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Acoustic Realization of a Four-Dimensional Higher-Order Chern Insulator
and Boundary-Modes Engineering
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We present a theoretical study and experimental realization of a system that is simultaneously a four-
dimensional (4D) Chern insulator and a higher-order topological insulator. The system sustains the
coexistence of (4-7)-dimensional chiral topological hypersurface modes (THMs) and (4-2)-dimensional
chiral topological surface modes (TSMs). Our study reveals that the THMs are protected by second Chern
numbers, and the TSMs are protected by a topological invariant composed of two first Chern numbers, each
belonging to a Chern insulator existing in subdimensions. With the synthetic coordinates fixed, the THMs
and TSMs, respectively, manifest as topological edge modes and topological corner modes (TCMs) in the
real space, which are experimentally observed in a 2D acoustic lattice. These TCMs are not related to
quantized polarizations, making them fundamentally distinctive from existing examples. We further show
that our 4D topological system offers an effective way for the manipulation of the frequency, location, and
number of TCMs, which is highly desirable for applications.
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I. INTRODUCTION

The topological phase is an important development and
unexplored freedom of traditional band theories [1,2].
The universality of topological phases is exemplified in
a wide variety of systems, such as solid-state electronic
systems [1,2], photonics [3,4], cold atoms [5], acoustics,
and mechanics [6,7]. Recent studies reveal a new class of
“higher-order topological insulators” (HOTIs), which refer
to a d-dimensional topologically nontrivial system that can
sustain (d — n)-dimensional boundary modes, with n > 1
[8-23]. For example, OD topological corner modes (TCMs)
can be found in 2D systems. Although the studies of HOTIs
have led to several significant developments, these second-
order TCMs generally do not coexist with first-order
topologically protected gapless edge modes [11].

On the other hand, topological phases can also arise
in parameter space that is spanned by both spatial
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(or, equivalently, reciprocal) and synthetic dimensions
[24-30]. A notable example is the realization of the
Hofstadter butterfly, which was originally proposed in a
two-dimensional (2D) square lattice, in a 1D system by
introducing one additional synthetic dimension [31]. Weyl
points or semimetal, which are widely studied in 3D periodic
systems, have also been demonstrated using a system with
one spatial and two synthetic dimensions [32—-34]. Synthetic
dimensions also enable the investigation of systems that
go beyond 3D, with the 4D quantum Hall effect being
an important example [25,35,36]. The smart use of the extra
dimensionality has led to an exciting array of novel
phenomena such as the quantum Hall effect in quasicrystals
[25] and topological charge pumping [29,35,36]. However,
so far, the higher-order topological modes in 4D systems
remain unexplored and have not been realized.

In this work, we study a 4D topological system con-
sisting of two spatial and two synthetic dimensions. We
find that the system is simultaneously a 4D Chern insulator
[37] and a 4D HOTI. The system is gapless when truncated
in the real space, in which case both (4-7)-dimensional
chiral topological hypersurface modes (THMs) and (4-2)-
dimensional second-order chiral topological surface modes
(TSMs) coexist. THMs are protected by the second Chern
numbers of the 4D bulk bands, and TSMs are protected by
nonzero combinations of first Chern numbers, each belong-
ing to a Chern insulator existing on orthogonal subdimen-
sions. When both synthetic coordinates are fixed, the 4D
system is observable as 2D real-space systems, wherein the
THMs become 1D topological edge modes (TEMs) and the
TSMs manifest as 0D topological corner modes (TCMs).

Published by the American Physical Society


https://orcid.org/0000-0003-3652-4351
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevX.11.011016&domain=pdf&date_stamp=2021-01-26
https://doi.org/10.1103/PhysRevX.11.011016
https://doi.org/10.1103/PhysRevX.11.011016
https://doi.org/10.1103/PhysRevX.11.011016
https://doi.org/10.1103/PhysRevX.11.011016
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

CHEN, ZHU, TAN, WANG, and MA

PHYS. REV. X 11, 011016 (2021)

(a) (@) = fo + Accos(2mh,m + ¢y) (b) o4

22

2.0

Frequency (kHz)

) af = Acos@rbm+a,) (8 28

2.4

207

Aycos(2mbyn + ¢y)
Frequency (kHz)

Afy, =
. .
. .
. .
° °
. .
. .
I 5
|

FIG. 1.

- E

G

‘

0 X
)

4D Chern insulator. (a) A schematic drawing of a 2D Chern insulator with one spatial and one synthetic dimension. The on-site

frequency is modulated as f,,(¢,), with ¢, becoming the synthetic dimension. (b) The eigenfrequencies as functions of ¢, calculated
using the tight-binding model [Egs. (1) and (2)]. Nonzero gap Chern numbers are marked in the band gaps. Two chiral boundary modes
are shown in (c). A 4D Chern insulator can be attained using two spatial and two synthetic dimensions. Using a ribbon which is periodic
in x but finite in y with N, = 32 sites (d), we can compute the system’s eigenspectra. (¢) shows the eigenspectra as a function of ¢, sliced
atk, = 0.5z and ¢, = ¢,. The band gaps are associated with nonzero second Chern numbers as labeled. The bulk bands are closed by
THMs localized at the x-direction edges. The real-space distributions of two THMs examples are shown in (f). All results here are

obtained using a tight-binding model.

Our findings are experimentally validated using a 2D
acoustic lattice. Notably, due to their 4D topological origin,
the TEMs and TCMs in real-space systems are fundamen-
tally different from previously reported cases [13-22]. On
the other hand, we identify that the THMs and TSMs can be
mathematically traced to the topological boundary modes
of the 2D Chern insulators [25,35,36]. This new perspec-
tive leads to a striking capability for realizing TCMs and for
manipulating their frequencies, locations, and number.
Such a capability is experimentally demonstrated by the
realization of two distinctive types of TCMs; one is a
“separable bound state in a continuum (BIC)” [38], and the
other is the realization of multiple TCMs in one corner.

II. A 4D CHERN INSULATOR REALIZED WITH
TWO SYNTHETIC DIMENSIONS

First, we develop the theoretical model of a 4D Chern
insulator and analyze its topological characteristics. Our 4D
system consists of two spatial (or reciprocal) and two
synthetic dimensions. To best introduce the idea, we begin
by demonstrating a 2D Chern insulator with one spatial and
one synthetic dimension. Consider a 1D chain of identical
atoms in the x direction, each coupled to its nearest

neighbor through hopping . The atomic chain is described
by a tight-binding model

H =2 (fulm)(m| + tlm)(m+ 1] + tlm + 1) (m]), (1)

where |m) is the Dirac ket for site m and ¢ is the hopping
constant. We enforce a modulation to the on-site eigenfre-
quency

Fn(dx) = fo + Ay cos(2amb, + ¢,). (2)

where A, is the amplitude of on-site potential and b, is the
modulation frequency. The modulation has a phase factor
¢, which can be regarded as a pseudomomentum that
constitutes a synthetic dimension in our system, as shown
in Fig. 1(a). Here, we set b, = p/q =1/3, making
the system a commensurate one. We investigate a finite
chain with 32 sites. The parameters used in the tight-
binding models are f, = 2095 Hz, t = —124.75 Hz, and
A/t = —1.9, which are related to the acoustic system to be
discussed. The procedures for determining these parame-
ters are presented in Ref. [39]. The Hamiltonian satisfies
H(¢$,) = P~'H(—¢,)P, where the nonzero element of the
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unitary operator P is defined as P;; = 1 fori + j =N + 1.
This result indicates the band structure is symmetric about
¢, =0, as shown in Fig. 1(b). Unlike the Su-Schrieffer-
Heeger model, due to the absence of chiral symmetry for
most values of ¢,, our system generally does not have a
quantized Zak phase or bulk polarizations. However, we
compute the Chern numbers Cg in the k¢, plane for the
first and second bulk band gaps, and both gaps have
nonzero Chern numbers, which confirms that the system
is a 2D Chern insulator. (See Supplemental Material [39]
for more discussion.) As a result, the system is gapless, and

|

Fun(@r.dy)

two chiral gapless boundary modes are clearly identified
[Figs. 1(b) and 1(c)]. It is noteworthy that this Chern
insulator involves modulation only to on-site energy,
whereas hopping ¢ remains constant. This important char-
acteristic sets our system apart from the widely used the Su-
Schrieffer-Heeger model, which relies on staggered hop-
ping but has identical on-site energy.

By incorporating two synthetic dimensions, a 4D Chern
insulator can be constructed using a square lattice of
nearest-coupled sites, with each on-site frequency f
modulated to

= fo + Ay cos(2zb,m + ¢,) + A, cos(2zbyn + @), (3)

where m and n label the sites, b, and b,, are the modulation frequencies in the x and y direction, respectively, and ¢, and ¢,
are the respective modulation phase factors. The system can be described by a tight-binding Hamiltonian

H(g ) = Z{

m,n

where |m,n) is the Dirac ket for site (m,n). Note that
Eq. (3) implies that the modulation in the x and y direc-
tions are independent; consequently, ¢, and ¢, constitute
two orthogonal dimensions. Hence, Eq. (4) describes a
system living in a 4D space spanned by (k. k,, ., p,).
It also suggests that b,, 4,, by, and 4, can be indepen-
dently tuned, which we later explore Here, we set the
modulation frequencies to be b, =b,=1/3 and the
modulation amphtudes Ay =4, = —1.91. A unit cell con-
tains (b,b,)”' =9 sites; therefore, the system has nine
bulk bands We find that these bands form five bulk band
regions separated by four band gaps. The nontrivial top-
ology of the 4D system is characterized by the second
Chern number for bulk bands [37,40]

1

Cs = 3272

d*pe;j Tr[FLFY), (5)

with F{ = 0,A% — 9,7 +i[A;A)” and A7 () =
—i(a, (|)|8/6gb, |ﬁ (I)) In Eq. (5), &y is an antisymmetric
tensor of rank 4, and (i, j, k, 1) index the four dimensions:
ky ky and ¢, . F f’j/j is the 2D Berry curvature for a state
defined in pseudomomentum space i, j, with «,  referring
to the occupied multiple bands. The second Chern numbers
for 4D band gaps, denoted Cg, can be obtained by adding
the Cjp of all the bands below that gap. We find that C for
the four band gaps are 1, —3, 3, and —1, respectively [41].
Our system is, therefore, a 4D Chern insulator.

From the bulk-surface correspondence, a nonzero second
Chern number implies the existence of first-order (4—1)-
dimensional chiral topological modes. To investigate, we
employ a 4D “ribbon” that is periodic in x, ¢,, and ¢, but

fm,n(d’xv ¢y)|m’n><m’n|
+(t|m, n)(m + 1, n| + t|m,n)(m,n +1|) + Hee. |’

(4)

[

finite in y. We cut the eigenspectra at k, = 0.5z, and along
the line of ¢, = ¢,, the results are plotted as functions of
¢, shown in Fig. 1(e). It is seen that the system is indeed
gapless, with its five well-defined bulk band regions
connected by chiral boundary modes. In Fig. I(f), we
can see that the topological modes exponentially decay in
the y direction in the real space. In other words, they exist
on the k¢, ¢, hyperplane. We therefore called them (4-1)-
dimensional chiral THMs. Similarly, when the 4D system is
truncated in the x direction, THMs are found on the k¢, ¢,
hyperplane.

III. A 4D HIGHER-ORDER
CHERN INSULATOR

Our system is also a 4D HOTI. To see this, we consider
the same 4D system that is finite in both x and y. The same
as before, there are five bulk band regions separated by four
band gaps [Fig. 2(a)]. Connecting these bulk bands are two
sets of (4-I)-dimensional chiral THMs, sustained on the
kyp.py and k.¢.¢, hyperplanes, respectively. These are
plotted in Figs. 2(b) and 2(c). Meanwhile, four (4-2)-
dimensional second-order TSMs are identified [Fig. 2(d)].
Note that the green surface actually contains two degen-
erate TSMs. The TSMs live entirely on the ¢,¢, plane and
exponentially decay in both the x and y directions, as
shown in Fig. 2(e). A striking observation is that these
TSMs are dispersive in the two synthetic dimensions and
exist entirely within the THM band gaps, making the
THMs gapless. Hence, they are second-order chiral topo-
logical modes. Since the THMs are found in 4D bulk gaps,
the TSMs can essentially overlap with the bulk bands in
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FIG. 2. Second-order gapless TSMs in a 4D Chern insulator. (a) 4D bulk modes occupy all four dimensions. Their eigenspectra are
shown as functions of (¢,, ¢,), and they appear as 2D bulk modes in the real space (lower). (b),(c) The THMs appear in the gaps of bulk
bands and live on the k,¢,¢, and k¢ ¢, hyperplanes, respectively. They are localized on the edges in the real space. (d) The TSMs are
found closing the THM gaps. The TSMs are 2D modes existing on the ¢, plane; therefore, they are observed as 0D TCMs localized at
the corners in the real space. The TSMs are colored to indicate their respective locations. Note that the green sheets are two doubly
degenerate states. (e) Real-space eigenfunctions of the four TSMs. The lattice here contains 11 x 11 sites, which is the same as the
acoustic system. All results here are obtained using a tight-binding model.

frequency, implying the existence of 2D bound states in a
4D continuum, which we demonstrate in an experiment.

The topological nature of the TSMs can be revealed by
considering the Hamiltonian of the finite system [Eq. (4)].
We observe that a finite system with N x N sites can be
decomposed into two orthogonal copies of 2D Chern
insulators [Eq. (1)]. Mathematically, this decomposition
is expressed as

H(¢x7¢y)+fOIN2 :IN ®Hx(¢x) +Hy(¢y) ®1Nv <6>
where H ,(¢,) [H,(¢,)] is the Hamiltonian of a 2D Chern
system with x (y) being the real dimension, /)y (I2) isan N
(N?)-dimensional identity matrix, and ® denotes the
Kronecker product. The right-hand side in Eq. (6) intro-
duces an additional on-site energy f, which is accounted
for on the left-hand side. Equation (6) reveals the math-
ematical separability of H(¢,,¢,), which implies that

H,(¢,) and H(¢,) exist on two orthogonal planes k¢,
and ky¢,, yet these two planes do not meet. Such geo-
metric orthogonality fundamentally roots in a 4D space.
Physically, it indicates that the 4D Chern insulator can be
decomposed to two independent copies of 2D Chern
insulators. Equation (6) also suggests that the eigenfunc-
tions of H(¢,., ¢, ), denoted |¥), are given by the Kronecker
product of the eigenfunctions from two 2D Chern system

|lP4D> = |l//y> ® |l//x>’ (7)
wherein |y, ) and |y, are the eigenfunctions of H,(¢,) and
H,(¢y), respectively. The eigenvalues of H(¢y,e,) +
foly2 are given by the Minkowski sum of the eigenvalues
of H.(¢,) and H,(¢,). These relations make our 4D
system analytical, since the separated 2D Chern system

can be analytically solved [42]. Detailed discussions
about the formation rules of the 4D eigenmodes and
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eigenfrequencies are presented in Ref. [39]. It follows that
the TSMs are composed by the chiral boundary modes of
the 2D Chern insulators existing in the subdimensions,
which are protected by nonzero gap Chern numbers Cf; and
Cy,, respectively. As a result, the TSMs are topologically
protected by a nonzero topological invariant C = (C§, Cy;).

Although the topological invariant C is seemingly
composed of two Chern numbers computed for 2D sub-
systems, it is fundamentally determined by the system’s 4D
topology. To see this fact, note that Eq. (6) implies that
F Zf . and F Z}ﬁ s, are the only nonzero terms in Eq. (5). As a
result, Eq. (5) is simplified to Cp = (1/27) [ d*¢pF; 4 x
(1/27) [ d*¢Fy 4 . ie., the product of two nonzero first
Chern numbers [39,43]. Since the 4D band gaps are well
defined in our system, it is straightforward to consider the
topology of band gaps. The second Chern number of a
4D band gap located near energy ¢ is related to the first
Chern numbers of bands of 2D subsystems with energy
€x t+e, <e€[25]

CG.e = Z C)[g’,sxcﬁ,ey' (8)

€,tey<e

Equation (8) helps us to build a connection between the
second Chern number and the topological invariant ) . Ct,Cy;
describing the number of TSMs, where the summation is
defined only in the same gap of THMs. Specifically, in our
system, Eq. (8) shows that the topological invariant protecting
the first TSM, i.e., C; = (C§ . Cy;,) = (1. 1), is related to
the second Chern number for the first 4D bulk gap,
Ci Cp = Cy,Cyy =Cgy =1, in which the subscript
numbers are the indices for band gaps. For the second and
third TSMs, which are degenerate, we have, C,=
(C5.1:C52)=(1,—1), C3=(C§,.Cg,;) = (=1.1), and
there are Cf; Cp o + C5,Cq = C (Cyy + (Cp Cp  +
Cy 1 Cha + C,Cy,) = Cgy + Cgp = —2. Likewise, for
the fourth TSM, C4 = (C§,. C'VG’Z) = (—1,-1), so that
C)é,zcyé,z = C)l;,lci;,l + C§,1C§,2 + CEZC%,I + Cﬁ,zcﬁ,z =
Cei1+Coa— C)é,lc}é,l +(=C1 — Cp3)(=Chy— C';ss) =
Co1+C62+C6s=1.

It should be clear now that the TSMs in our system are
conceptually distinctive from higher-order topological
modes protected by nonzero quantized polarizations. The
TSMs’ topological protection is fundamentally tied to the
4D topological invariant. Such a relation between topo-
logical invariants in different dimensions is generally not
present for quantized polarization. Discussion of the
topological invariants for general cases with well-defined
band gaps is presented in Ref. [39].

We also investigate the robustness of the THMs and
TSMs against disorder. Notably, Cs; remains unchanged as
long as uncorrelated perturbations do not close the bulk

gap, and THMs and TSMs both persist against these
perturbations [25,39].

IV. FORMATION RULES OF 4D EIGENMODES

The 4D topology in our system offers rich degrees of
freedom to tailor topological boundary modes in the 2D
plane. The 4D Hamiltonian H(¢,, ¢,) can be viewed as two
compounded copies of 2D Chern insulators using the
mathematical operation of the Kronecker product.
Equation (7) suggests that the eigenmodes of H(¢,,¢,)
can be constructed from the eigenmodes of H,(¢,) and
H,(¢,). By considering the characteristics of the 2D Chern
model’s eigenmodes, we arrive at three eigenmode for-
mation rules for the 4D system: 4D bulk modes are the
product of bulk modes in both H,(¢,) and H,(¢,), ie.,

[WEEE) = b)) @ |wb'k). THMs, if any, are the product

of 2D bulk modes and boundary modes of |¥JHM) =

Wgoundary> ® ‘U/Blﬂk> or |\PIISM> — |wly3ulk> ® |Wgounda:y>.

TSMs, if any exist, are composed of the product of two

boundary modes [¥ISM) = [y 208 @ [y 20"y - Note

that the formation rule for TSMs also indicates that their
existence roots in the topological boundary modes in H (¢, )
and H (¢, ). This result conforms well to the fact that TSMs
are topologically protected by two nonzero first Chern
numbers defined in the 2D subdimensions. In addition, these
formation rules suggest that the eigenfrequencies of the 4D
modes are given by the Minkowski sum of those of the 2D
modes. Specifically, the bulk modes’ eigenfrequencies

are ESpF = EYI 4 bk — £, the THMs follow E;EM =
Egoundary + E;J,'ﬂk _ f() or EL}DIM _ E?oundary + Egulk _ fO’

and the TSMs follow ETSM = ESO"Y 4 prowndy _ ¢ 1
Supplemental Material [39], we present an example of how to
determine the existence and location of the 4D boundary
modes using these formation rules.

In the next section, we present the experimental reali-
zation of the 4D system in acoustics. The results also
showcase the formation rules, which become a convenient
and flexible way to design the number, the spectral
location, and the real-space location of THMs and TSMs.

V. REALIZATION IN AN ACOUSTIC SYSTEM

Despite the THMs and TSMs both being protected by
4D topological invariants, they are observable in the 2D real-
space systems once the synthetic coordinate of ¢,, ¢, are
fixed. As clearly shown in Fig. 1(f), the THMs emerge as
TEMs in the real-space lattice. Meanwhile, the TSMs
manifest as 0D TCMs localized at lattice corners [Fig. 2(e)].

We use a coupled acoustic cavity system, which is a
proven platform for realizing tight-binding models [44,45],
for the realization of our 4D system. We build a 2D acoustic
lattice with 11 x 11 coupled cavities. The system is shown
schematically in Fig. 3(a). All cavities have an initial height
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FIG. 3. Realizing the 4D system using a 2D acoustic lattice. (a) A schematic drawing of an acoustic system consisting of cavities with
modulated heights. The inset shows the fundamental cavity mode which is used as the on-site orbital, where red (blue) represents
positive (negative) sound pressure. In (b), the eigenspectra along ¢, = ¢, are plotted as functions of ¢,. The results are from finite-
element simulations. The five gray regions are bulk bands, and the cyan and orange dots are in-gap THMs. The red, green, and blue dots
indicate TSMs. The colors of modes indicate their characteristics, which are represented in the inset in (a). The blue arrow in
(b) indicates a TSM that overlaps with bulk bands, making it a bound state in the continuum. The red dashed line marks ¢, = —0.5z, and
the blue dashed line marks ¢, = —0.78x. (c) A photograph of our acoustic lattice with 11 x 11 coupled cavities. To implement the two
synthetic dimensions (¢, ¢,), the height of each cavity is tuned by injecting a specific amount of water, as illustrated in the inset.
(d) The eigenspectra along ¢, = ¢, based on the modified tight-binding model. Excellent agreements with the results from simulations

are seen.

ho = 120 mm and a radius r = 12 mm. The cavities are
sequentially connected at the top by a square tube with a
side d = 9 mm. The outcome is a 2D periodic cavity lattice
with a lattice constant a = 40 mm. The first longitudinal
cavity mode, which has one node in the middle of the cavity
[inset in Fig. 3(a)], is chosen as the on-site orbit. This
mode’s natural frequency is sensitive only to the height of
the cavity. Therefore, the two synthetic dimensions
(¢.¢,), which modulate the on-site eigenfrequencies,
can be implemented by tuning the height of each cavity.
We compute the eigenspectra of the 2D acoustic lattice
using the commercial finite-element solver COMSOL
Multiphysics (v5.4) along the parametric line ¢, = ¢,.
The result is shown in Fig. 3(b) as functions of ¢,, in which
the THMs and TSMs are colored according to their real-
space locations that are shown in the inset.

We note that some topological modes extend below the
first band. This extension is due to the additional on-site
perturbations caused by coupling tubes, which causes the
eigenspectra to deviate from the ideal tight-binding model
[39,45]. By accounting for this perturbation, we can

reproduce the acoustic band structure using a modified
tight-binding model with excellent agreement, as shown in
Fig. 3(d).

Experimentally, the acoustic cavity system is machined
from a block of aluminum and is filled with air. An
aluminum plate is fixed on the block to seal the cavities
and the coupling tubes. The top of each cavity has an
opening port, which is used for excitation or measurement.
The ports are blocked by plugs when not in use. For the
measurement of the pressure response spectra, we use a
waveform generator (Keysight 33500B) to send a short
pulse covering 1000-3000 Hz to drive a loudspeaker that is
placed on top of a chosen cavity. The response signals are
received by a 1/4-inch microphone (PCB Piezotronics
Model-378C10) and are then recorded by a digital oscillo-
scope (Keysight DSO2024A). The response spectra are
then obtained by performing a Fourier transform on the
transient signals. The measurements are repeated for each
site to obtain the sound field distribution in the entire
lattice. We then extract the data points at the frequencies of
interest from the spectra. The results are normalized for
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each frequency. The two synthetic dimensions are imple-
mented by injecting a specific volume of water into each
cavity to adjust its height [46]. (The water surfaces are
regarded as hard walls in the simulations due to the large
impedance mismatch with air.) Three groups of parameters
are experimentally adopted to demonstrate topological
modes of different characteristics.

A. Observation of THMs and TSMs

First, we find that at (¢,, ¢,) = (-0.57, —0.57), which
is marked by the red dashed line in Fig. 3(b), both THMs
and TSMs can be observed in the 2D lattice. We tune the
acoustic lattice to this point by precisely adding a specific
amount of water into each cavity. The measured results are
shown in Fig. 4. In Fig. 4(a), we schematically label the
edges and corners using colors and tags. First, we drive the

system with a loudspeaker at the center to excite the bulk
modes. The measured response spectrum is shown in
Fig. 4(b) as a gray-shaded region. Five separate regions
of high-pressure responses are clearly observed. We further
raster-map the pressure response of all cavities at 2278 and
2538 Hz (marked by f; and f5,, respectively), as shown in
Fig. 4(c). These are extended modes in both spatial
dimensions, clear evidence that they are the 4D bulk
modes. Note that, when ¢, = ¢, the lattice possesses
mirror symmetry along the line x =y (M,_,). This
characteristic can be clearly identified in the field maps.
Next, we identify that the system contains two sets of
THMs, marked by cyan and orange to indicate their
respective real-space locations. As THMs are localized
along one spatial dimension, we can observe them by
exciting the acoustic system at the corresponding edges and

@ Mo o

[Pl

Bulk Mode, f,

Bulk Mode, f,

Measurement
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— Bulk

— Corner |

— Corner Il, IV
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TSM, f

i TSM"fIV

FIG. 4. Observation of THMs and TSMs. Here, the system is at (¢,, ¢,) = (—0.57, —0.57). (a) A schematic drawing of the system,
wherein the corners and edges are color labeled. Note that the system has mirror symmetry M,_,. (b) The pressure response spectra. The
gray areas represent the bulk response; the orange- and cyan-shaded areas are the edge responses; the four curves each represent the
response at the correspondingly colored corner. The spatial field maps are shown when the system is excited in the bulk (c), at the edges
(d), and at the corners (e) at the indicated frequencies. The red stars in (c)—(e) mark the excitation position. In (d), the field maps are
confined at the excitation edges, indicating the observation of THMs in real space as TEMs. In (e), the modes are strongly localized at
the excitation corners, indicating the existence of TSMs in real space.
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measure their response spectra, which are shown in
Fig. 4(b). Three peaks are seen for both edges A and B
(cyan) and edges C and D (orange), which are consistent
with our prediction as well as the simulation results in
Fig. 3(b). Two cases of the spatial distributions of these
modes are shown in Fig. 4(d), which clearly show that these
are TEMs localized at the sample’s edges, which agree well
with our prediction. The TSMs, marked by red, blue, and
green in Fig. 4(a), are 0D modes localized at the corners of
the 2D lattice. By placing the source at the corresponding
corner, we observe only one sharp resonant peak at each
corner [Fig. 4(b)]. Spatial pressure maps at each peak
frequency further confirm that these modes are strongly
localized at the corner and decay rapidly into the bulk
[Fig. 4(e)]. We note that the states at corners II and IV are
ideally degenerate, owing to the system’s mirror symmetry
M,_, (along x =y). In the measured results, the two
corresponding resonant peaks slightly mismatch in fre-
quency [Fig. 4(b)]. We attribute such discrepancy to
experimental errors, which may cause ¢, and ¢, to deviate
from the ideal value. This is also a strong evidence that the
existence of the THMs and TSMs are robust against
disorders. In summary, the results confirm that the system
possesses both TEMs and TCMs, which validates that the
4D system simultaneously supports both first-order THMs
and second-order TSMs.

(@ 1.0

Measurement Position:

—— Bulk
—— Corner lll

0.8

0.6 -
x
0.4
0.2
0.0
1.5 E 2.1 2.4 27 3.0
Frequency (kHz)
(b) (d) 1
I i
* 0
TSM, fo,c Bulk Mode, f,,.. Bulk Mode, f,,..

FIG. 5. Using TSM to realize BIC in real space. (a) The
pressure responses measured at corner III (red) and in the bulk
(gray region). A single peak at fgic = 2060 Hz is seen for the
corner response, which overlaps with the second bulk band.
(b) The spatial field map at fg;c when the source is at corner III.
A highly localized corner mode is seen. (c) Excited at fgjc by a
source at the center, extended modes occupying the entire bulk
are seen. (d) In comparison, when the system is pumped at fgjc
by a source placed at corner I, the field map indicates extended
modes. The inset in (a) is a schematic drawing of the 2D acoustic
lattice with the corners are color tagged.

B. TSM as a bound state in the continuum

The fact that TSMs in our system are chiral modes
closing the gaps of THMs has two implications. First, the
TSMs are dispersive in the synthetic coordinates; second,
as THMs are entirely in the 4D bulk gaps, the TSMs can
overlap with the bulk bands in frequency, becoming bound
states in the bulk continuum. An example can be seen near
(¢ #y) = (—0.787,—0.78x), which is marked by the blue
dashed line in Fig. 3(b). Since TSMs are TCMs in real
space, they are observable as corner-mode BICs.

We tune the acoustic system to this parameter point by
adjusting the amount water in each cavity. Figure 5(a)
shows the pressure response spectra of this case. When the

(a) 120 b =1/6\ =2t &f
g% § G‘f“’w
c Il
2 <"
% 40 - (I\l‘, ‘ﬂj
n X =
|
0 1”@ 1 1 | |
(b) 1 1 2 N
0.8k 7t f 1I f I Measurement position:
= Corner |
o 2 3 === Corner lll
T o04r f 11 f 1
0.0

1.5 1.8 21 2.4 2.7
Frequency (kHz)

(c) TSMs at corner Il

fa fa fa
(d) TSMs at corner Il

. . |
I T
0

1 2

flll fll[

FIG. 6. Exploiting the TSMs for the realization of multiple
TCMs at the same corner. (a) Eigenspectrum of a 4D acoustic
system with b, = 1/6,b, = 1/3 at (¢, ¢,) = (—0.67, —0.287).
(b) The measured corner responses have three peaks for corner II
(green) and two peaks for corner III (blue). The peak frequencies
are consistent with the eigenfrequencies found in finite-element
simulation. (c) and (d) are field maps of the three TSMs at corner
II and the two TSMs at corner II1, respectively. The red stars mark
the source position in each case. Note that the third TSM at corner
1l is excited with a source located one site away from the corner.
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excitation is at corner III, one single response peak is seen
at fgic = 2060 Hz (red curve). This peak spectrally over-
laps with the second bulk band (gray regions). We then
place the source at corner I1I to excite at fg;c and obtain the
field maps. A highly localized corner mode is clearly seen
[Fig. 5(b)]. In contrast, bulk modes are excited at the same
frequency when the source is in the center [Fig. 5(c)] or at
corner I [Fig. 5(d)]. These results unambiguously show that
the mode at corner III at fpc is a BIC [38,47].

C. Multiple TSMs localized at the same corner

The characteristics of THMs and TSMs are fully
revealed only when considering all four dimensions; they
are, nevertheless, observable as TEMs and TCMs in real
space. This fact means that the real-space descendant
system can also be regarded as a new type of 2D HOTI
that simultaneously supports TEMs and TCMs. Moreover,
the 4D system brings extra degrees of freedom in the
manipulation of the TEMs and TCMs.

To show the unique advantage of our system, we set b, =
1/6 and A, = —2t while keeping b, = 1/3 and 4, = —1.9¢.
We analyze the point (¢, ¢,) = (—0.6z, —0.287) and find a
total of five TSMs in this system, as shown in the eigens-
pectrum in Fig. 6(a). In the 2D lattice, three TSMs are
localized at corner II and the other two localized at corner I11.
These are shown in Fig. 6(b). We validate these findings in
our acoustic system. Our results show strong evidence for
the existence of all five TSMs as corner modes. Three (two)
resonant peaks are clearly seen when the system is excited at
corner II (IIT) [Fig. 6(b)]. The field distributions at the peak

1
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frequencies [Figs. 6(c) and 6(d)] indicate localized modes at
their respective corners.

D. The absence of TSMs at (¢,.¢,) =(-0.57.0)

Here, we return to b, = b, = 1/3. In Fig. 1(b), we can
identify that, at¢p, = 0, the 1D chain does not possess a well-
distinguished boundary mode. By choosing (¢,.¢,) =
(—0.57,0) for the 4D system, from our formation rules,
we know that: first, THMs can be observed only at edges B
and D in the real-space lattice; second, TSM shall be absent.

Our predictions are experimentally verified. Note that,
when ¢, = 0, the system has mirror symmetry M,. The
response spectra measured in the bulk and at corners I and
III [Fig. 7(a)] are shown in Fig. 7(b). The corner responses
each have two resonant peaks. Note that response peaks do
not necessarily indicate corner modes. In this case, they are
due to THMs at either joining edge, which is confirmed by
the raster-maps of the sound fields, as shown in Figs. 7(c)
and 7(d). Note that the sources at corners I and III excite
modes that are confined along edges B and D, respectively,
whereas no modes along edges A and C are seen. The
symmetry M, suggests the same be observed for corners II
and IV. These observations align well with the predictions
from the formation rules.

E. The absence of THMs and TSMs at (¢,.¢,) =(0.,0)

The above discussion and results suggest that, by
choosing (¢,.¢,) = (0,0), both THMs and TSMs shall
be absent. This result is demonstrated in the results shown
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FIG. 7. The experimental results at (¢,.¢,) = (—0.57,0). (a) A schematic drawing of the system, with the bulk, edges, and corners
marked in different colors. (b) The gray-colored region is pressure response in the bulk; the red and blue dashed curves are, respectively,
the response measured at corner I and corner III. (c) The field maps when excited by a source located at corner I at the two frequencies as
marked in (b). The distributions suggest THMs are found only at edge B. (d) The field maps at two frequencies from the peak of the
corner III response spectrum. The distributions suggest THMs localized at edge D. The red stars mark the source positions.
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Experimental results at (¢, ¢,) = (0,0). (a) A schematic drawing of the system. (b) The pressure responses with different

excitation and measurement positions as indicated in the legend. (c) The field maps of the bulk modes at frequencies as indicated.
(d) The field maps of the bulk modes at frequencies as indicated, with the source at corner I. The red stars in (c) and (d) indicate the

source positions.

in Fig. 8. Note that the system has mirror symmetry M, and
M,, as shown in Fig. 8(a). Such mirror symmetries are
clearly visible in the raster-maps shown in Fig. 8(c), which
show the bulk modes with the source placed at the center of
the lattice. We take advantage of the mirror symmetries and
examine only corner I and edge A to check for THMs and
TSMs. Three peaks measured at corner I are found at f},
f2, and f3, respectively [the light-gray dotted curve in
Fig. 8(b)], which largely overlaps in their frequencies with
the three peaks obtained at edge A, which hints that they
may be due to the same set of modes. The field maps further
confirm that these peaks are not localized modes but rather
extended bulk modes. The predictions from the eigenmode
formation rules are again experimentally validated.

VI. DISCUSSION AND CONCLUSIONS

Our 4D topological system simultaneously sustains first-
order THMs and second-order TSMs. Both the THMs and
TSMs are gapless. In the real-space descendant system with
the synthetic coordinates fixed, the TSMs become the
TCM:s to be observable in experiments. Hence, these TCMs
are fundamentally different from those reported previously,
which are typically the consequence of nonzero corner
charges induced by quantized polarizations. In contrast, the
topological invariant protecting our TCMs is unveiled only

by ascending to 4D. The topological invariant, which
consists of two first Chern numbers, each responsible for
a Chern insulator in a 2D plane, can be meaningfully
defined only in a 4D hyperspace. Its 4D origin is further
confirmed by its close tie to the second Chern numbers of
the 4D gap, shown in Sec. III. On the other hand, despite
the real-space system being a square or rectangular lattice,
it does not possess any crystalline symmetry for most
values of ¢, . A direct consequence is that bulk polar-
izations are not quantized and cannot serve as a topological
invariant in our system. This constraint again fundamen-
tally distinguishes our system from existing HOTIs.

The rich degrees of freedom offered by the 4D topology
lead to a powerful recipe that brings unprecedented
capabilities to tailor higher-order topological modes. In
particular, Eq. (7) and the formation rules (Sec. IV) are new
routes to convenient, versatile control of TEMs and TCMs
in real space. Such a capability is desirable for applications
utilizing these modes, such as wave steering and wave
localizations.

In conclusion, we have demonstrated with both theory
and acoustic experiments a 4D Chern and HOTI. Our work
expands the concept of HOTIs to 4D systems. The ideas
demonstrated in this paper are general and can be adapted
for other types of waves, such as mechanical systems,
electromagnetism, and photonics. We also expect rich
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phenomena to be discovered by the clever design of the
modulation functions or by using other types of topologi-
cally nontrivial models. It can also be useful for building
systems in even higher dimensions.
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