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Many-body open quantum systems, described by Lindbladian master equations, are a rich class of
physical models that display complex equilibrium and out-of-equilibrium phenomena which remain to be
understood. In this paper, we theoretically analyze noisy analog quantum simulation of geometrically local
open quantum systems and provide evidence that this problem both is hard to simulate on classical
computers and could be approximately solved on near-term quantum devices. First, given a noiseless
quantum simulator, we show that the dynamics of local observables and the fixed-point expectation values
of rapidly mixing local observables in geometrically local Lindbladians can be obtained to a precision of &
in time that is poly(¢~') and uniform in system size. Furthermore, we establish that the quantum simulator
would provide a superpolynomial advantage, in run-time scaling with respect to the target precision and
either the evolution time (when simulating dynamics) or the Lindbladian’s decay rate (when simulating
fixed points), over any classical algorithm for these problems, assuming BQP # BPP. We then consider the
presence of noise in the quantum simulator in the form of additional geometrically local Lindbladian terms.
We show that the simulation tasks considered in this paper are stable to errors; i.e., they can be solved to a
noise-limited, but system-size independent, precision. Finally, we establish that, assuming BQP # BPP,
there are stable geometrically local Lindbladian simulation problems such that, as the noise rate on the
simulator is reduced, classical algorithms must take time superpolynomially longer in the inverse noise rate
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to attain the same precision as the analog quantum simulator.
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I. INTRODUCTION

An extensive body of results suggest that, with a fault-
tolerant quantum computer, several many-body problems
relating to both dynamics and equilibrium properties can be
efficiently simulated [1,2]. However, despite the recent
experimental demonstrations of quantum error correction to
build logical qubits [3-7], building a large-scale fault-
tolerant quantum computer still remains a massive tech-
nological challenge. At the same time, there has been
increasing interest in using available quantum devices
without error correction to obtain approximate solutions
to quantum many-body problems. A major effort in this
direction is to use quantum devices as “analog quantum
simulators,” where the target many-body Hamiltonian is
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configured on a (semi)programmable quantum device, and
due to its own physics the quantum device simulates the
target many-body problem [8].

Most of the focus of analog quantum simulation has been
confined to simulating closed many-body systems, i.e.,
many-body problems that are specified by a Hamiltonian.
The goal is typically to measure an intensive observable in
either a nonequilibrium state associated with the Hamiltonian
(such as the state generated by time evolving an initial
product state under the Hamiltonian) or an equilibrium state
(such as its Gibbs state or ground state). The mappings of a
variety of physically interesting Hamiltonians arising in
solid-state physics, condensed matter physics, and high-
energy physics onto existing quantum computing platforms
such as trapped ions, superconducting qubits, or atomic
systems have been extensively developed [1,8—12].

However, closed many-body systems are just a special
case of open many-body systems, which can be modeled by
Lindblad master equations. Dynamics and equilibrium
properties of open many-body systems have a number
of physical effects—such as driven-dissipative phase tran-
sitions [13,14], super- and subradiance [15-19], and excep-
tional spectral points [20-24]—that are qualitatively
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different from closed systems and make them independently
interesting target problems for quantum simulation.
Furthermore, there is evidence to suggest that open quantum
system problems could inherently be more robust to noise
than closed quantum system problems [25]. In particular, if a
quantum simulator is implementing only a Hamiltonian, then
well-known no-go results indicate that, due to entropy
accumulation in the presence of a constant rate of depolariz-
ing noise, the simulator state converges exponentially with
simulation time to the maximally mixed state [26-30].
However, these no-go theorems are not applicable to a
quantum simulator implementing a Lindbladian, since the
simulator dynamics inherently could counter the accumu-
lation of entropy due to external noise.

Several proposals for implementing the digital quantum
simulation of Markovian [31-36] and non-Markovian open
quantum systems [37,38] on fault-tolerant quantum com-
puters have been recently developed. Furthermore,
Ref. [39] has recently proposed and experimentally dem-
onstrated using noise inherent in near-term devices to
design digital circuits that can simulate several restricted,
but physically motivated, classes of Lindbladians and
without using any ancilla qubits. Analog quantum simulation
of general Markovian open quantum systems has also been
proposed [40—42], although it has not received as much
attention as its closed system counterpart. A relatively simple
way of simulating a given Lindbladian is to use a set of
ancillae, each continuously reset to its ground state (i.e.,
experiencing an amplitude damping channel) and couple the
ancillae to the system via a time-independent Hamiltonian
that depends on the jump operators in the target Lindbladian.
By tuning the strength of the Hamiltonian in comparison to
the rate of rate of amplitude damping, an approximation of
the target Lindbladian dynamics can be implemented
on this system (Fig. 1). Since implementing both

Environment

FIG. 1. Diagrammatic depiction of the analog quantum simu-
lator. (a) The target Lindbladian acting on a lattice of sites is the
sum of dissipator Lindbladians D; , each corresponding to a
geometrically local jump operator L,. (b) The analog quantum
simulator approximates each Lindbladian D, by implementing a
Hamiltonian @V, that couples the sites (blue) on the lattice region
to an ancilla qubit (purple) that undergoes dissipation resetting it
to |0). Noise due to unwanted coupling to an environment is
modeled as additional local Lindbladians N5 of strength & each
acting on regions that may include both simulated lattice sites and
ancillae. This figure is inspired by the schematic in Ref. [25].

amplitude-damping dissipation and a Hamiltonian interac-
tion is possible on many experimental platforms, this method
is particularly suitable for analog quantum simulation of
open quantum systems. The method we consider here has
been proposed to implement dissipative quantum memories
[40] and also been identified as a strategy for Lindbladian
simulation [41]. However, it remains unclear if, and under
what circumstances, this experimentally simple analog
quantum simulation protocol can provide a good approxi-
mation to many-body Lindbladians, especially in the pres-
ence of errors in the quantum simulator.

In this paper, we analyze the analog quantum simulation
of open quantum systems, in both the noiseless and noisy
settings, and rigorously prove accuracy guarantees on the
quantum simulation protocol. We first consider the noise-
less setting, where a user-specified Hamiltonian and an
amplitude damping channel can be perfectly implemented
on the analog quantum simulator. We establish that a
generic k-local Lindbladian implemented on n qudits (of
any dimension) for time ¢ can be simulated with an
overhead in simulation time which is at most polynomial
in the number of qudits » and the evolution time . We then
focus on the case of a spatially local Lindbladian on a
lattice and show that, as a consequence of Lieb-Robinson
bounds [43,44], local observables on an analog quantum
simulator can be measured in a simulation time that scales
polynomially with ¢ but is uniform in the system size n. For
geometrically local Lindbladians, we also consider the
problem of measuring either long-time dynamics of the
local observable or its fixed-point expectation value. We
show that, under the assumption of rapid mixing [45,46],
this can again be done on an analog quantum simulator in a
simulation time that is uniform in the system size n (and
additionally independent of time # in the case of long-time
dynamics). Our main theoretical technical contribution that
enables us to establish these results is to develop a rigorous
analysis of adiabatic elimination of the damped ancillae
which explicitly leverages the finite Lieb-Robinson veloc-
ity in the target system.

Simultaneously, we build upon the quantum-circuit-to-
Lindbladian mapping developed in Ref. [47] and show that,
unless bounded-error quantum polynomial time (BQP) =
bounded-error probabilistic polynomial time (BPP), we do
not expect there to be a classical algorithm that has a run-time
which is polynomial in both the inverse precision ! and the
evolution time ¢ (when simulating dynamics) or the inverse
of the Lindbladian’s decay rate y~' (when simulating
fixed points), and, consequently, we expect there to be a
superpolynomial separation between the run-time of the
quantum simulator and the best possible classical algorithm.
This holds true even when restricting ourselves to the
physically relevant setting of time-independent and spatially
local 2D Lindbladians. To establish this result for 2D local
Lindbladians, we adapt the circuit-to-2D-Hamiltonian-
ground-state mapping developed in Ref. [48] to the dis-
sipative setting and theoretically establish that the resulting
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master equation mixes in a time that scales polynomially in
the system size.

Finally, we consider the presence of errors or noise in the
quantum simulator, which can be either coherent configu-
ration errors or incoherent errors due to interaction with an
external environment. Since typically every qudit on the
quantum simulator would be noisy, there are extensively
many errors on the simulator. In the worst case, these errors
could accumulate and result in the observable being
measured on an n-qudit quantum simulator incurring an
error ~0 X n. Consequently, as the system size is increased
(e.g., to simulate the thermodynamic limit of a many-body
observable), any constant error rate 6 would cause the
simulated observable to diverge from its true value.
However, we establish that, when computing dynamics
of local observables or the fixed-point expected value of
rapidly mixing local observables, a noisy quantum simu-
lator incurs a system-size independent error—the precision
in the simulated observable is limited only by noise rate and
scales subpolynomially with the noise rate, reaching perfect
precision for vanishing noise rate. Thus, these simulation
tasks are stable in the sense defined in Ref. [25] and can be
solved using near-term experimental platforms to a hard-
ware-error limited precision. Finally, by combining these
stability results with the circuit-to-2D-geometrically-local-
Lindbladian encoding, we also establish that, to solve these
problems to the same precision as achieved by the noisy
quantum device, any classical algorithm would require time
that scales superpolynomially with the hardware error rate.

II. SUMMARY OF RESULTS

A. Theoretical results

Throughout this paper, we concern ourselves with
simulating a Lindbladian. Any Lindbladian over a
Hilbert space H [dim(H) < oo] can be specified by a
set of jump operators L;,L,...L,, and a Hamiltonian
Hy(1). The corresponding Lindbladian master equation is

o) = =il (0] + DL p(0].  (12)
a=1

where p(t) is the time-dependent density matrix of the
physical system under consideration and, for any operator
A, the dissipator corresponding to A is the superoperator

Dy(X) = AXAT — % (X, ATA}. (1b)

We assume that the time unit in the physical problem is
normalized such that [|[L,|| <1 for all a. For typical
problems in physics, the qudits are laid out in a lattice,
the jump operators are local operators that are supported on
a subset of neighboring qudits, and the Hamiltonian is also
geometrically local, i.e., a sum of such local operators.

If a quantum simulator could configure any specified
dissipator, there would be a direct mapping between the
target master equation and the quantum simulator.
However, in most available experimental systems, the
quantum simulator can controllably implement a (family
of) Hamiltonians and simple single-qubit dissipators,
necessitating an experimentally simple way of mapping
a Lindbladian to a quantum simulator.

This problem has been addressed previously—in particu-
lar, Ref. [40] identified that a dissipator D; can be
effectively implemented by using an ancilla qubit with a
large amplitude damping dissipation (i.e., a dissipator that
maps |1) of the ancilla to |0)) and coupling it weakly to the
system with a Hamiltonian that depends on the jump operator
L,. More specifically, to simulate the Lindbladian in Eq. (1)
over Hilbert space Hg, we define another Hilbert space
H_4 = (C*)®M of M ancilla qubits and consider the follow-
ing Lindbladian over Hgs ® H 4:

d

27Po(1) = Lolpo(1)] (2a)

with

L,(X) = —ie?[Hy, X] - i [i Ve, X] +4 i D, (X),

where o, = |0,)(1,| is the lowering operator on the ath
ancilla qubit,

V, = Lyoy+ Lo, (2¢)

is the interaction Hamiltonian between the ath ancilla and
the system, and the dimensionless parameter @ controls the
strength of the interaction between the ancillae and the
system.

The parameter @ also controls the extent to which the
reduced state of the system, Trylp, ()], is a faithful
approximation of the target state p(r) satisfying Eq. (1a).
To see this physically, we treat the ancillae as an environ-
ment for the system qudits. The limit of small @ then
corresponds to the limit of weak system-environment
interaction in which we expect the ancillae to behave like
a bath describable by the Born-Markov approximation [49].
Equivalently, we expect Tr 4[p,,(¢)] to satisfy a Markovian
master equation. Consequently, as we rigorously establish
in this paper with a concrete bound for finite w, it is true
that a smaller @ guarantees a more accurate simulation of
the target quantum dynamics. In particular,

o) | =00 ()

It is important to note that Eq. (3) suggests that, even for a
fixed time ¢, the simulation time needed on the quantum

limTr 4

w—0
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simulator increases on decreasing w; i.e., the greater the
accuracy required in simulating the target master equation,
the slower the quantum simulator will be.

While this provides a qualitative reason why a quantum
simulator can reproduce the dynamics of the target system,
it leaves open several theoretical questions that are impor-
tant from the point of view of current experiments. First,
can we provide concrete run-time bounds on the quantum
simulator and gauge its performance for various physically
relevant models? And is it true that an analog open quantum
system simulator can potentially provide a quantum ad-
vantage over classical algorithms for physically relevant
models? Second, does the presence of errors (coherent or
incoherent) catastrophically impact the performance of the
analog open quantum simulator, and, if not, is the analog
open quantum simulator stable to errors for any problems
which are both physically interesting and classically hard?
This question is even more important in view of Eq. (3),
which suggests that the quantum simulation time must be
increased to increase the accuracy of the simulation, and,
hence, it is possible that even a small but constant error rate
could accumulate over this long simulation time and result
in the simulator’s output being completely incorrect. It is,
therefore, crucial to understand if and under what circum-
stances this quantum simulation protocol could be stable to
errors in the quantum simulator and trusted to produce a
faithful approximation of the target problem. In this paper,
we provide answers to all of these questions.

1. Noiseless setting

Dynamics.—We first analyze the noiseless quantum
simulator and provide concrete run-time bounds for the
simulation tasks considered in this paper. We also provide
complexity-theoretic evidence of quantum advantage, even
for the physically motivated restricted settings that we
consider in this paper. We begin by considering the general
Lindblad master equation [Eq. (1)] as the simulation target.
Our goal is to obtain the full density matrix at time 7 to a
given precision ¢ in trace-norm. Assuming that ||L,|| <1
for all a, we establish the following simulation time bound
on the analog open quantum simulator.

Proposition 1 (noiseless simulator run-time). With all
the ancillae initialized to the state |0) and for any time
t >0, [|p(t) = Tr4lp,(t/@?)]||; < & can be obtained with

£l/2
=0
((M + 4M||Hyylt + 4M2t)1/2> ’

which implies that the required run-time on the simulator
tym = t/@? scales as

Lsim

- <Mt + 4AM||Hy || + 4M2z2>
. .

Importantly, in this general setting and if the required
target is the full quantum state to a desired precision, then
the analog quantum simulator must run for a time that
increases with the number of jump operators M, which in a
typical n-qudit problem scales as poly(n). Furthermore, we
expect this scaling to be tight as far as a target precision in
the full many-body state is concerned, since we incur an
extensive error in using damped ancillae to mimic a
Markovian environment. Finally, we remark that our bound
on the quantum simulation time exhibits a quadratic slow-
down for the analog quantum simulator with respect to the
target dynamics, i.e., g, ~ t>—this is expected and con-
sistent with lower bounds on digital quantum simulation time
for Lindbladians previously developed in Ref. [34].

The key technical tools that we develop in this paper that
enable us to prove this proposition are (i) a procedure to
rigorously adiabatically eliminate the ancillae while
accounting for the adiabatic elimination errors in terms
of the excitation number in the ancillae, together with (ii) an
excitation number bound on the ancillae which decreases
sufficiently fast with w. This analysis approach also forms
the basis of the proof of the better run-time bounds for
spatially local Lindbladians provided in the propositions
that follow.

We remark that, to the best of our knowledge, such an
analog simulation protocol has been analyzed previously
only in Refs. [40,41,50]. In Refs. [41,50], the bounds
provided do not explicitly evaluate the dependence of the
simulator time f, on the target time ¢ compared to the
result in Proposition 1. Furthermore, our proof of this
proposition also significantly differs from Refs. [41,50] and
is more amenable to the analysis of geometrically local
models considered in the remainder of this paper.
Additionally, in Ref. [40], the authors also considered an
encoding similar to the one considered in Proposition 1, but
their error analysis followed a significantly different
approach and is restricted to a single jump operator.

Next, we consider geometrically local models, which
frequently appear in the study of many-body open quantum
systems in physics. We make the assumption that the
system S consists of a set of qudits arranged on a lattice Z¢,
and the target Lindbladian £ is assumed to be of the form

where £, is a Lindbladian corresponding to a jump
operator L,, with ||L,|| <1 and Hamiltonian %, with
.|| < 1. Both L, and h, are assumed to be supported
on qudits in S, which has a diameter a, ie.,
diam(S,) = max, ,es, d(x,y) < a, where d(x,y) is the
Manhattan distance between x and y. Such models have
a finite velocity at which correlations can propagate across
the lattice, formalized by the well-known Lieb-Robinson
bounds [43].
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FIG. 2.

(a) In a system evolving under the target Lindbladian £, the support of a local observable O spreads in the Heisenberg picture

in a “light cone” with a Lieb-Robinson velocity scaling as ~||£,]|. (b) In the quantum simulator we analyze, the Lieb-Robinson velocity
scales as ~m||V,|| ~ w; however, the simulator also runs slower by a factor of 1/@?, leading to a diverging Lieb-Robinson light cone as
we take w — 0. (c) Our analysis shows that the effective light cone is no longer diverging if we account for the ancillae (red) being

heavily damped and, thus, in a low-excitation state.

In the following, we analyze the restricted problem of
measuring local observables in the dynamics and fixed points
of such Lindbladians. The physical motivation behind this
choice stems from the fact that in many-body physics settings
it is typically of interest to measure only intensive order
parameters that are expressible as single (or weighted sums
of) local observables. Furthermore, in the settings that we
consider, the local observables have a well-defined thermo-
dynamic limit—the system size n can be taken to infinity and
the local observable will converge. The computational
problem of interest is to compute this thermodynamic limit
of the local observable. Importantly, we rigorously establish
that the run-time of the analog simulator needed to simulate
these observables to a given precision will be independent of
the system size—this independence from the system size n is
also consistent with the fact that the local observables
converge to a thermodynamic limit as n — 0.

Consider first the problem of using the analog quantum
simulator to compute a local observable, at time ¢, for a
spatially local Lindbladian. Given that a spatially local
Lindbladian has a finite Lieb-Robinson velocity [Fig. 2(a)]
[43], and as long as ¢ is independent of the system size n,
local observables have a well-defined thermodynamic limit.
Furthermore, also due to the Lieb-Robinson bounds, it
could be expected that the choice of @ needed to obtain a
good approximation for a local observable, instead of
depending on the total number of jump operators in the
Lindbladians as suggested by Proposition 1, should depend
on the number jump operators within the light cone until
time t. However, a closer look at the quantum simulator
Lindbladian [Eq. (2)] reveals that its Lieb-Robinson veloc-
ity, being dependent on the norm of the interaction terms
between different qudits, scales as @, while the total
simulation time scales as t/@? [Fig. 2(b)]. Consequently,
it would appear that the effective light cone of a local
observable on the analog quantum simulator would scale as
X t/w* = t/w, which would diverge as we take @ — 0 to
increase the accuracy of the quantum simulation.

Despite this issue, in the next proposition, we show that
the parameter w needed to estimate a local observable at ¢
evolving under a spatially local Lindbladian can be chosen

to be uniform in the system size (i.e., number of jump
operators). More specifically, we consider local observ-
ables (i.e., observables that are supported on a geometri-
cally local subset of system qudits) and establish the
following.

Proposition 2 (geometrically local dynamics—noiseless
simulator run-time). Suppose L is a d-dimensional geo-
metrically local Lindbladian and O with ||O]| < 1 is a local
observable. To achieve an additive error ¢ in the expected
local observable with the analog quantum simulator, we
need to choose

= @(t—(dﬂ/z)\/g)

and this corresponds to a simulator evolution time
tim = t/@* = O<t2d+2£‘l),

which is uniform in the system size.

The key physical insight that allows us to sidestep the
issue of the diverging light cone as @ — 0 is that the light
cone predicted by the Lieb-Robinson bound upper bounds
the spread of a local observable for any initial state of the
ancillae. However, in the analog quantum simulation
experiment, the ancillae are initialized to |0)—moreover,
they are strongly damped by the amplitude damping
channel applied on them and, thus, remain approximately
in |0) throughout the evolution of the simulator. At a
qualitative level, restricting the quantum states of interest to
only slightly excited ancillae results in a much slower
growth of the light cone on the quantum simulator than
predicted by a direct application of the Lieb-Robinson
bounds [Fig. 2(c)]. Our key technical contribution in the
proof of Proposition 2 is to make this expectation precise
by combining the rigorous adiabatic elimination of ancillae
developed in the proof of Proposition 1 together with the
Lieb-Robinson bounds for dissipative systems [43].

Steady state under rapid mixing.—Similarly, we can
consider the quantum simulation of long-time dynamics of
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local observables that are rapidly mixing in a geometrically
local Lindbladian. Rapidly mixing Lindbladians were intro-
duced in Ref. [45] as the dissipative counterparts to gapped
Hamiltonians. It has been established that the fixed points of
rapidly mixing Lindbladians have properties similar to those
of ground states of gapped Hamiltonians, such as the stability
of local observables to local perturbations in the Lindbladian
[45,46] and a mutual information area law for the fixed point
[51], and have also been proposed as a key tool to rigorously
define phases of mixed many-body states [52].

More specifically, a local observable O in a spatially
local Lindbladian £, with a unique fixed point o, is
considered to be rapidly mixing if it converges exponen-
tially fast to Tr(Oo); i.e.,

ITr{0e[p(0)]} = Tr(00)| < k(IS0

7)er (@)

where S, is the support of observable O, |S,| is the number
of lattice sites in Sy, (i.e., its volume), k(,y) is O[poly(/)]
for a fixed y, and, for some k > 0, O[exp(y™*)] as y — O for
a fixed [. The parameter y controls the rate of convergence
of the local observable to the fixed point. Such observables
have a well-defined thermodynamic limit both for dynam-
ics and in the fixed point [45]. For observables and spatially
local Lindbladians that satisfy Eq. (4), we establish that the
w needed to estimate the observable, at any time ¢, depends
entirely on the precision required in the observable and is
uniform in both system size n as well as time .

Proposition 3 (rapid mixing dynamics—noiseless simu-
lator run-time). Suppose L is a d-dimensional geometri-
cally local Lindbladian and O with ||O]| <1 is a local
observable supported on O(1) lattice sites satisfying rapid
mixing [Eq. (4)]. To achieve an additive error ¢ in the
expectation value of O at time ¢ with the analog quantum
simulator, we need to choose

o — ®<y(d+1/2)(;<+1)\/g)’

which corresponds to a simulator evolution time

i = 1/ = O(t}/‘<2"+1)(l<+1>g—1)‘

Since rapidly mixing local observables [Eq. (4)] are
within € of their fixed-point expectation value Tr(Oo) in
time # = O(y~**+1) + ©(y ' log(¢™")), an immediate con-
sequence of the run-time bound in Proposition 3 is that
analog quantum simulators can be used to efficiently
simulate such observables. More specifically,

Corollary 3.1 (rapid mixing fixed points—noiseless
simulator run-time). For a d-dimensional geometrically
local Lindbladian, an analog quantum simulator can com-
pute the fixed-point expected value of a rapidly mixing

local observable O [Eq. (4)], with ||O| < 1, to precision &
in simulator evolution time:

ti = O (},—(2d+2)(x+1)8—1 log(e™! )> ‘

The proof of this Proposition 3 builds on the proof of
Proposition 2 together with an application of the rapid
mixing assumption in Eq. (4). To show that @ can be
chosen to be uniform in time, we separately analyze the
error incurred by the quantum simulator in the short-time
and the long-time regimes. In the short-time regime, the
observable error is estimated using Lieb-Robinson bounds
with the same approach used to prove Proposition 2, and in
the long-time regime the error is bounded using the rapid-
mixing property [Eq. (4)].

Quantum advantage.—Propositions 2 and 3 show that,
for the specific problem of spatially local Lindbladians,
significantly better run-time bounds that are uniform in the
system size can be obtained when compared to the general
setting addressed in Proposition 1. However, this immedi-
ately raises the question of whether we even expect a
quantum advantage over classical algorithms in these
restricted settings. In our next proposition, we show that
there is indeed complexity-theoretic evidence for quantum
advantage with respect to physically relevant problem
parameters even in these restricted settings.

Proposition 4 (rapid mixing fixed points—noiseless
quantum advantage). There cannot exist a classical algo-
rithm that can, for every geometrically local 2D Lindbladian
and a corresponding rapidly mixing local observable, com-
pute the fixed-point expected value of the local observable to
additive error ¢ in time poly(y~', '), unless BQP = BPP.

Again, since from Eq. (4) it follows that rapidly mixing
local observables reach a precision ¢ in time f=
O[y~*+ log(¢71)], Proposition 4 also implies the hardness
of measuring local observables in dynamics, as is made
precise by the following corollary.

Corollary 4.1 (geometrically local dynamics—noiseless
quantum advantage). There cannot exist a classical algo-
rithm that can compute every local observable at any given
time 7 in every 2D Lindbladian to additive error ¢ in time
poly(z,e7!) unless BQP = BPP.

Our proof of Proposition 4 follows the strategy of
encoding any given quantum circuit on N qubits and depth
poly(N) into the unique fixed point of a 2D geometrically
local Lindbladian on n = poly(N) six-level qudits.
Furthermore, we also exhibit a local observable whose
expected value in the fixed point determines the probability
of a Pauli-Z measurement on the first qubit of the encoded
circuit resulting in a 1. Since every decision problem in the
BQP class can be solved by measuring only one qubit at the
circuit output, this encoding establishes an equivalence
between the classical hardness of simulating a poly(N)
depth quantum circuit and the fixed point of a geometrically
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TABLE L.

Summary of the upper bounds on the simulator run-time for the problems considered in Propositions 1-3, as well as the

classical hardness results for these problems following from Proposition 4.

Problem

Simulator run-time

Quantum advantage

General Lindbladian and observable (dynamics)

O(e™'M1t) + O(e7'M?1?)

+0(e” M| Hyy| )

Geometrically local Lindbladian on Z¢,

local observable (dynamics)
Geometrically local Lindbladian on 74,

rapidly mixing local observable (Dynamics)
Geometrically local Lindbladian on 74,

rapidly mixing local observable (fixed points)

O +2e71) No poly(t,e7") classical algorithm
ford>?2
O(ry~(=tD@d+1) =1 No poly(t,y~", &™!) classical algorithm
ford>?2
O(y~(K+1)2d+2) =1 Jog (1)) No poly(y~!, e7!) classical algorithm
ford >2

local 2D Lindbladian. With this encoding, we can see that if
there indeed existed a classical algorithm to obtain a rapidly
mixing observable in the fixed point of a geometrically local
Lindbladian to a precision ¢ in time polynomial in both y~!
and 7!, then these parameters could be chosen as poly-
nomials of N such that the encoding Lindbladian and local
observable would also satisfy Eq. (4), and, thus, we would
obtain a classical algorithm to simulate any poly(N) depth
quantum circuit, implying BQP = BPP.

Our key technical contribution to the proof of Proposition
4, therefore, is an encoding of a quantum circuit on N qubits
and of depth poly(N) into the fixed point of a geometrically
local 2D Lindbladian, as well as a rigorous analysis of the
convergence of the resulting Lindbladian to its fixed point.
This builds on Refs. [47,48]. In particular, in Ref. [47], the
authors demonstrated a strategy to encode a given quantum
circuit into the unique fixed point of a 5-local (but not
geometrically local) Lindbladian and analyzed the spectrum
of the Lindbladian to assess its convergence to the fixed
point. We extend this construction to geometrically local 2D
Lindbladian by adapting the construction provided in
Ref. [48], where the authors encoded a quantum circuit into
the unique ground state of a 2D geometrically local
Hamiltonian. Furthermore, we provide a detailed conver-
gence analysis of the 2D geometrically local Lindbladian,
which is significantly different from the analysis of the gap of
the geometrically local Hamiltonian constructed in Ref. [48].

The simulation times of the noiseless quantum simulator
for all of these problems and complexity-theoretic limi-
tations of classical algorithms are summarized in Table I.

2. Noisy setting

Next, we address the stability of the quantum simulation
protocol to noise in the quantum simulator. The notion of
stability in quantum simulation tasks has been considered
previously in Ref. [25]—a physically meaningful and
stable quantum simulation task is one in which, in the
presence of a constant rate of error 6 on the simulator, the
error in the observable being measured is perturbed only by
an amount £(8) < O(8°) for some ¢ > 0 dependent on the
error rate 6 and does not grow with the number of qudits in

the simulator. The observable can, thus, be computed to a
hardware-limited and system-size-independent precision,
€(6), on a noisy quantum simulator. A stable quantum
simulation task is a special computational task where the
quantum simulator avoids an accumulation of errors
incurred on all the qudits—such an accumulation would
typically yield an observable error that grows not only with
0, but also with the system size n, and would be a worst-
case scenario for the performance of the quantum simulator.
Importantly, for stable many-body simulation tasks where
the observables additionally have a well-defined thermo-
dynamic limit, a noisy quantum simulator can simulate the
thermodynamic limit to a hardware-limited precision f(5).

We start by considering a concrete but general and
realistic error model for the analog quantum simulator.
There can be two sources of errors—coherent errors on the
quantum simulator which lead to the incorrect configura-
tion of Hamiltonian interactions between different qudits or
incoherent errors that arise from the interaction of the
simulator qudits with an external environment. In order to
model both of these sources of errors, we assume that the
quantum simulator implements the Lindbladian L, ;
instead of the Lindbladian £, with

‘Cw,é = ‘Cw + 5./\/, (53.)

where § is the error rate and N is itself a spatially local
Lindbladian given by

M/
N=3N, (5b)
f=1

where each term N\ 4 1s a local Lindbladian acting on the
system and ancillaec and the number of these terms M’ <
O(n) with n being the number of qudits. We may consider §
to be the error rate, since it mediates the strength of N,
which describes decohering interactions with an environ-
ment. We assume the normalization || A4||, < 1. In general,
Np(X) = =i[vp, X] + 37, Dy, ,—the Hamiltonian term vy
in V. s corresponds to coherent errors in the quantum
simulator that perturb the Hamiltonians, and the jump
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operators Q; 5 can model different incoherent errors in the
Lindbladian.

We now revisit the problem of computing local observ-
ables in dynamics and fixed points and analyze how the
presence of errors and noise effects the results of the
computation. We show that the analog quantum simulator
is stable for both the problem of local observables in
dynamics of geometrically local Lindbladians as well as
that of rapidly mixing local observables in fixed points. In
the next two propositions, we establish that the quantum
simulator is robust to both coherent and incoherent errors
—in particular, we show that, in the presence of hardware
error at rate 0, we can pick the parameter @ dependent on
0, and uniform in the system size, to obtain a precision & in
the observable that also scales as O(5°), for some constant
¢ > 0, and is uniform in system size. More specifically,
for the problem of dynamics of geometrically local
Lindbladians, we establish the following.

Proposition 5 (geometrically local dynamics—noisy
simulator precision and run-time). Suppose L is a d-
dimensional geometrically local Lindbladian and O with
[lO]| <1 is a local observable. Then, in the presence of
noise with noise rate 9, the expected local observable at
time ¢ can be obtained to a precision & = O(8/224+1),
independent of the system size, with the analog quantum
simulator. Furthermore, to obtain this precision, we need to
choose @ = ©(5'/%), which results in a simulator run-
time tgy, = t/@* = O(t57'/?).

We establish a similar stability result for the problem of
long-time dynamics of rapidly mixing observables [defined
in Eq. (4)]; i.e., these observables can be obtained on
quantum simulators to a precision ¢ that scales as poly(§)
and is independent of the system size n as well as the time ¢.

Proposition 6 (rapid mixing dynamics—noisy simulator
precision and run-time). Suppose L is a d-dimensional
geometrically local Lindbladian and O with ||O|| < 1is a
local observable supported on O(1) lattice sites satisfying
rapid mixing [Eq. (4)]. Then, in the presence of noise with
noise rate o, the expected local observable at any time ¢
can be obtained to a precision & = O(§'/2y~Kk+Dd+1),
independent of n and ¢, with the analog quantum simu-
lator. Furthermore, to obtain this precision, we need to
choose @ = ©(5'/4), which results in a simulator run-
time tgy, = t/@”> = O(t57'/?).

For rapidly mixing observables, Eq. (4) implies that,
after t > O(y~*+Dlog(e7!)), the expected value of the
observable at time ¢ is e-close to its fixed-point expected
value. Consequently, from Proposition 6, it immediately
follows that the problem of measuring the fixed-point
expectation value of such observables is also stable to
errors. More specifically, we obtain the following.

Corollary 6.1 (rapid mixing fixed points—noisy
simulator precision and run-time). Suppose L is a
d-dimensional geometrically local Lindbladian and O with
[|O]] €1 is a local observable supported on O(1) lattice

sites satisfying rapid mixing [Eq. (4)]. Then, in the presence
of noise with noise rate 9, the fixed-point expected value of
the local observable can be obtained to a precision
e = 0(8'/2y~ &+ D2d+1) ‘independent of n, with the analog
quantum simulator with a simulator run-time tg, =
O(y~®s71210g(s71)) + O(y~ Vs 2 log(y ™).

Quantum advantage with errors.—Even for a stable
quantum simulation task, the observable of interest cannot
be determined to an arbitrary precision on a noisy quantum
simulator but only to a precision &(6) < O(56¢) for some
¢ > 0. Furthermore, the settings where we have been able
to establish stability of the analog quantum simulator are
also settings where the observables being computed have a
well-defined thermodynamic limit and, thus, become
asymptotically independent of the system size. To compare
the performance of the noisy quantum simulator with
classical algorithms for such problems, we take the
perspective laid out in Ref. [25]—since we are considering
problems where the observables have a well-defined
thermodynamic limit, and this limit is the quantity of
interest to be computed, we cannot study the classical and
quantum computational time of such observables as a
function of system size (which has been implicitly taken
to co). The relevant parameter with respect to which we can
measure the computational time is the obtained precision—
since the precision on a noisy quantum simulator, with
noise rate &, is limited to &(5), we ask if there are families of
problems

(i) that are stable and as 6 — 0, the noise-limited

precision &(5) in the observables also — 0 and

(i1) the scaling of the (best) classical algorithm run-time

with respect to § is at least superpolynomially worse

than the scaling of the analog simulator’s run-time

with respect to 6.
Explicitly, if the run-time of the analog simulator scales as
Ol[poly(671)] to achieve the hardware-limited precision
£(8) and the run-time of the (best) classical algorithm
scales as superpoly(6~') to reach the same precision, then
the noisy quantum simulator provides a superpolynomial
advantage over the classical algorithms. Stated differently,
this notion of quantum advantage implies that as the noise
rate 0 is reduced the classical algorithm would find it
superpolynomially harder to compute the observable to the
noise-limited precision.

Our main result is to show that this notion of quantum
advantage holds for certain families of problems of
computing local observables in the dynamics or fixed
points of geometrically local 2D Lindbladians that are also
stable to noise on the quantum simulator. In particular, we
consider the following problem for fixed points.

Problem 1. For a, k > 0, given a family of geometrically
local Lindbladians L) and rapid mixing local observables
0(5), indexed by 6 — 0, such that the observable satisfies
Eq. (4) with y~! < 0(5/[100<+1)]) | compute the expected
value of O in the fixed point of Ls).
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TABLE II.

Summary of the results from the analysis of noisy open quantum simulator for the dynamics and fixed points of

geometrically local Lindbladians. The table lists the estimates of noise-limited precision and simulator run-time as a function of the noise
rate § that follow from Propositions 5 and 6, as well as the family of problems as a function of § where there is expected to be no
poly(6~") classical algorithm. The O in the last row suppresses polynomial factors of log(y~"') and log(5~").

Noise-limited Simulator No poly(6~") algorithm
Problem precision run-time for (in 2D)
Geometrically local Lindbladian on Z¢, O(8'/2124+1) 0(1571/%) 1= 0(5%1/10)
local observable (dynamics) for any a > 0
Geometrically local Lindbladian on Z¢, 0(51/2y—(K+1)(2d+1)) 0(;5—1/2)
rapidly mixing local observable (dynamics)
Geometrically local Lindbladian on Z¢, 0(51/2y7(f<+1)(2d+1)) O(},—(K+1)5—1/2) yl= 0(50!*1/[10(%1)])

rapidly mixing local observable (fixed points)

for any x, a > 0

Proposition 7 (rapid mixing fixed points—noisy quantum
advantage). A noisy analog quantum simulator with noise
rate § can solve Problem 1, with parameters a and «, to a
noise-limited precision O(5***+1) (which — 0 as § — 0).
Furthermore, there cannot exist a randomized classical
algorithm with run-time poly (") that can solve Problem 1
to the same precisions for every given a, x unless
BQP = BPP.

From a physical standpoint, the constraint
y~! < O(s /0D - for @ < 1/[10(k + 1)], simply
states that a quantum simulator with lower noise can be
used to simulate the fixed-point expected value of a rapidly
mixing local observable that takes longer to reach its fixed-
point value while still obtaining a hardware-limited pre-
cision which decreases polynomially with é. This propo-
sition, which rigorously proves the notion of noisy
quantum advantage laid out in Ref. [25], follows almost
directly from the quantum-circuit-to-2D-Lindbladian
encoding developed for the proof of Proposition 4. The
only additional detail in proving this proposition is to show
that, given any quantum circuit on N qubits with depth
T = poly(N), the encoding Lindbladian can be embedded
into the family of problems considered in Proposition 7
while accounting for the additional constraint on y. We
show that this is possible simply by choosing @ and «
depending on the degree of the polynomial of N describing
the depth 7 and then choosing N depending on & as
N = poly(6~"). This implies that if there did exist a
poly(67!) classical algorithm to simulate this family of
problems for any a, ¥ > 0, then it would necessarily also be
able to simulate an arbitrary poly(N) depth quantum
circuit, thus implying BQP = BPP. Furthermore, we also
establish an implication of Proposition 7; i.e., a similar
notion of quantum advantage holds for the problem of
dynamics of local observables. More specifically,

Problem 2. For a > 0, given a family of geometrically
local Lindbladians L), local observables O s, and evolu-

tion times 75, indexed by 5 — 0, such that 75, < O(5°7"/17),
compute the expected value of O 4 after evolving under L 5
for time 7(5) when all the qudits are initially in a product state.

Corollary 7.1 (geometrically local dynamics—noisy
quantum advantage). A noisy analog quantum simulator
with noise rate o can solve Problem 2, with parameter «, to
a noise-limited precision O(5°*) (which — 0 as § — 0) in
simulator run-time O[poly(5~!)] and there cannot exist a
poly(6~") randomized classical algorithm to estimate this
local observable to the same precision for every given
a > 0 unless BQP = BPP.

We summarize the results pertaining to noisy quantum
simulation of geometrically local Lindbladians in Table II.

B. Numerical example

As an illustrative example of the analog quantum
simulation and the impact of noise on the simulator, we
study the analog quantum simulation of a Gaussian fermion
model. We choose a Gaussian fermion model since it can be
numerically simulated efficiently for large system sizes
[14,53], allowing us to verify the scalings predicted by
Propositions 1, 2, 4, and 5. We consider a family of target
Lindbladians on n = 2L 4 1 fermions arranged on a 1D
lattice and described by the Hamiltonian

L

L
Hyo =Y K(ala,, +He)+ Y J(aa, +He),
x=-L x=-L

where a, is the annihilation operator on the fermionic mode
at x and we assume periodic boundary conditions and,
therefore, set a,_;, | = a,__;. We associate one two-
fermion jump operator per site x, L,, given by

LX = loax + ﬂ,]ax+l.

The parameters J, K, Ay, and A, specify the model. We
consider the problem of measuring the observable O given by

1
0= - ZX:a};ax,
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FIG. 3. The particle density observable O in the fixed point of
the dissipative fermionic system as a function of the coupling
parameter J, while setting K = 1, 4; = 1.1, and 1 = 1. The inset
shows the convergence of the particle-density observable to its
thermodynamic limit. Note that, due to the fast convergence of O
to the thermodynamic limit, the curves for n = 21 and 41 overlap
with each other.

which measures the particle density (i.e., the particle number
per unit lattice size), in the fixed point of this dissipative
system. Figure 3 shows this observable as a function of the
parameter J—atJ = 0, since the Hamiltonian H g is particle
number conserving and the jump operators annihilate any
fermions on the lattice, the particle density in the fixed point
is 0 and becomes nonzero when J # 0. Furthermore, as
shown in Fig. 3, this observable also has a well-defined
thermodynamic limit and converges exponentially to
this limit.

To perform a quantum simulation of this model, as
described in the previous subsection, we introduce ancillary
fermions with annihilation operators b, and couple them to
the system fermions. The quantum simulator dynamics is
given by the Lindbladian

0.2

Observable O

o
=

0.0

0.0000 { &

L,(X) = =i?[Hyo X] + (4D, (X) — io]V... X)),
(6)

where V, = biLX + Libx. The quantum simulator
becomes increasingly accurate as @ — O—this is numeri-
cally demonstrated in Fig. 4(a) for different system sizes,
where we compare the expected value of O in the fixed
point of the simulator Lindbladian £,, to its expected value
in the fixed point of the target Lindbladian £. Furthermore,
the scalings of the observable error incurred on the
quantum simulator with the system size n and the param-
eter @ are studied in Figs. 4(b) and 4(c). We note from
Fig. 4(b) that, for a fixed w, the observable error saturates
on increasing the system size. This uniformity with system
size is consistent with our expectation from Proposition 3.
Furthermore, consistent with Proposition 3, Fig. 4(c) shows
that the observable error, in the limit of large system size,
scales polynomially with .

Next, we add noise to the quantum simulator and analyze
its impact on the performance of the quantum simulator. We
consider single-site depolarizing noise acting on the fer-
mions at a rate 6—this can be theoretically modeled by
assuming that the quantum simulator has a Lindbladian
Lw,é:

Los=Ly+ 52 (Trx(-) ® % - id). (7)

Such a Lindbladian has Hermitian jump operators that are
quadratic in the fermionic annihilation and creation oper-
ators and can be simulated following the formalism in
Ref. [14]. In Fig. 5, we numerically study the deviation in
the observable O computed in the fixed point of £,, s from

(c)
n — oo
| J=05
107
=
£
53 107
[
2
e 1072 107!
<
>
5 | n—oo
@ 107
) J=5
o
1074
5 10 15 20 10-2 o1
System size n @

FIG. 4. Numerical studies of the performance of the noiseless analog quantum simulator described by Eq. (6). (a) The particle density
observable as a function of J—the solid line shows the target (ideal) observable, and dot-dashed lines show the observable measured on
the quantum simulator for different w. (b) The observable error incurred by the quantum simulator as a function of the system size,
indicating that the error becomes independent of n as n — 0. (c) The observable error for large n as a function of @, showing that the
error scales polynomially with @ (note that both the axes are shown on log scale).
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FIG. 5. Numerical studies of the performance of a noisy quantum simulator described by Eq. (7). (a) The dependence of the particle
density observable on @ with the dashed line indicating the target observable. In the presence of noise, there is an optimal @ depending
on ¢ at which this error is the lowest. (b) The (smallest) observable error as a function of the noise rate 8, as well as the choice of w that

yields this error.

its expected value in the fixed point of £. Figure 5(a) shows
the dependence of the measured observable on the param-
eter @ in the presence of noise. For a fixed &, unlike the
noiseless case, reducing @ no longer results in an increas-
ingly accurate simulation. We instead observe that there is
an optimal @, that is dependent on &, at which the noisy
quantum simulator best approximates the target observable.
Figure 5(b) shows the scaling of the observable error at this
optimal point with the parameter 0. Consistent with
Proposition 6, we see that the observable error becomes
independent of the system size n as n — oo, and the error in
the large n limit scales polynomially with 6. The choice of
o that achieves this optimal error is also shown in Fig. 5,
and we see it too becomes independent of n as n — oo and
scales polynomially with & consistent with Proposition 6.

III. NOTATION AND PRELIMINARIES

Given a Hilbert space H, we denote by L(H) the set of
bounded linear operators from H — H, define M(H) to be
the set of the bounded Hermitian operators from ’H — H, and
define D (H) as the set of valid density matrices on H. We
typically use the T superscript to indicate the adjoint, or
Hermitian conjugate, of an operator or superoperator.
However, in some cases, more compact expression can
obtained by using the following notation—for some operator
or superoperator X, we define X(-) := X and X(*) := X
Furthermore, we use + = — and = = +. For example,
X® .= X for u = —

While dealing with mixed states and their dynamics,
it is often convenient to adopt the vectorized notation,
where we map operators on a (finite-dimensional) Hilbert
space to state vectors via p = . ;i |if)(i.| = [p) =
> i, Pivi,lin, ir). Superoperators, such as Lindbladians or
channels, map to ordinary operators in this picture. Given
an operator X € M(H), we define X;, X, € M(H ® H) by

Xilp) = (X®I)|p) = Xp) and X,|p) = (I ® XT)p) =
[pX). X;(X,) can also be interpreted as a superoperator
which left (right) multiplies its argument with X, i.e.,
X,(Y) = XY and X,(Y) = YX. A Lindbladian superoper-
ator £ specified by a Hamiltonian H and jump operators

{Latacqin. my

M

1 .
—i[H.X] + (LaXLl -5 {x L,;La}) ,

a=1

L(X) =

can be vectorized:

L= +Z< a[Lar

a=1

La,l =+ La,rle»r)> .

The adjoint of the Lindbladian (with respect to the Hilbert-
Schmidt inner product) £ is given by

LH(X) = i[H,X] +Z<LLXL {Lf,L,,,X}).

a=1

The adjoint of the Lindbladian, by definition, satisfies
Tr[AL(B)] = Tr[LT(A)B] and L'(I) = 0. In the vectorized
notation, £ is expressed as

L= Z( L La,+La,,Ll,,)>.

Norms.—||Al|,, denotes the Schatten p-norm of an
operator A. We denote the operator norm, which is also
the Schatten-co norm, by ||A|| without a subscript.
[ Al )~y =maxo o) =1 [[A(O)], indicates the norm of

a superoperator .A. We define the completely bounded norm
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of a superoperator A as Al o, = sup,lA®
id,|| ,—,- The diamond norm is the completely bounded
1 = 1 norm—for the diamond norm, we use the standard
notation [ Al = [[Al|p1-1-

Lattices in this work are lattice graphs. d(x,y) for two
lattice sites x and y denotes the Manhattan distance
between x and y, i.e., the graph path length to reach y
from x. We write the distance between a set of lattice sites S
and a single site x as d(S,x):=min,eg[d(x,y)]. The
distance between two sets of lattice sites S; and §, is
accordingly d(S;,S,) := min,cg, yes,[d(x,y)]. The diam-
eter of set of lattice sites S is written diam(S):=
maXxeS,yeS[d<xvy)]‘

For two real-valued functions f(x) and g(x), we write

indicates that there exist C, xo € R such that f(x) > Cg(x)
for all x > xq. Finally, f(x) = ©[g(x)] indicates Q[g(x)] <
f(x) < O[g(x)].

For notational conciseness, we often use a shorthand for
a list of indices—the list {m,m + 1,m + 2...n} is abbre-
viated as [m:n].

IV. ANALYSIS OF THE NOISELESS SIMULATOR

A. Rigorous adiabatic elimination of the ancilla
We begin with analyzing the analog open quantum
simulator in the absence of any noise. Supposing system
qudits S starts in the state p(0) at time ¢ = 0, we wish to
simulate the state p(t) = ¢“'p(0). To begin the analysis, we

e ' set up equations of motion for Try(p, (1)) and
f(x) < O[g(x)] to indicate that the.:re' exist C,xo € R such Tr 4(6,p,(1)). Following from the definition of £,
that f(x) < Cg(x) for all x > x,. Similarly, f(x) > Q[g(x)] Eq. (A2), we have that
|
d .
dt TrA pw = _lwz Z Ol vTrA(O-a pw( ))] - lwz[Hsnyr.A(pw(t))]’ (88')
a uye{+,-}
d
ETIA(Gapu)(t)) = _2TrA(6apa)(t)) - iwLaTrA(pa)(t» i® [Hsys’ TrA(Uap(u + a)ZEa od (Sb)
d + .
ETrA(apr(t)) = 2Tr 4(00p (1)) + iwTr 4(p, (1)) LE — iw 2[H gy, Tr 4 ( oupe(1))] + wZEa 2 (1), (8¢)
|
where analyze the remainder R, (¢) defined by
. d
l{Low TrA(”apw(t))} a=d Rw(t) = ETI‘A<pm(I)) - a)z‘cTrA(pw(t))v (10)
Ea =9 =i S LY Try(0,0"p0(1))] a#d
ue{+-} which can be physically interpreted as the error in the rate
9) of change of the reduced state of the system qudits S on the

with n, = ol}aa being the excitation number operator for
the ath ancillary qubit.

To develop concrete error bound on the deviation of the
quantum simulator and the target dynamics, we carefully

Lemma 1. For any t > 0, the remainder R, (¢) satisfies

Ro(0) =’ e g, 0t 3 3 [T
a jefl2} «a

analog quantum simulator compared to the target
Lindbladian. The next lemma provides an expression for
R, (t), which we repeatedly use throughout this paper
while analyzing the analog quantum simulator. This
expression follows directly from Eq. (8)—a detailed proof
of this is provided in Appendix A.

s)ds (11a)

Oy, ()ds +ot 3 3 [ei
16{34} a,d
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where

da = _DLa LO(O)],

1, .
Q1) = = (L. [0 Tra(oap, ()] + He.

i
Qif;l(r) —E[LL,La[h,TrA@w(t»n+H.c.,
Q¥ =+ " Dy (1LY Tra(6l py (1))
u€{+ -}
Ifa=d,
oW, () = 2(D, - D, (T
a_a/(t) w2( L(’x La){ r.A(napw(t))}'
If a#d,
Q) =~— Z L LY Trg(0l 6% po (1))]).
el{(r -}

To theoretically analyze the fidelity of the quantum
simulation, we thus need to provide an upper bound on
IR(#)||; which - 0 as @ — 0. From the expression

provided in Lemma 1, we see that the terms QSL%,

0%, oY%, and Q%

sys a,a?
depend on the operators Tr4(n,0, (1)), Tra(c.p (1)),
Tr A(Ui,a,,pm(t)), and Tr(6,04p,(1)). We expect these
operators to be small—to see this physically, we note that if
all the ancillae were exactly in |0) at time 7, then all of these
operators would be exactly 0. In the analog simulation, the
ancillae are only weakly coupled to the system, with the
coupling strength ~w, while simultaneously being strongly
damped. Thus, we could expect the ancillae to never be

significantly excited during the simulation, and, conse-

quently, we expect the operators QS Ly Q((f},y QE: s

which contribute to the remainder,

a,d”’

and

Ql(ji, to be small. The next lemma translates this physical

intuition into a rigorous upper bound.

Lemma 2. Suppose p,,(1) is the joint state of the system
and ancilla qubits with the ancilla qubits initially being in
state |0), and then for all a, o

||Tr.A(0-apw( ))”l = 2 and

2
|1’ ||Tr./4<6(16a/pa)( ))Hl - 4

||TrA (O-Zlaa’pa) (t))

To obtain these upper bounds, we develop a set of input-
output equations for the ancilla-lowering operator ,. These
are analogous to the input-output equations used in
quantum optics [49]. We provide a detailed proof of the
lemma in Appendix A—to illustrate the basic idea behind

the proof, we explicitly bound ||,p,(7)|/,.- We begin by
noting that

0apo(t) = Eo(t, 0){0q,(1)[p(0)]},

where £, (t,s) = %) is the channel generated by the
Lindbladian of the quantum simulator and o,,(f) is a
superoperator defined by

Ga,l([) = 8(7)1 (t’ O)Ga,lgw(t’ 0)’

where, as defined in Sec. III, o,,;(X) = 6,X is a super-
operator that left multiplies its argument by ¢,. We can now
obtain a “Heisenberg-like” equation of motion for o, ,(7):

d

Ega.l(t) =

= _iw‘g;} (t O)[ Oals al _Va.r]gw(t’o)
+4E5'(1,0)[64,, Dy, )€, (1,0)

= - 26(1.[0)

g;l (t’ O) (Ga,l’cw - Ewaa,l)gw(t’ 0)

—
=

- ia)gu_yl<t’ O)La,l[aa,lv : ]gw (t 0)
where in obtaining (1) we use the fact that ¢, ; commutes
with V, , (since it left multiplies while V, , right multiplies)
and with itself and that [, ;. D, | = 6,,/2. Integrating this
equation, we can obtain that

Ol (t) = e_ztga.l

Ciw /’ o=2(-8)
0

which can be considered to be an input-output equation for
0, since it relates its action on the quantum state at time 7 to
its action on the initial state at ¢t = (0. Now, since o,
annihilates the initial state, i.e., 6,0(0) = 0, we obtain that

g(j)l (S, O)La,l[aa.h O-Z,,[]Ew(sﬂ O)dS,

Gap(u(t)
- """/ " 29E, (1, 5) (Lalow. 0L1E, (5. 0)[p(0)])ds.
0

We can now bound Tr 4(o,p,,(t))—in particular, using the

fact that || [0, 04] | < 1. |[ L, ]| < 1 and that ||€,,(z, s)(X)||; <
[IX|l; G.e., trace norm is contractive under application of
quantum channels), we obtain that

! ()
I Tra(0apu()]l; < w/o e 2=|p(s) | ds = 5

which is the bound provided in Lemma 2. A similar
procedure can be followed to obtain bounds on

||TrA(O-Zlaa’pw(t)) || 1 and HTrA(aao-a’pm(t)) H I
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Proposition 1, repeated. With all the ancillae initialized
to the state |[0) and for any time 7> 0, |[p(r)—
Tr 4(p,,(t/@?))||; < & can be obtained with

£l/2
w=0 ,
((M + 4M||H |t + 4M2t)1/2>

which implies that the required simulation time on the
simulator tg,, = t/@* scales as

Lsim

. <Mt + 4M || Hy| 7 + 4M2t2>
. .

Proof. We note that the remainder defined in Eq. (10),

— @ LTr 4(p, (1)) = Ry (1),

T (0)

can be integrated to obtain
t t/w? )

Tea(pu( ) ) =o0+ [ et Ry (5)as
@ 0

where p(t) = e“'[p(0)] is the target state to be simulated.
Using the contractivity of the trace norm under the quantum
channel ¢£!, we obtain that

)

We can now use the explicit expression for R, in Lemma 1
together with Lemma 2 to bound || R, (s)||,; term by term.
Consider first the bound on g,—note that, since ||L,|| < 1,

(12)

t/w?
< / [Ro(s)llhds.  (13)

1

lgall; <2. Next, consider bounds on ||Q((l’1>Lj,y(s)||1 for
j€{1,2}—we obtain that

8
||QaH,yS(S)|| EHHsySHHTr.A(O-a Pu)Il; < 4| Hys,
192, I < Lk LalHoys Tralpu (D] < 4]yl

sys
Similarly, a bound on ||Qa (5|, can be obtained via

3 1
190 @)l <= > 4|[Tratepy ()] <4

ue{+-} !

Consider next || Q,(ji /(8)[|,—for a # o/, we obtain that

4 4 a) (i@
1906 <=5 > [ Traiel ()], <4.

1
w uu' €{+,-}

For a = o/, it similarly follows that

18a(), = i”(DL; = Dp,)(Tra(nape (1))l

’ooE

7 ”Tr.A( apa)(t))Hl <4
CU

With these bounds, we obtain that
R ()1
< MMate™ 4 o / 72 (M| Hiy, | + 8M2)ds
0
<2Mw*e™ + 4AMa's(||Hyys| + M).

Using this bound on || R, (s)||, together with Eq. (13), we
obtain that

),

< (Mw?* + 4Ma?||Hyy |t + 4M*0?t),

from which the theorem statement follows. ]

B. Geometrically local models

In this subsection, we confine ourselves to geometrically
local models, which frequently appear in the study of
many-body open quantum systems in physics. We make the
assumption that the system S consists of a set of n qudits
arranged on a lattice Z? and the target Lindbladian £ is
assumed to be of the form

L= L,

a

(14a)

where L, is a Lindbladian correspond to a jump operator
L, ie.,

L4(X) = =ilhy. X] + Dy, (X). (14b)
with ||[L,|| £ 1 and Hamiltonian h, with ||A,|| < 1. The
operators L, and h, are assumed to be supported on qudits
in S,, which has a maximum diameter of a:

S,) = max d(x,y) <a

diam( max
’, a

Such models are known have a finite velocity at which
correlations can propagate across the lattice, formalized by
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the well-known Lieb-Robinson bounds. While originally
derived for geometrically local Hamiltonian (i.e., closed)
systems, Lieb-Robinson bounds have been extended to
open quantum systems [43]. Below, we quote a Lieb-
Robinson bound from Ref. [44], which we use in the
remainder of this section. To compactly express this bound,
following Ref. [44], it is convenient to define the degree of
a subset S C 7%

ds = {alSy NS # @} and Z = maxd(S,).

0dg 1s, thus, the number of terms in the Lindbladian that act
on the qudits in S, and, consequently, Z is an upper bound
on the number of terms in the Lindbladian that intersect
with any one term in the Lindbladian. For notational
convenience, given a set S C 79 of lattice sites, we define

_Os
’15—2-

The Lieb-Robinson bound from Ref. [44] is precisely
stated below.

Lemma 3. Suppose K is a superoperator supported on
region Sy and satisfies K(/) =0, and O is a local
observable, with ||O| < 1, supported on region S, and
then

. d(Sy, S
1K= (O)]] < 15, K] ep o X (4le . (’C))
! a

The superoperator K that typically arises in our analysis
throughout this paper would be either commutator C(X) =
[K, X] with some operator supported on Sy or the adjoint of
a Lindbladian supported on Sy, ie., K= [I}'C for a
Lindbladian superoperator L. Both of these examples
can be seen to satisfy () = 0.

As we outline in the rest of this section, while analyzing
quantum simulation of both dynamics and fixed points our
strategy is to use Lieb-Robinson bounds to obtain an upper
bound on the remainder calculated in Lemma 1 that is
uniform in the system size n (the total number of qudits in
the lattice). However, we note that the remainder expres-
sion, unlike the Lieb-Robinson bound given in Lemma 3,

has contributions from terms such as QS{L and Q((j() " that

involve the consecutive application of two superoperators
supported on two different regions of the lattice. Motivated
from this observation, we need a Lieb-Robinson bound that
accounts for the application of two superoperators on a
Heisenberg picture observable as opposed to a single
superoperator. We provide this in the lemma below, and
it follows straightforwardly from the Lieb-Robinson bound
in Lemma 3.

Lemma 4. Ky and KCy are superoperators supported on
regions X and Y such that Ky(/) =Ky(I) =0 and
diam(X), diam(Y) < a; then, for any local observable O,
with ||O|| < 1, supported on region S,

IKCxKyel " (0)

< ens, H,CXch,oo—»oo ||’CY||cb,oo—>oo

X exp <4eZt - i [d(X,Sp)+d(Y, SO)]> )

1. Dynamics

With the two Lieb-Robinson bounds in Lemmas 3 and 4,
we can now analyze the remainder expression given in
Lemma 1 to obtain bounds that are uniform in the system
size n when we are interested in evaluating local observ-
ables. In particular, for a local observable O, let us consider
the error between its ideal expected value

(0)igear = Tr[Oeﬁ’(p(O))},

and the expected value on the quantum simulator after

evolving it for time t/w?,
t t
<0>Sim =Tr 0,0(0 ; =Tr OTrA Pw ; . (15)

Using the integral form of the remainder definition,

Eq. (12), we can express the error between (O)4.,; and
<0>sim as
‘<O>ideal - <O>sim|
t/w? )
—/ Tr(0e =" S)R ,(s))ds
0
1| [t s
——2/ Tr<0(t—s)TrA<Rw<—2>>>ds . (16)
[0 0 @

where O(r) = ¢£'(0) is the Heisenberg picture evolution
of the observable O under the farget Lindbladian £. Using
Lemma 1, we express the remainder R, (s) in terms of the

operators q,, QL (s), Oy, (), Q1) (s), and QL) (s)
and analyze the resulting terms individually. The next
lemma shows that applying the Lieb-Robinson bounds
in Lemmas 3 and 4 provides upper bounds on these
remainder terms that are uniform in the system size.
Lemma 5. Suppose O is a local observable with || O] < 1
supported on S, and for 7 > 0, let O(7) = exp(L7)(0),
where L is a geometrically local Lindbladian of the form in
Eq. (14). Then, for g, as defined in Lemma 1, there is a
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nondecreasing piecewise continuous function v such that
v(t) < O(1) as t > oo and

ST (0(0)4,)] < u().

a

and for j€{1,2,3,4}

Z Te(0(1) QY (5))| < 2(2),

where, for j € {3,4}, le)x, is defined in Lemma 1 and, for
Jje€{1,2}, we define Q((ljzf = Q((f}, where Q((l];l is defined
in Lemma 1.

This lemma follows directly from the application of the
Lieb-Robinson bounds. The proof of this lemma is detailed
in Appendix B, but we provide a sketch here. Consider first
> ITr(O(7)q,|—using the explicit expression for ¢, from
Lemma 1, we obtain that

Y ITr(0(2)ge = Y ITH[O(2)Lo(p(0))]]
= > [Tr[Ca(0(2)p(0)]]
=Y _lci(0@)l. (17)

Now, we can use the Lieb-Robinson bound in Lemma 3
together with ||£} <4 to obtain

E |Tr(O(z
. d(Sa’SO)
§4§ min | s, exp| 4eZr ———= |, 1.  (18)
a

||Cb,oo—>oo

However, the summation in the above equation is simply a
summation over an exponential over the lattice Z¢,
which will be convergent and independent of the size
of system. A careful analysis of this summation, per-
formed in Appendix B, yields that, as stated in the lemma,
it can be upper bounded by a nondecreasing function
which is O(z%). Similarly, as an example, consider

S TE(0(2) Q) (s))
for QS?;’

—by using the explicit expression

(s) from Lemma 1, we obtain that

Zd(Trw(r)Qif;«s»]

:_Z 3 m(0@)DL (LY. Teale pu(s)])

ad ue{-+}

=03 Y (DL () LY Tralolf o (5)

ad ue{—+}

Y Y

ad uef{-+}

DN AN

ad ue{-+}

L (0@). LY NTra(0l pu ()1

where in the last step we use Lemma 2. We can note that

both Dza and [-,Lgf)] are superoperators that are respec-
tively supported on S, and S, and have the identity
operator in their kernel. Thus, from Lemma 4, as well as

using the fact that ||Dza||cbm_)co, ILa" s ep.oomoo < 2, We
obtain that

Z|Tr(0(r) Qa (s |<22m1n (6775 exp <4€ZT

aa a.a

54 (5usS0) +d(51.50)) ) 1).

This summation, which is approximately a double sum-
mation of a two-dimensional exponential function on a
lattice, can again be analyzed and upper bounded by a
nondecreasing function that grows as O(z>?). The rest of
Lemma 5 can be proved similarly—the proofs are outlined
in detail in Appendix B.

Proposition 2, repeated. Suppose L is a d-dimensional
geometrically local Lindbladian and O with [|O| <1
is a local observable. To achieve an additive error
e in the expected local observable at time ¢ with the
analog quantum simulator, we need to choose w =
@(r~+1/2) re) which corresponds to a simulator evolu-
tion time tgy, = t/w* = O(124+2¢71).

Proof. The proposition follows by combining the expres-

sion of R,,(s) from Lemma 1 with Eq. (12) and then using
Lemma 5. Using Hy = > g has we first decompose

Hy = 2d ajh, for je{1,2}, where Q) /. is defined
in Lemma 1. For notational convenience, for j € {1,2} we
define QV), = QU) . From Eq. (IVA) and Lemma 1, it
follows that '
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O(1 = 5)q,)e™/" ds

_/z/(t—s) ‘25/“’ds+4a)//
: //

Sv(t)/ e/ ds + 4ar?
0

| < > ideal —

where in (1) we use Lemma 5—in particular, the fact that
v(t) is a piecewise continuous function and, thus, can be
integrated to give a legitimate upper bound. In (2), we use
the fact that the function v(¢), introduced in Lemma 5, is an
nondecreasing function. Noting, again from Lemma 5,
that v(1) < O(¢?), we obtain that [(O)igen — (O)gim| <
@?O(t***1)—consequently, to attain a precision &
in the simulated observable, we need to choose w =
O(t~(4+1/2)1/2) which corresponds to a quantum simula-
tion time of tg, = O(242¢71). "

2. Long-time dynamics and fixed point

Next, we consider the problem of simulating long-time
dynamics and fixed-point values of a local observable that
is rapidly mixing for given a spatially local Lindbladian. As
outlined in Sec. IT A, a local observable in a spatially local
Lindbladian £, with a unique fixed point o, is considered to
be rapidly mixing if it satisfies, for any initial state p(0),

[Tr(0e(p(0)) = Tr(Oo0)| < k(|Sol.7)e ™",
where k(1,7) is a function that is poly(/) for a fixed y and
exp[O(y )] for a fixed [. Since the rapid mixing condition
is satisfied for any initial state p(0), it can equivalently be
reformulated in the Heisenberg picture

10(2)

where O(r) = ¢£'(0) is the Heisenberg-picture observ-
able corresponding to O. For the problem of simulating
such rapidly mixing observables at time ¢ in geometrically
local Lindbladians, we show that the @ required is uniform
in both system size and time. This also allows us to use the
quantum simulator to approximate the fixed-point expect-
ation value of the local observable.

To establish this result, we start from Eq. (19) for the
observable error, analyze it term by term, and provide a
bound uniform in f. The key lemma that we establish,
which is the counterpart of Lemma 5 for dynamics, is the
following.

Lemma 6. Suppose O is a local observable with ||O]] < 1
supported on S, and for 7 > 0, let O(r) = exp(L'7)(0),

= Tr(00)I|| < k(|Sol.7)e™, (20)

RS

/ / 25/ =)Te(O(1 - 5) QY (s'))ds’

=1 ad

2(s/w*—s") (f— S)dS/
2

2s/w*=s") gg! < %y([) + 20?12 (1), (19)

where L is a geometrically local Lindbladian of the form in
Eq. (14). Furthermore, suppose O is rapidly mixing with
respect to £ and satisfies Eq. (20) with k(|Sol,7) <

Olexp(y™)] as y — 0. Then, for ¢, as defined in
Lemma 1,
t
> / Tr(O(t = 5)gq)e™/" ds| < 0?21 (y),
- 1Jo
where  A)(y) < O(y~¥*+)) as y—0; and for
Jje{1,2,3,4}
O(t = 5)QY, (') 2/ =) 4’ dis
().

where A2 (y) < O(y~4+D+D)) a5 y -0 and for
j€{3,4}, Q<’), is deﬁned in Lemma 1,

j€{1,2}, we define Q¥ = Qa n, Where Qa , is defined

a,a

and for

in Lemma 1.

Importantly, this lemma establishes bounds on the error
terms appearing in Eq. (19) that are uniform in time r—this
is a consequence of not only the spatial locality of the target
Lindbladian, but also an explicit accounting of the rapid
mixing of the target observable [Eq. (20)]. We provide a
detailed proof of this lemma in Appendix B—below, we
illustrate how we obtain bounds uniform in z. The key idea
is instead of using the Lieb-Robinson bounds to obtain an
upper bound on the observable error for any time, we use it
for only short times and use the rapid-mixing property
[Eq. (20)] to upper bound the observable error for long
times. For instance, consider upper bounding

>

[¢4

t 2
/ Tr(O(t — 5)q,) e/ ds

0

s)qa)e_z(‘_s)/‘”zds . (21)

Suppose ¢, is a time cutoff for separating long times from
short times, which we choose later and possibly allow it to
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vary with @. We then split the integral with respect to time
in Eq. (21) into a short-time integral e5(z,t,) and a long-
time integral e5(7,1,), i.e

< ex(t,

to) + €z (1 o),

t
/Tr(O(s)qa)e_z(’_s)/“’zds

0

where

65(1’, ta) = and

min(z,t,) )
/ Tr(O(s)q,)e 2=/ ds
0

13
/ Tr(O(s)q,) e 2=9)/2" ds|.

min(t,,)

e;(t ta) =

The short-time integral e (7, 7,) can be analyzed similar to
the case of dynamics—more specifically, proceeding sim-
ilar to the analyses in Egs. (17) and (18), we obtain that

) )

(1) d(S,, S
<2’ min (7]50 exp (4eZta - M), 1) . (22)
a

ez (1.1q)

< 2w’ min <n50 exp <4eZ min(z, )

where in (1) we use the fact that min(rs, exp(4eZs —
d(S,,Sp)/a), 1) is a nondecreasing function of s.

Next, for bounding the long-time integral e3(7,1,), we
explicitly use the rapid-mixing property of O [Eq. (20)]—
in particular, we note that for

Tr(O(5)q4)]
= |Tr((O(s) — Tr(Oo)I)
< |Tr((O(s) — Tr(Oo)I)

qa) + Tr(00)Tr(q,)|
qq)| + |Tr(q,)||Tr(O0))|

(1)

<[|0(s) = Tr(0o)| |||,

(2)

<4k(|So|.7)e, (23)

where in (1) we use the expression for ¢, from Lemma 1 to
obtain Tr(gq,) = Tr(L,(p(0))) = 0 and in (2) we use the
fact that, by assumption, O is a rapid mixing observable
and, hence, satisfies Eq. (4). Now, note that if t <1, [or
min(z,1,) = t],

ez (t,t,) = 0.

On the other hand, if 7 > 7, [or min(¢, t,) = t,],

$)qq) e/ ds

ez (1, t,) /|Tr

t
§4k(|So,Y)/ e o= 2(1=3) /@ g

t(l

! 2
< 4k(|S0‘, y)e_yta / e-2(t—s)/m~ds

la

< 20%k(|Sp|. 7)e . (24)
Furthermore, it is also true that, for z > z,,
Z(1,1,) / ITr(O(s5)qy)|e~20=9)/ ds
< [ l0lllaulhe = ds <202 (25
Iy

Combining Eqgs. (23)—(25), we obtain that, for any ¢, ¢,

ez(t,t,) < 2w* minlk(

yy)e " 1]. (26)
We note already that the bounds on both the short-time
integral [Eq. (22)] and the long-time integral [Eq. (26)] are
independent of the time ¢, but instead depend on the time
cutoff 7, that separate long times from short times. We can
now choose 7, in such as a way that _, e5(7,2,) and
>, €x(t,1,) are uniform in system size. A specific choice
for ¢, is to choose them to be

1

t —d(S,, S

a 8€ Za ( a 0)

i.e., choose the time cutoff to grow with distance of S, from
the observable. With this choice, we note that

S es(t.,)
a

< 20)22 min (7]50 exp (— W) l),
a
Z a(t.14)

d(S,, S
<2w22mm< (IS0l y)exp( %),1),

both of which, since they are sums of a decaying expo-
nential function on a lattice, converge and are independent
of the system size. As is shown in Appendix B, the other
error terms can be analyzed similarly. Furthermore, a more
careful analysis of these summations allow us to also
calculate their scaling with the parameter y to obtain the
exact upper bounds quoted in Lemma 6.

With Lemma 6, we can now establish the following
proposition.
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Proposition 3, repeated. Suppose L is a d-dimensional
geometrically local Lindbladian and O with ||O]| < 11is a
local observable supported on O(1) lattice sites satisfying
rapid mixing [Eq. (4)]. To achieve an additive error ¢ in the
expected local observable at time ¢ with the analog quantum
simulator, we need to choose

w = @(y(‘”l/z)(KH)\/E),
which corresponds to a simulator evolution time
tim = 1/@? = Oty (TN =1y

Proof. This proposition can now be proved by directly
combining Lemma 6 and Eq. (19)—in particular, we obtain
that, for any time #,

[{O)igear = (O)im| < @? (AN (r) +422)(7)).

In the limit of y -0, we obtain that [(O)gen—
(O)gm| < @?O(y~ 4D+ Thus, to obtain a
precision ¢ in the simulated observable, i.e., to achieve
1{0)ideal — (O)gim| <&, we need to choose =
@(81/2},(d+1/2)(K+1)). -

C. Quantum advantage over classical algorithms

As discussed in the previous subsection, for the problems
of simulating local observables in constant time dynamics
for spatially local Lindbladians as well as in long-time
dynamics and fixed points for rapidly mixing Lindbladians,
an analog quantum simulator can be very efficient, even
obtaining a run-time that is independent of the system size.
It is a natural question to ask if these problems are hard to
solve on a classical computer, so that we can expect a
quantum advantage with the analog quantum simulation
method discussed so far. In this section, we establish that,
subject to the complexity assumption of BQP # BPP, we
indeed expect superpolynomial advantage with a quantum
simulator applied to both of these problems.

The separation between the run-time of the analog
quantum simulator and classical algorithms is proven based
on a technique to encode a quantum circuit on N qubits and
of depth T = poly(N) into the fixed point of a geometri-
cally local Lindbladian in two dimensions. This problem

(a)

has been previously addressed for 5-local (but not geo-
metrically local) Lindbladians [47]. A related line of work
encoded a quantum circuit on N qubits and of depth
poly(N) into the ground state of geometrically local
Hamiltonians, starting with Hamiltonians in two dimen-
sions [48,54], followed by Hamiltonians even in one
dimension [55]. We build upon the techniques developed
in Ref. [47] for quantum-circuit-to-5-local-Lindbladian
encoding and in Ref. [48] for quantum circuit to 2D
spatially local Hamiltonian encoding and encode a quan-
tum circuit into the fixed point of a 2D spatially local
Lindbladian. Furthermore, one of our key technical con-
tributions is to establish that the resulting Lindbladian has a
mixing time of at most poly(N), where N is the number of
qubits in the circuit, and that its depth is poly(N). More
precisely, we consider circuits of architecture shown in
Fig. 6 and establish the following.

Lemma 7. Suppose we are given a quantum circuit C on
N qubits with architecture shown in Fig. 6(a) and with R
rounds of gates. Then, there exists a two-dimensional
spatially local Lindbladian £ on a N x R grid of six-level
qudits with a unique fixed point ¢, as well as a local
observable O such that

1
Tr(Oa) = ZN,—RZ(Z,

where z. is the expected value of a Pauli-Z operator on the
last qubit at the output of C. Furthermore, for any initial
state p(0) of the two-dimensional grid of qudits,

le“[p(0)] = &lly < co(N. R) exp[—ro(N. R)1],

where ¢y(N, R) = O{N°R?exp[O(NR)]} and yo(N,R) =
O(N3R73).

The circuit is described in terms of rounds instead of
layers due to the nature of the circuit-to-2D-Lindbladian
encoding scheme which we describe in Appendix C.
However, we point out that this circuit architecture
(Fig. 6(a)) is not restrictive—any quantum circuit on N
qubits and depth poly(N) can be expressed in this format
with at most poly(N) rounds. Furthermore, we also note
that, while the Lindbladian in Lemma 7 is on NR qudits, it
can trivially be embedded into the center of an infinite grid

®) o

Round 1 Round 2

O OO O0OO0OO0O0
Circuit to O 0 00,0000
Lindbladian o o ¢< _____ % 6 o
encodin ‘
&£ oo, e}e)
© 0 O, 00
— @/\/ o O o lle)
O OO O0OO0OO0OO0OO0
Round R 6600000

FIG. 6. Circuit architecture of the circuit being encoded into the geometrically local Lindbladian. In each round, the unitaries are
applied in sequence, first on the first qubit, then on qubits 2 and 3, then on qubits 3 and 4, and so on.
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of qudits where the qudits other than these NR qudits are
uncoupled and experience only a single-qudit Lindbladian
with a unique fixed point [Fig. 6(b)]. The observable O in
Lemma 7 will then have a well-defined thermodynamic
limit and N, R will effectively become parameters of the
Lindbladian on which the observable O depends instead of
being the system size.

For quantum circuits with R = poly(N) rounds, Lemma
7 shows that it takes time ¢ = O[poly(N) log(e~!)] for the
encoding Lindbladian £ to converge e-close to its fixed
point ¢. Then, measuring the local observable O to a
precision of 1/(2NR) = 1/poly(N) effectively measures
the Z operator on the last qubit at the output of the quantum
circuit. Since, for any decision problem in the BQP
complexity class, measuring the Z operator in the last
qubit is the only required measurement for solving the
problem, Lemma 7 indicates that being able to take a local
observable in the fixed point of any spatially local two-
dimensional Lindbladian, even restricting to the class of
Lindbladians that converge to the fixed point in time that
scales at most polynomially in the system size, is a
sufficient resource to perform an arbitrary quantum com-
putation. The construction of this Lindbladian closely
follows the circuit-to-Hamiltonian-ground-state mapping
presented in Ref. [48]. We detail this construction and the
calculation of its fixed point as well as analysis of the
convergence rate of the Lindbladian to its fixed point in
Appendix C. Based on this lemma, we obtain the following
proposition.

Proposition 4, repeated. There cannot exist a classical
algorithm that can, for every geometrically local 2D
Lindbladian and a corresponding rapidly mixing local
observable, compute the fixed-point expected value of
the local observable to additive error & in time
poly(y~!,&!), unless BQP = BPP.

Proof. Assume the contrary, i.e., that there is a random-
ized classical algorithm that can obtain the fixed-point
expectation of a rapidly mixing local observable to an
additive error ¢ in time poly(y~!, e7!). In such a case, any
decision problem € BQP could be solved with this algo-
rithm. To see this, note that the decision problem para-
metrized by the problem size m could be solved by
measuring one qubit at the output of a quantum circuit
on N = poly(m) qubits with R = poly(m) rounds. By
Lemma 7, the expectation value of the Pauli-Z operator
on the output qubit in such a quantum circuit can then be
embedded into the fixed-point expectation value of a
rapidly mixing local observable with y~! = poly(m).
Furthermore, as given by Lemma 7, the expected of value
of this observable is 1/(2NR) < O[1/poly(m)] times
smaller than the expected value of the Pauli-Z operator
and, thus, needs to be computed to an O[l/poly(m)]
precision to effectively simulate the encoded circuit.
Since this can be done with a randomized poly(y~!, &)

classical algorithm in poly(m) time, we contradict the
complexity assumption of BQP # BPP. [

V. STABILITY TO ERRORS
A. Stability analysis

Next, we consider the impact of noise on the quantum
simulator. We consider the model of the noisy quantum
simulator given in Eq. 5—the quantum simulator
Lindbladian, in the presence of errors, is given by

Los=1Ly+8Y Ny,
5

where N/ 4 18 a Lindbladian acting on the system qudits and/
or the ancillae in a geometrically local region S},. We
assume that the subset S;g at most intersects with Z’ other
subsets S;, or S,, where S, are the subsets of system qudits

on which the target Lindbladian is defined [i.e., Eq. (14)].
More specifically, for all 3,

B SynSy # @} + {a:SynS, # @} < 2.

In the remainder of this subsection, we carefully analyze
the error incurred in using the noisy quantum simulator.
Our goal would be to show that, despite the hardware error
rate 0 # 0, the quantum simulator can still obtain local
observables to a precision that depends only on the
hardware error rate and not on the system size.

Our analysis of the stability relies strongly on the
extension of Lemmas 1 and 2 to the noisy setting, i.e.,
where the quantum simulator dynamics are described by
the Lindbladian in Eq. 5. In particular, as is shown in
Appendix D, Lemma 1 can be modified to obtain an upper
bound on the remainder R, (), corresponding to the time
evolution of the noisy quantum simulator, i.e.,

Roat) = £ T0alpal1)) = 0?LTe a0y 5(0).

More specifically, we obtain the following.
Lemma 8. If the ancillae are initially in |0), then

Rus(t) = Ry (1) + 63 K (1)
p

2 t .
+ 52 Z o’ / e_2<’_S)ICg}3(s)ds,
0

af j=1

where R, (1) is as defined in Lemma 1 but with p,, = p,, 5
and
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= TI‘A(N/;’(pa),ﬁ(t))’

= —i[L{, Tr (0, N s(pws))] + He.,

K1) = (LA L Tea W p(pas(1))] + He.

Another key ingredient in the stability analysis is the
following modification of Lemma 2, whose proof is
presented in Appendix D.

Lemma 9. Suppose p,, 5() is the joint state of the system
and the ancilla qubits with the ancilla qubits initially being
in the state |0); then, for all a, @/,

||Tr¢4(6apw,5(t))”1 S % + Z/(S and

v ITea(ebogpn () <

||Tr.A (Gaaa’pwﬁ (t))

0* wZ's
i,

Z's.
4 2 +

It should be noted that, on setting the hardware noise 6 to 0,
the bounds in Lemma 9 reproduce the bounds in the
noiseless case obtained in Lemma 2.

Dynamics.—Next, we can analyze the modified remain-
der provided in Lemma 8 term by term and explicitly use
the Lieb-Robinson bounds (Lemmas 3 and 4) to obtain
bounds that are uniform in the system size. We first
establish an extension of Lemma 5 to the noisy setting.

Lemma 10. Suppose O is a local observable on the
system qudits with ||O| <1 supported on S, and for
7> 0,let O(7) = exp(L7)(0), where L is a geometrically
local target Lindbladian of the form in Eq. (14). Then, for
q, as defined in Lemma 1, there are nondecreasing piece-
wise continuous functions v and v/ such that v(1),/(¢) <
O(t?) as t — oo and for v <2

Z|Tr
Z’Tr

a, (l

7)q.)| < v(r) and

262
au’ ))’S<1+ @

where, for j€{3,4}, Q((I{l, is defined in Lemma 1 with

46Z'
+— >1/2(T),
(0]

Po = Pos and, for j€{1,2}, we define QY = V)

where Q(% is defined in Lemma 1 with p, = p,s.
Furthermore,

Z‘Tr(o(f)/c;‘”(s)‘ <V(c) and

> |tro@rls)] < W@,
af
where IC( and IC 5 for j€{1,2} are defined in Lemma 8.

In this lemma, the bounds on >, |Tr(O(r)q,)| and
> we |Tr(O(7) Q((l] 21, (s5))| can be obtained by closely follow-
ing the proof of Lemma 5 but with an application of Lemma 9
instead of Lemma 2. To obtain ), |Tr(0(r)lC/<;0) (s)], we
note that, since O(z) = exp(£L7)(0) is an operator that acts
entirely on the system qudits,

Tr(O(0)K (5)] = Tr((O(%) @ LN (pao(5))]
= [Tr(N3(0(2) ® 14)P0.s(5))]
< IW(0(r) ® Ly)]| = [INE(0())].

where A}, defined by N;(X) = N3(X @ 1), is a super-
operator acting entirely on the system qudits. Although N } is

not necessarily the adjoint of a Lindbladian superoperator
(like V), it has the identity (on the system qudits) in its

kernel, ~i.e., N /T,(I ) = 0. Furthermore, since N/ /; is supported
on S’ﬂ, N ; is supported only on the system qudits contained in

Sfj, which we denote by S}; Now, with an application of the
Lieb-Robinson bounds (Lemma 3), we obtain that

d(S0.8,
|Tr(O(T)IC/(,0) (s)] <min <;750 exp <4le—(OT/}>> , 1> ,

<INVl <1.

ch,c0—00 —

where we use that ||N;\|

ch,c0—>0
This bound immediately yields an upper bound on

>4 [Tr(0()K
size, since it reduces it to the summation of a decaying
exponential on a lattice. An analysis of the scaling of this
upper bound with 7, together with similar bounds on

D oap |Tr(0(r)ng’}(s)|, is provided in Appendix D.

Proposition 5, repeated. Suppose L is a d-dimensional
geometrically local Lindbladian and O with ||O]| <1 is a
local observable. Then, in the presence of noise with noise
rate J, the expected local observable with the analog
quantum simulator can be obtained to a precision
e = O(6'%£2%+1). Furthermore, to obtain this precision,
we need to choose w = @(5'/4), which results in a
simulator run-time tg, = t/w?> = O(t57/?).

Proof. Given a local observable, the error between the
target expectation value (O),,, and the expectation value
obtained on a noisy simulator, (O),, can be bounded by
Eq. (16), with the modified remainder R, s from Lemma 8
instead of R,,:

( )| which is uniform in the system
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|<0>target - <0>sim‘ -

4

/ O(t — 5)q,)e >/ ds —|—a)222
j=1 ad
b R
EZ Tr O(t—-s)K ds +—2
p = ﬂ

) Z 482!
5/ l—S 25/ w* ds + 4w? / / < + 5
[

A oo (3)

t s/w? )
/ / 205/~ Te(O(1 — 5)QY), (s'))ds'ds
0

s/m
2(s/ar~s' Tr(O(t—s)lC 5(s")ds'ds

>e‘2(‘9/w2—sl)1/2(t —s)ds'ds

S s/w?
—2/ (t—s)ds +— Za)]// 2s/* =) y2 (1 — 5)ds'ds

t b t [s/o?
<u(t / 2/ g 4 = preid (t)/ ds + (4((02 +2w8Z' + 462" (1) +— (1 + w)z/%t)) / / e 261" =5) g ds
0 o 0 Jo

where in (1) we use Lemma 10 and in (2) we use the fact
that the functions v(r) and /() appearing in Lemma 10 are
nondecreasing in ¢. From this bound, which is uniform in
the system size n, it can be seen that, for a fixed ¢, a choice
of o scaling as ©(5'/*) minimizes the error [(O) yee—
(O)gm| as 6 = 0. Furthermore, with this choice of @, we
obtain an observable error of O(5'/%£24*1), as § — 0 and
t — oo, independent of the system size. [

Long-time dynamics and fixed point.—We now consider
rapidly mixing observables [Eq. (20)] and analyze stability
of these observables for long-time dynamics or fixed
points. For this, we establish the following modification
of Lemma 6 to the account for noise in the quantum
simulator.

Lemma 11. Suppose O is a local observable with ||O|| <
1 supported on Sy, and for z > 0, let O(z) = exp(L'7)(0),
where L is a geometrically local Lindbladian of the form in
Eq. (14). Furthermore, suppose O is rapidly mixing with
respect to £ and satisfies Eq. (20) with k(|Sy|,7) <
Olexp(y™)]. Then for g, as defined in Lemma 1,

>

a

<o (y),

t
/ Tr(O(1 — 5)q,) e/ ds

0

where  AV(y) < O(y~
je{1,2,3,4}

t fs/w? . ,
Z / / Tr(O(t — S)foi/(s’))e‘z(s/"’z‘s )ds'ds
0 Jo ’

a,a
225 425
< <1 + += )/1(2)(7/),
w w

detl)) a5 y—>0 and for

wv(t)—l—%(él( 2082 + 4522 () + 2 (1 + o)?
(0]

0+23/0) @)

where A2 (y) < O(y~4N0H) as ¥y -0 and, for
j€{3.4}, QY), is defined in Lemma 1 but with p,, —
Pws and, for j€{1,2}, we define oV — gl

a.a ahy’ where

Q((l’zl is defined in Lemma 1 but with p, = p, ;.
Furthermore,

| r{oean G))s

p
where Z((y) < O(y~@+DEH)) a5 y -0 and, for
je{1,2},

<¥0(),

o(t— s)lelj:;,(s’))e‘z(“/“’z_"/)ds’ds

aﬂ
< )@ (),

where '?)(y) < O(y~ R4+ a5 y — 0.

The proof of this lemma closely follows the same
strategy as the proof of Lemma 6 for the noiseless case
and is detailed in Appendix D. With this lemma, we can
then establish the stability of the quantum simulator while
simulating the long-time dynamics or fixed-point expect-
ation values of rapidly mixing observables.

Proposition 6, repeated. Suppose L is a d-dimensional
geometrically local Lindbladian and O with ||O]| <1 is a
local observable supported on O(1) lattice sites satisfying
rapid mixing [Eq. (4)]. Then, in the presence of noise with
noise rate o, the expected local observable at any time ¢ can
be obtained to a precision & = O(8'/2y~(<+1)2d+1) “inde-
pendent of n and ¢, with the analog quantum simulator.
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Furthermore, to obtain this precision, we need to choose
w = 0©(5'%), which results in a simulator run-time
tim = t/@* = O(t571/7).

Proof. To bound the observable error, we start from
Eq. (27) and use Lemma 11—we then obtain

‘<O>targel - <0>sim| < WQA(I)(V) + 4(602 +2Z'wé

)
+42'8)A0(y) + = A V(y)
@

o
+—(1+ o)V (y).
®

From this bound, which is uniform in the system size n, as
well as the scalings of A)(y) and A’)(y) from Lemma 11,
it can be seen that, for a fixed y, a choice of @ scaling as
©(5'/*) minimizes the error [(O) et — (O)giml as 6 — 0.
Furthermore, with this choice of @, we obtain an observable
error of O(8'/2y~(k+D2d+1)) a5 5 - 0 and y — 0, inde-
pendent of the system size. L]

B. Quantum advantage in the presence of noise

As shown in the previous subsection, even though the
dynamics and fixed point of geometrically local
Lindbladians could be stable to noise on the analog
quantum simulator, a noisy quantum simulator cannot
simulate observables perfectly but only to a noise-limited
precision. We now adopt the perspective in Ref. [25] and
ask if there is a family of stable Lindbladian problems
where a reduction in the noise rate d results in classical
algorithms requiring an superpolynomially longer time to
achieve this noise-limited precision. To show that these
problems exist (subject to the complexity assumption of
BQP # BPP), we leverage the quantum-circuit-to-2D-
Lindbladian mapping presented in Lemma 7.

We first consider the problem of rapidly mixing local
observables in the Lindbladian fixed point in 2D. From
Corollary 6.1, it follows that, given § > 0, as long as y~! <
O (5110011 for @ > 0, the noise-limited precision in
the estimated observable ¢ < O(5°***1)) - 0 as § — 0.
Physically, this corresponds to the intuitively expected fact
that a simulator with lower noise rate § can be used to solve
problems which have a smaller decay rate y (or, equiv-
alently, those that take longer to reach their fixed point)
without accumulating a large error. Now, using Lemma 7,
we establish that there cannot exist a classical algorithm
which for any a, k > 0 can compute the rapidly mixing
local observable to a precision of O(8***1) in time
poly(5~") unless BQP = BPP.

Proposition 7, repeated. A noisy analog quantum
simulator with noise rate 6 can solve Problem 1, with
parameters a, k, to a noise-limited precision O(8%(*+1))
(which — 0 as 6 — 0). Furthermore, there cannot exist a
randomized classical algorithm with run-time poly(5~!)

that can solve Problem 1 to the same precisions for every
given a, k unless BQP = BPP.

Proof. The estimate of the noise-limited precision and
the quantum simulator run-time follows immediately from
Corollary 6.1 of Proposition 6. We now show the classical
hardness of the sequence of problems defined in Problem 1.
Assume that such a classical algorithm did, in fact, exist—
then, we can use it to simulate the outcome of measuring an
output qubit in an arbitrary poly-depth quantum circuit. To
see this, suppose we had a quantum circuit C with
architecture shown in Fig. 6 on N qubits with R <
O(N™) rounds for some m >0. We can then use
Lemma 7 to produce a corresponding 2D geometrically
local Lindbladian £ and a rapidly mixing local observable
O which satisfies the rapid mixing condition [Eq. (4)] with
k =1/3 and y~! < O(N3("*+1), Being able to simulate the
local observable O to a precision of O[(NR)™!| =
O(N~+1) would allow us to estimate, up to an O(1)
additive error, the probability of the output qubit (which is
arbitrarily chosen to be the first qubit) to be in 1, thus
successfully simulating the quantum circuit.

Now, if we indeed had a classical algorithm that did
satisfy the conditions in the proposition, then for a small
6 > 0, we could use it simulate this Lindbladian for N
being chosen as a function, N, of § to satisfy the constraint
]/_1 < 0(6(1—1/[10(K+1)])’ ie.,

N;(mﬂ) <0 (5:1—3/40)’

and, to satisfy the requirement that precision & =
0(6*%+1)) be at least O[(NR)™'], we impose that

a —(m+1
520a/3 < O(Né( ))_

We note that both of these requirements can be satisfied by
using @ = 1/280 and Ny = ©(5~!/1#20m+1)]),

Thus, if there did exist a poly(6~!) classical algorithm to
simulate the rapidly mixing Lindbladian problem, even
with the constraint on y~! as stated in the proposition to
ensure a vanishing noise-limited error as 6 — 0, for any «,
k > 0, we could simulate the outcome of measurement of
an output qubit in an arbitrary poly-depth quantum circuit,
which would imply that BQP = BPP. ]

Similarly, we can use Proposition 7 to establish a similar
result for dynamics of geometrically local Lindbladians.

Corollary 7.1, repeated. A noisy analog quantum
simulator with noise rate é can solve Problem 2, with
parameter a, to a noise-limited precision O(5°*) (which
— 0as § — 0) in simulator run-time O[poly(5~!)] and there
cannot exist a poly(6~!) randomized classical algorithm to
estimate this local observable to the same precision for
every given a > 0 unless BQP = BPP.
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Proof. The estimate of the noise-limited precision and the
quantum simulator run-time follows immediately from
Proposition 5. To show the classical hardness of the sequence
of problems defined in Problem 2, note that if such a classical
algorithm did exist, then it could be used to simulate the
sequence of fixed-point problems in Proposition 7 to the
corresponding noise-limited precision corresponding to a,
k>0 by simply choosing 1 =0 **log(s7")]<
0[6%~"/1010g(57")], where o = (k + 1)a, thus implying
that BQP = BPP. n

VI. A FIRST EXPERIMENTAL PROPOSAL:
CORRELATION FUNCTIONS IN LINDBLADIAN
FIXED POINTS

Understanding how fast a many-body Lindbladian
reaches its steady state is a fundamentally important
question in the theory of open quantum systems and has
been of great recent interest. It is physically expected that
typical many-body Lindbladians reach their steady state
quickly, i.e., take O[polylog(n,e™")] time to reach a state
which is within ¢ trace distance of the fixed point or
O(polyloge™") for local observables to be within & error of
their steady-state value. However, the precise set of con-
ditions under which a Lindbladian reaches its fixed point
quickly, either at the level of a full state or at the level of
local observables, remains less well understood. While
several sufficient conditions are known, such as the
Lindbladian satisfying a log-Sobolev inequality or being
rapid mixing [45,56-62], it is generally difficult to deter-
mine if a specific Lindbladian fulfills these conditions. So
far, only Davies generators of 1D commuting Hamiltonians
[63,64] and the 2D Kitaev’s double model [65], high-
temperature Gibbs samplers for 2-local models [66], and
Lindbladians corresponding to Glauber dynamics of certain
classical Ising models [45,67,68] are known to reach
e-close to their fixed points in O[polylog(n,e~!)] time.
It is also not well understood if the rapid-mixing property
itself is stable, i.e., whether a rapid-mixing Lindbladian will
remain rapid mixing under a physically relevant perturba-
tion. Furthermore, several geometrically local Lindbladians
that are exceptions to rapid mixing have also been
discovered: It has been argued either using the Keldysh
path-integral formalism [69-71] or in exactly solvable
models of Gaussian fermions [72,73] that local
Lindbladians could have long-range correlated fixed points
(i.e., fixed points with correlation functions that decay
polynomially with the separation between the sites being
correlated) [74], which would imply that these local
Lindbladians are not rapidly mixing [58].

Since the correlation functions in a Lindbladian’s fixed
point are intimately linked with its mixing time, computing
or measuring these correlation functions can be used as a
probe to understand its mixing properties. A rapid-mixing
Lindbladian will necessarily have a fixed point with

exponentially clustered correlation functions [58], and a
Lindbladian with a fixed point with long-range correlation
functions cannot be rapid mixing. Numerical algorithms for
simulating many-body Lindbladians, such as those based on
tensor networks, can potentially be used to investigate this
problem and guide the identification of rapidly mixing
models and their properties—however, classical algorithms
for simulating Lindbladian fixed points remain restricted to
small system sizes and often to 1D models [74,75].
Consequently, this question could be potentially approached
with an analog quantum simulator capable of simulating
geometrically local Lindbladians. However, we would then
have to understand if noise in the analog simulator could
hinder our ability to distinguish between a short-range
correlated and a long-range correlated fixed point at practi-
cally relevant system sizes. The theoretical results presented
in Propositions 5 and 6 provide evidence for the fact that the
values of local observables in the dynamics and fixed point of
a rapidly mixing Lindbladian can be reliably obtained on a
noisy quantum simulator. In the remainder of this section, by
numerically analyzing a classically tractable family of
Lindbladians which exhibits both a long-range and a short-
range fixed point [72], we investigate if a noisy quantum
simulator can also distinguish between these two phases.

The model that we consider is shown in Fig. 7(a). We
consider a 1D system of n fermionic modes arranged with a
Hamiltonian H given by

1
H=2h)» n,+ (axach+yaxax+1+Unxnx+1—|—H.c.),

x=1 x=1
(28a)

where a, is the annihilation operator for the fermion at site
x and n, = aiax is the corresponding number operator.
Additionally, the chain of fermions is dissipated at the
boundaries with jump operators /', a; and /T a,,, where
I'; and I', are the dissipation rates at the left and right,
respectively. The full Lindbladian describing the system is,
thus, given by

L(X) =—i[H,X]+T,D, (X) +I)D, (X).  (28b)
At U =0, this model is exactly solvable using the
formalism in Ref. [53], while for U # 0, the model is
nonintegrable. Furthermore, while we study this problem
for fermions, it is equivalent to a 1D nearest-neighbor spin
model with boundary dissipation via the Jordan Wigner
transformation.

At U = 0 and when i < h, = 1 — 2, the steady state of
this system is long-range correlated, and, thus, the
Lindbladian is not rapid mixing. This is shown in the first
column in Fig. 7(b)—the steady-state covariance between
fermionic occupation numbers, cov(n.n,) = (n.n,)—
(n,)(n,), shows a transition from the state being short-range
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FIG. 7. (a) Schematic of the open 1D fermion chain model
described by Eq. (28). Solid lines indicate Hamiltonian (smooth)
and dissipative (squiggly) terms in the target model, and dotted
lines indicate noise. (b) Numerically computed occupation
covariance for pairs of fermions in the steady state of the noisy
fermion chain model with y = 0.5 and I',I"; = 0.5. For each
pair x, y of fermions, we plot [cov(n,n,)|. In the noiseless case
(6 = 0), there is a phase change from short-range to long-range
correlations as / is brought lower than , = 1 — y*> = 0.75. When
depolarizing noise is added (6 > 0), the phase transition point is
effectively “delayed” to lower values of h.

correlated when i > h_ to being long-range correlated when
h < h.. Next, we consider adding simulator noise to this
model—we do so by adding jump operators v/da, and v/5a}
at each site x, where 6 is the noise rate, and simulate instead
the fixed point of the Lindbladian Ls:

£5:£+5

X

(Ddx + Da; ) M
1

n

In the absence of the boundary dissipation (i.e.,
I'; =T’ = 0), this noise would have resulted in the system
being driven to the maximally mixed state in its steady state.
However, in the presence of the boundary dissipation (i.e.,
I}, Ty # 0), we find that the covariance function measured
on the simulator can still show the signature of a long-range
phase at 0 ~ 0.5%—1% at large system sizes (n ~ 160) as
shown in Fig. 7(b). Specifically, we observe that the quantum
simulator can show significant signatures of long-range
correlations when the system is deep inside the long-range
correlated phase [# = 0.4-0.6 in Fig. 7(b)], while near the
phase transition point (A = h,.), the presence of noise in the
simulator destroys the long-range correlations. Nevertheless,
these simulations indicate that a noisy simulator would be
able to detect long-range correlations in the steady state for
system sizes practically relevant for current experiments but
make a noise-rate limited error in detecting the point at which
the phase transition occurs.

For U # 0, the Lindbladian does not remain integrable
and the parameter regimes in which the Lindbladian is
rapid mixing have not been precisely delineated. Based on
the noise analysis for U = 0 discussed above, we con-
jecture that a noisy simulator should be able to detect the
existence of a long-range correlated fixed point in the
model and approximate, to a noise-rate limited precision,
the model parameters (4, Uy,y) at which this phase
transition occurs. We remark that our theoretical result
on the stability of fixed-point values of observables to noise
in the simulator (Proposition 6) does not directly apply to
this problem and rigorously ensure that a noisy simulator
can distinguish between a Lindbladian with a long-range
fixed point and one with a short-range fixed point—we
leave a thorough theoretical and numerical investigation of
this problem for future work.

VII. CONCLUSION

In conclusion, we have provided an analysis of analog
quantum simulation of physically motivated open quantum
system simulation problems. Our analysis developed tools
to study both a noiseless quantum simulator as well as a
noisy quantum simulator and provided rigorous accuracy
guarantees on the observables being measured on the
quantum simulator. Furthermore, we also provided com-
plexity theoretic evidence of classical hardness of the
physically motivated problems that we considered. Our
results provide theoretical evidence for the possibility of
using near-term quantum devices for solving physically
interesting and classically hard open system simulation
problems, while remaining stable to noise. Our paper also
introduces several new technical results that could be of
independent interest—the accuracy and stability guarantees
that we develop in this paper were based on developing
a mathematically rigorous adiabatic elimination analysis
that could account for Lieb-Robinson bounds, and the
classical hardness results were built on a quantum-circuit-
to-2D-Lindbladian encoding together with its convergence
analysis.
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Another promising direction investigating open system
simulation problems on analog simulators can be inspired
by Ref. [76], in which a protocol is proposed for verifying
quantum advantage on analog Hamiltonian simulators and
is shown to have some robustness to noise in the simu-
lation. This type of verification protocol is useful in the
scenario that the quantum simulator is not implementing
the claimed computation—either due to uncalibrated noise
or if the operator of the simulator is adversarial to the party
attempting to establish the presence of quantum advantage.
In our work, we make the physics-oriented assumption that
the simulator implements the simulation as defined and that
errors arise from noise that is well calibrated and known in
advance. In future work, we hope to determine if the
physically motivated universal quantum simulation prob-
lem we consider can also be efficiently verified in the same
sense as Ref. [76].

Our work leaves several important theoretical questions
open—most importantly, can we develop certifiable analog
simulation protocols for the analog simulation for the fixed
point of Lindbladians that are not rapidly mixing, and are
these protocols stable to errors? A possible approach to this
problem, which we leave for future work, is to identify a set
of reasonable assumptions on the spectrum of Lindbladians
that may not be rapid mixing but which still allow for
analytical results related to their stability. An alternative
could be studying Lindbladians showing dissipative phase

transitions numerically near the phase transition and under-
standing if (and which) local observables are stable.

Furthermore, another direction would be extending the
classical hardness results to 1D geometrically local
Lindbladians by encoding a quantum circuit in the fixed
point of such a Lindbladian, thereby making the case for
quantum advantage in simpler (i.e., 1D) experimental
setups. This should, in principle, be possible by adapting
the techniques developed for the corresponding result that
encodes a quantum circuit to the ground state of a 1D
Hamiltonian [55]. Furthermore, extending classical hard-
ness results to translationally invariant Lindbladians, along
the lines of similar results in Hamiltonian ground states
[77], also remains open.
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APPENDIX A: DETAILED PROOFS FROM SEC. 1V

Lemma 1, repeated. For any ¢ > 0, the remainder R,,(t) = (d/dt)Tr 4(p, (1)) — @*LTr 4(p,(t)) satisfies

Rau(1)

a je{l,z} a

where

— S gt ot Y Z/’e_z(t_s)g
0

i t .
S ()ds +ot 33 A 200U (5)ds,  (Ala)

je{34} ad

4e = =Dy, [p(0)].

1

Q1) = ==L [0 Tra(oupa (1)) + He.,

02 (1) = = L (Li Lalh. Tr gl (1))]] + Hec..

2

i u u
Q1) == 3" Do (LY Tealof po ().

ue{+.-}
, @) 2
fa=d,  Quu(t)=—5 (D = Dr)(Tralneps(r))-
1 ’ P =
If /’ (4)/ f) = —— Lg’“>’ L(L/‘),T ((x”) (@) t .
aFa Qa.a( ) ? Z { [ o rA(G Oy pw( ))H

e{+-}

Proof. In order to find R, (), we start from the equations of motion for Tr4(p,(¢)) and Tr (6,0, (7)) as given in

Egs. (8a) and (8b). We first integrate Eq. (8b) to obtain
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Tey(oupu(t)) = Ate_z(r—s) (—ia)z[HSys,TrA(aapw(s))] iwL,Tr 4(p,(s)) + wZEaa ) (A2)

where we use the fact that 6,p,,(0) = 0, since the ancillae are initialized in |0). Next, we note that, from integration by parts
and the expression for (d/dt)Tr 4(p, (7)) in Eq. (8a), it follows that

, 1 -2t 1 [t d
/ 2L Tr(p(5))ds = 5 LaTra(po (1) = - LoTra(pu(0)) = / 2L, S Try(p, (s))ds
; 7 2 2 Jo ds

1 e iw* [t (1)
= _LaTrA(pa)(t)) - TLaTr.A(pw(O)) - TA & La[Hsysv TI'A(pm(S))]dS

2
t
%;Aﬂwmmm, (A3)
where
Faw(s)= D LJLY . Tra(cp,(s)))- (A4)
ue{+,-}

From Eqgs. (A2) and (A3), we now obtain that

iow iw
TrA(Gapw(t)) - _ELaTrA(pw(t» +76_2[Lap(0>

+ At e=2(1=5) (—ia)2 [Hys. Tt 4 (0404, (5)))] =

3

(1) 2
7 —L [Hsy51TrA pw +Z<wEaa + Faa’( )))ds
(A5)

We now consider the remainder R, (¢)—using the definition of the remainder [Eq. (10)] together with Eq. (8a), we obtain
that

Rolt) = ST a(p (1)) = @2 LTea(py (1) = (il Tra(oup, ()] + He) = 02D, Tra(p, (1)), (A6)

It follows from Eq. (AS5) that

_iw[le’TrA(gapw(t))] = _%[le9thTrA(pu)(t))] +a; _ZI[LJ;?Lap( < L(I’ HsysvTr.A( apw( ))}
—%MLMMU% ﬂz<u, H2m’<®%r (A7)

Using Egs. (A6) and (A7), we note that —[L%, LTr 4(p,,(s))]/2 + H.c. = D;,, and so arrive at

Ro(1) = Z(w%-mqaw‘ / 209 Q) (5) + o' Qlh (5)) )wz / 2997 (5) + QL (s))ds

where
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1
=5 [La Lop(0)] + He.,
1

Qi (1) 1= =~ (L [Hyys. Tra(0,00 ()] + Hee.,

gy

9a

Ok, (1) = =3 (L LofHiy Tra(py ()] + Hee.,

Q% (1) == 2‘—0’) [Lh. Fow(r)] + He.,

4 i +
Q(a,gc’(t) = _E [L(Zy Ea,a’(t)] + H.c. (A9)
The expressions for g, Qé{l)"bys(t)’ QS}IWS(;), QS(L(t), and Q,(fi,(t) can be seen to be the same as those provided in the
lemma statement. _

Lemma 2, repeated. Suppose pw(t) is the joint state of the system and the ancilla qubits with the ancilla qubits initially
being in state |0); then for all a, o

2

w
||O-apw(t)||l < 5 and ||TrA(O-IlUu/pw(t))||l’ ||TrA(0(16a’pm(t))”l < Z

Proof. The proof of the bound on ||6,p, (7)||; is provided after the statement of Lemma 2 in Sec. IV A. Here, we bound
ITr g(6069po(1)|| and || Tr 4(6,64p,(1))|| for any a, . It is convenient to define the “Heisenberg-like” picture of any
operator or superoperator O to be O(t) := £,'(1,0)0&,(t,0). Accordingly, we may write in vectorized form that, for
ue{-,+},

(04 (1)0w (1)) = [o6n(t)oy (1), L,,(1)] = —doan(t) — iwLy (1)6% (1)ouan(t) + uioLio(1)os,,(1)ow (1),

where we interpret the subscripts as — = [, 4+ = r and 65 := [o,, o-j,] is the Pauli-Z operator acting on ancilla qubit a.

(u)

Integrating the above equation, we obtain a relation between a(%(t)aa_l(t) and 64,0,

t , u
oun(t)0,(t) = e ooy + i / e (=L ()05, (1) olia(t) + LG ()05 (V)0 (1))
; ,

We express the bound on ||Tr A(o-,(,")oa/pa,(t))||1 in vectorized form using the above equation as

H<<TTA|0{(;,{1)0a’.1|Pw( O, = €T A€, (2. 0)0au(t) o0, (1) (0N
< a)A’ e =0 (|| (Tr 4|, (2, O)La’,l(ﬂ)aﬁg,z(f')af{fﬁ(t’)|p(0)))||1

+ ITeAlE, (1, OV LU 0% ()00 (1) [P(O)D ], it (A10)

where we use the assumption that p(0) is initialized with all ancilla in vacuum to apply 6,/ ,|p(0))) = 0. Using the bound
l6ap0(t)]|; < @/2 for any a from the first part of Lemma 2 in conjunction with the contracting effect of channels on the 1-

norm, we have ||lo,,(2)|p(0))]|;. low-(£)|p(0))]l, < @/2 for any a and ¢ > 0. Inserting these bounds into the above
equation and applying the assumption ||L,|| < 1, we find

u t n(o o *
ITr 4(04 oap(1))] < w[) eH=1) <2 +2> dr <. (A11)
The lemma statement is obtained by either setting u = — or u = +. =
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APPENDIX B: DETAILED PROOFS OF LEMMAS FROM SEC. IV B

Throughout this appendix, we focus on geometrically local Lindbladians introduced in Sec. IV B. These are Lindbladians
of the form

L= L.

a

where we assume that £,(X) = —ilh,, X] + D, (X) for operators , and L, supported on S,,. Furthermore, we assume that
diameter diam(S,) < a for all @, and the degree d(S,) = {d': S, N Sy = @} < Z for all a. As mentioned in Sec. IV B, a
key ingredient in our analysis is the Lieb-Robinson bound from Ref. [44].

Lemma 3, repeated. Suppose K is a superoperator supported on region Sy and satisfies K(/) = 0, and O is a local
observable, with ||O|| < 1, supported on region Sy; then

d(Sg. S
K= (O)] € 1, oo exp 21~ 45507,

An immediate consequence of this lemma is the following modified “two-point” Lieb-Robinson bound.
Lemma 4, repeated. Ky and Ky are superoperators supported on regions X and Y such that Cx (1) = Ky(I) = 0 and
diam(X), diam(Y) < a; then, for any local observable O, with ||O|| < 1, supported on region S,

1
Ky (O < et e Kl emcse5p (620 = 5 0K S0) 4 d(Y.50)]).

Proof. Note that

9(So)
Z

. 1
HICX]CYecTt(O)” < ||ICX||cb,oo—>oo||ICYe£ t(0>|| < ||’CX||cb,oo—>oo||]CY||cb,oo—>oo exp<4eZt—;d(Y, SO)) (Bl)

Next, consider the case X N Y = @, and then Ky /Cy = Ky /Cy. In this case, the above equation holds with X and Y swapped,
1.€.,

d(So)

' 1
Iy (O < XS 1Kl w0 (621 = (X, 50) ). (B2)

Multiplying Egs. (B1) with Eq. (B2), we obtain that

+ a(S 1
e ()] < X520 Kl e w50 (4620 = 5 (00X S0) 41, S0)) ). (B3)

Consider now the case when X N Y # @. In this case, we can treat ICy/Cy as a superoperator supported on X U Y. From the
Lieb-Robinson bounds, it then follows that

d(So)

IKxkyel(0)] < 250) ||/cxfcy||cbMexp(ztle——d(xuYso>) (B4)

We note that ||K:X}CY||cb.oo—>oo < ||}CX||cbVoo—>oo||’CY||cb,oo—>oo‘ Next, we note that
d(X U Y, So) = mln[d(X, So), d(Y, So)] = min[d(xo, So), d(yo, So)],
where x, = argmin, ¢ yd(x,Sp) and y, = argmin, ¢ yd(y,Sp). Since diam(X),diam(Y) < a, we have d(x,yy) < a

and so min[d(xg, Sp), d(yo,So)] = d(x¢,So) — d(xg,y9) = d(X,Sy) —a. By the same logic, we also have
min[d(xg, Sp), d(yo, Sp)] = d(Y,Sy) — a and, consequently, we have that

d(X U Y. S) 2 3 {dX(So)] +dY (o))} -
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Therefore, from Eq. (B4), we obtain that, when X N Y # @,

60(50)

1
[exkre? 1 (0)|| < S22 tllensomcsl v e o X0 (4le — 5 [d(X. So) + (. SO)])- (BS)

From Eqgs. (B3) and (B5), the lemma statement follows. [
An upper bound on the sum of an exponential function over a d-dimensional lattice is a useful technical result.
Lemma 12. Suppose S, for a € N, are subsets of Z¢ which satisfy that, for some Z > 0, d5 = [{a: S,nSy #0} <2

for all @ € N. Suppose S C Z9 with |S| < oo is a fixed subset of Z%. Forany k € {1,2...},m€{0,1},and T, 1, x > 0, define

mk m 1
5/1): Z dal .. akmln(xexp< /Idal,az...ak 71 s

a,0;...0x

where dy, 4, o = Y51 d(S, S’aj). Then,

(7)< max(x, 15k (O (4, T) Y= (D (4, T))™,

where (") (4,T) are piecewise continuous nondecreasing functions of 1 (for a fixed T') and T (for a fixed A) which depend
on only Z and d. Furthermore,

M (A, T) < O[(AT)"4] as A, T — oo and /" (1,0) < O(A"+4) as A — co.
Proof. We can reduce the multiple summation to a single summation—an important fact that we use here is that, for
0<x,x..x,<land A>1,

min(Ax,x,...x;, 1) < min(Ax;, 1) min(Ax,, 1) Hmm Ax;, 1). (B6)

To see that Eq. (B6) is true, consider two cases—if Axx,...x; > 1, then, for any i € [1 :k],

1
Ax; > > 1 = min(Ax;, 1) =1
Xpeoo X1 Xjppe X

and, hence, satisfies Eq. (B6). On the other hand, if Ax;x,...x; <1, then we again have that

k
min(Ax;x,...x;, 1) = Axjxp...x; < HAx,- for any S C [1:k] = min(Ax;x,...x;, 1) < Hmin(Ax,-, 1),

iesS i=1

where we use that 0 < x; < 1 and A > 1. Now, note that for any x, y > 0, min(y, x) < max(x, 1) min(y, 1). Using this
together with Eq. (B6), we obtain that

. 1
gm= 3 mm(“’“’(T‘zdal.az.,ak)1>

ar,0...0

< max(r,1) 3 ﬁnﬂn(exp(T—%d(S’ai,S))J)

ap,0...ap i=1
_ k
< max(x, 1) (Z min (exp (T — Ed(Sa’ S)> 1)) (B7a)

and
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Lk . 1
é:ﬁ.x >(T) = Z d(xl ...ap TN <6Xp (T - E da] ,az.‘.ak> s )C)

ap,a...o

<max(x,1) Y (id(gai,SOﬁmin(exp(T—%d(S‘ai,S))l)

ay,a,...ap Ni=1
1% O

= kmax(x,1) ) d(ga],S)ﬁmin(exp(T—%d(S‘ai,S))1)

ay,a;...a i=1

< kemax(x, 1)* (Z min (exp (T - %d(ga, s)), 1>)k_lza:d(sa, S) min (exp (T - %d(ga, s)), 1). (B7b)

Having reduced the multiple summation to a single summation, we reexpress the single summation with respect to o with a
summation with respect to the grid distances. In particular, we note that

;d’”(ia, S) min <exp (T - %d(Sa, S)> , 1) = f: ™ min <exp (T - %n) , 1) Ha:d(S,.5) =n}.  (BS)

n=0

We next upper bound |{a:d(S,, S) = n}|—note that

Ha:d(S,.S) = n}|(l<)5:,’|{x€Zd:d(x, S) = n}|(_?2~3|S||{x€Zd:d(x, 0) = n}|, (B9)

where in (1) we use the fact that any one site x € Z¢ can be in at most Z sets S’a (since otherwise there would be more than Z
sets S, that would intersect each other), and in (2) we simply upper bound the number of sites at a distance of n from S by
the number of sites at a distance of n from any site in S.

A bound on [{x€Z?: d(x,0) = n}| can be obtained by noting that, since d(x,y) =>4, |x; — y;| is the Manhattan
distance on the lattice,

d d
|{x€Z":d(x,O):n}|:‘{x€Zd:Z|xi|:n} <24 {xeNg:in:n}’
i1 i=1
n+d-1 2d
=24 < d—1)%1, B10
( d—1 )—(d—1)!(”+ ) (B10)

Combining Egs. (B9) and (B10), we obtain that

{a:d(S,. S) = n}

Returning to Eq. (B8), we obtain that

> d"(5,.9) min(exp(T—%d(S{l,S))l) < (Zi%ﬂ!'ﬁ;min(exp(T—%n),1>n'"(n—|—d— 1)4-1, (B11)

a

Now, we note that
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) . n }
Zmln exp T_E A )n"(n+d-1)
n=0

(1) [AT] 0 n
<> nntd-1)4 4 Y am(ntd— 1) T--
<> n"(n+ )+ n™(n+ ) exp( A)

n=0 n=|AT|

[AT] 00
T

< Z n"(n+d-1)"1+ Z(n + [AT])™(n + [AT| +d — 1)*! exp<T - % - %)

n=0 n=0
@) 2 d—1 > d-1
< T +d = 1) 4> (n+ |AT])" (0 + [AT] +d = 1) exp(—n/A)

n=0 n=0
®3) ,
<Y, (T +242 > [AT|0=m(d = 1+ AT )= DXy (A), (B12)

0,0 €{0,1}

where for p€{0,1,2...} and me {0, 1}

=) [z]
X,(4) = Zn” exp(—-n/A) and Y,(z)= Z n"(n+d-1)41
n=0 n=0
In (1), we split the summation over n into two summations—one summation involving only n < [AT], where we use
minfexp(7 —n/4),1] <1, and the other summation involving n > [AT], where we use min[exp(7 —n/1),1] <
exp(T — n/A). In (2), we use the fact that AT < |AT|, and, thus, exp(T — [AT|/4) < 1. In (3), we use the fact that, for
a, b >0, (a+b)? <24 (a? + b?). We now pick the functions v (A, T) from the lemma statement to be

24Z|8| d-2 (I=o)m (1-¢')(d-1)
(d-1)! <Y’"(MTD +2 Z 4T (d—1+[4T]) an+a’(d—1)(/1))-

c,06' €{0,1}

VM (A, T) =

From Egs. (B7), (B11), and (B12), it follows that the lemma statement holds with this choice of (") (4, T). Furthermore, since
the dependence of ") (1, T) on T is entirely through | AT | and [AT], it follows that it is a piecewise continuous function of T for
a fixed A. It is also clear that ") (1, T') is nondecreasing in T for a fixed /. Finally, to understand the asymptotic behavior of
" (2,T) as A, T — oo, we note that X,(2) < O(A7™") and Y, ([AT1) < O[(AT)"*4]. Therefore, we have that

l/(m)U" T) < 0[(),T)m+d] + Z O[(AT)(I—a)m-&-(l—o—’)(d—l)]O(/l[am-FoJ(d—l)-&-l])

0.0 €{0.1}
< O[(),T)m+d] 4 Z O[(ﬂT)<1_ﬁ)m+(l_ﬂ/)(d_l)]O[(),T)[O—me/(d_l)Jrl]}
o6’ €{0,1}
< o[(ar)™+].
Furthermore, for T = 0,
22 S| d-2 d-1 d-2 d
U™ (2,0) = -1 (¥, (0) +2772(d = 1)*7'X,,,(2) + 297°X10-1(4)) S O(A") s 4 — oo,
This concludes the proof of the lemma. m

1. Proof of Lemma 5

In this appendix, we establish Lemma 5. We first establish the following.
Lemma 13. Suppose O is a local observable with ||O]| < 1 supported on S, and for 7 > 0, let O(z) = exp(L'7)(0),

where L is a geometrically local Lindbladian of the form in Eq. (14). Then, for g,(s), le,(s), with QSZ = Q(l) and

a~hn/
QSZ{)IJ = Qf;l .» as defined in Lemma 1,
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d(S,, S
ITr(O(7)g4(s))] <2 min <1130 exp <4€ZT - M), 1) for any a,
a
and

j 1
|Tr(0(r)Q(’) (s))] £4 min <en50 exp <4le — Z_(d(S“’ So) +d(Sy, SO))>, 1) for any a, ', j.
a

a,d

Proof. Using the Lieb-Robinson bounds (Lemma 3) together with the fact that |D, || <2, we obtain that

ITt(0(2)g4)| = [Te(0(2)Dy, (p(0)))] < D7, (O@)[Ip(0)]];

<2 min (1750 exp (4€Z’L’ - M), 1).

a
Next, consider Tr(O(z) Qflli,(s)) For any a,@ we obtain that

THOEQL ()] < 2 [TH(O@)[LL [, Tra((0up(5))])]

< 2 k. (L5 O Tealoupn )

< [[he. [La O]

where, in the last step, we use Lemma 2. Next, we can use Lemma 4 together with the fact that

[L(i) ebcomoo < 2 to obtain

a s’

|| [ha’ ’ ] ||Cb,oo—>oo ’
. 1
[TH0()QL, ()] < 4101 min(ens, exp (4622 = o (d(S.: ) + (5501 ) 1)

Next, for any a, «/, we obtain that
ITe(0(2) QY ()| < ITt(O(2) L, Lol po ()] < Il [LE, O@)L[Tra (00 ()]

1
< 4||0|| min <e;750 exp (4€ZT ~5a [d(Sq, So) +d(Sy, SO)]>, 1>.
a
Next, we bound |Tr A(QSZ /)|. For any a, @, we obtain that

;_}\Tr(O(r)DLa([Lgf), Tr (6 pu(s))])]
> 2.2 o[ Teapu s
ue{+,-}

a,d

Tr(0(r) QL) (s))| <

1

<2

2 and || D}

|cb,oo—>oo = a”ch,oo—wo

where, in the last step, we use Lemma 2. Next, we use Lemma 4 together with || [L,(x"), ]

to obtain

ITt(0() Q1) (5))| < 4/|O]| min (enso exp <4ezf - i (d(S,.S0) + d(S,. so))> , 1) :
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Next, we bound [Tr(0(z) QY (5))|,. For a # o,

a,a

a.a o

THO() QL ()] < 5 TH (0L, (L Traloolp, ()]

1 u u i i
< 3 |l 0@ || b)),
uu €{—+}
1 o Y
<3 > | e om)
uu' €{—+}

where in the last step we use Lemma 2. Furthermore, from Lemma 4 and the fact that || [Lg,'”, ] < 2, it follows that

||cb,oo—>oo
1
Tr(O(7) in,(s))‘ < 4||0|| min <€’750 exp <4€ZT ~3a (d(Sq:So) +d(Sy, SO))>, 1). (B13)
E a
Similarly, for a = «/,

[TH(0(0) QEA5))] £ [ THO@) (D1, = Dy} (Tealmap(5)))|
2

<SP, = D) (0@ Tra(napu(s))l
1
<5 I(Dr, = D) (0@
where, again, in the last step, we use Lemma 2. Next, we can use Lemma 3 together with the fact that
(DL, =D)'ll, ooy S 4, and we obtain that

ITr(0(2) O4(s))| < 2/|O|| min (;750 exp (4621 _ éd(Sa, 50)> , 1) . (B14)

Equations (B14) and (B13) together establish a bound on |Tr(O(7) Qgg, (s))] for any a, @ and are consistent with the lemma

statement. n

Lemma 5, repeated. Suppose O is a local observable with ||O| <1 supported on Sy, and for 7> 0, let
O(z) = exp(L'7)(0), where L is a geometrically local Lindbladian of the form in Eq. (B14). Then, for g, as defined
in Lemma 1, there is a nondecreasing piecewise continuous function v such that v(7) < O(#¢) as t — co and

> ITr(0(x)qa)| < v(),

a

and for j€{1,2,3,4}

> [0 0L )] <260

where, for j €{3,4}, Qijfx, is defined in Lemma 1 and, for j € {1,2}, we define Qg; = Q(j ) where QSL is defined in

a,ha/ ?
Lemma 1.
Proof. We prove this lemma using Lemmas 12 and 13. Consider first

D IT(0(F)g.)] <23 min <I150 exp <4ezf _ M) 1)

= 252?;7]52) (4e27) < 2max(ns,, 1)1V (a,4e21) < 2e max(ng,, 1)\ (2a,4eZ7), (B15)
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where, in the last step, we use the fact that as per Lemma 12 (*)(1, T) is a nondecreasing function of A for a fixed 7.

Similarly, for j€{1,2,3,4},

Z |Tr(O(7) Q(J)

ay,0)

< 4e*(max(ns,. 1))* (% (2a,4eZ7))>.

From Egs. (B15) and (B16), it follows that choosing v(7) =
2emax(ns,, 1)V (2a,4eZ7) satisfies the lemma state-
ment. It can also be noted that, from the asymptotics of
/O(2,T) in Lemma 12, v(r) < O(z%) and that, since

0 (4,T), for a fixed 4, is a nondecreasing and piecewise
continuous function of 7, v(zr) is also a piecewise con-
tinuous nondecreasing function of 7. [

2. Proof of Lemma 6

In this appendix, we outline a proof of Lemma 6. A
convenient technical lemma to use for this proof is below.

(a) for any ¢t > 0,

2.

a

0

where, if k(|So|.7), defined in Eq. (20), is O[exp(
(b) for any ¢ > 0,

>

a

0

where, if k(
(c) for any ¢ > 0,

,7), defined in Eq. (20), is

S

where, if k(|Sy|,7), defined in Eq. (20), is

a, o

/ ' e~/ Tr(O(1 — $)Ky(0,(s)))ds

Sm SO) + d(Sa’v SO)) 1)

)< 42 min <e;150 exp <4€ZT 5
ad

= 45,0, (2. 4¢Z7) <

4(max (ens,) 1))2(10(2a, 4e27))?
(B16)

Lemma 14. Suppose O is a spatially local observable and
let O(z) = exp(L7)(0) be its Heisenberg-picture evolu-
tion with respect to a geometrically local Lindbladian £ of
the form of Eq. (14) and with fixed point . Suppose that O
obeys the local rapid mixing condition [Eq. (20)].
Furthermore, suppose o,,(s) is a time-dependent operator
which satisfies ||o,,(s)||; < f(w) for some f(w) > 0.
Furthermore, let /C, and 7, be superoperators supported
on S, and S, respectively, which satisfy ICi(1) = J5(I) =
Oand [[Kylo. [ Tello <2and ¥ a:|[{a’: S, n Sy # @} <
Z for some Z’ > 0. Then,

< f(@)W(y), (B17)
y™)] as y = 0, then {V(y) < O(y**t1) as y — 0;
/ITY(O(I— $)Kal0,(5)))ds| < f(@)@(7), (B18)
Olexp(y™)] as y = 0, then (P (y) < OV ) as y — 0;
=T (O(t = 5)CoT w (0,(s')))ds'ds| < & f(@)¢P) (7). (B19)

Olexp(y™)] as y — 0, then ¢)(y) < O(y~(<HNCHD),

In Egs. (B18)—(B20), the functions ¢(V(y), {®(y), and {®)(y) depend on Z, a, and Z.

Proof.

(a) The idea behind this proof is similar to the example detailed in the main text, i.e., to separate out the integral in the
summation into a short-time and long-time integral. The short-time integral is upper bounded using the Lieb-Robinson
bounds, and the long-time integral is bounded using the local rapid-mixing property [Eq. (20)]. We begin by noting that

/t e~/ Tr(O(1 — $)Ky(0,(s)))ds

0

0

/ T O(5)K, (0, (1 — 5))ds | < €3 (1.1) + €3 (1.1,). (B20)
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where

63(1‘, ta) =

)

min( ’ a) 2
/ ") 2P Te(O(5)KC (0 (1 — 5)))dls
0

ez (1.1,) =

k)

[ Ol 5)ds

min(z,7,)

and 7, > 0 is to be chosen later. We bound €3 (z, 7,) using Lieb-Robinson bounds. First, we note that, by Lemma 3,

TR0 K,foult = D) < OG0 =), < 27w) min (g, exp (425 = L522) 1) qpony

This allows us to bound e5 (¢, 1,,):

min(r,1,) ) d(Sy. S,
ez(t.1,) < 2f(w)ns, / e 2(=9)/@" ip <;150 exp <4eZs - M) , 1> ds
0 a

d(S s Sa min(7,7,)
< 2f(w) min (nso exp (4eZ min(z, t,) — M) i 1) / o-20-8)/0? g
a 0

< w*f(w) min <7750 exp <4eZta - M), 1). (B22)

a
We bound e (1, t,) using the local rapid mixing condition. Note that
Tr(O(s)Ko(0u(t = 5)))| < [Tr(00) Tr(Ko(o, (= 5)))| + [Tr((O(s) = Tr(00))Ku(o, (1 = 5)))
o)
=110(s) = Tr(Oo)1|[[|Kalls[low (7 = $) Iy
2
22 (@)k(1So

,y)ers, (B23)

where in (1) we have the fact that, for any operator X, Tr[K,(X)]| = Tr[ICZ,(I )X] = 0 and in (2), we use Eq. (20). For
t < t4, since min(t, t,) = ¢, it follows immediately that

ez (t,t,) = 0. (B24)

For ¢ > 1,, we can obtain two upper bounds on e (7, t,). The first upper bound is using Eq. (B24), which yields

t
ez (1.1,) < Zf(w)k(lSoM)/ e 2= ds < w? f(w)k(|Sol, y)e . (B25)

ty

Alternatively, we can also bound
t(l

t ) 4 2
ez (1 14) S/ eV Te(0(5) K0, (1 = 5)))|ds S/ eI O[|Kolls llow(t = $)llids < @ f (). (B26)
t(l

From the bounds in Eqs. (B24)—(B26), we obtain that
ez(t,t,) < 0’ f(w) min(k(|Sp|,y)e "=, 1) for any t,1,.

Combining the bounds for the short-time and long-time integrals, we obtain that
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2

a

/ e PTH(O(1 = 5)K (0, (5))ds

0

< a)zf(a))z <min <7150 exp <4eZta - d(SO’S“)> , 1> + min(k(|So|,7)e ", 1)>

a
a

<o’ f(@)) (min <’750 exp <4eZta - @) , 1) + min(exp(T, — y1,), 1)) , (B27)

a

where T, = log{max[k(|S|.7). 1]}—note also that T, > 0. We now pick t, = d(Sy.S,)/(8¢Za) and apply Lemma

12 to obtain

>

a

/ " BITH(O(1 = 5)Ky(0,(5)))ds

0

<@ f (@) (0)+&n, 1, (T)

< @*f(w)(max(ns,. ¥ (2a.0) + 9 (8¢ Zay™". T,)). (B28)

¢O)

Now, if k(|So|.7) < Olexp(y™)] as y = 0, then T, < O(y™). Therefore, as y — 0,

{O(y) = max(ng,. 1)\ (2a,0) + 0 (8eZay™. T,) < O[(y~'T,)"] < O(y~*=*1),
which proves part (a) of the lemma. Note that {(®)(y) also depends on Z through (9 (4, T).
(b) We proceed similarly to part (a) and note that

<ex(tt,) +ez(tt,),

/ "TH(O(t - $)K, (0, (s))ds

0

/0 "TH(O(5)K (0, (1 — 5))ds

where

e§(t7 ta) =

s

/0 e (O()K (ot — 5)))ds

e%(t, ta) =

’

/H T O()K, (0 (t - 5)))ds

in(t*ta)

where 7, > 0 is to be chosen later. We proceed similarly to part (a). To bound e5(z, t,), we use Eq. (B22) to obtain

min(t,z,) d(S,, Sa
es(t,1,) < Zf(a))/ min (;750 exp <4eZs - M), 1>ds
0

a

(s ’S(z min(t,z,)
<2f(w) min (ﬂso exp (4eZmin(t, ty) — M), 1) / ds
0

a
. d(SO’ Sa)
< 2f(w)t,min ( 5, exp | 4eZt, —————=).1]. (B29)
a
Next, we bound e3(,t,). If ¢ < t,, then min(¢, #,) = ¢ and we have
ez (t,t,) =0. (B30)

If instead ¢ > ¢,, we can use Eq. (B24) to write

ez (1.14) < 2f(@)k(|Sol.7) /te_”ds <2f(@)k(|Sol.y)r~" e (B31)

t{l
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(©)

Combining Egs. (B30) and (B31), we obtain that

ez(t, ty) < 2f(0)y~'k(|Sp|,y)e "« for any t,t,. (B32)
We now pick
d(So,Sa)
t,=T @
« =t geza

where T/, =y~ max{log[y~'k(|So|.7)]}. We accordingly obtain the following expressions for the short-time and
long-time integrals:

0. 1
Sei(nn) <0(0) (21368 (e2my) 4 o) e ).

a

> ezt 1) < 2f(@)E1), 1, (0), (B33)

a

where we use 5%’]()(0 from Lemma 12. Using Lemma 12, we obtain that

>

a

/t Tr(O(t — 5)Ky(0,(s)))ds| <

0

Zeatt ) + ez (t.1,) < f(@)SP ().

where

1
@) (y) = max(ns,, 1) (2T;v<°> (2a.4¢2T)) + =0 (2a,4¢ZT}) + 200 (8¢ Zay™!, 0)> .

Note that {®)(y) also depends on Z through its dependence on v (A, T). If k(|So|,7) < Olexp(y~)] as y — 0, then
T, < O(y‘("“)), and so, using the asymptotics of y(m )(/1, T) from Lemma 12, we obtain that

C(2>(y) < O(y_(KH)) X 0( (K+1)) + O(y_(dH)(KH)) 4 O(y_d) < 0(},—(d+1)(;<+1))’

which establishes the lemma.
We begin by rewriting

2= Tr(O(1 = $) Ko T o (6,(5)))ds'ds 20 Tr(O(5) Ky T o (0,(t —5')))ds'ds|, (B34)

where we make the change of variables s — ¢t — s and s’ — ¢ — s’. Next, we define the short-time and long-time
integrals as follows:

2=/ Tr(O(5) Ky T w (64 (1 — 8')))ds'ds| < eia,(t, o) + ef_a,(t, lad)s

where

min(,t, /)

2=/ TH(O(5) Ky T w (6, (1 — 8)))ds'ds|,

a, ’<t7 laal) =

Litgw

) = /’ /I 6—2(5'_5')/w2Tr<O(s)lcaja,(Gw(t _ S')))ds’ds ’
min(z,t, ;) Js

and 1, » > 0 is chosen later. Consider first e(f( (1, 1, )—this can be upper bounded using the Lieb-Robinson bounds.

Applying Lemma 4 and using [|KC%]| 5 com e || T <2, we see that

ch,oo—)oo
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ITe(O(5)KaT (0 (1 = S| < 1T LKE(O(s)) o, (1 = )],

<4f(w) min <e;750 exp <4eZs - % [d(Sp.S,) +d(S,, S‘a/)]>, 1),

leading to the bound on e (£, ):

min(t,1, ) [t , , . 1 ~ ~
e (1 tg) < 4f(w) / / e 2(5'=9)/@" min <e;150 exp <4eZs ~ 3 [d(So,S,) +d(So, SO/)]), 1) ds'ds
: ) S a

1 ~ - min(r,t, ) [t ,
< 4f(w) min <€l150 exp (462[(1’(1/ - 2_ [d(SO’ Sa) + d(Soa Sa’)]) s 1) / / e—2(s _s)/“’zds’ds
a 0 s

< 2w*f(w)t4y min (eﬂs(, exp <4eZta,a/ —
a

_ 21 (S0, 5.) + d(So, Sd)]), 1). (B35)

Next, we consider eia, (¢, 1, )—again, to upper bound this term, we use the local rapid-mixing property [Eq. (20)]. For
any 0 < 5,5 <t, we have

TH(O($)K T (00t — )| < [TH(00) Te(K T (0t = )] + [TE((O(5) = TH(OS) YK T (00t  5)))]
210(s) = T (O IKal 1T 1 0wt — )]

g
<4f(@)k([Sol.y)e™". (B36)

where in (1) we use the fact that ji,(l) = 0 and, therefore, for any X, Tr[J ,(X)] = Tr[j; (I)X] = 0. In (2), we use
Eq. (20). Now, for t < 1, 4, min(t, t, ) = t and, therefore,

ez /(1 1,0) = 0. (B37)

Next, for t > t, 4, using Eq. (B36), we obtain that

eia’([’ ta,a’) < 4f(a))k(|S0

7) / | / L2/ o1 ds
lu.u/ s
t

,y)/ e "ds
t

ad

<27 @ f@)k(|Sol.y)e "= (B38)

<207 f(@)k(|So

From the bounds in Egs. (B37) and (B38), we obtain that
e o (ttaw) <277 @ f(@)k([So|, y)e e for any 1,14,

We now pick

loo = TJ/’ + 16¢Za (d(‘sO? Sa) + d(SO’ Sa/)) ’

where T, = y~' max(log(y'k(|So|.7). 1)). With this choice, we obtain the following expressions for the long-time
and short-time integrals:
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0.2
Z%N%MQHWGWL%WHW%ZQWMZM>

Y€z (1 taw) <207 f(@)E0 1, (0),

a,d

where we use é}f}k(t) defined in Lemma 12. Using Lemma 12, we obtain that

<Y (€5 (1taw) + € (1 1aw) < @ f(@)CP(7),

ao

// 2=/ TH(O(1 = KT o (00 (5')))ds'ds

a.d

where

¢¥(y) = max(eng,, 1) (2T§,(1/(0> (4a.4eZT)))* + 10 (4a, 4eZT§,)y(1>(4a,4eZT;,)> +2(0(16ey~' 2))2.

deZa

Note that {)(y) also depends on Z through its dependence on v\ (y). If k(|Sp|.7) < Olexp(y )] as y = 0, T, <
O(y~*+1) and using the asymptotics of (") (1, T) from Lemma 12, we obtain that

Oy < 0(y‘(K+1 ) X 0( d(c+1) ) + 0( d(x+1) ) % O(y—(d+1)(x+1)) + 0<},—2d) < O(y—(2d+1)(x+l)>’

which establishes the lemma. [
Lemma 6, repeated. Suppose O is a local observable with [|O| <1 supported on Sy, and for 7> 0, let
O(r) = exp(L'7)(0), where L is a geometrically local Lindbladian of the form in Eq. (14). Furthermore, suppose O
is rapidly mixing with respect to £ and satisfies Eq. (20) with k(|Sp|,7) < O[exp(y™)] as y — 0. Then for g,, as defined in
Lemma 1,

<o’ 2(y),

>

a

t
/ Tr(O(t — 5)q,)e 2/ ds

0

where 1) (y) < O(y~4*+1) as y — 0; and for j€{1,2,3,4}

t [s/w? . ,
Z / / Tr(O(t - s)QSL,(s/))e—WwZ—S )ds'ds
0 Jo ’

a,d

<A@ (),

where 1) (y) < O(y~ 2d+1)<’<+1)) as y — 0 and, for j € {3,4}, Q"

Qfxlzf = Qé’}l, where Qa , 1s defined in Lemma 1.

Proof. Noting from Lemma 1 that g, = D, _[p(0)] and that ||p(0)||; = 1, from the application of Lemma 14(a), we obtain
that

, is defined in Lemma 2, and, for j € {1, 2}, we define

(lLl

< ¥ W(y),

>

a

t
/ Tr(O(t - 5)q,)e 2/ ds

0

.7) S Oexp(y™)) as y = 0, then ¢ (y) <

!
Tr ( ) (S—2> ) e~ 2=/ 4! ds| .
0}

and, thus, we may choose A()(y) = ¢(V)(y). By Lemma 14, so long as k(
O(y=4t1)) as y — 0. Next, we note that

) (s )) —2(s/w*—s") ds'ds

(B39)

021017-40



ACCURACY GUARANTEES AND QUANTUM ADVANTAGE IN ...

PHYS. REV. X 15, 021017 (2025)

We can now consider j € {1,2,3,4} separately—for j = 1, we have from Lemma 1 that Q
[hy,X],and 6,,(s") =

H.c. with K, (X) = [LL. X], T o (X) =

—@7 ' Tr 4(6,p,(s'/®*)). We note that ||/, |

U (s @) = KoT o [00(s)] +

ja’”o <2and

O

that, by Lemma 2, ||o,,(s')||; £ 1/2. Thus, from Eq. (B39) and Lemma 14(c), we obtain that

Similarly, for j =2, we have from Lemma 1 that Q

Jo(X) = [hy.X], and 6,,(s') = =iTra(p,(s'/@?))
from Eq. (B39) and Lemma 14, we obtain that

MU

For j=3, we have from Lemma 1 that
JW(x) =LY, x), and ol (s")

a, (l

(1= 5)Q) (s"))e 25/~ dg' ds

(sl/w ) ,Caja’[

—5) iji, (s))) =26/ =) d! ds

QU (s' /@) = Ve iy KT
= iw_lTrA(O'sf)Pw(S’/wz)). We note that ||IC(<,”)\

<) (B40)

6,(s")] + H.c.., where K (X) = [Li, L X],
<2 and that ||o,,(s)||; < 1/2. Thus,

< (). (B41)

6 (s)], where K4 =D,
7. <

2 and, using Lemma 2,

O

||<7((f)(s’)||1 < 1/2. Thus, from Eq. (B39) and Lemma 14, we obtain that

Finally, for j = 4, we have from Lemma 1 that Q(
[Lay X]
(') = @ 2Tr (65 64py 5(s'/@?)) if @ = o and o

for any u, i, || Kyl | 74|, <
we obtain that

following definitions: We define /C,(X) =

S

By Lemma 14, so long as k(|Sp|,7) < O(exp(y™)) as
y =0, then (P)(y) <Oy ®+D&+D) a5 y - 0. Con-
sidering Egs. (B40)-(B43), we may choose A2 (y) =
2¢8)(y) to satisfy the lemma statement. L]

a, (l

APPENDIX C: CIRCUIT-TO-GEOMETRICALLY-
LOCAL-LINDBLADIAN ENCODING

In this appendix, we construct an encoding of a quantum
circuit into a 2D geometrically local Lindbladian with a
unique fixed point. We prove a useful result about its
convergence to fixed point. Our construction follows from
combining the dissipative quantum computing gadgets in
Ref. [47] with the quantum circuit to Hamiltonian encoding
in Ref. [48]. We remark that Ref. [47] already suggested, in
its supplemental material, that it should be possible to
perform dissipative quantum computation with just a 2D
nearest-neighbor Lindbladian but did not provide an
explicit construction. We fill that gap in this appendix.

0t — )@Y (")) 20/~ ds' ds

W (s /a?) =
””()

< 2and, using Lemma?2, ||o

—5)QY) (s"))e 25/ ds'ds| < 2£O)(y).

< B (y). (B42)

Zu wei- K j uw) [aw (s’)] + H.c. according to the
WX if u' = — and JU) (X) = XL if u' = +. Finally,

“(s ’) =vw 2TrA(a( )aapw5( 'J@?)) if a # o . We note that,

u,u')

(s")|l; £ 1/4. Thus, applying Eq. (B39) and Lemma 14(c),

(B43)

|
1. Review of the O(log N)-local

As a review of the basic construction and proof tech-
nique involved in encoding a quantum circuit into the fixed
point of an Lindbladian, we first analyze the 5-local
construction in Ref. [47]. While Ref. [47] laid out the
circuit to Lindbladian encoding and analyzed the eigen-
value spectrum of the resulting Lindbladian, they did not
explicitly bound the error between the state obtained by
evolution under the Lindbladian and the fixed point. This
subsection also serves to fill this gap.

We begin by first reviewing the circuit to Lindbladian
encoding that is a slight modification of the one shown in
Ref. [47]—consider a quantum circuit on N qubits and of
depth T = poly(N). In preparation for the analysis of the
geometrically local Lindbladian, we assume the unitaries
U,,U,...Ur applied in each time step of the circuit are in
the architecture as shown in Fig. 8. We construct a master
equation on the Hilbert space (C?)®¥ ® CT*! of N data
qubits and a (T + 1)-level system, which is the clock qudit.
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FIG. 8.

Architecture of the circuit being encoded into the Lindbladian assumed in Appendix C 1. The identity gates are treated as

separate time steps. Any poly(N) depth quantum circuit on N qubits can be brought into this architecture with at most a poly(N)

overhead in the circuit depth.

We consider a Lindbladian £, with two sets of jump
operators, first, {S,}qe 1.y} encoding the initialization
of the data qubits to |0) and, second, {L;},c(15. 7y tO
encode the quantum gates:

N T
Lt = Z Ds, + Z Dy, (Cla)

a=1 s=1
S, = 10,)(1,] ®Z|z forae[1:N],  (Clb)
Li=U;®|s){(s—1]+H.c. ifs€[l:T]. (Clc)

As we demonstrate below, the unique fixed point of this
master equation is given by the state

THZm @l®l6l ()

and then

where |¢,) = U,U,_;...U|0)®Y, with |¢,) = |0)®N
Furthermore, we also establish an upper bound on
||e“e’ — Tr(-)o||,_, to assess the time taken to converge
to the fixed point. We remark that our analysis closely
follows Ref. [47], where they calculated the eigenvalues
L. However, since the eigenvector matrix of a
Lindbladian superoperator is not necessarily unitary and
can be badly conditioned, just the eigenvalues are not
enough bound the error |[e“=" — Tr(-)ol|,_,. Below, we
build on the analysis in Ref. [47] and provide a concrete
bound on ||e“=’ — Tr(-)o||,_;.

To proceed with our analysis, we need the following
technical lemma.

Lemma 15. Suppose M € R**¥ is the tridiagonal matrix
given by

k=2
M= ST (i 1]+ i+ 14 = i) (] = i+ 1)+ 1]),
i=0

fexp(311) = 16) ey < exp(~4rsin* (7)) =exp(-2(5) ) s k= o

where |£) = k~1/2 Y k!
element d,, then

n). Furthermore, if d € R* is a vector with only non-negative elements and with smallest nonzero

lexp{[M — diag(d)]}||,, < exp (—limin <d0,4sin2 <27;)>> = exp <—Q <kt3>> as k — co.

Proof. We can analytically diagonalize M—consider the vector |v,) € R, for n€{0,1,2...k — 1} given by

1/2k1
lv,) = <> Zcos

|v,) is an eigenvector of M with eigenvalue A, = —4sin?(nz/2k). Note that |vy) =

immediately from the diagonalization of M that

lexp(Mt) — At 0,,) (v

1) {lllop =

(% (me) o

|€) with Ag = 0. It then follows

= exp(4yf) = exp< —4usin® (27;))

op
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To bound ||exp{[M — diag(d)|t}||, we use Ref. [78],
Lemma 14.4, which is as follows: Suppose A;,A, = 0
are non-negative operators with the minimum positive
eigenvalue being at least cy. Suppose N and N, are
the null spaces of A; and A,, respectively, and 0 =
cos™ (MaxX,) e v, MaX|) e, [(m1[n2)]/[Imill|ma]]) is the
angle between A and N,; then A,,(A; +A4,) >
2¢ysin(0/2). We now apply this with A, = diag(d)
and A, = —M. Note that this implies that ¢y =
min|dy, 4 sin®(z/2k)] and cos® < (k—1)/k. Thus, we
obtain that

imax[M - dlag(d)] = _lmin[_M + diag(d)]

1 . . V3
< - z min (do, 4sin? (ﬂ) ) .

Now, using the fact that |lexp{[M — diag(d)|t}| <
exp{Amax [M — diag(d)]¢}, the lemma statement follows. =

Lemma 16 (expanding on Ref. [47]). The state o
described in Eq. (C2) is the unique fixed point of the
Lindbladian in Eq. (C1), and, for sufficiently large 7, N,

e = Tr(-)ol -y < coT. N) expl-ao(T)1]
where

co(T.N) = 64(T + 1)1/2N*2°N/2  and

a(T) = Tj— poin’ (2(Tﬂ+ 1))'

Ly=VLV=V(U,®|s){(s—1|)V+H.c.=|s)(s— 1| + Hec.

Therefore, we obtain that

N T
Eref = V;LVZErer]V? = Z DS,, + ZDZJ'
a=1 s=1

Proof. In this proof, we work with the vectorized
notation introduced in Sec. III. In both vectorized and
unvectorized states or operators, we consistently write the
operator acting on the space of the data qubits to the left of
the tensor product ® and the operator acting on the clock
qudit on the right of the tensor product . Following
Ref. [47], as a first step, we introduce the unitary

9’

T
V=> UU_ ..Uy ® |s)(s
s=0

with Uy = I. Note that V a€[1:N]:

a—1
VIS,V = Vi([0,)(1.] ® [1){t)V
t=0
a—1
= UL U (0) (1)U, U, Uy ® |1)(1]
t=0
1 a—1
=D 10,)(1a] @ [1) (1],
t=0

—
=

(C3)

where in (1) we use the fact that the unitaries U;...U,_; act
only on qubits 1,2...a — 1 due to the assumption that the
circuit is of the form shown in Fig. 8. Furthermore,
V se[l:T]:

(C4)

(C5)

Next, we diagonalize the Lindbladian in the space of the data qubits. For this, we consider the following (nonunitary)

transformation

N+1

X=) XX;.. Xy QII,
j=1

J

where, for j = N + 1, Xij+1~-XN =1,

Xi = P?lp?,r + 0,i0;,r— Pz!,lPt!,r + P?IPIIF + Pl]lPO

T j—1

I, = Z |518,) (515,

s=0 s=0

= Y s s s (s

Lr

), and HNH:I—ZH,-,
=
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with P%, = |a;;)(a; |, for a€{0,1},2€ {l. r}. It can be checked that X; satisfies X;D, X; = —(P], + P},)/2 and that
X; = X;! (and, therefore, X = X~!). Next, we compute XDs X and XD; X—mnote that D is explicitly given by

a=1 a=1 T a=1 T
P ® 3 bt = (PLi @ X Dl st 4 P © 3 3 I i)
5.8'=0 s=0 s'=a s=0 s'=a

To compute XDg X, we observe that for a € [1:N]
a=1
Hj(Z |sls’r>(s,s’,|)l'1j/ =0 ifj#; or j=j>a, (Cé6a)
s,8'=0
a=1

T
SO lisisid )Ty =0 it £ or j=j<a (o

s=0 s'=a

(Zl i} |SIS;’><sls/r|>Hj/ — H,-(

Therefore, we obtain that, for all a € [1:N],

a-1 T a=l T
1
x0;x7 =x(,, ®§j|szs (51 )X =3 (Pl ® Y DIt s )X =P @ 3 D s il ) ¢

5,8'=0 s=0 s'=a 5s=0 s'=a
a-1 T a-1 T
SRR PILTAITHIEE] V5 3) ST TARNEN 3) BRI}
5,8'=0 5=0 §'=a s=0 s'=a
a=1 T a=1 T
—Lelre Zo|s,s =5 (PL @ 3 Y- It + P, @ 3 Yl i
8,8 5=0 s'=a s=0 s'=a

1 a—1 a—1
=5 (Pe Skl e S Isis)
s=0 s=0

Furthermore, it can also be easily seen that, for any s € [1: 7] and j €[1:N + 1], [IT},
the space of the data qubits. Therefore, we obtain that XD,:XX‘l =Dy .

Thus, by performing the transformation given by X, the vectorized Lindbladian is now diagonal on the space of the data
qubits. In particular, we can express

Dz 4] = 0, and Dy _acts as identity on

X'Z:refX_1 = Z |xlyr><xlyr| ® Ax,w

xye {01}V

where, for x,y €{0,1}", A, , eL(C""" @ C"*!) given by

1 T 1 T T
-Ax,y - _EZfs(x)|sl> <Sl| - EZfs(y)|sr><sr| + ZD\S—D(SHH.C,’
s=0 s=0 s=1

where f(x) = x4 + X, 4p...xy if0 < s <N —land f(x) = 0if s > N. Furthermore, A, , is block diagonal—to see this,
we perform the following decomposition:

CTJrl ® CT+I — S(O) U ( U 851)) U < U S§2‘>)a
t,s €[0:T]|t—s|>2

where
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S0) — 1) for t€[0:T]}) = CT*,
S = span({|t,1 = 1),|r=1,1)}) = C? for r&[1:T],
S = span({|t.5)}) = C' for £.s€[0:T] with [1—s|>2.

Then, we can note that V x,y € {0, 1}V, A, is block diagonal on the subspaces SO Sﬁl), and SE?. Furthermore,

N—

Arylso == %Z(fs()Jrfs |+Z(|S—1 sl +[s = 1) sl = [s)(sl = |s = 1)¢

5s=0

) (C7a)

Ayl == <2—§(5m+51.r))1+|1><0|+|0><1|—%((ft(X)Jrft-l(X))0><0|+(fz(y)+ft-1(y))|1><1|)» (C7b)

[am—

Ay

1
s 2 =5 (4= 80— b7 =89 = 8,7) =5 (1) + £,0)) (€7¢)

We now immediately obtain the eigenvalues of L, which are just the eigenvalues of the block diagonal operator A, ,. It
can be noted that A, [ < —1/2 and A, ,[g> < —1 for any x, y, s, . Finally, it also follows from Lemma 15 that only

A,_o,—0|so has a zero eigenvalue, with the eigenvector |£) = (T + 1)71/2(|0,0,) + |1,1,) + - - - |T,T,)). This allows us to

obtain the fixed point of £,.; [Where an additional factor of (7 4 1)~!/?
density matrix]:

is introduced to make the fixed point a normalized

1

)=

VX|0,0,)8" ® &) = —=—=V,V;]0,0,)®" ® [¢).

1
VT +1
from which it follows that

i v
o—T—_HV(<|0>(O|)® ®;|)<t|> T+IZ|¢' (] ® 1)1l

Next, we bound ||e*~" — Tr(-)o]||,_,;. Out of the two transformations used to diagonalize £, in the Hilbert space of the data
qubits, the unitary V does not effect this norm, i.e.,

et = Tr()ol| g = e = Tr()5] 1. (c8)

where L is defined in Eq. (C5) and & = (T + 1)71(|0)(0)®¥ ® >_T_|#)(t|. Furthermore, we can note that, in the
vectorized picture, Tr(-)é = |6){I|, where &) = (T + 1)71[0,0,)®8" & >°T |1t,) = (T + 1)71/2]0,0,)®" ® |£). Also
note that X|&)) = [5)) and (71X = (0,0,/®" ® Lo (nit,| = (T +1)/2(0,0,|% ® (¢l.
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et = Te()3), :HX[ S ) o ®eA»->~f]x—|a>><<1|

x,y €{0,1}Y

-1

:HX[ o ey ® e = (10,0,)(0,0,)%Y ® |§>><<§|]X

x,y € {0, 1}

1-1

< ||X||1—>1 Z |xlyr> <xlyr| ® eA”t - (|010r> <010r|)®N ® |§»«§|

x,y€{0,1}V

1-1

<PV DXL DD k) ] © etor = (10,0,)(0,0,1)®Y @ [€)¢él

xye {01}V

<PMTHDMIXIEL Do ) (] ® Qo (1),

xye {01}V

=T+ DXL YD 1900 (€9)

xye {01}V

2-2

where
(t) = { Aot _|engEl if x=0Y and y =0V,
" e et otherwise.

Note that, for any superoperator &, ||€||,_,, coincides with its operator norm when interpreted as an operator in the
vectorized picture. This fact together with Lemma 15 allows us, for sufficiently large 7', to provide the upper bound

T

4 .
1Qsyll5y < exp(—T+ lsmz (2(T " 1))) Vx,ye{0,1}".

Therefore, we obtain that

_ ~ 4t T
ot = Te()3]|,_y < (T + 1)Y225V2|X|2, exp (—” i’ (2 — 1)))'

It remains to bound ||X||,_,, (recall that X is interpreted as a superoperator)—we start with the simple upper bound

N
Xy < 17 ® Myl +Z(H Ix, ||<>) e, <1+ Z( ] ||Xl~||<>)||1 ®I,[,_,. (Cl0)

j=1 i=j

The diamond norm ||X;||, can be computed explicitly. For this, we note that, as a single-qubit superoperator,
X;(Q) = Q+ (0,/2/0;) ® (|0;)(0;] —2|1;)(1;|). Therefore, for Q on a possibly larger space, |X;(Q)|, < ||+
11€0;1€2(0;) & (10;){0:| = 2[1:) (L)l < [1€f[y + 3][€0;[€|0;)[|; < 4[|L[};, which yields [|X[|, < 4. Consequently, we obtain
from Eq. (C10) that

N
1X[- <1 Z (1 + 4=+, (C11)

Next, we provide upper bounds on ||I & IT;||. Note first that IT;, as a superoperator on CT+!, is a channel since it admits the
Kraus representation

ZI s1Xls)

Therefore, we obtain that |[IT;||, < 1. Next, we note that IT; for j € [2:N] can be expressed as

Jj—1

=D (NGIXIs)(s] + 1) (sIXL) (1),

s=1
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and, consequently, we obtain that

10 @ DX, < i(|||j><j|XIS><SIII1 + ) (sIXIN G <20 - 1) = [T, <20 = 1).

Using these bounds for ||TT;||  together with Eq. (C11), we then obtain that

1X][1=y <1+

N

Jj=1

(1 4+4N=7F12(j = 1) < 1+ 2N?(1 +4V) < 8N?4N,

(C12)

Combining Egs. (C8), (C9), and (C12), we obtain the lemma statement. u

From Lemma 16, it follows that, starting from any initial
state p(0), p(t) = e“="p(0) is an & approximation to the fixed
point ¢ given in Eq. (C2) after time ¢ = ©[T° log(e~!)]+
O(T°logT) + ©(T°log N) + ©(T°N). Then, the fixed
point can be used to effectively perform the quantum
computation by first measuring the clock qudit on the
computational basis and postselecting on the measurement
outcome being |T)—if successful, the data qubits will then
be in the state |¢7) that would have been obtained at the
output of the encoded quantum circuit. Since the probability
of the clock qudit being in |T) is 1/(T + 1), this can be
repeated O(T') < O[poly(N)] to have successfully prepare
|¢7) on the data qubits.

2. 2D local Lindbladian

Construction.—Consider a quantum circuit on N qubits,
with depth poly(N). As described in Ref. [48], we use the fact
that any quantum circuit [Fig. 9(a)] can be brought into a
specific topology shown in Fig. 9(b), where a quantum gate
first acts on qubits 1 and 2, then on 2 and 3, then on 3 and 4,
and so on, using SWAP gates and with at most a polynomial
overhead in the depth. We assume that the quantum circuit,
expressed in this format, has depth NR, where R is poly(N),
where each round is composed of one single-qubitand N — 1

two-qubit gates. We encode this circuit into a 2D dissipative

system with only spatially local jump operators—we

consider NR qudits with d = 6 arranged in a 2D grid with

N rows and R columns. The qudit internal states are denoted

by {]0).[1),10).]1),|x).] ®)}. We make the following

remarks about notation used in this subsection:

(a) For z€{0,1,0,1,x,0}, |z,,) will mean that the
qudit at the xth column and yth row is in the state z.

(b) We also define the operators 7 = |0)(0| 4 |1)(1| and
7 =10)(0] + |1)(1], and =, or 7, denote the oper-
ators 7 or 7, respectively, when applied to the qudit in
the xth row and yth column.

(c) We refer to the qudit being in |x), | ®), barred 0/1 and
unbarred 0/1 as being of distinct types. Thus, an
operation that changes the “type” of a qudit could be
an operation that converts a qudit from x to ® or from
barred 0/1 to X, etc. Likewise, an operation that
simply rotates a qudit within the space of barred (or
unbarred) 0/1 states will not change its type.

(d) We often use operators defined on qudits that are
horizontally adjacent, vertically adjacent, or arranged
on a plaquette. It is convenient and visually clearer to
express tensor products of operators as a matrix of
operators associated with the coordinate of the lower
leftmost vertex. For example,

(x_lay_l) (Jf,y—l)
D — C
D C
[A B:| = Ar,y—l ® Bz,y ® Cx—l,y ® Dm—l,y—l ‘ ‘ ’
z,y — B
(‘T - 17y) (ZZ?,y)
_ — B
[A B]z,y = Agg,y—l ® By y (q; - 17y) (a:,y) ’
(xvy_ 1)
A
[B] = Apo1,y ® By |
z,y
(z,y)
_ A
[A]:r,y - A.’I:,y (Ivy) '
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(a)
o— U 1 U: 5
z, Us . Us
(8;\ U4 U7 e o o
[
- US U, 6 U. 9
d L LI L
Use SWAP and pad with
Identity gates
()
° ! (2) {2’7
Z o 71 Uiz 71
® [ v L]
S e 7] ’ (7]
= [ s [
Round 1 Encode into Round 2
a 2D lattice
(©)

‘ S~

000000

o O O o O

O O O O O Intem_al States

5606 6 6idy [0
Y NEA D o)

O O O o O

O O O O O

o O O O O

FIG.9. Schematic depiction of the circuit to geometrically local Lindbladian encoding. Given an arbitrary quantum circuit on N qubits
and depth poly(N) (a), it can always be mapped to a quantum circuit on N qubits with architecture shown in (b) where the quantum gates
are applied on the qubits sequentially and in several rounds. The total number of rounds needed for a circuit that was originally of depth
poly(N) is at most poly(N). Finally, this circuit is then encoded into a geometrically local Lindbladian on 2D grid of six-level qudits as
shown in (c).

Often, for convenience, we omit elements in the matrix—the omitted elements should be interpreted as identity operators on
the corresponding qudits. For example,

r—-2,y—2 Y —2
(~29-2) g Gy~
A | | |
B C D 2A1717y72®Bx72?y71 ®Cx71,y71®Dmﬁy,1 ®EI,1’y or B — C — D R
E- L, I
L__lE __:
(I’—?,y) ($,y)

First, we map the quantum circuit on N qubits into a
larger quantum circuit on the NR qudits with the property
that we only ever apply a gate between two (horizontally or
vertically) neighboring qudits and every neighboring pair
of qudits experiences a gate only once (note that any one

qudit might experience multiple two-qudit gates, but they
will always be with a different second qudit). Similar to the
situation with Hamiltonians, this avoids the need of an
explicit clock qudit. Also similar to the situation with
Hamiltonian encodings, we point out that removing the
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(@)
|Wo)
OOOO MHOO® GJOJOJXO) HDOOO OOOO
OJOJOJO) OOOO GNOXOJO) DHDOOO OOOO
OJOXOXO OOOO® ©OOO HDOOE®O OO0
@@(?@ @(?(?@ @(?(?@ @(P(P@ (?@@
(b)
GEOJOXO) GNOJOXO) DOOO OOOO SEDIOCXO,
GNOXOXO MWO©OO DOOO® ®OOO SEDIOCXO,
DEOOO OO0 XOOO ®OOO® OO
@(?@ @@?C?@ ®§DC|D® ®@$®® SEDIOXO,
L(l 2) L(l,?) Lng) | L§1,2) f

(©

SEGIOXO, SEODIOXO. OO XOOO SEDIOXO,
SEGIOXO, SADIONO, XHOO ®OOO PEOIOXO,
SEGJOXO, SEGIOXO, SECIOJORNSEDIOXO) SEDIOXO,
®@(])® ®@f@<?® ®(I>® @@?(?@ ®@$@®

FIG. 10. Schematic depiction of the jump operators used to implement the circuit. (a) In the first round, the qudits are initially in the
state shown in |¥)). The gates are then applied through the jump operators L(Il), L(ITZ, Léli ... which change the state of the qudits in the
first column and also convert them from unbarred to barred states. (b) In the second round, the qudits are swapped from the first column

1.2 1.2
(12) p12)

to the second column by the jump operators L ..—simultaneously, the qudits in the first column are converted to x and the

qudits in the second column are converted to unbarred states. (c) Next, we apply the jump L(lz), LQ Lg ... which execute the second
round of gates. The gray-shaded qudits are the qudits whose state can be changed by the applied operation, and the pink-shaded qudits
are qudits whose state does not change on the application of the jump operator but are checked to be in the valid state by each jump
operator. In particular, a gray-shaded qudit whose type is being changed is always surrounded by a gray- or pink-shaded qudit in our

construction.
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clock qudit to allow for a geometrically local Lindbladian
would come at the cost of a much larger Hilbert space than
that of the encoded qubits—consequently, only a small
subspace of this large Hilbert space is used for the encoded
computation. We provide a precise definition of this sub-
space later—in the following qualitative description of the
how to construct the encoding Lindbladian, we simply refer
to as the “space of valid states.”

Initially, all the qudits other than those in the first column
are in | @), and all the qudits in the first column are in |0):

=& (08 8o,). (€

PP (1) 7,1
We then apply the first round of unitaries, U}, U}y,

U%) . UI(\}ll,  and simultaneously transform the qudit state
from |a) — |a) for a€{0,1}. As depicted in Fig. 10(a),
this is accomplished by applying the operators:

! a
L(ll) _ Z (Ugl))a,b|:| >ﬂ<b| | o){@ |] 4 He.,
a,b=0

2,2

1 _
Ztlz,a’.b,b’zo(Ui‘.y)‘Jrl)a,a’;b,b' la") (b

1
Zzll,a’,b,b’:() ( U£y>+ 1 )u.a’;b,h’

Note that these operators perform two tasks—(i) they apply
the unitaries U (1]), U il% Uﬁ\}i 1.y and (ii) they also check if
the qudit whose type is being changed is horizontally and
vertically adjacent to a qudit of the correct “type.” After
application of the operators Lgl), L(J%L](\}ll v all the

qudits in the first column are in the states |0),|1). We
also note that the order in which the operators

Lgl), Lﬁg...Lil_),yn are applied does not matter if we apply
a sufficiently large number of them—this is because the
operator L$1y> +1 applies U <V1‘) 41 only if the yth qudit in the
first column is in a barred state and the (y + 1)th qudit is in
an unbarred state; else it annihilates the state (i.e., maps the
state to 0). Furthermore, only if this unitary is successfully
applied will the (y + 1)th qudit be mapped to a barred state,
and consequently the only operator that can act next

without annihilating the state is Ui,lﬁl’y 4»- Consequently,
|

| )0 | +He ifyell:N=-2],

IERSS) (C14)

+He ify=N-1

12,y+1

the choice of operators in Eq. (C14) naturally enforces the
ordering of the unitaries in circuit being encoded. Another
important point about the operators constructed in
Eq. (C14) is that the operators also check if the qudit
whose type is being changed is horizontally and vertically
adjacent to a valid type—in particular, this qudit should
have a barred state vertically above it, an unbarred state
vertically below it, and a | ©) state horizontally to its right.
While this check might seem vacuous if the initial state is
valid, it becomes important if the initial state is invalid and
needs to be brought into the valid subspace via additional
jump operators (which we describe below).

Next, we apply operators that swap the barred states from
the first column to unbarred states in the second column
and simultaneously map the states in the first column to
|x). As depicted in Fig. 10(b), this is accomplished by
applying the operators

x)(al la)(@] o) o] .
{162{(;_1}[|x>(x| . :|3,y+1 + H.c. ify=1,
T o) o]
L= s | |x)a |a)e] ool +He o ifye:N-1], (C15)
B I T |
> [ 7 ool ] +Hec. if y = N.
cepirl)al la)(@] o) olls,
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In the next step, we again apply a round of operators similar to Eq. (C14) on the second column, followed by operators
similar to Eq. (C15) on the second and third columns. As depicted in Fig. 10(c), we apply the jump operators

Lgnziw(lx))a’b[vﬂn el le)ell L.
a.b=0 T x+1.2
1 ja) (b]
LY = S (U e | IX)X] @) 0)O] +He., (C16a)
a.abb=0 T x+1y+2
= |o)o|
LY = 37 x| [x)al la)e]| |e)e | +He, (C16b)
ac{oq} [x) (x| ” x+2,y+1

where any single-qudit operator in these expressions which
is defined outside the lattice should be treated as identity.
For simplicity, we often denote the set containing all of
these jump operators by {L,: r€7}, with the set 7
indexing different jump operators.

We define S as the set of states which are of the form
shown in Fig. 11 with the barred or unbarred 0/1 qubits
being in a possibly entangled state. S contains the states
that are obtained from the application of the jump operators

L;X 3 .+, and L{™ Y (o the initial state |¥y) and referred
to as the space of “valid” configurations. Furthermore,
S (C?)® @ C®NVRHL: je., every state in S is a linear
combination of states of the form |y) ® |y,), where |y,) for
t€{0,1,2...2NR} indicates the “shape” of the state (i.e.,
which qudits are barred 0/1, unbarred 0/1, ®, or x) and
|y} is an N-qubit entangled state. We can also think of the
states {|7;) }, [o: (2nr-1)) @S the state of a clock, even though

we do not have any explicit qubits designated to be the
clock. Similar to the 5-local case, we need to penalize
invalid configurations. As is shown Ref. [48], the invalid
configurations in the 2D encoding can be checked 2-
locally. In particular, we show the following lemma.
Lemma 17 (Claim 4.2 in Ref. [48]). A computational
basis state |x) € {x,©,0,1,0,1} is a valid state (i.e.,

|x) €S) if none of the following two-qudit horizontally
or vertically adjacent configurations are present in |x) (a or
b denotes unbarred 0 or 1 state and @ or b denotes barred 0
or 1 state):

(1) (®,a), (®,a), since in all valid states, a qudit in the
state © is to the right of all the other qudits.

(2) (a, x), (@, x), since in all valid states, a qudit in the
state X is to the left of all the other qudits.

(3) (0,%), (x,0), since in all valid states, qubits in x
and qubits in © are separated by a barred or
unbarred qudit.

4) (a,b),(a,b),(a,b),or (a,b), since there is only one
qudit in a barred or unbarred 0/1 state per row.

(5) (9).(%). (%), since only a barred 0/1 qudit can be
vertically above a barred 0/1 qudit.

(6) (&), (&), since only an unbarred 0/1 qudit can be
vertically below an unbarred 0/1 qudit.

(7) (£), (3), since qudits in © state and x state cannot be
vertically adjacent.

(8) (&), (%), since there is no © qudit below a barred 0/1
qudit and no x qudit above an unbarred 0/1 qudit.

(9) © in the first column of qudits and x in the last
column of qudits.

For each of the invalid configurations from 1 to 9, which

we now construct a jump operator which maps the invalid

DOOOO
DOOOO
DOOOG
DEOOOO
DOOOG

ODOOOO
OO OOO
OO OOO
OOOOO

OOOOO

ODOOOO
OOOOO
SRR DYORO)
ORXOOO

ORXOO®

SRR IARD)
SRR D)
IRORIAAD)
QIR

RORROAD)

FIG. 11.
operators {L,: €7} on the initial state |¥).

Schematic depiction of typical valid states, i.e., states that lie in the subspace S and are reached on applying the jump
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qudits’ state to valid qudit states by just changing the state
of one of the qudits. More importantly, for a set of two
neighboring vertical qudits that are in an invalid configu-
ration, we make the choice to change the bottom qudit to
make the configuration valid, and for a set of two
neighboring horizontal qudits that are in an invalid con-
figuration, we make the choice to change the left qudit to
make the configuration valid. This can be accomplished by
adding the jump operators shown in the table below
corresponding to each of the two-qudit invalid configura-
tions. We denote the set of jump operators penalizing these
incorrect configurations by {P;: j € J }—this set includes
the horizontal and vertical two-qudit jump operators at
every point on the lattice, as well as the single-qudit jump
operators on the first and last columns of the lattice.

Lemma 18. Suppose x; (1), x, (1), x3(1)...

d
—x (1) £ —ayx,(t) and

dt

d
—x.(1) <
5% <

Finally, to initialize the qubits to |¥y), we add jump
operators {S,} . 1:n) Which act only on the first column of
qudits and map them to unbarred O from unbarred 1,
Le., Sa = |01,a><11.a|‘

Analysis.—We begin by establishing that the operators
{P;},;e s enforce that, at long times, the state of the qudits
is in the valid subspace. For this, we consider the operator
F, which counts the number of invalid configurations in the
state of the qudits:

_ T
F= ZPjPJ
jeJg

and analyze its dynamics in the Heisenberg picture. We use
the following technical lemma.

x,(¢) =0, with x;(0) <1 V i€][l:n], satisfy the inequalities

i-1
1)+ Zﬁi,jxj<t)
=

where a; > a >0, f;; >0, Zjﬁ,-,j < p for some a, f > 0 and V i, then

x;(t) < [max(1,28/a)]"e= /> for all t > 0,i€[1:n].

Proof. We immediately obtain that x;(7) < x;(0)e™" < e™*. We can rewrite the inequalities for x, (), x3(7)...x, (1) as
integral inequalities:
t t
x;(f) < e~ + ﬂz / —q;(t—s dS <eo 4 ﬂz / e_a(t_‘Y>dS.
w3, [y S oo
Define ¥;(t) = max; e x;(t)—we then obtain that ¥,(z) < e and, for i > 2,
t
~, —at Zﬁlf/ % 1 e=(1=3) 4 < e +ﬂ/ )?i_l(s)e_a(t_s)d&
0
We can integrate these equations recursively to obtain that, V i€ [l:n],
~ ﬂ2t2 ﬂS t3 ﬂl ltt 1 ~
(1) £ % l+pt+——+—+- o,
w0 <50 < (14 pr D0 B0 S
Noting that, for > 0 and i € [1:n], (B1)' = (at/2)'(28/a) < [max(1,2f/a)]"(at/2), we obtain that
at 22 PP =141 . o
xi(t) < {max(lv 2ﬂ/d)] <1 + 5 + 2'22 + 3'23 e (l _ 1)!2i—1>e ! < [max(l, 2/6/(1)} e i/ ’
which establishes the lemma statement. L]

Lemma 19. For any initial state p(0) of the 2D grid of qudits, (F(¢))

= Tr(Fe* (p(0))) < (NR + 1)20VF+1¢=1/5,

Proof. Tt is convenient to define the sets J ,(CH; = {j€J:P;is a two-qudit operator supported on (x —1,y), (x,y)} and

J ,(cvy> = {j€J:P;is a two-qudit operator supported on (x,y —

1), (x,y)}. We first reexpress F as
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— 0
F=np, +ng, + E :Fx,y’
x€(1:R]
y€E[1:N]

where 7[)(2}’ - ‘ Gx.y><®x,y s ﬂ?,y = |Xx,y><xx,y| and
F., =8 F% +0 FY) where
xy — Ux#ElIL Xy y#IL Xy

for x# 1:F{1) = ZP;Pj:{ﬂ+ﬁ+|®><®| ﬂ+7‘r+|x)<x|} +[|x)<x| |©><o|] and

jegt) - -
O)(O |+ X|+7x X (X|+rm+7 X)(x T+ ]0)(O
T S e I I L A I L I A
jej(v? ™ X,y |®><®| X,y 4 X,y |X><X| X,y
(C17)
Here, we define 6,4, = 1 —5,,. We also define
S Dp and LY =Y D, (C18)
jedly jedy)

As laid out in Table III, since, for any horizontally (vertically) invalid two-qudit configuration, the horizontal (vertical) two-
qudit jump operators P; correct it by changing the right (bottom) qudit, it follows that

if (¢.)) g {(x— 1Y) (x.y)}, then Vje g [P FE)=0= £0(FE) = 0; (C19a)
() g {(xy—1).(xy)}. then VjegV: [P F¥]=0= I (FY)) =0 (C19b)
it () g {(y— 1.y} then ¥jegV): [P RN =0= £00(FY) =0 (C19c)
if (¢.y) & {(xr=1y).(x.y)}. then VjegV): [P R =0= U (FE) =0. (C19d)

These relationships are depicted in Fig. 12, which shows, for a given horizontal or vertical edge associated with a Fy (H/ V>

which edges are associated with terms Exlf/ "7 that result in a nonzero value when applied on the Fy.,y (H/ V)

be verified by explicit computation that

. Furthermore, it can

TABLE III. Jump operators corresponding to different invalid configurations. Each of the horizontal two-qudit jump operators
corrects the invalid configuration by changing the rightmost qudit, and the vertical two-qudit jump operator corrects the invalid
configuration by changing the bottommost qudit.

Configuration Jump operator(s) Configuration Jump operator(s)
(©.a) | ©.0)(@. 4 ) 519 .ze{0.0.1}
(©.a) | ©.0)(.4 ;) 130G

(a. %) a.0)(a. x| ®) L lze{01)

(@ %) |a, 0)(a, x| (&) F10Elze{0.1}
(©.x | ©.0)(0. x| ) s 9G1.ze{0.1}
(x,0) FIx.2)(x.0].2€{x,0,1,0,1} ) 519¢ze{0.0.1}
(a.b) \a ©){a. b| () ity

(a.b) o){a.| (@) L] 2€ {x.0.1.0.1}
(a.b) ©)(a, b| ) 130G

(@.b) o)a.b| .
(©11) %\Zu)(Ou lz€{0,1,0,1} (Xr1) 3 lzek) (x1.£| for z€{0,1,0,1}
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@) g P r S ° b) g L Y— P °
' o
@-nonenenee oo R ® L N t -------------- )
%, )
O L) e (D) ol oocmeneeee ') & L )
R " (2,9) (2.y)
L S y S P " L — ¥ S—  S— ¢

FIG. 12.  Schematic depiction of which jump operators P; effect error number operators F Y{) and F ,(C‘? corresponding to a given edge.

The edges whose associated P; can change F 5”> and Fyy v ) corresponding to a dark edge are shown in gray, while the P; operators

associated with the dotted edges do not impact the error number operator corresponding to the dark edge.

Z DF‘ZR.IMXR,I \ (Fg[])) =0. (C20)

z€{0,1,0,1}

It can also be noted that, as a consequence of the specific choice of L, [Egs. (C16)] which checks the validity of the qudits
horizontally and vertically adjacent to the qudit whose type is being changed,

[Fg),L,] =0= [FiYy),Ll} vV teT. (C21)

Furthermore, since F i V) and F i V) are expressible entirely in terms of the projector z = |0)(0| + |1)(1|, as opposed to the
individual projectors |0)(0| and |1)(1], it also follows that

F s 1=0=[F".5,] V acA. (C22)

We now obtain upper bounds on ( ( )) = Tr(Fx y) p(1)) and (F ,(va) (1)) = Tr(F )((‘;) p(1)). It follows from Egs. (C19)—(C22)
that, V x€[2:R],y€[l:N],

d . . -
TAEN ) + (R (1) = 80T (FE)p(0)) + 8, T(L (FE)p(0)) + 8, TH( L (FE)p(1))

1 H
+g8adu Y (DL o (FE))(0). (C23a)
z€{0,1,0,1}

and, V x€[l:R],y€[2:N],

d, v % % H %
—(FX 1) + (FY(0) = 6,0Te(LY) (FE)p(0) + 6,4 Tr(LE (FE)p(0) + 6,4 Te(L8) (F8)p (1))
% 1 %
* Zéx,léy,z Z Tr(D\TZl e, 1|<F( )) <t)) * Z5X,R5y’2 Z Tr(D\ZR 1><><R,1|(F)<C’y))p(t)>’
2€{0,1,0,1} 2€{0,1,0,1}
(C23b)

where we use the fact that E}(ffvﬁ( ,((h;)) = and Ex i (F N y>) —F SC y) We can upper bound some of the terms on the
right-hand side of Egs. (C23a) and (C23b) w1th a simple argument—note that
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Te() (FE)p(1) = Z Te(PFYYPip(r)) — Tr(F F) (1))

je‘j)«l\

(1) @) .

< Y mFEHPp(PhH< Z Te(Pjp()P}) = (F\) (1), (C24)
./‘EJ(H: 16‘73(1‘

x—Ly

where in (1) we use the fact that F] (H >1 ‘Fgc y) > 0 and in (2) we use the fact that ||F Hx} <1 and, consequently, for any

o> 0, Tr(Fy ( ) o) < ||Fx‘ lllle]l; < Tr(o). Proceeding similarly, we can obtain the upper bounds

Te(L (F)p(0). Te(CN) (F)p(r)) < (FY) (). Te(L (o) < (FI) (1)), (C25)
Furthermore,
Tr(D], o, (F1)p(1)), Te(D], 1, (FY))0(1) < 4(xf, (). (C26)
7€{0,1,0,1} 2€{0,1,0,1}
and
S° DLy, (Fia)p(n) < 4z, (1) (C27)
2€{0,1,0,1}

Using these bounds and Eq. (C23), we obtain that, V x€[2:R],y€[1:N],

(H) V)
1

SR @) + (FE 1) <00l F () + 0,0 (U (0) + 0, Te (L (FEp(0) + 8,00, (1), (C280)

y
and, V x€[l:R],y€[2:N],

SR 0) + (F0) < 0,50 F0) + S (FLL (1) + 600 THEL (FE)0(0)) + 8,18, (1)

+ 0xr0y2 (7R (1))- (C28b)

We now arrange these inequalities into a sequence which is of the form analyzed in Lemma 18 and then use this lemma to
obtain an upper bound on (F(¢)). We first consider the first column of qudits and upper bound (F g‘i) (1)), as well as (7, (1)).
For (z{,(r)), we obtain that

d, o o) _
E<”1,1(t)> + <”1.1(t)> =0. (C29)

Specializing Eq. (C28b) to the first column of qudits (x = 1), we obtain

d
27 1 (0) + (F1y (1)) £ 8y (F1 (1) + 8y2(aP (1), (C30)
where we use the fact that F; , = F g‘;) .

We next consider inequalities for all the remaining columns. For (F )(CHI)(I» = (F (1)), we obtain from Eq. (28a) that

d
21 Fea () + (Fei (1)) < 8o (Freor 1 (1)) + 8t (1)). (C31)
To use Egs. (28a) and (C28b) when y€[2:N|, we need to provide upper bounds on Tr(ﬁg)T(F)(cX,) )p(t)) and

Tr(ﬁ%? I(F)(Ch;))p(t)) While these terms could be bounded by following the argument in Eq. (C24), the bound thus
obtained is too loose to be useful. Instead, a more careful analysis is needed—in particular, one important fact that we use is
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that if F )(CV 1, and Fg)_l have small expected values (i.e., the invalid configurations on the edges [(x — 1,y — 1), (x = 1, y)]

and [(x—1,y—1),(x,y—1)] are unlikely), then the probable configurations on the diagonally opposite sites
(x=1,y),(x,y — 1) are also constrained. This can be made formal by noting the simple inequality

Tr([| OO |+r+7 o +”+ﬁ]x’yp(t)>

( :Z g:ii: |x><x|+ﬂ+;—zLyp(t>)+Tr<{|®><lg>|<:lﬂ+ﬁ |x><x|+n+ﬁLyp<t)>
w(flotorvson pitecss] ) en(jg 515 ] )
< (FM (1)) + (FY) (). (C32)

Equation (C32) can be interpreted as indicating that if the configurations on the edges [(x — 1,y —1), (x —1,y)] and
[(x—1,y=1),(x,y = 1)] are valid [i.e., (F*)(x,y)) = (FSX)> = 0], then the diagonally opposite vertices (x — 1, y) and
(x,y — 1) cannot have the configurations (a, b) where a € {®,0,1,0,1} and b€ {x,0,1,0,1}. We now consider upper

bounding Tr([,” (F xz))p(z‘)):

Tr(Ly) (FEp() = Y Te(PIEPip(r) = Te(FE) FY p(1)
jegl

5[t e ) 5 areronor r L20)

”rq rrt]o)o |ﬂ+|;><X|]x,f“)>
o1

Te(F) FY p(e >>

Koo} n
<[|x (] n+|x><x|Ly’)<”>*Trqn+n+|o>< | |x><x|]xy”“)>
%) (x|
(P 0
(] leNel . 7+ [x) (x|
<574 \] ”(”>+T<[n+n+|o>< | LJ’(”)
S+ (F o)+ (FL o), (C33a)
where, to obtain (1), we need to use the explicit expression for F’ )(g) F ,(C‘;) to cancel terms from Z P F ,(( })P and in

(2) we use the bound from Eq. (C32). Proceeding similarly, we can upper bound Tr(E( )t (F,(( }) )p( ))
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Tr(L (F)p() = > Tr(PIFPip(1)) = Tr(FL P (1))

jegly
:“<Loxo|+ﬂ+ﬁ Vﬂﬂ+ﬂ+ﬁp00m

) x|+ 7+ 7
: ' |®><®‘+ﬂ+%|x><x| —Te(FY) )
st ([|X><x| | )0 | ] (f)>xy Tr(Fiy Fry p(1))

STr([|o><o|+ﬂ+ﬁ :i;t:ii:]p“))ﬁ Iiiiil]ﬂ@)
( )

([IX)(XI
(

x|+ 7+ 7l':| ) 3 [ ] )
<Tr t +-=Tr X)X [0)I(O) t
OVO | trt7 /)()“ 5 <[ T o) |ﬂ()x’y
3
SSUENO) + D)+ (FEL (). (C33b)
From Egs. (C33a) and (C33b) together with Egs. (28a) and (C28b), we obtain that for x€[2:R — 1],y € [2: N]
d 2 §
27\ (0) + 2 (Fay (1) S 2(F 1, (1)) + (Frya (1)) + 80wy 2 (7,1 (7). (C34)
Finally, we can similarly obtain an inequality for (7} ,()) from
d, x ()t
(g (1) + (i g (1)) STr(Ly)y (mg,)p(1)) < (Fra(1)). (C35)

dt

Now, we can see that the inequalities in Egs. (C29), (C30), (C31), (C34), and (C35) satisfy the conditions of Lemma
18 with x;(t).x,(1), x3(t)...x,(t) being chosen as (2P, (1)), (F12(1)), (F13(2))...(F1n (1)), (F2u(2)). (Fa(1))...

(Fan (1) (Fro11 (1) (Fro12(8)) .. (Froi (1), (Fra(2)). (g, (1)), (Fra(2))...(Fr(1)) and with a=2/5, p=4.
We thus obtain from Lemma 18 that

(Fry (1) (aPy (1) {m 1 (1), < 20VH e = (F(1)) < (NR + 1)20MF ™13,

which proves the lemma.

We can now finally prove Lemma 7 from the main text.

Lemma 7, repeated. Suppose we are given a quantum
circuit C on N qubits with architecture shown in Fig. 6(a)
and with R rounds of gates. Then, there exists a two-
dimensional spatially local Lindbladian £ on NR six-level
qudits with a unique fixed point ¢, as well as a local
observable O such that

1
TI‘(OU) = M—RZC,

where z is the expected value of a Pauli-Z operator on the
last qubit at the output of C. Furthermore, for any initial
state p(0) of the two-dimensional grid of qudits,

le“[p(0)] = aclly < co(N. R) exp[=yo(N. R)1].

where ¢y(N, R) = O{N®R?exp[O(NR)]} and yo(N,R) =
O(N3R™3).

Proof. We first bound the 1-norm distance between
p(t) = e*(p,) and Mgp(1)I1g to show that as t — co, due
to the action of the penalizing jump operators, p(f) evolves
to be almost supported in the valid subspace S. For this, we
use Lemma 19—note that, by definition of S, a state
ly) € St is orthogonal to the kernel of at least one of the
projectors P;Pj and, thus, (w|Fly) > <y/|PJT.PJ»\1//) =
(w|w). Also, we observe that F —ITg. > 0, since for any
lw) #0,

(w|(F = Tlgu)|w) = (w|Fly) — (w|lsy)

(
(Mg FTg: fy) — (| |y)
> (w (Mg T |y) — (y T fy) = 0,

-

where in (1) we use the fact that, since P;lls =0 V j€J,
Fllg =IllgF = 0 = Ilg. Fllg. = F. Using F > Ilg., we
obtain that
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Tr[[gp(1)] < Tr[Fp()] < (NR + 1)20VR+1e=1/5,
Suppose for p € Dy[(CO)®NK], p(1) = e“(p); then,

lp(2) = Tsp(O)s|ly < Msep(2)[]; + [Tsp(2)se |,
< /T p(6)]Trlp(1)] + v/ Tr[[s: p(1) Tr(Tisp (1)]
< 24/Tr[Mgip(1)] < 2(NR + 1)'/220NVR+1)/2=1/10,

Next, it is convenient to introduce the superoperators Pgs and Qg defined by

Pg(X) =gXIg and Qg =id—Pg.

(C36)

‘Ps can be interpreted to project an operator onto another operator that is entirely supported on S. Now, the master equation

can be expressed as the following two equations:

d
1 Ps(p) =PsLPs(p) + PsLOs(p).

d
o Qs(p) = QsLPs(p) + QsLOs(p).

Furthermore, since V j&€ J:P;lls = 0, it immediately follows that

Dp,Ps(X) = PHSXHSPT——{P MgXIIg} = 0.

itp

Since V a€ A, t€T:[L,.Ilg] = [S,.Ils] =0, Dg Ps = PsDs,_and D; Ps = PsD,,. Thus, we obtain that

QsLPs= Y QsDsPs+ Y QsDPs+ Y _ QsDpPs

aeA teT jeJ
=Y QsPsDs, + »_QsPsDy, =0,
aeA teT

where we use that QgPg = 0. Similarly,

IPsLQsll 11 =|| > PsDs, Qs + ZPSDL, Qs+ Y _PsDp Qs
ae A jeJ 1-1
=Y _PsQsDs, + > PsQsDy, + Y _PsDp Qs
ac A reT jeET -1
=Y (PsDp, - PsDp Ps)
jed -1
< 3 (IPsD I+ 1PDr P, )
jeJg
(1)
<2 ||y, ||1_,1—4Z||P 1> <471,
jeT JjET

where in (1) we use that [|[Ps|;~; <1 and in (2) we use that || Dp ||

1-1 —

(C37a)

(C37b)

(C38)

< 2||P;||* = 2. Finally, it also follows that

PsD;,Ps = Dngrug and PsDs Ps = Dps.ng ¥V t€7T,a€ A. To see this, note that, since any A € {S,},c 4 UL }ier

commutes with Ilg,
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, 1 ,
PsDaPs(X) = AT XTIA s — 2 (TsA AN X1 + TsATATIXTI)
. 1
= MSATIXTIsA T — 5 (IsA TISATIS XTI + HsA TISATIXTT)
= Drygan, (X)- (C39)

From Egs. (C38) and (C39), it then follows that

Ls:=PsLPs= ZPSDS,,PS + Z,PSDL[,PS = Z’DHSSGHS + ZDHSL,HS-
aeA teT aeA teT

Furthermore, Ls, which is a Lindbladian superoperator corresponding to the restriction of the full Lindbladian £ onto the
valid subspace of states, is by construction unitarily equivalent to L with each gate (including the identity gates) in
Fig. 9(b) treated as an independent time step.

Using Eq. (C37), we can now bound ||e*’(p,) — &||;. From Eq. (C37a), we obtain that Qg[p(t)] = 2549 (p,), and from
Eq. (C37b), we obtain that

t
Pslp(1)] = e“"Ps(po) + / ePSEPSU=NP s LQslp(r)]dr . (C40)
0
Now, since Lg is unitarily equivalent to L, we can use Lemma 16 to obtain that for any A € L[(C%)®VR; S]
es'(A) = Tr(A)o + x,(A).  where |lx[l,_y < ¢o(T, N)em ™,
where T = 2NR and ¢y(T, N), ao(T) are defined in Lemma 16. With this decomposition, we obtain from Eq. (C40) that

Pslp(1)] = [Tr[Ps(po)] + AtTr(PsEQsLO(f’)])dt’]U +1:(Ps(po)] + Atxz_z/(PsEQs(ﬁ(l’))df

DITe[Ps (o)) —/)tTr(QsCQs[p(t’)])df’]a +2:[Ps(po)] +At1t—t’(P$£QS(p(ﬂ>)dt,

2) t d t
2tiipy(on] - [ (5 Qulotr])atlo + 1 Pston] + [ oo (PoLQsto(t)ar
t

= Tr(pg)o = Tr{ Qslp(1)]} +x:[Ps(po)] + A X1t (PsLQs(p(1))dr,
where in (1) we use the fact that Tr[PgL(-)] = Tr[L(-)] — Tr[QsL(+)] = —Tr[QsL(+)], since every operator in the image of
a Lindbladian is traceless, and in (2), we use Eq. (C27b). Noting that ||Ps[p(0)]||; = ||[TIsp(0)Is||; < 1 and that from
Eq. (C36), [ Qslp()][l; < 2(NR + 1)!/220VFHD/2=1/10, e obtain

[Pslp(1)] = Tr(po)ell,

<1Qslp@)llls + L (PsloO} 1 + H [ rePstastoiear

1

t
<2(NR +1)2200FED2e=110 iy |y [ Pslp(0)] 1y + A ¥i—r 11 1P LQsl1-1 1 Qs (p () 1 ar!

12
<2(NR +1)2200FED2e=10 1l |y [ Pslp(0)] 11y + A ¥i=r 121 P LQsl1-1 [| Qs () 1

< 2(NR + 1)'220WRED/20=1/10 1 ¢ (T, N) e~ || Ps[p(0)]],

=+ 8|j|(NR =+ 1)1/220<NR+1)/26‘0(T, N) /f e—ao(T)(1=1) g='/10 g4/
0
N 80| J|(NR + 1)!/220WR+D/2¢( (T N)

<2(NR + 1 1/220(NR+1)/2 -t/10 T.N —ay(T)t

(e—z/lo _ e—ao(T)t)'
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Finally, we obtain from [l (po) — Tr(po)oll, < [|Qslp(1)][, + [Pslp(1)]l; that

le¥(po) = Te(po)ally < 4(NR + 1)/2200WRED2e=/10 - ¢ (T, N)e o)

N 80|J|(NR + 1)'/220NR+1)/2¢( (T, N)

(e—t/S _ e—aO(T)t>‘

10610(T> -1

From this bound, we obtain that, as N, R — oo,

% (py) = Tr(po)oll; < O{NOR? exp|O(NR)]} exp(~QN-R3)1).

Finally, we construct a local observable whose expected
value is the expected value of the Pauli-Z operator on the last
qubit at the output of the quantum circuit—this local
observable will be O = |1z ) {1z x| — [0gn)(Or x| and it
acts on the lower rightmost qudit on the 2D grid. To see that
this observable indeed measures the Pauli-Z operator on the
last qubit of the encoded circuit, recall from Lemma 16 that
the fixed point of the Lindbladian contains a mixture of the
(valid) state of the qudits corresponding to different time
steps of the encoded circuit. Note that, in all of these time
steps except for the last one, the lower rightmost qudit is in
the state |x) or in an unbarred 0/ state and, thus, yields a O
expected value for the observable O. Consequently, the
expected value of O in the fixed point has a contribution from
the state only at the last time step and is equal to the expected
value of the Pauli-Z on the last qubit of the encoded circuit
multiplied by a normalization factor of 1 /2N R, which arises
from the fact that the fixed point contains a convex
combination of the state of the qudits at all time steps. =

APPENDIX D: STABILITY
TO NOISE AND ERRORS

As detailed in the main text, we assume that the quantum
simulator due to noise, instead of implementing L,
implements the Lindbladian £, s:

dt

|
;Cm,g - Em + 52/\/[3,
p

where N4, which itself is a Lindbladian, acts on the system
qudits and ancilla qubits and is supported on ;} and ¢ is the
noise rate. We assume that there is a Z’ > 0 such that

{B': Sy NSy + DY+ {a:Sy NS, # D} < Z
for all g;

i.e., Sj intersects with at most Z’ other subsets Sy or S,

(on which the jump operators L, and Hamiltonian terms
h, corresponding to the target Lindbladian are supported).
In particular, this implies that any one ancilla qubit is in
the support of at most Z’ Lindbladians N 5 We denote by
Ew,ﬁ(t’ S) = exp[‘cw,é(t - S)] and pw,é(t) = Ew,&(t’ 0)p<0)’
where we again assume the ancillae to initially be in the
|0) state. We first modify the remainder expression given
in Lemma 1 for the noiseless case.

Lemma 8, repeated. If the ancillae are initially in |0),
then

Tt [pus(1)] = P LTealpa(1)] = Ro(t) + 85 K0 (1) + 63 / "o 29 (kU (5) + Pk (s))ds,
B a.p

where R, (¢) is as defined in Lemma 1 but with p, — p, s and

K (1) = Tea(N (0 s(1)),
KU (1) = —i[LE. Tr 402N 5(p0s(1)))] + Hc..
)

[um—

KC)(1) = 5 [LE L Tr (N (o, 5(1))] + Hee.

[\

Proof. We follow the method as in the proof of Lemma 1. We begin by writing the equations of motion for Tr 4(p,, 5(7))

and Tr,A (0(1,00),5 ( l) ) :
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%TrA(pwé( = —0) (i[LE Tra(0ap0s(1)] + Hee.) = i0?[Hyyo, Tra(po 5(1))] + ) _Tra(Np(pus(1),  (Dla)
a p

%Trf\(aapw,é(t)) = _2TrA(Japw,5(t)) - l(‘)LaTrA(pwé([» - iwz[Hsys’TrA(Gapw,é(t))}

03 B (1) 83 Teal0N y (ps(1)): (DIb)
o p

We now consider the remainder R, 5()—using the definition of the remainder [Eq. (10)] together with Eq. (8a), we obtain
that

Ras1) = 5 Ta(p0s(6) = 0P LTe4(p0,5(0)

= D (ol Tealoupas(0)] + Hie) = 02D, Tea(pus(0) + 03 TaWplpus(0) - (D2)
p
Integrating Eq. (D1b), we find

t
TYA(O'an,&(f)):/ e—2(1=9) (—iwz[Hsys,TrA(aapw(s))]—zwL Tr4(p, (s —|—a)ZEW +5ZTrA(aaNﬂ(pw,5(s)))>ds.
0
B
(D3)
Using integration by parts and the expression for (d/dt)Tr 4(p,.5(t)) from Eq. (Dla), we obtain
t ! d
—iw / 2L T 4(p45(5))ds = =i % L Tea(p (1)) + 2 e™p(0) + i / 2L, Tt 4 (py, () ds
) 2 2 2 Jo ds
3 [t
- —i%LaTrmﬁ(r» - i%e-zfm(p(o» = [ L o Tea(pas5)ds
0
/ 0-F, 0 (s)ds + z—z [ LT W pus(s))ds. - (©4)

Inserting Eq. (D4) into Eq. (D3), we obtain

2

—i0[Lh Te4(00p0,5(1)) = =5 [Li L Tea(po (1)) + 5 e [LE Lop(0)]

t .a)4
+ A eZ(t—s) (—(1)3 [LZ!’ [Hsysv Tr.A(O-apw,é(t))] - 17 [le’ La[Hsysv TrA(pw,é(s))H) ds

3
o [ S (L Bl + % L P 0] s

o

1 ) ' )
+ Z[) e 21s) <—1605[L1u Tra(0oeN 5(Puws(5)))] + TLanA(Nﬂ(Pm,a(S))))ds' (Ds)
p
Using Egs. (D5) and (D2), we note that —[L}, L, Tr 4(p,, 5(1))]/2 + H.c. = D;, and so arrive at

Ruslt) = 32 (e Hau v [ e20(@ll 61+ @ ()is) + 'S [ 20100000 + &ty

+ 0?5y Ky (1) + 8y / 209 (k) )(5) + K5 (s)). (D6)
p

ap
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where ¢, Qsl)qsys(t), Qg}tys(t), QSZ,(;‘), and Qt(;z,(t) are defined in Lemma 1 [with the substitution p,, (1) — p,s(¢)] and
IC;O)(I), IC(%(I), and IC((f;(t) are defined in the statement of this lemma. n

Next, we provide bounds on the excitation of the ancillae in the presence of noise. The following lemma is the counterpart
of Lemma 2 in the noiseless case.

Lemma 9, repeated. Suppose p,, 5(t) is the joint state of the system and the ancilla qubits with the ancilla qubits initially
being in the state |0); then, for all a, o,

w 0* wZ's
[6apws(t)]l] < 5T 2's and ||Tryg(0,00p0s(1));, I Tra(0i02p0s(D)]l; < 77

+ Z'5.

Proof. The proof follows the same steps as the proof of Lemma 2. We denote by |0 4)) the vectorization of |0) (0] on all the

ancilla qubits. It will be convenient to note the following for o,,(t) = £,%(2,0)0,,E, 5(1.0). We can now obtain

d
E Ga,l(t) = g;;,lﬁ(t’ O) [Ga,lv Lw,é]gw,ﬁ(t’ 0)

= _2611,1([) - iwga_),lé(t? O) [Ga,l’ o;,l}La,lgwﬁ(t? 0) + 55(;,15(t’ 0)[0a,l’N}£w,5(t7 0)

This can be integrated to obtain

t
001€05(1.0) = &, 5(1,0)0, 7% +/ e 279E,, 5(t, 5) (=iw[04 1. 04 | Loy + 0001 N)E, 5(5,0)ds. (D7)
0

Consider now upper bounding ||Tr 4(64p,.5())||;- We can first upper bound

”TrA(O-apw,ﬁ(t))”l < ||<<TrA|O-a.l€a),5(t’ 0)|OA>>||<>’

where (Tr4|0,,E,.5(1,0)|04) is interpreted as a superoperator on the system qudits. Using Eq. (D7) and the fact that
64.1/04) = 0, we obtain that

|| «TrA'O-a,lga).é(t’ 0) |0A>> Ho
< [ (@A) a0 a5 00N, + BT 5)lar: N sl OO ) ds

1
< "2 (ollou ol all. + 3lloar NI ) ds

W [r
< / =205 (@9 + 22/6)ds = % + 2,
0

where in (1) we use the fact that at most only Z’ terms A4 do not commute with 6, i.e., [{#:[Ny.0,,] # 0} < Z'.

We follow a similar method to derive a bound on Tr 4(646p, 5()) and Tr 4 (646, pw.s(t)). For u € {—, +}, we write in
vectorized notation

Tra(0w’ 0 pus(1)) = (Tralosiow ilpus(0) = (Tral€ns(1.0)oku(1)ow /(D]p(0)). (D8)
where we interpret the subscripts as — = [, + = r. We have that

d w _
710w (D00, (0] = [0a(1)00,(1). L5(1)

= 404 (1)0u (1) = iwLy ((1)6% 05 (1) + ui@Lsn(1)0% (100 (1) + Sloba()ow (1), N (1)), (D9)

which can be integrated to obtain
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o6ia(1)001(1) = e0lio,

+ A te““"“')(—iwL(f,z(S)Gf,/,l(S)va”fu( ) + wiwLi(8)05u(5)00 1(5) + Slola(s)ow (), N (5)])ds. (D10)

Inserting Eq. (D10) into Eq. (D8) and applying the fact that o, |p(0))) = 0, we obtain

I Tr (04 6P s, < / =) 00| | (Tr Al€, 5(1. 0) Ly 1(5)0% ,(5)0ba(5)[p(0) )] s
+ / )00 [ (T Al E (1, 0) L) ()6 ()0 1(5) [0 OV s
]

+ [ eS| (T4l 5(1,0) [o4n(5)ow 1 (), N (5)][p (O))] s
t
< [ e @lolpns M + ollowlpuals)V +8llotiow. NI 1o O))])ds
(1) 2 !
s%+w25+z’a (D11)

In (1) we use the bound |lop(?)|; < ®/2+ Z'6 derived in the first part of this lemma to insert the bounds
ot ()P (O)W];, llo4(s)lP(0))]l, < @/2+ Z'5. We also use the fact that at most 22’ terms N5 do not commute with
0)6,. The lemma statement is confirmed choosing u e{-.+} "
Dynamics. —We now estabhsh the counterpart of Lemma 5 in the presence of errors. This requires additionally providing
bounds on Zﬁ 5 ( )s Dap ICa /,( ), and .4 ICa /,( ). We begin by providing a counterpart to Lemma 13.
Lemma 20. Suppose O is a local observable with ||O|| < 1 supported on S, and for z > 0, let O(z) = exp(L'7)(0),

where £ is a geometrically local Lindbladian of the form in Eq. (14). Then, for g,, Q{(I 21( ), with Qa v = Q(l) and

(l,ha/
QS; = Q{(lz,)l ., as defined in Lemma 8,

d(S,, S
ITr(O(7)q4s)| <2 min <1150 exp <4€ZT - UO)), 1) for any a
' a

and

8Z2's 162’5 . 1 .
+ - > mm(ensoexp<4eZT—%(d(Sa,So)—i—d(Sa/,SO))),l) for any a, ', j.

Tr(0(2)QY), (5))] < (

()

Furthermore,
|Tr(0(1)}C/<, (s))| < min <;75 exp <4€ZT - d(S’;ZSO)) 1) for any f
and
|Tr(0(T)IC((Iﬂ( ))| <2 min (er/S exp <4eZT - 2i (d(S}.S0) + d(S,. SO))>, 1> for any a. S, j.

where SZ is the set of system qudits contained in S’ﬂ.
Proof. The bound on |Tr(O(r)q,)| is a restatement of the bound given and proven in Lemma 13. The bounds on
ITr(O(7) Q((lj() +(s))| are proven in the same manner as the bounds on [Tr(O(7) Q{(l{()l,(s))| in Lemma 13.
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First, we consider TI’[O(T)Q<1>/(S)]. For any a,a we obtain that

a,a

TH(0() QL ()] < = [THOEILE: [ Tea((0upial)])

< % 20 [La O@Tra((Gapas()];

- <1 . fo) . [LE O]

where, in the last step, we use Lemma 9. Next, we can use Lemma 4 together with the fact that
[Lg,i) . < 2 to obtain

|| [ha” ']ch,oo—»oo’ ]||cb,oo—>oo

82’6

01011, ()] = (4-+ 522 ) 101 min(ens, exp( 4625 = 3 (d(5u1S0) + d(S.:50)) ) 1).

Next, for any «, o/, we obtain that

[Tr(0(2) Q2 ()] < [Tr(O(D)[Li Lalhers purs(5)])]
< he (L O@ILNITr4(P05(5))

1
< 4||0|| min <€'750 exp <4le ~%a (d(S,,Sp) +d(Sy, SO))>, 1).
a

Next, we bound |Tr A(Q((:L,)L For any a, @, we obtain that

3 1 u it
TH(O@QL () <~ D [Tr(0()Dy, (LY Tra(6 psa(s)D)]
ue{+—-}
1 u T
<= > Ly D} O@)Traley pon(s);
ue{+,-}
1 2 }
<(3+2) ¥ Il 0.
[0
ue{+-}
where, in the last step, we use Lemma 9. Next, we use Lemma 4 together with || [L((x”), M epcomeo <2 and 1D} Moy <2

to obtain

825 1
© >||0||mm<eﬂs exp(4e2r—2—<d<sa,so>+d< (f,so»),l).

o0 (61 < (4 +
Next, we bound |Tr(O(z) inj(s))h. For a # o
Z Te(0(@) L. LY Tra(0d” 6 pus(s))]

LY L 0@ Traelel py (),

IA
8N| —_
"

uu €{—+}
1 26 Zs () 1y (u)
(4+%+¥> SIS L, 0@,

uu' € {—-+}

where in the last step we use Lemma 9. Furthermore, from Lemma 4 and the fact that || [L,(x”), 1l < 2 it follows that

ch,00—>00
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8Z'5 16Z2'5
_I_

\Tr(o(r)Q(;fi,(s)M < <4+ >|0||m1n<e;130 exp<4eZ’r—$( (Sa,S0)+d(Sa/,S0))>,l>. (D12)

Similarly, for a = «/,

[THO) QUh(5))| < 5 [THO() (D, = Dy (Te(maps(5))

< 2 1(Dr, = D) O Teatnapu s,

< (3+ 22+ 2210, - 2,,)'(00)

El

where, again, in the last step, we use Lemma 9. Next, we can use Lemma 3 together with the fact that
(Dr, = D)l ., <4, and we obtain that

cbh,c0—

06N < (24 2224 222 0 min s, exp (4025 - L d(5.050) ) 1) (@13

Equations (D13) and (D12) together establish a bound on \Tr(O(r)

statement.
The bound on |Tr(0(r)l€l(,0)(s))| is proven in the main text. Next, we bound |Tr(0(r)l€2,>3)|. For any a, f,

( ))| for any @, & and are consistent with the lemma

(l(l

ITe(O(0) KL} (5)] < 2/ Te(O(D) L. 0N 5(pi 5(5)])]
< 2| NH(LE O@)o) 1pws()I],

1
< 2||0]| min (67750 exp <4€ZT ~5a (d(Sﬂ, So) +d(S,, SO))) ) (D14)

where A/ 5(X) =Ny(X ®I,)and N s is supported only on the system qudits in S;. Finally, we bound |Tr(0(r)IC£2./),)|. For
any a, f3,

ITe(O(D) K| < Tr(0(@) (L LN (00 5(5)])]
< IVH(LE O@IL) 1w s(5)],

1.
<2||0|| min <e;1$0 exp <4eZT ~ 5. (d(35.80) + d(S,. SO))> , 1) , (D15)
a

producing a bound identical to that for |Tr(0(T)IC£:;)|. "

Lemma 10, repeated. Suppose O is a local observable on the system qudits with ||O|| < 1 supported on S, and for z > 0,
let O(7) = exp(L'7)(0), where L is a geometrically local target Lindbladian of the form in Eq. (14). Then, for ¢, as
defined in Lemma 1, there are nondecreasing piecewise continuous functions v and v/ such that v(¢),2/(¢) < O(t¢) as
t — oo and for v <2

225 482
SITOa) v(e) and ITH002) >>|<( © +w2)yzm,

where, for j € {3,4}, Q((ll L, is defined in Lemma 1 and, for j € {1,2}, we define Q((zl L, = Q((Zzl where Q(% is defined in
Lemma 1. Furthermore,
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S0k, (5)| < V(z) and for je{1.2}. Y [Tr(0(0)Ky (s)] < [V (7).

p af

where IC;,,O> and IC(% for j€{1,2} are defined in Lemma 8.
Proof. We prove this lemma in the same manner as Lemma 5, using Lemmas 12 and 20. Consider, first,

d(SmSO>
§ |Tr(0 < 2§ : deZr ———2C0) ]
ITr(O0(7)q,)| mln(ns exp( eZr — . ,
= 2§a,;150 (4e27) < 2max(ns,, 1)v\% (a,4e27) < 2e max(ns,. 1)\ (2a.4e27), (D16)

where, in the last step, we use the fact that, as per Lemma 12, 0 (A, T) is a nondecreasing function of A for a fixed 7.
Similarly, for je€{1,2,3,4},

3 mr(0(x) QY (s)]
ap,a;
d(S,. So) +d(Sy.S
< (4+8wZ'6+162'6) g min <e;150 exp <4eZT z 0);— ( 0)>, 1)
7 a

= (4+ 8025 + 162’5)5921’_22,150 (2a,4¢Z7) < (4 + 8wZ'S + 1625) (max(ens,, 1)) (V9 (2a, 4e Z7))?
< (4+8wZ's + 162'5)e*(max(ns,. 1))* (1'% (2a. 4e 27))>. (D17)

From Egs. (D16) and (D17), it follows that choosing (7) = 2e max(s,,, 1) (2a, 4e Z7) satisfies the lemma statement.
Next, we apply Lemmas 20 and 12 to obtain

Zm 0(1)KY (s))| < min (ng exp <4ezf—‘w>, 1>

a

= 553%3) (4eZ7) < max(ns,, 1) (a, 4eZ7)
< max(ns,, 1) (2a,4eZ7), (D18)

where in the last step we use the fact that, as per Lemma 12, (¥ (4,T) is a nondecreasing function of 4 for fixed T.
For je{1,2},

d(8}.S0) + d(Se So)
§ Tr( <2) 4eZr ——1 1
|Tr(O s))] m1n<;75 exp( eZt 2 ), )

ap
= &raens, (4€Z) < 2(max(ers,, 1))2(9(2a,4eZ7))?

< 2¢*(max(ns,, 1))* (9 (2a, 4eZ7))*. (D19)

Considering Egs. (D18) and (D19), we may choose /(7) = V2e max (7, , 1)1/(0) (2a, 4e Z7) to satisfy the lemma statement.
It can also be noted from the asymptotics of v(%)(4,T) in Lemma 12 that both v(z),2/(7) < O(z¢). Additionally, since
(2, T), for a fixed 4, is a nondecreasing and piecewise continuous function of 7, v(r) and v/(r) are also piecewise
continuous nondecreasing functions of z. [

Long-time dynamics or fixed points.—Next, we consider the problem of long-time dynamics or fixed points.

Lemma 11, repeated. Suppose O is a local observable with ||O|| <1 supported on Sy, and for 7> 0, let
O(7) = exp(L'7)(0), where L is a geometrically local Lindbladian of the form in Eq. (14). Furthermore, suppose O
is rapidly mixing with respect to £ and satisfies Eq. (20) with k(|So|,7) < Olexp(y™)]. Then, for g, as defined in
Lemma 1,
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2

a

< w2 (y),

t
/ Tr(O(t — 5)q,)e 2/ ds
0

where 1) (y) < O(y~¥**1) as y — 0 and for j€{1,2,3,4}

a,a

[0

vofole : , 225 42’5
/ / Tr(O(f—S)Q((X]l{,(s'))e—z(S/(uZ_s)ds’ds < (1 + +—= ),1(2) (7),
0 Jo ’

where 12 (y) < O(y~ 4+ D&+D)) as y — 0 and, for j € {3,4}, Qéﬂa, is defined in Lemma 1 but with p,, — p,, 5 and, for
j€{1,2}, we define le, = Qi{;’, where Qi’; is defined in Lemma 1 but with p,, — p,, ;. Furthermore,

[ Tr<0(t — )k (é) > ds

where 1/ (y) < O(y~@+DE+DY) as y — 0 and, for je€{1,2},

>

B

<X0(y),

<¥O(),

t [s/a? . ,
/ / Tr(O(t - s)lC%(s’))e‘z(s/“’z_s )ds'ds
0 Jo

where /') (y) < O(y~24+DE+1)) a5 y — 0.
Proof. We follow the same method as the proof of Lemma 6. Since ¢,, is defined identically in the noisy and noiseless
models, the first statement of the lemma is simply a restatement of the bound from Lemma 6. Next, we note that, for a

function F, »(1),

t s S/ ’ 2
Z / / Tr(O(t — $)F g <—2) ) e 2=/ gg' ds
a,d 0 Jo @

t [s/w? 2
/ / Tr(O(t — 5)F o (s')) e/ =) ds' ds
0 Jo

1 Z
0)2 i
a,d

(D20)

We now consider the terms involving QU) for j€{1,2,3,4} separately—for j = 1, we have from Lemma 8 that
QUL (5'/07) = Ko yloy(s')) 4+ Hee. with Ko(X) = [LX], Too(X) = [y, X, and 0() = =07 Tr4(00p05(s' /).
We note that ||/Cy|ls, [|Twlle <2 and, using Lemma 9, ||o,,(s")||; < 1/2 + Z'8/w. Thus, applying Eq. (D20) and Lemma
14, we obtain that

O

t [s/w? ,
/ / Tr(0( — 5)QU) (s"))e=20/=) ' ds
0 0 ’

< (1 - 2‘?) B (y). (D21)

Similarly, for j =2, we have from Lemma 8 that Qgi,(s’ J0?) = KT wlo,(s")] + H.c., where K,(X) = [L} L,X],

T (X) = [hy. X], and 6,,(s") = —iTr4[p, 5(s'/@*)]/2. We note that ||IC,]|,. || T #|l, <2 and that ||o,(s')||; < 1/2. Thus,
from Eq. (D20) and Lemma 14, we obtain that

a,d

o

t s/w? /
/ / Tr(0(t — $)Q0, (s')e 2/ ~ds'ds| < £O)(y). (D22)
0 Jo ’

For j=3, we have from Lemma 8 that Q((f(l,(s’/a)z)zzue{_‘ﬂ Kf,”)jfl'f)[ag)(s’)], where ICS,"):DL(X,
jt(;f)(X):[Lgf),X], and a((j')(s’):—iaflTrA[ag)pwﬁ(s//wz)]. We note that [k js,’)HQSZ and, using

Lemma 9, ||o{”(s')||, < 1/2 + 2'6/w. Thus, from Lemma 14 and Eq. (D20), we obtain that

O
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t—s)Q

W (s fw?) =

For j = 4, we have from Lemma 8 that Q
definitions: We define K, (X) =
o) (s = w‘ZTrA(ag,ﬁ)oapwﬁ(s’/a)z)) if « = @ and 6,

’ (uu’)
for any u, ', ||ICollo. | T |l

Eq. (D20) and Lemma 14(c), we obtain that

s/w?

a,a

Considering Egs. (D21)—(D24), we may choose 1) (y)
2¢8)(y) to satisfy the lemma statement. Note that ¢©)(
depends on a and Z and that by Lemma 14,
7) < Oexp(y™)) as y = 0, then {¥(y)
O(}/ (2d+1)(K+1)) as y — 0.

Next, using the definition of ( ) from Lemma 8 and the
fact that O(r — ) is not supported on the ancillae, we have

that Tr(O(1 — )K" (s/?)) = Tr(O(t = $)N (o, (5)).
where 6,,(s) = p,5(s/®?). Noting that || /4|| . < 2 and that
llo,(s)|l; < 1, we apply Lemma 14(b) to obtain

>

s

w
A8l

/ T (01 = )K (s/0?)ds| < c(y),  (D25)

0

where in the application of Lemma 14 we consider
d(So.S)y) = d(So.S})). Picking ¥V (y) = {P(y) satisfies
the lemma statement. Note that {(?) (y) depends on Z, Z/,
and a.

In order to prove the last statement in this lemma, we
must define a way to sum over all regions S, and S;f in a

aﬁ
Using the definition of IC&Z/E in Lemma 8§,
ITr(0(t — 5)K T o (0,(s"))) + H.c.., where K.(X) =

otherwise, and o,,(s") = p,,s(s'/w*)/2. We note that ||IC,|
and Lemma 14(c), we obtain that

A

ap

By Lemma 14, {®)(y)
satisfies the lemma statement.

( /))e—Z(S/an—s’)ds/dS

i, x). J%9x) = Lwx
(uu

O(t—ys) Q(4),(s’))e‘2(s/“’2‘

25/ =Tr(0 (1 — 5) K J(s"))ds'ds| < 200)(p).

25/ =Tr(0(t — )KL )(s"))ds'ds| < ¢'O)(y).

< O(y~ DD a5 y — 0 and ¢O)(y) depends on Z, a, and Z". Picking A’ (y)

(D23)

< ( +2Z'5)g< ).

Yuwei-1 K ._7 “)[50) (5/)] + H.c. according to the following

if u'=—, and J%")(X)=XL® if «' = +. Finally,

><s'> - u/w-ZTrAa“")aapwa( /7)) if @ # . We note that,

V) < 1/4+ @ ' 2'5/2 + w2 Z'5. Thus, applying

) ds'ds 2+ 4— +38

(D24)

< < ) Z’&)C( o).

single summation. For c€{1,2,...,M + M'}, we define
Sl =8.ifc<Mand S, =S._,, if c > M. Remember that
M is the number of target Lindbladian terms £, and that M’
is the number of error Lindbladian terms A/ - Given any c,
we define the number other regions S”, that intersect S; to
be bounded by some 2" >0, ie., [{c'|S}, NS, # @} <
2" If ¢ > M, then S = §/._,, can intersect a maximum of
Z' other regions S”,. If ¢ < M, then S = S, can intersect a
maximum of Z other regions S,,, and each of the |S..| points
in S, can be in the support of a maximum of 2’ regions Sj.
We can bound max, |S,| by some Vg and note that Vg is a
function of only @ and d. Hence, we can choose
Z' =max(Z2',Z+ V¢Z').

Using these definitions, from Lemma 8, we have that
S ap THO(1 = )KL (s [0?)) = 3 o TH(O(1 = $)KeT o
(6,(s"))) +H.c., where K,,(X) = —i[L!, 6.X] if ¢ < M and
0 otherwise, J. = N if ¢/ > M and 0 otherwise, and
6u(s') = Pays(s' /). We note that [ ||, |7 ||, <2 and
llo,(s")]]; < 1. Thus, applying Eq. (D20) and Lemma 14
(c), we obtain that

(D26)

we have that

S TrO(t = K Z)(s'/?)) = 3.,

[LI,L X] if ¢ < M and 0O otherwise, J, = Ny if ¢/ > M and 0
Jelle £2and |6, (s')||; < 1/2. Thus, applying Eq. (D20)

(D27)

=200(y)
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