω;δðtÞÞ − ω2LTrAðρω;δðtÞÞ
¼

X
α

ðð−iω½L†
α;TrAðσαρω;δðtÞÞ� þ H:c:Þ − ω2DLα

TrAðρω;δðtÞÞÞ þ δ
X
β

TrAðN βðρω;δðtÞÞÞ: ðD2Þ

Integrating Eq. (D1b), we find

TrAðσαρω;δðtÞÞ¼
Z

t

0

e−2ðt−sÞ
�
−iω2½Hsys;TrAðσαρωðsÞÞ�−iωLαTrAðρωðsÞÞþω

X
α0
Eα;α0 ðsÞþδ

X
β

TrAðσαN βðρω;δðsÞÞÞ
�
ds:

ðD3Þ

Using integration by parts and the expression for ðd=dtÞTrAðρω;δðtÞÞ from Eq. (D1a), we obtain

−iω
Z

t

0

e−2ðt−sÞLαTrAðρω;δðsÞÞds ¼ −i
ω

2
LαTrAðρω;δðtÞÞ þ i

ω

2
e−2tρð0Þ þ i

ω

2

Z
t

0

e−2ðt−sÞLα
d
ds

TrAðρω;δðsÞÞds

¼ −i
ω

2
LαTrAðρω;δðtÞÞ þ i

ω

2
e−2tTrAðρð0ÞÞ −

ω3

2

Z
t

0

e−2ðt−sÞLα½Hsys;TrAðρω;δðsÞÞ�ds

þ ω2

2

X
α0

Z
t

0

e−2ðt−sÞFα;α0 ðsÞdsþ i
ωδ

2

X
β

Z
t

0

e−2ðt−sÞLαTrAðN βðρω;δðsÞÞÞds: ðD4Þ

Inserting Eq. (D4) into Eq. (D3), we obtain

−iω½L†
α;TrAðσαρω;δðtÞÞ� ¼ −

ω2

2
½L†

α; LαTrAðρω;δðtÞÞ� þ
ω2

2
e−2t½L†

α; Lαρð0Þ�

þ
Z

t

0

e2ðt−sÞ
�
−ω3½L†

α; ½Hsys;TrAðσαρω;δðtÞÞ� − i
ω4

2
½L†

α; Lα½Hsys;TrAðρω;δðsÞÞ��
�
ds

þ
Z

t

0

e−2ðt−sÞð−i
X
α0

�
ω2½L†

α; Eα;α0 ðsÞ� þ
ω3

2
½L†

α; Fα;α0 ðsÞ�
�
ds

þ
X
β

Z
t

0

e−2ðt−sÞ
�
−iωδ½L†

α;TrAðσαN βðρω;δðsÞÞÞ� þ
ω2δ

2
LαTrAðN βðρω;δðsÞÞÞ

�
ds: ðD5Þ

Using Eqs. (D5) and (D2), we note that −½L†
α; LαTrAðρω;δðtÞÞ�=2þ H:c: ¼ DLα

and so arrive at

Rω;δðtÞ ¼
X
α

�
ω2e−2tqα þ ω4

Z
t

0

e−2ðt−sÞðQð1Þ
α;Hsys

ðsÞ þQð2Þ
α;Hsys

ðsÞÞds
�
þ ω4

X
α;α0

Z
t

0

e−2ðt−sÞðQð3Þ
α;α0 ðsÞ þQð4Þ

α;α0 ðsÞÞds

þ ω2δ
X
β

Kð0Þ
β ðtÞ þ δ

X
α;β

Z
t

0

e−2ðt−sÞðωKð1Þ
α;βðsÞ þ ω2Kð2Þ

α;βðsÞÞ; ðD6Þ
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where qα, Q
ð1Þ
α;Hsys

ðtÞ, Qð2Þ
α;Hsys

ðtÞ, Qð3Þ
α;α0 ðtÞ, and Qð4Þ

α;α0 ðtÞ are defined in Lemma 1 [with the substitution ρωðtÞ → ρω;δðtÞ] and
Kð0Þ

β ðtÞ, Kð1Þ
α;βðtÞ, and Kð2Þ

α;βðtÞ are defined in the statement of this lemma. ▪
Next, we provide bounds on the excitation of the ancillae in the presence of noise. The following lemma is the counterpart

of Lemma 2 in the noiseless case.
Lemma 9, repeated. Suppose ρω;δðtÞ is the joint state of the system and the ancilla qubits with the ancilla qubits initially

being in the state j0i; then, for all α; α0,

kσαρω;δðtÞk1 ≤
ω

2
þ Z0δ and kTrAðσασα0ρω;δðtÞÞk1; kTrAðσ†ασα0ρω;δðtÞÞk1 ≤

ω2

4
þ ωZ0δ

2
þ Z0δ:

Proof. The proof follows the same steps as the proof of Lemma 2. We denote by j0A⟫ the vectorization of j0ih0j on all the
ancilla qubits. It will be convenient to note the following for σα;lðtÞ ¼ E−1

ω;δðt; 0Þσα;lEω;δðt; 0Þ. We can now obtain

d
dt

σα;lðtÞ ¼ E−1
ω;δðt; 0Þ½σα;l;Lω;δ�Eω;δðt; 0Þ

¼ −2σα;lðtÞ − iωE−1
ω;δðt; 0Þ½σα;l; σ†α;l�Lα;lEω;δðt; 0Þ þ δE−1

ω;δðt; 0Þ½σα;l;N �Eω;δðt; 0Þ:

This can be integrated to obtain

σα;lEω;δðt; 0Þ ¼ Eω;δðt; 0Þσα;le−2t þ
Z

t

0

e−2ðt−sÞEω;δðt; sÞð−iω½σα;l; σ†α;l�Lα;l þ δ½σα;l;N �ÞEω;δðs; 0Þds: ðD7Þ

Consider now upper bounding kTrAðσαρω;δðtÞÞk1. We can first upper bound

kTrAðσαρω;δðtÞÞk1 ≤ k⟪TrAjσα;lEω;δðt; 0Þj0A⟫k⋄;

where ⟪TrAjσα;lEω;δðt; 0Þj0A⟫ is interpreted as a superoperator on the system qudits. Using Eq. (D7) and the fact that
σα;lj0A⟫ ¼ 0, we obtain that

k⟪TrAjσα;lEω;δðt; 0Þj0A⟫k⋄
≤
Z

t

0

e−2ðt−sÞ
�
ωk⟪TrAjEω;δðt; sÞ½σα;l; σ†α;l�Lα;lEω;δðs; 0Þj0A⟫k⋄ þ δk⟪TrAjEω;δðt; sÞ½σα;l;N �Eω;δðs; 0Þ�j0A⟫k⋄

�
ds

≤
Z

t

0

e−2ðt−sÞ
�
ωk½σα;l; σ†α;l�k⋄kLα;lk⋄ þ δk½σα;l;N �k⋄

�
ds

≤
ð1Þ Z t

0

e−2ðt−sÞðωþ 2Z0δÞds ¼ ω

2
þ Z0δ;

where in (1) we use the fact that at most only Z0 terms N β do not commute with σα;l, i.e., jfβ∶½N β; σα;l� ≠ 0gj ≤ Z0.
We follow a similar method to derive a bound on TrAðσ†ασα0ρω;δðtÞÞ and TrAðσ†ασα0ρω;δðtÞÞ. For u∈ f−;þg, we write in

vectorized notation

TrAðσðuÞα σα0ρω;δðtÞÞ ¼ ⟪TrAjσðuÞα;uσα0;ljρω;δðtÞ⟫ ¼ ⟪TrAjEω;δðt; 0ÞσðuÞα;uðtÞσα0;lðtÞjρð0Þ⟫; ðD8Þ

where we interpret the subscripts as − ¼ l;þ ¼ r. We have that

d
dt

½σðuÞα;uðtÞσα;lðtÞ� ¼ ½σðuÞα;uðtÞσα;lðtÞ;Lω;δðtÞ�

¼ −4σðuÞα;uðtÞσα;lðtÞ − iωLα0;lðtÞσzα0;lσðuÞα;uðtÞ þ uiωLðuÞ
α;uðtÞσzα;uðtÞσα0;lðtÞ þ δ½σðuÞα;uðtÞσα0;lðtÞ;N ðtÞ�; ðD9Þ

which can be integrated to obtain
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σðuÞα;uðtÞσα;lðtÞ ¼ e−4tσðuÞα;uσα0;l

þ
Z

t

0

e−4ðt−sÞð−iωLα0;lðsÞσzα0;lðsÞσðuÞα;uðsÞ þ uiωLðuÞ
α;uðsÞσzα;uðsÞσα0;lðsÞ þ δ½σðuÞα;uðsÞσα0;lðsÞ;N ðsÞ�Þds: ðD10Þ

Inserting Eq. (D10) into Eq. (D8) and applying the fact that σα;ljρð0Þ⟫ ¼ 0, we obtain

kTrAðσðuÞα σα0ρω;δðtÞÞk1 ≤
Z

t

0

e−4ðt−sÞωk⟪TrAjEω;δðt; 0ÞLα0;lðsÞσzα0;lðsÞσðuÞα;uðsÞjρð0Þ⟫k1ds

þ
Z

t

0

e−4ðt−sÞωk⟪TrAjEω;δðt; 0ÞLðuÞ
α;uðsÞσzα;uðsÞσα0;lðsÞjρð0Þ⟫k1ds

þ
Z

t

0

e−4ðt−sÞδk⟪TrAjEω;δðt; 0Þ½σðuÞα;uðsÞσα0;lðsÞ;N ðsÞ�jρð0Þ⟫k1ds

≤
Z

t

0

e−4ðt−sÞðωkσðuÞα;ujρω;δðsÞ⟫k1 þ ωkσα;ljρω;δðsÞ⟫k1 þ δk½σðuÞα;uσα0;l;N �k⋄kjρð0Þ⟫k1Þds

≤
ð1Þω2

4
þ ωZ0δ

2
þ Z0δ: ðD11Þ

In (1) we use the bound kσαρðtÞk1 < ω=2þ Z0δ derived in the first part of this lemma to insert the bounds
kσ†α;rðsÞjρð0Þ⟫k1; kσα;lðsÞjρð0Þ⟫k1 ≤ ω=2þ Z0δ. We also use the fact that at most 2Z0 terms N β do not commute with

σðuÞα σα0 . The lemma statement is confirmed choosing u∈ f−;þg. ▪
Dynamics.—We now establish the counterpart of Lemma 5 in the presence of errors. This requires additionally providing

bounds on
P

β K
ð0Þ
β ðtÞ, Pα;β K

ð1Þ
α;βðtÞ, and

P
α;β K

ð2Þ
α;βðtÞ. We begin by providing a counterpart to Lemma 13.

Lemma 20. Suppose O is a local observable with kOk ≤ 1 supported on SO, and for τ > 0, let OðτÞ ¼ expðL†τÞðOÞ,
where L is a geometrically local Lindbladian of the form in Eq. (14). Then, for qα;Q

ðjÞ
α;α0 ðsÞ, with Qð1Þ

α;α0 ¼ Qð1Þ
α;hα0

and

Qð2Þ
α;α0 ¼ Qð2Þ

α;hα0
, as defined in Lemma 8,

jTrðOðτÞqα;δÞj ≤ 2 min

�
ηSO exp

�
4eZτ −

dðSα; SOÞ
a

�
; 1

�
for any α

and

jTrðOðτÞQðjÞ
α;α0 ðsÞÞj ≤

�
4þ 8Z0δ

ω
þ 16Z0δ

ω2

�
min

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1

�
for any α; α0; j:

Furthermore,

jTrðOðτÞKð0Þ
β ðsÞÞj ≤ min

�
ηSO exp

�
4eZτ −

dðS̃0β; SOÞ
a

�
; 1

�
for any β

and

jTrðOðτÞKðjÞ
α;βðsÞÞj ≤ 2 min

�
eηSO exp

�
4eZτ −

1

2a
ðdðS̃0β; SOÞ þ dðSα; SOÞÞ

�
; 1

�
for any α; β; j;

where S̃0β is the set of system qudits contained in S0β.
Proof. The bound on jTrðOðτÞqαÞj is a restatement of the bound given and proven in Lemma 13. The bounds on

jTrðOðτÞQðjÞ
α;α0 ðsÞÞj are proven in the same manner as the bounds on jTrðOðτÞQðjÞ

α;α0 ðsÞÞj in Lemma 13.
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First, we consider Tr½OðτÞQð1Þ
α;α0 ðsÞ�. For any α; α0 we obtain that

jTrðOðτÞQð1Þ
α;α0 ðsÞÞj ≤

2

ω
jTrðOðτÞ½L†

α; ½hα0 ;TrAððσαρω;δðsÞÞ��Þj

≤
2

ω
k½hα0 ; ½L†

α; OðτÞ��kkTrAððσαρω;δðsÞÞk1

≤
�
1þ 2Z0δ

ω

�
k½hα0 ; ½L†

α; OðτÞ��k;

where, in the last step, we use Lemma 9. Next, we can use Lemma 4 together with the fact that

k½hα0 ; ·�kcb;∞→∞; k½Lð�Þ
α ; ·�kcb;∞→∞ ≤ 2 to obtain

jTrðOðτÞQð1Þ
α;hα0

ðsÞÞj ≤
�
4þ 8Z0δ

ω

�
kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1
�
:

Next, for any α; α0, we obtain that

jTrðOðτÞQð2Þ
α;α0 ðsÞÞj ≤ jTrðOðτÞ½L†

α; Lα½hα0 ; ρω;δðsÞ��Þj
≤ k½hα0 ; ½L†

α; OðτÞ�Lα�kkTrAðρω;δðsÞÞk1
≤ 4kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1

�
:

Next, we bound jTrAðQð3Þ
α;α0 Þj. For any α; α0, we obtain that

jTrðOðτÞQð3Þ
α;α0 ðsÞÞj ≤

1

ω

X
u∈ fþ;−g

jTrðOðτÞDLα
ð½LðuÞ

α0 ;TrAðσðūÞα0 ρδ;ωðsÞÞ�ÞÞj

≤
1

ω

X
u∈ fþ;−g

k½LðuÞ
α0 ;D

†
Lα
ðOðτÞÞ�kkTrAðσðūÞα0 ρδ;ωðsÞÞk1

≤
�
1

2
þ Z0δ

ω

� X
u∈ fþ;−g

k½LðuÞ
α0 ;D

†
Lα
ðOðτÞÞ�k;

where, in the last step, we use Lemma 9. Next, we use Lemma 4 together with k½LðuÞ
α ; ·�kcb;∞→∞ ≤ 2 and kD†

Lα
k
cb;∞→∞ ≤ 2

to obtain

jTrðOðτÞQð3Þ
α;α0 ðsÞÞj ≤

�
4þ 8Z0δ

ω

�
kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1

�
:

Next, we bound jTrðOðτÞQð4Þ
α;α0 ðsÞÞj1. For α ≠ α0

jTrðOðτÞQð4Þ
α;α0 ðsÞÞj ≤

1

ω2

X
u;u0 ∈ f−;þg

jTrðOðτÞ½LðuÞ
α ; ½Lðu0Þ

α0 ;TrAðσðūÞα σðū
0Þ

α0 ρω;δðsÞÞ��Þj

≤
1

ω2

X
u;u0 ∈ f−;þg

k½Lðu0Þ
α0 ; ½LðuÞ

α ; OðτÞ��kkTrAðσðūÞα σðū
0Þ

α0 ρω;δðsÞÞk1

≤
�
1

4
þ Z0δ

2ω
þ Z0δ

ω2

� X
u;u0 ∈ f−;þg

k½Lðu0Þ
α0 ; ½LðuÞ

α ; OðτÞ��k;

where in the last step we use Lemma 9. Furthermore, from Lemma 4 and the fact that k½LðuÞ
α ; ·�kcb;∞→∞ ≤ 2 it follows that
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jTrðOðτÞQð4Þ
α;α0 ðsÞÞj ≤

�
4þ 8Z0δ

ω
þ 16Z0δ

ω2

�
kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðSα; SOÞ þ dðSα0 ; SOÞÞ

�
; 1

�
: ðD12Þ

Similarly, for α ¼ α0,

jTrðOðτÞQð4Þ
α;αðsÞÞj ≤ 2

ω2
jTrðOðτÞðDLα

−DL†
α
ÞðTrAðnαρω;δðsÞÞÞÞj

≤
2

ω2
kðDLα

−DL†
α
Þ†ðOðτÞÞkkTrAðnαρω;δðsÞÞk1

≤
�
1

2
þ Z0δ

ω
þ 2Z0δ

ω2

�
kðDLα

−DL†
α
Þ†ðOðτÞÞk;

where, again, in the last step, we use Lemma 9. Next, we can use Lemma 3 together with the fact that
kðDLα

−DL†
α
Þ†k

cb;∞→∞ ≤ 4, and we obtain that

jTrðOðτÞQð4Þ
α;αðsÞÞj ≤

�
2þ 4Z0δ

ω
þ 8Z0δ

ω2

�
kOkmin

�
ηSO exp

�
4eZτ −

1

a
dðSα; SOÞ

�
; 1

�
: ðD13Þ

Equations (D13) and (D12) together establish a bound on jTrðOðτÞQð4Þ
α;α0 ðsÞÞj for any α; α0 and are consistent with the lemma

statement.
The bound on jTrðOðτÞKð0Þ

β ðsÞÞj is proven in the main text. Next, we bound jTrðOðτÞKð1Þ
α;βÞj. For any α, β,

jTrðOðτÞKð1Þ
α;βðsÞÞj ≤ 2jTrðOðτÞ½L†

α; σαN βðρω;δðsÞÞ�Þj
≤ 2kÑ †

βð½L†
α; OðτÞ�σαÞkkρω;δðsÞk1

≤ 2kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðS̃0β; SOÞ þ dðSα; SOÞÞ

�
; 1

�
; ðD14Þ

where Ñ βðXÞ ¼ N βðX ⊗ IAÞ and Ñ β is supported only on the system qudits in S̃0β. Finally, we bound jTrðOðτÞKð2Þ
α;βÞj. For

any α, β,

jTrðOðτÞKð2Þ
α;βÞj ≤ jTrðOðτÞ½L†

α; LαN βðρω;δðsÞ�Þj
≤ kÑ †

βð½L†
α; OðτÞ�LαÞkkρω;δðsÞk1

≤ 2kOkmin

�
eηSO exp

�
4eZτ −

1

2a
ðdðS̃0β; SOÞ þ dðSα; SOÞÞ

�
; 1

�
; ðD15Þ

producing a bound identical to that for jTrðOðτÞKð1Þ
α;βÞj. ▪

Lemma 10, repeated. SupposeO is a local observable on the system qudits with kOk ≤ 1 supported on SO, and for τ > 0,
let OðτÞ ¼ expðL†τÞðOÞ, where L is a geometrically local target Lindbladian of the form in Eq. (14). Then, for qα as
defined in Lemma 1, there are nondecreasing piecewise continuous functions ν and ν0 such that νðtÞ; ν0ðtÞ ≤ OðtdÞ as
t → ∞ and for ω ≤ 2

X
α

jTrðOðτÞqαÞj ≤ νðτÞ and
X
α;α0

jTrðOðτÞQðjÞ
α;α0 ðsÞÞj ≤

�
1þ 2Z0δ

ω
þ 4δZ0

ω2

�
ν2ðτÞ;

where, for j∈ f3; 4g, QðjÞ
α;α0 is defined in Lemma 1 and, for j∈ f1; 2g, we define QðjÞ

α;α0 ¼ QðjÞ
α;hα0

, where QðjÞ
α;h is defined in

Lemma 1. Furthermore,
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X
β

jTrðOðτÞKð0Þ
β ðsÞj ≤ ν0ðτÞ and for j∈ f1; 2g;

X
α;β

jTrðOðτÞKðjÞ
β ðsÞj ≤ ½ν0ðτÞ�2;

where Kð0Þ
β and KðjÞ

α;β for j∈ f1; 2g are defined in Lemma 8.
Proof. We prove this lemma in the same manner as Lemma 5, using Lemmas 12 and 20. Consider, first,

X
α

jTrðOðτÞqαÞj ≤ 2
X
α

min

�
ηSO exp

�
4eZτ −

dðSα; SOÞ
a

�
; 1

�
¼ 2ξð0;1Þa;ηSO

ð4eZτÞ ≤ 2maxðηSO; 1Þνð0Þða; 4eZτÞ ≤ 2emaxðηSO; 1Þνð0Þð2a; 4eZτÞ; ðD16Þ

where, in the last step, we use the fact that, as per Lemma 12, νð0Þðλ; TÞ is a nondecreasing function of λ for a fixed T.
Similarly, for j∈ f1; 2; 3; 4g,
X
α1;α2

jTrðOðτÞQðjÞ
α;α0 ðsÞj

≤ ð4þ 8ωZ0δþ 16Z0δÞ
X
α;α0

min
�
eηSO exp

�
4eZτ −

dðSα; SOÞ þ dðSα0 ; SOÞ
2a

�
; 1
�

¼ ð4þ 8ωZ0δþ 16Z0δÞξð0;2Þ2a;eηSO
ð2a; 4eZτÞ ≤ ð4þ 8ωZ0δþ 16Z0δÞðmaxðeηSO; 1ÞÞ2ðνð0Þð2a; 4eZτÞÞ2

≤ ð4þ 8ωZ0δþ 16Z0δÞe2ðmaxðηSO; 1ÞÞ2ðνð0Þð2a; 4eZτÞÞ2: ðD17Þ

From Eqs. (D16) and (D17), it follows that choosing νðτÞ ¼ 2emaxðηSO; 1Þνð0Þð2a; 4eZτÞ satisfies the lemma statement.
Next, we apply Lemmas 20 and 12 to obtain

X
β

jTrðOðτÞKð0Þ
β ðsÞÞj ≤ min

�
ηSO exp

�
4eZτ −

dðSO; S̃0βÞ
a

�
; 1

�

¼ ξð0;1Þa;ηSO
ð4eZτÞ ≤ maxðηSO; 1Þνð0Þða; 4eZτÞ

≤ maxðηSO; 1Þνð0Þð2a; 4eZτÞ; ðD18Þ

where in the last step we use the fact that, as per Lemma 12, νð0Þðλ; TÞ is a nondecreasing function of λ for fixed T.
For j∈ f1; 2g,

X
α;β

jTrðOðτÞKðjÞ
β ðsÞÞj ≤ 2

X
α;β

min

�
ηSO exp

�
4eZτ −

dðS̃0β; SOÞ þ dðSα; SOÞ
2a

�
; 1

�
¼ ξ2a;eηSO ð4eZÞ ≤ 2ðmaxðeηSO; 1ÞÞ2ðνð0Þð2a; 4eZτÞÞ2

≤ 2e2ðmaxðηSO; 1ÞÞ2ðνð0Þð2a; 4eZτÞÞ2: ðD19Þ

Considering Eqs. (D18) and (D19), we may choose ν0ðτÞ ¼ ffiffiffi
2

p
emaxðηSO; 1Þνð0Þð2a; 4eZτÞ to satisfy the lemma statement.

It can also be noted from the asymptotics of νð0Þðλ; TÞ in Lemma 12 that both νðτÞ; ν0ðτÞ ≤ OðτdÞ. Additionally, since
νð0Þðλ; TÞ, for a fixed λ, is a nondecreasing and piecewise continuous function of T, νðτÞ and ν0ðτÞ are also piecewise
continuous nondecreasing functions of τ. ▪
Long-time dynamics or fixed points.—Next, we consider the problem of long-time dynamics or fixed points.
Lemma 11, repeated. Suppose O is a local observable with kOk ≤ 1 supported on SO, and for τ > 0, let

OðτÞ ¼ expðL†τÞðOÞ, where L is a geometrically local Lindbladian of the form in Eq. (14). Furthermore, suppose O
is rapidly mixing with respect to L and satisfies Eq. (20) with kðjSOj; γÞ ≤ O½expðγ−κÞ�. Then, for qα as defined in
Lemma 1,
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X
α

����
Z

t

0

TrðOðt − sÞqαÞe−2s=ω2

ds

���� ≤ ω2λð1ÞðγÞ;

where λð1ÞðγÞ ≤ Oðγ−dðκþ1ÞÞ as γ → 0 and for j∈ f1; 2; 3; 4g

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQðjÞ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤

�
1þ 2Z0δ

ω
þ 4Z0δ

ω2

�
λð2ÞðγÞ;

where λð2ÞðγÞ ≤ Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0 and, for j∈ f3; 4g, QðjÞ
α;α0 is defined in Lemma 1 but with ρω → ρω;δ and, for

j∈ f1; 2g, we define QðjÞ
α;α0 ¼ QðjÞ

α;hα0
where QðjÞ

α;h is defined in Lemma 1 but with ρω → ρω;δ. Furthermore,

X
β

����
Z

t

0

Tr

�
Oðt − sÞKð0Þ

β

�
s
ω2

��
ds

���� ≤ λ0ð1ÞðγÞ;

where λ0ð1ÞðγÞ ≤ Oðγ−ðdþ1Þðκþ1ÞÞ as γ → 0 and, for j∈ f1; 2g,

X
α;β

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞKðjÞ
α;βðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤ λ0ð2ÞðγÞ;

where λ0ð2ÞðγÞ ≤ Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0.
Proof. We follow the same method as the proof of Lemma 6. Since qα is defined identically in the noisy and noiseless

models, the first statement of the lemma is simply a restatement of the bound from Lemma 6. Next, we note that, for a
function F α;α0 ðtÞ,

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞF α;α0 ðs0ÞÞe−2ðs=ω2−s0Þds0ds
���� ¼ 1

ω2

X
α;α0

����
Z

t

0

Z
s

0

TrðOðt − sÞF α;α0

�
s0

ω2

��
e−2ðs−s0Þ=ω2

ds0ds
����:
ðD20Þ

We now consider the terms involving QðjÞ for j∈ f1; 2; 3; 4g separately—for j ¼ 1, we have from Lemma 8 that

Qð1Þ
α;α0 ðs0=ω2Þ ¼ KαJ α0 ½σωðs0Þ� þ H:c: with KαðXÞ ¼ ½L†

α; X�, J α0 ðXÞ ¼ ½hα0 ; X�, and σωðs0Þ ¼ −ω−1TrAðσαρω;δðs0=ω2ÞÞ.
We note that kKαk⋄; kJ α0k⋄ ≤ 2 and, using Lemma 9, kσωðs0Þk1 ≤ 1=2þ Z0δ=ω. Thus, applying Eq. (D20) and Lemma
14, we obtain that

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQð1Þ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤

�
1þ 2Z0δ

ω

�
ζð3ÞðγÞ: ðD21Þ

Similarly, for j ¼ 2, we have from Lemma 8 that Qð2Þ
α;α0 ðs0=ω2Þ ¼ KαJ α0 ½σωðs0Þ� þ H:c:, where KαðXÞ ¼ ½L†

α; LαX�,
J α0 ðXÞ ¼ ½hα0 ; X�, and σωðs0Þ ¼ −iTrA½ρω;δðs0=ω2Þ�=2. We note that kKαk⋄; kJ α0k⋄ ≤ 2 and that kσωðs0Þk1 ≤ 1=2. Thus,
from Eq. (D20) and Lemma 14, we obtain that

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQð2Þ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤ ζð3ÞðγÞ: ðD22Þ

For j ¼ 3, we have from Lemma 8 that Qð3Þ
α;α0 ðs0=ω2Þ ¼ P

u∈ f−;þgK
ðuÞ
α J ðuÞ

α0 ½σðuÞω ðs0Þ�, where KðuÞ
α ¼ DLα

,

J ðuÞ
α0 ðXÞ ¼ ½LðuÞ

α0 ; X�, and σðuÞω ðs0Þ ¼ −iω−1TrA½σðūÞα0 ρω;δðs0=ω2Þ�. We note that kKðuÞ
α k⋄; kJ ðuÞ

α0 k⋄ ≤ 2 and, using

Lemma 9, kσðūÞω ðs0Þk1 ≤ 1=2þ Z0δ=ω. Thus, from Lemma 14 and Eq. (D20), we obtain that
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X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQð3Þ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤

�
1þ 2

Z0δ
ω

�
ζð3ÞðγÞ: ðD23Þ

For j ¼ 4, we have from Lemma 8 thatQð4Þ
α;α0 ðs0=ω2Þ ¼ P

u;u0 ∈ f−;þgKαJ
ðu;u0Þ
α0 ½σðu;u0Þω ðs0Þ� þ H:c: according to the following

definitions: We define KαðXÞ ¼ ½L†
α; X�. Jðu;u

0Þ
α0 ðXÞ ¼ LðuÞX if u0 ¼ −, and Jðu;u

0Þ
α0 ðXÞ ¼ XLðuÞ if u0 ¼ þ. Finally,

σðu;u
0Þ

ω ðs0Þ ¼ ω−2TrAðσðūÞα σαρω;δðs0=ω2ÞÞ if α ¼ α0 and σðu;u
0Þ

ω ðs0Þ ¼ u0ω−2TrAðσðūÞα0 σαρω;δðs0=ω2ÞÞ if α ≠ α0. We note that,

for any u, u0, kKαk⋄; kJ ðu;u0Þ
α0 k⋄ ≤ 2 and, using Lemma 9, kσðu;u0Þω ðs0Þk1 ≤ 1=4þ ω−1Z0δ=2þ ω−2Z0δ. Thus, applying

Eq. (D20) and Lemma 14(c), we obtain that

X
α;α0

����
Z

t

0

Z
s=ω2

0

TrðOðt − sÞQð4Þ
α;α0 ðs0ÞÞe−2ðs=ω

2−s0Þds0ds
���� ≤

�
2þ 4

Z0δ
ω

þ 8
Z0δ
ω2

�
ζð3ÞðγÞ: ðD24Þ

Considering Eqs. (D21)–(D24), we may choose λð2ÞðγÞ ¼
2ζð3ÞðγÞ to satisfy the lemma statement. Note that ζð3ÞðγÞ
depends on a and Z and that by Lemma 14, so
long as kðjSOj; γÞ ≤ Oðexpðγ−κÞÞ as γ → 0, then ζð3ÞðγÞ ≤
Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0.
Next, using the definitionofKð0Þ

β ðtÞ fromLemma8and the
fact that Oðt − sÞ is not supported on the ancillae, we have

that TrðOðt − sÞKð0Þ
β ðs=ω2ÞÞ ¼ TrðOðt − sÞN βðσωðsÞÞÞ,

where σωðsÞ ¼ ρω;δðs=ω2Þ. Noting that kN βk⋄ ≤ 2 and that
kσωðsÞk1 ≤ 1, we apply Lemma 14(b) to obtain

X
β

����
Z

t

0

TrðOðt − sÞKð0Þ
β ðs=ω2ÞÞds

���� ≤ ζð2ÞðγÞ; ðD25Þ

where in the application of Lemma 14 we consider
dðSO; S0βÞ ¼ dðSO; S̃0βÞ. Picking λ0ð1ÞðγÞ ¼ ζð2ÞðγÞ satisfies

the lemma statement. Note that ζð2ÞðγÞ depends on Z, Z0,
and a.
In order to prove the last statement in this lemma, we

must define a way to sum over all regions Sα and S0β in a

single summation. For c∈ f1; 2;…;M þM0g, we define
S00c ¼ Sc if c ≤ M and S00c ¼ S0c−M if c > M. Remember that
M is the number of target Lindbladian terms Lα and thatM0

is the number of error Lindbladian terms N β. Given any c,
we define the number other regions S00c0 that intersect S

00
c to

be bounded by some Z00 ≥ 0, i.e., jfc0jS00c0 ∩ S00c ≠ ∅gj ≤
Z00. If c > M, then S00c ¼ S0c−M can intersect a maximum of
Z0 other regions S00c0 . If c ≤ M, then S00c ¼ Sc can intersect a
maximum of Z other regions Sα, and each of the jScj points
in Sc can be in the support of a maximum of Z0 regions S00β .
We can bound maxα jSαj by some VS and note that VS is a
function of only a and d. Hence, we can choose
Z00 ¼ maxðZ0;Z þ VSZ0Þ.
Using these definitions, from Lemma 8, we have thatP
α;βTrðOðt− sÞKð1Þ

α;βðs0=ω2ÞÞ ¼P
c;c0 TrðOðt− sÞKcJ c0×

ðσωðs0ÞÞÞþH:c:, whereKαðXÞ ¼ −i½L†
c; σcX� if c ≤ M and

0 otherwise, J c0 ¼ N c0 if c0 > M and 0 otherwise, and
σωðs0Þ ¼ ρω;δðs0=ω2Þ. We note that kKck⋄; kJ c0 k⋄ ≤ 2 and
kσωðs0Þk1 ≤ 1. Thus, applying Eq. (D20) and Lemma 14
(c), we obtain that

X
α;β

����
Z

t

0

Z
s=ω2

0

e−2ðs=ω2−s0ÞTrðOðt − sÞKð1Þ
α;βðs0ÞÞds0ds

���� ≤ 2ζ0ð3ÞðγÞ: ðD26Þ

Using the definition of Kð2Þ
α;β in Lemma 8, we have that

P
α;β TrðOðt − sÞKð2Þ

α;βðs0=ω2ÞÞ ¼ P
c;

c0TrðOðt − sÞKcJ c0 ðσωðs0ÞÞÞ þ H:c:., where KcðXÞ ¼ ½L†
c; LcX� if c ≤ M and 0 otherwise, J c0 ¼ N c0 if c0 > M and 0

otherwise, and σωðs0Þ ¼ ρω;δðs0=ω2Þ=2. We note that kKck⋄; kJ c0 k⋄ ≤ 2 and kσωðs0Þk1 ≤ 1=2. Thus, applying Eq. (D20)
and Lemma 14(c), we obtain that

X
α;β

����
Z

t

0

Z
s=ω2

0

e−2ðs=ω2−s0ÞTrðOðt − sÞKð2Þ
α;βðs0ÞÞds0ds

���� ≤ ζ0ð3ÞðγÞ: ðD27Þ

By Lemma 14, ζð3ÞðγÞ ≤ Oðγ−ð2dþ1Þðκþ1ÞÞ as γ → 0 and ζð3ÞðγÞ depends on Z, a, and Z00. Picking λ0ð2ÞðγÞ ¼ 2ζð3ÞðγÞ
satisfies the lemma statement. ▪
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Pérez-García, and Cambyse Rouzé, Rapid thermalization of
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