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Turing proposed a reaction-diffusion (RD) process as the chemical basis of morphogenesis. Despite the
elegance of this model, its relevance for the precise description of morphogenesis in real organisms is
largely disputed. Here, we show that a simple RD system, predicting the cellular-automaton-like patterning
of ocellated lizards’ skin into green and black labyrinthine chains of scales, additionally predicts
unsuspected subtle color subclustering that correlates with the colors of the scales’ neighbors. Hyper-
spectral imaging indicates that color subclustering is present in real lizards, confirming the numerical
model nontrivial prediction. In addition, extensive histological analyses show that melanophores’ spatial
distribution correlates with scale neighborhood, confirming that color subclustering is associated to the
underlying microscopic system of chromatophore interactions. We then show that the observed
subclustering is efficiently captured by RD models, irrespective of their form, discretization, and spatial
dimensionality. We also show that sets of values can be identified in the 12-dimensional RD parameter
space to yield the correct direction of correlation (i.e., observed in real lizards) between green-scale
blackness and their neighborhood configuration, hence instructing the mathematical model. More
generally, our results show that subtle mesoscopic properties of biological dynamical systems, as well
as some of the underlying microscopic features, are quantitatively captured by simple RD models without

integrating the unmanageable profusion of variables at lower scales.
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I. INTRODUCTION

In his classic 1952 article [1], Turing used nonlinear
partial differential equations describing a system of reacting
and diffusing components [accordingly, the model is
typically called “reaction-diffusion” (RD)] that can gen-
erate a wide range of spatiotemporal dynamics [2] (chaotic,
nearly chaotic, cyclic, solitonic) of components’ concen-
trations, but also stationary symmetry-breaking patterns
such as spots, stripes, and labyrinths. Turing focused on
stationary patterns and proposed that RD constitutes the
chemical basis of morphogenesis; hence, the term “morph-
ogen” that he introduced [1] to describe RD components.
Although the elegance of Turing’s model and its enormous
significance in the field of nonlinear dynamics have been

*szabolcs.zakany@unige.ch
" Author to whom correspondence should be addressed: michel
.milinkovitch@unige.ch

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOL.

2160-3308/23/13(4)/041011(26)

041011-1

Subject Areas: Biological Physics, Statistical Physics

universally praised [3—7], much debate is still ongoing
about the relevance of RD for describing actual morpho-
genesis in real biological systems, especially against an
alternative, but not mutually exclusive [8], model of
morphogen gradient-dependent positional information
[9-11].

Because (i) skin color patterns in vertebrates emerge
during development through spatial segregation of chro-
matophores (i.e., cells producing pigmentary or structural
colors [12-16]) and (ii) this process is driven by inter-
actions among chromatophores [Fig. 1(a)] that consist of
activations and inhibitions [17-22] established through
short- and long-range cell-cell contacts [21,23], it has
been suggested [5,6,17,24,25] that the resulting self-
organizational dynamical system can be quantitatively
investigated at the continuum limit as a RD model with
effective slow- and fast-diffusing components. In addition,
we have recently identified [24,25] that the phenomenon of
color switching (green to black and black to green) of
individual skin scales during the posthatching development
of ocellated lizards (Timon lepidus) is emerging from the
superposition of such a system of RD equations with the 3D
geometry of the lizard skin. Indeed, reduction of diffusion
at the thin borders of much thicker scales not only causes

Published by the American Physical Society
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FIG. 1. Discrete reaction-diffusion (dRD) simulations indicate neighborhood-dependent scale color subclustering. (a) Signs of
interactions between chromatophores [17]; short-range compounds U and V represent melanophores (M) and xanthophores (X) in the
dRD model; W is the long-range factor. (b),(c) Enlarged detail of a lattice of 3850 hexagons with (b) juvenilelike initial condition and
(c) steady-state pattern [r > 1800; levels of green indicate unnormalized (left) and normalized (right) values of V]. (d) Heat maps:
evolution of densities U (top), V (middle), and W (bottom) for all hexagons. Subclustering of (U, V, W) is apparent at late times in both
the green and black clusters. Dynamical “lineages” of time evolution are visible at earlier times [insets (i) and (ii)]. Time trajectory of
each hexagon is dynamically colored according to its nearest-neighbor configuration (bottom panel, V., = 10). (e) Clustering and
subclustering of (U, V, W) of all hexagons at steady state (+ > 1800); values subcluster according to the number of black (np) or green
(ng) nearest neighbors. Coloring of data points as in (d). Top: green cluster (gc, U < 2.5, V > 4.5) and black cluster (bc, U > 2.5,
V <4.5); the 3D graph is provided as Supplemental Material, File S1 [34]. Middle: enlargement of the black cluster in (U, V)
projection; inset illustrates subsubclustering (for nz = 2). Bottom: enlargement of the green cluster in (U, V) projection. White crosses
indicate analytical approximation of steady-state subcluster locations (see Appendix A 2).

the RD pattern to “snap” with the lattice of scales (hence,
making each scale monochromatic [24]) but also effectively
[24] and robustly [25] transforms the skin color patterning
process into a mesoscopic stochastic cellular automaton
[26-29] (sCA) that dynamically computes the late-time
steady-state labyrinthine pattern of green and black chains
of scales observed in real lizards. In addition, we have
shown [30] that the patterning dynamics and late-time

probability distribution of patterns in real ocellated lizards
can be efficiently described by the canonical probability
distribution of the simpler antiferromagnetic two-parameter
Lenz-Ising model [31,32]. Finally, we have shown that,
although all three models efficiently predict neighborhood
statistics of very different adult patterns exhibited by five
divergent species of lizards, RD predicts individual scale-
by-scale patterns, i.e., the exact position of green or yellow
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and black scales, substantially better than Lenz-Ising and
CA models [33].

In an attempt to bridge the gap between, on one hand,
time- and space-discretized statistical models (sCA and
Lenz-Ising) and, on the other hand, the RD framework, we
formally derived [24] on the hexagonal 2D lattice a discrete
RD (dRD) model from Turing’s continuous RD equations
by renormalizing the diffusion term. Besides capturing the
scale-by-scale SCA or Lenz-Ising color-switching dynam-
ics, the dRD model keeps the complexity of two important
(linked) variables of the underlying continuous RD (cRD)
model: continuous state and continuous time dynamics
(both discrete in the sCA and Lenz-Ising). Indeed, scales
can, in principle, take any color in a continuous range, and
color switching is not instantaneous. One key question is
whether the additional degrees of freedom of the RD
models predict nontrivial features of the dynamical system
that cannot be captured by the sCA or Lenz-Ising models.

Here, we numerically investigate the dynamics of the RD
models and show that, within the two large clusters of green
and black scales, unsuspected subclusters in color distri-
bution are forming as the pattern approaches steady state.
The difference of color between scales belonging to
different subclusters is very small but entirely and unam-
biguously defined by the general state (green or black) of
the scales’ neighbors. Analyzing the colors of individual
scales of real lizards with hyperspectral imaging, we show
that this subtle neighborhood-dependent color subcluster-
ing (not visible with the naked eye) is indeed present in
these animals, confirming the nontrivial prediction of the
numerical model. In addition, using an extensive set of
histological serial sections, we show that the depth of
melanophores within a scale correlates with the identity of
the color subcluster to which the scale belongs, confirming
that numerically predicted color subclustering is indeed
associated to the state of the system at the cellular level. We
also show that, under the constraint of periodic variation of
the domain thickness, the observed subclustering is a
general attribute that can be effectively captured by RD,
regardless of the RD equation form, discretization, and
spatial dimensionality. Finally, we show that RD parameter
values determine the orientation of the correlation between
green-scale blackness and the number of isochromatic
neighbors, and that sets of parameter values generating
correct direction of subclustering (i.e., as observed in real
lizards) can be identified in the 12-dimensional RD
parameter space, hence instructing the mathematical model.

II. NUMERICAL MODELING

A. Steady-state scale color distribution exhibits
neighborhood-dependent subclustering

First, we modify the quasihexagonal pattern of a juvenile
ocellated lizard such that it occupies a regular strictly
hexagonal lattice and we arbitrarily assign the values

(U,V,W) of green and black scales to (1.82, 6.29, 2.42)
and (4.93, 1.55, 3.93), respectively. Using this pattern as
initial condition [Fig. 1(b)], we apply the dRD model [24]
to numerically investigate the dynamics of continuous color
change (see Sec. VI). At the steady state of the patterning
process [left-hand panel in Fig. 1(c)], each scale seems to
take one of two colors (black with high values of U and W,
and green with high value of V). This feature is a
consequence of the fact that the Turing length scale Ly
of the dRD model is close to the lattice spacing length scale
(see Appendix A 1). However, finer examination of the RD
component densities [Figs. 1(d) and 1(e) and right-hand
panel in Fig. 1(c)] indicates a definite nonoverlapping
subclustering. Remarkably, this arrangement is entirely
defined by the nearest-neighbor configurations of scales:
black scales with the same number of black neighbors
belong to the same black subcluster. Similarly, green scales
with the same number of green neighbors belong to the
same green subcluster. This phenomenon is independent
from initial condition as (i) steady-state subclustering is
also observed (Supplemental Material, Fig. S1 [34]) when
starting from all scales very close to the unstable homo-
geneous steady state (U,V,W) = (3.51,2.96,3.45) and
(i) the positions of the final subclusters in (U, V, W) can be
analytically approximated [white crosses in Fig. 1(e) herein
and Supplemental Material, Fig. S1D [34]; see also
Appendix A 2]. Note that clustering is visible at the next
hierarchical level [i.e., subsubclustering, inset in Fig. 1(e)]
and is due to second-neighbor configurations.

The time evolution also exhibits dynamic subclustering
[Fig. 1(d)]: green scales (initially set to the same color, see
above) with different numbers of green neighbors (seven
possibilities: ng =0 to ng = 6) separate as they move
with different rates toward one of the green subclusters or
shift color and move to one of the black subclusters. A
similar separation of seven “lineages” is observed for
black scales [Fig. 1(d), inset (i)]. Furthermore, because
their neighbors can also change color, scales initially with
the same early configuration (say, ng = 6) can experience
shifts in neighborhood state such that sites, transiently of
similar colors, disperse in the form of a series of fuzzy
sublineages [Fig. 1(d), inset (ii)] corresponding to the
acquisition of distinct neighborhoods. Note that, when
starting with all sites close to the unstable homogeneous
steady state (i.e., an unclustered initial condition; see
Supplemental Material Fig. S1 [34]), scales disperse much
more homogeneously, i.e., they occupy a much larger
range of colors, but finally also settle in one of the black or
green subclusters.

B. Heterogeneity of edge lengths causes
increased dispersion of subclusters

As renormalization of the diffusion term in the dRD
model involves the hexagonal side length [Eqgs. (11) and
(12)], we propose that the observed nonoverlapping
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subclustering of scale colors in hexagonal regular lattices  1i.e., the sum of side lengths L;; that polygon k shares with
[Figs. 1(d) and 1(e)] is due to the discrete distribution of  first-neighbor polygons k’ of the same general color (green
or black) as k (in the above formula, 6;; denotes the

Ly = Z‘Ssm/ka” (1) Kronecker delta function). To test this hypothesis, we first

K generalize the dRD model to arbitrary edge lengths and

lattices of arbitrary polygonal order distribution [see

where Eq. (10)]. Second, starting from the regular hexagonal
. tiling, we perturb the hexagon center coordinates with noise

5p = { I if k green (Vi > 4.5) of varying amplitude. Running the dRD model to steady

0 if k black (V, <4.5), state on the Voronoi diagrams defined by the displaced
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FIG. 2. Geometry perturbations increase dispersion of subclusters. Steady-state subclustering of the black and green clusters in four
different geometries. (a) Weakly perturbed hexagonal lattice, (b) mildly perturbed hexagonal lattice, (c) strongly perturbed hexagonal
lattice, and (d) Voronoi diagram of skin-scale positions on an actual ocellated lizard. From left to right, we show (i) a detail of the lattice
with steady-state colors, (ii) the distribution of edge lengths L (inset: distribution of the number of edges Nn of the polygons), (iii) the
black cluster in (U, V) projection, (iv) the green cluster in (U, V) projection, and (v) for the n; = 2 green subcluster: the correlation
between the steady-state value V. and the total length £, of edges in Eq. (1) that each polygon shares with neighbors of the same color.
This correlation between (U, V, W) and L, explains overlapping between subclusters in strongly irregular geometries (c),(d). Note that
the 3D distribution graphs in (U, V, W) space of all scales are provided as Supplemental Material, Files S2-S5 [34] for (a)—(d).
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hexagon centers shows that the correlation between posi-
tion in (U, V, W) space and neighborhood configuration is
maintained but the subclusters increasingly overlap as the
noise is made larger [Figs. 2(a)-2(c)]. Third, as hetero-
geneity in polygonal order causes heterogeneity of L, we
simulate the dRD model on the quasihexagonal Voronoi
diagram reconstructed from the surface scanning [35] of a
real ocellated lizard [Fig. 2(d)]: here again, correlation
between scale color and neighborhood configuration is
maintained but subclusters overlap. Fourth, we identify a
strong correlation between the color of a scale k (illustrated
for the value V in the rightmost panels of Fig. 2) and its
corresponding L, indicating that increased dispersion of
clusters is indeed due to heterogeneity in the sum of side
lengths that scales share with their same-color neighbors.
The dependence of subclustering on £ is also analytically
investigated in Appendix A 2. Note that stochastic noise in
components’ concentrations can amplify the overlap
between subclusters (Supplemental Material, Fig. S2 [34]).

To exclude the possibility that the color subclustering
phenomenon is caused by the spatial discretization of the
dRD model or its 2D nature, we performed cRD simulations
in a bona fide 3D hexagonal lattice of ~500 bell-shaped
scales (Supplemental Material, Figs. S3A and S3B [34]).
After running the model to stable steady state (Supplemental
Material, Figs. S3C and S3D [34]), we estimate the color of
each scale by separately averaging the (i, v, w) values within
its central region (i.e., covering 30% of its surface). Plotting
the positions of scales in mean (u, v, w) space confirms the
results outlined above with the 2D dRD model: scales form
color subclusters (Supplemental Material, Fig. S3E [34]).
Note that we observe this subclustering phenomenon even
when we substantially transform the form of the reaction
term, e.g., when performing cRD simulations with the
Gray-Scott [36,37] or the Gierer-Meinhardt [3] models
(Supplemental Material, Fig. S4 [34], left-hand and central
columns) which incorporate only two RD components.
Patterns in these two models are established through dif-
fusion instability (i.e., the so-called “Turing instability”) as in
the three-component model used here for ocellated lizards. In
addition, we observe the subclustering phenomenon even for
the one-component Allen-Cahn equation [38] (Supplemental
Material, Fig. S4, right-hand column [34]) in which non-
linearity is introduced in the form of two competing stable
steady states: starting from the unstable steady state with
noise, domains of different colors develop by attraction of the
initial fluctuations toward one or the other stable steady state,
with domain boundaries forming and stabilizing in the
interscale regions. Hence, as far as scaled-skin color pattern-
ing is concerned (i.e., with its substantial interscale diffusion
restriction), we can safely suggest that the observed sub-
clustering is a generic feature (reflecting the interplay
between diffusion and spatial near-discretization) that is
efficiently captured by RD models, irrespective of their form,
discretization, and spatial dimensionality. Importantly, our

analyses additionally indicate that the orientation in RD
components’ space of this correlation (between scales green-
ness or blackness and the number of isochromatic neighbors)
can differ depending on the model used, but also as a function
of the values of parameters within a model (see Sec. IV and
Appendix C).

We conclude that, first, on a regular hexagonal lattice, the
RD steady-state color distribution of scales forms two
principal clusters (black vs green), each of which is decom-
posed into seven subclusters corresponding to the seven
possible neighborhood configurations of a hexagon. Note
that not all possible subclusters are necessarily populated at
all stages of the dynamics. For example, steady-state
frequencies of black scales with 6 black neighbors, or of
green scales with 5 or 6 green neighbors, are very rare [24].
Second, we show that for irregular hexagonal or nearly
hexagonal lattices, the (U,V,W) steady-state values of
scales still strongly correlate with their neighborhood con-
figuration, but dispersion of the subclusters increases with
the heterogeneity in the sum of side lengths that scales share
with their isochromatic first neighbors. When heterogeneity
is large enough, the subclusters overlap.

III. BIOLOGICAL EXPERIMENTS

A. Real lizards exhibit neighborhood-dependent
subclustering of scale color

To test in real lizards the above theoretical conjecture of
neighborhood-dependent color subclustering, we per-
formed hyperspectral imaging on the dorsal skin of five
ocellated lizards: two mature males (3 and 5 years old), one
mature female (5 years old), one adolescent male (2.5 years
old), and one juvenile (5 months). The three first individ-
uals were old enough for their pattern to likely be close to
steady state [24]. However, given that the color switching
of any given scale is much faster than the overall patterning
process, it is likely that individual green and black scales
are at a transient steady-state color (until the next color
shift) at any time point, even if the pattern itself is not at
steady state. Hence, all used individuals might be adequate
to test our conjecture as long as brown scales (i.e., in the
process of shifting from green to black or vice versa) are
excluded. The five individuals were sacrificed, their dorsal
skin was removed, submerged in phosphate-buffered
saline, and positioned under a microscope at 5x magnifi-
cation with reflected illumination. Images were captured
with a hyperspectral camera in a spectral range A =
462,466,470, ...,702 nm, i.e., with a 4 nm spectral sam-
pling. Hyperspectral imaging provides much more detailed
information on reflectance spectra than simple RGB
imaging. For each lizard, green scales with ng =1, 2,
3, 4 green nearest neighbors were randomly selected
[Fig. 3(a) herein and Supplemental Material, Table S1
[34]]. As green scales with n; = 0,5,6, ... are scarce in
the observed patterns, they were not considered in the
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FIG. 3. Neighborhood-dependent scale color subclustering in real lizards. (a) Dorsal skin of an ocellated lizard (individual TL66) with
a sample of 224 skin scales marked in red. Scales “a” and “b” are examples of neighborhood configurations ng = 4 (“a”) and ng = 1
(“b”). (b) Top: spectral modes associated to the first (solid line) and second (dashed line) principal components (PC) accounting for
90.6% of the dataset total variance. Bottom: deviation from the mean (r;; — 7;) of relative reflectance spectra (red solid line) and its
projection on the first two PCs (blue dashed line) for scales “a” and “b”. (c) Top: coordinates of first two PCs for relative reflectance data,
colored according to nearest-neighbor configurations ng = 1, 2, 3, 4; scales “a” and “b” are indicated. Bottom: Bayesian credibility ellipses
for clusters’ averages of the same data (p = 0.9 for inner ellipses, p = 0.99 for outer ellipses). The first PC strongly correlates with
neighborhood configuration. (d) Left: box plot and analysis of variance (F-test) for first PC data; clusters’ averages are significantly
different. Right: p values for Tukey-Kramer honestly significant difference (Tukey HSD) tests of pairwise comparisons between clusters’
averages. (e) Top: coordinates of first two PCs [dimensional reduction of (U, V, W) space] for simulated data [dRD on real lizard Voronoi
diagram of Fig. 2(d)]; data points with different neighborhoods are sampled with the same frequencies as in real data (c). Bottom: Bayesian
credibility ellipses represented as in (c). The origin of the inverse correlation with nearest-neighbor configurations of simulated (e) vs
observed (c) data is analyzed in Sec. IV.

analysis. Note that black scales’ reflectance was too low to ~ then measured by averaging in each scale the spectra

allow for subclustering analysis. of about 40 pixels covering the central 30% of its surface.
The relative reflectance spectra of all selected green ~ We then observed a correlation between green scale
scales [i.e., the data R;(4) for i =1, ..., Nyl were  reflectance and their position on the animal (corresponding
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to wavelength-specific dorso-lateral and cephalo-caudal
reflectance gradients). To correct for these nuisance
parameters, we fit a quadratic slowly varying function
RP(A, x;,|y;|) to the spatioreflectance data {(x;,y;),
Ri(4)}iz1. .- Examples of such functions are illus-
trated in Supplemental Material, Fig. S5 [34]. To test
whether the remaining variation r,; = R;(1) — RP*(4, x;,
lvi]) is correlated to scale neighborhood state, we perform a
dimensionality reduction using principal component analy-

sis (PCA; see Sec. VI): we construct the covariance matrix

of the data r;; and identify the two eigenvectors vl(lpc‘l)

(principal directions) associated to the largest eigenvalues.

We then project the data on this subspace: r;; ~7,+

cEPC‘)ngC'> +c§PC2)viPC2>. These two principal compo-

nents (PC; and PC,) account for 90.6%-96.6% (depending
on the lizard individual) of the variance in the spatially
corrected hyperspectral reflectance data (Supplemental
Material, Table S1 [34]), and therefore represent it accu-
rately [Fig. 3(b)]. Note that the first principal component
PC; can be interpreted as a brightness correction, so may
represent melanophore contribution (U in the model), and
the second PC, as a hue correction that can be interpreted as
xanthophore contribution (V' in the model).

Each scale is represented by a point (c,(»PC' >, c(PC)

;%) inthe
PC,-PC, plane [Fig. 3(c)] and is color labeled according to
its number of green neighbors (n;); Bayesian credibility
ellipses (see Sec. VI) are indicated for each corresponding
group. Remarkably, PC, strongly correlates with ng: the
clusters’ averages are well separated along the PC; axis
and, for most of the pairwise comparisons between groups,
the outer ellipses do not overlap [Fig. 3(c)], indicating that
the two groups have a posterior probability < 107 to be
sampled from bivariate normal distributions with the same
mean (i.e., scales with the corresponding two different
neighborhood configurations have significantly different
shades of green). These results are corroborated by a
standard analysis of variance (F-test) and pairwise
Tukey-Kramer tests [Fig. 3(d)] for PC;. Finally, we applied
a standard Fisher linear discriminant analysis (FLDA) on
the unreduced centred data r;; —7; to find the spectral
mode which best separates the groups (see Sec. VI). As
often observed with FLDA, the main discriminant mode
explains a much lower proportion of the total variance than
PC,, but it separates the groups with higher statistical
significance (Supplemental Material, Fig. S6 [34]). Note
that performing the same analyses (Bayesian credibility
ellipses, analysis of variance, pairwise Tukey-Kramer tests,
and FLDA) with raw data, i.e., without correction for
spatial dependence of the reflectance data, generates similar
conclusions albeit with slightly lower statistical signifi-
cance (Supplemental Material, Fig. S7 [34]).

It is remarkable that the subtle neighborhood-dependent
color subclustering predicted by numerical simulations is
detectable in real lizards despite (i) the noise associated to

hyperspectral measurements and (ii) the multitude of under-
lying biological variables. Note that identical hyperspectral
data acquisition procedures and analyses with four additional
lizard individuals indicate (Supplemental Material, Fig. S8
[34]) that three of these four animals also exhibit highly
significant neighborhood-dependent subclustering of green-
scale hyperspectral reflectance. Finally, performing the same
PCA analyses [Fig. 3(e)]—as well as F-test, Tukey-Kramer
tests, and FLDA (Supplemental Material, Fig. S9 [34])—on
the (U,V,W) data numerically simulated on a realistic
quasihexagonal 2D lattice [Fig. 2(d)] generates subclustering
along the two first PCs (indicated as E,(»PC” and EEPCZ))
similarly to the experimental reflectance data [Fig. 3(c)],
albeit with (i) less overlap between subclusters and (ii) an
inverse correlation between green-scale brightness and
nearest-neighbor configuration. The origin of this inversion
is identified and analyzed in Sec. IV, allowing us to instruct

the mathematical model.

B. Melanophore distribution within scales
correlates with color subclustering

As (i) the color of skin scales is determined by their
chromatophore composition [12-16] and (ii) the values of
U and V are intended to model the densities of chromato-
phores, the RD system used above predicts the existence, in
real ocellated lizards, of a neighborhood dependence not
only of mesoscopic measurement of skin scales’ hyper-
spectral reflectance (as identified above), but also of
microscopic parameters associated with chromatophore
organization within skin scales. Hence, we performed
histological serial sectioning of green scales belonging to
different hyperspectral subclusters and tested if distribu-
tions of chromatophores depend on the neighborhood
of the corresponding scales. More specifically, the dorsal
skin of one animal used for hyperspectral analyses
[Figs. 3(a)-3(d)] was fixed in formalin and 41 green scales
with different neighborhoods (14, 8, 6, and 13 scales with
ng = 1,2, 3, and 4, respectively) were sampled, dehydrated
in ethanol, embedded in paraffin blocks, sectioned at 7 pm,
stained with hematoxylin and eosin (HE), and imaged at a
spatial resolution of 0.23 pm/pixel to generate a high-quality
set of 3845 images (mean = 94 sections/scale). A single
section across three adjacent scales is illustrated in Fig. 4(a).
Each image of each scale section was color segmented (see
Sec. VI) to identify the epidermis as well as pixels belonging
to melanophores or iridophores [Fig. 4(b), top left]. A 3D
model [i.e., in full XY Z space, Fig. 4(b), top right] of each of
the 41 scales was reconstructed using rigid transformations
(guided by melanophore and iridophore distributions)
between consecutive XZ sections. After transforming each
labeled XZ pixel into a voxel of (0.23 x 0.23 x 7) um?, we
fitted algebraically an ellipse to the XY projection of the scale
boundary, and we restricted the volumetric data to the voxels
both situated below the epidermis and whose XY projection
falls inside the central 25% of the scale [Fig. 4(b), top and
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FIG. 4. Histological analysis of chromatophore spatial distribution in lizard skin scales. (a) Example of histological section (HE
staining) through scales “a” and “b”. (b) Segmentation (black, melanophores; blue, iridophores; red, epidermis) and alignment of
sections for reconstruction of skin-scale chromatophore distribution. Left: a detail of raw image of section and its color segmentation.
Top right: alignment of segmented sections for 3D reconstruction of the skin scale; a large proportion of each section in front of no. 44 is
made transparent. The region of interest (“inside ellipse”) used for extraction of chromatophore distribution is indicated in light red.
Bottom right: top view of the same alignment of sections, highlighting the construction of the light red ellipse used for data extraction.
Stars indicate missing sections. (c) Spatial distribution of chromatophores (distance from epidermis of each labeled voxel) extracted
from light red region. The 10th, 50th, and 90th percentiles are indicated.

bottom right-hand panels]. We then computed the volume
fractions, and distributions of distance to the epidermis, of
melanophores and iridophores in each scale [Fig. 4(c)].
We observe that measurements pertaining to melano-
phores are strongly correlated with scale neighborhood state:
Bayesian credibility ellipses show that melanophore data
[Fig. 5(a)] are very unlikely sampled from bivariate (median
distances to epidermis and volume fraction) normal distri-
butions with the same mean for different neighborhood
configurations (posterior probability < 10~ for green scales
withng = 1vsng = 4, and posterior probability < 1073 for
ng =1vsng=3orng=2vs ng =4). Note that these
results are qualitatively perceptible by eye when comparing

the left and right green scales (ng =1 vs ng =4) in
Fig. 4(a). Similarly, (i) an F-test performed on the grouped
data strongly rejects [p = 1.8 x 107 for median distance,
Fig. 5(b), and p =6.6x 10" for volume fraction,
Supplemental Material, Fig. S10 [34] ] the hypothesis that
the groups are sampled from normal distributions with equal
means, and (ii) the groups identified as significantly different
by pairwise Tukey-Kramer tests [Fig. 5(b) herein and
Supplemental Material, Fig. S10 [34] ] are the same as those
identified by the Bayesian analyses. Although the same
statistics (volume fraction and distance to epidermis) were
mostly nonsignificant for iridophores, the most significant
neighborhood dependence was observed for the ratio of the
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FIG.5. Melanophore distribution and comparison with reflectance results. (a) Top: median distance to epidermis and volume fraction
of voxels labeled as “melanophore” for each of the 41 skin scales (individual TL66) selected for histology. Bottom: Bayesian credibility
ellipses for cluster averages of the same data, grouped according to nearest-neighbor configuration (p = 0.9 for inner ellipses and
dashed ellipses, p = 0.99 for outer ellipses). (b) Box plot, analysis of variance (F-test, cluster averages are significantly different) and
p values for Tukey-Kramer pairwise comparison tests between cluster averages for melanophore distance data. See Supplemental
Material, Fig. S10 [34], for melanophore volume fraction analysis. (¢c) PCA of relative reflectance data [as in Fig. 3(c)] for this subset of
41 skin scales and (d) corresponding box plot, analysis of variance (F-test) and Tukey-Kramer pairwise comparison for first PC of
relative reflectance data. The significance level of clustering is similar to that of melanophore distance in (b) and melanophore volume
fraction in Supplemental Material Fig. S10 [34]. (e) Correlation between reflectance data (first PC) and melanophore volume fraction
(left) or median distance to epidermis (right). Scales “a” and “b” are indicated in (a), (c), and (e).

characteristic distance of iridophores over that of me-  and (ii) the subtle differences of color among green scales
lanophores (especially tenth percentile distances; see  with different neighborhoods is mostly attributable to the
Supplemental Material, Fig. S11 [34]). This increase in  chromatophores closest to the epidermis.

significance may indicate that (i) taking ratios of distances Remarkably, the dependence of melanophore statistics
removes part of the noise due to size variation of skin scales  on scale neighborhood is of similar statistical significance
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in comparison to the neighborhood dependence on per-
ceived color for the same dataset: PCA of the hyperspectral
data restricted to the 41 sectioned green scales indicates that
(i) PC; of the spatially corrected reflectivity spectrum
correlates with scale neighborhood [Fig. 5(c)], (ii) an
F-test rejects the null hypothesis that the data from the
different groups are sampled from distributions with the
same mean [Fig. 5(d)], and (iii)) Bayesian credibility
ellipses [Fig. 5(c)] and pairwise Tukey-Kramer tests
[Fig. 5(d)] statistically distinguish the same groups as with
the histology data. Unsurprisingly, these statistics are less
significant than when considering the full dataset of 224
scales (Fig. 3), but a key observation is that the same
statistical tests on hyperspectral analyses and melanophore
measurements for the same restricted number of scales
show similar significance. Finally, the first principal com-
ponent of the reflectance data (PC;) strongly correlates
with both melanophore volume fraction and melanophore
median distance to the epidermis [Fig. 5(e)], confirming the
link between mesoscopic and microscopic measurements.

IV. OBSERVED CORRELATION ORIENTATION
INSTRUCTS THE MATHEMATICAL MODEL

The hyperspectral and histological data collected from
actual lizards clearly show that, as their number of green
nearest neighbors increases, green skin scales tend to have
increased blackness [i.e., decreased brightness; see Figs. 3(c)
and 5], because of the corresponding increase in melano-
phore volume density and proximity to the epidermis.
However, the RD system with parameter values classically
used to model the skin color patterning in ocellated lizards
[24,25,33] predicts the opposite correlation, i.e., a decrease
of blackness of green scales with an increased number of
green nearest neighbors [Figs. 1(d), 1(e), and 3(e)]. Note that
these parameter values were previously fixed by optimization
procedures which only took into account the spatial distri-
bution of green and black scales in the final pattern
(quantified using nearest-neighbor statistics), and not the
finer dependence of scales’ color on their neighborhood
(which was only measured here for the first time). We show
below that this correlation can be in almost any direction, and
strongly depends on the numerical values of the “reaction
parameters” of the system. Hence, we propose here that the
correlation observed in real lizards can instruct the math-
ematical model of Ref. [17] by helping identify chromato-
phore interactions (and corresponding effective parameter
values) of the RD system that better fit with the biological
observations. More specifically, we investigate the two
following questions. (Q1) Can we find parameters giving
both natural nearest-neighbor statistics of the overall pattern
and correct direction (i.e., as observed in real lizards) of
correlation between green-scale blackness and their number
of green neighbors? (Q2) Are there chromatophore inter-
actions in the model that most influence the direction of this
correlation? To answer these questions, we perform a large

scan inside the allowed reaction parameter space, given by
the signs of interaction parameters [Fig. 1(a)] fixed by laser
ablation experiments in zebrafish [17]. We pay special
attention to parameter cs (i.e., long-range influence of
melanophores on xanthophores) which may, in principle,
be positive or negative, but is usually set to O because it
remained undetermined from these experiments [17].

To evaluate the capacity of the dRD model to generate
patterns, we use the semianalytic method given in
Appendix A 2: the existence of a solution for the main
cluster Eq. (Al14) indicates that stationary patterns are
sustained. This approach allows rejecting a very large set
of non-pattern-forming parameter values without the need of
performing time-consuming numerical simulations. We then
explicitly simulate, for the nonrejected parameter values, the
dRD system on a 32 x 16 hexagonal lattice with initial
conditions given by small perturbations of the homogeneous
steady state identified with Eq. (Al). We then select the
parameter values which give patterns (i) having reached
stationarity before a large arbitrary limit of 15 000 time units,
and (ii) exhibiting natural nearest-neighbor statistics, i.e.,
statistics very similar to those of actual adult lizards
(Supplemental Material, Fig. S12 [34]). Concretely, we
scanned through 345600000 parameter sets randomly
drawn from a uniform distribution in the box:

[
€7, Cys €y, €y €10,0.25],
C3,Cg, Co (S [O, 1],
c5 €[—0.25,0.25]. (2)

Besides c5, which is usually set to 0, these values are typical
orders of magnitudes used in previous studies [24,25,33].
The density of this sampling is equivalent to a grid scan with
increment =~0.073 in all varied parameters. The diffusion
parameters of the dRD model are fixed [39] to values
similar to those found in Ref. [33]: d, = d, = 0.000 125,
d, =0.009. Among the 345600000 randomly drawn
parameter sets, 1412 give good nearest-neighbor statistics,
among which 160 give the correct and 1194 give the
incorrect, blackness correlation direction, respectively
[Fig. 6(a)]. An example of a set of parameter values giving
natural patterns and correct correlation is shown in Fig. 6(b).

First, these results indicate that correct blackness corre-
lation can occur with a large variety of (natural and non-
natural) nearest-neighbor statistics (Supplemental Material,
Fig. S13 [34]). Second, correct blackness correlation
direction is not the most common feature in the sampled
box, both for generic patterns (3021 out of 25890, i.e.,
12%; Supplemental Material, Fig. S13A [34]) and for
patterns with natural nearest-neighbor statistics (160 out
of 1412, ie., 11%; Fig. 6(a) herein and Supplemental
Material, Fig. S13B [34]). Hence, these results answer
question Q1 above: we can indeed find parameters giving
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FIG. 6. Scanning of the dRD system for correct correlation between green-scale blackness and neighborhood configuration.
(a) Left: green subcluster correlation direction (6U£eGl>, 6\/551)) in U and V directions for sets of parameter values associated to natural
nearest-neighbor statistics; right: enlargement close to origin. Red and black data points are the 160 and 1194 sets giving correct and

incorrect correlation directions, respectively. Note that 58 sets have undetermined correlation. No set simultaneously gives both
sU'9 > 0and V9 < 0. (b) An example of good parameter set (¢; = —0.228 10, ¢, = —0.026 10, ¢3 = 0.63861, ¢, = —0.173 65,

rel rel

¢s = 0.21950, cg = 0.834 67, ¢; = 0.04327, ¢y = —0.08629, ¢y = 0.12975, ¢, = 0.024 67, ¢, = 0.200 14, c,, = 0.08955). Left:
steady-state pattern. Middle: corresponding nearest-neighbor statistics (solid lines) compared to those observed in an adult lizard
(dotted lines) for both green (top) and black (bottom) scales. Right: U and V values of black (top) and green (bottom) subclusters,
colored according to the number of isochromatic nearest neighbors. The green cluster (gc) has correct blackness (U direction)
correlation. (C) Parameter sets with natural nearest-neighbor statistics, colored according to correct (red) or incorrect (black)
blackness correlation direction. Production rates c¢3 and c¢q (left), decay rate ¢, and interaction c¢; (right) influence blackness
correlation. (d) Lower panel: components of the Fisher linear discriminant direction vgy p best separating the sets with correct and
incorrect blackness correlation directions; significant (bootstrapping, 10000 random resamplings) nonzero coordinates are
annotated with stars (*, p €[0.05,0.01]; **, p€[0.01,0.001]; *** p < 0.001). F-test value for the discrimination of correct vs
incorrect correlations in the FLD direction is indicated. Upper panels: projections along vg p for parameters ¢, and cs that,
respectively, most and least influence blackness correlation [correct (incorrect) directions are labeled in red (black)]. (e) vgrp in
(d) identifies the interaction (positive and negative arrows), production (baby icon), and decay (crossbones) terms whose absolute
value should be increased (green) or decreased (red) to obtain correct correlation direction; i.e., all colored parameters should see
their (nonabsolute) value increased, as visible in the bottom panel of (d). The blue square in (a), (c), and (d) indicates the set used in
Figs. 1 and 2 giving incorrect blackness correlation of the green subclusters.
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both natural nearest-neighbor statistics and correct direc-
tion of correlation between blackness of green scales and
their number of green neighbors. Note that the shape of the
interaction terms of the reaction function close to the green
or black steady states strongly influences subclustering
correlation (see Appendix A 2 for an analytic investigation
of this effect).

Third, to determine which parameters [e.g., ¢y, ¢3, Cg, Cy;
Fig. 6(c)] influence the most the correlation direction, we
compute the Fisher linear discriminant direction (Vgip)
which best separates the two groups of 160 parameter sets
with correct correlation direction vs 1194 sets with incor-
rect direction (the 58 sets with undetermined direction are
ignored). We find that significantly nonzero vg p compo-
nents are given by cy,c3, ¢y, Cg, Cg, Cys €, [Fig. 6(d)],
hence, answering question Q2. These correspond, in the
interaction network of Fig. 6(e), to the decrease of the
effective inhibitions ¢, ¢4, and cg (i.e., an increase of their
values), the increase of the effective productions ¢z and cg,
and the increase of the effective decays c, and c,,, the latter
being the most dominant parameter [Fig. 6(d)]. In other
words, if one uses a set of parameter values that yield an
incorrect correlation between green-scale brightness and
number of isochromatic neighbors, one must change the
values of parameters ¢y, c3, ¢4, Cg, Cg, Cy, C,, by following
the direction defined by vg p—in this case, increasing c,
would be the most effective single-parameter change.
Note that the increase of xanthophore decay ¢, remains
the principal contribution to vgp when we use more
stringent definitions of “natural nearest-neighbor statistics”
(Supplemental Material, Fig. S14 [34]). In addition, we show
in Appendix C 2 that the partial overlap along vg, p between
sets of parameter values with correct vs incorrect correlation
directions [e.g., Figs. 6(c) and 6(d)] is due to the complexity
of the boundary hypersurfaces in the 12-dimensional RD
parameter space. Indeed, we confirmed that, locally, the
hypersurfaces can be approximated by hyperplanes that
sharply separate sets with correct vs incorrect correlations
(Supplemental Material, Fig. S15 [34]).

V. DISCUSSION AND CONCLUSIONS

The combination of numerical simulations, experimental
hyperspectral analyses, and investigations of chromato-
phore microscopic spatial distributions presented here
demonstrate that a simple RD model on a lattice of sites
does not only correctly and quantitatively describe both the
dynamics of scale-by-scale color change and the time
evolution of the ocellated lizard pattern [24,25,33], but it
also produces accurate predictions of some real-life features
at a much finer level of analysis, i.e., the presence of an
unsuspected subtle subclustering of scale colors that corre-
lates with the number of isochromatic nearest neighbors. The
high predictability of the zebrafish three-component RD
mathematical model [17] in describing the fine subclustering
dynamics observed in ocellated lizards is surprising for at

least three reasons. First, the ocellated lizard and zebrafish
exhibit very different steady-state patterns. Second, squa-
mate reptiles and teleost fishes are very distant evolutionary
relatives as their common ancestor lived about 430 million
years ago. Third, zebrafish and lizard chromatophores exhibit
prominently different behaviors. For example, the color
patterning of the zebrafish skin into stripes and interstripes
involves the spatial segregation of melanophores, xantho-
phores, and two types of iridophores [40], whereas the color
flipping of ocellated lizard’s scales between green and black
might not involve cell migration but a transition between two
states of melanophores: condensed [i.e., with melanosomes
gathered in the cell body in green scales; Fig. 4(a), left- and
right-hand scales] vs dispersed [i.e., with melanosomes
distributed in cellular protrusions extending to the epider-
mal-dermal interface in black scales; Fig. 4(a), central scale].
Histological sections also suggest that iridophores might form
athicker layer in green scales than in black scales, hinting at a
possible role of cell proliferation and cell death. Yet, the
zebrafish RD model, superposed to the geometry of the
lizard’s scaled skin [24,25,33] predicts scale-by-scale
green-vs-black clustering as well as the finer subclustering
uncovered here.

However, when used with classical parameter values, the
RD model predicts the opposite correlation (in comparison to
that observed in real lizards) between green-scale black-
ness and neighborhood configuration. Our scan of the
12-dimensional RD parameter space indicates that one can
find multiple sets of parameter values that yield both natural
nearest-neighbor statistics of the overall pattern and correct
direction of scale-to-neighborhood correlation. In addition,
we identify both the parameters that most influence the
direction of this correlation and how their values must be
adjusted to ensure correct correlation, hence, instructing the
mathematical model.

It can be argued that the RD model used here is
necessarily approximate, for zebrafish, ocellated lizard,
or any other species, as it ignores the likely important role
of iridophores [22,41-43] as well as a multitude of cellular
and molecular actors, such as those (observed in zebrafish
[21]) associated with the recognition, transport, and deliv-
ery of xanthoblast airineme vesicles to melanophores by
macrophagelike relays. Yet, this implementation of the very
simple and elegant RD mathematical framework, first
proposed by Turing [1], properly captures multiple aspects
of the dynamics and statistical features of the mesoscopic
skin color patterning process in various species, despite
their substantial differences at the cellular and/or molecular
scales. In other words, our results show that subtle meso-
scopic properties of biological dynamical systems, as well
as some of the underlying microscopic features, are
captured by simple numerically optimized RD models,
and hence, can be efficiently predicted by numerical
investigations, without integrating in the mathematical
model the unmanageable profusion of variables at lower
scales [44,45].
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VI. METHODS

A. Animals and ethics statement

Ocellated lizards were bred in the laboratory at
Department of Genetics and Evolution, University of
Geneva, Switzerland. Maintenance of and experiments
on animals were approved by the Geneva Veterinary
Cantonal authorities (authorizations GE/82/14, GE/169/
17, and GE24/33145) and performed according to the
Swiss law. These guidelines meet international standards.

B. Generalized dRD model

A coarse-grained reaction-diffusion model, spatially
discretized at the level of skin scales, was proposed in
Ref. [24] for modeling dorsal skin scales as a perfect-
hexagonal lattice. Also, in the same reference, a two-
dimensional continuous reaction-diffusion model (2D
cRD) was studied in which skin scales induced effective
diffusion reduction in interscale regions. The dRD model
was shown to be a good approximation of the 2D cRD [24]
(see also Ref. [33] for dRD on general Voronoi diagrams),
which in turn was shown to be a good approximation of a full-
fledged reaction-diffusion model (3D cRD) on a three-
dimensional domain with “bumps” representing skin scales
by modulating domain thickness [25]. To streamline the
logic, we show here how to directly obtain the dRD from
the 3D cRD, and relate some key geometric quantities to the
effective dRD diffusion coefficients. The procedure is
essentially a finite-volume method that spatially discretizes
the 3D cRD at the level of skin scales. Let us use the notation
u,(x,t) as the nth concentration involved in the 3D cRD,
which is given by the partial differential equations:

d
Euh(x’t) :Fn(”l’MZ"")+Dnv2”n(x7t)' (3)

No-flux spatial boundary conditions are assumed. The V?
operator is the Laplacian operator in three dimensions. The
term F, is the “reaction” function, a local function of the
concentrations, and D,, is the diffusion coefficient.

In cases where in the 3D cRD (i) the typical distance
between neighboring skin scales is similar to, or smaller
than, the Turing length scale and (ii) the reduction of
thickness between skin scales is non-negligible, it is
observed in numerical simulations that each skin-scale
“bump” has typically, and most of the time, an approx-
imately constant value of the concentrations u,; i.e., large
spatial variations of u,, are mostly restricted to the interscale
regions. We therefore approximate the system using a
finite-volume method, where each skin scale is a single
finite-volume region R (Supplemental Material, Fig. S3A
[34]). Integrating Eq. (3) over a region R, and using the
divergence theorem, we find

3}
/ d*x—u, :/ dxF,(uy, u,, ...)
R, Ot Ry
+ D”Z/ dzx(v”n ’ nkk’)’ (4)
k/ S‘\k’

where Sy is the common surface between regions R and
Ry (see Supplemental Material, Fig. S3A [34]) which is
empty if k and k' are not nearest neighbors, whereas n is
the unit normal of Sy. We define the volume and average
concentrations:

Vk = / d3x,
R

Since we assume that the concentrations do not vary a lot
inside most of the skin scales, we use the following
approximations:

1
U =—-

= u,d>x. 5
Ve ) (5)

/d3xF,,(u1,u2,...)szFn(U(lk),Uék),...),
Ry

/ dzx(Vun . nkkr> ~
S

where S; is the area of the common surface Sy (or O if k
and k' are not nearest neighbors), and ¢ is the thickness of
the thin interscale region where most of the spatial variation
of concentrations occurs. For the second line of Eq. (6), we
used a finite difference approximation across the band of
length e separating the two polygons: ny - Vu,~

(U — U /e. Using Egs. (5) and (6), the 3D cRD in
Eq. (3) is approximated by the following dRD:

S kk'

(U(k/) _ U(k))
Vk€ n n ).

d _w _ k) 758
LU =F, (). U ,...)+Dn;

(7)

The effective diffusion coefficients of the dRD at each link
connecting two nearest neighbors are obtained by rescaling
the actual diffusion coefficients by Sy /(Ve). To rewrite
this in a way more similar to the formulas in Refs. [24,33],
we assume that the domain is extended in the X and Y
directions while the thickness modulation happens along
the Z direction, and is given by a thickness function z(x, y).
The projections of R and Sy on the XY plane are denoted
by R; and S w» respectively. We define the skin-scale

average thickness z,(cs> and the interscale average thickness
2\ as
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() _ 1 2. _ Vi

zZ, = z(x,y)d*x = ,

g Ap 7, (v.) Ay

sy 1 / S
Ly = z(x,y)dr = . (8)
W Ly Js, L

The geometric quantities A; and L,y are the two-
dimensional skin-scale area and the edge length of the
line separating two skin-scale projected domains:

Ak = /_ dzx, ka/ = / dr. (9)
Rk Skk’

Let us assume that the average thicknesses are the same for
all skin scales: z,(f> =z and zi',f/) = z"9)_In terms of these
two-dimensional geometric quantities, the dRD in Eq. (7)
becomes

d 0 ok
EU,(,) =r,u" v, ..)
D

nP (k') (k)
+ E L (Uy U,’), 10
Ak€ — kk ( ) ( )

where P = z(#)/z(). The form in Eq. (10) is used in
Ref. [33], where A, and L;; are interpreted as areas and
edge lengths of a 2D Voronoi diagram representing skin
scales.

For the case of skin scales arranged in a regular hexagonal
lattice with side length L, = S for nearest-neighbor pairs,
and corresponding hexagon area A, = 31/35%/2, we obtain
the result of Ref. [24]:

d
v =F,wP ud, .

kK k
s )+d, U - vy,

K|k NN of k
(11)

where the sum is over nearest neighbors (NN), and d,, = aD,,
is the effective diffusion coefficient of the dRD model with

2P
a4=—
3v/38e

being the effective diffusion reduction factor. The value of P
is determined by the geometry of the bumps modeling the
skin scales. For the bumps shown in Supplemental Material
Fig. S3 [34], we have S =20/ V3 (in arb. units) and
P ~ 0.25. Determining ¢ directly from the geometry is less
easy. For bumps arranged in a hexagonal lattice with side S,
the magnitude of the ratio €/S is expected to be around the
orders 107'-1, although it depends nontrivially on the
geometry. Let us fix arbitrarily ¢/S = 0.75, which turns
out to be adapted to the bump geometry used in Supplemental
Material, Fig. S3 [34]. In this case, we find that @ ~ 0.001 for
the conversion of the 3D cRD on this geometry to the relevant

(12)

dRD. To probe how well the 3D cRD and the dRD match, the
3D cRD simulation on our geometry with bumps is compared
with the corresponding dRD (Supplemental Material,
Fig. S3C [34]). The reaction functions and the diffusion
and interaction parameters are those used throughout most of
main text to model ocellated lizard skin patterning, given in
Egs. (16) and (17) below. More realistic skin-scale geo-
metries, inferred from microscopy data, can also be consi-
dered [25,33].

C. Implementations of the cRD and dRD models

Simulations of the 3D cRD system in Eq. (3) were
performed using a standard finite element method with
piecewise linear shape functions on a tetrahedral meshing
of the spatial domain. The shape functions take the value 1
at a given vertex, and 0 on all the other vertices. We denote
the vertex locations by x; for i = 1, ..., Ny and tetrahedra
are defined by quadruplets t; = (f; 1.2, 13, tr4) for
k=1,...,Ng; the kth quadruplet gives the label list of
vertices forming the kth tetrahedron (k being the label of
the tetrahedron). We also define the following set: K;; is the
list of labels of tetrahedra which have both vertices i and j
as corners, then K;; is the list of labels of all tetrahedra
which have vertex i as a corner. The set K;; is empty if i and
Jj do not share an edge. Concentration values are defined on
vertices u (1) = u,(x;, 1) and the shape functions are used
to interpolate between them inside the tetrahedra, and

similarly for values of reaction functions FS,')(I) =
F,uy(X;, 1), up(x;,1),...] at a given time . Projecting
Eq. (3) on each of the shape functions (labeled also by
i=1,...,Ny), we obtain the following ordinary differ-

ential equation system for ug,”(t):
IO <_B§;’>u,(f>(r) T A jFE,”(r)) . (13)
J J

where

In the above, V, stands for the volume of the kth
tetrahedron, n;; is the normal vector of the face in
tetrahedron k opposite to vertex i (its norm being the area
of that face), and (D,), is the average value of D,(x)
among the four vertices of tetrahedron k. In our case D,,(x)
is a constant function in space.

The time discretization of the above ordinary differential
equation system is performed in a “mixed Euler scheme”:
the part coming from the diffusion and linear contributions
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to the reaction are treated “backward” and the part coming
from the nonlinear contributions of the reaction functions is
treated “forward” in time. This allows for more numerical
stability for reasonable time step Ar than with a purely
forward method. The resulting linear system is

S (A + ABI W (1 An =) (1) + A AGF (1),
J J

(15)
At each time step, the reaction functions F E,j ) are evaluated
using the concentration values of the previous time step,
and the solution of the above linear system is approximated
using a quasiminimal residual method [available as QMR()
in the numerical computing environment MATLAB 9.5 from
MathWorks]. For the 3D numerical simulations, At = 0.5
was used.

Simulations of the dRD system [Eq. (10) for general
Voronoi tesselations and Eq. (11) for hexagonal lattices]
were performed using a simple forward Euler scheme. The
time step used was Atr = 0.4 for all dRD simulations,
unless otherwise specified.

D. Specific RD models

The precise form of the RD model is the one given in
Refs. [17,24,25]. In this model, three dynamical variables (or
|

Uk = FM(U("), vk, W(k)) —c, UM 44,
vk — FD(U“‘), V“‘), W(k)) _ va(k)

wh = F (U0, v& wk) —c Wk 44y,

The set of parameter values used in our dRD simulations is
optimized (over the parameter set cg, ¢, d, = d,, d,,, the
others being fixed to the values in Ref. [24]) with a Bayesian
procedure that finds the parameters giving patterns best
matching (using an objective function based on the nearest-
neighbor statistics [24]) those of the lizard individual TL66.
The precise method for the optimization procedure follows
Ref. [33]. The values obtained for the parameters
are ¢ = —0.04, ¢, =—-0.056, c; =0.382, ¢4 = —0.05,
¢cs =0, cg = 0.25, ¢; = 0.016, cg = —0.0325, ¢y = 0.24,
¢, =0.02, ¢, =0.025, ¢,, = 0.058, d,, = d, = 0.000 125,
d,, = 0.009, F™ = F'™ = % = (.5.

E. Hyperspectral imaging, calibration,
and control measurements

Images were captured with a hyperspectral camera
(FirefIEXE S185, Cubert GmbH, Ulm, Germany) whose

concentrations) u(x, 1), v(x, ), w(x, 1), with x € Q C R?,
represent the densities of two short-range factors # and v
(corresponding to melanophores and xanthophores, respec-
tively) and a long-range factor w (activated by « and inhibited
by ). The 3D cRD system of three coupled nonlinear partial
differential equations is

d

al; = F,(u,v,w) — c,u + D,V?u,

0

6_1; = F,(u,v,w) —c,v+ D,V?v,

ow

i F,(u,v,w) —c,w+ D, V*w, (16)

where c¢,, c,, and c,, are decay terms, and the remaining
nonlinear parts of the reaction are given by F,,, .

F,(u,v,w) = min[max(c,v + c,w + ¢3,0), FiF¥],
F,(u,v,w) = min[max(c4u + c5v + cg,0), FI*],
F,(u,v,w) = min[max(c;u + cgv + ¢9,0), Fip™].  (17)
The signs of the variables ¢y, ¢,, ¢4, cs5, ¢7, and cg are

constrained by the cell interaction model [17,24]. Using
Eq. (11), the dRD model on a hexagonal lattice is

(U(k’) — U(">),
Kk’ NN of k
+d, Y (VO -y,
K|k’ NN of k
(W) — W), (18)
K|k’ NN of k

|
objective was aligned to the eyepiece of a micro-
scope (M80, Leica Microsystems, Wetzlar, Germany) at
5x magnification with reflected illumination. The camera
spectral range is 450-950 nm with a 4 nm spectral sampling
of the wavelength A, but we only used the 462—702 nm
range characterized by high signal-to-noise ratio in this
setup. Each hyperspectral image includes 2500 spectra (i.e.,
the spatial resolution is 50 x 50 pixels). For each selected
scale on the skin sample, the mean relative reflectance was
computed (from the corresponding hyperspectral image) as
the average among the approximately 40 pixels covering
the central 30% of the scale (with the field of view
including the full skin scale and its nearest neighbors).
Reflectance was calibrated with a white plate provided by
the camera manufacturer.

To ensure that neighborhood-dependent color subclus-
tering was not due to trivial artifacts of measurements,
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we performed a control experiment. The control sample
used was a black and white printout of a dRD steady-state
pattern (Supplemental Material, Fig. S16A [34]) where
black scales are represented by black hexagons and green
scales by “transparent” hexagons (i.e., the background
whiteness of the extra-white paper used for the printing).
Hexagons have the typical size of a lizard skin scale (i.e., a
diameter of around 1 mm). The hyperspectral measure-
ments and subsequent analysis of this control “artificial
two-colored lizard skin” was performed exactly in the same
way as of the actual data. The results (Supplemental
Material, Figs. S16B-S16D [34]) indicate that no neigh-
borhood-dependent color clustering is present on this
artificial dataset; i.e., the same whiteness of the paper is
measured by the hyperspectral camera on all sampled white
hexagons. This control measurement rules out measure-
ment bias contributing to neighborhood-dependent sub-
clustering; hence, the intrinsic variation in the control
dataset (Supplemental Material, Fig. S16C [34]) is inter-
preted as intrinsic measurement noise.

F. PCA and dimensional reduction
of hyperspectral data

Dimensional reduction using principal component ana-
lysis was performed as follows (see, e.g., Ref. [46]). The
corrected reflectance data are given by r; = (r;—462 nm.i»

l . .
T)=464 nm,is * s =702 nm.i) € R6 for i = 17 ceey Nscales’ with
sample mean

1 Nscalcs
r= r; (19)
Nscalcs ; l

and (unbiased) sample covariance matrix

1 Nsca.les

e DIUELIUEL NN

i=1

%, =

Principal component analysis relies on decomposing the
reduced data t; = r; — (deviation from the mean) into
orthogonal “modes” (principal directions). The first mode
corresponds to the direction on which the projected data have
the largest possible variance 6. The second corresponds to
the direction orthogonal to the first mode on which the
projected data have the second largest variance, and so on.
These modes are given by the eigenvectors v, of the sample
covariance matrix X, (symmetric, positive semidefinite):
V= G%Vk, where v! v; = 8;.. We order them according
to decreasing values of the corresponding real non-negative
eigenvalues 67 > 63 > - -+ > o2,. Projection of a data point
on a principal direction gives the value for its principal
component for that principal direction: cgk) = vI'#;. It has
vanishing mean and (unbiased) variance given by the
eigenvalue:

1 N, scales 1 N scales
~ . 1 E (Cgk))z = —V1{< E f'if'iT>Vk
Nscales -1 i Nscales -1 i—=1

=vIZv, =07 (21)

By construction, the different principal components are
uncorrelated:

Nscales /
) el =V v =avivi=0 (k#£K). (22)

l l
=1
The sum of all the variances of the data is given by

1 N scales

d
— ) b =uE)=) o  (23)
Nscales -1 Z g

i=1 k=1

and the fraction of variance given by the kth mode is
61/ > wor.

Dimensional reduction using PCA consists in projecting
out low variance modes, that is, approximating the data by
its first few (high variance) principal components. For
example, by only keeping the first two principal compo-
nents, we replace the data

r;=r+f=r+ Z cfk)vk (24)

d
k=1

by its approximation
l‘izf'—i-cl(-l)vl +Cl(-2)V2. (25)

This allows us to approximately represent the data using
less degrees of freedom: deviation from the mean is
represented here as two values per data point. The approxi-
mation is more precise when the neglected principal
components have a low fraction of variance. In the main
(PCy) (k) (PCy)

. instead of ¢;”” and v

text, we used the notation ¢
instead of ;.

G. Fisher linear discriminant analysis
of hyperspectral data

Standard Fisher linear discriminant analysis allows us to
find the features of the spectrum which correlate most with
the group labeling. These were performed as follows (see,
e.g., Ref. [46]). The relative reflectance data r; are
partitioned into groups according to the nearest-neighbor
configuration ng =1, 2, 3, 4 as i with i = 1, ...,N,,G
(N, 1s the number of data points in the group). The sample
mean of each group is

1 N’IG

r,. ;.
G-l
N"G i=1

(26)

l'nG =
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We define the following quantities: the between-group
unnormalized covariance matrix,

4
Shetween = Z NnG (fnG - f) (fnG - f)T’ (27)
ng=1

and the within-group unnormalized covariance matrix,

4 N

= Z Z (rng,i - f'ng)(rn(;,i - f‘ng)’r' (28)
=1

ng=11i

Swithin

We take a projector y’ and consider the ratio of between-
group variance in that direction over the within-group
variance in that direction. The linear discriminant mode
of Fisher is the direction which maximizes this ratio:

T
N
Y OvetweenY (29)

VpLp = arg max T .
Y’ Swithiny

yly*=1

If Syimin has full rank, the solution of this maximization
problem is given by the eigenvector of S;}thinSbetween
corresponding to the largest eigenvalue. Projection of the
dataset on the direction vg; , gives the best clustering of the
groups. More precisely, since the above ratio is (propor-
tional to) the F statistic for the one-dimensional dataset
given by the chosen projection, this procedure finds the
direction which gives the best F-test score when the data
are projected on it.

In contrast to PCA, the linear discriminant component
may be associated to a small proportion of the total
variance. In addition, FLDA depends on the group assign-
ment whereas PCA does not use group labels (i.e., it is only
an a posteriori observation that group labels correlate well
or not with the first PC). In our context, we use Fisher linear
discriminant to compare the F statistic (or its associated p
value) of the dataset projected to the first principal direction
v; (PCy) to the best possible case (i.e., the F statistic of the
dataset projected to Vg p).

H. Statistical analyses

Starting from correlation plots (between principal com-
ponents or between chromatophore spatial distribution
parameters), data points are grouped according to their
number of green neighbors (ng) and credibility ellipses
are constructed using Bayesian analysis of the 2D point
clouds for a bivariate normal distribution with flat prior for
the mean and log-flat prior for the principal variances (see
Appendix B 1 for more details). In Figs. 3(c), 3(e), 5(a),
and 5(c) (as well as Supplemental Material Figs. S7, S8, and
S16C [34]), the outer and inner ellipses correspond to
credibility volumes with probability p =0.99 and
p = 0.9, respectively. When two outer ellipses do not
overlap, the two groups of data have a posterior probability

p < 0.012 = 107 to be sampled from multivariate normal
distributions with the same mean. Dashed ellipses corre-
spond to credibility volumes with probability p = 0.9 for
small samples.

Standard analysis of variance (F-test), testing the null
hypothesis that the data from the different groups are
sampled from distributions with the same mean, and
pairwise Tukey-Kramer tests, testing if differences in PC
components are significant for pairwise group compari-
sons, were performed as in Ref. [47]. Box plots are drawn
as follows: the mean is indicated as a red horizontal bar, the
blue box is the interquartile range, and the whiskers
indicate the range of data excluding outliers. The latter
(drawn as red crosses) are data points lying > 1.5 times the
interquartile range away from bottom or top of the box.

I. Analysis of histological data

Dorsal skin was fixed overnight in 4% paraformaldehyde,
then stored in 10% formalin. Target pieces of skin were then
sampled and dehydrated in ethanol before embedding in
paraffin blocks. Seven-micrometer microtome serial sections
were deparaffinized and processed as described in Ref. [48]
for hematoxylin and eosin staining. Stained sections were
mounted with Ultrakitt (no. 3921, JT Baker) and imaged with
a slide scanner (Pannoramic Midi, 3DHISTECH, Budapest,
Hungary) at a spatial resolution of 0.23 pm/pixel. Blurry
images and those corresponding to damaged, deformed, or
folded sections were discarded to yield a high-quality set of
3845 images (mean = 94 sections/scale). Each image of
each scale section was color segmented in the standard
CIELAB color space (a uniformised coordinate space
adapted to human perception) using a partition defined after
manual selection of typical pixels corresponding to epider-
mis (red label), melanophores (black label), and iridophores
(bluelabel), or none of the above (empty label). Identification
of the epidermis as a continuous line required manual input in
some sections. Scale lateral borders were manually identified
by the presence of the typical interscale “hinge” region. We
note that xanthophores could not be observed because yellow
pigments either degraded or have been washed away during
the slide preparation process.

Approximate volumetric 3D reconstruction of skin
scales was performed using rigid transformation between
overlapping melanophore and iridophore distributions in
consecutive XZ color-segmented sections. As sections are
7 pm thick and were scanned at a spatial resolution of
0.23 pm/pixel, each labeled XZ pixel was transformed into
a voxel of (0.23 x 0.23 x 7) pm?. The boundary of the
scale was then identified by fitting algebraically an ellipse
to the XY projection of the epidermis data and restricting
the XYZ data to the voxels both situated below the
epidermis and whose XY projection falls inside the central
25% of the scale. The voxel data were used to obtain the
volume fractions, and distributions of distance to the
epidermis, of melanophores and iridophores.
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J. Simulation of dRD for parameter scans

The discrete reaction diffusion system [Eq. (18)] for each
parameter set validated by the semianalytical method was
numerically simulated on a periodic 32 x 16 hexagonal
grid representing skin scales. A hybrid time discretization
scheme was used, where the reaction part is evaluated using
the Euler forward method, and the diffusion term is
evaluated using the backward method. This allows us to
take relatively large time step Ar without numerical
instability problems that are common in diffusive systems
simulated with the Euler forward method. Here A7 = 1 was
used. The initial conditions were given by slight perturba-
tions of the homogeneous steady state (hSS) [Eq. (Al)],
where the perturbation at each hexagon was drawn inde-
pendently from a normal distribution with standard
deviation given by 0.1 x hSS value. Simulation was
stopped if the system reached a steady state, or after
15000 time units. At the end of the simulation, black
and green clusters were identified by comparing the
concentration values of the simulation to semianalytical
cluster values [solutions of Eq. (Al4)]. The state was
assigned to the state of the cluster which is the closest in
UVW space. The green cluster was defined to be the cluster
with larger value of V. Once states were assigned, the
nearest-neighbor statistics were obtained by counting all
the number of all the neighborhood configurations arising
in the final pattern of the simulation.

K. Determining (un)natural nearest-neighbor statistics

The statistics are given as fractions Ng(ng)/Ny, and
Ng(ng)/N, wWhere Ng(ng) is the number of green hex-
agons with ng green nearest neighbors, Ng(ng) is the
number of black hexagons with np black nearest neighbors,
and N is the total number of hexagons representing skin
scales. In the case of the numerical simulations, we have
Nt = 32 x 16 = 512. In the case of the real lizard, we have
Nt = 1508 skin scales in our dataset (see Supplemental
Material, Fig. S12 [34]). Confidence intervals for the ratios
Ngp(ngp)/Ny were estimated by assuming that these
values follow a binomial distribution with probability
fe(ngp) (considered to be the true nearest-neighbor
statistics). With this assumption, Bayesian posterior proba-
bility with uniform prior can be obtained for f p(n¢ ) in
the standard way. This posterior probability, a beta distri-
bution, has a mode given by N z(n¢ p)/ N and mean and
standard deviation given by

_ Ng(ng) +1
Higng) = Ny + 2 ’
- _ [Ng(ng) +1][Niat = N6(ng) + 1] (30)
folna) (Nt + 2P (N +3)

and similarly for the black distribution fz(ng) with B
replacing G. We used these values to define confidence

intervals for the value of the nearest-neighbor statistics
fc.s(ng p) inferred from the data. For a given positive value
a, the interval is

IG(nG; Cl) = Ulfc("c) ~ A0 f;(ng)s Hfgng) + aafc(”Gﬂ’ (31)

and similarly for the black distribution.

In the present work, we compute these intervals for the
lizard nearest-neighbor data (Supplemental Material,
Fig. S12A [34]), and define that parameters with good
nearest-neighbor statistics are those whose simulated near-
est-neighbor statistics Ngp(ngp)/Ny fall within the
interval I 3(ng p; a) given by the lizard data for all ng =
0,1,...,6 for both green and black scales. We fix a = 10
(Supplemental Material, Fig. S12B [34]). More stringent
cases were obtained for smaller values of a (Supplemental
Material, Fig. S14 [34]).

L. Determining blackness correlation direction
for green scales in simulations

In all valid simulations, we have determined the states of
the hexagons by identifying the main clusters U(©) =
(U9, v BO) and UL = (U®, vE BB  The
UVW values subcluster into smaller groups according to
their nearest-neighbor configurations, with average UVW
values given by U(@76) and U®) (also three-vectors),
determined from the simulations. The blackness correlation
of the green scales is fixed by looking at the U-component
(= melanophore factor) difference of subcluster averages.
More precisely, we consider the two extremes:

5u(G) — min(U(G.nG) _ U(G,nG—l))7
nG

SU = max(U(Gn) — y(Gn=1)), (32)
ng
and the average,
1 6
sUG) = - Z (U\Gn6) — y(Gng=1))
ng=1
U(G.6) _ U(G,O)
= (33)

6

The relative correlations (and their minimum and maxi-
mum) are obtained by dividing these values by the differ-
ence of main clusters:

sy(Grel) — U
|U(G) —_yB|’
(G)
oU .
(Gyrel) min,max
6Umin,max - |U(G) _ U(B)‘ . (34)

We can define the same quantities for V (xanthophore
factor) and W (long-range factor). The correct blackness
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correlation directions, i.e., correlations which are consistent
with experimental observations from hyperspectral mea-
surements and chromatophore content, are determined by
the numerical condition:

rel _
sU'G™) 5 1076 (35)
The incorrect blackness correlation directions, i.e., corre-
lations which are inconsistent with experimental observa-
tions and measurements, are determined by the numerical
condition:

sUG™ < —107°. (36)

Otherwise, the correlation condition is considered to be
undetermined.
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APPENDIX A: SUPPLEMENTAL ANALYTICAL
INVESTIGATION OF THE dRD

1. Linear stability analysis and Turing length

The linear stability analysis for the discrete reaction-
diffusion system in Eq. (18) is standard, and is similar to the
analysis for the equivalent continuous model. A homo-
geneous steady state (U*), VK, W(k>) = (U*, V*, W*) for
the RD system satisfies (in vector-matrix notation)

F (U V", W*) = ¢, U*
F (U, V*, W*) = ¢,V*
F (U, V' W) = ¢, W*

0
0= (A1)
0

For the coefficients given in Sec. VID, the solution of
interest is (U*, V*, W*) » (3.52,2.96, 3.45). In the absence

of diffusion, this steady state is stable, while it may become
unstable when diffusion is present. To investigate the
behavior of the system, it is standard to decompose small
perturbations around the homogeneous steady state into
linearly independent spatial modes of the Laplacian oper-
ator [which, in the discrete case, is the sums over nearest
neighbors in Eq. (18)]. The spatial modes are labeled by a

wave number « > 0, such that the spatial mode f, ,Ek) satisfies

(f&) = fOy = i pto,

K|k NN of k

(A2)

i.e., is an eigenmode of the discrete Laplacian operator. The
typical length scale (in length unit given by the spatial
discretization, i.e., the distance between two hexagons) of
the spatial variation of a mode with wave number k is 27/ x,
in analogy with the decomposition in Fourier modes. For
the particular case x = 0, the eigenmode is the spatially
constant function. The decomposition of the concentration
perturbations is then

Uk U* U,

+3 0 v [ A9 (a3
wk) w* AW,

The U,, V,, W, are the mode amplitudes, which we assume
to be small. Injecting this decomposition into Eq. (18) and
linearizing for small mode amplitudes, we get the following
system of ordinary differential equations for the spatial
modes:

Uy Uy
Ve | =[Mp—*Mp]| V, |, (Ad)
W, W,
where
0,F,—c, 0,F, 0, F,
Mp = d,F, d0,F,—c, 0, F, ,
0,F, d,F,, o,F,, —c,
d, 0 0
Mp=1| 0 d, O (AS)
0 0 d,

The entries of the matrix M are to be evaluated at the
homogeneous steady state. In our case, these are linear
functions of ¢ g, An autonomous linear system,
such as the one above, can be solved by matrix exponen-
tiation. Equivalently, we can identify the three linearly
independent eigenvectors v;(k) of the time-independent
matrix [Mp — kM p), with eigenvalue 2;(x) for i = 1, 2, 3,
and decompose
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Uy

Ve | = ZCiVi(K).

W

(A6)

For each eigenvector, we get the ordinary differential
equation ¢; = 4;(k)c;, which is solved as

¢i(t) = ¢;(0) exp[A(x)1]. (A7)

The eigenvalues are found using the algebraic relation
det[My — k*M [, — A} = 0. The solution for the linearized
system is then

Uk U*
v | = [ v |+ e 0)vil) £ ei(0) expla(x).
W(k> W K1

(A8)

Spatial modes with wave number « for which at least one of
the eigenvalues A;(k?) satisfies Re]4;(k?)] > 0 are linearly
unstable. If such modes exist, it is said that the homogeneous
steady state has a diffusion instability (or “Turing instabil-
ity”’). In many nonlinear systems, these growing modes are
stabilized into stable inhomogeneous states through the
nonlinearities of the system. The wave number x; which
maximizes Re[4; (k?)] gives the fastest growing mode, which
may give an estimate L, ~ 27 /k; for the typical length scale
Ly (or “Turing length scale”) of the stable patterns, at least in
simple models as this one. For the RD parameter values given
in the main text, we show the functions Re[4; 5 3(k?)] in the
Supplemental Material, Fig. S17 [34]. The maximum is
attained by 4, (x?) at k ~ 5.40, giving a typical length scale of
L7 =~ 1.16 (in spatial units given by the hexagonal lattice

spacing = v/35).

2. Values of subclusters in concentration
space can be analytically approximated

On a perfect hexagonal lattice, the steady-state solution
of the dRD system exhibits clustering of final values of
concentrations (interpreted as green and black scales) as
well as subclustering of each of these clusters according to
nearest-neighbor configuration (the number of isochro-
matic nearest neighbors). We present here an analytical
procedure to approximate the location of these (sub)clusters
in UVW concentration space. We start with the dRD of
Eq. (18) on a perfect hexagonal lattice, and consider the
time evolution of the concentration (U, V, W) of a single
hexagon in a fixed neighborhood (with k' labeling the
nearest neighbors):

6
U=F,(UV,W)-c,U+d,
K=1

(v -,
) 6
V=F,(UV.W)=cV+d,> (V¥ -V),
k=1
) 6
W=F,(U.V.W)=c,W+d, Y (W —w),  (A9)
K=1

where d,,,, = 2PD,,,,/(3v/3Se) are the reduced effec-

tive diffusion constants of the dRD. It will be convenient to
use vector-matrix notation:

6
U=F(U)+Mp» (UM -), (A10)
k=1
where
U F,(U,V,W)=c,U
U=|Vv |  FU=| F,UV.W-c¢V |,
w F (U V.W)—=c,W
d, 0 0
Mp=1|0 da, 0 (Al1)
0 0 d,

(a) Main clusters. We want to find approximate values for
the green state U = (UG V(G WONT and the
black state UB) = (UB) v(B) wB)T We denote the
typical number of green nearest neighbors of a green
hexagon by #i; and the typical number of black
nearest neighbors of a black hexagon by 71z In the
presence of these typical fixed nearest-neighbor con-
figurations, the time dynamics of a green hexagon is

U=F(U)-6M,U+ oMU + (6 —is)M,UP),
(A12)

since we assume that the nearest neighbors already
attained the green or black state. Similarly, a black
hexagon’s time dynamics is

U=F(U)—6M,U+iizM,UPB + (6 —g)MpU ).
(A13)

By consistency, the states U(®) and U(®) should be stable
steady states of Egs. (A12) and (A13), respectively. This
consistency condition leads to the following system
corresponding to 6 equations for the 6 unknowns
(U<G), v(G) w6 yB) yB), W(B>);
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(b)

(U9) = (6 - g)Mp(U© ~UD),
B

=F
0=FU®) - (6—nz)MpUP -UO). (A14)

This can be solved numerically, or even exactly in the
case where the F, ,,, are piecewise-linear functions.
The solutions U©) = (U(©) v(©) wO)T and UB) =
(UB) v(B) WBN)T are interpreted (if stable fixed points)
as the approximated locations of the green and black
clusters, respectively. We usually fix 75 =2 and
ng =3.

Subclusters. Now that the values for the main clusters
are determined, we can look for the subcluster values
by changing the number n; =0, 1,...,6 of nearest
neighbors in the green state. We fix the UX) values of
the nearest neighbors in Eq. (A10) using the approxi-
mation U(¢8) obtained from Eq. (A14). The central
hexagon has time evolution

U = F(U) - 6MDU + nGMDU<G> + (6 - nG)MDU(B) s
(A15)

and its steady-state value is obtained by setting U = 0.
Again, this can be solved numerically, or even exactly
in the piecewise-linear case. The solutions close to the
green cluster U(©) give the approximate subcluster
positions U(¢6) and those close to the black cluster
U(®) give the approximate subcluster positions U(8"#)
(where np = 6 —ng), although we have to check
their stability. We note that U(¢¢=7%) = U(G) and
UGm=m1) = UB) because of Eq. (Al4). We can
linearize the reaction function F(U) around U(@-5);

(A16)

where M;G‘B) are the matrices giving the linear

approximations of the reaction function close to the
green and black clusters. For piecewise-linear reaction
functions, these expansions are locally exact. Using
these expansions, the linearized dynamical system for
small deviations from the green state U = U — U(©)
can be written as

SU= (MY —6Mp)5U + (ng — g )Mp(U© —U®)),
(A17)

and similarly for the small deviations from the black
state:

(©)

041011-21

SU=(MP —6M)sU = (ny — i) M, (U©) —U®)).
(A18)

It is therefore clear that the local shape of the reaction

function M;G’B) and the concentration difference

between the two main clusters (U©) — U(®)) strongly
influence the direction of correlation of subclusters
with nearest-neighbor configurations. In addition, for
the subclusters to be stable, the eigenvalues of the
matrices (M;G> —6Mp) and (M(FB) — 6M ) should all
have negative real part. In particular, this implies that
the direction of correlation for the green subclusters
sU(9), which is the solution of Eq. (A17) for sU = 0
and (ng —ng) =1, i.e.,

(MY —6M,)sU©) = M, (UG —UB),  (A19)
cannot be a positive multiple of the vector
Mp(UB) —U9). Indeed, if it were the case, then

Mp,(UB) —U9)) would be an eigenvector of (MJ(VG) -
6M ) with a strictly positive eigenvalue, but this
would contradict the stability of the subclusters which

requires that all eigenvalues of (MI(FG> — 6Mp) have
negative real parts. Therefore, 5U() and M D(U(B) -
U©@) will point in different directions. In the case

where all the eigenvalues of (MEVG) —6Mp) (and
therefore of its inverse) are strictly negative (i.e., have
no imaginary part) [49], the allowed wedge containing
sU(©) is simply constructed: it is the wedge which is
the octant (or more generally the orthant, i.e., quadrant
for two concentration models, octant for three
concentration models, etc.) in the eigenbasis of
(M(FG> — 6Mp) lying opposite to the one containing
Mp(UB) —U9)); see Supplemental Material Fig. S18
[34] for a sketch. The case of the black cluster is
similar. We showed here that the correlation direction
of subclusters is linked to local stability of color states.
Subclusters for mildly heterogeneous edge lengths. In
the case were the hexagonal geometry is slightly
perturbed so that edge lengths are distributed around
their typical value S, we can incorporate this effect in
the computation of the approximation of the location
of the subclusters by using Eq. (10) [instead of
Eq. (11)] for a single hexagon with fixed neighbors:

. P < ,
U=F(U)+—D> Ly (U -U)
A o
P

=FUEEP (EkU(‘”Hﬁk - LeHu®) —cftU) ,
K€

(A20)



SZABOLCS ZAKANY and MICHEL C. MILINKOVITCH

PHYS. REV. X 13, 041011 (2023)

where D is now the diagonal matrix of 3D diffusions
D

1 if k green
Ly=) b6, Lix where s;, =
¢ zk: o bk o {0 if k black
(A21)
and
(A22)

[,}(Ot: E ka/.
k/

The steady-state solutions of Eq. (A20) give the
subcluster positions. The solutions close to the green
cluster U(©) give the approximate subcluster positions
UG£ which now depends on £, instead of n. Note
that we recover the previous construction by setting
L; = ngS and L' = 6S. The same can be done for
black subclusters.

3. Effect of skin-scale size on subclustering

Although the correlation between the U and V values of
a scale and the color of its nearest neighbors is always
maintained, the resulting subclusters in the discrete model
tend to merge as the size of scales becomes smaller
(Supplemental Material, Fig. S19 [34]). Further reduction
of scale size even leads to the merger of the two main
(green and black) clusters such that a continuum of possible
stable colors between black and green is observed
(Supplemental Material, Fig. S19C [34]).

APPENDIX B: SUPPLEMENTAL METHODS

1. Construction of credibility ellipses

The data of a given group are denoted by x; € R, with
i=1,...,N (N is the number of data points in that group,
and d is the dimensionality of the data; i.e., d = 2 in our
applications). It is assumed to be an independent sampling
of a multivariate Gaussian distribution (one for each group)
with mean parameter m and covariance matrix parameter X
(a positive-definite symmetric matrix). The probability
density to draw the data is

f(xXq,....xym,X)

:mexp <—%Z(Xi—m)T2—l(Xi—m))_ (B1)

Using Bayes’s formula, we get the conditional probability
for the parameters given the observed data:

fm, Zxy, ..., Xy)

_ f(xg, .., xym, 2)f(m, %)
[d?md?I2Ef(x, ..., xy/m, ) f(m, Z)

(B2)

Choosing a prior f(m, X) which is “flat” for m and a “log-
flat” (e |Z|+1)/2) for T (both unnormalizable, the former
is symmetric under translation, the latter is symmetric
under inversion), we have, up to a normalizing factor,

Fm, Z|xq, ..., Xy)

1 1
Ty-1
o IZI(1\,+(1+1)/2(z)(p (—§Z<Xi -m) 7 (x; —m)).

i

(B3)

After marginalizing, i.e., integrating out the covariance
parameter matrix X, it can be shown that the marginal
density for the mean parameter is, up to a constant,

N

. O\ N2
fmlxy, ..., xy) x (H—N_l(m—x) Zx(m—x)> ,

(B4)
where X is the sample mean, and X, is the (unbiased)
sample covariance matrix for x;. This probability distance

can be expressed using the 7-squared variable (or f-squared
statistic):
t = N(m - %)"E;!(m - x). (BS)

The probability density for £, is given by

_ 1 d/2-1 1 —N/2
f(t) = (N - l)d/zB(N_2—d7%1) 15} (1 +N— 1 fz) )
(B6)

which is precisely the Hotelling #-squared distribution [50]
(B is the Euler beta function). A Bayesian credibility ellipse
associated to probability p is the region of constant , = T
inside which we can find the parameter m with probability
p. To build it, we use that

) ®

T,
p= A f(t)dty =1=Tyn_4/5 a1 <m
where 7, ,(z) is the regularized incomplete beta function.
For fixed p, the corresponding value of T, is found by
inverting this relation, giving

1
T2 - (Nn(; - 1) (Ijzll_d/Zd/z(l _ p) - 1) . (BS)

The inverse of the regularized incomplete beta function can
be evaluated (e.g., it is numerically implemented in the
computing environment MATLAB 9.5 from MathWorks).
Once T, is computed, the ellipse can be constructed
by using its implicit definition above; that is, T, =
N(m - %)= (m - X).
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For example, one can use the parametrization of a unit d
sphere r(Q), and perform the transformation

IT, B
“ZRAV2r(Q ,
N r(Q) +x

where R, A are given by the eigendecomposition of the
sample covariant matrix £, = RART.

(B9)

APPENDIX C: SUPPLEMENTARY RESULTS ON
SUBCLUSTERING CORRELATION
ORIENTATION

1. Different RD models produce different
neighborhood-dependent subclustering orientations

We have shown that neighborhood-dependent subclus-
tering of component concentrations is a generic feature of
RD models, irrespective of their form, discretization, and
projection in lower spatial dimensions. This observation
makes intuitive sense as it is logically coherent with the
principles of RD: the local state of the system (here, the
color of a scale) is influenced by its neighborhood (here,
the colors of neighbor scales) through diffusion. However,
we additionally show here that the observed correlation
can, counterintuitively, take different “orientations” (in RD-
components space) depending on the model and its
parameters. Let us take, for example, two models with
only two components (Supplemental Material, Fig. S4
[34]): the Gray-Scott model [36,37],

0
alt‘ = D,V2u + [—ur® + a(1 - u)),
ov ) ’
E:D”v v+ (uv* — bv), (C1)
and the Gierer-Meinhardt model [3],
b) 2
—u:DuV2u+ <a—bu—|—u—>,
ot v
ov 5 )
E:D”v v+ (u” —v). (C2)

Using the Gray-Scott model and arbitrarily deciding that
the concentrations of components U and V represent
blackness and greenness, respectively, the correlation
between the color of green scales and the number of green
neighbors (ng, i.e., neighbors belonging to the first-order
cluster with high values of V) is positive for blackness and
negative for greenness (Supplemental Material, Fig. S4C;
bottom right-hand panel in left-hand column [34]). This
subclustering correlation within the green cluster is in line
with the antagonistic direct-neighbor interactions gov-
erning green-to-black scale color flipping. In other words,
if a green scale tends to flip to black when surrounded by
many green scales, it makes intuitive sense that scales that

remain green still tend to become slightly more black and
less green for larger number of green neighbors. However,
this intuition breaks down for black scales (Supplemental
Material, Fig. S4, bottom left-hand panel [34]): the corre-
lation between the color of black scales and the number of
black neighbors (np, i.e., neighbors belonging to the first-
order cluster with high values of U) is also positive for
blackness and negative for greenness; i.e., scales that
remain black tend to become slightly more black and less
green for larger number of black neighbors, despite that a
black scale with many black neighbors tends to flip to
green. Note that this result is not due to the arbitrary
decision of considering U and V as the black and green
components, respectively. Indeed, when making the reverse
choice, the subclustering correlation in the black cluster
(now corresponding to high values of V') conforms with the
black-to-green flipping process, but the subclustering
correlation in the green cluster (now corresponding to high
values of U) takes an orientation that is unintuitive in
comparison to the green-to-black color flipping process.

When using the Gierer-Meinhardt model (Supplemental
Material, Fig. S4, middle column [34]), the decrease of
green-scale blackness with an increase in the number of
green neighbors is at odds with green-to-black flipping, but
the decrease of black-scale blackness with an increase in
the number of black neighbors is in line with the black-to-
green flipping rules. Conversely, the influence of isochro-
matic neighbors on greenness is intuitive for green scales
and unintuitive for black scales. Evidently, when consid-
ering relations among subclusters, the specific correlations
between, on one hand, the greenness or blackness of scales
and, on the other hand, the number of same-color neigh-
bors, can take multiple orientations in RD-components
space depending on the model. When using the single-
component Allen-Cahn-type model,

v _ D,V?v —v(v—a)(v->b),

3 (C3)

the greenness of black scales decreases with the number of
black neighbors and the greenness of green scales increases
with the number of green neighbors (Supplemental
Material, Fig. S4, right-hand column [34]), both observa-
tions being counterintuitive.

2. Different sets of parameter values within a RD model
produce different neighborhood-dependent
subclustering orientations

The Nakamasu-Takahashi-Kanbe-Kondo (NTKK-2009)
three-component RD model [17] (see Sec. VI D), optimized
here for the skin color patterning in ocellated lizards,
generates the following relations [Fig. 1(e)]: a black scale
is both less green (smaller value of V) and less black
(smaller value of U) when the number of its black
neighbors increases, whereas a green scale is greener
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(higher value of V) and less black (smaller value of U)
when the number of its green neighbors increases. Note that
there is ambiguity in interpreting this latter relation in the
context of the hyperspectral measurements and histological
analyses (Figs. 3-5). Indeed, these experimental data indicate
that green scales are darker when surrounded by larger
numbers of green direct neighbors. However, a green scale
can be measured as “darker” because of a decrease in V or an
increase in U or both. We have shown in the main text (Fig. 6)
that each of these two possibilities can be observed for
different parameter values of the NTKK-2009 model while
maintaining the correct dynamics of green-to-black and
black-to-green color changes. In other words, we have shown
that, counterintuitively, different sets of parameters within a
given model can generate different (correct or incorrect)
orientations of subclustering correlations.

The Fisher linear discriminant method did not manage to
sharply partition the parameter space into two distinct
regions (correct vs incorrect blackness correlation).
However, such a sharp partition would be expected since
the parameters completely specify the blackness correlation
direction. This probably happens because the boundary
does not lie on a hyperplane but a on a more complicated
hypersurface. We tested a quadratic discriminant which
slightly improved the distinction between the two regions,
but made harder the interpretation in terms of model
parameters. The fact that this boundary does not lie on a
hyperplane means that the parameters that influence black-
ness correlation direction may depend on the values of the
parameters themselves. It could be argued that, if this
dependence is very strong, it reduces the interest of the
effective dRD model for understanding the patterning
mechanism in terms of interacting chromatophores, since,
for example, the effects influencing blackness correlation
identified above would not be general. In other words, the
model would not provide informative constraints on chro-
matophore interaction when blackness correlation is taken
into account. By scanning 10 small regions of parameter
space close to this boundary (Supplemental Material,
Fig. S15 [34]), we find that (i) locally, the Fisher linear
discriminant direction sharply distinguishes regions of
correct vs incorrect blackness correlation, and (ii) several
interactions have consistently strong effects in most of the
parameter space, namely, c,, ¢,, ¢, and cy.

Our analyses indicate that blackness correlation does not
constrain the sign of c¢s as (i) this parameter does not
significantly contribute to the Fisher linear discriminant
direction vgrp [Fig. 6(d), lower panel] and (ii) parameter
sets with negative and positive c5 exhibit good blackness
correlation [Fig. 6(d), upper left-hand panel] in addition to
good nearest-neighbor statistics. However, we find that
blackness correlation direction may favor negative values
of c¢5 if the interaction network is symmetrized by con-
straining ¢; = ¢4, ¢3 =c¢g, and c, =c,, ie., when

assuming that production, decay, and cross-interaction
are not significantly different between melanophores and
xanthophores. One could argue that this assumption is
justified by the fundamental difference of interpretation
between short-range and long-range interactions between
chromatophores. Hence, we scanned through 96 000 000
sets of parameter values randomly drawn from a uniform
distribution in the box,

C1. ey s €[-025.0, ¢y =cy,
1 Cn e €10,025], ¢, = ey,
c3,¢9 €0, 1], Ce = C3,
c5 €[—0.25,0.25], (C4)

while diffusion and geometric parameters are kept at their
usual values. The density of this sampling is equivalent to a
grid scan with increment x0.048 in all the varied param-
eters. Among the randomly drawn parameter sets, 775 give
natural nearest-neighbor statistics, among which 62 give
correct blackness correlation direction (Supplemental
Material, Fig. S20A [34]). An example of a set of parameter
values giving good patterns and correct correlation is
shown in Supplemental Material Fig. S20B [34]. We can
therefore say that the “symmetric” hypothesis cannot be
rejected. Projections of the data suggest that parameters
Ci4, C36, Cs5, and c,, may influence the correlation
direction (Supplemental Material, Fig. S20C [34]).
Again, to determine which parameters influence the most
the correlation direction, we computed Vg, best separating
the two groups and found that the most significantly
nonzero components are given by ¢y 4, ¢3¢, and ¢, , (lower
panel of Supplemental Material Fig. S20D [34]). These
correspond to the following changes in the interaction
network of the model (Supplemental Material, Fig. S20E
[34]): (i) decrease of the effective mutual inhibition c; 4 of
the chromatophore factors u and v, (ii) increase of the
effective production c;4 of the chromatophore factors u
and v, and (iii) increase of the effective decay ¢, , of the
chromatophore factors u# and » (found to give the most
important contribution to the linear discriminant direction).

It is also seen that in the scanned parameter region, the
subregion with c5 < 0 is statistically favored for giving
patterns with both natural nearest-neighbor statistics and
correct blackness correlation direction (Supplemental
Material, Figs. S20C and S20D [34]). Indeed, in the
subregion c¢5 < 0, we found 43 sets of parameter values
with good correlation out of 173 with good neighbor
statistics (i.e., about 25%), whereas in the subregion
¢s > 0, we found only 19 parameters with correct black-
ness correlation direction (“ok”) out of 540 with good
neighborhood statistics (i.e., about 3.5%). Hence, using
Bayes’s formula,
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p(cs < 0[ok)
_ p(okjes <0)p(es <0)
~ p(okles < 0)p(cs < 0) + p(ok|es > 0)p(cs > 0)°
(Cs5)

with uniform prior on the sign of c¢s, we evaluate that the
probability p(cs < 0|ok) of ¢5 to be negative is 85% (vs
65% for the unconstrained asymmetrical model) when
considering only the information of the natural nearest-
neighbor statistics and the correct blackness correlation
direction for green scales. So, in this symmetric model,
there is a slight preference for c¢s < 0. We note that this
argument of preference for a negative c5 in the symmetrical
model is contingent on the sampling of the parameter space
(which was here uniform and restricted inside the box
given above).
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