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Pathwise observables—functionals of stochastic trajectories—are at the heart of time-averaged statistical
mechanics and are central to thermodynamic inequalities such as uncertainty relations, speed limits, and
correlation bounds. They provide a means of thermodynamic inference in the typical situation, when not all
dissipative degrees of freedom in a system are experimentally accessible. So far, theories focusing on
pathwise observables have been developing in two major directions, diffusion processes and Markov-jump
dynamics, in a virtually disjoint manner. Moreover, even the respective results for diffusion and jump
dynamics were derived with a patchwork of different approaches that are predominantly indirect.
Stochastic calculus was recently shown to provide a direct approach to pathwise observables of diffusion
processes, while a corresponding framework for jump dynamics remained elusive. In our work, we
develop, in an exact parallelism with continuous-space diffusion, a complete stochastic calculus for
pathwise observables of Markov-jump processes. We formulate a “Langevin equation” for jump processes,
define general pathwise observables, and establish their covariation structure, whereby we fully account for
transients and time-inhomogeneous dynamics. We prove the known kinds of thermodynamic inequalities in
their most general form and discuss saturation conditions. We determine the response of pathwise
observables to general (including thermal) perturbations and introduce a corresponding response-function
formalism. We carry out the continuum limit to achieve the complete unification of diffusion and jump
dynamics. In addition, we connect the framework to quantum unraveling and the Belavkin equation for
open quantum systems, associating quantum and classical descriptions of thermal systems. Our results
open avenues in the direction of discrete-state analogs of generative diffusion models and the learning of

stochastic thermodynamics from fluctuating trajectories.

DOI: 10.1103/9ncx-4pgr

I. INTRODUCTION

A large variety of systems in and out of equilibrium with
nominally discrete-state spaces, or with continuous-state
spaces but well-defined metastable states, can be accurately
and thermodynamically consistently described by Markov-
jump dynamics [1-19]. Intense research over the past
few decades has led to quite a deep understanding of
the (stochastic) thermodynamics [3,5,6,7,9,20-25] and
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kinetics [24,26-35] of Markov dynamics under so-called
local detailed balance [6,11,36,37], including fluctuation
theorems [5,38-43], speed limits [44-51], thermody-
namic uncertainty relations (TURs) [9,52—-61], anomalous
relaxation phenomena [32,62-64], nonequilibrium response
relations [4,18,65-71], and, recently, descriptions within the
framework of information geometry [21,30,30,31,64,72].

From a practical perspective, state-of-the-art experiments,
in particular, single-particle tracking [73,74] and single-
molecule spectroscopy [75—79] probe stochastic time series.
Single-molecule techniques invariably track low, predomi-
nantly one-dimensional projections of high-dimensional
dynamics (e.g., Forster resonance energy transfer efficien-
cies reporting on the instantaneous distance between fluo-
rescent dyes [80—84], molecular extensions [77-79,84—88],
or on the instantaneous distance between plasmonic
particles [89,90] attached to the molecule). These projected
time series are typically analyzed by averaging along
individual realizations, thus giving rise to “pathwise

Published by the American Physical Society
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observables” (i.e., functionals of stochastic paths) and
leading naturally to the field of time-averaged statistical
mechanics [73,91-95].

Currently, the quantity of central interest is typically the
thermodynamic cost—the total entropy production—of
nonequilibrium processes that may be considered as the
nonequilibrium “counterpart” of free energy. However, one
almost never has experimental access to all dissipative
degrees of freedom and therefore probes only coarse
observables (i.e., projections) of Markov-jump dynamics.
Diverse approaches have meanwhile been developed for
thermodynamic inference from coarse observations
[9,19,96-104]. Thermodynamic inequalities, that is,
diverse speed limits [44-51] and uncertainty relations
[9,52-61,105-109], in particular, attracted much attention,
as they provide a general means to infer a lower bound on
dissipation of the entire system from a measured observable.
These “thermodynamical inequalities” in various forms (and
valid under different conditions) provide important insight
into how dissipation bounds fluctuations [52-61],
transport [45,46,51,110], and correlations [111-114] and,
in turn, allow for efficient thermodynamic inference based
on (generally coarse) observables. In addition to these three
major classes of thermodynamic inequalities, alternative
inference methods have been developed as well, based on
the kinetic uncertainty relation [54], statistics of waiting
times [97,115], first-passage times [26,53,55,116], via the
so-called variance-sum rule [117,118], from the statistics of
coarsely observed trajectories [100,104,119], and others.

However, despite the general consensus about their
importance and applicability, there is no unified approach
to deriving and proving the above results. For example,
there are strategies involving the Cramér-Rao inequality
[54,57,120-122], a variational approach [113], the scaled
cumulant-generating function [59], large-deviation theory
[123,124], and the master fluctuation theorem [56], to name
a few. Because the above methods are generally indirect,
not much is known about the sharpness and conditions
required to saturate the various inequalities.

In the case of diffusion processes, a direct method
based on stochastic calculus was recently introduced
[51,61,71,114,125,126], which allows for a direct and
unified approach. While the mathematical intricacies in
correctly handling nowhere differentiable functions still
seem to pose a barrier to the proliferation of the above ideas
into the physics literature, the underlying concept of Itd
calculus is well established.

In contrast, Markov-jump processes enjoy a much
greater popularity in physics and, in particular, in stochastic
thermodynamics [6,8,9,23,127]. Here, master-equation
approaches [3,29,128] (and corresponding ‘“‘quantum
Hamiltonian” analogy [129]) and Feynman-Kac “tilting”
[95,130], as well as approaches relying on path measures
[6,20,22,131] are widely adopted in the community.
Nevertheless, as far as proving thermodynamic

inequalities is concerned, these methods are not direct
and do not provide insight about the sharpness and
saturation conditions. A stochastic-calculus approach in
the spirit of Refs. [51,61,71,114,125,126] is therefore
desired to provide a unification of results for diffusion
and Markov-jump dynamics and, specifically, of different
approaches to Markov-jump dynamics.

The first steps in this direction, instigated in the appendix
of Ref. [61], have indeed already been made in the context
of TURs [60] and linear response [70]. However, the full
battery of results, which is required for a true unification
and for the approach to be able to compete with existing
methods, remains to be developed.

Here, we carry out the complete program. We develop, in
exact parallelism with the continuous diffusion counterpart,
the stochastic equations of motion—a Langevin equation for
Markov-jump processes with a central noise-time correlation
lemma—and define general pathwise observables (i.e., den-
sities and currents). The results are throughout presented in
direct analogy with the continuous-space framework. We
allow for time-inhomogeneous dynamics (e.g., time-
dependent driving). Equivalent to diffusions [96],
Stratonovich increments emerge that govern current-type
observables and allow for a direct proof of the complete
covariations (including in transients) of general density and
current observables that take the form of (generalized) Green-
Kubo relations. We use the developed stochastic calculus to
prove directly the known thermodynamic inequalities (TUR,
correlation TUR, transport bounds, bounds on correlations,
etc.) in their most general form, assess their sharpness, and
establish the respective saturation conditions. Moreover, fully
within the continuous-space stochastic-calculus approach
[71], we derive the response of an observable to general
(including thermal) perturbations for Markov-jump dynam-
ics. Finally, we carry out the continuum limit to achieve the
unification of diffusion and jump dynamics. We conclude
with an outlook on open questions and future directions.

The manuscript is structured as follows. In Sec. II, we first
provide a summary of our main results. Next, in Sec. III, we
develop the stochastic calculus for jump processes, formal-
ize general pathwise observables and establish their com-
plete covariation structure. In Sec. IV, we use the stochastic
calculus to prove the (quite complete) list of thermodynamic
inequalities in their most general form and apply them to
thermodynamic inference on a selection of biophysical
model systems. Following this, we show in Sec. V how
the stochastic calculus can be applied to derive results for the
response to general perturbations for discrete-state systems,
establish the corresponding response-function formalism,
and show how this relates to the fluctuation-dissipation
theorem in equilibrium. In Sec. VI, we take the continuum
limit to show the equivalence of stochastic calculi for
continuous- and discrete-state systems and, in Sec. VII,
we extend the results to time-inhomogeneous dynamics.
Subsequently, in Sec. VIII, we discuss how the classical
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stochastic-calculus approach is connected to quantum
unraveling and the (discrete) Belavkin equation and state
its classical analog. We conclude in Sec. IX with an outlook.
The mathematical proofs of the noise-time correlation
lemma and increment correlations, and other technical
details, are given in the Appendix.

II. SUMMARY OF MAIN RESULTS

We aim to bridge the gap between continuous-space
dynamics and Markov jump processes (MJPs) using
stochastic calculus. Throughout, we will develop the results
for MJPs in analogy with those of diffusions; all results will
therefore be shown in parallel to make the analogy as clear
and natural as possible. The central results of the stochastic
calculus for continuous-space diffusion and Markov-jump
processes are highlighted in Fig. 1.

In the context of continuous-space dynamics, we will
focus on overdamped Langevin dynamics in d dimensions
governed by [6,61,132,133]

dx, = F(x,)dr + 6dW_, (1)

for the d-dimensional position x, in a drift field F(x,)
subject to thermal noise 6dW_, where dW_ are increments
of the d-dimensional Wiener process (i.e., d-dimensional
“white noise”), with (dW.) =0 and ((dW,);(dW.);) =
8,;6(z — 7')dzd7’, and ¢ is the noise amplitude assumed to
have full rank (nonzero determinant). In Sec. VII, we will
also allow for time-inhomogeneous (temporally driven)
dynamics, while, for clarity, we will develop the results
within the time-homogeneous setting.

We will prove in Sec. III that trajectories x, of MJPs
follow the matrix stochastic differential equation (i.e., a
“discrete-space Langevin equation”)

dn(z) = R(x,, 7)dr + de(7), (2)

where the displacements have elements [dn(7)],, =
dn,,(z) describing jumps from state x to y in [z, 7 + dz].
The matrix [R(x,,7)],,dz = 6, ,r,,dz encodes the expected
(average) drift in [z, 7 + dr] with time-independent tran-
sition rate r,, [following from the corresponding master

Stochastic calculus

Continuous dynamics

Discrete dynamics

3 1
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FIG. 1.

Comparison of key quantities in continuous and discrete space, namely, the equations of motion, noise statistics, fundamental path

observables, thermodynamic bounds, fluctuation-scale function, and response to perturbations (including temperature changes).
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equation  with  generator (L), = —0yy > s Ty +
(1 =6,,)ry,], and the noise is encoded in the time-inho-
mogeneous  shifted Poisson process [de(7)],, = de,,(7)
[10,60,61,134]. This noise has zero mean (de,,(z)) =0
and the white mnoise property (de,,(7)de;;(7')), 4 =
8;x6;,040(t — 7')r;;dzdr’, where the expectation is condi-
tioned on x, = k. The Kronecker §’s show that the noise
increments on different edges are independent and only
diagonal elements survive, e.g., (de;;(7)de;(7')), — =
8y 6(t — 7')r;;dedr’. Moreover, since |de;;| ~ V/dr, higher
moments scale as |de;j|" ~ (d7)"/?, so that all higher
moments and cumulants with n > 3 vanish for small dz.
Note that the Langevin Eq. (2) has already been introduced
in Ref. [60].

We prove the central time-noise correlation lemma with
dr;(z) = 6, dr,

(deg(2)dri (7)) -
drd7’
= xkﬂ1<f[P(i7T/|l7T)

= P(i. 7|k, 7)]ry + O(dr),  (3)

which gives access to nontrivial correlations between
differentials in Eq. (2)

(A (#)de,(2)) 2 =
(A () (@) =
<d”xy(7)d”ij(1/)>§j/:; =

roP(x.7|i,7)p

ro P>, 7, [y, 7)p
rijrywP(i, 7,

i(r)dzd7,
«(7)dzd?,
(7)dzd7, (4)

Y.T)Dx

where P(x,7'|i,r) is the transition probability (i.e., the
“propagator”) from state i at 7 to state x at 7 > 7 and p;(z)
is the probability to find the system in state i at time z. Note

that the averages are “pinned,”’ e.g., <->x":x is the average

X, =i
conditioned on x, =i and x, = x at times 7 <7’. The
above correlations were shown in Ref. [60] using a different
approach.

These correlations are required for the covariation
structure of observables, such as currents and densities.

Specifically, time-integrated currents are defined as [61]

=1
Js = /
=0
=t
J, = / Tr
=0

for continuous-space and MIJPs, respectively, where the
former is a Stratonovich integral over some vector-valued
U(x,,7) and the T denotes the transpose. Recall that the
Stratonovich integral is a Riemann-Stieltjes-type integral
defined as the limit of functions evaluated at midpoints,
c.g., f(xr)T der :f([x7+dr +xr]/2)r(xr+dr _xr)' To
give an intuition for U, consider the example [U(x,, )], =

Ux,7)"odx,, (Stratonovich)

[x(z)" dn(z)], (5)

T e (=h/2.h/2} the indicator-valued vector being nonzero if

x, is in the hypercube with side length 4, then the current
“counts up” the displacement of the trajectory {x,}q,, in
that hypercube. Note the superscript “c” throughout this
manuscript refers to continuous-space quantities, and we
write superscript (c) as a placeholder when the correspond-
ing relation is valid in both continuous- and discrete-space
systems. For MJPs, the transitions are weighted by a time-
dependent antisymmetric transition weight x(z7) = —k (),
which ensures a sign change in the current when reversing
time [6]. Hence, we identify “Stratonovich integrals for
MIJPs” as integrals over traces of a two-point function and
the jump increments. The above currents naturally decom-
pose into a stochastic and “usual” integral [61],

_IEC) = JSC)’I + JSC)’H, where the stochastic part is

R =t
JOt = / Ulx,.7)T6dW, (Itd)

=0
=t
J= / Tr
=0

respectively, while the usual part reads J = fo
where U¢ = U(x,,7)"F(x,) + V- [DU(x,, 1)], D= O'O'T/2
is the diffusion matrix, and U, = Tr[k(z)"R(x,)]. Thus, we
identify in the second line of Eq. (6) the It6-type integral for
observables of MJPs by analogy to diffusions.

Similarly, time-integrated densities are defined as [61]

[x(z)" de (7)), (6)

t
o= [ asvixo)
mz/“vm (7)

for continuous and discrete dynamics, respectively, where
V(x;,7) and V,=V(x;, 1) =) ;6,,Vi(r) are scalar-
valued functions.

(Co)variances of stationary densities and currents can be
expressed in terms of integral operators [96,133]

— [(ar ['ar [ & [@meyive).

Tl = [ e [ dr/;czy;c;?j[-], (8)

1,c
IMN

for continuous and discrete dynamics, respectively. The
operator in the first line of Eq ) is already known

96,125]. For X\ e{J\.p!} and Y\9e (s pl%},
k,1€{1,2}, we find

cov(X5, ¥5) = Iy [EF ] - (X5)(Y9),

cov(X, Y, = IGX GY[ uxy]
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where XSC), Y SC) are the appropriate pathwise observables
and GX, GY functions that define them (e.g., k in the case of
currents for MJPs). Moreover, m € {1,2,3} indicates
density-density (m = 1), current-density (m = 2), and
current-current (m = 3) covariances. For the density

covariance (m = 1), X;C) = pgck) and Y ﬁc) = /’E,CI)’ we get
B = (W + (0
dr,(7)dz; (7 =l (dey(n)de (7)) S
E}-x,:< (r) (I)>T +< (v) (/))T 0)
e dzdr dzdr

for current-density covariances (m = 2), we recover

e (ode i + fodeo),ce

=2 dr dr’ ’
Y <dnxy (T)dTi(T/)>§5:=)cl <dnxy(‘[’)d7i(7)>i:/=:ix (l 1)
ijxy T drd7’ drde ’

and for the current-current covariance (m = 3), we find

T X /:Z/ T xr’:z
w2 fodx,odx) )yl {odxy odxz >x1=Z’
3 drd drd7
x =X

oy (A () (01
Ty drdr’ drd7’

. (12)

These above correlations can all be evaluated explicitly. For
MIJPs, we find, using [ dz [§d’ — [{df'(t — 1) [96], that

Cov(pt,k’/)t,l) :itvkav’g[Ps(x’T;i’T/) +Ps<x’1/;iv7) _p)SCplS_]’
:rk Vlg[}xyp(x’t/“)p?
+]vx (l t/|y)p;_'];yp?]’

COV(JI k",ll - IZ xyrx)px +j,t<k.,<l [}xy}?ip(xv t/|.])pj
Xy

cov(J1 - P11)

+.}.ij.;-y$xp(i’t/|y)p)7 J/s\fy‘]g] (13)

where V##§ is a shorthand notation for Va/ b Si; J, J%y is the
local steady-state current between x and y, and ]xy is the SO-
called dual-reverse current operator (reversed steady-state
current) [96,125,133], which for MJPs reads }'xy =Ty >
}'ﬁy = rypy/py [6]. In Eq. (13), the joint stationary
probabilities for state x at 7 and i at 7 are denoted
P(x,7;i,7'), while the marginal stationary distribution
to be in a state x is p}. Additionally, we use the fact that
the propagator for time-homogeneous systems is time-
translation invariant P(i,7’|x,7)=P(i,7’—7|x). The results
for continuous-space diffusion are given in Refs. [96,125].
For stationary initial conditions and with time-independent
state function and transition weights, Eq. (13) have the
form of generalized Green-Kubo-like relations, in the sense

that they relate (co)variances of observables to time
integrals of (generalized) correlation functions of density
and current observables (see Refs. [96,133] for a discussion
of diffusion processes). Notably, Eq. (13) have a striking
similarity to the continuous-space expressions [96,133].
Later, we show how to generalize Eq. (13) to include time-
dependent transition weights and state functions, as well as
transient dynamics.

A. Thermodynamic inequalities

Since we now have a stochastic calculus for MJPs at our
disposal (including fluctuation and correlation relations), we
can employ the same strategy as in Ref. [61] and derive
thermodynamic inequalities from the Cauchy-Schwarz
inequality by appropriately choosing an auxiliary functional.
The first family of inequalities we prove in Sec. IV are
generalized (including transient) correlation TURs [57,61],

(10,01 - @) - ctof 0 - 168%) - 6} )

)

< ASi (t) ) (14)
2

where ¢(7) : R — R is a deterministic weight function for the

density and ASEij is the discrete (continuous) space entropy
production [5]

ASE (1 / /dx jlx,7) TD J(x r), (15)
sl = [ 93r ;ii;iii- 9

Here, j(x,7) = [F(x) —DV]P(x,7) is the probability current
entering the Fokker-Planck equation. In analogy with
Ref. [61], we introduced the discrete-space modified time-
integrated density and current p, = f;j& 70,V dr and
J, = [t 7Tr[[0,x(7)]"dn(z)] that account for the
dependence of V;(z) and x(z) on 7. To compare, the
continuous-space modified current and density read J$ =
J&=i w0, U(x,, )" odx, and p§ = [ 70,V (x,,7)dz, respec-
tively. The transient correlation TUR for MJPs in Eq. (14) has
not yet been proven in this generality since previous results
were restricted to steady states [57] or did not consider
correlations [135].

Setting ¢(¢) = 0, we recover the transient TUR. The
correlation TUR (CTUR) (in contrast to the TUR) allows
one to turn the Cauchy-Schwarz inequality into an equality
for all times, given a suitable choice of V, and k(). This
choice, however, requires explicit and detailed information
about the system and is therefore not applicable in most
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realistic applications. We can, nevertheless, optimize
Eq. (14) with respect to ¢() for given V, and k() to find

a(t)cov(p;, J;) = b(t)var(J,)
a(t)var(p,) = b(t)cov(p,, J;)

(1) = ; (17)

where a(t)=19,(JY= (7'} and b(t)=[te,—1](p\) —
<f;§°>>. Note that this optimal CTUR contains only opera-
tionally accessible quantities and affords an improved
thermodynamic inference compared to using currents or
densities alone. Interestingly, in contrast to the steady-state
result [57], choosing an arbitrary c¢(¢) may even deteriorate
the inference compared to the bare current or density TURs.

The second thermodynamic inequality we prove is the
thermodynamic bound on the transport of any scalar

observable z, = z(x,,7) [51],

(@ =20 = Jydro.z.)” _ ASY) (18)
D -2

where in continuous space it was shown [51,113] that

o=t ’dr<[vxz,]Ty-l<r>vxz,>, (19)

while for MJPs we find

D=1 [ 4620 = ropde): (0

Here, DEC) is the so-called “fluctuation-scale function”
accounting for how much the observation stretches micro-
scopic coordinates. For example, note that stretching z, —
az, for some constant a € R does not alter Eq. (18), as the
stretch in the nominator is canceled by the change in DEC).
In Eq. (20), z.(7) is the specific value of the function z, if
X, = x, i.e., 2, = 2(x;,7) = >4 8, x2x(7). The fluctuation-
scale function for both continuous- and discrete-space
dynamics is operationally accessible by considering incre-
ments dz(7) = z(x, 4., 7 + dr) — 2(x,, 7) along a trajectory
and recognizing (as in continuous space [51,113]) that

p© -1 / ' Varldz(z)). (21)

I Jr=0

Contrary to the CTUR, the transport bound cannot be
saturated, in general. We provide a counterexample to
illustrate how an attempt to saturate Eq. (17), in gen-
eral, fails.

The last family of thermodynamic bounds we prove are
thermodynamic bounds on observable correlations (or, in
short, “correlation bounds”) as a generalization of the
bounds in Ref. [113]. It involves correlations of time-
independent observables V,=V(x,) =3 ;6,,V, and

72, =2(x;) = > ; 8, 42 and their time average along a
trajectory, e.g., V, = r~! [1'V dr, resulting in a lower bound
of the integrated entropy production rate S, (7) weighted
by a “pseudovariance” pvarf(z;) = 3., Py (7)[z, +
zy — 2F(7)]* [114],

[2cov(V,.z,) =2 [ddzcov(V,, z,)]?
tvar(V,)

+% [var(z,) — var(zg)] S%/OtdrSmt(r)pvargs(z,), (22)

_Dt

where F(7) may be any time-(in)dependent function. The
tilted two-point probability,

Ty AT 2
s

where Z,(s)=[ryp.(t) = rypy(2)]/ [ry Pa(7) + 1Py (7)]
and g = >0 po(0) oy Zsy ()2, requires knowledge about
transition rates, hence the pseudovariance is not operation-
ally accessible. However, it can be controlled by choosing
bounded observables. From the expression Eq. (23), we can
see that phy () tilts the probability weight onto dissipating
transitions. Hence, the pseudovariance projects the observ-
able onto dissipating transitions. Further, we emphasize
that the pseudovariance is a mathematical construct, which
needs to be bounded further, hence the physical interpre-
tation is not relevant. In nonequilibrium steady states
(NESS), Eq. (22) reads

eov(V,iz)—con (VAP _ASw(n)
tvar(V,) =7 P

varf(z). (24)

In Sec. IV, we provide an example to showcase how the
correlation bound can be applied to systems where both the
CTUR and transport bound fail to infer a nonzero entropy
production.

B. Time-inhomogeneous dynamics

The generalization of the above results to systems
exposed to time-dependent driving with constant protocol
speed v [altering the generator as L — L(v7)] is in most
cases straightforward. Indeed, the covariation results
Eq. (9), the CTUR Eq. (14), and the transport bound
Eq. (18) generalize immediately. While the results for the
covariation and the transport bound remain unaltered (up to
the obvious change in the expectation operation (-)), the
CTUR becomes altered with the differential operator A =
td, — vd, and reads

(A(J,) - C(t){ [A - 1] <Pz>})2 < ASio
vall,—cp] S 2

(25)
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Conversely, the correlation bound does not easily general-
ize to include time-dependent driving.

C. Response to external perturbations

The response of a single-time observable O(r) of a
continuous-space diffusion to a perturbation in the
noise amplitude, which effectively is a temperature
perturbation [136], 6 — ¢ + 66 with perturbation noise
amplitude & was recently derived using stochastic calculus
and reads [137]

9,0, = lim < ((0(1)}, - (0(1)) (26)

= —<0(t) [S[o-(xs,s)‘lbgff(xs,s)dWs>, (27)

where (-) is the average with respect to the unperturbed
process in Eq. (1) [now with multiplicative noise ¢(x,7)]
and (-); is the average with respect to the perturbed process

dx® = F(x?)dr + [a(xf, 7) + 86 (x, 7)} dw,. (28)

The effective drift  [b%(x,s)]; =3 [Z(x, 5)s%(x, 5)]; +
I 0,,%;j(x,s) can be written in terms of the score
function s°(x,7) = V. log p(x,7) of the instantaneous
probability distribution of x, in Eq. (1) and X =
06" + 667 [137].

We derive the equivalent results for MJPs perturbing a

general control parameter y — y + 0, where we find that
Eq. (26) takes the form

0,= (01 /2—d<)> (29)

where the unperturbed system evolves according to Eq. (2),
whereas the perturbed system obeys

dn’(7) = R%(x%)dr + de’(z), (30)
with rates 9, perturbed as
1oy =y + 6Fyy + O(8%). (31)

Note that similar results have recently been obtained with a
martingale approach [138].
For equilibrium systems where

rxy e DeuEx_u_A)Ey)/T’ (32)

with mixing parameter 1€ [0, 1] and free energies E, of
state x, we find that Eq. (29) for temperature perturbations
T — T + 6 equals the equilibrium correlation function of O
and free energy E,

9,0, = 75 (0E)ey = (O()EO))e) = 5 Corlt).  (33)

The result in Eq. (29) relates the response to an
observable O to a general small perturbation of the
dynamics to correlation functions of the unperturbed
dynamics (which, notably, for both MJPs and diffusions
are not necessarily operationally accessible). In the case of
equilibrium dynamics, Eq. (29) reduces to the fluctuation-
dissipation theorem (FDT) in Eq. (33). Therefore, Eq. (29)
can in some sense be seen as a (mathematical) extension of
the FDT to irreversible and transient systems.

We further generalize the response in Eq. (29) to
perturbations of pathwise observables of MIPs (see
Appendix A 8). Without loss of generality, we set

0,(1) = / T Tl (s) de(s)],

=0

t
01 = [ gas.

for some time-dependent hollow matrix b(s) and state
function g, = )" 8, ,g.(s). For a perturbation strength
h(s), ie., ry = 1y, + h(s)7,,, the result Eq. (29) for
0,(t) = O4(1) + O,(t) and its pathwise extension in
Sec. V C 3 can be recast into the familiar response-function
formalism

A0,(1) = (0p(1)), = (Op(1))

= /)tdsh(s))(op(t, s) + O(h?), (34)

with response function y (7, 5),

Xo,(1.8) =x0,(t.5) + x0,(1.5)
= ﬂs<12bxy(s);xypx(s)

X, YF#X

+ / "4 (g.R(5)). (35)

with R.(s) = 2, Fyxpy(8)/ Px(s).

The results in Eqgs. (27) and (29) may be useful in the
context of computer simulations of high-dimensional
systems, where knowing the drift, diffusivity, and dW
(and their discrete-state counterparts) allows one to evalu-
ate perturbations without the need to solve the high-
dimensional Fokker-Planck (or master) equation of the
perturbed system. In this context, Eq. (29) is expected to be
useful, e.g., when the diagonalization of the transition
matrix becomes computationally too demanding.
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D. Stochastic calculus and open quantum systems

Open discrete quantum systems coupled to a thermal
bath are described by the Belavkin equation [139]

JTi(p§
dpt = B(p)ds + Z(%

where the pure state p! is a rank-one matrix and J;(p¥) =

)dn,s, (36)

J iP5 J7 with j jump operator J; for the ith quantum jump. The
deterministic drift in Eq. (36) has the form

B(pt) = —iHzpt + piH
- pSTI’( lHeffps + psHeff) (37)

(i/2) ;757
includes the Hamiltonian A and dii;, is a stochastic
differential that takes values of 1 if the ith transition occurs
in [s, s + ds] and O otherwise. The statistical properties of
the noise are (dii;,) = Tr[J;(p,)] and dit;,dit;; = 6;;diq.
We show that the classical analog to Eq. (36) reads

where the effective Hamiltonian H.y = H —

daxsx = Z(ryxéxl‘yds - <dnyx> - rxy‘sxxxds + <an)>)
Y#X

+ ) (dey, + (dny,) — de,,

Y#X

— (dny,)). (38)

Taking the average over all noise histories in Eqgs. (36) and
(38) recovers the Lindblad and master equation, respec-
tively. Hence, Eqs. (36) and (38) are the stochastic
evolution of states in the system. These, as well as other
functionals of stochastic increments, we can study, as we
know the underlying equations of motion, e.g., Eq. (2).
In the following section, we provide detailed definitions
and derivations of the above results and present applications.
Technical steps and lemmas are deferred to the Appendix.

III. THEORY

A. Stochastic equations of motion

To facilitate the comparison between discrete- and
continuous-state spaces, we briefly summarize the basics
of overdamped (for simplicity, additive-noise) diffusions.

Let (x,))<.<, be a trajectory of x, € R evolving accord-
ing to overdamped Langevin dynamics [6,132,137],

dx, = F(x,)dr + edW_, (39)

where dW_ is the d-dimensional Wiener process with
(dW.) =0 and ((dW,);(dW.);) = 6;;6(z — 7')ded?, F
is a drift field, and ¢ is the noise amplitude yielding the
diffusion matrix D = 66’ /2. While some bounds for
continuous trajectories presented in the next section also
apply to underdamped trajectories, we here limit the

discussion to overdamped systems. This restriction allows
for consistent comparisons with jump dynamics, since
these descriptions are valid for negligible and marginalized
momenta [1,132], respectively. The evolution of the prob-
ability density P(x,7) of x, is governed by the Fokker-
Planck equation [140] 0,P(x,7) = =V - j(x, 7), written as a
continuity equation with probability current j(x,7) =
[F(x) —DV]P(x, 7).

Consider now a discrete-state space N C N which,
without loss of generality, we can enumerate as
N ={1,2,...,N}. Focusing for the time being on time-
homogeneous systems (i.e., time-independent transition
rates r;; between states 7 and j), the state probability vector
pi(7) evolves according to the master equation [8,14]

& pi®) =l () -

J#

rijpi(T)]’ (40)

where the summation is over only j. In terms in the
incoming and outgoing fluxes J,,(z) = r,,p,(7), we have
as [d/(d7)]pi(z) = >_;xlJij(7) = J;i(7)], and in vector
notation [d/ (dr)]p( ) =Lp(z) with generator L hav-
ing entries L;; = &;r; +(1—=05;)r; and exit rate
> jzi Tij- The trans1t10n probablhty (or propagator)
is therefore glven by P(i,7 —z|j) =P(i,7|j,7) =
(exp (7' —7)L);;.

A path is fully determined by the sequence of states (x;)
and transition times #;, (X;)o<,<; = (X0, fo = 05Xy, 743 ...).
The normalized probability of such a trajectory is
then [6,36,95,141,142]

rij = —

P(x)ozexs] = Pry (002w [ (riy)m ), (41)

i.j

where p, (0) is the probability of the initial state x, and
n;;(t) and 7,(t) are the number of transitions i — j and the
total time spent in state k along the trajectory of length #,
respectively, and can be formulated as [61]

(1) = / :: dn (v).

(1) = / (o). (42)

=0

Suppose x, = i # j, then dn;;(z) ~ Poi(r;;dz) is Poisson
distributed and describes the number of transitions i to j
that occur in the time interval [r,7+ dz]. In particular
[10,60,61,134],

dn,-j (T)
dr—0 { 1, x, = iand transitioni — joccurs in[z, 7 + dz],
—

0, else.
(43)
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Note that n;;(z) is not continuous (and therefore not
differentiable). Similarly, the differential describing the
time spent in a state is [10,60,61,134]

dz, x, =1,
dz;(7) = 0. else (44)

For any state i along the trajectory, the probability to
transition to another state j in the drz is given by r;;dz.
Therefore, it is natural to define a noise [10,60,61,70]

de;;(7) = dn;;(7) — r;dri(7), (45)

by subtracting the expected number of jumps r;;dz;(z) from
the actual jumps dn;;(7). This noise has also been studied in
the context of martingales [10].

Rearranging Eq. (45) yields the consistent stochastic
equation of motion for x # y for MJPs,

dn,,(7) = ry6, dr 4 dey (7). (46)
~—— N~——
displacement drift noise

Defining the matrix [R(x.)];; = (1 - 6;;)r;;0,;, we can
write Eq. (46) as a stochastic matrix equation

dn(z) = R(x,)dr + de(z). (47)

The differential matrices have entries [dn(7)]
and [de(7)];; = de;;(7), where

ij = d”ij(T)

(deg(7)dej (7)) —y = O4x0ix0;10(7 — T )ryydede’,  (48)

in complete analogy with the Wiener process dW,  v/dr.
Equation (47) is a matrix evolution equation, while the
continuous evolution, Eq. (39), is vectorial. However, it has
the same structure as the Langevin equation, as it consists
of a “displacement,” “deterministic drift,” and “noise,” see
Eq. (46). We highlight the comparison in Table 1. It should
be stressed that the diagonal terms in Eq. (47) are to be
neglected, as they do not have any physically relevant
meaning.

Note that de(7) is not Gaussian noise, but rather a shifted
[due to the R(x,)dr term] time-inhomogeneous Poisson
process. Explicitly, because for x, =x and y # x the
differential dn,,(z) ~ Poi(r,,dz) is Poisson, the values
de,,(7) can take for any x, are de,(7)€{0,-r,,dz,

TABLE 1. Overview of quantities entering the stochastic
equations of motion in continuous and discrete space.
Meaning Continuous Discrete
Displacement dx, dn(7)
Deterministic drift F(x,)dr R(x,)dr
Noise cdW, de(7)

1 -rydz,2 —=r,dr,3-r,dzr, ...}, where de(z) =0
happens if x, #x. In case x, =x, one can identify
P[de,, (1) =k—r,dr|x, = x| =Poi, g (k) for any k€N,
where Poi, (k) = A¥e™*/k! is the Poisson distribution func-
tion. In the limit of small dz, to linear order in dz, the noise
therefore takes values de,,(7)€{0,-r,,dz, 1 —r,dr}
with probabilities 1 — p.(z), (1 = ry,d7) p,(7), ry,dzp,(7),
respectively. The probability for any k > 2 is O(dz*) and
can therefore be neglected.

Additionally, the scaling of the noise de(z) ~ v/dr [see
Eq. (48)] implies that |de(z)/dz| ~ 1/+/dz and, therefore,
|dn(7)/dz| ~ 1/+/dz. The limit dz — 0 does not exist. This
scaling is similar to the well-known (and often ignored)
issue with writing the Langevin equation in the ‘“physi-
cist’s” way using Xx,.

Further similarities in the equations of motion become
obvious, e.g., in Fig. 2. Any trajectory is fully characterized
by dn(z) or dx, (see Fig. 2). Moreover, as shown in
Appendix A 3, the master equation follows from Eq. (47) in
the same manner as the Fokker-Planck equation follows
from Eq. (39).

We further require the statistical properties of the above
stochastic differentials. Conditioning the expectation on
being in a specific state, e.g., x, = x, we recover for z < 7/,

<dn[j(7:)>x1:x = 5l-xr,-jd1,
(dz;(7)), -, = 6ixdr,
<d8ij T)>x,:x =0,
(dzi(r)dz;(7')), - = 6, P(j, 7'|i,7)de'dz.  (49)

(a) dzr = F(ar)dr + 0dWr (p) dn(7) = R(z;)dr + de(r)
34

dx i 1 |
0.5 T2 [ ! i
L ! i
IS — p—
1 ] 1—2
Lo zﬁy{gﬁ?
—05 s=0 11 1 : 32
0.0 71 057 1.0 Otl ty t3 ty ts 1
© 4 (@ 4
0.2 xr 11
. =
50.0 2
e
£
-0.2 0
0.0 71 0.5 P 1.0 Oty t, t3t, ts 1
T

FIG. 2. Schematic comparison of discrete and continuous
trajectories. (a) A continuous trajectory is shown. (b) A discrete
trajectory in a three-state MJP. The transitions 2 — 3 (blue), 3 —
1 (orange), 1 — 2 (green), and 3 — 2 (red) are marked with the
respective colors. The displacement and jump increments dx, and
dnx_\,(r) are presented in (c) and (d) for the continuous and
discrete trajectories. The colors in (d) correspond to the different
transitions in (b).
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We are also required to evaluate cross-correlations between
the noise and the time spent in a state, which follows from
the noise-time correlation lemma

(deg(7)dz; (T/)>x,:x
dzdr’
= xkﬂ7<f' [P(lv 7

l,z)—P(i,7

k,7)|ry + O(dz). (50)

The above lemma has been shown before [60]; in
Appendix A 1 we provide a new alternative proof. Note
that, due to the Markovianity of the system, we do not need
to restrict on 7 < 7’ in evaluating the expectation, as 7 > 7/
vanishes.

The above correlators allow, for example, one to evaluate
the covariance between the number of jumps at different
space-time points along the trajectory, i.e., for ¢ < 7’ [60],

{dng(z)dni;(7))
= deT/(Serkl[5(T - TI)(Sik5jl + ﬂ,:r/éikr,»j
+ T,eprijP(i, 7|1, 7)]. (51)

The middle term can be neglected when integrating over =
and 7’ as it has measure zero. The first term accounts for
jumps occurring at 7 = 7/, while the last term accounts for
the jumps k — [ at time 7 that result in i — j at some later
time 7 > 7.

We may rewrite the path measure Eq. (41) with the
stochastic differentials discussed above as

Pllxosed = pa@exp| [ Sty
+ [S_t Z log rxydnxy(s)}, (52)

=0 X, YF#X

where the second sum is taken over both x and y # x. The
advantage of writing the path measure as in Eq. (52) instead
of Eq. (41) is that it allows for possible time dependencies
of the rates.

B. Pathwise observables: Currents and densities

We now introduce pathwise observables, i.e., time-
integrated densities and currents that were recently
analyzed extensively in the context of diffusions
[61,96,125,133]. As before, we start with the continu-
ous-space setting, where a time-integrated current is
defined as [61]

=t
J¢ —/0 Ux,, 7)7odx,, (533)

as a Stratonovich integral over some (square-integrable)
vector-valued window function U(x,,7), and a time-
integrated density is defined as [61]

ﬁ:/hwm@, (54)
0

where V(x,,7) is some (square-integrable) scalar-valued
function.

In the context of MJPs, the time-integrated currents
weigh the transitions occurring along a trajectory with a
fully antisymmetric, possibly time-dependent weight x(z),
ie., k;j(r) = —kj;(7). The current defined this way is
manifestly antisymmetric such that the current changes
sign upon time reversal. Note that x(z) describes exper-
imentally accessible transitions. We therefore define a
(scalar) time-integrated current as [61]

J, = / T Tee(z)dn(2)]. (55)

=0

A comparison of Egs. (53) and (55) highlights the fact that
integrating over time and tracing over dn(z) is the MJP
correspondence to the Stratonovich integral Eq. (53). The
stochastic integral Eq. (55) is time antisymmetric in
analogy to the current defined for diffusion processes in the
form of a Stratonovich integral Eq. (53). The current in
Eq. (55) naturally decomposes (as for diffusions [61]) into a
“usual time integral” J!' and the stochastic integral
J, = J' +J1 where

J— / " Trli(e)Tde(0), (56)

=0

Jn— A "Trlie(z)TR(x,)|dz. (56b)

i.e., integrals with traces over de(z) are not necessarily time
antisymmetric and therefore may be identified (per anal-
ogy) as Itd integrals due to the correspondence to the
stochastic part of Eq. (53) [61]. This analogy (i) allows us
to distinguish more easily between the integrals over noise
or jump increments and (ii) is fully consistent with
observables of continuous-space diffusion. By means of
the latter, we will later demonstrate how continuous-space
It6 integrals emerge from the corresponding integrals of
MJPs with traces over de(z) in the continuum limit. This
approach will later provide a unified description of MJPs
and overdamped diffusions within the framework of
stochastic calculus.

Similarly, a density assigns each state i a weight V;(z) and
then integrates these along the trajectory. These weights can
be combined into the state function V,=V(x,7) =
> 0k Vi(z). With V., we define the density [61]

7=t
= / V. dr. (57)

021038-10



STOCHASTIC CALCULUS FOR PATHWISE OBSERVABLES OF ...

PHYS. REV. X 16, 021038 (2026)

pe = [0, Vids

(@) 301 L (b)
[ 1l 1L 0.4
ik : 1 : Vi = dia
=
82 = 1 I_I ] 0.2
1 1
1 1
1 [ ] 0.0
0t; t, t3 ty ts 1 0t; t, ts tg ts 1
T _
= [ Trlk(s)"dn(s)]
©) I—
=
~1 0 0 0
K= (U 0 ])
0 1 0
oL ‘ ,
0t1 tz t3 t4 t5 1
T
FIG. 3. Example trajectory and examples of an arising current

and density. The part of the trajectory in (a) that contributes to the
density p, with state function, V;(z) = §;5, is marked in blue.
Similarly, the transitions contributing to the current J, with
transition weights, k;; = 6;,6;3 — 6,305, are marked by orange
arrows with numbers representing the weight of the transition.
The resulting density and current can be seen in (b) and (c),
respectively.

An exemplary trajectory with corresponding time-
integrated density and current is shown in Fig. 3 to
visualize Eqgs. (55) and (57).

C. From Stratonovich increments to observable
correlations

In the case of diffusion processes, correlations of
pathwise observables were shown to provide deep infor-
mation about the passage of pinned trajectories through the
respective window in terms of generalized Green-Kubo-
like relations [96]. They are furthermore relevant in the
context of thermodynamic inequalities, e.g., TURs
[61,126] and thermodynamic correlation bounds (CBs)
[113,114]. Following Refs. [96,125,133], we now show
how the steady-state correlations of stochastic differentials
relate to covariances of pathwise observables of MJPs. In
particular, we emphasize how these compare to the corre-
sponding continuous-space results.

In order to express (co)variances of continuous and
discrete currents, Egs. (53) and (55), and densities,
Egs. (54) and (57), in a compact unifying form
[96,125,133], we define the integration operators

e 1 / dc / a7 / & / WMETING).  (58)
I, ol / dr / > G, (58b)
Xy lj

where [-] denotes functions that depend on z, z/, 7, and 7’.
Similarly, the functions entering il “ b [-] depend on x, v, i,

J» 7, and 7’. The functions M (z) and N(z) may be scalar- or
vector-valued functions, while G* and G are two-point
quantities, e.g., k. Equation (58b) corresponds to Eq. (58a),
where each continuous spatial integral has been changed to
a discrete double sum. While one may expect the integrals
to be substituted by a single sum, the double sum is indeed
required to include nonlocal quantities, e. g currents

We w111 now consider two observables X\” € {J i Pr ,2 }

and Y'° P {J e Pz,l)}’ where the superscript (c) is used to
distinguish discrete (no superscript) from the continuous
(superscript ¢) setting, and k,/€{1,2} is the index for

currents J Ecl), J £c2) and densities pgcl) : pfcz) These currents and

densities may have different current- and density-defining
functions, which we take into consideration here.

As shown in Refs. [96,125,133], the continuous (co)
variances can be written compactly in terms of Eq. (58),
together with fundamental increment correlations. We
show here that the same structure appears for the discrete
case. In fact, the covariances can be written as

cov(X5, ¥5) = Iy [EF ] - (X5)(Y5),
COV(XHY) IUX UY[ 1]xy] <XI><YI>’ (59)

—

where the = matrices are defined through increment
correlations, see Egs. (60), (62), and (67). The index m
we use to distinguish between different observable corre-

lations: m = 1 for XEC) = p£°,3 and YEC) = pic,), without loss

of generality m =2 for X\ = chk) and Y% = pg’cl), and
m = 3 for X§C> = chk) and ch) =J ECZ) For density-density
covariance (m = 1), the increment correlations read [96]

/

= = (S + (055

—;
r*z’

o {dr(0)dn ()

Ty dzd?’

(e, (7)) 4
drd?r’ '

(60)

X/ =z . . ..
Here, ()"  is expectation conditioned on x, =z and
-

x, =7 with 7 < 7/ and analogously for the discrete case.
Evaluating these correlations yields the stationary cova-
riances [96,125]

cov(pS . p5)) = I35 Pz, 732, 7) + Py(2 552, 7)

- ps( )ps(z/”7
Cov(pt,/wpt,l) Ivk(s VIE[PS(X’ T; i’ T’)

+ Py(x,75i,7) — pipj). (61)
The two-point function V*§ stands for the (effectively one-
point) quantity V45;; [143] and Pg(-;-) denotes the joint

probability for stationary systems, i.e., P(x,7;i,7) =
P(i,7|x,7)ps.
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Similarly, for current-density covariances (m = 2), we
need the following increment correlations [96]:

g (ode i (ode) D

=2 dr dr’ ’
(@R ()
Ty dzd7 drd7 ’

which include correlations of a Stratonovich increment
odx, and dn,,(z) with a future event. The evaluation of
such correlations is possible by means of the generalized
time-reversal symmetry, i.e., dual-reversal symmetry
[96,125,133,144]. In both cases, the dual system (denoted
by ) has the same steady-state probability, whereas the
irreversible drift j, (x) has the opposite sign jt (x) = —j,(x).
It is useful to define current and dual current operators; in
the continuous-space setting, these are [96,125,133] fx:
P5(x) 7Y (x) = ps(x)D V[ py(x) 7] and ji = p,(x) 7Y, (x)+
ps(x)DV,[ps(x)~!]. The corresponding operators for dis-
crete-state systems are much simpler and read }'xy = ry, and
j’fy = 1y P}/ Py, respectively. The latter is the dual current
operator reversing the steady-state currents [6]. When these
current operators act on p3, they result in the probability
flux and dual probability flux on edge x — y, i.e., }'Xy Py =
rypy =J%, and }‘ﬁy\,pi = rypy = J3,x- By means of the
flux operators, it can be shown that

(dn,, (7)dri(2))7 o) = }'xyP(x, 7 —1|i) pidrd7’

xXo=i

= ryP(x, 7 —7]i) p}dedr, (63)

which is the current on edge x — y at time 7 > 7 in
addition to x, =i. With an approach analogous to
Ref. [96], we use the dual current operator to express
the correlation of an initial transition with future events. To
be precise, we find that (see Appendix A 2 a)

(dn,y (r)dri(f’»ijg = JLP(i.7 — 1]y) pideds

= ryP(i, 7 = 7|y) pidrd7, (64)

A

as well as (see Appendix A 2b)

(A (2)dmy ()Y = G134 P (0o = ely) phaede’

= r;iro,P(i,7 — z|y)pidedr’.  (65)
Equations (64) and (65) enable the calculation of (co)
variances of n;; and thus provide valuable insight about,
e.g., how noisy transitions are in a given system [for an
explicit example, see Figs. 5(a) and 5(b) on the statistics of
transitions and dwell time, respectively, in a model of
secondary active transport (SAT) in Sec. IV]. Moreover, we
can rewrite the current-density covariances compactly and
in a unified form as [96,125]

cov(Js ) = Lyt {jz’P(Z/v !(2) ps(z) +JiP(z'. 112) ps(z)
~i@)ps(@)]
COV(Jt,k’pt,l) = j,tckvvlg pxyp(x’ [/|l)pf

+ 5P y)py = Jiypﬁ] : (66)
The only time dependence in the integrands in Eq. (66) is
the time-translation invariant propagators P(i, t|y); that is,
the integrands depend on only the time difference ¢. Hence,
the time integrals in Egs. (58a) and (58b) may be simplified
to [idr [fdr — [3df(t—1") [96].

It remains to consider current-current covariances, which
require the correlations of Stratonovich increments [in case
of MJPs, Stratonovich differentials dn,,(z) are defined by
analogy; see Eq. (55)] at different times [96]

— ! =
. (odx,odxl ) TF (odwaodx! )]

25 =

3 drd?’ drdr’ ’
s (0 (O O
Ty drd?’ drd?’ ’

Using again the generalized time-reversal symmetry, we
can evaluate these correlations to obtain

Gt 3 (T It / (0 1y . 2 (]
cov(Jip J5y) = 21 / dz[U*(2)"DU' (2) ps(2) + Lyji {Jz(]i/) P(z./|¢)ps(@) + 1o P& 7 12) ps(2) —jis(@lis(@)

~

cov(Jypodpt) = 1Y _Khrbyrops + 10 [ny}'f,-P(x, ¢1)PS + Jid PP y)py — J;VJ;,-] :
X,y

where the analogy between continuous- and discrete-state
spaces is evident. Note that one can derive the results for
covariances in different, less direct, ways, e.g., using
Feynman-Kac and (spectral) perturbation theory (see
Refs. [95,145] and references therein).

Equations (61), (66), and (68) have the form of generalized
Green-Kubo relations, connecting (co)variances of pathwise

(68)

observables to generalized (auto)correlation functions,
which in the continuous-space setting have been discussed
in Ref. [96]. Here we highlight the similarities and
differences between discrete space and continuous space.
The mathematical structure of the results is (up to the
analogy) the same, which should not come as a surprise, at
least (but not only) in the sense that the MJP process can
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(a) (b)
T
= 00 e cov(ppp)) 0.05
!
) o var(pf) /
2 0.02 5 / 0.00
2 002) i) -
2 0.001 - -0.05
=
3 >
S ~0.10
0.02

1072 10° 10?2 1072 100 102
t

FIG. 4. Two densities, p¢ and pf , are used to visualize density
(co)variances in the SAT model, see Sec. IVA 1. These corre-
spond to the state functions V¢ = §;; + 6, and V{} = 0;5 + 0j6
measuring if molecules of type A and B are in the channel,
respectively. (a) The (scaled) variances Var(p‘,l/ b )/t are shown
together with the (scaled) covariance between them cov(p?, pf )/t
from numerical simulations (colored) and analytical solutions,
Eq. (61) (dashed lines). The analytical variance of p¢ (solid lines)
and covariance (black dashed lines), both modulated by 1/z, are
shown in (b) for various values of ¢$". The inset shows var(p/)/z.
The numerics in (a) are evaluated using N = 10* trajectories
sampled using the celebrated Gillespie algorithm [146,147]. The
initial condition is p; = (8;; + 6;3 + 6;5)/3 and the values of the
parameters can be found in Table IV. (b) e = 40 is used.

[under appropriate conditions on the drift F in Eq. (1), i.e.,
that the reversible contribution stems from a generalized
potential with deep minima separated by high barriers [1—
3,11,16] ] be seen as the long-time coarse-grained limit of
the continuous system.

The continuous-space correlations in Egs. (60), (62), and
(67) are valid for all > 0 and similar for systems with
nominally discrete degrees of freedom (such as spin systems).
Conversely, if the MJP is meant as an approximate, long-time
effective description of a system with continuous degrees of
freedom, Egs. (60), (62), and (67) describe covariances of
pathwise observables at sufficiently long times.

A nonzero cov(J§, p§) necessarily indicates that detailed
balance is broken [96]. The same observation can be made
in the discrete case, as the equilibrium dual operator }'ﬁfq =
J together with k = k(7) = —« yields cove,(J;, p;) = 0.

To provide preliminary intuition, density (co)variances
(scaled by ¢~!') are shown in Fig. 4 for the SAT model,
which will be discussed in more detail in Sec. IV. In
addition, in Fig. 5(c), we show the mean current J, arising
in the stationary SAT model with the magnitude of the
var(J,),

|

typical fluctuations using the standard deviation,

(a)
é:lO
de 1
oL || || | . | || ]

(b) 1 /var (T (C)SOA -/ var(Jy)
4 = (7) ﬂ::l: :',‘ <Jf:>‘\/m

IIII 0.0

O Q ~ 0.18 Q ~ 0.40 Q~0.78

| To T3 T4 T5 T, 24 35 13
T1 T2 T3 T4 T5 Tg Jt( ) ']t( ) Jf,( )
FIG. 5. Statistics of transitions and waiting times in the

stationary SAT model. The average number of transitions (nij)
are shown in (a) for a selection of edges. (b) The average time
spent (z;) in each state is presented. The steady-state currents
resulting from the transitions in (a) are presented in (c). The red
error bars are the respective standard deviations /var(J,).

(c) The lower bound |(J,)|\/2/AS,y < \/var(J,) resulting from
the steady-state TUR is added as purple error bars. We use t = 10
in every panel.

and how these can be bounded from below using the
stationary TUR.

D. Transient covariances

The generalizations of Egs. (61), (66), and (68) to
transient dynamics have been performed in Ref. [133]
for continuous-space dynamics. We give a brief overview
of the generalization for MJPs in this section. The first
difference arises in the integration operator Eq. (58b)

it ol = A "dr A ’deZGgy(r)ZG{?j(a)[-], (69)

where U% and U” are explicitly time dependent. Note also
that the integration limits differ, as the explicit time depend-
ence of the U’s and probabilities requires the full range of
both temporal integrals. It is, at this point, easier to consider
the covariances not in terms of probability flux operators, but
rather in terms of transition rates. The discrete covariances in
Egs. (61), (66), and (68) generalize to

COV(prr pra) = Tipes s P(x, 71, 7) = po(@) pi(2)],

COV(Jt.k»pt,l) = 7,tac,\//(g[]]r>z”"xyp<x’T

t ~
COV(Jt,b Jt,l) = [; dTZK];y (T)Kfcy (T) rxypx<7) + I,t(k‘KI U] >7 rxyrijP<X, T
X,y

+ ﬂr<f’rijrxyP(i’T/|y’7)py(1) -

L,7)pi(7) + Vocpry P(i, 7

Y, T)py (T) - rxypx(T)pi(T/)L

J:7)pi(T)

rxypx(T)rijpi(T/)]v (70)
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For a generalization to time-dependent rates, see Sec. VII,
and for time-inhomogeneous diffusion, see Ref. [133].

IV. APPLICATION OF STOCHASTIC CALCULUS
TO THERMODYNAMIC BOUNDS

molecule B [148-150]. The model, shown in Fig. 6(a)
and listed in Table II, consists of six states: three [i.e.,
(1, 3, 5)] corresponding to the funnel being open toward the
exterior of the cell and another three [i.e., (2, 4, 6)] open
toward the interior of cell. Hence, the state space is

N ={1,2,3,4,5,6}. In the absence of A or B bound,
the funnel changes conformation with rate y. Conversely,
the crossing via A- or B-filled states occurs with yx for a
dimensionless speedup factor x. A and B leave or enter the
:l;tlém,
respectively. The adopted parametrization is listed in
Table IV in Appendix A 11.

We further consider a periodic extension of coupled SAT
models to describe the total transport of molecules A
through the membrane [Fig. 6(b)]. We leave the rates in
the system unchanged, whereas the state space is extended
to N x Z, with the additional degree of freedom account-
ing for the total number of A molecules outside the cell.

The transport can be split into two categories: symporters
and antiporters. These refer to molecule A being

A. Model systems

While discussing various applications of the developed
stochastic calculus for MJPs, we will throughout allude to
biophysically relevant model systems shown in Fig. 6.
Thereby, we aim mostly at illustrating how to apply the
theoretical results rather than to discuss the respective
biological implications. The three models we introduce in
the following sections are the secondary active transport
across cell membranes (and an extension of this model), the
calmodulin folding dynamics, and a four-state toy model in
various settings.

funnel inside and outside the cell with rates /, /5 and €

1. Secondary active transport

We first consider a Markov model of SAT of
molecule A through a protein funnel facilitated by

A B,
(a) (X)) ey © g (@) Ot =0z1 + 00,2
i [ ] . o @ N AN / Vo kg =1
Outside cell ot E z Observed transitions ' El *— E4
Tl sl 1D omeeeelrese N R CN o , ——
pR— A~ 3 23‘::@ 4 5 AT
A epi 5 @) \ AN b ' ' IT
Membrane W";I—F'r : "W 57"’1—% v s gyt = LR Oy S ' '
: NN _ Ey—(1-X\)EL]/T
H Ciff Ip : E pi(o) = ;3 oo ! r12| |01 = De[>\ 2—( N Eq]/
2 = 4 > 6 Qo Observed state‘s\‘ ' i '
— T la e L ——eeesgheee Vi = (01 +02)/2 N ! ! “
Inside cell ; . g ' ke =1
N ' B B S—— FE
° 1 2 ——— 3
. ° D , K23 = -1

bound outside cell

(b)
©) VA =681 +62 VB =03+ 06u

1 1 e
1 1 31>
| 3T 3T T
2 [ I 46246 e
: n==k : n=k—1 ¢

n=k+1

1(1,1,1,1)

Increase in A Decrease in A

FIG. 6. Overview of models used to visualize the results: (a) Markov model for SAT; the states (1, 3, 5) correspond to the protein
funnel being open toward the cell exterior, while states (2, 4, 6) describe the funnel being open toward the cell interior (see Table II). The
transition rate for the conversion of the opening from the interior to the exterior (and vice versa) is y, which in the presence of ligands A

Z%m outside (inside) the cell. Of
particular interest in the (extended) SAT model is the impact of ¢}", i.e., the concentration of the helper molecule. (b) Schematic of how
the SAT model in (a) may be extended to a “train” of SAT models to capture the number of A molecules n transported through the cell
membrane. (c) Schematic of the Markov model for calmodulin folding. We focus on the inference of dissipation by observing a current
with weights KE?S’) = 8,03 — 820,3 and/or density with weight V; = (8;; + 6,5)/2. (d) Four-state ring model with equilibrium transition
rates parametrized by free energies E; for state i, local diffusion coefficient D, temperature 7', and mixing parameter 1 [see Eq. (71)], and
upon constant driving, respectively. We are interested in the response to temperature perturbations and investigate the effect on a single-
time observable A, = &, | + 6, and a current with transition weights x;; = 846, — 6;10;4 + 6;36j — 6,20;3. (¢) Four-state ring model
with constant driving having rates 1 in the clockwise and e in counterclockwise direction; the stationary distribution is independent of .
The model is used for a comparison of the quality of thermodynamic bounds in situations where only the mesostates A and B,
corresponding to states (1, 2) and (3, 4), respectively, are observed without the ability to distinguish the respective transition pathways
between them.

or B is scaled by a dimensionless factor x. A and B leave the funnel with rate /5 and enter it with rate e
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TABLE II. Overview of states in SAT model.

State Meaning

1 Funnel outside with A bound

2 Funnel inside with A bound

3 Funnel outside with nothing bound
4 Funnel inside with nothing bound
5 Funnel outside with B bound

6 Funnel inside with B bound

transported parallel or antiparallel to molecule B, respec-
tively. We are interested in the fraction of the total steady-
state entropy production that we can estimate via the
thermodynamic bounds for various values of transition
rates e". These transition rates are assumed proportional to
the concentration of B outside the cell [148], allowing us to
“control” the value of e%", leaving it as a free parameter we
can tune.

2. Calmodulin folding dynamics

Being a Ca’" receptor, calmodulin plays an important
role in physiological signaling processes [151]. The
Markov model for the calmodulin folding pathway [88]
is commonly used as a paradigmatic example in, e.g., the
study of first-passage times [152] and stochastic thermo-
dynamics [59,153]. The respective states represent different
conformations of the protein and the transitions are
changes of conformation [88]. Here we adopt the transi-
tion rates from Ref. [152], summarized in Table III in
Appendix A 11, while the topology of the folding network
is shown in Fig. 6(c). The calmodulin example will be used
to gauge the quality of thermodynamic inference via the
derived thermodynamic inequalities.

3. Four-state ring toy model

Here we consider, as a minimal example, a four-state
model with states {1,2,3,4} on aring to visualize results.
We will choose two different parametrizations of the model,
visualized in Figs. 6(d) and 6(e).

In the equilibrium (detailed-balance) setting, we assign
to each state a free energy E;, i € {1,2, 3,4}, such that the
stationary probability is p;? o e~5/T (note that we explic-
itly include the temperature here). For any A€ [0, 1], the
following transition rates obey detailed balance [20]:

oy = De[/IEX—(l—A)Ey]/T' (71)

We use the free energies listed in Table V in
Appendix A 11.

In the constant driving setting, we set the clockwise rates
to unity, whereas the counterclockwise rates are controlled
by the parameter €. This way the steady-state distribution

p; = p = 1/4 is independent of e.

B. Thermodynamic inequalities and inference

To highlight the power of the developed stochastic
calculus for observables of MJPs, we now apply it to
directly prove a broad selection of thermodynamic inequal-
ities. Throughout, we draw comparisons to continuous-
space results and highlight some fundamental differences
between the two. We immediately gauge the quality of the
bounds by means of model examples and discuss the
respective saturation conditions. The section thus entails
a brief discussion of the crucial steps in the proofs of the
thermodynamic bounds for diffusions.

1. Entropy and pseudoentropy production

The central object of interest for thermodynamic infer-
ence is the mean total entropy production, which consist of
the entropy change in the system as well as the surrounding
medium. For continuous systems, the total entropy pro-
duction (EP) is [5,6,142]

/ /dx J(x,7)TD( x))l(x 1). (72)

In the direct proofs in Refs. [51,61], the stochastic integral

e [TUkeD)" N
ai= [T i)

0

ASi (1)

(x-)dw.  (73)

is a central object, chosen to immediately yield
((A%)?) = ASS,(1)/2, which allows for crucial simplifica-
tions in the proofs.

Conversely, in discrete-state systems, the total entropy
production reads [5,7,142]

tot / dTZ l]p

rijpi(T)
"jin(T) '
(74)

rjipj(T)] log

As a key quantity in the various proofs of thermodynamic
bounds, we introduce the auxiliary integral

A = / | THZ() ()], (75)

where

”ijpi(T) - rjipj(T)

riipi(t) +r;ipi(7) (76)

[Z(T)]ij =

Using Eq. (49), the mean is (A,) = 0 and the variance can
be identified as a “pseudoentropy production” [45,122]

wpy = [ar>

i.j

[”ijpi(f) - ”jipj(fﬂ2
rijpi(t) +rp;(t)

(77)
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Applying the logarithmic inequality (a — b)*/(a + b) <
(a+ b)log(a/b)/2 ¥ a,b > 0, the total entropy produc-
tion Eq. (74) can be bounded from below using Eq. (77),
i.e., (A?) < AS(1)/2. The logarithmic inequality is satu-
rated only for a = b where the right-hand side vanishes,
and therefore (for discrete-state spaces) (A?) = AS,(1)/2
only at equilibrium where AS,(¢) = 0.

Note that the inability to saturate (A?) < AS,()/2
outside of equilibrium is the first fundamental difference
between discrete and continuous systems. In the former the
pseudoentropy production (which, in turn, bounds the total
entropy production) is bound and in the latter the total
entropy production is directly bound. As a consequence,
when discussing the saturation of bounds in discrete space,
we refer to lower bounds on the pseudoentropy production,
not the total entropy production. However, we will show in
Sec. VI, if the continuum limit exists, the discrete pseu-
doentropy production in Eqgs. (77) and (74) converges to
continuous entropy production in Eq. (72), which may be
saturated far from equilibrium [61].

2. General TUR and correlation TUR

In the direct proof of the TUR in Refs. [60,61], the time-
integrated current is split as J¢ = J' + J! with

=1
It = / U(x,.7) edW,,
=0
1 !
ol / Ulx,, 7)dr, (78)
0
where U(x,,7) = U(x,,7)"F(x,) + V- [DU(x,,7)].

The proof of the transient TUR for MJPs, which can be
found, e.g., in Ref. [60], is analogous to the continuous
case [61]. We will reiterate the proof here, focusing on the
use of stochastic calculus, as well as including densities to
obtain the CTUR.

We start from Eq. (47) and split the current in Eq. (55) as

Jo =T +J8 (79)

where
S = / ::' Trfie(z) de(7)],
Ji— A Trle(z)TR (x,)]dr, (80)

which are a stochastic and a usual integral, respectively.
Moreover, we have (J!) = 0 and

(Jih = / dTZny (2)reypx(T (81)

To prove the TUR, we use the Cauchy-Schwarz inequality

(A, = (J))? = (AAT,)? < var(J,)(A7).  (82)
One can easily show that (A,J!) = (J,). Evaluating

< JII

/dr/ d‘L’ZKU rijlecy

XZP i,T ’ )]px(T)rxnyy(T) (83)

requires Eq. (50) and two integrations by part (for details,
see Appendix A 4), which yield

(10, = 1){J;) = (T, (84)

where we introduced the modified current

v,7)—P(i,7

(AH) =

j, = / e Tr(0(2)T )dn(2)], (85)

=0

that accounts for the change of k(7) in time z. We thus
proved the transient TUR

10,0 = (3]

ASi(1)
var(J,) '

<(A?) < 5

(86)

As in the continuous case [61], the modified current is
necessary for the validity of Eq. (86).

With slight modifications, Eq. (86) also holds for time-
dependent driving as proven in Ref. [59] using scaled
cumulant-generating functions. In Ref. [60], the same TUR
was proven using a stochastic-calculus approach. Note that
Eq. (86) is a special case of the results in Refs. [59,60] for
systems with constant rates and k(vz) with v = 1 as the
protocol velocity. In other words, the modified current in
Eq. (85) corresponds to vd,J,|,_; where the generator is
constant in time.

As shown in Ref. [61], one needs to include a density to
saturate Eq. (86). By means of a calculation that is
analogous to the evaluation of density-current correlations
in Sec. IIT D, we here further show that

(Aspr) = (10, — 1){p,) — (Pr).

=1t
D= / 70,V dr. (87)
=0

By shifting the current AJ, — AJ, — ¢(t)Ap, with some
c:R — R in Eq. (82) already yields the transient CTUR

19,0 = ) = )0, 0)ip) = P]* _ as(0
arll, = c(1)p] B
(85)
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This route to proving thermodynamic bounds may thus
legitimately called be referred to as “direct” and allows us
to discuss saturation in a straightforward manner, as we
show next.

The lhs of Eq. (88) corresponds to the estimated total
entropy production X (7). To effectively visualize how
much of the total entropy produced is recovered in the
estimate, we use the quality factor

Zest (t)
ASiu(t)

For the TUR, CTUR, and transport bound (TB), the quality
factor is bounded by 0 < Q < 1. We will later show that for
the correlation bound the quality factor is only trivially
bounded from above QB < 1.

Q= (89)

3. Optimization of TUR and CTUR

There are two ways to optimize Eq. (88), either by
saturating Eq. (82) or by choosing the optimal ¢(¢) for fixed
J, and p,. The former requires AJ, — c(¢)Ap,  A,. Since
c(t) #0, we see that the saturation is achieved when
Vi(r) = &[k(v)Lé;/c(t) = 3 k;(v)r;/c(r) and k = ¢'Z
for any ¢’ € R. Here, ¢; is the ith unit vector. However, these
choices do not saturate Eq. (88), but only the estimate for
the pseudoentropy production [see first inequality in
Eq. (86)]. In other words, the “saturated” CTUR quality
factor reads

QcTUR 2 <A : >
O AS() T

<l1. (90)

We again highlight that QCTYR = 1 in equilibrium or (as we
show below) in the continuum limit (if said limit exists).
Moreover, the optimization requires the rates and transient
probability distribution to be known, which makes the
saturated bound superfluous. Namely, knowing the rates
and the transient probability distribution allows the EP to be
determined exactly.

The saturation approach shown here is analogous to the
approach for continuous-space dynamics [61] as it involves
choosing V (x,.7) such that ¢(r)p¢ = J¢'. Then, the vector-
valued function U(x,, 7) needs to be chosen proportional to
the integrand in Af.

Hence, it seems to be more practical to optimize the
bound with respect to ¢(¢) for a given J, and p,. The lhs of
Eq. (88), which we denote k(t), has two extrema in c¢(z),

min _ (l(t)
™ (1) b(1)
opt( ) _ a(l‘)COV(pt, Jt) - b(t)Var(J,)
O = aloar(p) - baeovip 1) Y

where a(t) Et@,(./l>—<.7,> and b(t) = (10, — 1){p,) — (Py)-
All quantities entering Eq. (91) are accessible from J, and

1.001 —QCTUR QJIUR

pTUR_ CTUR _OCTUR
sat Qfp Qe10 —Lope

0.75{ Zest > 2<A?> Best = 2<A%>

Q' 0.501 c(t) = c°P(t)
0.251 c(t) =10
0.00 T T
107! " 10° 10t

FIG. 7. Saturation of CTUR in the transient calmodulin folding
dynamics [see Fig. 6(c)]. We present the various CTUR quality
factors Q arising from various combinations of density p, and
current J, as a function of time. The black line denotes the
saturation of the TUR, i.e., when k(z) = Z(z) and c(t)p, = JI,
corresponding to the estimated entropy production being the
pseudoentropy production Ty = 2(A?). Above the black line is
the region Y. > 2(A?), which is not accessible using the
(C)TUR. The remaining quality factors shown use the current
(QJTUR) density (Q

QS;UR) in orange, green, purple, and red, respectively. For the

CTUREs, the proportionality ¢(z) = 10 (purple) and ¢(7) = ¢°P'(z)
(red) are chosen, the latter optimizing the quality factor for given
J, and p,. The rates can be found in Table III.

) or a combination of these (QCTI() and

p,;» making the optimization practically feasible. Note that
c™in(¢) and ¢°P'(¢) correspond to the minimum and maxi-
mum of A(r), respectively, as

0? 4b(1)?
ﬁh(c, 1) e(ty=emin(ry = ST >0,
var(J, - Wp,)
a(r)
> —4b(t)*var (J, - W,@)
—]’Z(C [)| (1 ) Copl([) = S 0. (92)

oc? [var(J, = < (1)p, )]
Moreover, one can immediately see that using ¢™"(z)
one recovers the second law of thermodynamics, as
10,(J;) = (J;) = ™ (1)[(10; = 1){p,) = (p,)] = 0. The opti-
mal quality factor therefore reads

CTUR
Qopt

_ 2fa(n)var(p,) -

2a(1)b(t)cov(J,,p,) + b(1)*var(J,)]
[var(J,)var(p;) = cov(J, p,)*|AS (1) ‘

(93)

The saturated quality factor QSIVR in Eq. (90) is shown in
CTUR and the quality

Fig. 7 together with the optimal Qgy
factors of the current TUR Q’T VR density TUR O] TUR, nd

a CTUR QTR with (1) = 10 for the calmodulin system

[see Fig. 6(c)]. We consider the transition weights K§?3> =

86,3 =636, and state function V; = (6, +5)/2.
Only the saturated quality factor remains finite for
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FIG. 8. Quality factor as a function of density weighting
function ¢(#) in the calmodulin system at a fixed = 0.05.

The colors correspond to different transition weights KE;CI) =

0ik6j1 — 650, between two states, i.e., KE_Im (blue), K§]5-6) (orange),
and K§]2-6> (green). The state function entering the density is
Vi(r) = 6;3 and the initial condition is p,;(0) = §,5. The circles
are the quality factors for most optimal ¢(7) = ¢°P'(¢), while the
squares denote the least optimal c(¢) = c¢™"(¢).

1 — c0. As expected, the optimal QSIYR gives the best

inferred entropy production when x(z) and V, do not

saturate the TUR, whereas QCTi* < Q7§ for 1 <3.

Hence, simply using an arbitrary ¢(¢) in the CTUR may,
in fact, lead to a worse estimate for the entropy production
compared to the current TUR. The nontrivial behavior of
c(#) is also highlighted in Fig. 8. The expressions of ¢°P'(¢)
and ¢™"(¢), Eq. (91), can be both positive and negative.
Furthermore, they are in no particular relation to another;
i.e., one cannot easily say if and when c°P'(¢) < ¢™"(¢) and
vice versa. A more detailed discussion is given in
Appendix A 10.

C. Thermodynamic transport bound

The thermodynamic bound on the transport (or short
“transport bound”) of a scalar observable z, = z(x,,7) in
continuous space was derived in Refs. [51,154] and reads

(2 =20 = Jgdr:z.)® _ ASiu(1)
D5 -2 7

(94)
where DY is the continuous-space fluctuation-scale function

D=1 [ @@l @) 99)

which accounts for how much z(x,,7) “stretches” micro-
scopic coordinates x, [51]. Here, 7 is a positive-definite and
symmetric friction matrix that is allowed to depend on time
and the averages (-) in Egs. (94) and (95) are taken over
transient trajectories. In Refs. [51,113], it was further
shown how DY relates to the short-time fluctuations
dz; = Z;44; — 20 1€,

¢ var(dz,)
Df= | do———. 96
‘ A T 2dr (96)

To prove the discrete-space transport bound, we use
Eq. (75) and the stochastic integral

=t

B = [ A (o) (97)
=0

where [H(7)];; = z;() — z;(7) is the difference of some

observable state function z, = z(x,,7) = Y ; 6, x2x(7). The

mean of B, vanishes, while the second moment reads

@) = [ Y fle) - 5 Prypi(e). 8)

which we can identify with the short-time fluctuation
function D, = (B?)/t. Namely, consider the infinitesimal
difference dz(7) = z,.4. —2z, along the trajectory.
Then, for any neN., we then get ([dz(7)]") =
Y owy(2y = 2)" 1oy pi()dr + O(d7?). Thus, varldz(z)] =
> (2y = 20)*ryypi(7)dz + O(de?) and

D, = % /O varldz(c)]. (99)

After performing an integration by parts, the cross-corre-
lation between A, [given in Eq. (75)] and B, is

(AB,) = Z[Zi(f)l%(f) —2;(0)p:(0) _AtharZi(T)pi(T)}

1

t
=(z—z20— / dro.z,). (100)
0

The average of z, is given by (z.) = >, >, Suzi(7) pi(2).
By combining the various averages entering the Cauchy-
Schwarz inequality (A,B,) < (A?)(B?), we obtain the trans-
port bound for MJPs

<Zt — 20— f(; dTaTZT>2 < AStot(t) ) (101)
D, 2

Upon identifying the dynamical activity [§dz Y-, o 7 p.(7)
[111,112], the fluctuation-scale function D, can be seen as
a [z,(t) — z,(r)]*-weighted dynamical activity, which jus-
tifies referring to D, as the diffusion constant of z, on
a graph.

1. Saturation of the transport bound

While the continuous TB in Eq. (94) can be saturated,
however not uniquely, with V,z, = cyj(x,7)/P(x,7) (see
Ref. [51] for details), there is no general way to saturate the
discrete TB. We provide a simple counterexample to show
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why this is the case. Consider some a, b, ¢ > 0 and let

—-1-a b 1
L = 1 -1-b c

a 1 —-1-c

(102)

be the generator for a fully connected three-state MJP with
states {1,2,3}. Saturation of Eq. (101) entails choosing z,
such that H(7)" o Z(z) to saturate the Cauchy-Schwarz
inequality. Explicitly, for all z,

n _pi(e) =bpy(7)
(1) = 21(7) = Zpp(2) = pll T bpz(r)’
— i (r i 1 :aP1(T)—P3(T)
Z3(T) Zl( )_213( ) apl(T) +p3(’l') )

05(0) = 22(2) = Zya(2) = M

A solution of Eq. (103) involves Zy3(7) = Z15(7) — Z»(7),
1.€.,

2p(t)[abp,(z) — p3(7)]
lapy(z) + p3(2)][p1(2) + bpa(2)]
(104)

pa(t) —cps(r)
pa(7) + cps()

Even for abc = 1, which corresponds to a system relaxing
toward equilibrium, we can always choose an initial
condition p(z = 0) such that the equality in Eq. (104) is
not achieved. For example, let a=b=c=2 and
p2(0) = p3(0) = 1/2. The lhs of Eq. (104) yields —1/3,
while the rhs is 0, hence the equality is not achieved and the
set of equations in Eq. (103) has no solution. Thus, there is
no state function z, that saturates the TB.

2. Unification of (C)TUR and TB

It turns out that the TB is a special case of the CTUR.
Starting from the transient CTUR Eq. (88), we now choose p,
such that J, — c(1)p, = J}, i.e., Vi(z) = 3 ki;(2)ry;/ c(2).
Then,

) =13 Vim0

= t%;l —Kijgzg)rij Pi (l‘ )
1

= mtdtu,), (105)

and similarly,

)= [ eV @
[t 70,K;; (7)r; -
= /0 dr; 4( pi(7)

(1)
1 t
=—— [ de) 70.k;(7)r;;pi(7)
o e
:%0) (106)

Ananalogous calculationreveals (p,) = (J,)/c(t) and hence
using this choice of p, in Eq. (88) yields the following form of
the transient CTUR:

(J,)? _ (J,)? ASo (1)
arlJ, — c(t)p,]  var(J}) © 2

We call Eq. (107) the generalized TB (gTB) because the
choice k;;(7) = z;(z) — z;(7) yields the transport bound.
Explicitly, the mean current is

(107)

)riipi(s)

Z jlpj ) rijpi(s)]

i J#F
=0,pi(s)
t
=5 (4002500~ [ 60255 )
(108)
and the variance of the dissipative current reads
var(J}) = ((J1)*) = (J1)?
~——
=0
/ dSZ Z] i l]pl( )
i, j#i
=1D,. (109)

With the specific choice k;;(7) = z;(7) — z;(7), i.e., using
Egs. (108) and (109), Eq. (107) becomes the TB

<Zt — 20— f(; dTaTZT>2 < ASlot(t)
D, -2

(110)

Equation (107) therefore naturally relates the TB to the
CTUR as a special case. Indeed, the gTB is efficient, i.e.,
yields a nonzero bound in both transient and stationary
systems, while the TB yields only nontrivial bounds in
transient systems. A similar connection can be made in
continuous space, where a recent TUR for underdamped
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Langevin dynamics [126] can be seen as a generalization of
the continuous TB [51]. It should be noted that, while the TB,
in general, cannot be saturated, the gTB can be saturated with
the choice of weight k(7) o« Z(z). Moreover, in some cases,
the transient TB of one system may be identical to the
stationary gTB of another system. The following example, an
extension of the SAT model [see Fig. 6(b)], shows how the
TB may give rise to the gTB in a special case.

To make reasonable comparisons in the SAT model, we
either have to consider symporter or antiporter systems. We
are going to focus on the latter. We first vary e%" to assess
which values of transition rates give rise to antiporter
behavior before addressing thermodynamic inference.

We start with the cycle affinities of the model. The
six-state  SAT model consist of three cycles: C; =
{1-2,2-544-533->1}, (,={3-44-6,6-35,
5-3} and C3={1-2.2-4,4-6,6-55->33->1}.
The corresponding cycle affinities are Ac, = log(eg"/ey),
A = log(elf/eg™), and Ac, = A¢, + Ae, = log(eq"ely
er e%“‘) Since the transport of molecule A with help of B is
of interest, one could naively assume that the transport
relates to Ag,. However, A¢, does not quantify the direction
of transport, as A¢, does not give any information on the
transport of type A alone. One can also convince oneself
that Ag, is insufficient as well, due to the cycle affinity
being independent of e%™.

However, the current (entering the stationary TUR) in the
six-state model gives the insight we require. The relevant
transition weight is KM = 6,163 — 636;1, effectively
counting the total number of molecules A being transported
toward the exterior of the cell. The mean current is
<JtSAT>s = Zxx K)SWAT xyp,sv If <JtSAT>s >0, the average
total number of molecules A transported toward the outside
of the cell is positive, corresponding to an average transport
of A from the inside to the outside of the cell. Thus, the
condition for an antiporter behavior is I,/eQ™ > p5/p3,

which depends on e%" via the steady-state distribution.
With the parameters we use, see Table IV, we need
p5/p} <2/3. The value 2/3 is marked as a black line
in the inset of Fig. 9(a), where the green line corresponds to
the value of p3/pj as a function of e". The dashed red line
marks the value of 3" such that A, = 0, while the dashed
orange line is where p3/pj = 2/3. The same can be readily
seen in Fig. 9(b), where the mean current is presented for
various values of e3". Clearly, the condition A¢, = 0 is not
sufficient for a positive current.

Additionally, we can consider the transient extended
model and apply the TB. For the extended model, consider
Pan(7), the probability of being in state x in system n at
time 7, where n€Z corresponds to the number of A
molecules transported through the membrane. When mar-
ginalizing over Z, we recover the steady-state probability
Py = nez Pxn(7). As a state function, we choose the
number of A molecules z, = n, such that

Z prn(T Zni)n(f)’

nezZ x= nez

(111)

where p,(r) is the probability distribution marginalized
over N. Without loss of generality, we use (zy) =0.
Equation (111) therefore describes the average number
of net transitions (n;3 — n3,) between states 1 and 3 in the
original system until time z, with z, the net number of
transitions. Hence, one can immediately recognize that
(z,) = (J3AT),, which can be readily seen in Fig. 9(a).
The fluctuation-scale function is recognized to be

t__
et — / del(2yn = 200) By
nEnyE./\/

+ (Zy n+1 —
+ (Zy,n_1

2y, n) 5x—>y n—n+1

- Zx,n)zéx—»y,n—»n—l]rxypx.n (T> (1 12)

(@) 10'T— (b)
20.75
"’\”8'38 : 0
. 10_1‘& ’ 101 103 e
= =
10-3 Theory -20
'D{ an "ACS':O
/ o * Antiporter
10_5 -40 104
10-2 100 102 25 50 75 100 1072 10° 107
t t t

FIG.9. Comparison of TUR and transport bound with the periodic extension of the SAT model in Fig. 6(b). The mean of J, (orange)
and z,, (blue) from N = 50000 trajectories sampled with the Gillespie algorithm is shown in (a) as a function of ¢, compared to the
analytic (J,) [see Eq. (81)], for e} ~ 40. The inset shows the fraction p§/p5 for different values of e§". The dashed orange and red lines
indicate the values of ¢%" where the antiporter regime begins (e§" ~ 27) and where A, = 0 (e = 6) respectively, while the black line
is the upper limit p§/pj can have so that the system is an antiporter. The mean current is shown in (b) for various values of e3". The
steady-state quality factors for TUR (solid) and TB (dashed) are shown in (c) as a function of 7 for various values of e}" in the antiporter
regime. The parameters are listed in Table IV.
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Note that 6, .41 is 1 if the transition x — y is observed
while the system goes from n to n + 1 and 0O otherwise. We
can simplify Eq. (112) to find

DXt = — Z/ de[rizp1,(7) + r31p3..(7)], (113)

nEZ

because z, ,—2z,,=0and z, , — 2y 1
over n finally gives

=41. Marginalizing

> RNy

xye/\/

D = [rizp} + raps) = (114)

Upon comparing Eq. (114) to Eq. (68), it becomes apparent
that D = lim,_, var,(J?AT)/¢. Furthermore, using the TB
on the transient extended SAT model yields the stationary
2TB of the original six-state SAT model, as the TB reduces
to Eq. (107).

The quality factors of the TUR QTUR and TB Q™ are
shown in Fig. 9(c) (solid and dashed line, respectively) for
e%" in the antiporter regime. Because D' > var(J$AT)
forall > 0, the TUR infers a higher fraction of the entropy
production, i.e., QTVR > QTB_Additionally, one may show
that taking e} — oo leads to the quality factors converging
to a finite value [12,155]. Hence, there is no improvement
in the inference of dissipation at higher concentrations of B
outside the cell beyond a certain point.

D. Thermodynamic correlation bound

Thermodynamic bounds on correlation times were stud-
ied in the context of Langevin dynamics in Ref. [113] in
stationary systems at large times. Recently, such thermo-
dynamic correlation inequalities were extended to finite
times and transients [114]. Following the latter stochastic-
calculus approach, we here develop analogous results for
time-homogeneous MJPs, in the general transient setting
and for arbitrary times. That such results are possible was
already anticipated in Ref. [113].

The proof of the correlation bound starts from the
auxiliary stochastic integral

B,:% TTZtTr[(H(T)—Z(T)T)de(r)], (115)

where Z,,(7) = Z,,(7)[z,(7) + z,(r) —=2F(z)] for some
time-dependent function F(z), Z,, is given by Eq. (76),
and H is the same matrix also entering Eq. (97). The
second key ingredient is the shifted and rescaled density
observable

(116)

where (V) = >, V;p;(r). While the TUR and TB allow
the state functions z, and V, to be explicitly time depen-
dent, the correlation bound requires these to be strictly
time independent. Furthermore, we write, e.g., (z,) =
> zipi(7) to explicitly highlight that the average depends
on time through p;(7). Additionally, we need to introduce
the reweighted two-point probability

PD)r 2 (o)
P = PR

(117)

with the renormalization constant Xy =) . p.(7) X
FoyZyy (7)?> which is the pseudoentropy production rate
(pseudo-EPR). Expectation values with respect to phy ()
will be denoted by (), We will also introduce the
pseudovariance pvarp(z,) = >, [z, 42, = 2F(7)]* piy (7).
(ze)ps/2 =
> ey(ze +2,)p(7)/2 and some other positive time-
dependent quantity otherwise.
We immediately see that

1 t t
:—/ dr/ de'cov(V,, V),
rJo 0

where V, = V(x,)
averaged density

which is the “true” variance for only F(z) =

(118)

= >« 6kx. Vi and introducing the time-

z = % / ::’ Zdr, (119)

Eq. (118) can be identified as
tvar(V,) = (C?). (120)
With the shorthand notations V2(z) =V, —(V.) and

zF =z, — (F(t)), the cross term is computed to be
(B, / dr / er]]K,rV —Z,,(7)
X, Vl
x [25(7) + 27 (0)]ry Px(7))
x [P(i, |y, 7) = P(i,7|x,7)], (121)

where the sum over x, y can be simplified because of
symmetries (we suppress the time indices here) to get

Znyrxypx[P(ily)
= _Zzg(rxypx =+ ryxpy)[P(”y) - P(l|x)}7

X,y

— P(ilx)]

(122)
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and

szy(zf + 20 roy Py [P(ily) = P(i]x)]

= sz(rxypx - ryxp\)[P(lb)) - P(l|x)] (123)

Using time homogeneity of the semigroup P(7'|7) =
P(7 —7) =el"=9), which obeys the master equation
Eq. (40), i.e., 0,P(z) = LP(z) = P(z)L, and 0,P(7' — 7) =
—0,P(7' — 1), the integrand in Eq. (121) simplifies to
2300 Leer VR (T)2{ (1) po(2) 00 P(i. 7'|x, 7). Since

Z[aa VR (T)]ek (2)pa(2)P i, 7'|x, 7)
:—0ff<Vf/>ZZf(T)px(T)ZP(i’T’|x7T)» (124)

X,0

=1

=(z)-F(7)

the particular choice F(r) = (z,) yields

t t
I<BtCt> :2/0 dT/A dTﬂT<1/()TrCOV<Vf/,ZT). (125)

An integration by parts in 7 with d 1, = 6(7 — 1)
further yields

2 [t
(B,C,) =2cov[V,,Z,] —?/ drcov[V,, z,]. (126)
0

Finally, the second moment of B, reads
2 1 ! S F
<Bt> = Dt + ? 0 dzxP (T)pvarps(zr)

_%Ath; <[zy —F(2)]> = [z, — F(Tﬂz)

X Zyy(7) 1y Px(7)- (127)

The integrand of the last term in Eq. (127) reduces to

3 ([zy @R [ - F<r>]2)zxy<r>rxypx<r>

X,y

= "lzy = FO)Pop, (0).

y

(128)

Choosing F(7) = (z,) again simplifies Eq. (127) to

1 t
(B) =D, + [ arzprart .

—%[VHT(Z,) —V&I‘(ZO)]. (129)

Combining Egs. (120), (126), and (129) yields the transient
finite-time correlation bound

[200V(Vt,2,) —%fo’drcov(V,,z,)]2
tvar(V,)

+%[Var(z,)—var(zo)] g} A desr(o)pvart (). (130)

_Dl

In NESS, Eq. (130) simplifies to [we suppress time indices
for stationary single-time (pseudo and/or co)variances]

4[cov(V,,7,) — covs(V, z)]?
tvar(V,) B
<A?>s AStot(t>

F F
< prarf, (2) < S5 pvarl (2).

D,

(131)

The two-point probability density p,,(z) is not accessible,
since it requires knowing L; hence, the pseudovariance in
Egs. (130) and (131) needs to be further bounded. In the
former case, it was assumed that F(z) = (z,), while in the
stationary case the choice of F(z) = F is free. Since we
consider bounded z, on finite-state spaces, there exist
bounds zZpay /min Such that for all x # y [156] the function
entering the pseudovariance satisfies Zmin < 2, + 2y < Zmax-
In steady state with F = (z,) /2, pvarj(z) = vary(z) <
(Zmax — Zmin)>/4, where we used the Popoviciu’s inequality.
It should also be clear from Eqs. (130) and (131) that the
quality factor for the CB Q°P can become negative (and
hence the bound is uninformative). To be precise, let

[2c0v(v,.7,) =2 fi decov (V.. z,)|°

Gr) = tvar(V,)

. (132)

then clearly G(r), D,, var(z,) > 0 for all # > 0. Therefore, if
G(t) — D, + (2/1t)[var(z;) — var(z9)] <0, the inferred
entropy production is negative. The fact that the quality
factor may become negative, giving a lower bound on the
total entropy production that is worse than the second law
of thermodynamics, is not particularly appealing. However,
the CB can be applied in situations where many established
methods fail to infer entropy production. In the following,
we provide a simple four-state example where CB can be
applied successfully, but other methods fail.

1. Example II: Four-state toy model

Consider a four-state model {1,2,3,4} on a ring, see
Fig. 6(e). The rates clockwise are unity and the counter-
clockwise rates are controlled by the parameter e. The
steady-state distribution p} = p = 1/4 is independent of .
Suppose that we can only distinguish between a pair of
mesostates A and B, i.e., it can only distinguish whether the
system is in either states 1 and 2 (mesostate A) or states 3
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and 4 (mesostate B). These we refer to mesostates A
(containing {1,2}) and B (containing {3, 4}), see Fig. 6(e).

Inferring the total steady-state entropy production
AS.(t) = t(e —1)loge by only observing transitions
between states A and B is a challenge where surprisingly
few bounds provide nontrivial estimates. For example, the
TUR gives (only) the second law, as

<J,> = P(EKAB + KBA + EKBA + KAB) =0. (133)
M N =~ =

2-3 352 4-1 1-4

Including a density, i.e., using the CTUR Eq. (88), yields
the same bound, because the density contributes only in
transient dynamics. Similarly, the TB is only nontrivial for
transient systems. Using the gTB is not profitable either,
due to Eq. (133).

However, the CB can be applied to yield a positive bound
on the EP for sufficiently large ¢ and e. The fluctuation-
scale function is D, = (1+¢)/2 and for X=A,B
the steady-state  (co)variance is covy(VA, VX) =
(6x.a —Oxp)/4. If Ay, ke{1,2,3,4}, are the eigenvalues
of the generator

A4 =0,

dajg = —1—e+(e=1)i, (134)

then for times > max; ¢ (234 (—1/Re(4)) = 1/(1 +¢),
we can use

_ t
tvar(VA) = 2/ drcov(VA, VY +O(r71),  (135)
0
and is therefore similar to
_ 1 [t
cov(VA, VB) = _t/ drcov(VA, VA)
0

1 [t
= ——/ drcov(VA,VE).  (136)

Thus, the lhs of Eq. (131) for > 1/(1 + €) reads

4leov(Vy, z,) —covy(V, 2)]* D
tvar(V,) !
1 1+e€

~ 8 [Tdecov(VA,VA) T 2

+ 0. (137)
The first term can be simplified further to be (e? + 1)/

(e +1) (see Appendix A 6), so that the large-7 quality
factor becomes

o 1 [(e+1)2+(e=1)7% e+1 1
_) —
loge (€2 -1) e — 1] pvarp (V*)
(e—-1) 1

= . 138
(e + 1) loge pvark (V4) (138)

Recall that the choice of F(z) is free for stationary systems,
hence we can choose F(r) = (V4 + V4),/2 such that
pvarh (VA) = var, (V#). Using Popoviciu’s inequality,
the pseudovariance (i.e., variance) with the choice F(7) =
(Ve + Vi,/2 (ie., the two-point variance of Vi + V4)
can be bounded by varf(VA)=1/2<1 (see Appendix A 6).
Thus, the estimated entropy production using Popoviciu’s
inequality is half of that estimated with the exact pseudovar-
iance, resulting in 2QP°? = Q, which is shown in Fig. 10(a),
where the exact EPR is shown together with the long-time
limit of estimated EPR with and without Popoviciu’s inequal-
ity. The inset in Fig. 10(a) shows the corresponding quality
factors, Eq. (138), in the limit # — co. As a sanity check,
theoretical and simulation results obtained with the cel-
ebrated Gillespie algorithm [146,147] of G(t) — D, are
compared in Fig. 10(b), where a good agreement is found.
In addition, the leading-order correction is shown in
Fig. 10(c) by considering

(e—1)

8lG() =D =G(1) =D, - IEESIE

(139)

1.e., subtracting the t — oo limit. As expected, the leading-

tJo order correction decays as ¢!

() ==(c—1)loge (b) (© 9

101 Ecst Exact — 100 8

a 41 7

o | U’ 6
[l —~10-1 5w

= x10 4

10° 9. 3

2 565 9 =Theory sNum. ¢t — oo - 5 i

- 10-
2 4 b 8 ! 25 50 75 100 10° 10t 102
t t

FIG. 10. Correlation bound applied to the driven ring, see Fig. 6(e). (a) The exact EPR and long-time estimated EPR with and without
bounding the (pseudo)variance are shown in dependence of e. Specifically, the choice F(r) = (V4 + V;")I)S /2 is used. The inset shows
the resulting quality factors. The lhs of the stationary CB, G(t) — D,, is shown in (b) evaluated analytically and with simulations.
Additionally, the long-time limit is included. The deviation from the long-time limit §[G(¢) — D,] is presented in (c) correctly displaying
the O(¢~!) decay. The simulations are performed with the Gillespie algorithm using N = 50000 trajectories.

021038-23



STUTZER, DIEBALL, and GODEC

PHYS. REV. X 16, 021038 (2026)

V. RESPONSE TO GENERAL PERTURBATION

Numerous works addressed the response of Markovian
dynamics to perturbations by means of various methods in
the setting of equilibrium systems [157—159] and nonequili-
brium steady states [18,69,160-163], as well as general
perturbations of single-time observables [4], which was
recently generalized to path observables of diffusions [137].
Here we develop the counterpart of Ref. [ 137] for MJPs using
the developed stochastic calculus.

A. Derivation of response formula for MJPs

We are interested in the response of a (generally
pathwise) observable O(f) = O[(x,)y<.<,] to a perturbation
of a control parameter y — y + 0 (e.g., a temperature
change T — T + 0). We seek an exact result for

1

9,0, = lim <((0(); — (0()).  (140)
where (O(r)) is the expectation with respect to the
unperturbed process in Eq. (47), while (O(t))s is the
average with respect to the perturbed process evolving
according to

dn®(7) = R®(x%)dr + de’(z). (141)
Depending on the observable, the averages (O(r)) and
(O(1))s can either be understood as single-time or pathwise

averages. For example, if O(7) measures some instantaneous
quantity at time ¢, e.g., the instantaneous internal energy of

the system, the averages are to be understood as
o(t = O, (t p,(f) t), where p)(fs) t) is the single-
(6) X

time probability evolving according to the master equation of
the (perturbed) system. Conversely, if O(t) = O[(x;)y<,<;] is
a pathwise observable depending on the entire trajectory,
e.g., a time-integrated current J,, the average (-) is over all
paths evolving according to Eq. (47) [and (-) ) over all paths

evolving according Eq. (141)],

The path measures Eq. (41) of processes in Egs. (47) and
(141) can be conveniently written in terms of the stochastic
differentials as

SCSPEVNCER IS weraE
/ Z log r% vdny, ]

X, YF#X
where p, (0) is the distribution of the initial state x,_y = x.
Note that a given path realization defines a unique sequence of
transitions and hence dz,.(s) and dn,, (s), which, in turn, enter
equally P in Eq. (41) and P° in Eq. (143). However, because
of the different rates (r‘;y VErsus r,, ), the measure of the same

(143)

path is generally different under P and P°. Moreover, writing
the path measure in terms of stochastic differentials as in
Eq. (143) further has the advantage of allowing for time-
dependent rates.

Consider the perturbed rates

rﬁy = xy()( + 5) = xy()() + 57)07()() =+ 0(52) (144)
Note that we assume that the rates 7, = r,,(y) and 3, are
functions of y and y + &, respectively (y is a placeholder for
the perturbed quantity, e.g., temperature 7)), and that the
function is analytic at § = 0, i.e., that it has a well-defined
Taylor expansion at that point. Therefore, P? is absolutely
continuous with respect to P for sufficiently small § [164]
and the perturbed average (O(t))s can be written in terms of
the unperturbed process in Eq. (47) using the Cameron-
Martin-Girsanov theorem with the Radon-Nikodym
derivative [165]

(000 = (005 ) (145)

<0(f)>(5) = Z 0[(%)0515:]”3(5)[(xr)osm]- (142) where we assumed that the processes start from the same
(X )osess initial distribution. The Radon-Nikodym derivative reads
|
dp°
P [(x7)o<e<s) = €XP {/ Z — e )dz( / Z 10g ydnm ]
=0 xyx
s=t s=t
= exp {—5/ Z?xydrx(s) + 5/ Z ﬂdnxy(s) + (9(52>}
s=0 XyEX s=0 x.y#x rxy

s=t T
=1- 5/ L [rydr,(s) — dny,(s)] + O(8?)
i @]+ 0

Z xy de,(s)

X, VEX xy

—1+5/S

+ O(8). (146)
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The response to a perturbation in y (e.g., the temperature) is
therefore evaluated to be

s=t
050, = <0(z)/ Z " g
s=0 XyEX Txy

Note that we did not use any particular property of O(¢) that
would distinguish between single-time and pathwise
observables. Nevertheless, for the sake of completeness,
we provide in Appendix A8 an explicit derivation of
pathwise observables.

While elegant, Eq. (147) (similar to the continuous-space
result [137]) cannot generally be applied to experimental
data. This restriction is due to the integration over noise
(which is never known in experiments) and the effective
drift, including what defines the rates, which renders
Eq. (147) operationally inaccessible. However, Eq. (147)
may be useful in simulations of high-dimensional systems,
where the rates and noise are known but the generator L
cannot be easily diagonalized. Note that de, (s) depends on
p«(s) through Eq. (48).

The stochastic-analysis route to Eq. (147) can be seen as
an alternative way of evaluating responses to perturbations
of observables complementing well established existing
methods [4]. The limit in Eq. (140) can, in fact, be
evaluated directly using a type of Dyson identity [4]
(see Appendix A 8 for details). However, Eq. (147) allows
for the same result to be obtained using correlations of
stochastic differentials without invoking perturbative
calculations.

b)), (4

B. Equilibrium response to temperature perturbations

For MJPs in equilibrium, we have p{® o e~/ in terms

of free energies E;. In addition, we have detailed balance,
which, however, does not uniquely specify the rates. We
choose the rates to be

— De(/lEX—(l—i)Ey)/T (148)

Txy

for any 1€ [0, 1] (commonly used are A = 1 and 1 = 1/2)
and D may scale with T (D = DT with D = const.). The
rates in Eq. (148) satisfy detailed balance.

The aim here is to relate the response in Eq. (147) of a
single-time observable O(7) to the equilibrium correlation
function,

(149)

COE(I) = (<0E>eq -

(O(DE(0))eq)-

We start from Eq. (147) and use the noise-time lemma in
Eq. (50) to get

s=t ;x ’
(on [''5 —)dexy<s>>
s=0 X, y#X rxy eq

1 t
o [[ 63 Y 0Pty ) - PGt )
0 i xy#x
X roypy (=AE; + (1 = 2)E, +T), (150)
since
oy 0sD(T + 5)eVE(I=DEN/TH)|
Foy DTeVE—(=-DE,)/T
D1 - w)e(m—u—z)g)/r
B DTelE=NE)T
T —2E,+ (1 -A)E
= 1-HE, (151)

T2

The last term in Eq. (150) including 7 vanishes because

Z[P(l.,tb?,s)—P(., ’ )]rxypiq
X, yFX
= ZP i, t|x,8)ry,py — ZP I, t|x, 8)ry,pX
X, Y#X X, Y#X
:ZPL 1%, 8)rey Pyt — ZP! 1%, 8)r e PX
X, y#X X YEX
=0, (152)

where we use detailed balance in the third line. Similarly,
the first terms in Eq. (150) simplify to

> [PGidly.s) = P(i,

 8)ry Px (=2E; + (1 - A)E,)

X, VF#X
= ZP( ’ )rxypfcq
X, VEX
(=2E, + (1 = A)E, 4+ AE, — (1 = A)E,)
=E.—E,
= —Zp Z i,tly.s) = P(i, t|x,s)]ry,
X V#X
=ZP(i,t\y,s)rﬂ.+P(i,t|x,s)r”
Y#X
==Y PYEY P(i.tly.s)L,,. (153)
X y
=—0,P(i.t]x,s)

Plugging Eqs. (152) and (153) into Eq. (150), we finally get
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s=t ?x
<0(r) / > —ydexy(s)>
5=0 x y#x Fxy eq

/ dSZZOEX Y0,P(i, t|x, s)

=7 <Z ; OEp*P(i, t]x,1) — Z Z O,E, pSP(i. t]x, 0))
Gix

1

= 72 ((OE)eq = (O(E(0))). (154)
|
Note that Eq. (154) does not explicitly depend on 4, only 1 _ 2
implicitly through the propagator, i.e., it holds for every A0(1) = 0 dsy(r = s)h + O(h7). (158)

parametrization of the rates in Eq. (71). Equation (154) is
the linear response of an equilibrium MJPs to a temperature
perturbation.

C. Connection to response-function formalism

In this section, we connect the results derived in the
previous sections to the well-established “response-func-
tion formalism,” which is often used to describe the
fluctuation-dissipation theorem. While the results of
response functions for MJPs have been previously derived
in, e.g., Refs. [4,68,70,166,167], we show how these may
be extracted from our results to bridge the “gap” to the
literature.

1. Equilibrium response

For a first-order perturbation theory of a single-time
observable B(t) in an equilibrium system with perturbation
h(s), 0 < s <t, conjugate to some observable R(s), the
response reads [4,166]

AB(1) = (B(1))y — (B)og = / “dsh(s)y(t—s). (155)

0

Here, y(s) is the response function (recall that kg = 1
throughout the manuscript) [4]

1d
2(s) = = (R(0)B(s))eq (156)
To connect this to the result we derived in the previous
section, we first consider the case a constant perturbation to
an equilibrium system, i.e., i(s) = h. Comparing Eq. (154)
to Eq. (155) (with 6 — h), we see that to first order in #,

5 (0F) 4~ (0)EO)),,)

— 2 [ @55 OOE)h

AO(1) =
(157)

Since the equilibrium correlation is time-translation invari-
ant, we can rewrite the above response of Eq. (157) as

with y(t = 5) = (1/T%)[d/ (ds)(O(1) E(5))eq = —(1/T?) X
[d/(d1)[{O(t — s)E(0))¢q consistent with Eq. (156) with
R=T'E.

For time-dependent %(s), we get to first order

AO(1) = <0(r) /_0 h(s)z;xydexy(s)>. (159)

x#y XY

The simplifications performed in Eqgs. (151)—(153) can still
be made, as these are independent of the perturbation A(s),

AO(t ,5)piids
72 [ 1610, (0 E)gts
= ["hsht=9) (160)
again with
d
2= 5) = 2 {O(E))q
:—%di(O(t—s)E(O»eq. (161)

The extension of these results, e.g., in case of nonstationary
systems, has already been discussed in Ref. [4].

2. Response of a stationary system

To further connect our result to responses of (non-
equilibrium) steady states, we realize that the perturbation
rates 7, are the elements of the perturbation generator L',
ie,L=Ly+hL'withL,, = r, and L}, = F,,. Using the
correlation lemma, Eq. (50), the response of a single-time
observable in steady state reads to first order in #,
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A,0(1) = (0(1));, = (O(1))s

/dsh )> 0, Z

i X, Y#X Txy
X [P(i,t]y,s) = P(i, t|x,s)|ry, D5 (162)
The last double-sum simplifies as follows:
> FolPitly.s) = P(i, tlx,5)]ps
V. X#y
= > _FuPlitlx.s)py = D T Pt s)]p
y.x#Ey VXEY
;XX
= FuP(i.tlx.5)p3, (163)

VX

where we split the sum and relabel x <> y in the first line,
and then use the definition of the diagonal elements to
simplify the expression. As a consequence, we can now
write the conjugate observable RS = Zy L/]vy py/py and
identify that inserting Eq. (163) into Eq. (162) yields to first
order

s0(1) / dsh(s ZOZ - .S)Dy
i L‘
/ dsh(s ZO ZP i,tx,s ZLI zy
W
Ry
" dsh(s) SRS, (164)
0

Here, we can identify the stationary response function

)(s(t - S) = 1]S<I<O(I)RS(S)>S

= 1, (0(t = 5)R*(0)). (165)

so that Eq. (164) can be written as

AO(f) = Atdsh(s))(s(t— ) +O0().  (166)

This result is consistent with the results from Ref. [167].

3. Response of pathwise observables

Finally, we consider the response of, possibly transient,
pathwise observables. Specifically, consider the observ-
ables

(167)

0,(1) = / D by (s)deyy (s)

X, yFX

t
@@‘A%“

Using Eq. (48), the response of Eq. (167) can be stated
directly to first order

(168)

A0 (1) = (0(1)), — (0:(1))
/dszx) /dsh ()37

X, YF#X i, j#i r’]
X 8;,0,0(s — )rl-jp(s)
xypx( )

/ dz Z by(2)

X, YF#X

(169)

Similarly, using Eq. (50), the response of O,(¢) becomes to
first order (note that this result is compared to the approach
used in Ref. [4] in Appendix A 8)

% Gi(2) Ty P ($)[P(i,2]y,s) = P(i,z|x,s)].  (170)

The sum over x, y can again be simplified using Eq. (163),
so that

AOz(t)/ dz/ dsT,,h(s) gi(2)Fypy (s)P(i,

ix,y

.5)

(171)

+O(h?).

DeﬁningRx(s):Zy?yxpy(s)/px( ) Z nyp\( )/px(s)’
the response functions for O(¢) and 02( ) become

(1.8) =125 Y by (Fypals).  (172)
X, yFX
t
mmnzl&ummm, (173)

so that the response to any additive functional O,(t) =
O, (t) + O;(t) becomes

A0, (1) =(0y), = (0y)
= Atdsh(s))(op(t, s) + O(h?),

=0,(t.8) +x0,(t.5). (174)

Xo,(1.5)
Note that observables of integrals over dn(s) are a special
case where g,(s) and b,,(s) have been chosen appropri-
ately to satisfy Eq. (46).
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D. Examples

To visualize the results in Eqs. (147) and (154), we
consider the response of a single-time observable O(t) =
(1,1,0,0) of a four-state ring in an equilibrium system [see
Fig. 11(a)] and in a transient system with constant driving
[see Fig. 11(b)], as well as of a current J, with weight
Kij = 5i45j1 - 5,’151'4 + 5,'35]'2 - 5i25j3 in transient SyStemS
with equilibrium [see Fig. 11(c)] rates and constant driving
[see Fig. 11(d)].

For simplicity, we set D = T in Eq. (148). In Figs. 11(a)
and 11(c), we use Eq. (71) with the free energies listed in
Table V. In Fig. 11(a), we compare 4 = 0.3 and 1 = 0.9,

a b
()O'OO\‘ A=03 A=09 ®) N=5.10°
2 % 950, 950, 0.10 — N =510
g [ =Cop(t) = =Cop(t) — =Theory
£.-0.021 0.05
o) W
~ SO
CoVeq(0, E)p == === S e | 0.00F=======l==
—0.04+——+ 4
0.0 05 10 15 0 1 2 3
t t
© 0'1 @ —4—Numerics
Theory
- 0.1
2
© o.o \
+Numerlcs %
Theory 0.0 fbst
1073 10 ! 01 10‘3 101 10!
t t
FIG. 11. Perturbations of the equilibrium and driven rings.

Analytical and numerical response curves of O = (1,1,0,0) for
equilibrium (a) and transient (b) dynamics on a four-state ring.
(a) We compare the numerical simulations (solid lines) with
theoretical prediction Eq. (154) (dashed lines) for A= 0.3
(orange) and A = 0.9 (green). The remaining parameters are
T=1,6=01, N=5x10° and D,, =1. (b) The initial
distribution is p™ = (0,0, 1,0) and the rates are rj, = ry; =
F3y = g = Te_l()gg/r and Foy = T3p = Fy3 = Fig = Te_log“/r
with € =3 and a =2, respectively. The theoretical result
Eq. (A40) (dashed purple line) is compared with numerical
simulations using N = 5 x 103 (solid yellow line) and N = 5 x
106 (solid green line) trajectories, respectively. The remaining
parameters are 7 =2, 6 = 0.1, and ny = 1. (a), (b) Markers
denote the largest relaxation timescales in the systems. The
dashed black lines are the expected ¢ — oo values coveq(A, E) in
(@) and 0 in (b). (c) The response to a current with weight x;; =
5i45j1 — 6“6/*4 =+ 5,‘36/*2 — 6,‘25/‘3 for the aforementioned equilib—
rium rates with 7=2, § =0.05, N =2 x 10°, A =0.5, and
initial condition as in (b). (d) The same parameters as in (c) are
used, with the same rates as in (b). The dashed orange lines in (c),
(d) are the theoretically predicted values, while the blue markers
are values extracted from numerical simulations. (a)—(d) The
uncertainty bands are extrapolated from bootstrapping the tra-
jectories into 20 samples with 30% of the respective N’s. The free
energies E; used in (a), (c) are listed in Table V. The simulations
are performed with the celebrated Gillespie algorithm.

while in Fig. 11(c) we use 4 =0.5. The rates used in
FIgS 11(b) and 11(d) ar€  rip = Iy = I3y = Iy =
Te~'2¢/T in one direction and ry = ry = ry3 = ryq =
Te~'°2e/T in the opposite direction with ¢ = 3 and a = 2,
respectively. The temperature is set to 7 = 1 and equilib-
rium initial conditions pi"* = pY o« e7F/T are assumed in
Fig. 11(a), while T =2 and initial condition p"'=
(0,0,1,0) are used in Figs. 11(b)-11(d). The diamonds
on the horizontal axis denote the largest relaxation time of
the respective generators.

As a visual aid, the value of the equilibrium covariance
between O and E, covey (0, E) = (OE) o — (0)e(E)eq» i
included in Fig. 11(a) to show how, independent of A, the
response ds0, — cove, (O, E) for t — oo.

VI. CONTINUUM LIMIT

While we treated continuous-space (Langevin) and
discrete-state MJP dynamics separately so far, it is well
known that the two descriptions should agree in a particular
limit. Namely, a d-dimensional continuous description can
be approximated by a jump process on a d-dimensional grid
(here, we assume a hypercubic lattice) with grid spacing
Ax, where the MJP description reproduces the dynamics as
Ax — 0 or for observations on scales much larger than Ax
(see, e.g., Ref. [168]). For thermodynamic consistency, we
here show that both the entropy Eq. (74) and pseudoentropy
Eq. (77) approach the continuous-space expression Eq. (72)
as Ax — 0 for any jump dynamics on a grid approaching
the continuous-space dynamics in this limit. In particular,
this implies that the pseudoentropy Eq. (77) and entropy
Eq. (74) agree in this limit (as they do for continuous
dynamics). This agreement, in turn, implies that the bounds
for jump processes can also become saturated in this
continuum limit, exactly as they can be saturated for
continuous-space dynamics.

We now introduce jump rates for a given d-dimensional
continuous dynamics dx, = F(x,)dz + V2DdW, and
given Ax. For simplicity, we first consider dynamics
settling into an equilibrium for long times, i.e., F(x) =
—DVU(x) for some sufficiently confining potential U(x)
(in principle, the approach equally works for irreversible—
i.e., D”'F not a potential field—and even nonergodic
dynamics). Following Ref. [168], the rate from x to a
neighboring state x’ = x + Ax can be written for small
Ax as

= ADze < { U(x’)z—U(x)}
z%exp {—w} (175)

Note that there are other possible choices that give rise to
the correct continuum limit, which all give the same result
in the following calculations, since they have to agree up to
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second order for Ax — 0 [168]. Given a continuous-space
probability density p(x, ), the consistent discretization is
pe(7) ~ p(x,7)Ax?. To address the thermodynamic
entropy production defined in Eq. (74), note that (in the
following, the approximate symbol denotes equality for
Ax — 0)

() v

—In[p(x,7) + Vp(x,7) - Ax]

~ =Vin[p(x,7)] - Ax,

m("xx’)E‘* U7 _VU(x)- Ax/2 + VU(') - Ax/2

Tx'x
=-VU(x) - Ax,
px(T)rxx’>
In| —/—<~t ) =[-VU(x) - Vin[p(x,7)]- Ax
(2492} — 19U Gx) - Vinfp(rn)

_ &)

= Dpe.7) (176)
Similarly, we obtain

Px (T)rxx’ - px’<T) Tx'x
~ Ax!p(x, 7)rey — Ax?[p(x,7) + Vp(x,7) - Ax]ryy

~Axp(x,7)(re — rex — Vin[p(x,7)] - Ax)

~ Ax2Dp(x,7)(=VU(x) — VIn[p(x,7)]) - Ax

= Ax?2j(x,7) - Ax, (177)
and
Px (T) Iy + Py (T) I'x'x

~ Axdp(x’T)rxx’ + [p(x,‘l') =+ vp(x’7> ’ Ax]rx’x

~ AxT22Dp(x, 7). (178)

For the simple hypercubic lattice, the increment vectors Ax
to neighboring states are Ax = +Axe;. Here, e; with
ie{l,2,...,d} is a unit vector in the ith coordinate,
projecting onto individual components as j-Ax==j;Ax.
The relevant terms from the definitions in Eqs. (77) and
(74) for the pseudoentropy and entropy turn out to be

|

cov(pk, pi) = Iiyig g P(x. 730,75 0) = po(z30) pi('5 0)),

COV(.];(,/),{) = j;k’vlé[ﬂr>r'rxyp( ’

t
cov(]’{,]ﬁ):/ dTZK’;V(vr)Kﬁy(m)rxy(m)px(f; v)
0 X,y ’ .

+j,t<k,,<’[‘“r>r’rxy(v’[) ( )P(
(07 pi(ev)],

- rxy(UT)px(T; U)

i, 70)pi(750) + 1opry (vr)P(i, 7

o )il 0) + Ty (07 (07 P, ¥

3 o0 = )] n 2

2 Px (T> Ty'x
Jix.7)
~ Ax? 179
2Dp(x,7) (179)
[px<7)rxx’ — Px' (T)rx’x}2 ~ Axd ji(x’ T)2 ) (180)
Px (T) Tex' + Dy (T) Ty'x 2Dp(x, T)
A summation over i yields >°¢ | j:(x,7)* =j(x,7)%. Upon

summation over x,x’ as done in Eqs. (77) and (74) for the
pseudoentropy and entropy production, respectively, we find
that both quantities approach the continuous-space formula
for the entropy production in Eq. (72). Following Ref. [168],
one can directly extend the argument to nonisotropic
diffusion and nonconservative dynamics by using different
“pseudopotentials” for each entry of the vector F(x) and thus
the above statements about the limit generalize.

In particular, this implies that the inequality pseudoen-
tropy < entropy for jump processes becomes saturated in
the continuous limit (even far from equilibrium).

VII. TIME-DEPENDENT DRIVING

We now show how most of the results shown so far
generalize to systems with time-dependent driving (i.e.,
time-inhomogeneous systems), i.e., where the generator is
explicitly time-dependent L(wz) with some (constant)
protocol velocity ». Notably, this means that the propagator
is no longer time-translation invariant, P(i,7'|x,7;v) #
P(i,7 — 7|x,0; v), as it reads [4,60]

i) = {Texp{fdsL(vs)Hix, (181)

where 7 is the time-ordering operator. A straightforward
calculation reveals that the expressions for increment
correlations, Eqgs. (60), (62), and (67), observable cova-
riances Eq. (70), and transport bound Eq. (101) remain
unchanged apart from additional arguments for v. For
instance, the observable covariances become

P(i,7

¥ 7 0)py(750) = 1y (07) pa(s 0) pi(75 )],

¥, 730)py (73 0)
(182)
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where the functions V/*¥(vr)5 and x//*(vr) inside the
integration operator [ ! are time dependent as well.

However, this does not hold for the CTUR, as shown in
Refs. [59,60], since the TUR with time-dependent driving
reads [59,60]

[(t0, — Uav)<‘]t>]2 < ASiy (1)
var(J,) -2

, (183)

and thus requires some special care. The observable current
and entropy production entering Eq. (183) read
ry(v7)py (7))

AStot([) = /O
X, VF#EX )

J, = / " Tefie(vr) dn(7)].

=0

ryy(v7)Px (73 0)

drz rey(v7) pi(7;0) log
(184)

Note that, although we write dnr(z), the differential is not
independent of ». The dependence can be seen, e.g., in the
|

o) = [[a8 [ Vi) 1o S IPG30) = PGPl 550 (5507 (05 2y (07).

X,y

statistical properties, such as the mean (dn,(7)), _; =
Sixryy(v7)dz. However, as the differential dn(z) is
“observed” at time 7, regardless of v, we choose to suppress
the v argument. Central to the proof of the TUR for driven

systems is the identity [60]

" aeS o, P(i, 7
/ >locp(

= —(T’@T/ - 'Uav)pi(fl; U)'

X7 0)|p(zv)

(185)

With this identity, we can extend the time-dependent TUR
in Eq. (183) to also include densities,

=1
Pr = / erdT’
7=0

as well. To do so, we require (A,p,), which after some
simplification using Eq. (50) reads

(186)

(187)

Rearranging the inner sum (x, y), we find that Eq. (187) simplifies to

t 7 t 7
(A,p,)/ dr’/ dTZVi(UT/)P(i,T/l)C,T; )0, py(7;0) ——/ dr’/ dTZVi(vT/)[@P(i,T’|X,T; v)|px(z3v),
0 0 ix 0 0 ix

where we performed a partial integration over 7 to obtain the
result in the third line. The boundary term vanishes because
S P, dx, 75 0)p(dsv) = >0, P(i, 7|x, 0, 0) p,(0; v).
Using Eq. (185), the integral over 7 and sum over x vanish,
such that

t
)= [ &SV (0 = 00)p(e0). - (188)
0 i
Another integration by parts and recognizing 7', V;(v?') =
va, V;(v7') finally yields

(Aipy) = (10, — v9, — 1)(p,). (189)

Hence, the Cauchy-Schwarz inequality delivers (for the first
time) the CTUR for time-dependent driving

(A<J,> —et{[A-1] <,,,>}>2 as
S ot

varlJ, — c(1)p/] 2

. (190)

with differential operator A= td, — vd,. Notably, we are still
able to saturate the Cauchy-Schwarz inequality, although the
practical inaccessibility of the required transition weights and

state function remains. However, one may again optimize
the CTUR Eq. (190) with respect to ¢(¢). The results are again
given by Eq. (91), albeit with a(r) =A(J,) and
b(1) = (A= 1){p,).

Conversely, the correlation bound is not easily general-
izable to systems with time-dependent driving. Specifically,

since 74" explicitly depends on time 7 through F(z),
Eq. (185) cannot be applied to shift the time derivative of
the propagator. Hence, the expectation (B,C,) [see
Eq. (121)] does not reduce to an accessible quantity.

VIII. CONNECTION TO QUANTUM
UNRAVELING

Stochastic calculus has also found traction in the theory of
open quantum systems [139,169-172], i.e., in the context of
quantum unraveling. In the following, we provide some
insight into how the classical stochastic-calculus approach
presented here is connected to quantum unraveling. Before
doing so, we introduce some basic notation and theory.
Subsequently, we highlight the relation to our work.

Let p% be a rank-one matrix denoting a pure state in a
discrete-state open quantum system at time s. It evolves
according to the Belavkin equation [139]
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dpt = B(p! ds+Z<

where 7;(p!) = J;pJ7 with jump operator J; for the ith
quantum jump. The first term in Eq. (191) has the form

o —ps)dn”, (191)

B(pt) = —iH gp! +P?ﬁlff — pATr(—iH pt + ﬂ'slﬁ]iff)v
(192)

where the Hamiltonian A of the system enters through the
effective Hamiltonian Ho = H — (i/2) Y ; jjj ;- Finally,
dn;, is a stochastic differential (i.e., a sequence of step
functions) that takes values 1 if the ith transition occurs in
[s, s + ds] and O otherwise. Since the probability of more
than one transition in the interval ds vanishes faster than
ds [173], we have dndn; = §;;dii;, and di;ds = 0.
Furthermore, we have (dﬁu) = Tr[J;(p,)]. Taking the
average over noise histories in Eq. (191), the resulting
density matrix p, = (p¥) evolves according to the Lindblad
equation, often referred to as “quantum master equation”.

With this short insight into quantum stochastic differential
equations (SDEs), we now turn to the question of how these
concepts are related to the work we present in this article.
Since classical stochastic dynamics should correspond to a
special case of quantum open-system evolutions [174], one
may at first think that Eq. (46) describes the classical
counterpart to Eq. (191); they both aim to describe a
trajectory (the former a classical sequence of discrete states
and the latter the evolution of pure states in a Hilbert space)
and both include Poissonian noise dn and d7i, respectively.

However, Eq. (46) is not the classical counterpart to
Eq. (191), which can be seen from two observations:
(i) Eq. (46) is an SDE describing the evolution of transitions
and (ii) Eq. (191) is a “functional” of the transitions
describing the evolution of the states. Moreover,
Eq. (46) allows us to consider the (stochastic) evolution
of transitions occurring in a discrete system and further
enables us to form and study additive functionals of the
dynamics. Hence, using (i) enables us to study functionals
such as (ii). To be precise on this last point, we can
construct a classical functional of the transitions, which is
the classical counterpart to Eq. (191). It turns out that this
functional is simply dé, , = [d/(d7)]é, ,dz, see Eq. (A17).
Explicitly, using Eq. (46) in Eq. (A17) yields

o, = (dny, —dn,y)

y#X
— Z(ryxéxsyds - rxyéxxxds)
Y#EX
+ Z(dgyx - dgxy)‘ (193)
yEX

The first sum is the deterministic evolution of the state, i.e.,
the master operator acting on the “population vector” §, .

and the second sum is the zero-mean stochastic noise in the
system. Shifting the mean of the noise increments by
adding and subtracting ), ({dn,,) — (dn,,)) [this corre-

sponds to the trace terms in Eq. (191)], we recover the
classical analog of Eq. (191),

déx»,.x = Z(ryxéx\.yds - <dnyx> - rxyéxb,.xds + <an)>)
y#x

Z (dey, + (dny,) —de,
y#X

y = (dny,)). (194)

Indeed, taking the average of Eq. (193) with respect to the
noise history recovers the master equation, i.e., the classical
analog of the Lindblad equation, further showing the
correspondence between Eqs. (191) and (193).

For completeness, it should be mentioned that the
quantum analog of Eq. (46) has already been identified
in Ref. [60] as

dit;, = Tr[Ti(p,)]dt + d&;, (195)
where the noise d&;; corresponds to Eq. (45) and the statistical
properties can be evaluated in a similar fashion; (d&;,) = 0
and (dg;,dg;) = 6;;6(t — ¢')Tr[J;(p,)]dzd?’. While the con-
nection to the unraveling of the Lindblad equation and, thus,
the Belavkin equation is therefore established, the question of
how this, in turn, relates to the classical counterpart remains
elusive, further motivating our discussion here.

IX. OUTLOOK

We developed a stochastic calculus for pathwise observ-
ables (i.e., functionals) of Markov-jump processes that
unifies the different approaches to Markov-jump dynamics,
as well as the descriptions of diffusion and jump dynamics.
We presented the approach as an exact parallelism with the
continuous-space diffusion counterpart, starting from a
Langevin equation for Markov-jump processes together
with a central noise-time correlation lemma, defined gen-
eral pathwise observables and determined their complete
(co)variation structure, and identified (generalized) Green-
Kubo relations. The approach includes general transients
and time-inhomogeneous dynamics (e.g., time-dependent
driving). We used the stochastic calculus to prove directly
the known thermodynamic inequalities (TUR, correlation
TUR, transport bounds, bounds on correlations, etc.) in
their most general form and, afforded by the directness of
the approach, discussed their saturation conditions. We
showed that these inequalities follow directly from the
equations of motion, which establishes them as an inherent
property of stochastic (Markov-jump) equations of motion.

We further derived the response of any (generally path-
wise) observable to a general (including thermal) perturbation
and constructed a corresponding response-function formal-
ism for single-time as well as pathwise observables.
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Subsequently, we established the continuum limit to achieve
the complete unification of diffusion and jump dynamics.
Finally, we derived the classical analog of the Belavkin
equation and commented on the analogy with open quantum
systems. Our results ultimately place functionals of diffusion
and jump processes on an equal footing on the level
of individual stochastic realizations and hence achieve a
“contraction” of two, until now, disjoint frameworks in time-
averaged statistical mechanics. Our newly developed frame-
work has recently already been applied in Ref. [175].

The results enable, and are expected to inspire, new
directions of research. In particular, one may extend the
jump-dynamics results to account for dynamics in phase
space (i.e., momentum exchange) in the spirit of Ref. [176]
(see Chap. 11 therein) on the discrete-state side.
Conversely, one may also deepen the results on under-
damped dynamics (i.e., unify the transport bound and the
TUR derived in Ref. [126]). Moreover, we expect our
results to inspire research in the direction of discrete-state
analogs of generative diffusion models as in Refs. [71,177]
and the learning of stochastic thermodynamics from fluc-
tuating discrete-state trajectories as recently carried out for
diffusions in Ref. [178]. There the power of stochastic
calculus unfolds in a very prominent manner.
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APPENDIX: PROOFS AND DERIVATIONS

In this appendix, we provide some technical results that
are required to understand the detailed derivations, but are
not critical for a conceptual understanding of the results.

1. Proof of noise-time correlation lemma

To prove how the noise in Eq. (45) and time spent in a
state in Eq. (44) correlate, i.e., (de,,(7)dz;(7')), we consider
|

States

Lr4dr

T T+dT 7! Tim,e

FIG. 12. Visualization of the intermediate point considered in
the proof of the noise-time correlation lemma. The general idea to
evaluate the noise in x, at 7 and being in state x at time 7 > 7 is
to include the intermediate point x,, 4,.

three cases: The transition from x to y happens (i) before 7/,
(ii) at 7/, or (iii) after 7/, corresponding to 7 < 7/, 7 = 7/, and
7 > 7/, respectively. Specifically, we can write

<d8xy(1)d1,-(r’)> = 1],21/<d8xy(1)d1,-(1’)>

+ licr(deyy (7)dzi (7)), (A1)
where the first term can be written as
[ <d8xy (r)dz; (7))
=) deyp(dey)P(x.7li?)pi().  (A2)

deyy

=0

Since the system is Markovian, (ii) and (iii)) do not
contribute. Hence, without loss of generality, we can write

(deyy(r)dz; (7)) = Tocp (deyy (7)dr;(7')).

For small dz — 0, the noise increment can take only two
values,

(A3)

1 —rydr

—rydr

transition,

ey () = 5x,x<r>{ (Ad)

no transition.

These values occur with probability r,,dz and 1 —r,,dr,
respectively. Defining the state functlon

y transition,

ey (2)] = { (A3)

X no transition,

allows us to explicitly evaluate Eq. (A3) by introducing an
intermediate point (see Fig. 12), such that to leading order

(deyy (1)dr,(¢)) = Tocpdt Y pldey, (¢)]dey, (1) P(i. 7 |r[dey (7)]. 7 + do)p.(2)

dey (7)
‘r<‘r’ dT Px (T) xv (
‘r<‘r’dT [ (l’ T

— ryde)[P(i, 7|y, 7 + dr)
v, 7) = P(i,7

— P(i,”|x, 7 + d7)]
(A6)

7)|Pa(7)ryyd.
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2. Derivation of increment correlations
a. Jump-time correlations

We seek for an explicit expression for (dn,,(z)dz;(7')).
We can decompose this expectation using Eq. (46) as

<dnxy (T)dfi (T/) > = <d8xy (T)dfi (T/) > =+ rxy <de (T)Ti (T/) > .

(A7)
Using the last two equations in Eq. (49), we get
<dnxy (T)dri (T/)>
1 _P(i, Ty, T)p,
Sy L P Op )
+ HTZT/P( 5 i’T/)pi(Tl)' (Ag)

b. Jump-jump correlations

Similar to the jump-time correlation, we again decom-
pose the jump-jump correlation as

(dnyy(z)dn;(7)) = (deyy (z)de; (7))
+ iy (dri(7)dey; (7))
+ rij{dey (7)dz; (7))

+ ryri{de(D)n(@)). (A9)
Using Eq. (49) therefore yields
(dn,, (z)dn;(7'))
rjy ride(;’L'/ = 1ij0udy0(r = 7)pi()
—+ ﬂT<T/P(.’ ! va)pX(T)
+ 1o P(x 7)), 7)pi(e).  (A10)

3. From equations of motion to ensemble description

a. Continuous space: Langevin to Fokker-Planck
equations

To highlight the analogy between continuous- and
discrete-space dynamics, we first recapitulate how the
Fokker-Planck equation follows directly from the
Langevin equation in Eq. (39). The calculation is well
known (see, e.g., Ref. [132]). Let K(x) be an arbitrary test
function that is sufficiently smooth and obeys the boundary
conditions. Considering the expectation (Klx(1)]) =
J dxK(x)P(x, ) for the dummy function at some time
the temporal derivative can be evaluated using Itd’s
lemma [132]

(F(x)-VK(x)+V-DVK(x))

/dext

) VK(x) + V- DVK(x)].

(Al1)

Equivalently, the derivative can be written as

/ dK(x)=P(x.1).  (Al2)
By equating Eqs. (A11) and (A12), we find
/ de(x)ﬁP(x,z)
/ dxP(x,1)[F(x)- VK (x)+V-DVK (x)]
= / dxK (x)[-V{F(x)P(x,1)}+V-DVP(x,1)],  (Al3)

where we performed a partial integration to obtain the last
line [the boundary terms vanish by the properties assumed
on K(x)]. Since the above equation holds for any test
function K(x), we derived the Fokker-Planck equation
0,P(x,1) =

[V-DV - VF(x)|P(x.1). (Al4)

b. Discrete space: Jumps to master equation

To show how the master equation emerges from the
stochastic equations of motion in Eq. (46), we first need to
consider the indicator function 6, , of being in state x at
time 7. Consider &, , . = 6, , + [d/(d7)]6, dr + O(dz?),

where the derivative should be understood as

d
—6,, = lim
dr ™ dr—0* dr

5xr+drx B 5er

(A15)

By the nonexplosive property of MJPs [180], a finite
number of jumps occur in any finite time interval with
probability 1. Therefore, we do not need to consider any
higher-order correction, as the probability of a second
transition occurring in an infinitesimal increment vanishes.
The term [d/(d7)]6, ,dz can therefore take on values

0  no transition in[z, 7 4 dz],

d
d—5x1xdr =<1 x,=y#x,y->xin[r,z+dz], (Al6)
T
-1 x,=x,x—y#xin[z,r+dz].
As a consequence, we can write
d
Ol = > ldny,(z) —dny ()], (A17)

Y#EX

because, at most, one jump differential will be nonzero as
dr — 0. The probability of being in a state x at time 7 is
px(t) = (6y.y). Therefore,
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px<T + dT) - ( = <5x,+d1x =0 >

d
O, d
dT XX T>

(@
(> lan (0 -y (5] )
dy

Z[ wcpy( ) -

Y#X

rapa(@). (AIB)

Rearranging Eq. (A18) and taking the limit dz — 0 yields
the master equation (40) in a way equivalent to the Fokker-
Planck equation (A14).

4. Derivation of Eq. (84)
Starting from Eq. (83), we can simplify the sum over x, y

by using the symmetry of Z,, (z)[P(i, 7’|y, 7) — P(i,|x,7)]
to get

(A g = /dr/erK,, rijleey
XZ

/dr/ dTZK‘U rilecy

XZP i 7 Z[ x( )rxy_py(7>ryx]‘

V. Y#FX

—-P(i,7

i r’|y T )][px(T)rxy_py(T)ryX]

(A19)

With Eq. (40) and an integration by parts, Eq. (A19)
reduces to

(AJT)
- [ Y ) {-;Po: ?12.0)p,(0)
_Ald’[gpx(f)()r{})(i,’[/
+Ath';Kij(7)er

e}

00 [7'pi(7)]. (A20)

where we use that d,P(i,7|x,7) = —0,P(i,”|x,7),
0.1,y = —=0y1,_y, and [ drl,., =7. With another
integration by parts, the correlator finally becomes

+ IZKU ljpl

=10,(J,)

t
— | dy oyk;i(7)]rii0,
a3 orte @)

< JH

Ipile).  (A21)

5. Indispensability of the modified current

Consider a three-state system with generator

-4 2 1
(A22)

with eigenvalues 0, —4, —5. Let the current-defining tran-
sition weights be «;;(7) = e* (6,16, — 8,6;1). Figure 13
shows various quality factors of the transient system with
initial distribution p;(0) = (8;; + 26,,)/3; explicitly, the
generalized transport bound in Eq. (107), nonequilibrium
steady-state TUR, and the transient TUR in Eq. (86) with
and without modified current J,, see Eq. (85). As can be
seen in Fig. 13, one needs J, in order to ensure that the
bound Q < 1 is not violated. To leading order t9,(J,) ~ te*

for large ¢, while 19,(J,) — (J,) ~e*. Additionally,
ar(J,)AS, () ~ 1% for large ¢, so that
R
Var( )AStot(t) ’
(009~ (0))" 4
(A23)

var(J, )ASmt(t) - ?'

Hence, the inclusion of the modified current is indeed
necessary for the quality factor to remain bounded, as it

,ol"¥TB  *NESS
8 'With jt = No jt -
-~
Q
[av]
[
>
=
=
=
@)
0.00 025 050 075 1.00
t

FIG. 13. Validity and comparison of generalized transport bound
and various TUR quality factors. A three-state system with generator
Eq. (A22) and initial condition p;(0)=(8;; +25;;)/3. The tran-
sition weights is k;;(z) = €*(8;/6;» — 6,28;1). The black dashed
lines are the theoretical predictions to the corresponding numerical
quality factors of generalized transport bound Eq. (107) (blue),
nonequilibrium steady-state TUR (green), transient TUR with J,
(orange), and transient TUR without J, (red). A clear violation
(shaded red region) of Q < 1 is seen for the transient TUR without
J,. The inset shows the theory of the former three quality factors to
better visualize their values. The numerical values are extracted from
N =5 x 10° trajectories using the Gillespie algorithm.
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otherwise diverges for ¢t — oo, which obviously is a
violation of the upper bound of the quality factor. Note
that ¢ in Fig. 13 is not large enough to observe the r~! decay.

6. Long-time limit of driven ring
a. Integrated covariance

Here we present details on the large-7 limit of the
stationary correlation bound in Eq. (131) applied to the
driven ring of Sec. IV A with the assumption thate > 1. We
start by realizing that V2 =V_—(V,) = §(r)TAV with
6(t)" = (8,1.6,2.6,3.6,4) and AV=VA— (VA1 =
%(1, 1,—1,-1)". Hence, we can write

t 1 [t
/ drcovs[v;*,vof*]:Z / dtAVTP(2)AV,  (A24)
0 0

because pj = 1/4. Writing the propagator as

P(z) = <P1 (7) P2(7)>’

Pye) Py (A25)

with P;(z) are 2 x 2 matrices. Equation (A24) therefore
reads

t
/ drcov [VA, V5]
0

- 716 "de17 [P, (7) + Py(z) = Py(z) — P3(2)]1. (A26)
0

t
d VA VA = —
A TCOVS[ T 0] 16

All that remains is to evaluate the matrices P;(7) and solve
the integral. Consider the generator

—-1-—¢ 1 0 €
€ —1-¢ 1 0
L= . (A27)
0 € —-1-¢ 1
1 0 € —-1—-e€

which can be written as L = UEU~! with matrices

1 i —-i -1
1 -1 -1 1
U= ) , (A28)
1 - i -1
1 1 1 1
E = diag(0, A4, 43, 4,), (A29)
1 1 1 1
Ul — 1 - -1 i 1 (A30)
4147 -1 —i 1
1 1 -1 1

The eigenvalues of L are listed in Eq. (134). Hence, the
propagator is simply P(z) = Uexp {E7}U~" and Eq. (A26)
can explicitly be evaluated to be

4 t
/ dre"(1%¢) cos[z(e — 1)]
0

_ 1eT (1 + €)= (1 + €) cos[(e = 1)1] + (e = 1) sin[(e = 1)1])

4
11+4e€
_ —_—_ O _(]+€)l .
81+ ¢? (¢ )
b. (Pseudo)variance
Consider pvarf (VA) with the choice F(7)=

(VE +V)s/2, ice., the variance var,(V*), for the sta-
tionary driven four-state ring. The two-point probability is

0 ¢ 0 1
1 1 0 € O
ps — , A32
PP=4ero 1 0 e (A32)
e 0 1

2(1 +¢€?)
(A31)

since X, = (e = 1)*/(e + 1), p} =1/4, and, for x #y,
Z3, = (e = 1)*/(e + 1)*. Hence,

1
F= 2 1 2
4(1 + 6) < \,6./ + ~— + ~—
x=1,y=2 x=ly=4 x=2y=1
+ \6;./ + \1,/ + \i/)
x=2y=3  x=3y=2  x=4y=I

(A33)
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and similarly,

1
A AN2 —
<(vx+vy)>ps_4(l+€)< de, + 1+ 4
x=1y=2  x=ly=4 x=2,y=1
Pt
x=2,y=3 x=3y=2  x=4,y=1
=15, (A34)

so that
vary, (VA) <(V§ + V§)2> —4F? =0.5. (A35)
ps

We may immediately recognize that 0 < V¢ + V4§ < 2, the
former inequality saturates when x, y € {3,4} and the latter
inequality saturates when x,y € {1,2}. Thus, Popoviciu’s
inequality yields

var, (VA) < =1 (A36)

7. Physically motivated rates: Pseudopotential form

We specifically assume the transition rates to be of the
form [168]
=D, e Vo/T =

=D, Te Vv/T, (A37)

xy
where D,, is an edge-specific “diffusion coefficient” and
V, is a pseudopotential on the edge. This pseudopotential
allows for general nonequilibrium systems to be imple-
mented and therefore allows, under given conditions, for
taking the continuum limit. Temperature perturbations
enter the rates as

13y = Dy (T + 8)e™Vo/ T+, (A38)

By expanding Eq. (A38) around 6 = 0. we get
o, = ry 4+ DMeVo/Ts 4 O(82), (A39)
where DS =D, (14+V,/T), so that rd —r, =

DEle—Vn/T5 4 O(52).
Eq. (147) to obtain

050, = i (005 ) - (00}
(0w | S ey (s)).  (Ad0)

Note that we can remove the T in the bracket in the last line
if we assume the ny not to scale with temperature, i.e.,

We can plug everything into

only a perturbation in the exponential in Eq. (A38).
By identifying the effective drift —(V,, + 7)), the result
Eq. (A40) corresponds to the result from Ref. [137].

8. Perturbations of path observables

We already stated that Eq. (A40) is valid for both single-
time and path observables. The latter, however, perhaps
need some clarification in the context of evaluating expect-
ations over path ensembles. To clarify this, consider some
hollow matrix b,

s=t
Oo(t) :/ Tr[b” de(s)]. (A41)
s=0
In this case, Eq. (147) simplifies to
t
050, = /0 ds > by Fapa(s), (A42)

X, YF#X

which, in general, is nonzero. However, the definition of
the derivative in Eq. (140) contains averages of Eq. (A41).
One may, falsely, assume both averages to vanish [recall
that (de,,(z)) =0 for all x#y and r>0]. Only
(O(t)) =0, while (O(1))s #0, in general. To further
understand this, we can decompose Eq. (A41) into jump-
and dwell-time integrals using Eq. (47),

/ y D byydny(s)

X, YEX

/ D by rydr(

X, YFEX

(A43)

Taking the average with respect to the perturbed system, it
can be recognized that

0)s={ [5, botnn(s))
</ Zx#b Feyd( )>5

/dSme x‘px /dsszyrxypx

X, VF#X X, YFX

/ dstx) -

T'xy px( )
X, YF#X

Oy

/ ds Z bx} Fry Pi(s

X, VF#EX

)+ O(8%), (A44)

where p?(s) is the probability of x0 = x in the perturbed
system. The discrepancy of probabilities Ap, (s) =
Pi(s) — p.(s) in any state x at time s is O(5) [137], so
that p3(s) = p(s) + Ap.(s) = px(s) + O(5).
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Dividing Eq. (A44) by 6 and taking the limit 6 — 0
delivers Eq. (A42). In other words, it is important to
account for the perturbation in the stochastic differentials
only, since the observable is nominally independent of the
perturbation; i.e., by, and b, r,, in the first and second term
of Eq. (A43), respectively, are invariant under perturbations
(even though the unperturbed rates enter the latter term).

Now let the observable O(t) be a dwell-time integral

s=t
0@—/ gyds,

s=0

(A45)

with some state function g, = > 6, xgx. The response is

e —eli 4 5 / dset=ILe’s + O(2).  (A47)

To linear order in &, the probability is [4]

+5Z/ dsP(x, t|i, s)7;;P(j, s|n,0)p,(0)

i.j.n

t
t)+52/ dsP(x, t|i,S)7’jin(S)-
ij 70

Hence, the limit in Eq. (A46) reduces to

(A48)

1
S Y
050, = lim / dsng [px P, )} (A46) lim [Px( Pl } Z/ dzP(x, s]i,2)F;ip;(2),
(A49)
Using the Dyson identity for the perturbed generator L° =
L+ 6L + O(8%) with (L), ;= Fji [4] yields so that Eq. (A46) becomes
t N
0;0, :/ dsngZ/ dzP(x, s]i,2)F;ip;(2)
0 ~ 7)o
t N
= [ o530 [0z Cptnsi ()
0 x 0 i j#i
t
— [[ a0 [ a3 P sl (2) = Pl )
X i, j#i
t
—/ dsng/ dzz X, s — P(x, s]i,2)]7;;pi(z). (A50)
0 X ij#i

Conversely, employing Egs. (147) and (50) yields

050, = Z / dT/ dsT,_.g;7 x\px( )

1.X,y#x

x [P(i,ly, s)

which agrees with Eq. (A50).

Since the jump increments drn are a linear combination of
the dwell-time and noise increments, it follows immedi-
ately that Eq. (147) applies for jump-integrated observ-
ables, e.g., currents, as well.

Finally, although not explicitly written, the matrix b and
functions g; may also depend on time. Equations (A42) and
(A50) are written to readily accommodate for this.

— P(i,z|x, )], (AS1)

9. Time-dependent rates

The result in Eq. (147) easily allows for time-dependent
rates to be included. In fact, the Radon-Nikodym derivative

[

in Eq. (146) is already written in a form that allows one to
accommodate time-inhomogeneous dynamics. If 7,,(z)
depends on ¢, then it may even be seen as a time-dependent
perturbation.

10. Optimization of CTUR

In Fig. 14, we further elaborate on the influence of ¢(¢) in
the CTUR. The quality factor Q for the calmodulin system
(see Fig. 6) for currents with x(1?), k50, and k(%) (recall the
notation K'( = 66,1 — 6;6) and density with V,(z) =
83 18 shown in Figs. 14(a)-14(c). Various values of c(¢)
are used, including c(t) =0, c°(¢), and ¢™"(¢). The
absolute values of the considered c¢(f) are shown in
Figs. 14(d)-14(f). As can be easily seen, the behavior of
c?(¢) and ¢™"(¢) is highly nontrivial and changes greatly
in magnitude.
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FIG. 14. Quality factor of the CTUR in (a)-(c) using values of ¢(#) shown in (d)—(f) in the calmodulin model. The values of
c(t) = (1) + (y/5)[c*P'(t) — c™n(¢)] are shown for values —10 < y < 10, where y = —10 is black and y = 10 is yellow. The initial
condition is p;(0) = 8;¢ and the density uses V,(z) = &3 in each panel. The transition weights are k1% in (a), (d); k5% in (b), (e);
and k29 in (c), (f). The most optimal ¢ () = c°?'(¢) is marked by diamonds and the least optimal ¢(7) = ¢™"(¢) is marked by squares.
In (a)—(c), the Q for ¢ = 0 is included as a blue line.

11. Simulation parameters TABLE V. Overview of free energies for the four-state ring

with equilibrium rates.

TABLE III. Transition rates used in the calmodulin example
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4 -1 127.968
1->5 15.330
551 0.121
556 3.749
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