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How the detailed entanglement structure emerges from quantum dynamics remains a fundamental
challenge motivated by recent advances in quantum simulators and information processing. As a central
milestone, the small-incremental-entangling (SIE) theorem bounds the entanglement-entropy growth rate
but does not control the entanglement spectrum itself. In this work, we define the spectral-entangling
strength, which quantifies how strongly an operator can reshape the distribution of Schmidt coefficients
across a bipartition. We then prove a spectral-SIE theorem: for Rényi index a > 1/2, the growth rate of
Rényi-entanglement entropies admits a universal bound. Remarkably, our bound at a = 1/2 is both
qualitatively and quantitatively optimal; below this threshold (a < 1/2), no universal speed limit on
entanglement growth can exist. This result yields a sharp 1/s* threshold in the tail of the ordered squared
Schmidt coefficients, or equivalently in the entanglement-spectrum weights (with s the Schmidt index). It
enables rigorous truncation-based-error control and establishes a quantitative link between entanglement-
spectrum structure and computational complexity. As a practical highlight, for one-dimensional power-law
interactions 1/77 with 5 > 2, this implies matrix-product-state approximations with bond dimension
polynomial in (n2/€) for ground states, real-time evolved states, and Gibbs states, thereby closing the
quasipolynomial gap, where n is the system size, and e denotes the target approximation error in the
relevant state or operator norm. By controlling Rényi entanglement, we further obtain a rigorous a priori
truncation-error bound for the time-dependent density-matrix renormalization-group scheme analyzed
here. Overall, we extend the SIE paradigm from bounding entanglement entropies to constraining the
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entanglement spectrum itself.

DOI: 10.1103/8fcr-5tf4

I. INTRODUCTION

Understanding how complex structures emerge in the
dynamics of quantum systems over time is a fundamental
problem in quantum many-body physics. With the rapid
progress of quantum simulation platforms and quantum
information processing, unveiling such dynamical com-
plexity has become increasingly relevant both theoretically
and experimentally. This problem is deeply connected to
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several essential topics, including the foundation of ther-
malization in quantum many-body systems [1,2], the
characterization of quantum phases of matter [3-5], the
efficiency guarantee of quantum many-body algorithms
[6-9], and the theoretical framework of entanglement itself,
as well as the role of entanglement as a fundamental
resource in quantum information science [10—12]. Among
the known universal principles governing quantum dynam-
ics, the Lieb-Robinson bound stands out as a cornerstone
result [13—15]. It provides an effective light-cone structure
in nonrelativistic quantum systems, setting a fundamental
limit on how quickly information and entanglement can
propagate through local interactions. However, the Lieb-
Robinson bound inherently relies on geometric locality,
and its applicability becomes significantly limited when
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dealing with systems with long-range interactions or those
defined on infinite-dimensional graphs [16-20]. In such
cases, the standard notions of locality and causal structure
no longer suffice to capture the nontrivial entanglement
dynamics.

Another well-known information-theoretic constraint
that does not rely on geometric locality is the small-
incremental-entangling (SIE) theorem [21]. This theorem
considers a bipartition of a quantum system into subsys-
tems A and B, and asserts that the rate at which
entanglement entropy is generated between them can be
upper bounded solely in terms of the interaction strength
and the Hilbert-space dimensions of the directly coupled
subsystems Ay C A and B, C B. In systems with spatial
locality, the SIE bound can be derived from the Lieb-
Robinson bound [14]. However, its general validity across
arbitrary quantum systems was first conjectured by Kitaev
and Bravyi, and later fully proven in 2013 [22-25].
Because the rate of entanglement growth depends only
on the interaction across the boundary between A and B,
the SIE theorem is often referred to as the dynamical area
law. This term emphasizes the fact that entanglement
generation in time is governed by the surface—rather than
the volume—of the interacting regions. The SIE theorem
has served as a key methodological tool in a wide range of
fundamental problems, such as supporting the area-law
conjecture for noncritical ground states in higher-
dimensional systems [22,26], analyzing complexity
growth in quantum circuits [27,28], and characterizing
measurement-induced phase transitions [29]. These appli-
cations demonstrate the power and universality of the SIE
framework. Nevertheless, as we will discuss in the next
section, the entanglement-generation rate alone is often
insufficient to fully capture the complexity of quantum
many-body dynamics.

Despite the theoretical strength of existing approaches
such as the Lieb-Robinson bound and the SIE theorem,
most of these frameworks focus primarily on the amount of
information—for example, how much entanglement is
generated—rather than accessing the structure of that
information. The Lieb-Robinson bound provides no insight
into the internal structure within the light cone, and the SIE
theorem says nothing about the detailed features of the
entanglement being generated. This shift from quantifying
the amount to characterizing the structure represents a
major open challenge in modern quantum many-body
physics. In particular, it is known that entanglement
entropy alone is insufficient to meaningfully describe the
quantitative complexity of quantum systems [30,31].
Therefore, if we wish to utilize the SIE theorem as a
foundational tool for understanding quantum many-body
complexity, and to apply it to more intricate scenarios such
as quantum algorithms or nonequilibrium phenomena, it
becomes essential to introduce new formalisms that can
capture the structure of entanglement itself.

In this work, we move beyond these limitations by
establishing a spectral formulation of entanglement growth.
Our framework not only provides rigorous dynamical
constraints on the entanglement spectrum itself, but also
achieves both qualitative and quantitative optimality: at the
critical threshold, we establish a universal upper bound
corresponding to a 1/s* decay of squared Schmidt coef-
ficients, which is sharp and cannot be improved. This
perspective sharpens the dynamical area law into a more
fine-grained structural principle and extends its reach to
broader consequences, including generalized area laws
of gapped ground states, efficient matrix-product-state
approximations for long-range systems, and rigorous a pri-
ori performance guarantees for numerical algorithms such
as tbMRG (time-dependent density-matrix renormalization
group). Conceptually, the ability to address the entangle-
ment spectrum directly opens the door to a more refined
understanding of quantum complexity, enabling applica-
tions that go well beyond entropy-based diagnostics.

II. OVERVIEW OF THE MAIN RESULTS

Figure 1 summarizes the main results and their

relationships.

A. Spectral-entangling strength

We consider a general bipartite quantum system com-
posed of subsystems A and B, where the Hamiltonian takes
the form H = H, + Hp + V5. The time evolution gen-
erated by e~*" induces nontrivial changes in the entangle-
ment spectrum, namely, the structure of the Schmidt
coefficients, and our goal is to understand how this
spectrum evolves. To address this, we introduce a quantity
called the spectral-entangling (SE) strength defined for a
general operator ®@,5. This quantity plays a central role in
the present work, as it quantifies the entangling power of an
operator.

SE strength (Def. 1, informal): For any product state |¢),
let us denote the Schmidt coefficients of ®,pz|p) by
{As(¢)},. Then, the operator @45 has the SE strength

J(®4p) which is defined as supremum over product
states: supy > A;(¢h).

Intuitively, this quantity measures the maximal ability
of ®,p to generate spectral weight across the bipartition.
A simple characterization can be obtained when ®,p
admits a decomposition @,z = Zj Ji®, ; ® ©p; with
@4l = |®p;l| =1, in which case one finds

T (@) < ;-

B. Spectral SIE

This framework allows us to investigate how the entan-
glement spectrum {|4,(#)|?} of an initially product state |¢)
evolves under time evolution into |¢,). For a normalized
product initial state, the squared Schmidt coefficients obey
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FIG. 1. Overview of the main results. The main conceptual message is that controlling the Rényi-1/2 entanglement controls the
Schmidt tail directly, which in turn provides quantitative truncation-error bounds for tensor-network approximations. (a) SIE:
introducing the spectral-entangling strength 7, we establish that Rényi-entanglement entropies satisfy |dE,/dt| < ¢, J (V) for
a > 1/2, with the constant ¢/, = 2 being sharp, while for @ < 1/2 the growth rate can diverge. For product initial states, the a = 1/2
bound gives an s~2 upper bound on the squared Schmidt coefficients; the curve illustrates its shape. The cubic area-law bound uses the
uniform path bound § of Assumption 13, with fixed S, and &,. (b) Applications to 1D long-range interacting systems: when interactions
decay faster than r~2, ground states, real-time dynamics, and Gibbs states admit polynomial-bond-dimension matrix-product-state
(MPS) and matrix-product-operator (MPO) approximations. The bounds hold at fixed local parameters, with a size-independent positive
ground-state gap, fixed evolution time and product initial states, or fixed inverse temperature, respectively. In addition, our results yield
rigorous error guarantees for tDMRG simulations.

The conceptual difference from the standard Bravyi-
Kitaev SIE framework lies in the choice of the control
parameter. In the conventional setting, one considers a

|4, (1))? < 2T WVan)ldl /g2,

In general, this uniform upper bound cannot be further
improved without imposing additional geometric assump-
tions such as finite-dimensionality or short-range inter-
actions [8,9,32]. The result can be derived from an upper
bound on the growth rate of the a-Rényi entanglement E,,
as defined precisely in Eq. (3). In order to emphasize the
spectral nature of the bound, we refer to this extension as
the spectral-SIE theorem.

Theorem 1 (informal): For a > 1/2, the generation rate
of the @-Rényi entanglement is bounded from above by
ceJ(Vap), where ¢, is an O(1) constant satisfying
cijp=2,cy =4/e, and ¢y, = 2.

decomposition A = A;A,, B = B, B, where the interaction
is supported only on the directly coupled subsystems A, B.
For the von Neumann entropy, the SIE bound controls
the entanglement rate by a quantity of the form
||VA232 || log DAZ‘BZ’ where IDAZ‘BZ = min(DAz, DBZ)' This
dimension-based form is special to the entropy case o = 1;
for Rényi entropies with @ > 1, known extensions involve
stronger dimension dependences, such as powers of Dy,
[33,34]. In contrast, the spectral-SIE theorem replaces this
subsystem-dimension-based control by the SE strength
J (Vag), which measures how much Schmidt spectral
weight the boundary interaction can actually generate
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across the bipartition. Thus, the spectral formulation con-
trols the redistribution of Schmidt weights directly, rather
than controlling only the von Neumann entropy and then
extracting a Schmidt-tail estimate from it. The role of the
SE strength in the optimality of the spectral-SIE bounds is
further discussed in Sec. V B.

An important consequence is that the case a = 1/2 gives
direct control of the Schmidt tail. Indeed, E/, (w) =
2log ), Ay, so bounding E;,, bounds the ¢ size of the
Schmidt spectrum and hence yields quantitative Schmidt-
rank truncation estimates [30,31]. This control of the
Schmidt tail provides a direct link between entangle-
ment-spectrum dynamics and the computational complex-
ity of tensor-network approximations. The optimality of the
constant ¢,_1, and of the threshold a = 1/2 is established
in Propositions 7 and 8, respectively.

Finally, we clarify how the threshold @ = 1/2 can be
interpreted in the presence of geometric locality. The
simple mechanism behind the instantaneous threshold is
already visible in the two-qubit example of Lemma 21 in
Sec. IX. Consider an infinitesimal time evolution from a
state in which a Schmidt coefficient is initially zero. A
generic entangling generator creates such a new coefficient
linearly in time; denoting it by Au.(df), one has
Anew(dt) = O(dt). Tts contribution to the Rényi-a func-
tional is therefore of order A, (df)** = O(dt**), and the
corresponding instantaneous rate scales as dr**~!. This rate
is finite only for a > 1/2. Hence, the threshold @ = 1/2 is
not a proof artifact but reflects an intrinsic singularity of the
instantaneous Rényi-entanglement rate under the birth of
infinitesimal Schmidt weights.

This instantaneous obstruction cannot be removed
merely by imposing geometric locality: Lemma 21 gives
a strictly local example showing that the threshold value
a = 1/2 cannot be improved. On the other hand, if one
considers the time-averaged entanglement rate over a finite
time interval, the situation changes [8,9,32,34,35]. Under
geometric locality, the short-time singularity can be com-
pensated by local approximation arguments, and a mean-
ingful averaged entanglement-rate bound can be obtained
even for @ < 1/2 (Lemma 22 in Sec. IX). By contrast,
without geometric locality, even such an averaged bound
fails in general: Proposition 8 shows that the averaged
entanglement growth can remain unbounded for a < 1/2.
Thus, the instantaneous divergence has a simple local
origin, whereas its persistence at the level of finite-time
averages is a genuinely nontrivial feature of nonlocal
dynamics.

C. Low-Schmidt-rank approximation of general
operators

As discussed above, states evolved from product initial
states admit efficient low-rank approximations. A natural
question is whether a similar low-rank approximation
exists at the level of the time-evolution operator itself.

In conclusion, approximating an operator with respect to
the operator norm is significantly more challenging. To
address this, we demonstrate that there exists a complexity
separation between Schmidt-rank approximability of time-
evolved quantum states and that of the corresponding time-
evolution unitary.

Proposition 9 (informal): There exist Hamiltonians H ,p
with J(V45) = 1 for which the unitary e~#4s" does not
admit any low-rank approximation in a certain (but con-
stant) time regime.

At fixed time, J (Vag) = 1 ensures low-Schmidt-rank
approximability for states evolved from product initial
states or from states whose initial Rényi-1/2 entanglement
is bounded independently of dimension, whereas the
corresponding time-evolution operator need not admit such
an approximation. This separation is derived from classical
lower bounds on Kolmogorov width [36-38].

Although a general relationship between entanglement
generation and operator-level low-rank approximability
remains elusive, one possible direction is proposed in
Conjecture 2, which is formulated using a generalized
version of the SE strength (see Definition 2). Furthermore,
we provide sufficient conditions for the existence of
operator low-rank approximations, which are formalized
in Theorem 3. These results highlight the subtle but
fundamental difference between approximability at the
state level and at the operator level, and suggest that the
spectral-entangling framework may offer a path toward
resolving this gap.

D. Generalized entanglement area law

The entanglement area law refers to the property that, for
a ground state of a finite-dimensional lattice system
partitioned into two regions A and B, the entanglement
entropy scales with the size of the boundary between the
two regions [11,39]. In particular, the area-law conjecture
argues that the area law always holds for noncritical ground
states with a spectral gap, and it remains one of the central
open problems in quantum many-body physics [40-49].
The notion of an area law can be extended to more general
bipartite interaction settings [50]. Specifically, when a
system is divided into A and B, the Schmidt rank of the
interaction operator between A and B can be interpreted as
an effective boundary size, thereby allowing a generalized
formulation of the area law. For example, in a four-partite
setup (A, A, By, B;) where the interaction exists only
between A, and B, the relevant boundary size is deter-
mined by the dimensions of A, and B. Typical examples
include generalized area laws for local Hamiltonians
defined on graphs, which have been widely discussed in
the literature. According to the conventional SIE theorem
[22,23], the generalized area law can be shown to hold for
entanglement dynamics even in such general settings. It is
also widely known that generalized area laws for mutual
information hold for quantum Gibbs states at finite
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temperature [51,52]. However, whether the same statement
applies to gapped ground states has long been debated, and
this question was resolved in the negative by Aharonov
et al. in 2014 [50]. At present, aside from special classes
[53], it remains a fundamental open problem to determine
the precise conditions under which a generalized area
law holds.

In this work, we establish that the generalized area law
holds under the assumption that an adiabatic path exists [54].
Given a parameter-dependent Hamiltonian H(s), we define
an adiabatic path as a continuous trajectory in parameter
space that connects a reference Hamiltonian with a known
area-law-satisfying ground state to a target Hamiltonian,
while maintaining a finite spectral gap throughout. This
condition is standard in proofs of the area law for spatially
local systems [22,26,55], where it is combined with the Lieb-
Robinson bound, and where the SIE theorem provides a key
estimate on entanglement growth along the adiabatic evo-
Iution. In more general settings, such as systems defined on
infinite-dimensional graphs or general two-body systems,
the Lieb-Robinson bound is unavailable, and consequently,
the adiabatic continuation operator lacks a simple geometric
structure. In these regimes, the conventional SIE theorem
ceases to be effective. To overcome this difficulty, we
combine the adiabatic theorem [56] with two key tools:
the approximate-ground-state-projection formalism [41] and
the spectral-SIE framework developed in this work. This
combination enables us to prove a generalized area law
without imposing any assumption of locality.

Our main result can be summarized as follows.

Theorem 4 (informal): If the target ground state is
connected to a trivial ground state that satisfies the gener-
alized area law via an adiabatic path (Assumption 13),
then the entanglement entropy between A and B is
O(1 + (§/A)?), where § is the uniform path bound and
A the spectral gap, with fixed S, and path-regularity
parameter c.

Furthermore, analogous statements can be made regard-
ing low-Schmidt-rank approximations of the ground state
for the bipartition. To the best of our knowledge, this
constitutes the first proof of a generalized area law for
ground states in the most general settings without assuming
geometric locality.

We stress that, except in one-dimensional or geometri-
cally local settings where the effective boundary quantity
reduces to the usual boundary area, this result should not be
interpreted as a conventional geometric area law. Rather, it
is a generalized area-law-type bound in which the role of
the boundary size is played by an effective boundary
measure controlled by the SE strength of Vyp.

E. Polynomial complexity of the long-range
interacting systems

Up to this point, our results have addressed the most
general settings, including physical systems without any

underlying geometric structure. Nevertheless, the frame-
work we have developed also applies in scenarios where
geometric structure is present. Among such cases, a
particularly important and nontrivial application concerns
the computational complexity of simulating quantum
systems with long-range interactions. These systems are
typically characterized by interactions that decay with
spatial distance r as a power law r™ with n > 0, yet a
comprehensive understanding of their entanglement prop-
erties and simulation complexity remains elusive.

One of the central open questions in this domain is
whether the simulation complexity of general long-range
interacting systems can be improved from quasipolyno-
mial scaling eP°loe("/€) [45 57,58] to polynomial scaling
poly(n/e) = (n/e)®V), where n denotes the system size.
Achieving such an improvement would suggest that long-
range interacting systems and short-range systems belong
to the same computational complexity class, a possibility
that is both highly counterintuitive and profoundly
nontrivial.

The difficulty of this problem can be illustrated by
considering the approximation of operators such as e~ or
e PH by polynomial functions of the Hamiltonian H. When
H'™ is represented as a matrix product operator (MPO), the
bond dimension generally grows with m as n®"™ for a
long-range interacting Hamiltonian [57]. If m depends
even weakly on the system size—for instance, if
m  loglog(n)—the required bond dimension quickly
exceeds polynomial bounds. This stands in sharp contrast
to the case of short-range Hamiltonians, for which an MPO
representation with constant bond dimension O(1) suffices.
Consequently, physical quantities that cannot be captured
by low-degree polynomial approximations in H inevitably
lead to quasipolynomial simulation complexity in the
presence of long-range interactions.

Building on our framework, we demonstrate that one-
dimensional long-range interacting systems can, in fact, be
represented as MPOs with polynomial bond dimension.
The essential observation is that the SE strength admits an
O(1) upper bound in such systems provided the interaction
decays faster than =2 (Lemma 17):

Lemma 17 (informal): For the 1D long-range Hamiltonians
considered here with > 2, the interaction across every
single cut A={1,...,s}, B={s+1,....,n} has SE
strength at most J = O(1), for fixed interaction param-
eters, locality k, and on-site dimension.

Notably, 7 > 2 includes widely used experimental set-
tings such as dipolar (7 = 3) and van der Waals (7 = 6)
interactions, e.g., in Rydberg-atom and polar-molecule
platforms. Related dynamical area-law results for long-
range interacting systems were obtained by Gong et al.
using the conventional SIE theorem [59]. Their result
controls the von Neumann entanglement entropy and
shows that the entanglement growth rate is bounded by
a boundary-area contribution for power-law interactions
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1/r" when 5 > Dy, + 1, where Dy, denotes the spatial
dimension. In particular, for one-dimensional systems, this
condition reduces to # > 2, matching the decay threshold
appearing in our one-dimensional applications.

The O(1) bound on the boundary SE strength has two
complementary implications. First, it gives a physical
constraint on entanglement-spectrum generation: for
n > 2, the total spectral-entangling strength of the inter-
action crossing any one-dimensional cut remains O(1), so
Schmidt weight cannot be redistributed across the cut faster
than a constant rate. Second, it clarifies why earlier
polynomial-approximation approaches lead to quasipoly-
nomial bounds. In those approaches, functions of the
Hamiltonian, such as e~#* or e™H are approximated by
polynomials in H, and the complexity is then estimated by
counting the MPO bond dimension generated by powers
H'™. For long-range Hamiltonians, this direct MPO-rank-
counting estimate can grow as n° even though the
actual Schmidt weight generated in the state across a cut
may remain much smaller. The present spectral approach
avoids this operator-level rank-counting route and instead
controls the accumulated weighted generation of Schmidt
coefficients directly (see also Sec. VIII B).

In this work, we apply this viewpoint to three funda-
mental classes of quantum states: ground states, time-
evolved states, and thermal equilibrium states. For these
states, only quasi-polynomial simulation complexity had
previously been established [45,57,58]. Our results thus
improve the known bounds by showing that, under the
above decay condition, these physically relevant states can
be captured within polynomial complexity, thereby closing
the gap between long-range and short-range interacting
systems in one dimension.

1. Ground states

We begin by considering matrix-product-state (MPS)
approximations of gapped ground states in one-
dimensional long-range interacting systems. For such
ground states, the entanglement area law has already been
established [45,60], and it is known that the required bond
dimension scales as ¢'°2”* ("), thereby imposing a quasipo-
lynomial overhead. This limitation arises because most
existing approaches rely on constructing an approximate
ground-state projector (AGSP) using the Chebyshev poly-
nomials of the Hamiltonian [41]. As discussed earlier,
polynomial approximations of long-range Hamiltonians
typically induce quasipolynomial complexity, rendering
high-precision approximations prohibitively costly. In this
work, we overcome this bottleneck by employing time-
evolution operators together with the spectral-SIE frame-
work. In particular, we estimate the SE strength of a
Gaussian-filter AGSP and demonstrate that such filters
yield asymptotically better approximations than conven-
tional polynomial-based AGSPs. As a result, we prove that

the ground state can be approximated by an MPS with
polynomial bond dimension.

Theorem 5 (informal): For the 1D long-range Hamiltonians
considered here, a unique ground state with spectral
gap A > 0 admits an MPS approximation with vector-norm
error ¢ and bond dimension D = [(128nD,/e2)!+27/A],
with D, and J defined below in Theorem 5 and
Eq. (288). This bond dimension is polynomial in n/e
for a size-independent positive lower bound on A and
fixed local dimension, locality &, and interaction
parameters.

For this uniformly gapped class with a unique ground
state, polynomially specified local terms, and an inverse-
polynomial energy promise gap, the ground-energy deci-
sion problem is in NP: polynomial-size MPS witnesses
allow polynomial-time verification of the energy.

2. Quantum dynamics

In a similar manner, the spectral-SIE formalism enables
polynomially efficient approximation of time-evolved
states by MPSs.

Proposition 18 (informal): For any product state |¢), the
time-evolved state can be approximated by an MPS up to an

error ¢, where the bond dimension D scales as ¢“U") (n/e?).

While Proposition 18 establishes efficient approximabil-
ity of time-evolved states, the time complexity of simulat-
ing quantum dynamics on a classical computer remains
considerably more challenging. Previous approaches have
estimated this complexity by explicitly constructing MPO
representations of the time-evolution operator e~/
[8,9,32,57]. At present, the best-known methods achieve
only quasipolynomial simulation cost [57] for long-range
interacting systems.

In our approach, instead of considering the explicit
MPO construction of the time-evolution operator itself,
we certify the accuracy of time-evolution simulation using
the tDMRG algorithm [61,62]. This strategy overcomes the
expensive task of explicitly constructing the full MPO
representation. A key difficulty, previously highlighted by
Osborne [32], is that naive error analysis of tDMRG suffers
from exponential error amplification at each time step,
undermining reliability (Sec. VIII E 2). In particular, while
truncation-based diagnostics (e.g., the discarded weight)
provide a posteriori accuracy checks during the simulation
[61], a general a priori upper bound on the total error
derived solely from the dynamics of a given local
Hamiltonian has not been established for standard tDMRG.

In this work, we address this problem by monitoring the
(1/2)-Rényi-entanglement proxy of the approximated state
at each step, thereby guaranteeing controlled error propa-
gation throughout the simulation:

Theorem 6 (informal): For a normalized product initial
state, the Euler-and-truncation scheme with bond dimen-
sion D has total error at most ¢ for D of order ¢®V9n’ /¢*,
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choosing the number of steps appropriately. Each
Euler update is followed by left-to-right exact Schmidt
truncations of the current state, without intermediate
normalization.

We believe that the same analytical method may serve as
a general paradigm for certifying the accuracy of other
DMRG-based algorithms in the study of complex quantum
systems.

3. Quantum Gibbs states

A natural question is whether similar techniques apply to
imaginary-time evolution, which is fundamental for study-
ing thermal equilibrium states. This setting, however,
presents intrinsic challenges. The key difficulty is that
imaginary-time evolution does not preserve the norm of the
quantum state. Because imaginary-time evolution is non-
unitary, even a product-form propagator (e.g., e~ ® 1)
can, after normalization, significantly modify the entangle-
ment spectrum across A|B. This illustrates in a striking way
why complex-time evolution is qualitatively more difficult
than real-time evolution [8,63]. Consequently, a direct
application of the spectral-SIE framework allows efficient
MPO (or purified MPS) approximations only in high-
temperature regimes, where the thermal state remains close
to the identity and entanglement is naturally limited.

To overcome this limitation, instead of relying on
spectral SIE, we employ the operator low-rank approxi-
mation result established in Theorem 3 and adapt it to
quantum Gibbs states. In this approach, unlike in the case
of real-time evolution, only the existence of an efficient
MPS approximation can be guaranteed.

Theorem 7 (informal): A purified one-dimensional Gibbs
state can be approximated to error € by an MPS whose bond
dimension scales as (n/e)U+#),

This result qualitatively improves upon the previously
known quasipolynomial complexity bounds for quantum
Gibbs states [57,58]. By contrast, designing an explicit and
efficient algorithm to generate such an MPO remains open.

4. Remark on high-dimensional cases

The spectral-SIE theorem is geometry-free and therefore
applies to arbitrary bipartite systems, including those
arising from genuinely higher-dimensional lattices. The
polynomial tensor-network consequences presented in this
manuscript should be viewed as a concrete 1D instantia-
tion: for 1D long-range interactions with sufficiently fast
decay, the boundary SE strength across any cut can be
bounded by O(1), enabling efficient and certifiable MPS or
MPO truncation.

In higher dimensions, the bottleneck is not the spectral-
SIE bound itself, but rather the current lack of comparably
general and rigorous tensor-network certification and
provably efficient contraction or optimization frameworks
(e.g., analogs of the 1D theory for projected entangled-pair

states [PEPS] or projected entangled-pair operators
[PEPQO]). Nevertheless, whenever the SE strength of the
boundary interaction can be bounded for a chosen biparti-
tion, our theorem yields dimension-independent constraints
on the spectral tail. Developing corresponding higher-
dimensional approximation and certification tools remains
an important open direction.

III. SETUP

A. General framework

Table I summarizes the notation used throughout
this paper.

We consider a general many-body qudit system, with the
total set of qudits denoted by A. Each qudit is assumed to
have a finite Hilbert-space dimension. We bipartition the
system into two subsystems A and B such that A = AUB.
For notational simplicity, ALB is frequently abbreviated
as AB, particularly when it appears in a subscript.
Additionally, we often use Ay, A; and B,, B; to denote
decompositions of A and B into two subsets, such as A =
AgUA; and B = ByLIB;. For any subset X C A, we denote
the Hilbert-space dimension by Dy. A product state |y,) ®
lwg) is often abbreviated as |y, wp).

We consider an arbitrary Hamiltonian supported on A
and B, which takes the form

H=H,+Hyz+ Vyz, (1)

where H, and Hp act only on A and B, respectively, and
V 4p represents the interaction term between A and B. At
this stage, we do not impose any specific locality con-
straints on the Hamiltonian. In studying the entanglement
generation, we typically assume that H, and Hp may
take arbitrary form (e.g., their norms are unbounded), while
only the boundary interaction V,p is restricted (see
Definition 1 below).

For a given bipartition A = ALl B and a quantum state
lw), we consider its Schmidt decomposition:

Dais
|W> = Z’Is|WA.s> ® |WB,S>‘ (2)

§=

Here, for a bipartition A|B, we denote by
Dyp = min(Dy, Dp)

the maximal possible Schmidt rank across the cut. When
ancillas are attached to A and B, the corresponding ancilla-
extended dimensions are used.

The Rényi-entanglement entropy of order a is then
defined as

] O B A N
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TABLE I. Summary of notation frequently used in the manuscript.

Symbol Meaning

A Total set of sites or qudits

n Number of sites in A

Dy Hilbert-space dimension of subsystem X

A|B Bipartition of the system

SR(O) Schmidt rank of an operator O for bipartition A|B

Dajp Maximal possible Schmidt rank across A|B, min(Dy, D)

Ag Schmidt coefficients in descending order

a Rényi index

E, Rényi-entanglement entropy of order o

T(®y5) Spectral-entangling strength of an operator ®,p

Vg Boundary interaction across A|B

A Spectral gap above the ground state

|Q) Ground state of the Hamiltonian

lw), |y, Physical input state and its time-evolved state

D), |dp) Generic product state and Schmidt-rank-D approximation to a target state
Pp Gibbs state at inverse temperature /3

n Power-law decay exponent, J(r) ~ r™"

J Uniform upper bound on the boundary SE strength in 1D applications
D Bond dimension or Schmidt-rank truncation parameter

€ Target approximation error

€ Auxiliary small parameter often taken to zero or chosen sufficiently small

where p, = trg(|w)(y|) is the reduced density matrix of
|w) on subsystem A, and trp denotes the partial trace over B.
Furthermore, for an arbitrary operator O, we define the
Schmidt rank SR(O) as the minimum integer such that

SR(0)
0= OA,m ® OBJn’ (4)

m=1

where O, ,, and Op ,, are supported on the subsystems A
and B, respectively.

As a measure of operator norm, we frequently employ
the Schatten p-norm defined by

0], = [er(|OI)]/7. (5)

where O is an arbitrary operator and |O|:=VO0'0. In
particular, ||O||; corresponds to the trace norm, and ||O||,
is the operator norm (i.e., the maximum singular value),
which we simply denote by ||O||.

We use |y;) to denote the time-evolved quantum state
defined as

i) = e y). (6)

while, in ground-state statements, [Q) denotes the
normalized, nondegenerate ground state of H and
A =E, - E, >0, with eigenvalues ordered with multi-
plicity. Furthermore, we study the quantum Gibbs state at
inverse temperature /:

1
pp = Z, e PH, Zy = tr(e?H). (7)

Throughout the paper, try denotes the trace over the
Hilbert space associated with a subsystem X C A. When
AB = A, we write tr,p for the full trace over the bipartite
system AB; this full trace may also be denoted simply by tr.
We shall use the following standard notational convention.
Whenever an operator acting nontrivially only on A, such
as p%~!, is placed inside tryp, it is implicitly identified with
its trivial extension to AB, namely, p5~' ® 15.

B. One-dimensional systems with power-law
decaying interactions

In several applications, we consider a one-dimensional
spatial geometry. Specifically, we use A to denote a chain
of n sites, ie., A:={1,2,...,n}. We focus on k-local
Hamiltonians of the form

H=Yhy  maxlllsg )

|Z|<k Z5i

where Z C A denotes the support of the interaction term £,
and |Z| is its cardinality.

We characterize the decay of interactions using a
function J(r) defined by

S Izl < J(),

7a{i,i'}

Vi,i' €A, (9)
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where r := |i — i’| is the distance between the site i and i’. In
contrast, a system is said to have finite-range interactions if
there exists a positive integer [y such that

J(r)=0 forr>ly, (10)

for some finite integer /; > 0 (see Sec. IX). Conversely, a
system exhibits long-range (power-law decaying) inter-
actions if

J(r)y=Jor™, n>2, (11)
where the decay exponent n determines the strength of
long-range couplings (see Sec. VIII).

For a given subset A C A, the local Hamiltonian H,
includes all terms fully supported within A:

Hy =Y hy. (12)

ZCA

The boundary interaction term between A and its comple-
ment B := A\A is then

Vap = Z hy, (13)

Z:ZnA+Q,
ZNB#Q

such that the full Hamiltonian is again written as
H:HA +HB+VAB'

We aim to approximate states such as |y(7)), [€2), and pj
using MPSs or MPOs. For MPSs, we use the form

> w(miml

S1seesSy

Mp) = M st sy (14)

where D is the bond dimension. We use open boundaries:

M [1'] isalxD row, M ,[;] a D x 1 column, and the other
matrices are D x D; the trace acts on their 1 x 1 product.
We note that any local observables for |Mp) can be
computed in at most O(nD?) computational time.

C. Spectral-entangling strength

A central problem in this work is efficiently character-
izing the capacity of an operator to generate entanglement
spectra across subsystems. However, within existing meth-
odologies, there has not been an established quantity that
efficiently and directly quantifies the ability of a general
operator to generate the entanglement spectrum. To address
this gap, we introduce a new quantity, which we refer to as
the SE strength.

The SE strength introduced here has several desirable
features:

(i) Its upper bound can be easily calculated, and in

many cases, the quantity itself can be evaluated
exactly.

(i1) It provides an optimal upper bound on the efficiency
of generating the entanglement spectrum.
In this sense, the SE strength serves as an effective and
analytically tractable measure of the spectral-entangling
capability of general operators. The formal definition is
given below (see also Sec. VIC for an extension of this
definition).

Definition 1. (SE strength). Let @,z be an arbitrary
operator acting across subsystems A and B. For any product
state |¢p) = |paa) ® |ppp) with ancillas A" and B’, we let
the Schmidt decomposition of ®,z|¢) be

D)) = Zﬂ

Then, the SE strength of ®,p is defined as

T (®ap) = sup > (), (16)

|¢AA’ ® |¢BB’,S>' (15)

where the supremum is taken over all product states
§) = [an) ® |Psp)-

Remark. Because of the concave-roof optimization (or
supremum over product states), computing 7 (®,z) rigor-
ously is not straightforward. In the subsequent sections,
we will consider several cases in Eqs. (81) and (125),
where Eqgs. (91) and (126) give the analytical solutions,
respectively.

On the other hand, one can easily calculate an upper
bound for J(®,z). For example, if ®,; admits a decom-
position of the form

Dyp = ZJ]'CDA,/ ® ®p; with |[|@y; ® Py |l =1,
J
(17)

then the SE strength is trivially bounded by

T (®yp) SZ|J]‘|- (18)

We emphasize that the SE strength is a structural
property of general quantum operators, not limited to
Hamiltonians (see Lemma 4 below). It is well defined
for a wide range of operators, including time-evolution
unitaries, the AGSP, and general quantum channels. This
versatility allows the SE strength to systematically quantify
their influence on the entanglement spectrum of quantum
states, thereby establishing a unifying framework for
entanglement dynamics and structure across diverse physi-
cal systems and computational settings.

Finally, we remark on the presence of ancilla systems,
which can significantly change the value of the SE strength.
For example, the two-qubit swap operator S,z maps any
product state |¢4) ® |¢pg) to another product state; hence,
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J(Sap) =1 if no ancilla is allowed. However, when
additional qubits A’ and B’ are attached, consider the
product state

10404) ® —=(|0505) + [1515)). (19)

1
V2
After applying Sz, the resulting state across the AA’|BB’

cut has two equal Schmidt coefficients 1//2, implying

T (Sap) > v/2. Thus, the existence of ancillas reveals a
nontrivial entangling capability that would otherwise
remain hidden.

IV. FUNDAMENTAL LEMMAS

In this section, we present a collection of elementary but
fundamental lemmas that serve as the technical dictionary
for the rest of the paper. The purpose is to explain how
control of the #; size of the Schmidt spectrum > A, can be
converted into quantitative Schmidt-tail bounds and trun-
cation-error estimates. While the results themselves are
derived via straightforward arguments, they capture the
basic mechanism behind our approach: spectral informa-
tion, rather than entropy alone, controls tensor-network
approximability.

First, Lemma 1 and its Corollary 2 provide a basic but
powerful statement on the decay of the Schmidt coeffi-
cients. These results, when combined with the definition of
SE strength, allow us to rigorously discuss the truncation
error of the Schmidt rank for an arbitrary operator ®4p
acting on bipartite product states, as detailed in Corollary 3.

Next, Lemma 4 addresses a fundamental property of the
SE strength, namely, its subadditivity under certain linear
combinations of operators. This property will play a key
role in establishing upper bounds for more general oper-
ators appearing in our framework.

Finally, Lemma 5 elucidates a general relationship
between the decay of the Schmidt coefficients and the
Rényi entanglement. This lemma highlights how the
entanglement spectrum constrains the scaling of the largest
Schmidt coefficients, thereby linking spectral properties to
entanglement measures in a quantitative manner.

Together, these lemmas provide the conversion rules
used later in the paper: from SE strength to Schmidt-
spectrum control, and from Schmidt-spectrum control to
truncation-error estimates.

A. Decay of the Schmidt coefficients

We begin by establishing a general upper bound on the
sum of overlaps between a nonorthogonal product-state
expansion and an orthonormal basis, which underlies our
analysis of the entanglement spectrum.

Lemma 1. Let |'¥) be an arbitrary unnormalized quantum
state of the form

) =gl @ I8 (20

where {|A;)}, and {|B;)}; are normalized but not neces-
sarily orthogonal states; only normalization is required:

(AjlAj) = (Bj|Bj) =1 V. (21)

Let {|a,)}, and {|b,)}, be arbitrary orthonormal bases on
subsystems A and B, respectively. Then the following
inequality holds:

Shab9i<Y lol=e (22

1. Proof of Lemma 1

The proof follows immediately from the inequality as
follows:

> las blga. ds)| < 1, (23)

N

which holds for any product state |¢,) ® |¢pp). Indeed,
using linearity and the above inequality, we obtain

Z|<as’ bs|‘P>‘ = Z

N

Zgj<as’ bs|Aj’ Bj>

J

<> g1 s bilA;, B))]
J s

< Z|£]j|- (24)
J

An application of the Cauchy-Schwarz inequality yields
inequality (23):

> Waglda)l < |(bylbs)]

) (Sltalanr) " (Slodonr) =1 @s)

This completes the proof. m
The lemma implies the following corollary regarding the
Schmidt coefficients:
Corollary 2. Let |¥) be as defined in Eq. (20), and let its
Schmidt decomposition be given by

Dys

|lP> = Zﬂr|¢As> ® |¢B,s>’ (26)
s=1

where the Schmidt coefficients satisfy 4y >4, > --- > 0.
Then we have
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Dyp

> i <. (27)
s=1

where ¢ is as defined in Eq. (22).
Remark. From the ordering 4; >
that for any sy €N,

g2 SZOAS
s=1

Thus, for all s > 1,

R lDA‘B, it follows

Q
S0

> sy, = A (28)

So—

Ay < (29)

%Im

We now use this to evaluate the approximation error due
to Schmidt-rank truncation.

Corollary 3. Let ®4p be an arbitrary operator acting
between subsystems A and B. For any product state
|p) = |pa) ® |@pp), let ®yp|@p) have Schmidt decomposi-

tion
Dy5)¢h) = Zﬂ

with A,(¢) in descending order. Define the truncated state

)bas) ® |¢5.s)- (30)

D

|¢D> = Zﬂ'v(¢)|¢A,s> ® |¢B,s>' (31)

s=1
Then the approximation error satisfies
I (Pas)
VD

Proof of Corollary 3. Using Eq. (29) for each A,(¢), and
applying the definition of the SE strength, we deduce the
inequality

[Pasld) —

[#p)ll < (32)

1@usl) — o) = 34, ¢>2<Z( ‘I’AB)
s>D s>D
SN SELLEY

s>D

Taking the square root on both sides yields the desired
bound. L]

,_7(0) = Z<$AA/.X”’ &BBI,S()|O|$>

S0

B. Upper bound on the SE strength for general
operators

We consider an arbitrary operator of the form

- / " P (). (34)

where ®,z(x) is an arbitrary operator that depends on
x €R. We then analyze how the entanglement spectrum
varies with the choice of the operator O. We prove the
following lemma:

Lemma 4. (Subadditivity of the SE strength). For any
operator of the form given by Eq. (34), the inequality

7(0) < / T T @l (35)

[Se]

is satisfied. .
Proof of Lemma 4. From Definition 1, we define |¢) such
that

|}) = arg sup (ijs)). (36)

For the quantum state |¢),
decomposition of

0|¢) = Z/I

we consider the Schmidt

D)lpans) @ gy .s)- (37)

Then, our task is to estimate Y, ,(¢) = J(0).
For an arbitrary ®@,5(x) and the state |¢), we define the
Schmidt decomposition as follows:

D p(x Z/I (#.2)|dan s (%)) ® |bsp (x)).  (38)
which also yields

0lf) = / ™ e f () S B Pan () @ | s (1)),

(39)

where we use Eq. (34). From the Schmidt decomposition
(37), we obtain an upper bound on J(0) as

= [ S A3 Bt P a5 )

< /_: dx|f<x>|z/~15($vx)ZK&AA’,so’ &BE’,S()'&AA’,S(X)? &BB’,S(X)H' (40)
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By using inequality (22) in Lemma 1 with g; = 1 and
g; =0 (j > 2), we have

Z|<<ZAA’,;O’&BB/,sv()@AA',s(x)v&BB’,s(xm <1 (41)

)

for an arbitrary x and s. Furthermore, applying Eq. (16) to

T|®4p(x)] implies

T0um()] = S 4, (3.x). (42)

By combining the inequalities (41) and (42) with Eq. (40),
we arrive at the desired inequality of

7(0)< [ a3 Ay

< [Tal@iiene. @)
This completes the proof. u

C. Schmidt coefficients vs Rényi entanglement

Lemma 5. Let |y) be an arbitrary quantum state with the
Schmidt decomposition as follows:

Dyp

|W> = Z’ISWIA,J ® |V/B.s>v (44)
s=1

where the descending order (1; > 4, > ---) is assumed.
Then, for any natural number s, and a € (0, 1), 4, , satisfies
the following inequality:

2 g(l_a>Ea (l/’) 1/(2(1) 45
< R —
| So| - ( SO > ’ ( )

where E,(y) is the Rényi entanglement (3).
Proof of Lemma 5. From the definition (3), we obtain

Dajs
Zg?a — o(I—@Ea(w) (46)
s=1
Then, we have
Dajs o
D> 2> 500, (47)
s=1 s=1

where we use 4, > 4, for s < s,. Therefore, by combining
the above two relations, we get

soﬂgg S e(l_a)Ea(l//) s (48)

which yields the main inequality (45). This completes the
proof. L]

V. SPECTRAL SIE

The purpose of this section is to prove the spectral-SIE
theorem and to clarify its optimality. The key idea is to
estimate the time derivative of the Rényi entanglement E,
directly in the instantaneous Schmidt basis. Since the
intraregion terms H, and Hp generate only local rotations
on the two sides of the bipartition, the change of the
Schmidt spectrum is governed by the boundary interaction
V4. We show that this redistribution of Schmidt weights
can be controlled by the SE strength [7(V,z), which
leads to the dimension-independent bound |dE,/dt| <
coJ(Vap) for a > 1/2 (Theorem 1). After proving this
bound, we demonstrate that the threshold a =1/2 is
optimal and that the constant c,_;, =2 cannot be
improved in general (Propositions 7 and 8). These results
provide the main dynamical input for the later tensor-
network approximation results, where control of E,, is
converted into Schmidt-tail and truncation-error estimates.

A. Entanglement rate for Rényi entanglement (o > 1/2)

Theorem 1. For an arbitrary time-evolved quantum state
ly,) = e"'|y) and the a-Rényi entanglement E,(y,) in
Eq. (3), i.e.,

E,(y;) = pra = twp(lwe)(wl),

(49)

——logltra (pf ).

we obtain the upper bound on the entanglement rate as

}"E—O”) < caT(Vas) (50)

dt

for @ > 1/2. The bound holds wherever the derivative
exists, and almost everywhere. Here, c, is defined by the
following formula, with limiting values at « = 1/2, 1, o
(see Fig. 2):

C = 2a [(Za_l)(2a—1)/(2—2a)

= — (a—1)Y/20) (5]
= (2a= 1)/, (51)
In particular, from c;/, = 2, inequality (50) for a =1 /2
can be rewritten as

<27 (Vyp). (52)

dE, (v,
dt

The statement remains valid even when the system is
extended by attaching arbitrary ancillas to A and B.

Remark. As a specific example, let us consider the case
where V5 is given by
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FIG. 2. Plot of ¢, with respect to a. We have ¢,/ =2,
Coe1 =4/e, and ¢,y = 2.

Vag = Jiaphia®hjg. sl = ksl =1. (53)
J

Then, the upper bound (50) can be simplified as

dE,(y,)
dt

< C(IZ|Jj.AB|? (54)
J

where we use inequality (18) to obtain J(V,pz) <

22 Wjasl-

B. Optimality of the entanglement generation

Before showing the proof, we emphasize the optimality
of the entanglement rate bound for Rényi entanglement.
The main points are listed below.

(i) Tightness at @ = 1/2: In the special case @ = 1/2,
the coefficient ¢, =2 is tight. There exists an
explicit quantum dynamics for which the entangle-
ment-generation rate saturates the upper bound over
a finite-time interval, demonstrating that the result
cannot be improved in general (see Sec. V D).

(ii) Threshold of @« = 1/2: The value a = 1/2 serves as
a sharp threshold for the existence of a meaningful
upper bound on the generation rate of Rényi
entanglement. For @ < 1/2, no universal bound
exists; that is, there are examples where the entan-
glement generation in an O(1) time can become
arbitrarily large depending on the Hilbert-space
dimension. Conversely, for a > 1/2, the bound in
Theorem 1 provides a dimension-independent con-
straint (see Sec. V E).

We also make two remarks on optimality.

(i) For a > 1/2, the optimality of the entanglement rate
bound remains an open problem. In particular, for
the case @ =1 (the von Neumann entropy), the
qualitative behavior of the entanglement rate differs
from the case @ = 1/2 (see below).

(i) Even if we consider systems with spatial structure,
such as those with short-range interactions, the
unbounded entanglement rate below a = 1/2 can
appear instantaneously. However, in such cases,
qualitatively different behavior can emerge for the
entanglement generation over a finite time. We will
discuss this point in detail in Sec. IX.

Regarding the first additional point, the standard SIE
theorem [21-23,25] for @ = 1 depends on ||V ||, while
our generalized bound depends on the SE strength 7 (V 4).
Here, we can see a qualitative difference between J (Vag)
and [[V.yg]].

As a concrete example, let us consider the case where
Vap 1s supported on AgB, (Ay CA, ByCB) and
Dy, = Dp, = M + 1. We then consider an interaction of
the form

M
Vas, = ZJ(UAO»J'BOMOAO, 0p,| +H.c.), (55)
=

where {]j4,)}iLo and {|j,)}}, are orthonormal bases on

Aoy and By, respectively. For this specific example, we
obtain precisely [see also Eq. (91)]

T(Vas,) =JIM,  |[Vagl=JVM.  (56)

From the above estimation, we get the entanglement rate
for the @ = 1 case [22]:

IA

dE . _
'& 18]V g5, || 10g(D,)

dt

187V M log(M + 1), (57)

whereas we can explicitly find a dynamics such that

>27(Vyg) —e=2JM—¢, (58)

dE,,(y,)
dt

where € approaches zero in the limit as the Hilbert-space
dimension becomes large (see Proposition 7). Therefore,
the entanglement rates for a =1 and a = 1/2 show a
qualitative difference in the limit of M — 0.

It is an open problem to unify the current spectral-SIE
and the standard SIE theorems.

C. Proof of Theorem 1
Passing to the interaction picture, we may set
H, = Hg = 0. First take o > 1/2, a # 1. For the coef-
ficient matrix M,, tr(p?,) = ||M,||32 is differentiable even
at zero singular values, and the support-restricted expres-
sion below gives its derivative. First, we consider

041035-13



DONGHOON KIM et al.

PHYS. REV. X 16, 041035 (2026)

d

_Ea(Wt) -

0 a log [trA (Pa )}

1
1 —adt
a .
teas (i3 =iH. ). (59)

~ (1= a)ua(pf,)

where p;, = [y;) (.
Precisely speaking, since p, 4 may have zero eigenvalues,

we interpret pffgl as an operator acting on the support of
Pr.a» 1.€., the subspace spanned by eigenvectors of p, 4, with
strictly positive eigenvalues. Let I1, denote the orthogonal
projector onto supp(p, 4 ). Throughout, we implicitly work
with the restricted operator on supp(p; »), i.e.,

Iup5 Ty, (60)

so that contributions from eigenstates with zero eigenvalues
are excluded and p¢;' is well defined.
Then, we obtain

(04
<— |t alH, . (61
= |1 _a|trA(p¢;A) rAB(pt,A [ pt]) ( )

d
—FE
d[ (x(l//t)

In the following, for an arbitrary quantum state
p = lw1){y|, we generally consider the upper bound of

|trap(pi ' [H, p])|, where py = trg(p).
For this purpose, we use the Schmidt decomposition of

Dajp

|l//1> = Z’%‘Ws,A) ® ‘l//s,B>’

s=1

Pa = Z’I?|Ws.A><Ws,A|'
s
(62)
From the expression, we obtain

trap(pi [H. p])
= Z/ﬁa_z Wsaswy sl [Vag. pllwsa. vy )

s5,8"

= 22wy W sl Vaslr) wilwsa wo ) —cc.)

s5,8"

= Z’l?a_z«lﬂs,A’ WS,B|VAB/1$/1S’ |WS’,A7 Ws’,B> - C-C-)

5,8

= Zﬂga_]ﬂs’(@l/s,mll/s,B|VAB|l//s’,A7l//s',B> —c.c.)

5,8

- Z(ﬂ%a_]ls' - ﬂ'z’a_lﬂs) <WS,A’ WS,B|VAB |1//s’$A’ l//s’,B>’

5,8

(63)

where we use Eq. (62) in the step from the second to the
third line.
Next, we consider the relations

2y = 2212, = 22— x| S 2,28 (64)

for A, > Ay (or s <), where x = Ay /A, €0, 1] and the
constant ¢, is defined by

Gy = (2(1 _ 1)1/(2—2(1) _ <2a _ 1)(2(1—1)/(2—2(1) , (65)

where we set ¢y, = 1. The constant ¢, is obtained by

maximizing the elementary function f,(x):= |x — x>*!|

over x€[0,1]. For a > 1/2, a# 1, this maximum is

attained at x = (2a — 1)"/2=29 which gives Eq. (65).

For a = 1/2, we use the limiting value ¢/, = 1.
Introducing {, ¢ as

(o = |<l//s.A’ l//s.B|VAB|l//s’,A9 ll’s',B> | (66)

the term on the extreme left-hand side of Eq. (63) admits an
upper bound as follows:

ltas (PG [Vag: p))| < & (Zﬂ%m,y + fof*cx,y)

s<s' s>

= 250{2/1%&;9,5“ (67)

s<s'

From Definition 1 for the SE strength, Vp|y, 4. W, 5)
can be rewritten as

Z/L‘j’ <T(Vap)-

s

Vs |l//s,A ’ l//s,B> = ZAE’S) |V7.9',A > l/?s’,B> ’
(68)

Therefore, applying inequality (22) in Lemma 1, we obtain

Z é/s,s’ < Z|<W&’,A7 I//s’,B|VAB|l//s,A7 l//s.B>| < j(VAB)
st s'>s s
(69)

for any s. The above upper bound reduces inequality (67) to

ap (05 [Vag )| < 28,7 (Vag) S22
=28, (Vap)tra(ps).  (70)
By applying the above inequality to Eq. (61), we obtain

d

—F
dl a(Wt)

2¢,a
<
~ |1 -

j(VAB) = Cm_j(VAB)- (71)

Integrating and using finite-dimensional continuity as
all/2, a— 1, or a — oo gives, for s <1,

Ea(y) = Ealy)] < ca / " TV pw)) dus
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with ¢y, =2, ¢; = 4/e, and ¢, = 2. These bounds imply
the end-point derivative estimates almost everywhere. This
completes the proof. m

From Theorem 1, we can deduce the following corollary,
which will be useful in subsequent discussions:

Corollary 6. For a Hamiltonian H of the form given in
Eq. (1), the SE strength J(e~*") is upper-bounded by

T (emiH1) < e Van)lil (72)
We note that the upper bound is generalized to arbitrary
time-dependent Hamiltonians.

Proof of Corollary 6. 1t suffices to take ¢t > 0; replacing
H by —H covers negative times. Let us consider an
arbitrary product state |¢p) = |p4) ® |¢pp). Then, the
(1/2)-Rényi entanglement of the time-evolved state |¢,) =
e H1|¢) satisfies the upper bound

Eyp(¢,) < ‘—E1/2(¢z.)

dt; <2J(Vap)t,  (73)

where we use ¢y, =2, ie., |dE ;(¢,)/dt] <2T(Vap).
We then define the Schmidt decomposition of |¢,) as
follows:

b)) = ZA

from which we obtain E ,(¢,) as

)95 @ |hi)), (74)

Eys() = 210e( 4,0 75)
Therefore, we obtain

S (1) = B2 < @I Wi, (76)

N

Since this holds for any product initial state |¢), the main
inequality (72) follows from the definition (16), i.e
J(®yp) = supy > A(¢). This completes the proof. =

D. Tightness at a=1/2

We show here that the coefficient 2 in Theorem 1 at
a = 1/2 is tight. We prove the following proposition:

Proposition 7. Let A and B each consist of n 4+ 1 qudits
of dimension M + 1. Then, in the limit of n — oo, there
exists quantum dynamics such that the average entangle-
ment rate saturates the spectral-SIE bound (52) over a
finite-time interval:

Eip(y,) — Eyj2(wo) > 27 (Vo p) - 2[T (Vayp,)]*t

t n

(77)

for

0<r< M (78)
2T (Vays,)

In inequality (77), the first term dominates when
n>> J(Va,p,)t, or, equivalently, 1 < n/j(VAnBO).

1. Proof of Proposition 7

From the given assumptions, the subsystems A and B
are composed of n + 1 qudits with a dimension M + 1,
respectively:

A=AgUAU--- UA,, B=ByUB,U---UB, (79)
with

D DA]: ":DAn:M+1,

Dg, =Dy, =+ =Dp =M+ 1. (80)

Here, take J > 0 and consider the interaction

M
= J(jags js,) (0, 05, + He).  (81)
=1

VAoBo

Since this operator is diagonalizable, we obtain

E_iVA0B0[|0A0’ OBU> = COS(\/MJI) ‘OAO’ OBO>

s sin(\/A_/I]t) o
- ZZW |jags JBy)  (82)
for any t. Also, we consider the Hamiltonian H, ; and Hp g
that realizes a swap operation between A (resp., By) and A,
(resp., By). Because the norm of H, and Hp, can be
arbitrarily large, we can let

M
e e = Z Fags Ja, ) ags Ja, |-
J.J'’=0

—lHB,

Z |5+ 78.) Uiy J. | (83)

J:J'=0

for an infinitesimally small e. We recall that there are
no constraints on the form of H, and Hjp in the
Hamiltonian (1).

Then, we construct the quantum dynamics using the
time-dependent Hamiltonian as follows:

n
UU—>I/ = H e_i(HA.,x+HB,,x)8e

s=1

—iVAOEOt/", (84)
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where ¢ =t + ne, which can be made arbitrarily close
to ¢ by taking the limit € — +0. We choose the initial state

o) as
lwo) = E’O 04..05.). (85)

By applying the unitary time evolution U,_,,, we have

i) = Uomrlwo) = |04, 05,) ® H Wa,.5,(1/1)),
s=1

WA, (X)) = cos(VMx)[04,.0p.)

_ Z% nin). (86)

where we use Eqgs. (82) and (83). Each of the quantum
states {|wa p (1/n))}i_, is given in the form of the
Schmidt decomposition.

Then, in the limit of ¢ — +0, the (1/2)-Rényi-entangle-
ment entropy for |y,) is given by

Eip(y,) = Z Eip(wa, g (t/1))
s=1

= 2nlog (cos(\/A_/IJt/n) + MMW)

= 2nlog(cos(z) + VMsin(z)), (87)

where we set 7 = \/A_4]t/n which satisfies 0 <z <1/2
from the condition (78). Note that the conditions
cos(z),sin(z) > 0 for 0 < z < 1/2 were used in the above
equation. By differentiating with respect to z, we obtain

VM cos(z) — sin(z)
cos(z) + VM sin(z)

d%log(cos(z) + VM sin(z)) = >0,

(88)
where we use M > 1 and z < 1/2. Hence, by using

VM cos(z) — sin(z)
cos(z) + /M sin(z)
for 0<z<1/2,

> VM~ (M+ 1)z

M>1, (89)

we obtain

E\ ) (w;) = 2nlog (cos(z) + \/A_/Isin(z)>

> 2n<\/1\_/1z—1vl;r 1z2>
> omi— M ijtz . (90)
Finally, we prove the equation
T (Vags,) = MJ, o1

which reduces inequality (90) to the desired form (77).

We recall that the SE strength is defined by taking the
supremum over arbitrary product states after attaching
arbitrary ancillas A’ and B’. Hence, let

|¢> - |¢A0A’> ® |¢BOB’> (92)

be an arbitrary product state across the bipartition
ApA’'|ByB’. Expanding the two factors in the fixed bases
used in V, p , we write

M
bagwr) =D ajlin) ® 1Ea),
j=0
M
|¢BOB’> = ij|j30> ® |Cj,B’>7 (93)
Jj=0

where M |a;* =

states |&; 4) and |{;p) are normalized whenever the

corresponding coefficients are nonzero. Here, no orthogon-

ality of the conditional ancilla states is assumed.
Applying V, g, of Eq. (81), we obtain

Molbjl* =1, and the conditional

M
Va,n,0) = Jzajbj(|0A0> ® &) B (05,) ® ¢ 5))
=

M
+Jaobollia,) ® S04) @ (lin,) ® lSo.))-

=1
(94)
This is a product-state expansion across AyA’|ByB’, not
necessarily a Schmidt decomposition. Therefore, by
Lemma 1, the sum of the Schmidt coefficients of

V4,8,/¢) is upper-bounded by the sum of the absolute
values of the coefficients in the above expansion:

M M
D AT a4 1) laghol. (95)
K j=1 j=1

Applying the Cauchy-Schwarz inequality, we obtain
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M M 1/2
> A< J(Z la;P+ |ao|2>
s = =
M M 1/2
X <Z |b;* + Z |bo|2>
=1 =1

= J[1+ (M = 1)]agP]'?[1 + (M = 1)|bo"]'/?
<MlJ. (96)

Since this holds for arbitrary ancillas A’, B’ and arbitrary
product states |¢p) = [psa1) ® |¢p,p), We have

T (Va,,) < MJ. (97)
Conversely, the upper bound is attained by choosing

|¢A0A’> = |OA0> ® |§A’>, |¢BOB’> = |OBO> ® |€B’>’ (98)

with arbitrary normalized ancilla states |é4) and |{p).
Then,

S

Vs ba d5) = > (lia,) ® [€4) ® (lim,) ® |65))-

J=1

(99)

The states {[j4,) ® [£a) j‘w=1 and {|jp,) ® |Cp) 94:1 are
orthonormal sets. Hence, the above expression is already a
Schmidt decomposition with M Schmidt coefficients all
equal to J. Therefore,

T (Vagp,) = MJ. (100)
Combining the two bounds gives Eq. (91). This reduces
inequality (90) to the main lower bound (77). Moreover, the

condition z = v/MJt/n < 1/2 becomes

nvM

1< —

S 27 Van) (101)

E. Optimality of the threshold: Unbounded
entanglement rate for a < 1/2

We next show that the threshold @ = 1/2 cannot, in
principle, be removed. As shown below, we explicitly
demonstrate that the average entanglement rate is
unbounded for a < 1/2 for a finite-time interval.

Proposition 8. For 0 < a < 1/2,1et A and B each consist
of two qudits {Ay,A;} and {B,, B}, respectively, where
DA() = DBO =13 and DA] = DBI = DO + 1. Then, there
exists a quantum dynamics such that

1-2a
|E(1(l//t) - E(I(Wt:0)| > l—a log(DO)
1 T(Vap )\ 2
+ log [a<7j( A°B°)> ]
l—a 2

(102)

under an appropriate initial state |w,—o) [see Eq. (112)
below], where we assume

0<t<=

Van) . (103)

Remark. By setting 7 (V4,p,) = 1 and 1 = 1, inequality
(102) yields
E —E _ 1-2 1
| a(‘l’t) a(l//t_O)| Z alog(Do) +
t -« -«

log(a272%).
(104)

From the above bound, as long as a < 1/2, the average
entanglement rate can be made arbitrarily large regardless
of J(Va,5,) = 1. Thus, information about the boundary
interaction alone does not suffice to upper-bound the Rényi
entanglement for @ < 1/2. This point is compared to the
geometrically local interacting systems, which will be
discussed in Sec. IX.

1. Proof of Proposition 8

For J > 0, define the interaction between A, and B by

Vaos, = J(|14,0 18,)(0a,. 05| +H.c.).  (105)

In this setup, we prove that J (Va,8,) is equal to J:

I (Vags,) = J. (106)

where the proof proceeds in a manner analogous to that of
Eq. (91). From the condition (103), we get

Jr<l. (107)

Dy
s=1°

We introduce D, sets of Hamiltonians {H 4 + H, 5}
where H; 4, and H  are defined as

Hop = =Ja([54,24,)(04,. 1a,| +H.c.),

HS,B = _JB(|SB]’2’BO><OBI7 130| + HC) (108)

Here, J, and J can be chosen arbitrarily large, and hence
we set them such that
e_iHS"A€|0A1 s 1A0> = i|SA1 ’ 2A0>’

e Msr¢|0g 15 ) = ilsg, . 2p,). (109)
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where we choose eJ4 = eJp = x/2. Also, from Eq. (105),
we get

e_iVA‘JEOAI|OA07 OB()> = COS(JAt) |0A0’ OBO>

—isin(JAr)[1,,.15,).  (110)

We subdivide the time interval into D, segments as
t/Dy = At and construct the unitary time evolution by

DO
U0—>t’ = H e_i(H:.A+H.r.B>ge_iVAOBOAt’
s=1

(111)

where ¢ = ¢+ Dye. By construction, # can be made
arbitrarily close to t. We begin with the quantum state of

[wo) = |04,.04,.05,. 05, ). (112)

As the first process, we have
) 5= et V)
= e ihattip)e(cos(JAL)[0,4,. 04, 0p,. 0p, )
— isin(JA7)|04,. 14,. 15,.03,))
= cos(JA?)|wo) +isin(JAL)[14,,24,,25,. 15,).
(113)

The subsequent unitary dynamics e~ /(HeatHon)eo=iVagn, Al
(s > 2) does not change |1,,2,4,,25,.15,), ie.,

—i(H H —iV At
e i(Hyp+ x.B)Ee 40Bo |1A1 s 2A07 230, 1Bl>
= |1A1’ 2A07 2307 1Bl>

for s > 2. In the next step, we have

(114)

e_i(HZ'A+H2'B)E€_iVAOBOAt|l//l>

= COS(JAZ)e_i<H2AA+H2,B)ge_iVAOEOAt|l//O>
+ lSlIl(JAt)“AI s 2A0’ 230, 1Bl>

= cos?(JA1)|y) + icos(JA7)sin(JAL)[24,, 24, 25, 25, )
+isin(JAt)|1Al,2A0,2,BO’1Bl>, (115)

Repeating this type of process iteratively in an analogous
manner, we obtain

Uor |l//0> = cos™ (‘IAI) ‘OA1 ’ OAO’ OBO’ OBI>
Dy
+iy cos* " (JA7)sin(JAL)[sa, . 24,25, 5B, )-

s=1

(116)

The above expression gives the Schmidt decomposition of
Uy |wo), and hence the Rényi entanglement is given by

log (COSZDU" (JA?)

0

+ cosZ<S—1>a(JAz)sinZa(JAt)), (117)
s=1

where we take the limit of ¢ — 40 in Eq. (116).

Equation (107) imposes the constraint JAr < Jt < 1.
Because of cos(x) >1-—x/2 and sin(x)>x/2 for
0 < x <1, the following relation holds:

s=1

1 = 2(s—1)a 2a
Eu) 2 alog(z (1 = JA1/220-De(7A1)2)

1 1 — (1 —JAt/2)?Pox
> 1 JAt/2)%
“1-a Og(( /2) JAL)2
(118)
Here, we note that the condition (107) yields
At t 1
Jar_J < for0<a<1. (119)

-2 < <
2 22)0 - 2D0 - ZD()a

Replacing JA¢/2 with x and treating x as a variable on the
rhs of Eq. (118), we are led to consider the function of

1=(1-= 2Dya
Sl Ut L W (120)
X (1124
Since (1 — x)?Po% < 1 — Dyax, we obtain
1=(1-= 2Dy
Sl Gt (121)
x

Therefore, we reduce the lower bound (118) to the main
inequality:

1 Jt 2a
log | Dya| —
a2 (m) |

1-2 1 T(Vap )\
= alog(D0)+—10g a 7‘7( Ao5) ,
l-a l-a 2

Ea(Wz) 2

(122)

where we use Eq. (106) in the last equation. Note that
E,(y,—o) = 0 from the definition (112). This completes the
proof. n

VI. OPERATOR APPROXIMATION VS
ENTANGLEMENT GENERATION

Here, we consider the following question: “Does a
small spectral-entangling capability imply an efficient
low-Schmidt-rank approximation of the corresponding
operator?” In general, the answer to this question is no.
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Consequently, we obtain a complexity separation—
measured in terms of the Schmidt rank required for a given
approximation error—between approximating the time-
evolution unitary and approximating time-evolved states.

This distinction is physically important because entan-
glement generation and operator approximability are
not equivalent notions. For quantum states, control
of the Schmidt spectrum directly leads to efficient
low-Schmidt-rank truncation. By contrast, a small spec-
tral-entangling capability of an operator constrains the
entanglement that it can generate in states, but does not
necessarily constrain the Schmidt-rank complexity of the
operator itself. Hence, efficient approximation at the state
level does not automatically lift to an efficient MPO or low-
Schmidt-rank approximation of the full time-evolution
operator.

The purpose of this section is therefore twofold. First, we
show that bounded SE strength, while sufficient to control
state-level entanglement generation, does not automatically
imply efficient operator-level approximation in the operator
norm (Proposition 9). This disproves a naive equivalence
between spectral-entanglement generation and low-
Schmidt-rank approximability of the full unitary. Second,
motivated by this separation, we introduce the a-SE
strength 7, (Definition 2) and formulate Conjecture 2
as a possible sufficient condition for efficient operator
approximation. Subsequent results on Conjecture 2 are
summarized in the Note added. Here, Theorem 3 uses an
explicit structural assumption on the interaction decom-
position (Assumption 10). This theorem provides a rig-
orous positive result in the direction suggested by the
conjecture and will later be used to obtain the Gibbs-state
approximation bound in Theorem 7.

A. Lower bound on the operator low-rank
approximation

Proposition 9. Let us consider a class of quantum
dynamics e~"4s" such that

J(Vag) = 1. (123)

For each fixed D, choosing the Hilbert-space dimension

sufficiently large gives dynamics e~"4s’ such that, for
t>0,

) 5t
inf ||e=Has! — U >14+=—-¢,
UAB,D” apoll =1+ 1

(124)

where infy,,  is taken over all the operators such that the

Schmidt rank is smaller than or equal to D.

Remark. In this setup, for any initial state with
dimension-independent Rényi-1/2 entanglement, the cor-
responding time-evolved state can be well approximated by

a finite Schmidt rank D, whereas the full unitary time
evolution admits no such approximation.

The lower bound is intended only to be nontrivial
on a constant time interval (e.g., for ¢ such that
1 + 5t/4 — ¢' > 0); this suffices to establish the separation
between state-level approximability and operator-level
approximability.

Here, D is fixed independently of dimension. For the
example (125), write V = VAoBo and note that V2 =V, so
e™V =14 (e7" = 1)V. For 2 < D < N, Egs. (142) and
(143) give a diagonal Wj_; with SR(Wp_;) < D —1 and
|V—=Wp_i|| £24/logN/(D—1). Thus, Uypp=
1+ (e7" = 1)Wp_; has operator Schmidt rank at most
D and error at most 2|e™"" — 1|y/log N/(D — 1). At fixed
time, this error bound is O(y/log N/D), tending to zero
when D/log N — co; the identity accounts for the addi-
tional rank one. Low-rank approximations of the core
quantum Fourier transform, with bit reversal removed,
have also been studied [64,65]. An interesting open
question is whether dynamics with SE strength bounded
independently of dimension can require an operator
Schmidt rank growing as a positive power of D,p for
approximation at a fixed nonzero time and fixed operator-
norm accuracy.

B. Proof of Proposition 9

Consider a four-qudit system comprising subsystems Ay,
Ay, By, and B;, where Dy =Dy = N with N chosen
sufficiently large. We then consider the Hamiltonian of the
form

N

Hyp = VAUBU = Z(|S><S|)A0 ® (|s><s|)30,

s=1

(125)

where we choose the boundary interaction V , 5 as the above
VAO B,- BY the same calculation as in Eq. (97) used to prove
Eq. (91), we obtain

‘_7(‘714030) — 1 (126)
We then consider a time evolution such that

miflt = 1 — i/ > 50" g 127

e =1-1i AoBot+Z:2 ol Aoy’ (127)
which satisfies

. - X mo
l|etHant — (1 — iV 5,0)|| < Zﬁ Va5 |Im < e —1—1,
m=2"""
(128)

where we use ||V, [ = 1.
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We then define U,z p as the optimal approximation of
e~"Has! Using this, we find the following relations:
lle=Has" — Uyppll 2 [T = iV a8, = Usp.pll

— [le™ st — (1 =iV 4,5, 1)

2 t‘i/‘glf”VAoBo = Wapl| = (e =1 —1).
2D

(129)
Note that we used
11— iVAoBOt_ Usspll
=11 =iVt = [Re(Ungp) + iIm(Uspp)|l
- 1
> t|Va,p, + ;Im(UAB,D)
2 [‘i;lfHVAOBO = Wapll. (130)
2D

Here the infimum 1is over Hermitian W,, with
SR(W,p) <2D. Fort > 0, —Im(Uy,p p)/t belongs to this
class, and taking the Hermitian imaginary part is contrac-
tive in operator norm; the case ¢ = 0 is immediate. We use
Re(U) = (U + U")/2 and Im(U) = (U — U")/(2i).

The remaining task is to estimate a lower bound for the
low-rank approximation of VAO B,- In detail, we calculate

6ap = ‘i}l}lf”VAoBo_WZDH' (131)
2D

We define W, as

Wyp = arg ‘i)&lf”VAoBo - Wopll. (132)
2D

and prove that the form of W, should be given by

N
Yo Weells)sDa, ® (Is)(s'Dg,e  (133)
s, s'=1
where W, ¢ €R for all s, 5'.
For the admissible operators,
Waip = W;D = Re(Wap). Im(W,p) =0.  (134)

Hence,

1V 08, = Wanll = Sup [l (Vayz, = Wap) )l (135)
y||=1

The normalized partial traces and local dephasing below
preserve Hermiticity, do not increase operator Schmidt
rank, and do not increase the error.

Next, we consider the component acting nontrivially on
the subset A;B; and prove that it cannot contribute to the

error reduction. Let W, be Hermitian. We decompose the
operator W, into

Wop = Wapa,, + 6Wap as, tra, 5, (6Wap ap) = 0.

(136)

Note that Wyp 4 p, abbreviates Wop 4 p, ® iAlBl' We
choose a quantum state p defined as

A

a8
= 137
Das (137)

P = wayB,) (Ways,| ®
where the state [y, p,) satisfies

Va8, = Wan.ags, |l = [(Wa,s,|Vas, = Wap.ags, [Wa,s,)|-
(138)

For any 6W;p 4, the following inequality holds:

1V ao8, = Wan.ags, | = [ttlo(V a8, = Wap.ays, = Wap as)|
<|Va,8, — Wap.a,s, — Wap asll-
(139)

This shows that [V, 5, — Wap a8, = SWopagll is still
larger than or equal to ||V, 5, — Wapa,s,|. We thus
conclude that the existence of 6W,p4p cannot reduce
the error of ||V 5, — Wapa,s,|l for an arbitrary choice
of Wap 4,8,
Finally, we consider the off-diagonal part of the operator
on the subset AgB,. We also decompose W, into
Wop = Wdiag + Worr, (140)
where W, is given in the form of Eq. (133). For any
choice of W;,,, we can also prove that the existence of W
does not reduce the error || VAO B, — Waiag |- Suppose that the
error ||V 4 g, — Wi || attains its maximum for the quantum
state [so, s(,), which is an eigenstate of V, p — Wi In
this situation, we have (sq, so|Wog|so, s;) = 0; hence, the
error [|Va,p, — Waiag — Worr|| is nondecreasing when W g
is present. In conclusion, we need to consider the class of
operators (133) for the solution of infy, ||V 5, — Wap||.
Second, we consider the approximation error 8, in

Eq. (131). For the purpose, using the fact that W, is given
in the form of Eq. (133), we consider

Vag, = D We(Is)(s])a, ® (Is)(s'])g,

s.8'=1

= max |§¢ , (141)

1<s.8'<N

- Ws,s’
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where the rank of the matrix {W ¢} - is less than or equal
to 2D. Hence, the problem is equivalent to estimating

inf — "
ra—“k(l‘r)‘l/)52D 1;2?21\/ | 5,8 .8 | ( )

The above quantity is known to be equal to the Kolmogorov
width of the octahedron [36-38,66] denoted by
dyp(BY, £Y) (see also Sec. VIB 1 for a detailed review).
For 1 <D < N, from Ref. [36] and Ref. [38] Theorem
10.10 therein, using Gelfand-Kolmogorov width duality,
the Kolmogorov width obeys the inequality

I . 2 log(eN/D)
4mm[l+4ln(9) D !

log(N)\ 1/2
< dp(BY,£N) sz(#)

(143)

For D > 1, the rank-one matrix with all entries 1/2
gives dp(BY,7N) < 1/2.

Choose N sufficiently large that the minimum in
Eq. (143), with D replaced by 2D, equals 1. Then,

inf max |8,y —
rank(W)<2D 1<s,s'<N 7

1
Wool>-, 144
ol 27 (144)

which also provides infy,, || VAOB” — Wyp|| = 1/4. By com-
bining this lower bound with inequality (129), we prove the
main inequality (124). This completes the proof. [

1. A short review of the Kolmogorov width

We now consider dp(BY,#%,) instead of dyp(BY, %)
for simplicity of notation. We introduce the unit ball BY as
follows:

BY = {xeR": ||, <1}, (145)

where ||X[|, (m€N) denotes the ¢, norm, ie.,
%], = (32 x;|™)"/™. We also denote by %, the space

RY equipped with the #, norm. We define the Kolmogorov
width as

sup inf ||5c'—55||fw. (146)

Xpers, ze BV YEXp

To connect dp(BY, £%,) to Eq. (142), we first denote an
arbitrary vector y in the space X, by

Wi X
D W(j) x’z
- 2 :
5o Z ‘ (W(IJ) W0 W )
= :
w%) AN

D
=) WY = Wi, (147)

with x’ € £Y,, where each of the vectors wl/) = {wm H<men
forms an orthonormal basis. The matrix W can be viewed as
the projection onto the subspace spanned by the D
vectors {wl/)}2. .

Then, we immediately obtain the upper bound for the
Kolmogorov width as follows:

inf sup inf ||X-y], < inf sup [[X—Wx],_

xpeel, NYEX rank(W)=D ¢ pN
aabClse, FeBY YEXD (W)=D zep!
- lllf ||1 - WHmax
rank(W
= inf  max |5y —

rank(W)=D 1<s,s'<N

(148)

where we use supze gy || M|z, = [[M || ax = max; << X
|M, ¢| for an arbitrary matrix M = {M ¢ }.

Next, we prove that the lhs of inequality (148) also
provides the lower bound for the Kolmogorov width. We
consider the choices of X as

—1 N—
L = /—XM /—/;
x=1,=10,0,...,0,1,0,...,0} (149)
for s =1,2,...,N. For a given space X, we define
arg_inf [|I; = V|, = (150)
YEXp
Then, by defining the rank D matrix W(Xp) as
W = (5 B ) (s
we derive
- | < I,-5,
(Dnax 185 = [W(Xp)l;.o| < max|lLy = ||
=max inf ||I,—y
s yeEXp o
< sup _inf [|X -, . (152)

xEBN YyEXp

This also implies
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inf ~sup _inf [[X -,

xpcel NYEXp
dim(XD)wD XGB

> inf

by — [W(X
xpcel) lg?§N| 5.8’ [ ( D)]S.s’|
dim(Xp)<D

> inf

(153)

max |8 ¢
rank(W)=D 1<s,s’<SN =

- Ws,s’ |
By combining the inequalities (148) and (153), we obtain
the desired identity as

dp(BY.ZN)= inf  max |&y

- Ws.s’ | .
rank(W)<D 1<s.s'<N

(154)

C. Conjecture on the operator low-Schmidt-rank
approximation

As shown in Proposition 9, the condition that V45 (as
well as e~f4s") has small SE strength [i.e., J(V,5) = 1]
does not by itself guarantee that the time-evolution operator
can be efficiently approximated by a low-Schmidt-rank
operator. It therefore remains an important open problem to
determine under what additional conditions such efficient
operator approximations become possible. To address this
issue, we introduce an extension of the SE strength,
namely, the a-SE strength 7, (Definition 2), and con-
jecture that having small @-SE strength provides a sufficient
condition for efficient low-rank approximation of the
unitary dynamics e~45" (Conjecture 2 below).

We first generalize the SE strength in Definition 1.

Definition 2. (a-SE strength). Let @4 be an arbitrary
operator acting across subsystems A and B. For any product
state |p) = |pan) ® |¢pr) with the ancillas A’ and B’, we
denote the Schmidt decomposition of ®,z|¢) by

D,5/¢p) = Zﬂ

Then, the a-SE strength of ®,p is defined as

Nbans) ® g ). (155)

_ 1/(2a)
Tul@n) = sgg(zsus@n%) . (156)

where the supremum is taken over all product states
§) = [an) ® |Psp)-

Using this definition, we propose the following
conjecture:

Conjecture 2. For any quantum operator such that

Ta(®@up) =1, a<1/2, (157)

there exists an efficient approximation of ®,z by an
operator @, , with SR(®4pp) = D:

1nf [@ap — Paspll < gu(D),

ABD

(158)

where the function g, (D) decays as a power law in D, with
the decay rate depending on a.

Remark. A frequently asked question is why the standard
operator Schmidt decomposition cannot be directly applied
to address Conjecture 2. Recall that the operator Schmidt
decomposition expands a given operator O as

0= ZﬂsoA.s ® OB,s’ (159)

where {O,,} and {Op,} form operator bases. It is well
known that such a decomposition provides an optimal low-
rank approximation with respect to the Frobenius norm:

10 = 0pllr = /ul(0 - 0p) (0= 0p)].  (160)
where Op is a low-rank approximation of the operator O.

For unitary time-evolution operators, the operator norm
controls the worst-case error over input states. Operator
Schmidt truncation is optimal in the Frobenius norm but
need not be optimal in the operator norm. For the
unnormalized norm in the preceding equation,
|0 — Op|| < ||O = Op||r; hence, an absolute Frobenius-
error bound also bounds the operator-norm error. In
contrast, a normalized error ||O — Op||r/v/Dap < € gives
only ||O—Op| £+/Dyge. A relative Frobenius-error
bound likewise need not give dimension-independent
worst-case accuracy.

The quantum Fourier transform illustrates a separate
distinction: its maximal operator entanglement [67-69]
depends on the input or output ordering, whereas the
small-entanglement core studied in Ref. [64] is obtained
by removing bit reversal. These versions of the quantum
Fourier transform are different operators across a fixed cut,
so their comparison is not an example of a separation
between the two norm guarantees.

Under the condition of J,(V,a5) =1,
exclude the interaction in Eq. (125), i.e., VAoBo =

L1(Us)(s])a, ® (Is)(s])p,- A simple computation yields

ja(VAOBO) >

we can

N/ (2a)-1 (161)
which increases with the local Hilbert-space dimension N.

Finally, in the absence of ancillas, the conjecture is
trivially false. In this case, the swap operator S,z maps
between A and B serves as a counterexample. It creates no
entanglement but cannot be approximated by a finite
Schmidt rank, as can be shown using similar arguments
to Eq. (144).

D. Theorem on low-rank approximation of operators

Theorem 3 provides a constructive approximation
under explicit structural assumptions, complementary to
the information-theoretic condition of Conjecture 2.
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Subsequent results on that conjecture are summarized in the
Note added.

1. Stronger assumption

Instead of the small a-SE strength, we consider the
following property:

Assumption 10. Given the decomposition of V,p into
operator bases {V;};, each having small Schmidt rank:

(o8]
Vap = Z Vi
=1

where D is a constant of order O(1) and § below is a
chosen upper bound on _; ||V;||. Then, there exist con-
stants C and « such that the following inequality holds:

o0
S IVil<a.
j=1

(163)

SR(V,) <D, Vj, (162)

> Vil < Coa(D+ 1),

j>D+1

(Co=1),

Remark. The inequality (163) also implies a low-rank
approximation of V ,p:

D
Vas -V <coap+1)™ v =Y"v,
(164)

We also emphasize that under Assumption 10 V45 has a
constant a-SE strength with @ < 1/2 as shown in the
following lemma:

Lemma [11. Under assumption 10 with Dy =1, the
interaction V,p satisfies

_ 21/(2a)_1C0.a 1 1
To(Vag) < [1 = 21=2a(150))1/24) for ETR <5
(165)

Remark. From the lemma, we obtain the converse
of Conjecture 2; namely, a low-rank approximation of
the operator (Assumption 10) implies a small a-SE
strength for a < 1/2. For general D,, one should
multiply the right-hand side of Eq. (165) by the
factor Dl/ (2a)

Proof of Lemma 11. For an arbitrary product state |¢),
Vaglpo) can be expressed as

= ZV/'|¢0>

where 0 < g; < [|V,|| and {|4 ;) |#5;)}; are normalized
states on A and B, respectively, that are not necessarily

Vagldo) (166)

- Zgj|¢A,j> ® |¢s,)
J

orthogonal to each other. Next, we consider the Schmidt
decomposition of V4z|¢o) as

VAB|¢O> = Z’IS|¢A,S> ® |¢B,S>- (167)
Now, observe that the following inequality holds:
1
> A< ZQJZ“ for 0 <a<o. (168)
s J

The above inequality follows directly from the matrix
inequality as [70-72]

where [ - - - ||, denotes the Schatten p-quasi norm ||M]|,, =
[er(|M[7)]7 (p < D).

We set N, =2" and rewrite }_; g?” as double sums,
which leads to the following inequalities:

Z 92(1 _ Z Z gJZ(z

(169)

<D My foro<p <1,
J

m= 1]6 m— le)

© 1-2a 2a
DN NP > 9

m=1 je[Nm—l~Nm) je[Nm—lst)

= 1-2a ~ —x12a
<D N (Cop(N o) P (170)

3
i

where we apply the Holder inequality in the first inequality
and use the upper bound (163) in the last inequality. Finally,
we calculate

0

©
E Ny 1- 2“ —2ak _ n2ax E 2m(l—2a)—2m<m
m=1 m=1

21—2(1

= 1— 21—2a(1+;<) : (171)

By applying the inequalities (170) and (171) to
Eq. (168), we obtain

2/12(1 < 21—2(1(Cog)2a
s = 1— 2]—2a(1+1<) ’

which reduces to the main inequality (165) from
Definition 2. This completes the proof. m

(172)

2. Result on the low-rank approximation

We show the following theorem on the operator
approximation:
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Theorem 3. Let us introduce a parameter Q that satisfies
the following inequality:

1 .
Slad, (VOIS @IV YseNy Vi (173)

where {V/;}; are operator bases that constitute the boundary
interaction terms as in Eq. (162). Then, under
Assumption 10, for 7, >0 and 0 < ¢y <1, for both
the unitary time evolution e~#' and the imaginary-time
evolution ¢, we can construct approximate operators U,
and py such that

le7™ =Tl <eo. " =pgll, <eolle” |, (174)
and
5 8t [6+4/Kk+10gy(Dy)][1Q0]
SR(U,) < <&> 20 ! ,
€o
48 2[6+4/xk+1oga (Do)][# Qo]
SR(p) < <M> S ars)
€0
respectively, where Q, is defined as
Q (-1 L )] (176)
= mmnf| —, .
0 4Q’ 4eCy

At t =0 the identity suffices; negative times follow by
replacing H by —H. Here, p > 1 and || - - - ||, is the Schatten
p norm, i.e., = [tr(|OJP)]V/P.

Remark. The theorem shows that the required Schmidt
rank grows only polynomially with respect to the inverse
error 1/¢p, with an exponent proportional to ¢Q,.
Importantly, the result guarantees efficient operator
approximation provided that the generator V,p itself
admits a suitable low-rank decomposition. Although
Assumption 10 may appear rather strong at first sight,
we will show in Lemma 20 that it is in fact satisfied by a
broad class of physically relevant systems, including long-
range or power-law decaying interactions. This observation
serves as a key ingredient for the proof of Theorem 7,
where we establish polynomially efficient approximations
of long-range quantum Gibbs states.

I

E. Proof of Theorem 3

We first define the following merging operator between
the subsets A and B:

Y= e—zHOez(HO+VAB) _ T(ez j;l VAB(x)dx)

% 1
ZZS/ dxl/ dxy -
s=0 0
Xs—1
X% dx,Vag(x1)Vag(x2) - Vag(x,),  (177)

where VAB (X) = e_szO VAB
have

e’ and z € C. Using it, we

e?HotVag) — ptHop, (178)
We notice that 0 is a product operator between A and B.
First, we prove that for small |z| the operator ¥ can be
approximated by another operator ¥, with a small
Schmidt rank.

Proposition 12. Let 0 < € <1 and choose z such that

|z| < min <41Q 46209) = Q. (179)
Then, there exists an operator ¥, satisfying
¥ - ¥ <e. (180)
and
SR('P,) < (4/¢€)0+4/xHloaa(Do), (181)

We defer the proof of the proposition to Sec. VIE 1
below. Using this proposition, we now give a proof of the
main statement, as follows.

We first consider the real-time evolution z = —if (f > 0)
and decompose the total time 7 into mt, with #, satisfying
the condition (179). We generally obtain

e—imto(Ho+Vap) _ (e—itOHoli;S)m

._.

m—

=Y emiln=i=Duo(HotVan) <e—ito(Ho+vAB) _ e—iroHque)
Jj=0

x (etoto®, ), (182)
which gives
ot
< ety i | [l . 153
j=0
Using Proposition 12, we obtain
He—ifo(Hon - e-itOHO@GH <|¥-9)<e (184)
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where we use |[e~"00|| = 1 and e~o(HotVas) — e=itoHop,
This also yields

[ e~totog | :H =it (HotVan) _ gmito(Ho+Vas)
n e—ifoHoligH <l+te (185)

By applying the inequalities (184) and (185) to Eq. (183),
we get

3

"e—inltO(H0+VAB) _ (e—iloHO\ile)mH < 6(1 4 €)j < me™¢e.

=0
(186)
We now choose
o=t (< Q7 m—i—[tQW
TN fo o
A il AT (187)

We then obtain ||e=" — U,|| < ey/2¢%/? < ¢, from ¢y < 1
and

. - 8t [6-+4/x+log, (Do)][1Qo ]

SR(T,) < [SR(¥,)]" < <ﬂ> T
€o

(188)

This establishes the first main inequality in Eq. (175).

Next, we consider the imaginary-time evolution z = f
with the decomposition z = 2mf,, where f, satisfies the
condition (179). Using ¥,, we examine e//0¥_ which
approximates eo(Ho+Vas) by

Heﬁowﬁm) _ eﬁoHoliISHP = [JefoHo (¥ — B,

< [l o, 1% = ¥l

< [lefofo]] e. (189)

where we use the Holder inequality to obtain
0,0,], <1/04][,1|0,]|- Furthermore, from Ref. [73]
Lemma 7 therein, we have

€0 = e0=02(|, < el O, . (190)
which gives
Heﬂ0<HO+VAB) — oot < ‘ ePoHo+Va) || ollBoVasl ﬁOVABH
P P
< ettt Van) | ehiigyg.  (191)

From ||eﬂo(Hn+VAB) — eﬁoHonp > ||eﬂ0H0||p — ||eﬂo<Ho+VAB>||p,

we obtain

||eﬂ0Ho ”p < He/fo(Ho+VAB)

(1 + ePip,g)
p

< @b || ePo(HotVap) || (192)
P
In total, we derive the following error bound:
||eﬂ0(H0+VAB) — eﬂoHoliIEHP < ezﬂ05’€||eﬁ0<H0+VAB)||p. (193)

Set T = efofl | A = efoHo® | and 5, = e*oe. Applying
the preceding estimate with ¢ = 2mp, Holder’s inequality
and telescoping give

| (AAT)™ — T2’"||p <[(1+6,)% - 1]|}T2"1||p

< 2méb, e*mo|| T Hp

In particular,

Heﬂ(Ho+VAB) - (eﬁoHolilglPZeﬁoHo)mH
P

S 35€me36€m eﬂ(HO+VAE>

(194)

where we use e2PoHotVas) — oPHotVar)  and  set
5, = e*Jec. We then choose

p . p
= (< s 2 = — = 2 s
ﬁO 2|—ﬁQ0-| (— QO ) m ﬂo |—ﬂQO-|
=200 o
€=l = (B ety (195)

Here, the condition fy < Qy' < 1/(4eC,g) implies e*09 <
e!/(2¢C0) <2 because of Cy > 1. The above choices give
|| ePH _,bﬂHp < €0||eﬂH||p for any p > 1, and the Schmidt
rank is given by

- 48 2[6+4/k+10gy (D) [ Q0]
SR(7,) < [SR(¥, )" < (M) el

€o
(196)

We thus prove the second main inequality in Eq. (175).
This completes the proof of Theorem 3. [

1. Proof of Proposition 12

We introduce the decomposition of V5 as follows:

()
Vap = Z Vi
m=0

with V. ~defined by

(197)
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V, = Z V., oy = 4K, (198) By using the above notations, we first rewrite ¥ in the
' JE[rmsrmir) following form:

Here, we introduce the notation V, ~as

V= > |

JE[FmTmit)

(199) ‘P:=§:zs i“: 3 O/ dxl/ dxy - -

s=0 my,my,....m;=0q,q5,...,

Xs—1
< [T sy, )V, () Vi (),

(204)

and from the assumption (163), we obtain

Vs,

<V, < ) Vil < Cogd™. (200)

jan Then, we approximate ¥ by Wy ,:

We also define V, (x,q) as follows:

S0 1
—xz)d
Vg = "L v, oy Yoms =2 Y > / dxy -
g! oM T s=0  my+tmyttm <M qy+qytt+q,<Q 70
X
which gives X/ ldxsvrm] (xlaql)"'vrmx(-xsaqs)' (205)
0
It ( V, (x.q). (202)
; q! (V) q; " By using the inequality as

Using the parameter Q in Eq. (173), we obtain

1 Xs—1
/ dxl : A dxsvrml (xl» QI> : "Vr,,,i\ (xs, ‘Is)

|

2|7 ‘
1V, (x,q)ll < o > lladg, (V) < (1219) 01 .
./e[rmvrm+]) S _H COQ(|Z|Q)qj4_”lja (206)
~ —m s
x 3 Vi< Gl Q). (203)
je[rmvrerl)
where we use x < 1. we obtain

0 0

e -¥ousl< (> Y > +§°°: > )SEED DY

§>50 my,my,....mg=0q.q>,...,q,=0 | Fmy+tmg>M qy,q>,....q;,=0 s=0 my,my,....m;=0 g, +qr+-+q,>0

2’ Y7~ - em,
X?H Cog(|z|Q) %4 (207)
=
For the first summation in Eq. (207), we can derive

oo Y Taadowa = (c <Z4 >(Z 'ZQ)q>S
my,my,....mg=0qy,qs,...,q,=0 j=1

< (16C°§’)S < (26o)". (208)

where we use the condition |z| < 1/(4Q). Hence, we derive
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> oy z i Hco (1| Q)a

§>80 my,my.....m;=0q;.q,..

Z|Z| (2Co9)* < (26C09|Z|> ¢2Codlel < 2=s0=1,1/(2¢),

§>80

where we use Y7 x*/s! < e*x0! /(59 +1)! in the second inequality and use |z| < 1/(4eCy3).
For the second summation in Eq. (207), we obtain

[Se]

> S [GtllQma <

my+my+-+m;>M qy,q>,...,q,=0 j=1

7N
N

L)y e

m=M-+1 m;+my~+-+mg=m

(S 50T

m=M+1

8Co7\* - —m—1 -M-1 ~\s
5(?) > 2 <2 M(BG)

m=M+1

(209)

(210)

where the number of combinations such that m, + m, + - - - + m; = in is given by ((})) = (**2~'). We thus derive

[so]

S OY S W cuemin s reas <o,
A

s=0 ml+m2+"'+mx>M q1 -qz’--~er‘:0

where we use [z| < 1/(4eCy7).
Finally, for the third summation in Eq. (207), we deduce

> Tlastdemn< () S % 4

mymy,...mg=0q,+q++q¢,>0 j=I G=0+1 q1+g2++q,=4
<27971(3C9)°,

where we use the same calculations as in Eq. (210). This yields

i% i > ﬂcoﬁ(IZIQ)qf4‘mf52‘Q—1e3/<46>.

s=0 " my,ms,...m;=0 q1+q++q,>0 j=1

In total, we obtain the approximation bound of
”11; _ \PQ,M,S()H < 2—50—161/(2e) + (Z_M_l 4 2_Q_1)e3/<4").

We next estimate the Schmidt rank of ¥,y , which is upper-bounded by

SR(Pgars,) < 20: 3 3 H SR |ad (v, )]-

§s=0 my+my+--+mg<M q,+q,++q,<Q j=1

By combining the condition (162) and Eq. (198), we obtain
SR(V, ) < rpy1Dy = 4m+D/xDy,.

By applying the above inequality to
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adI({I()(Vrm) = (adH + adHB)q(Vrm)
q .
Z( )adf ®adj’(v, ).  (217)
J=
we have
SR [ad,qjo(V,m_)] < (q;+ DA +/xpy (218)

Therefore, we obtain

A

HSR[ df(v,,,)] < 400 "(Q+SDO> . (219)

where we use the inequality of arithmetic and geometric
means, with the s =0 factor interpreted as the empty
product 1.

By applying inequality (219) to Eq. (215), we obtain the
upper bound on the Schmidt rank as follows:

R(¥oas,) <Z<MH> <Q+S>4 (M+s)/ K(Q:SDO)S

< OM+s0.00+50 x 4 MJFSO)/KD‘SOeQ

< 2(142/K)M+3Q+[2+2/x+logy (Do)]so (220)

where we use

>

m|+m2+--<+mb\.<M

T SEED SR

m=0 my+my~+--+ms=m
M fs+m—1 s+ M
Z( ) = ( > . (221)
— s

Note that the last equation follows from the hockey-stick
identity.
By choosing

so =M = Q = [log,;(2/e)] < log,(4/e), (222)
we reduce the error bound (214) to

¥ = ¥ours,ll < 2-50=11/(2¢) 1

<2750t < e,

(2—M—1 + 2—Q—1)e3/(4e)
(223)
Moreover, we have

2[6+4/x+10ga(Do)lso < (4/6)6+4/K+10g2(D0)‘

(224)

SR(¥o.um.s,) <

By choosing Wy 5, as ¥., we prove the main statement.
This completes the proof. =

VII. GENERALIZED ENTANGLEMENT
AREA LAW

In this section, we explain under what additional
assumptions a generalized area-law-type statement can
be recovered for gapped ground states. We emphasize
from the outset that, in the absence of a geometric lattice
structure, this should not be interpreted as a conventional
geometric area law. Rather, the role of the boundary size is
played by an effective boundary measure controlled by the
SE strength of the boundary interaction. Since the gener-
alized area law is known to fail for arbitrary gapped ground
states, the main question is not whether such a bound holds
in full generality, but which additional structure prevents
the formation of anomalously large entanglement. Here we
impose an adiabatic-path assumption, Assumption 13, for a
parametrized Hamiltonian H®) with 0 < v < 1: the target
Hamiltonian H(") is connected to a reference Hamiltonian
H©) while keeping the spectral gap open and the boundary
SE strength uniformly bounded along the path.

The proof follows a three-stage approximation strategy.
First, using an AGSP for the initial Hamiltonian H©,
we convert the assumed a = co Rényi-entanglement
condition on the reference ground state |Q(®) into a
low-Schmidt-rank approximation of |Q(); this step is
formulated in Proposition 15. Second, we evolve this
low-rank approximation along the adiabatic path, which
produces a state having a constant overlap with the target
ground state |Q(1)). Third, we apply an AGSP for the target
Hamiltonian H(!) to this constant-overlap state in order to
amplify the accuracy and obtain a high-precision low-
Schmidt-rank approximation of |Q(!)). The entanglement
generated during the adiabatic evolution and the AGSP
filtering is controlled by the spectral-SIE framework
through the SE strength of the corresponding boundary
interactions. This yields the low-Schmidt-rank approxima-
tion in Theorem 4, from which the generalized area-
law-type entropy bound follows.

A. Setup and main result

We first recall the conventional generalized area-law
setting and then state the boundary-adiabatic assumption
under which the bound can be recovered (Fig. 3). In a
conventional notation, we consider the Hamiltonian such
that
H = Hy sy + Vap, +Hpp, [Vaes,l = 1. (225)
where the subsets A and B are given by A = A; LA, and
B = By U By, respectively. Assuming a constant spectral
gap A = const, we argue that the following upper bound
for the entanglement entropy holds:

E,1(Q) < Cloglmin(D,, D). (226)
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Ey-1(2) S min(|4p], |Bol)

FIG. 3.

(b)

[J(Vap) < 31

Eq=1 () S 1+ (§/0)°

Schematic picture of the generalized area law. (a) The generalized area law states that the entanglement entropy is bounded in

terms of the dimension of the interacting region. However, this bound is known to be violated for general ground states. (b) By assuming
an adiabatic path for the boundary interaction, we establish the generalized area law under a condition formulated with the SE strength g.
Roughly speaking, g corresponds to the effective size of the boundary. For example, in systems defined on graphs, it becomes more
evident that g is proportional to the boundary size. If A; and B, consist of m qubits and the interaction V4 p is described by O(m) two-
qubit interactions, then one obtains § o m = log(D,,) from inequality (18).

where the gap A is defined as the energy difference between
the ground energy E, and the first excited energy E|, i.e.,
A:=E; — E,. Generally, it has been known that this
generalized area law does not hold [50].

Here, we impose the following additional assumptions,
which are typically considered for the area-law proof under
the adiabatic path [22,26,54,55,59]. We restrict ourselves to
the following boundary-adiabatic path:

Assumption 13. (boundary-adiabatic path). We consider
a family of Hamiltonians parametrized by v through the

boundary interaction VX';:

H® = Hy + V) + Hy, j[ §;>] <3 (227)
where we assume that the ground state |Q*)) of H®) is
nondegenerate for all v € [0, 1]. We say that there exists a
boundary-adiabatic path from v =0 to v =1 if
AW > A, (228)
where A®) denotes the spectral gap of H®).
Finally, we introduce a parameter ¢, such that

dv(”) d2v(”) o
maX( WAB 71248 < Cog. (229)

Remark. In contrast to the conventional notation, the
interaction V% is allowed to act more generally across the
boundary between A and B, rather than being restricted to
Ay and Bj. The restriction on the interaction region
imposed by Ay and B, is effectively absorbed into the
condition on the SE strength, i.e., J [VX’;] <3

Additionally, in a more general setting, one may consider
an arbitrary parametrization of the Hamiltonian, for exam-
ple, HY + v + HY) In such a general framework, there
may exist adiabatic paths that connect the initial ground
state to an anomalous, highly entangled ground state, as
demonstrated in Ref. [50]. Although we have not yet
identified an explicit counterexample, we conjecture that

the standard adiabatic-path condition by itself is insufficient
to guarantee the generalized area law.

Under the above notations, we prove the following
theorem:

Theorem 4. Let us denote the initial-state entanglement
by the co-Rényi entanglement:

(230)

Under Assumption 13, there exists a state |yp) with
Schmidt rank D such that

Ilwp) = 1QW)|| < Cya5,D7", (231)
where we define
A

= 232

YN (232)
So+4 42,57 (3A/g + 7¢0)

Cya.s, = €Xp Ixs +log(12) + A3 .

(233)

Moreover, the entanglement entropy E,_;(Q(") for the
ground state |Q(!)) is upper-bounded by

Eq1(QY) < ¢ 110g(Chas,) + Cynr (234)
where
2 — 272 (6 + 2k, ) log(2)
c =— Cy =
Ka,l K.'A(l _ 2—2KA> a2 (1 -2 ZKA)Q
(235)

Remark. Since E.(Q©) < E,(Q")), the initial condi-
tion involving the oo-Rényi entanglement is the least
restrictive, enabling the broadest applicability.

In our setup, the boundary size is roughly estimated as
g/ A since g characterizes the dynamical entanglement rate
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from the spectral SIE. Indeed, in a graph system with finite-
range interactions, § is indeed proportional to the boundary
size between A and B. For fixed S; and ¢, the sharper
estimate at the end of the proof yields

E, (1) = O(1 + (3/A)?). (236)

It is an important open question whether the upper
bound (234) can be improved to a bound of the form
E1(QY) = O(1 +3/A).

B. AGSP

In the proof of Theorem 4, we combine the quantum
adiabatic theorem [56] with the so-called approximate-
ground-state projection approach [40,41,44,45].

We consider Schmidt-rank truncation for nondegenerate
gapped ground states. To this end, we introduce an AGSP
operator K defined by the conditions

[(K-DQ)|~0,  [KlQ)[~0  (237)
for any state |Q | ) orthogonal to the ground state |€2). Thus,
K serves as an approximation to the ground-state projector,
while allowing us to impose constraints on the Schmidt-
rank structure.
In contrast to previous studies, the present use of the
AGSP has the following distinctive feature:
(1) In the standard AGSP framework, the primary focus
is to bound the Schmidt rank of the AGSP operator.
(2) In our setting, however, the focus shifts to the
entanglement generation induced by the AGSP
operator. This distinction originates from the fact
that there is a fundamental difference between
(i) low-rank approximation of the operator and
(ii) the entanglement generated by the action of
the operator (see Proposition 9).

Proposition 14. For a Hamiltonian H = H, + Hp +
Vap with a unique ground state |Q) and gap A >0,
there exists an AGSP operator K; with the following
properties:

I(Kp = DI < e, Kyl <2e7%, (238)

and

T(Ky) < e2PAT (Vas) (239)

where > 0 is arbitrary and |Q, ) is any normalized state
orthogonal to |Q).

Remark. For any product state |¢p) = |¢4) ® |pg), we
apply the upper bound (239) to inequality (32) in

Corollary 3. Then, the quantum state Kj|¢) is well
approximated by |¢p) with Schmidt rank D as follows:

j(Kﬂ) < ezﬂAj(VAB)

vD = VD

Here, the AGSP Kj; itself may not be approximated by an
operator with Schmidt rank D (see also Sec. VI). However,
in applying the AGSP formalism to the ground state, the
Schmidt-rank approximation with respect to Ks|¢) is more
crucial. We use this proposition to achieve the ground-state
approximation in Theorem 4, as well as in Theorem 5
below, concerning the polynomial complexity of the
ground state in 1D long-range interacting systems.

1Kl #) = o)l < (240)

1. Proof of Proposition 14

Let E be the ground energy of the fixed Hamiltonian H
being filtered. The scalar phase from this centering changes
neither the norm nor the SE strength and does not redefine
the adiabatic path. As a candidate for the AGSP operator
K, we employ the following one:

=12/ (4h) —l(H—EOi)tdt‘

Ky = \/ﬂ . (241)

First, we demonstrate that the above operator Kﬁ indeed
satisfies the properties in Eq. (238).
To this end, we first obtain the following bounds

on the norm difference between K, and e~ PH-Eo1)

v

1 /00 >
<— e~/ 48) 4t
Vnp t.

1 2 © 22
< L i / o—(P=2)/(45) g
vrp ‘.

T

1 2 S ~
<L / -1 F < B4 (242
B ; (242)
This upper bound immediately implies
I(Ky = DIQ)| < ™/, (243)

where we use e PH-ED'|Q) = |Q).
quantum state |Q, ), we also obtain

For an arbitrary

1K) <o) | +]| Ky — el

< e PN 4 it/ P) (244)

By setting
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1. =2pA, (245)

we obtain the first and second inequalities in Eq. (238).

Next, we estimate the SE strength J(Kj) based on
Definition 1 to prove inequality (239). We use Lemma 4
and obtain the inequality

1
Jap

From Corollary 6, we get j(e‘i(H‘EOi>’) < el17Vas) | and
hence the desired inequality yields as follows:

- tc 2 - . ~
J(Ks) < / et/ T (et H-E)Y g (246)
.

1
Varf

e[ﬁj(VAB)

Vap

where we use Eq. (245) in the last inequality. This
completes the proof. [

T(Ky) < / " R 1A HIT Van) gy
.

/ " P14 < PPNT(Van),

fe

(247)

C. Proof of Theorem 4

We begin by considering the Schmidt-rank trunca-
tion problem for the initial ground state |Q®*)) with
v =0. In general, any restrictions to Rényi entangle-
ment with ¢ > 1 cannot ensure the efficiency guaran-
tee of the truncation [30,31]. However, by utilizing
the fact that |Q()) is the gapped ground state, we can
prove the following proposition, which plays a key
role in the proof:

Proposition 15. For the reference Hamiltonian H® in
Eq. (227), we assume the gap condition (228) and the
restriction (230) to the co-Rényi entanglement. Then, there
exists a quantum state |yp) with Schmidt rank D such that

[1Q®) — [wp)|| < 4e%/2D™s, (248)
with
A
Kp = T (249)

Recall that g is the upper bound for the SE strength for all

v (0 <v<1)as in Eq. (227).
Proof of Proposition 15. We first denote the Schmidt
decomposition of |Q(®)) by

|Q(0>> = Zﬂs|¢A,s> ® |¢B,s>' (250)
Then, we have the following general equation:
Ay = e 50/2, (251)

where we use —log(12) = E,(Q®)) = §,. We cannot get
further information on A; with s >2 only from the
information on the co-Rényi entanglement.

To circumvent the difficulty stemming from this limita-
tion, we recover the decay rate of {4}, from the condition
(251) using the AGSP formalism. To proceed along this
line, we decompose |¢4 1, ¢p1) in Eq. (250) into

0
[$ar-dua) =) = 4]Q) + /1 -2jQl).  (252)
where <Q(0)|Q(f)) = 0. To recover Q")) from |, 1, Pp.1)s
we utilize the AGSP Kj constructed in Proposition 14,
which yields

[ Kl - 120)|| <[ (&, = DI |
YA 1a0)|

< 3 e—ﬂAz .

: (253)

On the other hand, from inequality (240), there exists an
(unnormalized) quantum state |¢p) satisfying

o2PAG
1Kgl1) = o)l < Dz (254)
where we use the parameter g, which upper-bounds the SE
strength as in Eq. (227). Therefore, by letting |wp) :=
27 ¢p) and combining the inequalities (253) and (254), we
obtain

H|Q(O)> | >H < 3 PN e2PAT (255)
- < e g~

Vol =7, LD'?

By choosing S such that ¢ 72" = ¢2/29D=1/2 or equiv-
alently,

1
P = san o loe(D),

2A(A +27) (256)

we have the main inequality as
H Q) — "”D>H < ; DA — 4oS2Dpxs (257)
1

where we use Eq. (251) and the notation x, introduced in
Eq. (249). This completes the proof. m
To analyze the target ground state |Q*)) with v = 1, we
next utilize the adiabatic time evolution using the para-
metrized Hamiltonian H® (0 < v < 1) as follows:

'f]/* H=) dx
0

U0—>1/e = 'Te_l . (258)
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where ¢ is sufficiently small as will be chosen in Eq. (269).
We then approximate the target ground state |Q()) by
Ug-1//Q9), which we denote by |y, ):

|l//£> = UO—>1/£|Q(O)>- (259)

Choose the phase of |Q(!))) to minimize the distance to |y, ).
The projector estimate of Ref. [56] Theorem 3, including
the second-derivative integral, bounds this vector distance

with an additional factor v/2:

707
AO ) (260)

Let us denote the Schmidt decomposition of |Q(?)) by

[we) = 120)]| <=3

gy

=S Aldas) ® ). (261)

We then define |y, ,) as follows:

14
o) = a7 Uoni > Alas) ® lbps), a2 => A2,
s=1

s<E

(262)

where the truncation number # will be appropriately chosen
afterward, and a, is a normalization factor. We obtain the
overlap between |y,) and |y, /) by

4

<l//f,l/1:“l//&‘> = (a? Z;Ls(d)A,sv ¢Bs|> |Q<0>>
s=1

- (Zsy’ﬁ)

where we use the definition (259) for |y,).

We next estimate the lower bound of a,. Applying the
Eckart-Young theorem [74] and employing the quantum
state |wp) described in Proposition 15, we obtain

Y B < H|Q

s>

= dp, (263)

|l//D:f>H2 < 16e52%a (264)

where we use the error bound (248) with D = #. Hence, we
obtain the lower bound of a2 in the form of

al=1= 12> 1-16eS¢ s,

s>

(265)

Therefore, to achieve afg > 1/2, we need to choose ¢ such
that

£ = [(32%0)1/2x)| < o(S0+4)/(2xs) (266)

We further estimate the overlap between |y, /.) and the
target ground state |Q(1)). We use the decomposition of

Weasel (we) = 190Y) + (w0,

(267)

<l//f,l/e|l//s> =

By combining the error bound (260) and Eq. (263) with
a2 > 1/2, we derive the inequality

‘(w.l/e|9<”>‘ > % - ﬁj;’ge (3 + 72‘)9). (268)
We thus choose the parameter ¢ as
3
£ 4509(3AA +7%03) (269)
which gives
o))z o2 1 (270)
2v2 73

We then construct an approximation of the target ground
state |Q(1)) based on the state |y, /e)- After an irrelevant
phase adjustment of |y, /E>, we decompose

Werse) =al@D) + /1=y, =2, (271)

W | =

where <Q(')|Q(ll)) = 0. To recover |Q)) from |y,,), we
utilize the same inequality as Eq. (253) that is based on the
AGSP K in Proposition 14:

3 ) )
HCTIKﬁ|V/f,1/s> - |Q(])>H <=M <9 (272)

1

We consider the approximation of ¢7' K|y /) using a
quantum state with a small Schmidt rank. We denote the
Schmidt decomposition of the quantum states |y, /) and

cT'Kglwe)e) by

8

Weise) ZZ Pas) ® |dps).

Z s|¢Aﬂs b |¢B/3s>

8

T Kylwese) (273)

respectively. The Rényi entanglement E,_/(wz /) is
upper-bounded by the spectral-SIE bound (52) as follows:
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Eq10Wri/e) < Eqmr)2(Wei—0)

e d 25
+/ d—Eazl/z(ll/f.t)dfﬁlog(f) +—,
0 t £

(274)

where |y, () has the Schmidt rank # [see Eq. (262)] and
hence, E,_;>(ws,—9) <log(¢) as a trivial bound. Hence,
we obtain

Do

> pe <Y LT (Kyler)

s=1 s=1
= j(Kﬂ/Cl)eEHZI/Z(Wf.I/g)/Z
< 312200540/ ¢ (275)

where we use inequality (168) and the upper bound (239)
for the SE strength of K in Proposition 14. We can thus

truncate the Schmidt rank of ¢7'Kylw,,) up to D and
construct a quantum state [y, ), Which satisfies

3f1/26(2ﬂA+1/8)§

S (276)

HCI_]K[}|I//L”,1/S> = lwsp)ll <

where we use an inequality similar to Eq. (33).
By applying the above inequality to Eq. (272), we obtain

3{1/26(2//’A+l/8)g
B

i (277)

w00 = 190)|| < 9e

By choosing the parameter f such that e #4" = ¢X27p=1/2,
or equivalently,

=——I D 27
P =212 08P (278)
we have
H lwpp) = Q) H < (9 4 3£/2¢0/¢) -2/ (28+45)
< 1261260/ s, (279)

where we use the definition of x, in Eq. (232).

Finally, we upper-bound the coefficient 12£'/2¢9/¢ in
Eq. (279). As in Egs. (266) and (269), ¢ and ¢ satisfy
|

A3
£ < e(S0+4)/<2KA)’ e = , 280
- 4¢09(3A +7¢49) (280)
and hence,
; So +4
log(12£1/2€%/¢) < St log(12)
4K'A
42,57 (3A/g + 7¢
+ 0 ( A3 0> = lOg(Cg,A,SO).

(281)

This reduces inequality (279) to the first main inequality
(231) by setting |yp) to be |wsp).

To derive the second main inequality (234), we prove the
following lemma:

Lemma 16. Let us consider a quantum state |y) that is
approximated by another unnormalized quantum state [y p,)
with Schmidt rank D as follows:

C
llw) =lwp)ll <5 VDEN, (282)

S e
where C > 1 and x > 0 are constants. Then, the entangle-
ment entropy is upper-bounded by

Eazl (W) < Ck,1 IOg(C) + Cx2s (283)
where the constants ¢, ; and ¢, are defined by
2 -2 (6 + 2x) log(2)
= p = 284
ol -2y T T oy (284)

By applying this lemma with the first main inequality
(231),1.e.,k = kp and C — Cy 5 5,, We immediately prove
the second main inequality (234). This completes the proof
of Theorem 4. [

Proof of Lemma 16. We consider a set of {D,}%_ such
that D, = 2P*70 and define §, as
C
5, = — = C2- Ptk 285

where the value of p, will be chosen appropriately to
satisfy a condition required for the proof. Temporarily, we
leave p, free and proceed. Then, by using Ref. [45]
Supplemental Proposition 3, we obtain

- 3D = 6
Eo_i () < log(Dy) + 25%’ 10g< p+1) = polog(2) + C? Z 2-2ptro)k Jog <Ez(p+po)(2x+1)>
p=0 p=0

2
51’

C22—2K(p0+1>(2]< + 1) log(z)

< polog(2) +

2=2pok 2 6 - 2Po(2e+1)
2—2K 10g< C2 > +

( 1= 2—2K)2 ’
(286)
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where we use o pXP = x(d/dx)
x(d/dx)1/(1 — x) = x/(1 — x)?. Finally, by choosing
Po = [(2x)7'og,(C?)] < (2x)~'log,(C?) + 1, we obtain
272Pk < C~2, and hence, the main inequality is proven as
follows:

[ P —
p=0* =

1
Eq,i(y) < polog(2) + Wlogw X 2P0t2r)
272%(2k + 1) log(2)

(1 _ 2—21()2
227 6 + 2k
<——==log(C) +10g(2) ———— -
— K(l _ 2—2K) Og( ) + Og( ) (1 _ 2—2K)2
(287)
This completes the proof. m

To obtain the cubic scaling, put k = k, and L = /Ze%/¢.
For D > L?, choose f# = (logD —2logL)/[2A(A + 27)]
in Eq. (277). The error is at most C,D™* with C, = 12L%;
for D < L?, the zero-vector approximation suffices. A
Schmidt tail }; 5, p; < C*D7*, C > 1 implies

S(p) < (1+«)[log2+«~"log C+ (2x)~'] +log(1 +«71).

Indeed, integrating Pr(j > ¢*) < min{1, C?| ¢*|~*} bounds
> jpjlogj by the bracketed quantity; comparison with
J7'7%/¢(1 + k) using relative entropy gives the displayed
bound. With (C=C,), this entropy bound reads
S <2(1+«)logL + O(x7"). Equations (266) and (269)
give logL = O(1 + R?) and x~! =2 + 4R for R = §/A,
proving S = O(1 + R?) at fixed Sy, &.

VIII. SIMULATING 1D LONG-RANGE
INTERACTIONS WITH POLYNOMIAL
COMPLEXITY

In this section, we investigate the simulation of one-
dimensional quantum systems with long-range interactions.
Our focus is on the computational complexity of simulating
ground states, quantum dynamics, and quantum thermal
states on a classical computer. The best-known results to
date achieve only quasipolynomial complexity requiring
computational cost of the form eP°1°£("/¢) in terms of the
system size n and error tolerance €. The goal of this work is
to improve this to polynomial complexity, namely,
poly(n/e) or (n/e)°0).

More concretely, we establish the following results:

(i) Ground states and thermal states (Theorems 5 and
7): We prove the existence of efficient descriptions
in terms of MPSs and MPOs with polynomial bond
dimension.

(i) Quantum dynamics: We prove polynomial-bond-
dimension approximability of real-time evolved
states (Proposition 18) and provide arigorous a priori

truncation-error guarantee for tDMRG-type simula-
tions based on MPS representations (Theorem 6).
We also comment on the relation to numerical tensor-
network simulations. Numerical DMRG and time-evolu-
tion studies have long suggested that many physically
relevant one-dimensional long-range systems, including
power-law interacting systems such as dipolar and van
der Waals systems, can often be efficiently represented by
MPS in practice [75,76]. In parallel, several MPO- and
MPS-based approaches have been developed to represent
long-range Hamiltonians and simulate their real-time
dynamics [77-82]. Our result is complementary to these
numerical observations. Rather than proposing a new
heuristic algorithm, we provide an a priori rigorous
explanation for why polynomial bond dimension suffices
when > 2, and we give explicit Schmidt-tail bounds that
certify the truncation error.

A. SE strength for k-local Hamiltonians

We first show a simple lemma on the SE strength of the
1D long-range interacting Hamiltonians [see Eq. (11)]. This
lemma shows that the SE strength is given by an O(1)
constant as long as the power-law decay is faster than r=2.

Lemma 17. Let H be an arbitrary 1D Hamiltonian
defined by Eq. (8) with Egs. (9) and (11). Then, for an
arbitrary decomposition A =AUB with A = {1,2,...,i}
and B = {i+1,i+2,...,n}, the SE strength J(V,3) is
upper-bounded by

_ ~ J
< J = g2l Mo

(288)
where d = max; Dy, and J, and 7 characterize the
interaction decay as in Eq. (11).

Remark. When the interaction decay is slower than r~2,
the entanglement generation is known to be highly
enhanced even in the context of the standard SIE theorem
[29]. Most of the locality properties break down for < 2
[20,45,57,73,83] with a few exceptions [52,84]

Proof of Lemma 17. The action of h; on a normalized
product state, including local ancillas, has norm at most
|hz|| and Schmidt rank at most @> ™n(1Z0411Z0B) - Cauchy-
Schwarz gives J(h;) < d*/?l||h,]||. Subadditivity then
gives

T (Vap) <d* 237 |- (289)

Z:ZnA#0.
ZNB#Q

The above quantity was simply treated using inequality
(11) in Ref. [45] Supplementary Lemma 1, which reduces
the above inequality to the desired one (288). This
completes the proof. [
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B. Bottleneck in the previous studies and our ideas

The origin of the improvement can be understood from
the way low-rank approximations are controlled. In many
previous approaches, one approximates functions of the
long-range Hamiltonian, such as time-evolution or filtering
operators, by polynomials in H. If the polynomial degree is
m, then the Schmidt rank of the resulting operator is
typically governed by the Schmidt-rank growth of powers
of the Hamiltonian. For one-dimensional long-range inter-
actions, this growth can scale as nOm)  Therefore, unless
the required degree m is independent of the system size n
and the target precision, the resulting bond dimension is not
polynomial in general; for example, even a mildly growing
degree such as m = Ollog(n)] already leads to quasipoly-
nomial complexity [45,57,58]. This rank growth is the main
bottleneck of polynomial-approximation-based methods.

Our approach avoids this bottleneck by not treating all
interaction terms as contributing equally to the Schmidt
rank. Instead, the key point is to keep track of the weights
of the interaction terms that actually contribute to entan-
glement generation and to low-rank approximation. The
spectral-entangling strength provides precisely such a
weighted measure: it quantifies how much each boundary
interaction can contribute to the generation of the Schmidt
spectrum. Thus, rather than estimating the Schmidt rank
only by counting how many interaction terms appear in
powers of H, the spectral-SIE framework controls the
accumulated entangling weight of those terms.

This weighted viewpoint is the essential mechanism
behind the improvement from quasipolynomial to poly-
nomial complexity. In the low-rank approximation result
used below, strong interaction components are retained
explicitly, while the accumulated contribution of suffi-
ciently weak components is controlled as an approximation
error. Consequently, the approximation cost is governed by
the weighted tail of the interaction decomposition rather
than by the formal Schmidt rank generated by polynomial
powers of the Hamiltonian.

C. MPS description of the long-range ground state

In this subsection, we discuss the MPS representation of
gapped ground states in one-dimensional long-range inter-
acting systems. The best-known result to date shows that
approximating the ground state within error € requires an

MPS with bond dimension e'°g”*(?/ ¢), where n denotes the
system size.

Here, we improve upon this bound by extending the
result of Ref. [45]. In particular, building on Proposition 14,
which establishes an AGSP construction tailored to long-
range systems, we show that the ground state admits an
efficient polynomially bounded MPS approximation:

Theorem 5. Let |Q) be the normalized, unique ground
state, with gap A >0, of a long-range interacting
Hamiltonian H as in Eq. (8) with Egs. (9) and (11). For

an arbitrary cut of the total system as A = A, U B, (i.e.,
A, ={1,2,...,s}), we consider the Schmidt decomposi-
tion of |2) as follows:

Q) =>4V, ) ® (9 ).

J=1

(290)

Then, the truncation error of the Schmidt rank is bounded
above by

Z (ﬂ(s))z < 32D0D_A/(2'7+A>,

; (291)

Jj>D

where Dy > 1 is a seed constant, uniform in the cut,
ensuring Eq. (296). It can be chosen with

log d\ 1+2/7 B logd
log Dy < c¢*log?(d) (%) log3+3/1 (2 + %) i

(292)

where 7=n-2, d=max;epDy, and §:=
min{A/g,1/2} is a dimensionless gap lower bound for
H/g. The constant ¢* depends only on k,7,Jy/g. The area
law of Ref. [45] allows this choice with E| () < log(2D,)
across every cut. Thus Dy = O(1) for fixed local param-
eters and a size-independent positive gap. Note that the
constant J has been defined in Eq. (288) as an upper bound
for the SE strength of V3.

Moreover, for every contiguous interval X, there exists a
normalized MPS |M(D, X)) of bond dimension at most D
satisfying

[tre (|2)(Q) — try<[|M (D, X)) (M (D. X)]]||?
< 64(|X| + 1)DyD~2/(27+4),

(293)

The approximating MPS may depend on X.
Remark. The global truncation estimate [85] Lemma 1
gives a normalized, phase-aligned MPS with |[||Q)—

IM(D))||> <232, 6%(D) < 64nDyD~2/7+2)  Thus, vec-
tor-norm accuracy e is ensured by

"<128nD0>1+2]/A.‘
D = 5 .
€

1. Proof of Theorem 5
For the proof, we utilize the Eckart-Young theorem [74]:

ST < 19) - 16|

j>D

(294)

2

: (295)

where |¢p) is an arbitrary (unnormalized) quantum state
with Schmidt rank D between A, and B. Apply the area
law in Ref. [45] Supplementary Theorem 1 to H/g with gap
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lower bound é. Its inter-region constant can be taken as
g0 = max{1,nJy/[g(n —2)]} by Eq. (9). Enlarging ¢* in
Eq. (292) if necessary, choose Dy with E(Q) < log(2Dy).
Since — log[(/lf))z] < E;(Q), the leading Schmidt product
state |¢) satisfies

Q . 296
[(1Q)] > N (296)
We then apply the AGSP K to |¢) and estimate the error
of
1{Ql#)12) — Kyl@)|l- (297)
By expanding |¢) as
) = (Qe)|Q) + /1 - [(QU)*IQ1).  (QlQ.) =0,
(298)
we obtain
1{Ql#)|2) — Kyld) |
<[[@9)(1 - KpIQ) + /1 - QU)K 100 |
< [(Qle)| x [I(1 - Kp)|Q)]|
+/ 1= [(QIA)PIIKHQL)|| < 3¢, (299)

where we use inequality (238) in Proposition 14.
Moreover, using inequality (240) in Proposition 14, we
can also prove the following approximation:

o287
VD'’

where |¢p) has the Schmidt rank of D for the bipartition A
and B,. Combining inequality (299) with this approxima-
tion gives

o)l < (300)

1Kslep) —

2pAT

pp)|| < 3e8 45

75

Finally, by applying the lower bound (296) to the above
inequality, we arrive at the error bound of

3\/2Dge" + V2Dye
B VD

1{Q¢)|2) - (301)

190~ 5 100)

(Qlp)
(302)

The two terms on the rhs of inequality (302) have
opposite dependence on . The first term ¢ is the
AGSP filtering error and decreases with 3, whereas the

second term €227 /\/D is the Schmidt-truncation error of
the filtered state and increases with . We therefore choose
f by balancing these two contributions:

o _ e2hnI
VD'’
which gives
fe— ' log(D) (303)
T2a@T+a) B
This choice further reduces inequality (302) to
——4 _log(D
H|Q) @iy 1P| < 4V/2Doe €2 (304)

Therefore, by letting |¢p) = |¢p)/(Q|¢p) in inequality
(295), we prove the first main inequality (291).
Define the Schmidt-tail errors of |Q) by

s 2 1/2
j>D
(305)
For X = {ip,....i;}, block the two exterior regions

and sequentially Schmidt-truncate  across  cuts
s =1ig—1,...,iy. The nested retained subspaces

give (Qlp) = [|4[* and 1 -] <>\, _, 8(D). For

x = &/||@||, contraction of trace distance yields ||py —
x> <1 —1|¢|]?* in operator norm, where py and yy are
the reduced states of € and y. Each exterior block has
support dimension at most D; a unitary within it maps a
support basis to at most D computational-basis product
vectors, giving bond dimension at most D everywhere
without changing yx. Thus, there is an MPS |M(D, X))
with

[[trxe( = try:[|M(D. X))(M(D. X)|]||?

Q)(Q|)
<2 Z 8(D

s=ip—1

(306)

Here, i; — iy = |X| — 1 and absent boundary tails are zero.
If the tail sum is at least 1, any normalized product state
suffices. By combining the inequalities (295) and (304),
we obtain

82(D) < 32Dy D=2/ (27+4), (307)

which reduces the upper bound (306) to the second main
inequality (293). This completes the proof. [
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D. Quantum dynamics

We next consider the quantum dynamics. We begin with
an initial product state |¢) and consider the efficient
computation of the time-evolved state |¢,) = e~ |¢h).

We first prove the existence of a good MPS approxi-
mation for the time-evolved state as a simple application of
Theorem 1.

Proposition 18. We consider the 1D long-range
Hamiltonian in Eq. (8) with Egs. (9) and (11). For t > 0
and any given product state |¢), there exists an MPS
|M,(D)) with the bond dimension D that approximates
e 1), satisfying the following error bound:

7 2Jt
‘fD n, (308)

le="]¢p) — [M,(D))||* <

where J was defined in Eq. (288).

1. Proof of Proposition 18
Let us denote the Schmidt decomposition of |¢,) b

b)) =S 2 s, ;) ® |, ;). (309)
J

where the index s characterizes the decomposition of the
total system (A = A;UB,). The global truncation estimate
[85] Lemma 1 gives a normalized, phase-aligned MPS. For
this purpose, we estimate the parameter 5,(D) for the
Schmidt decomposition:

0(0) = [, o)
which gives
n—1
ll:) = |M,(D))]? SZZ%(D) (311)

Using Theorem 1 with the parameter J, we can upper-
bound the (1/2)-Rényi-entanglement entropy between A,
and B; as

Eip(¢) <271, (312)

and hence, we can derive from inequality (45) in Lemma 5
eE12(4)/2

29 <

i
<———<—, 313
j ; ; (313)

where we choose @ = 1/2. Therefore, we obtain

2][
(D) =S (W) <y < C o (14

j>D j>D

which reduces the upper bound (311) to the main inequality
(308). This completes the proof. [

E. Precision guarantee for the tDMRG algorithm

In this section, we prove that the MPS in Proposition 18
can be efficiently computed with a precision guarantee by
using the tDMRG algorithm. As has been pointed out in
Ref. [32] (see also inequality (341) below), a rigorous
precision guarantee for the tDMRG algorithm has been an
open problem.

1. Review of tDMRG

We review the tDMRG algorithm [61,62,82]. The
purpose of the tDMRG algorithm is to construct an
MPS that approximates the time evolution

e~ yrp).

We start from a normalized product state |[M(D)) = |wy),
divide # > 0 into NV steps, and set At = ¢//N. Each Euler
update 1 — iH At is followed by left-to-right exact Schmidt
truncations of the current state to bond dimension D,
without intermediate normalization:
(1) First, we apply the first-order expansion

e Ay ~ (1 — iHAL)|y). (315)

(2) The resulting state is then approximated by an MPS
truncated up to bond dimension D:

M, (D)),

where |M(D)) is generally unnormalized; its norm
is bounded by the estimate following the definition
of €, below. Repeating the same procedure, we
approximate

(1 — iHAD|y) ~ (316)

e H81(M,, (D)) % [M,y1 (D)),
(3) After N steps, we obtain the MPS |M /(D)) as an
approximation to e~#|y).
For nonzero |M (D)), normalization gives the follow-
ing error bound:

My (D)) .
| ey
[[M(D))]
(D))
< D)) = ey + | 0 - D)
’ I[Mx (D)
<|[[My (D)) = e~ yg)| + [1 = [[I[Mp (D). (317)
Using the reverse triangle inequality
1= [[1M (DN < e wo) — [Mar (D)),
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we obtain the bound

D
D

€= ||[My (D)) — e HJyr) .

(318)

2. Error guarantee and the challenging point

Here, we consider the error accumulation in each of the
processes. We prove the following lemma:
Lemma 19. The number of steps N is chosen to satisfy

(gn1)
N

<1, Ar=1t/N. (319)

Then, the total error in the tDMRG algorithm is bounded by

le=1) ~ 1M (D) <192 +F25

(320)
where 6,,(D) is defined by Egs. (330) and (331) below.

Proof of Lemma 19. We first note that the condition (319)
implies

At||H| < gnAt <1 (321)
because of
IHI <> S kgl <> g=gn.  (322)
ieENZ:Z3i ieEA
where we use the parameter g in Eq. (8).
For the proof, we define the error ¢, as
en = [le7 ") — M, (D))]|. (323)

Schmidt truncation does not increase the norm. Hence, for
0<m<WN,

[1M,,(D))|| < [1 + (gnAn)2]m/2 < elon*/CN) < /e,
We aim to derive an upper bound for €,,. Then, we analyze
how the error increases with the approximation step. Given
the error ¢,, and the MPS |M,,(D)), we consider ¢,,,; and
IM,,.1(D)). We start from

He—iHAt|Mm(D)> _ e—iH(m+1)At|¢> H

<|||M,,(D)) = e p)]| < €. (324)

Hence, we get

e DS g) — M,y (D)]| < €

Em+1 =
+ e ™M, (D)) = [M,1 (D)) (325)
In the following, we estimate the error |e~A/x

M,,(D)) — M, ;1(D))||. For Hermitian H, the integral
Taylor remainder gives

=iHAL _ (] -

lle iHAL)|| < = At2||H||2 (gnAt)2 (326)

which, together with [||M,,(D))|| <+/e and /e/2 < 1,
yields

e~ 30, (D)) = (1 = H A M, (D)
< (gnAr)? = (%?2. (327)
To bound the second term
(1 —iHAL)|M,,(D)) = M, .1(D))|,  (328)

we define the Schmidt decomposition of (1 —iHA?)]|
M,, (D)) between A, and B, as follows:
(1 - iHA?)|M,,(D

Zﬂmﬂ(ﬁA J ® |¢B j> (329)

Sequential singular-value truncation, without normaliza-
tion, gives the following bound in terms of the original cut
tails:

I(1 = iHAL)|M,,(D)) = M, (D))]?
<25°5,.(0) < 208,0) (330)
with
3m(D) = Sgl[sfl]wm.s(D)]»
Sms(D) = [ZPD(ﬁ(nf,)j)z} " (331)

Note that the explicit form of |M,, (D)) is systematically
constructed by using the canonical form of the matrix-
product state [85,86].

By combining the inequalities (327) and (330), we derive

nt)? <
=M (D)) = My (D) B+ V25, (D),
(332)

Therefore, from the upper bound (325), we obtain
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+ (%?2 +V2n8,,(D).

(333)

€m+1 < €m

By solving the above recurrence inequality and considering
€), we arrive at the desired inequality (320). This com-
pletes the proof. u

The remaining problem is to estimate the upper bound of
5,,(D). The most frequently used way is to utilize the
Eckart-Young theorem as follows. Let ¢ p,) be an arbitrary
quantum state with Schmidt rank D between A, and B,.
Then, we upper-bound the approximation error 6, ((D) in
Eq. (331) by

Sms(D) < ||(1 = iHAD)M,, (D)) = |s.p)-

(334)
This reduces the problem to finding a good state |¢, p) to
approximate (1 —iHA1)|M,,(D)).

For this purpose, we consider e~#("+1A14) and con-
sider the Schmidt decomposition between A, and B; as
follows:

TN ) = 3T IR @ D). (339)
J
which is approximated by |y, p) as
D
|l//s D) = Z m+1|¢ ® |¢B ]> (336)

J=1

Then, by following the proof of Proposition 18, we
derive

4 2
|emmmag) )| <5 (337)
Therefore, we also obtain
(1 = iHAN)|M,,(D)) = wp)ll
< |le”4|M,,(D)) = lwyp)ll
+ (1 = iHAt — e=H30) |M,, (D)) |
< |le™ (M, (D)) — e~ "8t ) )|
+H€_iH(mH)AI|¢> |ll/sD>H + ({],\/2)
et (gnt)?
Sémt pir Tt N2 (338)
which, when applied to Eq. (334), implies
et (gnt)2
Sms(D) <e€,+ DT (339)

Combining Eq. (339) with Eq. (333) yields

Ll v2né,,(D)

Em+1 <€y

NZ
< (14 v2n)e,, + \/jnl;h + (1 + V2n) (QI/Z)Z.

(340)

Solving the linear recurrence, we obtain for all m > 0,

o (14 Iy + 2
2ne’t (gnt)2
X< vD HI+van N2 ) (341)

In particular, this error bound grows exponentially in the
number of steps m [with rate log(1 + v/2n)], highlighting
the difficulty of establishing an efficiency guarantee for
tDMRG [32].

3. Main theorem on the precision guarantee of tDMRG

Here, we resolve the problem of obtaining a meaningful
precision guarantee for the tDMRG method: indeed, we
prove the following theorem:

Theorem 6. Let H be the 1D long-range Hamiltonian
defined by Eq. (8) with Egs. (9) and (11). Start from a
normalized product state |wo) = |My(D)), impose
Eq. (319), and use the Euler updates followed by left-to-
right exact Schmidt truncations of the current state to bond
dimension D, without intermediate normalization. Let
5,,(D) be defined by Eq. (331). Then, for any step
me{0,..., N = 1}, we obtain

B el (gnt)* /N
Om —_— 342
/b 342)
Combining Lemma 19, the following inequality holds
. l) 2
e~ iH1 —\M < (gn Jt+(gnt) /./\f‘
(343)

Remark. According to the theorem, to achieve accuracy
e, one may set N « ?n?/e and D x e“n’/e*. This
choice leads to a time complexity that is merely polynomial
in n/e.

4. Key idea: Rényi-entanglement monitoring

The monitoring procedure is illustrated in Fig. 4.
Our goal is to obtain a rigorous and practically mean-
ingful precision guarantee for tDMRG. The core strategy is
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Compression
M) —— - a0 @) — (1~ HAD) M1 D)) |
PR % ]| Compression To _ﬂ_é;r;;r;;s;o;l
My  IMu®) (1~ HAOIM,, (D) |
LEw inEinD  im ]| Compression
M @) —-
Tnea(S Tn)

FIG. 4. Monitoring the Euler-and-truncation scheme. The exact evolution is shown in blue. Starting from |My(D)) =

____________

S S S ——

____________

(< Inv-1)

|wo), each green

Euler-update state (1 —iHAr)|M,,(D)) is compressed to the red MPS |M,, (D)). Compression cannot increase the sum of

unnormalized Schmidt coefficients across any cut. Tracking this sum controls the accumulated truncation error.

to monitor the sum of the unnormalized Schmidt coeffi-
cients, which controls the truncation error. The argument
proceeds in three steps.

(1) Step 1: Monitor the unnormalized Schmidt sum. Let
the Schmidt decompositions of the (generally un-
normalized) MPS |M,, (D)) at step m across a fixed
cut (A, By) be

S

Mo

|WA J ® |WB j> (344)

j=1

In the same way, we denote the Schmidt decom-
position of (1 —iHA?)|M,,(D)) by

(1 - lHAt |M Z ) |¢A J ® |¢BY1>
j=1
(345)
We track
(5 > 56)
=Y = Tn (346)
=1 =1
For any mnonzero vector [£), > ;4;(¢)=

€]l explE12(&/11€]])/2]. We track the unnormalized
sums themselves to control the truncation error.
(2) Step 2: Show how tDMRG controls £,, step by step.
We split one time step into a local part and an across-
the-cut part [see Eq. (352) below] and derive a
precise upper bound on the increase of the Schmidt-
coefficient sum after applying (1 — iHAt) and trun-
cation:
C <1+ TAL+ (gnAt)?E,, (347)
Schmidt truncation does not increase the sum of
unnormalized Schmidt coefficients across any cut.

Each truncation is an orthogonal projection repre-
sentable on either side of its cut; for any other cut,
one representation acts on one side only, so the
coefficient-matrix nuclear norm cannot increase. No
intermediate renormalization is performed. This
proves the following inequality; sequential singu-
lar-value truncation also gives Eq. (330):

Cm < €n1—1' (348)
(3) Step 3: Convert entanglement control into trunca-

tion-error control. Given {,, for the pretruncation
state (1 — iHAt)|M,,(D)) at step m, the tail satisfies

12 ¢
— (s) 12 m
oma(D) = (50, H0P) < S

where we use the same analysis as in Eq. (314).
Thus, an upper bound on £,, (hence, on ¢,,) yields a
quantitative bound on the truncation error at that
step. Summing over steps and cuts gives the final
precision guarantee for tDMRG.
Controlling the unnormalized Schmidt sums along the
algorithmic trajectory gives explicit trade-offs among At,
N, and D, and hence a precision guarantee.

(349)

5. Proof of Theorem 6

We use the notation introduced in the previous section.
Our goal is to derive an upper bound for §,, (D) in
Eq. (331) that holds for any s:

&s(D) =3 (4)) (350)
J>D
Note that 6,,(D) is given by 6,,(D) = max, ¢ n=1][Om.s(D)].

For this purpose, we estimate the sum of the unnormalized
Schmidt coefficients in Eq. (346).
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In the following, we upper-bound ¢,, based on {,,_; (or
Z,,). For this purpose, we utilize

Cn < T(1 = iHALE,,. (351)

Note that ¢, is connected to the (1/2)-Rényi entanglement
of (1—-iHAt)|M,(D)). A simple estimate gives
J(1 —iHAt) < 1+ O(||H||At), which is too loose and
leads to an exponential increase in Z,, with m. To refine
this, we use the following expansion:

1 — iHAt = e Ha s )M Y, o At

+ [l —i(Ha, + Hp )At — e~ (HatHa )81
— iV, p At

2. (—iAH)™
-SSR G
m=2 :

— o—i(Ha,+Hp,)At

(352)

where we decompose the total Hamiltonian into H = H, +
Hp +V, p . Using Lemma 4, we obtain

T(1—iHAf) <1+ JAt+ Z >m

m m _ o
x Zo(m)j(HX' ® Hy ™), (353)

my=

where we use J (e "HatHn)AN) = 1 and J (V4 ) <J.
Using the parameter g in Eq. (8), we have

J(Hy' @ Hy ™) < |[Hy ||™ x || Hp,

< g"IAM B[, (354)
which reduces the upper bound (353) to
- At
T(1 —iHA) < 1 +JAz+Z (gn )
=1+ JAt+ (eg”A’ —gnAr—1)
<1+ JAt+ (gnAt)?, (355)

where we use |A |+ |By| =|A| =n and ¢* — 1 —x < x?
for 0 < x <1, using Eq. (319).

By combining the inequalities (351) and (355), we
obtain

Cw <1+ TAL+ (gnAn)?),, < [1+ JAL+ (gnAt)?]E,, 1,

(356)

where we use Eq. (348) in the last inequality. Starting

from (y =1 and using Zm+1 <{,,, we obtain, for

E < [14 TAL + (gnAn)2mtt < @IrHan)?/N - (357)

Therefore, from the upper bound (357) and inequality
(349), we arrive at the Schmidt-rank truncation error for
(1 —iHAt)|M,,(D)) as follows:

e]t+(gnt)2//\/
S, (D)< 358
D)= (35%)
We thus prove the main inequality (342) from &,,(D) =
max; e [-1)[0,s(D)]. This completes the proof. m

F. Quantum Gibbs states

In considering the quantum Gibbs states, we utilize the
following purification:

(359)

D
1 SN .
lop) = Z, (e @ 1y) Z [ja) @ ljar):

=1

with A’ a copied system and Zj the partition function.
Use corresponding sitewise product bases, so that
1) =®;en Zii:l |la;)|ay). Here, d; = Dy;,. Each MPS site
is the pair (i,i'), and spatial cuts are A A}|B,B). Note
that try (|py) (o) =

Our task is to implement the imaginary-time evolution to
Z?:"l lja) ® |ja) [8]. However, we cannot directly apply
the analyses of the real-time evolution. The primary
challenge occurs in the analyses of Eq. (352), which
characterized the SE strength of J(1 — iHAt). In extend-
ing it to the imaginary-time evolution, we need to consider
J(1 — HAt) with Az the decomposed unit of the total
imaginary time . We then replace Eq. (352) with

1 — HAt = e tHs)Ar —_y, o AT
® (—A7)™
—Z( ‘) (Hy, + Hp )™ (360)
m=2 m: l .

Then, the problem is that the SE strength of
J (e~ Ha,+H5,)A7) i not equal to 1 unlike the real-time
case; instead, we have J(e~(HaHH5)57) o 1 4 nAz. This
also modifies inequality (357) by
&, < elPHanp)/N+Omp) (361)

which is meaningless for a large system size n.

Currently, we can prove only the existence of an efficient
MPS approximation of |pj) as follows:

Theorem 7. We consider the 1D long-range Hamiltonian
defined in the form of Eq. (8) with Egs. (9) and (11). For

p >0, there exists an efficient MPS approximation
|My(D)) for |ps) in Eq. (359) such that

041035-41



DONGHOON KIM et al.

PHYS. REV. X 16, 041035 (2026)

[lpg) = IMy(D))|| < 960n[SQy/41D~1/%,  (362)

where we defined Kp and Q, as
4(k+1
Kp =4 {6 + ( _+ ) + 2k10g2(d)} [$Qo/4]. (363)
and
) 1 n—2 -1

= —, . 364

% [mm (89k 16¢J(n = 1)22”‘2)] (364)

Remark. From the definition, we have ks =

O(1 + pQ,), and hence to achieve an error ¢, we need
to set the bond dimension D to be as large as
(n/e)®1+P), This is qualitatively better than the state-
of-the-art result of ¢©#)10g’(/€) jn Ref. [57]. On the other
hand, it is still an open question whether one can also
prove the polynomial-time complexity to find such an
MPS approximation. Even under the high-temperature
condition (i.e., f < 1), the current best time complexity
is given by el ("/e) [58].

1. Proof of Theorem 7

We utilize the global estimate (311) as in the proof of
Proposition 18. Let us denote the Schmidt decomposition
of |pg) across A A{|B,By by

p) =Y A\ pan ) ® lbsp ). (365)
J

where the index s characterizes the decomposition of the
total system, i.e., A = A, LB, with A, = {1,2,...,s} and
B, = A\A,. Then, we obtain the same inequality as
Eq. (311):

n—1
llog) — [Ms(D))|> <2 &(D) (366)
s=1
and
#(0) =Y (47)" (367)

j>D

To estimate Eq. (367), we utilize the Eckart-Young
theorem as follows:

SO < Nlog) = w1 (368)

j>D

where |y p) is an arbitrary quantum state with Schmidt rank
D for the cut A;A}|B;B). To construct |wp), we apply
Theorem 3 to —H and approximate e ##/* by p; , such that

leP/% = Dgall, < Elle? 4], (369)
Set A = ¢"/* and B = jjs/4. The normalized vectoriza-
tion is

B'B® 1,y

BB, 70

Pp) =

For 0<e<1/2, Eq. (369) with p=4 gives

|BYB — A%||, < &2 + €)||A?||,. Normalizing their vectori-
zations therefore yields

llop) = 1p)I* < 282 +@)]> <3682 (371)

By applying |ps) to inequality (368), we need to set
D = [SR(py,4)]?, which yields

> (W) <62

J>[SR(g/4)]?

(372)

The remaining problem is to get the Schmidt rank
SR(py,4) for the approximation (369). For this purpose,
we use Theorem 3. Here, the boundary interaction V4 p is
decomposed as

VA.‘B.x - h‘Z = Z V] (373)
Z:ZNA#P.ZNB,#Q j=1

Here we enumerate the terms /s, by nondecreasing inter-
action diameter and associate them with V;, padding by
zero terms if necessary. To apply the theorem, we first
prove that the boundary interaction V, p satisfies
Assumption 10 in the following sense:

Lemma 20. Under the decomposition of Eq. (373), the
operator V4 5 (Vs€[l,n—1]) satisfies the conditions
(162) and (163) by choosing k, Dy, §, and C, as follows:

n—2 2k
= — D:
Trr 0=d%,
1
9—410(1+,7f2>, Co=(n—1)2"2. (374)

Note that # was set to be larger than 2 as in Eq. (11).
Moreover, by using Ref. [87] Lemma 3 therein, we have

lady, (hz)[| < (2gk)*s!|[hz

, (375)
and hence, we also obtain the parameter Q in Eq. (173) as
Q = 2gk. (376)

We recall that the parameter g is defined as one-site energy
scale as in Eq. (8). Equations (374) and (376) make
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o o o1\
0= MM 5 oo

. 1 n—2 -1
= [min{ -— .
8gk " 16eJy(n — 1)2212

Therefore, from inequality (175), we obtain

(377)

~ 48[ Q) /47 26+4(k+1)/(n=2)+2klogs (d)][FQo/4]
SR(Pﬂ/4) (f)
4 47\ kp/2
- (M) " (378)

where we use the notation xz in Eq. (363). Write m =
[/Qp/4] and choose

€ =48mD~'/%s, (379)

If € < 1/2, the rank estimate gives [SR(B)]> < D and

82(D) < 36(48m)>D~2/%s. (380)
Equation  (366) then gives |||pz) — |[My(D))| <
288v2nmD~"/% < 960nmD~"/% If € > 1/2, the distance
to any normalized product state is at most 2 and satisfies
Eq. (362). At = 0, the paired-site purification is a bond-
one MPS. This completes the proof. L]

2. Proof of Lemma 20

For simplicity, we denote A; and B, by A and B,
respectively. We aim to derive the inequalities of

Vag = Z Vi
J=1

SR(V;) <D, Vj, (381)

and

S VI £Coa(D+ 1™ (Co=1),

j>D+1

Y oIvill<a,
j=1
(382)

under the choice of Eq. (374).

We first upper-bound the Schmidt rank SR(%,) for an
arbitrary interaction term h;, with |Z| < k. For an arbitrary
local operator defined on a subset X, the total number of
operator bases is upper-bounded by @?*!, and hence,

SR(hz) < d*. (383)

Therefore, we can choose D, as

= d*. (384)

Second, we introduce the following decomposition
of VAB:

V,:= Z hy.

Z:ZnA#Q.ZNB#D
diam(Z)=r

(385)

0
VAB = Z Vr’
r=1

We also denote the set S, such that

S,:={ZCA:|Z|<k.diam(Z)=r.ZNA#@.ZNB# B}
(386)

Using it, we obtain

(387)

We define the subset X, (r €N) to span the region within
the distance r from the boundary between A and B. Then,
any subset Z €S, is supported on X,, and hence we get

S, < 1X,]* < (2n)-. (388)
For the counting bound, encode each nonempty subset of

size at most k by its increasing list, padded to length k by
repeating its last element. We next estimate the norm sum

Vo= kg,

ZeS,

(389)

By using inequality (9) with Eq. (11), we obtain
ool Y D ikl

Z:70A#0,Z0B#0 i€X, j:d;j=rZ:Z3{i.j}

diam(Z)=r
S 2]0 E I"_r] S 4‘]0}/-—"]"!‘1’
ieX,

(390)

where we use |X,| < 2r in the last inequality.
After straightforward calculations, we obtain

fj PE 3 agprr
r=1ZeS, r=1

(391)

and

. 4]
SN kgl <> asgr it <= (g = 1R,
>R Z€S, 2

r>R n=
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where the tail is bounded by its first term plus an integral,
for R > 1. The total number of interaction operators
{hz}zes, r<r is smaller than

SIS <> @rF <2 R—-1)1 (393)
r<R r<R
and hence, we formally obtain
3 4o ~1-2)
SOV €YD llhzll < =% (= DR
j=D+1 >R Z€S, n
<G(n—=1)R""=2) for 2K(R — 1)k+!
< D < 2KRk+1, (394)

Since D < 2KR**! and these quantities are integers,
D+ 1 <2RK! Thus, R >27%U+D(pD 4 1)l/0k+D) >
LD+ 1)U+ giving

D IVl < (7= 1272 x g x (D + 1)~/ e,
Jj=D+1

(395)

Therefore, we can derive inequality (382) under the choice
of Eq. (374). This completes the proof. [

IX. SYSTEMS WITH SHORT-RANGE
INTERACTIONS

In this section, we clarify how the spectral-SIE picture
changes when genuine geometric locality is imposed. We
focus on geometrically local systems governed by short-
range interactions corresponding to the Hamiltonian
defined in Eq. (10). The first purpose is to show that,
for the instantaneous Rényi-entanglement rate, the thresh-
old in Theorem 1 cannot be improved even in this local
setting. The reason is that the singular behavior responsible
for the threshold @ = 1/2 already appears in a strictly local
two-site entangling process. This is made explicit in
Lemma 21, which saturates Eq. (52) as t/0 and has a
divergent rate for 0 < a < 1/2.

The second purpose is to contrast this instantaneous
obstruction with finite-time entanglement generation. Over
a finite-time interval, geometric locality can be used to
obtain stronger bounds than those available in the general
nonlocal setting [8,9,32,34,35]. We summarize this
improvement in Lemma 22, which provides a representa-
tive finite-time entanglement-generation bound and
illustrates how locality can improve the behavior of
time-averaged entanglement growth.

We begin with the following statement:

Lemma 21. Let us consider the following simple case in a
two-qubit system:

H =

0,0),

0,0)(1,1

lwo) = +Hec.  (396)

Note that J(H) = 1. Then, the Rényi-entanglement rate
satisfies

o for0<a<1/2,
=q¢2 fora=1/2,
0 fora>1/2.

dE,(1)

- (397)

1
t—+0

Proof of Lemma 21. By solving the eigenproblem of H,
we obtain
ly,) = e H1|0,0) = cos()]0, 0) — i sin()|1, 1), (398)

which, for 0 < r < z/2 and a # 1, gives the derivative (the
case a = 1 follows by continuity)

dE,(t)  2a cos(t)sin®*~! (1) — sin(z) cos**~! (1)
i l-a cos?®(1) 4 sin®*(r)
20 g
T1- a <t t)‘ (399)

The above equation immediately leads to the main state-
ment (397). This completes the proof. [

The following estimate bounds finite-time Rényi-entan-
glement growth for every fixed positive index:

Lemma 22. (A modified version of Corollary 8 in
Ref. [8]). Let H,p be a time-independent, bounded-
strength, finite-range 1D Hamiltonian with fixed local
dimension and range, and take a single spatial cut A|B.
Set T'=max{l, |¢|} and 0 < ¢ < 1/2. For arbitrary time-
evolution operator e~"#45', there exists an operator U,z p
such that ||Uypp — e #45'|| <€, where Uypp has the
Schmidt rank D with

D — EO [\/TIOg(1/€)+T2] )

(400)

Here, O(x) = O[xlog(2 + x)], with constants depending
only on the fixed local parameters.

Remark. For a normalized product initial state across
A|B, inversion of Eq. (400) gives, for s > 2,

Cy(logs)?
T[log(2 + log s)]

As(t) < exp [CIT— 2} (401)

For any pure initial state and 0 < @ < 1/2, the argument
below gives

(402)

For a > 1/2, Theorem 1 applies. This is not a uniform
linear-in-|7| bound near 7 = 0. Higher-dimensional exten-
sions require corresponding rank estimates.
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Uy, =e """ Up =e"Po

FIG. 5.

Proof sketch. For the reader’s convenience, we sketch the
proof in the spirit of Ref. [8]. The key ideas are (i) decom-
posing the time evolution using the Haah-Hastings-
Kothari-Low (HHKL) approximation [7], and (ii) applying
the Schmidt-rank bounds of Refs. [40,41] to the Taylor
expansion of the time-evolution operator restricted to the
central block.

We first decompose the total system into A =
A;UAgU By U By, where |Ag| = |By| = ¢. Then, one can
obtain the Haah-Hastings-Kothari-Low approximation of
the time evolution e~"#45" as follows [7] (Fig. 5):

—iH gt _ ,—iH !

i(Hay+Hpy)t ,—i(Hy+Hp)t

e e e < CeHetolil,

e
(403)

where C > 1, v, and p are determined by the Lieb-
Robinson bound. We recall that Hy g, H,,, and Hp are
the subset Hamiltonians on Ay U By, Ag, and B, respec-
tively. Note that if the higher dimension is considered, the
above upper bound depends on the surface area of A.

Choose £ = [[log(2C/€) + v|t|]/u], so the HHKL error
is at most €/2. The two rightmost factors act separately on
A and B and do not increase operator Schmidt rank. It
remains to approximate e~ 7405 to error /2. By consid-
ering the Taylor expansion as

o0

_i\m
o—iHagn!t — Z( it) B

m! AoBy’
m=0 :

(404)

the Taylor polynomial Py = Y ) (—it)"HY} 5 /m! has
error at most €/2 for a sufficiently large choice
M = O[lll[H | + log(1/¢)] = O[T log(1/e) + T2,
using [|H, || = O(¢) and ¢ = O[log(1/e) +T]. The
rank bounds of Refs. [40,41] give SR(Py) <
exp[O{v/Mlog(2 + M)}] < exp[O{+/T log(1/e) + T?}].
Combining the two error contributions proves Eq. (400).

For Eq. (402), choose approximants U, to U = e~ Has!
with errors e™” and ranks D,, from Eq. (400), and write
U=U; +> 51Uy —U,). For ¢ =2a < 1, Schatten
g-power subadditivity bounds the output coefficient sum
for every normalized product input by

Schematic picture of the Haah-Hastings-Kothari-Low approximation along the cut AyA,LIBB;.

Gy =2%D™ + Y (D + Dyypy) 7272

m>1

The rank estimate gives log G, < (CT/a)[log{(2+T)/
a}]>. Applying the same subadditivity to the initial
Schmidt expansion bounds the increase of E, by
(1 —a)~'logG,. Applying the argument to U’ gives
the absolute increment bound (402), after adjusting C.
This completes the proof. m

X. CONCLUSION AND PERSPECTIVE

In this work, we aimed to establish universal principles
governing the entanglement spectrum. The key notions
introduced and developed are the SE strength (Definition 1)
and the spectral SIE (Theorem 1). They provide a refined
and quantitatively optimal framework for dynamical entan-
glement structure, thereby extending the celebrated SIE
theorem to address richer many-body phenomena. As an
application, we have analyzed long-range interacting sys-
tems and have demonstrated that, contrary to previous
expectations, the quasipolynomial complexity of their
simulation can in fact be improved to polynomial complex-
ity. These main achievements are summarized in Fig. 1.

At the same time, our analysis naturally brings to light a
variety of fundamental open problems. These problems
indicate both the limitations of the present results and
promising avenues for further exploration. In the following,
we list and discuss several of these open directions.

(1) Unification of spectral and standard SIEs: The
spectral SIE developed in this work has the distinct
advantage that it provides bounds on the generation
rate of Rényi entanglement for @ < 1, a feature not
available in the standard SIE. This refinement allows
for a more precise control of computational com-
plexity. However, an important limitation arises: the
spectral SIE, when specialized to @ = 1, does not
straightforwardly recover the standard SIE. As
emphasized in Ref. [34], the case @ = 1 exhibits
special properties that set it apart from the regime
a < 1. Consequently, a major open challenge is to
develop a unified theorem that fully integrates the
spectral- and standard SIE frameworks into a
comprehensive theory of dynamical entanglement
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growth. At the present stage of our understanding,
our results show that the bound is sharp only for
a = 1/2, whereas the optimal bound for a > 1/2
remains unknown.

Limits of operator approximability: Proposition 9
shows that small SE strength does not guarantee an
efficient approximation of the time-evolution oper-
ator, thereby revealing a complexity separation
between the full unitary operator and time-evolved
states. However, once we allow the Schmidt rank to
depend on the Hilbert-space dimension D,p, it
remains unresolved whether the required scaling
is polynomial in D,p or only logarithmic in Dyp.
Clarifying this point is crucial for achieving a more
quantitative understanding of complexity separation
in many-body quantum dynamics.

Sufficient conditions for operator-level low-rank
approximation (Conjecture 2): Subsequent work
described in the Note added establishes the Hermi-
tian case of Conjecture 2 for a < 1/2 and gives non-
Hermitian counterexamples for « > 1/3. Further
questions concern analogous approximation guar-
antees for general non-Hermitian operators.
Precise conditions for generalized area laws: The
generalized area law currently relies on the assumption
of boundary-adiabatic paths (Assumption 13). It re-
mains unknown whether this assumption is indeed
indispensable or can be relaxed. Determining the
minimal assumptions under which area laws hold is
essential for both condensed matter physics and
quantum information theory.

Tightening the area-law upper bound: We obtained
E,(Q) = O[1 + (§/A)?] (Theorem 4), with § the
uniform path bound in Assumption 13 and fixed
So, €. It is natural to seek E,_(Q) <1+ gG/A.
Improving the exponent in the upper bound is
therefore an important quantitative challenge, with
implications for the efficiency of tensor-network
representations of gapped ground states.
Time-efficient algorithms for ground states and
Gibbs states: Current results provide existence
proofs of MPS (or purified MPS) approximations
to gapped ground states and Gibbs states in 1D long-
range interacting systems (Theorems 5 and 7).
However, explicit and efficient algorithms to ac-
tually construct such approximations are lacking.
Developing such algorithms would make rigorous
complexity results directly applicable to numerical
simulation. More importantly, it would represent a
genuine complexity-theoretic breakthrough, imply-
ing that the computational complexity of classical
simulation of 1D long-range interacting systems lies
in the class P.

Generalization of rigorous error certification for
DMRG-type algorithms: The certification scheme
introduced for tDMRG (Theorem 6) may serve as a

paradigm for broader classes of variational methods,
including higher-dimensional tensor networks. Ex-
tending the framework, improving its dependence on
system size, time, and error tolerance, and making it
practical for real simulations are natural directions
for future work. In particular, achieving rigorous
error certification for imaginary-time evolution re-
mains one of the most important open problems.

(8) Dynamical entanglement structure in short-range
interacting systems: For one-dimensional finite-
range systems, Lemma 22 gives Eq. (402), finite
for every fixed positive Rényi index. Conformal-
field-theory analyses motivate a 1/a dependence
[88-90] (see also Ref. [91]). Removing the addi-
tional logarithmic factors and determining the opti-
mal joint time and index dependence remain open
questions.

(9) High-dimensional entanglement structures: The
spectral-SIE theorem is intrinsically bipartite and
does not rely on one-dimensional geometry. Thus, it
provides a dimension-independent constraint on the
Schmidt spectrum across any cut for which the
boundary SE strength can be controlled. In higher
dimensions, however, converting such bipartite
spectral information into efficient tensor-network
descriptions is substantially more subtle. Results
such as those of Ge and FEisert indicate that bipartite
entanglement constraints alone are not sufficient to
characterize the complexity of many-body states
[92]. One should therefore expect that higher-dimen-
sional applications require entanglement constraints
that are adapted to the spatial geometry, rather than
bounds for isolated bipartitions only. Determining
the appropriate geometry-respecting spectral condi-
tion remains an important open problem.

Altogether, the resolution of these open problems would

mark significant progress toward a unified and quantitative
theory of entanglement dynamics, with far-reaching impli-
cations for the simulation of quantum many-body systems
and for the broader interface between physics and computer
science.

Note added. Recently, Conjecture 2 was resolved in our
subsequent work [93]. As originally formulated for arbi-
trary bipartite operators, the conjecture does not hold over
its full proposed parameter range: a non-Hermitian rank-
one family provides a counterexample for a > 1/3. In
contrast, for Hermitian operators and a < 1/2, the con-
jectured operator-norm low-rank approximation bound
holds with the sharp constant.
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