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Pathwise observables—functionals of stochastic trajectories—are at the heart of time-averaged statistical
mechanics and are central to thermodynamic inequalities such as uncertainty relations, speed limits, and
correlation bounds. They provide a means of thermodynamic inference in the typical situation, when not all
dissipative degrees of freedom in a system are experimentally accessible. So far, theories focusing on
pathwise observables have been developing in two major directions, diffusion processes and Markov-jump
dynamics, in a virtually disjoint manner. Moreover, even the respective results for diffusion and jump
dynamics were derived with a patchwork of different approaches that are predominantly indirect.
Stochastic calculus was recently shown to provide a direct approach to pathwise observables of diffusion
processes, while a corresponding framework for jump dynamics remained elusive. In our work, we
develop, in an exact parallelism with continuous-space diffusion, a complete stochastic calculus for
pathwise observables of Markov-jump processes. We formulate a “Langevin equation” for jump processes,
define general pathwise observables, and establish their covariation structure, whereby we fully account for
transients and time-inhomogeneous dynamics. We prove the known kinds of thermodynamic inequalities in
their most general form and discuss saturation conditions. We determine the response of pathwise
observables to general (including thermal) perturbations and introduce a corresponding response-function
formalism. We carry out the continuum limit to achieve the complete unification of diffusion and jump
dynamics. In addition, we connect the framework to quantum unraveling and the Belavkin equation for
open quantum systems, associating quantum and classical descriptions of thermal systems. Our results
open avenues in the direction of discrete-state analogs of generative diffusion models and the learning of
stochastic thermodynamics from fluctuating trajectories.
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I. INTRODUCTION

A large variety of systems in and out of equilibrium with
nominally discrete-state spaces, or with continuous-state
spaces but well-defined metastable states, can be accurately
and thermodynamically consistently described by Markov-
jump dynamics [1–19]. Intense research over the past
few decades has led to quite a deep understanding of
the (stochastic) thermodynamics [3,5,6,7,9,20–25] and

kinetics [24,26–35] of Markov dynamics under so-called
local detailed balance [6,11,36,37], including fluctuation
theorems [5,38–43], speed limits [44–51], thermody-
namic uncertainty relations (TURs) [9,52–61], anomalous
relaxation phenomena [32,62–64], nonequilibrium response
relations [4,18,65–71], and, recently, descriptions within the
framework of information geometry [21,30,30,31,64,72].
Froma practical perspective, state-of-the-art experiments,

in particular, single-particle tracking [73,74] and single-
molecule spectroscopy [75–79] probe stochastic time series.
Single-molecule techniques invariably track low, predomi-
nantly one-dimensional projections of high-dimensional
dynamics (e.g., Förster resonance energy transfer efficien-
cies reporting on the instantaneous distance between fluo-
rescent dyes [80–84], molecular extensions [77–79,84–88],
or on the instantaneous distance between plasmonic
particles [89,90] attached to the molecule). These projected
time series are typically analyzed by averaging along
individual realizations, thus giving rise to “pathwise
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observables” (i.e., functionals of stochastic paths) and
leading naturally to the field of time-averaged statistical
mechanics [73,91–95].
Currently, the quantity of central interest is typically the

thermodynamic cost—the total entropy production—of
nonequilibrium processes that may be considered as the
nonequilibrium “counterpart” of free energy. However, one
almost never has experimental access to all dissipative
degrees of freedom and therefore probes only coarse
observables (i.e., projections) of Markov-jump dynamics.
Diverse approaches have meanwhile been developed for
thermodynamic inference from coarse observations
[9,19,96–104]. Thermodynamic inequalities, that is,
diverse speed limits [44–51] and uncertainty relations
[9,52–61,105–109], in particular, attracted much attention,
as they provide a general means to infer a lower bound on
dissipation of the entire system from ameasured observable.
These “thermodynamical inequalities” invarious forms (and
valid under different conditions) provide important insight
into how dissipation bounds fluctuations [52–61],
transport [45,46,51,110], and correlations [111–114] and,
in turn, allow for efficient thermodynamic inference based
on (generally coarse) observables. In addition to these three
major classes of thermodynamic inequalities, alternative
inference methods have been developed as well, based on
the kinetic uncertainty relation [54], statistics of waiting
times [97,115], first-passage times [26,53,55,116], via the
so-called variance-sum rule [117,118], from the statistics of
coarsely observed trajectories [100,104,119], and others.
However, despite the general consensus about their

importance and applicability, there is no unified approach
to deriving and proving the above results. For example,
there are strategies involving the Cramér-Rao inequality
[54,57,120–122], a variational approach [113], the scaled
cumulant-generating function [59], large-deviation theory
[123,124], and the master fluctuation theorem [56], to name
a few. Because the above methods are generally indirect,
not much is known about the sharpness and conditions
required to saturate the various inequalities.
In the case of diffusion processes, a direct method

based on stochastic calculus was recently introduced
[51,61,71,114,125,126], which allows for a direct and
unified approach. While the mathematical intricacies in
correctly handling nowhere differentiable functions still
seem to pose a barrier to the proliferation of the above ideas
into the physics literature, the underlying concept of Itô
calculus is well established.
In contrast, Markov-jump processes enjoy a much

greater popularity in physics and, in particular, in stochastic
thermodynamics [6,8,9,23,127]. Here, master-equation
approaches [3,29,128] (and corresponding “quantum
Hamiltonian” analogy [129]) and Feynman-Kac “tilting”
[95,130], as well as approaches relying on path measures
[6,20,22,131] are widely adopted in the community.
Nevertheless, as far as proving thermodynamic

inequalities is concerned, these methods are not direct
and do not provide insight about the sharpness and
saturation conditions. A stochastic-calculus approach in
the spirit of Refs. [51,61,71,114,125,126] is therefore
desired to provide a unification of results for diffusion
and Markov-jump dynamics and, specifically, of different
approaches to Markov-jump dynamics.
The first steps in this direction, instigated in the appendix

of Ref. [61], have indeed already been made in the context
of TURs [60] and linear response [70]. However, the full
battery of results, which is required for a true unification
and for the approach to be able to compete with existing
methods, remains to be developed.
Here, we carry out the complete program. We develop, in

exact parallelism with the continuous diffusion counterpart,
the stochastic equations of motion—a Langevin equation for
Markov-jump processes with a central noise-time correlation
lemma—and define general pathwise observables (i.e., den-
sities and currents). The results are throughout presented in
direct analogy with the continuous-space framework. We
allow for time-inhomogeneous dynamics (e.g., time-
dependent driving). Equivalent to diffusions [96],
Stratonovich increments emerge that govern current-type
observables and allow for a direct proof of the complete
covariations (including in transients) of general density and
current observables that take the formof (generalized)Green-
Kubo relations. We use the developed stochastic calculus to
prove directly the known thermodynamic inequalities (TUR,
correlation TUR, transport bounds, bounds on correlations,
etc.) in their most general form, assess their sharpness, and
establish the respective saturation conditions.Moreover, fully
within the continuous-space stochastic-calculus approach
[71], we derive the response of an observable to general
(including thermal) perturbations for Markov-jump dynam-
ics. Finally, we carry out the continuum limit to achieve the
unification of diffusion and jump dynamics. We conclude
with an outlook on open questions and future directions.
Themanuscript is structured as follows. In Sec. II, we first

provide a summary of our main results. Next, in Sec. III, we
develop the stochastic calculus for jump processes, formal-
ize general pathwise observables and establish their com-
plete covariation structure. In Sec. IV, we use the stochastic
calculus to prove the (quite complete) list of thermodynamic
inequalities in their most general form and apply them to
thermodynamic inference on a selection of biophysical
model systems. Following this, we show in Sec. V how
the stochastic calculus can be applied to derive results for the
response to general perturbations for discrete-state systems,
establish the corresponding response-function formalism,
and show how this relates to the fluctuation-dissipation
theorem in equilibrium. In Sec. VI, we take the continuum
limit to show the equivalence of stochastic calculi for
continuous- and discrete-state systems and, in Sec. VII,
we extend the results to time-inhomogeneous dynamics.
Subsequently, in Sec. VIII, we discuss how the classical
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stochastic-calculus approach is connected to quantum
unraveling and the (discrete) Belavkin equation and state
its classical analog.We conclude in Sec. IXwith an outlook.
The mathematical proofs of the noise-time correlation
lemma and increment correlations, and other technical
details, are given in the Appendix.

II. SUMMARY OF MAIN RESULTS

We aim to bridge the gap between continuous-space
dynamics and Markov jump processes (MJPs) using
stochastic calculus. Throughout, we will develop the results
for MJPs in analogy with those of diffusions; all results will
therefore be shown in parallel to make the analogy as clear
and natural as possible. The central results of the stochastic
calculus for continuous-space diffusion and Markov-jump
processes are highlighted in Fig. 1.
In the context of continuous-space dynamics, we will

focus on overdamped Langevin dynamics in d dimensions
governed by [6,61,132,133]

dxτ ¼ FðxτÞdτ þ σdWτ; ð1Þ

for the d-dimensional position xτ in a drift field FðxτÞ
subject to thermal noise σdWτ, where dWτ are increments
of the d-dimensional Wiener process (i.e., d-dimensional
“white noise”), with hdWτi ¼ 0 and hðdWτÞiðdWτ0 Þji ¼
δijδðτ − τ0Þdτdτ0, and σ is the noise amplitude assumed to
have full rank (nonzero determinant). In Sec. VII, we will
also allow for time-inhomogeneous (temporally driven)
dynamics, while, for clarity, we will develop the results
within the time-homogeneous setting.
We will prove in Sec. III that trajectories xτ of MJPs

follow the matrix stochastic differential equation (i.e., a
“discrete-space Langevin equation”)

dnðτÞ ¼ Rðxτ; τÞdτ þ dεðτÞ; ð2Þ

where the displacements have elements ½dnðτÞ�xy ¼
dnxyðτÞ describing jumps from state x to y in ½τ; τ þ dτ�.
The matrix ½Rðxτ; τÞ�xydτ ¼ δxτxrxydτ encodes the expected
(average) drift in ½τ; τ þ dτ� with time-independent tran-
sition rate rxy [following from the corresponding master

FIG. 1. Comparison of key quantities in continuous and discrete space, namely, the equations ofmotion, noise statistics, fundamental path
observables, thermodynamic bounds, fluctuation-scale function, and response to perturbations (including temperature changes).
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equation with generator ðLÞxy ¼ −δxy
P

y≠x rxy þ
ð1 − δxyÞryx], and the noise is encoded in the time-inho-
mogeneous shifted Poisson process ½dεðτÞ�xy ¼ dεxyðτÞ
[10,60,61,134]. This noise has zero mean hdεxyðτÞi ¼ 0

and the white noise property hdεxyðτÞdεijðτ0Þixτ¼k ¼
δixδjyδikδðτ − τ0Þrijdτdτ0, where the expectation is condi-
tioned on xτ ¼ k. The Kronecker δ’s show that the noise
increments on different edges are independent and only
diagonal elements survive, e.g., hdεijðτÞdεijðτ0Þixτ¼k ¼
δikδðτ − τ0Þrijdτdτ0. Moreover, since jdεijj ∼

ffiffiffiffiffi
dτ

p
, higher

moments scale as jdεijjn ∼ ðdτÞn=2, so that all higher
moments and cumulants with n ≥ 3 vanish for small dτ.
Note that the Langevin Eq. (2) has already been introduced
in Ref. [60].
We prove the central time-noise correlation lemma with

dτiðτÞ ¼ δxτidτ,

hdεklðτÞdτiðτ0Þixτ¼x

dτdτ0

¼ δxk1τ<τ0 ½Pði; τ0jl; τÞ − Pði; τ0jk; τÞ�rkl þOðdτÞ; ð3Þ

which gives access to nontrivial correlations between
differentials in Eq. (2)

hdnxyðτ0ÞdτiðτÞixτ0¼x
xτ¼i ¼ rxyPðx; τ0ji; τÞpiðτÞdτdτ0;

hdnxyðτÞdτiðτ0Þixτ0¼i
xτ¼x ¼ rxyPði; τ0; jy; τÞpxðτÞdτdτ0;

hdnxyðτÞdnijðτ0Þixτ0¼i
xτ¼x ¼ rijrxyPði; τ0; jy; τÞpxðτÞdτdτ0; ð4Þ

where Pðx; τ0ji; τÞ is the transition probability (i.e., the
“propagator”) from state i at τ to state x at τ0 ≥ τ and piðτÞ
is the probability to find the system in state i at time τ. Note
that the averages are “pinned,” e.g., h·ixτ0¼x

xτ¼i is the average
conditioned on xτ ¼ i and xτ0 ¼ x at times τ ≤ τ0. The
above correlations were shown in Ref. [60] using a different
approach.
These correlations are required for the covariation

structure of observables, such as currents and densities.
Specifically, time-integrated currents are defined as [61]

Jct ¼
Z

τ¼t

τ¼0

Uðxτ; τÞT ∘ dxτ; ðStratonovichÞ

Jt ¼
Z

τ¼t

τ¼0

Tr½κðτÞTdnðτÞ�; ð5Þ

for continuous-space and MJPs, respectively, where the
former is a Stratonovich integral over some vector-valued
Uðxτ; τÞ and the T denotes the transpose. Recall that the
Stratonovich integral is a Riemann-Stieltjes-type integral
defined as the limit of functions evaluated at midpoints,
e.g., f ðxτÞT ∘ dxτ ¼ f ð½xτþdτ þ xτ�=2ÞTðxτþdτ − xτÞ. To
give an intuition for U, consider the example ½Uðxτ; τÞ�i ¼
1xτ ∈ f−h=2;h=2gd the indicator-valued vector being nonzero if

xτ is in the hypercube with side length h, then the current
“counts up” the displacement of the trajectory fxτg0≤τ≤t in
that hypercube. Note the superscript “c” throughout this
manuscript refers to continuous-space quantities, and we
write superscript (c) as a placeholder when the correspond-
ing relation is valid in both continuous- and discrete-space
systems. For MJPs, the transitions are weighted by a time-
dependent antisymmetric transition weight κðτÞ ¼ −κðτÞ,
which ensures a sign change in the current when reversing
time [6]. Hence, we identify “Stratonovich integrals for
MJPs” as integrals over traces of a two-point function and
the jump increments. The above currents naturally decom-
pose into a stochastic and “usual” integral [61],

JðcÞt ¼ JðcÞ;It þ JðcÞ;IIt , where the stochastic part is

JðcÞ;It ¼
Z

τ¼t

τ¼0

Uðxτ; τÞTσdWτ ðItôÞ

JIt ¼
Z

τ¼t

τ¼0

Tr½κðτÞTdεðτÞ�; ð6Þ

respectively, while the usual part reads JðcÞ;IIt ¼ R
t
0 U

ðcÞ
τ dτ,

where Uc
τ ≡ Uðxτ; τÞTFðxτÞ þ∇ · ½DUðxτ; τÞ�, D ¼ σσT=2

is the diffusion matrix, and Uτ ≡ Tr½κðτÞTRðxτÞ�. Thus, we
identify in the second line of Eq. (6) the Itô-type integral for
observables of MJPs by analogy to diffusions.
Similarly, time-integrated densities are defined as [61]

ρct ¼
Z

t

0

dτVðxτ; τÞ;

ρt ¼
Z

τ¼t

τ¼0

Vτdτ; ð7Þ

for continuous and discrete dynamics, respectively, where
Vðxτ; τÞ and Vτ ≡ Vðxτ; τÞ ¼

P
k δxτkVkðτÞ are scalar-

valued functions.
(Co)variances of stationary densities and currents can be

expressed in terms of integral operators [96,133]

Î t;c
M;N ½·� ¼

Z
t

0

dτ
Z

t

τ
dτ0

Z
dz

Z
dz0MðzÞT ½·�Nðz0Þ;

ÎtGα;Gβ ½·� ¼
Z

t

0

dτ
Z

t

τ
dτ0

X
x;y

Gα
xy

X
i;j

Gβ
ij½·�; ð8Þ

for continuous and discrete dynamics, respectively. The
operator in the first line of Eq. (8) is already known

[96,125]. For XðcÞ
t ∈ fJðcÞt;k ; ρ

ðcÞ
t;kg and YðcÞ

t ∈ fJðcÞt;l ; ρ
ðcÞ
t;l g,

k; l∈ f1; 2g, we find

covðXc
t ; Yc

t Þ ¼ Î t;c
X;Y ½Ξzz0

m � − hXc
t ihYc

t i;
covðXt; YtÞ ¼ ÎtGX;GY ½Ξm

ijxy� − hXtihYti; ð9Þ
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where XðcÞ
t ; YðcÞ

t are the appropriate pathwise observables
andGX,GY functions that define them (e.g., κ in the case of
currents for MJPs). Moreover, m∈ f1; 2; 3g indicates
density-density (m ¼ 1), current-density (m ¼ 2), and
current-current (m ¼ 3) covariances. For the density

covariance (m ¼ 1), XðcÞ
t ¼ ρðcÞt;k and YðcÞ

t ¼ ρðcÞt;l , we get

Ξzz0
1 ¼ h1ixτ0¼z0

xτ¼z þ h1ixτ0¼z
xτ¼z0 ;

Ξ1
ijxy ¼

hdτxðτÞdτiðτ0Þixτ0¼i
xτ¼x

dτdτ0
þ hdτiðτÞdτxðτ0Þixτ0¼x

xτ¼i

dτdτ0
; ð10Þ

for current-density covariances (m ¼ 2), we recover

Ξzz0
2 ¼ h∘ dxτixτ0¼z0

xτ¼z

dτ
þ
h∘ dxτ0 ixτ0¼z

xτ¼z0

dτ0
;

Ξ2
ijxy ¼

hdnxyðτÞdτiðτ0Þixτ0¼i
xτ¼x

dτdτ0
þ hdnxyðτ0ÞdτiðτÞixτ0¼x

xτ¼i

dτdτ0
; ð11Þ

and for the current-current covariance (m ¼ 3), we find

Ξzz0
3 ¼h∘dxτ∘dxTτ0 ixτ0¼z0

xτ¼z

dτdτ0
þ
h∘dxτ0 ∘dxTτ ixτ0¼z

xτ¼z0

dτdτ0

Ξ3
ijxy¼

hdnxyðτÞdnijðτ0Þixτ0¼i
xτ¼x

dτdτ0
þhdnxyðτ0ÞdnijðτÞixτ0¼x

xτ¼i

dτdτ0
: ð12Þ

These above correlations can all be evaluated explicitly. For
MJPs, we find, using

R
t
0 dτ

R
τ
0 dτ

0 →
R
t
0 dt

0ðt − t0Þ [96], that

covðρt;k;ρt;lÞ¼ ÎtVkδ;Vlδ½Psðx;τ; i;τ0ÞþPsðx;τ0; i;τÞ−ps
xps

i �;
covðJt;k;ρt;lÞ¼ Îtκk;Vlδ½ĵxyPðx;t0jiÞps

i

þ ĵ‡yxPði; t0jyÞps
y−Jsxyps

i �;
covðJt;k;Jt;lÞ¼ t

X
x;y

κkxyκ
l
xyrxyps

xþ Îtκk;κl ½ĵxyĵ‡jiPðx;t0jjÞps
j

þ ĵijĵ
‡
yxPði; t0jyÞps

y−JsxyJsij�; ð13Þ

where Vα=βδ is a shorthand notation for Vα=β
i δij, Jsxy is the

local steady-state current between x and y, and ĵ‡xy is the so-
called dual-reverse current operator (reversed steady-state
current) [96,125,133], which for MJPs reads ĵxy ¼ rxy →
ĵ‡xy ¼ ryxps

y=ps
x [6]. In Eq. (13), the joint stationary

probabilities for state x at τ and i at τ0 are denoted
Psðx; τ; i; τ0Þ, while the marginal stationary distribution
to be in a state x is ps

x. Additionally, we use the fact that
the propagator for time-homogeneous systems is time-
translation invariant Pði;τ0jx;τÞ¼Pði;τ0−τjxÞ. The results
for continuous-space diffusion are given in Refs. [96,125].
For stationary initial conditions and with time-independent
state function and transition weights, Eq. (13) have the
form of generalized Green-Kubo-like relations, in the sense

that they relate (co)variances of observables to time
integrals of (generalized) correlation functions of density
and current observables (see Refs. [96,133] for a discussion
of diffusion processes). Notably, Eq. (13) have a striking
similarity to the continuous-space expressions [96,133].
Later, we show how to generalize Eq. (13) to include time-
dependent transition weights and state functions, as well as
transient dynamics.

A. Thermodynamic inequalities

Since we now have a stochastic calculus for MJPs at our
disposal (including fluctuation and correlation relations), we
can employ the same strategy as in Ref. [61] and derive
thermodynamic inequalities from the Cauchy-Schwarz
inequality by appropriately choosing an auxiliary functional.
The first family of inequalities we prove in Sec. IV are
generalized (including transient) correlation TURs [57,61],

�
t∂thJðcÞt i − hJ̃ðcÞt i − cðtÞ

n
½t∂t − 1�hρðcÞt i − hρ̃ðcÞt i

o�2

var
�
JðcÞt − cðtÞρðcÞt

�

≤
ΔSðcÞtot ðtÞ

2
; ð14Þ

where cðtÞ∶R → R is a deterministic weight function for the

density and ΔSðcÞtot is the discrete (continuous) space entropy
production [5]

ΔSctotðtÞ ¼
Z

t

0

dτ
Z

dx
jðx; τÞTD−1jðx; τÞ

Pðx; τÞ ; ð15Þ

ΔStotðtÞ ¼
Z

t

0

dτ
X
i;j

rijpiðτÞ log
rijpiðτÞ
rjipjðτÞ

: ð16Þ

Here, jðx;τÞ¼ ½FðxÞ−D∇�Pðx;τÞ is the probability current
entering the Fokker-Planck equation. In analogy with
Ref. [61], we introduced the discrete-space modified time-
integrated density and current ρ̃t ¼

R
τ¼t
τ¼0 τ∂τVτdτ and

J̃t ¼
R
τ¼t
τ¼0 τTr½½∂τκðτÞ�TdnðτÞ� that account for the

dependence of ViðτÞ and κðτÞ on τ. To compare, the
continuous-space modified current and density read J̃ct ¼R
τ¼t
τ¼0 τ∂τUðxτ; τÞT ∘ dxτ and ρ̃ct ¼

R
t
0 τ∂τVðxτ; τÞdτ, respec-

tively. The transient correlationTUR forMJPs inEq. (14) has
not yet been proven in this generality since previous results
were restricted to steady states [57] or did not consider
correlations [135].
Setting cðtÞ ¼ 0, we recover the transient TUR. The

correlation TUR (CTUR) (in contrast to the TUR) allows
one to turn the Cauchy-Schwarz inequality into an equality
for all times, given a suitable choice of Vτ and κðτÞ. This
choice, however, requires explicit and detailed information
about the system and is therefore not applicable in most
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realistic applications. We can, nevertheless, optimize
Eq. (14) with respect to cðtÞ for given Vτ and κðτÞ to find

c�ðtÞ ¼ aðtÞcovðρt; JtÞ − bðtÞvarðJtÞ
aðtÞvarðρtÞ − bðtÞcovðρt; JtÞ

; ð17Þ

where aðtÞ¼ t∂thJðcÞt i−hJ̃ðcÞt i and bðtÞ¼½t∂t−1�hρðcÞt i−
hρ̃ðcÞt i. Note that this optimal CTUR contains only opera-
tionally accessible quantities and affords an improved
thermodynamic inference compared to using currents or
densities alone. Interestingly, in contrast to the steady-state
result [57], choosing an arbitrary cðtÞ may even deteriorate
the inference compared to the bare current or density TURs.
The second thermodynamic inequality we prove is the

thermodynamic bound on the transport of any scalar
observable zτ ≡ zðxτ; τÞ [51],

hzt − z0 −
R
t
0 dτ∂τzτi2

tDðcÞ
t

≤
ΔSðcÞtot

2
; ð18Þ

where in continuous space it was shown [51,113] that

Dc
t ¼

1

t

Z
t

0

dτ

�
½∇xzτ�Tγ−1ðτÞ∇xzτ

�
; ð19Þ

while for MJPs we find

Dt ≡ 1

t

Z
t

0

dτ
X
x;y

½zyðτÞ − zxðτÞ�2rxypxðτÞ: ð20Þ

Here, DðcÞ
t is the so-called “fluctuation-scale function”

accounting for how much the observation stretches micro-
scopic coordinates. For example, note that stretching zτ ↦
azτ for some constant a∈R does not alter Eq. (18), as the

stretch in the nominator is canceled by the change in DðcÞ
t .

In Eq. (20), zxðτÞ is the specific value of the function zτ if
xτ ¼ x, i.e., zτ ≡ zðxτ; τÞ ¼

P
k δxτkzkðτÞ. The fluctuation-

scale function for both continuous- and discrete-space
dynamics is operationally accessible by considering incre-
ments dzðτÞ ¼ zðxτþdτ; τ þ dτÞ − zðxτ; τÞ along a trajectory
and recognizing (as in continuous space [51,113]) that

DðcÞ
t ¼ 1

t

Z
τ¼t

τ¼0

var½dzðτÞ�: ð21Þ

Contrary to the CTUR, the transport bound cannot be
saturated, in general. We provide a counterexample to
illustrate how an attempt to saturate Eq. (17), in gen-
eral, fails.
The last family of thermodynamic bounds we prove are

thermodynamic bounds on observable correlations (or, in
short, “correlation bounds”) as a generalization of the
bounds in Ref. [113]. It involves correlations of time-
independent observables Vτ ≡ VðxτÞ ¼

P
k δxτkVk and

zτ ≡ zðxτÞ ¼
P

k δxτkzk and their time average along a
trajectory, e.g., V̄t ¼ t−1

R
t
0 Vτdτ, resulting in a lower bound

of the integrated entropy production rate ṠtotðτÞ weighted
by a “pseudovariance” pvarFpsðzτÞ ¼

P
x;y p

ps
xyðτÞ½zx þ

zy − 2FðτÞ�2 [114],

	
2covðVt; z̄tÞ− 2

t

R
t
0 dτcovðVτ;zτÞ



2

tvarðV̄tÞ
−Dt

þ2

t
½varðztÞ−varðz0Þ�≤

1

t

Z
t

0

dτṠtotðτÞpvarFpsðzτÞ; ð22Þ

where FðτÞ may be any time-(in)dependent function. The
tilted two-point probability,

pps
xyðτÞ ¼ pxðτÞrxyZxyðτÞ2

Σps
; ð23Þ

where ZxyðsÞ¼½rxypxðτÞ−ryxpyðτÞ�=½rxypxðτÞþryxpyðτÞ�
and Σps ¼

P
x;y pxðτÞrxyZxyðτÞ2, requires knowledge about

transition rates, hence the pseudovariance is not operation-
ally accessible. However, it can be controlled by choosing
bounded observables. From the expression Eq. (23), we can
see that pps

xyðτÞ tilts the probability weight onto dissipating
transitions. Hence, the pseudovariance projects the observ-
able onto dissipating transitions. Further, we emphasize
that the pseudovariance is a mathematical construct, which
needs to be bounded further, hence the physical interpre-
tation is not relevant. In nonequilibrium steady states
(NESS), Eq. (22) reads

4½covðVt; z̄tÞ−covsðV;zÞ�2
tvarðV̄tÞ

−Dt ≤
ΔStotðtÞ

2t
pvarFpsðzÞ: ð24Þ

In Sec. IV, we provide an example to showcase how the
correlation bound can be applied to systems where both the
CTUR and transport bound fail to infer a nonzero entropy
production.

B. Time-inhomogeneous dynamics

The generalization of the above results to systems
exposed to time-dependent driving with constant protocol
speed v [altering the generator as L → LðvτÞ] is in most
cases straightforward. Indeed, the covariation results
Eq. (9), the CTUR Eq. (14), and the transport bound
Eq. (18) generalize immediately. While the results for the
covariation and the transport bound remain unaltered (up to
the obvious change in the expectation operation h·i), the
CTUR becomes altered with the differential operator Λ̂≡
t∂t − v∂v and reads

�
Λ̂hJti − cðtÞ�	Λ̂ − 1


hρti
�2
var½Jt − cðtÞρt�

≤
ΔStot
2

: ð25Þ
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Conversely, the correlation bound does not easily general-
ize to include time-dependent driving.

C. Response to external perturbations

The response of a single-time observable OðtÞ of a
continuous-space diffusion to a perturbation in the
noise amplitude, which effectively is a temperature
perturbation [136], σ → σ þ δσ̃ with perturbation noise
amplitude σ̃ was recently derived using stochastic calculus
and reads [137]

∂δOt ≡ lim
δ→0

1

δ
ðhOðtÞiδ − hOðtÞiÞ ð26Þ

¼ −
�
OðtÞ

Z
s¼t

s¼0

σðxs; sÞ−1b0effðxs; sÞdWs

�
; ð27Þ

where h·i is the average with respect to the unperturbed
process in Eq. (1) [now with multiplicative noise σðx; τÞ]
and h·iδ is the average with respect to the perturbed process

dxδτ ¼ FðxδτÞdτ þ
h
σðxδτ ; τÞ þ δσ̃ðxδτ ; τÞ

i
dWτ: ð28Þ

The effective drift ½b0effðx; sÞ�i ¼ 1
2
½Σðx; sÞs0ðx; sÞ�i þ

1
2

P
j ∂xjΣijðx; sÞ can be written in terms of the score

function s0ðx; tÞ ¼ ∇x logpðx; tÞ of the instantaneous
probability distribution of xτ in Eq. (1) and Σ ¼
σσ̃T þ σ̃σT [137].
We derive the equivalent results for MJPs perturbing a

general control parameter χ → χ þ δ, where we find that
Eq. (26) takes the form

∂δOt ¼
�
OðtÞ

Z
s¼t

s¼0

X
x;y≠x

r̃xy
rxy

dεxyðsÞ
�
; ð29Þ

where the unperturbed system evolves according to Eq. (2),
whereas the perturbed system obeys

dnδðτÞ ¼ RδðxδτÞdτ þ dεδðτÞ; ð30Þ

with rates rδxy perturbed as

rδxy ¼ rxy þ δr̃xy þOðδ2Þ: ð31Þ

Note that similar results have recently been obtained with a
martingale approach [138].
For equilibrium systems where

rxy ¼ DeðλEx−ð1−λÞEyÞ=T; ð32Þ

with mixing parameter λ∈ ½0; 1� and free energies Ex of
state x, we find that Eq. (29) for temperature perturbations
T → T þ δ equals the equilibrium correlation function ofO
and free energy E,

∂δOt ¼
1

T2
ðhOEieq − hOðtÞEð0ÞieqÞ≡ 1

T2
COEðtÞ: ð33Þ

The result in Eq. (29) relates the response to an
observable O to a general small perturbation of the
dynamics to correlation functions of the unperturbed
dynamics (which, notably, for both MJPs and diffusions
are not necessarily operationally accessible). In the case of
equilibrium dynamics, Eq. (29) reduces to the fluctuation-
dissipation theorem (FDT) in Eq. (33). Therefore, Eq. (29)
can in some sense be seen as a (mathematical) extension of
the FDT to irreversible and transient systems.
We further generalize the response in Eq. (29) to

perturbations of pathwise observables of MJPs (see
Appendix A 8). Without loss of generality, we set

O1ðtÞ ¼
Z

s¼t

s¼0

Tr½bðsÞTdεðsÞ�;

O2ðtÞ ¼
Z

t

0

gsds;

for some time-dependent hollow matrix bðsÞ and state
function gs ≡P

x δxsxgxðsÞ. For a perturbation strength
hðsÞ, i.e., rxy → rxy þ hðsÞr̃xy, the result Eq. (29) for
OpðtÞ ¼ O1ðtÞ þO2ðtÞ and its pathwise extension in
Sec. V C 3 can be recast into the familiar response-function
formalism

ΔOpðtÞ≡ hOpðtÞih − hOpðtÞi

¼
Z

t

0

dshðsÞχOp
ðt; sÞ þOðh2Þ; ð34Þ

with response function χOp
ðt; sÞ,

χOp
ðt; sÞ ¼ χO1

ðt; sÞ þ χO2
ðt; sÞ

¼ 1s<t

X
x;y≠x

bxyðsÞr̃xypxðsÞ

þ
Z

t

0

d1z>shgzRðsÞi; ð35Þ

with RxðsÞ ¼
P

y r̃yxpyðsÞ=pxðsÞ.
The results in Eqs. (27) and (29) may be useful in the

context of computer simulations of high-dimensional
systems, where knowing the drift, diffusivity, and dWs
(and their discrete-state counterparts) allows one to evalu-
ate perturbations without the need to solve the high-
dimensional Fokker-Planck (or master) equation of the
perturbed system. In this context, Eq. (29) is expected to be
useful, e.g., when the diagonalization of the transition
matrix becomes computationally too demanding.
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D. Stochastic calculus and open quantum systems

Open discrete quantum systems coupled to a thermal
bath are described by the Belavkin equation [139]

dρus ¼ BðρusÞdsþ
X
i

�
J iðρusÞ

Tr½J iðρusÞ�
− ρus

�
dñis; ð36Þ

where the pure state ρus is a rank-one matrix and J iðρusÞ ¼
Ĵiρus Ĵ

†
i with jump operator Ĵi for the ith quantum jump. The

deterministic drift in Eq. (36) has the form

BðρusÞ ¼ −iĤeffρ
u
s þ ρusĤ

†
eff

− ρusTrð−iĤeffρ
u
s þ ρusĤ

†
effÞ; ð37Þ

where the effective Hamiltonian Ĥeff ¼ Ĥ − ði=2ÞPj Ĵ
†
j Ĵj

includes the Hamiltonian Ĥ and dñis is a stochastic
differential that takes values of 1 if the ith transition occurs
in ½s; sþ ds� and 0 otherwise. The statistical properties of
the noise are hdñisi ¼ Tr½J iðρsÞ� and dñisdñjs ¼ δijdñis.
We show that the classical analog to Eq. (36) reads

dδxsx ¼
X
y≠x

ðryxδxsyds − hdnyxi − rxyδxsxdsþ hdnxyiÞ

þ
X
y≠x

ðdεyx þ hdnyxi − dεxy − hdnxyiÞ: ð38Þ

Taking the average over all noise histories in Eqs. (36) and
(38) recovers the Lindblad and master equation, respec-
tively. Hence, Eqs. (36) and (38) are the stochastic
evolution of states in the system. These, as well as other
functionals of stochastic increments, we can study, as we
know the underlying equations of motion, e.g., Eq. (2).
In the following section, we provide detailed definitions

and derivations of the above results and present applications.
Technical steps and lemmas are deferred to the Appendix.

III. THEORY

A. Stochastic equations of motion

To facilitate the comparison between discrete- and
continuous-state spaces, we briefly summarize the basics
of overdamped (for simplicity, additive-noise) diffusions.
Let ðxτÞ0≤τ≤t be a trajectory of xτ ∈Rd evolving accord-

ing to overdamped Langevin dynamics [6,132,137],

dxτ ¼ FðxτÞdτ þ σdWτ; ð39Þ

where dWτ is the d-dimensional Wiener process with
hdWτi ¼ 0 and hðdWτÞiðdWτ0 Þji ¼ δijδðτ − τ0Þdτdτ0, F
is a drift field, and σ is the noise amplitude yielding the
diffusion matrix D ¼ σσT=2. While some bounds for
continuous trajectories presented in the next section also
apply to underdamped trajectories, we here limit the

discussion to overdamped systems. This restriction allows
for consistent comparisons with jump dynamics, since
these descriptions are valid for negligible and marginalized
momenta [1,132], respectively. The evolution of the prob-
ability density Pðx; τÞ of xτ is governed by the Fokker-
Planck equation [140] ∂τPðx; τÞ ¼ −∇ · jðx; τÞ, written as a
continuity equation with probability current jðx; τÞ ¼
½FðxÞ − D∇�Pðx; τÞ.
Consider now a discrete-state space N ⊆ N which,

without loss of generality, we can enumerate as
N ¼ f1; 2;…; Ng. Focusing for the time being on time-
homogeneous systems (i.e., time-independent transition
rates rij between states i and j), the state probability vector
piðτÞ evolves according to the master equation [8,14]

d
dτ

piðτÞ ¼
X
j≠i

½rjipjðτÞ − rijpiðτÞ�; ð40Þ

where the summation is over only j. In terms in the
incoming and outgoing fluxes JxyðτÞ ¼ rxypxðτÞ, we have
as ½d=ðdτÞ�piðτÞ ¼

P
j≠i½JijðτÞ − JjiðτÞ�, and in vector

notation ½d=ðdτÞ�pðτÞ ¼ LpðτÞ with generator L hav-
ing entries Lij ¼ δijrii þ ð1 − δijÞrji and exit rate
rii ¼ −

P
j≠i rij. The transition probability (or propagator)

is therefore given by Pði; τ0 − τjjÞ ¼ Pði; τ0jj; τÞ ¼
ðexp ðτ0 − τÞLÞij.
A path is fully determined by the sequence of states ðxiÞ

and transition times ti, ðxτÞ0≤τ≤t ¼ ðx0; t0 ¼ 0; x1; t1;…Þ.
The normalized probability of such a trajectory is
then [6,36,95,141,142]

P½ðxτÞ0≤τ≤t� ¼ px0ð0Þe
P

k
τkðtÞrkk

Y
i;j

ðrijÞnijðtÞ; ð41Þ

where px0ð0Þ is the probability of the initial state x0 and
nijðtÞ and τkðtÞ are the number of transitions i → j and the
total time spent in state k along the trajectory of length t,
respectively, and can be formulated as [61]

nijðtÞ ¼
Z

τ¼t

τ¼0

dnijðτÞ;

τiðtÞ ¼
Z

τ¼t

τ¼0

dτiðτÞ: ð42Þ

Suppose xτ ¼ i ≠ j, then dnijðτÞ ∼ PoiðrijdτÞ is Poisson
distributed and describes the number of transitions i to j
that occur in the time interval ½τ; τ þ dτ�. In particular
[10,60,61,134],

dnijðτÞ

⟶
dτ→0

�
1; xτ ¼ i and transition i → j occurs in½τ; τþ dτ�;
0; else:

ð43Þ
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Note that nijðτÞ is not continuous (and therefore not
differentiable). Similarly, the differential describing the
time spent in a state is [10,60,61,134]

dτiðτÞ ¼
�
dτ; xτ ¼ i;

0; else:
ð44Þ

For any state i along the trajectory, the probability to
transition to another state j in the dτ is given by rijdτ.
Therefore, it is natural to define a noise [10,60,61,70]

dεijðτÞ≡ dnijðτÞ − rijdτiðτÞ; ð45Þ

by subtracting the expected number of jumps rijdτiðτÞ from
the actual jumps dnijðτÞ. This noise has also been studied in
the context of martingales [10].
Rearranging Eq. (45) yields the consistent stochastic

equation of motion for x ≠ y for MJPs,

dnxyðτÞ|fflfflffl{zfflfflffl}
displacement

¼ rxyδxτx|fflffl{zfflffl}
drift

dτ þ dεxyðτÞ|fflfflffl{zfflfflffl}
noise

: ð46Þ

Defining the matrix ½RðxτÞ�ij ≡ ð1 − δijÞrijδxτi, we can
write Eq. (46) as a stochastic matrix equation

dnðτÞ ¼ RðxτÞdτ þ dεðτÞ: ð47Þ

The differential matrices have entries ½dnðτÞ�ij ¼ dnijðτÞ
and ½dεðτÞ�ij ¼ dεijðτÞ, where

hdεklðτÞdεijðτ0Þixτ¼x ¼ δkxδikδjlδðτ − τ0Þrkldτdτ0; ð48Þ

in complete analogy with the Wiener process dWτ ∝
ffiffiffiffiffi
dτ

p
.

Equation (47) is a matrix evolution equation, while the
continuous evolution, Eq. (39), is vectorial. However, it has
the same structure as the Langevin equation, as it consists
of a “displacement,” “deterministic drift,” and “noise,” see
Eq. (46). We highlight the comparison in Table I. It should
be stressed that the diagonal terms in Eq. (47) are to be
neglected, as they do not have any physically relevant
meaning.
Note that dεðτÞ is not Gaussian noise, but rather a shifted

[due to the RðxτÞdτ term] time-inhomogeneous Poisson
process. Explicitly, because for xτ ¼ x and y ≠ x the
differential dnxyðτÞ ∼ PoiðrxydτÞ is Poisson, the values
dεxyðτÞ can take for any xτ are dεxyðτÞ∈ f0;−rxydτ;

1 − rxydτ; 2 − rxydτ; 3 − rxydτ;…g, where dεxyðτÞ ¼ 0

happens if xτ ≠ x. In case xτ ¼ x, one can identify
P½dεxyðτÞ¼k−rxydτjxτ¼x�¼PoirxydτðkÞ for any k∈N≥0,

where PoiλðkÞ ¼ λke−λ=k! is the Poisson distribution func-
tion. In the limit of small dτ, to linear order in dτ, the noise
therefore takes values dεxyðτÞ∈ f0;−rxydτ; 1 − rxydτg
with probabilities 1 − pxðτÞ; ð1 − rxydτÞpxðτÞ; rxydτpxðτÞ,
respectively. The probability for any k ≥ 2 is OðdτkÞ and
can therefore be neglected.
Additionally, the scaling of the noise dεðτÞ ∼ ffiffiffiffiffi

dτ
p

[see
Eq. (48)] implies that jdεðτÞ=dτj ∼ 1=

ffiffiffiffiffi
dτ

p
and, therefore,

jdnðτÞ=dτj ∼ 1=
ffiffiffiffiffi
dτ

p
. The limit dτ → 0 does not exist. This

scaling is similar to the well-known (and often ignored)
issue with writing the Langevin equation in the “physi-
cist’s” way using ẋτ.
Further similarities in the equations of motion become

obvious, e.g., in Fig. 2. Any trajectory is fully characterized
by dnðτÞ or dxτ (see Fig. 2). Moreover, as shown in
Appendix A 3, the master equation follows from Eq. (47) in
the same manner as the Fokker-Planck equation follows
from Eq. (39).
We further require the statistical properties of the above

stochastic differentials. Conditioning the expectation on
being in a specific state, e.g., xτ ¼ x, we recover for τ ≤ τ0,

hdnijðτÞixτ¼x ¼ δixrijdτ;

hdτiðτÞixτ¼x ¼ δixdτ;

hdεijðτÞixτ¼x ¼ 0;

hdτiðτÞdτjðτ0Þixτ¼x ¼ δixPðj; τ0ji; τÞdτ0dτ: ð49Þ

TABLE I. Overview of quantities entering the stochastic
equations of motion in continuous and discrete space.

Meaning Continuous Discrete

Displacement dxτ dnðτÞ
Deterministic drift FðxτÞdτ RðxτÞdτ
Noise σdWτ dεðτÞ

(a) (b)

(c) (d)

FIG. 2. Schematic comparison of discrete and continuous
trajectories. (a) A continuous trajectory is shown. (b) A discrete
trajectory in a three-state MJP. The transitions 2 → 3 (blue), 3 →
1 (orange), 1 → 2 (green), and 3 → 2 (red) are marked with the
respective colors. The displacement and jump increments dxτ and
dnxyðτÞ are presented in (c) and (d) for the continuous and
discrete trajectories. The colors in (d) correspond to the different
transitions in (b).
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We are also required to evaluate cross-correlations between
the noise and the time spent in a state, which follows from
the noise-time correlation lemma

hdεklðτÞdτiðτ0Þixτ¼x

dτdτ0

¼ δxk1τ<τ0 ½Pði; τ0jl; τÞ − Pði; τ0jk; τÞ�rkl þOðdτÞ: ð50Þ

The above lemma has been shown before [60]; in
Appendix A 1 we provide a new alternative proof. Note
that, due to the Markovianity of the system, we do not need
to restrict on τ ≤ τ0 in evaluating the expectation, as τ > τ0
vanishes.
The above correlators allow, for example, one to evaluate

the covariance between the number of jumps at different
space-time points along the trajectory, i.e., for τ ≤ τ0 [60],

hdnklðτÞdnijðτ0Þixτ¼x

¼ dτdτ0δkxrkl½δðτ − τ0Þδikδjl þ 1τ¼τ0δikrij

þ 1τ<τ0rijPði; τ0jl; τÞ�: ð51Þ

The middle term can be neglected when integrating over τ
and τ0 as it has measure zero. The first term accounts for
jumps occurring at τ ¼ τ0, while the last term accounts for
the jumps k → l at time τ that result in i → j at some later
time τ0 > τ.
We may rewrite the path measure Eq. (41) with the

stochastic differentials discussed above as

P½ðxτÞ0≤τ≤t� ¼ px0ð0Þ exp
�Z

s¼t

s¼0

X
x

rxxdτxðsÞ

þ
Z

s¼t

s¼0

X
x;y≠x

log rxydnxyðsÞ
�
; ð52Þ

where the second sum is taken over both x and y ≠ x. The
advantage of writing the path measure as in Eq. (52) instead
of Eq. (41) is that it allows for possible time dependencies
of the rates.

B. Pathwise observables: Currents and densities

We now introduce pathwise observables, i.e., time-
integrated densities and currents that were recently
analyzed extensively in the context of diffusions
[61,96,125,133]. As before, we start with the continu-
ous-space setting, where a time-integrated current is
defined as [61]

Jct ¼
Z

τ¼t

τ¼0

Uðxτ; τÞT ∘ dxτ; ð53Þ

as a Stratonovich integral over some (square-integrable)
vector-valued window function Uðxτ; τÞ, and a time-
integrated density is defined as [61]

ρct ¼
Z

t

0

dτVðxτ; τÞ; ð54Þ

where Vðxτ; τÞ is some (square-integrable) scalar-valued
function.
In the context of MJPs, the time-integrated currents

weigh the transitions occurring along a trajectory with a
fully antisymmetric, possibly time-dependent weight κðτÞ,
i.e., κijðτÞ ¼ −κjiðτÞ. The current defined this way is
manifestly antisymmetric such that the current changes
sign upon time reversal. Note that κðτÞ describes exper-
imentally accessible transitions. We therefore define a
(scalar) time-integrated current as [61]

Jt ≡
Z

τ¼t

τ¼0

Tr½κðτÞTdnðτÞ�: ð55Þ

A comparison of Eqs. (53) and (55) highlights the fact that
integrating over time and tracing over dnðτÞ is the MJP
correspondence to the Stratonovich integral Eq. (53). The
stochastic integral Eq. (55) is time antisymmetric in
analogy to the current defined for diffusion processes in the
form of a Stratonovich integral Eq. (53). The current in
Eq. (55) naturally decomposes (as for diffusions [61]) into a
“usual time integral” JIIt and the stochastic integral
Jt ¼ JIt þ JIIt , where

JIt ¼
Z

τ¼t

τ¼0

Tr½κðτÞTdεðτÞ�; ð56aÞ

JIIt ¼
Z

t

0

Tr½κðτÞTRðxτÞ�dτ; ð56bÞ

i.e., integrals with traces over dεðτÞ are not necessarily time
antisymmetric and therefore may be identified (per anal-
ogy) as Itô integrals due to the correspondence to the
stochastic part of Eq. (53) [61]. This analogy (i) allows us
to distinguish more easily between the integrals over noise
or jump increments and (ii) is fully consistent with
observables of continuous-space diffusion. By means of
the latter, we will later demonstrate how continuous-space
Itô integrals emerge from the corresponding integrals of
MJPs with traces over dεðτÞ in the continuum limit. This
approach will later provide a unified description of MJPs
and overdamped diffusions within the framework of
stochastic calculus.
Similarly, a density assigns each state i aweightViðτÞ and

then integrates these along the trajectory. These weights can
be combined into the state function Vτ ≡ Vðxτ; τÞ ¼P

k δxτkVkðτÞ. With Vτ, we define the density [61]

ρt ¼
Z

τ¼t

τ¼0

Vτdτ: ð57Þ
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An exemplary trajectory with corresponding time-
integrated density and current is shown in Fig. 3 to
visualize Eqs. (55) and (57).

C. From Stratonovich increments to observable
correlations

In the case of diffusion processes, correlations of
pathwise observables were shown to provide deep infor-
mation about the passage of pinned trajectories through the
respective window in terms of generalized Green-Kubo-
like relations [96]. They are furthermore relevant in the
context of thermodynamic inequalities, e.g., TURs
[61,126] and thermodynamic correlation bounds (CBs)
[113,114]. Following Refs. [96,125,133], we now show
how the steady-state correlations of stochastic differentials
relate to covariances of pathwise observables of MJPs. In
particular, we emphasize how these compare to the corre-
sponding continuous-space results.
In order to express (co)variances of continuous and

discrete currents, Eqs. (53) and (55), and densities,
Eqs. (54) and (57), in a compact unifying form
[96,125,133], we define the integration operators

Î t;c
M;N ½·� ¼

Z
t

0

dτ
Z

t

τ
dτ0

Z
dz

Z
dz0MðzÞT ½·�Nðz0Þ; ð58aÞ

ÎtGα;Gβ ½·� ¼
Z

t

0

dτ
Z

t

τ
dτ0

X
x;y

Gα
xy

X
i;j

Gβ
ij½·�; ð58bÞ

where ½·� denotes functions that depend on z, z0, τ, and τ0.
Similarly, the functions entering ÎtGα;Gβ ½·� depend on x, y, i,

j, τ, and τ0. The functionsMðzÞ and NðzÞ may be scalar- or
vector-valued functions, while Gα and Gβ are two-point
quantities, e.g., κ. Equation (58b) corresponds to Eq. (58a),
where each continuous spatial integral has been changed to
a discrete double sum. While one may expect the integrals
to be substituted by a single sum, the double sum is indeed
required to include nonlocal quantities, e.g., currents.

We will now consider two observables XðcÞ
t ∈ fJðcÞt;k ; ρ

ðcÞ
t;kg

and YðcÞ
t ∈ fJðcÞt;l ; ρ

ðcÞ
t;l g, where the superscript (c) is used to

distinguish discrete (no superscript) from the continuous
(superscript c) setting, and k; l∈ f1; 2g is the index for

currents JðcÞt;1 ; J
ðcÞ
t;2 and densities ρ

ðcÞ
t;1 ; ρ

ðcÞ
t;2 . These currents and

densities may have different current- and density-defining
functions, which we take into consideration here.
As shown in Refs. [96,125,133], the continuous (co)

variances can be written compactly in terms of Eq. (58),
together with fundamental increment correlations. We
show here that the same structure appears for the discrete
case. In fact, the covariances can be written as

covðXc
t ; Yc

t Þ ¼ Î t;c
X;Y ½Ξzz0

m � − hXc
t ihYc

t i;
covðXt; YtÞ ¼ ÎtUX;UY ½Ξm

ijxy� − hXtihYti; ð59Þ

where the Ξ matrices are defined through increment
correlations, see Eqs. (60), (62), and (67). The index m
we use to distinguish between different observable corre-

lations: m ¼ 1 for XðcÞ
t ¼ ρðcÞt;k and YðcÞ

t ¼ ρðcÞt;l , without loss

of generality m ¼ 2 for XðcÞ
t ¼ JðcÞt;k and YðcÞ

t ¼ ρðcÞt;l , and

m ¼ 3 for XðcÞ
t ¼ JðcÞt;k and YðcÞ

t ¼ JðcÞt;l . For density-density
covariance (m ¼ 1), the increment correlations read [96]

Ξzz0
1 ¼ h1ixτ0¼z0

xτ¼z þ h1ixτ0¼z
xτ¼z0 ;

Ξ1
ijxy ¼

hdτxðτÞdτiðτ0Þixτ0¼i
xτ¼x

dτdτ0
þ hdτxðτ0ÞdτiðτÞixτ0¼x

xτ¼i

dτdτ0
: ð60Þ

Here, h·ixτ0¼z
xτ¼z0 is expectation conditioned on xτ ¼ z and

xτ0 ¼ z0 with τ ≤ τ0 and analogously for the discrete case.
Evaluating these correlations yields the stationary cova-
riances [96,125]

covðρct;k; ρct;lÞ ¼ Î t;c
Vk;Vl ½Psðz; τ; z0; τ0Þ þ Psðz0; τ; z; τ0Þ

− psðzÞpsðz0Þ�;
covðρt;k; ρt;lÞ ¼ ÎtVkδ;Vlδ½Psðx; τ; i; τ0Þ

þ Psðx; τ0; i; τÞ − ps
xps

i �: ð61Þ

The two-point function Vkδ stands for the (effectively one-
point) quantity Vk

i δij [143] and Psð·; ·Þ denotes the joint
probability for stationary systems, i.e., Psðx; τ; i; τ0Þ ¼
Pði; τ0jx; τÞps

x.

(a)

(c)

(b)

FIG. 3. Example trajectory and examples of an arising current
and density. The part of the trajectory in (a) that contributes to the
density ρτ with state function, ViðτÞ ¼ δi2, is marked in blue.
Similarly, the transitions contributing to the current Jτ with
transition weights, κij ¼ δi2δj3 − δi3δj2, are marked by orange
arrows with numbers representing the weight of the transition.
The resulting density and current can be seen in (b) and (c),
respectively.
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Similarly, for current-density covariances (m ¼ 2), we
need the following increment correlations [96]:

Ξzz0
2 ¼ h ∘ dxτixτ0¼z0

xτ¼z

dτ
þ
h ∘ dxτ0 ixτ0¼z

xτ¼z0

dτ0
;

Ξ2
ijxy ¼

hdnxyðτÞdτiðτ0Þixτ0¼i
xτ¼x

dτdτ0
þ hdnxyðτ0ÞdτiðτÞixτ0¼x

xτ¼i

dτdτ0
; ð62Þ

which include correlations of a Stratonovich increment
∘ dxτ and dnxyðτÞ with a future event. The evaluation of
such correlations is possible by means of the generalized
time-reversal symmetry, i.e., dual-reversal symmetry
[96,125,133,144]. In both cases, the dual system (denoted
by ‡) has the same steady-state probability, whereas the
irreversible drift jsðxÞ has the opposite sign j‡s ðxÞ ¼ −jsðxÞ.
It is useful to define current and dual current operators; in
the continuous-space setting, these are [96,125,133] ĵx¼
psðxÞ−1jsðxÞ−psðxÞD∇x½psðxÞ−1� and ĵ‡x ¼ psðxÞ−1jsðxÞþ
psðxÞD∇x½psðxÞ−1�. The corresponding operators for dis-
crete-state systems are much simpler and read ĵxy ¼ rxy and
ĵ‡xy ¼ ryxps

y=ps
x, respectively. The latter is the dual current

operator reversing the steady-state currents [6]. When these
current operators act on ps

x, they result in the probability
flux and dual probability flux on edge x → y, i.e., ĵxyps

x ¼
rxyps

x ¼ Jsxy and ĵ‡xyps
x ¼ ryxps

y ¼ Jsyx. By means of the
flux operators, it can be shown that

hdnxyðτ0ÞdτiðτÞixτ0¼x
xτ¼i ¼ ĵxyPðx; τ0 − τjiÞps

idτdτ
0

¼ rxyPðx; τ0 − τjiÞps
idτdτ

0; ð63Þ
which is the current on edge x → y at time τ0 > τ in
addition to xτ ¼ i. With an approach analogous to
Ref. [96], we use the dual current operator to express
the correlation of an initial transition with future events. To
be precise, we find that (see Appendix A 2 a)

hdnxyðτÞdτiðτ0Þixτ0¼i
xτ¼x ¼ ĵ‡yxPði; τ0 − τjyÞps

ydτdτ0

¼ rxyPði; τ0 − τjyÞps
xdτdτ0; ð64Þ

as well as (see Appendix A 2 b)

hdnxyðτÞdnijðτ0Þixτ0¼i
xτ¼x ¼ ĵijĵ

‡
yxPði; τ0 − τjyÞps

ydτdτ0

¼ rijrxyPði; τ0 − τjyÞps
xdτdτ0: ð65Þ

Equations (64) and (65) enable the calculation of (co)
variances of nij and thus provide valuable insight about,
e.g., how noisy transitions are in a given system [for an
explicit example, see Figs. 5(a) and 5(b) on the statistics of
transitions and dwell time, respectively, in a model of
secondary active transport (SAT) in Sec. IV]. Moreover, we
can rewrite the current-density covariances compactly and
in a unified form as [96,125]

covðJct;k;ρct;lÞ ¼ Î t;c
Uk;Vl

h
ĵz0Pðz0; t0jzÞpsðzÞ þ ĵ‡zPðz0; t0jzÞpsðzÞ

− jsðzÞpsðz0Þ
i
;

covðJt;k;ρt;lÞ ¼ Îtκk;Vlδ

h
ĵxyPðx; t0jiÞps

i

þ ĵ‡yxPði; t0jyÞps
y − Jsxyps

i

i
: ð66Þ

The only time dependence in the integrands in Eq. (66) is
the time-translation invariant propagators Pði; tjyÞ; that is,
the integrands depend on only the time difference t. Hence,
the time integrals in Eqs. (58a) and (58b) may be simplified
to

R
t
0 dτ

R
τ
0 dτ

0 →
R
t
0 dt

0ðt − t0Þ [96].
It remains to consider current-current covariances, which

require the correlations of Stratonovich increments [in case
of MJPs, Stratonovich differentials dnxyðτÞ are defined by
analogy; see Eq. (55)] at different times [96]

Ξzz0
3 ¼h∘dxτ∘dxTτ0 ixτ0¼z0

xτ¼z

dτdτ0
þ
h∘dxτ0 ∘dxTτ ixτ0¼z

xτ¼z0

dτdτ0
;

Ξ3
ijxy¼

hdnxyðτÞdnijðτ0Þixτ0¼i
xτ¼x

dτdτ0
þhdnxyðτ0ÞdnijðτÞixτ0¼x

xτ¼i

dτdτ0
: ð67Þ

Using again the generalized time-reversal symmetry, we
can evaluate these correlations to obtain

covðJct;k; Jct;lÞ ¼ 2t
Z

dz½UkðzÞ�TDUlðzÞpsðzÞ þ Î t;c
Uk;Ul

�
ĵz
�
ĵ‡z0
�
T
Pðz; t0jz0Þpsðz0Þ þ ĵ‡z ĵ

T
z0Pðz0; t0jzÞpsðzÞ − jsðzÞjsðz0ÞT

�

covðJt;k; Jt;lÞ ¼ t
X
x;y

κkxyκ
l
xyrxyps

x þ Îtκk;κl
h
ĵxyĵ

‡
jiPðx; t0jjÞps

j þ ĵijĵ
‡
yxPði; t0jyÞps

y − JsxyJsij
i
; ð68Þ

where the analogy between continuous- and discrete-state
spaces is evident. Note that one can derive the results for
covariances in different, less direct, ways, e.g., using
Feynman-Kac and (spectral) perturbation theory (see
Refs. [95,145] and references therein).
Equations (61), (66), and (68) have the formof generalized

Green-Kubo relations, connecting (co)variances of pathwise

observables to generalized (auto)correlation functions,
which in the continuous-space setting have been discussed
in Ref. [96]. Here we highlight the similarities and
differences between discrete space and continuous space.
The mathematical structure of the results is (up to the

analogy) the same, which should not come as a surprise, at
least (but not only) in the sense that the MJP process can
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[under appropriate conditions on the drift F in Eq. (1), i.e.,
that the reversible contribution stems from a generalized
potential with deep minima separated by high barriers [1–
3,11,16] ] be seen as the long-time coarse-grained limit of
the continuous system.
The continuous-space correlations in Eqs. (60), (62), and

(67) are valid for all t ≥ 0 and similar for systems with
nominally discrete degrees of freedom (such as spin systems).
Conversely, if theMJP ismeant as an approximate, long-time
effective description of a system with continuous degrees of
freedom, Eqs. (60), (62), and (67) describe covariances of
pathwise observables at sufficiently long times.
A nonzero covðJct ; ρct Þ necessarily indicates that detailed

balance is broken [96]. The same observation can be made
in the discrete case, as the equilibrium dual operator ĵ‡;eqxy ¼
ĵeqxy together with κ ¼ κðτÞ ¼ −κT yields coveqðJt; ρtÞ ¼ 0.
To provide preliminary intuition, density (co)variances

(scaled by t−1) are shown in Fig. 4 for the SAT model,
which will be discussed in more detail in Sec. IV. In
addition, in Fig. 5(c), we show the mean current Jt arising
in the stationary SAT model with the magnitude of the
typical fluctuations using the standard deviation,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðJtÞ

p
,

and how these can be bounded from below using the
stationary TUR.

D. Transient covariances

The generalizations of Eqs. (61), (66), and (68) to
transient dynamics have been performed in Ref. [133]
for continuous-space dynamics. We give a brief overview
of the generalization for MJPs in this section. The first
difference arises in the integration operator Eq. (58b)

ÎtGα;Gβ ½·� ¼
Z

t

0

dτ
Z

t

0

dτ0
X
x;y

Gα
xyðτÞ

X
i;j

Gβ
ijðτ0Þ½·�; ð69Þ

where Uα and Uβ are explicitly time dependent. Note also
that the integration limits differ, as the explicit time depend-
ence of the U’s and probabilities requires the full range of
both temporal integrals. It is, at this point, easier to consider
the covariances not in terms of probability flux operators, but
rather in terms of transition rates. The discrete covariances in
Eqs. (61), (66), and (68) generalize to

covðρt;k; ρt;lÞ ¼ ÎtVkδ;Vlδ½Pðx; τ; i; τ0Þ − pxðτÞpiðτ0Þ�;
covðJt;k; ρt;lÞ ¼ Îtκk;Vlδ½1τ>τ0rxyPðx; τji; τ0Þpiðτ0Þ þ 1τ<τ0ryxPði; τ0jy; τÞpyðτÞ − rxypxðτÞpiðτ0Þ�;

covðJt;k; Jt;lÞ ¼
Z

t

0

dτ
X
x;y

κkxyðτÞκlxyðτÞrxypxðτÞ þ Îtκk;κl ½1τ>τ0rxyrijPðx; τjj; τ0Þpiðτ0Þ

þ 1τ<τ0rijrxyPði; τ0jy; τÞpyðτÞ − rxypxðτÞrijpiðτ0Þ�; ð70Þ

(a) (b)

FIG. 4. Two densities, ραt and ρβt , are used to visualize density
(co)variances in the SAT model, see Sec. IVA 1. These corre-
spond to the state functions Vα

i ¼ δi1 þ δi2 and Vβ
i ¼ δi5 þ δi6

measuring if molecules of type A and B are in the channel,
respectively. (a) The (scaled) variances varðρα=βt Þ=t are shown
together with the (scaled) covariance between them covðραt ; ρβt Þ=t
from numerical simulations (colored) and analytical solutions,
Eq. (61) (dashed lines). The analytical variance of ραt (solid lines)
and covariance (black dashed lines), both modulated by 1=t, are
shown in (b) for various values of eoutB . The inset shows varðρβt Þ=t.
The numerics in (a) are evaluated using N ¼ 104 trajectories
sampled using the celebrated Gillespie algorithm [146,147]. The
initial condition is pi ¼ ðδi1 þ δi3 þ δi5Þ=3 and the values of the
parameters can be found in Table IV. (b) eoutB ¼ 40 is used.

(a)

(b) (c)

FIG. 5. Statistics of transitions and waiting times in the
stationary SAT model. The average number of transitions hniji
are shown in (a) for a selection of edges. (b) The average time
spent hτii in each state is presented. The steady-state currents
resulting from the transitions in (a) are presented in (c). The red
error bars are the respective standard deviations

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðJtÞ

p
.

(c) The lower bound jhJtij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ΔStot

p
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðJtÞ

p
resulting from

the steady-state TUR is added as purple error bars. We use t ¼ 10
in every panel.
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For a generalization to time-dependent rates, see Sec. VII,
and for time-inhomogeneous diffusion, see Ref. [133].

IV. APPLICATION OF STOCHASTIC CALCULUS
TO THERMODYNAMIC BOUNDS

A. Model systems

While discussing various applications of the developed
stochastic calculus for MJPs, we will throughout allude to
biophysically relevant model systems shown in Fig. 6.
Thereby, we aim mostly at illustrating how to apply the
theoretical results rather than to discuss the respective
biological implications. The three models we introduce in
the following sections are the secondary active transport
across cell membranes (and an extension of this model), the
calmodulin folding dynamics, and a four-state toy model in
various settings.

1. Secondary active transport

We first consider a Markov model of SAT of
molecule A through a protein funnel facilitated by

molecule B [148–150]. The model, shown in Fig. 6(a)
and listed in Table II, consists of six states: three [i.e.,
(1, 3, 5)] corresponding to the funnel being open toward the
exterior of the cell and another three [i.e., (2, 4, 6)] open
toward the interior of cell. Hence, the state space is
N ¼ f1; 2; 3; 4; 5; 6g. In the absence of A or B bound,
the funnel changes conformation with rate γ. Conversely,
the crossing via A- or B-filled states occurs with γx for a
dimensionless speedup factor x. A and B leave or enter the
funnel inside and outside the cell with rates lA=B and eout=inA=B ,
respectively. The adopted parametrization is listed in
Table IV in Appendix A 11.
We further consider a periodic extension of coupled SAT

models to describe the total transport of molecules A
through the membrane [Fig. 6(b)]. We leave the rates in
the system unchanged, whereas the state space is extended
to N × Z, with the additional degree of freedom account-
ing for the total number of A molecules outside the cell.
The transport can be split into two categories: symporters

and antiporters. These refer to molecule A being

(a)

(b) (e)

(c) (d)

FIG. 6. Overview of models used to visualize the results: (a) Markov model for SAT; the states (1, 3, 5) correspond to the protein
funnel being open toward the cell exterior, while states (2, 4, 6) describe the funnel being open toward the cell interior (see Table II). The
transition rate for the conversion of the opening from the interior to the exterior (and vice versa) is γ, which in the presence of ligands A
or B is scaled by a dimensionless factor x. A and B leave the funnel with rate lA=B and enter it with rate eout=inA=B outside (inside) the cell. Of
particular interest in the (extended) SAT model is the impact of eoutB , i.e., the concentration of the helper molecule. (b) Schematic of how
the SAT model in (a) may be extended to a “train” of SAT models to capture the number of A molecules n transported through the cell
membrane. (c) Schematic of the Markov model for calmodulin folding. We focus on the inference of dissipation by observing a current

with weights κð23Þij ¼ δi2δj3 − δj2δi3 and/or density with weight Vi ¼ ðδi1 þ δi2Þ=2. (d) Four-state ring model with equilibrium transition
rates parametrized by free energies Ei for state i, local diffusion coefficientD, temperature T, and mixing parameter λ [see Eq. (71)], and
upon constant driving, respectively. We are interested in the response to temperature perturbations and investigate the effect on a single-
time observable At ¼ δxt1 þ δxt2 and a current with transition weights κij ¼ δi4δj1 − δi1δj4 þ δi3δj2 − δi2δj3. (e) Four-state ring model
with constant driving having rates 1 in the clockwise and ϵ in counterclockwise direction; the stationary distribution is independent of ϵ.
The model is used for a comparison of the quality of thermodynamic bounds in situations where only the mesostates A and B,
corresponding to states (1, 2) and (3, 4), respectively, are observed without the ability to distinguish the respective transition pathways
between them.
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transported parallel or antiparallel to molecule B, respec-
tively. We are interested in the fraction of the total steady-
state entropy production that we can estimate via the
thermodynamic bounds for various values of transition
rates eoutB . These transition rates are assumed proportional to
the concentration of B outside the cell [148], allowing us to
“control” the value of eoutB , leaving it as a free parameter we
can tune.

2. Calmodulin folding dynamics

Being a Ca2þ receptor, calmodulin plays an important
role in physiological signaling processes [151]. The
Markov model for the calmodulin folding pathway [88]
is commonly used as a paradigmatic example in, e.g., the
study of first-passage times [152] and stochastic thermo-
dynamics [59,153]. The respective states represent different
conformations of the protein and the transitions are
changes of conformation [88]. Here we adopt the transi-
tion rates from Ref. [152], summarized in Table III in
Appendix A 11, while the topology of the folding network
is shown in Fig. 6(c). The calmodulin example will be used
to gauge the quality of thermodynamic inference via the
derived thermodynamic inequalities.

3. Four-state ring toy model

Here we consider, as a minimal example, a four-state
model with states f1; 2; 3; 4g on a ring to visualize results.
Wewill choose two different parametrizations of the model,
visualized in Figs. 6(d) and 6(e).
In the equilibrium (detailed-balance) setting, we assign

to each state a free energy Ei, i∈ f1; 2; 3; 4g, such that the
stationary probability is peq

i ∝ e−Ei=T (note that we explic-
itly include the temperature here). For any λ∈ ½0; 1�, the
following transition rates obey detailed balance [20]:

rxy ¼ De½λEx−ð1−λÞEy�=T: ð71Þ

We use the free energies listed in Table V in
Appendix A 11.
In the constant driving setting, we set the clockwise rates

to unity, whereas the counterclockwise rates are controlled
by the parameter ϵ. This way the steady-state distribution
ps
i ¼ p ¼ 1=4 is independent of ϵ.

B. Thermodynamic inequalities and inference

To highlight the power of the developed stochastic
calculus for observables of MJPs, we now apply it to
directly prove a broad selection of thermodynamic inequal-
ities. Throughout, we draw comparisons to continuous-
space results and highlight some fundamental differences
between the two. We immediately gauge the quality of the
bounds by means of model examples and discuss the
respective saturation conditions. The section thus entails
a brief discussion of the crucial steps in the proofs of the
thermodynamic bounds for diffusions.

1. Entropy and pseudoentropy production

The central object of interest for thermodynamic infer-
ence is the mean total entropy production, which consist of
the entropy change in the system as well as the surrounding
medium. For continuous systems, the total entropy pro-
duction (EP) is [5,6,142]

ΔSctotðtÞ ¼
Z

t

0

dτ
Z

dx
jðx; τÞTDðxÞjðx; τÞ

Pðx; τÞ : ð72Þ

In the direct proofs in Refs. [51,61], the stochastic integral

Ac
t ≡

Z
τ¼t

τ¼0

jðxτ; τÞT
Pðxτ; τÞ

½2DðxτÞ�−1σðxτÞdWτ ð73Þ

is a central object, chosen to immediately yield
hðAc

t Þ2i ¼ ΔSctotðtÞ=2, which allows for crucial simplifica-
tions in the proofs.
Conversely, in discrete-state systems, the total entropy

production reads [5,7,142]

ΔStotðtÞ ¼
1

2

Z
t

0

dτ
X
i;j

½rijpiðτÞ − rjipjðτÞ� log
rijpiðτÞ
rjipjðτÞ

:

ð74Þ

As a key quantity in the various proofs of thermodynamic
bounds, we introduce the auxiliary integral

At ¼
Z

τ¼t

τ¼0

Tr½ZðτÞTdεðτÞ�; ð75Þ

where

½ZðτÞ�ij ¼
rijpiðτÞ − rjipjðτÞ
rijpiðτÞ þ rjipjðτÞ

: ð76Þ

Using Eq. (49), the mean is hAti ¼ 0 and the variance can
be identified as a “pseudoentropy production” [45,122]

hA2
t i ¼

1

2

Z
t

0

dτ
X
i;j

½rijpiðτÞ − rjipjðτÞ�2
rijpiðτÞ þ rjipjðτÞ

: ð77Þ

TABLE II. Overview of states in SAT model.

State Meaning

1 Funnel outside with A bound
2 Funnel inside with A bound
3 Funnel outside with nothing bound
4 Funnel inside with nothing bound
5 Funnel outside with B bound
6 Funnel inside with B bound
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Applying the logarithmic inequality ða − bÞ2=ðaþ bÞ ≤
ðaþ bÞ logða=bÞ=2 ∀ a; b > 0, the total entropy produc-
tion Eq. (74) can be bounded from below using Eq. (77),
i.e., hA2

t i ≤ ΔStotðtÞ=2. The logarithmic inequality is satu-
rated only for a ¼ b where the right-hand side vanishes,
and therefore (for discrete-state spaces) hA2

t i ¼ ΔStotðtÞ=2
only at equilibrium where ΔStotðtÞ ¼ 0.
Note that the inability to saturate hA2

t i ≤ ΔStotðtÞ=2
outside of equilibrium is the first fundamental difference
between discrete and continuous systems. In the former the
pseudoentropy production (which, in turn, bounds the total
entropy production) is bound and in the latter the total
entropy production is directly bound. As a consequence,
when discussing the saturation of bounds in discrete space,
we refer to lower bounds on the pseudoentropy production,
not the total entropy production. However, we will show in
Sec. VI, if the continuum limit exists, the discrete pseu-
doentropy production in Eqs. (77) and (74) converges to
continuous entropy production in Eq. (72), which may be
saturated far from equilibrium [61].

2. General TUR and correlation TUR

In the direct proof of the TUR in Refs. [60,61], the time-
integrated current is split as Jct ¼ Jc;It þ Jc;IIt , with

Jc;It ¼
Z

τ¼t

τ¼0

Uðxτ; τÞTσdWτ;

Jc;IIt ¼
Z

t

0

Uðxτ; τÞdτ; ð78Þ

where Uðxτ; τÞ ¼ Uðxτ; τÞTFðxτÞ þ∇ · ½DUðxτ; τÞ�.
The proof of the transient TUR for MJPs, which can be

found, e.g., in Ref. [60], is analogous to the continuous
case [61]. We will reiterate the proof here, focusing on the
use of stochastic calculus, as well as including densities to
obtain the CTUR.
We start from Eq. (47) and split the current in Eq. (55) as

Jt ¼ JIt þ JIIt ; ð79Þ

where

JIt ¼
Z

τ¼t

τ¼0

Tr½κðτÞTdεðτÞ�;

JIIt ¼
Z

t

0

Tr½κðτÞTRðxτÞ�dτ; ð80Þ

which are a stochastic and a usual integral, respectively.
Moreover, we have hJIti ¼ 0 and

hJIIt i ¼ hJti ¼
Z

t

0

dτ
X
x;y

κxyðτÞrxypxðτÞ: ð81Þ

To prove the TUR, we use the Cauchy-Schwarz inequality

hAtðJt − hJtiÞi2 ≡ hAtΔJti2 ≤ varðJtÞhA2
t i: ð82Þ

One can easily show that hAtJIti ¼ hJti. Evaluating

hAtJIIt i

¼
Z

t

0

dτ0
Z

t

0

dτ
X
i;j

κijðτ0Þrij1τ<τ0

×
X
x;y

½Pði;τ0jy;τÞ−Pði;τ0jx;τÞ�pxðτÞrxyZxyðτÞ ð83Þ

requires Eq. (50) and two integrations by part (for details,
see Appendix A 4), which yield

hAtJIIt i ¼ ðt∂t − 1ÞhJti − hJ̃ti; ð84Þ

where we introduced the modified current

J̃t ≡
Z

τ¼t

τ¼0

τTr½ð∂τκðτÞTÞdnðτÞ�; ð85Þ

that accounts for the change of κðτÞ in time τ. We thus
proved the transient TUR

h
t∂thJti − hJ̃ti

i
2

varðJtÞ
≤ hA2

t i ≤
ΔStotðtÞ

2
: ð86Þ

As in the continuous case [61], the modified current is
necessary for the validity of Eq. (86).
With slight modifications, Eq. (86) also holds for time-

dependent driving as proven in Ref. [59] using scaled
cumulant-generating functions. In Ref. [60], the same TUR
was proven using a stochastic-calculus approach. Note that
Eq. (86) is a special case of the results in Refs. [59,60] for
systems with constant rates and κðvτÞ with v ¼ 1 as the
protocol velocity. In other words, the modified current in
Eq. (85) corresponds to v∂vJtjv¼1 where the generator is
constant in time.
As shown in Ref. [61], one needs to include a density to

saturate Eq. (86). By means of a calculation that is
analogous to the evaluation of density-current correlations
in Sec. III D, we here further show that

hAtρti ¼ ðt∂t − 1Þhρti − hρ̃ti;

ρ̃t ≡
Z

τ¼t

τ¼0

τ∂τVτdτ: ð87Þ

By shifting the current ΔJt → ΔJt − cðtÞΔρt with some
c∶R → R in Eq. (82) already yields the transient CTUR

h
t∂thJti − hJ̃ti − cðtÞððt∂t − 1Þhρti − hρ̃tiÞ

i
2

var½Jt − cðtÞρt�
≤
ΔStotðtÞ

2
:

ð88Þ
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This route to proving thermodynamic bounds may thus
legitimately called be referred to as “direct” and allows us
to discuss saturation in a straightforward manner, as we
show next.
The lhs of Eq. (88) corresponds to the estimated total

entropy production ΣestðtÞ. To effectively visualize how
much of the total entropy produced is recovered in the
estimate, we use the quality factor

Q ¼ ΣestðtÞ
ΔStotðtÞ

: ð89Þ

For the TUR, CTUR, and transport bound (TB), the quality
factor is bounded by 0 ≤ Q ≤ 1. We will later show that for
the correlation bound the quality factor is only trivially
bounded from above QCB ≤ 1.

3. Optimization of TUR and CTUR

There are two ways to optimize Eq. (88), either by
saturating Eq. (82) or by choosing the optimal cðtÞ for fixed
Jt and ρt. The former requires ΔJt − cðtÞΔρt ∝ At. Since
cðtÞ ≠ 0, we see that the saturation is achieved when
ViðτÞ ¼ êTi κðτÞLêi=cðtÞ ¼

P
j κijðτÞrij=cðtÞ and κ ¼ c0Z

for any c0 ∈R. Here, êi is the ith unit vector. However, these
choices do not saturate Eq. (88), but only the estimate for
the pseudoentropy production [see first inequality in
Eq. (86)]. In other words, the “saturated” CTUR quality
factor reads

QcTUR
sat ¼ 2hA2

t i
ΔStotðtÞ

≤ 1: ð90Þ

We again highlight thatQCTUR
sat ¼ 1 in equilibrium or (as we

show below) in the continuum limit (if said limit exists).
Moreover, the optimization requires the rates and transient
probability distribution to be known, which makes the
saturated bound superfluous. Namely, knowing the rates
and the transient probability distribution allows the EP to be
determined exactly.
The saturation approach shown here is analogous to the

approach for continuous-space dynamics [61] as it involves
choosing Vðxτ; τÞ such that cðtÞρct ¼ Jc;IIt . Then, the vector-
valued function Uðxτ; τÞ needs to be chosen proportional to
the integrand in Ac

t .
Hence, it seems to be more practical to optimize the

bound with respect to cðtÞ for a given Jt and ρt. The lhs of
Eq. (88), which we denote hðtÞ, has two extrema in cðtÞ,

cminðtÞ ¼ aðtÞ
bðtÞ ;

coptðtÞ ¼ aðtÞcovðρt; JtÞ − bðtÞvarðJtÞ
aðtÞvarðρtÞ − bðtÞcovðρt; JtÞ

; ð91Þ

where aðtÞ≡t∂thJti−hJ̃ti and bðtÞ≡ ðt∂t − 1Þhρti − hρ̃ti.
All quantities entering Eq. (91) are accessible from Jt and

ρt, making the optimization practically feasible. Note that
cminðtÞ and coptðtÞ correspond to the minimum and maxi-
mum of hðtÞ, respectively, as

∂
2

∂c2
hðc; tÞjcðtÞ¼cminðtÞ ¼

4bðtÞ2
var

�
Jt −

aðtÞ
bðtÞ ρt

� ≥ 0;

∂
2

∂c2
hðc; tÞjcðtÞ¼coptðtÞ ¼

−4bðtÞ2var
�
Jt −

aðtÞ
bðtÞ ρt

�
½varðJt − coptðtÞρtÞ�2

≤ 0: ð92Þ

Moreover, one can immediately see that using cminðtÞ
one recovers the second law of thermodynamics, as
t∂thJti − hJ̃ti − cminðtÞ½ðt∂t − 1Þhρti − hρ̃ti� ¼ 0. The opti-
mal quality factor therefore reads

QCTUR
opt

¼ 2½aðtÞ2varðρtÞ− 2aðtÞbðtÞcovðJt;ρtÞ þ bðtÞ2varðJtÞ�
½varðJtÞvarðρtÞ− covðJt;ρtÞ2�ΔStotðtÞ

:

ð93Þ

The saturated quality factor QCTUR
sat in Eq. (90) is shown in

Fig. 7 together with the optimal QCTUR
opt and the quality

factors of the current TURQJTUR
ð23Þ , density TURQρTUR

12 , and

a CTUR QCTUR
c¼10 with cðtÞ ¼ 10 for the calmodulin system

[see Fig. 6(c)]. We consider the transition weights κð23Þij ¼
δi2δj3 − δi3δj2 and state function Vi ¼ ðδi1 þ δi2Þ=2.
Only the saturated quality factor remains finite for

FIG. 7. Saturation of CTUR in the transient calmodulin folding
dynamics [see Fig. 6(c)]. We present the various CTUR quality
factors Q arising from various combinations of density ρτ and
current Jt as a function of time. The black line denotes the
saturation of the TUR, i.e., when κðτÞ ¼ ZðτÞ and cðtÞρt ¼ JIIt ,
corresponding to the estimated entropy production being the
pseudoentropy production Σest ¼ 2hA2

t i. Above the black line is
the region Σest > 2hA2

t i, which is not accessible using the
(C)TUR. The remaining quality factors shown use the current
(QJTUR

ð23Þ ), density (QρTUR
12 ), or a combination of these (QCTUR

c¼10 and

QCTUR
opt ) in orange, green, purple, and red, respectively. For the

CTURs, the proportionality cðtÞ ¼ 10 (purple) and cðtÞ ¼ coptðtÞ
(red) are chosen, the latter optimizing the quality factor for given
Jt and ρt. The rates can be found in Table III.
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t → ∞. As expected, the optimal QCTUR
opt gives the best

inferred entropy production when κðτÞ and Vτ do not
saturate the TUR, whereas QCTUR

c¼10 ≤ QJTUR
ð23Þ for t ≤ 3.

Hence, simply using an arbitrary cðtÞ in the CTUR may,
in fact, lead to a worse estimate for the entropy production
compared to the current TUR. The nontrivial behavior of
cðtÞ is also highlighted in Fig. 8. The expressions of coptðtÞ
and cminðtÞ, Eq. (91), can be both positive and negative.
Furthermore, they are in no particular relation to another;
i.e., one cannot easily say if and when coptðtÞ < cminðtÞ and
vice versa. A more detailed discussion is given in
Appendix A 10.

C. Thermodynamic transport bound

The thermodynamic bound on the transport (or short
“transport bound”) of a scalar observable zτ ¼ zðxτ; τÞ in
continuous space was derived in Refs. [51,154] and reads

hzt − z0 −
R
t
0 dτ∂τzτi2

tDc
t

≤
ΔSctotðtÞ

2
; ð94Þ

whereDc
t is the continuous-space fluctuation-scale function

Dc
t ≡ 1

t

Z
t

0

dτh½∇xzτ�Tγ−1ðτÞ∇xzτi; ð95Þ

which accounts for how much zðxτ; τÞ “stretches” micro-
scopic coordinates xτ [51]. Here, γ is a positive-definite and
symmetric friction matrix that is allowed to depend on time
and the averages h·i in Eqs. (94) and (95) are taken over
transient trajectories. In Refs. [51,113], it was further
shown how Dc

t relates to the short-time fluctuations
dzτ ¼ zτþdτ − zτ, i.e.,

Dc
t ¼

Z
t

0

dτ
varðdzτÞ
2dτ

: ð96Þ

To prove the discrete-space transport bound, we use
Eq. (75) and the stochastic integral

Bt ¼
Z

τ¼t

τ¼0

Tr½HðτÞdεðτÞ�; ð97Þ

where ½HðτÞ�ij ¼ ziðτÞ − zjðτÞ is the difference of some
observable state function zτ ≡ zðxτ; τÞ ¼

P
k δxτkzkðτÞ. The

mean of Bt vanishes, while the second moment reads

hB2
t i ¼

Z
t

0

dτ
X
i;j

½ziðτÞ − zjðτÞ�2rijpiðτÞ; ð98Þ

which we can identify with the short-time fluctuation
function Dt ¼ hB2

t i=t. Namely, consider the infinitesimal
difference dzðτÞ ¼ zτþdτ − zτ along the trajectory.
Then, for any n∈N>0, we then get h½dzðτÞ�ni ¼P

x;yðzy − zxÞnrxypxðτÞdτ þOðdτ2Þ. Thus, var½dzðτÞ� ¼P
x;yðzy − zxÞ2rxypxðτÞdτ þOðdτ2Þ and

Dt ¼
1

t

Z
t

0

var½dzðτÞ�: ð99Þ

After performing an integration by parts, the cross-corre-
lation between At [given in Eq. (75)] and Bt is

hAtBti ¼
X
i

�
ziðtÞpiðtÞ− zið0Þpið0Þ−

Z
t

0

dτ∂τziðτÞpiðτÞ
�

¼ hzt − z0 −
Z

t

0

dτ∂τzτi: ð100Þ

The average of zt is given by hzτi ¼
P

k

P
l δklzkðτÞplðtÞ.

By combining the various averages entering the Cauchy-
Schwarz inequality hAtBti ≤ hA2

t ihB2
t i, we obtain the trans-

port bound for MJPs

hzt − z0 −
R
t
0 dτ∂τzτi2

tDt
≤
ΔStotðtÞ

2
: ð101Þ

Upon identifying thedynamical activity
R
t
0 dτ

P
x;y≠x rxypxðτÞ

[111,112], the fluctuation-scale function Dt can be seen as
a ½zyðτÞ − zxðτÞ�2-weighted dynamical activity, which jus-
tifies referring to Dt as the diffusion constant of zτ on
a graph.

1. Saturation of the transport bound

While the continuous TB in Eq. (94) can be saturated,
however not uniquely, with ∇xzτ ¼ cγjðx; τÞ=Pðx; τÞ (see
Ref. [51] for details), there is no general way to saturate the
discrete TB. We provide a simple counterexample to show

FIG. 8. Quality factor as a function of density weighting
function cðtÞ in the calmodulin system at a fixed t ¼ 0.05.

The colors correspond to different transition weights κðklÞij ¼
δikδjl − δilδjk between two states, i.e., κð12Þij (blue), κð56Þij (orange),

and κð26Þij (green). The state function entering the density is
ViðτÞ ¼ δi3 and the initial condition is pið0Þ ¼ δi6. The circles
are the quality factors for most optimal cðtÞ ¼ coptðtÞ, while the
squares denote the least optimal cðtÞ ¼ cminðtÞ.
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why this is the case. Consider some a, b, c > 0 and let

L ¼

0
BB@

−1 − a b 1

1 −1 − b c

a 1 −1 − c

1
CCA ð102Þ

be the generator for a fully connected three-state MJP with
states f1; 2; 3g. Saturation of Eq. (101) entails choosing zτ
such that HðτÞT ∝ ZðτÞ to saturate the Cauchy-Schwarz
inequality. Explicitly, for all τ,

z2ðτÞ − z1ðτÞ ¼! Z12ðτÞ ¼
p1ðτÞ − bp2ðτÞ
p1ðτÞ þ bp2ðτÞ

;

z3ðτÞ − z1ðτÞ ¼! Z13ðτÞ ¼
ap1ðτÞ − p3ðτÞ
ap1ðτÞ þ p3ðτÞ

;

z3ðτÞ − z2ðτÞ ¼! Z23ðτÞ ¼
p2ðτÞ − cp3ðτÞ
p2ðτÞ þ cp3ðτÞ

: ð103Þ

A solution of Eq. (103) involves Z23ðτÞ ¼ Z13ðτÞ − Z12ðτÞ,
i.e.,

p2ðτÞ − cp3ðτÞ
p2ðτÞ þ cp3ðτÞ

¼ 2p1ðτÞ½abp2ðτÞ − p3ðτÞ�
½ap1ðτÞ þ p3ðτÞ�½p1ðτÞ þ bp2ðτÞ�

:

ð104Þ

Even for abc ¼ 1, which corresponds to a system relaxing
toward equilibrium, we can always choose an initial
condition pðτ ¼ 0Þ such that the equality in Eq. (104) is
not achieved. For example, let a ¼ b ¼ c ¼ 2 and
p2ð0Þ ¼ p3ð0Þ ¼ 1=2. The lhs of Eq. (104) yields −1=3,
while the rhs is 0, hence the equality is not achieved and the
set of equations in Eq. (103) has no solution. Thus, there is
no state function zτ that saturates the TB.

2. Unification of (C)TUR and TB

It turns out that the TB is a special case of the CTUR.
Starting from the transient CTUREq. (88), we now choose ρt
such that Jt − cðtÞρt ¼ JIt, i.e., ViðτÞ ¼

P
j κijðτÞrij=cðtÞ.

Then,

t∂thρti ¼ t
X
i

ViðtÞpiðtÞ

¼ t
X
i;j≠i

κijðτÞrij
cðtÞ piðtÞ

¼ 1

cðtÞ t∂thJti; ð105Þ

and similarly,

hρ̃ti ¼
Z

t

0

dτ
X
i

τ∂τViðτÞpiðτÞ

¼
Z

t

0

dτ
X
i;j≠i

τ∂τκijðτÞrij
cðtÞ piðτÞ

¼ 1

cðtÞ
Z

t

0

dτ
X
i;j≠i

τ∂τκijðτÞrijpiðτÞ

¼ 1

cðtÞ hJ̃ti: ð106Þ

Ananalogous calculation reveals hρti ¼ hJti=cðtÞ andhence
using this choice ofρt inEq. (88) yields the following formof
the transient CTUR:

hJti2
var½Jt − cðtÞρt�

¼ hJti2
varðJItÞ

≤
ΔStotðtÞ

2
: ð107Þ

We call Eq. (107) the generalized TB (gTB) because the
choice κijðτÞ ¼ zjðτÞ − ziðτÞ yields the transport bound.
Explicitly, the mean current is

hJti¼
Z

t

0

ds
X
i;j≠i

½zjðsÞ−ziðsÞ�rijpiðsÞ

¼
Z

t

0

ds
X
i

ziðsÞ
X
j≠i

½rjipjðsÞ−rijpiðsÞ�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼∂spiðsÞ

¼
X
i

�
ziðtÞpiðtÞ−zið0Þpið0Þ−

Z
t

0

ds½∂sziðsÞ�piðsÞ
�
;

ð108Þ

and the variance of the dissipative current reads

varðJItÞ ¼ hðJItÞ2i − hJIti2|ffl{zffl}
¼0

¼
Z

t

0

ds
X
i;j≠i

½zjðsÞ − ziðsÞ�2rijpiðsÞ

¼ tDt: ð109Þ

With the specific choice κijðτÞ ¼ zjðτÞ − ziðτÞ, i.e., using
Eqs. (108) and (109), Eq. (107) becomes the TB

hzt − z0 −
R
t
0 dτ∂τzτi2

tDt
≤
ΔStotðtÞ

2
: ð110Þ

Equation (107) therefore naturally relates the TB to the
CTUR as a special case. Indeed, the gTB is efficient, i.e.,
yields a nonzero bound in both transient and stationary
systems, while the TB yields only nontrivial bounds in
transient systems. A similar connection can be made in
continuous space, where a recent TUR for underdamped
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Langevin dynamics [126] can be seen as a generalization of
the continuous TB [51]. It should be noted that, while the TB,
in general, cannot be saturated, the gTB can be saturatedwith
the choice of weight κðτÞ ∝ ZðτÞ. Moreover, in some cases,
the transient TB of one system may be identical to the
stationary gTBof another system.The following example, an
extension of the SAT model [see Fig. 6(b)], shows how the
TB may give rise to the gTB in a special case.
To make reasonable comparisons in the SAT model, we

either have to consider symporter or antiporter systems. We
are going to focus on the latter. We first vary eoutB to assess
which values of transition rates give rise to antiporter
behavior before addressing thermodynamic inference.
We start with the cycle affinities of the model. The

six-state SAT model consist of three cycles: C1 ¼
f1 → 2; 2 → 4; 4 → 3; 3 → 1g, C2¼f3→4;4→6;6→5;
5→3g, and C3¼f1→2;2→4;4→6;6→5;5→3;3→1g.
The corresponding cycle affinities are AC1 ¼ logðeoutA =einA Þ,
AC2 ¼ logðeinB=eoutB Þ, and AC3 ¼ AC1 þAC2 ¼ logðeoutA einB=
einA e

out
B Þ. Since the transport of molecule A with help of B is

of interest, one could naively assume that the transport
relates toAC3 . However,AC3 does not quantify the direction
of transport, as AC3 does not give any information on the
transport of type A alone. One can also convince oneself
that AC1 is insufficient as well, due to the cycle affinity
being independent of eoutB .
However, the current (entering the stationary TUR) in the

six-state model gives the insight we require. The relevant
transition weight is κSATij ¼ δi1δj3 − δi3δj1, effectively
counting the total number of molecules A being transported
toward the exterior of the cell. The mean current is
hJSATt is ¼

P
x;y κ

SAT
xy rxyps

x. If hJSATt is > 0, the average
total number of molecules A transported toward the outside
of the cell is positive, corresponding to an average transport
of A from the inside to the outside of the cell. Thus, the
condition for an antiporter behavior is lA=eoutA > ps

3=p
s
1,

which depends on eoutB via the steady-state distribution.
With the parameters we use, see Table IV, we need
ps
3=p

s
1 < 2=3. The value 2=3 is marked as a black line

in the inset of Fig. 9(a), where the green line corresponds to
the value of ps

3=p
s
1 as a function of e

out
B . The dashed red line

marks the value of eoutB such thatAC3 ¼ 0, while the dashed
orange line is where ps

3=p
s
1 ¼ 2=3. The same can be readily

seen in Fig. 9(b), where the mean current is presented for
various values of eoutB . Clearly, the condition AC3 ¼ 0 is not
sufficient for a positive current.
Additionally, we can consider the transient extended

model and apply the TB. For the extended model, consider
px;nðτÞ, the probability of being in state x in system n at
time τ, where n∈Z corresponds to the number of A
molecules transported through the membrane. When mar-
ginalizing over Z, we recover the steady-state probability
ps
x ¼

P
n∈Z px;nðτÞ. As a state function, we choose the

number of A molecules zτ ¼ n, such that

hzτi ¼
X
n∈Z

n
X6
x¼1

px;nðτÞ ¼
X
n∈Z

np̃nðτÞ; ð111Þ

where p̃nðτÞ is the probability distribution marginalized
over N . Without loss of generality, we use hz0i ¼ 0.
Equation (111) therefore describes the average number
of net transitions hn13 − n31i between states 1 and 3 in the
original system until time τ, with zτ the net number of
transitions. Hence, one can immediately recognize that
hzτi ¼ hJSATt is, which can be readily seen in Fig. 9(a).
The fluctuation-scale function is recognized to be

Dext
t ¼ 1

t

X
n∈Z

X
x;y∈N

Z
t

0

dτ½ðzy;n − zx;nÞ2δx→y;n

þ ðzy;nþ1 − zx;nÞ2δx→y;n→nþ1

þ ðzy;n−1 − zx;nÞ2δx→y;n→n−1�rxypx;nðτÞ: ð112Þ

(a) (b) (c)

FIG. 9. Comparison of TUR and transport bound with the periodic extension of the SAT model in Fig. 6(b). The mean of Jt (orange)
and zx;n (blue) from N ¼ 50 000 trajectories sampled with the Gillespie algorithm is shown in (a) as a function of t, compared to the
analytic hJti [see Eq. (81)], for eoutB ≈ 40. The inset shows the fraction ps

3=p
s
1 for different values of e

out
B . The dashed orange and red lines

indicate the values of eoutB where the antiporter regime begins (eoutB ≈ 27) and whereAC3 ¼ 0 (eoutB ¼ 6), respectively, while the black line
is the upper limit ps

3=p
s
1 can have so that the system is an antiporter. The mean current is shown in (b) for various values of eoutB . The

steady-state quality factors for TUR (solid) and TB (dashed) are shown in (c) as a function of t for various values of eoutB in the antiporter
regime. The parameters are listed in Table IV.
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Note that δx→y;n→nþ1 is 1 if the transition x → y is observed
while the system goes from n to nþ 1 and 0 otherwise. We
can simplify Eq. (112) to find

Dext
t ¼ 1

t

X
n∈Z

Z
t

0

dτ½r13p1;nðτÞ þ r31p3;nðτÞ�; ð113Þ

because zx;n−zy;n¼0 and zx;n−zy;n�1¼�1. Marginalizing
over n finally gives

Dext
t ¼ ½r13ps

1 þ r31ps
3� ¼

X
x;y∈N

ðκSATxy Þ2rxyps
x: ð114Þ

Upon comparing Eq. (114) to Eq. (68), it becomes apparent
thatDext

t ¼ limt→0 varsðJSATt Þ=t. Furthermore, using the TB
on the transient extended SAT model yields the stationary
gTB of the original six-state SAT model, as the TB reduces
to Eq. (107).
The quality factors of the TUR QTUR and TB QTB are

shown in Fig. 9(c) (solid and dashed line, respectively) for
eoutB in the antiporter regime. Because tDext

t > varsðJSATt Þ
for all t > 0, the TUR infers a higher fraction of the entropy
production, i.e.,QTUR ≥ QTB. Additionally, one may show
that taking eoutB → ∞ leads to the quality factors converging
to a finite value [12,155]. Hence, there is no improvement
in the inference of dissipation at higher concentrations of B
outside the cell beyond a certain point.

D. Thermodynamic correlation bound

Thermodynamic bounds on correlation times were stud-
ied in the context of Langevin dynamics in Ref. [113] in
stationary systems at large times. Recently, such thermo-
dynamic correlation inequalities were extended to finite
times and transients [114]. Following the latter stochastic-
calculus approach, we here develop analogous results for
time-homogeneous MJPs, in the general transient setting
and for arbitrary times. That such results are possible was
already anticipated in Ref. [113].
The proof of the correlation bound starts from the

auxiliary stochastic integral

Bt ¼
1ffiffi
t

p
Z

τ¼t

τ¼0

Tr

��
HðτÞ − Z̃ðτÞT

�
dεðτÞ

�
; ð115Þ

where Z̃xyðτÞ ¼ ZxyðτÞ½zxðτÞ þ zyðτÞ − 2FðτÞ� for some
time-dependent function FðτÞ, Zxy is given by Eq. (76),
and H is the same matrix also entering Eq. (97). The
second key ingredient is the shifted and rescaled density
observable

Ct ¼
1ffiffi
t

p
Z

τ¼t

τ¼0

½Vτ − hVτi�dτ; ð116Þ

where hVτi ¼
P

i VipiðτÞ. While the TUR and TB allow
the state functions zτ and Vτ to be explicitly time depen-
dent, the correlation bound requires these to be strictly
time independent. Furthermore, we write, e.g., hzτi ¼P

i zipiðτÞ to explicitly highlight that the average depends
on time through piðτÞ. Additionally, we need to introduce
the reweighted two-point probability

pps
xyðτÞ ¼ pxðτÞrxyZxyðτÞ2

Σps
; ð117Þ

with the renormalization constant Σps ¼
P

x;y pxðτÞ×
rxyZxyðτÞ2 which is the pseudoentropy production rate
(pseudo-EPR). Expectation values with respect to pps

xyðτÞ
will be denoted by h·ips. We will also introduce the
pseudovariance pvarFpsðzτÞ¼

P
x;y½zxþ zy−2FðτÞ�2pps

xyðτÞ,
which is the “true” variance for only FðτÞ ¼ hzτips=2 ¼P

x;yðzx þ zyÞpps
xyðτÞ=2 and some other positive time-

dependent quantity otherwise.
We immediately see that

hC2
t i ¼

1

t

Z
t

0

dτ
Z

t

0

dτ0covðVτ; Vτ0 Þ; ð118Þ

where Vτ ≡ VðxτÞ ¼
P

k δk;xτVk, and introducing the time-
averaged density

V̄t ≡ 1

t

Z
τ¼t

τ¼0

Vτdτ;

z̄t ≡ 1

t

Z
τ¼t

τ¼0

zτdτ; ð119Þ

Eq. (118) can be identified as

tvarðV̄tÞ ¼ hC2
t i: ð120Þ

With the shorthand notations VΔ
x ðτÞ ¼ Vx − hVτi and

zFτ ¼ zτ − hFðτÞi, the cross term is computed to be

thBtCti ¼
Z

t

0

dτ0
Z

t

0

dτ
X
x;y;i

1τ<τ0VΔ
i ðτ0ÞðHyx − ZxyðτÞ

× ½zFx ðτÞ þ zFy ðτÞ�rxypxðτÞÞ
× ½Pði; τ0jy; τÞ − Pði; τ0jx; τÞ�; ð121Þ

where the sum over x, y can be simplified because of
symmetries (we suppress the time indices here) to get

X
x;y

Hyxrxypx½PðijyÞ − PðijxÞ�

¼ −
X
x;y

zFx ðrxypx þ ryxpyÞ½PðijyÞ − PðijxÞ�; ð122Þ
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and

X
x;y

ZxyðzFx þ zFy Þrxypx½PðijyÞ − PðijxÞ�

¼
X
x;y

zFx ðrxypx − ryxpyÞ½PðijyÞ − PðijxÞ�: ð123Þ

Using time homogeneity of the semigroup Pðτ0jτÞ ¼
Pðτ0 − τÞ≡ eLðτ0−τÞ, which obeys the master equation
Eq. (40), i.e., ∂τPðτÞ ¼ LPðτÞ ¼ PðτÞL, and ∂τPðτ0 − τÞ ¼
−∂τ0Pðτ0 − τÞ, the integrand in Eq. (121) simplifies to
2
P

x;i 1τ<τ0V
Δ
i ðτ0ÞzFx ðτÞpxðτÞ∂τ0Pði; τ0jx; τÞ. Since

X
x;i

½∂τ0VΔ
i ðτ0Þ�zFx ðτÞpxðτÞPði; τ0jx; τÞ

¼ −∂τ0 hVτ0 i
X
x

zFx ðτÞpxðτÞ
X
i

Pði; τ0jx; τÞ
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

¼1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼hzτi−FðτÞ

; ð124Þ

the particular choice FðτÞ ¼ hzτi yields

thBtCti ¼ 2

Z
t

0

dτ0
Z

t

0

dτ1τ<τ0∂τ0covðVτ0 ; zτÞ: ð125Þ

An integration by parts in τ0 with ∂τ01τ<τ0 ¼ δðτ0 − τÞ
further yields

hBtCti ¼ 2cov½Vt; z̄t� −
2

t

Z
t

0

dτcov½Vτ; zτ�: ð126Þ

Finally, the second moment of Bt reads

hB2
t i ¼ Dt þ

1

t

Z
t

0

dτΣpsðτÞpvarFpsðzτÞ

−
2

t

Z
t

0

dτ
X
x;y

�
½zy − FðτÞ�2 − ½zx − FðτÞ�2

�

× ZxyðτÞrxypxðτÞ: ð127Þ

The integrand of the last term in Eq. (127) reduces to

X
x;y

�
½zy − FðτÞ�2 − ½zx − FðτÞ�2

�
ZxyðτÞrxypxðτÞ

¼
X
y

½zy − FðτÞ�2∂τpyðτÞ: ð128Þ

Choosing FðτÞ ¼ hzτi again simplifies Eq. (127) to

hB2
t i ¼ Dt þ

1

t

Z
t

0

dτΣpsðτÞpvarFpsðzτÞ

−
2

t
½varðztÞ − varðz0Þ�: ð129Þ

Combining Eqs. (120), (126), and (129) yields the transient
finite-time correlation bound

h
2covðVt;z̄tÞ− 2

t

R
t
0 dτcovðVτ;zτÞ

i
2

tvarðV̄tÞ
−Dt

þ2

t
½varðztÞ−varðz0Þ�≤

1

t

Z
t

0

dτΣpsðτÞpvarFpsðzτÞ: ð130Þ

In NESS, Eq. (130) simplifies to [we suppress time indices
for stationary single-time (pseudo and/or co)variances]

4½covðVt; z̄tÞ − covsðV; zÞ�2
tvarðV̄tÞ

−Dt

≤
hA2

t is
t

pvarFpsðzÞ ≤
ΔStotðtÞ

2t
pvarFpsðzÞ: ð131Þ

The two-point probability density pxyðτÞ is not accessible,
since it requires knowing L; hence, the pseudovariance in
Eqs. (130) and (131) needs to be further bounded. In the
former case, it was assumed that FðτÞ ¼ hzτi, while in the
stationary case the choice of FðτÞ ¼ F is free. Since we
consider bounded zτ on finite-state spaces, there exist
bounds zmax =min such that for all x ≠ y [156] the function
entering the pseudovariance satisfies zmin ≤ zx þ zy ≤ zmax.
In steady state with F ¼ hzτips=2, pvarFpsðzÞ ¼ varpsðzÞ ≤
ðzmax − zminÞ2=4, where we used the Popoviciu’s inequality.
It should also be clear from Eqs. (130) and (131) that the

quality factor for the CB QCB can become negative (and
hence the bound is uninformative). To be precise, let

GðtÞ≡
h
2covðVt; z̄tÞ − 2

t

R
t
0 dτcovðVτ; zτÞ

i
2

tvarðV̄tÞ
; ð132Þ

then clearly GðtÞ;Dt; varðztÞ ≥ 0 for all t ≥ 0. Therefore, if
GðtÞ −Dt þ ð2=tÞ½varðztÞ − varðz0Þ� < 0, the inferred
entropy production is negative. The fact that the quality
factor may become negative, giving a lower bound on the
total entropy production that is worse than the second law
of thermodynamics, is not particularly appealing. However,
the CB can be applied in situations where many established
methods fail to infer entropy production. In the following,
we provide a simple four-state example where CB can be
applied successfully, but other methods fail.

1. Example II: Four-state toy model

Consider a four-state model f1; 2; 3; 4g on a ring, see
Fig. 6(e). The rates clockwise are unity and the counter-
clockwise rates are controlled by the parameter ϵ. The
steady-state distribution ps

i ¼ p ¼ 1=4 is independent of ϵ.
Suppose that we can only distinguish between a pair of
mesostates A and B, i.e., it can only distinguish whether the
system is in either states 1 and 2 (mesostate A) or states 3
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and 4 (mesostate B). These we refer to mesostates A
(containing f1; 2g) and B (containing f3; 4g), see Fig. 6(e).
Inferring the total steady-state entropy production

ΔStotðtÞ ¼ tðϵ − 1Þ log ϵ by only observing transitions
between states A and B is a challenge where surprisingly
few bounds provide nontrivial estimates. For example, the
TUR gives (only) the second law, as

hJti ¼ p

�
ϵκAB|ffl{zffl}
2→3

þ κBA|{z}
3→2

þ ϵκBA|ffl{zffl}
4→1

þ κAB|{z}
1→4

�
¼ 0: ð133Þ

Including a density, i.e., using the CTUR Eq. (88), yields
the same bound, because the density contributes only in
transient dynamics. Similarly, the TB is only nontrivial for
transient systems. Using the gTB is not profitable either,
due to Eq. (133).
However, the CB can be applied to yield a positive bound

on the EP for sufficiently large t and ϵ. The fluctuation-
scale function is Dt ¼ ð1þ ϵÞ=2 and for X ¼ A;B
the steady-state (co)variance is covsðVA; VXÞ ¼
ðδX;A − δX;BÞ=4. If λk, k∈ f1; 2; 3; 4g, are the eigenvalues
of the generator

λ1 ¼ 0;

λ2 ¼ −2ðϵþ 1Þ;
λ3=4 ¼ −1 − ϵ� ðϵ − 1Þi; ð134Þ

then for times t ≫ maxk∈ f2;3;4g ð−1=ReðλkÞÞ ¼ 1=ð1þ ϵÞ,
we can use

tvarðV̄A
t Þ ¼ 2

Z
t

0

dτcovðVA
τ ; VA

0 Þ þOðt−1Þ; ð135Þ

and is therefore similar to

covðVA
t ; V̄B

t Þ ¼ −
1

t

Z
t

0

dτcovðVA
t ; VA

τ Þ

¼ −
1

t

Z
t

0

dτcovðVA
τ ; VA

0 Þ: ð136Þ

Thus, the lhs of Eq. (131) for t ≫ 1=ð1þ ϵÞ reads
4½covðVt; z̄tÞ − covsðV; zÞ�2

tvarðV̄tÞ
−Dt

¼ 1

8
R
t
0 dτcovðVA

τ ; VA
0 Þ

−
1þ ϵ

2
þOðt−1Þ: ð137Þ

The first term can be simplified further to be ðϵ2 þ 1Þ=
ðϵþ 1Þ (see Appendix A 6), so that the large-t quality
factor becomes

Q⟶
t→∞ 1

log ϵ

�ðϵþ 1Þ2 þ ðϵ − 1Þ2
ðϵ2 − 1Þ −

ϵþ 1

ϵ − 1

�
1

pvarFpsðVAÞ

¼ ðϵ − 1Þ
ðϵþ 1Þ log ϵ

1

pvarFpsðVAÞ : ð138Þ

Recall that the choice of FðτÞ is free for stationary systems,
hence we can choose FðτÞ ¼ hVA

x þ VA
y ips=2 such that

pvarFpsðVAÞ ¼ varpsðVAÞ. Using Popoviciu’s inequality,
the pseudovariance (i.e., variance) with the choice FðτÞ ¼
hVA

x þ VA
y ips=2 (i.e., the two-point variance of VA

x þ VA
y )

can be bounded by varFpsðVAÞ¼1=2≤1 (see Appendix A 6).
Thus, the estimated entropy production using Popoviciu’s
inequality is half of that estimated with the exact pseudovar-
iance, resulting in 2QPop ¼ Q, which is shown in Fig. 10(a),
where the exact EPR is shown together with the long-time
limit of estimatedEPRwith andwithout Popoviciu’s inequal-
ity. The inset in Fig. 10(a) shows the corresponding quality
factors, Eq. (138), in the limit t → ∞. As a sanity check,
theoretical and simulation results obtained with the cel-
ebrated Gillespie algorithm [146,147] of GðtÞ −Dt are
compared in Fig. 10(b), where a good agreement is found.
In addition, the leading-order correction is shown in
Fig. 10(c) by considering

δ½GðtÞ −Dt� ¼ GðtÞ −Dt −
ðϵ − 1Þ2
2ðϵþ 1Þ ; ð139Þ

i.e., subtracting the t → ∞ limit. As expected, the leading-
order correction decays as t−1.

(a) (b) (c)

FIG. 10. Correlation bound applied to the driven ring, see Fig. 6(e). (a) The exact EPR and long-time estimated EPR with and without
bounding the (pseudo)variance are shown in dependence of ϵ. Specifically, the choice FðτÞ ¼ hVA

x þ VA
y ips=2 is used. The inset shows

the resulting quality factors. The lhs of the stationary CB, GðtÞ −Dt, is shown in (b) evaluated analytically and with simulations.
Additionally, the long-time limit is included. The deviation from the long-time limit δ½GðtÞ −Dt� is presented in (c) correctly displaying
the Oðt−1Þ decay. The simulations are performed with the Gillespie algorithm using N ¼ 50000 trajectories.
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V. RESPONSE TO GENERAL PERTURBATION

Numerous works addressed the response of Markovian
dynamics to perturbations by means of various methods in
the setting of equilibrium systems [157–159] and nonequili-
brium steady states [18,69,160–163], as well as general
perturbations of single-time observables [4], which was
recently generalized to path observables of diffusions [137].
Herewedevelop the counterpart ofRef. [137] forMJPsusing
the developed stochastic calculus.

A. Derivation of response formula for MJPs

We are interested in the response of a (generally
pathwise) observable OðtÞ ¼ O½ðxτÞ0≤τ≤t� to a perturbation
of a control parameter χ → χ þ δ (e.g., a temperature
change T → T þ δ). We seek an exact result for

∂δOt ¼ lim
δ→0

1

δ
ðhOðtÞiδ − hOðtÞiÞ; ð140Þ

where hOðtÞi is the expectation with respect to the
unperturbed process in Eq. (47), while hOðtÞiδ is the
average with respect to the perturbed process evolving
according to

dnδðτÞ ¼ RδðxδτÞdτ þ dεδðτÞ: ð141Þ

Depending on the observable, the averages hOðtÞi and
hOðtÞiδ can either be understood as single-time or pathwise
averages. For example, ifOðtÞmeasures some instantaneous
quantity at time t, e.g., the instantaneous internal energy of
the system, the averages are to be understood as

hOðtÞiðδÞ ¼
P

x OxðtÞpðδÞ
x ðtÞ, where pðδÞ

x ðtÞ is the single-
time probability evolving according to themaster equation of
the (perturbed) system. Conversely, ifOðtÞ ¼ O½ðxτÞ0≤τ≤t� is
a pathwise observable depending on the entire trajectory,
e.g., a time-integrated current Jt, the average h·i is over all
paths evolving according to Eq. (47) [and h·iðδÞ over all paths
evolving according Eq. (141)],

hOðtÞiðδÞ ¼
X

ðxτÞ0≤τ≤t
O½ðxτÞ0≤τ≤t�PðδÞ½ðxτÞ0≤τ≤t�: ð142Þ

The path measures Eq. (41) of processes in Eqs. (47) and
(141) can be conveniently written in terms of the stochastic
differentials as

Pδ½ðxτÞ0≤τ≤t� ¼ px0ð0Þ exp
�Z

s¼t

s¼0

X
x

rδxxdτxðsÞ

þ
Z

s¼t

s¼0

X
x;y≠x

log rδxydnxyðsÞ
�
; ð143Þ

where px0ð0Þ is the distribution of the initial state xτ¼0 ¼ x0.
Note that a given path realization defines a unique sequence of
transitions and hence dτxðsÞ anddnxyðsÞ, which, in turn, enter
equally P in Eq. (41) and Pδ in Eq. (143). However, because
of the different rates (rδxy versus rxy), the measure of the same
path is generally different underP andPδ. Moreover, writing
the path measure in terms of stochastic differentials as in
Eq. (143) further has the advantage of allowing for time-
dependent rates.
Consider the perturbed rates

rδxy ¼ rxyðχ þ δÞ ¼ rxyðχÞ þ δr̃xyðχÞ þOðδ2Þ: ð144Þ

Note that we assume that the rates rxy ¼ rxyðχÞ and rδxy are
functions of χ and χ þ δ, respectively (χ is a placeholder for
the perturbed quantity, e.g., temperature T), and that the
function is analytic at δ ¼ 0, i.e., that it has a well-defined
Taylor expansion at that point. Therefore, Pδ is absolutely
continuous with respect to P for sufficiently small δ [164]
and the perturbed average hOðtÞiδ can be written in terms of
the unperturbed process in Eq. (47) using the Cameron-
Martin-Girsanov theorem with the Radon-Nikodym
derivative [165]

hOðtÞiδ ¼
�
OðtÞ dP

δ

dP

�
; ð145Þ

where we assumed that the processes start from the same
initial distribution. The Radon-Nikodym derivative reads

dPδ

dP
½ðxτÞ0≤τ≤t� ¼ exp

�Z
s¼t

s¼0

X
x

ðrδxx − rxxÞdτxðsÞ þ
Z

s¼t

s¼0

X
x;y≠x

log
rδxy
rxy

dnxyðsÞ
�

¼ exp

�
−δ

Z
s¼t

s¼0

X
x;y≠x

r̃xydτxðsÞ þ δ

Z
s¼t

s¼0

X
x;y≠x

r̃xy
rxy

dnxyðsÞ þOðδ2Þ
�

¼ 1 − δ

Z
s¼t

s¼0

X
x;y≠x

r̃xy
rxy

½rxydτxðsÞ − dnxyðsÞ� þOðδ2Þ

¼ 1þ δ

Z
s¼t

s¼0

X
x;y≠x

r̃xy
rxy

dεxyðsÞ þOðδ2Þ: ð146Þ
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The response to a perturbation in χ (e.g., the temperature) is
therefore evaluated to be

∂δOt ¼
�
OðtÞ

Z
s¼t

s¼0

X
x;y≠x

r̃xy
rxy

dεxyðsÞ
�
: ð147Þ

Note that we did not use any particular property ofOðtÞ that
would distinguish between single-time and pathwise
observables. Nevertheless, for the sake of completeness,
we provide in Appendix A 8 an explicit derivation of
pathwise observables.
While elegant, Eq. (147) (similar to the continuous-space

result [137]) cannot generally be applied to experimental
data. This restriction is due to the integration over noise
(which is never known in experiments) and the effective
drift, including what defines the rates, which renders
Eq. (147) operationally inaccessible. However, Eq. (147)
may be useful in simulations of high-dimensional systems,
where the rates and noise are known but the generator L
cannot be easily diagonalized. Note that dεxyðsÞ depends on
pxðsÞ through Eq. (48).
The stochastic-analysis route to Eq. (147) can be seen as

an alternative way of evaluating responses to perturbations
of observables complementing well established existing
methods [4]. The limit in Eq. (140) can, in fact, be
evaluated directly using a type of Dyson identity [4]
(see Appendix A 8 for details). However, Eq. (147) allows
for the same result to be obtained using correlations of
stochastic differentials without invoking perturbative
calculations.

B. Equilibrium response to temperature perturbations

For MJPs in equilibrium, we have peq
i ∝ e−Ei=T in terms

of free energies Ei. In addition, we have detailed balance,
which, however, does not uniquely specify the rates. We
choose the rates to be

rxy ¼ DeðλEx−ð1−λÞEyÞ=T ð148Þ

for any λ∈ ½0; 1� (commonly used are λ ¼ 1 and λ ¼ 1=2)
and D may scale with T (D ¼ D̃T with D̃ ¼ const.). The
rates in Eq. (148) satisfy detailed balance.
The aim here is to relate the response in Eq. (147) of a

single-time observable OðtÞ to the equilibrium correlation
function,

COEðtÞ ¼ ðhOEieq − hOðtÞEð0ÞieqÞ: ð149Þ

We start from Eq. (147) and use the noise-time lemma in
Eq. (50) to get

�
OðtÞ

Z
s¼t

s¼0

X
x;y≠x

r̃xy
rxy

dεxyðsÞ
�

eq

¼ 1

T2

Z
t

0

ds
X
i

X
x;y≠x

Oi½Pði; tjy; sÞ − Pði; tjx; sÞ�

× rxyp
eq
x ð−λEx þ ð1 − λÞEy þ TÞ; ð150Þ

since

r̃xy
rxy

¼ ∂δD̃ðT þ δÞeðλEx−ð1−λÞEyÞ=ðTþδÞjδ¼0

D̃TeðλEx−ð1−λÞEyÞ=T

¼ D̃ð1 − λEx−ð1−λÞEy

T ÞeðλEx−ð1−λÞEyÞ=T

D̃TeðλEx−ð1−λÞEyÞ=T

¼ T − λEx þ ð1 − λÞEy

T2
: ð151Þ

The last term in Eq. (150) including T vanishes because

X
x;y≠x

½Pði; tjy; sÞ − Pði; tjx; sÞ�rxypeq
x

¼
X
x;y≠x

Pði; tjx; sÞryxpeq
y −

X
x;y≠x

Pði; tjx; sÞrxypeq
x

¼
X
x;y≠x

Pði; tjx; sÞrxypeq
x −

X
x;y≠x

Pði; tjx; sÞrxypeq
x

¼ 0; ð152Þ

where we use detailed balance in the third line. Similarly,
the first terms in Eq. (150) simplify to

X
x;y≠x

½Pði; tjy; sÞ − Pði; tjx; sÞ�rxypeq
x ð−λEx þ ð1 − λÞEyÞ

¼
X
x;y≠x

Pði; tjx; sÞrxypeq
x

× ð−λEy þ ð1 − λÞEx þ λEx − ð1 − λÞEyÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼Ex−Ey

¼ −
X
x

peq
x Ex

X
y≠x

½Pði; tjy; sÞ − Pði; tjx; sÞ�rxy
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼
P
y≠x

Pði;tjy;sÞrxyþPði;tjx;sÞrxx

¼ −
X
x

peq
x Ex

X
y

Pði; tjy; sÞLyx

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼−∂sPði;tjx;sÞ

: ð153Þ

Plugging Eqs. (152) and (153) into Eq. (150), we finally get
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�
OðtÞ

Z
s¼t

s¼0

X
x;y≠x

r̃xy
rxy

dεxyðsÞ
�

eq
¼ 1

T2

Z
t

0

ds
X
i

X
x

OiExp
eq
x ∂sPði; tjx; sÞ

¼ 1

T2

�X
i

X
x

OiExp
eq
x Pði; tjx; tÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}

δix

−
X
i

X
x

OiExp
eq
x Pði; tjx; 0Þ

�

¼ 1

T2
ðhOEieq − hOðtÞEð0ÞiÞ: ð154Þ

Note that Eq. (154) does not explicitly depend on λ, only
implicitly through the propagator, i.e., it holds for every
parametrization of the rates in Eq. (71). Equation (154) is
the linear response of an equilibriumMJPs to a temperature
perturbation.

C. Connection to response-function formalism

In this section, we connect the results derived in the
previous sections to the well-established “response-func-
tion formalism,” which is often used to describe the
fluctuation-dissipation theorem. While the results of
response functions for MJPs have been previously derived
in, e.g., Refs. [4,68,70,166,167], we show how these may
be extracted from our results to bridge the “gap” to the
literature.

1. Equilibrium response

For a first-order perturbation theory of a single-time
observable BðtÞ in an equilibrium system with perturbation
hðsÞ, 0 ≤ s ≤ t, conjugate to some observable RðsÞ, the
response reads [4,166]

ΔBðtÞ≡ hBðtÞih − hBieq ¼
Z

t

0

dshðsÞχðt − sÞ: ð155Þ

Here, χðsÞ is the response function (recall that kB ¼ 1
throughout the manuscript) [4]

χðsÞ ¼ −
1

T
d
ds

hRð0ÞBðsÞieq: ð156Þ

To connect this to the result we derived in the previous
section, we first consider the case a constant perturbation to
an equilibrium system, i.e., hðsÞ ¼ h. Comparing Eq. (154)
to Eq. (155) (with δ → h), we see that to first order in h,

ΔOðtÞ ¼ h
T2

ðhOEieq − hOðtÞEð0ÞieqÞ

¼ 1

T2

Z
t

0

ds
d
ds

hOðtÞEðsÞieqh: ð157Þ

Since the equilibrium correlation is time-translation invari-
ant, we can rewrite the above response of Eq. (157) as

ΔOðtÞ ¼
Z

t

0

dsχðt − sÞhþOðh2Þ; ð158Þ

with χðt − sÞ≡ ð1=T2Þ½d=ðdsÞ�hOðtÞEðsÞieq ¼ −ð1=T2Þ×
½d=ðdtÞ�hOðt − sÞEð0Þieq consistent with Eq. (156) with
R ¼ T−1E.
For time-dependent hðsÞ, we get to first order

ΔOðtÞ ¼
�
OðtÞ

Z
s¼t

s¼0

hðsÞ
X
x≠y

r̃xy
rxy

dεxyðsÞ
�
: ð159Þ

The simplifications performed in Eqs. (151)–(153) can still
be made, as these are independent of the perturbation hðsÞ,

ΔOðtÞ ¼ 1

T2

Z
t

0

hðsÞ
X
i

X
x

OiEx∂sPði; tjx; sÞpeq
x ds

¼ 1

T2

Z
t

0

hðsÞ∂shOðtÞEðsÞieqds

¼
Z

t

0

hðsÞχðt − sÞ; ð160Þ

again with

χðt − sÞ ¼ 1

T2

d
ds

hOðtÞEðsÞieq

¼ −
1

T2

d
dt
hOðt − sÞEð0Þieq: ð161Þ

The extension of these results, e.g., in case of nonstationary
systems, has already been discussed in Ref. [4].

2. Response of a stationary system

To further connect our result to responses of (non-
equilibrium) steady states, we realize that the perturbation
rates r̃xy are the elements of the perturbation generator L1,
i.e., L ¼ L0 þ hL1 with Lxy ¼ ryx and L1

xy ¼ r̃yx. Using the
correlation lemma, Eq. (50), the response of a single-time
observable in steady state reads to first order in h,
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ΔsOðtÞ≡ hOðtÞih − hOðtÞis
¼

Z
t

0

dshðsÞ
X
i

Oi

X
x;y≠x

r̃xy
rxy

× ½Pði; tjy; sÞ − Pði; tjx; sÞ�rxyps
x: ð162Þ

The last double-sum simplifies as follows:

X
y;x≠y

r̃xy½Pði; tjy; sÞ − Pði; tjx; sÞ�ps
x

¼
X
y;x≠y

r̃yxPði; tjx; sÞps
y −

X
y;x≠y

r̃xy

|fflfflffl{zfflfflffl}
r̃xx

Pði; tjx; sÞ�ps
x

¼
X
y;x

r̃yxPði; tjx; sÞps
y; ð163Þ

where we split the sum and relabel x ↔ y in the first line,
and then use the definition of the diagonal elements to
simplify the expression. As a consequence, we can now
write the conjugate observable Rs

x ≡P
y L

1
xyps

y=ps
x and

identify that inserting Eq. (163) into Eq. (162) yields to first
order

ΔsOðtÞ ¼
Z

t

0

dshðsÞ
X
i

Oi

X
y;x

r̃yx|{z}
L1
xy

Pði; tjx; sÞps
y

¼
Z

t

0

dshðsÞ
X
i

Oi

X
x

Pði; tjx; sÞ
X
y

L1
xy
ps
y

ps
x|fflfflfflfflfflffl{zfflfflfflfflfflffl}

Rs
x

ps
x

¼
Z

t

0

dshðsÞ
X
i;x

OiPði; tjx; sÞRs
xps

x: ð164Þ

Here, we can identify the stationary response function

χsðt − sÞ≡ 1s<thOðtÞRsðsÞis
¼ 1s<thOðt − sÞRsð0Þis; ð165Þ

so that Eq. (164) can be written as

ΔsOðtÞ ¼
Z

t

0

dshðsÞχsðt − sÞ þOðh2Þ: ð166Þ

This result is consistent with the results from Ref. [167].

3. Response of pathwise observables

Finally, we consider the response of, possibly transient,
pathwise observables. Specifically, consider the observ-
ables

O1ðtÞ ¼
Z

t

0

X
x;y≠x

bxyðsÞdεxyðsÞ; ð167Þ

O2ðtÞ ¼
Z

t

0

gsds: ð168Þ

Using Eq. (48), the response of Eq. (167) can be stated
directly to first order

ΔO1ðtÞ≡ hO1ðtÞih − hO1ðtÞi

¼
Z

t

0

dz
X
x;y≠x

bxyðzÞ
Z

t

0

dshðsÞ
X
i;j≠i

r̃ij
rij

× δixδjyδðs − zÞrijpiðsÞ

¼
Z

t

0

dz
X
x;y≠x

bxyðzÞhðzÞr̃xypxðzÞ: ð169Þ

Similarly, using Eq. (50), the response of O2ðtÞ becomes to
first order (note that this result is compared to the approach
used in Ref. [4] in Appendix A 8)

ΔO2ðtÞ≡hO2ðtÞih−hO2ðtÞi

¼
Z

t

0

dz
Z

t

0

ds1s<zhðsÞ
X
i;x;y≠x

×giðzÞr̃xypxðsÞ½Pði;zjy;sÞ−Pði;zjx;sÞ�: ð170Þ

The sum over x, y can again be simplified using Eq. (163),
so that

ΔO2ðtÞ ¼
Z

t

0

dz
Z

t

0

ds1s<zhðsÞ
X
i;x;y

giðzÞr̃yxpyðsÞPði; zjx;sÞ

þOðh2Þ: ð171Þ

Defining RxðsÞ¼
P

y r̃yxpyðsÞ=pxðsÞ¼
P

yL
1
xypyðsÞ=pxðsÞ,

the response functions for O1ðtÞ and O2ðtÞ become

χO1
ðt; sÞ ¼ 1t>s

X
x;y≠x

bxyðsÞr̃xypxðsÞ; ð172Þ

χO2
ðt; sÞ ¼

Z
t

0

dz1z>shgzRðsÞi; ð173Þ

so that the response to any additive functional OpðtÞ ¼
O1ðtÞ þO2ðtÞ becomes

ΔOpðtÞ≡ hOpih − hOpi

¼
Z

t

0

dshðsÞχOp
ðt; sÞ þOðh2Þ;

χOp
ðt; sÞ ¼ χO1

ðt; sÞ þ χO2
ðt; sÞ: ð174Þ

Note that observables of integrals over dnðsÞ are a special
case where gxðsÞ and bxyðsÞ have been chosen appropri-
ately to satisfy Eq. (46).
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D. Examples

To visualize the results in Eqs. (147) and (154), we
consider the response of a single-time observable OðtÞ ¼
ð1; 1; 0; 0Þ of a four-state ring in an equilibrium system [see
Fig. 11(a)] and in a transient system with constant driving
[see Fig. 11(b)], as well as of a current Jt with weight
κij ¼ δi4δj1 − δi1δj4 þ δi3δj2 − δi2δj3 in transient systems
with equilibrium [see Fig. 11(c)] rates and constant driving
[see Fig. 11(d)].
For simplicity, we set D ¼ T in Eq. (148). In Figs. 11(a)

and 11(c), we use Eq. (71) with the free energies listed in
Table V. In Fig. 11(a), we compare λ ¼ 0.3 and λ ¼ 0.9,

while in Fig. 11(c) we use λ ¼ 0.5. The rates used in
Figs. 11(b) and 11(d) are r12 ¼ r23 ¼ r34 ¼ r41 ¼
Te− log ϵ=T in one direction and r21 ¼ r32 ¼ r43 ¼ r14 ¼
Te− log α=T in the opposite direction with ϵ ¼ 3 and α ¼ 2,
respectively. The temperature is set to T ¼ 1 and equilib-
rium initial conditions pinit

i ¼ peq
i ∝ e−Ei=T are assumed in

Fig. 11(a), while T ¼ 2 and initial condition pinit ¼
ð0; 0; 1; 0Þ are used in Figs. 11(b)–11(d). The diamonds
on the horizontal axis denote the largest relaxation time of
the respective generators.
As a visual aid, the value of the equilibrium covariance

between O and E, coveqðO;EÞ ¼ hOEieq − hOieqhEieq, is
included in Fig. 11(a) to show how, independent of λ, the
response ∂δOt → coveqðO;EÞ for t → ∞.

VI. CONTINUUM LIMIT

While we treated continuous-space (Langevin) and
discrete-state MJP dynamics separately so far, it is well
known that the two descriptions should agree in a particular
limit. Namely, a d-dimensional continuous description can
be approximated by a jump process on a d-dimensional grid
(here, we assume a hypercubic lattice) with grid spacing
Δx, where the MJP description reproduces the dynamics as
Δx → 0 or for observations on scales much larger than Δx
(see, e.g., Ref. [168]). For thermodynamic consistency, we
here show that both the entropy Eq. (74) and pseudoentropy
Eq. (77) approach the continuous-space expression Eq. (72)
as Δx → 0 for any jump dynamics on a grid approaching
the continuous-space dynamics in this limit. In particular,
this implies that the pseudoentropy Eq. (77) and entropy
Eq. (74) agree in this limit (as they do for continuous
dynamics). This agreement, in turn, implies that the bounds
for jump processes can also become saturated in this
continuum limit, exactly as they can be saturated for
continuous-space dynamics.
We now introduce jump rates for a given d-dimensional

continuous dynamics dxτ ¼ FðxτÞdτ þ
ffiffiffiffiffiffiffi
2D

p
dWτ and

given Δx. For simplicity, we first consider dynamics
settling into an equilibrium for long times, i.e., FðxÞ ¼
−D∇UðxÞ for some sufficiently confining potential UðxÞ
(in principle, the approach equally works for irreversible—
i.e., D−1F not a potential field—and even nonergodic
dynamics). Following Ref. [168], the rate from x to a
neighboring state x0 ¼ xþ Δx can be written for small
Δx as

rxx0 ¼
D
Δx2

exp

�
−
Uðx0Þ − UðxÞ

2

�

≈
D
Δx2

exp

�
−
∇UðxÞ · Δx

2

�
: ð175Þ

Note that there are other possible choices that give rise to
the correct continuum limit, which all give the same result
in the following calculations, since they have to agree up to

(a) (b)

(c) (d)

FIG. 11. Perturbations of the equilibrium and driven rings.
Analytical and numerical response curves of O ¼ ð1; 1; 0; 0Þ for
equilibrium (a) and transient (b) dynamics on a four-state ring.
(a) We compare the numerical simulations (solid lines) with
theoretical prediction Eq. (154) (dashed lines) for λ ¼ 0.3
(orange) and λ ¼ 0.9 (green). The remaining parameters are
T ¼ 1, δ ¼ 0.1, N ¼ 5 × 106, and D̃xy ¼ 1. (b) The initial
distribution is pinit ¼ ð0; 0; 1; 0Þ and the rates are r12 ¼ r23 ¼
r34 ¼ r41 ¼ Te− log ϵ=T and r21 ¼ r32 ¼ r43 ¼ r14 ¼ Te− log α=T

with ϵ ¼ 3 and α ¼ 2, respectively. The theoretical result
Eq. (A40) (dashed purple line) is compared with numerical
simulations using N ¼ 5 × 105 (solid yellow line) and N ¼ 5 ×
106 (solid green line) trajectories, respectively. The remaining
parameters are T ¼ 2, δ ¼ 0.1, and D̃xy ¼ 1. (a), (b) Markers
denote the largest relaxation timescales in the systems. The
dashed black lines are the expected t → ∞ values coveqðA; EÞ in
(a) and 0 in (b). (c) The response to a current with weight κij ¼
δi4δj1 − δi1δj4 þ δi3δj2 − δi2δj3 for the aforementioned equilib-
rium rates with T ¼ 2, δ ¼ 0.05, N ¼ 2 × 106, λ ¼ 0.5, and
initial condition as in (b). (d) The same parameters as in (c) are
used, with the same rates as in (b). The dashed orange lines in (c),
(d) are the theoretically predicted values, while the blue markers
are values extracted from numerical simulations. (a)–(d) The
uncertainty bands are extrapolated from bootstrapping the tra-
jectories into 20 samples with 30% of the respectiveN’s. The free
energies Ei used in (a), (c) are listed in Table V. The simulations
are performed with the celebrated Gillespie algorithm.
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second order for Δx → 0 [168]. Given a continuous-space
probability density pðx; τÞ, the consistent discretization is
pxðτÞ ≈ pðx; τÞΔxd. To address the thermodynamic
entropy production defined in Eq. (74), note that (in the
following, the approximate symbol denotes equality for
Δx → 0)

ln

�
pxðτÞ
px0 ðτÞ

�
≈ ln½pðx; τÞ� − ln½pðx; τÞ þ∇pðx; τÞ · Δx�

≈ −∇ ln½pðx; τÞ� · Δx;

ln

�
rxx0

rx0x

�
¼Eq: ð175Þ

−∇UðxÞ · Δx=2þ∇Uðx0Þ · Δx=2

¼ −∇UðxÞ · Δx;

ln

�
pxðτÞrxx0
px0 ðτÞrx0x

�
¼ ½−∇UðxÞ −∇ ln½pðx; τÞ� · Δx

¼ jðx; τÞ
Dpðx; τÞ · Δx: ð176Þ

Similarly, we obtain

pxðτÞrxx0 − px0 ðτÞrx0x
≈ Δxdpðx; τÞrxx0 − Δxd½pðx; τÞ þ∇pðx; τÞ · Δx�rx0x
≈ Δxdpðx; τÞðrxx0 − rx0x −∇ ln½pðx; τÞ� · ΔxÞ
≈ Δxd−2Dpðx; τÞð−∇UðxÞ −∇ ln½pðx; τÞ�Þ · Δx
¼ Δxd−2jðx; τÞ · Δx; ð177Þ

and

pxðτÞrxx0 þ px0 ðτÞrx0x
≈ Δxdpðx; τÞrxx0 þ ½pðx; τÞ þ∇pðx; τÞ · Δx�rx0x
≈ Δxd−22Dpðx; τÞ: ð178Þ

For the simple hypercubic lattice, the increment vectors Δx
to neighboring states are Δx ¼ �Δxei. Here, ei with
i∈ f1; 2;…; dg is a unit vector in the ith coordinate,
projecting onto individual components as j ·Δx¼�jiΔx.
The relevant terms from the definitions in Eqs. (77) and
(74) for the pseudoentropy and entropy turn out to be

1

2
½pxðτÞrxx0 − px0 ðτÞrx0x� ln

�
pxðτÞrxx0
px0 ðτÞrx0x

�

≈ Δxd
jiðx; τÞ2
2Dpðx; τÞ ; ð179Þ

½pxðτÞrxx0 − px0 ðτÞrx0x�2
pxðτÞrxx0 þ px0 ðτÞrx0x

≈ Δxd
jiðx; τÞ2
2Dpðx; τÞ : ð180Þ

A summation over i yields
P

d
i¼1 jiðx; τÞ2 ¼ jðx; τÞ2. Upon

summation over x; x0 as done in Eqs. (77) and (74) for the
pseudoentropy and entropy production, respectively, we find
that both quantities approach the continuous-space formula
for the entropy production in Eq. (72). Following Ref. [168],
one can directly extend the argument to nonisotropic
diffusion and nonconservative dynamics by using different
“pseudopotentials” for each entry of thevectorFðxÞ and thus
the above statements about the limit generalize.
In particular, this implies that the inequality pseudoen-

tropy≤ entropy for jump processes becomes saturated in
the continuous limit (even far from equilibrium).

VII. TIME-DEPENDENT DRIVING

We now show how most of the results shown so far
generalize to systems with time-dependent driving (i.e.,
time-inhomogeneous systems), i.e., where the generator is
explicitly time-dependent LðvτÞ with some (constant)
protocol velocity v. Notably, this means that the propagator
is no longer time-translation invariant, Pði; τ0jx; τ; vÞ ≠
Pði; τ0 − τjx; 0; vÞ, as it reads [4,60]

Pði; τ0jx; τ; vÞ ¼
�
T exp

�Z
τ0

τ
dsLðvsÞ

��
ix
; ð181Þ

where T is the time-ordering operator. A straightforward
calculation reveals that the expressions for increment
correlations, Eqs. (60), (62), and (67), observable cova-
riances Eq. (70), and transport bound Eq. (101) remain
unchanged apart from additional arguments for v. For
instance, the observable covariances become

covðρkt ; ρltÞ ¼ ÎtVkδ;Vlδ½Pðx; τ; i; τ0; vÞ − pxðτ; vÞpiðτ0; vÞ�;
covðJkt ; ρltÞ ¼ Îtκk;Vlδ½1τ>τ0rxyPðx; τji; τ0; vÞpiðτ0; vÞ þ 1τ<τ0ryxðvτÞPði; τ0jy; τ; vÞpyðτ; vÞ − rxyðvτÞpxðτ; vÞpiðτ0; vÞ�;

covðJkt ; JltÞ ¼
Z

t

0

dτ
X
x;y

κkxyðvτÞκlxyðvτÞrxyðvτÞpxðτ; vÞ

þ Îtκk;κl ½1τ>τ0rxyðvτÞrjiðvτ0ÞPðx; τjj; τ0; vÞpiðτ0; vÞ þ 1τ<τ0rijðvτ0ÞryxðvτÞPði; τ0jy; τ; vÞpyðτ; vÞ
− rxyðvτÞpxðτ; vÞrijðvτ0Þpiðτ0; vÞ�; ð182Þ
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where the functions Vl=kðvτÞδ and κl=kðvτÞ inside the
integration operator Ît·;· are time dependent as well.
However, this does not hold for the CTUR, as shown in

Refs. [59,60], since the TUR with time-dependent driving
reads [59,60]

½ðt∂t − v∂vÞhJti�2
varðJtÞ

≤
ΔStotðtÞ

2
; ð183Þ

and thus requires some special care. The observable current
and entropy production entering Eq. (183) read

ΔStotðtÞ ¼
Z

t

0

dτ
X
x;y≠x

rxyðvτÞpxðτ; vÞ log
rxyðvτÞpxðτ; vÞ
ryxðvτÞpyðτ; vÞ

;

Jt ¼
Z

τ¼t

τ¼0

Tr½κðvτÞTdnðτÞ�: ð184Þ

Note that, although we write dnðτÞ, the differential is not
independent of v. The dependence can be seen, e.g., in the

statistical properties, such as the mean hdnxyðτÞixτ¼i ¼
δixrxyðvτÞdτ. However, as the differential dnðτÞ is
“observed” at time τ, regardless of v, we choose to suppress
the v argument. Central to the proof of the TUR for driven
systems is the identity [60]

Z
τ0

0

dτ
X
x

½∂τPði; τ0jx; τ; vÞ�pxðτ; vÞ

¼ −ðτ0∂τ0 − v∂vÞpiðτ0; vÞ: ð185Þ

With this identity, we can extend the time-dependent TUR
in Eq. (183) to also include densities,

ρt ¼
Z

τ¼t

τ¼0

Vvτdτ; ð186Þ

as well. To do so, we require hAtρti, which after some
simplification using Eq. (50) reads

hAtρti ¼
Z

t

0

dτ0
Z

t

0

dτ
X
i

Viðvτ0Þ1τ<τ0
X
x;y

½Pði; τ0jy; τ; vÞ − Pði; τ0jx; τ; vÞ�pxðτ; vÞrxyðvτÞZxyðvτÞ: ð187Þ

Rearranging the inner sum (x, y), we find that Eq. (187) simplifies to

hAtρti
Z

t

0

dτ0
Z

τ0

0

dτ
X
i;x

Viðvτ0ÞPði; τ0jx; τ; vÞ∂τpxðτ; vÞ ¼ −
Z

t

0

dτ0
Z

τ0

0

dτ
X
i;x

Viðvτ0Þ½∂τPði; τ0jx; τ; vÞ�pxðτ; vÞ;

where we performed a partial integration over τ to obtain the
result in the third line. The boundary term vanishes becauseP

x Pði; τ0jx; τ0; vÞpxðτ0; vÞ ¼
P

x Pði; τ0jx; 0; vÞpxð0; vÞ.
Using Eq. (185), the integral over τ and sum over x vanish,
such that

hAtρti ¼
Z

t

0

dτ0
X
i

Viðvτ0Þðτ0∂τ0 − v∂vÞpðτ0; vÞ: ð188Þ

Another integration by parts and recognizing τ0∂τ0Viðvτ0Þ ¼
v∂vViðvτ0Þ finally yields

hAtρti ¼ ðt∂t − v∂v − 1Þhρti: ð189Þ

Hence, the Cauchy-Schwarz inequality delivers (for the first
time) the CTUR for time-dependent driving

�
Λ̂hJti − cðtÞ

nh
Λ̂ − 1

i
hρti

o�2

var½Jt − cðtÞρt�
≤
ΔStot
2

; ð190Þ

with differential operator Λ̂≡ t∂t − v∂v. Notably, we are still
able to saturate the Cauchy-Schwarz inequality, although the
practical inaccessibility of the required transition weights and

state function remains. However, one may again optimize
the CTUREq. (190) with respect to cðtÞ. The results are again
given by Eq. (91), albeit with aðtÞ ¼ Λ̂hJti and
bðtÞ ¼ ðΛ̂ − 1Þhρti.
Conversely, the correlation bound is not easily general-

izable to systems with time-dependent driving. Specifically,

since zFðτÞx explicitly depends on time τ through FðτÞ,
Eq. (185) cannot be applied to shift the time derivative of
the propagator. Hence, the expectation hBtCti [see
Eq. (121)] does not reduce to an accessible quantity.

VIII. CONNECTION TO QUANTUM
UNRAVELING

Stochastic calculus has also found traction in the theory of
open quantum systems [139,169–172], i.e., in the context of
quantum unraveling. In the following, we provide some
insight into how the classical stochastic-calculus approach
presented here is connected to quantum unraveling. Before
doing so, we introduce some basic notation and theory.
Subsequently, we highlight the relation to our work.
Let ρus be a rank-one matrix denoting a pure state in a

discrete-state open quantum system at time s. It evolves
according to the Belavkin equation [139]
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dρus ¼ BðρusÞdsþ
X
i

�
J iðρusÞ

Tr½J iðρusÞ�
− ρus

�
dñis; ð191Þ

where J iðρusÞ ¼ Ĵiρus Ĵ
†
i with jump operator Ĵi for the ith

quantum jump. The first term in Eq. (191) has the form

BðρusÞ ¼ −iĤeffρ
u
s þ ρusĤ

†
eff − ρusTrð−iĤeffρ

u
s þ ρusĤ

†
effÞ;
ð192Þ

where the Hamiltonian Ĥ of the system enters through the
effective Hamiltonian Ĥeff ¼ Ĥ − ði=2ÞPj Ĵ

†
j Ĵj. Finally,

dñis is a stochastic differential (i.e., a sequence of step
functions) that takes values 1 if the ith transition occurs in
½s; sþ ds� and 0 otherwise. Since the probability of more
than one transition in the interval ds vanishes faster than
ds [173], we have dñisdñjs ¼ δijdñis and dñisds ¼ 0.
Furthermore, we have hdñisi ¼ Tr½J iðρsÞ�. Taking the
average over noise histories in Eq. (191), the resulting
density matrix ρs ¼ hρusi evolves according to the Lindblad
equation, often referred to as “quantum master equation”.
With this short insight into quantumstochastic differential

equations (SDEs), we now turn to the question of how these
concepts are related to the work we present in this article.
Since classical stochastic dynamics should correspond to a
special case of quantum open-system evolutions [174], one
may at first think that Eq. (46) describes the classical
counterpart to Eq. (191); they both aim to describe a
trajectory (the former a classical sequence of discrete states
and the latter the evolution of pure states in a Hilbert space)
and both include Poissonian noise dn and dñ, respectively.
However, Eq. (46) is not the classical counterpart to

Eq. (191), which can be seen from two observations:
(i) Eq. (46) is an SDE describing the evolution of transitions
and (ii) Eq. (191) is a “functional” of the transitions
describing the evolution of the states. Moreover,
Eq. (46) allows us to consider the (stochastic) evolution
of transitions occurring in a discrete system and further
enables us to form and study additive functionals of the
dynamics. Hence, using (i) enables us to study functionals
such as (ii). To be precise on this last point, we can
construct a classical functional of the transitions, which is
the classical counterpart to Eq. (191). It turns out that this
functional is simply dδxsx ≡ ½d=ðdτÞ�δxsxdτ, see Eq. (A17).
Explicitly, using Eq. (46) in Eq. (A17) yields

dδxsx ¼
X
y≠x

ðdnyx − dnxyÞ

¼
X
y≠x

ðryxδxsyds − rxyδxsxdsÞ

þ
X
y≠x

ðdεyx − dεxyÞ: ð193Þ

The first sum is the deterministic evolution of the state, i.e.,
the master operator acting on the “population vector” δxsx

and the second sum is the zero-mean stochastic noise in the
system. Shifting the mean of the noise increments by
adding and subtracting

P
y≠xðhdnyxi − hdnxyiÞ [this corre-

sponds to the trace terms in Eq. (191)], we recover the
classical analog of Eq. (191),

dδxsx ¼
X
y≠x

ðryxδxsyds − hdnyxi − rxyδxsxdsþ hdnxyiÞ

þ
X
y≠x

ðdεyx þ hdnyxi − dεxy − hdnxyiÞ: ð194Þ

Indeed, taking the average of Eq. (193) with respect to the
noise history recovers the master equation, i.e., the classical
analog of the Lindblad equation, further showing the
correspondence between Eqs. (191) and (193).
For completeness, it should be mentioned that the

quantum analog of Eq. (46) has already been identified
in Ref. [60] as

dñit ¼ Tr½J iðρtÞ�dtþ dε̃it; ð195Þ

where the noise dε̃it corresponds toEq. (45) and the statistical
properties can be evaluated in a similar fashion; hdε̃iti ¼ 0
and hdε̃itdε̃jt0 i ¼ δijδðt − t0ÞTr½J iðρtÞ�dtdt0. While the con-
nection to the unraveling of the Lindblad equation and, thus,
theBelavkin equation is therefore established, thequestionof
how this, in turn, relates to the classical counterpart remains
elusive, further motivating our discussion here.

IX. OUTLOOK

We developed a stochastic calculus for pathwise observ-
ables (i.e., functionals) of Markov-jump processes that
unifies the different approaches to Markov-jump dynamics,
as well as the descriptions of diffusion and jump dynamics.
We presented the approach as an exact parallelism with the
continuous-space diffusion counterpart, starting from a
Langevin equation for Markov-jump processes together
with a central noise-time correlation lemma, defined gen-
eral pathwise observables and determined their complete
(co)variation structure, and identified (generalized) Green-
Kubo relations. The approach includes general transients
and time-inhomogeneous dynamics (e.g., time-dependent
driving). We used the stochastic calculus to prove directly
the known thermodynamic inequalities (TUR, correlation
TUR, transport bounds, bounds on correlations, etc.) in
their most general form and, afforded by the directness of
the approach, discussed their saturation conditions. We
showed that these inequalities follow directly from the
equations of motion, which establishes them as an inherent
property of stochastic (Markov-jump) equations of motion.
We further derived the response of any (generally path-

wise) observable to a general (including thermal) perturbation
and constructed a corresponding response-function formal-
ism for single-time as well as pathwise observables.
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Subsequently, we established the continuum limit to achieve
the complete unification of diffusion and jump dynamics.
Finally, we derived the classical analog of the Belavkin
equation and commented on the analogy with open quantum
systems. Our results ultimately place functionals of diffusion
and jump processes on an equal footing on the level
of individual stochastic realizations and hence achieve a
“contraction” of two, until now, disjoint frameworks in time-
averaged statistical mechanics. Our newly developed frame-
work has recently already been applied in Ref. [175].
The results enable, and are expected to inspire, new

directions of research. In particular, one may extend the
jump-dynamics results to account for dynamics in phase
space (i.e., momentum exchange) in the spirit of Ref. [176]
(see Chap. 11 therein) on the discrete-state side.
Conversely, one may also deepen the results on under-
damped dynamics (i.e., unify the transport bound and the
TUR derived in Ref. [126]). Moreover, we expect our
results to inspire research in the direction of discrete-state
analogs of generative diffusion models as in Refs. [71,177]
and the learning of stochastic thermodynamics from fluc-
tuating discrete-state trajectories as recently carried out for
diffusions in Ref. [178]. There the power of stochastic
calculus unfolds in a very prominent manner.
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APPENDIX: PROOFS AND DERIVATIONS

In this appendix, we provide some technical results that
are required to understand the detailed derivations, but are
not critical for a conceptual understanding of the results.

1. Proof of noise-time correlation lemma

To prove how the noise in Eq. (45) and time spent in a
state in Eq. (44) correlate, i.e., hdεxyðτÞdτiðτ0Þi, we consider

three cases: The transition from x to y happens (i) before τ0,
(ii) at τ0, or (iii) after τ0, corresponding to τ < τ0, τ ¼ τ0, and
τ > τ0, respectively. Specifically, we can write

hdεxyðτÞdτiðτ0Þi ¼ 1τ≥τ0 hdεxyðτÞdτiðτ0Þi
þ 1τ<τ0 hdεxyðτÞdτiðτ0Þi; ðA1Þ

where the first term can be written as

1τ≥τ0 hdεxyðτÞdτiðτ0Þi
¼

X
dεxy

dεxypðdεxyÞ
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

¼0

Pðx; τji; τ0Þpiðτ0Þ: ðA2Þ

Since the system is Markovian, (ii) and (iii) do not
contribute. Hence, without loss of generality, we can write

hdεxyðτÞdτiðτ0Þi ¼ 1τ<τ0 hdεxyðτÞdτiðτ0Þi: ðA3Þ
For small dτ → 0, the noise increment can take only two
values,

dεxyðτÞ ¼ δxτxðτÞ
�
1 − rxydτ transition;

−rxydτ no transition:
ðA4Þ

These values occur with probability rxydτ and 1 − rxydτ,
respectively. Defining the state function

γ½dεxyðτÞ� ¼
�
y transition;

x no transition;
ðA5Þ

allows us to explicitly evaluate Eq. (A3) by introducing an
intermediate point (see Fig. 12), such that to leading order

hdεxyðτÞdτiðτ0Þi ¼ 1τ<τ0dτ0
X
dεxyðτÞ

p½dεxyðτÞ�dεxyðτÞPði; τ0jγ½dεxyðτÞ�; τ þ dτÞpxðτÞ

¼ 1τ<τ0dτ0pxðτÞrxydτð1 − rxydτÞ½Pði; τ0jy; τ þ dτÞ − Pði; τ0jx; τ þ dτÞ�
¼ 1τ<τ0dτ0½Pði; τ0jy; τÞ − Pði; τ0jx; τÞ�pxðτÞrxydτ: ðA6Þ

FIG. 12. Visualization of the intermediate point considered in
the proof of the noise-time correlation lemma. The general idea to
evaluate the noise in xτ at τ and being in state xτ0 at time τ0 > τ is
to include the intermediate point xτþdτ.
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2. Derivation of increment correlations

a. Jump-time correlations

We seek for an explicit expression for hdnxyðτÞdτiðτ0Þi.
We can decompose this expectation using Eq. (46) as

hdnxyðτÞdτiðτ0Þi ¼ hdεxyðτÞdτiðτ0Þi þ rxyhdτxðτÞτiðτ0Þi:
ðA7Þ

Using the last two equations in Eq. (49), we get

hdnxyðτÞdτiðτ0Þi
rxydτdτ0

¼ 1τ<τ0Pði; τ0jy; τÞpxðτÞ

þ 1τ≥τ0Pðx; τji; τ0Þpiðτ0Þ: ðA8Þ

b. Jump-jump correlations

Similar to the jump-time correlation, we again decom-
pose the jump-jump correlation as

hdnxyðτÞdnijðτ0Þi ¼ hdεxyðτÞdεijðτ0Þi
þ rxyhdτxðτÞdεijðτ0Þi
þ rijhdεxyðτÞdτiðτ0Þi
þ rxyrijhdτxðτÞτiðτ0Þi: ðA9Þ

Using Eq. (49) therefore yields

hdnxyðτÞdnijðτ0Þi
rxyrijdτdτ0

¼ rijδixδjyδðτ − τ0ÞpxðτÞ

þ 1τ<τ0Pði; τ0jy; τÞpxðτÞ
þ 1τ≥τ0Pðx; τjj; τ0Þpiðτ0Þ: ðA10Þ

3. From equations of motion to ensemble description

a. Continuous space: Langevin to Fokker-Planck
equations

To highlight the analogy between continuous- and
discrete-space dynamics, we first recapitulate how the
Fokker-Planck equation follows directly from the
Langevin equation in Eq. (39). The calculation is well
known (see, e.g., Ref. [132]). Let KðxÞ be an arbitrary test
function that is sufficiently smooth and obeys the boundary
conditions. Considering the expectation hK½xðtÞ�i ¼R
dxKðxÞPðx; tÞ for the dummy function at some time t,

the temporal derivative can be evaluated using Itô’s
lemma [132]

d
dt
hK½xðtÞ�i ¼ hFðxÞ · ∇KðxÞ þ∇ · D∇KðxÞi

¼
Z

dxPðx; tÞ½FðxÞ ·∇KðxÞ þ∇ · D∇KðxÞ�:

ðA11Þ

Equivalently, the derivative can be written as

d
dt
hK½xðtÞ�i ¼

Z
dxKðxÞ ∂

∂t
Pðx; tÞ: ðA12Þ

By equating Eqs. (A11) and (A12), we find

Z
dxKðxÞ ∂

∂t
Pðx;tÞ

¼
Z

dxPðx;tÞ½FðxÞ ·∇KðxÞþ∇ ·D∇KðxÞ�

¼
Z

dxKðxÞ½−∇fFðxÞPðx;tÞgþ∇ ·D∇Pðx;tÞ�; ðA13Þ

where we performed a partial integration to obtain the last
line [the boundary terms vanish by the properties assumed
on KðxÞ]. Since the above equation holds for any test
function KðxÞ, we derived the Fokker-Planck equation

∂tPðx; tÞ ¼ ½∇ · D∇ −∇FðxÞ�Pðx; tÞ: ðA14Þ

b. Discrete space: Jumps to master equation

To show how the master equation emerges from the
stochastic equations of motion in Eq. (46), we first need to
consider the indicator function δxτx of being in state x at
time τ. Consider δxτþdτx ¼ δxτx þ ½d=ðdτÞ�δxτxdτ þOðdτ2Þ,
where the derivative should be understood as

d
dτ

δxτx ¼ lim
dτ→0þ

δxτþdτx − δxτx
dτ

: ðA15Þ

By the nonexplosive property of MJPs [180], a finite
number of jumps occur in any finite time interval with
probability 1. Therefore, we do not need to consider any
higher-order correction, as the probability of a second
transition occurring in an infinitesimal increment vanishes.
The term ½d=ðdτÞ�δxτxdτ can therefore take on values

d
dτ

δxτxdτ ¼
8<
:

0 no transition in½τ; τþ dτ�;
1 xτ ¼ y ≠ x; y→ x in½τ; τþ dτ�;
−1 xτ ¼ x; x→ y ≠ x in½τ; τþ dτ�:

ðA16Þ

As a consequence, we can write

d
dτ

δxτxdτ ¼
X
y≠x

½dnyxðτÞ − dnxyðτÞ�; ðA17Þ

because, at most, one jump differential will be nonzero as
dτ → 0. The probability of being in a state x at time τ is
pxðτÞ ¼ hδxτxi. Therefore,
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pxðτ þ dτÞ − pxðτÞ ¼ hδxτþdτx − δxτxi

¼
�
d
dτ

δxτxdτ

�

¼
�X

y≠x
½dnyxðτÞ − dnxyðτÞ�

�

¼ dτ
X
y≠x

½ryxpyðτÞ − rxypxðτÞ�: ðA18Þ

Rearranging Eq. (A18) and taking the limit dτ → 0 yields
the master equation (40) in a way equivalent to the Fokker-
Planck equation (A14).

4. Derivation of Eq. (84)

Starting from Eq. (83), we can simplify the sum over x, y
by using the symmetry of ZxyðτÞ½Pði; τ0jy; τÞ − Pði; τ0jx; τÞ�
to get

hAtJIIt i¼
1

2

Z
t

0

dτ0
Z

t

0

dτ
X
i;j

κijðτ0Þrij1τ<τ0

×
X
x;y

½Pði;τ0jy;τÞ−Pði;τ0jx;τÞ�½pxðτÞrxy−pyðτÞryx�

¼−
Z

t

0

dτ0
Z

t

0

dτ
X
i;j

κijðτ0Þrij1τ<τ0

×
X
x

Pði;τ0jx;τÞ
X
y;y≠x

½pxðτÞrxy−pyðτÞryx�: ðA19Þ

With Eq. (40) and an integration by parts, Eq. (A19)
reduces to

hAtJIIt i

¼
Z

t

0

dτ0
X
i;j

κijðτ0Þrij
�
−
X
x

Pði; τ0jx; 0Þpxð0Þ

−
Z

t

0

dτ
X
x

pxðτÞ∂τfPði; τ0jx; τÞ1τ<τ0g
�

¼ −hJti þ
Z

t

0

dτ0
X
i;j

κijðτ0Þrij∂τ0 ½τ0piðτ0Þ�; ðA20Þ

where we use that ∂τPði; τ0jx; τÞ ¼ −∂τ0Pði; τ0jx; τÞ,
∂τ1τ<τ0 ¼ −∂τ01τ<τ0 , and

R
τ0
0 dτ1τ<τ0 ¼ τ0. With another

integration by parts, the correlator finally becomes

hAtJIIt i ¼ −hJti þ t
X
i;j

κijrijpiðtÞ
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

¼t∂thJti

−
Z

t

0

dτ0
X
i;j

∂τ0 ½κijðτ0Þ�rij∂τ0τ0piðτ0Þ: ðA21Þ

5. Indispensability of the modified current

Consider a three-state system with generator

L ¼

0
BB@

−4 2 1

1 −3 1

3 1 −2

1
CCA; ðA22Þ

with eigenvalues 0;−4;−5. Let the current-defining tran-
sition weights be κijðτÞ ¼ e4τðδi1δj2 − δi2δj1Þ. Figure 13
shows various quality factors of the transient system with
initial distribution pið0Þ ¼ ðδi1 þ 2δi2Þ=3; explicitly, the
generalized transport bound in Eq. (107), nonequilibrium
steady-state TUR, and the transient TUR in Eq. (86) with
and without modified current J̃t, see Eq. (85). As can be
seen in Fig. 13, one needs J̃t in order to ensure that the
boundQ ≤ 1 is not violated. To leading order t∂thJti ∼ te4t

for large t, while t∂thJti − hJ̃ti ∼ e4t. Additionally,
varðJtÞΔStotðtÞ ∼ te8t for large t, so that

2ðt∂thJtiÞ2
varðJtÞΔStotðtÞ

∼ t;

2
�
t∂thJti − hJ̃ti

�
2

varðJtÞΔStotðtÞ
∼
1

t
: ðA23Þ

Hence, the inclusion of the modified current is indeed
necessary for the quality factor to remain bounded, as it

FIG. 13. Validity and comparison of generalized transport bound
andvariousTURquality factors.A three-state systemwithgenerator
Eq. (A22) and initial condition pið0Þ¼ðδi1þ2δi2Þ=3. The tran-
sition weights is κijðτÞ ¼ e4τðδi1δj2 − δi2δj1Þ. The black dashed
lines are the theoretical predictions to the corresponding numerical
quality factors of generalized transport bound Eq. (107) (blue),
nonequilibrium steady-state TUR (green), transient TUR with J̃t
(orange), and transient TUR without J̃t (red). A clear violation
(shaded red region) ofQ ≤ 1 is seen for the transient TUR without
J̃t. The inset shows the theory of the former three quality factors to
better visualize their values.The numerical values are extracted from
N ¼ 5 × 105 trajectories using the Gillespie algorithm.
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otherwise diverges for t → ∞, which obviously is a
violation of the upper bound of the quality factor. Note
that t in Fig. 13 is not large enough to observe the t−1 decay.

6. Long-time limit of driven ring

a. Integrated covariance

Here we present details on the large-t limit of the
stationary correlation bound in Eq. (131) applied to the
driven ring of Sec. IVAwith the assumption that ϵ > 1. We
start by realizing that VΔ

τ ¼ Vτ − hVτi ¼ δðτÞTΔV with
δðτÞT ¼ ðδxτ1; δxτ2; δxτ3; δxτ4Þ and ΔV ≡ VA − hVAi1 ¼
1
2
ð1; 1;−1;−1ÞT . Hence, we can write

Z
t

0

dτcovs½VA
τ ; VA

0 � ¼
1

4

Z
t

0

dτΔVTPðτÞΔV; ðA24Þ

because ps
i ¼ 1=4. Writing the propagator as

PðτÞ ¼
�
P1ðτÞ P2ðτÞ
P3ðτÞ P4ðτÞ

�
; ðA25Þ

with PiðτÞ are 2 × 2 matrices. Equation (A24) therefore
reads

Z
t

0

dτcovs½VA
τ ; VA

0 �

¼ 1

16

Z
t

0

dτ1T ½P1ðτÞ þ P4ðτÞ − P2ðτÞ − P3ðτÞ�1: ðA26Þ

All that remains is to evaluate the matrices PiðτÞ and solve
the integral. Consider the generator

L ¼

0
BBB@

−1 − ϵ 1 0 ϵ

ϵ −1 − ϵ 1 0

0 ϵ −1 − ϵ 1

1 0 ϵ −1 − ϵ

1
CCCA; ðA27Þ

which can be written as L ¼ UEU−1 with matrices

U ¼

0
BBB@

1 i −i −1
1 −1 −1 1

1 −i i −1
1 1 1 1

1
CCCA; ðA28Þ

E ¼ diagð0; λ4; λ3; λ2Þ; ðA29Þ

U−1 ¼ 1

4

0
BBB@

1 1 1 1

−i −1 i 1

i −1 −i 1

1 1 −1 1

1
CCCA: ðA30Þ

The eigenvalues of L are listed in Eq. (134). Hence, the
propagator is simply PðτÞ ¼ U exp fEτgU−1 and Eq. (A26)
can explicitly be evaluated to be

Z
t

0

dτcovs½VA
τ ; VA

0 � ¼
4

16

Z
t

0

dτe−τð1þϵÞ cos½τðϵ − 1Þ�

¼ 1

4

e−τð1þϵÞðð1þ ϵÞeτð1þϵÞ − ð1þ ϵÞ cos½ðϵ − 1Þt� þ ðϵ − 1Þ sin½ðϵ − 1Þt�Þ
2ð1þ ϵ2Þ

¼ 1

8

1þ ϵ

1þ ϵ2
þOðe−ð1þϵÞtÞ: ðA31Þ

b. (Pseudo)variance

Consider pvarFpsðVAÞ with the choice FðτÞ ¼
hVA

x þ VA
y ips=2, i.e., the variance varpsðVAÞ, for the sta-

tionary driven four-state ring. The two-point probability is

pps ¼ 1

4ðϵþ 1Þ

0
BBB@

0 ϵ 0 1

1 0 ϵ 0

0 1 0 ϵ

ϵ 0 1 0

1
CCCA; ðA32Þ

since Σps ¼ ðϵ − 1Þ2=ðϵþ 1Þ, ps
x ¼ 1=4, and, for x ≠ y,

Z2
xy ¼ ðϵ − 1Þ2=ðϵþ 1Þ2. Hence,

2F ¼ 1

4ð1þ ϵÞ
�

2ϵ|{z}
x¼1;y¼2

þ 1|{z}
x¼1;y¼4

þ 2|{z}
x¼2;y¼1

þ ϵ|{z}
x¼2;y¼3

þ 1|{z}
x¼3;y¼2

þ ϵ|{z}
x¼4;y¼1

�

¼ 1; ðA33Þ
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and similarly,

hðVA
x þ VA

y Þ2ips ¼
1

4ð1þ ϵÞ
�

4ϵ|{z}
x¼1;y¼2

þ 1|{z}
x¼1;y¼4

þ 4|{z}
x¼2;y¼1

þ ϵ|{z}
x¼2;y¼3

þ 1|{z}
x¼3;y¼2

þ ϵ|{z}
x¼4;y¼1

�

¼ 1.5; ðA34Þ

so that

varpsðVAÞ ¼
�
ðVA

x þ VA
y Þ2

�
ps
− 4F2 ¼ 0.5: ðA35Þ

We may immediately recognize that 0 ≤ VA
x þ VA

y ≤ 2, the
former inequality saturates when x; y∈ f3; 4g and the latter
inequality saturates when x; y∈ f1; 2g. Thus, Popoviciu’s
inequality yields

varpsðVAÞ ≤ ð2 − 0Þ2
4

¼ 1: ðA36Þ

7. Physically motivated rates: Pseudopotential form

We specifically assume the transition rates to be of the
form [168]

rxy ¼ Dxye−Vxy=T ¼ D̃xyTe−Vxy=T; ðA37Þ

where Dxy is an edge-specific “diffusion coefficient” and
Vxy is a pseudopotential on the edge. This pseudopotential
allows for general nonequilibrium systems to be imple-
mented and therefore allows, under given conditions, for
taking the continuum limit. Temperature perturbations
enter the rates as

rδxy ¼ D̃xyðT þ δÞe−Vxy=ðTþδÞ: ðA38Þ

By expanding Eq. (A38) around δ ¼ 0. we get

rδxy ¼ rxy þ D̃eff
xy e−Vxy=TδþOðδ2Þ; ðA39Þ

where D̃eff
xy ≡ D̃xyð1þ Vxy=TÞ, so that rδxy − rxy ¼

D̃eff
xy e−Vxy=TδþOðδ2Þ. We can plug everything into

Eq. (147) to obtain

∂δOt ¼ lim
δ→0

1

δ

��
OðtÞ dP

δ

dP

�
− hOðtÞi

�

¼ 1

T2

�
OðtÞ

Z
s¼t

s¼0

X
x;y≠x

ðVxy þ TÞdεxyðsÞ
�
: ðA40Þ

Note that we can remove the T in the bracket in the last line
if we assume the Dxy not to scale with temperature, i.e.,

only a perturbation in the exponential in Eq. (A38).
By identifying the effective drift −ðVxy þ TÞ, the result
Eq. (A40) corresponds to the result from Ref. [137].

8. Perturbations of path observables

We already stated that Eq. (A40) is valid for both single-
time and path observables. The latter, however, perhaps
need some clarification in the context of evaluating expect-
ations over path ensembles. To clarify this, consider some
hollow matrix b,

OðtÞ ¼
Z

s¼t

s¼0

Tr½bTdεðsÞ�: ðA41Þ

In this case, Eq. (147) simplifies to

∂δOt ¼
Z

t

0

ds
X
x;y≠x

bxyr̃xypxðsÞ; ðA42Þ

which, in general, is nonzero. However, the definition of
the derivative in Eq. (140) contains averages of Eq. (A41).
One may, falsely, assume both averages to vanish [recall
that hdεxyðtÞi ¼ 0 for all x ≠ y and t ≥ 0]. Only
hOðtÞi ¼ 0, while hOðtÞiδ ≠ 0, in general. To further
understand this, we can decompose Eq. (A41) into jump-
and dwell-time integrals using Eq. (47),

OðtÞ ¼
Z

s¼t

s¼0

X
x;y≠x

bxydnxyðsÞ

−
Z

s¼t

s¼0

X
x;y≠x

bxyrxydτxðsÞ: ðA43Þ

Taking the average with respect to the perturbed system, it
can be recognized that

hOðtÞiδ ¼
�Z

s¼t

s¼0

X
x;y≠xbxydnxyðsÞ

�
δ

−
�Z

s¼t

s¼0

X
x;y≠xbxyrxydτxðsÞ

�
δ

¼
Z

t

0

ds
X
x;y≠x

bxyrδxypδ
xðsÞ −

Z
t

0

ds
X
x;y≠x

bxyrxypδ
xðsÞ

¼
Z

t

0

ds
X
x;y≠x

bxyðrδxy − rxyÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
δr̃xy

pδ
xðsÞ

¼ δ

Z
t

0

ds
X
x;y≠x

bxyr̃xypxðsÞ þOðδ2Þ; ðA44Þ

where pδ
xðsÞ is the probability of xδs ¼ x in the perturbed

system. The discrepancy of probabilities ΔpxðsÞ ¼
pδ
xðsÞ − pxðsÞ in any state x at time s is OðδÞ [137], so

that pδ
xðsÞ ¼ pxðsÞ þ ΔpxðsÞ ¼ pxðsÞ þOðδÞ.
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Dividing Eq. (A44) by δ and taking the limit δ → 0
delivers Eq. (A42). In other words, it is important to
account for the perturbation in the stochastic differentials
only, since the observable is nominally independent of the
perturbation; i.e., bxy and bxyrxy in the first and second term
of Eq. (A43), respectively, are invariant under perturbations
(even though the unperturbed rates enter the latter term).
Now let the observable OðtÞ be a dwell-time integral

OðtÞ ¼
Z

s¼t

s¼0

gsds; ðA45Þ

with some state function gτ ≡P
k δxτkgk. The response is

∂δOt ¼ lim
δ→0

1

δ

Z
t

0

ds
X
x

gx

�
pδ
xðsÞ − pxðsÞ

�
: ðA46Þ

Using the Dyson identity for the perturbed generator Lδ ¼
Lþ δL̃þOðδ2Þ with ðL̃Þij ¼ r̃ji [4] yields

eL
δt ¼ eLt þ δ

Z
dseLðt−sÞL̃eLδs þOðδ2Þ: ðA47Þ

To linear order in δ, the probability is [4]

pδ
xðtÞ ¼ pxðtÞ þ δ

X
i;j;n

Z
t

0

dsPðx; tji; sÞr̃jiPðj; sjn; 0Þpnð0Þ

¼ pxðtÞ þ δ
X
i;j

Z
t

0

dsPðx; tji; sÞr̃jipjðsÞ: ðA48Þ

Hence, the limit in Eq. (A46) reduces to

lim
δ→0

1

δ

�
pδ
xðsÞ − pxðsÞ

�
¼

X
i;j

Z
s

0

dzPðx; sji; zÞr̃jipjðzÞ;

ðA49Þ

so that Eq. (A46) becomes

∂δOt ¼
Z

t

0

ds
X
x

gx
X
i;j

Z
s

0

dzPðx; sji; zÞr̃jipjðzÞ

¼
Z

t

0

ds
X
x

gx

Z
s

0

dz

�X
i;j≠i

Pðx; sji; zÞr̃jipjðzÞ þ
X
i

Pðx; sji; zÞr̃iipiðzÞ
�

¼
Z

t

0

ds
X
x

gx

Z
s

0

dz
X
i;j≠i

½Pðx; sji; zÞr̃jipjðzÞ − Pðx; sji; zÞr̃ijpiðzÞ�

¼
Z

t

0

ds
X
x

gx

Z
s

0

dz
X
i;j≠i

½Pðx; sjj; zÞ − Pðx; sji; zÞ�r̃ijpiðzÞ: ðA50Þ

Conversely, employing Eqs. (147) and (50) yields

∂δOt ¼
X
i;x;y≠x

Z
t

0

dτ
Z

t

0

ds1s<τgir̃xypxðsÞ

× ½Pði; τjy; sÞ − Pði; τjx; sÞ�; ðA51Þ

which agrees with Eq. (A50).
Since the jump increments dn are a linear combination of

the dwell-time and noise increments, it follows immedi-
ately that Eq. (147) applies for jump-integrated observ-
ables, e.g., currents, as well.
Finally, although not explicitly written, the matrix b and

functions gk may also depend on time. Equations (A42) and
(A50) are written to readily accommodate for this.

9. Time-dependent rates

The result in Eq. (147) easily allows for time-dependent
rates to be included. In fact, the Radon-Nikodym derivative

in Eq. (146) is already written in a form that allows one to
accommodate time-inhomogeneous dynamics. If r̃xyðtÞ
depends on t, then it may even be seen as a time-dependent
perturbation.

10. Optimization of CTUR

In Fig. 14, we further elaborate on the influence of cðtÞ in
the CTUR. The quality factor Q for the calmodulin system
(see Fig. 6) for currents with κð12Þ, κð56Þ, and κð26Þ (recall the
notation κðklÞij ¼ δikδjl − δilδjk) and density with ViðτÞ ¼
δi3 is shown in Figs. 14(a)–14(c). Various values of cðtÞ
are used, including cðtÞ ¼ 0, coptðtÞ, and cminðtÞ. The
absolute values of the considered cðtÞ are shown in
Figs. 14(d)–14(f). As can be easily seen, the behavior of
coptðtÞ and cminðtÞ is highly nontrivial and changes greatly
in magnitude.
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