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How the detailed entanglement structure emerges from quantum dynamics remains a fundamental
challenge motivated by recent advances in quantum simulators and information processing. As a central
milestone, the small-incremental-entangling (SIE) theorem bounds the entanglement-entropy growth rate
but does not control the entanglement spectrum itself. In this work, we define the spectral-entangling
strength, which quantifies how strongly an operator can reshape the distribution of Schmidt coefficients
across a bipartition. We then prove a spectral-SIE theorem: for Rényi index α ≥ 1=2, the growth rate of
Rényi-entanglement entropies admits a universal bound. Remarkably, our bound at α ¼ 1=2 is both
qualitatively and quantitatively optimal; below this threshold (α < 1=2), no universal speed limit on
entanglement growth can exist. This result yields a sharp 1=s2 threshold in the tail of the ordered squared
Schmidt coefficients, or equivalently in the entanglement-spectrum weights (with s the Schmidt index). It
enables rigorous truncation-based-error control and establishes a quantitative link between entanglement-
spectrum structure and computational complexity. As a practical highlight, for one-dimensional power-law
interactions 1=rη with η > 2, this implies matrix-product-state approximations with bond dimension
polynomial in (n=ϵ) for ground states, real-time evolved states, and Gibbs states, thereby closing the
quasipolynomial gap, where n is the system size, and ϵ denotes the target approximation error in the
relevant state or operator norm. By controlling Rényi entanglement, we further obtain a rigorous a priori
truncation-error bound for the time-dependent density-matrix renormalization-group scheme analyzed
here. Overall, we extend the SIE paradigm from bounding entanglement entropies to constraining the
entanglement spectrum itself.

DOI: 10.1103/8fcr-5tf4 Subject Areas: Condensed Matter Physics,
Quantum Physics,
Quantum Information

I. INTRODUCTION

Understanding how complex structures emerge in the
dynamics of quantum systems over time is a fundamental
problem in quantum many-body physics. With the rapid
progress of quantum simulation platforms and quantum
information processing, unveiling such dynamical com-
plexity has become increasingly relevant both theoretically
and experimentally. This problem is deeply connected to

several essential topics, including the foundation of ther-
malization in quantum many-body systems [1,2], the
characterization of quantum phases of matter [3–5], the
efficiency guarantee of quantum many-body algorithms
[6–9], and the theoretical framework of entanglement itself,
as well as the role of entanglement as a fundamental
resource in quantum information science [10–12]. Among
the known universal principles governing quantum dynam-
ics, the Lieb-Robinson bound stands out as a cornerstone
result [13–15]. It provides an effective light-cone structure
in nonrelativistic quantum systems, setting a fundamental
limit on how quickly information and entanglement can
propagate through local interactions. However, the Lieb-
Robinson bound inherently relies on geometric locality,
and its applicability becomes significantly limited when
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dealing with systems with long-range interactions or those
defined on infinite-dimensional graphs [16–20]. In such
cases, the standard notions of locality and causal structure
no longer suffice to capture the nontrivial entanglement
dynamics.
Another well-known information-theoretic constraint

that does not rely on geometric locality is the small-
incremental-entangling (SIE) theorem [21]. This theorem
considers a bipartition of a quantum system into subsys-
tems A and B, and asserts that the rate at which
entanglement entropy is generated between them can be
upper bounded solely in terms of the interaction strength
and the Hilbert-space dimensions of the directly coupled
subsystems A0 ⊂ A and B0 ⊂ B. In systems with spatial
locality, the SIE bound can be derived from the Lieb-
Robinson bound [14]. However, its general validity across
arbitrary quantum systems was first conjectured by Kitaev
and Bravyi, and later fully proven in 2013 [22–25].
Because the rate of entanglement growth depends only
on the interaction across the boundary between A and B,
the SIE theorem is often referred to as the dynamical area
law. This term emphasizes the fact that entanglement
generation in time is governed by the surface—rather than
the volume—of the interacting regions. The SIE theorem
has served as a key methodological tool in a wide range of
fundamental problems, such as supporting the area-law
conjecture for noncritical ground states in higher-
dimensional systems [22,26], analyzing complexity
growth in quantum circuits [27,28], and characterizing
measurement-induced phase transitions [29]. These appli-
cations demonstrate the power and universality of the SIE
framework. Nevertheless, as we will discuss in the next
section, the entanglement-generation rate alone is often
insufficient to fully capture the complexity of quantum
many-body dynamics.
Despite the theoretical strength of existing approaches

such as the Lieb-Robinson bound and the SIE theorem,
most of these frameworks focus primarily on the amount of
information—for example, how much entanglement is
generated—rather than accessing the structure of that
information. The Lieb-Robinson bound provides no insight
into the internal structure within the light cone, and the SIE
theorem says nothing about the detailed features of the
entanglement being generated. This shift from quantifying
the amount to characterizing the structure represents a
major open challenge in modern quantum many-body
physics. In particular, it is known that entanglement
entropy alone is insufficient to meaningfully describe the
quantitative complexity of quantum systems [30,31].
Therefore, if we wish to utilize the SIE theorem as a
foundational tool for understanding quantum many-body
complexity, and to apply it to more intricate scenarios such
as quantum algorithms or nonequilibrium phenomena, it
becomes essential to introduce new formalisms that can
capture the structure of entanglement itself.

In this work, we move beyond these limitations by
establishing a spectral formulation of entanglement growth.
Our framework not only provides rigorous dynamical
constraints on the entanglement spectrum itself, but also
achieves both qualitative and quantitative optimality: at the
critical threshold, we establish a universal upper bound
corresponding to a 1=s2 decay of squared Schmidt coef-
ficients, which is sharp and cannot be improved. This
perspective sharpens the dynamical area law into a more
fine-grained structural principle and extends its reach to
broader consequences, including generalized area laws
of gapped ground states, efficient matrix-product-state
approximations for long-range systems, and rigorous a pri-
ori performance guarantees for numerical algorithms such
as tDMRG (time-dependent density-matrix renormalization
group). Conceptually, the ability to address the entangle-
ment spectrum directly opens the door to a more refined
understanding of quantum complexity, enabling applica-
tions that go well beyond entropy-based diagnostics.

II. OVERVIEW OF THE MAIN RESULTS

Figure 1 summarizes the main results and their
relationships.

A. Spectral-entangling strength

We consider a general bipartite quantum system com-
posed of subsystems A and B, where the Hamiltonian takes
the form H ¼ HA þHB þ VAB. The time evolution gen-
erated by e−iHt induces nontrivial changes in the entangle-
ment spectrum, namely, the structure of the Schmidt
coefficients, and our goal is to understand how this
spectrum evolves. To address this, we introduce a quantity
called the spectral-entangling (SE) strength defined for a
general operator ΦAB. This quantity plays a central role in
the present work, as it quantifies the entangling power of an
operator.
SE strength (Def. 1, informal): For any product state jϕi,

let us denote the Schmidt coefficients of ΦABjϕi by
fλsðϕÞgs. Then, the operator ΦAB has the SE strength
J̄ ðΦABÞ which is defined as supremum over product
states: supϕ

P
s λsðϕÞ.

Intuitively, this quantity measures the maximal ability
of ΦAB to generate spectral weight across the bipartition.
A simple characterization can be obtained when ΦAB
admits a decomposition ΦAB ¼Pj JjΦA;j ⊗ ΦB;j with
kΦA;jk ¼ kΦB;jk ¼ 1, in which case one finds
J̄ ðΦABÞ ≤

P
j jJjj.

B. Spectral SIE

This framework allows us to investigate how the entan-
glement spectrum fjλsðtÞj2g of an initially product state jϕi
evolves under time evolution into jϕti. For a normalized
product initial state, the squared Schmidt coefficients obey
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jλsðtÞj2 ≤ e2J̄ ðVABÞjtj=s2:

In general, this uniform upper bound cannot be further
improved without imposing additional geometric assump-
tions such as finite-dimensionality or short-range inter-
actions [8,9,32]. The result can be derived from an upper
bound on the growth rate of the α-Rényi entanglement Eα,
as defined precisely in Eq. (3). In order to emphasize the
spectral nature of the bound, we refer to this extension as
the spectral-SIE theorem.
Theorem 1 (informal): For α ≥ 1=2, the generation rate

of the α-Rényi entanglement is bounded from above by
cαJ̄ ðVABÞ, where cα is an Oð1Þ constant satisfying
c1=2 ¼ 2, c1 ¼ 4=e, and c∞ ¼ 2.

The conceptual difference from the standard Bravyi-
Kitaev SIE framework lies in the choice of the control
parameter. In the conventional setting, one considers a
decomposition A ¼ A1A2, B ¼ B2B1, where the interaction
is supported only on the directly coupled subsystems A2B2.
For the von Neumann entropy, the SIE bound controls
the entanglement rate by a quantity of the form
kVA2B2

k logDA2jB2
, where DA2jB2

≔ minðDA2
;DB2

Þ. This
dimension-based form is special to the entropy case α ¼ 1;
for Rényi entropies with α > 1, known extensions involve
stronger dimension dependences, such as powers of DA2jB2

[33,34]. In contrast, the spectral-SIE theorem replaces this
subsystem-dimension-based control by the SE strength
J̄ ðVABÞ, which measures how much Schmidt spectral
weight the boundary interaction can actually generate

(a)

(b)

FIG. 1. Overview of the main results. The main conceptual message is that controlling the Rényi-1=2 entanglement controls the
Schmidt tail directly, which in turn provides quantitative truncation-error bounds for tensor-network approximations. (a) SIE:
introducing the spectral-entangling strength J̄ , we establish that Rényi-entanglement entropies satisfy jdEα=dtj ≤ cαJ̄ ðVABÞ for
α ≥ 1=2, with the constant c1=2 ¼ 2 being sharp, while for α < 1=2 the growth rate can diverge. For product initial states, the α ¼ 1=2
bound gives an s−2 upper bound on the squared Schmidt coefficients; the curve illustrates its shape. The cubic area-law bound uses the
uniform path bound g̃ of Assumption 13, with fixed S0 and c̃0. (b) Applications to 1D long-range interacting systems: when interactions
decay faster than r−2, ground states, real-time dynamics, and Gibbs states admit polynomial-bond-dimension matrix-product-state
(MPS) and matrix-product-operator (MPO) approximations. The bounds hold at fixed local parameters, with a size-independent positive
ground-state gap, fixed evolution time and product initial states, or fixed inverse temperature, respectively. In addition, our results yield
rigorous error guarantees for tDMRG simulations.
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across the bipartition. Thus, the spectral formulation con-
trols the redistribution of Schmidt weights directly, rather
than controlling only the von Neumann entropy and then
extracting a Schmidt-tail estimate from it. The role of the
SE strength in the optimality of the spectral-SIE bounds is
further discussed in Sec. V B.
An important consequence is that the case α ¼ 1=2 gives

direct control of the Schmidt tail. Indeed, E1=2ðψÞ ¼
2 log

P
s λs, so bounding E1=2 bounds the l1 size of the

Schmidt spectrum and hence yields quantitative Schmidt-
rank truncation estimates [30,31]. This control of the
Schmidt tail provides a direct link between entangle-
ment-spectrum dynamics and the computational complex-
ity of tensor-network approximations. The optimality of the
constant cα¼1=2 and of the threshold α ¼ 1=2 is established
in Propositions 7 and 8, respectively.
Finally, we clarify how the threshold α ¼ 1=2 can be

interpreted in the presence of geometric locality. The
simple mechanism behind the instantaneous threshold is
already visible in the two-qubit example of Lemma 21 in
Sec. IX. Consider an infinitesimal time evolution from a
state in which a Schmidt coefficient is initially zero. A
generic entangling generator creates such a new coefficient
linearly in time; denoting it by λnewðdtÞ, one has
λnewðdtÞ ¼ OðdtÞ. Its contribution to the Rényi-α func-
tional is therefore of order λnewðdtÞ2α ¼ Oðdt2αÞ, and the
corresponding instantaneous rate scales as dt2α−1. This rate
is finite only for α ≥ 1=2. Hence, the threshold α ¼ 1=2 is
not a proof artifact but reflects an intrinsic singularity of the
instantaneous Rényi-entanglement rate under the birth of
infinitesimal Schmidt weights.
This instantaneous obstruction cannot be removed

merely by imposing geometric locality: Lemma 21 gives
a strictly local example showing that the threshold value
α ¼ 1=2 cannot be improved. On the other hand, if one
considers the time-averaged entanglement rate over a finite
time interval, the situation changes [8,9,32,34,35]. Under
geometric locality, the short-time singularity can be com-
pensated by local approximation arguments, and a mean-
ingful averaged entanglement-rate bound can be obtained
even for α < 1=2 (Lemma 22 in Sec. IX). By contrast,
without geometric locality, even such an averaged bound
fails in general: Proposition 8 shows that the averaged
entanglement growth can remain unbounded for α < 1=2.
Thus, the instantaneous divergence has a simple local
origin, whereas its persistence at the level of finite-time
averages is a genuinely nontrivial feature of nonlocal
dynamics.

C. Low-Schmidt-rank approximation of general
operators

As discussed above, states evolved from product initial
states admit efficient low-rank approximations. A natural
question is whether a similar low-rank approximation
exists at the level of the time-evolution operator itself.

In conclusion, approximating an operator with respect to
the operator norm is significantly more challenging. To
address this, we demonstrate that there exists a complexity
separation between Schmidt-rank approximability of time-
evolved quantum states and that of the corresponding time-
evolution unitary.
Proposition 9 (informal): There exist Hamiltonians HAB

with J̄ ðVABÞ ¼ 1 for which the unitary e−iHABt does not
admit any low-rank approximation in a certain (but con-
stant) time regime.
At fixed time, J̄ ðVABÞ ¼ 1 ensures low-Schmidt-rank

approximability for states evolved from product initial
states or from states whose initial Rényi-1=2 entanglement
is bounded independently of dimension, whereas the
corresponding time-evolution operator need not admit such
an approximation. This separation is derived from classical
lower bounds on Kolmogorov width [36–38].
Although a general relationship between entanglement

generation and operator-level low-rank approximability
remains elusive, one possible direction is proposed in
Conjecture 2, which is formulated using a generalized
version of the SE strength (see Definition 2). Furthermore,
we provide sufficient conditions for the existence of
operator low-rank approximations, which are formalized
in Theorem 3. These results highlight the subtle but
fundamental difference between approximability at the
state level and at the operator level, and suggest that the
spectral-entangling framework may offer a path toward
resolving this gap.

D. Generalized entanglement area law

The entanglement area law refers to the property that, for
a ground state of a finite-dimensional lattice system
partitioned into two regions A and B, the entanglement
entropy scales with the size of the boundary between the
two regions [11,39]. In particular, the area-law conjecture
argues that the area law always holds for noncritical ground
states with a spectral gap, and it remains one of the central
open problems in quantum many-body physics [40–49].
The notion of an area law can be extended to more general
bipartite interaction settings [50]. Specifically, when a
system is divided into A and B, the Schmidt rank of the
interaction operator between A and B can be interpreted as
an effective boundary size, thereby allowing a generalized
formulation of the area law. For example, in a four-partite
setup ðA1; A0; B0; B1Þ where the interaction exists only
between A0 and B0, the relevant boundary size is deter-
mined by the dimensions of A0 and B0. Typical examples
include generalized area laws for local Hamiltonians
defined on graphs, which have been widely discussed in
the literature. According to the conventional SIE theorem
[22,23], the generalized area law can be shown to hold for
entanglement dynamics even in such general settings. It is
also widely known that generalized area laws for mutual
information hold for quantum Gibbs states at finite
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temperature [51,52]. However, whether the same statement
applies to gapped ground states has long been debated, and
this question was resolved in the negative by Aharonov
et al. in 2014 [50]. At present, aside from special classes
[53], it remains a fundamental open problem to determine
the precise conditions under which a generalized area
law holds.
In this work, we establish that the generalized area law

holds under the assumption that an adiabatic path exists [54].
Given a parameter-dependent Hamiltonian HðsÞ, we define
an adiabatic path as a continuous trajectory in parameter
space that connects a reference Hamiltonian with a known
area-law-satisfying ground state to a target Hamiltonian,
while maintaining a finite spectral gap throughout. This
condition is standard in proofs of the area law for spatially
local systems [22,26,55], where it is combined with the Lieb-
Robinson bound, and where the SIE theorem provides a key
estimate on entanglement growth along the adiabatic evo-
lution. In more general settings, such as systems defined on
infinite-dimensional graphs or general two-body systems,
the Lieb-Robinson bound is unavailable, and consequently,
the adiabatic continuation operator lacks a simple geometric
structure. In these regimes, the conventional SIE theorem
ceases to be effective. To overcome this difficulty, we
combine the adiabatic theorem [56] with two key tools:
the approximate-ground-state-projection formalism [41] and
the spectral-SIE framework developed in this work. This
combination enables us to prove a generalized area law
without imposing any assumption of locality.
Our main result can be summarized as follows.
Theorem 4 (informal): If the target ground state is

connected to a trivial ground state that satisfies the gener-
alized area law via an adiabatic path (Assumption 13),
then the entanglement entropy between A and B is
Oð1þ ðg̃=ΔÞ3Þ, where g̃ is the uniform path bound and
Δ the spectral gap, with fixed S0 and path-regularity
parameter c̃0.
Furthermore, analogous statements can be made regard-

ing low-Schmidt-rank approximations of the ground state
for the bipartition. To the best of our knowledge, this
constitutes the first proof of a generalized area law for
ground states in the most general settings without assuming
geometric locality.
We stress that, except in one-dimensional or geometri-

cally local settings where the effective boundary quantity
reduces to the usual boundary area, this result should not be
interpreted as a conventional geometric area law. Rather, it
is a generalized area-law-type bound in which the role of
the boundary size is played by an effective boundary
measure controlled by the SE strength of VAB.

E. Polynomial complexity of the long-range
interacting systems

Up to this point, our results have addressed the most
general settings, including physical systems without any

underlying geometric structure. Nevertheless, the frame-
work we have developed also applies in scenarios where
geometric structure is present. Among such cases, a
particularly important and nontrivial application concerns
the computational complexity of simulating quantum
systems with long-range interactions. These systems are
typically characterized by interactions that decay with
spatial distance r as a power law r−η with η > 0, yet a
comprehensive understanding of their entanglement prop-
erties and simulation complexity remains elusive.
One of the central open questions in this domain is

whether the simulation complexity of general long-range
interacting systems can be improved from quasipolyno-
mial scaling epolylogðn=ϵÞ [45,57,58] to polynomial scaling
polyðn=ϵÞ ¼ ðn=ϵÞOð1Þ, where n denotes the system size.
Achieving such an improvement would suggest that long-
range interacting systems and short-range systems belong
to the same computational complexity class, a possibility
that is both highly counterintuitive and profoundly
nontrivial.
The difficulty of this problem can be illustrated by

considering the approximation of operators such as e−iHt or
e−βH by polynomial functions of the HamiltonianH. When
Hm is represented as a matrix product operator (MPO), the
bond dimension generally grows with m as nOðmÞ for a
long-range interacting Hamiltonian [57]. If m depends
even weakly on the system size—for instance, if
m ∝ log logðnÞ—the required bond dimension quickly
exceeds polynomial bounds. This stands in sharp contrast
to the case of short-range Hamiltonians, for which an MPO
representation with constant bond dimensionOð1Þ suffices.
Consequently, physical quantities that cannot be captured
by low-degree polynomial approximations in H inevitably
lead to quasipolynomial simulation complexity in the
presence of long-range interactions.
Building on our framework, we demonstrate that one-

dimensional long-range interacting systems can, in fact, be
represented as MPOs with polynomial bond dimension.
The essential observation is that the SE strength admits an
Oð1Þ upper bound in such systems provided the interaction
decays faster than r−2 (Lemma 17):
Lemma17 (informal): For the1D long-rangeHamiltonians

considered here with η > 2, the interaction across every
single cut A ¼ f1;…; sg, B ¼ fsþ 1;…; ng has SE
strength at most J̃ ¼ Oð1Þ, for fixed interaction param-
eters, locality k, and on-site dimension.
Notably, η > 2 includes widely used experimental set-

tings such as dipolar (η ¼ 3) and van der Waals (η ¼ 6)
interactions, e.g., in Rydberg-atom and polar-molecule
platforms. Related dynamical area-law results for long-
range interacting systems were obtained by Gong et al.
using the conventional SIE theorem [59]. Their result
controls the von Neumann entanglement entropy and
shows that the entanglement growth rate is bounded by
a boundary-area contribution for power-law interactions

SPECTRAL SMALL-INCREMENTAL ENTANGLING: BREAKING … PHYS. REV. X 16, 041035 (2026)

041035-5



1=rη when η > Dlat þ 1, where Dlat denotes the spatial
dimension. In particular, for one-dimensional systems, this
condition reduces to η > 2, matching the decay threshold
appearing in our one-dimensional applications.
The Oð1Þ bound on the boundary SE strength has two

complementary implications. First, it gives a physical
constraint on entanglement-spectrum generation: for
η > 2, the total spectral-entangling strength of the inter-
action crossing any one-dimensional cut remains Oð1Þ, so
Schmidt weight cannot be redistributed across the cut faster
than a constant rate. Second, it clarifies why earlier
polynomial-approximation approaches lead to quasipoly-
nomial bounds. In those approaches, functions of the
Hamiltonian, such as e−iHt or e−βH, are approximated by
polynomials in H, and the complexity is then estimated by
counting the MPO bond dimension generated by powers
Hm. For long-range Hamiltonians, this direct MPO-rank-
counting estimate can grow as nOðmÞ, even though the
actual Schmidt weight generated in the state across a cut
may remain much smaller. The present spectral approach
avoids this operator-level rank-counting route and instead
controls the accumulated weighted generation of Schmidt
coefficients directly (see also Sec. VIII B).
In this work, we apply this viewpoint to three funda-

mental classes of quantum states: ground states, time-
evolved states, and thermal equilibrium states. For these
states, only quasi-polynomial simulation complexity had
previously been established [45,57,58]. Our results thus
improve the known bounds by showing that, under the
above decay condition, these physically relevant states can
be captured within polynomial complexity, thereby closing
the gap between long-range and short-range interacting
systems in one dimension.

1. Ground states

We begin by considering matrix-product-state (MPS)
approximations of gapped ground states in one-
dimensional long-range interacting systems. For such
ground states, the entanglement area law has already been
established [45,60], and it is known that the required bond
dimension scales as elog

5=2ðnÞ, thereby imposing a quasipo-
lynomial overhead. This limitation arises because most
existing approaches rely on constructing an approximate
ground-state projector (AGSP) using the Chebyshev poly-
nomials of the Hamiltonian [41]. As discussed earlier,
polynomial approximations of long-range Hamiltonians
typically induce quasipolynomial complexity, rendering
high-precision approximations prohibitively costly. In this
work, we overcome this bottleneck by employing time-
evolution operators together with the spectral-SIE frame-
work. In particular, we estimate the SE strength of a
Gaussian-filter AGSP and demonstrate that such filters
yield asymptotically better approximations than conven-
tional polynomial-based AGSPs. As a result, we prove that

the ground state can be approximated by an MPS with
polynomial bond dimension.
Theorem5 (informal): For the1D long-rangeHamiltonians

considered here, a unique ground state with spectral
gapΔ > 0 admits anMPS approximationwith vector-norm
error ϵ and bond dimension D ¼ ⌈ð128nD0=ϵ2Þ1þ2J̃=Δ⌉,
with D0 and J̃ defined below in Theorem 5 and
Eq. (288). This bond dimension is polynomial in n=ϵ
for a size-independent positive lower bound on Δ and
fixed local dimension, locality k, and interaction
parameters.
For this uniformly gapped class with a unique ground

state, polynomially specified local terms, and an inverse-
polynomial energy promise gap, the ground-energy deci-
sion problem is in NP: polynomial-size MPS witnesses
allow polynomial-time verification of the energy.

2. Quantum dynamics

In a similar manner, the spectral-SIE formalism enables
polynomially efficient approximation of time-evolved
states by MPSs.
Proposition 18 (informal): For any product state jϕi, the

time-evolved state can be approximated by anMPS up to an
error ϵ, where the bond dimensionD scales as eOðJ̃tÞðn=ϵ2Þ.
While Proposition 18 establishes efficient approximabil-

ity of time-evolved states, the time complexity of simulat-
ing quantum dynamics on a classical computer remains
considerably more challenging. Previous approaches have
estimated this complexity by explicitly constructing MPO
representations of the time-evolution operator e−iHt

[8,9,32,57]. At present, the best-known methods achieve
only quasipolynomial simulation cost [57] for long-range
interacting systems.
In our approach, instead of considering the explicit

MPO construction of the time-evolution operator itself,
we certify the accuracy of time-evolution simulation using
the tDMRG algorithm [61,62]. This strategy overcomes the
expensive task of explicitly constructing the full MPO
representation. A key difficulty, previously highlighted by
Osborne [32], is that naive error analysis of tDMRG suffers
from exponential error amplification at each time step,
undermining reliability (Sec. VIII E 2). In particular, while
truncation-based diagnostics (e.g., the discarded weight)
provide a posteriori accuracy checks during the simulation
[61], a general a priori upper bound on the total error
derived solely from the dynamics of a given local
Hamiltonian has not been established for standard tDMRG.
In this work, we address this problem by monitoring the

(1=2)-Rényi-entanglement proxy of the approximated state
at each step, thereby guaranteeing controlled error propa-
gation throughout the simulation:
Theorem 6 (informal): For a normalized product initial

state, the Euler-and-truncation scheme with bond dimen-
sion D has total error at most ϵ for D of order eOðJ̃tÞn5=ϵ4,
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choosing the number of steps appropriately. Each
Euler update is followed by left-to-right exact Schmidt
truncations of the current state, without intermediate
normalization.
We believe that the same analytical method may serve as

a general paradigm for certifying the accuracy of other
DMRG-based algorithms in the study of complex quantum
systems.

3. Quantum Gibbs states

A natural question is whether similar techniques apply to
imaginary-time evolution, which is fundamental for study-
ing thermal equilibrium states. This setting, however,
presents intrinsic challenges. The key difficulty is that
imaginary-time evolution does not preserve the norm of the
quantum state. Because imaginary-time evolution is non-
unitary, even a product-form propagator (e.g., e−τHA ⊗ 1̂B)
can, after normalization, significantly modify the entangle-
ment spectrum across AjB. This illustrates in a striking way
why complex-time evolution is qualitatively more difficult
than real-time evolution [8,63]. Consequently, a direct
application of the spectral-SIE framework allows efficient
MPO (or purified MPS) approximations only in high-
temperature regimes, where the thermal state remains close
to the identity and entanglement is naturally limited.
To overcome this limitation, instead of relying on

spectral SIE, we employ the operator low-rank approxi-
mation result established in Theorem 3 and adapt it to
quantum Gibbs states. In this approach, unlike in the case
of real-time evolution, only the existence of an efficient
MPS approximation can be guaranteed.
Theorem 7 (informal): A purified one-dimensional Gibbs

state can be approximated to error ϵ by an MPS whose bond
dimension scales as ðn=ϵÞOð1þβÞ.
This result qualitatively improves upon the previously

known quasipolynomial complexity bounds for quantum
Gibbs states [57,58]. By contrast, designing an explicit and
efficient algorithm to generate such an MPO remains open.

4. Remark on high-dimensional cases

The spectral-SIE theorem is geometry-free and therefore
applies to arbitrary bipartite systems, including those
arising from genuinely higher-dimensional lattices. The
polynomial tensor-network consequences presented in this
manuscript should be viewed as a concrete 1D instantia-
tion: for 1D long-range interactions with sufficiently fast
decay, the boundary SE strength across any cut can be
bounded byOð1Þ, enabling efficient and certifiable MPS or
MPO truncation.
In higher dimensions, the bottleneck is not the spectral-

SIE bound itself, but rather the current lack of comparably
general and rigorous tensor-network certification and
provably efficient contraction or optimization frameworks
(e.g., analogs of the 1D theory for projected entangled-pair

states [PEPS] or projected entangled-pair operators
[PEPO]). Nevertheless, whenever the SE strength of the
boundary interaction can be bounded for a chosen biparti-
tion, our theorem yields dimension-independent constraints
on the spectral tail. Developing corresponding higher-
dimensional approximation and certification tools remains
an important open direction.

III. SETUP

A. General framework

Table I summarizes the notation used throughout
this paper.
We consider a general many-body qudit system, with the

total set of qudits denoted by Λ. Each qudit is assumed to
have a finite Hilbert-space dimension. We bipartition the
system into two subsystems A and B such that Λ ¼ A⊔B.
For notational simplicity, A⊔B is frequently abbreviated
as AB, particularly when it appears in a subscript.
Additionally, we often use A0, A1 and B0, B1 to denote
decompositions of A and B into two subsets, such as A ¼
A0⊔A1 and B ¼ B0⊔B1. For any subset X ⊆ Λ, we denote
the Hilbert-space dimension byDX. A product state jψAi ⊗
jψBi is often abbreviated as jψA;ψBi.
We consider an arbitrary Hamiltonian supported on A

and B, which takes the form

H ¼ HA þHB þ VAB; ð1Þ
where HA and HB act only on A and B, respectively, and
VAB represents the interaction term between A and B. At
this stage, we do not impose any specific locality con-
straints on the Hamiltonian. In studying the entanglement
generation, we typically assume that HA and HB may
take arbitrary form (e.g., their norms are unbounded), while
only the boundary interaction VAB is restricted (see
Definition 1 below).
For a given bipartition Λ ¼ A⊔B and a quantum state

jψi, we consider its Schmidt decomposition:

jψi ¼
XDAjB

s¼1

λsjψA;si ⊗ jψB;si: ð2Þ

Here, for a bipartition AjB, we denote by

DAjB ≔ minðDA;DBÞ

the maximal possible Schmidt rank across the cut. When
ancillas are attached to A and B, the corresponding ancilla-
extended dimensions are used.
The Rényi-entanglement entropy of order α is then

defined as

EαðψÞ ¼
1

1 − α
log

�X
s

λ2αs

�
¼ 1

1 − α
log½trAðραAÞ�; ð3Þ
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where ρA ¼ trBðjψihψ jÞ is the reduced density matrix of
jψi on subsystem A, and trB denotes the partial trace over B.
Furthermore, for an arbitrary operator O, we define the
Schmidt rank SRðOÞ as the minimum integer such that

O ¼
XSRðOÞ

m¼1

OA;m ⊗ OB;m; ð4Þ

where OA;m and OB;m are supported on the subsystems A
and B, respectively.
As a measure of operator norm, we frequently employ

the Schatten p-norm defined by

kOkp ≔ ½trðjOjpÞ�1=p; ð5Þ

where O is an arbitrary operator and jOj ≔
ffiffiffiffiffiffiffiffiffiffi
O†O

p
. In

particular, kOk1 corresponds to the trace norm, and kOk∞
is the operator norm (i.e., the maximum singular value),
which we simply denote by kOk.
We use jψ ti to denote the time-evolved quantum state

defined as

jψ ti ≔ e−iHtjψi; ð6Þ

while, in ground-state statements, jΩi denotes the
normalized, nondegenerate ground state of H and
Δ ¼ E1 − E0 > 0, with eigenvalues ordered with multi-
plicity. Furthermore, we study the quantum Gibbs state at
inverse temperature β:

ρβ ≔
1

Zβ
e−βH; Zβ ≔ trðe−βHÞ: ð7Þ

Throughout the paper, trX denotes the trace over the
Hilbert space associated with a subsystem X ⊆ Λ. When
AB ¼ Λ, we write trAB for the full trace over the bipartite
system AB; this full trace may also be denoted simply by tr.
We shall use the following standard notational convention.
Whenever an operator acting nontrivially only on A, such
as ρα−1A , is placed inside trAB, it is implicitly identified with
its trivial extension to AB, namely, ρα−1A ⊗ 1̂B.

B. One-dimensional systems with power-law
decaying interactions

In several applications, we consider a one-dimensional
spatial geometry. Specifically, we use Λ to denote a chain
of n sites, i.e., Λ ≔ f1; 2;…; ng. We focus on k-local
Hamiltonians of the form

H ¼
X
jZj≤k

hZ; max
i∈Λ

X
Z∋i

khZk ≤ g; ð8Þ

where Z ⊆ Λ denotes the support of the interaction term hZ,
and jZj is its cardinality.
We characterize the decay of interactions using a

function JðrÞ defined byX
Z∋fi;i0g

khZk ≤ JðrÞ; ∀ i; i0 ∈Λ; ð9Þ

TABLE I. Summary of notation frequently used in the manuscript.

Symbol Meaning

Λ Total set of sites or qudits
n Number of sites in Λ
DX Hilbert-space dimension of subsystem X
AjB Bipartition of the system
SRðOÞ Schmidt rank of an operator O for bipartition AjB
DAjB Maximal possible Schmidt rank across AjB, minðDA;DBÞ
λs Schmidt coefficients in descending order
α Rényi index
Eα Rényi-entanglement entropy of order α
J̄ ðΦABÞ Spectral-entangling strength of an operator ΦAB

VAB Boundary interaction across AjB
Δ Spectral gap above the ground state
jΩi Ground state of the Hamiltonian
jψi, jψ ti Physical input state and its time-evolved state
jϕi, jϕDi Generic product state and Schmidt-rank-D approximation to a target state
ρβ Gibbs state at inverse temperature β
η Power-law decay exponent, JðrÞ ∼ r−η

J̃ Uniform upper bound on the boundary SE strength in 1D applications
D Bond dimension or Schmidt-rank truncation parameter
ϵ Target approximation error
ε Auxiliary small parameter often taken to zero or chosen sufficiently small
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where r ≔ ji − i0j is the distance between the site i and i0. In
contrast, a system is said to have finite-range interactions if
there exists a positive integer lH such that

JðrÞ ¼ 0 for r > lH; ð10Þ

for some finite integer lH > 0 (see Sec. IX). Conversely, a
system exhibits long-range (power-law decaying) inter-
actions if

JðrÞ ¼ J0r−η; η > 2; ð11Þ

where the decay exponent η determines the strength of
long-range couplings (see Sec. VIII).
For a given subset A ⊆ Λ, the local Hamiltonian HA

includes all terms fully supported within A:

HA ≔
X
Z⊆A

hZ: ð12Þ

The boundary interaction term between A and its comple-
ment B ≔ ΛnA is then

VAB ≔
X

Z∶Z∩A≠∅;
Z∩B≠∅

hZ; ð13Þ

such that the full Hamiltonian is again written as
H ¼ HA þHB þ VAB.
We aim to approximate states such as jψðtÞi, jΩi, and ρβ

using MPSs or MPOs. For MPSs, we use the form

jMDi ¼
X

s1;…;sn

tr
�
M½s1�

1 M½s2�
2 …M½sn�

n

�
js1;…; sni; ð14Þ

where D is the bond dimension. We use open boundaries:

M½·�
1 is a 1 ×D row, M½·�

n a D × 1 column, and the other
matrices are D ×D; the trace acts on their 1 × 1 product.
We note that any local observables for jMDi can be
computed in at most OðnD3Þ computational time.

C. Spectral-entangling strength

A central problem in this work is efficiently character-
izing the capacity of an operator to generate entanglement
spectra across subsystems. However, within existing meth-
odologies, there has not been an established quantity that
efficiently and directly quantifies the ability of a general
operator to generate the entanglement spectrum. To address
this gap, we introduce a new quantity, which we refer to as
the SE strength.
The SE strength introduced here has several desirable

features:
(i) Its upper bound can be easily calculated, and in

many cases, the quantity itself can be evaluated
exactly.

(ii) It provides an optimal upper bound on the efficiency
of generating the entanglement spectrum.

In this sense, the SE strength serves as an effective and
analytically tractable measure of the spectral-entangling
capability of general operators. The formal definition is
given below (see also Sec. VI C for an extension of this
definition).
Definition 1. (SE strength). Let ΦAB be an arbitrary

operator acting across subsystems A and B. For any product
state jϕi ¼ jϕAA0 i ⊗ jϕBB0 i with ancillas A0 and B0, we let
the Schmidt decomposition of ΦABjϕi be

ΦABjϕi ¼
X
s

λsðϕÞjϕAA0;si ⊗ jϕBB0;si: ð15Þ

Then, the SE strength of ΦAB is defined as

J̄ ðΦABÞ ≔ sup
jϕi

X
s

λsðϕÞ; ð16Þ

where the supremum is taken over all product states
jϕi ¼ jϕAA0 i ⊗ jϕBB0 i.
Remark. Because of the concave-roof optimization (or

supremum over product states), computing J̄ ðΦABÞ rigor-
ously is not straightforward. In the subsequent sections,
we will consider several cases in Eqs. (81) and (125),
where Eqs. (91) and (126) give the analytical solutions,
respectively.
On the other hand, one can easily calculate an upper

bound for J̄ ðΦABÞ. For example, if ΦAB admits a decom-
position of the form

ΦAB ¼
X
j

JjΦA;j ⊗ ΦB;j with kΦA;j ⊗ ΦB;jk ¼ 1;

ð17Þ

then the SE strength is trivially bounded by

J̄ ðΦABÞ ≤
X
j

jJjj: ð18Þ

We emphasize that the SE strength is a structural
property of general quantum operators, not limited to
Hamiltonians (see Lemma 4 below). It is well defined
for a wide range of operators, including time-evolution
unitaries, the AGSP, and general quantum channels. This
versatility allows the SE strength to systematically quantify
their influence on the entanglement spectrum of quantum
states, thereby establishing a unifying framework for
entanglement dynamics and structure across diverse physi-
cal systems and computational settings.
Finally, we remark on the presence of ancilla systems,

which can significantly change the value of the SE strength.
For example, the two-qubit swap operator SAB maps any
product state jϕAi ⊗ jϕBi to another product state; hence,
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J̄ ðSABÞ ¼ 1 if no ancilla is allowed. However, when
additional qubits A0 and B0 are attached, consider the
product state

j0A0A0 i ⊗ 1ffiffiffi
2

p ðj0B0B0 i þ j1B1B0 iÞ: ð19Þ

After applying SAB, the resulting state across the AA0jBB0

cut has two equal Schmidt coefficients 1=
ffiffiffi
2

p
, implying

J̄ ðSABÞ ≥
ffiffiffi
2

p
. Thus, the existence of ancillas reveals a

nontrivial entangling capability that would otherwise
remain hidden.

IV. FUNDAMENTAL LEMMAS

In this section, we present a collection of elementary but
fundamental lemmas that serve as the technical dictionary
for the rest of the paper. The purpose is to explain how
control of the l1 size of the Schmidt spectrum

P
s λs can be

converted into quantitative Schmidt-tail bounds and trun-
cation-error estimates. While the results themselves are
derived via straightforward arguments, they capture the
basic mechanism behind our approach: spectral informa-
tion, rather than entropy alone, controls tensor-network
approximability.
First, Lemma 1 and its Corollary 2 provide a basic but

powerful statement on the decay of the Schmidt coeffi-
cients. These results, when combined with the definition of
SE strength, allow us to rigorously discuss the truncation
error of the Schmidt rank for an arbitrary operator ΦAB
acting on bipartite product states, as detailed in Corollary 3.
Next, Lemma 4 addresses a fundamental property of the

SE strength, namely, its subadditivity under certain linear
combinations of operators. This property will play a key
role in establishing upper bounds for more general oper-
ators appearing in our framework.
Finally, Lemma 5 elucidates a general relationship

between the decay of the Schmidt coefficients and the
Rényi entanglement. This lemma highlights how the
entanglement spectrum constrains the scaling of the largest
Schmidt coefficients, thereby linking spectral properties to
entanglement measures in a quantitative manner.
Together, these lemmas provide the conversion rules

used later in the paper: from SE strength to Schmidt-
spectrum control, and from Schmidt-spectrum control to
truncation-error estimates.

A. Decay of the Schmidt coefficients

We begin by establishing a general upper bound on the
sum of overlaps between a nonorthogonal product-state
expansion and an orthonormal basis, which underlies our
analysis of the entanglement spectrum.
Lemma 1. Let jΨi be an arbitrary unnormalized quantum

state of the form

jΨi ¼
X∞
j¼1

gjjAji ⊗ jBji; ð20Þ

where fjAjigj and fjBjigj are normalized but not neces-
sarily orthogonal states; only normalization is required:

hAjjAji ¼ hBjjBji ¼ 1 ∀ j: ð21Þ

Let fjasigs and fjbsigs be arbitrary orthonormal bases on
subsystems A and B, respectively. Then the following
inequality holds:

X
s

jhas; bsjΨij ≤
X∞
j¼1

jgjj≕ g: ð22Þ

1. Proof of Lemma 1

The proof follows immediately from the inequality as
follows: X

s

jhas; bsjϕA;ϕBij ≤ 1; ð23Þ

which holds for any product state jϕAi ⊗ jϕBi. Indeed,
using linearity and the above inequality, we obtain

X
s

jhas; bsjΨij ¼
X
s

����X
j

gjhas; bsjAj; Bji
����

≤
X
j

jgjj
X
s

jhas; bsjAj; Bjij

≤
X
j

jgjj: ð24Þ

An application of the Cauchy-Schwarz inequality yields
inequality (23):X
s

jhasjϕAij × jhbsjϕBij

≤
�X

s
jhasjϕAij2

�
1=2
�X

s
jhbsjϕBij2

�
1=2

¼ 1: ð25Þ

This completes the proof. ▪
The lemma implies the following corollary regarding the

Schmidt coefficients:
Corollary 2. Let jΨi be as defined in Eq. (20), and let its

Schmidt decomposition be given by

jΨi ¼
XDAjB

s¼1

λsjϕA;si ⊗ jϕB;si; ð26Þ

where the Schmidt coefficients satisfy λ1 ≥ λ2 ≥ � � � ≥ 0.
Then we have
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XDAjB

s¼1

λs ≤ g; ð27Þ

where g is as defined in Eq. (22).
Remark. From the ordering λ1 ≥ � � � ≥ λDAjB , it follows

that for any s0 ∈N,

g ≥
Xs0
s¼1

λs ≥ s0λs0 ⇒ λs0 ≤
g
s0

: ð28Þ

Thus, for all s ≥ 1,

λs ≤
g
s
: ð29Þ

We now use this to evaluate the approximation error due
to Schmidt-rank truncation.
Corollary 3. Let ΦAB be an arbitrary operator acting

between subsystems A and B. For any product state
jϕi ¼ jϕAi ⊗ jϕBi, let ΦABjϕi have Schmidt decomposi-
tion

ΦABjϕi ¼
X
s

λsðϕÞjϕA;si ⊗ jϕB;si; ð30Þ

with λsðϕÞ in descending order. Define the truncated state

jϕDi ≔
XD
s¼1

λsðϕÞjϕA;si ⊗ jϕB;si: ð31Þ

Then the approximation error satisfies

kΦABjϕi − jϕDik ≤
J̄ ðΦABÞffiffiffiffi

D
p : ð32Þ

Proof of Corollary 3. Using Eq. (29) for each λsðϕÞ, and
applying the definition of the SE strength, we deduce the
inequality

kΦABjϕi − jϕDik2 ¼
X
s>D

λsðϕÞ2 ≤
X
s>D

�
J̄ ðΦABÞ

s

�
2

≤ J̄ ðΦABÞ2
X
s>D

1

s2
≤
J̄ ðΦABÞ2

D
: ð33Þ

Taking the square root on both sides yields the desired
bound. ▪

B. Upper bound on the SE strength for general
operators

We consider an arbitrary operator of the form

O ¼
Z

∞

−∞
fðxÞΦABðxÞdx; ð34Þ

where ΦABðxÞ is an arbitrary operator that depends on
x∈R. We then analyze how the entanglement spectrum
varies with the choice of the operator O. We prove the
following lemma:
Lemma 4. (Subadditivity of the SE strength). For any

operator of the form given by Eq. (34), the inequality

J̄ ðOÞ ≤
Z

∞

−∞
jfðxÞjJ̄ ½ΦABðxÞ�dx ð35Þ

is satisfied.
Proof of Lemma 4. FromDefinition 1, we define jϕ̃i such

that

jϕ̃i ¼ arg sup
jϕi

�X
s

λ̃sðϕÞ
�
: ð36Þ

For the quantum state jϕ̃i, we consider the Schmidt
decomposition of

Ojϕ̃i ¼
X
s

λ̃sðϕ̃Þjϕ̃AA0;si ⊗ jϕ̃BB0;si: ð37Þ

Then, our task is to estimate
P

s λ̃sðϕ̃Þ ¼ J̄ ðOÞ.
For an arbitrary ΦABðxÞ and the state jϕ̃i, we define the

Schmidt decomposition as follows:

ΦABðxÞjϕ̃i ¼
X
s

λ̃sðϕ̃; xÞjϕ̃AA0;sðxÞi ⊗ jϕ̃BB0;sðxÞi; ð38Þ

which also yields

Ojϕ̃i ¼
Z

∞

−∞
dxfðxÞ

X
s

λ̃sðϕ̃; xÞjϕ̃AA0;sðxÞi ⊗ jϕ̃BB0;sðxÞi;

ð39Þ

where we use Eq. (34). From the Schmidt decomposition
(37), we obtain an upper bound on J̄ ðOÞ as

J̄ ðOÞ ¼
X
s0

hϕ̃AA0;s0 ; ϕ̃BB0;s0 jOjϕ̃i

¼
X
s0

Z
∞

−∞
dxfðxÞ

X
s

λ̃sðϕ̃; xÞhϕ̃AA0;s0 ; ϕ̃BB0;s0 jϕ̃AA0;sðxÞ; ϕ̃BB0;sðxÞi

≤
Z

∞

−∞
dxjfðxÞj

X
s

λ̃sðϕ̃; xÞ
X
s0

jhϕ̃AA0;s0 ; ϕ̃BB0;s0 jϕ̃AA0;sðxÞ; ϕ̃BB0;sðxÞij: ð40Þ
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By using inequality (22) in Lemma 1 with g1 ¼ 1 and
gj ¼ 0 (j ≥ 2), we haveX

s0

jhϕ̃AA0;s0 ; ϕ̃BB0;s0 jϕ̃AA0;sðxÞ; ϕ̃BB0;sðxÞij ≤ 1 ð41Þ

for an arbitrary x and s. Furthermore, applying Eq. (16) to
J̄ ½ΦABðxÞ� implies

J̄ ½ΦABðxÞ� ≥
X
s

λ̃sðϕ̃; xÞ: ð42Þ

By combining the inequalities (41) and (42) with Eq. (40),
we arrive at the desired inequality of

J̄ ðOÞ ≤
Z

∞

−∞
dxjfðxÞj

X
s

λ̃sðϕ̃; xÞ

≤
Z

∞

−∞
dxjfðxÞjJ̄ ½ΦABðxÞ�: ð43Þ

This completes the proof. ▪

C. Schmidt coefficients vs Rényi entanglement

Lemma 5. Let jψi be an arbitrary quantum state with the
Schmidt decomposition as follows:

jψi ¼
XDAjB

s¼1

λsjψA;si ⊗ jψB;si; ð44Þ

where the descending order (λ1 ≥ λ2 ≥ � � �) is assumed.
Then, for any natural number s0 and α∈ ð0; 1Þ, λs0 satisfies
the following inequality:

jλs0 j ≤
�
eð1−αÞEαðψÞ

s0

�
1=ð2αÞ

; ð45Þ

where EαðψÞ is the Rényi entanglement (3).
Proof of Lemma 5. From the definition (3), we obtain

XDAjB

s¼1

λ2αs ¼ eð1−αÞEαðψÞ: ð46Þ

Then, we have

XDAjB

s¼1

λ2αs ≥
Xs0
s¼1

λ2αs ≥ s0λ2αs0 ; ð47Þ

where we use λs ≥ λs0 for s ≤ s0. Therefore, by combining
the above two relations, we get

s0λ2αs0 ≤ eð1−αÞEαðψÞ; ð48Þ

which yields the main inequality (45). This completes the
proof. ▪

V. SPECTRAL SIE

The purpose of this section is to prove the spectral-SIE
theorem and to clarify its optimality. The key idea is to
estimate the time derivative of the Rényi entanglement Eα

directly in the instantaneous Schmidt basis. Since the
intraregion terms HA and HB generate only local rotations
on the two sides of the bipartition, the change of the
Schmidt spectrum is governed by the boundary interaction
VAB. We show that this redistribution of Schmidt weights
can be controlled by the SE strength J̄ ðVABÞ, which
leads to the dimension-independent bound jdEα=dtj ≤
cαJ̄ ðVABÞ for α ≥ 1=2 (Theorem 1). After proving this
bound, we demonstrate that the threshold α ¼ 1=2 is
optimal and that the constant cα¼1=2 ¼ 2 cannot be
improved in general (Propositions 7 and 8). These results
provide the main dynamical input for the later tensor-
network approximation results, where control of E1=2 is
converted into Schmidt-tail and truncation-error estimates.

A. Entanglement rate for Rényi entanglement (α ≥ 1=2)

Theorem 1. For an arbitrary time-evolved quantum state
jψ ti ¼ e−iHtjψi and the α-Rényi entanglement Eαðψ tÞ in
Eq. (3), i.e.,

Eαðψ tÞ ¼
1

1 − α
log½trAðραt;AÞ�; ρt;A ¼ trBðjψ tihψ tjÞ;

ð49Þ

we obtain the upper bound on the entanglement rate as���� dEαðψ tÞ
dt

���� ≤ cαJ̄ ðVABÞ ð50Þ

for α ≥ 1=2. The bound holds wherever the derivative
exists, and almost everywhere. Here, cα is defined by the
following formula, with limiting values at α ¼ 1=2; 1;∞
(see Fig. 2):

cα ≔
2α

1− α
½ð2α− 1Þð2α−1Þ=ð2−2αÞ − ð2α− 1Þ1=ð2−2αÞ�: ð51Þ

In particular, from c1=2 ¼ 2, inequality (50) for α ¼ 1=2
can be rewritten as���� dEα¼1=2ðψ tÞ

dt

���� ≤ 2J̄ ðVABÞ: ð52Þ

The statement remains valid even when the system is
extended by attaching arbitrary ancillas to A and B.
Remark. As a specific example, let us consider the case

where VAB is given by
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VAB ¼
X
j

Jj;ABhj;A ⊗ hj;B; khj;Ak ¼ khj;Bk ¼ 1: ð53Þ

Then, the upper bound (50) can be simplified as���� dEαðψ tÞ
dt

���� ≤ cα
X
j

jJj;ABj; ð54Þ

where we use inequality (18) to obtain J̄ ðVABÞ ≤P
j jJj;ABj.

B. Optimality of the entanglement generation

Before showing the proof, we emphasize the optimality
of the entanglement rate bound for Rényi entanglement.
The main points are listed below.

(i) Tightness at α ¼ 1=2: In the special case α ¼ 1=2,
the coefficient c1=2 ¼ 2 is tight. There exists an
explicit quantum dynamics for which the entangle-
ment-generation rate saturates the upper bound over
a finite-time interval, demonstrating that the result
cannot be improved in general (see Sec. V D).

(ii) Threshold of α ¼ 1=2: The value α ¼ 1=2 serves as
a sharp threshold for the existence of a meaningful
upper bound on the generation rate of Rényi
entanglement. For α < 1=2, no universal bound
exists; that is, there are examples where the entan-
glement generation in an Oð1Þ time can become
arbitrarily large depending on the Hilbert-space
dimension. Conversely, for α ≥ 1=2, the bound in
Theorem 1 provides a dimension-independent con-
straint (see Sec. V E).

We also make two remarks on optimality.
(i) For α > 1=2, the optimality of the entanglement rate

bound remains an open problem. In particular, for
the case α ¼ 1 (the von Neumann entropy), the
qualitative behavior of the entanglement rate differs
from the case α ¼ 1=2 (see below).

(ii) Even if we consider systems with spatial structure,
such as those with short-range interactions, the
unbounded entanglement rate below α ¼ 1=2 can
appear instantaneously. However, in such cases,
qualitatively different behavior can emerge for the
entanglement generation over a finite time. We will
discuss this point in detail in Sec. IX.

Regarding the first additional point, the standard SIE
theorem [21–23,25] for α ¼ 1 depends on kVABk, while
our generalized bound depends on the SE strength J̄ ðVABÞ.
Here, we can see a qualitative difference between J̄ ðVABÞ
and kVABk.
As a concrete example, let us consider the case where

VAB is supported on A0B0 (A0 ⊂ A, B0 ⊂ B) and
DA0

¼ DB0
¼ M þ 1. We then consider an interaction of

the form

VA0B0
¼
XM
j¼1

JðjjA0
; jB0

ih0A0
; 0B0

j þ H:c:Þ; ð55Þ

where fjjA0
igMj¼0 and fjjB0

igMj¼0 are orthonormal bases on
A0 and B0, respectively. For this specific example, we
obtain precisely [see also Eq. (91)]

J̄ ðVA0B0
Þ ¼ JM; kVA0B0

k ¼ J
ffiffiffiffiffi
M

p
: ð56Þ

From the above estimation, we get the entanglement rate
for the α ¼ 1 case [22]:

���� dEα¼1ðψ tÞ
dt

���� ≤ 18kVA0B0
k logðDA0

Þ

¼ 18J
ffiffiffiffiffi
M

p
logðM þ 1Þ; ð57Þ

whereas we can explicitly find a dynamics such that

���� dEα¼1=2ðψ tÞ
dt

���� ≥ 2J̄ ðVABÞ − ε ¼ 2JM − ε; ð58Þ

where ε approaches zero in the limit as the Hilbert-space
dimension becomes large (see Proposition 7). Therefore,
the entanglement rates for α ¼ 1 and α ¼ 1=2 show a
qualitative difference in the limit of M → ∞.
It is an open problem to unify the current spectral-SIE

and the standard SIE theorems.

C. Proof of Theorem 1

Passing to the interaction picture, we may set
HA ¼ HB ¼ 0. First take α > 1=2, α ≠ 1. For the coef-
ficient matrix Mt, trðραt;AÞ ¼ kMtk2α2α is differentiable even
at zero singular values, and the support-restricted expres-
sion below gives its derivative. First, we consider

FIG. 2. Plot of cα with respect to α. We have cα¼1=2 ¼ 2,
cα¼1 ¼ 4=e, and cα¼∞ ¼ 2.
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d
dt

Eαðψ tÞ ¼
1

1 − α

d
dt

log
h
trAðραt;AÞ

i
¼ α

ð1 − αÞtrAðραt;AÞ
trAB
�
ρα−1t;A ½−iH; ρt�

�
; ð59Þ

where ρt ¼ jψ tihψ tj.
Precisely speaking, since ρt;A may have zero eigenvalues,

we interpret ρα−1t;A as an operator acting on the support of
ρt;A, i.e., the subspace spanned by eigenvectors of ρt;A with
strictly positive eigenvalues. Let ΠA denote the orthogonal
projector onto suppðρt;AÞ. Throughout, we implicitly work
with the restricted operator on suppðρt;AÞ, i.e.,

ΠAρ
α−1
t;A ΠA; ð60Þ

so that contributions from eigenstates with zero eigenvalues
are excluded and ρα−1t;A is well defined.
Then, we obtain����ddt Eαðψ tÞ

���� ≤ α

j1 − αjtrAðραt;AÞ
���trABðρα−1t;A ½H; ρt�Þ

���: ð61Þ

In the following, for an arbitrary quantum state
ρ ¼ jψ1ihψ1j, we generally consider the upper bound of
jtrABðρα−1A ½H; ρ�Þj, where ρA ¼ trBðρÞ.
For this purpose, we use the Schmidt decomposition of

jψ1i ¼
XDAjB

s¼1

λsjψ s;Ai ⊗ jψ s;Bi; ρA ¼
X
s

λ2s jψ s;Aihψ s;Aj:

ð62Þ

From the expression, we obtain

trABðρα−1A ½H; ρ�Þ
¼
X
s;s00

λ2α−2s hψ s;A;ψ s00;Bj½VAB; ρ�jψ s;A;ψ s00;Bi

¼
X
s;s00

λ2α−2s ðhψ s;A;ψ s00;BjVABjψ1ihψ1jψ s;A;ψ s00;Bi − c:c:Þ

¼
X
s;s0

λ2α−2s ðhψ s;A;ψ s;BjVABλsλs0 jψ s0;A;ψ s0;Bi − c:c:Þ

¼
X
s;s0

λ2α−1s λs0 ðhψ s;A;ψ s;BjVABjψ s0;A;ψ s0;Bi − c:c:Þ

¼
X
s;s0

ðλ2α−1s λs0 − λ2α−1s0 λsÞhψ s;A;ψ s;BjVABjψ s0;A;ψ s0;Bi;

ð63Þ

where we use Eq. (62) in the step from the second to the
third line.
Next, we consider the relations

jλ2α−1s λs0 − λ2α−1s0 λsj ¼ λ2αs jx − x2α−1j ≤ c̃αλ2αs ð64Þ

for λs > λs0 (or s < s0), where x ¼ λs0=λs ∈ ½0; 1� and the
constant c̃α is defined by

c̃α ≔
���ð2α − 1Þ1=ð2−2αÞ − ð2α − 1Þð2α−1Þ=ð2−2αÞ

���; ð65Þ

where we set c̃1=2 ¼ 1. The constant c̃α is obtained by
maximizing the elementary function fαðxÞ ≔ jx − x2α−1j
over x∈ ½0; 1�. For α > 1=2, α ≠ 1, this maximum is
attained at x ¼ ð2α − 1Þ1=ð2−2αÞ, which gives Eq. (65).
For α ¼ 1=2, we use the limiting value c̃1=2 ¼ 1.
Introducing ζs;s0 as

ζs;s0 ≔ jhψ s;A;ψ s;BjVABjψ s0;A;ψ s0;Bij; ð66Þ

the term on the extreme left-hand side of Eq. (63) admits an
upper bound as follows:

jtrABðρα−1A ½VAB; ρ�Þj ≤ c̃α

�X
s<s0

λ2αs ζs;s0 þ
X
s>s0

λ2αs0 ζs;s0

�
¼ 2c̃α

X
s<s0

λ2αs ζs;s0 : ð67Þ

From Definition 1 for the SE strength, VABjψ s;A;ψ s;Bi
can be rewritten as

VABjψ s;A;ψ s;Bi¼
X
s0
λðsÞs0 jψ̃ s0;A;ψ̃ s0;Bi;

X
s0
λðsÞs0 ≤ J̄ ðVABÞ:

ð68Þ

Therefore, applying inequality (22) in Lemma 1, we obtainX
s0∶ s0>s

ζs;s0 ≤
X
s0
jhψ s0;A;ψ s0;BjVABjψ s;A;ψ s;Bij ≤ J̄ ðVABÞ

ð69Þ

for any s. The above upper bound reduces inequality (67) to

jtrABðρα−1A ½VAB; ρ�Þj ≤ 2c̃αJ̄ ðVABÞ
X
s

λ2αs

¼ 2c̃αJ̄ ðVABÞtrAðραAÞ: ð70Þ

By applying the above inequality to Eq. (61), we obtain���� ddt Eαðψ tÞ
���� ≤ 2c̃αα

j1 − αj J̄ ðVABÞ ¼ cαJ̄ ðVABÞ: ð71Þ

Integrating and using finite-dimensional continuity as
α↓ 1=2, α → 1, or α → ∞ gives, for s ≤ t,

jEαðψ tÞ − Eαðψ sÞj ≤ cα

Z
t

s
J̄ (VABðuÞ) du;
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with c1=2 ¼ 2, c1 ¼ 4=e, and c∞ ¼ 2. These bounds imply
the end-point derivative estimates almost everywhere. This
completes the proof. ▪
From Theorem 1, we can deduce the following corollary,

which will be useful in subsequent discussions:
Corollary 6. For a Hamiltonian H of the form given in

Eq. (1), the SE strength J̄ ðe−iHtÞ is upper-bounded by

J̄ ðe−iHtÞ ≤ eJ̄ ðVABÞjtj: ð72Þ

We note that the upper bound is generalized to arbitrary
time-dependent Hamiltonians.
Proof of Corollary 6. It suffices to take t ≥ 0; replacing

H by −H covers negative times. Let us consider an
arbitrary product state jϕi ¼ jϕAi ⊗ jϕBi. Then, the
(1=2)-Rényi entanglement of the time-evolved state jϕti ¼
e−iHtjϕi satisfies the upper bound

E1=2ðϕtÞ ≤
Z

t

0

���� ddt1 E1=2ðϕt1Þ
����dt1 ≤ 2J̄ ðVABÞt; ð73Þ

where we use c1=2 ¼ 2, i.e., jdE1=2ðϕtÞ=dtj ≤ 2J̄ ðVABÞ.
We then define the Schmidt decomposition of jϕti as
follows:

jϕti ¼
X
s

λsðtÞjϕðtÞ
A;si ⊗ jϕðtÞ

B;si; ð74Þ

from which we obtain E1=2ðϕtÞ as

E1=2ðϕtÞ ¼ 2 log

�X
s

λsðtÞ
�
: ð75Þ

Therefore, we obtainX
s

λsðtÞ ¼ eE1=2ðϕtÞ=2 ≤ eJ̄ ðVABÞt: ð76Þ

Since this holds for any product initial state jϕi, the main
inequality (72) follows from the definition (16), i.e.,
J̄ ðΦABÞ ≔ supϕ

P
s λsðϕÞ. This completes the proof. ▪

D. Tightness at α= 1=2

We show here that the coefficient 2 in Theorem 1 at
α ¼ 1=2 is tight. We prove the following proposition:
Proposition 7. Let A and B each consist of nþ 1 qudits

of dimension M þ 1. Then, in the limit of n → ∞, there
exists quantum dynamics such that the average entangle-
ment rate saturates the spectral-SIE bound (52) over a
finite-time interval:����E1=2ðψ tÞ − E1=2ðψ0Þ

t

���� ≥ 2J̄ ðVA0B0
Þ − 2½J̄ ðVA0B0

Þ�2t
n

ð77Þ

for

0 < t ≤
n
ffiffiffiffiffi
M

p

2J̄ ðVA0B0
Þ : ð78Þ

In inequality (77), the first term dominates when
n ≫ J̄ ðVA0B0

Þt, or, equivalently, t ≪ n=J̄ ðVA0B0
Þ.

1. Proof of Proposition 7

From the given assumptions, the subsystems A and B
are composed of nþ 1 qudits with a dimension M þ 1,
respectively:

A ¼ A0⊔A1⊔ � � � ⊔An; B ¼ B0⊔B1⊔ � � � ⊔Bn ð79Þ

with

DA0
¼ DA1

¼ � � � ¼ DAn
¼ M þ 1;

DB0
¼ DB1

¼ � � � ¼ DBn
¼ M þ 1: ð80Þ

Here, take J > 0 and consider the interaction

VA0B0
¼
XM
j¼1

JðjjA0
; jB0

ih0A0
; 0B0

j þ H:c:Þ: ð81Þ

Since this operator is diagonalizable, we obtain

e−iVA0B0
tj0A0

; 0B0
i ¼ cosð

ffiffiffiffiffi
M

p
JtÞj0A0

; 0B0
i

− i
XM
j¼1

sinð ffiffiffiffiffi
M

p
JtÞffiffiffiffiffi

M
p jjA0

; jB0
i ð82Þ

for any t. Also, we consider the Hamiltonian HA;s and HB;s

that realizes a swap operation between A0 (resp., B0) and As
(resp., Bs). Because the norm of HA;s and HB;s can be
arbitrarily large, we can let

e−iHA;sε ¼
XM
j;j0¼0

jj0A0
; jAs

ihjA0
; j0As

j;

e−iHB;sε ¼
XM
j;j0¼0

jj0B0
; jBs

ihjB0
; j0Bs

j ð83Þ

for an infinitesimally small ε. We recall that there are
no constraints on the form of HA and HB in the
Hamiltonian (1).
Then, we construct the quantum dynamics using the

time-dependent Hamiltonian as follows:

U0→t0 ≔
Yn
s¼1

e−iðHA;sþHB;sÞεe−iVA0B0
t=n; ð84Þ
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where t0 ¼ tþ nε, which can be made arbitrarily close
to t by taking the limit ε → þ0. We choose the initial state
jψ0i as

jψ0i ¼ ⊗
n

s¼0
j0As

; 0Bs
i: ð85Þ

By applying the unitary time evolution U0→t0 , we have

jψ ti ¼ U0→t0 jψ0i ¼ j0A0
; 0B0

i ⊗
Yn
s¼1

jψAs;Bs
ðt=nÞi;

jψAs;Bs
ðxÞi ¼ cos

� ffiffiffiffiffi
M

p
Jx
�
j0As

; 0Bs
i

− i
XM
j¼1

sinð ffiffiffiffiffi
M

p
JxÞffiffiffiffiffi

M
p jjAs

; jBs
i; ð86Þ

where we use Eqs. (82) and (83). Each of the quantum
states fjψAs;Bs

ðt=nÞigns¼1 is given in the form of the
Schmidt decomposition.
Then, in the limit of ε → þ0, the (1=2)-Rényi-entangle-

ment entropy for jψ ti is given by

E1=2ðψ tÞ ¼
Xn
s¼1

E1=2(ψAs;Bs
ðt=nÞ)

¼ 2n log

�
cosð

ffiffiffiffiffi
M

p
Jt=nÞ þM

j sinð ffiffiffiffiffi
M

p
Jt=nÞjffiffiffiffiffi

M
p

�
¼ 2n logðcosðzÞ þ

ffiffiffiffiffi
M

p
sinðzÞÞ; ð87Þ

where we set z ¼ ffiffiffiffiffi
M

p
Jt=n which satisfies 0 ≤ z ≤ 1=2

from the condition (78). Note that the conditions
cosðzÞ; sinðzÞ ≥ 0 for 0 ≤ z ≤ 1=2 were used in the above
equation. By differentiating with respect to z, we obtain

d
dz

logðcosðzÞ þ
ffiffiffiffiffi
M

p
sinðzÞÞ ¼

ffiffiffiffiffi
M

p
cosðzÞ − sinðzÞ

cosðzÞ þ ffiffiffiffiffi
M

p
sinðzÞ ≥ 0;

ð88Þ

where we use M ≥ 1 and z ≤ 1=2. Hence, by using

ffiffiffiffiffi
M

p
cosðzÞ − sinðzÞ

cosðzÞ þ ffiffiffiffiffi
M

p
sinðzÞ ≥

ffiffiffiffiffi
M

p
− ðM þ 1Þz

for 0 ≤ z ≤ 1=2; M ≥ 1; ð89Þ

we obtain

E1=2ðψ tÞ ¼ 2n log
�
cosðzÞ þ

ffiffiffiffiffi
M

p
sinðzÞ

�
≥ 2n

� ffiffiffiffiffi
M

p
z −

M þ 1

2
z2
�

≥ 2MJt −
2M2J2t2

n
: ð90Þ

Finally, we prove the equation

J̄ ðVA0B0
Þ ¼ MJ; ð91Þ

which reduces inequality (90) to the desired form (77).
We recall that the SE strength is defined by taking the

supremum over arbitrary product states after attaching
arbitrary ancillas A0 and B0. Hence, let

jϕi ¼ jϕA0A0 i ⊗ jϕB0B0 i ð92Þ

be an arbitrary product state across the bipartition
A0A0jB0B0. Expanding the two factors in the fixed bases
used in VA0B0

, we write

jϕA0A0 i ¼
XM
j¼0

ajjjA0
i ⊗ jξj;A0 i;

jϕB0B0 i ¼
XM
j¼0

bjjjB0
i ⊗ jζj;B0 i; ð93Þ

where
P

M
j¼0 jajj2 ¼

P
M
j¼0 jbjj2 ¼ 1, and the conditional

states jξj;A0 i and jζj;B0 i are normalized whenever the
corresponding coefficients are nonzero. Here, no orthogon-
ality of the conditional ancilla states is assumed.
Applying VA0B0

of Eq. (81), we obtain

VA0B0
jϕi ¼ J

XM
j¼1

ajbjðj0A0
i⊗ jξj;A0 iÞ⊗ ðj0B0

i⊗ jζj;B0 iÞ

þ J
XM
j¼1

a0b0ðjjA0
i⊗ jξ0;A0 iÞ⊗ ðjjB0

i⊗ jζ0;B0 iÞ:

ð94Þ

This is a product-state expansion across A0A0jB0B0, not
necessarily a Schmidt decomposition. Therefore, by
Lemma 1, the sum of the Schmidt coefficients of
VA0B0

jϕi is upper-bounded by the sum of the absolute
values of the coefficients in the above expansion:

X
s

λs ≤ J
XM
j¼1

jajbjj þ J
XM
j¼1

ja0b0j: ð95Þ

Applying the Cauchy-Schwarz inequality, we obtain
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X
s

λs ≤ J

 XM
j¼1

jajj2 þ
XM
j¼1

ja0j2
!

1=2

×

 XM
j¼1

jbjj2 þ
XM
j¼1

jb0j2
!

1=2

¼ J½1þ ðM − 1Þja0j2�1=2½1þ ðM − 1Þjb0j2�1=2
≤ MJ: ð96Þ

Since this holds for arbitrary ancillas A0; B0 and arbitrary
product states jϕi ¼ jϕA0A0 i ⊗ jϕB0B0 i, we have

J̄ ðVA0B0
Þ ≤ MJ: ð97Þ

Conversely, the upper bound is attained by choosing

jϕA0A0 i ¼ j0A0
i⊗ jξA0 i; jϕB0B0 i ¼ j0B0

i⊗ jζB0 i; ð98Þ

with arbitrary normalized ancilla states jξA0 i and jζB0 i.
Then,

VA0B0
jϕA;ϕBi ¼ J

XM
j¼1

ðjjA0
i ⊗ jξA0 iÞ ⊗ ðjjB0

i ⊗ jζB0 iÞ:

ð99Þ

The states fjjA0
i ⊗ jξA0 igMj¼1 and fjjB0

i ⊗ jζB0 igMj¼1 are
orthonormal sets. Hence, the above expression is already a
Schmidt decomposition with M Schmidt coefficients all
equal to J. Therefore,

J̄ ðVA0B0
Þ ≥ MJ: ð100Þ

Combining the two bounds gives Eq. (91). This reduces
inequality (90) to the main lower bound (77). Moreover, the
condition z ¼ ffiffiffiffiffi

M
p

Jt=n ≤ 1=2 becomes

t ≤
n
ffiffiffiffiffi
M

p

2J̄ ðVA0B0
Þ : ð101Þ

E. Optimality of the threshold: Unbounded
entanglement rate for α < 1=2

We next show that the threshold α ¼ 1=2 cannot, in
principle, be removed. As shown below, we explicitly
demonstrate that the average entanglement rate is
unbounded for α < 1=2 for a finite-time interval.
Proposition 8. For 0 < α < 1=2, let A and B each consist

of two qudits fA0; A1g and fB0; B1g, respectively, where
DA0

¼ DB0
¼ 3 and DA1

¼ DB1
¼ D0 þ 1. Then, there

exists a quantum dynamics such that

jEαðψ tÞ − Eαðψ t¼0Þj ≥
1 − 2α

1 − α
logðD0Þ

þ 1

1 − α
log

�
α

�
J̄ ðVA0B0

Þt
2

�
2α	
ð102Þ

under an appropriate initial state jψ t¼0i [see Eq. (112)
below], where we assume

0 < t ≤
1

J̄ ðVA0B0
Þ : ð103Þ

Remark. By setting J̄ ðVA0B0
Þ ¼ 1 and t ¼ 1, inequality

(102) yields

jEαðψ tÞ−Eαðψ t¼0Þj
t

≥
1− 2α

1−α
logðD0Þþ

1

1−α
logðα2−2αÞ:

ð104Þ

From the above bound, as long as α < 1=2, the average
entanglement rate can be made arbitrarily large regardless
of J̄ ðVA0B0

Þ ¼ 1. Thus, information about the boundary
interaction alone does not suffice to upper-bound the Rényi
entanglement for α < 1=2. This point is compared to the
geometrically local interacting systems, which will be
discussed in Sec. IX.

1. Proof of Proposition 8

For J > 0, define the interaction between A0 and B0 by

VA0B0
≔ Jðj1A0

; 1B0
ih0A0

; 0B0
j þ H:c:Þ: ð105Þ

In this setup, we prove that J̄ ðVA0B0
Þ is equal to J:

J̄ ðVA0B0
Þ ¼ J; ð106Þ

where the proof proceeds in a manner analogous to that of
Eq. (91). From the condition (103), we get

Jt ≤ 1: ð107Þ

We introduceD0 sets of Hamiltonians fHs;A þHs;BgD0

s¼1,
where Hs;A and Hs;B are defined as

Hs;A ¼ −JAðjsA1
; 2A0

ih0A1
; 1A0

j þ H:c:Þ;
Hs;B ¼ −JBðjsB1

; 2B0
ih0B1

; 1B0
j þ H:c:Þ: ð108Þ

Here, JA and JB can be chosen arbitrarily large, and hence
we set them such that

e−iHs;Aεj0A1
; 1A0

i ¼ ijsA1
; 2A0

i;
e−iHs;Bεj0B1

; 1B0
i ¼ ijsB1

; 2B0
i; ð109Þ
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where we choose εJA ¼ εJB ¼ π=2. Also, from Eq. (105),
we get

e−iVA0B0
Δtj0A0

; 0B0
i ¼ cosðJΔtÞj0A0

; 0B0
i

− i sinðJΔtÞj1A0
; 1B0

i: ð110Þ

We subdivide the time interval into D0 segments as
t=D0 ¼ Δt and construct the unitary time evolution by

U0→t0 ≔
YD0

s¼1

e−iðHs;AþHs;BÞεe−iVA0B0
Δt; ð111Þ

where t0 ¼ tþD0ε. By construction, t0 can be made
arbitrarily close to t. We begin with the quantum state of

jψ0i ¼ j0A1
; 0A0

; 0B0
; 0B1

i: ð112Þ

As the first process, we have

jψ1i ≔ e−iðH1;AþH1;BÞεe−iVA0B0
Δtjψ0i

¼ e−iðH1;AþH1;BÞεðcosðJΔtÞj0A1
; 0A0

; 0B0
; 0B1

i
− i sinðJΔtÞj0A1

; 1A0
; 1B0

; 0B1
iÞ

¼ cosðJΔtÞjψ0i þ i sinðJΔtÞj1A1
; 2A0

; 2B0
; 1B1

i:
ð113Þ

The subsequent unitary dynamics e−iðHs;AþHs;BÞεe−iVA0B0
Δt

(s ≥ 2) does not change j1A1
; 2A0

; 2B0
; 1B1

i, i.e.,

e−iðHs;AþHs;BÞεe−iVA0B0
Δtj1A1

; 2A0
; 2B0

; 1B1
i

¼ j1A1
; 2A0

; 2B0
; 1B1

i ð114Þ
for s ≥ 2. In the next step, we have

e−iðH2;AþH2;BÞεe−iVA0B0
Δtjψ1i

¼ cosðJΔtÞe−iðH2;AþH2;BÞεe−iVA0B0
Δtjψ0i

þ i sinðJΔtÞj1A1
; 2A0

; 2B0
; 1B1

i
¼ cos2ðJΔtÞjψ0i þ i cosðJΔtÞ sinðJΔtÞj2A1

; 2A0
; 2B0

; 2B1
i

þ i sinðJΔtÞj1A1
; 2A0

; 2B0
; 1B1

i: ð115Þ

Repeating this type of process iteratively in an analogous
manner, we obtain

U0→t0 jψ0i ¼ cosD0ðJΔtÞj0A1
; 0A0

; 0B0
; 0B1

i

þ i
XD0

s¼1

coss−1ðJΔtÞ sinðJΔtÞjsA1
; 2A0

; 2B0
; sB1

i:

ð116Þ

The above expression gives the Schmidt decomposition of
U0→t0 jψ0i, and hence the Rényi entanglement is given by

Eαðψ tÞ ¼
1

1 − α
log

�
cos2D0αðJΔtÞ

þ
XD0

s¼1

cos2ðs−1ÞαðJΔtÞ sin2αðJΔtÞ
�
; ð117Þ

where we take the limit of ε → þ0 in Eq. (116).
Equation (107) imposes the constraint JΔt ≤ Jt ≤ 1.

Because of cosðxÞ ≥ 1 − x=2 and sinðxÞ ≥ x=2 for
0 ≤ x ≤ 1, the following relation holds:

Eαðψ tÞ ≥
1

1 − α
log

 XD0þ1

s¼1

ð1 − JΔt=2Þ2ðs−1ÞαðJΔt=2Þ2α
!

≥
1

1 − α
log
�
ðJΔt=2Þ2α 1 − ð1 − JΔt=2Þ2D0α

JΔt=2

�
:

ð118Þ

Here, we note that the condition (107) yields

JΔt
2

¼ Jt
2D0

≤
1

2D0

≤
1

2D0α
for 0 < α < 1: ð119Þ

Replacing JΔt=2 with x and treating x as a variable on the
rhs of Eq. (118), we are led to consider the function of

x2α
1 − ð1 − xÞ2D0α

x
for 0 ≤ x ≤

1

2D0α
: ð120Þ

Since ð1 − xÞ2D0α ≤ 1 −D0αx, we obtain

x2α
1 − ð1 − xÞ2D0α

x
≥ D0αx2α: ð121Þ

Therefore, we reduce the lower bound (118) to the main
inequality:

Eαðψ tÞ ≥
1

1 − α
log
�
D0α

�
Jt
2D0

�
2α
	

¼ 1 − 2α

1 − α
logðD0Þ þ

1

1 − α
log
�
α

�
J̄ ðVA0B0

Þt
2

�2α	
;

ð122Þ

where we use Eq. (106) in the last equation. Note that
Eαðψ t¼0Þ ¼ 0 from the definition (112). This completes the
proof. ▪

VI. OPERATOR APPROXIMATION VS
ENTANGLEMENT GENERATION

Here, we consider the following question: “Does a
small spectral-entangling capability imply an efficient
low-Schmidt-rank approximation of the corresponding
operator?” In general, the answer to this question is no.
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Consequently, we obtain a complexity separation—
measured in terms of the Schmidt rank required for a given
approximation error—between approximating the time-
evolution unitary and approximating time-evolved states.
This distinction is physically important because entan-

glement generation and operator approximability are
not equivalent notions. For quantum states, control
of the Schmidt spectrum directly leads to efficient
low-Schmidt-rank truncation. By contrast, a small spec-
tral-entangling capability of an operator constrains the
entanglement that it can generate in states, but does not
necessarily constrain the Schmidt-rank complexity of the
operator itself. Hence, efficient approximation at the state
level does not automatically lift to an efficient MPO or low-
Schmidt-rank approximation of the full time-evolution
operator.
The purpose of this section is therefore twofold. First, we

show that bounded SE strength, while sufficient to control
state-level entanglement generation, does not automatically
imply efficient operator-level approximation in the operator
norm (Proposition 9). This disproves a naive equivalence
between spectral-entanglement generation and low-
Schmidt-rank approximability of the full unitary. Second,
motivated by this separation, we introduce the α-SE
strength J̄ α (Definition 2) and formulate Conjecture 2
as a possible sufficient condition for efficient operator
approximation. Subsequent results on Conjecture 2 are
summarized in the Note added. Here, Theorem 3 uses an
explicit structural assumption on the interaction decom-
position (Assumption 10). This theorem provides a rig-
orous positive result in the direction suggested by the
conjecture and will later be used to obtain the Gibbs-state
approximation bound in Theorem 7.

A. Lower bound on the operator low-rank
approximation

Proposition 9. Let us consider a class of quantum
dynamics e−iHABt such that

J̄ ðVABÞ ¼ 1: ð123Þ

For each fixed D, choosing the Hilbert-space dimension
sufficiently large gives dynamics e−iHABt such that, for
t ≥ 0,

inf
UAB;D

ke−iHABt −UAB;Dk ≥ 1þ 5t
4
− et; ð124Þ

where infUAB;D
is taken over all the operators such that the

Schmidt rank is smaller than or equal to D.
Remark. In this setup, for any initial state with

dimension-independent Rényi-1=2 entanglement, the cor-
responding time-evolved state can be well approximated by

a finite Schmidt rank D, whereas the full unitary time
evolution admits no such approximation.
The lower bound is intended only to be nontrivial

on a constant time interval (e.g., for t such that
1þ 5t=4 − et > 0); this suffices to establish the separation
between state-level approximability and operator-level
approximability.
Here, D is fixed independently of dimension. For the

example (125), write Ṽ ¼ ṼA0B0
and note that Ṽ2 ¼ Ṽ, so

e−itṼ ¼ 1þ ðe−it − 1ÞṼ. For 2 ≤ D ≤ N, Eqs. (142) and
(143) give a diagonal WD−1 with SRðWD−1Þ ≤ D − 1 and
kṼ −WD−1k ≤ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logN=ðD − 1Þp

. Thus, UAB;D ¼
1þ ðe−it − 1ÞWD−1 has operator Schmidt rank at most
D and error at most 2je−it − 1j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

logN=ðD − 1Þp
. At fixed

time, this error bound is Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logN=D

p Þ, tending to zero
when D= logN → ∞; the identity accounts for the addi-
tional rank one. Low-rank approximations of the core
quantum Fourier transform, with bit reversal removed,
have also been studied [64,65]. An interesting open
question is whether dynamics with SE strength bounded
independently of dimension can require an operator
Schmidt rank growing as a positive power of DAB for
approximation at a fixed nonzero time and fixed operator-
norm accuracy.

B. Proof of Proposition 9

Consider a four-qudit system comprising subsystems A0,
A1, B0, and B1, where DA0

¼ DB0
¼ N with N chosen

sufficiently large. We then consider the Hamiltonian of the
form

HAB ¼ ṼA0B0
¼
XN
s¼1

ðjsihsjÞA0
⊗ ðjsihsjÞB0

; ð125Þ

where we choose the boundary interaction VAB as the above
ṼA0B0

. By the same calculation as in Eq. (97) used to prove
Eq. (91), we obtain

J̄ ðṼA0B0
Þ ¼ 1: ð126Þ

We then consider a time evolution such that

e−iHABt ¼ 1 − iṼA0B0
tþ
X∞
m¼2

ð−itÞm
m!

Ṽm
A0B0

; ð127Þ

which satisfies

ke−iHABt − ð1 − iṼA0B0
tÞk ≤

X∞
m¼2

tm

m!
kṼA0B0

km ≤ et − 1 − t;

ð128Þ

where we use kṼA0B0
k ¼ 1.

SPECTRAL SMALL-INCREMENTAL ENTANGLING: BREAKING … PHYS. REV. X 16, 041035 (2026)

041035-19



We then define UAB;D as the optimal approximation of
e−iHABt. Using this, we find the following relations:

ke−iHABt −UAB;Dk ≥ k1 − iṼA0B0
t −UAB;Dk

− ke−iHABt − ð1 − iṼA0B0
tÞk

≥ t inf
W2D

kṼA0B0
−W2Dk − ðet − 1 − tÞ:

ð129Þ

Note that we used

k1 − iṼA0B0
t − UAB;Dk

¼ k1 − iṼA0B0
t − ½ReðUAB;DÞ þ i ImðUAB;DÞ�k

≥ t





ṼA0B0
þ 1

t
ImðUAB;DÞ






≥ t inf

W2D

kṼA0B0
−W2Dk: ð130Þ

Here the infimum is over Hermitian W2D with
SRðW2DÞ ≤ 2D. For t > 0, − ImðUAB;DÞ=t belongs to this
class, and taking the Hermitian imaginary part is contrac-
tive in operator norm; the case t ¼ 0 is immediate. We use
ReðUÞ ¼ ðU þ U†Þ=2 and ImðUÞ ¼ ðU −U†Þ=ð2iÞ.
The remaining task is to estimate a lower bound for the

low-rank approximation of ṼA0B0
. In detail, we calculate

δ2D ≔ inf
W2D

kṼA0B0
−W2Dk: ð131Þ

We define W̃2D as

W̃2D ≔ arg inf
W2D

kṼA0B0
−W2Dk; ð132Þ

and prove that the form of W̃2D should be given by

XN
s; s0¼1

Ws;s0 ðjsihsjÞA0
⊗ ðjs0ihs0jÞB0

; ð133Þ

where Ws;s0 ∈R for all s, s0.
For the admissible operators,

W2D ¼ W†
2D ¼ ReðW2DÞ; ImðW2DÞ ¼ 0: ð134Þ

Hence,

kṼA0B0
−W2Dk ¼ sup

kψk¼1

jhψ jðṼA0B0
−W2DÞjψij: ð135Þ

The normalized partial traces and local dephasing below
preserve Hermiticity, do not increase operator Schmidt
rank, and do not increase the error.
Next, we consider the component acting nontrivially on

the subset A1B1 and prove that it cannot contribute to the

error reduction. Let W2D be Hermitian. We decompose the
operator W2D into

W2D ¼ W2D;A0B0
þ δW2D;AB; trA1B1

ðδW2D;ABÞ ¼ 0:

ð136Þ

Note that W2D;A0B0
abbreviates W2D;A0B0

⊗ 1̂A1B1
. We

choose a quantum state ρ defined as

ρ ¼ jψA0B0
ihψA0B0

j ⊗ 1̂A1B1

DA1B1

; ð137Þ

where the state jψA0B0
i satisfies

kṼA0B0
−W2D;A0B0

k ¼ jhψA0B0
jṼA0B0

−W2D;A0B0
jψA0B0

ij:
ð138Þ

For any δW2D;AB, the following inequality holds:

kṼA0B0
−W2D;A0B0

k ¼ jtr½ρðṼA0B0
−W2D;A0B0

− δW2D;ABÞ�j
≤ kṼA0B0

−W2D;A0B0
− δW2D;ABk:

ð139Þ

This shows that kṼA0B0
−W2D;A0B0

− δW2D;ABk is still
larger than or equal to kṼA0B0

−W2D;A0B0
k. We thus

conclude that the existence of δW2D;AB cannot reduce
the error of kṼA0B0

−W2D;A0B0
k for an arbitrary choice

of W2D;A0B0
.

Finally, we consider the off-diagonal part of the operator
on the subset A0B0. We also decompose W2D into

W2D ¼ Wdiag þWoff ; ð140Þ

where Wdiag is given in the form of Eq. (133). For any
choice ofWdiag, we can also prove that the existence ofWoff

does not reduce the error kṼA0B0
−Wdiagk. Suppose that the

error kṼA0B0
−Wdiagk attains its maximum for the quantum

state js0; s00i, which is an eigenstate of ṼA0B0
−Wdiag. In

this situation, we have hs0; s00jWoff js0; s00i ¼ 0; hence, the
error kṼA0B0

−Wdiag −Woffk is nondecreasing when Woff

is present. In conclusion, we need to consider the class of
operators (133) for the solution of infW2D

kṼA0B0
−W2Dk.

Second, we consider the approximation error δ2D in
Eq. (131). For the purpose, using the fact that W̃2D is given
in the form of Eq. (133), we consider




ṼA0B0

−
XN
s;s0¼1

Ws;s0 ðjsihsjÞA0
⊗ ðjs0ihs0jÞB0







¼ max

1≤s;s0≤N
jδs;s0 −Ws;s0 j; ð141Þ
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where the rank of the matrix fWs;s0 gs;s0 is less than or equal
to 2D. Hence, the problem is equivalent to estimating

inf
rankðWÞ≤2D

max
1≤s;s0≤N

jδs;s0 −Ws;s0 j: ð142Þ

The above quantity is known to be equal to the Kolmogorov
width of the octahedron [36–38,66] denoted by
d2DðBN

1 ;l
N
∞Þ (see also Sec. VI B 1 for a detailed review).

For 1 ≤ D < N, from Ref. [36] and Ref. [38] Theorem
10.10 therein, using Gelfand-Kolmogorov width duality,
the Kolmogorov width obeys the inequality

1

4
min

�
2

1þ 4 lnð9Þ
logðeN=DÞ

D
; 1

	

≤ dDðBN
1 ;l

N
∞Þ ≤ 2

�
logðNÞ

D

�
1=2

: ð143Þ

For D ≥ 1, the rank-one matrix with all entries 1=2
gives dDðBN

1 ;l
N
∞Þ ≤ 1=2.

Choose N sufficiently large that the minimum in
Eq. (143), with D replaced by 2D, equals 1. Then,

inf
rankðWÞ≤2D

max
1≤s;s0≤N

jδs;s0 −Ws;s0 j ≥
1

4
; ð144Þ

which also provides infW2D
kṼA0B0

−W2Dk ≥ 1=4. By com-
bining this lower bound with inequality (129), we prove the
main inequality (124). This completes the proof. ▪

1. A short review of the Kolmogorov width

We now consider dDðBN
1 ;l

N
∞Þ instead of d2DðBN

1 ;l
N
∞Þ

for simplicity of notation. We introduce the unit ball BN
1 as

follows:

BN
1 ¼ fx⃗∈RN∶ kx⃗kl1

≤ 1g; ð145Þ

where kx⃗klm (m∈N) denotes the lm norm, i.e.,
kx⃗klm ¼ ðPj jxjjmÞ1=m. We also denote by lN

∞ the space
RN equipped with the l∞ norm.We define the Kolmogorov
width as

dDðBN
1 ;l

N
∞Þ ≔ inf

XD⊂lN∞
dimðXDÞ≤D

sup
x⃗∈BN

1

inf
y⃗∈XD

kx⃗ − y⃗kl∞ : ð146Þ

To connect dDðBN
1 ;l

N
∞Þ to Eq. (142), we first denote an

arbitrary vector y⃗ in the space XD by

y⃗¼
XD
j¼1

0
BBBBBB@

wðjÞ
1

wðjÞ
2

..

.

wðjÞ
N

1
CCCCCCA
�
wðjÞ
1 wðjÞ

2 � � � wðjÞ
N

�
0
BBBBBB@

x01
x02

..

.

x0N

1
CCCCCCA

¼
XD
j¼1

w⃗ðjÞw⃗ðjÞTx⃗0 ¼Wx⃗0; ð147Þ

with x0 ∈lN
∞, where each of the vectors w⃗ðjÞ ¼ fwðjÞ

m g1≤m≤N
forms an orthonormal basis. The matrixW can be viewed as
the projection onto the subspace spanned by the D
vectors fw⃗ðjÞgDj¼1.
Then, we immediately obtain the upper bound for the

Kolmogorov width as follows:

inf
XD⊂lN∞

dimðXDÞ≤D

sup
x⃗∈BN

1

inf
y⃗∈XD

kx⃗− y⃗kl∞ ≤ inf
rankðWÞ¼D

sup
x⃗∈BN

1

kx⃗−Wx⃗kl∞

¼ inf
rankðWÞ¼D

k1−Wkmax

¼ inf
rankðWÞ¼D

max
1≤s;s0≤N

jδs;s0 −ws;s0 j;

ð148Þ

where we use supx⃗∈BN
1
kMx⃗kl∞ ¼kMkmax≔max1≤s;s0≤N×

jMs;s0 j for an arbitrary matrix M ¼ fMs;s0 g.
Next, we prove that the lhs of inequality (148) also

provides the lower bound for the Kolmogorov width. We
consider the choices of x⃗ as

x⃗ ¼ I⃗s ≔ f0; 0;…; 0
zfflfflfflfflffl}|fflfflfflfflffl{s−1

; 1; 0;…; 0
zfflfflffl}|fflfflffl{N−s

g ð149Þ

for s ¼ 1; 2;…; N. For a given space XD, we define

arg inf
y⃗∈XD

kI⃗s − y⃗kl∞ ¼ y⃗s: ð150Þ

Then, by defining the rank D matrix WðXDÞ as

WðXDÞ ¼
�
y⃗1 y⃗2 � � � y⃗N

�
; ð151Þ

we derive

max
1≤s;s0≤N

jδs;s0 − ½WðXDÞ�s;s0 j ≤ max
s




I⃗s − y⃗s




l∞

¼ max
s

inf
y⃗∈XD




I⃗s − y⃗




l∞

≤ sup
x⃗∈BN

1

inf
y⃗∈XD

kx⃗ − y⃗kl∞ : ð152Þ

This also implies
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inf
XD⊂lN∞

dimðXDÞ≤D

sup
x⃗∈BN

1

inf
y⃗∈XD

kx⃗ − y⃗kl∞

≥ inf
XD⊂lN∞

dimðXDÞ≤D

max
1≤s;s0≤N

jδs;s0 − ½WðXDÞ�s;s0 j

≥ inf
rankðWÞ¼D

max
1≤s;s0≤N

jδs;s0 −Ws;s0 j: ð153Þ

By combining the inequalities (148) and (153), we obtain
the desired identity as

dDðBN
1 ;l

N
∞Þ ¼ inf

rankðWÞ≤D
max

1≤s;s0≤N
jδs;s0 −Ws;s0 j: ð154Þ

C. Conjecture on the operator low-Schmidt-rank
approximation

As shown in Proposition 9, the condition that VAB (as
well as e−iHABt) has small SE strength [i.e., J̄ ðVABÞ ¼ 1]
does not by itself guarantee that the time-evolution operator
can be efficiently approximated by a low-Schmidt-rank
operator. It therefore remains an important open problem to
determine under what additional conditions such efficient
operator approximations become possible. To address this
issue, we introduce an extension of the SE strength,
namely, the α-SE strength J̄ α (Definition 2), and con-
jecture that having small α-SE strength provides a sufficient
condition for efficient low-rank approximation of the
unitary dynamics e−iHABt (Conjecture 2 below).
We first generalize the SE strength in Definition 1.
Definition 2. (α-SE strength). Let ΦAB be an arbitrary

operator acting across subsystems A and B. For any product
state jϕi ¼ jϕAA0 i ⊗ jϕBB0 i with the ancillas A0 and B0, we
denote the Schmidt decomposition of ΦABjϕi by

ΦABjϕi ¼
X
s

λsðϕÞjϕAA0;si ⊗ jϕBB0;si: ð155Þ

Then, the α-SE strength of ΦAB is defined as

J̄ αðΦABÞ ≔ sup
jϕi

�X
s
jλsðϕÞj2α

�
1=ð2αÞ

; ð156Þ

where the supremum is taken over all product states
jϕi ¼ jϕAA0 i ⊗ jϕBB0 i.
Using this definition, we propose the following

conjecture:
Conjecture 2. For any quantum operator such that

J̄ αðΦABÞ ¼ 1; α < 1=2; ð157Þ

there exists an efficient approximation of ΦAB by an
operator ΦAB;D with SRðΦAB;DÞ ¼ D:

inf
ΦAB;D

kΦAB −ΦAB;Dk ≤ gαðDÞ; ð158Þ

where the function gαðDÞ decays as a power law in D, with
the decay rate depending on α.
Remark.A frequently asked question is why the standard

operator Schmidt decomposition cannot be directly applied
to address Conjecture 2. Recall that the operator Schmidt
decomposition expands a given operator O as

O ¼
X
s

μsOA;s ⊗ OB;s; ð159Þ

where fOA;sg and fOB;sg form operator bases. It is well
known that such a decomposition provides an optimal low-
rank approximation with respect to the Frobenius norm:

kO −ODkF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr½ðO −ODÞ†ðO −ODÞ�

q
; ð160Þ

where OD is a low-rank approximation of the operator O.
For unitary time-evolution operators, the operator norm

controls the worst-case error over input states. Operator
Schmidt truncation is optimal in the Frobenius norm but
need not be optimal in the operator norm. For the
unnormalized norm in the preceding equation,
kO −ODk ≤ kO −ODkF; hence, an absolute Frobenius-
error bound also bounds the operator-norm error. In
contrast, a normalized error kO −ODkF=

ffiffiffiffiffiffiffiffiffi
DAB

p
≤ ϵ gives

only kO −ODk ≤
ffiffiffiffiffiffiffiffiffi
DAB

p
ϵ. A relative Frobenius-error

bound likewise need not give dimension-independent
worst-case accuracy.
The quantum Fourier transform illustrates a separate

distinction: its maximal operator entanglement [67–69]
depends on the input or output ordering, whereas the
small-entanglement core studied in Ref. [64] is obtained
by removing bit reversal. These versions of the quantum
Fourier transform are different operators across a fixed cut,
so their comparison is not an example of a separation
between the two norm guarantees.
Under the condition of J̄ αðVABÞ ¼ 1, we can

exclude the interaction in Eq. (125), i.e., ṼA0B0
¼P

N
s¼1ðjsihsjÞA0

⊗ ðjsihsjÞB0
. A simple computation yields

J̄ αðṼA0B0
Þ ≥ N1=ð2αÞ−1; ð161Þ

which increases with the local Hilbert-space dimension N.
Finally, in the absence of ancillas, the conjecture is

trivially false. In this case, the swap operator SAB maps
between A and B serves as a counterexample. It creates no
entanglement but cannot be approximated by a finite
Schmidt rank, as can be shown using similar arguments
to Eq. (144).

D. Theorem on low-rank approximation of operators

Theorem 3 provides a constructive approximation
under explicit structural assumptions, complementary to
the information-theoretic condition of Conjecture 2.
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Subsequent results on that conjecture are summarized in the
Note added.

1. Stronger assumption

Instead of the small α-SE strength, we consider the
following property:
Assumption 10. Given the decomposition of VAB into

operator bases fVjgj, each having small Schmidt rank:

VAB ¼
X∞
j¼1

Vj; SRðVjÞ ≤ D0 ∀ j; ð162Þ

where D0 is a constant of order Oð1Þ and g̃ below is a
chosen upper bound on

P
j kVjk. Then, there exist con-

stants C0 and κ such that the following inequality holds:

X
j≥Dþ1

kVjk≤C0g̃ðDþ 1Þ−κ; ðC0 ≥ 1Þ;
X∞
j¼1

kVjk≤ g̃:

ð163Þ

Remark. The inequality (163) also implies a low-rank
approximation of VAB:

kVAB − VðDÞ
AB k ≤ C0g̃ðDþ 1Þ−κ; VðDÞ

AB ¼
XD
j¼1

Vj:

ð164Þ

We also emphasize that under Assumption 10 VAB has a
constant α-SE strength with α < 1=2 as shown in the
following lemma:
Lemma 11. Under assumption 10 with D0 ¼ 1, the

interaction VAB satisfies

J̄ αðVABÞ ≤
21=ð2αÞ−1C0g̃

½1 − 21−2αð1þκÞ�1=ð2αÞ for
1

2ð1þ κÞ < α ≤
1

2
:

ð165Þ

Remark. From the lemma, we obtain the converse
of Conjecture 2; namely, a low-rank approximation of
the operator (Assumption 10) implies a small α-SE
strength for α < 1=2. For general D0, one should
multiply the right-hand side of Eq. (165) by the

factor D1=ð2αÞ
0 .

Proof of Lemma 11. For an arbitrary product state jϕ0i,
VABjϕ0i can be expressed as

VABjϕ0i ¼
X
j

Vjjϕ0i ¼
X
j

gjjϕA;ji ⊗ jϕB;ji; ð166Þ

where 0 ≤ gj ≤ kVjk and fjϕA;ji; jϕB;jigj are normalized
states on A and B, respectively, that are not necessarily

orthogonal to each other. Next, we consider the Schmidt
decomposition of VABjϕ0i as

VABjϕ0i ¼
X
s

λsjϕA;si ⊗ jϕB;si: ð167Þ

Now, observe that the following inequality holds:

X
s

λ2αs ≤
X
j

g2αj for 0 < α ≤
1

2
: ð168Þ

The above inequality follows directly from the matrix
inequality as [70–72]



X

j

Mj





p
p

≤
X
j

kMjkpp for 0 < p ≤ 1; ð169Þ

where k � � � kp denotes the Schatten p-quasi norm kMkp ≔
½trðjMjpÞ�1=p (p ≤ 1).
We set Nm ¼ 2m and rewrite

P
j g

2α
j as double sums,

which leads to the following inequalities:

X
j

g2αj ¼
X∞
m¼1

X
j∈ ½Nm−1;NmÞ

g2αj

≤
X∞
m¼1

0
@ X

j∈ ½Nm−1;NmÞ
1

1
A1−2α

0
@ X

j∈ ½Nm−1;NmÞ
gj

1
A2α

≤
X∞
m¼1

Nð1−2αÞ
m · ½C0g̃ðNm−1Þ−κ�2α; ð170Þ

where we apply the Hölder inequality in the first inequality
and use the upper bound (163) in the last inequality. Finally,
we calculate

X∞
m¼1

Nð1−2αÞ
m ðNm−1Þ−2ακ ¼ 22ακ

X∞
m¼1

2mð1−2αÞ−2ακm

¼ 21−2α

1 − 21−2αð1þκÞ : ð171Þ

By applying the inequalities (170) and (171) to
Eq. (168), we obtain

X
s

λ2αs ≤
21−2αðC0g̃Þ2α
1 − 21−2αð1þκÞ ; ð172Þ

which reduces to the main inequality (165) from
Definition 2. This completes the proof. ▪

2. Result on the low-rank approximation

We show the following theorem on the operator
approximation:
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Theorem 3. Let us introduce a parameter Q that satisfies
the following inequality:

1

s!
kadsH0

ðVjÞk ≤ QskVjk ∀ s∈N0; ∀ j; ð173Þ

where fVjgj are operator bases that constitute the boundary
interaction terms as in Eq. (162). Then, under
Assumption 10, for t, β > 0 and 0 < ϵ0 ≤ 1, for both
the unitary time evolution e−iHt and the imaginary-time
evolution eβH, we can construct approximate operators Ũt
and ρ̃β such that

ke−iHt − Ũtk ≤ ϵ0; keβH − ρ̃βkp ≤ ϵ0keβHkp; ð174Þ

and

SRðŨtÞ ≤
�
8⌈tQ0⌉

ϵ0

�½6þ4=κþlog2ðD0Þ�⌈tQ0⌉
;

SRðρ̃βÞ ≤
�
48⌈βQ0⌉

ϵ0

�
2½6þ4=κþlog2ðD0Þ�⌈βQ0⌉

; ð175Þ

respectively, where Q0 is defined as

Q0 ≔
�
min

�
1

4Q
;

1

4eC0g̃

�	
−1
: ð176Þ

At t ¼ 0 the identity suffices; negative times follow by
replacingH by−H. Here, p ≥ 1 and k � � � kp is the Schatten
p norm, i.e., kOkp ¼ ½trðjOjpÞ�1=p.
Remark. The theorem shows that the required Schmidt

rank grows only polynomially with respect to the inverse
error 1=ϵ0, with an exponent proportional to tQ0.
Importantly, the result guarantees efficient operator
approximation provided that the generator VAB itself
admits a suitable low-rank decomposition. Although
Assumption 10 may appear rather strong at first sight,
we will show in Lemma 20 that it is in fact satisfied by a
broad class of physically relevant systems, including long-
range or power-law decaying interactions. This observation
serves as a key ingredient for the proof of Theorem 7,
where we establish polynomially efficient approximations
of long-range quantum Gibbs states.

E. Proof of Theorem 3

We first define the following merging operator between
the subsets A and B:

Ψ ≔ e−zH0ezðH0þVABÞ ¼ T
�
ez
R

1

0
VABðxÞdx

�
¼
X∞
s¼0

zs
Z

1

0

dx1

Z
x1

0

dx2 � � �

×
Z

xs−1

0

dxsVABðx1ÞVABðx2Þ � � �VABðxsÞ; ð177Þ

where VABðxÞ ¼ e−xzH0VABexzH0 and z∈C. Using it, we
have

ezðH0þVABÞ ¼ ezH0Ψ: ð178Þ

We notice that ezH0 is a product operator between A and B.
First, we prove that for small jzj the operator Ψ can be
approximated by another operator Ψ̃ϵ with a small
Schmidt rank.
Proposition 12. Let 0 < ϵ ≤ 1 and choose z such that

jzj ≤ min

�
1

4Q
;

1

4eC0g̃

�
≕Q−1

0 : ð179Þ

Then, there exists an operator Ψ̃ϵ satisfying

kΨ − Ψ̃ϵk ≤ ϵ; ð180Þ

and

SRðΨ̃ϵÞ ≤ ð4=ϵÞ6þ4=κþlog2ðD0Þ: ð181Þ

We defer the proof of the proposition to Sec. VI E 1
below. Using this proposition, we now give a proof of the
main statement, as follows.
We first consider the real-time evolution z ¼ −it (t > 0)

and decompose the total time t into mt0 with t0 satisfying
the condition (179). We generally obtain

e−imt0ðH0þVABÞ − ðe−it0H0Ψ̃ϵÞm

¼
Xm−1

j¼0

e−iðm−j−1Þt0ðH0þVABÞ
�
e−it0ðH0þVABÞ − e−it0H0Ψ̃ϵ

�
×
�
e−it0H0Ψ̃ϵ

�
j
; ð182Þ

which gives


e−imt0ðH0þVABÞ − ðe−it0H0Ψ̃ϵÞm





≤
Xm−1

j¼0




e−it0ðH0þVABÞ − e−it0H0Ψ̃ϵ




 · 


e−it0H0Ψ̃ϵ




j: ð183Þ

Using Proposition 12, we obtain


e−it0ðH0þVABÞ − e−it0H0Ψ̃ϵ




 ≤ kΨ − Ψ̃ϵk ≤ ϵ; ð184Þ
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where we use ke−it0H0k ¼ 1 and e−it0ðH0þVABÞ ¼ e−it0H0Ψ.
This also yields

ke−it0H0Ψ̃ϵk ¼



e−it0ðH0þVABÞ − e−it0ðH0þVABÞ

þ e−it0H0Ψ̃ϵ




 ≤ 1þ ϵ: ð185Þ

By applying the inequalities (184) and (185) to Eq. (183),
we get




e−imt0ðH0þVABÞ − ðe−it0H0Ψ̃ϵÞm



 ≤

Xm−1

j¼0

ϵð1þ ϵÞj ≤ memϵϵ:

ð186Þ

We now choose

t0 ¼
t

⌈tQ0⌉
ð≤ Q−1

0 Þ; m ¼ t
t0
¼ ⌈tQ0⌉;

ϵ ¼ ϵ0
2m

; Ũt ≔ ðe−it0H0Ψ̃ϵÞm: ð187Þ

We then obtain ke−iHt − Ũtk ≤ ϵ0=2eϵ0=2 ≤ ϵ0 from ϵ0 ≤ 1
and

SRðŨtÞ ≤ ½SRðΨ̃ϵÞ�m ≤
�
8⌈tQ0⌉

ϵ0

�½6þ4=κþlog2ðD0Þ�⌈tQ0⌉
:

ð188Þ

This establishes the first main inequality in Eq. (175).
Next, we consider the imaginary-time evolution z ¼ β

with the decomposition z ¼ 2mβ0, where β0 satisfies the
condition (179). Using Ψ̃ϵ, we examine eβ0H0Ψ̃ϵ, which
approximates eβ0ðH0þVABÞ by




eβ0ðH0þVABÞ − eβ0H0Ψ̃ϵ





p
¼ keβ0H0ðΨ − Ψ̃ϵÞkp
≤ keβ0H0kpkΨ − Ψ̃ϵk∞
≤ keβ0H0kpϵ; ð189Þ

where we use the Hölder inequality to obtain
kO1O2kp ≤ kO1kpkO2k∞. Furthermore, from Ref. [73]
Lemma 7 therein, we have

keO1 − eO1−O2kp ≤ ekO2kkO2kkeO1kp; ð190Þ

which gives


eβ0ðH0þVABÞ − eβ0H0





p
≤



eβ0ðH0þVABÞ





p
ekβ0VABk




β0VAB





≤


eβ0ðH0þVABÞ




pe

β0g̃β0g̃: ð191Þ

From keβ0ðH0þVABÞ − eβ0H0kp ≥ keβ0H0kp − keβ0ðH0þVABÞkp,
we obtain

keβ0H0kp ≤



eβ0ðH0þVABÞ





p
ð1þ eβ0g̃β0g̃Þ

≤ e2β0g̃



eβ0ðH0þVABÞ





p
: ð192Þ

In total, we derive the following error bound:

keβ0ðH0þVABÞ − eβ0H0Ψ̃ϵkp ≤ e2β0g̃ϵkeβ0ðH0þVABÞkp: ð193Þ

Set T ¼ eβ0H, A ¼ eβ0H0Ψ̃ϵ, and δϵ ¼ e2β0g̃ϵ. Applying
the preceding estimate with q ¼ 2mp, Hölder’s inequality
and telescoping give

ðAA†Þm − T2m




p ≤ ½ð1þ δϵÞ2m − 1�

T2m




p

≤ 2mδϵe2mδϵ


T2m




p:

In particular,


eβðH0þVABÞ − ðeβ0H0Ψ̃ϵΨ̃†
ϵeβ0H0Þm





p

≤ 3δϵme3δϵm



eβðH0þVABÞ





p
; ð194Þ

where we use e2mβ0ðH0þVABÞ ¼ eβðH0þVABÞ and set
δϵ ¼ e2β0g̃ϵ. We then choose

β0 ¼
β

2⌈βQ0⌉
ð≤ Q−1

0 Þ; 2m ¼ β

β0
¼ 2⌈βQ0⌉;

ϵ ¼ e−2β0g̃ϵ0
6m

; ρ̃β ≔ ðeβ0H0Ψ̃ϵΨ̃†
ϵeβ0H0Þm: ð195Þ

Here, the condition β0 ≤ Q−1
0 ≤ 1=ð4eC0g̃Þ implies e2β0g̃ ≤

e1=ð2eC0Þ ≤ 2 because of C0 ≥ 1. The above choices give
keβH − ρ̃βkp ≤ ϵ0keβHkp for any p ≥ 1, and the Schmidt
rank is given by

SRðρ̃βÞ ≤ ½SRðΨ̃ϵÞ�2m ≤
�
48⌈βQ0⌉

ϵ0

�
2½6þ4=κþlog2ðD0Þ�⌈βQ0⌉

:

ð196Þ

We thus prove the second main inequality in Eq. (175).
This completes the proof of Theorem 3. ▪

1. Proof of Proposition 12

We introduce the decomposition of VAB as follows:

VAB ¼
X∞
m¼0

Vrm; ð197Þ

with Vrm defined by
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Vrm ≔
X

j∈ ½rm;rmþ1Þ
Vj; rm ¼ 4m=κ: ð198Þ

Here, we introduce the notation Vrm as

Vrm ¼
X

j∈ ½rm;rmþ1Þ
kVjk; ð199Þ

and from the assumption (163), we obtain

kVrmk ≤ Vrm ≤
X∞
j≥4m=κ

kVjk ≤ C0g̃4−m: ð200Þ

We also define Vrmðx; qÞ as follows:

Vrmðx; qÞ ¼
ð−xzÞq
q!

adqH0
ðVrmÞ; ð201Þ

which gives

VrmðxÞ ¼
X∞
q¼0

ð−xzÞq
q!

adqH0
ðVrmÞ ¼

X∞
q¼0

Vrmðx; qÞ: ð202Þ

Using the parameter Q in Eq. (173), we obtain

kVrmðx; qÞk ≤
jzjq
q!

X
j∈ ½rm;rmþ1Þ

kadqH0
ðVjÞk ≤ ðjzjQÞq

×
X

j∈ ½rm;rmþ1Þ
kVjk ≤ C0g̃ðjzjQÞq4−m; ð203Þ

where we use x ≤ 1.

By using the above notations, we first rewrite Ψ in the
following form:

Ψ ≔
X∞
s¼0

zs
X∞

m1;m2;…;ms¼0

X∞
q1;q2;…;qs¼0

Z
1

0

dx1

Z
x1

0

dx2 � � �

×
Z

xs−1

0

dxsVrm1
ðx1; q1ÞVrm2

ðx2; q2Þ � � �Vrms
ðxs; qsÞ:

ð204Þ

Then, we approximate Ψ by ΨQ;M;s0 :

ΨQ;M;s0 ≔
Xs0
s¼0

zs
X

m1þm2þ���þms≤M

X
q1þq2þ���þqs≤Q

Z
1

0

dx1 � � �

×
Z

xs−1

0

dxsVrm1
ðx1; q1Þ � � �Vrms

ðxs; qsÞ: ð205Þ

By using the inequality as






Z

1

0

dx1 � � �
Z

xs−1

0

dxsVrm1
ðx1; q1Þ � � �Vrms

ðxs; qsÞ






≤
1

s!

Ys
j¼1

C0g̃ðjzjQÞqj4−mj ; ð206Þ

we obtain

kΨ −ΨQ;M;s0k ≤

0
@X

s>s0

X∞
m1;m2;…;ms¼0

X∞
q1;q2;…;qs¼0

þ
X∞
s¼0

X
m1þm2þ���þms>M

X∞
q1;q2;…;qs¼0

þ
X∞
s¼0

X∞
m1;m2;…;ms¼0

X
q1þq2þ���þqs>Q

1
A

×
jzjs
s!

Ys
j¼1

C0g̃ðjzjQÞqj4−mj: ð207Þ

For the first summation in Eq. (207), we can derive

X∞
m1;m2;…;ms¼0

X∞
q1;q2;…;qs¼0

Ys
j¼1

C0g̃ðjzjQÞqj4−mj ¼ ðC0g̃Þs
�X∞

m¼0

4−m
�s�X∞

q¼0

ðjzjQÞq
�s

≤
�
16C0g̃

9

�
s
≤ ð2C0g̃Þs; ð208Þ

where we use the condition jzj ≤ 1=ð4QÞ. Hence, we derive
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X
s>s0

X∞
m1;m2;…;ms¼0

X∞
q1;q2;…;qs¼0

jzjs
s!

Ys
j¼1

C0g̃ðjzjQÞqj4−mj

≤
X
s>s0

jzjs
s!

ð2C0g̃Þs ≤
�
2eC0g̃jzj
s0 þ 1

�
s0þ1

e2C0g̃jzj ≤ 2−s0−1e1=ð2eÞ; ð209Þ

where we use
P

s>s0 x
s=s! ≤ exxs0þ1=ðs0 þ 1Þ! in the second inequality and use jzj ≤ 1=ð4eC0g̃Þ.

For the second summation in Eq. (207), we obtain

X
m1þm2þ���þms>M

X∞
q1;q2;…;qs¼0

Ys
j¼1

C0g̃ðjzjQÞqj4−mj ≤
�
4C0g̃
3

�
s X∞
m̄¼Mþ1

X
m1þm2þ���þms¼m̄

4−m̄

¼
�
4C0g̃
3

�
s X∞
m̄¼Mþ1

�
sþ m̄ − 1

m̄

�
4−m̄

≤
�
8C0g̃
3

�
s X∞
m̄¼Mþ1

2−m̄−1 ≤ 2−M−1ð3C0g̃Þs; ð210Þ

where the number of combinations such that m1 þm2 þ � � � þms ¼ m̄ is given by ðð sm̄ÞÞ ¼ ðsþm̄−1
m̄ Þ. We thus derive

X∞
s¼0

X
m1þm2þ���þms>M

X∞
q1;q2;…;qs¼0

jzjs
s!

Ys
j¼1

C0g̃ðjzjQÞqj4−mj ≤ 2−M−1e3C0g̃jzj ≤ 2−M−1e3=ð4eÞ; ð211Þ

where we use jzj ≤ 1=ð4eC0g̃Þ.
Finally, for the third summation in Eq. (207), we deduce

X∞
m1;m2;…;ms¼0

X
q1þq2þ���þqs>Q

Ys
j¼1

C0g̃ðjzjQÞqj4−mj ≤
�
4C0g̃
3

�
s X∞
q̄¼Qþ1

X
q1þq2þ���þqs¼q̄

4−q̄

≤ 2−Q−1ð3C0g̃Þs; ð212Þ

where we use the same calculations as in Eq. (210). This yields

X∞
s¼0

jzjs
s!

X∞
m1;m2;…;ms¼0

X
q1þq2þ���þqs>Q

Ys
j¼1

C0g̃ðjzjQÞqj4−mj ≤ 2−Q−1e3=ð4eÞ: ð213Þ

In total, we obtain the approximation bound of

kΨ −ΨQ;M;s0k ≤ 2−s0−1e1=ð2eÞ þ ð2−M−1 þ 2−Q−1Þe3=ð4eÞ: ð214Þ

We next estimate the Schmidt rank of ΨQ;M;s0 , which is upper-bounded by

SRðΨQ;M;s0Þ ≤
Xs0
s¼0

X
m1þm2þ���þms≤M

X
q1þq2þ���þqs≤Q

Ys
j¼1

SR
h
ad

qj
H0
ðVrmj

Þ
i
: ð215Þ

By combining the condition (162) and Eq. (198), we obtain

SRðVrmÞ ≤ rmþ1D0 ¼ 4ðmþ1Þ=κD0: ð216Þ

By applying the above inequality to
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adqH0
ðVrmÞ ¼ ðadHA

þ adHB
ÞqðVrmÞ

¼
Xq
j¼0

�
q
j

�
adjHA

⊗ adq−jHB
ðVrmÞ; ð217Þ

we have

SR
h
ad

qj
H0
ðVrmj

Þ
i
≤ ðqj þ 1Þ4ðmjþ1Þ=κD0: ð218Þ

Therefore, we obtain

Ys
j¼1

SR
h
ad

qj
H0
ðVrmj

Þ
i
≤ 4ðMþsÞ=κ

�
Qþ s
s

D0

�
s
; ð219Þ

where we use the inequality of arithmetic and geometric
means, with the s ¼ 0 factor interpreted as the empty
product 1.
By applying inequality (219) to Eq. (215), we obtain the

upper bound on the Schmidt rank as follows:

SRðΨQ;M;s0Þ≤
Xs0
s¼0

�
Mþ s
s

��
Qþ s
s

�
4ðMþsÞ=κ

�
Qþ s
s

D0

�
s

≤ 2Mþs0 ·2Qþs0 ×4ðMþs0Þ=κDs0
0 e

Q

≤ 2ð1þ2=κÞMþ3Qþ½2þ2=κþlog2ðD0Þ�s0 ; ð220Þ

where we use

X
m1þm2þ���þms≤M

1 ¼
XM
m̄¼0

X
m1þm2þ���þms¼m̄

1

¼
XM
m̄¼0

�
sþ m̄ − 1

m̄

�
¼
�
sþM

s

�
: ð221Þ

Note that the last equation follows from the hockey-stick
identity.
By choosing

s0 ¼ M ¼ Q ¼ ⌈log2ð2=ϵÞ⌉ ≤ log2ð4=ϵÞ; ð222Þ

we reduce the error bound (214) to

kΨ −ΨQ;M;s0k ≤ 2−s0−1e1=ð2eÞ þ ð2−M−1 þ 2−Q−1Þe3=ð4eÞ
≤ 2−s0þ1 ≤ ϵ: ð223Þ

Moreover, we have

SRðΨQ;M;s0Þ ≤ 2½6þ4=κþlog2ðD0Þ�s0 ≤ ð4=ϵÞ6þ4=κþlog2ðD0Þ:

ð224Þ

By choosing ΨQ;M;s0 as Ψ̃ϵ, we prove the main statement.
This completes the proof. ▪

VII. GENERALIZED ENTANGLEMENT
AREA LAW

In this section, we explain under what additional
assumptions a generalized area-law-type statement can
be recovered for gapped ground states. We emphasize
from the outset that, in the absence of a geometric lattice
structure, this should not be interpreted as a conventional
geometric area law. Rather, the role of the boundary size is
played by an effective boundary measure controlled by the
SE strength of the boundary interaction. Since the gener-
alized area law is known to fail for arbitrary gapped ground
states, the main question is not whether such a bound holds
in full generality, but which additional structure prevents
the formation of anomalously large entanglement. Here we
impose an adiabatic-path assumption, Assumption 13, for a
parametrized Hamiltonian HðνÞ with 0 ≤ ν ≤ 1: the target
Hamiltonian Hð1Þ is connected to a reference Hamiltonian
Hð0Þ while keeping the spectral gap open and the boundary
SE strength uniformly bounded along the path.
The proof follows a three-stage approximation strategy.

First, using an AGSP for the initial Hamiltonian Hð0Þ,
we convert the assumed α ¼ ∞ Rényi-entanglement
condition on the reference ground state jΩð0Þi into a
low-Schmidt-rank approximation of jΩð0Þi; this step is
formulated in Proposition 15. Second, we evolve this
low-rank approximation along the adiabatic path, which
produces a state having a constant overlap with the target
ground state jΩð1Þi. Third, we apply an AGSP for the target
Hamiltonian Hð1Þ to this constant-overlap state in order to
amplify the accuracy and obtain a high-precision low-
Schmidt-rank approximation of jΩð1Þi. The entanglement
generated during the adiabatic evolution and the AGSP
filtering is controlled by the spectral-SIE framework
through the SE strength of the corresponding boundary
interactions. This yields the low-Schmidt-rank approxima-
tion in Theorem 4, from which the generalized area-
law-type entropy bound follows.

A. Setup and main result

We first recall the conventional generalized area-law
setting and then state the boundary-adiabatic assumption
under which the bound can be recovered (Fig. 3). In a
conventional notation, we consider the Hamiltonian such
that

H ¼ HA1A0
þ VA0B0

þHB0B1
; kVA0B0

k ¼ 1; ð225Þ

where the subsets A and B are given by A ¼ A1 ⊔A0 and
B ¼ B0 ⊔B1, respectively. Assuming a constant spectral
gap Δ ¼ const, we argue that the following upper bound
for the entanglement entropy holds:

Eα¼1ðΩÞ ≤ C log½minðDA0
;DB0

Þ�; ð226Þ
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where the gapΔ is defined as the energy difference between
the ground energy E0 and the first excited energy E1, i.e.,
Δ ≔ E1 − E0. Generally, it has been known that this
generalized area law does not hold [50].
Here, we impose the following additional assumptions,

which are typically considered for the area-law proof under
the adiabatic path [22,26,54,55,59]. We restrict ourselves to
the following boundary-adiabatic path:
Assumption 13. (boundary-adiabatic path). We consider

a family of Hamiltonians parametrized by ν through the

boundary interaction VðνÞ
AB:

HðνÞ ¼ HA þ VðνÞ
AB þHB; J̄

h
VðνÞ
AB

i
≤ g̃; ð227Þ

where we assume that the ground state jΩðνÞi of HðνÞ is
nondegenerate for all ν∈ ½0; 1�. We say that there exists a
boundary-adiabatic path from ν ¼ 0 to ν ¼ 1 if

ΔðνÞ ≥ Δ; ð228Þ

where ΔðνÞ denotes the spectral gap of HðνÞ.
Finally, we introduce a parameter c̃0 such that

max

 




 dV
ðνÞ
AB

dν






;





 d

2VðνÞ
AB

dν2







!

≤ c̃0g̃: ð229Þ

Remark. In contrast to the conventional notation, the
interaction VðνÞ

AB is allowed to act more generally across the
boundary between A and B, rather than being restricted to
A0 and B0. The restriction on the interaction region
imposed by A0 and B0 is effectively absorbed into the

condition on the SE strength, i.e., J̄ ½VðνÞ
AB� ≤ g̃.

Additionally, in a more general setting, one may consider
an arbitrary parametrization of the Hamiltonian, for exam-
ple, HðνÞ

A þ VðνÞ
AB þHðνÞ

B . In such a general framework, there
may exist adiabatic paths that connect the initial ground
state to an anomalous, highly entangled ground state, as
demonstrated in Ref. [50]. Although we have not yet
identified an explicit counterexample, we conjecture that

the standard adiabatic-path condition by itself is insufficient
to guarantee the generalized area law.
Under the above notations, we prove the following

theorem:
Theorem 4. Let us denote the initial-state entanglement

by the ∞-Rényi entanglement:

E∞ðΩð0ÞÞ ¼ S0: ð230Þ

Under Assumption 13, there exists a state jψDi with
Schmidt rank D such that

kjψDi − jΩð1Þik ≤ Cg̃;Δ;S0D
−κΔ ; ð231Þ

where we define

κΔ ≔
Δ

2Δþ 4g̃
; ð232Þ

Cg̃;Δ;S0 ≔ exp
�
S0 þ 4

4κΔ
þ logð12Þ þ 4c̃0g̃3ð3Δ=g̃þ 7c̃0Þ

Δ3

	
:

ð233Þ

Moreover, the entanglement entropy Eα¼1ðΩð1ÞÞ for the
ground state jΩð1Þi is upper-bounded by

Eα¼1ðΩð1ÞÞ ≤ cκΔ;1 logðCg̃;Δ;S0Þ þ cκΔ;2; ð234Þ

where

cκΔ;1 ≔
2 − 2−2κΔ

κΔð1 − 2−2κΔÞ ; cκΔ;2 ≔
ð6þ 2κΔÞ logð2Þ
ð1 − 2−2κΔÞ2 :

ð235Þ

Remark. Since E∞ðΩð0ÞÞ ≤ EαðΩð0ÞÞ, the initial condi-
tion involving the ∞-Rényi entanglement is the least
restrictive, enabling the broadest applicability.
In our setup, the boundary size is roughly estimated as

g̃=Δ since g̃ characterizes the dynamical entanglement rate

(a) (b)

FIG. 3. Schematic picture of the generalized area law. (a) The generalized area law states that the entanglement entropy is bounded in
terms of the dimension of the interacting region. However, this bound is known to be violated for general ground states. (b) By assuming
an adiabatic path for the boundary interaction, we establish the generalized area law under a condition formulated with the SE strength g̃.
Roughly speaking, g̃ corresponds to the effective size of the boundary. For example, in systems defined on graphs, it becomes more
evident that g̃ is proportional to the boundary size. If A0 and B0 consist of m qubits and the interaction VA0B0

is described byOðmÞ two-
qubit interactions, then one obtains g̃ ∝ m ¼ logðDA0

Þ from inequality (18).
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from the spectral SIE. Indeed, in a graph system with finite-
range interactions, g̃ is indeed proportional to the boundary
size between A and B. For fixed S0 and c̃0, the sharper
estimate at the end of the proof yields

Eα¼1ðΩð1ÞÞ ¼ Oð1þ ðg̃=ΔÞ3Þ: ð236Þ

It is an important open question whether the upper
bound (234) can be improved to a bound of the form
Eα¼1ðΩð1ÞÞ ¼ Oð1þ g̃=ΔÞ.

B. AGSP

In the proof of Theorem 4, we combine the quantum
adiabatic theorem [56] with the so-called approximate-
ground-state projection approach [40,41,44,45].
We consider Schmidt-rank truncation for nondegenerate

gapped ground states. To this end, we introduce an AGSP
operator K defined by the conditions

kðK − 1ÞjΩik ≈ 0; kKjΩ⊥ik ≈ 0 ð237Þ

for any state jΩ⊥i orthogonal to the ground state jΩi. Thus,
K serves as an approximation to the ground-state projector,
while allowing us to impose constraints on the Schmidt-
rank structure.
In contrast to previous studies, the present use of the

AGSP has the following distinctive feature:
(1) In the standard AGSP framework, the primary focus

is to bound the Schmidt rank of the AGSP operator.
(2) In our setting, however, the focus shifts to the

entanglement generation induced by the AGSP
operator. This distinction originates from the fact
that there is a fundamental difference between
(i) low-rank approximation of the operator and
(ii) the entanglement generated by the action of
the operator (see Proposition 9).

Proposition 14. For a Hamiltonian H ¼ HA þHB þ
VAB with a unique ground state jΩi and gap Δ > 0,
there exists an AGSP operator Kβ with the following
properties:

kðKβ − 1ÞjΩik ≤ e−βΔ
2

; kKβjΩ⊥ik ≤ 2e−βΔ
2

; ð238Þ

and

J̄ ðKβÞ ≤ e2βΔJ̄ ðVABÞ; ð239Þ

where β > 0 is arbitrary and jΩ⊥i is any normalized state
orthogonal to jΩi.
Remark. For any product state jϕi ¼ jϕAi ⊗ jϕBi, we

apply the upper bound (239) to inequality (32) in

Corollary 3. Then, the quantum state Kβjϕi is well
approximated by jϕDi with Schmidt rank D as follows:

kKβjϕi − jϕDik ≤
J̄ ðKβÞffiffiffiffi

D
p ≤

e2βΔJ̄ ðVABÞffiffiffiffi
D

p : ð240Þ

Here, the AGSPKβ itself may not be approximated by an
operator with Schmidt rank D (see also Sec. VI). However,
in applying the AGSP formalism to the ground state, the
Schmidt-rank approximation with respect to Kβjϕi is more
crucial. We use this proposition to achieve the ground-state
approximation in Theorem 4, as well as in Theorem 5
below, concerning the polynomial complexity of the
ground state in 1D long-range interacting systems.

1. Proof of Proposition 14

Let E0 be the ground energy of the fixed Hamiltonian H
being filtered. The scalar phase from this centering changes
neither the norm nor the SE strength and does not redefine
the adiabatic path. As a candidate for the AGSP operator
Kβ, we employ the following one:

Kβ ¼
1ffiffiffiffiffiffiffiffi
4πβ

p
Z

tc

−tc
e−t

2=ð4βÞe−iðH−E01̂Þtdt: ð241Þ

First, we demonstrate that the above operator Kβ indeed
satisfies the properties in Eq. (238).
To this end, we first obtain the following bounds

on the norm difference between Kβ and e−βðH−E01̂Þ2 :




Kβ − e−βðH−E01̂Þ2





≤
1ffiffiffiffiffiffi
πβ

p
Z

∞

tc

e−t
2=ð4βÞdt

≤
1ffiffiffiffiffiffi
πβ

p e−t
2
c=ð4βÞ

Z
∞

tc

e−ðt2−t2cÞ=ð4βÞdt

≤
1ffiffiffiffiffiffi
πβ

p e−t
2
c=ð4βÞ

Z
∞

0

e−ðt̃2þ2t̃tcÞ=ð4βÞdt̃ ≤ e−t
2
c=ð4βÞ: ð242Þ

This upper bound immediately implies

kðKβ − 1ÞjΩik ≤ e−t
2
c=ð4βÞ; ð243Þ

where we use e−βðH−E01̂Þ2 jΩi ¼ jΩi. For an arbitrary
quantum state jΩ⊥i, we also obtain

kKβjΩ⊥ik ≤



e−βðH−E01̂Þ2 jΩ⊥i




þ


Kβ − e−βðH−E01̂Þ2





≤ e−βΔ
2 þ e−t

2
c=ð4βÞ: ð244Þ

By setting
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tc ¼ 2βΔ; ð245Þ

we obtain the first and second inequalities in Eq. (238).
Next, we estimate the SE strength J̄ ðKβÞ based on

Definition 1 to prove inequality (239). We use Lemma 4
and obtain the inequality

J̄ ðKβÞ ≤
1ffiffiffiffiffiffiffiffi
4πβ

p
Z

tc

−tc
e−t

2=ð4βÞJ̄ ðe−iðH−E01̂ÞtÞdt: ð246Þ

From Corollary 6, we get J̄ ðe−iðH−E01̂ÞtÞ ≤ ejtjJ̄ ðVABÞ, and
hence the desired inequality yields as follows:

J̄ ðKβÞ ≤
1ffiffiffiffiffiffiffiffi
4πβ

p
Z

tc

−tc
e−t

2=ð4βÞþjtjJ̄ ðVABÞdt

≤
etcJ̄ ðVABÞffiffiffiffiffiffiffiffi

4πβ
p

Z
tc

−tc
e−t

2=ð4βÞdt ≤ e2βΔJ̄ ðVABÞ; ð247Þ

where we use Eq. (245) in the last inequality. This
completes the proof. ▪

C. Proof of Theorem 4

We begin by considering the Schmidt-rank trunca-
tion problem for the initial ground state jΩðνÞi with
ν ¼ 0. In general, any restrictions to Rényi entangle-
ment with α ≥ 1 cannot ensure the efficiency guaran-
tee of the truncation [30,31]. However, by utilizing
the fact that jΩð0Þi is the gapped ground state, we can
prove the following proposition, which plays a key
role in the proof:
Proposition 15. For the reference Hamiltonian Hð0Þ in

Eq. (227), we assume the gap condition (228) and the
restriction (230) to the ∞-Rényi entanglement. Then, there
exists a quantum state jψDi with Schmidt rank D such that

kjΩð0Þi − jψDik ≤ 4eS0=2D−κΔ ; ð248Þ

with

κΔ ≔
Δ

2Δþ 4g̃
: ð249Þ

Recall that g̃ is the upper bound for the SE strength for all

VðνÞ
AB (0 ≤ ν ≤ 1) as in Eq. (227).
Proof of Proposition 15. We first denote the Schmidt

decomposition of jΩð0Þi by

jΩð0Þi ¼
X
s

λsjϕA;si ⊗ jϕB;si: ð250Þ

Then, we have the following general equation:

λ1 ¼ e−S0=2; ð251Þ

where we use − logðλ21Þ ¼ E∞ðΩð0ÞÞ ¼ S0. We cannot get
further information on λs with s ≥ 2 only from the
information on the ∞-Rényi entanglement.
To circumvent the difficulty stemming from this limita-

tion, we recover the decay rate of fλsgs from the condition
(251) using the AGSP formalism. To proceed along this
line, we decompose jϕA;1;ϕB;1i in Eq. (250) into

jϕA;1;ϕB;1i≕ jϕ1i ¼ λ1jΩð0Þi þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ21

q
jΩð0Þ

⊥ i; ð252Þ

where hΩð0ÞjΩð0Þ
⊥ i ¼ 0. To recover jΩð0Þi from jϕA;1;ϕB;1i,

we utilize the AGSP Kβ constructed in Proposition 14,
which yields


λ−11 Kβjϕ1i − jΩð0Þi




 ≤



ðKβ − 1ÞjΩð0Þi





þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ21

p
λ1




KβjΩð0Þ
⊥ i





≤
3

λ1
e−βΔ

2

: ð253Þ

On the other hand, from inequality (240), there exists an
(unnormalized) quantum state jϕDi satisfying

kKβjϕ1i − jϕDik ≤
e2βΔg̃

D1=2 ; ð254Þ

where we use the parameter g̃, which upper-bounds the SE
strength as in Eq. (227). Therefore, by letting jψDi ≔
λ−11 jϕDi and combining the inequalities (253) and (254), we
obtain




jΩð0Þi − jψDi



 ≤

3

λ1
e−βΔ

2 þ e2βΔg̃

λ1D1=2 : ð255Þ

By choosing β such that e−βΔ
2 ¼ e2βΔg̃D−1=2, or equiv-

alently,

β ¼ 1

2ΔðΔþ 2g̃Þ logðDÞ; ð256Þ

we have the main inequality as




jΩð0Þi − jψDi



 ≤

4

λ1
D−Δ=ð2Δþ4g̃Þ ¼ 4eS0=2D−κΔ ; ð257Þ

where we use Eq. (251) and the notation κΔ introduced in
Eq. (249). This completes the proof. ▪
To analyze the target ground state jΩðνÞi with ν ¼ 1, we

next utilize the adiabatic time evolution using the para-
metrized Hamiltonian HðνÞ (0 ≤ ν ≤ 1) as follows:

U0→1=ε ≔ T e−i
R

1=ε

0
HðεxÞdx; ð258Þ
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where ε is sufficiently small as will be chosen in Eq. (269).
We then approximate the target ground state jΩð1Þi by
U0→1=εjΩð0Þi, which we denote by jψεi:

jψεi ≔ U0→1=εjΩð0Þi: ð259Þ

Choose the phase of jΩð1Þi to minimize the distance to jψεi.
The projector estimate of Ref. [56] Theorem 3, including
the second-derivative integral, bounds this vector distance
with an additional factor

ffiffiffi
2

p
:




jψεi − jΩð1Þi



 ≤

ffiffiffi
2

p
c̃0g̃ε
Δ2

�
3þ 7c̃0g̃

Δ

�
: ð260Þ

Let us denote the Schmidt decomposition of jΩð0Þi by

jΩð0Þi ¼
X
s

λsjϕA;si ⊗ jϕB;si: ð261Þ

We then define jψl;ti as follows:

jψl;ti ≔ a−1l U0→t

Xl
s¼1

λsjϕA;si ⊗ jϕB;si; a2l ¼
X
s≤l

λ2s ;

ð262Þ

where the truncation number lwill be appropriately chosen
afterward, and al is a normalization factor. We obtain the
overlap between jψεi and jψl;1=εi by

hψl;1=εjψεi ¼
 
a−1l

Xl
s¼1

λshϕA;s;ϕB;sj
!
jΩð0Þi

¼
�X

s≤lλ
2
s

�
1=2

¼ al; ð263Þ

where we use the definition (259) for jψεi.
We next estimate the lower bound of al. Applying the

Eckart-Young theorem [74] and employing the quantum
state jψDi described in Proposition 15, we obtain

X
s>l

λ2s ≤



jΩð0Þi − jψD¼li




2 ≤ 16eS0l−2κΔ ; ð264Þ

where we use the error bound (248) withD ¼ l. Hence, we
obtain the lower bound of a2l in the form of

a2l ¼ 1 −
X
s>l

λ2s ≥ 1 − 16eS0l−2κΔ : ð265Þ

Therefore, to achieve a2l ≥ 1=2, we need to choose l such
that

l ¼ ⌈ð32eS0Þ1=ð2κΔÞ⌉ ≤ eðS0þ4Þ=ð2κΔÞ: ð266Þ

We further estimate the overlap between jψl;1=εi and the
target ground state jΩð1Þi. We use the decomposition of

hψl;1=εjψεi ¼ hψl;1=εjðjψεi − jΩð1ÞiÞ þ hψl;1=εjΩð1Þi:
ð267Þ

By combining the error bound (260) and Eq. (263) with
a2l ≥ 1=2, we derive the inequality

���hψl;1=εjΩð1Þi
��� ≥ 1ffiffiffi

2
p −

ffiffiffi
2

p
c̃0g̃ε
Δ2

�
3þ 7c̃0g̃

Δ

�
: ð268Þ

We thus choose the parameter ε as

ε ¼ Δ3

4c̃0g̃ð3Δþ 7c̃0g̃Þ
; ð269Þ

which gives

���hψl;1=εjΩð1Þi
��� ≥ 1

2
ffiffiffi
2

p ≥
1

3
: ð270Þ

We then construct an approximation of the target ground
state jΩð1Þi based on the state jψl;1=εi. After an irrelevant
phase adjustment of jψl;1=εi, we decompose

jψl;1=εi ¼ c1jΩð1Þi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − c21

q
jΩð1Þ

⊥ i; c1 ≥
1

3
; ð271Þ

where hΩð1ÞjΩð1Þ
⊥ i ¼ 0. To recover jΩð1Þi from jψl;ti, we

utilize the same inequality as Eq. (253) that is based on the
AGSP Kβ in Proposition 14:




c−11 Kβjψl;1=εi − jΩð1Þi



 ≤

3

c1
e−βΔ

2 ≤ 9e−βΔ
2

: ð272Þ

We consider the approximation of c−11 Kβjψl;1=εi using a
quantum state with a small Schmidt rank. We denote the
Schmidt decomposition of the quantum states jψl;1=εi and
c−11 Kβjψl;1=εi by

jψl;1=εi ¼
X∞
s¼1

λ̃sjϕ̃A;si ⊗ jϕ̃B;si;

c−11 Kβjψl;1=εi ¼
X∞
s¼1

λ̃β;sjϕ̃A;β;si ⊗ jϕ̃B;β;si; ð273Þ

respectively. The Rényi entanglement Eα¼1=2ðψl;1=εÞ is
upper-bounded by the spectral-SIE bound (52) as follows:
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Eα¼1=2ðψl;1=εÞ ≤ Eα¼1=2ðψl;t¼0Þ

þ
Z

1=ε

0

d
dt
Eα¼1=2ðψl;tÞdt ≤ logðlÞ þ 2g̃

ε
;

ð274Þ

where jψl;t¼0i has the Schmidt rank l [see Eq. (262)] and
hence, Eα¼1=2ðψl;t¼0Þ ≤ logðlÞ as a trivial bound. Hence,
we obtain

X∞
s¼1

λ̃β;s ≤
X∞
s¼1

λ̃sJ̄ ðKβ=c1Þ

¼ J̄ ðKβ=c1ÞeEα¼1=2ðψl;1=εÞ=2

≤ 3l1=2e2βΔg̃þg̃=ε; ð275Þ

where we use inequality (168) and the upper bound (239)
for the SE strength of Kβ in Proposition 14. We can thus
truncate the Schmidt rank of c−11 Kβjψl;ti up to D and
construct a quantum state jψβ;Di, which satisfies

kc−11 Kβjψl;1=εi − jψβ;Dik ≤
3l1=2eð2βΔþ1=εÞg̃

D1=2 ; ð276Þ

where we use an inequality similar to Eq. (33).
By applying the above inequality to Eq. (272), we obtain




jψβ;Di − jΩð1Þi



 ≤ 9e−βΔ

2 þ 3l1=2eð2βΔþ1=εÞg̃

D1=2 : ð277Þ

By choosing the parameter β such that e−βΔ
2 ¼ e2βΔg̃D−1=2,

or equivalently,

β ¼ 1

2ΔðΔþ 2g̃Þ logðDÞ; ð278Þ

we have


jψβ;Di − jΩð1Þi



 ≤ ð9þ 3l1=2eg̃=εÞD−Δ=ð2Δþ4g̃Þ

≤ 12l1=2eg̃=εD−κΔ ; ð279Þ

where we use the definition of κΔ in Eq. (232).
Finally, we upper-bound the coefficient 12l1=2eg̃=ε in

Eq. (279). As in Eqs. (266) and (269), l and ε satisfy

l ≤ eðS0þ4Þ=ð2κΔÞ; ε ¼ Δ3

4c̃0g̃ð3Δþ 7c̃0g̃Þ
; ð280Þ

and hence,

logð12l1=2eg̃=εÞ ≤ S0 þ 4

4κΔ
þ logð12Þ

þ 4c̃0g̃3ð3Δ=g̃þ 7c̃0Þ
Δ3

¼ logðCg̃;Δ;S0Þ:
ð281Þ

This reduces inequality (279) to the first main inequality
(231) by setting jψDi to be jψβ;Di.
To derive the second main inequality (234), we prove the

following lemma:
Lemma 16. Let us consider a quantum state jψi that is

approximated by another unnormalized quantum state jψDi
with Schmidt rank D as follows:

kjψi − jψDik ≤
C
Dκ ∀D∈N; ð282Þ

where C ≥ 1 and κ > 0 are constants. Then, the entangle-
ment entropy is upper-bounded by

Eα¼1ðψÞ ≤ cκ;1 logðCÞ þ cκ;2; ð283Þ

where the constants cκ;1 and cκ;2 are defined by

cκ;1 ≔
2 − 2−2κ

κð1 − 2−2κÞ ; cκ;2 ≔
ð6þ 2κÞ logð2Þ
ð1 − 2−2κÞ2 : ð284Þ

By applying this lemma with the first main inequality
(231), i.e., κ → κΔ and C → Cg̃;Δ;S0 , we immediately prove
the second main inequality (234). This completes the proof
of Theorem 4. ▪
Proof of Lemma 16. We consider a set of fDpg∞p¼0 such

that Dp ¼ 2pþp0 and define δp as

δp ≔
C
Dκ

p
¼ C2−ðpþp0Þκ; ð285Þ

where the value of p0 will be chosen appropriately to
satisfy a condition required for the proof. Temporarily, we
leave p0 free and proceed. Then, by using Ref. [45]
Supplemental Proposition 3, we obtain

Eα¼1ðψÞ ≤ logðD0Þ þ
X∞
p¼0

δ2p log

�
3Dpþ1

δ2p

�
¼ p0 logð2Þ þ C2

X∞
p¼0

2−2ðpþp0Þκ log
�

6

C2
2ðpþp0Þð2κþ1Þ

�

≤ p0 logð2Þ þ
2−2p0κC2

1 − 2−2κ
log

�
6 · 2p0ð2κþ1Þ

C2

�
þ C22−2κðp0þ1Þð2κ þ 1Þ logð2Þ

ð1 − 2−2κÞ2 ;

ð286Þ
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where we use
P∞

p¼0 px
p ¼ xðd=dxÞP∞

p¼0 x
p ¼

xðd=dxÞ1=ð1 − xÞ ¼ x=ð1 − xÞ2. Finally, by choosing
p0 ¼ ⌈ð2κÞ−1 log2ðC2Þ⌉ ≤ ð2κÞ−1 log2ðC2Þ þ 1, we obtain
2−2p0κ ≤ C−2, and hence, the main inequality is proven as
follows:

Eα¼1ðψÞ ≤ p0 logð2Þ þ
1

1 − 2−2κ
logð6 × 2p0þ2κÞ

þ 2−2κð2κ þ 1Þ logð2Þ
ð1 − 2−2κÞ2

≤
2 − 2−2κ

κð1 − 2−2κÞ logðCÞ þ logð2Þ 6þ 2κ

ð1 − 2−2κÞ2 :

ð287Þ

This completes the proof. ▪
To obtain the cubic scaling, put κ ¼ κΔ and L ¼ ffiffiffi

l
p

eg̃=ε.
For D > L2, choose β ¼ ðlogD − 2 logLÞ=½2ΔðΔþ 2g̃Þ�
in Eq. (277). The error is at most C�D−κ with C� ¼ 12L2κ;
for D ≤ L2, the zero-vector approximation suffices. A
Schmidt tail

P
j>D pj ≤ C2D−2κ, C ≥ 1 implies

SðpÞ ≤ ð1þ κÞ½log2þ κ−1 logCþ ð2κÞ−1� þ logð1þ κ−1Þ:

Indeed, integratingPrðj > exÞ ≤ minf1; C2bexc−2κg boundsP
j pj log j by the bracketed quantity; comparison with

j−1−κ=ζð1þ κÞ using relative entropy gives the displayed
bound. With ðC ¼ C�Þ, this entropy bound reads
S ≤ 2ð1þ κÞ logLþOðκ−1Þ. Equations (266) and (269)
give logL ¼ Oð1þ R3Þ and κ−1 ¼ 2þ 4R for R ¼ g̃=Δ,
proving S ¼ Oð1þ R3Þ at fixed S0; c̃0.

VIII. SIMULATING 1D LONG-RANGE
INTERACTIONS WITH POLYNOMIAL

COMPLEXITY

In this section, we investigate the simulation of one-
dimensional quantum systems with long-range interactions.
Our focus is on the computational complexity of simulating
ground states, quantum dynamics, and quantum thermal
states on a classical computer. The best-known results to
date achieve only quasipolynomial complexity requiring
computational cost of the form epoly logðn=ϵÞ in terms of the
system size n and error tolerance ϵ. The goal of this work is
to improve this to polynomial complexity, namely,
polyðn=ϵÞ or ðn=ϵÞOð1Þ.
More concretely, we establish the following results:
(i) Ground states and thermal states (Theorems 5 and

7): We prove the existence of efficient descriptions
in terms of MPSs and MPOs with polynomial bond
dimension.

(ii) Quantum dynamics: We prove polynomial-bond-
dimension approximability of real-time evolved
states (Proposition 18) and provide a rigorous a priori

truncation-error guarantee for tDMRG-type simula-
tions based on MPS representations (Theorem 6).

We also comment on the relation to numerical tensor-
network simulations. Numerical DMRG and time-evolu-
tion studies have long suggested that many physically
relevant one-dimensional long-range systems, including
power-law interacting systems such as dipolar and van
der Waals systems, can often be efficiently represented by
MPS in practice [75,76]. In parallel, several MPO- and
MPS-based approaches have been developed to represent
long-range Hamiltonians and simulate their real-time
dynamics [77–82]. Our result is complementary to these
numerical observations. Rather than proposing a new
heuristic algorithm, we provide an a priori rigorous
explanation for why polynomial bond dimension suffices
when η > 2, and we give explicit Schmidt-tail bounds that
certify the truncation error.

A. SE strength for k-local Hamiltonians

We first show a simple lemma on the SE strength of the
1D long-range interacting Hamiltonians [see Eq. (11)]. This
lemma shows that the SE strength is given by an Oð1Þ
constant as long as the power-law decay is faster than r−2.
Lemma 17. Let H be an arbitrary 1D Hamiltonian

defined by Eq. (8) with Eqs. (9) and (11). Then, for an
arbitrary decomposition Λ ¼ A⊔B with A ¼ f1; 2;…; ig
and B ¼ fiþ 1; iþ 2;…; ng, the SE strength J̄ ðVABÞ is
upper-bounded by

J̄ ðVABÞ ≤ J̃ ≔ dbk=2c
ηJ0
η − 2

; ð288Þ

where d ¼ maxiDfig, and J0 and η characterize the
interaction decay as in Eq. (11).
Remark. When the interaction decay is slower than r−2,

the entanglement generation is known to be highly
enhanced even in the context of the standard SIE theorem
[29]. Most of the locality properties break down for η < 2
[20,45,57,73,83] with a few exceptions [52,84]
Proof of Lemma 17. The action of hZ on a normalized

product state, including local ancillas, has norm at most
khZk and Schmidt rank at most d2 minðjZ∩Aj;jZ∩BjÞ. Cauchy-
Schwarz gives J̄ ðhZÞ ≤ dbk=2ckhZk. Subadditivity then
gives

J̄ ðVABÞ ≤ dbk=2c
X

Z∶Z∩A≠∅;
Z∩B≠∅

khZk: ð289Þ

The above quantity was simply treated using inequality
(11) in Ref. [45] Supplementary Lemma 1, which reduces
the above inequality to the desired one (288). This
completes the proof. ▪
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B. Bottleneck in the previous studies and our ideas

The origin of the improvement can be understood from
the way low-rank approximations are controlled. In many
previous approaches, one approximates functions of the
long-range Hamiltonian, such as time-evolution or filtering
operators, by polynomials inH. If the polynomial degree is
m, then the Schmidt rank of the resulting operator is
typically governed by the Schmidt-rank growth of powers
of the Hamiltonian. For one-dimensional long-range inter-
actions, this growth can scale as nOðmÞ. Therefore, unless
the required degree m is independent of the system size n
and the target precision, the resulting bond dimension is not
polynomial in general; for example, even a mildly growing
degree such as m ¼ O½logðnÞ� already leads to quasipoly-
nomial complexity [45,57,58]. This rank growth is the main
bottleneck of polynomial-approximation-based methods.
Our approach avoids this bottleneck by not treating all

interaction terms as contributing equally to the Schmidt
rank. Instead, the key point is to keep track of the weights
of the interaction terms that actually contribute to entan-
glement generation and to low-rank approximation. The
spectral-entangling strength provides precisely such a
weighted measure: it quantifies how much each boundary
interaction can contribute to the generation of the Schmidt
spectrum. Thus, rather than estimating the Schmidt rank
only by counting how many interaction terms appear in
powers of H, the spectral-SIE framework controls the
accumulated entangling weight of those terms.
This weighted viewpoint is the essential mechanism

behind the improvement from quasipolynomial to poly-
nomial complexity. In the low-rank approximation result
used below, strong interaction components are retained
explicitly, while the accumulated contribution of suffi-
ciently weak components is controlled as an approximation
error. Consequently, the approximation cost is governed by
the weighted tail of the interaction decomposition rather
than by the formal Schmidt rank generated by polynomial
powers of the Hamiltonian.

C. MPS description of the long-range ground state

In this subsection, we discuss the MPS representation of
gapped ground states in one-dimensional long-range inter-
acting systems. The best-known result to date shows that
approximating the ground state within error ϵ requires an
MPS with bond dimension elog

5=2ðn=ϵÞ, where n denotes the
system size.
Here, we improve upon this bound by extending the

result of Ref. [45]. In particular, building on Proposition 14,
which establishes an AGSP construction tailored to long-
range systems, we show that the ground state admits an
efficient polynomially bounded MPS approximation:
Theorem 5. Let jΩi be the normalized, unique ground

state, with gap Δ > 0, of a long-range interacting
Hamiltonian H as in Eq. (8) with Eqs. (9) and (11). For

an arbitrary cut of the total system as Λ ¼ As ⊔Bs (i.e.,
As ¼ f1; 2;…; sg), we consider the Schmidt decomposi-
tion of jΩi as follows:

jΩi ¼
X
j¼1

λðsÞj jΩAs;ji ⊗ jΩBs;ji: ð290Þ

Then, the truncation error of the Schmidt rank is bounded
above by

X
j>D

�
λðsÞj

�
2
≤ 32D0D−Δ=ð2J̃þΔÞ; ð291Þ

where D0 ≥ 1 is a seed constant, uniform in the cut,
ensuring Eq. (296). It can be chosen with

logD0 ≤ c� log2ðdÞ
�
log d
δ

�
1þ2=η̄

log3þ3=η̄

�
2þ log d

δ

�
;

ð292Þ
where η̄ ¼ η − 2, d ≔ maxi∈Λ Dfig, and δ ≔
minfΔ=g; 1=2g is a dimensionless gap lower bound for
H=g. The constant c� depends only on k; η; J0=g. The area
law of Ref. [45] allows this choice with E1ðΩÞ ≤ logð2D0Þ
across every cut. Thus D0 ¼ Oð1Þ for fixed local param-
eters and a size-independent positive gap. Note that the
constant J̃ has been defined in Eq. (288) as an upper bound
for the SE strength of VAB.
Moreover, for every contiguous interval X, there exists a

normalized MPS jMðD;XÞi of bond dimension at most D
satisfying

ktrXcðjΩihΩjÞ − trXc ½jMðD;XÞihMðD;XÞj�k2
≤ 64ðjXj þ 1ÞD0D−Δ=ð2J̃þΔÞ: ð293Þ

The approximating MPS may depend on X.
Remark. The global truncation estimate [85] Lemma 1

gives a normalized, phase-aligned MPS with kjΩi−
jMðDÞik2 ≤ 2

P
s δ

2
sðDÞ ≤ 64nD0D−Δ=ð2J̃þΔÞ. Thus, vec-

tor-norm accuracy ϵ is ensured by

D ¼ ⌈
�
128nD0

ϵ2

�
1þ2J̃=Δ⌉: ð294Þ

1. Proof of Theorem 5

For the proof, we utilize the Eckart-Young theorem [74]:X
j>D

ðλðsÞj Þ2 ≤ kjΩi − jϕ̃Dik2; ð295Þ

where jϕ̃Di is an arbitrary (unnormalized) quantum state
with Schmidt rank D between As and Bs. Apply the area
law in Ref. [45] Supplementary Theorem 1 toH=gwith gap
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lower bound δ. Its inter-region constant can be taken as
g0 ¼ maxf1; ηJ0=½gðη − 2Þ�g by Eq. (9). Enlarging c� in
Eq. (292) if necessary, choose D0 with E1ðΩÞ ≤ logð2D0Þ.
Since − log½ðλðsÞ1 Þ2� ≤ E1ðΩÞ, the leading Schmidt product
state jϕi satisfies

jhϕjΩij ≥ 1ffiffiffiffiffiffiffiffiffi
2D0

p : ð296Þ

We then apply the AGSP Kβ to jϕi and estimate the error
of

khΩjϕijΩi − Kβjϕik: ð297Þ

By expanding jϕi as

jϕi ¼ hΩjϕijΩi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jhΩjϕij2

q
jΩ⊥i; hΩjΩ⊥i ¼ 0;

ð298Þ

we obtain

khΩjϕijΩi − Kβjϕik
≤



hΩjϕið1 − KβÞjΩi þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jhΩjϕij2

q
KβjΩ⊥i





≤ jhΩjϕij × kð1 − KβÞjΩik
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jhΩjϕij2

q
kKβjΩ⊥ik ≤ 3e−βΔ

2

; ð299Þ

where we use inequality (238) in Proposition 14.
Moreover, using inequality (240) in Proposition 14, we

can also prove the following approximation:

kKβjϕi − jϕDik ≤
e2βΔJ̃ffiffiffiffi

D
p ; ð300Þ

where jϕDi has the Schmidt rank ofD for the bipartition As
and Bs. Combining inequality (299) with this approxima-
tion gives

khΩjϕijΩi − jϕDik ≤ 3e−βΔ
2 þ e2βΔJ̃ffiffiffiffi

D
p : ð301Þ

Finally, by applying the lower bound (296) to the above
inequality, we arrive at the error bound of





jΩi − 1

hΩjϕi jϕDi




 ≤ 3

ffiffiffiffiffiffiffiffiffi
2D0

p
e−βΔ

2 þ
ffiffiffiffiffiffiffiffiffi
2D0

p
e2βΔJ̃ffiffiffiffi
D

p :

ð302Þ

The two terms on the rhs of inequality (302) have
opposite dependence on β. The first term e−βΔ

2

is the
AGSP filtering error and decreases with β, whereas the

second term e2βΔJ̃=
ffiffiffiffi
D

p
is the Schmidt-truncation error of

the filtered state and increases with β. We therefore choose
β by balancing these two contributions:

e−βΔ
2 ¼ e2βΔJ̃ffiffiffiffi

D
p ;

which gives

β ¼ 1

2Δð2J̃ þ ΔÞ logðDÞ: ð303Þ

This choice further reduces inequality (302) to



jΩi − 1

hΩjϕi jϕDi




 ≤ 4

ffiffiffiffiffiffiffiffiffi
2D0

p
e−

Δ
2ð2J̃þΔÞ logðDÞ: ð304Þ

Therefore, by letting jϕ̃Di ¼ jϕDi=hΩjϕi in inequality
(295), we prove the first main inequality (291).
Define the Schmidt-tail errors of jΩi by

δsðDÞ ¼




X
j>D

λðsÞj jΩAs;ji ⊗ jΩBs;ji




 ¼

�X
j>D

ðλðsÞj Þ2
	
1=2

:

ð305Þ

For X ¼ fi0;…; i1g, block the two exterior regions
and sequentially Schmidt-truncate across cuts
s ¼ i0 − 1;…; i1. The nested retained subspaces
give hΩjϕi ¼ kϕk2 and 1 − kϕk2 ≤Pi1

s¼i0−1 δ
2
sðDÞ. For

χ ¼ ϕ=kϕk, contraction of trace distance yields kρX −
χXk2 ≤ 1 − kϕk2 in operator norm, where ρX and χX are
the reduced states of Ω and χ. Each exterior block has
support dimension at most D; a unitary within it maps a
support basis to at most D computational-basis product
vectors, giving bond dimension at most D everywhere
without changing χX. Thus, there is an MPS jMðD;XÞi
with

ktrXcðjΩihΩjÞ − trXc ½jMðD;XÞihMðD;XÞj�k2

≤ 2
Xi1

s¼i0−1
δ2sðDÞ: ð306Þ

Here, i1 − i0 ¼ jXj − 1 and absent boundary tails are zero.
If the tail sum is at least 1, any normalized product state
suffices. By combining the inequalities (295) and (304),
we obtain

δ2sðDÞ ≤ 32D0D−Δ=ð2J̃þΔÞ; ð307Þ

which reduces the upper bound (306) to the second main
inequality (293). This completes the proof. ▪

DONGHOON KIM et al. PHYS. REV. X 16, 041035 (2026)

041035-36



D. Quantum dynamics

We next consider the quantum dynamics. We begin with
an initial product state jϕi and consider the efficient
computation of the time-evolved state jϕti ¼ e−iHtjϕi.
We first prove the existence of a good MPS approxi-

mation for the time-evolved state as a simple application of
Theorem 1.
Proposition 18. We consider the 1D long-range

Hamiltonian in Eq. (8) with Eqs. (9) and (11). For t ≥ 0
and any given product state jϕi, there exists an MPS
jMtðDÞi with the bond dimension D that approximates
e−iHtjϕi, satisfying the following error bound:

ke−iHtjϕi − jMtðDÞik2 ≤ 2e2J̃t

D
n; ð308Þ

where J̃ was defined in Eq. (288).

1. Proof of Proposition 18

Let us denote the Schmidt decomposition of jϕti by

jϕti ¼
X
j

λðsÞj jϕAs;ji ⊗ jϕBs;ji; ð309Þ

where the index s characterizes the decomposition of the
total system (Λ ¼ As⊔Bs). The global truncation estimate
[85] Lemma 1 gives a normalized, phase-aligned MPS. For
this purpose, we estimate the parameter δsðDÞ for the
Schmidt decomposition:

δsðDÞ ¼
�X

j>D
ðλðsÞj Þ2

	
1=2

; ð310Þ

which gives

kjϕti − jMtðDÞik2 ≤ 2
Xn−1
s¼1

δ2sðDÞ: ð311Þ

Using Theorem 1 with the parameter J̃, we can upper-
bound the (1=2)-Rényi-entanglement entropy between As
and Bs as

E1=2ðϕtÞ ≤ 2J̃t; ð312Þ

and hence, we can derive from inequality (45) in Lemma 5

λðsÞj ≤
eE1=2ðϕtÞ=2

j
≤
eJ̃t

j
; ð313Þ

where we choose α ¼ 1=2. Therefore, we obtain

δ2sðDÞ ¼
X
j>D

ðλðsÞj Þ2 ≤ e2J̃t
X
j>D

j−2 ≤
e2J̃t

D
; ð314Þ

which reduces the upper bound (311) to the main inequality
(308). This completes the proof. ▪

E. Precision guarantee for the tDMRG algorithm

In this section, we prove that the MPS in Proposition 18
can be efficiently computed with a precision guarantee by
using the tDMRG algorithm. As has been pointed out in
Ref. [32] (see also inequality (341) below), a rigorous
precision guarantee for the tDMRG algorithm has been an
open problem.

1. Review of tDMRG

We review the tDMRG algorithm [61,62,82]. The
purpose of the tDMRG algorithm is to construct an
MPS that approximates the time evolution

e−iHtjψ0i:

We start from a normalized product state jM0ðDÞi ¼ jψ0i,
divide t ≥ 0 into N steps, and set Δt ¼ t=N . Each Euler
update 1 − iHΔt is followed by left-to-right exact Schmidt
truncations of the current state to bond dimension D,
without intermediate normalization:
(1) First, we apply the first-order expansion

e−iHΔtjψi ≈ ð1 − iHΔtÞjψi: ð315Þ

(2) The resulting state is then approximated by an MPS
truncated up to bond dimension D:

ð1 − iHΔtÞjψi ≈ jM1ðDÞi; ð316Þ

where jM1ðDÞi is generally unnormalized; its norm
is bounded by the estimate following the definition
of ϵm below. Repeating the same procedure, we
approximate

e−iHΔtjMmðDÞi ≈ jMmþ1ðDÞi:

(3) After N steps, we obtain the MPS jMN ðDÞi as an
approximation to e−iHtjψ0i.

For nonzero jMN ðDÞi, normalization gives the follow-
ing error bound:



 jMN ðDÞi
kjMN ðDÞik − e−iHtjψ0i






≤ kjMN ðDÞi − e−iHtjψ0ik þ





 jMN ðDÞi
kjMN ðDÞik − jMN ðDÞi






≤ kjMN ðDÞi − e−iHtjψ0ik þ j1 − kjMN ðDÞikj: ð317Þ

Using the reverse triangle inequality

j1 − kjMN ðDÞikj ≤ ke−iHtjψ0i − jMN ðDÞik;
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we obtain the bound



 jMN ðDÞi
kjMN ðDÞik − e−iHtjψ0i





 ≤ 2ϵ;

ϵ ≔ kjMN ðDÞi − e−iHtjψ0ik: ð318Þ

2. Error guarantee and the challenging point

Here, we consider the error accumulation in each of the
processes. We prove the following lemma:
Lemma 19. The number of steps N is chosen to satisfy

ðgntÞ2
N

≤ 1; Δt ¼ t=N : ð319Þ

Then, the total error in the tDMRG algorithm is bounded by

ke−iHtjϕi − jMN ðDÞik ≤
ðgntÞ2
N

þ
ffiffiffiffiffiffi
2n

p XN−1

m¼0

δ̄mðDÞ;

ð320Þ

where δ̄mðDÞ is defined by Eqs. (330) and (331) below.
Proof of Lemma 19.We first note that the condition (319)

implies

ΔtkHk ≤ gnΔt ≤ 1 ð321Þ

because of

kHk ≤
X
i∈Λ

X
Z∶Z∋i

khZk ≤
X
i∈Λ

g ¼ gn; ð322Þ

where we use the parameter g in Eq. (8).
For the proof, we define the error ϵm as

ϵm ≔ ke−iHmΔtjϕi − jMmðDÞik: ð323Þ

Schmidt truncation does not increase the norm. Hence, for
0 ≤ m ≤ N ,

kjMmðDÞik ≤ ½1þ ðgnΔtÞ2�m=2 ≤ eðgntÞ2=ð2N Þ ≤
ffiffiffi
e

p
:

We aim to derive an upper bound for ϵN . Then, we analyze
how the error increases with the approximation step. Given
the error ϵm and the MPS jMmðDÞi, we consider ϵmþ1 and
jMmþ1ðDÞi. We start from


e−iHΔtjMmðDÞi − e−iHðmþ1ÞΔtjϕi





≤ kjMmðDÞi − e−iHmΔtjϕik ≤ ϵm: ð324Þ

Hence, we get

ϵmþ1 ¼



e−iHðmþ1ÞΔtjϕi − jMmþ1ðDÞi




 ≤ ϵm

þ ke−iHΔtjMmðDÞi − jMmþ1ðDÞik: ð325Þ

In the following, we estimate the error ke−iHΔt×
jMmðDÞi − jMmþ1ðDÞik. For Hermitian H, the integral
Taylor remainder gives

ke−iHΔt − ð1 − iHΔtÞk ≤
1

2
Δt2kHk2 ≤ 1

2
ðgnΔtÞ2; ð326Þ

which, together with kjMmðDÞik ≤
ffiffiffi
e

p
and

ffiffiffi
e

p
=2 < 1,

yields

ke−iHΔtjMmðDÞi − ð1 − iHΔtÞjMmðDÞik

≤ ðgnΔtÞ2 ¼ ðgntÞ2
N 2

: ð327Þ

To bound the second term

kð1 − iHΔtÞjMmðDÞi − jMmþ1ðDÞik; ð328Þ

we define the Schmidt decomposition of ð1 − iHΔtÞj
MmðDÞi between As and Bs as follows:

ð1 − iHΔtÞjMmðDÞi ¼
X
j

λðsÞm;jjϕðmÞ
As;j

i ⊗ jϕðmÞ
Bs;j

i: ð329Þ

Sequential singular-value truncation, without normaliza-
tion, gives the following bound in terms of the original cut
tails:

kð1 − iHΔtÞjMmðDÞi − jMmþ1ðDÞik2

≤ 2
Xn−1
s¼1

δ2m;sðDÞ ≤ 2nδ̄2mðDÞ ð330Þ

with

δ̄mðDÞ ≔ max
s∈ ½n−1�

½δm;sðDÞ�;

δm;sðDÞ ¼
�X

j>D
ðλðsÞm;jÞ2

	
1=2

: ð331Þ

Note that the explicit form of jMmþ1ðDÞi is systematically
constructed by using the canonical form of the matrix-
product state [85,86].
By combining the inequalities (327) and (330), we derive

ke−iHΔtjMmðDÞi − jMmþ1ðDÞik ≤
ðgntÞ2
N 2

þ
ffiffiffiffiffiffi
2n

p
δ̄mðDÞ:

ð332Þ

Therefore, from the upper bound (325), we obtain
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ϵmþ1 ≤ ϵm þ ðgntÞ2
N 2

þ
ffiffiffiffiffiffi
2n

p
δ̄mðDÞ: ð333Þ

By solving the above recurrence inequality and considering
ϵN , we arrive at the desired inequality (320). This com-
pletes the proof. ▪
The remaining problem is to estimate the upper bound of

δ̄mðDÞ. The most frequently used way is to utilize the
Eckart-Young theorem as follows. Let jϕs;Di be an arbitrary
quantum state with Schmidt rank D between As and Bs.
Then, we upper-bound the approximation error δm;sðDÞ in
Eq. (331) by

δm;sðDÞ ≤ kð1 − iHΔtÞjMmðDÞi − jϕs;Dik: ð334Þ

This reduces the problem to finding a good state jϕs;Di to
approximate ð1 − iHΔtÞjMmðDÞi.
For this purpose, we consider e−iHðmþ1ÞΔtjϕi and con-

sider the Schmidt decomposition between As and Bs as
follows:

e−iHðmþ1ÞΔtjϕi ¼
X
j

λ̃ðsÞj;mþ1jϕ̃ðmÞ
As;j

i ⊗ jϕ̃ðmÞ
Bs;j

i; ð335Þ

which is approximated by jψ s;Di as

jψ s;Di ≔
XD
j¼1

λ̃ðsÞj;mþ1jϕ̃ðmÞ
As;j

i ⊗ jϕ̃ðmÞ
Bs;j

i: ð336Þ

Then, by following the proof of Proposition 18, we
derive




e−iHðmþ1ÞΔtjϕi − jψ s;Di



2 ≤ e2J̃t

D
: ð337Þ

Therefore, we also obtain

kð1 − iHΔtÞjMmðDÞi − jψ s;Dik
≤ ke−iHΔtjMmðDÞi − jψ s;Dik
þ kð1 − iHΔt − e−iHΔtÞjMmðDÞik

≤ ke−iHΔtðjMmðDÞi − e−iHmΔtjϕiÞk

þ



e−iHðmþ1ÞΔtjϕi − jψ s;Di




þ ðgntÞ2
N 2

≤ ϵm þ eJ̃t

D1=2 þ
ðgntÞ2
N 2

; ð338Þ

which, when applied to Eq. (334), implies

δm;sðDÞ ≤ ϵm þ eJ̃t

D1=2 þ
ðgntÞ2
N 2

: ð339Þ

Combining Eq. (339) with Eq. (333) yields

ϵmþ1 ≤ ϵm þ ðgntÞ2
N 2

þ
ffiffiffiffiffiffi
2n

p
δ̄mðDÞ

≤ ð1þ
ffiffiffiffiffiffi
2n

p
Þϵm þ

ffiffiffiffiffiffi
2n

p
eJ̃tffiffiffiffi
D

p þ ð1þ
ffiffiffiffiffiffi
2n

p
Þ ðgntÞ

2

N 2
:

ð340Þ

Solving the linear recurrence, we obtain for all m ≥ 0,

ϵm ≤ ð1þ
ffiffiffiffiffiffi
2n

p
Þmϵ0 þ

ð1þ ffiffiffiffiffiffi
2n

p Þm − 1ffiffiffiffiffiffi
2n

p

×

 ffiffiffiffiffiffi
2n

p
eJ̃tffiffiffiffi
D

p þ ð1þ
ffiffiffiffiffiffi
2n

p
Þ ðgntÞ

2

N 2

!
: ð341Þ

In particular, this error bound grows exponentially in the
number of steps m [with rate logð1þ ffiffiffiffiffiffi

2n
p Þ], highlighting

the difficulty of establishing an efficiency guarantee for
tDMRG [32].

3. Main theorem on the precision guarantee of tDMRG

Here, we resolve the problem of obtaining a meaningful
precision guarantee for the tDMRG method: indeed, we
prove the following theorem:
Theorem 6. Let H be the 1D long-range Hamiltonian

defined by Eq. (8) with Eqs. (9) and (11). Start from a
normalized product state jψ0i ¼ jM0ðDÞi, impose
Eq. (319), and use the Euler updates followed by left-to-
right exact Schmidt truncations of the current state to bond
dimension D, without intermediate normalization. Let
δ̄mðDÞ be defined by Eq. (331). Then, for any step
m∈ f0;…;N − 1g, we obtain

δ̄mðDÞ ≤ eJ̃tþðgntÞ2=Nffiffiffiffi
D

p : ð342Þ

Combining Lemma 19, the following inequality holds

ke−iHtjψ0i− jMN ðDÞik ≤ ðgntÞ2
N

þ Nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D=ð2nÞp eJ̃tþðgntÞ2=N :

ð343Þ

Remark. According to the theorem, to achieve accuracy
ϵ, one may set N ∝ t2n2=ϵ and D ∝ eOðtÞn5=ϵ4. This
choice leads to a time complexity that is merely polynomial
in n=ϵ.

4. Key idea: Rényi-entanglement monitoring

The monitoring procedure is illustrated in Fig. 4.
Our goal is to obtain a rigorous and practically mean-

ingful precision guarantee for tDMRG. The core strategy is
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to monitor the sum of the unnormalized Schmidt coeffi-
cients, which controls the truncation error. The argument
proceeds in three steps.
(1) Step 1: Monitor the unnormalized Schmidt sum. Let

the Schmidt decompositions of the (generally un-
normalized) MPS jMmðDÞi at step m across a fixed
cut ðAs; BsÞ be

jMmðDÞi ¼
XD
j¼1

λ̃ðsÞm;jjψ ðmÞ
As;j

i ⊗ jψ ðmÞ
Bs;j

i: ð344Þ

In the same way, we denote the Schmidt decom-
position of ð1 − iHΔtÞjMmðDÞi by

ð1 − iHΔtÞjMmðDÞi ¼
X∞
j¼1

λðsÞm;jjϕðmÞ
As;j

i ⊗ jϕðmÞ
Bs;j

i:

ð345Þ

We track

ζm ≔
X
j≥1

λðsÞm;j; ζ̃m ≔
XD
j¼1

λ̃ðsÞm;j: ð346Þ

For any nonzero vector jξi, P
j λjðξÞ ¼

kξk exp½E1=2ðξ=kξkÞ=2�. We track the unnormalized
sums themselves to control the truncation error.

(2) Step 2: Show how tDMRG controls ζ̃m step by step.
We split one time step into a local part and an across-
the-cut part [see Eq. (352) below] and derive a
precise upper bound on the increase of the Schmidt-
coefficient sum after applying ð1 − iHΔtÞ and trun-
cation:

ζm ≤ ½1þ J̃Δtþ ðgnΔtÞ2�ζ̃m: ð347Þ

Schmidt truncation does not increase the sum of
unnormalized Schmidt coefficients across any cut.

Each truncation is an orthogonal projection repre-
sentable on either side of its cut; for any other cut,
one representation acts on one side only, so the
coefficient-matrix nuclear norm cannot increase. No
intermediate renormalization is performed. This
proves the following inequality; sequential singu-
lar-value truncation also gives Eq. (330):

ζ̃m ≤ ζm−1: ð348Þ

(3) Step 3: Convert entanglement control into trunca-
tion-error control. Given ζm for the pretruncation
state ð1 − iHΔtÞjMmðDÞi at step m, the tail satisfies

δm;sðDÞ ≔
�X

j>D
jλðsÞm;jj2

�
1=2

≤
ζmffiffiffiffi
D

p ; ð349Þ

where we use the same analysis as in Eq. (314).
Thus, an upper bound on ζm (hence, on ζ̃m) yields a
quantitative bound on the truncation error at that
step. Summing over steps and cuts gives the final
precision guarantee for tDMRG.

Controlling the unnormalized Schmidt sums along the
algorithmic trajectory gives explicit trade-offs among Δt,
N , and D, and hence a precision guarantee.

5. Proof of Theorem 6

We use the notation introduced in the previous section.
Our goal is to derive an upper bound for δm;sðDÞ in
Eq. (331) that holds for any s:

δ2m;sðDÞ ¼
X
j>D

�
λðsÞm;j

�
2
: ð350Þ

Note that δ̄mðDÞ is given by δ̄mðDÞ ≔ maxs∈ ½n−1�½δm;sðDÞ�.
For this purpose, we estimate the sum of the unnormalized
Schmidt coefficients in Eq. (346).

FIG. 4. Monitoring the Euler-and-truncation scheme. The exact evolution is shown in blue. Starting from jM0ðDÞi ¼ jψ0i, each green
Euler-update state ð1 − iHΔtÞjMmðDÞi is compressed to the red MPS jMmþ1ðDÞi. Compression cannot increase the sum of
unnormalized Schmidt coefficients across any cut. Tracking this sum controls the accumulated truncation error.

DONGHOON KIM et al. PHYS. REV. X 16, 041035 (2026)

041035-40



In the following, we upper-bound ζm based on ζm−1 (or
ζ̃m). For this purpose, we utilize

ζm ≤ J̄ ð1 − iHΔtÞζ̃m: ð351Þ

Note that ζm is connected to the (1=2)-Rényi entanglement
of ð1 − iHΔtÞjMmðDÞi. A simple estimate gives
J̄ ð1 − iHΔtÞ ∝ 1þOðkHkΔtÞ, which is too loose and
leads to an exponential increase in ζ̃m with m. To refine
this, we use the following expansion:

1 − iHΔt ¼ e−iðHAsþHBs ÞΔt − iVAsBs
Δt

þ ½1 − iðHAs
þHBs

ÞΔt − e−iðHAsþHBs ÞΔt�
¼ e−iðHAsþHBs ÞΔt − iVAsBs

Δt

−
X∞
m¼2

ð−iΔtÞm
m!

ðHAs
þHBs

Þm; ð352Þ

where we decompose the total Hamiltonian intoH ¼ HAs
þ

HBs
þ VAsBs

. Using Lemma 4, we obtain

J̄ ð1 − iHΔtÞ ≤ 1þ J̃Δtþ
X
m¼2

ðΔtÞm
m!

×
Xm
m1¼0

�
m

m1

�
J̄ ðHm1

As
⊗ Hm−m1

Bs
Þ; ð353Þ

where we use J̄ ðe−iðHAsþHBs ÞΔtÞ ¼ 1 and J̄ ðVAsBs
Þ ≤ J̃.

Using the parameter g in Eq. (8), we have

J̄ ðHm1

As
⊗ Hm−m1

Bs
Þ ≤ kHAs

km1 × kHBs
km−m1

≤ gmjAsjm1 jBsjm−m1 ; ð354Þ

which reduces the upper bound (353) to

J̄ ð1 − iHΔtÞ ≤ 1þ J̃Δtþ
X
m¼2

ðgnΔtÞm
m!

¼ 1þ J̃Δtþ ðegnΔt − gnΔt − 1Þ
≤ 1þ J̃Δtþ ðgnΔtÞ2; ð355Þ

where we use jAsj þ jBsj ¼ jΛj ¼ n and ex − 1 − x ≤ x2

for 0 ≤ x ≤ 1, using Eq. (319).
By combining the inequalities (351) and (355), we

obtain

ζm ≤ ½1þ J̃Δtþ ðgnΔtÞ2�ζ̃m ≤ ½1þ J̃Δtþ ðgnΔtÞ2�ζm−1;

ð356Þ

where we use Eq. (348) in the last inequality. Starting
from ζ̃0 ¼ 1 and using ζ̃mþ1 ≤ ζm, we obtain, for
0 ≤ m ≤ N − 1,

ζm ≤ ½1þ J̃Δtþ ðgnΔtÞ2�mþ1 ≤ eJ̃tþðgntÞ2=N : ð357Þ

Therefore, from the upper bound (357) and inequality
(349), we arrive at the Schmidt-rank truncation error for
ð1 − iHΔtÞjMmðDÞi as follows:

δm;sðDÞ ≤ eJ̃tþðgntÞ2=Nffiffiffiffi
D

p : ð358Þ

We thus prove the main inequality (342) from δ̄mðDÞ ≔
maxs∈ ½n−1�½δm;sðDÞ�. This completes the proof. ▪

F. Quantum Gibbs states

In considering the quantum Gibbs states, we utilize the
following purification:

jρβi ¼
1ffiffiffiffiffiffi
Zβ

p ðe−βH=2 ⊗ 1̂Λ0 Þ
XDΛ

j¼1

jjΛi ⊗ jjΛ0 i; ð359Þ

with Λ0 a copied system and Zβ the partition function.
Use corresponding sitewise product bases, so that
jIi ¼⊗i∈Λ

Pdi
a¼1 jaiijai0 i. Here, di ¼ Dfig. Each MPS site

is the pair ði; i0Þ, and spatial cuts are AsA0
sjBsB0

s. Note
that trΛ0 ðjρβihρβjÞ ¼ ρβ.
Our task is to implement the imaginary-time evolution toPDΛ
j¼1 jjΛi ⊗ jjΛ0 i [8]. However, we cannot directly apply

the analyses of the real-time evolution. The primary
challenge occurs in the analyses of Eq. (352), which
characterized the SE strength of J̄ ð1 − iHΔtÞ. In extend-
ing it to the imaginary-time evolution, we need to consider
J̄ ð1 −HΔτÞ with Δτ the decomposed unit of the total
imaginary time β. We then replace Eq. (352) with

1 −HΔτ ¼ e−ðHAsþHBs ÞΔτ − VAsBs
Δτ

−
X∞
m¼2

ð−ΔτÞm
m!

ðHAs
þHBs

Þm: ð360Þ

Then, the problem is that the SE strength of
J̄ ðe−ðHAsþHBs ÞΔτÞ is not equal to 1 unlike the real-time
case; instead, we have J̄ ðe−ðHAsþHBs ÞΔτÞ ∝ 1þ nΔτ. This
also modifies inequality (357) by

ζm ≤ eJ̃βþðgnβÞ2=NþOðnβÞ; ð361Þ

which is meaningless for a large system size n.
Currently, we can prove only the existence of an efficient

MPS approximation of jρβi as follows:
Theorem 7.We consider the 1D long-range Hamiltonian

defined in the form of Eq. (8) with Eqs. (9) and (11). For
β > 0, there exists an efficient MPS approximation
jMβðDÞi for jρβi in Eq. (359) such that
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kjρβi − jMβðDÞik ≤ 960n⌈βQ0=4⌉D−1=κβ ; ð362Þ

where we defined κβ and Q0 as

κβ ≔ 4

�
6þ 4ðkþ 1Þ

η − 2
þ 2klog2ðdÞ

	
⌈βQ0=4⌉; ð363Þ

and

Q0 ≔
�
min

�
1

8gk
;

η − 2

16eJ0ðη − 1Þ22η−2
�	

−1
: ð364Þ

Remark. From the definition, we have κβ ¼
Oð1þ βQ0Þ, and hence to achieve an error ϵ, we need
to set the bond dimension D to be as large as
ðn=ϵÞOð1þβÞ. This is qualitatively better than the state-
of-the-art result of eOðβÞ log3ðn=ϵÞ in Ref. [57]. On the other
hand, it is still an open question whether one can also
prove the polynomial-time complexity to find such an
MPS approximation. Even under the high-temperature
condition (i.e., β ≪ 1), the current best time complexity
is given by elog

2ðn=ϵÞ [58].

1. Proof of Theorem 7

We utilize the global estimate (311) as in the proof of
Proposition 18. Let us denote the Schmidt decomposition
of jρβi across AsA0

sjBsB0
s by

jρβi ¼
X
j

λðsÞj jϕAsA0
s;ji ⊗ jϕBsB0

s;ji; ð365Þ

where the index s characterizes the decomposition of the
total system, i.e., Λ ¼ As ⊔Bs with As ¼ f1; 2;…; sg and
Bs ¼ ΛnAs. Then, we obtain the same inequality as
Eq. (311):

kjρβi − jMβðDÞik2 ≤ 2
Xn−1
s¼1

δ2sðDÞ ð366Þ

and

δ2sðDÞ ¼
X
j>D

�
λðsÞj

�
2
: ð367Þ

To estimate Eq. (367), we utilize the Eckart-Young
theorem as follows:X

j>D

ðλðsÞj Þ2 ≤ kjρβi − jψDik2; ð368Þ

where jψDi is an arbitrary quantum state with Schmidt rank
D for the cut AsA0

sjBsB0
s. To construct jψDi, we apply

Theorem 3 to −H and approximate e−βH=4 by ρ̃β=4 such that

ke−βH=4 − ρ̃β=4kp ≤ ϵ̄ke−βH=4kp: ð369Þ

Set A ¼ e−βH=4 and B ¼ ρ̃β=4. The normalized vectoriza-
tion is

jρ̃βi ¼
B†B ⊗ 1̂Λ0

kB†Bk2
jIi: ð370Þ

For 0 < ϵ̄ ≤ 1=2, Eq. (369) with p ¼ 4 gives
kB†B − A2k2 ≤ ϵ̄ð2þ ϵ̄ÞkA2k2. Normalizing their vectori-
zations therefore yields

kjρβi − jρ̃βik2 ≤ ½2ϵ̄ð2þ ϵ̄Þ�2 ≤ 36ϵ̄2: ð371Þ

By applying jρ̃βi to inequality (368), we need to set
D ¼ ½SRðρ̃β=4Þ�2, which yields

X
j>½SRðρ̃β=4Þ�2

�
λðsÞj

�
2
≤ 36ϵ̄2: ð372Þ

The remaining problem is to get the Schmidt rank
SRðρ̃β=4Þ for the approximation (369). For this purpose,
we use Theorem 3. Here, the boundary interaction VAsBs

is
decomposed as

VAsBs
¼

X
Z∶Z∩As≠∅;Z∩Bs≠∅

hZ ¼
X∞
j¼1

Vj: ð373Þ

Here we enumerate the terms hZ by nondecreasing inter-
action diameter and associate them with Vj, padding by
zero terms if necessary. To apply the theorem, we first
prove that the boundary interaction VAsBs

satisfies
Assumption 10 in the following sense:
Lemma 20. Under the decomposition of Eq. (373), the

operator VAsBs
(∀ s∈ ½1; n − 1�) satisfies the conditions

(162) and (163) by choosing κ, D0, g̃, and C0 as follows:

κ ¼ η − 2

kþ 1
; D0 ¼ d2k;

g̃ ¼ 4J0

�
1þ 1

η − 2

�
; C0 ¼ ðη − 1Þ2η−2: ð374Þ

Note that η was set to be larger than 2 as in Eq. (11).
Moreover, by using Ref. [87] Lemma 3 therein, we have

kadsH0
ðhZÞk ≤ ð2gkÞss!khZk; ð375Þ

and hence, we also obtain the parameter Q in Eq. (173) as

Q ¼ 2gk: ð376Þ

We recall that the parameter g is defined as one-site energy
scale as in Eq. (8). Equations (374) and (376) make
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Q0 ≔
�
min

�
1

4Q
;

1

4eC0g̃

�	
−1

¼
�
min

�
1

8gk
;

η − 2

16eJ0ðη − 1Þ22η−2
�	

−1
: ð377Þ

Therefore, from inequality (175), we obtain

SRðρ̃β=4Þ ≤
�
48⌈βQ0=4⌉

ϵ̄

�
2½6þ4ðkþ1Þ=ðη−2Þþ2k log2ðdÞ�⌈βQ0=4⌉

¼
�
48⌈βQ0=4⌉

ϵ̄

�
κβ=2

; ð378Þ

where we use the notation κβ in Eq. (363). Write m ¼
⌈βQ0=4⌉ and choose

ϵ̄ ¼ 48mD−1=κβ : ð379Þ

If ϵ̄ ≤ 1=2, the rank estimate gives ½SRðBÞ�2 ≤ D and

δ2sðDÞ ≤ 36ð48mÞ2D−2=κβ : ð380Þ

Equation (366) then gives kjρβi − jMβðDÞik ≤
288

ffiffiffiffiffiffi
2n

p
mD−1=κβ ≤ 960nmD−1=κβ . If ϵ̄ > 1=2, the distance

to any normalized product state is at most 2 and satisfies
Eq. (362). At β ¼ 0, the paired-site purification is a bond-
one MPS. This completes the proof. ▪

2. Proof of Lemma 20

For simplicity, we denote As and Bs by A and B,
respectively. We aim to derive the inequalities of

VAB ¼
X∞
j¼1

Vj; SRðVjÞ ≤ D0 ∀j; ð381Þ

and

X
j≥Dþ1

kVjk ≤ C0g̃ðDþ 1Þ−κ ðC0 ≥ 1Þ;
X∞
j¼1

kVjk ≤ g̃;

ð382Þ

under the choice of Eq. (374).
We first upper-bound the Schmidt rank SRðhZÞ for an

arbitrary interaction term hZ with jZj ≤ k. For an arbitrary
local operator defined on a subset X, the total number of
operator bases is upper-bounded by d2jXj, and hence,

SRðhZÞ ≤ d2k: ð383Þ

Therefore, we can choose D0 as

D0 ¼ d2k: ð384Þ

Second, we introduce the following decomposition
of VAB:

VAB ¼
X∞
r¼1

Vr; Vr ≔
X

Z∶Z∩A≠∅;Z∩B≠∅
diamðZÞ¼r

hZ: ð385Þ

We also denote the set Sr such that

Sr ≔ fZ ⊂Λ∶jZj≤ k;diamðZÞ ¼ r;Z ∩A≠∅;Z ∩B≠∅g:
ð386Þ

Using it, we obtain

Vr ≔
X
Z∈Sr

hZ: ð387Þ

We define the subset Xr (r∈N) to span the region within
the distance r from the boundary between A and B. Then,
any subset Z∈Sr is supported on Xr, and hence we get

jSrj ≤ jXrjk ≤ ð2rÞk: ð388Þ

For the counting bound, encode each nonempty subset of
size at most k by its increasing list, padded to length k by
repeating its last element. We next estimate the norm sum

V̄r ≔
X
Z∈Sr

khZk: ð389Þ

By using inequality (9) with Eq. (11), we obtainX
Z∶Z∩A≠∅;Z∩B≠∅

diamðZÞ¼r

khZk ≤
X
i∈Xr

X
j∶di;j¼r

X
Z∶Z∋fi;jg

khZk

≤ 2J0
X
i∈Xr

r−η ≤ 4J0r−ηþ1; ð390Þ

where we use jXrj ≤ 2r in the last inequality.
After straightforward calculations, we obtain

X∞
r¼1

X
Z∈Sr

khZk ≤
X∞
r¼1

4J0r−ηþ1

≤ 4J0

�
1þ 1

η − 2

�
≕ g̃0 ¼ g̃ ð391Þ

and

X∞
r≥R

X
Z∈Sr

khZk ≤
X
r≥R

4J0r−ηþ1 ≤
4J0
η − 2

ðη − 1ÞR−ðη−2Þ;

ð392Þ
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where the tail is bounded by its first term plus an integral,
for R ≥ 1. The total number of interaction operators
fhZgZ∈Sr;r<R is smaller than

X
r<R

jSrj ≤
X
r<R

ð2rÞk ≤ 2kðR − 1Þkþ1; ð393Þ

and hence, we formally obtain

X
j≥Dþ1

kVjk ≤
X∞
r≥R

X
Z∈Sr

khZk ≤
4J0
η − 2

ðη − 1ÞR−ðη−2Þ

≤ g̃0ðη − 1ÞR−ðη−2Þ for 2kðR − 1Þkþ1

≤ D < 2kRkþ1: ð394Þ

Since D < 2kRkþ1 and these quantities are integers,
Dþ 1 ≤ 2kRkþ1. Thus, R ≥ 2−k=ðkþ1ÞðDþ 1Þ1=ðkþ1Þ ≥
1
2
ðDþ 1Þ1=ðkþ1Þ, giving

X
j≥Dþ1

kVjk ≤ ðη − 1Þ2η−2 × g̃0 × ðDþ 1Þ−ðη−2Þ=ðkþ1Þ:

ð395Þ

Therefore, we can derive inequality (382) under the choice
of Eq. (374). This completes the proof. ▪

IX. SYSTEMS WITH SHORT-RANGE
INTERACTIONS

In this section, we clarify how the spectral-SIE picture
changes when genuine geometric locality is imposed. We
focus on geometrically local systems governed by short-
range interactions corresponding to the Hamiltonian
defined in Eq. (10). The first purpose is to show that,
for the instantaneous Rényi-entanglement rate, the thresh-
old in Theorem 1 cannot be improved even in this local
setting. The reason is that the singular behavior responsible
for the threshold α ¼ 1=2 already appears in a strictly local
two-site entangling process. This is made explicit in
Lemma 21, which saturates Eq. (52) as t↓0 and has a
divergent rate for 0 < α < 1=2.
The second purpose is to contrast this instantaneous

obstruction with finite-time entanglement generation. Over
a finite-time interval, geometric locality can be used to
obtain stronger bounds than those available in the general
nonlocal setting [8,9,32,34,35]. We summarize this
improvement in Lemma 22, which provides a representa-
tive finite-time entanglement-generation bound and
illustrates how locality can improve the behavior of
time-averaged entanglement growth.
We begin with the following statement:
Lemma 21. Let us consider the following simple case in a

two-qubit system:

jψ0i ¼ j0; 0i; H ¼ j0; 0ih1; 1j þ H:c:: ð396Þ

Note that J̄ ðHÞ ¼ 1. Then, the Rényi-entanglement rate
satisfies

lim
t→þ0

���� dEαðtÞ
dt

���� ¼
8><
>:

∞ for 0 < α < 1=2;

2 for α ¼ 1=2;

0 for α > 1=2:

ð397Þ

Proof of Lemma 21. By solving the eigenproblem of H,
we obtain

jψ ti ¼ e−iHtj0; 0i ¼ cosðtÞj0; 0i − i sinðtÞj1; 1i; ð398Þ

which, for 0 < t < π=2 and α ≠ 1, gives the derivative (the
case α ¼ 1 follows by continuity)

dEαðtÞ
dt

¼ 2α

1 − α

cosðtÞ sin2α−1ðtÞ − sinðtÞ cos2α−1ðtÞ
cos2αðtÞ þ sin2αðtÞ

≈
2α

1 − α
ðt2α−1 − tÞ: ð399Þ

The above equation immediately leads to the main state-
ment (397). This completes the proof. ▪
The following estimate bounds finite-time Rényi-entan-

glement growth for every fixed positive index:
Lemma 22. (A modified version of Corollary 8 in

Ref. [8]). Let HAB be a time-independent, bounded-
strength, finite-range 1D Hamiltonian with fixed local
dimension and range, and take a single spatial cut AjB.
Set T ¼ maxf1; jtjg and 0 < ϵ ≤ 1=2. For arbitrary time-
evolution operator e−iHABt, there exists an operator UAB;D

such that kUAB;D − e−iHABtk ≤ ϵ, where UAB;D has the
Schmidt rank D with

D ¼ eÕ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T logð1=ϵÞþT2
p 


: ð400Þ

Here, ÕðxÞ ¼ O½x logð2þ xÞ�, with constants depending
only on the fixed local parameters.
Remark. For a normalized product initial state across

AjB, inversion of Eq. (400) gives, for s ≥ 2,

λsðtÞ ≤ exp

�
C1T −

C2ðlog sÞ2
T½logð2þ log sÞ�2

	
: ð401Þ

For any pure initial state and 0 < α ≤ 1=2, the argument
below gives

jEαðtÞ − Eαð0Þj ≤
CT
α

�
log

2þ T
α

	
2

: ð402Þ

For α > 1=2, Theorem 1 applies. This is not a uniform
linear-in-jtj bound near t ¼ 0. Higher-dimensional exten-
sions require corresponding rank estimates.
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Proof sketch. For the reader’s convenience, we sketch the
proof in the spirit of Ref. [8]. The key ideas are (i) decom-
posing the time evolution using the Haah-Hastings-
Kothari-Low (HHKL) approximation [7], and (ii) applying
the Schmidt-rank bounds of Refs. [40,41] to the Taylor
expansion of the time-evolution operator restricted to the
central block.
We first decompose the total system into Λ ¼

A1 ⊔A0 ⊔B0 ⊔B1, where jA0j ¼ jB0j ¼ l. Then, one can
obtain the Haah-Hastings-Kothari-Low approximation of
the time evolution e−iHABt as follows [7] (Fig. 5):


e−iHABt − e−iHA0B0

teiðHA0
þHB0

Þte−iðHAþHBÞt



 ≤ Ce−μlþvjtj;

ð403Þ

where C ≥ 1, v, and μ are determined by the Lieb-
Robinson bound. We recall that HA0B0

, HA0
, and HB0

are
the subset Hamiltonians on A0 ⊔B0, A0, and B0, respec-
tively. Note that if the higher dimension is considered, the
above upper bound depends on the surface area of A.
Choose l ¼ ⌈½logð2C=ϵÞ þ vjtj�=μ⌉, so the HHKL error

is at most ϵ=2. The two rightmost factors act separately on
A and B and do not increase operator Schmidt rank. It
remains to approximate e−iHA0B0

t to error ϵ=2. By consid-
ering the Taylor expansion as

e−iHA0B0
t ¼

X∞
m¼0

ð−itÞm
m!

Hm
A0B0

; ð404Þ

the Taylor polynomial PM ¼PM
m¼0ð−itÞmHm

A0B0
=m! has

error at most ϵ=2 for a sufficiently large choice
M ¼ O½jtjkHA0B0

k þ logð1=ϵÞ� ¼ O½T logð1=ϵÞ þ T2�,
using kHA0B0

k ¼ OðlÞ and l ¼ O½logð1=ϵÞ þ T�. The
rank bounds of Refs. [40,41] give SRðPMÞ ≤
exp½Of ffiffiffiffiffi

M
p

logð2 þMÞg� ≤ exp½Õf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T logð1=ϵÞ þ T2

p
g�.

Combining the two error contributions proves Eq. (400).
For Eq. (402), choose approximants Um to U ¼ e−iHABt

with errors e−m and ranks Dm from Eq. (400), and write
U ¼ U1 þ

P
m≥1ðUmþ1 −UmÞ. For q ¼ 2α ≤ 1, Schatten

q-power subadditivity bounds the output coefficient sum
for every normalized product input by

Gα ¼ 22αD1−α
1 þ

X
m≥1

ðDm þDmþ1Þ1−αð2e−mÞ2α:

The rank estimate gives logGα ≤ ðCT=αÞ½logfð2þ TÞ=
αg�2. Applying the same subadditivity to the initial
Schmidt expansion bounds the increase of Eα by
ð1 − αÞ−1 logGα. Applying the argument to U† gives
the absolute increment bound (402), after adjusting C.
This completes the proof. ▪

X. CONCLUSION AND PERSPECTIVE

In this work, we aimed to establish universal principles
governing the entanglement spectrum. The key notions
introduced and developed are the SE strength (Definition 1)
and the spectral SIE (Theorem 1). They provide a refined
and quantitatively optimal framework for dynamical entan-
glement structure, thereby extending the celebrated SIE
theorem to address richer many-body phenomena. As an
application, we have analyzed long-range interacting sys-
tems and have demonstrated that, contrary to previous
expectations, the quasipolynomial complexity of their
simulation can in fact be improved to polynomial complex-
ity. These main achievements are summarized in Fig. 1.
At the same time, our analysis naturally brings to light a

variety of fundamental open problems. These problems
indicate both the limitations of the present results and
promising avenues for further exploration. In the following,
we list and discuss several of these open directions.
(1) Unification of spectral and standard SIEs: The

spectral SIE developed in this work has the distinct
advantage that it provides bounds on the generation
rate of Rényi entanglement for α < 1, a feature not
available in the standard SIE. This refinement allows
for a more precise control of computational com-
plexity. However, an important limitation arises: the
spectral SIE, when specialized to α ¼ 1, does not
straightforwardly recover the standard SIE. As
emphasized in Ref. [34], the case α ¼ 1 exhibits
special properties that set it apart from the regime
α < 1. Consequently, a major open challenge is to
develop a unified theorem that fully integrates the
spectral- and standard SIE frameworks into a
comprehensive theory of dynamical entanglement

FIG. 5. Schematic picture of the Haah-Hastings-Kothari-Low approximation along the cut A0A1⊔B0B1.
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growth. At the present stage of our understanding,
our results show that the bound is sharp only for
α ¼ 1=2, whereas the optimal bound for α > 1=2
remains unknown.

(2) Limits of operator approximability: Proposition 9
shows that small SE strength does not guarantee an
efficient approximation of the time-evolution oper-
ator, thereby revealing a complexity separation
between the full unitary operator and time-evolved
states. However, once we allow the Schmidt rank to
depend on the Hilbert-space dimension DAB, it
remains unresolved whether the required scaling
is polynomial in DAB or only logarithmic in DAB.
Clarifying this point is crucial for achieving a more
quantitative understanding of complexity separation
in many-body quantum dynamics.

(3) Sufficient conditions for operator-level low-rank
approximation (Conjecture 2): Subsequent work
described in the Note added establishes the Hermi-
tian case of Conjecture 2 for α < 1=2 and gives non-
Hermitian counterexamples for α ≥ 1=3. Further
questions concern analogous approximation guar-
antees for general non-Hermitian operators.

(4) Precise conditions for generalized area laws: The
generalized area law currently relies on the assumption
of boundary-adiabatic paths (Assumption 13). It re-
mains unknown whether this assumption is indeed
indispensable or can be relaxed. Determining the
minimal assumptions under which area laws hold is
essential for both condensed matter physics and
quantum information theory.

(5) Tightening the area-law upper bound: We obtained
Eα¼1ðΩÞ ¼ O½1þ ðg̃=ΔÞ3� (Theorem 4), with g̃ the
uniform path bound in Assumption 13 and fixed
S0; c̃0. It is natural to seek Eα¼1ðΩÞ≲ 1þ g̃=Δ.
Improving the exponent in the upper bound is
therefore an important quantitative challenge, with
implications for the efficiency of tensor-network
representations of gapped ground states.

(6) Time-efficient algorithms for ground states and
Gibbs states: Current results provide existence
proofs of MPS (or purified MPS) approximations
to gapped ground states and Gibbs states in 1D long-
range interacting systems (Theorems 5 and 7).
However, explicit and efficient algorithms to ac-
tually construct such approximations are lacking.
Developing such algorithms would make rigorous
complexity results directly applicable to numerical
simulation. More importantly, it would represent a
genuine complexity-theoretic breakthrough, imply-
ing that the computational complexity of classical
simulation of 1D long-range interacting systems lies
in the class P.

(7) Generalization of rigorous error certification for
DMRG-type algorithms: The certification scheme
introduced for tDMRG (Theorem 6) may serve as a

paradigm for broader classes of variational methods,
including higher-dimensional tensor networks. Ex-
tending the framework, improving its dependence on
system size, time, and error tolerance, and making it
practical for real simulations are natural directions
for future work. In particular, achieving rigorous
error certification for imaginary-time evolution re-
mains one of the most important open problems.

(8) Dynamical entanglement structure in short-range
interacting systems: For one-dimensional finite-
range systems, Lemma 22 gives Eq. (402), finite
for every fixed positive Rényi index. Conformal-
field-theory analyses motivate a 1=α dependence
[88–90] (see also Ref. [91]). Removing the addi-
tional logarithmic factors and determining the opti-
mal joint time and index dependence remain open
questions.

(9) High-dimensional entanglement structures: The
spectral-SIE theorem is intrinsically bipartite and
does not rely on one-dimensional geometry. Thus, it
provides a dimension-independent constraint on the
Schmidt spectrum across any cut for which the
boundary SE strength can be controlled. In higher
dimensions, however, converting such bipartite
spectral information into efficient tensor-network
descriptions is substantially more subtle. Results
such as those of Ge and Eisert indicate that bipartite
entanglement constraints alone are not sufficient to
characterize the complexity of many-body states
[92]. One should therefore expect that higher-dimen-
sional applications require entanglement constraints
that are adapted to the spatial geometry, rather than
bounds for isolated bipartitions only. Determining
the appropriate geometry-respecting spectral condi-
tion remains an important open problem.

Altogether, the resolution of these open problems would
mark significant progress toward a unified and quantitative
theory of entanglement dynamics, with far-reaching impli-
cations for the simulation of quantum many-body systems
and for the broader interface between physics and computer
science.

Note added. Recently, Conjecture 2 was resolved in our
subsequent work [93]. As originally formulated for arbi-
trary bipartite operators, the conjecture does not hold over
its full proposed parameter range: a non-Hermitian rank-
one family provides a counterexample for α ≥ 1=3. In
contrast, for Hermitian operators and α < 1=2, the con-
jectured operator-norm low-rank approximation bound
holds with the sharp constant.
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