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Nanoscale defects such as nitrogen-vacancy (NV) centers can serve as sensitive and noninvasive probes
of electromagnetic fields and fluctuations from materials, which in turn can be used to characterize these
systems. Here we specifically discuss how NV centers can probe time-reversal symmetry breaking (TRSB)
phenomena in low-dimensional electronic systems. We argue that the difference in relaxation rates I',; of
NV centers starting from m = +1 spin states to the ground state with m = 0 directly probes TRSB. The
effect arises from the difference in the fluctuation spectrum of left- and right-polarized electromagnetic
fields emanating from such materials. In the quantum Hall setting, the NV center experiences (nearly zero)
large additional contribution to its relaxation due to the presence of the material when its magnetic dipole
(anti)aligns with the external field. More generally, the difference in the relaxation rates is sensitive to the
imaginary part of the wave-vector-dependent Hall conductivity. We argue that this can be used to determine
the Hall viscosity, which can potentially distinguish candidate fractional quantum Hall states and be used to
infer the pairing angular momentum in TRSB superconductors. We compute the average relaxation rate
[[,: +I'_:] near thin film superconductors and find that it exhibits a Hebel-Slichter-like enhancement
below T'.. The difference I',; — I'_; also inherits this peak but is only nonzero for 7 < T, and only if the
superconductivity is chiral. We provide concrete estimates for observing this effect in stacked twisted

bismuth strontium calcium copper oxide flakes.
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I. INTRODUCTION

Nanoscale defects such as nitrogen-vacancy (NV) cen-
ters have emerged as a novel probe of magnetic and
electronic correlations in materials [1-4]. NV centers in
particular behave as qubits with a magnetic dipole moment
and intrinsic level splitting [5]. When the NV center is
placed near a material, it experiences a different electro-
magnetic environment to what it experiences in the absence
of the sample. Static fields can be mapped out by changes
to the level splitting(s) of the NV center states [1] (similarly
to spin resonance measurements), while magnetic fluctua-
tions orthogonal to its intrinsic dipole axis result in
relaxation of the qubit at a rate proportional to the strength
of magnetic fluctuations at frequency equal to the intrinsic
splitting [6-8]. These magnetic fields are ideally dominated
by current and/or spin fluctuations in the probed material,
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and thus contain information about the conductivity or spin
susceptibility of the material.

Two aspects of such defects set them apart from tradi-
tional probes. First, they are noninvasive since they do not
require the application of external fields—one can view
them analogously to lab microscopes that passively gather
light from a specimen of interest. Second, being atomic
scale point defects, they are sensitive to highly local material
properties. For instance, as discussed in Ref. [7], these
probes can be used to infer wave-vector-dependent con-
ductivity in materials, at wave vector g ~ 1/zyy, where zyy
is the distance of the probe from the material. (In compari-
son, nuclear magnetic resonance, which is based on similar
principles, naturally probes magnetic fluctuations at wave
vectors related to the crystal structure [9].) This make these
probes useful from the perspective of detecting novel
correlations in materials where usual conductance or global
spin-susceptibility measurements may not implicate new
phenomena, or where multiple orders coexist and external
fields can influence the state making measurements chal-
lenging to interpret.

NV centers have been used to map out local spin
patterns [10-12], measure spin wave spectra in low-
dimensional magnets [13,14], transport characteristics
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of electrons [6,15-20], measure phononic Cherenkov effect
in photoexcited graphene [21], among others. Immense
progress has been made in engineering their intrinsic
relaxation properties [22] to obtain 7| times of the order
of seconds at cryogenic temperatures [23], attaching them
on maneuverable tips [24,25] and controlled implantation
at various depths and in ensemble [26—-29]. Other nanoscale
defects such as silicon-vacancy centers [30] among
others [31] are also potential candidates for novel quantum
sensing capabilities [32]. Theoretically, proposals have
been made to use NV centers to measure hydrodynamic
transport and Kondo impurities in metals [7], crystallization
at low densities in electron gases [33], spinon Fermi
surfaces in spin liquid candidates [34], and novel edge
states in topological materials [35], among others [36].
In this work, we focus on how such probes can be used to
ascertain time-reversal symmetry breaking (TRSB) phe-
nomena in low-dimensional materials of various kinds,
including quantum Hall systems, and TRSB superconduc-
tors. A key insight as to the utility of these probes comes
from a simple observation—TRSB materials exhibit a
circular dichroism in the electromagnetic fluctuation spec-
trum near them. Specifically, the spectrum of left and right
circularly polarized magnetic fields is different near a
TRSB material. This dichroism stems directly from the
spectra of circularly polarized current and spin operators
J+ = Jx £ ijy, s+ = sc £ is, (defined analogously as in
electromagnetism) that are inherently different in a
TRSB material. The starkest example of this physics is
the quantum Hall insulator—operators j, can be used to
raise Landau level index from the ground state, while j_
reduces the Landau level index [37]. At low temperatures,
the spectrum of these raising and lowering operators is thus
significantly different from one another, and this translates
to dichroism in magnetic fluctuations near the material.
In Sec. II, we elaborate further on this dichroism,
computing the 1/ T?, 1/ Tl_2 relaxation rates of a magnetic
dipole probe that is oriented either perpendicular, in the Z
direction, or antiperpendicular, in the —Z direction, to the
surface of the material of interest. Note that for NV center
based imagining, these are realized with a single NV center
with its magnetic dipole oriented along the Z axis, and
measuring its relaxation to equilibrium starting from either
the |m; = 1) or |m; = —1) states. In the first case (m, = 1),
the relaxation rate amounts to a sum of spectral weights
b (ony)|* + |b_(—wony)|?, while in the second case, one
probes |b(—wony)|? + |b_(wny)[?, With wyy being the
transition frequency of the NV center. Here b, = b, + ib,
where b,, b, are the x, y components of the magnetic field
on the defect site, respectively; see Eq. (2) for the precise
definition. As we show, the two components in these rates
are related by detailed balance as one would expect of
emission and absorption rates due to fluctuations in a
thermally equilibrated system. However, these two rates
consist of a cross-correlation of b, by fluctuations,

specifically Im[N,,] [see Eq. (4)] that is odd under time
reversal. This piece is precisely isolated by considering the
difference of the two relaxation rates, 1/T5 — 1/T7*, and
which directly implicates TRSB if it is nonzero. In Sec. I,
we make a connection between Im[N ], and Im [6 (g, ®)],
that is, the imaginary part of the Hall conductivity at finite
wave vectors in the material. In particular, we study the
electromagnetic fluctuation spectrum near a two-dimen-
sional TRSB material sandwiched between dielectrics.
Following the standard analysis of electromagnetic waves
reflecting off of conducting surfaces [38], we compute the
magnetic response of the system in the presence of an added
magnetic dipole, which generates both s- and p-polarized
waves. We find that the susceptibility of interest y ., depends
only on reflections that convert s-polarized light to
p-polarized light and vice versa, an effect fully absent in
systems with time-reversal symmetry. We use the fluctuation
dissipation theorem to arrive at our final result for Im[N,,].
We find that much like the usual time-reversal preserving
case, the magnetic dipole probes magnetic fluctuations at a
wave vector g ~ 1/zyy. We find that relaxation rates 1/77*
are sensitive probes of Relo; F ioy|(q~ 1/znvs Onv)s
where o7 is the optical conductivity associated with current
fluctuations orthogonal to ¢q.

In Sec. IV, we highlight how the two rates 1/75* are
sharply different from each other when the sample being
sensed is a Hall system. The difference becomes more acute
in the quantum limit with one of the two relaxation rates
approaching zero. In other words, when an NV center
dipole is antialigned with the applied magnetic field
engendering the quantum Hall system, the NV center’s
relaxation rate is almost exclusively determined by vacuum
fluctuations present even in the absence of the Hall system.
We then turn our attention to making a connection with
the imaginary part of the Hall conductivity at O(g?)?,
where 7 is the magnetic length, and the Hall viscosity. The
Hall viscosity is a novel term in the viscosity tensor of a
two-dimensional fluid breaking time-reversal symmetry
[39-41]. It is quantized in a quantum Hall system and
related to the Wen-Zee shift [40,42,43]. It has been
proposed that the Hall viscosity can be measured using
spatially varying fields as it appears at O(g#)? in the real
part of the Hall conductivity, alongside another, nontopo-
logical contribution [44]. Here we compute the imaginary
part of the Hall conductivity for a noninteracting integer
quantum Hall system and show that the above two con-
tributions appear as coefficients of different poles (at
= w,,2w,.), and thus the Hall viscosity may be more
directly inferred from the imaginary part of the Hall
conductivity, which the relaxation dynamics of the probe
have access to.

In Sec. V, we consider NV relaxometry on TRSB
superconductors. In particular, we study the temperature-
dependent relaxation rates I'., of the NV center in the
presence of both conventional d-wave superconductors and
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chiral superconductors (using results from Refs. [45]). We
find that the average of these two rates [[",; +T'_;]/2
exhibits a prominent Hebel-Slichter-like enhancement
below the superconducting transition temperature 7.
This is perhaps surprising given that usual NMR spectros-
copy misses such a peak in d-wave superconductors due to
the sign-changing nature of the superconducting order
parameter. In the case of NV relaxometry, such a peak is
present precisely because the relaxation rate is sensitive to
quasiparticle scattering at small wave vectors. The differ-
ence in the two relaxation rates, AI' =1, —I'_;, on the
other hand, is only nonzero in the chiral case below T'.—it
is directly proportional to the angular momentum of the
Cooper pairs. This differential rate also inherits the Hebel-
Slichter-like enhacement below 7. We illustrate the
computation by providing experimentally expected relax-
ation rates in the case of topological superconductivity in
stacked twisted bismuth strontium calcium cooper oxide
(BSCCO) flakes, which have been recently investigated
both theoretically and experimentally. We summarize our
findings in Sec. VL

II. CHIRALITY OF MAGNETIC FLUCTUATIONS
ABOVE A TIME-REVERSAL SYMMETRY
BREAKING MATERIAL

A standard probe of measuring time-reversal symmetry
breaking in materials is the polar Kerr (and related Faraday)
effect [46]. When linearly polarized light is normally
incident on a material which exhibits magnetization or
other forms of TRSB phenomena, the polarization of the
reflected and transmitted light is generally offset by an
angle that depends on the strength of TRSB in the material.
One way to rationalize this is that the phase acquired upon
reflection of circularly polarized light from a TRSB
material is generically different for right and left circularly
polarized components. This phase lag difference, which
probes the magnetization of the material, or off-diagonal
components of the dielectric and conductivity tensors is the
cause of the rotation of the polarization [47].

Likewise, the amplitude of the reflection and trans-
mission coefficients is also generically different for the
different circular polarizations of light. In particular, in
ambient conditions, even in the absence of a probe light

|

pulse, we can thus expect the amplitude of fluctuations of
chiral components of the magnetic field to have different
spectral properties, which could be detected by a suitable
magnetic probe. Let us consider, for specificity, the
example of an NV center which serves as an effective
qubit with a magnetic moment pyy oriented perpendicular
to the surface of a TRSB material. The NV center behaves
as an effective spin-1 defect that has a static splitting oy ~
27 x 3 GHz between |m; = 0) and |m; = £1) levels in the
absence of any external field (see Ref. [2], and references
therein). For the purposes of sensing magnetic fields which
lead to transitions with Amg; = +1, we can assume that the
NV center is initialized either in the state |m, = +1) or in
|mg = —1), with the dipole oriented along the Z axis, and
obtain the 1/T, relaxation rate by considering the decay to
the |m, = 0) state (using fluorescence measurements). The
relevant levels, the initialized state [m; = +1), and the state
|mg =0) can be described by a two level system
Hamiltonian,

s hw
H =+ 2NV o, —hynvb(t) -0

-4 ha)NV

0, — h}/NV [bJr(t)G— + b—(t)6+ + bz(l‘)az]7
(1)

where b, = {[b,(t) £ib,(1)]/2} are the chiral compo-
nents of the external magnetic field at the NV center,
0. = o, + io, are dimensionless Pauli matrices, and the
+2% signs effectively impose the choice of the initial
state |m, = +1)—the state |m, = 0) is associated with
o, = F1, that is, always the lower energy state, and
relaxation into the |m, =0) state from |m, = +1) is
governed by either b, o_ (4; emitting a photon with +1
unit of angular momentum in the % direction) or b_o
(—; emitting a photon with —1 unit of angular momentum in
the Z direction) term accordingly. Here yyy is the gyro-
magnetic ratio appropriate for the NV center. For better
readability, we subsequently suppress factors of 7. We can
compute the relaxation rate 1/T = Ty, + Iems Of the NV
center as the sum of the absorption and emission rates
which in turn are given by Fermi’s golden rule:

I = Zﬂylz\IVan|<m|bﬂ:|n>|25(a)NV ~ ) = 1Ry b (o)

n,m

=2 D pn mlbo 2 + i ) = 21 (b, ) b)) | B(eony = )

n,m

le:ji = 2ﬂ7§v2ﬂn|<m|b¢|”>‘25(0)w + @) = 712\IV|b:F(_wNV)|2

n,m

= 2R D |(mlbym) P+ |(mlby ) = 21m ((n]by ) (m|b )| 8@y + ). 2)

n,m
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Here |n),|m) denote many-body eigenstates of the
material, with Aw,, hw,, their respective energies, @,,, =
,, — o, is the difference of energies modulo %, and p,, is
the probability of the system being in state |n). For
convenience, we set 7 =1 in what follows. Note that
we make no mention of the precise kernel that connects the
magnetic field to the currents or spins in the material for
now, except noting that under time reversal, these fields will
flip sign, as would the current or magnetic moments
generating them. It is also important to note the sign
difference in the two expressions—while I corresponds
to the spectral weight of fluctuations of b, at frequency
0 = wny, ngs relates to the spectral weight at @ = —wyny
of fluctuations of b_.

As seen in Eq. (2), the relaxation rates contain two types
of terms, ones which involve magnetic fields in the same
direction ~b2, bg, and another set of terms comprising both
the x and y components of the field. The latter amount to
zero in a time-reversal preserving system—we can see this
by noting that the matrix elements of the magnetic field for
time-reversed state transform as [48]

(nlby|m) > (Albylin) = (n|Tb,T~"|m)*
— —(nlby|m)*. (3)

Thus, for time-reversed states |7i), |/m) the second term
~b,b, changes sign as a result of complex conjugation. If
the system has time-reversal symmetry, these states have
the same energy as |n), |m) (possibly being identical to the
original states), and these cross terms thus vanish.
However, for a system that breaks TRSB, these terms will
not in general vanish. One simple way of seeing this is to
note that for a Hall system, these terms would be connected
to j, — j, current-current correlators which are linked to the
presence of a finite Hall conductivity.

By itself, the presence of these TRSB terms does not
provide a clear indication of TRSB in the material, because
they can in principle get swamped by the terms causing NV
center relaxation even in the absence of TRSB. Moreover,

|

while it may appear tempting to define a conclusive TRSB
sensing metric by subtracting the absorption rate from the
emission rate because of the sign difference in the TRSB
terms, we note that, assuming the material and its ambient
electromagnetic environment are in thermal equilibrium,
these two rates are in fact trivially related by detailed
balance [49]. We can see this by interchanging m <> n in
%, to recover the result that I = /NI ., as
expected. Here we used the fact that p,, = p,e’”~v by
virtue of the delta function and the fact that b,, b, are
Hermitian operators. In particular, I o |b_(—wny)|?
while T « |b, (wny)|?. Thus, for a system with
TRSB, while the spectral functions for different chiralities
of magnetic field fluctuations can be different at the same
frequency, they are nevertheless related by detailed balance
at opposite (w - —w) frequencies.

To directly probe TRSB, thus, we envision measuring the
difference of relaxation rates from the |m; = +1) state
(given by I'?) and |m, = —1) state (given by I'"%). Note that
for relaxation from |[m, = —1), T % o |b, (—ony)|* while

oas o |b_(wyy)|?. The difference of these two relaxation
rates can only be nonzero provided the system breaks
TRSB. (More generally, say for a spin-1/2 point defect,
one may need to have two such defects, with one whose
dipole points toward the system, and another whose dipole
points away from the system.) Combined with the fact that
the nanoscale probes are effectively point defects whose
distance from the surface of the material can be controlled
(for instance, by appropriate implantation depth in diamond
vis-a-vis the material surface, or by mounting the probe on
a cantilever), such probes can give information about the
peculiar local (wave-vector-dependent) scaling of correla-
tions associated with TRSB in the material. As we show in
following sections, such a diagnostic is directly sensitive to
the imgainary or dissipative part of the Hall conductivity at
wave vector g ~ 1/zyy, where zyy is the distance of the
probe from the material surface.

To complete this discussion, it is useful to define
symmetrized and antisymmetrized spectral functions and
related susceptibilities. Specifically, we introduce

Nxx()’)’>(w > O) = ﬂzpn‘(m|bx(y)|n>|2[5(w - wmn) + 5((0 + wmn)L

n,m

Nyx(w > O) = ”an<n|b»|m> <m|bx|n>[5<a) - a)mn) - 5((0 + a)mn)]’

n,m

Axx(a) > O) = ﬂan\(m|bx|n>|2[5(a) - a)mn) - 5(60 + a)mn)]’

n,m

Aye(@>0) =7 _p,(nlby|m)(m|b|n)[8(0 = @) + 5(@ + Dpy)]-

n,m
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These spectral functions appear in the relaxation rate as

1 1 1
Fi% = E = J’%V |:2Nxx(wNV) + ENyy(wNV) + Im[Nyx(wNV)] ’
1
1 > Pony
TE IR coth 2 {A(ony) £ Im[A, (onv)]}
1
1 1 pa
TZ - T2 = 27/2NV cot — [Ayx(wNV)]v (4)
1 1

where we have assumed that the system respects rotational
invariance and thus A,,(w) = A,,(®). The coth factors
obtained reflect the fluctuation-dissipation theorem. Note
that N,, is only nonzero due to time-reversal symmetry
breaking. Concurrently, we define the susceptibility,

oo, = f{—ie<r><[by(x><r>, b(0)
_ —Z {

_ <n|bx|m> <m|by(x)|n>
o+ w,,, +i0" |’

() [m) (m[ Dy |m)

®— w,,, + i0"

(5)

which will be easier to compute going forward and which
are related to the antisymmetric correlators Ay, (@) via
the relations

i, (0)] A —tan (2 ).,

Rel, . ()] ==l )] =—tanb (5 1mlN . (6

Note that in the result above one may be concerned that
there are contributions to Re[ Zb,,bx] from terms propor-
tional to Re[(n|b,|m)(m|b,|n)|P(1/|w + @,,,]). There are
two reasons for excluding such contributions—(i) these
should be much smaller than the terms proportional to
8(w — w,,,) corresponding to Im[A,,], and (ii) in the case of
the system possessing rotational symmetry, they vanish
exactly since y;, , = —x;, p, While these terms are sym-
metric under the exchange b, <> by. The latter can be
easily intuited by noting that y; , corresponds to the
magnetic field b, in response to a magnetic moment placed
at the site of the probe with moment in the x direction, and
considering a z/2 rotation.

We also note that an analogous measurement of Im[N, ]
or Im[N .| is possible by orienting the dipole moment
accordingly, but here we focus for simplicity exclusively
on Im([N,,].

III. MEASUREMENT OF CHIRALITY
IN CONDUCTING MATERIALS

We now evaluate Im [N, (@)] by solving the problem of
reflection of light from a two-dimensional metallic surface
sandwiched between two dielectrics with the same dielec-
tric constant ¢; see Fig. 1 for the setup. We follow the
methods of Ref. [7], but allow for the two-dimensional
material to exhibit a Hall response owing to TRSB. To
evaluate Im [N, (@)], we first compute the susceptibility
by, (T) = B (r)/M,(r) by computing the electromag-
netic field set up by a local magnetic dipole at site of the
probe r = (zyv,pnv) in the presence of the material which
breaks TRSB.

To simplify this task, we use the translation symmetry
along the surface of the material and calculate the magnetic
field profile due to a sheet of magnetization, with an in-
plane magnetic moment oscillating with a fixed in-plane
wave vector (. To obtain the response for a point dipole, we
add the responses from each such magnetization sheet with

z
€E(), L0
5 1
¢)l <>
(-
-
onlg.w).0 <q,w o -
€€0, 10
FIG. 1. Magnetic noise from a time-reversal symmetry break-

ing sample (blue) exhibits a different spectrum for magnetic
fluctuations with opposite chiralities (purple and red). The NV
center is assumed to be embedded here in a dielectric of constant
€o- We assume for simplicity that the sample sits sandwiched
between two dielectrics of similar dielectric constant. NV centers
with magnetic dipoles (green arrows) oriented toward or against
such a material exhibit different relaxation rates owing to this
difference. (Note these are not implied to be two separate NV
centers but the same color center initialized in the state
|my = £1). They are shown separately here for clarity.) The
relaxation rates, [Zi o« Re[or F ioy](qg~1/zny,® = ony)
probe transverse and Hall conductivities at finite wave vector.

011001-5



DE, PEREG-BARNEA, and AGARWAL

PHYS. REV. X 16, 011001 (2026)

the appropriate inverse Fourier factor. Specifically, we
solve for the magnetic field in the presence of a sheet of
magnetization M(z,p) = mo(Z x 0)8(z — zyv)e@” and,
separately, in the presence of a sheet of magnetization
with M (z,p) = myQ8(z — zny)e2”. Here p is the in-plane
component of the position vector (z, p) and Q is an arbitrary
in-plane wave vector which we will ultimately integrate
over to obtain the response due to a finite magnetic moment
at the site of the NV center, whose coordinates are
2= 2ZNV:P = PNv-

In particular, the total magnetic field due to the point
dipole moment can then be found by integrating the
magnetic field found (in the y direction) in these two
separate calculations with the Fourier factor e=¢”~v and
using appropriate projection to X, y axes. The decomposi-
tion into moments parallel to (2x Q) and Q is done
because magnetization sheets in these directions yield
exclusively p- (magnetic field is in plane) and s- polarized
waves (electric field is in plane), respectively. In the case of
systems that do not break TRSB, it is known that the
reflected waves continue to retain their polarization; see
Ref. [7] for the related calculation in the absence of TRSB.
However, in this case, as we show, the presence of a Hall
conductivity generates waves of opposite polarization
as well.

A. s-polarized incident waves solution

The electric field is in plane and the magnetic field can be
found using Faraday’s law, B = V x E/(iw). The general
form of the electromagnetic fields is given by

where ¢, = \/e(w?/c?) — 0%, O =1|Q||, and we have
defined ¢ = ¢/+/e as the speed of light in the dielectric,
and dimensionless wave vectors g, = ¢.¢/w, Q = Q¢/w.
Thus, Z]f + 0% = 1. The coefficients r,,, Fsps bgss bgp QTE
reflection and transmission coefficients, respectively, for
the case of when s-polarized light impinges on the sample.
The subscripts sp and ss denote generation of p-polarized
and s-polarized light, respectively, from incident s-polarized
light. Note that fields can be evanescentif ¢, is imaginary, but

are propagating in plane (given in-plane translational
symmetry).

To solve for the reflection and transmission coefficients,
we apply the following boundary conditions: The fields B,
and eE | are continuous across the interface, while the parallel
components of B and E, are discontinuous due to the free
charge and current generated at the interface; that is, poJ =
Z2x(B(0")=B)(07)) and p/ey=€E,(0")—€E (07). The
material imposes a constraint between the charge accumu-
lated and the longitudinal current via the continuity relation,
while the current itself is given by the conductivity tensor
of the material; specifically, J = oLE) o+ 0rE| 5,0) —
oy(2 x E|). Note in particular the sign of o is determined
by the definition J, = oy E,. Here we make a distinction
between current response that is parallel or perpendicular to
the modulation wave vector Q denoting these by ¢; and o7,
respectively.

Putting the above together, and defining dimensionless
conductivities &y, /7 = 617/ (C€pe), we obtain the
following consistency conditions on the reflection and
transmission coefficients:

1+ Fss = Lgs, Fsp = _tspv
tsp5LQZ + ZSX5H = rsp - t‘\‘pv
txs(&T + E]z) = qZ(l - rss) + 5Héztxp- (8)

Solving for r,, and rg, we find

1 or
l+rg = z 5 — -,
U+ 5+ 5w 24

(1 +ry) . Ou

v 2+QZ6L N2+EIZ6L

©)

Here we note that for ¢ ~ e%/h, & is generically a small
number ~0.1, and wave vectors g, ~ 1/[10 nm] and fre-
quency of interest @ = wyy ~ GHz, g, ~ 107. This justifies
the approximations made above.

B. p-polarized incident waves solution

The magnetic field is now in plane and the electric field
is found using the relation E = ([V x Bc?]/[~iwe]). The
fields are

j=}
~—
2D
X
>
S~—
NN
Q
<
i
;:\\A
™

B
B, = B, [rpp (2% 0)+ rps(—qu + Qﬁ)] eiQP+ig:z
+0 2)} e'Qr-ia:z
Q z)eiQ'p—iqzz’
E, = By[r,y(@.0 - 02) + r,u(2 x )| er+iss,

E, = 2By1,(2 x 0) = 1,(3.0 + 02)] ei2-ia:2. (10)
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The boundary conditions yield the consistency
conditions:
L=71pp =1y, ps = Tps:
Ttps + qZ5Htpp = _QZ(rps + tps)’
5Htp.s‘_qZé-Ltpp:_(1 +r,,p)+tm,. (11)

Solving these equations, one obtains

A 9:0L t 525 4.61
pp = —
24 g6, +52% 2T A0
—oy oy
Py = _ = - —, (12)
: (1 +26_51TZ)(2+QZGL) +§6%-1 2+qZ0L

where we again neglect higher order contributions in 6/g as
justified above.

C. Computation of Im[N,,]

To obtain the susceptibility y,,, we now combine the
results from the preceding computations as follows. We
would like to compute the magnetic field generated as a
consequence of a dipole of strength m placed as the site of
the probe in the x direction, and compute the y component
of the reflected magnetic field B, to compute the con-
nected (nonvacuum) part of y,, = B, ,/m,. Here, we first
compute the magnetic field due to a magnetic sheet M =
myxd(z — zny)e'2? instead of a point dipole. To obtain the
result for a point dipole, we can integrate over Q with the
appropriate Fourier factor.

This magnetization sheet generates a p-polarized field
with strength By = iugmge((w?/c?)/(2q,)]3.(2x Q) e,
and an  s-polarized component with E; =
—ugwmy(Q/[2¢,])% - Qe Note that the reflected field
consists of in-plane components parallel and perpendicular
to Q. It is easy to see that only components of the reflected
field coming from ry,, r,, survive angular averaging over
O and contribute to Xyx- (FOT 1, %y, it is the components
of the reflected field proportional to rg, 1, that contrib-
ute.) Additionally, we note that the wave vector g, ~ iQ.
This is because at small probe-material distances, the phase
space of large Q ~ 1/ryone contributes most to the sus-
ceptibility, while the frequency w is generically small, such
that ew? /c*> < Q2. Thus, the response largely comes from
evanescent waves for which ¢, is purely imaginary.
Combining this fact with the results of the preceding
subsections, we find

-r

dQ _ MowQ
Xyx = l/ e 20w V7= (,-ps

Im [ _ thﬁ / 29y MO?Q [rps — rsp]

_Hiocoth' / — Im[ ] < x a,)
327TZNV €ERPA 2ZNV ’
(13)

where egpa = 1 + i(Qo; /2¢e€yw) is the usual RPA screen-
ing factor at finite wave vector Q and frequency @ in two
dimensions. The integral is evaluated over the range x = 0
ox=o0

It is important to note that the relaxation dynamics of the
probe comes from the imaginary part of o since it is this
piece that is dissipative. Furthermore, as suggested before,
much of the response comes from the wave vector
0 ~ 1/2zyy—Ilower wave vectors have a smaller density
of states, suppressed by an additional factor of Q, while
higher wave vectors are averaged out [as reflected in the
exponential factor e™ in Eq. (13)].

o)

D. Computation of Re[N,, ()]

To obtain the susceptibility y,,, we compute the reflected
magnetic field B, in the x direction due to a magnetic dipole
of strength m placed as the site of the probe in the x
direction. The result for y,, follows by rotational symmetry.
We follow the same steps as above to arrive at the following
result,

V4 c
. /l(z)w x oL

7 5 dxxe™ | or+——
64”ZNV €RPA

Zwcothfw/2
JHoweothfo/2 / Jrre—Re [GTJ_L], (14)

N,,=N
o Y 647TZ12\IV €RPA

where we note that the o7, o7, egpp are evaluated at
q = x/2zyv,® = wyy and we have assumed that g~
1/2znv > wyy/c. The integral is evaluated over the range
x=0t0x=o00

E. Combined result for the 1/7; relaxation rate

We now combine the above results to arrive at the final
result for the relaxation rate:

2w coth fw/2 2
I, pfiecoth fo/2 / dxxe-xRe[ Lo 2on]
6475y €RPA  €RPA

(15)

We note that, in general, the presence of the factor egpp
makes the interpretation of the noise measurement
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somewhat more nontrivial. This factor arises for both o
and oy terms but not for the o term—this is because the
former involve the presence of currents with a nonzero
divergence while the latter corresponds only to a diver-
gence-free current which is thus not screened. Indeed, for
q?s. < 1, where ¢ is the screening length, this term will
polynomially suppress the magnetic noise originating from
longitudinal and Hall current fluctuations. However, for
g% Z 1, we can approximately ignore this effect and set
erpa = 1 in the above.

In the next section, for simplicity we will focus on the
situations where g7 <1,q¢,. 2 1. Here ¢ is a general
length scale governing the TRSB phenomena and a scale
which governs the gradient expansion of oy. In the pure
quantum Hall case, this will refer to the magnetic length. In
the case of TRSB superconductors, or paired composite
fermions in a fractional quantum Hall system, this length
scale will be given by v/ A, where A is the pairing gap. In
this limit, one can approximate egps = 1, while also setting
o ~ op. We then obtain the simplified result:

_ Hpwcoth fw/2

3~

Fi /dxxe_xRe[GT + iGH]. (16)

32773y

Note that, regardless of the suppression of noise by
screening, it always remains possible to isolate the noise
proportional to the Hall conductivity by subtracting the
relaxation rates of the NV centers initialized in the
|m, = +1) states. Thus,

=T - Q_M/dﬂce—xlm on_ (17)
‘ o 16ﬂZ12\TV ERPA '

IV. QUANTUM HALL AND HALL
VISCOSITY MEASUREMENTS

The discrepancy in the decay rate of the dipole probe
pointing in the +Z and —Z directions perpendicular to a
material surface is most pronounced in the Hall state,
particularly in the quantum Hall limit. To see this, let us
first consider the Hall system in the classical limit where the
Drude result applies. Here, in the limit ¢ — 0, we obtain the
result

1-iwt
o7 = 0, ,
T S (@2 - )P = 2iwr
on = 0o —e (18)

1+ (02 — 0?)7* = 2iwt’

where 6y = ne’z/m is the usual zero-field Drude result at
zero frequency, w,. is the cyclotron frequency, and 7 is the
current relaxation rate.

From the Drude result, we obtain
l—i(wtw)r
1 + (02 — @*)7* = 2iwt)

(19)

or 2 ionl (g = 0.0) = o

Clearly, one has for the real part of the appropriate
conductivity in the two cases at ® = w,.:

Relor tioy|(w=w.) = 6o(+ve), % 7 (—ve).

1+ Qw.z
(20)

In the quantum Hall limit, where .z > 1, one finds that
the noise contribution at ¢ = 0 tends to go to zero in one
case, while it is finite in the other. (See also Ref. [50] where
a related effect is probed experimentally.) Thus, a probe
separated at distances much larger than the magnetic length
from the material will exhibit virtually no relaxation due to
the presence of a Hall bar when oriented in the —Z direction
(in alignment with the external field) while experiencing a
significant contribution to the relaxation from the presence
of the material when placed in the opposite direction, at low
temperatures. Another simple way of seeing this result
emerge is by noting that the magnetic field component b
can be connected to the appropriate current matrix elements
J+ = Jx £ ij, in the material. These current matrix ele-
ments only serve to increase or decrease the Landau level
index, respectively, at ¢ = 0. In particular, j, + ij, serves
to increase the Landau level index, and its fluctuations at
zero temperature are finite, while those of j, — ij, are small
due to Fermi blocking. Consequently, the relaxation of the
probe placed in the +Z direction, which is due to b
fluctuations, will be finite, while in the case the probe
dipole is placed in the —Z direction, the relevant fluctua-
tions are that of b_, which will approach zero as the
temperature is lowered.

A. Finite ¢ response and Hall viscosity

The Hall viscosity is a novel nondissipative kind of
viscous effect that appears in quantum Hall systems. In
general, viscosity is a tensor associated with the stress in a
fluid due to a time-dependent strain,

P = Z'Iij.kl”kh (21)
]

where i,je{x.y}, vy =300, +0v) is the sym-
metrized gradient of the velocity field v and P;; is the
associated stress. In homogeneous systems, with time-
reversal invariance, two scalar coefficients (sheer n and
bulk & viscosities) completely define the viscosity tensor.
However, for a two-dimensional system, TRSB allows for
the existence of a third nondissipative component known as
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Hall viscosity, denoted as 7. In d = 2, the full viscosity
tensor is given by

Nijkr = &0;i0k + 1(0ixSj1 + 616 jx — 6;;011)
NH

2

where & is the Kronecker delta tensor and € is the Levi-
Civita tensor in two dimensions. The Hall viscosity term
produces a force density f = 5y V?v x 2—it is relevant
near the local maxima and minima of the velocity field in
the fluid and produces a force perpendicular to the field. In
particular, 75 = 7y, .y, and its real part can be evaluated by
computing the linear response coefficient [41]:

+ - (eiwdj + €ydj + €jiby + €0),  (22)

: ImXP.\TX’PXV
ng = lim ———.
w—0 [0}

(23)

[xp,.p, represents the Kubo response function defined

analogously to Eq. (5).] The application of strain can be
viewed as equivalent to deformations of the metric. The
deformation of wave functions under such a change can be
associated with a Berry curvature whose integral is
quantized [39]. The Hall viscosity defined in this sense
is therefore a useful quantity to study; it has been shown to
distinguish various candidate gapped quantum Hall states
such as the Pfaffian and anti-Pfaffian [42], is proportional
to the pairing angular momentum (/ = +1) in chiral
p-wave superfluids [41], and also can be related to the
global curvature when studying quantum Hall systems on
curved manifolds (the Wen-Zee shift [51]). Because of this,
it has garnered significant recent theoretical attention, but
experimentally it remains a challenge to measure.

Hoyos and Son [44] showed for Galilean-invariant
systems that the Hall viscosity in fact appears in the
wave-vector- (¢) dependent Hall conductivity Re[oy] at
order O((g?)?). Here ¢ = \/hc/eB is the magnetic length.
In general, since a time-dependent strain is associated with
spatially varying velocity fields, one may imagine that a
spatially varying electric field may produce some response
proportional to this viscous effect. Indeed, Hoyos and Son
find

Q

xy(q)

=1+Cy- (qf)* +O(g*¢*), (24)
0.y (0)
where
Ny 2=n £ 2.0
C, = i D fzch ¢"(B). (25)

with n being the electron density, v is the filling fraction,
and €(B) is the energy density. The first quantity (the
precise ratio) is quantized, while the second quantity is
another response function which is not quantized but can be

measured independently by applying a space-dependent
magnetic field. The result can be intuited as follows. First,
an electric field E, varying along the x direction with a
wave vector g produces via the Hall effect a spatially
varying velocity profile v,(x) in the y direction; this
amounts to a viscous stress ~¢g in the x direction. The
force density ~¢g* then produces (via the Hall conductance
coefficient) an additional current v, which is proportional

to the g?. This is the quantized part of the response at g°.
Another part of the response is due to the fact that nonzero
0,vy is associated with an effective magnetic field (due to
the circulation of the current) ~g which produces a
magnetization related to the magnetic susceptibility of
the quantum Hall fluid. This magnetization corresponds
to additional current density given by the curl of this
magnetization (and is thus ~g?). The second term is usually
of the order of the first term so they are not easy to separate.
Measuring the viscosity from the real part of the Hall
conductivity can thus be experimentally challenging
because it is hard to measure the difference between two
different response functions separately and accurately.

The local probes we study are particularly useful for
studying local, finite wave vector response, and it is thus
pertinent to ask if the Hall viscosity could be determined
from the relaxation rate of such probes. However, relax-
ation is by definition a process that is dissipative, which is
why the probes are sensitive to the imaginary part of the
Hall conductivity. We are thus led to ask if signatures of
the Hall viscosity term show up in the imaginary part of the
Hall conductivity at finite wave vectors. In this work, we
consider the simplest scenario—that of integer quantum
Hall states in Gallilean-invariant 2DEG and in graphene. In
both instances, we find the answer to the above question is
in the affirmative, and that additionally, the two terms in C,
are associated with different frequency poles, with the Hall
viscosity term appearing along with the pole o = 2w,,
while the nonlocal magnetization current appears at
@ = w,. Here w, is the cyclotron frequency separating
Landau levels.

B. Computation of the Hall viscosity for the integer
quantum Hall state in 2DEGs

In this section, we compute the (i) Hall viscosity from the
appropriate Kubo response function, (ii) real and imaginary
parts of frequency-dependent o7(q,®),o4(q,®) to
O(g?)?, and show that (i) the 4 combinations |67 +
ioy| exhibit very different responses, with one of the terms
vanishing at order O(q#)°, (ii) confirm that Re[oy (g, )]
yields a term proportional to the Hall viscosity and to the
magnetic susceptibility at O(g#)? as advertised in previous
works, and (iii) show that the Im [64 (g, ®)] exhibits poles
at w = w.,2w,., where the Hall viscosity part appears
exclusively at @ = 2w,
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We consider the case of the integer quantum Hall states
in a noninteracting 2DEG, with a spatially uniform metric
tensor g;;. The Hamiltonian is given by

{Hnnj}

1 .
H=_— y
Zm;g” 2

where II; = p; + (e/c)A; are the canonical momenta for
i = x, y. For simplicity, we work in the Landau gauge with
A = xBy. In what follows, we set £ =1,A=1,w, = 1
and restore these in the final results.

The symmetrized stress operator P;; relating
deformations in the jth direction varying in the ith direction
spatially is given by P;; = (2/,/9)(0H/dg;;), where
g = det[g;;]. In what follows, we will work with flat space
metric with g;; = 6;;. The relevant stress operators for
computing the Hall viscosity are

(26)

_ {IL T,

Pxx:H)zw ny_ B

(27)

The finite wave vector current operators of interest are
given by

1., —e , q°
e = {n. (1 -Fr))}
Tl =iy = = (1 g - L
X q _2 ]x’e - 2 X lq X 2 X ’
(28)

Jy(q)

I —|n2
R mn ,
i 47rf22

where we used coordinate-momentum locking in Landau
level states to replace e~4Y by ¢'?““/") (and suppress
constants) noting specifically that the translation generator
p, =11, in the Landau gauge we work in; see, for
instance, Ref. [52].

The relevant response functions can be computed at
finite frequencies using the Kubo response functions,

-1
OH = 5 7 X1(a) T, (9)

-1
or = ia)—““)( J (@)t (q)

1
Refny(w)] = Elmb((Pn;Px,)]a (29)
where @ = w + i0" and y,.3 is given by
_ (n|A|m)(m|B|n)  (n|B|m)(m|A|n)
X(aB) = mzmp” [ ®— ,, +i0" o+ wo,,+i0"
(30)

Going forward, we compute these responses at zero
temperature; thus the summation on states n will denote
states in occupied Landau levels n = 0, 1, ..., N; — 1 while
the summation over m will denote states in unoccupied
Landau levels n = N;,N; +1,.... It is also useful to
define ladder operators via IT, = (IT, +11_)/v/2,1I, =
(TT, —T1_)/v/2i which satisfy [IT_,TI,] = 1. These
operators cycle between adjacent Landau levels since
[H,11.] = +hw 1, etc. We find

_ € 2 |H+|mn |H—|%nn (ql’ﬂ) |H+ mn ‘H2 mn __ (qf)l <m|0H|n> <m|l_[+|n> —n<m
onlg.) = _%wczp" w?—(0™)? T3 d? — (0*)? 8 w?—(0™)? '
Oy =3{12, 1, } +2I_I1,TI1_,
p (q (1)) _ _e_zwzzp lwc |H+|mn |H |mn (ql/ﬁ>221wc ‘HJr mn |H2 mn _ (qf>2 ia)c <m|OT|n> <m|H+|n> —n<m
e h 4= ot 0f—(0h)? 2 ot 4ol-(0h)? 2 ot w?—(w")? |
O = {T12 11, } +TLIT, 11, (31)
where |1, |*> = |(m|[1|n)|>. We now use these to confirm expectations outlined above. In particular, it is
evident that
Re[oy — ioyl(q, 0 > 0) = O(¢¢)*6(0 ~ w.),
2
Relor + ioyl(g, @ > 0) = <NL e—ﬂwc + O(qf)2> 5w —w.) + O0(gf)*5(w - 2w,) (32)

h
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for N, filled Landau levels at zero temperature. Thus,
indeed the magnetic noise differs sharply between the two
orientations of the magnetic dipole probe (or for relaxation
from the states |m; = +1) in an NV center). Note that in
the limit ¢ — 0, the noise vanishes for one orientation while
it remains finite for the other, as expected from the classical
Drude analysis.

It is also straightforward to confirm, by examining the
matrix elements, that the Hall viscosity term appears in the
real part of the Hall conductivity as expected. In particular,

2

‘1\;56 [1+(qf)2(z—;‘c>]’ (33)

Re[oy|(w — 01) =

where we used the electron density n = N, /(2z£?), and
used 7y to represent the zero frequency limit of Re[ny ()]
It is easy to verify that in the limit @ — 0T, one obtains the
expected result [44] for the Hall conductivity up to O(g#)?
for integer quantum Hall states—Re[oy (g, @ — 07)] =
—(Npe?/h){1 —[(3N.)/4](q£)*} confirming the accuracy
of our computations.

Finally, we can compute the imaginary part of the Hall
conductivity to find

il (g.0 > 0) = =42 (1 - (e PO - 0,)
+ (g¢P M 5(0 - ZwC)} . (34)

This confirms that the Hall viscosity indeed shows up as
a pole at w = 2w, in the dissipative part of oy, and
separately from the other piece that is O(g#)?.

We do not know if a similar separation in frequencies
applies to interacting fractional quantum Hall states. It
would be a useful exercise to compute the real and
imaginary parts of the Hall conductivity in these systems
to ascertain how applicable these ideas are to the more
general setting of fractional quantum Hall states; we leave
this to future work. We also note in passing that the same
analysis appears to hold for graphene as well where the
electrons satisfy the relativistic Dirac equation—this has
been pointed out for the real part of the Hall conductivity in
Ref. [52]. However, it is easy to consider similar compu-
tations in the case of graphene and verify that the results
found here for the imaginary part of the Hall conductivity
hold in graphene as well. We do not provide further details
of this computation as it proceeds analogously.

It is also worth noting that these computations have been
performed in the idealized limit of no disorder. We
generally expect that disorder will broaden these spectral
features, and in general one can measure a combination of
the Hall viscosity and the width of the Landau levels by
examining the relaxation rate of the probe near o = 2w.,.

This width can be independently ascertained, for instance,
using STM measurements.

V. TRSB SUPERCONDUCTORS

TRSB superconductors are another instance where local
probes may contain useful information to detect TRSB
phenomenology. A key proponent in this class of super-
conductors is the chiral p-wave superconductor which is
known to support non-Abelian excitations [53,54], specifi-
cally Majorana zero modes, bound to vortices. Some
evidence for time-reversal symmetry breaking in the super-
conducting state can be found in SrRuO,, UPt;, and
URu,Si, with the help of Kerr rotation measurements
[55-57] and muon spin relaxation (LSR) measurements
[58]. However, other experimental data appear to contradict
these findings—Ilack of change of order in SrRuQy in the
presence of uniaxial strain or in-plane field; see, for
instance, Refs. [59-61].

A general difficulty in unambiguously ascertaining the
nature of the order parameter in this system comes from
the multiorbital nature of superconductivity in this system,
the intertwining of spin and orbital degrees of freedom
which can substantially alter the interpretation of TRSB
probes such as the Knight shift, and close competition
between various even and odd parity superconducting
orders, which makes the interpretation of probes that
require an external field harder to fully trust [62]. A key
advantage of the methodology proposed here is that it is
noninvasive. As opposed to NMR based spectroscopic
methods, no external probe field is applied on the sample
and the signature of TRSB is obtained instead from the
spectrum of magnetic fluctuations above a material.

Another setting purported to exhibit TRSB supercon-
ductivity is that of thin flakes of cuprates stacked at twist
angles close to 45° [63,64]. Here Josephson transport
measurements have recently been used to provide evidence
of TRSB [65].

We now detail the computation of the transverse and
anomalous Hall conductivity in such chiral superconduc-
tors, following the work of Ref. [45]. The gauge-invariant
density and current correlation tensor K, (¢) is given by

0,9"9° Qs

K, =0, —
e I

(35)

in terms of non-gauge-invariant correlation tensor Q,,(q)
which is computed from the free-electron Green’s function
with a fixed superconducting order parameter, and ¢ refers
to the three-vector ¢ = (@™, ¢,. q,). The expressions for
Q,, are detailed in the appendixes of Ref. [45]. The
conductivity tensor can be computed using the relation
ap(@. G) = {[-Kap(®, 4)|/[iw]} for a,be{x,y}. Here
we use these results to compute the relevant parts of the
conductivity tensor, that is, oy, oy. We consider the
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computation with the following assumptions. First, we
assume that the Bogoluibov quasiparticles propagate bal-
listically in the sample on the relatively small length scale
1/q; thus, we do not introduce any mechanism for
relaxation of electrons, and in this way, the results from
a straightforward Kubo linear response calculation are
appropriate for computing conductivities directly. We also
assume that the wave vector g ~ 1/zyy is smaller than the
Fermi wave vector k. in the superconductor and 1/&, where
£ is the coherence length of the fluctuations in the super-
conducting order parameter, as is appropriate to the results
of Ref. [45]. Next, we compute results to lowest nonzero
order in w/qup; this is well justified because
wnvZny/Vp < 1 in most scenarios of interest (NV tip
distance of 10-100 nm and vy ~ 10° — 10° m/s). For
simplicity, we also assume an isotropic Fermi surface.
Under these assumptions, we arrive at the following result
for the transverse conductivity:

Relor(¢,0)] =~ 1m[Q.1(45.0)

_ne* 1 /°° JE E? ( af)
me wvpq Ja /1iGE) E?—A>\ OE
0) E
x | df cos?0 5(sin9 ——7>,
/ P P P vpqE? = A?

(36)

where n is the electron density. We note that the factor of

(E/VE? = A?)? corresponds to the density of states of the
Bogoluibov quasiparticles at energy E, E + fiw = E. The
integral over the angle 6, enforces energy conservation in
the scattering process in which a Bogoluibov quasiparticle
absorbs a photon of wave vector g9 and energy A, and the
Fermi factor —(df/0E) ensures that such a process is
feasible in the presence of Pauli blocking. Note that the
temperature dependence comes from both the Fermi factor,
but also the gap A. The above result stands for an isotropic
gap A. However, if we are interested only in low wave
vectors gkp < 1, then the above result can be used to
obtain the conductivity for an anisotropic gap (as is
appropriate for a conventional d-wave superconductor)
by averaging for A(6) ~ cos 26, as it varies for momenta
k over the Fermi surface.

The result is reminiscent of the standard calculation of
the Hebel-Slichter peak observed in NMR which corre-
sponds to enhanced relaxation rate of nuclear spins immedi-
ately below the superconducting transition temperature 7',
as compared to above T.. One can show that here this
enhancement factor is approximately given by log|qvg/w].

We note that unlike the usual calculation for nuclear spin
relaxation, here we are interested in relaxation due to
magnetic fluctuations produced by currents and not elec-
tronic spins inside the superconductor. Nevertheless, the

general result is similar. Another point of difference is that
the NV center’s relaxation rate is determined by finite
(typically low) g < kg fluctuations while nuclear spin
relaxation is determined by relaxation at all g. This is
because nuclear spins can be assumed to be pointlike
objects residing within the material itself. This has the
important implication that the Hebel-Slichter peak is nearly
absent in NMR in conventional d-wave superconductors
because of the sign changing of the order parameter [66].
Importantly, this enhancement of relaxation below 7. can
be observed using NV centers even in conventional d-wave
superconductors due to selectivity of low ¢ scattering
processes. We visualize this result in terms of the computed
relaxation rate of the NV centers in Fig. 2(a) for both the
chiral and conventional d-wave superconductors, neglect-
ing the Hall contribution to the result. The result for the
conventional d-wave case is obtained effectively by aver-
aging the result in Eq. (36) over superconducting gap
drawn from A(6) = A, cos 20. Here we see that the noise at
lower frequencies in the conventional d-wave case is less
suppressed at lower temperatures than the chiral d-wave
system due to the presence of gapless quasiparticles at the
nodal points. Concomitantly, the Hebel-Slichter peak is
suppressed due to a lower pile up of quasiparticle density of
states as a consequence of the gap vanishing at the nodal
points.
Next, for the Hall conductivity, we find

B 2ﬂle2i/°° JE A? aif
N h qUF JA 1+(1L)2 Ez—Az oE

e, . ® E
X/z—”COS 6175(81119],—@@).
(37)

We see that the Hall conductivity mimics the temper-
ature, wave vector, and frequency dependencies of the
transverse conductivity (in this @ < gvp regime as dis-
cussed above). However, it is directly proportional to /, or
the pairing angular momentum of the Cooper pairs, and is
thus nonzero only when time-reversal symmetry is broken
under 7. We also see that it is not proportional to the
electronic density in the sample. Observing such a small
decay rate in BSCCO is likely to be challenging but within
reach based on coherence times of pristine NV centers.
Concrete expectation of the relaxation rates as a function of
temperature is shown in Fig. 2(b), with material properties
discussed in the caption.

We note that in these calculations, we have neglected the
contributions to magnetic noise due to phase and amplitude
fluctuations of the superconducting order parameter itself
which lead to supercurrent fluctuations that can produce a
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FIG. 2. (a) The averaged rate [['; +I'_;]/2 and (b) difference

I'; =I'_; are shown for a conventional d-wave superconductor
(yellow line) and a chiral d-wave superconductor (blue line) with
pairing angular momentum / = 42, with N = 100 active layers
independently (that is, weakly correlated among themselves)
contributing to the magnetic noise. We model the parameters on
BSCCO thin films where signs of time-reversal symmetry
breaking have been observed in flakes transposed upon each
other after a 45 deg twist. In particular, we use an electron density
n = 1.0 x 10" /cm?, effective electron mass m, = 3 m, where m
is the bare electron mass, an in-plane low-frequency dielectric
constant ¢ = 10 (which is expected to be similar to that obtained
in the normal phase [67]; this reduces the differential rate directly
by the factor of €), and T, = 90 K. The NV to sample distance is
assumed to be zyy = 20 nm and we assume that the sample
thickness is of the same order and contributes. We note that for
thin superconducting flakes, the screening may be much weaker
and the difference of relaxation rates could be much greater as a
consequence. We use y%y, = S(S+1)g?u% /20, with S = 1,9 =2
to obtain the relaxation rates from the noise. We also assume a
temperature dependence of the gap A(T) given by the usual BCS
mean-field result. We note that the differential rate may be larger.

measurable effect close to the superconducting phase
transition. The contribution of these fluctuations to the
NV relaxation rate for similar device parameters in BSCCO
has been computed in Ref. [68] and appear to explain
experimental data. However, for relatively clean samples,
where the mean free path of the Bogoluibov quasiparticles
reaches tens of nanometers, that is, is larger than zyy, we
expect these supercurrent fluctuations to be comparatively
weaker than that from quasiparticle scattering as computed
here and evidenced in Fig. 2.

VI. DISCUSSION AND CONCLUSIONS

In this work, we examined the magnetic noise originat-
ing from materials with broken time-reversal symmetry. We
show that the fluctuation spectrum of the magnetic fields
originating from both local magnetic moments and currents
in these materials exhibit an asymmetry between opposing
chiralities. The relaxation rates of the NV center starting
from state |m; = 1) and |m; = —1) are sensitive to the
opposite chiralities and thus the difference in these relax-
ation rates isolates time-reversal symmetry breaking phe-
nomena. This distinction is most acute for current noise,
where the kernel is such that it connects magnetic fields
above a material of a certain chirality to the same chirality
of current fluctuations in the material. Thus, in a quantum
Hall systems, where one chirality is associated with Landau
level excitation, while the other chirality is associated with
Landau level deexcitation, this discrepancy is starkest—
when the NV center’s magnetic dipole starts oriented in the
opposite direction as the magnetic field establishing the
quantum Hall state, the relaxation rate is zero (modulo
ambient electromagnetic fluctuations) at zero temperature.
This effect is less pronounced for magnetic fields generated
by local magnetic moments because the dipole kernel
allows for generation of magnetic fields of both chiralities
from fluctuation spectra associated with raising (and low-
ering) operators, although with different amplitudes.

A major advantage of such nanoscale probes is that they
are noninvasive, in that they do not require application of
external fields for measurement of magnetic fluctuations
from materials. This can be particularly important when
probing materials with several competing orders where the
effect of an external field may drastically alter the state of
the system. Another advantage of such probes is that they
naturally yield local information about current and mag-
netic susceptibilities which is not obtained from traditional
conductance and bulk magnetic susceptibility measure-
ments. In particular, we show that the difference in the
relaxation of NV centers with magnetic dipoles oriented
either toward or away from the surface of the material
isolates the contribution from current fluctuations propor-
tional to the Hall conductivity at a wave vector g ~ 1/zny,
where zyy is the distance of the probe from the surface of
the material. Using a range of probes at varying distances
from the material, one can then compute the O(ql)?
component of the Hall conductivity, which we argue
contains information about the Hall viscosity. The Hall
viscosity is a sensitive probe of the state of the electronic
fluid in the material and is only nonzero in the presence of
time-reversal symmetry breaking. It can be used to infer, in
particular, the pairing channel of electrons in a chiral
superconductor, but also distinguish various candidate
fractional quantum Hall states [42,54] at v = 5/2 which
can be understood as paired states of composite fermions
but with different angular momenta.
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On a practical note, we point out that for many interesting
systems where such probes could provide new insight on
TRSB phenomena, the relevant frequencies (for instance),
determined by gaps of order 100 mK to a few kelvin,
correspond to frequencies 2—100 GHz which are addressable
via NV center relaxometry [24,25,69]. The superconducting
coherence length ' is usually in the 10 nm—1 pmregime; this
implies that for g ~ 1/zyy? <1, we require the probe-
material distance zpy to be of a similar scale. This is
experimentally feasible. For conductivities of the order of
e?/h, one can generally expect the relaxation rate to be about
1 Hz or even faster if the distance of the NV center is reduced.
This also is within the reach of N'V center probes set up in
cryogenic environments in ultrapure diamond [23]. We thus
anticipate that these probes are indeed well positioned to
measure such novel phenomena. We have provided concrete
results for the expected relaxation rate in the case of time-
reversal symmetry breaking in stacked twisted BSCCO
flakes which have been studied extensively both experimen-
tally and theoretically recently.

We note that in this work we hinted at the possibility of
inferring the Hall viscosity from the imaginary part of the
Hall conductivity. The imaginary part of the Hall conduc-
tivity appears naturally in the relaxation time of the NV center
because it is the dissipative component associated with the
Hall response. A rigorous connection between the real part of
the Hall conductivity and Hall viscosity was made in
Ref. [44]; here we provided some evidence that such a
response also manifests itself in the imaginary part of the Hall
conductivity by computing the appropriate response func-
tions in the inter quantum Hall phase, and for a chiral
superconductor (following Ref. [45]). It would be worth-
while to understand if this connection holds more generally.
Alternatively, one can also consider a nondissipative process
such as dephasing of NV centers by magnetic fluctuations.
This should probe the real part of the finite wave vector Hall
conductivity, and is being explored by others [70].
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