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Hyperuniform structures are spatial patterns whose fluctuations disappear on long length scales,
making them effectively homogeneous when observed from afar. Mathematically, this means that their
spectral density p(k) approaches zero for low wave number |k|. Crystalline lattices are hyperuniform, as
are certain quasicrystals, maximally random jammed packings of spheres, and electrons in the fractional
quantum Hall state. Stealthy hyperuniformity is an even stronger constraint on the spectral density: It
requires that p(k) is strictly zero in a finite range of wave vectors around k = 0, called the stealthy
regime, or exclusion region. Since the degree of scattering by disorder is, to leading order, proportional
to p(k), waves propagating through such structures may do so without scattering for sufficiently long
wavelengths and short distances. Here, we measure scattering by disorder in photonic crystal slabs with
stealthy-hyperuniform disorder by measuring the linewidths of the photonic bands. We observe the
transition between the stealthy and nonstealthy regimes, marked by a sharp increase in linewidth. We
also observe the effects of multiple scattering in the stealthy regime, which implies diminishing
transparency. Moreover, we show that residual single scattering in the stealthy regime arises from an
intrinsically non-Hermitian effect: Propagating light has a complex effective mass due to radiative loss

out of the slab.
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In hyperuniform systems, the spectral density associated
with the spatial structure of the material in question, p(k),
approaches zero as the wave vector k approaches zero
[1,2]. This contrasts with spatially uncorrelated disorder,
for which the averaged spectral density is constant for all
wave vectors. Because hyperuniform structures approach
homogeneity at long length scales, scattering at leading
order is much suppressed, leading to greater transparency at
long wavelengths for system sizes on the scale of several
scattering lengths or below [3-6].

Wave transport in hyperuniform disordered systems is
an active field of study [7-16]. Extensive recent work has
probed the sizes of photonic pseudogaps in such systems
[12,13,17], which can be calculated using extensive
ensemble averaging [18]. Experiments were also carried
out in a related context, where the authors examined
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Anderson localization when the spectrum of the disorder
was nonzero only for long wavelengths (the opposite of
the stealthy case) [19]. A recent theoretical result posits
that under certain conditions, stealthy-hyperuniform
disorder may allow for Anderson localization in vector
wave systems, whereas uncorrelated disorder may not
[20]. On the other hand, it has been argued analytically
and numerically that stealthy point patterns clearly
exhibit greater transparency than may be expected from
the single-scattering approximation [3], strong transpar-
ency in layered photonic media [21] and the tight-binding
Anderson model [22], as well as subdiffusive transport in
three dimensions [23].

In disordered systems, the use of large system sizes can
prove essential in the measurement of the photonic pseu-
dogaps and the localization length. For instance, large
systems could aid in observing statistically rare Lifshitz
tails, which are density-of-states profiles that leak into a
band gap as a result of disorder, thereby effectively
shrinking it and forming a pseudogap. Lifshitz tails in
hyperuniform systems cannot be reliably obtained numeri-
cally due to system size constraints, but were recently
found using an analytical method based on path integrals
[24]. The increase in momentum space resolution associ-
ated with large system sizes also necessarily improves the
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quality of experimental data. Additionally, localization and
transport properties depend strongly on system sizes,
especially in two and three dimensions, particularly for
weak disorder. It is therefore clear that further progress in
hyperuniform wave dynamics can be made with experi-
ments that achieve system sizes much larger than those
accessible to numerical calculations. Compared with other
candidate platforms in solid-state physics and ultracold
atoms, photonic crystals are ideal because they can be very
large and highly structurally tailorable in fabrication.

Here, we directly probe the interplay between stealthy-
hyperuniform disorder and photonic bands, observing the
transition from the stealthy to the normal scattering regime.
To do this, we fabricate and experimentally probe large
silicon photonic crystal slabs (with on the order of 10°~107
sites per sample) that have stealthy-hyperuniform disorder
imposed as a perturbation upon a two-dimensional square
lattice of holes. In order to characterize the scattering
properties experimentally, we use an unconventional
observable—linewidths associated with photonic crystal
bands—in order to quantify the degree of scattering as a
function of wave vector and frequency. This contrasts with
the conventional approach, namely, to use transmission [6]
through a medium to measure the degree of scattering. The
measurements exploit the fact that scattering due to defects
in photonic crystals gives rise to measurable effective loss
(extinction) [25-29].

We find that although single-scattering events dominate
the scattering behavior, as clearly shown in, for example,
Ref. [30], multiple scattering is indeed present and
increases with disorder. Specifically, for weak disorder
the stealthy frequency regime behaves as effectively trans-
parent, while stronger disorder diminishes that transpar-
ency, as diagnosed by linewidth measurements. Our
measurement leverages the nature of the design, in which
we can independently tune the strength of the disorder and

the size of the stealthy exclusion region, as characterized
by y, the fraction of wave vectors for which the spectral
density is constrained to be zero. This decoupling of
disorder strength and stealthiness is specific to our lat-
tice-based platform and is not available in conventional
stealthy-hyperuniform point patterns.

We show here that intrinsic non-Hermiticity present in
the photonic crystal slab diminishes the sharpness of the
transition and allows for single-scattering events even in
the stealthy regime. The extra scattering arises directly
from the fact that the photonic modes radiate light away
from the slab, introducing effective loss into the system
[31,32]; thus, the Bloch states of the slab can be associated
with quasinormal modes [33]. In the relevant band, the
radiation scales as the square of the Bloch momentum.
This is equivalent to a complex effective mass (in analogy
with a massive quantum mechanical particle governed
by the Schrodinger equation) and acts to broaden the line-
widths of the photonic crystal modes, even without disorder.

We start from a two-dimensional photonic crystal
structure consisting of circular air holes in a square
lattice configuration in a h = 220-nm-thick silicon slab
(¢ = 12.11) on top of a silica substrate (¢ = 2.25). The radii
of the holes are ry=0.32a with lattice constant
a = 629 nm. The substrate breaks the up-down mirror
symmetry of the structure, but this has a negligible effect on
the observables in our experiment because the mode mostly
resides in the silicon, and the dielectric constant of the
substrate is low. We employed electron-beam lithography
and inductively coupled plasma reactive-ion etching to
fabricate the patterns. Figure 1(a) shows a scanning
electron microscope (SEM) image of a typical periodic
sample used for the experiment. More details on fabrication
methods can be found in Appendix F.

We numerically compute the photonic band structure in
the transverse-electric-like (TE-like) polarization using the
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Properties of the clean (i.e., nondisordered) periodic photonic crystal slab. (a) SEM image of photonic crystal slab without

disorder. The structure contains circular air holes in a square lattice. (b) Calculated band structure of the photonic crystal slab with
circular holes in a square lattice, showing a quadratic TE-like band around I'. The color represents the Q factor of the mode.
(c) Experimentally observed band structure (along k, = 0) associated with the quadratic band in (b). Color represents the reflection

intensity.
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guided mode expansion method, as implemented in the
open-source software package LEGUME [34,35]. There is an
isolated quadratically dispersing band centered at I’
(|k| = 0), as shown in Fig. 1(b). As a matter of convention
and mathematical convenience, below we will describe the
dispersion of the band in terms of the eigenvalue of the
Maxwell wave operator, namely, E = (w/c)?, rather than @
itself. In analogy with the dispersion of a massive quantum
mechanical particle, we refer to this quantity as the
“energy” (although it has units [@~2]). The band in
Fig. 1(b) is isotropic in the vicinity of I, such that

1
Ek:EO_%(k)Zc_Fk,%)’ (1)

where Ey is the energy of the band at wave vector k =
(ky,ky) and m is the (complex) effective mass. In simu-
lations, the band tip energy is E, = 6.48a~2, corresponding
to frequency w, = 0.405[2zca~"], and the effective mass is
[1/(2m)] = 0.715 + 0.104i. We emphasize that the effec-
tive mass is a complex number. This is because the band is
not only quadratically dispersive in the real part of the
energy (or frequency), but also has an O(|k|?)-dependent
loss associated with the imaginary part (which is related to
the out-of-plane radiative loss and proportional to linewidth
or inverse quality factor). This arises due to the symmetry-
protected bound state in the continuum (BIC) at I' point
[36,37], which pins the radiative Q factor to infinity at the I"
point. The non-Hermiticity that arises from the imaginary
part of the effective mass cannot be neglected since it
dominates the linewidth broadening effect in the stealthy
region, as we describe later.

To experimentally characterize the photonic bands, we
use angle- and frequency-resolved reflection measure-
ments. The samples are illuminated by a collimated beam
from a tunable continuous wave laser (Keysight 81606A)
within the wavelength range of 4= 1.45-1.65 pm.
More details about the experimental setup can be found
in Appendix F. Figure 1(c) shows the measured band
structure along the I' — X line in the Brillouin zone. The
color represents the reflection intensity. We can see a
clear quadratic band with tip energy E, = 7.11a~? (corre-
sponding to @, = 0.424[2zca™']) with effective mass
defined by [1/(2m)] = 0.579 4+ 0.121i. Because of the
symmetry-protected BIC at I', the radiative linewidth near
I approaches zero, making it difficult to quantify the
linewidth or even identify the band.

Next, we introduce a stealthy-hyperuniform disorder
pattern into the periodic photonic crystal slab. We add
disorder to the system by randomly varying the size of the
air holes. Previous calculations of stealthy-hyperuniform
configurations have not been generated as perturbations
on a lattice [14,38]. However, we see a great deal
of similarity—in terms of wave transport related to
stealthiness—between the perturbed periodic structures

used here and others. Indeed, they may still be considered
stealthy because the spectral density in the stealthy region of
the spectrum (also called the exclusion region) is negligible
in experiments, whereas the spectral density outside of it is
significant and governs the observed wave dynamics.

Figure 2(a) shows an exaggerated version of how we add
disorder by changing the radius of the hole at each site. The
color and size of the holes in the figure represent the change
in radius. We add disorder in such a way that withina 3 x 3
plaquette of holes, the radius change is uncorrelated, but it
is correlated in a stealthy-hyperuniform way from plaquette
to plaquette (further details in Appendix E). This allows us
to carry out the experiment at smaller angles than other-
wise; here we use b = 3a as the size of the plaquette.

In analogy with a massive quantum mechanical particle,
the disorder that we impose may be seen as a random
potential V(r,) that varies in space (r, denotes the position
of the site index by a). We calibrate how a change in radius
corresponds to this potential by calculating how the band
edge energy E, changes with radius in a periodic system;
this allows us to quantitatively assign a value to the local
potential. To generate the stealthy-hyperuniform disorder,
we start from a random and spatially uncorrelated disorder
potential in real space. We use a Fourier filtering method
[39] and set to zero the Fourier component of the local
random potential V(q) when g < K. This defines a circular
stealthy (or exclusion) region (yellow area) up to cutoff
wave number K, as shown in Fig. 2(c). The resulting
stealthy-hyperuniform disordered structure has stealthiness
parameter y = n(Kb/2x)?. The spectral density p(q) =
(|V(q)[?), which is averaged over disorder configurations,
is therefore zero within this region.

We constrain the variance of the disorder in real space
(after Fourier filtering) to be Var(V) =JViwj, where
Vo = 2.03a72 is a constant describing the linear relation
between the local potential and the radius of the corre-
sponding hole. The spectral density outside of the stealthy
region is constant, p(q) = Vaw3/3[1 — z(Kb/2x)?] for
g > K. The variance Var(V) is independent of the cutoff
wave number K, so we define w as the degree of disorder,
such that the variance of disorder does not change as a
function of K at fixed wy. While the potential V(r) is
stealthy by construction, the photonic crystal structure,
described by the dielectric profile &(r), is not. However, we
have confirmed that for the photonic crystal, the ratio of the
spectral density in the stealthy to the nonstealthy region
stays below a threshold of 1072. More details about the
Fourier filtering method can be found in Appendixes B
and G. Figure 2(b) shows an SEM image of a sample with
cutoff wave number K = 0.3[2zb7!].

While the disorder breaks the periodicity of the system
and there is no longer a well-defined Bloch momentum Kk,
the spectral response function maintains the character of the
band, but with additional linewidth broadening due to
disorder-induced scattering loss; we use this below to
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FIG. 2. Description of the stealthy-hyperuniform photonic crystal. (a) Schematic diagram of disorder manifested by varying sizes of
holes in the sample. The color and size of the holes represent the change of local potential. (b) SEM image capturing the highly
correlated nature of the stealthy-hyperuniform disorder at K = 0.3[2z57']. (¢) Schematic diagram of the Fourier components of the local
potential |V(q)|?> in q space. (d) Isofrequency contours of a quadratic band. (¢) An illustration showing why, for small values |K|
(|k| < (K/2)), there is no scattering and therefore no linewidth broadening (for single scattering). (f) An illustration showing that for
|k| > (K/2) scattering is possible to other points on the isofrequency contour, allowing for linewidth broadening due to scattering loss.

T3 L]

Arrows denote scattering events; arrows marked with an “x” are forbidden due to stealthiness.

experimentally probe the degree of scattering. In other
words, the bands can still be directly observed experimen-
tally, but with an additional linewidth broadening given by
the imaginary part of the self-energy:

_ 1 pla) 5
Im(Zy) = NN, > Im (Re (AR 0+> +0(p%),

(2)

where N, and N, are the system size in x and y directions,

and Ey = E, — [1/(2m)]|k|? is the quadratic band. Each
individual term in the summation represents the contribu-
tion of a single-scattering event from k to k + q. The
imaginary part of the self-energy is related to the total
scattering loss at k and is therefore proportional to the
increase in linewidth for the mode at k. We use the excess
linewidth, which is defined as the linewidth at a given k in a
sample with disorder minus the intrinsic linewidth at k in a
clean periodic sample, as our experimental observable to
quantify the effect of disorder. For the sake of simplicity,

we will first consider a quadratic Hermitian band
Ey = Ey— [1/(2m)]|k|*, where the effective mass m is
real, and leave the discussion about the non-Hermitian
effect introduced by the imaginary part of the effective
mass Im(m) for afterward.

We can see from Eq. (2) that the spectral density p(q)
dictates the scattering amplitude at leading order, which
means all single-scattering events from k to k + q are
forbidden in the stealthy region, where jp(q) =0. As a
direct consequence, we find that the excess linewidth has a
transition at |k| = K/2, such that it is zero when
|k| < K/2, but grows rapidly after |k| > K/2. This tran-
sition may be explained as follows. Here, only elastic
scattering (by wave vector q) from one point on an
isofrequency contour (IFC) to another is allowed. Two
isofrequency contours (which are analogous to Fermi
surfaces) are depicted in Fig. 2(d). We first consider the
green one, which is smaller, and depict this in Fig. 2(e) in
momentum space. If we consider the point marked by a red
dot, at (—k,, 0), the mode there may not scatter to any other
point on the isofrequency contour (green circle) because it
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Dependence of excess linewidth on cutoff wave number K and k,. (a) Experimental and (b) theoretical phase diagrams

showing the extracted excess linewidth (compared to the clean case) as a function of wave vector k, (along k, = 0) and cutoff wave
number K at the fixed degree of disorder wy = 0.2. The stealthiness transition is clearly observable (dashed line) and increases in wave

vector linearly with K, as expected.

is within the stealthy region defined by K (red dashed
circle). As a result, the mode does not experience additional
loss at leading order. However, we see in Fig. 2(f) that for
points on the larger blue isofrequency contour, elastic
single scattering to other points on the isofrequency contour
is indeed possible, leading to additional scattering loss.
Therefore, the transition is predicted to occur when the
diameter of the IFC is equal to the radius of the stealthy
region, meaning at |k| = K/2.

As described above, we use the excess linewidth
(compared to the clean case) as an experimental observable
to measure the degree of scattering as a function of both
wave vector k = (k,, ky) and cutoff wave number K, where
we fabricate a new sample for every K while keeping the
degree of disorder wy = 0.2, so the variance of the disorder
remains the same. Specifically, we experimentally extract
the linewidth in the clean sample as a function of k, (k, is
set to zero), do the same for the disordered samples, and
then measure the difference in linewidth between them.
This quantity is plotted in Fig. 3(a) as a function of both k,
and K. There is clearly a sharp transition between the green
and orange regions (low and high linewidth broadening,
respectively) along the gray dashed line. This is the
stealthiness transition: As described above, we expect a
sharp increase in scattering at precisely k, = K/2, which is
exactly the minimum wave number for which single-
scattering event can occur as a result of the imposed
disorder. In other words, the stealthy-hyperuniform disor-
der does not support elastic scattering between modes
where |k| < K/2. As a result, the linewidth does not
broaden at the leading order in the scattering expansion
(green region). Past this critical value, scattering sets in, and
we immediately observe strong linewidth broadening

(orange region). It is clear from the plot that there is a
high degree of noise for low k,; this is because the
linewidth is very narrow or vanishing there as a result of
the symmetry-protected BIC, as discussed above, making it
difficult to extract the linewidth reliably. The experimental
results of Fig. 3(a) may be directly compared to our
theoretical predictions based on the single-scattering theory
described above, as shown in Fig. 3(b), and as discussed in
Appendix E; clear agreement is evident between theoretical
predictions and experimental results.

The spectral density dictates the degree of scattering
to leading order in the disorder. Figure 3 clearly shows
that the stealthy hyperuniformity of the disorder largely
governs its scattering behavior as a function of wave
vector k and cutoff wave number K for fixed disorder
strength w,. Examining the behavior of the excess line-
width as a function of degree of disorder gives insight into
both the effect of stealthiness as well as the extent to
which multiple scattering enters [i.e., beyond the leading-
order scattering term in Eq. (2)]. In Fig. 4(a), we plot
excess linewidth as a function of disorder w, and the
component of the wave vector in the x direction k,. The
linewidth is normalized by the square of the disorder w}
because we expect a quadratic dependence on the disorder
for leading-order scattering. For increasing k,, we clearly
observe the phase boundary (dashed vertical line), cross-
ing over from weak scattering (green region) to stronger
scattering, associated with larger linewidth (orange). As in
Fig. 3, in the regime of small k,, it is difficult to extract
the linewidth due to the BIC, causing the data to be noisy
and unreliable there. Furthermore, for weak disorder
(wy < 0.05) the imposed disorder is on the scale of the
intrinsic fabrication disorder, leading to increased relative
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FIG. 4. Dependence of excess linewidth on disorder w, and k,. (a) Experimental and (b) theoretical phase diagrams showing the
extracted excess linewidth normalized by the square of the disorder w3 as a function of wave vector k, (along k, = 0) and degree of

disorder wy at fixed cutoff wave number K = 0.3[2z6~!]. The linewidth is proportional to w3 to the leading order, and the stealthiness
transition is clearly observable (dashed line).

error; this is enhanced in Fig. 4 because we normalize the We now turn our attention to the effect of non-
enhanced linewidth by wj. In the stealthy regime at left, ~ Hermiticity, specifically the fact that the effective mass
there is a clear increase of normalized scattering with  is not purely real. Figure 5(a) shows the experimental data
increasing w, (becoming more yellow), indicating the  and theoretical results of the excess linewidth at K =
effects of multiple scattering. This increase implies  0.3[2zb~!] for wy = 0.2. As predicted by the leading-order
multiple scattering because it corresponds to scaling with  theory in Eq. (2), the excess linewidth before the transition
disorder at orders higher than O(w3). This is to be directly ~ k, < K/2is strictly zero when the effective mass is real and
compared to Fig. 4(b), the theoretical prediction using  grows sharply after k, > K/2. However, we observe in
single-scattering theory (Appendix E), in which there is  both experiment (blue dots) and theory (red line) that the
no such increase of scattering. The theoretical calculation  excess linewidth is not zero but finite in the stealthy regime.
of the dependence of linewidth on disorder based on = Moreover, the transition in the experiment is not as sharp
multiple scattering is beyond the scope of this paper and  as in theoretical calculations. These are caused by non-
represents an open question to theorists of hyperuniform  Hermiticity arising from the imaginary part of the effective

disordered systems. mass, as we explain below.
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FIG.5. Non-Hermitian effects on excess linewidth due to scattering by the disorder. Experimental (blue dots) and theoretical (red line)
excess linewidth as a function of (a) wave vector k, (along k, = 0), (b) cutoff wave number K, and (c) degree of disorder wy. We fix
wo = 0.2 and K = 0.32zb~'] in (a), wy = 0.2 in (b), and K = 0.3[2zb~!] in (c). The excess linewidth is averaged over a finite range
k, €0.045,0.09][2zb~"] in the stealthy region in (b) and (c). The higher excess linewidth in the experimental results is attributable to
higher-order scattering. The error bars in the figure are defined as the uncertainty of the linewidth when fitting the experimentally
measured resonance spectrum line shape to a theoretical model. More details are given in Appendix F.
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Recall that in the Hermitian case, allowed single-
scattering events are from one point on the IFC to another
with the same energy. In the non-Hermitian case, however,
the isofrequency contour is effectively broadened because
energies will, in general, be complex and, therefore, have
some finite linewidth. Therefore, there may be scattering
between states that have different real parts of their energy.
An alternative way to understand the origin of the non-
Hermitian effect is directly Eq. (2): When the effective
mass is real, both Ey and Ey 4 in Eq. (2) are real, so only if
Ey = Ey,4 can we obtain a nonzero imaginary part of the
self-energy. However, when the effective mass is complex,
we get a finite contribution to the imaginary part of the self-
energy even when Re(Ey) # Re(Eg.,). We show more
detailed calculations in Appendix D that the imaginary part
of the self-energy in the stealthy regime is proportional to
the imaginary part of the effective mass Im(m), clearly
showing the effect of the non-Hermiticity.

To quantify the effect of non-Hermiticity in the stealthy
regime, we extract the excess linewidth and compare the
experimental data to the theoretical predictions, which are
discussed in Appendix E. We average the excess linewidth
over a small interval near I': k, €[0.045,0.09][2zb~'] in
order to eliminate the influence of the BIC and reduce
fluctuations in the experimental data. Figure 5(b) shows a
comparison between the experimental data and the leading-
order theoretical prediction [calculated using Eq. (2) with
the complex effective mass extracted from the clean lattice]
when we sweep the cutoff wave number K with fixed
degree of disorder wy, = 0.2. Here, only the results for
K > 0.18[27b~"] are shown because we require the aver-
aging interval to be completely within the stealthy region
with k, < K/2. We observe strong quantitative agreement
between the experimental data (blue dots) and the theo-
retical prediction (red line). The experimental excess line-
width is generally slightly higher than the theoretical
prediction, which we attribute to the effects of higher-
order scattering. Figure 5(c) shows the results of sweeping
the degree of disorder w, while keeping a constant value for
K = 0.3[2zb~']. The experimental data are consistent with
leading-order theory for small disorder (wy < 0.2). For
large disorder, the experimental excess linewidth grows
faster than O(w3) due to higher-order scattering. Upon
incorporating a fitted O(w{) term [next order in the
scattering expansion, scaling as O(p?)] within the lead-
ing-order theory, we again observe very good quantitative
agreement between experimental data (blue dots) and
theory (black line).

In conclusion, we used large silicon photonic crystal
slabs exhibiting stealthy-hyperuniform disorder to exper-
imentally probe the transition to stealthiness and the effect
of non-Hermiticity in the form of complex effective mass.
By using linewidth as an experimental probe of the self-
energy associated with scattering, we could directly mea-
sure the strength of scattering as a function of momentum

and energy. While the measurement of linewidth in this
work was dependent on having underlying photonic crystal
bands, such a measurement is still possible with nonlattice
structures by using a prism or grating coupler and treating
the structure as a perturbation on free space. We observed
scattering in the stealthy regime that was directly propor-
tional to the imaginary part of the effective mass as well as
to the square of the disorder, indicating that this was indeed
a non-Hermitian leading-order effect. Furthermore, we
found that as we increased disorder, we observed increased
scattering in the stealthy regime over and above the non-
Hermitian contribution, which we attribute to multiple
scattering within the slab.

While we have used a particular photonic crystal
structure as an underlying basis for adding stealthy-
hyperuniform disorder, we believe that the broad conclu-
sions regarding multiple scattering and non-Hermiticity
that we have drawn here are general and apply to any 2D
stealthy disordered system, whether continuous medium,
two-phase amorphous medium, or others. The justification
for this can be explained as follows. We have shown that
the disorder imposed on the crystal can be treated as a
perturbation described by a potential function, as charac-
terized in Appendixes A and B, and justified theoretically
and experimentally in Ref. [40]. This potential, which is
statistically isotropic (up to the pixel level), was used to
describe the scattering behavior extremely well, with strong
agreement between theoretical predictions and experimen-
tal results, as described above. The method of theoretical
analysis used here was very general and can be applied
equally well to a disorder configuration of arbitrary
statistics. This strongly suggests that our broad conclusions
apply to a range of stealthy-hyperuniform configurations,
and that the lattice essentially only serves to provide the
photonic bands from which we can extract linewidths, as a
measurement of the degree of scattering via effective
optical loss.

Because of their large system sizes, photonic crystals can
be used to probe further effects of hyperuniformity on wave
transport, including in the nonstealthy case when scattering
goes smoothly to zero at long wavelength. They may also
be useful in observing Lifshitz tails for measuring rare-
region statistics. The exploration of strongly spatially
correlated disorder can potentially lead to an understanding
of new phenomena in the transport and localization proper-
ties of waves across a wide range of settings, including
electronic, photonic, acoustic, and hybrid wave systems,
such as polaritons of different types. Because of the
combination of large system sizes and customizability,
photonic crystals in two and three dimensions provide an
ideal testing ground for new physics of this kind that lies
beyond the capabilities of numerical simulation.
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APPENDIX A: FORMALISM AND NOTATION:
FROM DISORDER TO PHOTONIC CRYSTAL

In this appendix, we will introduce the notation of
disorder and the basic formalism for adding disorder in
the context of photonic crystals.

In a 2D photonic crystal slab, the eigenmodes are
described by Maxwell’s equations:

,CHk - Eka, (Al)

where £ = V x [¢(x)~!V x -] is the Maxwell operator with
e(x) the dielectric function, k = (k,, k) is the 2D lattice
quasimomentum, Hj is the magnetic field profile of the
eigenmode, and Ey = (wy/c)? is the energy of the eigen-
mode, where wy, is the eigenfrequency of the mode and c is
the speed of light. Two-dimensional photonic crystal slabs
have both guided (i.e., bound) and radiative (i.e., resonant)
modes that are below and above the light line, respectively
[42]. In our work, we focus on radiative modes that are
above the light line, centered on k =TI = (0,0). The
radiative loss associated with these modes (as well as
the absorption loss, which is significantly smaller in our
system) may be treated as an imaginary part of the energy
Ey in the 2D description. From this point onward, we refer
to this imaginary part of Ey in the clean (periodic without
disorder) case as “intrinsic loss” to distinguish it from the

extra scattering loss caused by the disorder.
|

The Green’s function in the clean case can be defined as

1

0 _
Gk.k’(E) = (Hy E—L +i0" Hy), (A2)
and the spectral function is
AR(E) = Im (G} i (E)). (A3)

For simplicity, the i0T term is omitted from this point
onward. From Eq. (Al), we can see that the spectral
function can be written in terms of the real and imaginary
parts of the energy Ey:

AY(E) = Im(E _lEk)

Im(Ey, )
[E — Re(Ey )] + [Im(Ey)]*’

(A4)

which means AQ(E) forms a Lorentzian line shape
where the peak is centered at E = Re(Ey ), with linewidth

Then, a weak disorder V(x) that breaks the translational
symmetry is added to the system; in other words, k is no
longer a good quantum number. The spectral density of the
system can be defined as

p(a) = (V(a)V(=a)) .

where V(q) is the Fourier component of V(x) correspond-
ing to momentum ¢, and (-) 4, represents the average over
disorder configurations.

According to disorder theory [43], the averaged Green’s
function can always be written in terms of self-energy:

(A5)

1
(E - Ey) - Zk(E)

<Gk,k (E)>dis = (A6)

where Xy (E) is the self-energy:

N:Ny zq:Gﬁm.km (E)p(q) +0(p), (A7)

I (E) =

where N, and N, are the numbers of unit cells in the x and y
directions. The first term is the leading-order contribution
proportional to the spectral density j(q), which represents a
single-scattering event from k to k + . The next term is
O(p?), which represents double-scattering events, and so on.

From Eq. (A6), the spectral function in the disorder
system becomes

Im(Ey) + Im(Z (E))

Ay (E) = Im (G (E)) i =

[E —Re(Eg + Zi (E))]* + [Im(Ey + Z (E))]*

(A8)
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After adding disorder, the spectral function still has
a Lorentzian line shape, but the center energy is
shifted to E = Re(Ey) + Re(Zk(E)), with linewidth
—2Im(Ey) —2Im(Zy (E)). Compared with Eq. (A4), we
can see that the width of the peak is broadened from
—2Im(Ey) in the nondisordered case (which is referred to
as intrinsic linewidth) to —2Im(Ey) —2Im(Z (E)) after
adding disorder. We refer to the extra linewidth,
—2Im(Zy (E)), as the linewidth broadening or excess
linewidth, which is directly caused by the scattering loss
from disorder.

The energy E) and the frequency @y can be written in
their real part and imaginary part: Ey = E, + iE; and
wx = w, + iw;. Given that Ey = (w/c)? and assuming
that w, > w;, we get

2
E =", (A9)
&
2m,0;
E =7 (A10)

In order to find the center wavelength (4,) and linewidth
(A1) of the mode, we notice that the ratio between the
linewidth and the resonant value remains the same in
wavelength and frequency:

Ad_|Ae
107600

W;

(5

, (Al1)

/10:%.

- (A12)

Writing the linewidth of wavelength A in terms of
energy, we find

27Z'Ei

M=="55

(A13)

In the limit of weak disorder, the real part of the intrinsic
energy is much larger than the real part of the self-energy;
that is, Re(Ey) > Re(Z (E)) o || V|, where ||V|| repre-
sents the degree of disorder. In this limit, the excess
linewidth in wavelength can be calculated from the self-
energy and the intrinsic energy as

27 Im(Z (E))

Ade =~ 32

(A14)
E=Re(Ey)

Next, we will use Eqs. (A7) and (A14) to calculate the
excess linewidth, for different band dispersions, spectral
densities, and approximations.

APPENDIX B: FOURIER FILTERING AND
SPECTRAL DENSITY

In this appendix, we will introduce how the stealthy-
hyperuniform disorder configuration is generated by the
Fourier filtering method and calculate the spectral density
p(q) as a function of disorder.

In the experiment, our goal is to generate a stealthy-
hyperuniform disorder pattern such that

5(q) =0 ¢g<K
pq{#O q>K,

(B1)
where ¢ = |q| is the magnitude of q. In other words, we
want to create a circular scattering-free region in the
Brillouin zone described by all q satisfying

0<g<K. (B2)

Here, K describes the size of the stealthy region in the
Brillouin zone; therefore, we call it the cutoff wave number.
In this appendix, only the case K < 1[(27)/a] is consid-
ered, so the stealthy region is always a complete circle in
the first Brillouin zone.

Positive

0.5 Max
LI X] XX 9|
o (L LN ] ...2
> 0 0.0
o
3
o
i
o o o 00 -
I . °:0 0.5 o

0.5 0.0 0.5
ky [2ma71]

0000000

Local potential
ky [2ma~t]
V]2

X Negative

Positive

o
Local potential

Negative

(c) (d)

FIG. 6. The Fourier filtering method. (a) Local potential
configuration with uncorrelated disorder. The color and the size
of the holes represent the local potential change at each site with
respect to the periodic (without disorder) case. Only an area of
20 x 20 unit cells is shown. (b) The discrete Fourier transform of
the disorder pattern in (a). (c) The Fourier filtering method is used
to manually filter out the Fourier components in the stealthy
region and create a circular scattering-free region (yellow area).
(d) Inverse Fourier transformation is used to convert (c) into a real
space disorder configuration.
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Figure 6 shows the Fourier filtering method [39] used
in the experimental samples to generate such stealthy-
hyperuniform disorder patterns in Eq. (B1). We start from a
random discrete potential disorder configuration in a square
lattice such that the potential difference V;; at each site
(1, ) is randomly and uniformly selected from the range
[-V, V], where V represents the degree of disorder:

Vi j~U(=V.,V), (B3)

where U denotes a uniform distribution. Then, the Fourier
component of the local potential V;; is calculated by
discrete Fourier transform as shown in Fig. 6(b):

§ e—i(lkxa{jk".a)vl )
J

/NN, 7

V(k) = !

(B4)

Note that V;; €R, which means V(-k) = (V(k))*, or
equivalently, V(-Kk)V(k) = |V(K)|>.

Since the local potential V, ; at different sites (1, j) are
independent and drawn from a uniform distribution,
V,j~U(=V,V), it is straightforward to prove that both
the real part and the imaginary part of V (k) satisfy a normal
distribution for large system size N, X N,:

Re(V(k)) ~N<0,é\/2), (B5)
Im (V(k)) ~N(0,év2), (B6)

where N denotes a normal distribution. Therefore,
p(a) = (V(=q)V(a)) = (V(Q)]*) = %Vz- (B7)

Next, all the Fourier components V(k) in the stealthy
region k < K are manually set to zero, so a circular scatter-
free region is created as shown in Fig. 6(c):

- 0 k<K
Vik)=1 - (B8)
V(k) k>K.
Here, V'(k) denotes the Fourier component after the
Fourier filtering. After the filtering, p(q) remains the same
outside of the stealthy region, but becomes zero when
g <K:

(B9)

ﬁ(q)z{o 7=t

V2 g>Kk.

Finally, the inverse discrete Fourier transformation is
performed to transform V' (k) back into real space as shown
in Fig. 6(d):

V. = 1 ei(lkxa+jkya) V/(k).

l.j /NxNy o

Since the filtering in Eq. (B8) does not change the fact
that V/(—k) = (V'(k))*, the local potential after the filter-
ing is still a real number: V; ; €R.

For a stealthy-hyperuniform pattern, the stealthiness
parameter y is defined as the ratio between the constrained
degrees of freedom and the total degrees of freedom. For
the stealthy-hyperuniform pattern we generated by the
Fourier filtering method described in Egs. (B9) and (B10),
it is straightforward to prove that

a\?
x=n <K 27[) .

Since we require K < 1[(27)/al, only y < (n/4) is
considered in this paper.

Next, we translate the idea of a “local potential” outlined
in the first part of Appendix B to the context of the photonic
crystal with dielectric function &(x). Figure 7(a) shows the
photonic crystal slab structure used in the experiment. The
structure contains circular air holes arranged to form a

(B10)

(B11)

0.5 . ;_ ...... _: 105
04 105
= I‘S 0.31" Il ST
— 0.0 = b o 3
> N0.2{ ™, < ot g
3
0.11 102
. 0.0 N S 1
0.5 xofgl 0.5 205 025 00 025 05
ky [2ma—1]
(a) (b)
0.5
N E—
; [ — S
5 0.3
N o2 e
3
0.1
10! 0.8 09 10 11 1.2

0.0 —
-0.5 -0.25 0.0 0.25 0.5
ky [2ma—1]

(c) (d)

r/ro

FIG.7. The method to add disorder into a photonic crystal slab.
(a) The unit cell (in the x-y plane, z is the out-of-plane direction)
of our photonic crystal slab. The structure contains a circular air
hole (¢ = 1.0) with ry = 0.32a in a square lattice, where a is the
lattice constant. The slab is made of silicon (¢ = 12.11) with
thickness 7 = 0.35a and sits on top of a silica substrate
(¢ =2.25). (b) The simulated band structure of (a) along the
ky, = 0 line, but with r = 0.9r5 = 0.288a. Only the transverse-
electric-like modes are shown. (¢) The simulated band structure
of (a), but with r=1.1rg =0.352a. (d) The tip energy
[E = (w/c)?] of the quadratic band as a function of air hole
radius (blue dots). The red line shows the linear approximation
near r = ry.
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square lattice in a silicon slab. The structure hosts an
isolated quadratic band in the vicinity of k =1I". We find
that the band tip energy changes as we vary the radius of the
air hole. In Fig. 7(b), the radius of the hole is reduced to
r = 0.9r,. The band tip energy decreases to E, = 6.13a~>
(compared to E, = 6.48a~% at r = r;). While in Fig. 7(c),
as the radius expands to r = 1.1r, the band tip energy
increases to E, = 6.95a72. More generally, we show in
Fig. 7(d) that the tip energy increases as the radius of
the hole increases. In Fig. 7(d), we can see that for
weak disorder (i.e., [(r,; — ry)/ro] < 1), the tip energy
approximately increases as a linear function of r (red
line). The simulation results are obtained by using
the guided mode expansion method as implemented
in the open-source software package LEGUME [34],
which uses a computational framework similar to the
formalism described in Ref. [33], based on reso-
nant modes.

The above result indicates that a potential disorder can
be added to a photonic crystal by varying the radii of the
holes r;; at each site (1, j), such that the local potential
(which is defined as the tip energy corresponding to r; ; in
the periodic structure) V, ; forms a pattern that is generated
by Fourier filtering in Eq. (B10). In the experiment, the
degree of disorder w is defined as the variation range of the
local potential before the Fourier filtering:

Vl,j (S [EO — WVO, EO + WVO], (BIZ)

where V|, describes the linear relation between the local
potential and the radius of the hole in the photonic crystal
slab:

Vo =2.03a2,

i B13
Ars02AF/ 7 (B13)

so the radii are in the range of ry[l —(w/2)] <
rl,j S 7'0[1 + (W/Z)}
Comparing Eq. (B12) with Eq. (B3), we directly obtain

the spectral density under disorder w by replacing the V in
Eq. (B9) with wV:

~ 0 qg<kK
Pla) = %WZV(Z) q> K.

Because of the properties of the discrete Fourier trans-
form, p(q) should be periodic in both the ¢, and g,
directions:  p(q. +[(27)/al.qy) = p(q.. 4, + [(27)/a]) =
p(qy.qy). The variance of the potential after the filtering is

(B14)

Var(V, ;) = % <1 - n<1<2ﬁ>2)w2vg. (B15)

T

The variance depends on the cutoff wave number K.
Therefore, in order to keep the variance the same for

different values of K, the disorder w at each K should be
different, such that

1
W(K) = — ey,

1 —n(K$)?

(B16)

where w is the degree of disorder normalized at K = 0 to
have the same variance. In the experiment, when K is
swept, the variance of the potential in real space remains the
same (that is, keep w, the same) for each individual K

sample, such that w(K) = [1/ 1 — z(K£)*|wy is larger

for larger K. We explain the reason in more detail in
Appendix E. From this point onward, the normalized value
wy is used to quantify the degree of disorder unless
otherwise specified. The spectral density in Eq. (B14)
becomes

0 qg<kK

pla) = wive
3[1-n(k )]

.o K (B17)

APPENDIX C: EFFECTS OF DISORDER FOR A
HERMITIAN QUADRATIC BAND

In this appendix, we analytically calculate the excess
linewidth due to scattering loss by disorder when we have a
Hermitian quadratic band in a lattice system.

For a Hermitian quadratic band in a lattice, the energy
dispersion is

1 T T
Ek:EO—%(k)%-f—k%) <—Z<kx,ky<a>, (Cl)
where a is the lattice constant, £, € R is the energy of the
tip of the quadratic band, and m € R is the effective mass.
In the experiment, Re(m) > 0, so we also require m > 0 in
the following derivation. Since we are in a lattice system,
the band should be periodic under k, — k, + [(27)/a]
and k, = k, + [(27)/al.

We can see from Fig. 7(b) that the photonic band in our
experimental structure is an isolated and isotropic quadratic
band in the vicinity of k =TI', so from this point onward,
we will make the approximation to treat our photonic band
in the experiment as a quadratic band described in Eq. (C1)
in the whole first Brillouin zone. However, our photonic
band is not a perfect quadratic band, especially near the
edge of the first Brillouin zone. In other words, the
quadratic approximation is valid only in the vicinity of
k =T, but breaks down when k is away from I'. In the
experiment, we only focus on the excess linewidth
near k =T, so the above quadratic approximation is
always valid.
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The Fourier filtering method outlined in Appendix B is
used to generate the stealthy-hyperuniform potential dis-
order configurations. According to Eq. (B17), the spectral
density is

0 qg <K
wgVo

(C2)
3| 1-n(kg)]

q>K,

where w, represents the degree of disorder, K is the cutoff
wave number, and V, describes the linear relation between
the local potential and the radius of the hole in the photonic
crystal slab.

Note that for large system size,

lezvyzq: - <2i>2 // dq. (C3)
From Egs. (A7), (C2), and (C3), we get
2 (E) | g=re(s,.)
- % (%)2(20 ~%y).  (C4)

1
Ly = / / ——————dq.dgq,. (C5
’ —-n/a<qy.q,<n/a Re(Ey) — Ey g Y (©5)

1
Too = — —  dgq.dgq,. (C6
0 /A<q<K Re(Ek) - Ek+q 1 qy ( )

The %, in Eq. (C5) has a square integration region. In
order to get a simple analytical result, we make the
approximation of changing the square region into a circular
region:

T T
= <40y <P 0<q < G, (C7)

where ¢ = (1/v/7)[(27)/a], so the area of the region
remains the same. This approximation is valid because we
focus only on small k£ in the experiment, where the
imaginary part and most of the real part in the integral
in Eq. (C5) arise from the points of q satisfying
|k + q| = k, which are far away from the boundary of
either the circular region or the square region.
Hence, Eq. (C5) becomes

1
’ /\/0<q<q1nax Re(Ek) - Ek+q 4 q) ( )

We then analytically calculate the integrals in Egs. (C6)
and (C8). The final result is

Im (2 (E) |E=Re(Ek) )

0 k<X

) = arecos (2—’2) k>X. (©9)
3n | 1-n(K )2
Then, according to Eq. (A14), we finally get
0 k<X
Aﬂk = 2mwpVia® _arccos <2_I§{) k> g (ClO)
3| 1-n(kg)? | E)?

Here, since in our experiment, E, > [k*/(2m)], we
replace Re(Ey) in Eq. (C10) with E,. Next, our analytical
result is verified by comparing Eq. (C10) with the numeri-
cal summation result calculated from Eq. (A7). The
parameters in the numerical summation are set as realistic

6 6 T
+  Numerical summation
_5 .51 — Analytical calculation
£ £
S4 =
s s
5 ]
33 «  Numerical summation =3
2 —— Analytical calculation 2
w2 w2
@ a
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&1 &1
0 0] seveeeseesd
0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 0.25
ky [2ma1] kx [2ma~1]
(a) (b)
6 T 6
* Numerical summation +  Numerical summation
.51 — Analytical calculation .51 — Analytical calculation
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0 o
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FIG. 8. The comparison between analytical calculation [ob-

tained from Eq. (C10)] and numerical summation [calculated
from Eq. (A7), with system size N, = N, =400] along the
ky, = 0 line in the Brillouin zone. The degree of disorder is fixed
at wy = 0.2. The values of cutoff wave number K are (a) K = 0,
(b) K = 0.1[(27)/a], (c) K = 0.2[(27)/a], (d) K = 0.3[(2x)/a],
(e) K = 0.4[(27)/al, (f) K = 0.5[(27)/a]. The black dashed line
signifies the excess linewidth transition at k = (K/2).
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parameters in the experiment: lattice constant @ = 629 nm,
band tip energy E,=7.11a72, potential coefficient
Vo = 2.03a72, and effective mass [1/(2m)] = 0.579.

Figure 8 shows a comparison across different K at a fixed
degree of disorder w,. We find good quantitative agreement
between the analytical and numerical summation results.
A transition in the excess linewidth at k = (K/2) has
been observed: The excess linewidth is strictly zero when
k < (K/2) and then increases sharply after k > (K/2) as
an arccos function. It is also worth mentioning that when
K = 0, the disorder is uncorrelated, so it reduces to the
random disorder case.

APPENDIX D: EFFECTS OF DISORDER FOR A
NON-HERMITIAN QUADRATIC BAND WITH
COMPLEX EFFECTIVE MASS AND ENERGY

In this appendix, we will analytically calculate the effects
of disorder under a non-Hermitian quadratic band with a
complex effective mass.

In Appendix C, we consider a Hermitian quadratic band
in a lattice system:

1 b2 b4
Ek :EO—%(k/%“—kg) <—5< kx?ky <E>, (Dl)

where the tip energy E, € R and the effective mass m € R.
However, this is not the case for our photonic band.
Because of the symmetry-protected bound state in the
continuum at " in our photonic crystal structure, the
photonic modes in the vicinity of I" experience an out-
of-plane radiative loss in the order of O(k?) [37]. This
means that the eigenenergy of the photonic mode is no
longer a purely real number, but has a finite imaginary part

212 2 K Ky2_
WOV0a 2k + (ZA) 1

proportional to k%, which is equivalent to treating the
effective mass m as a complex number with a nonzero
imaginary part. Moreover, we also find an absorption loss
that is uniform for all k in the experiment, indicating that
the tip energy E; is also no longer a real number but a
complex number. In this appendix, we will consider this
scenario, 1.€.,

EO :Er+iEi, (D2)

m=m, + im;. (D3)

We assume E; < E, and m; << m, so only the leading-
order effect of the imaginary part is considered. In
our experiment, E, >0, E; <0, Re[l/(2m)] > 0, and
Im[1/(2m)] > 0, so m, > 0 and m; < 0.

We follow the same derivation as from Egs. (C3)—(C8),
but we make an additional approximation in Egs. (C6)
and (C8):

2

Re(Ey) = Ey — i<E,- —Im <2k—m)) ~E.. (D4)

The approximation in Eq. (D4) has been made mainly in
order to obtain a tractable and interpretable analytical
result. The approximation is valid because E; =
—0.0075a7? is very small in our experiment (corresponding
to |E;/E,| = 1.05 x 1073 < 1), and we focus only on the
excess linewidth near I" (which means small k) so the term
Im[k?/(2m)] is also small.

Then we apply the approximation in Eq. (D4) to
Egs. (C6) and (C8), and analytically calculate the integrals
with the band parameters in Eqgs. (D1)-(D3). The final
result is

__wr k<X
3n | 1-(k2)? | i ["‘z"k (”'5‘,?*)2—1] 2
Im(X,) = D5
m( k) W%V(Z)a2 K 1 Gmax Gmax 2 1 k K ( )
73]1[1_”(1(21)2] m, X arccos (ﬂ> —m; X In |5+ (T) — > 5.
According to Eq. (A14), we find
L e [*;kKﬂ/(:&T] k<K
3| 1-a(kg?| £} £+V/&P-1
2W(ZJ Véaz K 1 dmax Imax 2 1 k K
W m, X arccos %)~ m; X In Sk =+ 2k — > 2

Next, our analytical result is verified by comparing Eq. (D6) with the numerical summation result calculated from
Eq. (A7). All the parameters are taken from the experiment: lattice constant a = 629 nm, band tip energy

E, = (7.11 — 0.0075i)a"2, potential coefficient V = 2.03a~>

, and effective mass [1/(2m)] = 0.579 + 0.121..
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FIG. 9. The comparison between analytical calculation [ob-
tained from Eq. (D6)] and numerical summation results [calcu-
lated from Eq. (A7), with system size N, = N, = 400] along the
ky, = 0 line in the Brillouin zone. The analytical result when we
consider only the real part of the effective mass [obtained from
Eq. (C10)] is also shown in the figures. The degree of disorder is
fixed at wy =0.2. The values of cutoff wave number K
are (a) K=0, (b) K=0.1[(27)/a], (¢) K =0.2[(2x)/a],
(d) K =0.3[(2x)/a], (e) K=0.4[(27)/a], (f) K = 0.5[(2x)/a].
The black dashed line marks the excess linewidth transition at
k= (K/2).

Figure 9 shows the comparison across different values of
K while fixing wy. When the effective mass and the tip
energy become complex, the Hermitian theory (black line)
cannot capture all the behaviors in the excess linewidth,
especially in the stealthy region k < (K/2). The difference
between them is largely corrected by our non-Hermitian
theory (red line). However, the consistency between the
analytical result (red line) and the numerical summation
(blue dots) is not as good as in the Hermitian case. This is
mainly due to the additional approximation we have made
in Eq. (D4). As a result of Eq. (D4), we decrease the
imaginary part of Re(Ey)— Ey.q Wwhen Re(Ey)=
Re(Ey4) (Where the maximum scattering intensity is),
which causes the transition at k = (K/2) to be sharper in
the analytical result than in the numerical summation. We

observe this effect in the experiment: The transition in the
experimental data is always smoother than the theoretical
prediction. It can also explain why the consistency is
generally better for small k than for large k, that the
approximation E; —Im[k?>/(2m)]~0 is more valid for
small k. We also notice that the analytical result at small
k when K = 0 deviates from the numerical summation.
This is because of the nonzero imaginary part of the band
tip E;. When K is small, the k near the transition point
k= (K/2) is also small, so the dominant part of the
intrinsic linewidth is E; not Im[k?/(2m)], which causes
the effective mass approximation to be less valid. We also
observed this effect in the experiment: The excess linewidth
at small wave vector k in small cutoff wave number K
samples is always smaller than the theoretical prediction.
From Eq. (D6) and Fig. 9, we can see the following.
(1) The transition point still occurs at k = (K/2) in the
case of complex effective mass and band tip energy.
(2) Compared to Eq. (C10), the excess linewidth before
the transition k < (K/2) is no longer zero, but a
finite value proportional to m;, which clearly shows
that the origin of the non-Hermitian effect is the
imaginary part of the effective mass.
(3) Inthe stealthy region, the k dependence in A4y is not
very sensitive, so it can be estimated by Ay |;_o:

2772 42
2wyViod m; X In (qma").
3[1 - a(k 22| B K

(D7)

Ay |1<=0 ==

(4) With the presence of non-Hermiticity, the transition
at k = (K/2) becomes smoother compared to the
Hermitian case. The transition in the numerical
summation without approximation is even smoother
than the non-Hermitian theory.

Figure 10 qualitatively explains the origin of non-
Hermitian effects. Figure 10(a) is similar to Fig. 2(d) in
the main text, which shows a quadratic band. In the
Hermitian case, as discussed in the main text, the isofre-
quency contour forms a circle without any width. However,
in the non-Hermitian case, due to the nonzero imaginary
part of the energy, the paraboloid has finite linewidth in the
energy direction, or equivalently, it has finite “thickness” in
k space. In other words, the isofrequency contour is no
longer a circle without linewidth [like Figs. 2(e) and 2(f) in
the main text], but a faded ring with thickness as shown in
Figs. 10(b) and 10(c). As a result, even when the whole
isofrequency contour itself is blocked by the scattering-free
region, such that the scattering from one point to any other
point on the isofrequency contour is forbidden, the scatter-
ing to k points out of the scattering-free region is allowed
because it is on the “tail” of the isofrequency contour (faded
ring). This can be understood as scattering from one point
on the isofrequency contour to another (which is outside of
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FIG. 10. The origin of the non-Hermitian effect. (a) [llustration
of isofrequency contours of a quadratic band. A quadratic band
(the pink paraboloid) is intercepted by two equipotential surfaces:
one close to the band tip (the green surface), the other is far away
from the band tip (the blue surface). (b) An illustration of possible
scattering paths under stealthy-hyperuniform disorder before the
transition k < (K/2). The solid green circle is the isofrequency
contour, similarly to (a). The blurry ring represents the effective
linewidth in k space. The dashed red circle is the scattering-free
region quantified by cutoff wave number K. The arrows with
(without) the “x” denote the prohibited (allowed) scattering
paths. (c) An illustration of possible scattering paths after the
transition, i.e., for k > (K/2).

the stealthy region) on another isofrequency contour with
a different energy, because the energy is no longer
conserved in non-Hermitian systems. This is the reason
why the excess linewidth is no longer zero in the stealthy
region for the non-Hermitian case. When m; is larger, the
width of the faded ring becomes larger, so there are more
possible k points to scatter to and the excess linewidth
increases as m; increases. The same non-Hermitian
process occurs in Fig. 10(c). The excess linewidth
becomes larger compared to the Hermitian case after
the transition k& > (K/2) because it has more states into
which it can scatter.

This mechanism also explains why the linewidth tran-
sition becomes smoother in the non-Hermitian band. In the
Hermitian case, the isofrequency contour is a sharp line
without thickness. While the isofrequency ring in the non-
Hermitian case is still peaked at the circle, it has finite
thickness so the transition becomes smoother.

APPENDIX E: PERIOD TRIPLING AND THE
SECOND TRANSITION

In this appendix, we will introduce a structural modi-
fication that we call “period tripling” used in our stealthy-
hyperuniform photonic crystals. We will analytically
calculate the excess linewidth in this case and explain
the origin of a second transition induced by period
tripling.

Period tripling is implemented in the Fourier filtering
method while generating the stealthy-hyperuniform con-
figuration. Without using the period-tripling method, we
calculate the Fourier component of the local potential V (k)
with the use of every lattice grid point V/ ;:

_ 1 I
V(k) = Y eritkatibay, - (E1)

VNN, G5

We then use the Fourier filtering method to set the
Fourier components within the stealthy region to zero, and
perform the inverse Fourier transform of V (k) to generate
the disorder configuration in real space.

As we can see from Egs. (C9) and (D6), if the Fourier
filtering method mentioned above is applied, the excess
linewidth transition always occurs at k = (K/2). In the
experiment, due to the limitation of the range of accessible
angles in our setup, only the linewidth at small k (approx-
imately k < 0.1[(2r)/a]) can be measured without realign-
ing the setup. Moreover, the intrinsic linewidth at large
(k > 0.1[(27)/a]) is so large that it is difficult to measure
the linewidth (especially the excess linewidth) reliably and
precisely. However, if we measure the linewidth at small k,
atk < 0.1[(27)/al, we are not able to observe the transition
for K > 0.2[(27)/a] because k = (K/2) is beyond the
range of accessible angles in the experiment. According to
Eq. (B11), the maximum stealthiness we can get (when
K < 0.2[(27)/a]) is y < 0.126, which limits us to small
stealthiness and we are not able to investigate the behavior
of structures with a large stealthiness parameter.

We then seek a way to generate structures with a large
stealthiness parameter y, but still have a small transition
wave vector k = (K/2), which means small cutoff wave
number K. This is the motivation for period tripling.

Figure 11 explains how the period-tripling method is
performed. In the case of period tripling shown in
Fig. 11(a), we choose a supercell of 3 x 3 unit cells, and
calculate the Fourier component only with the use of one of
the nine lattice grid points in each supercell:

- 1 . ) .
Vlo-/o(k): WZe—zk,xa(3z+zo)-lk>.a(3j+m)Vyﬂﬂjjﬂ,o’
VAV T
(E2)
where [y, jo = —1, 0, 1 labels the nine unit cells in one

3 x 3 supercell. The local potential between different
subcells (g, jo) within a supercell (I, j) is independent
and uncorrelated. Then we filter out all the ¥/, ; (k) with
ly, jo =—1, 0, 1 in the stealthy region k < K to obtain
V o.j, (K), and inversely transform them back into real space
to generate the disorder pattern V7, +1,3j+j,- The Fourier

component of the whole structure is

Vik) =YV, . (k). (E3)

lo.jo

Figure 11(b) shows the spectral function p(q) after
applying the Fourier filtering method with period tripling.
A direct consequence is that p(q) no longer only has one
hole (stealthy region), but has 3 x3 =9 holes in the
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FIG. 11. The period-tripling method and the origin of the

second transition. (a) An illustration of how the disorder is
individually added to one site in a 3 x 3 supercell. The red dashed
lines show the 3 x 3 supercell. The color and size of the holes
represent the local potential change. Only 4 x 4 period-tripled
supercells are shown. (b) The Fourier component |V (k)|? of the
structure in (a). (c) The relation between the isofrequency contour
(green circle) and the scattering-free region (red dashed circles)
when k < [z/(3a)] — (k/2). The isofrequency contour does not
contact a second scattering-free region. (d) The relation between
the isofrequency contour (blue circle) and the scatter-free region
(red dashed circles) when k > [z/(3a)] — (K/2). The isofre-
quency contour is partially blocked by a second scattering-free
region.

first Brillouin zone. In other words, since the lattice
period is effectively tripled, p(q) has a different
periodicity compared to the band structure Ey,
that  p(q,+[(27)/(3a)l.q,) =p(q..q, +[(27)/ (3a)]) =
p(qr.qy),  while  E(k, + [(27)/a], ky) = E(ky, k,+
[(27)/al) = E(ky. ky).

We can define the lattice period b as b = 3a, which is the
lattice period of the 3 x 3 supercell. Then, using the same
argument as in Figs. 2(e) and 2(f) in the main text, the first
excess linewidth transition still occurs at k = (K/2), but
the stealthiness parameter y becomes

)(_77<K%>2IH<K§—Z>2. (E4)

We can see from Eq. (E4) that the stealthiness parameter
y under the same cutoff wave number K is effectively larger
after the period tripling compared to Eq. (B11). From this
point onward, we require y < (z/4), which means
<1[(27)/(3a)], so the stealthy regions are always

complete circles in the Brillouin zone.

In addition to the first excess linewidth transition at
k = (K/2), we also predict that there is a second transition
at k, = [z/(3a)] — (K/2) when k, =0. The reason is
explained in Figs. 11(c) and 11(d). In the first excess
linewidth transition, only the stealthy circle centered at
q = (0,0) is considered. When k becomes larger, the
isofrequency contour will touch other stealthy circles.
For positive k, with k, = 0, the second circle it will touch
is the one centered at q = (—[(27)/(3a)], 0). The minimum
k, for touching occurs at k, = [z/(3a)] — (K/2), which is
the origin of the second transition.

In general, as k increases, the isofrequency contour
eventually touches more scattering-free circles, so there
are even more excess linewidth transitions. Moreover,
the direction of k also influences the transition
position except for the first transition at k = (K/2). For
example, the second transition along k, =0 occurs
at k, = £{[z/(3a)] — (K/2)}, while the second transition
along k, = k, line occurs at k, = k, = £{[(¥)? — K?]/
(2K + 2 %)} For simplicity, we focus only on the second
transition along k,, = 0 with positive k,. In the experiment,
we also fix k, = 0 and sweep k.. The range of k, is not
large enough to observe the third or higher transition, so our
derivation is sufficient to explain the experimental data.

Next, we analytically calculate the excess linewidth in
the period-tripling case. Because of the period tripling,
Eq. (C2) needs to be modified as

0 min|q — q, ;| < K
~( ) 0+J0 (ES)
PqQ) = W%Vg )
N - > K
ewr] ik = sl > K

where [y, jo=-1, 0, 1, and q, ; = (,,[(27)/(3a)].
Jol(27)/(3a)]) are the centers of the circular stealthy
regions in Fig. 11(b), shown by red dashed circles.

As a result of multiple stealthy regions in the first
Brillouin zone, Eq. (D4) needs to be modified as

Zy (E)|p—re(r,)

e () (o). o0

lo.Jo

where

1
0= oy~ g d9<day, (BT
0 / /0<q<qm Re(Ey) — Ex.q q.dq,, (E7)

1
P :// ——————dq.dq,. (E8
ol 0<la—ay j <K Re(Ex) = Ex+q 5

Comparing Eq. (E6) with Eq. (C4), we can directly see
that only the [y = j, = 0 term X, is considered in the
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non-period-tripled case; all the &, ; terms with [y, j, =

We apply the same approximation as in Eq. (D4) to treat Re(E),)

—1, 0, 1 need to be considered in the period tripling case.

= Ey. In order to obtain an analytical and interpretable

result, we apply an additional approximation in Eq. (E8) to use the value at k, = 0 to approximate all the logarithmic terms

in Zlo-]b when (l(),jo) ?é (0,0)

UoSa+ k) + K

- K =\l 32

+ (o 3=+ ky)? + k2 — K*J?

—4K3[(Io )2 + (jo £ + k,)?]

2
(lo %Z)
In

~In ( B+ Jj§ )
B+ (K39?)

2k2

(lo- Jo) # (0,0),

23viatm r;z;w ()~ {
3/2 2
3[1 —n(K39? | E ] EY 2kx+\/ ) )*=1

Qmax ‘Imax
Zk(

ZWZV2 2
—m; X In

1
ﬂ“%%@*D

3[1-n(kiep] £

A/l(kx,()) —

— 2W2V2 2 qmax + qmax 1
3[1 It(K3")2:| 3/2 2/( 2k

szvzazm
+ 2= [ arccos (%) %arccos
3[1 r:(K“)J / v

The approximation in Eq. (E9) is valid because the
logarithmic terms are not sensitive to changes in k,,
especially because we focus only on a small range of k
near I. As mentioned above, we calculate the excess
linewidth along k, = 0 for positive k,. The final results
are shown in Eq. (E10).

Next, our analytical result is verified by comparing
Eq. (E10) with the numerical summation result calculated
from Eq. (A7). The parameters are set as the values they are
in the experiment: lattice constant a = 629 nm, band tip
energy Ey = (7.11 —0.0075i)a~2, potential coefficient
Vo =2.03a72, and effective mass [1/(2m)] =0.579 +0.121i.

Figure 12 shows the result of sweeping K while fixing
the degree of disorder w,. The difference between the
analytical result and the numerical summation mainly
comes from the approximation made in Eq. (D4). It makes
the transition smoother, especially for the second transition.
We can hardly identify the second transition when the
cutoff wave number K is small. Similarly to Fig. 9(a), we
find that the analytical result at small kK when K =0
deviates from the numerical summation calculation. This
is because of the nonzero imaginary part of the band tip E;
as we explained earlier. We also notice that the analytical
result in Fig. 12(f) appears to be discontinuous at
k, = (K/2). This is because of the additional approxima-
tions we have made in Eq. (E9).

We identified the second transition in some samples with
large cutoff wave number K in the experiment. The

FWMﬂ%WM*

T
3a
(Z—k,)?+k2-K>?
2(%” )c)kx

K K z _ K
+ m, X arccos (2]&) > <k, <{f—5

(E10)

E—kr 1/2

(%)
|: K3“ 2] 3/2 [1_%“(%)2] 2:| )

experimental data at K = 0.4[(2x)/(3a)] are presented in
Fig. 12(e). The experimental data (orange dots) agree very
well with the numerical summation calculation (blue dots),
and we can clearly identify the second transition at
k, = [z/(3a)] — (K/2). However, the second transition
1s not as clear as the first one. As we mentioned earlier,
due to the limitation in the range of accessible angles
in the experiment, only the excess linewidth for
k, €10,0.081][(27)/a] can be measured in our experimen-
tal setup. In order to obtain the excess linewidth for
higher k, (which means higher angle), we realign the
experimental setup and measure the linewidth in
k. €[0.067,0.162][(27)/a]. The final result is obtained
by combining the data from both angle ranges.
From Eq. (E10) and Fig. 12, we can see the following.
(1) The first excess linewidth transition occurs at
k, = (K/2), but the stealthiness parameter increases
to y = n[K(3a)/(27)]*>. Compared to the result
without period tripling in Eq. (B11), we successfully
obtain a small transition k, (which means small
cutoff wave number K) with large stealthiness
parameter y.
(2) Other than the first transition at k, = (K/2), we
observe a second transition at k, = [z/(3a)]— (K /2).
The second transition is induced due to the fact that
p(q) and E) have different periodicity. The second
transition is generally smoother than the first transition,
but is still possible to be observed in our experiment.
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FIG. 12. The comparison between the analytical calculation
[obtained from Eq. (E10)] and numerical summation results
[calculated from Eq. (A7), with system size N, = N, = 300]
along the k, = 0 line in the Brillouin zone. The degree of disorder
is fixed at wy = 0.2. The values of cutoff wave number K are
(@ K=0, (b) K=0.1[(27)/(3a)], (¢) K =0.2[(27)/(3a)],
d) K =03[27)/(3a)], (&) K=04[22)/(3a)], () K=
0.5[(27)/(3a)]. The black dashed lines mark the first and
second excess linewidth transition at k, = (K/2) and
k, = [x/(3a)] = (K/2). For K = 0.4[(2x)/(3a)], the experimen-
tal data are also shown in (e). The error bars are defined as the
uncertainty of the linewidth when fitting the experimentally
measured resonance spectrum line shape to a theoretical model
in Eq. (F1). More details are given in Appendix F.

(3) In the stealthy region, Al ) is not very sensitive to
to estimate the excess

k., so we can use Ady oy, _,
linewidth:
2w2V32a?
Ak, 0) |y =0 = ~ - m;
3 {1 - ﬂ(K%Z)Z] B

2\ 2
wIn|dmax (1 _ (g3
K 2w

Compared to Eq. (D7) in the non-period-tripled
case, the extra term of 2In{(1-[K(3a/27)]?)x
(1 -%[K(3a/2x)])*)} makes the excess linewidth slightly
smaller. This is because the additional stealthy regions in
period tripling suppress more possible scattering paths.

Next, the mean free path [, and the absorption path
length [/, are estimated.

For a non-Hermitian quadratic band in Eq. (D1), accord-
ing to Egs. (A9) and (A10), the group velocity is

aRe(O)k)
ok

. (E12)

c Re k
v, = = — .
2\/E, m
The mean free path is defined as the average distance
before a photon is scattered by disorder when there is no
intrinsic loss. It can be calculated as
L Vg _2mx Re(%)
" -Im(Awy)  ENPAN

, (E13)

where Awy, is the excess frequency caused by disorder, and
Ay is the excess linewidth obtained from Eq. (E10).

The absorption path length is defined as the average
distance a photon can travel in the slab before radiating in
the out-of-plane direction when there is no disorder. It can
be calculated as

o _ Re(d)
b= —Im?a)k) C—E; +Im(£)’ (E14)

2m

Figure 13 shows the mean free path /[, and the
absorption path length [, calculated from Egs. (E13) and
(E14), respectively. The band parameters are the same as

i i
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FIG. 13. The mean free path (red line) and the absorption path

length (blue line) at disorder wy = 0.2 and cutoff wave number
K =0.3[(27)/(3a)]. The mean free path is calculated from
Eq. (E13), and the absorption path length is obtained from
Eq. (E14). The black dashed lines mark the excess linewidth
transitions at k = (K/2) and k = [z/(3a)] — (K/2).
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FIG. 14. (a) Minimum excess linewidth and (b) maximum
excess linewidth in the range k, € [0, 0.1][(27z)/a] while k, = 0
for different values of K when the normalized degree of disorder
is fixed at wy = 0.2. The analytical calculation is obtained from
Eq. (E10), and the numerical summation result is calculated from
Eq. (A7).

experimental values: E, = 7.11a™2, E; = —0.0075a2, and
[1/(2m)] = 0.579 + 0.121i. We can see that the mean free
path has two sharp transitions, corresponding to the excess
linewidth transitions at k = (K/2) and k = [z/(3a)] —
(K/2) as predicted in Eq. (E10). Within the experimental
range, the mean free path is less than 50a, which is much
smaller than the system size of the sample (more than 103a)
used in the experiment.

Finally, we will explain why we choose to fix the
normalized degree of disorder w( rather than the degree
of disorder w when sweeping K in our experiment.

In the experiment, in order to compare the first transition
effect among samples with different values of K, we require
the excess linewidth in each sample with different cutoff
wave number K to be roughly the same. For example,
Fig. 3(a) in the main text looks good only when the excess
linewidths at the transition point in all K samples fall in the
yellowish color region, which means that they all have
similar excess linewidth.

Figure 14(a) shows the minimum excess linewidth, and
Fig. 14(b) shows the maximum excess linewidth in the
range k, €[0,0.1][(27)/a] (roughly our experimental
range) with the experimental band parameters listed above.
We can see that they have roughly the same minimum and
maximum excess linewidths for all values of K. Therefore,
we decide to fix the normalized degree of disorder wy [in
other words, keep the variance of the real space potential
Var(V, ;) the same] in the experiment while sweeping the
cutoff wave number K.

APPENDIX F: FABRICATION METHODS AND
EXPERIMENTAL SETUP

In this appendix, we will introduce the fabrication
methods and the experimental setup that characterizes
the modes of the photonic crystal slab.

For the fabrication of photonic crystal slabs, silicon-on-
insulator wafers from SOITEC were used, featuring a
silicon device layer thickness of 220 nm and a silicon

FIG. 15. An SEM image of our sample. The disorder param-
eters are wy = 0.2 and K = 0.5[(27)/(3a)]. Only a part of the
sample is shown in the figure. The total system size of the sample
is Ny x Ny = 1596 x 1596 with 1 mm x 1 mm.

oxide layer thickness of 2 pm. Device fabrication involved
a standard processes of electron-beam lithography and
inductively coupled plasma (ICP) dry etching. The e-beam
lithography was performed using a Raith EBPG5200 Plus
electron-beam tool. For patterning, positive-tone ZEON
ZEP520A e-beam resist, known for its high sensitivity
and ultrahigh resolution (sub-10 nm), was employed.
Disordered patterns were prototyped in GenlSys
BEAMER fracturing software using a 0.1-nm grid reso-
lution and a beam step size of 10 nm. The etching was
carried out in a Plasma-Therm Versalock 700 ICP etcher,
utilizing a mixture of SFq and C,Fg to achieve high
selectivity for silicon. Figure 15 shows an SEM image
of our sample for wy = 0.2 and K = 0.5[(27)/(3a)].

To determine the linewidths of modes, we measure the
intensity of light reflected from the sample as a function of
wavelength 1 and wave vector k, using the experimental
apparatus shown in Fig. 16(a). Light from a tunable cw
laser (Keysight Agilent 1450-1650 nm) is directed at the
sample in a collimated beam so that the incident beam
contains light with a narrow range of k, and k,

(Ak, ~ Ak, < 107[(27)/a]). The beam diameter at the
sample plane is approximately equal to the width of our
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FIG. 16. The experimental setup and linewidth extraction.
(a) The experimental setup (variable angle reflection spectros-
copy) used to characterize the modes in a photonic crystal slab.
The notations in the figure are F, Fiber optic cable; C, beam
collimator; BS, beam splitter; L, lens. (b) Experimental data
obtained from the setup in (a). The sample is periodic with
no disorder. (c) The reflection intensity data of the sample with
wo = 0.2 and K = 0.3[(27)/(3a)]. (d) The experimental data
measured in (b) at k, = 0.081[(27)/a]. The data are fitted with a
curve containing eight fitting parameters to extract the linewidth:
A2 = (8.244 £0.101) nm. The uncertainty is directly calculated
from the fitting uncertainty of the parameter y. (¢) The linewidth
extracted from (b) (red dots) and (c) (blue dots). We fit the
linewidth in the periodic sample with a quadratic function of k, to
obtain the imaginary part of effective mass Im(m) and band tip
energy Im(Ey). The black dashed line marks the excess linewidth
transition at k, = (K/2). (f) The excess linewidth obtained
from experiment by the linewidth difference between the K =
0.3[(27)/(3a)] sample and the periodic sample at each k. The
theoretical line is calculated from Eq. (E10). The error bars in (e)
and (f) are obtained from the uncertainty in (d).

samples (1 mm). The &, of incident light is controlled by
rotating the sample with a motorized stage. For all
measurements, k, = 0. Two lenses image the sample sur-
face on a short-wave infrared (SWIR) camera for any angle
of reflection [ in Fig. 16(a)] less than 12°. In Fig 16(a), an

example beam path is shown in dark red. The light red
region represents other possible beam paths for different
values of angle . The intensity of reflected light is obtained
by summing the intensity measured by each camera pixel.

Figures 16(b) and 16(c) show the reflection intensity of
light as a function of A and k, for a sample with no designed
disorder (periodic sample) and a sample with wy, = 0.2 and
K = 0.3[(27)/(3a)], respectively. For the periodic sample
in Fig. 16(b), we clearly see a quadratic band in the vicinity
of T', whose linewidth is also proportional to O(k2),
meaning that the effective mass is complex. After a disorder
configuration is added in Fig. 16(c), the band becomes
“blurry” compared to Fig. 16(b), indicating that the line-
width is broadened due to the scattering loss from disorder.

Figure 16(d) shows how the linewidth is quantitatively
extracted from the experimental data. We first fix the value
of k, in the experimental data and obtain a reflection
spectrum as shown with blue dots. Next, the spectrum data
are fitted with a function containing eight parameters [31]:

/4 2
Ll ()

Rler=Fo Ha—w0) ¥

ry(w,co,c1,00) +Ae'®

where R(w) is the reflection intensity at frequency w
measured in the experiment, F, is a factor that arises from
the fact that our reflection intensity is measured in arbitrary
units, A and ¢ are the amplitude and phase of the photonic
mode resonance, and w, and y represent the center position
and the linewidth (both in the frequency domain) of a
photonic mode. r, is the background reflectivity
(R, = |rp|*) with additional three more free parameters
o, €1, and ¢,, which are calculated from the reflectivity of
an air (n; = 1.0)-silicon [n(w) = ¢y + c;@ + c,@*]-silica
(n, = 1.5) system by the transfer matrix method [44] where
the silicon layer is & = 0.35a thick:

rie”% 4 rye’

ry, = (F2)

e 4 rirye’’

< VA =
— 2+ Jorc?
of the interface, rz:(

\/wzcznz—l&)/(\/wzc — k24?3 — k)%) is the
reflectivity of the and 6=

hy/@*c*n* — k2 is the phase difference generated in the
silicon layer. Here, only the reflectivity in the s polarization
is considered because only the s polarization is used in the
experiment.

The reason for a frequency-dependent refraction index
n(w) = ¢y + ¢; + c,” in the silicon layer is because the
slab contains patterns (circular holes) and therefore cannot

— P - )/

- k)%) is the reflectivity

where 7y

(W nl

air-silicon w*c’n? —k2—

silicon-silica interface,
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be treated as a uniform medium with constant n at all
frequencies.

Then, the experimental data R(w) are fitted with the
following eight parameters: F, cg, ¢y, €2, A, ¢, @y, and y.
As shown in Fig. 16(d), our fitting results match the
experimental data perfectly. The linewidth can be
extracted from the fitting result of y by Eq. (Al1). The
linewidth uncertainty is calculated directly from the
uncertainty of the parameter y in the fitting process.
For the case in Fig. 16(d), the extracted linewidth
is AA = (8.244+0.101) nm

Figure 16(e) shows the linewidth (and the uncertainty in
the linewidth) extracted from the experimental data in
Figs. 16(b) and 16(c). We can see that the linewidth in the
periodic case increases as O(k2). Then, a quadratic fit is
performed to obtain the imaginary part of effective
mass and the band tip energy: Im[1/(2m)] = 0.121,
Im(E,) = —0.0075a~2. The quadratic fit is also applied
in the real part of frequency, and we find that Re[1/(2m)] =
0.579 and Re(E,) = 7.11a™2. These band parameters,
[1/(2m)] = 0.579 +0.121i and Ey=(7.11-0.0075i)a>,
are used to plot the theoretical lines in the main text, as
well as the numerical and analytical lines in the
Appendixes C, D, E, F, and G.

In Fig. 16(e), we can already identify that there is a jump
in linewidth at the transition point k, = (K/2) for the
K = 0.3[(27)/(3a)] sample. To better observe the transi-
tion, we calculate the excess linewidth, which is defined as
the linewidth in a disordered sample (blue dots) minus the
intrinsic linewidth in a periodic sample (red dots) at all
the k points. Figure 16(f) shows the excess linewidth of the
K =0.3[(27)/(3a)] sample calculated from the data in
Fig. 16(e). The theoretical line calculated from Eq. (E10) is
also shown in the figure. We can clearly see that the
transition behavior in the experiment is quantitatively
consistent with the theory.

APPENDIX G: HIGHER-ORDER EFFECTS
ARISING FROM MULTIPLE-SCATTERING
EVENTS

In this appendix, we explain the origin of the higher-
order effects in w, observed in the experimental data. The
O(w}) scaling of the excess linewidth can arise from two
sources: the residual spectral density within the stealthy
region and multiple-scattering effects. We estimate the
contributions from both mechanisms and show that the
higher-order behavior is dominated by multiple scattering.

According to Eq. (E10), the excess linewidth at leading
order is proportional to O(w3). However, we observed in
the experiment that the excess linewidth at large disorder
w grows faster than O(wj); specifically, it grows as O (wg),
as shown in Figs. 4(a) and 5(c) in the main text. Here, we
refer to any O(w{) behaviors beyond the leading-order
O(w3) theory as higher-order effects.

There are two possible explanations for this higher-order
effect. The first is the residual spectral density within the
stealthy region, and the second is multiple scattering. In the
following, we examine the higher-order contributions from
both mechanisms and estimate their impact on the exper-
imental data.

First, we estimate the residual spectral density in the
stealthy region and show why it leads to a higher-order
O(w}) contribution in the excess linewidth.

In Appendix B, a discrete local potential configuration
that is strictly stealthy hyperuniform is generated using a
discrete Fourier transformation. However, the photonic
crystal is a continuous medium that has the dielectric
function e(x) where x can take continuous values. This
means that additional approximations have been made
when calibrating the radius of the hole r;; to the local
potential V; ; beyond Fig. 7(d). For example, not only the
tip energy is shifted, but also the effective mass (both the
real part and the imaginary part) is inevitably changed when
the radius is varied. Next, this effect can be estimated by
directly calculating the Fourier transform of &(x) in the
stealthy region, instead of the discrete Fourier transform of
local potential V; ;. We define

g(k) ://dxe‘ik'xs(x) (G1)
and
€ min|x — x| <ry
e(x) = by (G2)
& else,

where ¢ = 1.0 is the dielectric constant of air, &, = 12.11
is the dielectric constant of silicon, and x,; ; = (I x a, j X a)
is the center position of the air hole at site (/, j)

Hence, we get

2 — )
eru X Jl(rl!jk) X €_lk.Xl'j, (G3)
Lj

ék) =
where J,(x) is the Bessel function of the first kind. We
know from Fig. 7(d) that the local potential and the radius
of the hole are linearly related for small disorder:

= o Vi = V(ro)] + O(W2).

"~ 2V, (G4)

r[’j

Moreover, according to the Taylor expansion,

ri; X Jy(ry k) = roJy(rok)
+[2J1 (rok) = rokJ(rok)|(ry; = 1o)

+0(ry; — 1) (G5)
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Therefore,
n(ey — &) 27, (rok) — rokJ,(rok)]
Vok
x> Ve 4 0(w])
Lj

#(k) =

= 0(w}). (G6)

We can see that if the discrete Fourier transform of the
local potential is zero (that is, ZZJ Vl,je"'k""vi = 0), then
the Fourier transform of the dielectric function (k) is also
zero in the leading order of disorder. However, if the
higher-order term O(w3) is considered, (k) is no longer
strictly zero.

In other words, |#(k)|* in the stealthy region is of the
order O(wj). The higher-order contribution mainly comes
from the nonlinear relation between the local potential and
the radius of the hole in Eq. (G4) and the O(r; ; — ry)? term
on the right-hand side of Eq. (G5).

The Fourier transform of the dielectric function £(k) is
quantitatively estimated in Fig. 17. In Fig. 17(a), the
disorder strength wy = 0.01 is very small, and |2(k)|? in
the stealthy region is a factor of 10~> smaller than the
Fourier component outside the stealthy region. As pre-
dicted in Eq. (E5), the Fourier component |(k ) |? outside of
the stealthy region is a constant for each fixed disorder wy,.
The fluctuation in the figure arises only from the finite
number of configurations taken in the average.

In Fig. 17(b), the disorder increases to wy, = 0.4, which
is the largest disorder among all samples fabricated in the
experiment. The ratio between |Z(k)|? in the stealthy region
and the nonstealthy region increases but is still less than
1072 in this case.

Figure 17(c) shows the Fourier component |Z(k)|* both
averaged in the stealthy region (red dots) and averaged in
the nonstealthy region (blue dots). We can clearly see from
the slopes in Fig. 17(c) that the |#(k)|> outside of the
stealthy region grows as O(w3), but the |#(k)|? inside the
stealthy region grows faster, as O(wj). These trends are
consistent with the theoretical predictions in Eqgs. (E5)
and (G6), respectively.

From Fig. 17, Eq. (ES) is not strictly valid if higher-order
effects are considered. It needs to be modified as

F4w§V% min|]q —q; ;| <K

_ S o

plq) = e (G7)
___ 00 1 _ X > K,
o] Tl 9l

where F is a factor that quantifies the quality of
stealthiness, which is defined as the ratio between the
spectral density inside the stealthy region and the
spectral density outside the stealthy region. F =1
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FIG. 17. The quantitative estimate of #(k). A stealthy-hyper-
uniform disordered potential from Eq. (E2) is generated. Then
instead of the discrete Fourier transform of the potential, #(k) is
directly calculated from Eq. (G3). The constant prefactor in
Eq. (G3) is ignored since we focus only on the relative scale of the
Z(k). The cutoff wave number is fixed at K = 0.3[(27)/(3a)]
(corresponding to stealthiness y = 0.283). The system size is
N, x N, =300 x 300 with period tripling (More details about
period tripling can be found in Appendix E). The figure shows the
averaged results over 10 different disorder configurations. (a) The
Fourier component |Z(k)|? at disorder wy = 0.01. The red dashed
circle shows the boundary of the stealthy region at |k| = K.
(b) The Fourier component |2(k)|? at disorder strength wy = 0.4.
(c) The Fourier component |&(k)|? averaged inside the stealthy
region (red dots) and averaged outside the stealthy region (blue
dots) at various disorder strength values wy. (d) The ratio of the
average Fourier component inside the stealthy region to that
outside it.

represents a completely uncorrelated system, while
F =0 means that the disorder is perfectly stealthy.
We refer to F as the “stealthiness spectral density
threshold” later in the text. Figure 17(d) shows the
stealthiness spectral density threshold F as a function
of wy. In general, F o w} as indicated in Fig. 17(c) and
explicitly shown in Fig. 17(d). In our specific case,

F = 0.0432w3 + O(w}), (G8)
where the prefactor 0.0432 is determined from the
quadratic fit to the simulation results presented in
Fig. 17(d).

Next, the effect of the stealthiness spectral density
threshold F in Eq. (G7) is examined. As a result of extra
residual spectral density in the stealthy region in Eq. (G7),
Eq. (E6) must be modified as
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with X, and %, ; defined in Eqs. (E7) and (E8). The final result in Eq. (E10) changes to

Alik,0)(F) = Adg o) (F = 0)
V%a2 W2F
3[1 - (K22 E? 0

(K
w ¢ 2m, x arcsin (W) —

2
%—kx 1/2

in(X) — .
2m, X arcsin (2,‘7() 2m; X In

1
2mi X In |:[l—(K%,u[)2} 2 [1—%(1(%)2] 2:|

[1—%(1(;—;)2

[1-(k32p]

where Al o)(F) is the excess linewidth after considering
the nonzero stealthiness spectral density threshold F, and
Al 0)(F = 0) is the excess linewidth from Eq. (E10)
where an ideal case of F' = 0 is considered.

Recall that the stealthiness spectral density threshold F is
proportional to O(w3) as shown in Eq. (G8). We can
directly see from Eq. (G10) that F can indeed contribute an
extra linewidth broadening proportional to w3F which
is O(w}).

The calculation in Eq. (G10) is verified by comparing
it with the numerical summation results shown in Fig. 18.
We observe good quantitative agreement between them.
Because of the fact that F # 0, the excess linewidth in the
stealthy region is generally higher than the leading-order
theory (black line).

E—k) kg -K?
]2} + m, X arccos(u) ke > % —

2 (%_kx )kA

When F =1, which corresponds to wy = 4.81, the
disorder is purely uncorrelated so the excess linewidth is
similar to the K = O result in Fig. 12(a). The disorder in this
case is so large that the excess linewidth is even larger than
the wavelength. This is just for demonstration and cannot
be realized in the experimental conditions.

As the stealthiness spectral density threshold F
decreases, the analytical line approaches the result of
F =0, which is the perfect stealthy case. Figure 18(b)
shows the result of F = 4.32 x 1072, which corresponds to
disorder strength wy, = 1.0. Then, we use the result at the
first transition k, = (K/2) to estimate the extra linewidth
caused by the residual spectral density. According to
Eq. (G10), the extra linewidth at the first transition
k, = (K/2) is

22,2
Via wgF

Adkj2.0)(F) = Adk/2,0)(0) =

X | wm, —2m; X In

Using the same band parameters as in Fig. 12, we obtain
the resulting extra linewidth at wy = 1 as 7.40 nm, which is
consistent with Fig. 18(b).

Figure 18(c) shows the result when wy = 0.4, which is
the largest disorder among all samples tested in the
experiment. The red and black lines are visually indistin-
guishable, suggesting that the nonzero F factor contributes
only minimally to linewidth broadening within the

31— n(K39)?

JE7

1
[1 = (K522 [1 =5 (K572

(G11)

experimental disorder range (wy < 0.4). According to
Eq. (G11), the extra higher-order linewidth caused by the
residual spectral density is 0.189 nm, while the extra
higher-order effect in the experimental data [Fig. 5(c) in
the main text] at wy = 0.4 is 4.81 nm. The residual
spectral density in the stealthy region can explain less
than 4% of the total higher-order effect observed in the
experiment.
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FIG. 18. The comparison between analytical calculation [red
line, obtained from Egs. (E10) and (G10)] and numerical
summation [blue dots, calculated from Eq. (A7), with system
size N, = N, =300] along the k, =0 line in the Brillouin
zone. The band parameters are the same as Fig. 12. The
analytical result of F = 0 [black line, obtained from Eq. (E10)]
is also listed. The cutoff wave number is fixed at
K =0.3[(27)/(3a)]. The degree of disorder and the value of
the stealthiness spectral density threshold F are (a) wy = 4.81,
F=100; (b) wy=10, F=432x10"% (c) wy =04,
F=691x1073; (d) wy=0.2, F=173x1073. The black
dashed lines mark the excess linewidth transitions at k, = (K/2)
and k, = [z/(3a)] — (K/2).

For most of the samples in our experiment, wy = 0.2,
which corresponds to F = 1.73 x 1073, For this value of F,
the difference between the red line and the black line in
Fig. 18(d) is negligible. In fact, according to Eq. (G11), the
excess linewidth difference is 0.0118 nm, which is smaller
than all the linewidth uncertainties measured in the
experiment.

Based on the results in Fig. 18 and Eq. (G11), we can
reliably state that the effect arising from nonzero stealthi-
ness spectral density threshold F is insignificant and has a
negligible influence on our experimental observables. The
photonic crystal pattern we generate by the Fourier filtering
method is therefore effectively stealthy, implying that the
observed higher-order O(w{) effect must thus have a
different origin.

Next, we estimate the effect of multiple scattering by
performing a tight-binding simulation, and show that it is
the main cause for the higher-order effect observed in the
experimental data.

Figure 19(a) shows the setting of the tight-binding
model. We start from a square lattice with lattice constant
a, complex on-site energy f;,, complex nearest neighbor
hopping #;, and complex third nearest neighbor hopping 5.

The band dispersion of this lattice model is

Ey =ty + 2t cos (k.a) + 21, cos (kya)

+ 2t53 cos (2k,a) + 2t; cos (2k,a). (G12)

In the simulation, we set t,= Ey—[5/(2m)]a~?,
n =3%[1/2m)]a™?, 1, =—-3[1/(2m)la™?. The band
parameters are chosen to be the realistic experimental
values: Ey=7.11a? and (1/(2m)] = 0.579 + 0.121i.
The band dispersion in Eq. (G12) becomes

Ey = Eo—ﬁ(k?ﬂrkg) + O(k%). (G13)

We emphasize that the on-site energy and the hopping
are complex because the effective mass 1/(2m) is complex,
so the lattice model is not Hermitian. The band dispersion
in Eq. (G13) is a quadratic band with a complex effective
mass, up to the order of O(k®).

The disorder is introduced into the lattice by adding a
stealthy-hyperuniform on-site potential V,;, where (I, j)
denotes the site index. The potential V ; is generated from
the Fourier filtering method described in Eq. (E2).

Since this is a tight-binding model which has a direct
access to the on-site energy, the disorder added in this way
is strictly stealthy hyperuniform with no residual spectral
density in the stealthy region. In other words, the stealthi-
ness spectral density threshold is F = 0. Hence, we can
rigorously exclude the influence from F and focus on the
multiple scattering, which is the only source for the higher-
order effect in this case.

Figure 19(b) shows the simulation result at a small
disorder wy = 0.01. The simulation dots (black “x”” marks)
are obtained from the excess linewidth Im(Zy) of the
spectral function Ay (E) in Eq. (A8), which is directly
calculated from the Green’s function in the disordered
system Gy (E). The red line is calculated from the
analytical results in Eq. (E10), which considers only the
leading-order effect from single scattering. The blue dots
are obtained from the numerical summation, which also
considers only the leading order in Eq. (A7). At low
disorder, Fig. 19(b) shows that the simulation results align
closely with both the leading-order theory and numerical
summation, indicating that single scattering dominates
linewidth broadening in this regime. The small difference
between the leading-order theory and the leading-order
numerical summation is due to the O(k®) term in the band
dispersion as shown in Eq. (G13).

Figure 19(c) shows the simulation result for the value of
disorder strength wy = 0.4, which is the largest disorder
among all samples in the experiment. The numerical
summation and the leading-order theory are consistent
with each other. However, the simulation result deviates
from the leading-order theory, indicating the higher-order

021028-24



STEALTHY-HYPERUNIFORM WAVE DYNAMICS IN TWO- ...

PHYS. REV. X 16, 021028 (2026)

0
: —— Leading-order theory
: « Leading-order numerics
& 2 I = Simulation
IfB
T
=] l
= 1
=4 i
N 1
£ i
= 1
-6 T .
L
1 1
0.00 0.04 0.08 0.12 0.16
ky [2ma—1]
(a) (b)
0
|— Leading-order theory 0.00
2 |« Leading-order numerics —0.01
Fenla R | x Simulation
o _4 .\I’T‘—O.OZ
P . Z _0.03
SRS R N
= X E —0.04{ — Leading-order theory
E _8 = «  Leading-order numerics
£ —0.051 § Experiment {
10 x  Simulation
- —0.061 — Leading-order theory + O(w{) }
0.00 0.04 0.08 0.12 0.16 0.0 0.1 0.2 0.3 0.4
ky [2na=1] wo

(c) (d)

FIG. 19. The quantitative estimate of higher-order effect from
multiple scattering by a tight-binding model. (a) The setting of
the tight-binding model. A complex on-site energy f,, a complex
nearest neighbor hopping #;, and a complex third nearest
neighbor hopping #; in a square lattice are considered. The
disorder is introduced by adding a stealthy-hyperuniform on-site
potential disorder V, ; at lattice site ([, j) generated by the Fourier
filtering method described in Eq. (E2). The system size is
N, x Ny =300 x 300. The cutoff wave number is fixed to
K =0.3[(27)/(3a)]. (b) The tight-binding simulation result of
excess linewidth [the Im(Zy) term in Eq. (A8)] at disorder
strength wy = 0.01. The red line shows the leading-order theory
calculated from Eq. (E10). The blue dots are the leading-order
numerical summation calculated from Eq. (A7). The black “x”
marks are the simulation results obtained by directly solving the
spectral function in Eq. (A8) and fitting its linewidth by a
Lorentzian line shape. The black dashed lines mark the transitions
at k, = (K/2) and k, = [z/(3a)] — (K/2). (c) The simulation
result of excess linewidth at disorder strength wy = 0.4. (d) A
comparison between the simulation results and the experimental
data as the disorder strength value wy is swept. The error bars in
the figure are defined as the uncertainty of the linewidth when
fitting the experimentally measured resonance spectrum line
shape to a theoretical model in Eq. (F1).

effect from multiple scattering. The higher-order effect in
the stealthy region is much larger than in the nonstealthy
region.

According to Eq. (E5), the spectral density 5(q) o w3.
Hence, the multiple-scattering event, which is the O(p?)
term in Eq. (A7), is in the order of O(w}) in excess
linewidth. To further confirm the O(w{) dependence, we
show the comparison between the simulation and the
experiment in Fig. 19(d), where the excess linewidth is
averaged in the region k, €[0.015,0.030][(27)/a] and is
plotted as a function of disorder w,. We can see that both
the simulation result and the experimental data deviate from

the leading-order theory as the disorder w, grows. By
adding a fitted O(w{) term to the leading-order theory
(black line), we again observe good quantitative agreement
between the simulation and the theory. This confirms that
the higher-order effect is in the order of O(w¢). Moreover,
the experimental data are quantitatively consistent with the
simulation results, which suggests that the higher-order
effect observed in the experiment is (mostly) due to
multiple scattering.

In this appendix, we have explained in detail how the
Fourier filtering method, applied as a perturbation to a
periodic photonic crystal, can yield structures that behave
as stealthy-hyperuniform systems. As we mention in the
main text, previous examples of stealthy two-phase struc-
tures have not been constructed as perturbations on periodic
systems, and therefore may be unfamiliar to the reader as
candidates for stealthy hyperuniformity. However, we have
shown above that by using the technique outlined in this
work, the photonic structures employed in the experiment
can indeed be classified as stealthy. This is because the
residual spectral density in the stealthy region of momen-
tum is completely negligible in experiments compared to
that in the nonstealthy region. Therefore, the photonic
crystals in this work can experimentally probe the wave
dynamics of stealthy systems. Moreover, we demonstrate in
a tight-binding simulation that the higher-order effect
observed in the experiment [Fig. 5(c) in the main text] is
exactly the same amount as the contribution from multiple
scattering in the simulation. This confirms our statement in
the main text attributing the higher-order excess linewidth
to multiple scattering.
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