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Quantum systems coupled to (non-) Markovian environments attract increasing attention due to their
peculiar physical properties. Exciting prospects such as unconventional nonequilibrium phases beyond the
Mermin-Wagner limit or dissipative state preparation demand a systematic analysis of quantum many-body
phases out of equilibrium. Akin to the equilibrium case, this requires the computation of the low-lying
eigenstates of Lindbladians, a problem challenging conventional approaches for simulating quantum many-
body systems. Here, we undertake a first step to overcome this limitation and introduce a tensor-network-
based framework to systematically compute not only steady states, but also low-lying excited states for
large, driven quantum many-body systems. Our framework is based on recent advances utilizing complex-
time Krylov spaces, and we leverage these ideas to create a toolbox tailored to solve the challenging
non-Hermitian eigenvalue problem ubiquitous in open quantum systems. With an example of the
interacting Bose-Hubbard model driven by dissipation-assisted hopping, we demonstrate the high
efficiency and accuracy. From a reliable finite-size-scaling analysis of the spectral gap, we find strong
evidence for nonlinear hydrodynamic behavior consistent with Kardar-Parisi-Zhang-type superdiffusive
relaxation and establish the existence of exponentially accelerated, anomalous relaxation. This method
unlocks the capability of spectral analysis of generic open quantum many-body systems suitable also for

non-Markovian environments.
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I. INTRODUCTION

In recent years, the rapid experimental development of
quantum simulators [1,2] and digital quantum processors
[3.4], the control over strong light-matter interactions [5,6],
as well as the unprecedented precision in optically driving
low-dimensional materials [7,8] put modern quantum
physics at the brink of experimentally utilizing strong
correlations in many-body systems to overcome classical
limitations in terms of computational, algorithmic, and
metrological capabilities. Alongside this remarkable
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progress, the practical necessity to theoretically describe
and analyze open quantum systems became increasingly
pressing. Understanding the intriguing physics of quantum
many-body systems coupled to large environments poses
mathematical challenges, which reach far beyond the well-
known frameworks for analyzing and classifying closed
systems. Already for the simplest example of Markovian
environments, analytic treatments are in general limited to
noninteracting systems via third quantization [9] or the
Lyapunov equation [10]. As a consequence, there is an
urgent need for an efficient and flexible framework to
overcome these limitations, and accessing information
about Lindbladian spectra plays a crucial role in achieving
this goal.

Methodological developments so far have been limited
to compute the steady state, i.e., the open-system analog of
the ground state in closed systems, with approaches ranging
from tensor-network (TN) methods [11-20], potentially
combined with Monte Carlo sampling [21-25], to neural
quantum states [26-28], quantum algorithms [29-34], and
phase-space methods [35]. However, besides the steady
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state, the capability to determine the low-lying eigenstates
has become increasingly relevant. For instance, the dis-
sipative gap, i.e., the real part of the first excited eigenvalue,
dictates the experimentally relevant relaxation timescale of
the system [36,37]. Many other phenomena, such as
dissipative phase transitions [38,39], anomalous thermal-
ization processes [36,40], topological effects [41-43], and
metastability [44], require the explicit knowledge of the
Lindbladian spectrum and eigenvectors. In Fig. 1(b), we
summarize the relations between physical phenomena and
the corresponding parts of the Lindbladian spectrum.
Compared to the isolated case characterized by a
Hamiltonian, diagonalizing the Lindbladian L presents

two main additional challenges. First, Lis non-Hermitian,
which prevents the direct application of variational
algorithms such as the density-matrix renormalization
group [49-51]. Here, it is important to emphasize that while
there are methods to efficiently compute the steady state, or
the spectral gap [52-55], these approaches typically do not
efficiently generalize to the precise determination of several
low-lying left or right eigenstates of the Lindbladian.
Second, its dimensionality grows quadratically faster than
the Hamiltonian’s upon increasing the system size, which
strongly limits the sizes of systems amenable to an exact
diagonalization (ED) treatment.

Taking a conceptual point of view, until now, the
additional spectral structures inherent to Lindbladians
barely have been exploited. For instance, the spectrum is
restricted to the semi-infinite half space Re(4) < 0, eigen-
values and eigenstates always come in complex-conjugated
pairs, and excited states are always traceless. In this work,
we leverage these—compared to the closed-system case—
strong mathematical constraints and formulate a generally
applicable framework to obtain highly precise low-rank
approximations of the Lindbladian.

The arguably most relevant consequence of the spectral
structure of any Lindbladian is that the vectorized exponential
map ¢ > e’ is always contractive as long as t €R; i.e., it

constitutes a spectral filter with respect to the steady state of L.
The key observation is now that allowing for complex-time
contours, for instance, replacing t — te~1% the contribution of
certain modes to the dynamics can be enhanced exponentially,
which transforms the exponential map into a tunable spectral
filter [illustrated in Fig. 1(a)]. Based on this insight, we
generalize the idea of constructing a Krylov subspace from
time-evolved states, which recently has been shown to provide
an efficient faster-than-the-clock algorithm to approximate the
steady state [56]. Upon exploiting the trace-preserving prop-
erty of the Lindbladian, we show that within the generated
complex-time Krylov subspace, the approximation quality of
the low-lying excited states of £ [indicated by the light and
dark blue shaded region in Fig. 1(b)] can be enhanced
significantly when choosing proper complex-time contours
[57,58] combined with traceless initial states.
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FIG. 1. (a) A schematic depiction of CLIK-MPS: a real-time
evolution with physical initial state to capture the steady state,
and a complex-time evolution with traceless initial state to
approximate low-lying eigenmodes S. (b) Physical relevance
of different parts of the Lindbladian spectrum. In general, the
analysis of many-body Markovian open quantum systems relies
on the Lindbladian steady state (orange), the Liouvillian gap A
(dark blue, dark green), a set of low-lying eigenvalues (light
blue), or the full spectrum (green). (c) Maximal Hilbert-space
dimensions and accessible Lindbladian spectral regions for
various existing methods such as variational quantum algorithms
(VQA) or neural quantum states (NQS) and comparison to our
new framework CLIK-MPS. The * indicates that for variational
matrix-product operator (MPO) methods, large system sizes of
about 100 spins can be reached only for local Lindbladians that
satisfy entanglement area laws [12].
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The central task is now to transform these formal
conclusions into an efficient numerical framework. Here,
the crucial observation is that the constructed complex-time
Krylov subspace also features the property of faster-than-
the-clock convergence, which follows from the exponential
convergence of Arnoldi schemes [58]. Consequently, the
low-lying excited states approximated within the Krylov
subspace—generated from time-evolved states along the
complex contour—exhibit significantly better convergence
than those at the final time. This ensures that already
a simulation of the short-time dynamics generated by L is
sufficient to yield highly optimized basis states to capture
the low-lying eigenmodes, a task that can be done effi-
ciently using TN states [23,59,60].

Together with state-of-the-art tensor-network methods,
these combined insights form the backbone of complex-
time Lindbladian Krylov subspace matrix-product states
(CLIK-MPS), a TN-based framework that allows us to
specifically target a set of low-lying Lindblad eigenvalues
and eigenmodes with very high accuracy. We demonstrate
the efficiency of our method by studying a many-body
dissipative bosonic model. As a key feature, this model
exhibits a nontrivial spectral density in momentum space.
Consequently, the Lindblad operators realize a minimal
model for a coupling between physical single-particle states
and a non-Markovian environment, i.e., a Markovian
embedding [23,24]. Our simulations therefore represent a
test case for determining the low-lying eigenstates of a
system coupled to a non-Markovian environment, reaching
striking Hilbert-space dimensions [see Fig. 1(c)] and
achieving very good accuracy both for the spectrum and
the eigenstates.

The article is organized as follows: In Sec. II, we
introduce the CLIK-MPS framework, focusing on the role
of the complex-time evolution, optimal initialization, and
the efficient computation of observables in the Krylov
subspace. Then, in Sec. III, we apply it to the dissipative
Bose-Hubbard model, analyzing its steady state, dissipative
gap, and anomalous thermalization behavior. Finally, in
Sec. IV, we summarize our findings and outline promising
directions for future research.

II. CLIK-MPS

In this work, we introduce a framework based on TN
methods, which allows us to reliably and efficiently
compute the low-lying eigenstates of a quantum system
weakly coupled to a Markovian (i.e., memoryless) envi-
ronment. These kinds of systems are described by a
Lindblad master equation [61]

.
ar 0

—ilf 0]+ 3 (Lo0L -3 E{ Lo} ). (1)

where [,-] and {-,-} indicate the commutator and the
anticommutator, respectively, p is the system’s density
matrix, A is the Hamiltonian, and the influence of the
environment on the system is captured by the so-called
jump operators L,. Importantly, using techniques such as
Markovian embeddings, this form also allows us to
describe non-Markovian environments with nontrivial,
structured spectral densities [23,24]. To study the spectral
properties of the Lindbladian, we make use of vectoriza-
tion, which consists of mapping density matrices to vectors
p — |p)) and the Lindbladian superoperators to operators

L— L. Following the procedure outlined, for instance, in
Ref. [10], the vectorized Lindbladian can be written as

L=-iH®1+1®il"
A AT lass o 14 aia \T
+ZL,®<L}) —EL}L,@H]—E]]@(L}L,) . Q@
i

For two operators p,j given in the vectorized form
lp), |1), the generalized scalar product is

Tr(p'R) = (plu). 3)

We always represent states and operators in the MPS and
matrix-product-operator (MPO) representation [49,51], but
the framework is of course independent of the choice of the
TN representation. Density matrices are vectorized by
doubling the system size, alternating physical and auxiliary
sites avoiding the introduction of long-range couplings [62]
in the MPO representation of the vectorized Lindbladian
Eq. (2) [12,18,19].

In this section, we detail the main components of CLIK-
MPS to solve the eigenvalue problem of Eq. (2) for low-
lying eigenvalues and eigenmodes. We begin with a short
survey introducing the main ideas of the framework.
Thereafter, we discuss some key aspects where we put
special emphasis on the tilted, complex contour as well as
using physical and traceless initial states to target the low-
lying eigenmodes of £ with high precision. Finally, we
demonstrate how expectation values can be evaluated
efficiently and show how symmetries of the Lindbladian
can be used to increase the precision of the computation of
expectation values in the steady state.

A. Survey of CLIK-MPS

Approximating the eigenvalue problem of high-dimen-
sional non-Hermitian operators in a low-dimensional sub-
space is a challenging task for TN-based methods. While
the lack of Hermiticity prevents a variational Rayleigh-Ritz
formulation and hermitized approaches are computation-
ally demanding [13,20], Lindbladian dynamics provides an
alternative route: The steady state is obtained naturally by
time evolution, with exponential convergence governed
by the dissipative gap, directly seen when expanding the
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dynamics of a density matrix |p,)) in the eigenbasis of the
Lindbladian

A D2
p()) = e“lpo)) = lpss) + D e (Llpo)|red. (4)
=2

where A, are the eigenvalues of £, |r.) (/L)) the
corresponding right (left) eigenvectors, and D = dim’H
denotes the dimension of the Hilbert space of the under-
lying physical system. Here, each eigenmode contributes
with an exponentially decaying weight dictated by Re(4;),
except for the steady state |pss)), as Red; < 0. Note that
Eq. (4) holds only when evolving a density matrix, while
the dynamics of a traceless initial state |p,)) converges to
the slowest eigenmode |r,)) due to trace preservation. This
time evolution can be computed efficiently using TN
methods, yet evolution times are typically limited by the
entanglement growth.

The crucial observation is that the density operators at
short and intermediate times already contain valuable
information about the spectrum of the Lindbladian. This
motivates us to use time-evolved states to generate a Krylov
basis for approximating the operator exponential of the
Lindbladian. While the spectral filtering introduced by the
time evolution is advantageous for extracting the steady
state, it becomes a limitation when resolving excited
eigenmodes. To make the Krylov space suitable also for
low-lying excited eigenmodes, CLIK-MPS extends con-
ventional real-time evolution in two ways, exploiting the
spectral structure of the Lindbladian:

(1) We consider complex-time evolution, and we show
that the complex-time-evolution contours can be
chosen to optimize the convergence of specific
eigenmodes by reducing their decaying rate; more
details in Sec. II B.

(2) We make use of traceless initial states to explicitly
target low-lying excited states of the Lindbladian;
more details in Sec. II C.

In Fig. 2(b), we demonstrate the improvements of CLIK-
MPS over conventional time evolution for a dissipative
system of interacting bosons with L = 5 sites and N = 4
particles (see Sec. III for the model’s details). The strong
dependence on the chosen initial states is demonstrated by
the transparent dots corresponding to the eigenvalue
approximations obtained from randomly chosen initial
density operators and using conventional time evolution.
Note how these points are vastly scattered around the
excited states obtained from exact diagonalization (green
dots). In turn, the crosses are generated using CLIK-MPS.
The first five eigenvalues are reproduced with excellent
precision using the same maximum evolution time 7 = 4
as in the conventional time evolution. For illustrative
purposes, in the inset we display the convergence of the
five lowest Lindbladian eigenvalues for a significantly
larger system with L = 20 sites and N = 10 interacting

(a)
Nee= —ReDunyyg >~ ™A 0

o \ \ N

L
(28
Damping rate —j,

(b)
T T T T T T T T ]
204 x E- L T | L B B | -E b
= o =N
;;035 K')\E 11
1.5+ 2k 1]
: X g0y, ]
10_' 01:-. R T _:
I ] 20 30 40
\é/ ] x Maximal time 7' (1/])
= 057 .
0.0 = x .
] Exact diag. ]
—0.51 a=0; T=4; random initial
] CLIK-MPS with =0 and a=0.05; T=4 %
-
—r T T T T [ T T T T [ T T T [ T T T T [ T T T
-2.0 -1.5 -1.0 -0.5 0.0
Re(4)
FIG. 2. (a): Linearly inclined complex-time contours z = te’'*

alter the damping rates &, of Lindbladian eigenmodes [see Eq. (7)].
The color shading indicates the damping rate £, for an eigenvalue
located at 1;, when evolving along the contour z. Note the tilt of the
contour lines &, = const, which are orthogonal to z* (solid blue
line) and lead to reduced damping rates of excited states with
ImA > 0. (b) Impact of the initial state on the accuracy of the
spectrum of the dissipative Bose-Hubbard model specified by
Egs. (12)and (13)for L = Sand N = 4. We compare ED (e, green)
data to the spectrum from a simple Krylov method with a single
time evolution (e, light blue), with arandomly sampled initial state.
In total, 50 initial states were generated. The darkness of the blue
color indicates how many points overlap at the respective position.
Lastly, the results from CLIK-MPS are shown (x). Inset: first four
slow decaying modes approximated using CLIK-MPS for L = 20,
N =10 sites at U/J =0.5 and «x/J =2 depending on the
maximal evolved time 7.

bosons, using CLIK-MPS. The resulting Hilbert-space
dimensions [cf. Fig. 1(c)] have long been inaccessible to
existing methods, particularly for computing excited
eigenmodes.

For efficiency, all operations in the Krylov space are
performed directly in the inner product space spanned by
the time-evolved basis states. More details on the explicit
implementation can be found in Sec. I D.
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It is important to note that using this approach, we
effectively describe density operators with a much higher
bond dimension than the one actually used during the
numerics [63]. To illustrate this point, let y(|p(;))) = y, be
the bond dimension of the time-evolved density operator at
time step #; and denote by N the number of evolved time
steps, i.e., the number of (possibly linear-dependent) basis
states of the Krylov space K. If we would construct the
MPS representation of the orthonormal basis states of K
explicitly, this would involve superpositions of the Ng
states {|p(#;,))} such that, to a good approximation, the
bond dimension of the basis states of K scales as

Xett ~ Nk m;aX){i- (5)

Later, we will construct Krylov spaces with N ~ O(100);
i.e., we approximate the Lindbladian in a Krylov space
whose basis states would be represented by MPS with bond
dimensions exceeding those of the time-evolved states by 2
orders of magnitude. This provides an intuitive explanation
for the astonishing precision of CLIK-MPS we observed
during our simulations for the steady state as well as the
low-lying eigenvalues and eigenmodes of the Lindbladian.

A further interesting conclusion can be drawn by
assuming that the actual parameter controlling the approxi-
mation quality is y.g. In that case, the computational costs
can be reduced significantly by reducing the maximum
bond dimension during the time evolution, say, by a factor
of v and in turn increasing the number of time steps by the
same factor. Owing to the cubic scaling of the computa-
tional costs on the MPS bond dimension, a speedup by a
factor of v? can be expected. In Fig. 3, we analyze this
argument quantitatively by calculating the dissipative gap
of a Bose-Hubbard system (cf. Sec. III) for different system
sizes. We vary the maximally allowed bond dimension y
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FIG. 3. The role of the effective bond dimension. Left: number

of time-evolved states Ny needed to resolve the dissipative gap
(A =0.293, 0.174 for L = 12, 16, respectively) up to a relative
error of 2% for different system sizes. Right: the effective bond
dimension yg defined in Eq. (5). For all calculations, we chose
J=1,k=2,and U =0, as well as 6r = 0.2.

during time evolution, which was always saturated. Then
we track the Krylov-space dimension Ny necessary to
achieve a fixed accuracy of 2% in the resolution of the
dissipative gap —Re/,. In agreement with our intuition, the
number of time-evolved states N decreases with increas-
ing bond dimension y. We also find y. [see Eq. (5)] to be
approximately constant upon varying y, indicating that it is
indeed a central parameter determining the computation’s
accuracy. Note, however, that this observation is valid only
if the bond dimension is not too small, so that projection
errors completely obliterate the actual dynamics generated
by the Lindbladian (a more detailed analysis is given in
Appendix H).

B. Constructing the Krylov subspace

CLIK-MPS is based on time evolutions of vectorized
density operators by simulating the dissipative Lindbladian
dynamics, i.e., solving a Schrodinger equation with a non-
Hermitian generator on a doubled Hilbert space.

The time evolution is performed using the single-site
variant of the time-dependent variational principle (TDVP)
[64,65]. TDVP reformulates the problem of solving the
equation of motion for the density operator as a whole
Eqg. (1) into a local equation of motion for each site tensor
of the vectorized density operator. While this already
simplifies the complexity drastically, further optimizations
are in order to obtain a robust time stepper. First, for our test
system we choose the single-site variant of TDVP due to
the large local Hilbert-space dimension of the bosons.
Because in its standard formulation this does not allow for
an increase of the MPS bond dimension, we additionally
use the local subspace expansion (LSE) [66,67] to grow the
bond dimensions after solving the local equation of motion.
Second, the non-Hermitian nature of the generator rules out
the standard Lanczos-based integrator. Instead, we build on
previous works exploring different strategies to address this
issue [68]. Since we are using a comparable small time step
dr = 0.01 for all large-scale calculations, a straightforward
Taylor expansion proved to be both, conceptually simple
and numerically robust throughout the different parameter
regimes. We discuss the numerical implementation in detail
in Appendix H.

The most naive scheme to construct a Krylov space is to
perform a time evolution of an initial state |pg)) where the
dynamicsis governed by LIcf. Eq.(4)]andtostore Ny € N time-
evolved states |p(7;))). We denote this subspace as Co(pg) =
span{|po)), exp(L31)|po ). --.. [exp(L51)]N <~ |po )}

However, when aiming for a high approximation quality
of low-lying excited states, the exponential decay con-
stitutes a major obstacle because it quickly suppresses the
desired eigenmodes during the time evolution. We over-
come this limitation by extending the time-evolution
contour into the complex plane. Let us denote the path
along which the time evolution is performed by z(¢) €C,
where ¢ = |z| is used to parametrize the path along the
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complex plane. The goal is to adjust the exponential
damping of some low-lying eigenmodes; from Eq. (4),
we find that it is governed by

[(Lelp(2) Y] ~ eReete = e, (6)

Here, &, = —Re(z4, )/ denotes the damping rate of the kth
eigenmode. Let us now consider the linearly inclined
complex-time contours z(¢) = te™ with a > 0 as shown
in Fig. 2(a). Evaluating the dynamics along this contour, the
damping constants of the excited states are given by

& = —Re(Ay) cosa — Im(4,) sina. (7)

We observe that the effect of the tilted contour is to increase
the damping of eigenmodes with Im 1, < 0, while reducing
the damping for eigenmodes with Im 4, > O and thereby
enhancing their contribution to the dynamics, i.e., the
Krylov space. From a geometric point of view, this can
be understood by noting that the lines of the constant
damping rate £ are orthogonal to the path followed by the
complex conjugated contour z*(¢), as shown in Fig. 2(a). In
the absence of a tilt @ = 0, these equidamping lines are
parallel to the imaginary axis of the complex plane. For any
finite tilt angle a > 0, these lines are rotated counterclock-
wise and therefore slow down the damping of excited
eigenmodes if ImA;, > 0. Crucially, because the
Lindbladian modes come in complex conjugate pairs, it
suffices to accurately determine, for instance, those
eigenmodes |r;)) with a positive imaginary part.
Eigenvalues with a negative imaginary part are then readily
obtained via complex conjugation |r;)) — |r ;Tc», A = A5
Note, however, that @ cannot be arbitrarily chosen. If
a > 0. for some ay,,, depending on the spectrum of
L, bulk states with a large imaginary part get exponentially
enhanced during time evolution, and the resulting Krylov
space is unstable and resolves the low-lying spectrum
poorly. In Appendix B, we provide detailed information
on how to curtail these problems.

Projecting the full Lindbladian onto the complex-time
Kryloy subspace K, (p,) = span{[p, ). exp(£62)|p,). ...
lexp(L8z)]V¢ ! p, )} with some new initial state |p,)) and
the complex-time step 6z = e~'*5¢ results in a dramatic
increase of accuracy on one quarter of the complex plane,
allowing us to resolve low-lying excited states to a very
high precision. In order to span an optimal Krylov space for
both, the steady as well as the low-lying excited state, we
thus combine a time evolution with zero complex angle
with one featuring a finite angle and construct the complex-
time Krylov space ICy, = Ko(po) @ K,(p,) in which we
approximate the Lindbladian. A further advantage is that
each eigenmode contributes to Ky, with two distinct
exponential damping rates.

The left eigenmodes of L in general are not accurately
described in K;,. However, this can be resolved by

performing the time evolution generated by LY, which
can be written in the eigenbasis of £ as

P - «
()0 = eFloo) = S A (relpodlie).  (8)
k=1

where p* indicates that the dynamics is generated by £'.
The resulting Krylov space /C;;(pg) spanned by these time-
evolved states now includes contributions mainly from the
slowly decaying left eigenmodes. Again, we utilize two
time evolutions and build the Krylov space Kf, =
Ki(po) @ Kii(pg). Importantly, for every Lindbladian,
the left eigenspace corresponding to 4; = O features one
eigenmatrix |/;)) « |1)), and thus we can directly add it the
Krylov space [69].

While being motivated by previous insights into the
benefits of complex-time Krylov spaces gained by some of
us [57,58], we want to emphasize that the construction
schemes introduced in this work are developed to both
explore and exploit the specific structure of Lindbladian
spectra. In particular, we want to stress that the case of a
real-time evolution in the Lindbladian case corresponds to a
sole imaginary-time evolution in the Hamiltonian case.
Moreover, while in the closed-system case the goal is to
suppress excited states to render the time evolution trac-
table for tensor-network methods, this angle of attack fails
as soon as one is interested in the excited states of the
Lindbladian. In the latter case, the exponential decay of the
low-lying eigenmodes caused by their finite negative real
part constitutes a significant challenge because the weight
of these very states we try to determine vanishes exponen-
tially fast during the time evolution. For that purpose, and
in stark contrast to the closed-system approaches [57,58],
the complex contours are chosen to enhance the low-lying
excited states of the Lindbladian.

C. Initial states

The initial states provide an important degree of freedom
in the time evolutions. We exploit it through a universal
property of Lindblad dynamics: trace preservation. Since
the trace is conserved, a traceless initial state carries no
steady-state component and, once normalized, flows
toward the slowest-decaying eigenmode. Suppressing the
stationary contribution in this way sharpens the resolution
of the low-lying decay modes in the resulting Krylov space.
We therefore initialize the real-time evolution with a
physical state |py), which targets the steady state, and
the complex-time evolution with a traceless state |p,)),
which targets the slowly decaying modes. The same
argument also applies to models with several steady states,
provided the dynamics decomposes into symmetry sectors,
which can then be treated independently. Additionally, we
introduce a warm-up procedure that constructs initial states
with large overlap with the low-lying spectrum of the
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Lindbladian. As shown in Sec. Il A, its effect is subleading
compared to the other ingredients of CLIK-MPS; we defer
the details to Appendix C, but want to stress that especially
for the complex-time evolution, this initialization tends to
stabilize the time evolution.

D. Efficient subspace arithmetic

A crucial component of CLIK-MPS is to avoid explicitly
representing vectorized states and operators in the gener-
ated subspaces. This can be achieved by computing the
Gram matrix M;; = {p;|p;)) for a given set of states
{|pi)};» from which a transformation X into an orthonor-
mal basis is obtained via

X =US"2, 9)

where the matrices S, U are obtained from diagonalizing
the Gram matrix M = USU'. Inverting the square roots of
the eigenvalues of M is a numerically delicate operation, in
general. However, using a recursive factorization [70], the
numerical precision of the computed eigenvalues can be
improved to arbitrary precision such that eventually only
the loss of orthogonality of the columns or rows of U
imposes actual constraints. To ensure numerical stability,
we thus discard eigenvalues and eigenstates of M, which
violate the orthogonality constraint above a given threshold
e = 107!, i.e., perform explicit deflations.

Once we found X, we can easily represent operators in
the corresponding orthonormal eigenbasis by computing

their expectation values O;; = (p:i|Olp ;) and evaluate
O°f = XTOX. Clearly, eigenstates of the Lindbladian
are also directly obtainable by transforming expectation
values L;; = UpilLlp ;) such that the representation of the
Lindbladian in the Krylov subspace is given by

L .= XTLX. (10)

Denoting by R the matrix of eigenvectors of L' and
sorting their columns such that the kth eigenvector corre-
sponds to the approximation of the kth eigenvalues, the
Krylov-space expansion of |r;)) is given by

Nk

) = Y XR],lom)- (11)

m=1

Here, N denotes the number of time-evolved states, and in
particular we have M € CV«*N« while Dy is the number of
orthonormalized basis states, such that X & CN¢*Px,
Finally, the dimension of the effective Lindbladian is given
by dim L™ = D. Again, we emphasize that Eq. (11)
should never be evaluated explicitly. However, from this
expansion any overlap and expectation value can be readily
derived in such a way that only arithmetics with states and
operators expressed in terms of the states |p;)) is needed.

Several algorithmic optimizations can be exploited to
further improve the computational efficiency, using alge-
braic properties of states and operators in the Krylov space.
In Appendixes D and E, we elaborate on the specific
implementations in detail and elucidate the role of
Lindbladian symmetries. Here we note that steady states
must be Hermitian, yet the complex-time evolution can
introduce non-Hermitian artifacts due to truncation and
approximation errors of the time-evolution scheme used, as
well as from the complex-time contour itself. These non-
Hermitian perturbations can be easily removed by hermitiz-
ing the representation of the density operators |p)) —
(o) + [pTH)/2 used to evaluate expectation values.
Again, exploiting Eq. (11), this can be directly incorporated
on the level of the Krylov-space representation, and no
arithmetics in terms of tensor-network states is required.

E. High-level structure

To summarize the whole CLIK-MPS algorithm, we
provide a high-level pseudocode in Algorithm 1.

Given a Lindbladian £, we first approximate o, as
briefly described in Sec. II B and detailed in Algorithm 3.
Now, a sensible angle for the linearly inclined contour
a < g, can be chosen. Two initial states are generated
using the initialization procedures specified in Sec. II C and
in Algorithm 6. They are a physical (|p,)) and a traceless
(|pu))) one. We then start two time evolutions in parallel, a
real-time evolution where we save every step ot of the
physical, as well as a complex-time evolution with step 6z
of the traceless one. After each time step, the evolved states
are appended to the Krylov space K;,. Note that the
overlaps and expectations needed to express the
Lindbladian inside of the Krylov space can be calculated
in parallel as soon as a new time step has been performed,
as detailed in Algorithm 2. For this, only a few matrix
elements need to be calculated in each step, reducing the
number of expectation values in each step to linear in the
number of time-evolved states (this is indicated by the * in
Algorithm 1). Tracking the spectrum of the Lindbladian
expressed inside the Krylov space over time can be used to

Algorithm 1. CLIK-MPS algorithm.

: procedure CLIK-MPS(ﬁ)

Omax < from Algorithm 3

8z = €795t « with @ < g

lPp) lpy)) < from Algorithm 6

for n < npy,, do
|pp(6tn))) < do and save time step
|pu(6zn))) < do and save time step
Append states to Krylov space Ky,
{4;,r'}; « do Algorithm 2 with Ky, (*)

10: Break if Ky, is converged

11:  end for

12: end procedure

VRN W
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establish escape criteria for the time evolution. This can
also be generalized to the convergence of expectations of
observables in the steady state, for instance. A sensible
choice of the escape criterion depends on the specific use
case. Note that we did not use any automated escape criteria
to generate the results provided in Sec. III to better verify
the results we got.

III. RESULTS

We apply CLIK-MPS to study a driven system of
interacting bosons on a one-dimensional lattice. The
Hamiltonian is given by

~

—1 L

A PO U PPN

B ¥ 1272
=1y (B]b+He) + ) 68 (12)
1 j=1

~.
Il

where U and J are the on-site interaction strength and
nearest-neighbor hopping amplitude, respectively, and

b j (lA);) annihilates (creates) a boson on site j. The dissi-
pative dynamics are generated by the jump operators

Ly = Vk(bj.y + b)) (bj1 = b)), (13)

where « is the dissipation strength. The resulting
Lindbladian has been shown recently to exhibit a local
Bose-Einstein condensate (BEC) with very slowly
decaying spatial correlations [37,71,72], providing an ideal
testing platform as a strongly correlated, driven system.

Physically, the system-environment couplings in this
model exhibit an interesting feature: They are nonlocal in
real space, yet coupled to a Markovian environment. This
situation can be made more transparent by transforming the
model Eq. (12), as well as the jump operators Eq. (13) to
momentum space. Then, the system realizes a local
coupling for the bosonic, single-particle momentum-space
modes ¢, which now are individually coupled to a
structured environment; i.e., the couplings become momen-
tum dependent with a spectral density depending on the
momentum k given by

0,08 = 16cos(“3) sin(5)" a9

Such structured spectral densities are a typical feature of
non-Markovian environments and in general occur when
incorporating Markovian embeddings to describe non-
Markovian environments [23,24]. We thus study a problem
providing a numerical challenge comparable to what can be
expected for Markovian embeddings of non-Markovian
setups, while still allowing us to assess the approximation
quality of physical observables by comparing to analyti-
cally and numerically known results [37,71,72]. Moreover,
general non-Markovian systems can readily be described

by replacing the Lindblad generator L with the hierarchy of

equations of motion (HEOM) generator [ZHEOM [73,74],
which features the same spectral properties.

A. Comparison with ED

We begin analyzing the convergence properties of CLIK-
MPS by simulating small realizations of Eqgs. (12) and (13),
which can be compared to ED results. To demonstrate the
improvements, we compare to results obtained using a
Krylov space generated from a real-time evolution of a
random initial state, which was suggested very recently
and, to the best of our knowledge, provides the most
generic and efficient approach to study Lindbladian spectra
so far [56]. In order to achieve a fair comparison to this real-
time approach, which we will also refer to as the a =0
method in the following, we use the same maximum
evolution times when comparing the a = 0 results to the
CLIK-MPS results. Additionally, to analyze the impact of
the different components of CLIK-MPS, we include a
Krylov space with both a real- and complex-time evolution,
but without the warm-up procedure, which we will refer to
as random initial CLIK-MPS, as well as a Krylov space
generated from a complex-time evolution alone.

In Fig. 4(a), we show the first Krylov low-lying
eigenvalues for different methods. In order to assess the
performance of the methods, we plot the difference of the
Krylov eigenvalues to the exact data from ED. The steady
state (4; = 0) is reproduced seemingly well using either the
a =0 method (blue), a single complex-time evolution
(yellow), or CLIK-MPS (orange), as well as the random
initial CLIK-MPS (green). However, already for the first
excited state, the results from single time evolutions have a
deviation of the order of 107!, which is quite large
compared to the eigenvalue 4, = —0.84 4 0.811i, and gets
even more severe when trying to evaluate higher excited
states. On the other hand, CLIK-MPS exhibits a robust and
precise approximation of the first four low-lying excited
states. Similarly, the random initial CLIK-MPS shows a
comparable approximation quality like CLIK-MPS, indi-
cating that the main benefit originates from combining real-
and complex-time evolution and not the choice of the
warm-up procedure. Note that the chosen positive angle
a = 0.05 enhances the precision of the eigenvalues with a
positive imaginary part and decreases the accuracy of those
with a negative imaginary part. However, the lower half-
plane eigenvalues can be obtained simply by Hermitian
conjugation of the eigenvalues located in the upper
half plane.

Next, we compute the deviation of the Krylov
Lindbladian right and left eigenvectors [r), |I5)) from
the ED reference data in Figs. 4(b) and 4(c), respectively.
The computation of these overlaps is detailed in
Appendix F. Here, the impact of the additional complex-
time evolution becomes evident when comparing with the
a = 0 curves: The accuracy is improved by more than 3
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FIG. 4. Accuracy of CLIK-MPS compared against ED and real-
time evolution methods [56]. In (a), we compare the lowest
Lindbladian eigenvalues from different Krylov-based methods
with ED reference data. We consider time evolution with £ for a
real-time evolution method (blue) as well as a complex-time
evolution (yellow) compared to CLIK-MPS with random (green)
and optimized (orange) initial states. We plot the deviation of the
approximated eigenvalues to the exact data. In (b), we compare
the deviations of the Linbladian right eigenmodes for real- and
complex-time evolutions with L for different final times. The
deviations of the time-evolved state at the final evolution time
from the exact steady states are also indicated (x). In (c), the same
analysis is shown for the left eigenmodes obtained through time
evolution with £7. We considered L =5 lattice sites, N =4
particles, set J = U = k = 1, employed a time step dt = 0.05
during time evolution, and used every second time-evolved state
for the Krylov space. The maximal evolution time 7 and the
complex angles « are specified in the plot. For all data relying on
random initial states, we average over 50 such initializations
by averaging the logarithm of the distance to the ED result.
Details on the choice of initial states are given in the main
text. For the data with £, the optimized initial states (orange
and red) had expectation values —1.84 for ¢ =0 and —3.32
for a = 0.05.

orders of magnitude. The improvements are similar when
considering the random initial CLIK-MPS (green). Note
that here we also include a comparison against another,
even simpler approach to find the steady state, namely,
approximating it by a real-time evolution only (crosses).
This ansatz exhibits the poorest convergence when evolv-
ing up to the same maximal evolution time as the one used

for the Krylov-space-based methods, with a loss in pre-
cision of more than 6 orders of magnitude. Moreover,
increasing the duration of the time evolution systematically
enhances the precision not only of the steady state |, but
of all right eigenvectors. For the Krylov left eigenvectors
|l§( » in Fig. 4(c), note that the three slowest-decaying left

eigenmodes are captured with a precision of at least 10~
with the slowest-decaying one even at 1075,

B. Large-scale systems beyond ED

We now turn to an in-depth analysis of the phase diagram
of Eq. (12) driven by the jump operators Eq. (13). From
previous works [37,71,72], the model is known to exhibit a
steady state realizing a so-called local BEC in the limit of
weak interaction strength U/J < 1, or strong dissipation
x/J > 1. Here, local refers to the observation that in these
limits, the correlation length increases rapidly such that
very large system sizes are required to discriminate the
exponential decay of particle correlations. In the following,
we use CLIK-MPS to study the model in a large parameter
regime, putting particular emphasis on this crossover
where the correlation length competes with the system
size. Furthermore, we show how CLIK-MPS can be
used to evaluate the so-called Mpemba speedup, which
provides a tool to speed up the experimental preparation
time of the steady state exponentially, rendering the
practical realization of Egs. (12) and (13) a promising
candidate for a platform to speed up the preparation of
BECs exponentially. Note that both types of analyses
require the computation not only of the steady state but
also the Lindbladian gap as well as higher eigenvalues.
Therefore, these investigations also illustrate the physical
relevance of the ability to evaluate both the steady state, as
well as the low-lying excited states with high precision.
Additionally, we also benchmark the numerical cost of
CLIK-MPS against a state-of-the-art pure state unraveling
method [23,75] in Appendix A and Fig. 8. Finally, we also
performed extensive and systematic convergence analysis
for the data provided, which we discuss in depth in
Appendix G, and prove an exact error bound on the steady
state, as well as Krylov error bounds for the convergence of
eigenvectors.

1. Correlation length and local BEC
We begin by studying the crossover behavior at repulsive
interaction strengths U in the steady state at half filling
N = L/2. We compute the correlation length £, which can
be inferred from the two-point correlator C(i — j) =
@jl; ;)ss using a fitting function that captures an exponen-
tial decay in the long-distance limit

Cli—j) = — e li=ille 4 ¢, (15)

TR

041020-9



WESTHOFF, MORODER, SCHOLLWOCK, and PAECKEL

PHYS. REV. X 16, 041020 (2026)

We fix i = L/4 to counteract the boundary effects and fit
the tail of C. In Fig. 5, we show the extracted correlation
lengths as a function of the number of lattice sites, varying
the Hubbard interaction strengths, for a fixed dissipation
k/J = 2. The dependence of the correlation length on the
system size L indicates the formation of a local BEC for
small Hubbard repulsion strengths U. However, it is
important to note that fitting the exponential decay can
be misleading if the system size is too small. To illustrate
this point, we indicate the case £ = L by the gray line. Any
correlation length fitted above this line, i.e., £ > L, should
not be trusted because the system is too small to recognize
the finite correlation length. On the other hand, this is
exactly the region where the local BEC appears: The
system behaves as a BEC on all accessible length scales.

To illustrate the superior convergence of CLIK-MPS, in
the inset of Fig. 5, we compare the convergence of the
leading eigenvalue of the correlator C(i — j) to the values
obtained using time-evolved states as a function of the
maximum evolution time. This eigenvalue characterizes the
condensate fraction of the bosonic particles and, hence,
serves as an excellent proxy to check numerical conver-
gence. Computing C(i — j) from the right eigenstates
obtained using CLIK-MPS (green symbols), we can
clearly observe a rapid saturation already at times 7 = 4.
In contrast, the real-time-evolution method converges

x UJ=05 x  UlJ=2 %  UJ=4 ]
SFrrrrrr T
. ‘T{((T)» 04:_//‘.‘-——-"""'_: |
1% (7)) B i
s o b 11
?:.D F “E 1 Ll e
9 2 4 6
_g b TR Maximal time 7' (1/J)
% ........  LE T t CLLLIEITI Perrrrnns X
E10'E |
&) F ]
D TR T T T T T . T Wovenrennns WeerennaX
Irerrmrnnnnnnnnnnnnns Wormnnnnnn Mererrnnns Woernrnnnd X
0 1 L L L L
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System length L
FIG. 5. Correlation lengths & [Eq. (15)] of the dissipative Bose-

Hubbard steady state calculated within CLIK-MPS for different
lengths and on-site interactions U. & is almost independent of the
length of the chain and shrinks upon increasing U. Note that if
& > L, the system is in a lattice analog of a BEC. Inset: leading
eigenvalue N of the correlation matrix C(i — j) depending on the
evolved time 7. We compare the real-time-evolved state at time 7'
(pink) to the CLIK-MPS steady-state approximation (green). We
show data for a system with L = 10 sites at half filling, with
U=0,«x/J=2. At L =32, we used 7 =32 and 6r = 0.4, at
L=26,T=22and 6t=04,at L =20,T =18 and 6r = 0.2,
at L =16, T =10 and é6r = 0.1, while at L = 10, we used
T =6,6t=0.1. For the L =32, L =26, L =20, and L = 16
sites, we used the complex angle @ = 0.02, while for L = 10 we
employed a = 0.05.

significantly slower (pink symbols) and considerably
longer simulation times are required.

2. Dissipative gap and critical point at U =0

It is well known that Egs. (12) and (13) exhibit a critical
point at U = 0 [37,71,72], where a true BEC is stabilized.
This result can already by inferred from Fig. 5, where we
observe an increasing correlation length with decreasing
Hubbard interaction. Here, we investigate this crossover
more systematically by studying the system size and inter-
action dependence of the dissipative gap A = —Rel,. Since
the limit U/k — 0 can be treated analytically [37], the
situation is more controlled in our case, and we leave the
demonstration that CLIK-MPS can be used to reliably
identify dissipative phase transitions (DPTs) to future work.

In Fig. 6, we show the dissipative gap for various repulsive
Hubbard interaction strengths as a function of the system size,
keeping the particle density constant: N/L = 0.5. We con-
sider systems of up to 40 bosonic sites with local dimension
21, resulting in Hilbert spaces of dimension dim H = 2!76.
For the gap, it is known that A — 0 for L — oo [37], and the
asymptotic scaling relation is of the form [76]

a

A(L) =75

(16)

We hence use this ansatz to infer the scaling of the gap in the
infinite system limit. In Fig. 6, we show gaps evaluated for

T T T T T T T T T T T T T T T
L 02 T ] e L=16
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: L ac : s 4 o : [ ] L=22
).l:— ° .': L=26
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a Oo_u | I TN N T TN T T T T SO T T S Y |-
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5 0.
Z x U=0 X
A x U=0.16
»x U=0.66 —_— a=151+0.12
. a=148+0.03
ool oc L a=1.00+0.06
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Inverse system length, 1/L

.00

FIG. 6. Scaling of the dissipative gap at half filling. We show
the dissipative gap A = —Re/, for three on-site interactions at
x/J = 2 depending on the inverse system size 1/L. We perform a
fit of the data according to Eq. (16), where we exclude the L = 16
data points. We find a power-law dependence A « L™* with the
scaling exponent a increasing from a = 1 toward @ ~ 3/2 when
U/J — 0. Inset: dissipative gap A for several system sizes and
on-site interactions. At these small on-site interactions, the gap
depends quadratically on U. For L = 16 and 20, we use ot = 0.2
and T = 18, 28, respectively, while for L = 22 and 26, we have
0t=04 and T =40 and 50, respectively. For L =32 and
L =40, 6t =0.6, and T was chosen U dependent to ensure
convergence (see Appendix G, for L =40, T = 120).
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various values of the Hubbard interaction and system sizes, as
well as the resulting finite-size extrapolations.

Note that for the fits we had to exclude the smallest systems
with L = 16 ssites in order to reliably identify the gap closing,
which is perfectly consistent with the observed correlation
lengths in Fig. 5. Interestingly, we observe that for inter-
mediate interactions (U = 0.66), the gap scales linearly with
inverse system size A ~ L~! corresponding to a relaxation
time 7 =1/A~L. In contrast, for weak or vanishing
interactions (U =0 and U = 0.16), the gap closes more
rapidly with system size, following A ~ L=3/2 within numeri-
cal accuracy. This gap corresponds to a relaxation timescaling
as 7 ~ L3/? and indicates superdiffusive relaxation dynamics.
The appearance of the exponent 3/2 is particularly note-
worthy, as it coincides with the dynamical exponent of
Kardar-Parisi-Zhang (KPZ) scaling [77], revealing KPZ-type
superdiffusive relaxation in a dissipative many-body system.
Note that although we considered large system sizes, there is
the possibility of a change of convergence speed due to an
eigenvalue crossing at higher system sizes.

The observation that for a local BEC the relaxation time
7 = 1/A increases faster than linear with the system size
seems to complicate the practical realization due to a
rapidly growing timescale. However, this problem can be
overcome by choosing special initial states. While it has
been known for some time that the relaxation speed of
driven systems can exhibit anomalous behavior for specific
initial states [78], in general, identifying such states is
highly nontrivial. In the next paragraph, we demonstrate
how the capability to access several low-lying Lindbladian
eigenstates allows us to address this issue, and we show that
there is a class of experimentally simple-to-realize states for
which relaxation times can be sped up exponentially.

3. Anomalous thermalization and the Mpemba effect

We now demonstrate how the capability to access
spectral regions beyond the steady and first excited state
allows us to determine practically relevant, physical quan-
tities. For that purpose, we study the emergence of
anomalous equilibration processes at the example of the
quantum Mpemba effect (QME) [36,40,79-82] by comput-
ing the relative speedup

I Re/12 '

(17)

This quantity determines the magnitude of the exponential
speedup in relaxation time toward the steady state for
special initial states |py)) compared to random ones,
assuming that |p,)) exhibits zero overlap with the slow-
est-decaying mode {po|l,)) =0. From an experimental
point of view, such an exponential speedup in the prepa-
ration time constitutes an important improvement, since
long preparation times are the main limiting factor for high
fidelities of the desired target state [83]. In Ref. [37], it was

established using ED methods that there are easy-to-
prepare states |pgyy)), Which can be constructed as product
states that are invariant under mirroring about the center of
the lattice and feature exponentially faster relaxation (for
instance, |1,1,...,1,1) and |1,2,...,2, 1)).

In Fig. 7, we show the dependence of A; on the repulsive
on-site interaction strength U for various system sizes at half
filling. The required eigenvalues are calculated using CLIK-
MPS. While A, decays monotonically, yet slowly, for A; we
observe a pronounced maximum near UL/J ~ 6.5 with a
speedup of approximately 1.5 orders of magnitude. Note
that this value increases with the system size. In order to
confirm that indeed there is a QME, we also computed the
overlap of |pg,)) with the slowest-decaying mode |/,)). In
the inset of Fig. 7, we show this overlap (violet points) and
compare it to the overlap of random initial product states
|Prandom))» €ach averaged over 50 realizations. For the
symmetric initial state, this overlap is 4-6 orders of
magnitude smaller than for the random initial states. This
extends the previous findings [37], in which the QME could
be verified for much smaller systems only.

The fact that for finite interaction strengths the relaxation
of a many-body system toward a steady state with corre-
lation lengths beyond the lattice size can be sped up
exponentially is intriguing. Apparently, for symmetric

I '§ L=10.N=5.U=1T=12 °:: T ; '
24l L=20,N=10, U=2, T=20 § 1073 4]
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=0 * .
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UL/J
FIG. 7. The Mpemba-speedup ratios A; = Rel;/Rel, [see

Eq. (17)] as a function of the on-site interaction U for two
lengths of the chain. Inset: mean overlaps of different product
states with the obtained slowest-decaying left eigenmode |IX)).
The mean was calculated with 50 randomly sampled symmetric
states (|pgym))) and random product states (|ppundom)))s respec-
tively. For symmetric states, the overlap is 4 orders of magnitude
smaller, indicating the emergence of the QME. The error bars
show that this behavior is systematic. For all calculations, we use
a local dimension d = N + 1, while we set the maximal bond
dimension y = 2400 during time evolution. For data with L = 20
and L = 16, we use a Krylov time step of 67 = 0.2 and complex
angle a =0.02, while for L =10, we chose 6t =0.1 and
a = 0.05. The maximal time 7 is set to 7 = 12 for L = 10,
while it depends on U for L = 20 and was chosen such that the
results are sufficiently converged (see Appendix G).
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initial configurations, the Hubbard repulsion enhances
incoherent scattering in the scope of the dynamics, yet
incoherences are strongly suppressed once the system has
thermalized. This observation highlights the important role
of the complex interplay between interactions and transport
properties in driven systems and how analyzing spectral
regions of the Lindbladian beyond the steady state can help
to disentangle their intricate relationship.

IV. CONCLUSION

We introduced CLIK-MPS, a tensor-network-based
framework that not only enables the efficient computation
of the steady state and the dissipative gap but also to
explore the low-lying Lindbladian eigenvalues and eigenm-
odes with high accuracy. The framework is built on recent
developments of complex-time Krylov-space methods and
expands these ideas by specific complex contours and
efficient construction schemes for vectorized density matri-
ces and superoperators in high-dimensional Krylov sub-
spaces. The resulting time-evolution schemes are combined
with specific initialization methods to obtain optimized
initial states, such that the subsequent dynamics yield
Krylov spaces capturing the low-lying Lindbladian eigen-
states for Hilbert-space dimensions, which have been far
beyond reach for previous approaches. We note that
recently a variant of the ESPRIT algorithm [84,85] was
used to calculate Lindbladian eigenvalues [86,87], yet for
significantly smaller system sizes than those analyzed here.

In order to ascertain its capabilities, we used CLIK-MPS
to investigate a driven Bose-Hubbard model featuring a
nontrivial, structured spectral density between the bosonic
momentum-space single-particle modes, and the environ-
ment. This type of system-environment coupling is rem-
iniscent of non-Markovian environments described via
Markovian embeddings and, thereby, provides an excellent
testing ground for the computational challenges occurring
for non-Markovian problems. At the example of small
systems amenable to ED, we benchmarked the performance
of CLIK-MPS against a recently proposed Krylov-space
approach [56], finding an improvement in the accuracy of
nearly 4 orders of magnitude when evaluating excited
Lindbladian left and right eigenmodes. Exploiting this
striking accuracy and the high computational efficiency,
we investigated in depth the emergence of a local BEC,
which is characterized by an increasing correlation length
for small, repulsive Hubbard interactions culminating to a
critical point at U/J = O where a true BEC is stabilized.
Examining this crossover behavior is numerically chal-
lenging due to the competition between the growing
correlation length & and the closing of the dissipative
gap A, which vanishes when increasing the system size.
Using large-scale numerics with up to L = 40 lattice sites
and N = L/2 bosons, leading to Hilbert-space dimensions
of dimH ~ 2!7%, we studied the closing of the dissipative
gap. Our findings indicate that the scaling of the gap

transforms from a A ~ 1/L at intermediate Hubbard inter-
action strength to a A ~ 1/L>3? behavior once the correlation
length exceeds the lattice size, and the local BEC forms,
yielding strong evidence for KPZ-type scaling of the
relaxation dynamics at mesoscopic system sizes. As a
consequence, the experimental preparation of a local BEC
as suggested in Ref. [72] would suffer a superlinear increase
of the relaxation time 7 = 1/A with the number of lattice
sites, when using typical, random initial configurations for
the bosons. However, using CLIK-MPS we were able to
show the existence of anomalous relaxation when incorpo-
rating additional knowledge of the low-lying Lindbladian
eigenmodes. Specifically, we demonstrated the realization of
a QME enabling an exponentially faster relaxation toward
the steady state, highlighting the practical relevance of this
model as an ideal candidate for the fast, dissipative prepa-
ration of a lattice BEC using ultracold atoms.

The possible applications of CLIK-MPS are widespread
and range from the numerical investigation of exceptional
points [88,89], DPTs [39], dissipative time crystals [90,91],
the quantum Mpemba effect [36,40], and metastability [44]
in large-scale, strongly interacting open quantum systems.
Moreover, combining several complex contours, the spec-
tral regions within the bulk spectrum of the Lindbladian can
also be targeted, unlocking the investigation of transport
and thermalization in driven quantum many-body systems.
Finally, while in this work we considered only a simple
analog of a Markovian embedding, our approach can be
immediately extended to the general, non-Markovian case,
considering for instance the HEOM generator [74,92].
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available from Ref. [95]. The source code of CLIK-MPS
used to generate the data, and parameters used to generate
the simulations is publicly available from Ref. [96].

APPENDIX A: COMPARISON
TO QUANTUM JUMPS

To assess the performance of CLIK-MPS, we compare it to
the quantum jumps (QJ) method [75]. In the QJ, the evolution
of p(r) is unraveled in multiple stochastic time evolutions
of pure states |y, (7)) known as quantum trajectories.
The deterministic part of the dynamics is generated by the
effective Hamiltonian Ho = H — /23, ﬁfﬁ ;» while the
stochastic part is given by the applications of jump operators
L, at random times according to a probability distribution
dictated by the norm decrease of |y, (¢)) induced by the non-
Hermitian H . By averaging over N, trajectories, one can

reconstruct expectation value of an observable O as

N traj

Z<Wk(t)|0|l//k([)>’

k=1

Tr(O [)(t)) ~ Niaj (A1)

where the statistical error is given by the standard deviation
of the expectation value across trajectories divided by
/Nigj [75].

In Fig. 8, we compare CLIK-MPS to an efficient
version of QJ, based on an local subspace expansion
time-dependent variational principle (LSE-TDVP) time
evolution [23,68]. First, in Fig. 8(a) we simulate a small
system with five sites and four particles, where ED data is
available. We are interested in the off-diagonal element of
the one-body reduced density matrix given by <BIIA75> ss- It
can be seen that QJ needs about N,; = 1000 and reaches
convergence at time f~ 4, while CLIK-MPS is already
converged at t =~ 2. Then, in Figs. 8(b) and 8(c) we plot the
occupation of site j = L/4 for the larger system sizes of
L =20 and L = 32 at half filling, respectively. To guar-
antee a fair comparison between CLIK-MPS and QJ, all
calculations were carried out on a dual-socket Intel x86_64
cluster node with 16 cores per socket (32 physical cores; 64
hardware threads via Hyper-Threading) with 380 GB of
memory and x86-64-v4 support. Each run used a single
Slurm task with one CPU allocated. Since QJ is trivi-
ally parallelizable, we ran each trajectory separately.
Importantly, the shown computational time for QJ is that
of a single trajectory and not the total run-time.
Interestingly, CLIK-MPS converges to the reference value
(obtained by an accurate long time evolution with low
truncation error) substantially faster than QJ in both cases.
Finally, we note that the fact that the number of trajectories
needed to converge QJ decreases upon increasing L is
specific to the parameters we considered: For U = 0, the
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FIG. 8. Comparison of CLIK-MPS to QJ. In (a), we com-
pare CLIK-MPS to QJ and ED data for a small system of five sites
and four bosons. We used parameters J = 1, U = l,andx = 1,a
time step of dr =6t = 0.05 for CLIK-MPS, and df = 0.005
for QJ. In (b) and (c), we compare large system data (L = 20,
N =10 and L = 32, N = 16, respectively) as a function of the
run-time. The statistical QJ error is shown in shaded yellow
around the average value. We used parameters J = 1, U = 0, and
k=2, a time step of df =0.01 for CLIK-MPS (6t = 0.2),
and dr = 0.005 for QJ. For all calculations, we used local
dimension d = N + 1. For L =20, we fix a maximal bond
dimension y = 400, while for L = 32 we increase to y = 600 for
the CLIK-MPS calculations. Note that for the calculation of more
complicated expectation values a larger bond dimension may be
needed.
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steady state is a pure state up to finite-size corrections, and
each QJ trajectory converges to the same steady state,
meaning that one needs to compute a single trajectory in the
limit L — oo. For typical mixed steady states, the number
of trajectories increases upon increasing the system size
when long-range correlations cause the fluctuations of local
observables across trajectories to increase with the system
size [75].

APPENDIX B: CONSTRUCTING THE KRYLOV
SUBSPACE

The starting point of the CLIK-MPS framework is to
represent the vectorized Lindbladian as an MPO [62] and
an initial vectorized (potentially mixed) state as an
MPS [51]. Then, a time evolution is performed to obtain
a set of vectorized states {|p(#;))},. All the details on the
efficient implementation of time evolutions can be found in
Appendix H. For this set of states, we calculate the
Gram matrix M;; = {p(t;)|p(¢;))) and diagonalize it as
M = USU". Notice that the diagonalization is potentially
ill-conditioned due to the high condition number of M,
which is why we use a version of the Block singular value
decomposition for the diagonalization [70]. We discard
eigenvalues smaller than a threshold e, which we set to
€ = 107" for all calculations in this paper, and advise
choosing e higher than machine precision. A transforma-
tion into an orthonormal basis (ONB) is now given by
X = US™ [58]. The effective Lindbladian in the Krylov
subspace is then calculated directly from its matrix ele-
ments L;; = {p(t 1) L|p(t t;)) on the time-evolved states
and transformed into the ONB as L°T = XL X. This
avoids the numerically unstable procedure of explicitly
building an orthonormal basis from {|p(z;)))},. Note that
the matrix L°" does not contain any auxiliary zero
eigenvalues that may be introduced by the lower rank of
S due to the specific definition of X. Diagonalizing Leff
yields the approximate eigenvalues lf and right and left
eigenvectors R ; and L, respectively. The Krylov-subspace
diagonalization procedure is summarized in Algorithm 2.
These eigenvectors are now given in the Krylov ONB. To
write them as direct sums of the initial time-evolved states,
we just need to act with X,

Ky => [XR

m

Interestingly, this equation reveals a powerful property of
the method. A central parameter in MPS is the bond
dimension y [51], which determines the maximum amount
of correlation the MPS can capture. While larger y allows
for more accurate representations of entangled states, the
computational cost of MPS operations grows polynomially
with y, making calculations increasingly demanding.
Importantly, the sum of two MPSs results in a new MPS

Algorithm 2. Krylov-subspace diagonalization.

1: procedure KRYLOV_LINDBLADIAN({|p(;) ) };, €)

2: L « Lindbladian matrix elements {p(z;)|L|p(t;))
3 M « Gram matrix {p(z;)|p(t;))

4: S, U « diagonalized Gram matrix M

5: S, U « discard eigenvalues smaller than e

6: X « US~/2 > trafo into ONB
7 LT « XTLX > Action on ONB
8 {2, 1,1}, « spectral decomp. of Leff

9: return {1, r'},, X

1

0: end procedure

whose bond dimension in general equals the sum of the
bond dimensions of the original states. Thus, if the time-
evolved states |p(7;))) have corresponding bond dimension
x(p(t;)), then the maximal bond dimension y.g reachable
within the Krylov space is the bond dimension of a linear
combination

Zet = Z;{ ) SNgmaxy(p(r).  (B2)

where N denotes the number of time-evolved states in the
Krylov subspace. We term y.; the effective Krylov bond
dimension, as it describes the expressibility of the Krylov
subspace. In many cases, y. is 2 orders of magnitude bigger
than the ones of the time-evolved states due to the linear
dependence on Ny, allowing for far stronger entangled
states. Crucially, however, such states with large bond
dimension never need to be constructed for calculating
expectation values or other quantities (see Appendix D)
in the Krylov space, rendering the computations very
efficient. This suggests that highly accurate Lindbladian
eigenmodes can be constructed from time-evolved states
with moderate or even small bond dimensions, provided
that the accumulated errors during the dynamics remain
controlled.

As described in the main text, we not only build
the Krylov space out of time-evolved states from one
evolution, but we also perform two separate time evolutions
with different initial states. Besides a real-time evolution,
we perform one along a complex contour parametrized by
z = te”i% with an angle a > 0. This choice of a linearly
inclined complex contour changes the weights of the
different right eigenmodes during time evolution differ-
ently, which is best seen when going into the eigende-
composition of the Lindbladian, where the time evolution
then reads

A Dz
p(2)) = e“lpo) = lpss) + > e (hlpo)r).  (B3)
P
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Consequently, the mode |r;)) is modulated by an expo-
nential with exponent 4,z. The corresponding exponential
dampening is dictated by its real part, which is given by

& = _w = —Re(4;) cos(a) — Im(4;) sin(a).

(B4)
To get more insights into which spectral regions decay
more slowly than for a real-time evolution, we can
characterize each 4; by 4, = |1 |e'%s, yielding

cos(a — )

& = —Re(4) cos(¢r)

(B5)

Fixing a value of a, eigenvalues whose decay is the same as
for a = 0 satisfy cos(a — ¢;) = cos(¢y), which shows that
eigenvalues having ¢, < a/2 + = are enhanced [i.e., fea-
ture a lower damping rate & < —Re(4;)], while ¢, >
a/2 + n are suppressed. Consequently, for positive a,
eigenvalues with Im(4;) > 0 are enhanced. This means
that the time-evolved states with positive angle o feature
higher weight on the upper half plane than real-time-
evolved states (o = 0), where the damping of a mode is
dictated by Re(4;), which is also the projection of the
eigenvalue onto the real axis. Equation (B4) implies that
this picture is slightly changed for the complex contours,
and the projection axis has to be rotated by the angle a, as
shown schematically in Fig. 2(a).

Note that Eq. (B5) also reveals that the choice of a is not
totally free. For instance, if the angle is chosen such that
a> ¢y — (x/2) for some eigenvalue A; = |A;|el?, the
damping rate &; of the corresponding eigenvalue is neg-
ative, and the contribution is exponentially enhanced
during time evolution. In this case, all eigenvalues 4; with
¢y < (/2) +a get enhanced, which typically also
includes bulk states, destabilizing the time evolution.
Additionally, the Krylov space may contain large contri-
butions from bulk states, decreasing the capabilities to
resolve the low-lying eigenvalues accurately. It is therefore
imperative to guarantee that a < ., = mingg; — (7/2).

We can do so by observing that the time evolution of a
traceless initial state |p)) shows the behavior

if o < ap,y,

Glon-{, (86

if &> apax,

where the divergence is exponential. Consequently, by
initializing a few time evolutions with different angles «
and tracking the norm during a short time evolution, a good
approximation to the maximal angle «,, can be found.
Afterward, a much lower angle a < a,,, is chosen for the
time evolution.

A corresponding algorithm summarizing these ideas is
given in Algorithm 3. After initializing a (random) traceless
state, a short time evolution is carried out for different

Algorithm 3. Approximate a,,.

1: procedure GETa,(t)

2 |p) « initialize (random) traceless state
3 for a in grid do

4 |p(e7i9)) « calculate complex-time evolution
S: if Norm is diverging then

6: Opax < &

7 end if

8 end for

9 return o,

10: end procedure

values of the complex angle a. Depending on the evolution
of the norm of the state, the angle a,,,, can be estimated by
checking Eq. (B6).

Note that the left eigenmode of the steady state to any
Lindbladian is given by |/;)) = |1)). This also includes
nonunique steady states, where the identity has to be
understood on one specific subspace of the degeneracy,
generating strong symmetry. Consequently, initial states
(living in a single subspace) that are traceless (and thus
unphysical) have vanishing weight on the steady-state
sector,

0 = Tr(Piniciat) = VPinica)) = €4 |Piniga ). (B7)

This property is preserved by the time evolution, and thus
(up to truncation errors) the set of time-evolved states will
be orthogonal to the steady state. If we normalize during
time evolution, these states even converge to the slowest-
decaying mode instead of the steady state. Note that in the
case of the dissipative Bose-Hubbard model, where the
particle number conservation enforces a strong U(1)
symmetry, we simulate the dynamics in a specific sym-
metry sector (i.e., at a given particle number). A schematic
summary of the main components of CLIK-MPS can be
found in Fig. 9.

Note that to generate a Krylov subspace that accurately
captures the left Lindbladian eigenmatrices, one needs to
perform the time evolution with £ [see Eq. (8) in the main
text]. Then, one can apply Algorithm 2, with the sole
difference being that we include the steady state of LT,
which is the vectorized identity |1)) restricted to a given
strong symmetry sector. If there are no conserved quan-
tities, we add the vectorized identity on the whole space.
For example, in the case of the Bose-Hubbard model
considered in the main text, we add the identity restricted
to the total particle number sector we fixed through the
initial state [37,65]. This way, we do not introduce
contributions from other subsectors into the Krylov space.

Since the right eigenmodes of LT are actually the left

eigenmodes of L, the left eigenmodes are also constructed
using Eq. (BI).
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Complex-time Lindbladian Krylov-subspace MPS
(CLIK-MPS):

Obtain initial states via a warm-up procedure

l

Obtain N states |p(t))) from short-time evolution

Orthogonalize l [Yr) = >, Xielp(t))

Krylov-space span{|¢y)) }:

Properties Quantities

e Diagonalized Lindbladian:
(kl Llepn)) = N, i, 1}

e Steady-state observables:

(O)ss= =, (1|O1p()) [Xro):

o Overlap with eigenmodes:

({pler)) = 22, (plp(B)) [Xre]:

e Supported on
slowly decaying modes

e High effective bond
dimension

Xeff ~ Nx max; x(p(t))

o MPS representation of |1y ))
never explicitly needed

FIG. 9. Schematic depiction of the CLIK-MPS routine.

APPENDIX C: WARM-UP: OPTIMAL
INITIALIZATION

Aside from the maximum evolution time and complex
angle, the initial state is the most critical input to the
algorithm. For the method to perform reliably, it must be
chosen carefully and according to a systematic strategy. In
this section, we aim to provide physically motivated
algorithms to generate good initial states, which are readily
generalized to other systems. The framework presented
in this article spans over two different time-evolution
schemes: the propagation of physical states |oh)) and
traceless states |o%), with either £ or £'. The efficient
initialization of these requires two different optimization
protocols, which we discuss below.

First, let us discuss the warm-up of |oh ). At late times
t> 1/Re(4,), the time evolution of an initial state with
finite trace will lead to a state close to the steady state. Since
we want to capture the steady state and the slowest-
decaying modes with this time evolution efficiently, an
initial state with a large overlap with modes corresponding
to eigenvalues with small modules of their real parts would
be favorable. This is implemented by minimizing the real
part of the expectation value and variance of the
Lindbladian on a subspace spanned by stochastically
chosen states. The resulting routine is summarized in
Algorithm 4. The random subspace is initialized by a
product state |yq) = |n;, no, ..., n; ) on the physical lattice,
which is appended to a list S. In the case of the dissipative
Bose-Hubbard model considered here, we found that states
having most particles located on the ends of the chain are
admissible, since they have a low expectation value. We
emphasize that the effectiveness of a particular initial
state strongly depends on the specific structure of the

Algorithm 4. Compute optimal initial state |op, ).

1: procedure INITIAL_1(|yq), Msamples)

2 S < [lwo)] > Initialize with the input state
3 for n =1 10 ngmpes — 1 do

4 |w) < randomly drawn from §

5 k « random occupied site in |y)

6: i < random number from =+1
7 ) < bzﬂ‘bk"ﬁ
8 if |) ¢ S then

9: Append |§) to S

10: else

11: Go back to line 4

12: end if

13: end for

14 R [ly)® ) for ly).|¢) inS]

150 L« (pi|Llp;) for |, lp;) in R )
16: Ao, 10 < lowest eigenvalue and right eigenvector of Leff
17: [Piniar)) < build 3=, 10 [p;) for |p;) in R

18: if |<<ﬂ |/)initial)>| < €irace then

19: Go back to line 3

20: end if

21: return |piyiia ). S
22:  end procedure

Lindbladian. Now, ngnpes — 1 different states are generated
stochastically as follows: In each iteration, a state |y) is
randomly selected from S, along with an index k labeling
an occupied site, and a neighboring site i € k £ 1 (note that
if k lies at the boundary, only one neighboring site exists).
A new state |) is built by removing a particle on site k and
inserting one at k + i in |y). The state is added to § if it is
not already included, generating a set of ng,nes states that
are connected through successive nearest-neighbor hop-
pings. This is favorable, since the Lindbladian is local, and
thus finite transition rates between different states will
occur. Note that for Lindbladians that do not preserve the
total particle number, it might be beneficial to also include
stochastic single-particle loss and injection in addition to
hopping. Once again, we stress that the procedure for
sampling basis states is motivated by the specific dissipa-
tive Bose-Hubbard Lindbladian that we considered here;
for other systems, slight changes might improve the
procedure. A set of vectorized states can then be built
by taking the tensor product between states in S. This yields
the set R = S ® S containing all [p)) = |y) ® |¢) with |y)
and |¢) in S. The set R features nZ,,, .. different orthonormal
states on the vectorized lattice. The effective Lindbladian
action L™ on R is given by L{' = «pilLlp;), where
lpi). lp;) € R. We diagonalize L, pick the lowest-lying
right eigenvector r” as our initial state, and construct its MPS-
representation by |piia) = 3 1210,

To ensure it is a traceful state, we calculate its trace norm
{T|Pinitiar) and discard the state and repeat the procedure if
it happens to be smaller than some threshold €.
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With some minor adjustments, this algorithm can also be
used to find optimal initializations for |6} )), i.e., traceless
states with low expectation value and variance with the
Lindbladian [see also Eq. (B7)]. This constraint is elegantly
incorporated by choosing only traceless basis states for the
subspace R, making every spanned state in the subspace
immediately traceless. The corresponding pseudocode is
given in Algorithm 5. As mentioned, the basic idea stays
the same, but the subspace in which the optimal state is
searched for (spanned by the randomly chosen states)
should contain only traceless states. Vectorized states of
the form |y) ® |§) with |y).[¢) €S if |y) #[¢) are
already traceless and can be appended to R. However,
lw) ® |w) has trace one, so we may instead take |y) ®
lw) —|#) ® |¢) into R. Notice that the procedure leads to
nfamples — 1 states in R living on the vectorized lattice.

Different from Algorithm 4, these states are not orthonor-
mal, and we need to build an ONB from them. This can be
done by employing Algorithm 2 initialized with the set of
states R and some threshold for the retained eigenvalues ¢.
Notice that due to the simple structure of the states in R, the
Gram matrix may also be constructed explicitly without
calculating any overlaps. Algorithm 2 returns the eigen-
values and corresponding right eigenvectors {4;, r'}; of the
effective Lindbladian in the Krylov space, and the trans-
formation into the Krylov ONB. The right eigenvector r° to
the highest eigenvalue is now the state with the lowest real
part of the Lindbladian expectation in the subspace, and
thus the optimal initial state. Back in the MPS representa-
tion, this state is constructed as |piiga) = ;[ X1%];|0; )-

Although Algorithms 4 and 5 return a good initial state in
the stochastically chosen subspaces, there is no guarantee
that there might not be a better subspace in the first place.
This problem can be resolved by introducing an iterative
extension to the methods shown in Algorithm 6. Instead of
directly building the whole subspace in one step, we now
iteratively find the full subspace by successively adding a
few random states and optimizing this smaller subspace in
each step. Specifically, given a state list S containing n
states, we stochastically generate a new state list S’ by

Algorithm 5. Compute optimal initial state |o%)).

1: procedure INITIAL_2(|yg), Mamples)

2: S « do lines 2-13 from Algorithm 4

3 Re[ly) ®Ig) for |y).|p) in S if ) # )]
4 D« |ly)® |y) for |y)inS]

5: for n =1 to nges — 1 do
6.
7
8

Append |5n>> - ‘5n+l» to R for |5n»7 |5n+1>> inD

end for
: {4;,r'};, X « do Algorithm 2 with states R
9: 0.0 < highest eigenvalue and right eigenvector
10: |Pinitiar) < build >~ [Xr°|p;)) for |p; ) in R
1 return [pig)

12:  end procedure

adding two states through hopping to S and evaluating the
lowest eigenvalue. The same process was repeated a couple
of times, and afterward, we chose the one set S’ which gave
rise to the lowest eigenvalue. This leaves us with a set S of
size n + 2, and the process may be repeated. This method
lowers the expectation value systematically in every iter-
ation, and it can be ended either if a desired Krylov-space
dimension is attained, or a threshold bond dimension or
Lindbladian expectation value is reached. The former is
implemented via the choice of 74,5, Which bounds the

Krylov-space dimension by nfamples, while the latter is
implemented as an escape criterion.

In Fig. 10, such an iterative procedure is shown for the
dissipative Bose-Hubbard model with ten sites and five
particles. The warm-up was performed until 7, = 16 for
both a traceless and a physical initial state. In every
iteration, the expectation value is lowered, which shows
the benefit of iteratively applying Algorithms 4 and 5. The
corresponding bond dimensions (see inset) increase with
Ngates 10 about y = 20 (physical) and y = 60 (traceless).
Since in every iteration only two basis vectors are added,
not all matrix elements have to be calculated, since some
can be reused from the earlier iteration.

For the time evolution with £, the search for an optimal
initial state is not as easily physically motivated.
Unfortunately, we do not know the structure of the left
eigenvector corresponding to the steady state, and thus
orthogonalizing against it is not doable. Minimizing the
expectation value of L' is nevertheless useful, and we thus
just use the same algorithms as for the time evolution with
L. The sole adjustment is that the effective Lindbladian Leff
has to be replaced by the adjoint effective Lindbladian,

T T T T T T T
~3[ e Finite trace e o |
o ° X
% Zero trace X
g X
([ ]
= —4r X A
Z I
: | .
e x
(3 | x
= —5F = 4
Y - £ 50 K
= S
2 % 2 x
L é S o ® o° ]
—6F . ? . -
L 0 PR IR BT B R
X 5 10 15
Nstates
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Nstates
FIG. 10. Initial states optimized via the warm-up procedure. We

perform a search up to ngues = 16 and compute (P8 |£]p™") for
the optimal basis in every iteration, both for finding a physical
initial state (red dots) and a traceless initial state (blue crosses).
Inset: the corresponding maximal bond dimension of the re-
spective states \plf’")). All calculations were performed for a
dissipative Bose-Hubbard model Eqs. (12) and (13) with L = 10
sites and N = 5 particles, setting / = U =k = 1.
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Algorithm 6. Iteratively compute optimal initial states.

1: procedure ITERATE_INITIAL(|Yo), Msamples)

2 for n =1 t0 ngmpies/2 do

3 fork = 1 to 3ng, do

4: |p(k)), S(k) <« Do Algorithm 4 or 5 with (S, 2)
5: end for .

6: K. — argmaxRe(—3mu(p(k)| £lp(K))

; |pinitial>>v N ‘p(kmax)»’ S(kmax)

: if}((pinitial) > Xmax then
9: Break

10: end if
11: end for
12: return |pyiga))

13:  end procedure

((p,-|LAZT |p;)). Thus, for time evolutions with zero complex
angle a = 0, we use Algorithm 4, whereas for finite angles,
Algorithm 5 is employed (both within the iterative exten-
sion described in Algorithm 6).

APPENDIX D: COMPUTING EXPECTATION
VALUES AND OVERLAPS

In most applications, also throughout this paper, the
explicit MPS representation of the steady state and slowly
decaying modes is not of primary interest; rather, one
typically focuses on specific expectation values or overlaps
with them. In CLIK-MPS it is actually possible to avoid
constructing the MPS representation of the approximate
eigenvectors. It suffices to compute overlaps and expect-
ation values with the original time-evolved states.

Assume we are interested in the expectation of operatorA
(for instance, some particle-particle correlator 121,- = IB,TIA) ;in
the main text). As shown in Eq. (B1), the unnormalized
steady state can be represented easily in the original basis.
Thus, if we define the action of A on the Krylov basis as
AT = (1]A|p(t,)) and the normalization N,, = (1|p(z,) ),
it is straightforward to calculate expectation values

[Aeﬁ‘XRh

Tr(AﬁSS) = [NXR]
1

(D1)

Note that the vectorized identity is in general well described
by an MPS with low bond dimension; in all calculations
performed in the scope of this article, it did not exceed y ~ 103.

Since the time evolution with a nonzero complex angle is
not Hermiticity preserving, the steady state |rK) might
have some non-Hermitian artifacts due to the finite
contributions, which are also present in Appendix (D1).
This issue can be resolved by instead considering the
Hermitian part of the density matrix given by [rfy . ) =

—2()rf% 4+ [FK7Y)), where |FK7) denotes the vectorization
of [#K]*. Expectation values of A with this Hermitian steady

state can be calculated easily within the Krylov space.
Besides A", we define A" = (1|A"|p(t,)). and find

Tr(Apss) = ([A“"XR], + [AT*XR]}).  (D2)

2[NXR],

This equation eliminates non-Hermitian artifacts, and we
use it throughout the main text when calculating the two-
point correlator.

Similarly, overlaps of arbitrary states with the Krylov
eigenvectors can be calculated. If we are interested in the
overlap of some vectorized density matrix |p)) with the
Krylov eigenmode |rJK Y, it suffices to calculate the overlap
vector O, = (p|p(z,)) to obtain

(pIr) = [OXR];. (D3)
Crucially, we did not need to construct the explicit MPS
representations of any eigenvector in the Krylov space,
which drastically reduces computational complexity.

Note that it is enough to describe overlaps with right
eigenvectors, as left eigenvectors of £ are calculated in
CLIK-MPS by considering time evolution with LT, whose
right eigenvectors are the left eigenvectors of L. Our
framework gives access to highly accurate eigenvalues
and eigenstates on the upper half plane. Because of the
Lindbladian being Hermitian preserving, the spectrum is
symmetric around the real axis, and eigenvalues on the
lower half plane can be trivially obtained by complex
conjugation. Eigenvectors on the lower half plane can also
be found by Hermitian conjugation of the ones on the upper
plane. Overlaps with them are nevertheless easy to calcu-
late within CLIK-MPS; we need only the useful identity

(rio) = (rilo)*. (D4)
which is easily proven in the density-matrix picture using
the properties of the trace and p being Hermitian. Thus, the
overlap with |r:( ) is easily computed within CLIK-MPS.

An application of the observable calculation in the steady
state of the Krylov space can be seen in Fig. 11. As in the
main text, we are interested in the correlation function
(bib,)ss = Tr(b}b;pss). For the steady state, we use the
approximate steady state obtained via CLIK-MPS and label
it with the maximal Krylov time 7', giving |p&(T))). We fix
the first index at iy = L/4 to avoid influence from the
boundaries. The observables can be easily obtained using
Eq. (D2). We find that the correlation function decays
exponentially, as expected within the mean-field
theory [72]. The corresponding correlation length £ can
be fitted from the tail of the correlation function using an
exponential fitting function, where we again dismiss the
boundary sites. Convergence of the correlation length can
be monitored by building the Krylov subspace spanning
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FIG. 11. Steady state from large system calculations. Correla-
tion function for ten (blue), 20 (orange), 26 (red), and 32 (green)
sites depending on the second site index j at fixed first index
ip = L/4 at U = 2J. We fit the tail of the correlation function
exponentially (yellow) and recover the correlation length & of the
many-body mixed state. The Krylov spaces used time-evolved
states until 6, 18, 22, and 32 with a sampling spacing of 0.1, 0.2,
0.4, and 0.4 for the different system sizes, respectively. Inset:
correlation length & depending on the maximal time 7 for 20 sites.
We compare the CLIK-MPS steady state |p&(T)) with the last
time-evolved state |py(T))). For all data shown here, we chose
J =1,k =2J,alocal dimension d = N + 1, and for L <20 we
set the maximal bond dimension y = 2400, while for L > 20 we
had y = 1400.

over states up to a shorter maximal time 7 and comparing &.
A detailed discussion of the convergence analysis can
be found in Appendix G. For all correlation lengths shown
in the main text in Fig. 5, the same calculations were
performed.

APPENDIX E: EXPLOITING SYMMETRIES

Exploiting symmetries is a key strategy for improving
the efficiency of observable calculations. Assume the
Lindbladian at hand possesses a discrete symmetry, which
comes with a generator Q and a unitary I/ connected via

U = exp(=27iQ). (E1)

In most practical cases, including the example of Zy_
symmetries, the vectorized unitary U is constructed from
another unitary U acting on the physical and auxiliary
space f = U @ U*. The generator Q of U is thus given by
Q = Q ® 1-1 ® Q In the case of ZNS symmetries, Q
has spectrum j/Ng for 0 < j < Njg. Notice that this directly

fixes the spectrum of Q
If the Lindbladian now exhibits this symmetry, i.e.,

[ﬁ,?;{] =0, it decomposes into Ng blocks, each charac-
terized by a fixed transformation behavior and labeled

by the eigenvalues g of Q. All Lindbladian eigenvectors
|[;), |r;)) are thus also eigenvectors of U and live in a fixed

symmetry sector g. Consequently, we would like to not use
the approximate Krylov eigenvector as steady state but
instead its projection into the subspace it belongs to due to
the symmetry. We label this symmetry sector by g, In
mathematical terms, this translates to

|PssqO )= (E2)

qo |p§S »a

where 75q
projector can be written as a polynomial in I/,

, 18 the projector onto the g sector. Crucially, this

Ng—1
eZﬂiqonan.
n=0

490 = N_S (E3)

The key question that remains is identifying the g, sector in
which the steady state resides. Interestingly, one can show
that the steady state is always in the g, = 0 sector. Since the
steady state |pgg)) has a finite trace, it contains a component
lying in the O sector due to

Ng—1

(1 |75q0 lpss) = Z e2midon (1 |L{ "lpss)

(1 |pss>>’“z‘1 rrigon

= {1 |Pss »5%:0- (E4)

Because of the fact that £{|1)) = |1)), which is seen by
going back into the matrix picture, I/ 1y - U710 =1.
The only possible sector eligible for the steady state is thus
the gy = 0 sector. Now, we can safely insert the sym-

metrized approximate steady state 75%:0 P& ) into the
observable

Tr(Apss) = (AP, —olp&)
No-1

:—Z«W"

The expression is brought into its final form by defining the
overlaps A%t = (1|(U7)"AU" |y ), which yields

U AU pKs).  (ES)

. | i
Tr(Apss) = ——<=— Y [ATXR E6
Computationally, this 1is equivalent to calculating

Appendix (D1) Ng times. The crucial advantage we gain
by avoiding applying the projector directly onto |p&)), is
that in most use cases the operator A is much simpler than
the states in the Krylov space, and (U)"AU" can be
calculated exactly. Notice that Eq. (E6) can be combined
with the cancellation of non-Hermitian artifacts similarly to
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Eq. (D2). If we also define Affi* = (1T ATO" |y, Y,

we end up with the final expression

SN H([ATXR],, + [ACTXR])
2Ns[NXR], '

Tr(Aﬁss) = (E7)

In the specific case of the dissipative Bose-Hubbard model
considered in the main text, there is an additional Z,
symmetry given by an inversion of the lattice around the
middle site(s). The corresponding unitary U;,, has the action

U mvb j Uiy = =b L+1-j» and its vectorized version is given by

Uiy = Uiy ® U:,,. We are mainly interested in the two
point correlators (b} ; by)ss. which means we chose A, k=
lA)JTlA?k and consequently, Z:ljnvfl j’kZ:{mV = Bz - jz;L-H—k =
AL—H— jL+1-k- Thus, the resulting computations based
on Eq. (E6) have the same numerical complexity as
Appendix (D1).

The main bottleneck in generalizing the expressions (E6)
and (E7) to continuous symmetries is the explicit expres-
sion of the projector P in terms of the unitary {{. Indeed, in
the case of a U(1) symmetry, the generator has countably
infinite eigenvalues, the unitary depends continuously on a
parameter a, and Eq. (E3) takes on the very familiar form of
a Fourier series

A 1 1 LA
P, = ZA dae* " f(a). (ER)
Now, performing the same steps as before yields
Tr(AﬁSS) = (1 |§[|ﬂ§s»,
N 1 Lo A A
A=— [ daU'(a)AU(a). (E9)
27 0

This result is similar to Eq. (E6) and in spirit, only the sum
is changed for an integral. This approach is readily
generalized to other continuous symmetries in the same
fashion.

Also, the derivation of Egs. (E6), (E7), and (E9) solely
relies on the fact that /|1)) = |1)) and in particular the
explicit form of the generator of time evolution is irrelevant,
which is particularly useful for the generalization of the
framework to non-Markovian settings.

APPENDIX F: COMPARING
TO ED EIGENVECTORS

After the diagonalization in the Krylov subspace, we get
access to a matrix R encoding all right eigenvectors, and
Eq. (B1) tells us how to write the eigenvectors in the basis
of the original time-evolved states. To assess the quality of
the approximation, we can compare to ED diagonalization
of the Lindbladian written as a matrix in some ONB
{le;»};- This yields the exact right eigenvectors R}E written

in the ONB. To bring the two different bases together,
we represent the time-evolved states used in CLIK-MPS in
the ONB used for ED by E,,; = (e, |p(t;))), making it
possible to compute the overlap

|rK)) = [RETEXR], (F1)

Ji*
where |r;)) is the jth exact right eigenvector of the
Lindbladian. Appendix (F1) is best understood from right
to left: X transforms from the Krylov ONB to the original
time-evolved states, while E maps them onto the basis used
for ED. Then, the overlap is calculated by acting with the
right eigenvectors in this basis from the left. We use
Appendix (F1) to calculate the overlaps with the exact
right and left eigenvectors in Figs. 4(b) and 4(c) in the
main text.

APPENDIX G: QUANTIFYING ACCURACY
BEYOND ED COMPARISONS

When considering small systems, the accuracy of the
CLIK-MPS framework can be tested straight away as
outlined in Appendix F. Instead, for large-scale systems
lacking exact reference data, it becomes imperative to
develop alternative checks to assess the precision of the
computed quantities.

Our main objective is to quantify the deviations from the
exact steady state when using CLIK-MPS. We formulate
the following theorem:

Denote by [p%)) the approximate steady state from
CLIK-MPS. Then we have

(&S ILTLIpES)

P v

[pSslpssH> =1 -

For the proof, notice that LTL is Hermitian with a non-
negative spectrum. Furthermore, the steady state is its only
eigenstate with eigenvalue 0. The gap of this Hermitian
operator is given by p, = |O'2 , where o, is the second
lowest singular value of L. We may diagonalize LiL,
denote its increasingly ordered eigenvalues by y; and its
eigenvectors by |v.). Going into the eigenbasis we find

IpEN = >, apmlv,) and

CPEILTZIPE) = pmlanl.

m>2

(G2)

Combining this with the normalization constraint
1 =35, |au|* we find the bound

’al‘z =1- Z'am|2 1 __Zﬂmlaml G3)

m>2 m>2

where we used that p,,/u, > 1 if m > 2. Since |a,|> =
(pss lpss)|?, the lower bound follows immediately.

041020-20



TENSOR NETWORK FRAMEWORK FOR LINDBLADIAN SPECTRA...

PHYS. REV. X 16, 041020 (2026)

Although we do not know the singular value o,, the
accuracy of the two approximate steady states can never-
theless be compared with only the knowledge of the
variance. In some cases, the second-lowest singular value
may also be approximated within the Krylov space. Notice

that it is possible to calculate (p&;| £ £|pKY) directly inside
the Krylov subspace similar to Appendix D. A nontrivial
upper bound can be obtained using ,,/u;> < 1, where
denotes the highest eigenvalue. Following the same steps as
above, this implies

(&I LTLIp%S)

|O'D2|2

[pSslpssHI? < 1 - (G4)

Interestingly, it is now possible to quantify the accuracy of
the bounds. It is governed by the ratio o,:/0,, which is
connected to the condition number of the Lindbladian (on
the subspace orthogonal to the steady state).

Unfortunately, it is hard to derive error bounds for other
parts of the spectrum, but there are other ways to check if a
spectral feature is sufficiently converged. A simple yet
effective approach is to compare approximated spectra
from different Krylov spaces with each other. We suggest
varying the maximal evolution time 7 used to construct the
Krylov space, while the sampling interval 6 remains fixed.
In the following, we refer to the Krylov space with larger T
as the big Krylov space (having T',;,), and to the other as the
small one (7,,,)- This construction ensures that the second
Krylov space contains the first, so the big Krylov space is
expected to yield a more accurate spectrum than the small
one. If Tyi — Tian > 8¢, but an eigenvalue is the same in
both Krylov spaces, we may say that this eigenvalue is
sufficiently converged. Notice that if the Gram matrix M
and effective Lindbladian L. have been calculated for the
big Krylov space, then the ones in the small Krylov space
are trivially known by restricting the matrices to the time-
evolved states contained in the small one, and no further
overlaps or expectations need to be calculated. This makes
convergence analysis particularly easy.

In the insets of Fig. 12(a) [Fig. 2(b)], such an analysis is
shown for the dissipative Bose-Hubbard system with 20
sites and ten particles at J = 1, k/J =2, and U/J = 0.16
(U/J = 0.5), respectively. The spectra obtained by CLIK-
MPS with complex angles @« =0 and a = 0.02, with
spacing dr = 0.2/J are shown for many different maximal
times 7. While the slowest-decaying mode AX (T') is almost
constant for 7' > 25, indicating sufficient convergence, 13
needs until 7 =40 to converge. Additionally, 4, seems
converged out after 7 > 35, while 15 would need time
evolutions way beyond 7" = 45 to converge out. In total, we
conclude that maximal time 7' =42 suffices for U/J = 0.16
and U/J = 0.5 to resolve both A; and A,. In Fig. 12(a), we
furthermore show the whole spectrum for U/J = 0.16 at
identical parameters as in the inset, for two maximal times,
underscoring the convergence of the low-lying spectrum.

(@)
A L=20,T=38 :"""""""""':'
047 % L=20,T=42 € 03f 17
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] ~ F 1
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FIG. 12. Convergence analysis for large-scale systems.
(a) CLIK-MPS generated spectrum of the Bose-Hubbard system
with U/J = 0.16 with L = 20 at half filling, depending on the
maximal evolution time 7. We fix the Krylov sampling step at
o0t =0.2, and evolve to T = 34 (orange) and T = 38 (blue),
getting Krylov spaces of dimensions 340 and 380, respectively.
By varying the maximal time 7 taken into the Krylov space, we
can see if a spectral point is sufficiently converged (see also
inset). Inset: maximal time 7" dependence of the first four nonzero
eigenvalues. We set the maximal bond dimension to y = 2400.
(b) Dissipative gap from CLIK-MPS for system sizes L = 22, 26
at ot = 0.4 and L = 32,40 at 6t = 0.6 depending on the maximal
evolution time 7 at two different U/J. T is given in units of the
gap to best display the damping rates the states experience. We set
the maximal bond dimension to y = 1600 for L =40 and y =
1400 for all other system sizes. Inset: dissipative gap depending
on T for L =20, U = 0 at half filling with 6t = 0.2 with four
different maximal bond dimensions during time evolution. While
x > 600 eventually converge to the same dissipative gap, y = 300
(thin blue line) misses the correct value. Note that deviations in
the intermediate-time regime might also originate from the
stochastically chosen initial states. For all data shown here, we
chose J =1, k = 2J, a local dimension d = N + 1.

We conducted the same analysis for all data shown in
Fig. 7, and we chose T =38 for U =0, T =42 for
U = 0.16, 0.33, 0.5, and lastly 7 = 44 for U = 0.66.
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In Fig. 12(b), we lastly show a part of the convergence
analysis for the dissipative gaps provided in Fig. 6. We
again show the dissipative gap for various system sizes (line
style) and on-site interactions U/J (color) at half filling,
depending on the maximal time 7" for the Krylov space.
Since convergence times strongly depend on the system
parameters, we express 7 in orders of the inverse dis-
sipative gap —1/Rel,. We see that all data is sufficiently
converged between 7' = 3.5 and 5 in orders of the inverse
dissipative gap. Nevertheless, for L = 32 we evolve further
to be sure and finally take the maximal times 7" = 87 for
U=0,T=281 for U=0.16, and T = 84 for U = 0.66
for CLIK-MPS and the analysis provided in Fig. 6. For
L =40, we evolve up to T = 120.0 with a step 6t = 0.6,
resulting in 400 time-evolved states.

Error bounds on the steady-state approximation quality
have been put forward for Krylov methods in the past. For
exponential Krylov spaces, they typically depend on the
exponential of the dissipative gap A, as well as the maximal
evolution time 7 as ||po||/|{!i|po)|e™2T, where the pre-
factor may vary, but the asymptotic behavior is the
same [97]. This, however, also means that at least the
asymptotic behavior of the error bound is not sharper than
normal time-evolution methods. In our case, however, the
Krylov space K is actually a block Krylov space consisting
of two independent blocks of Krylov basis vectors coming
from the traceless and traceful initial states. To understand
the impact of the second time evolution on the approxi-
mation quality, we need to first consider the basis vectors
again. They are given by |p;)), |o4) and can be written as
time evolutions of the initial vectors as

K = span{|py), |oxMfor k =1, ...,m},

o) = e"“\po», o) = ekém‘go»-

Written in the right eigenbasis of the Lindbladian, the
states are

(G5)

i) = ailpss) + Zekmfaj|”j»,
=

o) = Do hRIb |y, (G6)
j=2

where the coefficients a;, b; depend on the left eigenvec-
tors. Since the joint Krylov space contains all linear
combinations of these states by definition, we can change
the basis of the space and instead look at the states

\m»zmm—§§ﬁmwm. (G7)

The Krylov space can be rewritten in terms of these states as

K= span{\yk)), lonfor k=1, ..., m}, (G8)

where |yo) = |po) — (a2/by)|og). Now, notice that the
approximation quality of the steady state is better in K than
in the smaller Krylov space

IC, = span{|y,) fork=1,....m} (G9)
since it is a subset of /C. Crucially, this Krylov space
contains no contributions from the fastest eigenmode |r,)),

making the convergence speed at least —Re/;. This directly
leads to the bound

(1= Polpsod | < Lt esmar i opetsvim. G10)

which is exponentially sharper than an error bound depend-
ing on the dissipative gap. Note that we introduced the
projector onto the Krylov space Py here.

By applying the same logic to another Krylov subspace

ngspan{|ak>)fork: lm} (G11)

one gets a similar bound for the slowest-decaying eigen-
vector given by

|1 = Potrap|| < 120l s
as

(G12)
Of course, the complex-time step in the second time
evolution has some effects on these bounds. Note, however,
that while the complex angle may affect the exponential
scalings by a O(a) correction (not too severe because a is
in general chosen quite small), it most importantly lifts
degeneracy of the real part of the eigenvalues. This makes it
especially important for systems with degenerate slowest-
decaying modes.

APPENDIX H: NUMERICAL DETAILS

In this section, we present the details of the numerical
implementation used for the dissipative time evolution.
All calculations were performed using the SyTen toolkit
[93,94]. To employ the MPS representation [51] in the
context of mixed states, we need to vectorize density
matrices, which is done by doubling the system size,
alternating physical and auxiliary sites, as shown sche-
matically in Fig. 13(a). In the same way, as shown in
Fig. 13(b) we recast the Lindbladian as an operator acting
on the vectorized space according to Eq. (2) in the main
text [19]. Importantly, alternating physical and auxiliary
sites ensures that local Hamiltonians and dissipators remain
local in the vectorized description [62]. In the specific case
of the dissipative Bose-Hubbard model considered in the
main text, the vectorized Lindbladian features at most next-
nearest-neighbor terms.
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CL1| agl

FIG. 13. The MPS representation of a vectorized density matrix
(a) and the MPO representation of a vectorized Lindbladian
(b) on a doubled lattice. Here, p; labels the jth physical site (blue)
and a; the corresponding auxiliary site (red).

We utilize the TDVP method for MPS to simulate
dissipative dynamics [64,65]. For bosonic systems with
a large local physical dimension d, as discussed in the main
text, the most suitable approach is the LSE TDVP [66,67].
This method relies on single-site updates in combination
with a local subspace expansion [98], offering a speed
advantage of a factor of d over the standard two-site time-
dependent variational principle. Applying TDVP to
Lindbladian dynamics poses additional difficulties due to
the non-Hermitian nature of the generator. To address this,
we adopt a straightforward approach: We perform a brute-
force Taylor expansion of the exponentials of the local site
tensors, which are then used for the time evolution, as
explained in Ref. [68]. For all calculations provided in this
paper, we chose the time step d# = 0.01 for time evolutions,
unless otherwise stated.

The dissipative Bose-Hubbard model possesses a strong
U(1) symmetry associated with the conservation of the
total particle number. In the vectorized representation, this
single U(1) symmetry maps onto two U(1) symmetries
corresponding to particle number conservation on each
sublattice. We take advantage of both symmetries within
the MPS structure to achieve a block decomposition of the
Lindbladian. The second U(1) symmetry arises because the
full vectorized Hilbert space includes unphysical states, and
the Lindbladian adopts a block diagonal form that separates
the physical from the unphysical sectors. Therefore,
explicitly incorporating this symmetry in the implementa-
tion is crucial; failing to do so may allow truncation errors
to shift weight into the unphysical subspace, potentially
introducing unphysical vectors into the Krylov space.
Thanks to the presence of both symmetries, the system
can be exactly represented using a local Hilbert-space
dimension of d = N + 1. Moreover, dissipation suppresses
the growth of entanglement in time. Nonetheless, when
fixing a maximal bond dimension y for the time evolution,
severe truncation errors might occur. In Fig. 14, we show
the truncation error and bond dimension for one exemplary
time evolution. We see that the bond dimension quickly

Bond dim. Trunc error -
.E _:103
: | :
S 104k E
Q F oo
= L E
5[ 310°3
= ! m U=0,a=000 ]
10=5 B U=066,a=002 -
F L=32,N=16 B U=066,a=0.00 ]
N TR RS NN RS R NN RS S 1
010 20 30 40 50 60 70 80 10
t(1/J)
FIG. 14. Truncation error and right bond dimension during time

evolution for large-scale calculations. We consider the Bose-
Hubbard model with 32 sites at half filling with x/J =2 and
U/J =1and U/J = 0, respectively. We show both the physical
time evolution at @ = 0 (blue) for U = 0 and U = 0.66 and the
complex-time evolution with traceless initial state at a = 0.02
(orange) for U = 0.66. In all cases, the bond dimension increases
strongly in the first time steps up to the maximal bond dimension
of y. Similarly, the truncation error increases in the beginning
before decreasing and saturating. The maximal bond dimension y
is set to 1400 for all calculations. To accurately capture the
behavior in the first steps, the time step was initially set to
1 x 1073, and after ten steps it was increased to 0.01.

saturates to the maximal bond dimension of y = 1400,
while the truncation errors remain moderate. Interestingly,
low maximal bond dimension y seems not to be a problem
at all, as we see in the inset of Fig. 12(b). We employ CLIK-
MPS for a fixed parameter set for four different maximal
bond dimensions, and look at the approximated dissipative
gap depending on the maximal evolution time. Although at
intermediate times, there are large deviations between the
different data, the ones with y > 600 converge to the same
value. This is perfectly explained by the effective bond
dimension y in the Krylov space [cf. Eq. (B2)], which is
the bond dimension that is reachable within the Krylov
space. Crucially, besides scaling linearly in y, it also scales
linearly in the Krylov-space dimension Dg. Thus, while at
mediocre times y = 600 does not have a sufficient y.; due
to low Dy, the Krylov space with y = 2400 already has,
and it can render the slowest-decaying mode correctly. This
advantage is diminished by adding more time-evolved
states to the Krylov space, eventually increasing the
effective bond dimension strongly enough to render the
eigenmode correctly. Note that this analysis is only true in a
bond dimension window: For y = 300, the Krylov space
completely misses the dissipative gap, shows strong dis-
continuities, and convergence is never reached. This is
traced back to projection errors completely obscuring the
actual dynamics generated by the Lindbladian. Also, in
Fig. 3 we found that if the bond dimension during time
evolution is chosen much too small, the Krylov space can
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nevertheless fail in resolving the spectrum accurately,
which happened when choosing a bond dimension of
x <400. This observation suggests a simple heuristcs to
use bond dimensions as small as possible: One simply runs
a few CLIK-MPS in parallel with different bond dimen-
sions and monitors the convergence of the low-lying
eigenstates. As soon as the quantities of interest (e.g.,
dissipative gap, target observable) do not change upon
further increasing the bond dimension, this run is con-
verged, and all other calculations can be terminated.

To speed up the calculations, we can employ paralleli-
zation at multiple stages of the framework. First, the two
time evolutions needed in CLIK-MPS are independent of
each other, so they can be trivially parallelized. A similar
procedure can be adopted when calculating the overlaps
and expectations needed for the effective Lindbladian L
and Gram matrix G. Here, each overlap and expectation is
independent of all the others, and thus the (Ng)? calcu-
lations can also be trivially parallelized. Similarly, expect-
ation values and overlaps for observable calculation in the
steady state as described in Appendix D is amenable to
parallelization in the same manner.

Regarding the truncation of the MPS during the
dynamics [65], one has to be careful that truncation errors
do not introduce contributions on unphysical states into
the Hilbert space. This problem typically arises if not all
the system’s symmetries are exploited in the numerics.
Furthermore, truncation strongly affects the time evolutions
with traceless states. These states are orthogonal on the
steady-state sector, which is conserved during time evolu-
tion, if there is no truncation. However, if the state is
truncated, in each step a small mass is shifted into the
steady-state sector, which is enhanced due to the normali-
zation done in each time step, leading to

(Lilp(1)) ~ pelRetli,

where the prefactor £ is proportional to the truncation error.
The exponential increase originates from the exponential
decay of the contribution of the slowest-decaying mode,
which enhances the weight on the steady-state sector during
the normalization of |p())) at every time step.
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