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Successful development from a single cell to a complex, multicellular organism requires that cells
differentiate in a coordinated and organized manner in response to a variety of signaling modalities. While
the molecular underpinnings may be complex, the resulting phenomenon, in which a cell decides between
one fate or another, is relatively simple. A body of work—rooted in dynamical systems theory—has
formalized this notion of cellular decision making as flow in a Waddington-like landscape, in which cells
evolve according to gradientlike dynamics within a potential that changes shape in response to a number of
signals. We present a framework leveraging neural networks as universal function approximators to infer
such a parametrized landscape from gene expression data. Inspired by the success of physics-informed
machine learning in data-limited contexts, we enforce principled constraints motivated not by physical laws
but by this phenomenological understanding of differentiation. Our data-driven approach infers a
governing landscape atop a manifold situated within expression space, thereby describing the dynamics
of interest in a biologically meaningful context. The resulting system provides an intuitive, visualizable,
and interpretable model of cellular differentiation dynamics.
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I. INTRODUCTION

Over the course of mammalian development, a single,
totipotent cell gives rise to the trillions of cells that make up
the mature organism. From this initial zygote, a vast array
of functionally distinct cell types emerges at particular
stages of development, in a self-organized, robust, and
reproducible manner [1]. Cellular differentiation—the
process by which a progenitor cell develops into one of
several more specialized cell types—is a phenomenon
essential to development, from embryogenesis to the
continuous production of blood cells. Modern technologies
allow us to study these processes at the level of individual
cells. Single-cell RNA sequencing (scRNAseq) provides a
snapshot of the transcriptome by measuring the abundance
of mRNA transcripts for every gene in a cell [2]. A typical
transcriptomic dataset may encompass thousands of cells
and genes. Even more targeted approaches that quantify a
limited number of gene products, like flow cytometry, yield
datasets complex enough to require advanced analytical
techniques [3,4]. Significant progress has been made in

discerning the different cell types present in such high-
dimensional data, providing insight into the process of
cellular differentiation across various contexts [5–9]. The
identification of new cell types and their hierarchy in a
developmental tree is often a celebrated achievement of
sequencing studies and is treated as near tantamount to a
functional understanding of the phenomenon. However,
cataloging cell types is only the beginning, and it is less
obvious how one begins to make sense of the dynamical
information captured in such experiments. In other words,
while we might be able to confidently identify the cell types
into which a progenitor cell may differentiate, an under-
standing of the route through gene space that a cell takes in
the process of making that decision, and the mechanisms by
which such a trajectory is biologically controlled, remains
elusive. Understanding the intricacies of this path, and the
role of various signaling mechanisms that shape it, is at
least as valuable as knowing the cell types appearing along
its course. Deciphering these dynamics, and the ways in
which they depend on signaling, may facilitate the design
and control of patterns of cellular differentiation and
development, with obvious applications to synthetic biol-
ogy and medicine.
A wide range of biological phenomena fundamentally

concern how cells sense and respond to various types of
signals. From developmental patterning to immune sur-
veillance and tissue homeostasis, cells must continually
monitor diverse molecular cues and make context-specific
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decisions based on them. In developmental contexts, these
signals are often understood as morphogens, influencing
cells as they diffuse and establish gradients across a tissue.
Early work by Turing described one theoretical mechanism
by which a number of diffusing signals could establish
spatial gradients and explain self-organized patterns in
developing organisms [10]. More recent work explored
the exact ways cells might interpret chemical signals, as
they appear in gradients, pulses, or varying combinations of
extracellular molecules, and whether more involved sens-
ing mechanisms are at play [11]. Also important are
chemical signaling pathways that are not necessarily
morphogenic but influence cells through direct interactions
or the immediate environment [12]. Cell fate decision
making can even be informed by factors that are not
chemical in nature, with mechanical forces and structural
cues also influencing the cell state, as exemplified in the
developing quail embryo [13]. A generalized, phenomeno-
logical framework is therefore desirable to understand this
vast array of relevant contexts.
A number of approaches have been advanced to further

our understanding of the dynamics of cellular differentia-
tion and response. Classical models of gene regulatory
networks describe the interplay of genes using a system of
differential equations; thus, they explicitly model high-
dimensional dynamics [14,15]. However, the true forms of
these equations are generally unknown in the context of
biology, and these models typically rely on a gross
simplification of reality and suffer from a large number
of parameters [16,17]. In the context of scRNAseq, because
of the destructive nature of the technology, cells can only be
sequenced once; therefore, one cannot directly observe a
cell’s trajectory through gene space. In light of this,
traditional methods infer developmental trajectories along
a pseudotemporal axis by organizing sampled cells accord-
ing to a measure of transcriptomic similarity, thereby
constructing a path through gene space along which cells
may traverse [18–20]. As an extension, measures of RNA
velocity estimate, from sequencing data, a transcriptomic
derivative—the direction within gene space that a cell is
changing—assuming a simple model of splicing [21,22].
More recently, RNA velocity methods inspired by machine
learning have allowed for more general modeling assump-
tions with respect to splicing and other regulatory dynamics
[23,24]. These methods have proved useful in improving
trajectory inference and offering dynamical insight into
cellular differentiation as flow through a vector field, often
in a low-dimensional latent space [25–27]. They do not,
however, provide a direct link from signaling to cell fate
decision making. In other words, one obtains a vector-field
representation of cellular trajectories that is a snapshot of
the global dynamics as they played out and were captured
in the data. The question remains as to how the governing
signals driving the differentiation process would alter that
vector field, were they to be perturbed over the course of
development.

An alternative approach casts the problem in geometric
terms [28] and models cellular decision making as flow in a
landscape—an idea dating back to Waddington, who
introduced the “epigenetic landscape” as a metaphor for
development [29]. This metaphor envisions a cell as a ball
in a hilly terrain, which rolls downhill through valleys
corresponding to particular cell states [Fig. 1(a)]. Along the
way, a valley may split into diverging paths, representing a
point at which a cell chooses between alternate states.
Eventually, the cell will reside in a particular valley, or
basin, corresponding to its terminal fate. The tendency of
the rolling ball to remain in a valley when slightly perturbed

(a)

(b)

FIG. 1. In vitro experiments capture cellular differentiation and
quantify the cell-state transitions depicted in Waddington’s
metaphor. (a) Waddington’s original illustration of the epigenetic
landscape [29], with annotations added. The horizontal axis (x)
encapsulates the state of a cell, while depth (t) corresponds to a
notion of developmental time. Waddington’s illustration can be
interpreted as a one-dimensional potential varying either across a
temporal axis or with respect to a control parameter (i.e., signal).
(b) In vitro experiments, where a specified signaling time course
induces an ensemble of pluripotent cells to transition into one of
two possible states. Cells profiled at discrete time points capture
the cell-state transitions taking place in a high-dimensional gene
space. At the same time, the phenomenon suggests a simple
decision structure, which occurs in a lower-dimensional ðx; yÞ
space in which each signal serves to bias the movement of cells in
a particular direction.
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captures the biological notion of canalization—the robust-
ness of a developmental process to various environmental
or genetic insults [30].
That these biological notions can be made mathemati-

cally rigorous using dynamical systems theory has long
been appreciated [31,32]. Various works have modeled cell
fates as attractors in gene expression space and have used
dynamical systems theory to explain and predict patterns of
differentiation [33–38]. In recent years, a body of work has
mathematically formalized a particular interpretation of
Waddington’s landscape, in which signals parametrize a
family of potential functions [12,39–42]. This work has
been shown to be applicable to developmental systems as a
way to understand the most basic developmental decision,
in which a cell chooses between two alternate fates [43].
However, such applications typically rely on a prior under-
standing of the developmental system in question. One
must have some qualitative understanding of the possible
cell-state transitions, or decision structure, a priori, in order
to choose a mathematical ansatz suitable for the system.
This knowledge may be available for certain model systems
to which decades of research have brought some degree of
understanding but otherwise must be deduced from careful
analysis of the phenomenon on a case-by-case basis.
Moreover, current approaches generally represent cells in
an abstract, low-dimensional space that lacks a concrete
interpretation with respect to the original, high-dimensional
gene space.
Motivated by these limitations, we investigate an

approach to inferring a parametrized landscape model
using a machine learning architecture, in which a time-
independent, underlying potential function is parametrized
by a neural network and “tilted” in response to a number of
time-dependent external signals. This data-driven frame-
work simultaneously infers the underlying landscape,
inducing gradient dynamics, along with a mapping of
signals to their effect on the landscape. The landscape is
learned atop a low-dimensional—but biologically mean-
ingful—phase space, which we refer to as a decision
manifold. We restrict ourselves to inferring two-
dimensional landscapes, which are intuitive and easily
visualized. At a more fundamental level, our search for
a two-dimensional landscape is based on an assumption
that there are two signals controlling the system, or at least
the particular decision of interest, and that these signals
serve to bias the flow of cells in particular directions along
the decision manifold embedded within the ambient state
space. In this way, the signals act as constant forces
conjugate to directions in state space, and it is this
conjugacy that, in general, endows the low-dimensional
space with biological meaning. The separation between the
underlying landscape and the effect of signals in altering
that landscape provides a powerful interpretation of the
system, in which the manifold is exactly the space in which
cells are controllable via signaling dynamics. Meanwhile,

this phenomenological approach remains agnostic to the
specific signaling modality, allowing for generalizations to
contexts in which signaling may or may not be understood
as purely biochemical in nature.
Our approach is inspired by applications of physics-

informed machine learning to material physics and fluid
dynamics [44,45], in which a clear distinction is made
between the physical laws that one insists be made explicit
as part of a model and those that are inferred from data and
thus generalizable. This separation makes possible an
interpretable model, where overparametrization is con-
strained to a particular component. Although that compo-
nent may be opaque, its function as part of the larger
modeling framework remains transparent. In the present
case, the physical principle that we explicitly enforce—
namely, gradient flow—does not arise from a physical law
governing development but rather the phenomenological,
mathematically formalized insights of Waddington.
We begin by providing background on the mathematical

formalization of a Waddington-like landscape as a potential
that induces gradient dynamics and changes in response to
signals. Then, we describe our contribution: a neural
network-based architecture designed to represent such a
system. We show that this architecture can be used to infer
essential features of an underlying landscape, given syn-
thetic, biologically motivated data. Finally, we apply this
model to a real dataset detailing cellular differentiation in
the context of an in vitro system modeling the early mouse
epiblast.

II. BACKGROUND

A. Landscape models of cellular differentiation

In Waddington’s landscape, the axis capturing depth
[labeled t in Fig. 1(a)] is often associated with a notion of
developmental time and is understood through our impres-
sion that gravity attracts the ball, thereby producing a
directed, downward flow. In embryonic development, for
instance, where there is a clear temporal direction, this
interpretation is sensible, and one can treat time as a
parametrization of depth in the landscape. Biologically
speaking, it is now understood that, within the embryo,
tissues synthesize and secrete signaling molecules, in a
manner dependent on their state, which themselves elicit
changes in those cells receiving the signal. As such, the
interplay between the states of cells within a tissue and the
signals they secrete and sense is what drives the self-
organized and time-ordered dynamics of the nascent
embryo. This coupling, along with technical limitations
inherent in studying live development at the cellular level,
imposes a significant roadblock to direct investigation of
development in vivo. In contrast, in vitro studies that
measure the response of cells to experimentally prescribed
signaling time courses attempt to decouple the dynamics
of states and signals, in a controlled setting [Fig. 1(b)].
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In these experiments, one subjects a sample of cells to a
specified signaling time course and profiles the state of the
ensemble (or a subset of it) periodically over the course of
the experiment, via flow cytometry or scRNAseq. While
such simplified experimental scenarios preclude a deeper
understanding of the exact nature of the coupling between
signals and states, they allow us to study, in quantitative
precision, the map from signals to cell state changes.
In this setting, the parameter of interest is not time but

rather the set of governing signals. Depth in Waddington’s
landscape can be viewed as an axis along which one or
more control parameters vary, thereby changing the states
available to a developing cell. These states are still
represented by the basins in each cross section of the
terrain. In Fig. 1(a), each cross section is a one-dimensional
curve, or potential. As the signal varies, the potential
changes shape, and bifurcations occur in response to a
change in signal. There are now two notions of downhill
flow. Within the one-dimensional potential, cells move
downhill in the horizontal direction, according to the
gradient. The second notion of downhill flow is only
realized given a prescription of a signaling time course.
In other words, a temporal function describing the signaling
dynamics induces an extension of the one-dimensional
potential along a temporal axis, reproducing Waddington’s
illustration. A more general picture, however, entirely
disregards a temporal parametrization and depicts all
possible realizations of the potential across the signaling,
or control, axis.
Mathematically, this notion of a parametrized landscape

can be expressed as a potential function ϕðx; pÞ defined
over a phase space, x∈Rd, and parametrized by a vector
p∈Rr. As p changes, the landscape changes shape. The
gradient of the potential induces a flow according to the
vector field

Fðx; pÞ ¼ −∇xϕðx; pÞ: ð1Þ

A priori, the vector p need not carry any biological
significance; however, we will soon associate its role in
altering the shape of the landscape with a set of signals
affecting the biological system, and it is appropriate to
think of the parameters as functions of these signals.
Inspired by Waddington’s metaphor, we associate par-

ticular cell states to the landscape attractors and interpret
the movement of cells from one attractor to another as a cell
fate decision. This movement may be driven by stochastic
fluctuations causing cells to escape one basin of attraction
and to enter another. Alternatively, a change in the land-
scape, resulting from some change in the governing signals,
might result in the disappearance of an occupied basin,
causing cells to relocate as they are no longer in the vicinity
of an attractor. In either case, the particular route that cells
take as they flow through the landscape is defined by the
stable and unstable manifolds of the saddles and attractors,

with saddles demarcating decision points [42]. Cells flow
toward a saddle, then veer off in one direction or another,
following a particular unstable manifold, to ultimately
arrive at a new attractor.
Rand et al. [42] present parametrized landscapes as

mathematical objects that derive from dynamical systems
describing gene networks. They restrict their consideration
to biologically relevant systems, namely, those with a finite
number of fixed points and no recurrent behavior, a class of
dynamical systems captured by gradientlike Morse-Smale
systems (see Supplemental Material [46] for details). They
then use the mathematical properties of these systems to
enumerate the ways in which a 3-attractor landscape can
undergo generic bifurcations, in response to two control
parameters. Their geometric approach provides a small
number of equivalence classes of dynamical systems, along
with an algebraic normal form—a polynomial in two
variables—for each. Each class is composed of systems
that share a common, global bifurcation structure and thus
admit the same patterns of transitions between attractors.
Sáez et al. [43] utilize this classification to construct a

parametrized landscape model of cellular differentiation in
an in vitro experimental context relating to mouse embry-
onic stem cell differentiation. This application illustrates an
effective use of geometric normal forms, which capture
qualitative aspects of the dynamics, to infer quantitative
features relating to the role of signaling in a biological
system. The normal form is chosen in advance, and what is
inferred is the role that signals play in altering that
prespecified landscape. However, the use of an abstract
normal form is limiting in that there is no direct connection
between the landscape coordinates (i.e., the variables x and
y appearing in the normal form) and the molecular
composition of cells—the original space in which they
are observed. Rather, each landscape attractor is associated
with a cell type, and cells in the landscape are discretely
classified in accordance with their proximity to an attractor.
Moreover, the particular normal form used to construct the
model must be chosen a priori, requiring at least qualita-
tive, prior understanding of the phenomenon.

B. Parametrized landscape archetypes

In this section, we describe two parametrized landscapes,
each given by a particular algebraic normal form and
representing one of the classes enumerated by Rand et al.
[42], termed the binary choice and the binary flip. These
landscapes will serve three functions. First, they solidify
the ideas discussed above regarding Waddington’s land-
scape and the interpretation of signals as parameters
shaping it. Second, inspired by Sáez et al. [43], who used
both forms to construct a larger landscape model, we utilize
these forms individually as synthetic testing grounds for
our modeling framework, where the ground-truth data-
generating process is fully specified. Finally, these forms
motivate a restriction of the broad class of parametrized
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landscapes to a smaller subset boasting a specific decom-
position that allows us to algebraically separate the under-
lying landscape from a simple signal effect.
Both the binary choice and the binary flip are examples

of a particularly simple type of parametrized landscape, in
which the essential structure of the landscape is fixed and
the influence of the parameters in altering the landscape is
linear. For this reason, we will refer to the parameters as tilt
parameters, denoted τ, and to these parametrized land-
scapes as tiltable landscapes. Moving forward, we restrict
our consideration to this class of landscapes. Formally, we
can express a tiltable landscape as the sum of a static,

nonlinear portion ϕ̃ðxÞ that does not depend on the
parameters, and a linear term:

ϕðx; τÞ ¼ ϕ̃ðxÞ þ xTτ: ð2Þ

The binary choice landscape [Fig. 2(a)] is given by the
normal form

ϕbcðx; y; τÞ ¼ x4 þ y4 þ y3 − 4x2yþ y2 þ τ1xþ τ2y ð3Þ

and admits fold bifurcations (also known as saddle-node
bifurcations) as τ1 and τ2 vary. In a generic fold bifurcation,

(a)

(c)

(b)

FIG. 2. Parametrized landscape specified by an algebraic normal form exhibits bifurcations and models a binary decision.
(a) Archetypal parametrized landscape, the binary choice [43]. The potential function is given by ϕbcðx; y; τÞ ¼ x4 þ y4 þ y3 −
4x2yþ y2 þ xτ1 þ yτ2. The landscape tilts as the vector τ changes, with the potential increasing in the direction of τ. The plotted
landscape corresponds to the tilt vector τ ¼ ð0; 0.5Þ, for which three attractors (circles) are separated by two saddles (crosses).
(b) Potential ϕbc exhibiting fold bifurcations at particular values of τ. The color of each fold curve corresponds to the fixed point that
vanishes or appears as τ passes through it. In the central region, all three attractors are present. (c) Landscape given different values of the
tilt τ. Each plot corresponds to a position in parameter space, as marked in panel (b). Minima are denoted with a circle and saddle points
with a cross. Of particular importance are the bifurcations that have occurred in subpanels 3 and 4, in which the central attractor
bifurcates with one of the neighboring saddles.
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a saddle point and an attractor or repeller either coalesce
and vanish (the subcritical case) or appear together (the
supercritical case). There is a central region of parameter
space where three stable fixed points exist. These are
configured such that a central attractor is separated from
two peripheral attractors, with saddles in between
[Figs. 2(b) and 2(c)]. The unstable manifold of a saddle
connects the central attractor to one of the two peripheral
ones. As τ1 and τ2 vary, the fixed points move, and the
saddles may coalesce with the attractors, resulting in the
bifurcation diagram shown in Fig. 2(b).
The second example, the binary-flip landscape, is

given by

ϕbfðx; y; τÞ ¼ x4 þ y4 þ x3 − 2xy2 − x2 þ τ1xþ τ2y: ð4Þ

In this case, the configuration of the attractors and saddles is
different. One saddle separates a central attractor from the
two peripheral ones, and another saddle separates the two
peripheral attractors from each other (Fig. S2 in Ref. [46]).
While saddle-node bifurcations can still occur, there is also
the possibility of a heteroclinic flip bifurcation. In this global
bifurcation, the unstable manifold of one saddle coalesces
with the stable manifold of another, so there is a heteroclinic
orbit connecting one saddle to the other (see Supplemental
Material [46] for definitions). While all attractors persist
smoothly through the bifurcation, there is a sudden change in
the unstablemanifold of the saddle separating the central and
peripheral attractors, as it jumps abruptly from connecting
the saddle to one instead of the other.
An essential difference between the binary choice and

binary flip is the possible connection between the two
peripheral attractors. In the case of the binary choice, a
bifurcation that results in the vanishing of a peripheral
attractor leads cells in its vicinity to return to the central
attractor; there is no direct route to the remaining periphery.
In the binary flip, however, the peripheral attractors are
connected via the unstable manifold of a saddle, which
provides a route from the vicinity of one periphery to the
other. This difference in the global arrangement of bifur-
cations between each archetypal landscape class motivates
the use of the binary choice as a model for an “all-or-
nothing” transition in which all cells move toward one
periphery. The binary flip, in contrast, models a more
flexible fate decision [42].
A final note must be made in regards to the role of

signaling, as thus far the parameters appearing in the
normal forms have lacked any biological meaning. In
Sáez et al. [43], the landscape parameters τ serve as
intermediates between a set of signals in the system and
their effect on the underlying landscape. Conceptually, this
captures the notion that a cell interprets a given set of
chemical signals, which then informs, or biases, its fate
decision. Mathematically, we express the tilt τ as a function
of the signal vector s∈Rd, where d is the number of

signals present in the system, and write τ ¼ ψðsÞ, where
ψ∶ Rd → Rd is a function describing how a cell processes
the signal. Implicit here is our assumption that the number
of signals is equivalent to the dimensionality of the land-
scape. We can then express the tiltable landscape in terms
of the signals directly:

ϕðx; sÞ ¼ ϕ̃ðxÞ þ xTψðsÞ: ð5Þ
Now, specifying a signal profile as a function of time
describes the temporal change of the landscape, as it tilts in
response to the signal. In this way, the signals act as forces,
biasing the flow of cells in the landscape in particular
directions, according to the currently abstract function ψ .

C. Gradient dynamics and physical space

As stated, one goal of this work is to offer a degree of
additional interpretability to the space on which a para-
metrized landscape is defined. We achieve this by maintain-
ing a direct link between the underlying landscape
coordinates and physical expression space. It should be
made clear at the outset that this endeavor is in some tension
with the geometric approach developed in Rand et al. [42]
motivating our use of a landscape model in the first place.
Their enumeration of biologically relevant normal forms is
valuable in part because it justifies ignoring exactly those
details that we now wish to account for. We refer again to
Sáez et al. [43], where a gradient system constructed from
these normal forms is used to model cell fate decisions.
There, an abstract underlying space justifies the assumption
of purely gradient dynamics. However, considering cellular
dynamics in a less abstract space necessarily means enter-
taining the possibility of categorically more complicated
dynamics. The theory of Morse-Smale systems asserts
that a potential alone is insufficient to specify dynamics
and that an additional element—a Riemannian metric—is
needed to account for the full complexity of a typical system
[42]. In this section, we present a conceptual framework,
illustrated in Fig. 3, that we use to establish the connection
between the gradient dynamics induced by a parametrized
landscape model and the dynamics as they occur in physi-
cal space.
We consider cellular dynamics observed in a high-

dimensional space (e.g., gene expression space). Here,
the vector field capturing the dynamics may be incredibly
complicated—the result of an intricate gene regulatory
network. An appeal to a separation of timescales justifies
the restriction of the vector field to a lower-dimensional
manifold S that we refer to as the decision manifold (the
curved surface in Fig. 3). This manifold is the space in
which dynamics relevant to cell fate decision making occur.
We take the view that while cells may exist off of the
manifold, they are driven back to it on a timescale much
shorter than that corresponding to the relatively slow
process of differentiation with which we are concerned
or else vary freely in directions of physical space that do not
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impinge upon the cell’s state. In general, the dimension of
this space may be arbitrary, but we will focus on the case of
a two-dimensional manifold for the sake of instruction.
Now, our critical assumption is that there is some para-

metrization of thismanifoldwithwhichwemay approximate
the governing dynamics using gradient dynamics derived
from a tiltable landscape. In other words, we posit the
existence of a latent space R that parametrizes the decision
manifold, according to an invertible embedding E∶R → S.
Cellular trajectories in physical space within the manifold
correspond to trajectories in the latent space. It is there that
we choose to model the dynamics as gradient derived, and it
is atop this latent phase space that we define the landscape
potential. Then, gradient dynamics in the latent space
elucidate the essential cell-state transitions, while the par-
ticular embedding situates these dynamics in physical space
and may account for distortions. In this way, the embedding
captures the same information as a Riemannian metric,
describing how the latent space must be warped for the
potential’s gradient to align with the governing vector field
on the decisionmanifold.We refer the interested reader to the
Supplemental Material [46], where we provide a detailed
example illustrating the transformation of a gradient system
on a latent space into a curved decision manifold.
The inference of the decisionmanifold itself, alongwith its

specific parametrization, poses an immediate hurdle. Our
present solution will be a gross simplification, which we

frame as a hypothesis: that a simple linear manifold—a
mapping of cells onto a particular planewithin gene space—
may serve as a suitable approximation to a more complex
decision manifold and embedding. This simplification is
illustrated in Fig. 3, where the dynamics on the surface S are
projected onto a planeS0, parametrized by the latent variables
x and y. This projection distorts trajectories and thus
introduces an additional source of error in the downstream
landscape inference, which is informed by the distorted
trajectories as they appear in the approximated decision
manifold, S0.Making this assumption, we ultimately concern
ourselves with demonstrating the use and practicality of a
novel architecture to build and infer parametrized landscape
models from data presumed to already exist within a suitable
latent space.

III. RESULTS

A. Model encapsulating a tiltable landscape

We present a model architecture to capture stochastic
gradient dynamics of cells in a landscape that changes in
response to a set of external signals, which we term a
parametrized landscape neural network (PLNN). This model
can be broken down into three core modules, each of which
captures an aspect of a tiltable landscape: an underlying static
potential functionΦθ, a mapΨθ defining the effect of signals
on the landscape, and a noise kernelNθ capturing stochastic
effects. The subscript, which we may omit going forward,
denotes the dependence of each module on a set of learnable
model parameters θ. A schematic of this architecture is
shown in Fig. 4(a). Together, these components allow us to
define a stochastic differential equation (SDE) governing the
evolution of cells within the represented landscape. To
highlight the flexibility of this construction, we first present
the SDE in terms of the generic modules and then detail
specific formulations for each.
An SDE contains a drift term f and a diffusion term g,

and it defines dynamics according to

dxðtÞ ¼ f(t; xðtÞ)dtþ g(t; xðtÞ)dWðtÞ; ð6Þ

where W is a dw-dimensional Wiener process [47]. In this
case, the drift term f is the deterministic gradient flow
induced by the potential, tilted in response to a particular
signal. In parallel with Eq. (5), given a signal vector s, the
height of the represented landscape is

ϕðx; sÞ ¼ ΦðxÞ þ xTΨðsÞ: ð7Þ
Then, for a signal profile sðtÞ, the drift term is the negative
gradient:

f ðt; xðtÞÞ ¼ −∇xΦ(xðtÞ) −Ψ(sðtÞ): ð8Þ
The diffusion term is simply the output of the noise
module,

FIG. 3. Vocabulary for the different spaces relevant to a
gradient-based modeling framework. Dynamics on a simplified
decision manifold are approximated by a landscape model
defined on a latent space. The decision manifold S, depicted
here as a curved two-dimensional surface embedded in three-
dimensional gene space, captures dynamics that are relevant on
the timescale of differentiation. Cells off of this manifold are
driven back to it, as indicated by the vectors orthogonal to S,
representing the fast-time dynamics. In this work, we forego a
more involved inference of the decision manifold S and instead
map observed trajectories onto an affine plane, S0, that serves as a
gross approximation of the decision manifold. This map, Π,
introduces distortions depending on the choice of S0 and how it is
oriented with respect to S. Formally, we conceptualize the latent
space as parametrizing the surface S but, in practice, define it to
parametrize the approximation S0. The landscape model is
inferred atop the latent space R and serves to approximate
dynamics as they are observed in the space S0 with respect to
the latent variables ðx; yÞ.
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gðt; xðtÞÞ ¼ N(xðtÞ); ð9Þ

and we enforce specific stochastic characteristics by
restricting the form of this module, as discussed below.

The SDE allows us to simulate the evolution of cells in
the landscape over an interval of time 0 ≤ t ≤ T [Fig. 4(c)].
Given an initial cell state x0 ¼ xð0Þ, we sample a future
state xðtÞ by solving the SDE forward in time using, for

(a)

(c)

(d)

(b)

FIG. 4. Proposed model architecture and the training process through which model parameters are inferred. (a) PLNN model
architecture. Three components capture the essential features of a tiltable landscape. The learnable parameters θ of the model Mθ
include the hidden weights and biases of the neural networkΦ, the weights of the linear transformationΨ, and the scalar noise parameter
σ. (b) Training data from a number of experiments in which a cell ensemble is sampled at different time points under the condition of a
particular signal profile. Two samples taken at different times constitute an initial- or final-state data point. The data points from each
experiment are pooled together to form the training dataset D. Within a given experiment, all data points share the same signal profile
sðtÞ. (c) Inputs and outputs of a model simulation. The inputs are an initial ensemble state Xi at time ti, a signaling time course defined
over an interval ½ti; tiþ1�, and the terminal time tiþ1. The modelM is wrapped in a SDE solver that internally solves the SDE forward in
time in order to sample a trajectory for each cell. The output is the simulated final state Xiþ1 corresponding to time tiþ1. The governing
equation of the SDE involves a deterministic function f and a stochastic function g, each built from components of the model M.

(d) PLNN training procedure. A data point is processed as in panel (c) to return a simulated final state XðsimÞ
iþ1 , which is compared to the

observed final state XðobsÞ
iþ1 using a suitable loss function. Backpropagation is then used to compute the gradient of this loss with respect to

the model parameters, which are then updated. In practice, this procedure is vectorized and performed in batches.
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example, the Euler-Maruyama method. As we are inter-
ested in the evolution of not just a single cell but an
ensemble of cells, we simulate an array of SDEs, each
given by Eq. (6) and subject to an independent Brownian
motion. We solve the resulting system of SDEs numeri-
cally, in a manner compatible with backpropagation,
allowing us to differentiate through the operations of the
solver (Sec. V). In this way, we formulate a generative
model that we can train via backpropagation and standard
machine learning techniques.
We now direct our attention to each module in turn. The

potential module Φ represents an underlying static poten-
tial ϕ̃ðxÞ defined atop the d-dimensional phase space.
Biologically, this is the state of the landscape under a null
signal. In order to represent a smooth, nonlinear potential,
we use a neural network as part of our construction. We
denote by Φnn a feed-forward neural network whose
weights and biases are among the learnable model param-
eters θ. So that we may compute its gradient—the quantity
of interest appearing in Eq. (8)—we use a smooth activa-
tion function to guarantee smoothness of the potential. We
further regularize the potential module by including an
additional confinement term, denoted Φ0. This regulariza-
tion ensures that trajectories do not escape to infinity during
the training process, and it is analogous to the quartic terms
included in the normal forms Eqs. (3) and (4) above. We
define

Φ0ðxÞ ¼ Cconfkxk4; ð10Þ

where Cconf is a non-negative constant that serves to
increase or decrease the degree of regularization. (The
confinement factor Cconf is a hyperparameter and not a
learned model parameter.) Then, the complete potential
module is given by the sum

ΦðxÞ ¼ Φ0ðxÞ þΦnnðxÞ: ð11Þ

The second module, Ψ, captures the effect of signals on
the static landscape and defines a transformation that maps
a vector of signal values s∈Rd to a vector τ ∈Rd, the
effective tilt. By construction, the tilt τ ¼ ΨðsÞ acts linearly
on the underlying landscape, in accordance with Eq. (7).
This linearity enforces the role of all effective signals as
generalized forces within the static landscape, lending a
concrete, physical meaning to the latent variables that are
the landscape coordinates. Any signal interpreted by the
cell should ultimately bias its movement within the land-
scape in this simple fashion. The particular way that a cell
processes each signal is flexible, however, and is con-
strained by the functional form of Ψ. Here, for the sake of
demonstration and simplicity, we assume the signal-
processing function Ψ is itself linear and write

ΨðsÞ ¼ As; ð12Þ

where A is a d × d matrix whose entries are learnable
parameters. Enforcing a linear processing of the signals in
addition to a linear effect on the landscape passes all
nonlinearities to the potential module Φ representing the
underlying landscape and gives a particularly straightfor-
ward interpretation to the module. To learn the trans-
formation Ψ is to learn the immediate effect of each
signal on each dimension of the underlying potential. Of
course, this simplistic ansatz certainly neglects biological
complexity, ignoring, for example, any memory or satu-
rating effects. Provided we have sufficiently rich quanti-
tative data, more complex constructions of the module
could be posed and inferred. That the transformation is the
same across the entire landscape suggests a global signal
effect and raises the question of how to interpret the impact
of the signal within the vicinity of each fixed point. By
subsuming all of the nonlinearities under the potential
module, the interpretation is that the structure of the
landscape will inform the exact nature of the role of the
signal in local regions of phase space.
Finally, we make a number of simplifying assumptions

with regard to the system noise, all of which may be
weakened straightforwardly. In general, the noise module
maps a cell’s state x to a matrix, ΣðxÞ∈Rd×dw , defining the
stochastic forcing as a function of state. We assume that
stochasticity in each dimension is the result of an inde-
pendent one-dimensional Wiener process and that the noise
is additive (i.e., it does not depend on the state). Moreover,
we assume that a global parameter σ governs the magnitude
of isotropic noise in the system. Together, these assump-
tions result in a constant, diagonal noise kernel

NðxÞ ¼ σId; ð13Þ

where Id is the d × d identity matrix.
To summarize, our model is parametrized by the weights

and biases of the neural network Φ, the weights of the
linear transformation Ψ∶Rd → Rd, and the global noise
parameter σ. Further specifics of the model architecture,
including the number of network layers and choice of
activation function, can be found in Sec. V. We emphasize
that a number of generalizations and modifications may be
made to each component, and we discuss some of
these below.

B. Landscape model inferred from synthetic data

We begin by showing that we can infer a nonlinear
potential function and the way it tilts in response to two
signals. We do this using in silico experiments where the
potential we wish to infer, denoted ϕ�, is known a priori
and is used to generate synthetic data on which our model
will be trained. To this end, we leverage the binary choice
landscape in Eq. (3) and define a ground-truth parametrized
landscape,
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ϕ�
1ðx; y; sÞ ¼ x4 þ y4 þ y3 − 4x2yþ y2 þ s1xþ s2y: ð14Þ

(The case of the binary-flip landscape is provided in the
Supplemental Material [46].)
We synthesize a training dataset from the ground-truth

data-generating process. Taking ϕ� ¼ ϕ�
1, we perform a

series of in silico experiments in which cells are observed at
discrete points in time as they flow through the changing
landscape (Sec. V). Each experiment involves simulating
an ensemble of cells in the landscape, under the influence
of a prescribed signal profile drawn from a distribution of
feasible signal functions. The state of the ensemble is
recorded at a number of sampling time points, from which
we compile a set of consecutive time-point-state pairs of the
form ðt0; X0; t1; X1; sðtÞÞ, where X0 and X1 are the states of
the ensemble at times t0 and t1, respectively. In addition,
we record the parametrization of the signal profile, sðtÞ, so
that we may compute the value of the signal at any time t.
The data generated across all of the performed experiments
are pooled, resulting in a synthetic training dataset D
[Fig. 4(b)].
Note that here we define the system over the real plane

and observe cells within this space. In view of Fig. 3, this
approach corresponds to making observations directly in
the latent space R. Our intent is to demonstrate the capacity
of the described architecture in this simple setting, where
deviations from the ground truth can be readily assessed
and attributed to model deficiencies. As such, we neglect
the intermediate problem of approximating a decision
manifold. An illustrative,more convoluted example inwhich
the landscape is defined on a latent space (and trajectories are
observed following their embedding into a curved manifold)
is provided in the Supplemental Material [46].
We next train a PLNN on the synthetic data generated in

the ground-truth landscape, as detailed in Sec. V. The
training process simulates an ensemble of cells from the
observed initial state at time ti to the next time point tiþ1

[Fig. 4(c)]. The model parameters are updated based on the
value of a specified loss function that compares the
simulated final condition to the observed (ground-truth)
final condition, in a distributional sense [Fig. 4(d)]. To
this end, we utilize a loss function that computes from
empirical samples an unbiased estimate of the maximum
mean discrepancy (MMD) [48] between two distribu-
tions (Sec. V).
Figure 5(b) depicts the landscape inferred from data

generated in the binary choice system, ϕ�
1. The inferred

landscape is shown alongside the ground-truth landscape.
Qualitatively, the inferred landscape resembles the ground
truth, with three fixed points separated by two saddles. We
expect that the difference between the actual and inferred
landscapes will be larger in the regions of state space with a
lower density of observed cells across all of the training
data. In those regions that are not in the support of the
training data, we expect a poorer fit. This conjecture is

supported by the level sets of the inferred landscape, which
become more distorted away from the central region of
attractors. The inferred linear map of signals to tilts is also
depicted within the landscape plots; arrows show the
direction each independent signal biases the flow. (Note
that this direction is opposite the tilt vector, as defined.) The
inferred model captures both the magnitude and direction
of each signal’s forcing effect.
In regards to the noise parameter σ, the training process

appears to converge toward the true value σ� ¼ 0.1, as
shown in Fig. 5(d). Notably, we observe a transient phase at
the outset of training during which the noise level increases
past the true value, before converging back towards it. We
suspect that this phase is necessary to allow cells to occupy
a wider region of phase space, without which there is no
chance of correctly inferring the landscape topology.
Once the cells are sufficiently distributed throughout the
landscape, the landscape is able to adjust in order to capture
the particular features of the distribution. We note that, in
some instances, the noise parameter, while converging,
does not converge to the ground-truth level, which we
expect is due to the degeneracy between the shape of the
landscape and the noise level. While we can fix the noise
parameter at an arbitrary level and infer only the landscape
shape, this prevents the transient phase discussed above and
inhibits the training process. For this reason, we leave the
noise parameter free and assess the accuracy of the model
by analyzing the distribution of cells around stable fixed
points.
The agreement between the ground-truth and inferred

parametrized landscapes is further evidenced by comparing
the bifurcation diagrams of the two systems. Figure 5(f)
depicts the fold curves of the ground-truth and inferred
landscapes, which constitute the locus of signal values at
which the landscape exhibits a saddle-node bifurcation.
The bifurcation diagram for the inferred landscape is found
using a pseudo-arclength continuation algorithm [49,50],
details of which can be found in the Supplemental Material
[46]. There is particularly close agreement with respect to
the fold curve corresponding to the bifurcation of the
central attractor, depicted as a dashed blue line and
containing a dual cusp point. This finding is explained
by the particular sigmoidal signal profiles used to generate
the training data. As shown in Fig. 5(e), the initial signal
value falls within a region of signal space, almost guaran-
teeing the presence of the central attractor, whereas the final
value is largely confined to a region where the central
attractor has vanished in a bifurcation with one of the
neighboring saddle points. Thus, the bifurcation of the
central attractor is well captured in the training data,
whereas the bifurcations of either peripheral attractor are
not. In light of this, it is perhaps surprising that there is still
relatively good agreement between the fold curves denoting
the peripheral attractor bifurcations (shown in red and
green). That they exist at all, and agree qualitatively, is
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indicative of the robust and generic structure of the
archetypal landscape form. In some cases, the bifurcation
diagram contains additional fold curves, indicating the
presence of additional fixed points in the inferred model.
These additional minima occur in regions outside of the
support of the training data, suggesting, again, that while
anomalies may occur, they tend to do so in regions of phase
space that are never occupied by cells during the training

process and, therefore, for which there is no information to
inform the landscape shape.

C. Robustness of landscape inference to temporal
sampling resolution

A number of factors influence our ability to infer a
landscape system from data. Among these factors is the

(a)

(c)

(d)

(e) (f)

(b)

FIG. 5. Trained model capturing the dynamics and bifurcation structure of the binary choice landscape. (a) Algebraic form of the
binary choice system, the ground-truth model generating the data used for training. This system tilts as the signals s1 and s2 vary. In the
ground-truth system, the signals map identically to the tilt parameters, and we specify a noise level σ� ¼ 0.1. (b) Ground-truth and
inferred landscapes. The effects of the signals s1 and s2 are depicted as arrows in the lower left of each plot, pointing in the direction in
which flow is biased when a unit signal vector is prescribed. The landscapes agree qualitatively, with larger disparities occurring in
regions containing few cells from the training data, as evidenced by the differences in the contours shown. (c) Value of the validation
loss, or error, over the course of training. The dashed line indicates the epoch corresponding to the optimal model, exhibiting the
minimal validation loss. (d) Evolution of the inferred noise parameter σ during the training process. The true value, σ�, is denoted with a
horizontal line. The solid vertical line corresponds to the optimal model found during training, with an inferred σ ≈ 0.097. An initial
phase of model training witnesses a rapid increase and decrease in σ, followed by a slower approach towards the true value.
(e) Bifurcation diagram of the ground-truth parametrized landscape ϕ�

1, with the color of each fold curve corresponding to the color of
the fixed point in panel (b) that vanishes when the signal passes through the curve. The hatched rectangles illustrate the range of
sigmoidal signal functions used to generate the synthetic training data. They indicate the regions of parameter space from which the
initial and final signal values are drawn, so sðtÞ passes from the central region into the lower region, crossing the fold curve
corresponding to the bifurcation of the central attractor. (f) Comparison of the bifurcation diagrams corresponding to the ground-truth
and inferred landscapes. Dashed lines correspond to the ground-truth system. Solid lines correspond to the inferred model. There is
general agreement between the true and inferred fold curves with a cusp (depicted in blue) since this is the bifurcation captured by the
training data. In addition, two inferred fold curves approximate those corresponding to the peripheral attractors.
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frequency of temporal sampling, which must be sufficient
to capture the transition of cells between states. This
consideration is important, especially for systems in which
the transition rate of cells is high. Here, we examine the
degree to which model inference is robust to the temporal
sampling rate used to obtain data.
Figure 6 depicts a collection of models trained on a series

of three different datasets, each generated using the binary
choice system (14), but with varying rates of sampling
(Sec. V). Each dataset is constructed from a number of
synthetic experiments over the interval 0 ≤ t ≤ 20, with
snapshots taken at sampling intervals of ΔT ∈ f5; 10; 20g.

Each is composed of a different number of experiments, in
order to ensure that the total number of snapshots (i.e.,
training data points) is the same in each case. The three
training datasets are depicted in Fig. 6(a), highlighting the
qualitative differences between them. Sparser sampling
results in fewer cells captured in the transition between
attractors. In other words, the unstable manifolds of the
saddles are poorly resolved.
We train a number of models on each dataset and assess

the performance of each on the same held-out evaluation
dataset (generated via the same process as the training data,
using a sampling interval ΔT ¼ 5). We test each model by

(a)

(b)

(c)

FIG. 6. Landscape features varying in their degree of robustness to the sampling rate. (a) Three datasets generated from the binary
choice landscape, simulated over the interval 0 ≤ t ≤ 20, with cells sampled at varying intervals. The plots display all cells making up a
dataset, consisting of pooled experimental data. Each dataset consists of a different number of experiments, so the total number of
consecutive time-point samplings is consistent. Although the same number of cells are depicted in each case, a shorter sampling interval
ΔT, the duration between snapshots, provides more information about the routes between attractors. (b) Performance of 24 models
trained across the three datasets and evaluated against the same held-out dataset. Each box and whisker plot corresponds to a single
model and depicts the distribution of the generalization error (the MMD loss) across all evaluation data points. Note that outliers are
excluded. Models trained on data with a higher rate of sampling perform better and more consistently. Letters correspond to the models
displayed in panel (c). (c) Subset of the inferred models, for each of the three sampling intervals. Most models accurately identify the
stable fixed points of the ground-truth system, but those trained on data with low sampling resolution fail to correctly capture transition
routes between states, corresponding to the unstable manifolds of saddles.
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applying it to every data point in the evaluation dataset and
computing the corresponding MMD loss. In this way, we
assess a model by examining the distribution of the loss
across every consecutive time-point-state pair, providing a
measure of generalization error. As expected, models
trained on more densely sampled data (ΔT ¼ 5) perform
better on the evaluation dataset, with nearly all data points
resulting in a loss below 0.1 [Fig. 6(b)]. While the median
loss of models trained on the dataset with a longer sampling
interval of ΔT ¼ 10 is consistently below 0.1, there is more
variability in model performance, with half of the models
incurring a greater loss on a significant proportion of the
evaluation data. Notably, these models perform nearly as
well on half of the data as the models trained on more
frequently sampled data.
Finally, in the case of ΔT ¼ 20, the training data consist

of only the initial and terminal conditions for each synthetic
experiment, and the resulting data are much sparser in
regions between attractors. Still, a number of peregrinating
cells are captured, and while models trained in this case
again perform more variably than those trained on denser
data, it remains the case that some models perform
well, with a majority of data points resulting in a loss
below 0.2.

D. Identifying a two-dimensional decision manifold
in an in vitro dataset

Having shown that the model architecture is able to
adequately capture elements of a synthetic cellular decision
process, we now turn our consideration to the case of real
data. Our purpose here is to demonstrate a framework with
which a low-dimensional landscape model can be inferred
from real data and to illustrate the necessary considerations
and current limitations of this approach. We start by
outlining a general approach to working with high-dimen-
sional data capturing a simple binary decision. We then
apply this methodology to an in vitro dataset.
Figure 7 summarizes a general procedure for handling

high-dimensional data capturing a binary decision. We
assume that high-dimensional time-course data are col-
lected from a number of experiments, each corresponding
to a particular signal, or experimental condition. In
Fig. 7(a), such data are depicted as scatterplots in different
colors (three dimensional for the sake of example, and
generated via a toy model, details of which are immaterial).
The controllable dynamics are assumed to take place along
a curved manifold S. Ideally, we want to identify a two-
dimensional manifold S0 within this high-dimensional
expression space that approximates the curved manifold
and on which we can infer a landscape potential. The
following approach uses principal component analysis
(PCA) to preserve an interpretation of cells in terms of
the high-dimensional state space and does not rely on any
assignment of cell type or other clustering procedure to
associate cells with a particular state.

Under the assumption that the data capture a binary
decision involving three cell states, these states should be
discernible when the data are pooled across all experimen-
tal conditions [Fig. 7(b)]. These states, as three attractors in
phase space, define a two-dimensional plane. While cells
may transition along paths that are not restricted to this
plane, the projection of the cells onto the plane should
capture an approximation of the dynamics. Rather than
attempting to identify the attractor states directly, we
instead isolate the cells at the start and end of the experi-
ment, as we expect these cells to be primarily settled around
attractors that correspond to the initial and terminal cell
states, respectively. We then construct a plane through these
states using PCA. We apply PCA to the initial and terminal
cells and define a linear decision manifold by the plane
spanned by the first two PCs and passing through the
average cell [Fig. 7(c)]. Once we determine this decision
manifold, we project all of the observed cells onto it and
take the coordinates of each cell within this manifold as the
latent ðx; yÞ landscape coordinates [Figs. 7(d) and 7(e)]. We
then infer a landscape model defined on this manifold
[Fig. 7(f)].
In order to demonstrate this approach on real data, we

apply our framework to the in vitro dataset originally
detailed in Sáez et al. [43]. This dataset captures an array of
experiments, in which mouse embryonic stem cells
(mESCs) were exposed to two chemical signals, WNT
and FGF, for different durations over a span of five days.
Starting at day 2 (D2), the experimenters used flow
cytometry and fluorescence-activated cell sorting (FACS)
to profile the expression levels of five marker proteins at
intervals of 12 hours. From the resulting FACS data, they
identified five primary cell states arranged in two consecu-
tive binary decisions. We utilize the five-dimensional FACS
dataset and infer a landscape model for each of the two
binary decisions captured therein. We briefly summarize
the two binary decisions and refer the reader to the original
work for additional biological context.
After two days of exposure to FGF, mESCs take on an

identity similar to that of early epiblast cells. This epiblast-
like (EPI) identity serves as the initial state of cells in the
system. Removing exogenous FGF results in EPI cells
transitioning to an anterior neural (AN) identity. On the
other hand, the activation of WNT signaling at D2 via the
addition of CHIRON99021 (CHIR) causes the EPI cells to
instead transition to a caudal epiblast (CE) state, passing
through an intermediate transitory (Tr) state. The CE state
is shared between the two binary decisions and marks the
central attractor for the second. Withdrawing both the FGF
and WNT signal results in CE cells transitioning to a
posterior neural (PN) state, while a sustained WNT signal
causes them to take on a paraxial mesoderm identity (M).
Whereas in the first decision all cells either transition to the
AN state or to the CE state (a binary choice), in this second
decision, some cells may transition to the PN state while
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(e) (f)

(d)

(b)

FIG. 7. Identifying a two-dimensional decision manifold that captures the relevant cellular dynamics and underlies an inferred
landscape model. (a) Collection of experiments, in which an ensemble of potentially high-dimensional cells have been sampled at a
number of time points. Here, we illustrate the profiled cells as points in a three-dimensional gene space, sampled at times t∈ f0; 2; 4; 6g.
Each experimental condition is shown in a different color and depicts cells moving noisily near the surface of a sphere. (b) Experimental
conditions, when pooled, are assumed to lie along a curved manifold within the high-dimensional gene space, with identifiable initial
and terminal cell types. Here, the plotted contours depict three identifiable clusters. (c) Subset of cells across all experimental conditions
captured at the initial and final times used to determine a linear decision manifold, an approximation to the supposed nonlinear,
true manifold. We illustrate this step using the first two principal components found via PCA, which define a plane passing through
the average cell. Cell states should be distinguishable along these axes. (d) All cells projected onto the identified plane capturing the
relevant transitions. (e) Resulting two-dimensional data—in this case given by the coordinates of each cell along the first two principal
components—serving as training data with which to infer a PLNN. (f) Inferred landscape model overlaying the decision manifold,
offering an intuitive picture of the dynamics in an interpretable space.
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others transition to the M state (a binary flip), with the
relative proportion governed by the duration of FGF
signaling in addition to WNT.
An essential assumption in the original work [43], and in

our treatment of the data, is a complete specification of the
signal profile used in each experiment. The level of CHIR
(in effect, the WNT signal) is treated as a binary function
taking a value of either 0 or 1. In other words, the WNT
signal is either entirely absent or fully saturated. On the
other hand, the level of FGF varies between three discrete
levels: blocked, partially active due to endogenous pro-
duction, and fully saturated due to exogenous FGF. We use
the same numerical prescription for the FGF signal function
as in the original work, with the off, partial, and saturated
levels given by 0, 0.9, and 1, respectively. The 0 level for
FGF is obtained by prescription of a third chemical, PD,
that blocks endogenous FGF production. However, we still
treat the system as governed by only two signals, the
effective level of FGF and WNT. Table I lists each
experimental condition and the corresponding signal pro-
file, as well as its use case (model training, validation, or
evaluation). Note that while the signals are prescribed as
step functions, we smooth them using a sigmoidal para-
metrization with a high transition rate.

We restrict our attention here to the first decision and
discuss the second in the Supplemental Material [46]. In
order to infer a landscape capturing the first binary
decision, in which EPI cells transition to either the AN
or CE state, we first recapitulate the classification algorithm
detailed in the original work, assigning a cell type label to
each cell (Sec. V). We then isolate those cells relevant to the
initial transition, namely, the EPI, AN, Tr, and CE cells.
Next, using the general procedure described above, we
reduce the dimensionality of the data, moving from the
five-dimensional protein expression space to a two-dimen-
sional space on which we can infer a PLNN.We apply PCA
to the subset of cells sampled at D2 and D3.5, taking these
times to correspond to the start and end of the first binary
decision since by D3.5 all cells have transitioned to the AN
or CE states. We then use the first two principal compo-
nents to define the coordinates of a two-dimensional plane
onto which we project all of the observed cells.
Figure 8(a) shows two subsets of the resulting two-

dimensional data, corresponding to the experimental con-
ditions no CHIR and CHIR 2–3 (see Table I). The signal
profile and resulting frequencies of each cell type are
displayed above a series of snapshots of the data in the
dimensionally reduced ðx; yÞ space. The first column below
each frequency plot displays the density of the data in this
space, capturing the evolution of the cell ensemble. The
coloring included in the central columns, in accordance
with each cell’s nominal type, allows us to associate regions
of the ðx; yÞ space, at each time point, to a particular cell
state. Importantly, the data displayed in this column, which
serve as input to the model during training, are colored
independently from the landscape inference process, and
the model is agnostic with respect to cell type labels. The
rightmost columns show snapshots of a predicted flow of
cells, generated from the resulting, inferred landscape
model, described in the following section.
The extent to which a linear decision manifold

adequately captures the binary decision is questionable.
It appears from the labeled data that the initial population of
EPI cells remains relatively stable under a constant FGF
signal and that, when provided with a CHIR signal, it
transitions from the left half of the plane to the right. When
the exogenous FGF signal stops, the distribution of EPI
cells extends further into the upper-left region of the plane.
However, there is not a clear separation between the EPI
and AN cells when projected onto the linear decision
manifold. We note here that the cell type assignment is
performed in an ad hoc fashion and involves a supervised
assignment of cell types to particular components of a
number of Gaussian mixture models (GMM), each corre-
sponding to a particular time point (Sec. V). For this reason,
the lack of distinguishability between the EPI and AN cells
may simply be due to the similarity between these cell types
in the reduced two-dimensional space. Similarly, the tran-
sitioning population, identified only at D2.5, appears as

TABLE I. The 11 experimental conditions constituting the
mESC in vitro dataset. The prescription of CHIR, FGF, and
PD over time results in a particular signal profile for each
condition. The signals are piecewise constant, with χ½t1; t2� equal
to one on the interval ½t1; t2Þ and zero elsewhere. Each condition
is used as part of a training, validation, or evaluation set.

Condition Signal Dataset

No CHIR CHIR ¼ 0
FGF ¼ χ½0; 3� þ 0.9χ½3; 5�

Traininga

CHIR 2–2.5 CHIR ¼ χ½2; 2.5�
FGF ¼ χ½0; 3� þ 0.9χ½3; 5�

Validation

CHIR 2–3 CHIR ¼ χ½2; 3�
FGF ¼ χ½0; 3� þ 0.9χ½3; 5�

Training

CHIR 2–3.5 CHIR ¼ χ½2; 3.5�
FGF ¼ χ½0; 3� þ 0.9χ½3; 5�

Validation

CHIR 2–4 CHIR ¼ χ½2; 4�
FGF ¼ χ½0; 3� þ 0.9χ½3; 5�

Evaluation

CHIR 2–5 CHIR ¼ χ½2; 5�
FGF ¼ χ½0; 3� þ 0.9χ½3; 5�

Training

CHIR 2–5 FGF 2–3 CHIR ¼ χ½2; 5�
FGF ¼ χ½0; 3�

Training

CHIR 2–5 FGF 2–3.5 CHIR ¼ χ½2; 5�
FGF ¼ χ½0; 3.5�

Validation

CHIR 2–5 FGF 2–4 CHIR ¼ χ½2; 5�
FGF ¼ χ½0; 4�

Evaluation

CHIR 2–5 FGF 2–4.5 CHIR ¼ χ½2; 5�
FGF ¼ χ½0; 4.5�

Validation

CHIR 2–5 FGF 2–5 CHIR ¼ χ½2; 5�
FGF ¼ χ½0; 5�

Training

aThe “No CHIR” condition is excluded from the training
dataset in the case of the second decision.
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(b) (c)

FIG. 8. Parametrized landscape model inferred from in vitro experimental data. (a) Two examples of the experimental conditions used
for model training, each defined by a particular signal profile, and resulting in different proportions of each cell type across time. In the
no CHIR case, cells transition from the EPI state to the AN state. In the CHIR 2–3 case, cells move instead through the Tr state towards
the CE state. Below, the temporal evolution of the cell ensemble is projected onto the two-dimensional decision manifold identified
within the five-dimensional expression space. The colored squares depict the levels of CHIR (top) and FGF (bottom). If a signal changes
at a time point, each half of the corresponding square is colored in halves to indicate the change. The leftmost column shows a density
plot of the cells at each time point. The center column shows a sample of cells, colored according to their nominal type. The background
scatterplot, in gray, shows all cells associated with that experimental condition. The rightmost column shows snapshots of a simulation
performed using the inferred model. (b) Validation error over the course of model training. (c) Inferred landscape tilted in response to
different signals. Arrows in the lower right show the direction of bias resulting from the addition of a unit CHIR or FGF signal. The
effect of CHIR is evident, with its addition leading to the disappearance of the central attractor. The effect of FGF is less noticeable and
does not appear to qualitatively change the landscape.
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expected between the EPI and CE states, but it is not entirely
distinguishable from either population. These issues—
evident before the stage of landscape inference—suggest
that a more complex decision manifold may be called for, at
the expense of computational complexity.

E. An inferred in vitro cellular decision landscape

With the dimensionally reduced data in hand, we train a
PLNN on a subset of the experimental conditions, holding
out additional subsets for model validation and evaluation
(Table I). Because of the large and varying number of cells
observed in each experiment, we perform an intermediate
sampling step during the training process to fix the number
of simulated cells (Sec. V). The resulting landscape is
shown in Fig. 8(c). We plot the landscape tilted in response
to a number of relevant signals and identify local minima
within the extent of the data. In the presence of FGF
without a CHIR signal, s ¼ ðsCHIR; sFGFÞ ¼ ð0; 1Þ, we
identify three local minima. Given the initial ensemble
state, cells primarily occupy a region between the central
and leftmost attractors, a region associated with EPI and
AN cells. There is significant overlap in the region of state
space associated with these cell types, indicating that the
dimension reduction is insufficient to entirely separate the
two states. The central attractor coincides with the EPI and
Tr cell state, and the rightmost attractor coincides with a
region occupied by CE cells.
The addition of a CHIR signal leads to the bifurcation of

the central attractor, leaving the presumable AN and CE
attractors, as expected from a binary choice decision. The
inferred effect of CHIR on the landscape is greater in
magnitude than that of FGF. A reduction in the level of FGF
from 1 to 0.9, representing removal of the exogenous
signal, does not appear to result in a significant qualitative
change to the landscape. As CHIR is largely responsible for
the dynamics of the first decision, this is unsurprising.
While the effect of FGF on the landscape is minimal, it is at
least qualitatively consistent with the distribution of
the training data on the decision manifold. As we see
from the direction of bias resulting from a unit FGF signal
[Fig. 8(c)], removal of FGF results in a slight bias away
from the CE state and towards the AN one, consistent with
cells transitioning from the initial EPI region to the AN
region.
The level of noise inferred by the model is substantial

(σ ≈ 1.8), though consistent with the degree of variation of
cells around presumable attractors. This degree of noise
may inhibit the association of identified minima with
specific cell states.
After training, we generate sample trajectories of a cell

ensemble within the landscape, under both of the signal
profiles depicted in Fig. 8(a) and display snapshots of the
ensemble at the sampling times. These snapshots show
varying degrees of qualitative agreement with the dynamics
captured in the training data. In particular, the simulation of

the CHIR 2–3 condition shows a movement of cells from
the left branch to the right, in agreement with the training
data that capture the movement of EPI cells to a CE state.
The simulation of the no CHIR condition fails to capture a
clear transition of cells from the EPI to the AN state,
primarily due to the overlap of the regions corresponding to
these cell types. There is, however, a marked increase in the
density of simulated cells in the upper-left region of the
landscape, which may be interpreted as an increase in the
AN population.
During the training process, we monitor the average loss

computed across the validation data, consisting of four
experimental conditions. This assessment takes place at the
end of each epoch and equally weights all data points, each
corresponding to a pair of consecutive time points. The
validation loss history is depicted in Fig. 8(b). While the
model appears to converge, the loss does not converge
towards 0, suggesting that elements of the training data are
inconsistent with the model. We expect that these incon-
sistencies are primarily the result of our use of a linear
approximation to the decision manifold and also under-
fitting the no CHIR experimental condition. This artifact is
likely a result of insufficient data normalization and the fact
that the no CHIR condition is under-represented in the data,
compared to signaling time courses that include an initial
CHIR signal.
We withhold two of the 11 experimental conditions from

the training procedure as an evaluation dataset and use
these as an out-of-sample test of model performance
(Table I). Our approach to model evaluation assesses the
ability of the model to generate a feasible ensemble state at
time tiþ1 from an initial condition at time ti, where ti
and tiþ1 are consecutive sampling times. An alternate
approach assesses the ability of the model to reconstruct
the full time course of an experimental condition. The
distinction between these two evaluation methods is
important, as the first serves as a direct evaluation of the
computational training procedure on out-of-sample data,
while the latter is likely of greater value for practical
purposes, for example, if one is interested in predicting the
complete trajectory of an ensemble under the influence of a
particular signal profile.
Figure 9(a) shows ensemble trajectories for the two

evaluation conditions, CHIR 2–4 and CHIR 2–5 FGF 2–4.
It is important to note that the signal profiles for these
conditions agree up to D3 and that the data for D2-3 consist
of the same cells, which accounts for the similarity in the
average loss between the first two transition intervals
depicted in Fig. 9(b). Moreover, these data are seen during
the training process, due to overlap between the signaling
conditions making up the training data. Thus, the true test
of generalization on held-out data is the performance of the
model at later intervals, and alternative approaches to
assessing the generalization error deserve further
investigation.
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IV. DISCUSSION

We set out to leverage the universal function capacity of
neural networks in order to infer a Waddington-like land-
scape model of cellular differentiation dynamics. Previous
work has established the value of low-dimensional, geo-
metric models, including their predictive capabilities, but
has relied on abstract normal forms as the basis of their
construction [43]. While the use of such normal forms is

justified by a rigorous, mathematical theory [42], the
abstract state variables appearing in these forms lack
biological meaning and obscure a direct connection to
the molecular profile of a cell. Our physically inspired
machine-learning approach bridges the intuitive, pheno-
typic understanding of cellular differentiation, as depicted
by Waddington, with the complex, molecular view wherein
cells transition between states in high-dimensional gene

(a)

(b)

FIG. 9. Evaluation of a trained PLNN model on a held-out set of experimental conditions. (a) Experimental conditions held out of the
training process and used for model evaluation. Plots are analogous to those depicted in Fig. 8(a). (b) Generalization error corresponding
to each held-out signal and sampling interval, computed over multiple initial conditions and simulations, as described in the text. This
average is plotted with error bars showing 2 standard deviations. Importantly, the data corresponding to the initial time intervals are seen
during the training process, even though the signaling conditions are nominally held out. This result is again due to overlap in the signal
profiles making up the training and evaluation datasets, with some signals deviating only over the final interval.
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space. Yet, these two views remain in tension, and it is clear
from our attempted application to in vitro data that addi-
tional work is required to achieve robust insight into more
complex biological systems.
We have focused on systems where cells are observed

within the space in which dynamics are assumed to be
gradient derived. That this need not be the case underscores
the tension between our data-driven approach and the
geometric arguments at the heart of the phenomenological,
landscape perspective of development. A mathematical
theory guarantees that the essential characteristics of
systems with certain properties reminiscent of development
can be modeled using a potential-based framework [42,51].
This theory does not, however, make any promises that the
underlying space be physically interpretable. It is for
exactly this reason that prior work foregoes the search
for a more meaningful phase space and instead resorts to an
entirely abstract one. We maintain that a middle ground
exists and that principled experiments combined with
modern, data-driven methods will offer further insight into
biological phenomena.
To this end, we propose additional investigation into

systems where gradient dynamics take place not in the
immediately observed state space but in a hidden latent
space. In our synthetic experiments, we take for granted
that gradient dynamics unfold in Euclidean space, and we
treat the latent space and decision manifold as identical. In
our application to real data, we posit that gradient dynamics
unfold approximately in the plane spanned by the first two
principal components and that the coordinates along these
components define the latent space. Both cases neglect the
possibility of a more complicated transformation from the
latent space into the decision manifold. Moreover, the
identification of the underlying decision manifold and its
latent parametrization is done prior to and in complete
isolation from the subsequent dynamical inference. The
consideration of a hidden latent space and the separation
between its identification and the inference of a gradient
system atop it offer directions in which we can expand our
framework. We foresee the use of more advanced methods
of nonlinear manifold inference to learn a low-dimensional
representation of the data directly from high-dimensional
input. A promising direction, inspired by the LatentVelo
architecture [23], may be to utilize an autoencoder to learn
latent representations of cells while simultaneously enforc-
ing gradient dynamics within the latent space, in an end-to-
end fashion.
A practical consequence of our modular framework is

that each component—static landscape, signal-processing,
and stochastic effects—can be made more complex while
not altering the overarching construction. This feature
opens multiple avenues of investigation into modifications
that may better capture biological realities. While the
arsenal of machine-learning architectures has expanded
dramatically in the last decade, we chose to use a simple,

feed-forward neural network in a single module of our
computational framework, namely, the underlying static
potentialΦ. This module yields the governing dynamics of
the system through its gradient and thus enforces an
immense dynamical constraint while simultaneously
appearing entirely unconstrained in form. The neural net-
work provides no biological priors. In cases where prior
knowledge is available, it is reasonable to consider alter-
native constructions of the static potential that utilize this
information. For example, if the number of cell states is
known in advance, one might construct Φ as a linear
combination of multivariate Gaussians, with means and
covariances being the parameters to be inferred. Each cell
state would then be represented as a Gaussian well, whose
position and specific structure could be learned from data.
Avariety of functional forms may be substituted in place of
the neural network. In all cases, the essential constraint
remains in place: Dynamics derive from the gradient of a
potential. Our understanding of the phenomenon—that it
should be hierarchical and absent any recurrent flow—
justifies the gradient assumption. Then, the inference of the
scalar potential implicitly constrains the dynamics.
Other ML-inspired methods used to investigate cellular

dynamics, such as Dynamo [25] and LatentVelo [23],
provide an illustrative contrast in this regard. These
approaches attempt to directly infer a vector field governing
cellular dynamics. Both methods make explicit use of RNA
velocity measurements and yield transcriptomic vector
fields from which single-cell trajectories can be generated.
Dynamo uses an ML-based vector-field reconstruction
method [52] to produce a smooth vector field from sparse
and noisy single-cell measurements. This exemplifies a
relatively unconstrained approach, with the vector field
inferred directly from data, either in a high-dimensional
expression space or a dimensionally reduced space.
LatentVelo uses ML to relax the strict modeling assump-
tions of traditional RNA velocity methods, inferring a
continuous vector field within a low-dimensional latent
space, and it incorporates biological priors through its
specific architecture. Our approach is similar in that
physical constraints are enforced by specifying interactions
or dependencies between distinct components. In the case
of LatentVelo, these components include a number of feed-
forward neural networks modeling spliced, unspliced, and
regulatory dynamics. Physical principles are introduced
through the particular functional dependencies of each
component, i.e., which state variables each takes as input.
A fundamental difference between these approaches and
the one we have laid out is that we are not interested in
discovering or emulating the specific equations governing
dynamics at the level of, for instance, RNA transcripts. Our
motivation concerns the nature of the broader phenomenon
and the extent to which the dynamics that we observe can be
understood as gradient derived within a biologically mean-
ingful space in which signals act as forces. The general but
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explicit role of signaling in our construction provides a
degree of freedom in the resulting vector field andmakes this
distinction clear. The landscapewe obtain is itself a dynamic
object that changes in response to a change in signal. This
signal dependency is missing from both LatentVelo and
Dynamo, which provide a fixed view of dynamics, and these
methods do not guarantee an interpretable picture of those
dynamics as taking place in a Waddington-like landscape
sincegeneric vector fields cannot bewritten as thegradient of
a potential. It is tempting to ask whether any insight can be
gained from examining the extent to which a transcriptomic
vector field inferred using, for example, LatentVelo can be
approximated by a gradient-derived system. The question
warrants further investigation; however, one must keep in
mind that a direct comparison is likely fraught, due to this
paradigmatic difference.
One drawback of our current framework is that we do not

have a way to assess the uncertainty in the inferred system.
This deficiency is readily apparent in the anomalous
landscape minima that appear in regions never occupied
by cells. While the landscape may be consistent across all
of the signal profiles seen during training, these minima
may incorrectly suggest that cells can be driven to occupy
regions of state space that are actually inaccessible. At
present, we rely on our knowledge of the domain over
which cells have been observed and treat any artifacts
appearing outside of this domain as spurious. Allowing for
other constructions of the landscape potential, such as a
linear combination of Gaussians, may also lead to easier
quantifications of uncertainty.
While we choose to highlight a flexible, neural network-

based potential, the signal-processing module and the noise
module are, in contrast, heavily constrained in their func-
tional forms. The noisemoduleN—whichwe design to yield
a constant diagonal matrix, i.e., homogenous, isotropic
noise—can easily be relaxed to allow for more general
stochastic effects. A relaxation to permit nonisotropic noise
is a trivial computational adjustment, although the impact
that this would have on the model training process is unclear
and remains an open route of future investigation.
For the signal-processing function Ψ, we use a simple

linear transformation—a simplifying assumption that has
the effect of passing all nonlinearities to the landscape
module. This assumption is not well justified biologically.
In Sáez et al. [43], the authors begin with a similar
assumption, expressing the linear coefficients in a para-
metrized landscape model as an affine transformation of
signal levels. In addition, however, they introduce non-
linearities in the way that a signal is processed by including
memory and saturating effects, transforming the prescribed
signal into an effective value. Such nonlinearities are to be
expected in complex biological systems. Moreover, in
experimental systems involving exogenous signaling, the
prescribed signal often does not directly translate into
signaling activity [11], which motivates more general

constructions of the module that take into account such
effects, as well as careful experimental efforts to measure
effective signaling levels through reporters. It is feasible to
introduce additional model parameters as part of the func-
tional form ofΨ. One could even take the extreme approach
of parametrizing this module (or a portion of it) with an
additional neural network, allowing it to infer the signal
effect in an entirely data-driven manner. We emphasize that
as long as the signal-processing function does not depend on
the state x, its effect on the potential will always be linear, in
accordance with Eq. (7), and interpreted as a uniform force
throughout the landscape.
A spatially dependent signal-processing function is an

important consideration, for both practical and theoretical
reasons. Applications involving consecutive fate decisions
will likely require relaxing the assumption of a global
signal effect. One may need to introduce a state dependence
that allows for different signal interpretations in different
regions of the landscape, as exemplified in Sáez et al. [43].
There, the authors combine two binary decision landscapes,
with signals interpreted differently in each. This approach
is possible because of a purely phenomenological land-
scape construction. As the landscape coordinates are
abstract, there is no issue with simply stitching together
two systems so that a pair of attractors overlap. That a
similar construction may be possible in a hidden latent
space is a major motivation for our proposal above, and we
expect that permitting the latent state of cells to inform a
cell’s signal processing will be a fruitful extension.
Our framework involves a number of additional assump-

tions when it comes to the role of signaling. Some of these
assumptions stem from the particular context in which we
expect the use of our framework to be most immediately
applicable, namely, experimental settings in which a signal-
ing time course is prescribed, and all cells are subject to the
same, uniform application of that signal. In this setting,
signaling—or at least a subset of the relevant signaling—is
assumed to be controllable; an experimenter can specify a
particular signaling time course and observe the ensuing
cell-state transitions. This case situates us well outside the
realm of in vivo development, where exact signaling
dynamics are largely unknown, let alone controllable. In
the real developing embryo, the signals secreted by a cell
inform the differentiation process of other nearby cells and
depend on the particular state of the secreting cell. The
resulting feedback between the cell state and signaling
results in a far more complicated system than the one our
model suggests. How, then, can we expect a model such as
we have described to be informative in the broader context
of real development? One missing piece is the role that
space plays in directing development, through the spatial
organization of signaling patterns. We foresee future
directions that take into account the spatial organization
of tissues and allow for heterogeneous signaling across cell
populations. Spatially resolved in vitro systems, such as
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signaling experiments conducted on cells seeded onto
micropatterned arrays [53], provide both spatial informa-
tion and signaling dynamics and may offer a suitable
testing ground for model extensions.
Although we have focused on the role of chemical

signaling, it is not necessary that a signal be morphogenic
or even chemical in nature. Other signaling modalities,
such as mechanical forces that inform and direct cellular
behaviors, are entirely within the scope of our signaling
module Ψ, which democratically treats any signal inter-
pretable by a cell. For example, recent work has explored
the role of mechanical forces in influencing gene expres-
sion and directing morphogenesis during embryonic for-
mation in quail [54]. Active forces generated along the
margin of the early embryo subject cells to varying degrees
of tension and contraction, which feed back to influence the
mechanical state and spatial organization of the embryo.
Moreover, the authors demonstrate the regulatory influence
of this mechanical state on the expression of GDF1, a gene
critical in primitive streak formation. Provided one can
make quantitative measurements of the effective signal—in
this case the degree of contraction or stretching—alongside
the cellular response, the framework presented may be used
to construct a map from the input signal to its effect within a
decision manifold.
Finally, while we demonstrate our approach in two-

dimensional settings, the architecture we describe can be
generalized to arbitrary dimensions. Both the potential and
signal-processing modules can be constructed to take as
input vectors of arbitrary size, which allows one to build
models defined over a space of any dimension and to
consider any number of signals. While an enumeration of
normal forms exists for systems governed by two signals,
the same cannot be said for systems involving more control
parameters [42]. By directly applying our framework to
these cases, we might extend consideration to systems
involving many signals. As discussed above, if the aim is to
understand cellular decision trajectories through a mean-
ingful expression space, a two-dimensional phase space
may be inadequate, especially in the case of more complex,
sequential decision structures. As such, a flexible model
permitting inference in higher-dimensional spaces may be
valuable, even if the result is less easily visualized.

V. METHODS

A. Neural network architecture for the potential
module

We use a consistent architecture for the potential module
Φ across all of the trained landscape models referenced
herein. For the fully connected neural network constituting
Φnn, we use four hidden layers consisting of 16, 32, 32, and
16 neurons, respectively, with the final hidden layer
followed by a fully connected layer to a single neuron.
After each hidden layer, we apply the smooth softplus
activation function, given by αðxÞ ¼ lnð1þ exÞ. No

activation is applied to the scalar output of the final layer.
For the confinement factor, we set Cconf ¼ 0.1, so the
confinement term Φ0ðxÞ is a shallow quartic potential. We
randomly initialize the weights of both Φnn and the tilt
module Ψ according to a Xavier uniform distribution [55].
The biases ofΦnn are initialized at 0. Additional details can
be found in the Supplemental Material [46].

B. Generating synthetic data

We use the algebraic form of the binary choice landscape
(14) to generate an initial synthetic dataset on which we
train the PLNN shown in Fig. 5. We use the Euler-
Maruyama method with a step size of Δt ¼ 0.001 to
simulate Nexps ¼ 100 experiments in which Ncells ¼ 500

cells evolve in the landscape over an interval of time
0 ≤ t ≤ T ¼ 100, under the influence of a sigmoidal signal
profile. We capture snapshots of the ensemble at intervals
of ΔT ¼ 10, including the initial and final states, thereby
yielding ten training data points of the form
ðt0; X0; t1; X1; sðtÞÞ per experiment. We set σ� ¼ 0.1, the
magnitude of isotropic, homogeneous noise in the system.
For the signal-processing function, we take the identity
map so that the signals s1 and s2 are identified with the tilt
parameters τ1 and τ2, respectively.
For each experiment, a sigmoidal signal profile is drawn

from a prior distribution of signal functions, thereby
allowing us to restrict the domain of allowable signals.
Each two-dimensional signal profile sðtÞ ¼ (s1ðtÞ; s2ðtÞ) is
of the form

skðtÞ ¼ ak þ
1

2
ðbk − akÞ tanh (rkðt − tckÞ); k∈ f1; 2g;

where ak, bk, rk, and tck are parameters drawn from
specified distributions. Note that ak and bk are the
asymptotic initial and final values of signal k, respectively;
rk is the rate at which the signal transitions; and tck is the
critical time at which the signal is halfway between its
extreme values. The priors for ak, bk, rk, and tck (Table S13
in Ref. [46]) are such that the central attractor bifurcates in
nearly all experiments while the peripheral attractors
typically persist. This process captures the phenomenon
in which cells initially located at the central attractor
proceed to move towards a peripheral one after it vanishes.
In each experiment, all cells are initialized at the same

point in the landscape, near the known location of the
central attractor. The simulation then runs for a short burn-
in duration Tburn ¼ 0.1T under a given signal sburn,
allowing for the randomization of the ensemble. The state
of the ensemble at the end of this burn-in phase is taken as
the initial condition of the ensemble at time t ¼ 0.
We generated an analogous dataset using the binary-flip

landscape. The datasets used for the sampling rate analysis
[Fig. 6(a)] were generated similarly. Details can be found in
the Supplemental Material [46].
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C. Training a PLNN

The training procedure for a PLNN involves simulating
the forward evolution of an ensemble of cells from an initial
state and comparing the resulting simulated final state to an
observed final state. A schematic of this process is
illustrated in Fig. 4(d). The observed training data are of
the form

D ¼ f(t0; X0; t1; X1; sðtÞ)jgNobs
j¼1 : ð15Þ

In other words, each data point consists of an initial
ensemble state X0 observed at time t0, a corresponding
final state X1 at time t1, and the signal profile sðtÞ used over
the course of the corresponding experiment. Here, X0 and
X1 are data matrices, with each row a d-dimensional cell.
The number of rows in each observed data matrix may vary,
as the number of observed cells at each time point and in
each experiment may change. Moreover, the time points t0
and t1 need not be consecutive sampling times. For
example, if in an experiment observations fX1; X2; X3g
were made at times t∈ f1; 2; 3g, then a data point
(1; X1; 3; X3; sðtÞ) is entirely valid. However, for the sake
of computational efficiency, it may be advantageous for all
data points to consist of equally spaced observations.
Given a data point (t0; X

ðobsÞ
0 ; t1; X

ðobsÞ
1 ; sðtÞ) from the

observed dataset, we must simulate a corresponding initial

condition XðsimÞ
0 forward in time to obtain a simulated final

state XðsimÞ
1 . In order to take advantage of the accelerated

linear algebra tools provided by JAX [56], we fix the

number of simulated cells, NðsimÞ
cells , as a model hyper-

parameter so that the simulated data matrices have con-
sistent dimensions. In the case that the observed data
matrices share the same number of cells, we simply set

XðsimÞ
0 ¼ XðobsÞ

0 , provided that the number of observed cells
does not exceed a memory constraint. In the case that the
number of cells is too large, or in the case that the observed
data matrices are of inconsistent dimension, we construct
the simulated initial condition by randomly sampling rows
from the observed data matrix:

XðsimÞ
0 ∼iid X

ðobsÞ
0 :

Using the PLNN architecture described above, we
simulate the ensemble of cells XðsimÞ

0 forward in time,
constituting a sample trajectory of the system of SDEs in
Eq. (6). This step of the training process is illustrated in
Fig. 4(c). The Python package Diffrax [57] provides a
number of (stochastic) differential equation solvers. We use
Heun’s method, a second-order explicit Runge-Kutta
method, which provides sufficient accuracy while main-
taining computational efficiency [58]. We must specify as a
hyperparameter a timestepΔt. In order to balance computa-
tional efficiency and accuracy, we vary this hyperparameter
over the course of training, starting with a large timestep

and periodically reducing it after a specified number of
epochs.
We then compare the resulting simulated state XðsimÞ

1 at

time t1 > t0 to the observed final state X
ðobsÞ
1 (or a subset of

this matrix, if necessary) and compute the value of the

specified loss functionLðXðsimÞ
1 ; XðobsÞ

1 Þ. As we compare the
simulated and observed final states in a distributional sense,

the dimensions of the matrices XðobsÞ
1 and XðsimÞ

1 need not be
consistent. Once the loss is computed, we update the model
parameters using gradient updates, as implemented in the
optimization package Optax [59] within the JAX ecosystem.
We use the RMSProp algorithm [60] with an exponentially
decaying learning rate to perform parameter updates. The
values of all relevant hyperparameters are provided in the
Supplemental Material [46].

D. Choice of loss function

We require a loss function that compares observed and
simulated ensemble states XðobsÞ

1 and XðsimÞ
1 in a distribu-

tional sense. To this end, we experimented with two loss
functions. The first is a numerical estimate of the KL
divergence [61]. The second is based on the MMD, which
has been used in the context of the two-sample test [48,62].
Additional mathematical details of both methods can be
found in the Supplemental Material [46].
Ultimately, we settled on using an MMD-based loss

function, as this provided a differentiable function through
which we could effectively backpropagate during the
training process. While training using the KL divergence
estimate as a loss function appeared to converge—resulting
in models similar to those found using the MMD loss—the
training process was slower, and we hypothesize that this
was a result of the use of a nearest-neighbor computation in
the calculation of the estimate.
As introduced in Gretton et al. [48], an unbiased

empirical estimate of the squared population MMD is
given by

MMD2
u½F ; X; Y� ¼ 1

mðm − 1Þ
Xm
i¼1

Xm
j≠i

kðxi; xjÞ

þ 1

nðn − 1Þ
Xn
i¼1

Xn
j≠i

kðyi; yjÞ

−
2

mn

Xm
i¼1

Xn
j¼1

kðxi; yjÞ;

where observations X ¼ fx1;…; xmg and Y ¼ fy1;…; yng
are independently and identically distributed from distri-
butions p and q, respectively, andF is a family of functions
that we will take to be the unit ball in a reproducing kernel
Hilbert space H with characteristic kernel k. For our
purposes, it suffices to say that Gaussian kernels are
characteristic on Rd [63], and for a characteristic kernel,
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the MMD is a metric on the space of probability distribu-
tions. Thus, minimizing the MMD results in convergence
of the distributions p and q, the observed and simulated
data-generating processes.
For a kernel, we use a function of the form

kðx; yÞ ¼
X
k

exp

�
−

1

γk
kx − yk2

�
;

where the γk constitutes a set of one or more bandwidth
parameters. In practice, the median pairwise distance
between sampled points, i.e., cells, has been shown to
be a suitable choice for this bandwidth parameter [64].

E. Cell-type labeling for in vitro data

The cell-type labels assigned to the observed cells in the
in vitro mESC dataset, and appearing in Figs. 8 and 9, are
determined using the procedure originally described in
Sáez et al. [43]. We recapitulate this labeling and refer the
reader to the Supplemental Material [46] and the original
work for more details. An important detail, as it pertains to
the following section, is the use of GMMs in the cell-type
identification process. The algorithm used by Sáez et al.
[43] associates to each time point t a GMM Gt consisting of
multiple components, with each component corresponding
to a cell type. As part of our recapitulation of the cell-type
labeling, we construct and retain these GMMs in order to
use them in the isolation process.

F. Isolation of in vitro binary decision data

We use the cell-type labels assigned to each cell in the
in vitro mESC dataset to isolate those cells relevant to the
first binary decision, involving the transition of EPI cells to
either the AN or CE state. For each time point t, we remove
all cells labeled M or PN, replacing these cells with
“pseudocells” generated from the GMM Gt retained from
the cell-type labeling process. Specifically, we use the
component(s) of the GMM associated with the CE state to
generate random samples from a multivariate normal
distribution. This approach allows us to replace the PN
and M cells, which have presumably transitioned out of the
CE state, with cells that are distributed around a CE
attractor as determined by the labeling algorithm. This
replacement strategy is necessary in order to respect the
relative proportion of cells that have entered the CE
attractor. In reality, this state is an intermediate one, and
cells may escape it. Our approximation treats this state as a
terminal one—a periphery in a binary decision.

G. PLNN training on in vitro data

The model shown in Fig. 8 was trained on the processed
mESC dataset. The model was trained for a maximum of
1000 epochs, with early stopping implemented if the model
did not improve for 200 epochs (with respect to the

validation loss). Because of the large and varying number
of cells captured at each time point (approximately 7200 in
each case), we implemented a sampling step in the training
process. Given a data point of the form ðt0; X0; t1; X1; sðtÞÞ,
we randomly sampled 800 cells from the rows of X0 to

yield the simulated initial condition XðsimÞ
0 . Each epoch then

consisted of ten passes through the training data, in
minibatches consisting of 50 training data points.
The neural network architecture was the same as for the

synthetic landscape experiments, detailed above. We used
Heun’s method as our choice of SDE solver, with an initial
timestep of 0.005. This timestep was reduced periodically
by a factor of 0.5, after 50, 100, 200, and 300 epochs. For
the MMD loss function, we used a Gaussian kernel with a
single, precomputed bandwidth parameter γ ≈ 1.355, the
median pairwise distance between all observed cells at a
given time point, averaged across time points.
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