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Quantum signal processing (QSP) transforms a unitary parametrized by a classical variable θ into one
governed by a polynomial function fðθÞ. Though quantum mechanics is linear, such highly nonlinear
transformations arise naturally from the curvature of the qubit Bloch sphere. This capability underpins
many quantum algorithms and enables robust control by decreasing sensitivity to errors in a control
parameter, or quantum sensing by increasing sensitivity to variations one seeks to measure. Here, we extend
QSP from classical, commuting control parameters to noncommuting quantum operators. We call this new
multivariate class non-Abelian QSP. Rather than treating the noncommutativity of quantum control
variables as a complication, non-Abelian QSP exploits their richer commutator algebra as a resource for
efficient control. A natural setting is hybrid oscillator-qubit systems realized in superconducting and
trapped-ion processors, where the control variables can be the noncommuting position and momentum of a
quantum harmonic oscillator. We introduce the Gaussian-controlled rotation (GCR), a canonical instance of
non-Abelian QSP that cancels the Gaussian quantum-fluctuation error of an oscillator-controlled
qubit rotation, matching the robustness of classical composite pulses with a much shorter circuit and
an order-of-magnitude lower error. GCR enables fully analytical circuits for preparing squeezed, cat, GKP,
and Fock states with performance comparable to state-of-the-art numerically optimized protocols.
Building on this primitive, we develop an analytical framework for universal control of GKP bosonic
codes, in which logical readout doubles as piecewise gate teleportation, yielding the first high-fidelity,
error-mitigated single- and two-qubit logical gates for finite-energy GKP that surpass prior schemes even in
the noiseless regime. The same framework supplies midcircuit error detection and extends in closed form to
arbitrary lattices, qudits, and multimode codes relevant to the superconducting-circuit experiments now
demonstrating beyond-break-even GKP memory. We further apply these ideas to close a key gap in
oscillator-assisted quantum phase estimation. Together, these results show that the non-Abelian structure of
quantum control operators can provide a practical resource for robust and efficient quantum control,
establishing non-Abelian QSP as both a new theoretical framework and an experimentally accessible
control paradigm.

DOI: 10.1103/7jwl-k8xg Subject Areas: Optics, Quantum Physics,
Quantum Information

I. INTRODUCTION

Quantum signal processing (QSP) [1,2] is a fundamental
algorithmic primitive that (roughly speaking) transforms a
qubit unitary parametrized by a classical variable θ into one
governed by a polynomial function of that variable, fðθÞ.

For example, for the case of a single qubit rotation, we
might have

Ui½θ� ¼ eiθP̂ ⟶
QSP

Ut½fðθÞ� ≈ eifðθÞP̂; ð1Þ

where P̂ is a Pauli matrix. As we will explain, the
QSP transformation is achieved via repeated application
of the fixed unitary Ui½θ� alternately with other qubit
rotations. Though quantummechanics is linear, such highly
nonlinear transformations arise naturally from the curvature
of the qubit Bloch sphere. QSP is descended from early
work in the nuclear magnetic resonance community devel-
oping composite pulse sequences that are robust against
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different types of errors in the pulse controls. Its broad
utility in robust quantum control arises from choosing the
polynomial fðθÞ in a way that decreases sensitivity to errors
in the control parameter θ. Conversely, in quantum sensing
one chooses the polynomial to increase sensitivity to the
small variations in a parameter θ that we desire to measure.
Importantly and more generally, the QSP primitive has
been shown to underpin essentially all known quantum
algorithms [3], thus moving its impact far beyond its roots
in magnetic resonance.
In this work, we open a new multivariate regime of QSP

—non-Abelian QSP—in which the control parameters
fθ̂1; θ̂2;…g are noncommuting quantum operators. We
show that this noncommutativity, rather than being merely
a complication, can itself be exploited as a resource for
quantum control. Rather than developing a general theory
of this regime, we provide its first explicit constructive
instance: a single composite pulse, the Gaussian-
controlled rotation, from which every result in this paper
follows. Experimental instantiations of this richer alge-
braic structure are currently being explored in hybrid
oscillator-qubit (CV-DV) systems [4–6] realized in super-
conducting [7,8], trapped-ion [9,10] and neutral atom
[11,12] quantum processors, where the non-commuting
variables are quantum harmonic oscillator positions and
momenta. In superconducting systems, the oscillators are
the electromagnetic modes of resonators, and for trapped
ions, the oscillators are the collective mechanical motional
modes of the ions. In neutral atom arrays, the (nearly)
harmonic oscillators correspond to the mechanical motion
of each atom in its individual optical tweezer trapping
potential.
Our work builds on two separate threads of prior

research. The abstract necessary conditions for noncom-
muting multivariate QSP were given in [13] but without any
sufficiency result, constructive algorithm, or explicit exam-
ple. Independently, there is a separate history in the
quantum control literature of developing gate sequences
for hybrid CV-DV systems for the preparation of squeezed
states, cat states, Fock states, and GKP states in the
oscillator [7,10,14–22], or entangled states of the qubits
coupled to the oscillator [23,24], but these gate sequences
were not developed from the perspective of NA-QSP. Some
of the simplest of these gate sequences, such as the
Mølmer-Sørensen gate [23,24] in ion traps, are analytic
and “human readable,” but others are only semianalytic
[14–16] or the result of purely numerical optimization from
random initial gate sequences [7]. These are typically
difficult to interpret and hard to generalize. Motivated by
this, we show in this work that formalizing the key concepts
and operations in the language of QSP and NA-QSP
permits a deeper understanding and more systematic
analytical design of gate sequences that match or outper-
form state-of-the-art numerical schemes. In particular, we
demonstrate the benefits of interpreting these sequences as

providing robustness against quantum fluctuations in the
noncommuting control parameters, just as ordinary Abelian
QSP can be used to provide control that is robust against
classical fluctuations in the control parameters.
In Abelian QSP, the control parameter θ in Eq. (1) is

typically determined by the amplitude of an (essentially
classical) electromagnetic pulse applied by the controller to
the qubit, or in the case of quantum sensing, the amplitude
of a signal to be sensed. In the hybrid CV-DV systems that
we will be considering, the classical control parameter θ is
replaced by a quantum operator ĝ

Ui½ĝðx̂; p̂Þ� ¼ eiĝðx̂;p̂Þσz ⟶
NA-QSP

Ut½f̂ðx̂; p̂Þ� ≈ eif̂ðx̂;p̂Þσz ; ð2Þ

where ĝ is an operator that is a linear function of the
oscillator position (x̂) and momentum (p̂), that is trans-
formed under non-Abelian QSP (NA-QSP) into a poly-
nomial function f̂ðx̂; p̂Þ.
Because of the symplectic structure of the quantum

oscillator phase space, it is convenient to parametrize a
linear polynomial ĝu⃗ by a fixed two-component vector u⃗ via

ĝu⃗ ¼ ðux; upÞ
�

0 −1
þ1 0

��
x̂

p̂

�
; ð3Þ

which makes clear that ĝ is a generator of displacements of
the oscillator in phase space in the direction u⃗.
If we are dealing with only a single linear function ĝu⃗,

then this is effectively a univariate Abelian case [25,26],
which is a trivial extension of the traditional QSP to hybrid
CV-DV systems. If, however, we are also dealing with (say)
a second such linear function ĝv⃗, then we have a bivariate
non-Abelian case, provided that u⃗ and v⃗ are not collinear so
that

½ĝu⃗; ĝv⃗� ¼
i
2
ðuxvp − upvxÞ ≠ 0; ð4Þ

where, as explained in Appendix A, we are using dimen-
sionless position and momentum variables that obey

½x̂; p̂� ¼ i
2
: ð5Þ

This illustrates the noncommutative nature of the Weyl-
Heisenberg group of translations in phase space.
The noncommutativity of x̂ and p̂, combined with

the noncommutativity of DV qubit rotations, yields an
even richer algebraic structure that powers NA-QSP.
Interestingly, there are two complementary interpretations
of the hybrid CV-DVoperations [27] U½ĝðx̂; p̂Þ� in Eq. (2).
To illustrate these interpretations, consider the simple case
ĝðx̂; p̂Þ ¼ upx̂, where up ¼ k is a constant

U½kx̂� ¼ eiðkσzÞx̂ ð6Þ
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¼ eiðkx̂Þσz ¼ e−i
θ̂x̂
2
σz : ð7Þ

Equation (6) invites interpretation as a momentum boost of
the oscillator by an amount �k=2 [see Eq. (5) and
Appendix A to understand the factor of 1=2] that depends
on the state of the qubit. Conversely, the completely
equivalent Eq. (7) invites interpretation as a rotation of
the qubit about the z axis by an angle θ̂x̂ ¼ −2kx̂ that is
linear in the oscillator position. Gates of this form are
natively available [5] in both ion traps and in super-
conducting circuits.
It is straightforward to show that combining U½kx̂� with

U½−Δp̂� yields a rich algebraic structure that enables
universal control for hybrid CV-DV systems [5] due to
the noncommutativity of the rotation angles θ̂x̂ and θ̂p̂. In
particular, NA-QSP sequences can be used to generate
higher order polynomials such asU½λðx̂2 þ p̂2Þ�, which can
be interpreted as a qubit-dependent rotation of the oscillator
in phase space, or as a rotation of the qubit about the z axis
by an angle proportional to the energy of the oscillator. A
quartic polynomial can be used to synthetically generate
effective anharmonicity in the oscillator to perform quan-
tum Hamiltonian simulations of interacting bosons, spins or
fermions coupled to bosons, motion of nuclei in molecules
on nonparabolic potential energy surfaces, lattice gauge
theories, etc.
The fact that the oscillator position and momentum are

noncommuting, of course, leads to Heisenberg uncertainty
in these quantities. We are thus faced with the conundrum
that while we may wish to rotate a qubit by an angle
proportional to the displacement of an oscillator, there will
inevitably be quantum fluctuations in the oscillator
position to contend with. Interestingly, the deleterious
effects of these quantum fluctuations can be mitigated
using Abelian QSP gate sequences based on purely
classical robust control techniques developed by the
NMR community [28].
It turns out, however, that the cause of the problem can

also be its cure. The very same noncommutativity that

produces these quantum uncertainties can be harnessed to
construct a simpler and more robust NA-QSP sequence—
the Gaussian-controlled rotation (GCR)—that suppresses
them. GCR serves as our prototype for explaining NA-QSP
and for illustrating its power on experimentally practical
finite-energy approximations to the GKP bosonic code,
where it significantly improves the mapping of error
syndromes and logical states onto the DV qubit for
measurement, and enables an improved form of gate
teleportation. As we show, this single primitive already
yields fully analytical protocols across oscillator state
preparation, universal control of GKP error-corrected
qubits, and oscillator-assisted phase estimation—domains
where comparable results previously required numerical
optimization.

A. Outline and reader’s guide

We anticipate that this work will be of interest to readers
familiar with DV qubits who wish to learn about the
extension of QSP ideas to the non-Abelian CV setting, and
to readers familiar with CV quantum information who are
seeking a more systematic approach to bosonic control
problems. In Sec. II we will briefly review standard
quantum signal processing and introduce NA-QSP, giving
an overview in Table I of the hierarchy of different classes
of QSP for hybrid CV-DV systems. We also define the
specifics of experimentally realized hybrid gates that can be
used for QSP. Section III shows how traditional NMR
composite pulse sequences can be applied to compensate
for quantum fluctuations rather than classical fluctuations
of the pulse parameters. We then present GCR in detail; this
NA-QSP sequence takes particular advantage of the fact
that the zero-point fluctuations of oscillators lead to
Gaussian distributions of their position and momentum.
In Sec. IV we present applications of the GCR to the
deterministic preparation of squeezed states and non-
Gaussian states such as cat states and GKP error correction
code words, and compare it against state-of-the-art numeri-
cal strategies. Section V presents important NA-QSP

TABLE I. The landscape of CV-DV QSP. This table organizes QSP protocols by whether their control variables commute, progressing
from classical composite pulses to the non-Abelian regime opened in this work. Overview of different types of QSP techniques, with
commuting and noncommuting quantum variables, found in the literature, developed towards universal oscillator control. The bottom
two rows belong to the largely unexplored territory of non-Abelian quantum signal processing. In hybrid oscillator-qubit systems, the
noncommuting variables are the oscillator position x̂ and momentum p̂. This work presents explicit analytical constructions of non-
Abelian QSP sequences with applications in the arena of CV-DV control theory.

Types of CV-DV QSP Conditions Use case Refs.

Univariate QSP θ̂ Adaptation of traditional QSP methods
[1,3,29] to quantum control variables

[25]

Multivariate QSP with
commuting variables

θ̂1; θ̂2; θ̂3; ::s:t: ½θ̂i; θ̂j� ¼ 0 Control of multiple oscillators [13,30]

Bivariate QSP with
noncommuting variables

½θ̂1; θ̂2� ≠ 0 High-fidelity control of single oscillator
with low circuit-depth

This work
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applications to GKP bosonic error correction codes, giving
novel algorithmic primitives for logical readout, error
correction, and gate teleportation. Section VI highlights
future directions with concrete examples in phase estima-
tion, universal control via preparation of rotation symmetric
states like the four-legged cat state and Fock state j1i, and
extensions of hybrid optimization. Section VII presents a
summary, conclusions, and open problems.

II. QUANTUM SIGNAL PROCESSING FOR
CONTROL OF HYBRID SYSTEMS

In this section, we introduce the key concepts needed to
frame the hybrid CV-DV control problem: starting from
classical composite pulse sequences, we review quantum
signal processing and its extension to hybrid oscillator-
qubit systems introducing the two central problem state-
ments in hybrid control, and explain how Gaussian uncer-
tainty in oscillator states creates the control challenge that
Sec. III addresses. For this work, we use g, e to denote the
ground and excited states of a qubit, while jn ¼ 0; 1; 2; ::i is
used to represent the Fock states of an oscillator, with j0i
representing the vacuum.

A. Composite pulses for single-qubit control

The QSP formalism is the generalization of composite
pulses–compositions of multiple single-qubit rotations,
developed by the NMR community, to correct for system-
atic errors in control parameters. As an example, suppose
that the target rotation is

Ut ¼ e−i
θt
2
σϕ ; ð8Þ

σϕ ≡ cosϕσx þ sinϕσy: ð9Þ

For the experimentally common case where the pulse
controller has well-controlled phase, ϕ, but poorly con-
trolled amplitude, the actual rotation applied will be

Uerr
ϕ ðθÞ ¼ e−i

θ
2
σϕ ; with ð10Þ

θ ¼ θtð1þ εÞ; ð11Þ

where ε represents a small fractional error in the pulse
amplitude.
To suppress such errors, composite pulses Uϕ⃗ðθÞ,

composed of multiple (erroneous) single-qubit rotations
with different phases ϕ⃗ ¼ fϕ0;ϕ1;…g, are constructed to
cancel all low-order error terms up to Oðεn−1Þ, thereby
boosting the rotation fidelity to

jhgjU†
tUϕ⃗ðθÞjgij2 ¼ 1 −Oðε2nÞ: ð12Þ

Several well-known composite pulse sequences have been
developed for classical (scalar) errors in θ, including

BB1 [28], SCROFULOUS [31], and TYCKO [32]. In
the context of quantum control of qubits, related but more
systematic schemes have been developed [3,33–35].
For our purposes, the BB1 sequence achieves the

simplest and most effective error cancellation, and thus,
will serve as our benchmark for comparison. The sequence,
designed to implement a robust approximation to the
rotation Ut under classical control errors, is given by

BB1ðθtÞ ¼ e−i
π
2θt
θσϕe−i

π
θt
θσ3ϕe−i

π
2θt
θσϕe−i

θ
2
σx ; ð13Þ

where ϕ1 ¼ cos−1f−½θt=ð4πÞ�g. The net effect of the
composite sequence is to produce a unitary of the form
shown in Eq. (1) with the polynomial f designed to
produce a nearly constant output for all input angles θ
near the target angle θt

fðθÞ ≈ θt þOðεnÞ; ð14Þ

for some degree n > 1. For the BB1 sequence, n ¼ 3, thus
yielding a fidelity of jhgjU†

tUϕ⃗ðθÞjgij2 ¼ 1 − 5
16
ðθ=2Þ6.

B. Review of QSP

Quantum signal processing emerged as a systematic
generalization of composite pulse sequences. In particular,
these sequences sandwiched a signal, commonly a single-
qubit X rotation, between single-qubit Z rotations [29]. For
a signal processing vector ϕ⃗ ¼ fϕ0;ϕ1;…g, we can write a
single-qubit QSP sequence as

Uϕ⃗ðθÞ ¼ e−i
ϕd
2
σz
Yd−1
k¼0

e−i
θ
2
σxe−i

ϕk
2
σz ð15Þ

¼
Yd−1
k¼0

e−i
θ
2
σΦk ; Φk ¼

Xk
j¼0

ϕj: ð16Þ

We will use the convention that the product of operators is
ordered from right to left so that the k ¼ 0 term is applied
first and the k ¼ d term is applied last. The final
expression assumes that Φd ¼ 0. Thus, a QSP sequence
is a series of single-qubit rotations about axes on the
equatorial plane of the Bloch sphere targeted to achieve a
unitary polynomial Uϕ⃗ðθÞ. For example, the BB1(90)
composite pulse sequence in Eq. (13) can be represented
in the QSP form as ϕ⃗ ¼ ð0; λ; 0; 2λ; 0; 0; 0;−2λ; 0;−λÞ
where λ ¼ cos−1ð−1=8Þ. The QSP sequence produces a
matrix that can be expressed using polynomial functions
of cosðθ=2Þ [3],

Uϕ⃗ðθÞ ¼
�
Ugg Uge

Ueg Uee

�
: ð17Þ
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For BB1, the first component of this matrix
is UggðθÞ ¼ jhgjUϕ⃗ðθÞjgij.
The QSP framework has been subsequently extended

from single-variable to multi-variable settings. A general
QSP sequence covering all extensions where the signal
processing operators are single-qubit rotations is given by

Uϕðθ̂1; θ̂2; θ̂3; ::θ̂nÞ ¼
Yd−1
k¼0

ei
θ̂sk
2
⊗σΦk ; ð18Þ

where sk denotes the signal variables for each of the k
signal processing steps. Note that this extension may
include multi-qubit systems, hybrid oscillator-qubit sys-
tems or multi-oscillator systems. A characterization of the
polynomial classes achievable by such sequences is dis-
cussed in Table I. Recent works in this direction developed
QSP with multiple commuting control variables [13,30]
where ½θ̂i; θ̂j� ¼ 0 for all pairs of control signal variables.
While the commuting case is now well understood, in

this work we push beyond it and begin to address the
broader challenge of synthesizing operator-valued poly-
nomials that depend on non-commuting observables
½θ̂i; θ̂j� ≠ 0 for at least one pair of indices fi; jg.
Although a general constructive framework for non-
Abelian QSP remains open—both the characterization of
achievable polynomial classes with non-commuting vari-
ables and a constructive algorithm mapping target poly-
nomials to phase sequences are outstanding problems—the
hierarchy outlined in Table I offers a roadmap for future
developments, and identifies promising intermediate
classes of protocols that are tractable with current
techniques.
We focus on hybrid oscillator-qubit systems, such that

the control variables are quantum operator-valued linear
functions of the position (x̂) and momentum (p̂) of the
oscillator: θ̂i ¼ f̂ðx̂; p̂Þ. Importantly, the assumption
on linearity of f is sufficient to achieve universal control
[5,7]. It is useful to note that the QSP sequence
Uϕ⃗ðθ̂1; θ̂2; θ̂3; ::θnÞ defined above can be written in the
form of a 2 × 2 operator acting on the DV qubit,

Uϕ⃗ðθ̂1; θ̂2; θ̂3; ::θnÞ ¼
�
Ûgg Ûge

Ûeg Ûee

�
; ð19Þ

where each of the Ûij blocks is a CV operator acting only
on the oscillator. For example, Ûgg ¼ hgjUϕ⃗jgi is the
effective operation applied to the oscillator when the qubit
outcome is jgi, and similarly, Ûge ¼ hgjUϕ⃗ðθ̂1; θ̂2; θ̂3;…;

θ̂nÞjei, etc. It is important to note that these four block-
encoded operators acting on the oscillator need not be
unitary–a feature that can be used to advantage in various
quantum algorithms.

C. Problem statements for control of hybrid systems

For each problem below, we take as the goal that the
qubit should be completely unentangled from the oscillator
after Uϕ⃗ is applied to the starting state jg; 0i (qubit in jgi
and oscillator in the vacuum state j0i). That is, we want Uϕ⃗

to be block diagonal and Ûgg to perform a specified target
(unitary) operation Ût on the oscillator. If these conditions
are not perfectly satisfied, then we have several important
measures of fidelity.
First, it is useful to know the success probability for the

postselection on the qubit to end up in jgi

Pg ¼ 1 − Pe ¼ h0jÛ†
ggÛggj0i ¼ 1 − h0jÛ†

egÛegj0i: ð20Þ

The second quantity is the hybrid fidelity FH, which, for the
problem of state preparation, is given by

FH ¼ jh0jÛ†
t Ûggj0ij2: ð21Þ

This gives the probability that the ancilla starts and ends in
jgi and the oscillator starts in j0i and ends in the target state
we want to prepare, jψi. We can also define a third quantity,
the postselected fidelity, given that the qubit did end up in
jgi, which from Bayes rule is

Fps ¼
FH

Pg
: ð22Þ

There are additional fault-tolerance metrics one can con-
sider in the case when the ancilla qubit can raise a flag
indicating a leakage error has occurred [36–38] but this is
beyond the scope of the present work.
In defining fidelities for operators, it is necessary to

truncate the countably infinite Hilbert space dimension to a
finite dimension d. We will assume that d is large enough
that errors due to this truncation are negligible [5]. If we
allow OðηÞ upper bound on the qubit-oscillator entangle-
ment error, then the problem statements for oscillator-qubit
control are framed as follows:

1. (Problem 1) universal state preparation

To realize an arbitrary oscillator state jψi starting
from vacuum, we require a hybrid unitary Uϕ⃗ðv̂1; v̂2; ::Þ
such that:

(i) 1 − jhψ jÛggj0ij2 ¼ 1 − FH ¼ OðηÞ, and
(ii) kÛegj0ik ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jh0jÛ†

egÛegj0ij
q

¼ ffiffiffiffiffiffi
Pe

p ¼ OðηÞ,
where k:k is the state norm, and Ûgg (Ûeg) is the effective
oscillator operation conditioned on the outcome of meas-
uring the qubit in jgi (jei).

2. (Problem 2) universal control

To synthesize a polynomial Hamiltonian Ĥðx̂; p̂Þ that
realizes an arbitrary oscillator unitary (Ût ¼ e−iĤt):
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Defining kÂ† · B̂k ¼ ð1=d2ÞjTrðÂ†B̂Þj2 as the operator
fidelity between operators Â; B̂, we need Uϕ⃗ðv̂1; v̂2; ::Þ
to obey:

(i) 1 − kÛ†
gg · Ûtk ¼ 1 − FH ¼ OðηÞ, and

(ii) kÛegk ¼ OðηÞ.
With these problem statements in place, we now intro-

duce the instruction set and discuss the physical origin of
the control errors that QSP must suppress.

D. Phase-space instruction set

Quantum signal processing for hybrid architectures,
where the control operators θ̂ ¼ fðx̂; p̂Þ are linear in the
position and momentum of the oscillator, employs the
phase space instruction set [5] (see Appendix A for details).
The signal is a displacement of the oscillator conditioned
on the qubit state, or alternatively, an oscillator-controlled
qubit rotation,

CDðβ; σϕÞ ¼ ei2v̂⊗σϕ ; v̂ ¼ ImðβÞx̂ − ReðβÞp̂: ð23Þ

We use the shorthand notation v̂σx ≡ v̂ ⊗ σx for this
operator. These gates have been experimentally realized
via dispersive and sideband interactions in superconducting
and trapped-ion systems [7,10,17]. Conditional displace-
ments have recently been used to very efficiently compile
quantum singular value transformation (QSVT) oracles for
hybrid CV-DV hardware [39], illustrating the broader
algorithmic reach of this instruction set. The oscillator
position x̂ and mþomentum p̂ do not commute—a fact
that distinguishes the hybrid CV-DV setting from all purely
classical or commuting-variable control problems, and
which we exploit directly in Sec. III A.

E. Quantum fluctuations

Quantum states in an oscillator cannot have perfectly
defined position and momentum due to the uncertainty
principle. A coherent state jαi is a minimal example,
represented in the position basis by a Gaussian wave
function:

hxjαΔi ¼ αΔðxÞ ¼
�

2

πΔ2

�
1=4

e−
ðx−αÞ2
Δ2 ; ð24Þ

with mean position hx̂i ¼ α∈R and Gaussian uncertainty
δx ¼ Δ=2. This uncertainty is just the natural uncertainty
associated with the zero-point fluctuations of the oscillator
ground state or vacuum (for which Δ ¼ 1), but may be
smaller or larger in squeezed states (see Sec. IV B). For
unsqueezed coherent states, we write jαi≡ jα1i. For our
purposes, the key phase-space information in squeezed
coherent states lies primarily in the mean position and
momentum encoded in α, and secondarily in the uncer-
tainty Δ.

This Gaussian uncertainty is the central practical
obstacle in solving problems 1 and 2: since the oscilla-
tor-controlled rotation angle is proportional to the oscillator
position, and the position has a Gaussian spread of widthΔ,
the qubit accumulates a distribution of rotation angles
rather than a single definite one. In Sec. III, we show how
classical composite pulse sequences from NMR can be
adapted to suppress these errors, and introduce GCR as a
prototypical non-Abelian composite pulse that exploits the
noncommutativity of x̂ and p̂ to outperform BB1, the best
composite pulse sequence from the traditional NMR
literature, while using strictly lower circuit depth.

III. COMPOSITE PULSES IN PHASE SPACE

Oscillator states important for bosonic error correction,
like cat states and GKP states, are superpositions of wave
functions with the same spread in their Gaussian uncer-
tainty. This associated Gaussian uncertainty causes over-
and underrotations in the oscillator-controlled qubit gate
CD: because the rotation angle is proportional to the
oscillator position, and the position has a Gaussian spread
of width Δ, the qubit accumulates a distribution of rotation
angles rather than a single definite one. The goal of this
section is to design QSP sequences that suppress these
errors, as illustrated in Fig. 1.
In the spirit of Eq. (2), we define a target transformation

Ut ≈ eikhx̂iσx ; ð25Þ

such that, when Ut is applied to the hybrid oscillator-qubit
state, measurement of the qubit in the σy basis yields one bit
of information about the mean position hx̂i. The simplest
case is distinguishing hx̂i ¼ �jαj. For example, choosing
k ¼ −θt=2jαj with θt ¼ π=2 yields

Utjgi ⊗ j �αΔi ≈ j ∓ii ⊗ j � αΔi; ð26Þ

mapping the sign of hx̂i onto two orthogonal qubit states.
Note that Ut can only distinguish states with minimal
overlap, that is, when jαj=Δ is large and the states j�αΔi
become nearly orthogonal.
More generally, for states consisting of a superposition

of Gaussian peaks located at x ¼ mjαj, m∈Z, the rotation
angle accumulated by the qubit on the mth peak in the
superposition is mθt. Since the qubit can only encode one
bit of information per measurement, a single application of
Ut can extract only one binary property ofm—for instance,
the parity ð−1Þm, obtained by choosing jθtj ¼ π=2. This is
precisely the measurement primitive used in later sections
for the control of cat states and GKP states. For clarity, we
first focus on real α values only.
A naive approach is the single-qubit position-controlled

rotation e−i
θt
2jαjx̂σx . This pulse achieves the target Ut only

at the peak of the Gaussian, jxj ¼ α, but undergoes
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over- and underrotations away from the peak due to the
uncertainty Δ:

e−i
θt
2jαjx̂σx ¼ exp

�
−i

θtα

2jαj σx
�
exp

�
−i

θt
2jαj ðx̂ − αÞσx

�
; ð27Þ

¼ Ut exp

�
−i

θt
2jαj ðx̂ − αÞσx

�
: ð28Þ

The first factor is the target unitary and the second factor
represents the erroneous part of this rotation, shown in the
blue panel (left figure). Because of the Gaussian envelope
hxjαΔi, the probability of finding the oscillator far from the
peak is small, which limits the effect of these errors for
large jαj=Δ.
To faithfully learn about the oscillator while preserving

its state, these errors must be corrected in a QND manner.
The error operator here takes the same form as in the
classical NMR rotations, discussed in Sec. II, as the error is
proportional to the target amplitude θt. We can therefore
employ traditional composite pulse sequences from NMR
to cancel these over- and underrotation errors—classical
composite pulses thus serve as a natural precursor to our
hybrid oscillator-qubit QSP approach. All previous
approaches in oscillator control [7,14,15,40] used numeri-
cally optimized CD-based circuits to achieve this error
cancellation using ancillary qubits. In contrast, the QSP
constructions are fully analytical and intuitive.

Quantum control variables.One can replace the classical
control variable θ in traditional QSP composite pulses with
the quantum operator θ̂ ¼ ðθt=jαjÞx̂, as long as all rotation
arguments in the pulse sequence commute. This substitu-
tion enables the direct application of univariate QSP
techniques with commuting variables [29,41] to quantum
systems. A natural starting point is the BB1 sequence,
which can be promoted to a hybrid quantum setting by
applying the same pulse logic to oscillator-controlled
rotations. In its original context, BB1 suppresses the
sensitivity of hgjUϕ⃗jgi to fluctuations in the classical
variable θ that arise from pulse amplitude errors.
Crucially, when the argument is promoted to a quantum
variable, θ → f̂ðx̂Þ, the same sequence can be repurposed
to read out the mean position of the oscillator—now
suppressing the sensitivity to fluctuations induced by the
Heisenberg uncertainty principle rather than classical noise,
while retaining access to encoded phase-space information.

Specifically, to correct the rotation ei
θt
2jαjx̂σx , using the

classical BB1 sequence from Eq. (13), we define

BB1ðθtÞ ¼ e−i
π

2jαjx̂σϕ1e−i
π
jαjx̂σ3ϕ1e−i

π
2jαjx̂σϕ1e−i

θt
2jαjx̂σx ; ð29Þ

where ϕ1 ¼ cos−1f−½θt=ð4πÞ�g, directly translating into a
sequence of position-controlled rotations. This hybrid
composite pulse sequence enhances the fidelity of the
target oscillator-controlled qubit rotation by mitigating

FIG. 1. Framework of composite pulses in phase space and its applications. A hybrid CV-DV system is controlled via the phase-space
instruction set, which serves as the substrate for Abelian and non-Abelian composite pulse sequences, with applications in oscillator-
qubit (CV-DV) control theory. Blue curves show the probability distribution of the oscillator position jhxjψij2. The goal is to rotate the
ancilla qubit spin from jgi to j ∓ii using only oscillator-controlled rotations, based on the sign of hx̂i ¼ �α, independent of position
uncertainty Δ. The qubit state is depicted on the yz-plane of the Bloch sphere: the initial state jgi points along þz and the target state
j −ii points along −y. Left panel: Depicts the hybrid CV-DV system in a product state, controlled via oscillator-controlled qubit
rotations RXð2kx̂Þ ¼ e−iðkx̂Þσz as shown in Eq. (7). The spread of ticks in the clock around the target state on the yz plane of the Bloch
sphere illustrates the over- and underrotations arising from Gaussian position uncertainty Δ. The bottom plot introduces our key idea—
applying QSP-based Abelian (BB1) or non-Abelian (GCR) composite pulses in oscillator phase space to suppress these rotation errors.
Right panel: Key applications of this framework include deterministic preparation of oscillator states, universal control of GKP
codewords, and algorithmic primitives towards universal state preparation and quantum phase estimation.
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the quantum fluctuation error due to Gaussian uncertainty,
thereby more precisely communicating the sign of the mean
position hx̂i ¼ �α of the oscillator to the auxiliary qubit.
This sequence has also found its use case in quantum
interferometry [25].
Traditional QSP sequences like BB1 can only be adapted

to Abelian, univariate settings for hybrid control—leaving
potential gains from noncommuting control variables
entirely untapped (see blue panel, right figure of Fig. 1).
This raises a natural question: can non-Abelian QSP
outperform its Abelian counterpart? We answer this
affirmatively in Sec. III A.

A. Gaussian-controlled rotation: The non-Abelian
composite pulse

With the goal of creating a good approximation to the
target unitary given in Eq. (26), we now introduce the
Gaussian-controlled-rotation GCRðθtÞ, a non-Abelian QSP
composite pulse sequence, defined as

GCRðθtÞ ¼ e−i
θt
2jαjx̂σxe−i

θtΔ2
2jαj p̂σy : ð30Þ

This is a bivariate QSP sequence with d ¼ 2 components in
the multi-QSP sequence of Eq. (18), using the hybrid gates
defined in Eq. (23). Compared to the Abelian BB1
sequence in Eq. (29), which uses four position-controlled
rotations, GCR uses only two gates—one conditioned on x̂
and one on p̂. Further, it differs from conventional
multivariate QSP [30] in that its two angular variables
are noncommuting. As we will show, this noncommuta-
tivity is precisely what enables error cancellation with
fewer gates when the error fluctuations are known to be
Gaussian. Necessary conditions for QSP with non-com-
muting variables are given in Ref. [13], but no sufficiency
result or explicit construction is provided. Numerically
optimized pulses using alternating sequences of control
parameters x̂σx and p̂σy have previously been used to
achieve control of CV-DV architectures [14,40], however,
without any analytical explanation in the context of
composite pulses or bivariate NA-QSP. We provide GCR
as a concrete and analytically optimized instance of a NA-
QSP sequence.
The working of GCR is illustrated in Fig. 2. We begin

our analysis by noting that the first term in Eq. (30) is the
simple position-controlled qubit rotation discussed previ-
ously. As we will demonstrate further below, the second
term is a “prerotation” correction factor designed to
approximately cancel the errors from the first term for
the specific case of known Gaussian uncertainty. Using
Eq. (28), we can rewrite Eq. (30) as

GCRðθtÞ ¼ Ut exp
�
−i

θt
2jαj ðx̂ − αÞσx

�
e−i

θtΔ2
2jαj p̂σy : ð31Þ

When acting on the input state jg; αΔi, the prerotation
cancels the error term to first order so that GCR yields an
effective polynomial that rotates the qubit by an angle
determined by the mean position of the Gaussian wave
function:

GCRðθtÞjg; αΔi ≈Utjg; αΔi; ð32Þ

that is, the target unitary given by Eq. (26): a qubit rotation
about an arbitrary equatorial axis by a fixed angle �θt
whose sign is determined by the mean position of the
oscillator. The key step is that the conditional displace-
ment precorrection effectively performs a rotation about
σx that cancels the rotation error [see Eq. (28)] arising
from Gaussian uncertainty in position to first order in
Δ=α. Unlike BB1, which depends only on the mean
position α, GCR also depends on the uncertainty Δ.
The error suppression of this circuit is strictly better than
BB1, with circuit duration reduced by at least 4.5× and
circuit depth reduced by 2. Table II summarizes the full
comparison.
We now show how the conditional displacement ei

λ
2
p̂σy

acts as a precorrection to the main position-controlled
rotation: it performs a rotation whose amplitude depends on
the derivative of the oscillator state.

hxjeiλ2p̂σy jαΔi ≈
�
I þ λ

4

d
dx

σy

�
e−

ðx−αÞ2
Δ2 ð33Þ

FIG. 2. Gaussian-controlled rotation. The naive approach
(shown by yellow arrow) of applying RXðkx̂Þ ¼ e−i

k
2
x̂σx yields

over-and underrotations about the target rotation of khx̂i ¼ �kα.
With GCR (shown by red arrows), a momentum-controlled
rotation is applied as precorrection, which rotates the qubit about
the mean position in the exact way that cancels the over- and
underrotations to yield the final rotation of the qubit predomi-
nantly due to the mean position value of each peak (�α).
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¼
�
I −

λ

2

x − α

Δ2
σy

�
e−

ðx−αÞ2
Δ2 ; ð34Þ

and requires the qubit to be initialized in jgi, since
σyjgi ¼ iσxjgi, which implies

ei
λ
2
p̂σy jg; αΔi ≈

�
I − i

λ

2

x̂ − α

Δ2
σx

�
jg; αΔi

≈ e−i
λ
2
x̂−α
Δ2

σx jg; αΔi: ð35Þ

These calculations assume jλj ≪ 1 so that truncating the
Taylor expansion to first order in Eqs. (33), (35) is justified.
Thus, we have proved that the conditional displacement
ei

λ
2
p̂σy acts as a position-controlled rotation with amplitude

proportional to (x − α). Now, setting λ ¼ −½ðθtΔ2Þ=jαj� and
plugging Eq. (35) into Eq. (30) yields the target effect of the
unitary Ut, described in Eq. (32), confirming that the
precorrection exactly cancels the first-order position uncer-
tainty error.

B. Error bounds

The key small parameter controlling the correctness is

χ ¼ θtΔ
2jαj ; ð36Þ

a dimensionless parameter that sets the scale of
rotation errors due to uncertainty in the signal
½θt=ð2jαjÞ�x̂. To bound errors in the pulse, we note that
U†

t GCRðθtÞjgijαΔi ¼ UErrjgijαΔi, and ideally UErr should
be simply an identity operation on the oscillator-qubit state.
To quantify this effect, we use the following figures of
merit, derivations for which are given in Appendix B 3.

(i) Failure probability quantifies qubit rotation errors as
1 − jUErr

gg j2 [see Eq. (19)]. Odd-order terms (χ3, χ5)
in the expansion of UErrjgijαΔi are the sole con-
tributors to qubit rotation errors (Appendix B 3),
giving

PeðGCRÞ ∼ 0.1χ6 þOðχ8Þ; χ ≪ 1: ð37Þ

For comparison (see Appendixes. B 2, B 4):

Peðno-QSPÞ¼0.25χ2; PeðBB1Þ¼1.85χ6: ð38Þ

GCR and BB1 achieve the same χ6 scaling [analo-
gous to the classical BB1 scaling in ε; see Eq. (13)],
but BB1’s prefactor is 18.5× worse.

(ii) Hybrid infidelity jhg; αΔjErrjg; αΔij2 quantifies os-
cillator backaction. When Pe is sufficiently small,
the hybrid state fidelity governs performance. The
residual infidelity of GCR,

1 − FHðGCRÞ ¼ χ4=8þOðχ6Þ; ð39Þ

scales as χ4 rather than χ6. This softer scaling
reflects unwanted backaction of the momentum-
controlled rotation in GCR—a cost absent in BB1
as it uses only position-controlled rotations and
therefore satisfies

1 − FHðBB1Þ ∼ PeðBB1Þ ¼ 1.85χ6: ð40Þ

GCR trades a softer χ4 scaling for lower absolute
infidelity in the operating regime for χ such that
jαj ≥ 2 (see Fig. 3). For example, we explicitly
compute the values for several metrics at α ¼ 2 in
Table II.

(iii) Circuit depth. Gate duration scales with displace-
ment amplitude (TCDðα;σϕÞ ∝ α), so total displace-
ment amplitude is the appropriate circuit-depth
metric. This gives TGCR ∝ ½π=ð4jαjÞ�ð1þ Δ2Þ and
TBB1 ∝ ½ð9πÞ=ð4jαjÞ�, hence

TBB1

TGCR
≥ 4.5; ð41Þ

with equality at Δ ¼ 1, the worst case for GCR. [42]
Since DV ancilla decay—the dominant error source
in hybrid CV-DV architectures—scales with circuit
duration, this reduction directly improves high-
fidelity performance.

Numerical simulations confirm all analytical results
[Fig. 3(a)]: curves match for both GCR and BB1, and
for unsqueezed coherent states (Δ ¼ 1, θt ¼ π=2) an
advantage requires jαj > 2. Absent qubit or cavity decay,
GCR is effectively deterministic—ancilla measurements
serve only to herald extrinsic failures such as qubit or cavity
decay errors.

C. Generalizations of GCR

The ability of this sequence to remove errors arising from
Gaussian position uncertainty inspired the name Gaussian-
controlled-rotation, or GCR. The sequence generalizes
straightforwardly: the qubit operators may be rotated by
any angle ϕ about the z axis (σx → σϕ, σy → σϕþπ=2), and
the phase-space quadratures may be replaced by any pair of

TABLE II. Performance comparison of BB1 and GCR for θt ¼
π=2 with coherent state jαj ¼ 2 (first point in Fig. 3), at the worst
case Δ ¼ 1 for GCR. Metrics: number of CD gates (N), circuit
duration (T), hybrid infidelity (1 − FH), and failure rate (Pe). CD
of amplitude 1 takes 1 μs [7].

Pulse N T 1 − FH Pe

BB1 4 3.6 μs 7 × 10−3 7 × 10−3

GCR 2 0.8 μs 3 × 10−3 4 × 10−4
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perpendicular directions x̂ → v̂, p̂ → v̂⊥ [see Eq. (23)].
There are two further cases to consider.
For momentum-squeezed states withΔ > 1 and hx̂i ¼ 0,

hp̂i ≠ 0, the position fluctuations are antisqueezed and the
correction should act along p̂ rather than x̂. This is achieved
by simply choosing v̂ ¼ p̂, replacingΔ by 1=Δ, confirming
that Δ ¼ 1 remains the worst case for GCR.
For states with both hp̂i ≠ 0 and hx̂i ≠ 0, the wave

function takes the form hxjαΔ þ iβΔi ¼ eiβx̂e−ðx−αÞ2=Δ2

(up
to normalization and a phase). The momentum offset β
introduces an additional position-dependent phase that the
standard GCR sequence does not account for. This is
corrected by a simple initial qubit rotation before applying
the standard GCR sequence:

GCRðθÞjg; αΔ þ iβΔi ¼ eiβx̂GCRðθÞe−iθΔ
2

2jαjβσy jg; αΔi: ð42Þ

Numerical confirmation is shown in Fig. 3(b), confirming
that GCR extends naturally to coherent states along
arbitrary phase-space vectors.
A possible extension to non-Abelian composite pulses is

the concatenation of Abelian and non-Abelian pulses. GCR
suppresses errors from Gaussian position uncertainty but
degrades when the oscillator experiences a small displace-
ment error hx̂i ≠ �α; BB1, by contrast, is resilient to such
displacement errors but carries no information about Δ.
Concatenating the two—replacing each BB1 rotation with
the corresponding GCR pulse—would appear to combine
these complementary strengths, but the deterministic (uni-
tary) composition performs poorly: the physically realiz-
able precorrection cancels the position-uncertainty error
only to leading order in the rotation angle, so BB1’s large-
angle ðπ; 2π; πÞ pulses break this condition and wash out

the response. The exact GCR correction can instead be
realized in this composition probabilistically by heralding
an ancilla, recovering a near-ideal response on a ≲17%
postselected fraction. The issue with this pulse and its
heralded analog has been described in Appendix C. We do
not pursue this composition, as the concatenated sequence
is long and unfavorable for noise resilience.
Based on these results, we use GCR to design analytical

preparation schemes for states with favorable representa-
tion in phase space, like squeezed, two-legged cat, and
GKP states in Sec. IV, while the preparation of rotation-
symmetric states, like four-legged cat and Fock states, is
given in Sec. VI A. We also highlight its utility in bosonic
error correction with a use case in stabilization as well as
logical gates for universal control of GKP states in Sec. V.

IV. DETERMINISTIC BOSONIC STATE
PREPARATION

In this section, we leverage the Gaussian-controlled
rotation composite pulse sequence developed in Sec. III A
to derive deterministic preparation schemes for structured,
non-Gaussian oscillator states—particularly superpositions
of nonoverlappingGaussianwave functions.We introduce a
modular set of hybrid quantum control routines—or “gadg-
ets”—constructed using GCR, and use them to design fully
analytical schemes for deterministic preparation of two-
legged cat states (Sec. IVA), squeezed vacuum states
(Sec. IV B), and GKP codewords (Sec. IV C). These
protocols are analytically derived, match or exceed the
performance of numerically optimized schemes, and are
directly implementable in current superconducting and
trapped-ion platforms.

(a) (b)

FIG. 3. Performance of non-Abelian composite pulse sequence GCR in quantum phase space for θt ¼ π=2 andΔ ¼ 1. (a) Comparison
against BB1ðθtÞ for χ ¼ ½π=ð4jαjÞ�. Colored lines: simulated failure probability (solid) and infidelity (dashed) from QUTIP [43]; black
lines: analytical expressions Eqs. (37)–(39) (see Appendix B). Infidelities of GCRðθtÞ scale as χ4; failure probabilities of both schemes
scale as χ6. The 18.5× advantage in Pe is due to the ratio of prefactors at equal χ6 scaling. (b) Performance for the coherent basis
fjαΔ þ iβΔigwith α ≠ 0, β ≠ 0. (Left) Varying jαj at fixed jβj ¼ 5 confirms the same scaling. (Right) Varying jβj at fixed jαj ¼ 5 shows
independence from jβj (Eq. (42)), as only a simple rotation is needed to handle states with hp̂i ≠ 0.
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The modular structure of these gadgets extends naturally
beyond the experiment-ready results presented here. In the
applications and outlook section (Sec. VI), we use these
same tools as a starting point for analytical preparation of
rotationally symmetric states—including N-legged cat and
Fock states—as concrete steps toward the broader open
problem of universal oscillator state preparation formulated
in problem 1 of Sec. II. Those examples illustrate both the
reach of the phase-space ISA and the fundamental con-
straints that arise when it is pushed beyond its natural
domain.
Throughout the rest of the section, we adopt the tensor

product convention josci ⊗ jqubiti for the joint system,
and refer to the total amplitude of conditional displace-
ments (CDs) in a pulse sequence as the circuit duration
(reported in μs). The precise mapping from CD amplitude
to runtime in μs is detailed in Appendix D. We focus on
noiseless state preparation in this section, and performance
against realistic noise parameters is discussed in the next
section.
Before introducing our state preparation protocols, we

define two gadgets which will be used throughout all the
methods below. Consider states of the form

jψΔi ¼
X
m∈Z

cmjðmαÞΔi; ð43Þ

where fcmg are complex coefficients. States with this
description correspond to evenly spaced superpositions
of Gaussian peaks, such as cat or GKP states. The gadgets
we introduce allow us to entangle (E) or unentangle (U) a
qubit with the individual peaks (indexed by m), without
being sensitive to the position or momentum fluctuations of
each peak, and will allow preparation of states of the form
of Eq. (43).
(a) E: A Gaussian-peak-dependent entangling gadget can

be defined as

Eðθ; α;ΔÞ∶GCRðθÞ or BB1ðθÞ: ð44Þ

Applying the entangling sequence to a state of the
form of Eq. (43), the entangling gadget has an action

Eðθ; α;ΔÞjψΔijqi ≈
X
m∈Z

cmjmαΔi ⊗ e−i
mα
2jαjθtσx jqi;

ð45Þ

where jqi is any qubit state. Note that this entangling
gadget depends on α and Δ, which requires prior
knowledge of the state on which this sequence is
applied.

(b) U: Starting in an entangled hybrid oscillator-
qubit state of the form above, an unentangling
circuit fixes the qubit state at the end of the circuit
[see Fig. 4(a)]. We define the unentangling gadget as

any circuit of the form

Uðθ0;α;ΔÞ∶GCR†ðθ0Þ or BB1†ðθ0Þ: ð46Þ

This gadget is used to unentangle an entangled
oscillator-qubit pair, such that

jψ 0
Δijq0i ≈ Uðθ0; α;ΔÞ

X
m∈Z

cmjmαΔi ⊗ e−i
mα
2jαjθtσx jqi;

ð47Þ

with jψ 0
Δi of the form of Eq. (43) and jq0i a fixed qubit

state. Evidently, the choice θ ¼ −θ0 achieves this goal
(i.e., U ¼ E−1). However, any choice of θ0 such that

θ þ θ0 ¼ kπ k∈Z; ð48Þ

also achieves the desired objective, potentially result-
ing in jqi ≠ jq0i. In particular, choosing θ0 ≠ −θ leads
to a situation where UE applies a trivial action only
on states of the form of Eq. (43), which as we show
below in Sec. V leads to interesting error-correction
properties.

(a)

(b)

FIG. 4. Deterministic preparation of two-legged cat states.
(a) Deterministic cat state preparation requires an unentangling
sequence given by U. (b) We show numerical results with options
of no correction [U ¼ Ryðθ0x̂=jαjÞ in yellow], univariate or
traditional QSP correction (U ¼ BB1 in cyan), bivariate non-
Abelian QSP correction (U ¼ GCR in red). (Left) Failure
probability of ancilla ending in state jgi. (Right) Infidelity of
output oscillator state with the desired cat state upon success.
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From these gadgets, we now introduce our state prepa-
ration protocols for various oscillator states that follow the
representation of Eq. (43).

A. Two-legged cat states

The superposition of two coherent states located at
diametrically opposite locations in the phase space of an
oscillator is known as a two-legged cat state. We define

jCþαi ∝ ðjαi þ j −αiÞ Even cats ð49Þ

jC−αi ∝ ðjαi − j −αiÞ Odd cats; ð50Þ

and if the basis states j �αΔi with Δ ≠ 1 are used in this
definition, then jC�αi are squeezed cat states. These are of
the form of Eq. (43), with c1 ¼ �c−1 and ck ¼ 0
for k ∉ f�1g.
Protocol. The protocol starts with the qubit in the ground

state and the oscillator in a (squeezed) vacuum state. An
even cat state is then obtained through the sequence

jCþαijgi ≈ Uð−π=2; α;ΔÞCDð2α; σxÞj0Δijgi: ð51Þ

For simplicity, we assume below Δ ¼ 1, i.e. an initial
vacuum state, and choose U ¼ GCR. After the first condi-
tional displacement, the state is given by

CDð2α; σxÞj0ijgi ∝ jαijþi þ j −αij−i: ð52Þ

This leaves the oscillator-qubit in an entangled state. At this
point, even or odd cat states can be prepared probabilisti-
cally by measuring the qubit in the σz basis [8,44,45].
However, for a deterministic process, one can instead apply
a �π=2 qubit rotation, where the sign of the rotation
depends on the associated oscillator state. This is precisely
the effect of the U sequence introduced above, which
applies on the qubit a rotation R½π=2 × signðαÞ�, see
Eq. (30). After the full sequence, the resulting state is
given by

GCR†ðπ=2ÞCDð2α; σxÞj0Δijgi
∝ e−i

π
4jαjp̂σxei

π
4jαjx̂σyðjαijþi þ j − αij−iÞ

≈ ðjαi þ j − αiÞ ⊗ jgi þOðχ2Þjψ 0i ⊗ jgi
þOðχ3Þjψ 00i ⊗ jei; ð53Þ

where χ is the error parameter defined in Eq. (36). [46] Odd
cats ∝ ðjαi − j −αiÞ can similarly be prepared by starting in
qubit state jei (see Appendix E 2).
Discussion. In Fig. 4(b) we fix Δ ¼ 1, vary α and plot

two quantities: (i) 1 − Pe which is marked by the meas-
urement of ancilla in jei and (ii) 1 − FH, the infidelity of the
hybrid output state against the desired even cat state with
the qubit in jgi. Low Pe for GCR and BB1 indicates that

ancilla measurement is not required. As shown in
Sec. III A, the unentanglement error Pe decreases with
increasing jαj and decreasing Δ. We can see the same trend
as given by the corresponding correctness metrics for our
framework in Fig. 3. To study the effectiveness of QSP, we
also show the respective curves when choosing the simpler
unentangling step as CDðπ=4jαj; σyÞ. The analytical
expression Pe ¼ Oðχ2Þ for this curve has been derived
in App. E 3. The analytical fidelity for the GCR and BB1
has been computed in Appendix B. Thus, we have shown
orders of magnitude improvement achieved from our
framework of using composite pulses in phase space when
correcting continuous-variable rotation errors on qubits.

B. Squeezed states

We present a novel approach for generating squeezed
states. This result is comparable to state-of-the-art schemes
in Refs. [7,15] without the need for numerical optimization
tools. In addition, our construction allows optimization of
the fidelity with respect to circuit duration. Our protocol
has a basic unit composed of GCR, which can be under-
stood as a deterministic small-even-cat preparation circuit
or, equivalently, a slightly squeezed state.

1. Squeezing gadget

Our gadget SkðΔk−1;ΔkÞ takes a state with varianceΔ2
k−1

and outputs a state with variance Δk
2. We consider

oscillator state wave functions,

ψðxÞ ∝ e−
ðx−βÞ2
Δ2 ; ð54Þ

where the position and momentum uncertainties are given
by δx ¼ Δ=2; δp ¼ 1=ð2ΔÞ, respectively. For simplicity,
we focus henceforth on the case β ¼ 0 and momentum
squeezing, Δtarget > 1.
As shown in Fig. 5(b), our squeezing gadget at the kth

step of the protocol consists of two conditional displace-
ments,

SkðΔk−1;ΔkÞ ¼ CDðiα=Δ; σyÞCDðα; σxÞ; ð55Þ

where the choice of 0 < α ≪ 1 sets the resulting fluctua-
tions, Δ0, and the distance of the final state to a true
squeezed state. This sequence mirrors the position-based
rotation from GCR in the momentum basis.
To gain intuition about the process, it is easier to interpret

the effect of a CD gate as a rotation of the qubit state
conditioned on the oscillator state. Accordingly, after the
first conditional displacement CDðα; σxÞ ¼ eiαp̂σx is
applied to the joint state j0Δi ⊗ jgi, the expectation values
of qubit operators conditioned on the oscillator position are
given by
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hσxix ¼ tanh
4αx
Δ2

; ð56Þ

hσyix ¼ 0; ð57Þ

hσzix ¼ sech
4αx
Δ2

: ð58Þ

Note that ½CDðα; σxÞ; σx� ¼ 0, such that for a qubit initial-
ized in jgi we have

hσxi ¼
Z

∞

−∞
dxhσxix ¼ 0; ð59Þ

as should be the case. However, for a specific value of x,
hσxix ∝ hjxihxjσxi ≠ 0 is possible. Keeping α small
ensures that hσxix ∝ x on the interval where ψðxÞ has
significant support, which enables better disentanglement
of the qubit. To disentangle the qubit and restore hσzi ¼ 1,
we apply a σy rotation of the qubit by an angle
sin−1ftanh½ð4αxÞ=Δ2�g ≈ ½ð4αxÞ=Δ2� for 4jαjx=Δ2 ≪ 1,
i.e., Ryð−4αx̂=Δ2Þ ¼ CDðiα=Δ2; σyÞ. This corrects the
linear part of hσxix, setting

hσxix → 0; hσzix ∼ 1; ð60Þ
in the range where x ≪ Δ2=4jαj. Exact expressions for hσxi
and hσzi are given in Appendix D. After disentanglement of

the qubit, the oscillator state corresponds to a small
even (squeezed) cat state, i.e., a superposition of two
Gaussian states which approximate a single Gaussian state
with increased variance Δ2

k ≈ Δ2
k−1 þ α2k. The repeated

application of this squeezing gadget can yield arbitrary
squeezing of the vacuum state.
Protocol. In Fig. 5(a), we illustrate repeated application

of the squeezing gadget Sk yielding a desired target
variance Δ2

target. Careful selection of αk for successive steps
k is crucial: for optimal squeezing, αk should be as large as
possible while ensuring (1) the slope of hσxix is linear over
jxj ≤ Δk, and (2) the resulting sum of two overlapping
Gaussians can be well approximated by a single Gaussian.
For the slope to remain linear over the FWHM of the state,
we derive αk ≪ 0.13Δ1=2

k−1 (Appendix D). To systematically
explore the tradeoff between convergence speed (circuit
duration) and disentanglement (oscillator-qubit fidelity),
we parametrize αk ¼ aΔc

k−1 for various a and c, targeting
Sp ¼ 11.2 dB [Fig. 5(c)]. For c < 0, increasing a or c
improves fidelity but slows convergence. For c > 0, con-
vergence is faster but the state becomes increasingly non-
Gaussian, eventually deviating too far from a true squeezed
state. These cases were studied for a pedagogical under-
standing of the competition between convergence speed
and Gaussianity, captured via infidelity. For the bottom two
plots of Fig. 5(c), we use a semi-optimized protocol at the

(a)

(b)

(c)

FIG. 5. Deterministic preparation of squeezed states. (a) Deterministic squeezing protocol with incremental GCR. (b) Interpretation of
GCR as a squeezing gadget SðΔ;Δ0Þ. The plots show how this sequence introduces a small amount of squeezing while unentangling the
qubit from the final state for Δ ¼ 1; jαj ¼ 0.25. (c) All plots share the x-axis legend: Time (μs). (Top) Variation in fidelity and circuit
duration with varying squeezing rate jαjkþ1 ¼ aΔc

k with 10 points in the range c∈ ½−2; 0�, for three different protocols with
a∈ f0.06; 0.13; 0.27g aimed at a target squeezing of 11.2 dB. (Middle) Squeezing (maroon) and antisqueezing (red) are shown as a
function of the circuit duration for the faster protocol with c ¼ 2. See Appendix D for definitions of Sx, Sp in terms of Δ. (Bottom)
Fisher information for the faster protocol. The empty circles in (c) represent a plot of the results for the case when postselection is
activated. Here, μs denotes the total length of conditional displacements; conversion to actual runtime can be found in Appendix D.
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boundary case of c ¼ 2. The baseline jαjkþ1 ≪ 0.13Δ1=2

protocol gives a Δ-independent slope of hσxix and the
fastest convergence, but for momentum squeezing with
Δ ≥ 1 the nonlinearity in hσxix grows, complicating dis-
entanglement. We handle this by numerically fitting a
straight line to hσxix to track deviations in slope from
4α=Δ2 as Δ increases (Appendix D), yielding the accel-
erated protocol used for middle and bottom panels of
Figs. 5. As a result, squeezing in dB scales linearly with
circuit duration, outperforming the baseline.
Squeezed states are useful for measuring net displace-

ment or momentum boost, with sensitivity quantified by the
Fisher information F ¼ 2=δx2 [47]. Although this formula
is strictly valid only for Gaussian states, we apply it here
because our states are closer to Gaussian than those of other
works which use this method to quantify the squeezing
[7,15], enabling direct comparison. The highest Fisher
information F ¼ 53.5 is achieved for Sp ¼ 11.2 dB, Sx ¼
−11.9 dB at infidelity 0.007 in 8.06 μs.
Postselection on the qubit in jgi (empty circles) after

each Sk does not significantly improve results in the
absence of qubit errors, confirming that the choices of
αk achieve good disentanglement at each step. In the
presence of errors, these midcircuit measurements serve
as ancilla error detection.
Discussion. Our analytically derived circuit performs

on par with the semi-analytical and numerically optimal
methods [7,15]. We plot results against circuit duration
instead of circuit depth, given that the speed and errors in
a conditional displacement gate depend significantly on
the length of the amplitude [7]. Our protocol achieves
squeezing levels, with Sp ¼ 8.5 dB of squeezing and
Sx ¼ −8.4 dB of antisqueezing, alongside an infidelity of
∼Oð10−3Þ in 5.8 μs while Ref. [15] reports δx ¼ 8.5 and
δp ¼ −9.9 dB with an infidelity of ∼Oð10−2Þ. The
performance of our scheme is also on par with numeri-
cally optimized schemes [7] (see Fig. 15 in the
Appendix). More details can be found in Appendix D,
where we also discuss the benefits of our scheme against
Trotterization. Finally, our analytical approach uses
incremental values of conditional displacement ampli-
tudes, keeping the state close to Gaussian at all steps in
contrast to Ref. [15] which considers a large initial
conditional displacement.

C. GKP states

GKP codes have applications in quantum sensing and
bosonic error correction [10,19,20,48]. In this section, we
only discuss the preparation of logical codewords, leaving
other details to Sec. V, where we discuss universal control
of these codewords. While we focus on the square GKP
(qubit) codewords to give explicit constructions for prepa-
ration, our protocols are generalizable to other lattices such
as hexagonal or qudit GKP codes. Such generalizations are
not easily accessible to numerically optimized circuits [7],

where for each qudit codeword a new optimization needs to
be run. The states prepared using the method below have
Gaussian peaks whose amplitudes are binomial coeffi-
cients, in contrast to the usual definition of GKP states,
which uses a Gaussian envelope:

jμiGKP ¼ N μ

XN−μ
2
þ1

m¼−Nþμ
2

bμ;mDð½mþ μ=2�
ffiffiffiffiffiffi
2π

p
Þj0Δi; ð61Þ

where μ∈ f0; 1g, bμ;m ¼ ð N
mþμþbN=2cÞ, N ¼ b0.32=Δ2c and

DðαÞ ¼ eαâ
†−α�â ¼ e2iðImðαÞx̂−ReðαÞp̂Þ denotes an uncondi-

tional displacement of the oscillator by α generated by
the operator v̂ðαÞ ¼ 2 ImðαÞx̂ − 2ReðαÞp̂. We use the
Newton-Raphson method to find the optimal number of
steps N required for a given envelope size Δ (see
Appendix F).
Protocol. In some sense, the preparation of GKP states is

an extension of the preparation of squeezed two-legged cat
states, where it is required to create superpositions of
multiple squeezed coherent states instead of only two. A
sketch of the preparation scheme is given in Fig. 6(a).
The protocol starts with an initial squeezed vacuum state

which can be prepared using the protocol in Sec. IV B.
Then the cat-state preparation circuit Ck is applied repeat-
edly, with C1 corresponding to the protocol described in
Sec. IVA, while the general definition of gadgets in the
circuit corresponds to the gate sequence,

Ck∶ C
�
π

4k
;

ffiffiffi
π

2

r
;Δk−1

�
¼ U

�
π

4k
;

ffiffiffi
π

2

r
;Δk−1

�
e−i

ffiffiffiffi
2π

p
p̂σz :

ð62Þ

Each Ck leaves the oscillator and the qubit (approx-
imately) unentangled, and adds one Gaussian to the peak in
a fashion conceptually similar to the so-called “cat-breed-
ing” protocols [50]. At the kth step the resulting state
exhibits kþ 1 peaks. The α argument of the unentangling
gadget U within Ck is set by the GKP lattice spacing, in this
case we use

ffiffiffiffiffiffi
2π

p
, corresponding to the Wigner units for the

square-GKP qubit code. Finally, after applying a series of
Ck circuits, we apply a single round of error correction, such
as the SBS protocol, optionally, can refine the state.

1. Fidelity and circuit depth

Arguably, a preparation routine should prepare a state
close to the GKP manifold such that subsequent rounds of
error correction can correct the residual (yet correctable)
errors. To avoid unimportant variations in performance due
to a particular choice of fidelity, in Fig. 6(b) we also
benchmark the prepared states according to the expectation
values of the finite energy stabilizers [49],
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Sx;Δ ¼ ei2
ffiffiffiffi
2π

p ðx̂ coshΔ2−p̂ sinhΔ2Þ; ð63Þ

Sp;Δ ¼ ei2
ffiffiffiffi
2π

p ðp̂ coshΔ2−x̂ sinhΔ2Þ: ð64Þ

In Fig. 6(b), we see that our scheme (orange) converges
to a GKP state faster than preparing the logical state via
stabilization (dashed line), and is on par with the numerical
preparation (blue). Figure 6(c) yields the corresponding
infidelity against the target GKP state and the circuit depth
in time for both protocols, validating our claim that the
analytical scheme discussed in this work performs on par
with the state-of-the-art numerical schemes. Note that
we have accounted for the circuit depth of squeezing in
Fig. 6(c), as the first point for non-Abelian QSP starts
at 8.06 μs.

2. Success probability

For the circuits Ck we need Uðθ0; α;ΔÞ with θ0 ¼ π=4 for
k < 3. For k ¼ 3, as can be seen in Fig. 6(a), the angle
required to rotate the qubits at peaks on the farther end is

π=12. Thus, the un-entanglement gadget Uk at this point
rotates the qubits by θ ¼ �π=12 at the two extreme peaks
as required. However, it also rotates the qubits entangled
with the peaks in the middle, ones that did not require any
rotation. While the rotation at the central peaks is not
significant, there is a different angle of rotation compared to
π=4k which could produce better unentanglement for
k ≥ 3. We compute the optimal angle of rotation using
the procedure given in Appendix F. With this protocol, we
obtain Figs. 6(a) and 6(b) for Δ ¼ 0.34 (used in recent
experiments [7,20]). The state after k ¼ 3 yields 4 peaks
with a fidelity of FH ¼ 0.9989 to the target GKP state,
while the success probability is Pg ¼ 0.99. Thus, we may
also reset the ancilla after each Ck. Such high success
probability justifies using the measurements to keep ancilla
errors in check (see Sec. VA).

3. Other GKP lattices

Finally, to achieve different rectangular and hexagonal
lattice-based GKP codes, we will only need to change the

(a) (b)

(c)

FIG. 6. Deterministic GKP logical j þZi state preparation. (a) Circuit components for GKP preparation with Δ ¼ 0.34 (as used in
recent experiments [7,20]). S denotes the squeezing circuit from Fig. 5, Ck ¼ Uke−i

ffiffiffiffi
2π

p
p̂σz represents the iterative cat preparation

sequence given by Eq. (62) in the main text, and SBS is one round of the small-big-small protocol. See Table III for circuit-depth
justification. (Top) Rescaled Wigner distribution functions are shown after each step. Note the change in the state before and after SBS.
(Bottom) Wave functions and corresponding spin polarizations are shown before and after each Uk. After U3, the qubit remains slightly
entangled, with hσzi ¼ 0.9937 and GKP fidelity FGKP ¼ 0.9989. (b) Convergence of various protocols, tracked using the expectation
values of finite-energy stabilizers hSx;Δi and hSp;Δi [see Eqs. [(64)–(63)]. The non-Abelian QSP protocol using GCR (via Ck’s) starts at
8.06 μs, accounting for the time to achieve 11.2 dB of squeezing (see Fig. 5 and Sec. IV B). Empty triangles mark the section where SBS
is appended. Our protocol matches the performance of the numerical scheme [7] while significantly outperforming stabilization-based
methods (using only SBS [49]). (c) Hybrid infidelity, failure probability (top), and circuit duration (bottom) versus squeezing (or Δ) for
the numerical and analytical (non-Abelian QSP) circuits. Our protocol achieves fidelity and circuit duration comparable to the numerical
scheme, while maintaining a low failure probability. All simulations here neglect physical errors such as damping, heating, and
decoherence, which are addressed in Sec. V.
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lattice spacing l and the rotation angle θ according to the
position of the deformed lattice peaks kα, in the circuit
components Ck,

Ck ¼ U
�
π

4k
;
l
2
;Δk−1

�
e−i

ffiffi
2

p
αp̂σz : ð65Þ

Arbitrary GKP states (other than Pauli eigenstates) can
be prepared using the gate-teleportation circuit discussed
in Sec. V D.
Discussion. We show a comparison of our scheme

against two different GKP preparation methods [7,17,49]
in Figs. 6(b) and 6(c). We find that our scheme is twice as
fast as the stabilization scheme small-big-small [17,49],
described later in detail in Sec. V. Moreover, our circuit
depth and fidelity [see Table III and Fig. (6)] are on par with
the optimized ECD circuits in [7], used in recent experi-
ments. Importantly, our scheme yields a natural method to
make the scheme tolerant to circuit errors and achieve
higher fidelity in the presence of faults. After each Ck, in the
absence of errors, the qubit is in a known pure state
untangled from the oscillator with a very high probability
(>0.99) as indicated by the low failure probability in
Fig. 6(c). At this point, GKP states can be postselected,
given the qubit is found in the desired state. Thus, we can
also keep qubit errors in check with this scheme.
Moreover, in Ref. [14], the authors propose to prepare

GKP states using the same pattern of alternating condi-
tional displacements and momentum boosts. However, due
to the lack of a non-Abelian QSP pulse, in this case, the
qubit needs to be unentangled using numerical schemes.
Our scheme uses smaller displacements at each step,
inducing fewer ancilla errors, and potentially allows for
midcircuit error detection.

V. UNIVERSAL CONTROL OF BOSONIC
ERROR-CORRECTED QUDITS

The phase-space instruction set is most suited for the
translationally invariant grid codes (GKP codes), and we
focus on these codes for high-fidelity universal control of
finite-energy error correction [7,20,49,51]. These codes
have shown promise in autonomous error correction,
achieving break-even gain for quantum memory, which
has only been matched so far by the latest surface code

experiment [52] using ∼100 DV qubits. Our schemes are
generalizable for arbitrary lattice spacing, thus yielding
universal control for square, hexagonal, and rectangular
GKP qubits, GKP qudits, and multi-mode GKP codes. We
first summarize our GKP control results before diving into
the details.
We start by extending the state preparation results of

Sec. IV C to the noisy case in Sec. VA. Then we tie
together the ancilla-assisted finite-energy GKP readout of
Ref. [40] and stabilization scheme in Refs. [17,49] within a
single framework in Sec. V B. In addition, we give an end-
of-the-line readout circuit in Sec. V C which could yield
better readout fidelity for GKP qubits with correctable
displacement errors using the Abelian QSP sequence BB1.
A key result of this paper is an error-corrected gate

teleportation scheme (Sec. V D) that applies a target logical
operation while simultaneously correcting oscillator dis-
placement errors—to our knowledge the first high-fidelity
such gates, both single- and two-qubit, native to finite-
energy GKP, emerging directly from recognizing readout
and stabilization as two halves of the same GCR-based
circuit. A piecewise version of this design further mitigates
ancilla dephasing, suppressing otherwise uncorrectable
ancilla-induced faults. As a result, our scheme enables
high-fidelity, universal single-qubit logical rotations even
with biased-noise ancillae like cat qubits [53–56]. To our
knowledge, it is the most effective approach for non-
Clifford operations on GKP qubits to date [57].
We restrict the derivation and discussion to the case of

square GKP, where x and p are treated symmetrically, for
Secs. VA–VD, but note that these circuits can be extended
to qubit and qudit lattices.

A. High-fidelity error-detected state preparation

Fault-tolerant preparation of logical GKP states is an
important resource for bosonic quantum error correction.
Previously in this work, we described a protocol that
prepares GKP states in small steps Sð1;ΔÞ; Ck, at the
end of which the ancillary qubit was left in a deterministic
state. In this section, we investigate the performance of this
scheme in the presence of oscillator and qubit noise, which
provides an understanding of how our preparation schemes,
discussed in Secs. IV B–IV C, perform on an experimental
platform such as a superconducting hardware platform.

1. Noisy state preparation

For the protocol presented in Sec. IV C, we introduce
midcircuit detection on ancilla errors via postselection upon
outcome jgi after every round; resetting the qubit to jgi and
starting over if the step failed. During each gate in the
circuit, we add photon loss at the rate κ=2π ¼ 1=1000 μs−1,
ancilla decay at the rate γ=2π ¼ 1=200 μs−1, and ancilla
dephasing at the rate γϕ=2π ¼ 1=200 μs−1. We repeat the
protocol for Δ ¼ 0.34 [20] for 105 rounds. For each

TABLE III. Optimal number of large conditional displacements
(

ffiffiffi
π

p
) required to prepare j0iGKP at various squeezing levels,

starting from e−x
2=Δ2

, obtained from NΔ2 ¼ 0.32.

Δ Squeezing (dB) N 1 − F

0.1 20 31 Oð10−5Þ
0.2 14 7 Oð10−3Þ
0.3 10.45 3 Oð10−2Þ
0.4 7.95 1 Oð10−2Þ
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preparation round, we execute the GKP state preparation
circuit Sð1; 0.34Þ − C1 − C2 − C3 − SBS shown in Fig. 6
with measurements at every 0−0. We discard any round
where we encounter a −1 outcome for Z measurement of
the ancilla qubit at any of these points and start over with
the oscillator in the vacuum state.

2. Performance

The success probability (fraction of rounds that are kept)
for this simulation is 0.94, with an average fidelity of 0.96,
in comparison to 0.9969 in the noiseless case. The
numerical scheme in Ref. [7] reports a simulated (and
experimental) fidelity of 0.85 for a numerically optimized
circuit with the sameΔwithout postselection. Postselection
with their circuit is possible, but only at the end of the entire
circuit, the length of which is comparable to our complete
preparation circuit. Thus, the efficiency with which such a
circuit can detect errors with postselection would be low.
Relative to Ref. [40], our scheme performs better due to a
similar argument. In comparison to the first step of that
protocol, the length of our snippet C1 is much smaller,
reducing the probability of errors and thus improving the
success probability and fidelity.

B. GKP protocols in the non-Abelian QSP framework

1. Analytical explanation for numerically optimized
readout scheme in Ref. [40]

Reference [40] shows a numerically optimized circuit for
improved GKP readout, which is a rotation gadget which
intends to rotate the state by 2π (π) if the logical codeword

is j0iGKP (j1iGKP) using ei
ffiffi
π
2

p
x̂⊗σx with the qubit starting in

jgi. Thus, a readout circuit is nothing but an entanglement
gadget. For finite-energy GKP, we can employ our entan-
glement gadget with the small GCR precorrection

ei
ffiffi
π
2

p
Δ2p̂⊗σy . Thus, we give the logical readout circuits for

logical bases X (v̂ ¼ p̂), Y (v̂ ¼ x̂þ p̂), and Z (v̂ ¼ x̂),

Ev̂

�
π

2
;

ffiffiffi
π

2

r
;Δ

�
¼ ei

ffiffi
π
2

p
v̂σxei

ffiffi
π
2

p
v̂⊥Δ2σy ; ð66Þ

see Sec. II for the definition of v̂⊥. Notice that the
displacement required to implement a logical Y operation
is longer than the corresponding displacements required for
logical X or Z operations by a factor of

ffiffiffi
2

p
.

The GCR correction given here of the entangling
gadget E is exactly the numerically optimized correction
in Ref. [40].

2. Dissipation-engineering based stabilization and
correction of displacement errors

Dividing the stabilization circuit SBS from Ref. [49] into
two halves (see Fig. 7), the first half can be identified
exactly as the entangling gadget used for readout as

described in Eq. (66). The second half satisfies the
constraints identified for the unentangling gadget
Uðπ=2; ffiffiffiffiffiffiffiffi

π=2
p

;ΔÞ in Sec. IVA since,

π=2ðfrom UÞ þ π=2ðfrom EÞ ¼ π; ð67Þ

as required by Eq. (48). And thus,

SBSv̂ ¼ U v̂

�
π

2
;

ffiffiffi
π

2

r
;Δ

�
Ev̂

�
π

2
;

ffiffiffi
π

2

r
;Δ

�
: ð68Þ

Note that here U ≠ E−1, such that the circuit has a trivial
backaction only if the oscillator is in the GKP code space,
which is key to its success for error correction.
The error correction properties of this circuit were

experimentally verified and qualitatively discussed in
[20]. Here, we provide a quantitative argument using our
framework to compute its effects on the GKP code space
affected by a displacement error, say ϵ.
In that situation the GKP states are positioned at

m
ffiffiffiffiffiffi
2π

p þ ϵ, wherem is any odd (even) integer for the peaks
of j0ΔiGKP (j1ΔiGKP). Now, the effect of the entangling part
of SBS is to rotate the qubit by ei

ffiffi
π
2

p
ðm ffiffiffiffi

2π
p þϵÞσx. Thus, for an

erroneous state jψiϵ ¼ αj0iϵ þ βj1iϵ, where j0iϵ; j1iϵ
denote erroneous GKP states j0Δi; j1Δi with displacement
error ϵ, we have,

Ex̂jψiϵjgi ≈ eiϵ
ffiffi
π
2

p
σxðαj0iϵjgi þ βj1iϵjeiÞ: ð69Þ

The second half of the circuit, U x̂, has a correction ei2λp̂σy

(with λ ¼ αΔ2) on which depends the final qubit state. The
un-entanglement routine U x̂ correctly rotates the qubit state
back to jgi for the first terms in each row. However, for the
second term,where the qubitwill be rotated to jei, the sign of
the finite-energy correction is wrong. And hence, here the
finite energy correction of U x̂ will apply a backaction of
ei4λp̂σy . Thus, after U x̂, the hybrid oscillator-qubit state takes
the form,

FIG. 7. Finite-energy GKP readout [40] and stabilization [49]
protocols in non-Abelian QSP framework. Interpretation of SBS
circuit along the position quadrature as logical identity on the
GKP codewords. The circuit is divided into the entangling and
unentangling gadgets. The first half of this circuit E is the GKP
readout circuit. Here, α ¼ ½ ffiffiffi

π
p

=ð2 ffiffiffi
2

p Þ� and λ ¼ −αΔ2.
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¼ ðcos ϵ
ffiffiffiffiffiffi
2π

p
jgi þ iei4λp̂σy sin ϵ

ffiffiffiffiffiffi
2π

p
jeiÞðαj0iϵ − βj1iϵÞ:

ð70Þ

If ϵ ¼ 0, this state is equal to ðαj0iϵ − βj1iϵÞjgi, and a
deterministic logical Pauli operation has been applied to jψi.
This Pauli operation can be tracked and hence does not play
any role in stabilization. The next step of the protocol is to
measure the qubit, and the probability for outcome jei is
given by

Pe ¼
Z

∞

−∞
dp sin2 ðϵ

ffiffiffiffiffiffi
2π

p
Þ cos2 ð4λpÞjψðpÞj2: ð71Þ

Here the backaction on the oscillator state depends on the
result of the qubit measurement. In the event that the qubit is
projected to state jgi, the backaction is given by

ðcos ðϵ
ffiffiffiffiffiffi
2π

p
ÞIþ i sin ð4λp̂Þ sin ðϵ

ffiffiffiffiffiffi
2π

p
ÞÞjψ̄iϵ ð72Þ

≈ ðIþ i4λϵ
ffiffiffiffiffiffi
2π

p
p̂Þjψ̄iϵ

þ ðOðϵ2Þ þOðλϵ2Þp̂þOðλ2ϵÞp̂Þjψ̄iϵ ð73Þ

≈Dð−πϵΔ2Þjψ̄iϵ: ð74Þ

Considering that initially jψ̄iϵ ¼ DðϵÞjψ̄i, in the event of a g
outcome a single round of SBS partially corrects the error by
applying a displacement of −πϵΔ2 ≈ −0.36ϵ for Δ ¼ 0.34.
The backaction in the event when the qubit is projected

to state jei is given by

cos ð4λp̂Þjψ̄iϵ: ð75Þ

This backaction is independent of the error parameter ϵ, but
its probability increases with ϵ. This operator applies a
symmetrized displacement along the position axis. In the
momentum basis, this is equivalent to a cosine envelope on
the state. To second order in p̂, the cosine envelope can be
approximated as a Gaussian,

cos 4λp̂ ≈ e−8λ
2p̂2

; ð76Þ

where 8λ2 ¼ 8α2Δ4 ¼ πΔ4. We compare this envelope
correction with the momentum part of the target
Gaussian envelope e−Δ

2n̂ ¼ exp ½−Δ2ðx̂2 þ p̂2Þ� and note
that an e outcome reduces the momentum uncertainty by
15%. Currently, we do not have an intuitive explanation for
how this backaction supports error correction or stabiliza-
tion. The probability of both the back actions increases with
an increase in the error ϵ, as should be the case for any
autonomous error correction scheme. Similarly, the stabi-
lization of the logical X basis corrects displacement errors
and envelope errors along the momentum axis.
In summary, we have shown that SBS is an example of

probabilistic (or autonomous) error correction.

C. Logical readout with correctable errors

At the end of any quantum circuit, logical qubits are
measured to determine their state. Inevitably, there can be
residual correctable errors in the logical code states being
measured. For the GKP encoding, such errors might be
correctable random displacements, that is, displacements
smaller than

ffiffiffi
π

p
=2

ffiffiffi
2

p
.

The problem at hand is described by Fig. 8(a) which
suggests that we need to extract the one bit of information
f0GKP; 1GKPg where 0GKP (1GKP) corresponds to all states in
the Hilbert space which are closer to logical j0iGKP (j1iGKP)
than to the opposite logical state. In the infinite-energy GKP
case read out using a single CD (one-bit phase estimation
protocol), the readout fidelity follows a cosine curve [shown in
panel (c) of Fig. 8] as a function of displacement ϵ. The fidelity
value is less than unitywhen applying a singleCDas a readout
scheme for a finite-energy GKP state (see Fig. 8). The finite-
energy readout, described in Sec. V B, yields a better readout
fidelity that follows a similar curve with a peak value (case of
no error) closer to unity. However, since small errors are
correctable in principle,wewould like a readout sequence that
yields a squarewave response shown by the dotted black lines
in Fig. 8(a), a problemwhichwe recast in theQSP framework.

1. Abelian QSP readout

We can achieve something close to the required square
wave using our adaptation of BB1(90) in Eq. (29) for hybrid
oscillator-qubit control. See circuit in Fig. 8(b). This circuit
yields improved readout fidelity for all correctable error
states compared to the finite-energy readout circuit, as shown
by Fig. 8(c). An enlarged version is shown in Fig. 8(d) to
assess the situation in the no error case of ϵ ¼ 0. Note that the
Helstrom bound for the given value of Δ ¼ 0.34 is
1
2
ð1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jh0j1ij2

p
Þ ≈ 10−6, far below the BB1 protocol

readout error at ϵ ¼ 0. Hence, we do not need to account for
the nonorthogonality of the GKP logical Pauli states. The
Abelian end-of-the-line sequenceworks desirablywell and is
relatively robust for ϵ ≠ 0 case.However, its performance for
the no error case ϵ ¼ 0 isworse than the finite-energy readout
sequence [labeled GCR in Figs. 8(c) and 8(d)].

2. Non-Abelian end-of-the-line readout

A natural, deployable way to combine BB1’s peak-
location robustness with GCR’s finite-energy correction is
GCR-BB1, in which a single conditional displacement is
prepended to the four bare BB1 rotations, yielding a simple
unitary pulse sequence. The amplitude of this GCR-type
correction is optimized numerically to take into account the
finite-energy corrections of the four rotations in BB1
collectively. GCR-BB1 improves over bare BB1 across
the correctable region while adding only a small condi-
tional displacement, and its short length keeps the
decoherence it accrues under noise modest. Because it
applies one correction collectively rather than one per
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rotation, however, a residual Gaussian-fluctuation error
survives at the no-error point [see Fig. 8(d)], setting a
coherent floor on its readout accuracy. This floor is lowered
by the full concatenation of BB1 and GCR, called BB1
(GCR), discussed in Appendix C, which interleaves a GCR
correction with every BB1 rotation and thereby cancels the
Gaussian fluctuation error kick by kick, pushing the no-
error readout close to the Helstrom bound. The cost is
length: BB1(GCR) consists of 8 conditional displacements,
longer than BB1 for some Δ, so it accrues correspondingly
more decoherence. The two sequences therefore trade
sequence length against coherent readout accuracy rather
than one strictly dominating the other. In the presence of
noise, both pulses perform worse than the much shorter
GCR readout at the no-error point.

3. Backaction

Note that during each readout sequence, the GKP state is
displaced by an amount jαj along the quadrature orthogonal

to the one being measured, a deterministic displacement
that can be accounted for. Canceling this displacement, we
compute the fidelity of the resulting state with the initial
erroneous state. A large infidelity indicates a larger back-
action from the respective circuit. See Fig. 8(e) for the
backaction of all readout schemes discussed in this section.
For an end-of-the-line readout sequence, the back action is
not important; for schemes where back action is minimal,
the readout can be repeated to increase measurement
fidelity.

D. Universal qubit rotations with piecewise circuits

Arbitrary operations on finite-energy GKP states are
generally not easily available. Recall that Pauli oper-
ations are simple phase space translations. However
logical rotations are exponentials of Paulis which (by
the Pauli-Euler identity) can be written as a coherent
superposition of identity and a phase space translation.
Unfortunately, it is not possible to apply a classical

(a)

(b)

(c)

(d) (e)

FIG. 8. Logical readout of GKP states with correctable errors. The GKP readout procedure maps the logical state onto the ancilla qubit
states g and e, which are then measured. (a) Solid curves show finite-energy GKP codewords; dotted curves show the corresponding
displaced codewords. An ideal end-of-sequence pulse for reading out a state with a correctable displacement error ϵ is a square wave
(black dashed line). It yields a correct measurement probability Pðgj0; ϵÞ (for σz measurement) across all logical j0; ϵi states with
jϵj < ffiffiffiffiffiffiffiffi

π=2
p

, and similarly for Pðej1; ϵÞ for j1; ϵi. (b) GKP readout schemes: the infinite-energy scheme corrects only peak locations; the
non-Abelian QSP readout (also found numerically in Ref. [40]) corrects Gaussian broadening; and the Abelian BB1(90) QSP sequence
corrects peak location ambiguity by flattening the cosine response. (c) Readout probability of getting the right outcome Pðgj0; ϵÞ as a
function of displacement error ϵ for different schemes, without circuit-level errors: infinite-energy (no correction), GCR (Gaussian
correction), and BB1 (peak location correction). Color legend is in (d). (d) Enlargement of (c) shows 1 − Pðgj0; ϵÞ within the Voronoi
cell of j0iGKP. Here, GCR-BB1 denotes enhancing BB1(90) with a conditional displacement, while BB1(GCR) corresponds to an
optimized version of the composed sequence derived in Eq. (C1). In BB1(GCR), the blue region circuit is replaced according to this
equation. These sequences correct Gaussian uncertainty while producing a square response. Parameters α and λ follow Fig. 7.
(e) Readout infidelities: color coding matches (b),(d). BB1 and GCR-BB1 show the highest infidelities, while finite-energy readout and
BB1(GCR) achieve the lowest, mainly limited by envelope errors that could be further stabilized. All curves correspond to a GKP state
width set by Δ ¼ 0.34.
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control pulse that is in a superposition of zero ampli-
tude (to achieve identity) and nonzero amplitude (to
achieve the phase space displacement). One method to
circumvent this problem is to use ancillary systems to
teleport gates into the GKP codespace by use of
conditional displacements that entangle the GKP and
ancilla qubit, for example through an effective CNOT
gate. However, this method limits the logical fidelity of
the gate when considering physical errors of the
ancilla. Here, we devise a technique to teleport gates
that simultaneously (1) correct errors in the oscillator
and (2) protect against ancilla decay errors, yielding
room for high-fidelity gate operations using a biased-
noise ancilla. This protection against errors is different
from the general path-independent mechanisms engi-
neered for circuits using SNAP gates [36–38]. Our
construction does not require any hardware engineering
feats such as chi matching [36,58], though these might
yield further improvements.

1. Error-corrected gate teleportation

The error-corrected gate teleportation sequence is con-
structed by realizing that the stabilization circuit SBS ¼ UE
is composed of entangling and unentangling gadgets, see
Fig. 7. By introducing a qubit gate in between the two
gadgets, we can construct a phase-transfer circuit, as
illustrated in Fig. 9(a). For logical ZðθÞ gate and with an
initial GKP state aj0iGKP − bj1iGKP, the circuit obeys the
following equations, up to a global phase,

jϕi2 ¼ Exjϕi1
¼ aj0iGKP ⊗ jgi − bj1iGKP ⊗ jei ð77Þ

jϕi3 ¼ ZðθÞjϕi2 ¼ e−i
θ
2
σz jϕi2

¼ aj0iGKP ⊗ jgi − eiθbj1iGKP ⊗ jei ð78Þ

jϕi4 ¼ Uxjϕi3
¼ ½Zðπ þ θÞGKPðaj0iGKP þ bj1iGKPÞ� ⊗ jgi: ð79Þ

To perform logical XðθÞ (YðθÞ) rotations, one only needs to
entangle the qubit with the logical X (Y) eigenstates of the
GKP code. For example, the same circuit becomes a logical
XðθÞ gate if Ex;Ux → Ep;Up. The circuit can be easily
changed to use ancilla XðθÞ gates, mutatis mutandis, if this
is an easier gate for the DV ancillary system.
If we ignore qubit errors, these circuits will yield jgi

corresponding to the desired gate operation. The fidelity of
these gates in the absence of any physical errors and for
Δ ¼ 0.34 is 99.88% while the probability of a successful
logical gate operation is 0.9994.
Note that the error-correction feature of our sequence

comes from the fact that it is constructed from a logical
identity circuit, Ux=p=xþpEx=p=xþp corresponding to the SBS
stabilization circuit, that is not a universal identity (where
Ux=p=xþp ¼ E−1

x=p=xþp). That is, the error-corrected gate
teleportation circuit, in addition to applying the logical
gate on logical GKP codewords, also applies a corrective

(a)

(b) (c)
Toy model GKP state
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FIG. 9. Error-suppressed GKP gate teleportation. (a) Error-corrected gate teleportation of logical ZðθÞ [XðθÞ] gate by an entangling-
unentangling sequence obtained from stabilizer of the logical f0; 1g (fþ;−g) basis. (b) Toy model of a piecewise circuit to mitigate
effects of biased-noise ancilla errors. (c) Comparison of trivial gate teleportation and piecewise gate teleportation for θ ¼ π=4 in the
presence of ancilla errors. Here, the solid black line in the left panel presents the analytical curve for the state infidelity in the case of
piecewise teleportation obtained from Eq. (80). The GKP state used for the simulation results shown in the right panel has an envelope
size of Δ ¼ 0.34.
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back action on erroneous GKP states similar to the small-
big-small stabilization circuits discussed in Sec. V B.

2. Protection from biased-ancilla errors

The teleportation circuit described above is, however,
severely affected in the presence of ancillary errors (the
same as any teleportation circuit). For our circuit, ancilla
errors tend to occur during the (relatively long duration)
controlled displacement gates acting on the oscillator. In
the case of a biased-noise ancilla, the circuit will only be
affected by one type of ancillary error since the other errors
are largely suppressed [55,56]. For protection against a
single type of ancillary error, we propose the piecewise
circuit shown in Fig. 9(b). For example, without loss of
generality, let us imagine a biased-noise ancilla where the
dominant error is σx. The effect of this gate is shown in the
top circuit of Fig. 9(b). The σx error on the ancilla
propagates to the oscillator by reversing the sign of the
logical operation, i.e., as a logical rotation angle error of
−2θ on the GKP state. We propose to solve this problem
by dividing the circuit into m pieces where each piece
applies a rotation by Zðθ=mÞ as shown in the lower panel of
Fig. 9(b). We call this method piecewise gate teleportation.
In this case, a single σx error induces an erroneous rotation
of Zð−2θ=mÞ, with reduced effect on the logical fidelity as
m increases. The angle of the GKP logical rotation can
effectively be described by a random walk such that the
average rotation of the gate is θ0 ¼ θð1 − 2pxÞ with a
standard deviation of σm ¼ ðjθj= ffiffiffiffi

m
p Þ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pxð1 − pxÞ
p

,
where px is the probability of σx errors. Importantly, the
standard deviation of the angle decreases as m increases.
Taking a toy model with effectively pure qubit states, the
fidelity of the resulting state is given by

F ¼
Xm
k¼0

�
m

k

�
ð1 − pxÞm−kpk

xcos2½θðpx − k=mÞ�: ð80Þ

The systematic error in the mean rotation angle can be
compensated by choosing a larger target angle θ0 ¼ θ=
ð1 − 2pxÞ. The curves in Fig. 9(c), computed using QUTIP

[43], show that the favorable decrease in infidelity is
proportional to 1=m. In the toy model, we apply errors
only just before the CX gates with probability px ¼ 0.05 to
emulate the case of GKP states where the CD gates are
longer and more erroneous compared to the qubit rotation
ZðθÞ. In the GKP simulation, we apply a σx error at a rather
large rate of γ ∼ 1=22 μs−1 during all conditional displace-
ments (to emulate the probability px ¼ 0.05 during the
large conditional displacements). We use the metric that a
conditional displacement by a magnitude of 1 takes time
τ ¼ 1 μs as outlined in Appendix D and use τ to make all
rates dimensionless. We also simulated the performance of
the piecewise gate teleportation described above, on the
GKP state, and compared it against single-shot trivial gate

teleportation followed by m − 1 stabilization rounds in the
right plot of Fig. 9(c). The first step of the trivial protocol
which teleports the gate, however, is not correcting errors in
the GKP state. This causes the initial bump in the fidelity
curve, see the right plot of Fig. 9(c).
Note that, for trivial gate teleportation, one could use the

measurement outcome to check for ancilla errors more
efficiently, [59] but that would make the protocol reliant on
measurements which can be the slowest (or, most erro-
neous) part of the circuit. Just as in the stabilization circuit,
the qubit is reset to jgi at the end of every piece in the
circuit. This reset could be erroneous and such an error has
not been considered explicitly in our simulations.

E. Entangling GKP qubits: Extension of GCR to
multimodal operations

The two-qubit gates suggested in [60] for an infinite-
energy GKP code have poor fidelity for the finite-energy
code and require a few stabilization rounds to improve the
error rate [18].

1. Single-qubit ancilla

For the finite-energy states, Ref. [18] derived the finite-
energy version of the two-qubit entangling gate, which can
also be derived using the non-Abelian QSP extension for
two modes. We discuss this extension here. For ideal GKP
codes with support at positions m

ffiffiffiffiffiffiffiffi
π=2

p
; m∈Z, the condi-

tional SUM gate displaces the second mode by the position
�x of the first mode with the sign of the displacement
determined by the state of the ancilla. Equivalently, for each
pair of peaks of the two GKP states, in the position (first
mode) and momentum basis (second mode), respectively,
the conditional SUM gate, ei2x̂1p̂2σx , rotates the qubit by 2lπ,
where l is the product of the two integers defining the
positions of the two peaks. This operation is equivalent to
ð−1Þl phase on the joint oscillator-qubit state, and it applies
a CXGKP gate on the two logical GKP codewords with
the qubit going back to the original state (jgi, in this case).
The non-Abelian correction for the entangling half of this
operation eix̂1p̂2σx due to the envelope size Δ ≠ 0 with
respect to the first (second) GKP qubit is given by
eiΔ

2p̂1p̂2σyðe−iΔ2x̂1x̂2σyÞ, assuming the ancilla starts in state
jgi. Thus, the GCR-type precorrection due to both modes is
given by

S≡ e−i
Δ2
2
ðx̂1x̂2−p̂1p̂2Þσy : ð81Þ

The corresponding SBS-type circuit, where B≡ e2ix̂1p̂2σx

and S is given by Eq. (81), rotates the qubit by an angle of
2π about σx and applies the desired logical operation. This
operation, similar to the stabilization circuit SBS, is
protected against biased-noise ancilla errors. However,
the fidelity of the Bell states prepared using this circuit
is ∼0.90 for Δ ¼ 0.34. Higher fidelity requires either
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additional correction terms or, as we show next, a two-
ancilla construction; but first, we discuss the fast echoed
two-mode realization of the single-ancilla gate, then give
the two-ancilla scheme. The fast conditional two-mode
operations required for this operation can be achieved using
Gaussian operations and weak dispersive coupling between
the oscillator and qubit. Reference [18] suggests that this
sequence takes more gates (5 conditional two-mode oper-
ations equivalent to a SUM gate).
However, we claim that this circuit can be achieved in

three gate sequences given we can obtain fast S gates using
a two-mode extension of the echoed conditional displace-
ment [7,19,20]. This decomposition is given in Ref. [5] for
entangling oscillator gates in the weak dispersive regime,
and we present it in Appendix H in the context of two-qubit
GKP operations. Fast echoed conditional displacement was
obtained using (weak) dispersive coupling in the displaced
frame. Similarly, we can obtain a fast echoed conditional
SUM gate using (weak) dispersive coupling in a two-mode
squeezed frame. The two-mode squeezing required for this
operation can be obtained from single-mode squeezing and
beam splitters using a Bloch-Messiah decomposition [5].
Thus, this circuit involves two single-mode squeezing
operations and two beam splitters to go to the two-mode
squeezing frame using TMSðα; πÞ (see definition in
Ref. [5]). In this new frame, the circuit uses evolution
under the dispersive interaction in this frame for the
duration tCX ≥ ½Δ2=ðχ sinh 2αÞ� þ ½ð2Δ2Þ=χ� where χ is
the strength of the weak dispersive coupling. Thus, by
increasing α one can make this process much faster.
Hypothetically, limα→∞tCX ≥ ½ð2Δ2Þ=χ� is allowed, how-
ever, in reality, we are limited to finite and much lower
values of α due to unwanted state transitions in a nonlinear
ancilla dispersively coupled to a resonator (oscilla-
tor) [7,20,56].

2. Two qubit ancillae

In order to avoid conditional Gaussian operations which
can be more difficult to realize in practice, another option is
to realize a two-qubit version of the gate teleportation
circuits discussed in Sec. V D, which only uses conditional
displacements and (two-) qubit gates. This circuit, shown in
Fig. 10 (see also Appendix G), yields better fidelity
compared to the single qubit ancillae scheme in the absence
of errors. It is similar to Fig. 9(a), except the middle gate
can be a controlled Pauli operation between the two DV
qubits given the initial states and final operation to be
implemented. Any controlled Pauli logical operation can be
realized in a similar way. However, due to the way errors
propagate, most of these gates do not benefit from dividing
the rotation into smaller angles.
In the special case of a logical ZZGKPðθÞ operation,

ancilla X errors propagate to the GKP codes as a rotation
error of −2θ. This is similar to the one-qubit gate example,
and as a result the same piecewise construction can be

applied, see Appendix G, yielding an error-corrected two-
qubit entangling operation that is autonomously protected
from ancilla errors and photon loss. In the absence of errors,
this sequence yields a success probability of Pg ¼ 0.9987,
highest for a perfect entangling logical operation on finite-
energy GKP codewords. We believe that the state fidelity of
this process will be the same as the single-qubit gate
teleportation scheme. For example, computing the fidelity
of states prepared by SBS, for a system with two truncated
oscillators (each with Hilbert space dimension of 50) and
two qubits, is 0.98 (upper bounded by truncation issues and
not the protocol). We achieve the same fidelity for the Bell
pair constructed using our teleportation protocol. This
fidelity is much lower than what is expected (0.998 from
Sec. V D), and we believe this is due to the Hilbert space
constraints. The logical error probability increases with the
use of two-qubit DV gates while it remains the same as
the error in conditional displacement increases, similar to
the case of single-qubit gate teleportation analyzed
in Sec. V D.
All our protocols derived in this section have been

obtained analytically through the use of NA-QSP, which
either explain previously numerically optimized protocols
[14,15,40,61] or yield new protocols for universal con-
struction of GKP codewords. One of the problems with
GKP codewords is that most works establishing protocols
for finite-energy GKP codewords could not reach a fidelity
of >0.90 for universal control [18,57]. The newly found
protocols for entangling operations and piecewise gate
teleportation yield the best protocols for finite-energy GKP
codewords, even in the noiseless setting, compared to all
previous works.

VI. FURTHER DIRECTIONS

Non-Abelian QSP extends naturally beyond the state
preparation and error correction procedures introduced
above. In this section, we explore three instances of
problems where NA-QSP provides advantages, but leave
the complete solving of such problems for future work. We

FIG. 10. Piecewise GKP entangling operations. Circuit for
logical Pauli operations using two ancillae. Here, jΦi ¼
EC½ZZGKPðπ þ θÞjψ ;ψiGKP�. For θ ¼ π=4, we can prepare a
Bell state if jψ ;ψiGKP ¼ j þþiGKP. The fidelity of this Bell state
preparation is 0.9997 (as per Sec. V D) and the success
probability of the qubit outcome jg; gi is Pg ¼ ð0.9993Þ2 ¼
0.998.
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begin with more general state preparation algorithms, i.e.,
we take steps towards solving problem 1 in Sec. II. More
precisely, we present analytical tools for the preparation of
rotationally symmetric states—including N-legged cat and
Fock states. We then present a non-Abelian control
sequence for oscillator-assisted phase estimation and then
comment on how the analytical structure of NA-QSP can
inform and seed hybrid analytical–numerical optimization
strategies. Together, these results suggest that NA-QSP is
not only a practical tool but a theoretical framework for
identifying and attacking open problems in hybrid CV-DV
quantum control.

A. Towards universal state preparation

The phase-space instruction set is particularly well-
suited to states naturally expressed as superpositions of
nonoverlapping Gaussian wave packets—squeezed, cat,
and GKP states—as demonstrated in the preceding sec-
tions. A natural question is how far this instruction set
extends toward universal state preparation, and what
fundamental constraints emerge when it is pushed beyond
its natural domain. Here we explore two such cases—
rotationally symmetric states and Fock states. We note that
the preparation of a large class of states is likely more
efficient with the Fock-space instruction set [5,62].

1. Rotationally symmetric codewords

N-legged cat states consist of superpositions of N
coherent states at the vertices of a regular N-gon in phase
space. To prepare these states, we require a minimum of
log2N conditional displacements, after which the qubit
must be completely disentangled from allN oscillator blobs
simultaneously. For example, to prepare a four-legged cat
state (see Fig. 11), one strategy is to first prepare a
momentum two-legged cat state (using the protocol in
Sec. IVA), then prepare a superposition of two cat states.
However, this reveals a constraint of the GCR pulse which
was designed assuming Gaussian states with average
momentum hpi ¼ 0. Lifting this requirement, GCR can
work for rectangular cat states with an even aspect ratio
α=β ¼ 2m, m∈Z (see Appendix I 1). This constraint
reflects the fact that the precorrection in GCR depends
on a single quadrature, whereas for N-legged cat states the
unentanglement pulses should work for Gaussian states
identified by both quadrature coordinates. The Abelian
BB1 sequence has no such geometric constraint and
enables the preparation of four-legged cat states with
any aspect ratio, at the cost of additional circuit depth
and a local phase eiαβ on two of the four coherent states
comprising the cat (vanishing when αβ ¼ 2πm with
m∈Z). As jαj increases, both sequences improve in
fidelity to their respective target states (Fig. 11(b)).
Similar strategies generalize toN > 4, but the identification
of optimal unentanglement sequences for arbitrary N and

the interplay between lattice geometry and QSP sequence
structure remain open questions.

2. Fock state preparation

Fock states are not superpositions of a finite number of
nonoverlapping Gaussians, placing them outside the natu-
ral domain of the phase-space ISA. One option is to use
controlled displacements to approximate the Law-Eberly
protocol [63] which enables preparation of arbitrary super-
positions of Fock states given access to pure JC or AJC
evolution. Appendix I 2 a shows that Trotterization of the
Jaynes-Cummings Hamiltonian outperforms numerically
optimized circuits in circuit duration but not the circuit
depth. Another option is to consider a general series of
conditional displacements and momentum boosts. For a
series of N ¼ 3 CD, this corresponds to

CDðα2; σyÞCDðiβ1; σxÞCDðα1; σyÞ; ð82Þ

which has a connection to quantum randomwalks [64]. The
first CD parameter is chosen to make the smallest odd cat

(a)

(b)

FIG. 11. Circuit for preparation of four-legged cat using QSP
sequences. (a) Rescaled Wigner distribution function for the two-
legged cat preparation using the circuit in Fig. 4(a), starting from
a momentum-cat state. The protocol does not require an initially
unentangled two-legged cat; starting from vacuum with two
conditional displacements along x̂ and p̂ also suffices. Using a
perfect cat here simplifies the simulation without underestimating
infidelity. Green circles indicate qubit spin polarization at each
blob; same alignment across all blobs is necessary for determin-
istic preparation. During unentanglement, GCR (right plot) can
only prepare rectangular cats with even aspect ratio jαj=jβj so
m∈Z, while BB1 has no such constraint (left plot). (b) Perfor-
mance of GCR and BB1 for rectangular (square) four-legged cat
states; yellow curve shows performance without QSP correction.
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state with maximum success probability and fidelity. As
shown in Fig. 12, β1 and α2 are chosen by alternately
imposing minima of hσyix and hσxix at the wave function
maxima in position and momentum of the oscillator at
steps 1 and 2, yielding the states at steps 2 and 3,
respectively. This protocol yields α1 ¼ π=4, β1 ¼ 1=2,
and α2 ¼ ð1=πÞ tan−1 sinhðπ=2Þ. See Appendix I 2 b for
details. The algorithm can be generalized to jn > 1i and
N > 3. Our construction yields analytical explanation for
the remarkable fidelities achieved by numerically opti-
mized protocols for Fock state preparation using only
phase-space instruction sets in previous experimental
implementations [7].

B. Quantum phase estimation using
ancillary oscillators

The sections above considered using the qubit as an
ancilla to either control the oscillator or extract information
from the oscillator. It is also interesting to consider the
reverse situation: can we extract information about a qubit
unitary using the oscillator? This use of hybrid QSP comes
under problem 2 of hybrid control, described in Sec. II,
focused on achieving arbitrary Hamiltonian evolution of
the oscillator.
For example, consider the phase estimation problem in

which one has oracle (i.e., black box) access to the single-
qubit rotationU ¼ eiθσϕ , and the task is to learn θ. Liu et al.
[65] discuss an approach where, if the information could be
encoded in the displacement of an oscillator (in a squeezed
coherent state), a single-shot homodyne measurement can

be used to extract multiple bits of information on θ in a
single shot. Their analysis assumes access to (but does not
provide) a hybrid control gate CU ¼ eix̂⊗Hτ=x0 as a primi-
tive (which for our problem corresponds to Hτ=x0 ¼ θσy).
Here, we show how to synthesize such a primitive from
realistic gates—unitary access to U ¼ eiθσy together with
the phase-space instruction set—and analyze the resulting
precision.
Here, we derive a hybrid QSP sequence which displaces

the oscillator by an amount which depends on θ via
access to the phase-space instruction set (see Sec. II)
and U. Throughout this section and Appendix J we adopt
½x̂; p̂� ¼ i (rather than i=2 used elsewhere). [66] The
protocol is specified as follows: we aim to learn the
eigenvalue θ of a unitary U ¼ eiθσy by constructing a
hybrid unitary which, when acting on a σy eigenstate,
displaces the oscillator momentum by an amount propor-
tional to sinð2θÞ.
The construction

eiαx̂σx
ffiffiffiffi
X

p †U
ffiffiffiffi
X

p
e−iαx̂σx

ffiffiffiffi
X

p
U

ffiffiffiffi
X

p †

≈ eiαx̂ð2sin2θσxþsinð2θÞσyÞ; αx̂ ≪ 1; ð83Þ

where
ffiffiffiffi
X

p
U

ffiffiffiffi
X

p † is used to synthesize the adjoint offfiffiffiffi
X

p †U
ffiffiffiffi
X

p
without access to U†, when applied to

j0;þii. At leading order in αx̂, the construction reduces
to a qubit rotation with two components: a σy term
αx̂ sinð2θÞ and a σx term 2αx̂ sin2 θ. The σy component
imprints a momentum-displacing phase e�iαx̂ sinð2θÞ on the
oscillator, from which θ can be read out via homodyne
measurement. The σx component drives transitions
between j þyi and j −yi, transferring a fraction jα−j2 of
shots to a wrong-sign momentum kick, reducing the mean
and inflating the variance by 4α2 sin4 θ [Eq. (J15)].
However, in the small-α regime where the protocol is
valid, jα−j2 ≪ jαþj2 and this effect is negligible [67]. The
mean momentum hp̂i ≈ α sinð2θÞ thus serves as a good
estimator of θ within the valid operating range, confirmed
numerically in Fig. 13(a). This construction synthesizes the
Hamiltonian-imprinting primitive assumed by Liu et al.
[65] from unitary access toU alone together with the phase-
space instruction set.
This example indicates the use-case of hybrid QSP in

identifying control pulses for Hamiltonian evolution of
oscillators which can be used as primitives to augment
DV-only algorithms. Further technical details are pre-
sented in Appendix J. The homodyne distribution PðpÞ
remains Gaussian (numerically, α≲ 0.1 keeps deviations
from Gaussianity below 10−4 in Kullback-Leibler diver-
gence). At larger α the oscillator-qubit entanglement
generated by Eq. (83) produces non-Gaussian and even
bimodal momentum distributions, and a closed-form

FIG. 12. Preparation of Fock state j1i using GCR. Wave
functions ψðxÞ, ψðpÞ, and rescaled Wigner distribution functions
plotted against position x and momentum p. (Left) Qubit
expectation values after CDðα1; σyÞ; hybrid fidelity FH ∼ 0.58.
(Middle) After CDðβ1; σxÞ; with FH ∼ 0.84. (Right) After
CDðα2; σyÞ; final fidelity FH ∼ 0.99, matching state-of-the-art
numerically optimized protocols of Refs. [5,7].
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expression for hp̂i that is exact for any α is also derived in
Appendix J.

1. Precision and overhead

We now ask how precisely the protocol determines θ,
and at what cost. The shot-to-shot variance of the homo-
dyne readout is set by the squeezing parameter r ≥ 0 of the
input oscillator state, which we summarize by the squeez-
ing factor s0 ≡ er ∈ ½1;∞Þ: zero squeezing (s0 ¼ 1) cor-
responds to vacuum input, while larger s0 exponentially
reduces the noise in p̂. Each individual shot therefore yields
only a noisy estimate of hp̂i, and the protocol must be
repeated N times to suppress the statistical uncertainty in
the inferred value of θ by the usual factor of 1=

ffiffiffiffi
N

p
.

Standard error propagation through the Cramér-Rao bound,
in the small-α Gaussian regime established above, shows
that estimating θ to a target precision ε (that is, the target
standard deviation in θ) requires

Q ∼
1

α2s20ε
2

ð84Þ

total applications ofU, whereQ ¼ 2N counts each of theN
shots as the two queries to U called by Eq. (83).

Equation (84) exhibits the standard quantum limit scaling
Q ∝ 1=ε2, with the squeezing factor acting as a multipli-
cative resource that reduces the shot count. The full
derivation, together with the closed-form expressions for
the mean hp̂i and the variance δp2 on which the bound is
based, is given in Appendix J.
The scaling Eq. (84) recovers the “squeezing as inverse

precision” behavior of Liu et al. [65], who reached the same
scaling for an assumed Hamiltonian-imprinting primitive
eiθx̂⊗σy that is not natively available if θ is unknown; the
construction Eq. (83) provides this primitive from unitary
access to U ¼ eiθσy alone. The 1=α2 prefactor reflects a
genuine cost of the synthesis: although larger α would give
a proportionally larger signal and reduce the shot count, the
Gaussianity required for the Cramér-Rao analysis breaks
down beyond α ∼ 0.1 (Appendix J), so the bound Eq. (84)
only applies in this regime.
For comparison, the simplest qubit-only phase

estimation—applying U once to jgi and inferring θ from
the empirical frequency of jei outcomes—reaches the same
standard quantum limit scaling Qtrivial ∼ 1=ε2 with no
oscillator ancilla. Our protocol beats this trivial baseline
when the available squeezing satisfies αs0 ≳ 1 at the
optimal operating point (θ ≈mπ=2 where m is an integer),
which in the analyzed regime α≲ 0.1 corresponds to a
squeezing factor s0 ≳ 10; reaching this operating point in
practice requires a coarse prior estimate of θ, available from
a small number of preliminary shots. Heisenberg-scaling
alternatives such as robust phase estimation [68,69] trade
circuit depth in U for query count; the constant-depth
feature of Eq. (83)—two applications of U per shot,
independent of ε—makes our protocol a natural substitute
when deep coherent circuits in U are limited by
qubit decoherence, as in circuit QED. Whether this con-
stant-depth advantage survives realistic noise—qubit
dephasing, oscillator photon loss, and finite-bandwidth
pulse imperfections—is a natural next step that we leave
for future work.

C. Hybrid analytical-numerical optimization

The improved performance of our analytical methods
stems from explicitly exploiting the algebraic structure of
the control Hamiltonians, which allows systematic cancel-
lation of leading-order error terms while preserving a
compact and interpretable pulse structure. One interesting
direction is to use our pulse sequences as a seed for
numerical optimization methods. This might allow us to
mitigate the effect of spurious error sources, for example,
oscillator nonlinearity or finite ancilla lifetime.

VII. CONCLUSION

The central message of this work is that a single non-
Abelian QSP primitive is already remarkably powerful.
Using one composite pulse—the Gaussian-controlled

(a)

(b)

FIG. 13. Quantum phase estimation in hybrid oscillator-qubit
architecture. (a) Phase estimation using the control sequence in
Sec. VI B, confirmed numerically: at small α the rescaled mean
momentum hp̂i=α approaches sinð2θÞ, giving a direct readout of
θ. The figure uses α ¼ 10−3, where the exact result Eq. (J14)
deviates from this leading-order form by less than 10−6. (b) The
standard deviation is upper bounded by 1=

ffiffiffi
2

p
at zero squeezing

(r ¼ 0), consistent with Eq. (J15), and improves with momentum
squeezing r > 0.
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rotation (GCR)—we have given fully analytical construc-
tions for problems across hybrid CV-DV control that either
previously relied on numerical optimization or had no high-
fidelity solution even in the noiseless regime: deterministic
preparation of squeezed, cat, GKP, and Fock states;
universal control of GKP bosonic qubits including readout,
stabilization, and error-corrected gate teleportation; and a
phase-estimation primitive synthesized from realistic gates.
In each case, the analytical approach matches the perfor-
mance of state-of-the-art numerical schemes. Crucially,
matching numerical optimization is not the essential point:
the analytical structure supplies what numerical optimiza-
tion structurally cannot—midcircuit error detection at well-
defined points and closed-form generalization to other
lattices, qudits, and multi-mode codes—turning a collec-
tion of separately optimized circuits into a single, trans-
ferable building block.
The primitive itself exploits noncommuting quantum

control variables, and we benchmark it analytically and
numerically against BB1, the leading univariate composite
pulse from classical NMR. GCR achieves comparable
performance with a 4.5× reduction in circuit duration,
and through that reduction outperforms BB1 in the pres-
ence of noise; we verify its correctness using three figures
of merit with full numerical confirmation. For state
preparation, our analytical squeezing and GKP construc-
tions reach fidelity and circuit duration competitive with
state-of-the-art numerics while outperforming semi-ana-
lytical approaches in infidelity at comparable duration. The
analytical structure further enables midcircuit ancilla error
detection at well-defined intermediate points, a capability
inaccessible to purely numerical optimization. With this
technique, we prepare a GKP logical Pauli state at fidelity
0.96 and success probability 0.94 under experimentally
realistic error parameters.
GCR also provides an intuitive analytical explanation of

the GKP stabilization and logical readout protocols origi-
nally derived through dissipation engineering and numeri-
cal optimization, unifying them as entangling and
unentangling operations between a finite-energy GKP code
and a qubit ancilla. This insight yields an error-corrected
gate teleportation (ECGT) scheme for both single- and two-
qubit logical GKP gates, which applies the target logical
rotation while simultaneously correcting oscillator dis-
placement errors. Protected against ancilla decay and
dephasing by a piecewise construction, the ECGT circuit
remains fault-tolerant under biased-noise models—to our
knowledge, the most effective approach for non-Clifford
operations on GKP qubits to date.
All of the above applications follow from a single

primitive, demonstrating the power of non-Abelian QSP.
GCR provides a concrete proof of principle for non-
Abelian QSP and motivates the central open problem it
leaves: a complete constructive theory characterizing the
polynomial classes achievable with noncommuting control

variables. Just as quantum singular value transformation
generalized QSP and unified essentially all known qubit-
only quantum algorithms, we anticipate that such a theory
may give rise to a non-Abelian QSVT, potentially unifying
hybrid CV-DV quantum algorithms and extending beyond
hybrid systems to multiqubit gate synthesis. Our results
provide a foundational step toward that vision.
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APPENDIX A: QUANTUM PHASE SPACE
QUADRATURES

Second quantization defines the position and momentum
quadratures of a quantum oscillator via the non-Hermitian
operators â and â†. In Wigner units (ℏ ¼ 1),

x̂ ¼ âþ â†

2
; p̂ ¼ â − â†

2i
; ðA1Þ

giving the commutation relation ½x̂; p̂� ¼ ði=2Þ, or equiv-
alently p̂ ¼ −ði=2Þ½∂=ð∂xÞ�.
The vacuum state j0ivac is the minimum-uncertainty state

annihilated by â:

âj0ivac ¼ 0 ⇒ ðx̂þ ip̂Þj0ivac ¼ 0

⇒

�
xþ 1

2

∂

∂x

�
e−x

2=σ ¼ 0

⇒ σ ¼ 1; hxj0ivac ¼
�
2

π

�
1=4

e−x
2

: ðA2Þ
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This state satisfies δx ¼ δp ¼ 1
2
and hence δxδp ¼ 1

4
, satu-

rating the uncertainty bound. More generally, states with
arbitrary position uncertainty are written ψðxÞ ∝ e−x

2=Δ2

,
where Δ2 ¼ 4δx2 ¼ 1 recovers the vacuum. Following the
standard definition âjαi ¼ αjαi, the position representation
of a squeezed coherent state is

jhxjαΔij2 ¼
�

2

πΔ2

�
1=4

e−
2ðx−αÞ2

Δ2 : ðA3Þ

1. Phase-space instruction set

The hybrid gates CDðβ; σϕÞ displace the oscillator
by �β depending on the qubit eigenstate of σϕ, where
β ¼ Δxþ iΔp. These gates have been realized experimen-
tally via dispersive and sideband interactions [7,10,17,72].
In Wigner units, for purely real β,

hxjCDðβ; σϕÞj0Δ;þϕi ¼ hxje−i2βp̂⊗σϕ j0Δ;þϕi

¼
�
2

π

�
1=4

e−
ðx−βÞ2
Δ2 ⊗ j þϕi; ðA4Þ

where j þϕi is the þ1 eigenstate of σϕ: the oscillator
wavefunction is displaced along the position axis by jβj,
with the direction conditioned on the qubit state. We refer
to CDs with purely real (imaginary) β as conditional
position displacements (momentum boosts).

APPENDIX B: ERROR ANALYSIS OF
COMPOSITE PULSE SEQUENCES

IN PHASE SPACE

In this Appendix, we compute the error analysis for
BB1ð2θÞ and GCRð2θÞ. The equations derived here under-
pin the plots in Sec. III.

1. Performance metrics

We define the metrics used to assess the performance of
QSP sequences for extracting a single bit of information
from the oscillator via the qubit. For a QSP sequence Ut
applied to jgi ⊗ j � αΔi,

Utðjgi ⊗ jαΔiÞ ¼ βþgjψþgijgi þ γþejϕþeijei; ðB1Þ

Utðjgi ⊗ j − αΔiÞ ¼ γ−gjϕ−gijgi þ β−ejψ−eijei: ðB2Þ

Assuming symmetry (βþg ¼ β−e ≡ β, γþe ¼ γ−g ≡ γ), we
define two figures of merit. The failure probability
PeðUtÞ ¼ jγj2 measures the probability of incorrectly
identifying the sign of the mean oscillator position. The
hybrid state fidelity,

FH ¼ jβj2jhαjψij2 þ jγj2jhαjϕij2; ðB3Þ

quantifies the backaction on the oscillator state in the event
of a qubit reset. We quote PeðUtÞ and FHðUtÞ for each QSP
sequence used in this work.

2. No QSP correction

Starting from jψ1i ¼ jgi ⊗ jαi and applying e−i π4αx̂σx , the
overlap with the desired state j −ii ⊗ jαi is�
2

π

�1
2

Z
∞

−∞
dx cos

�
π

4α
ðx − αÞ

�
e−2ðx−αÞ2 ≈ 1 −

π2

128α2
:

ðB4Þ
Therefore, the hybrid state fidelity for large jαj is

FHðno-QSPÞ ≈ 1 −
π2

64α2
; ðB5Þ

giving Peðno-QSPÞ ¼ 0.25χ2, since ei
π
4
xσx applies no back-

action in the position basis.

3. Bivariate sequence: GCRð2θÞ
We compute Pg¼ 1−Pe for GCR using y ¼

ðx − αÞ=Δ, λ ¼ −θtΔ2=jαj, and the key parameter
χ¼jλj=ð2ΔÞ¼θtΔ=ð2jαjÞ. Recall from Sec. III A that
U†

t GCRðθtÞjgijαΔi ¼ UErrjgijαΔi, such that

UErr ¼ Uð≡ei
θt
2jαjðx̂−αÞσxÞ · V � ð≡ei

λ
2
p̂σyÞ: ðB6Þ

In the position basis, the action of U and V is given by the
following equations.

hxjUjαΔijgi ¼
X∞
m¼0

½iθtðx − αÞσx�m
2mjαjmm!

αΔðxÞjgi ðB7Þ

hxjVjαΔijgi¼hxj
X∞
n¼0

ðiλp̂σyÞn
2nn!

jαΔijgi

¼
X∞
n¼0

�
−
λσy
4Δ

�
n 1

n!
Hn

�
x−α

Δ

�
αΔðxÞjgi; ðB8Þ

where HnðxÞ denotes the nth physicist’s Hermite polyno-
mial. We need to compute the distance between our
approximate correction V and the exact cancellation oper-
ator U† for the initial state jgi ⊗ jαΔi ¼ jg; αΔi.
Expanding U and V in Taylor series and grouping by

powers of mþ n modulo 4, with cn;m ¼ ðλ=ΔÞmþn=
ð2nn!m!Þ, we obtain

hxjUVjαΔ; gi ¼
X

mþn∈ 2Z

ð−1Þνmcn;mymHnðyÞe−y2 jgi

þ i
X

mþn∈ 2Zþ1

ð−1Þμmcn;mymHnðyÞe−y2 jei;

ðB9Þ
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where νm∶ mod ðm;4Þ≥ 2 and μm∶ mod ðm; 4Þ∈ f0; 3g.
The first-order terms cancel exactly (ic10H1ðyÞ ¼
ic01yH0ðyÞ). Extracting terms to Oðχ8Þ, hxjUVjαΔ; gi ¼

N
�
1þ χ2

�
y2 −

1

4

�
þ χ4

�
−
y4

6
−
y2

4
þ 1

32

�

þ χ6
�
−
y6

90
þ y4

24
þ y2

32
−

1

384

�

þ χ8
�

y8

2520
þ y6

360
−

y4

192
−

y2

384
þ 1

6144

�

þOðχ10Þ
�
e−y

2 jgi ðB10Þ

þN
�
iχ3

�
2y3

3

�
− iχ5

�
y3

6

�
þOðχ7Þ

�
e−y

2 jei; ðB11Þ

where N is fixed by hψ jψi ¼ 1.
Success probability.Usingdx¼Δdy and R∞

−∞dyy
2ne−2y

2¼ffiffiffiffiffiffiffiffi
π=2

p ð2n−1Þ!!=4n,

Pg ¼ N 2Δ
ffiffiffi
π

2

r �
1 −

5χ6

48
þ 11χ8

768
þOðχ10Þ

�
; ðB12Þ

1

N 2
¼

ffiffiffi
π

2

r
Δ
�
1 −

29χ8

768
þOðχ10Þ

�
; ðB13Þ

giving the failure probability,

PeðGCRÞ ¼
5χ6=48 − 5χ8=96
1 − 29χ8=768

≈ 0.1χ6 þOðχ8Þ: ðB14Þ

Postselected fidelity. The final oscillator state condi-
tioned on jgi is given by Eq. (B10). Dividing by the
normalization,

1 − Fps ¼
χ4=8 − χ6=8þ χ8=64

1 − 5χ6=48þ 11χ8=768
þOðχ10Þ: ðB15Þ

Hybrid fidelity.

1 − FHðGCRÞ ¼ χ4=8 − χ6=48þOðχ8Þ: ðB16Þ

Both postselected and reset infidelities scale as χ4=8
for χ ≪ 1.

4. Univariate sequence: BB1ð2θtÞ
We adapt the well-known BB1ð2θtÞ sequence [28] to

quantum control variables, using yΔ ¼ x − α and
χ ¼ θtΔ=ð2jαjÞ. Taylor expanding Eq. (29) applied to
jψi ⊗ jgi with hxjψi ¼ e−ðx−αÞ2=Δ2

, and simplifying using
cosðπα=jαjÞ ¼ −1, cosðπα=2jαjÞ ¼ 0, sinðπα=jαjÞ ¼ 0,
sinðπα=2jαjÞ ¼ α=jαj, and σϕ1

σ3ϕ1
σϕ1

¼ σ−ϕ1
, the

first- and second-order error terms cancel with the choice
ϕ1 ¼ � cos−1ð−θt=2πÞ, leaving,

hxjψBB1i ¼ N
�
½1þOðχ4Þ�e−y2 jgi

þ
�
−iχ3y3

�
−

π2

6θ2t
þ 1

24
þ i

π

4θt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

θ2t
4π2

s �

þOðχ5Þ
�
e−y

2 jei
�
: ðB17Þ

Failure probability. For θt ¼ π=4 (BB1(90)),

PeðBB1Þ ¼ 1.85χ6 þOðχ8Þ: ðB18Þ

For θt ¼ π=2 (BB1(180)), Pe ¼ 0.15χ6 þOðχ8Þ, compa-
rable to GCR. We primarily use BB1(90) in this work.
Reset fidelity. The reset fidelity expressions are com-

puted from the χ4 and χ6 coefficients in the Taylor
expansion (via Mathematica). Since the fourth-order term
is purely imaginary in both cases, the infidelity scales as χ6.
For 2θt ¼ 90°,

1 − FHðBB1; 90°Þ ¼ 0.37χ6 þOðχ8Þ; ðB19Þ

and for 2θt ¼ 180°,

1 − FHðBB1; 180°Þ ¼ 15.6χ6 þOðχ8Þ: ðB20Þ

Hence GCRð2θtÞ achieves performance on par with
BB1ð2θtÞ in success probability while yielding lower
infidelity at significantly reduced circuit depth, as claimed
in Sec. III. Figure 14 shows the comparison for θt ¼ π=2,
contrasting with Fig. 3(a) for θt ¼ π=4.

FIG. 14. Comparison of GCRð2θtÞ and BB1ð2θtÞ for θt ¼ π=2
and hp̂i ¼ 0;Δ ¼ 1. The failure probability for θt ¼ π=2 is
comparable for both schemes, in contrast to Fig. 3(a) where θt ¼
π=4 and the prefactors differ by an order of magnitude.
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APPENDIX C: COMPOSITION OF BB1 AND
GCR FOR MODULAR READOUT

The goal for this composite pulse, namely BB1(GCR), is
to extract bitwise modular position information [73], in the
presence of errors due to Gaussian uncertainty and a
random displacement channel. Starting from jgi ⊗
j � 2α0Δi with hxi=ð2jαjÞ ¼ α0=jαj ¼ m, the ideal measure-
ment outcome isþ1 if bmc∈ 2Z and −1 if bmc∈ 2Zþ 1; a
good readout pulse must therefore produce a response
Pðþ1Þ that closely approximates a square wave. To see
why BB1(GCR) fails to do so, we will compare the
operating-point readout error Pð−1Þjx¼0 against the BB1
pulse for which the error comes out to be 6.1 × 10−3.
The Gaussian-controlled rotation primitive corrects a

position-dependent qubit rotation error by pairing each
oscillator-position—controlled kick with a compensating
momentum-controlled kick. In isolation, a GCR pulse
suppresses the position-uncertainty error of the bare rota-
tion it replaces. The resulting concatenated BB1(GCR)
sequence is

BB1ðGCRðθÞÞ∶GCR0

�
θ

jαj x̂
�
GCRϕ1

�
π

jαj x̂
�

×GCR3ϕ1

�
2π

jαj x̂
�
GCRϕ1

�
π

jαj x̂
�
; ðC1Þ

with ϕ1 as in Eq. (29). We use the reversed BB1 ordering in
Eq. (C1), [74] so that the BB1 correction pulses act on the
qubit state before the target pulse. In the absence of errors,
these pulses intend to rotate qubits to the same state
regardless of the value of the mean position hx̂i. The final
target rotation by mθ rotates the qubit to different states
depending on hx̂i, hence, yielding modular information
about hxi. The precorrection of each GCR pulse should
know which direction the qubit is starting in, so by
appending the pre-correction we solve this basic problem
in the concatenation of BB1 and GCR. Concretely, each
GCR pulse in the sequence is given by,

GCRϕ

�
η

jαj x̂
�

¼ ei
η

2jαjx̂σϕei
ηΔ2
2jαjp̂σγ ; ðC2Þ

where the pre-correction axis σγ—the second, momentum-
controlled kick of each GCR unit—is determined by the
ideal qubit state jζi reached after the preceding error-free
rotation, through σγjζi ¼ iσϕjζi. For the outermost gate
GCR0 the ideal qubit state is simply the input jgi.
One of the approximations used to prove the correctness

of GCR is to satisfy that ei
ηΔ2
2jαjp̂σγ jζi ¼ e−

ηΔ2
2jαjp̂σϕ jζi. When p̂

is written in the position basis, it makes the rhs of this
equation an error-canceling unitary of the next pulse, up to
first-order in the error (see Sec. III A). The equality under
this approximation exists only when σγjζi ¼ iσϕjζi is true,

and while by design of the pulse σγ ¼ iσϕσζ can be chosen
such that σζjζi ¼ jζi, the qubit state might not be purely jζi
due to its residual entanglement with the oscillator (see
Fig. 3). If there was a way to take the precorrection axis to
be iσϕ itself, the resulting “imaginary” conditional dis-
placement would cancel the position-uncertainty error
exactly, at every angle, and the readout would be an almost
perfect square wave (Pð−1Þjx¼0 ≈ 4 × 10−7). This non-
unitary pulse where σγ was just replaced by iσϕ in every
GCR pulse is a proof that the other approximation used in

the construction of GCR e−
ηΔ2
2jαjp̂σϕ jψi≡ e−i

η
2jαjðx̂−αÞσϕ jψi,

where jψi is an oscillator state that is a sum of non-
overlapping Gaussian functions in x. However, the realiz-
able precorrection axis choice of σγ ¼ iσϕσζ, reproduces
this desirable square response only if the initial state of the
qubit was completely unentangled from the oscillator.
Since BB1’s correction angles run as large as 2π, their
higher-order residuals dominate, and for the 2π pulse, the
GCR pre-correction does more harm than good. The
readout consequently washes out (Pð−1Þjx¼0 ≈ 0.31,
essentially random), faring worse than the bare BB1 it
was meant to improve. Splitting the pulses cannot rescue
this (sub-π sub-rotations break the x-agnostic condition,
while the only legal split 2π → π þ π reproduces similar
operator fidelity). The failure is structural: BB1 requires the
oscillator and ancilla to stay entangled throughout its
sequence, whereas GCR needs to start each pulse from a
fresh, unentangled ancilla in a definite state.
a. Heralded readout. In spite of this limitation, it would

be interesting to pursue BB1(GCR) for future work. The
ideal pulse removes the residual response error that limits
the deterministic schemes of Fig. 8(d). At the no-error point
bare BB1 reaches only Pð−1Þjx¼0 ≈ 6 × 10−3. The ideal
BB1(GCR) response is sharp to ∼4 × 10−7 per peak, so a
faithful realization would reach the Helstrom-limited opti-
mum value for GKP readout, below any deterministic
scheme in Fig. 8(d). While the performance of the ideal
pulse quoted here was realized by using an unphysical iσϕ
followed by enforcing renormalization of the state, the ideal
pulse can nevertheless be realized with physical operations
probabilistically. An extra ancilla can be used to enforce
the iσϕ in the pre-corrections via post-selection. Applied to
all four pulses, the operating point readout error for this
heralded realization is ∼4 × 10−7. Each herald measures a
correction’s ancilla, not the readout qubit, so the g=e
outcome is preserved; heralding therefore costs only yield
(7%). The practical choice heralds only the three correction
pulses—the π; 2π; π block—and leaves the final target a
deterministic GCR, giving the highest yield (∼17%) with
the fewest ancillas. On the ∼17% of shots where all three
heralds succeed the sequence is the full BB1(GCR),
reaching ∼5.7 × 10−4. The yield can be increased to
100% using methods from block encoding of quantum
imaginary time evolution. The circuit noise on this pulse
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makes its performance at the no-error point worse than
GCR itself [71]. Hence, we leave further analysis of this
direction for future work since this optimization is not
directly tied to the framework of non-Abelian quantum
signal processing.

APPENDIX D: SQUEEZING

(a) Definitions. We consider oscillator states ψðxÞ ¼
e−ðx−αÞ2=4δx2 with position and momentum uncertain-
ties δx ¼ Δ=2 and δp ¼ 1=ð2ΔÞ. Squeezing along
position acts as

SðΔÞjψi ¼
Z

∞

−∞
dxe−x

2=4δx2 jxi; 4δx2 > 1: ðD1Þ

For comparison with Refs. [7,15], squeezing in dB is
defined as SðrÞ¼10log10ðer=2Þ, with Sp ¼ Sðlog 4Δ2Þ
and Sx ¼ Sðlog 4=Δ2Þ, where r is the bosonic squeez-
ing parameter [5]. The Fisher information for a
Gaussian state is F ¼ 2=δx2 [47]; we apply this to
the non-Gaussian states generated here because they
remain close to Gaussian at each step, enabling direct
comparison with Refs. [7,15].

(b) Circuit duration.We report circuit duration rather than
gate count because the error and speed of a conditional
displacement depend on displacement amplitude.
Given HCD ¼ χðγ0a† − γ�0aÞ with χ=2π ¼ 50 kHz
and jγ0j ¼ 20, the duration is T jγij ¼ jγij=ðχjγ0jÞ,
lower bounded by T jγij<0.024 ¼ 48 ns, including an
unconditional displacement (24 ns) and a mid-circuit
qubit rotation (24 ns) [7].

1. Squeezing with GCR

Starting from vacuum (Δ ¼ 1, β ¼ 0), after CDðα; σxÞ
the qubit expectation values conditioned on oscillator
position are

hσzix ¼ sechð4αx=Δ2Þ; ðD2Þ
hσxix ¼ tanhð4αx=Δ2Þ; ðD3Þ

hσyix ¼ 0: ðD4Þ
When 4α=Δ2 is small, hσxix is approximately linear across
the support of ψðxÞ. Applying the corrective rotation
Ryð−4αx̂=Δ2Þ ¼ CDðiα=Δ2; σyÞ then gives

hσzix ¼ tanh
4αx
Δ2

sin
4αx
Δ2

þ sech
4αx
Δ2

cos
4αx
Δ2

¼ 1 −Oðx6Þ;
ðD5Þ

hσxix ¼ tanh
4αx
Δ2

cos
4αx
Δ2

− sech
4αx
Δ2

sin
4αx
Δ2

¼ Oðx3Þ;
ðD6Þ

hσyix ¼ 0; ðD7Þ

confirming disentanglement to Oðx3Þ. The resulting oscil-
lator state is a small even cat approximating a Gaussian
with Δ2

k ≈ Δ2
k−1 þ α2k. This mirrors GCR in the momentum

basis, since θ=jαj is small for large jαj in Sec. III A.
a. Choice of αk. For hσxix to remain linear across the

FWHM of ψðxÞ, the slope 4αk=Δ2
k must satisfy

4jαj
Δ2

≪
ð2=πΔ2Þ1=4
2Δ

ffiffiffiffiffiffiffi
ln 2

p ¼ 0.53

Δ3=2 ;⇒ jαj ≪ 0.13Δ1=2: ðD8Þ

For the accelerated c ¼ 2 protocol, we fit hσyi using jα0j ¼
0.13 and jαkj ¼ 0.06Δ2 for k ≠ 0, yielding the optimal
correction for the approximately linear slope. While not
fully analytical, this provides a seed for optimization that
converges significantly faster than schemes where this
value is unconstrained [15].

2. Comparison with previous work

Our protocol achieves 8.5 dB squeezing with infidelity
∼0.003 in

P
i jαij ∼ 5.7 μs. The two protocols operate in

complementary regimes: Ref. [15] begins with a large
conditional displacement to prepare a large odd cat and
displaces toward vacuum, exploiting the Sx ≠ −Sp regime
to achieve faster convergence at the cost of numerical
optimization for disentanglement and mild non-Gaussian
distortion near the origin. Our protocol builds up squeezing
incrementally from vacuum, keeping the state close to
Gaussian at every step and enabling analytical disentangle-
ment via GCR, at the cost of being restricted to the
Sx ¼ −Sp regime. At Sp ¼ 8.5 dB, Ref. [15] reports
infidelity ∼Oð10−2Þ vs our ∼Oð10−3Þ in comparable circuit
duration. Our scheme is also on par with numerically
optimized schemes [7], as shown in Fig. 15.

FIG. 15. Squeezing of vacuum with fidelity F > 0.99 using
non-Abelian QSP (Sec. IV B) and the numerically optimal
scheme of Ref. [7].
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3. Comparison with Trotterization

A Trotterization-based squeezing sequence using the
BCH formula gives

ðeiϵx̂σx=Neiϵp̂σy=Ne−iϵx̂σx=Ne−iϵp̂σy=NÞN j0; gi
¼ eiϵ

2ðx̂ p̂þp̂ x̂Þσz j0; gi þOðϵ4NÞ; ðD9Þ

which generates the squeezing Hamiltonian x̂ p̂þp̂ x̂. For a
state with variance Δ2, the analogous sequence uses ϵ=Δ2

and ϵ for the two CDs respectively, yielding squeezing
proportional to ϵ2=Δ4 per step. Effective qubit disentangle-
ment requires both increasing N and decreasing ϵ as Δ
grows, significantly increasing circuit duration. As noted in
the main text, this makes Trotterization substantially slower
than our protocol at comparable fidelity: for 8.52 dB
squeezing, Trotterization requires 40.67 vs 5.8 μs for our
scheme.

APPENDIX E: CAT STATE PREPARATION

We compute fidelities of cat states against the output of
the preparation circuits in Fig. 4(a) (large cats) and Fig. 5(a)
(small cats). In CV architectures, cat states are super-
positions of coherent states located diametrically opposite
in phase space,

jC�αi ∝ ðDðαÞ � Dð−αÞÞj0ivac ≈
jαi � j − αiffiffiffi

2
p ; ðE1Þ

ψðxÞ ¼ hxjC�αi ¼
�
2

π

�
1=4 e−ðx−αÞ2 � e−ðxþαÞ2ffiffiffi

2
p : ðE2Þ

(a) Nondeterministic preparation. Entangling the cavity
vacuum with the qubit in j�i via CDðα; σxÞ gives

jψ1i ¼ CDðα; σxÞj0ij�i ∝ jαij þ ii � j − αij − ii:
ðE3Þ

A subsequent R0ð−π=2Þ rotation yields

jψ2i ∝ ðjαi � j − αiÞjgi − iðjαi ∓ j − αiÞjei: ðE4Þ

Measuring the qubit projects the cavity onto an even or
odd cat state, each with probability 1

2
.

(b) Deterministic preparation. To fully disentangle the
qubit from the cavity, we apply a momentum boost
eiβx̂σz , which implements a position-dependent
σz-rotation by −2βx̂. Using RϕðθÞ ¼ Rπ=2−ϕð−π=2Þ×
RzðθÞRπ=2−ϕðπ=2Þ,

jψ4i ¼ R0ð−π=2Þeiβx̂σz jψ2i: ðE5Þ

Setting β ¼ −π=ð4jαjÞ aligns the qubit polarization
with the cavity peaks at x ¼ �α, as shown in Fig. 4(a).

1. Fidelity without QSP correction

Writing jψ4i in the positionbasis and computing the overlap
with the target jCþαijþi, neglecting inter-Gaussian overlap
and using the symmetry

R
e−2ðx−αÞ2 cosðβðx − αÞÞdx ¼R

e−2ðxþαÞ2 cosðβðxþ αÞÞdx, the integral reduces to

hψ catjψ4i ≈
�
2

π

�1
2

Z
∞

−∞
dxe−2ðx−αÞ2

�
1 −

ðβx − π=4Þ2
2

�
ðE6Þ

¼ 1 −
π2

128α2
: ðE7Þ

The fidelity for large cats is therefore

F ≈ 1 −
π2

64α2
: ðE8Þ

This matches the no-QSP-correction case for rotation gadgets
(AppendixB 2), confirming that GCRandBB1 improvements
carry over directly to cat state preparation.

2. Deterministic odd cat preparation

The unentangling gadget for the odd cat acts as

Uðπ=2; jαj; 1Þe−i2αp̂σxðj0ivac ⊗ jgiÞ
¼ e−i

π
4jαjp̂σxe−i

π
4jαjx̂σyðjαijþi þ j − αij−iÞ ðE9Þ

≈ ðjαi − j − αiÞ ⊗ jei þOðχ2Þjψ 0i ⊗ jei
þOðχ3Þjψ 00i ⊗ jgi; ðE10Þ

targeting jei with maximum probability. Cat fidelity
improves with increasing jαj and decreasing Δ, consistent
with χ ¼ θΔ=2jαj (Sec. III).

3. The problem with small cat states

For small cats (jαj2 ≲ 4), the overlap hαj − αi=→ 0
invalidates Eq. (E8). The finite-overlap correction enters
the fidelity integral as an additional term proportional to
e−2α

2

, representing the contribution from the cross term
between the two Gaussian peaks. This correction adds to
the even cat fidelity and subtracts from the odd cat fidelity,
making F odd < F even with the gap growing exponentially
as α decreases. For β ¼ −2α, including the normalization

N ¼ ½1=ð2πÞ�1=4=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e−2α

2
p

, the fidelities are
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F even ≈
				 1 − α2

2
− 2α4 þ πα2

2
− π2

32ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e−2α

2
p þ e−2α

2ð1 − α2

2
− π2

32
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ e−2α
2

p 				2;
ðE11Þ

F odd ≈
				 1 − α2

2
− 2α4 þ πα2

2
þ π2

32ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−2α

2
p −

e−2α
2ð1 − α2

2
− π2

32
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e−2α
2

p 				2:
ðE12Þ

This asymmetry reappears in Fock-state preparation—
projecting onto the even (odd) cat corresponds to j0i →
j0i (j0i → j1i) for small α—and is addressed in Sec. VI A
via the amplification gadget.

APPENDIX F: GKP LOGICAL PAULI STATES

We derive the numerical circuit presented in
Sec. IV C for GKP state preparation. The required states
described by Eq. (61) are superpositions of finite-energy
basis states jαiΔ at positions α ¼ m

ffiffiffiffiffiffi
2π

p
, with m∈ 2Z

for j0iGKP; jþiGKP; j þ iiGKP and m∈ 2Zþ 1 for
j1iGKP; j−iGKP; j − iiGKP. These superpositions are built
using repeated applications of the cat-state transfer circuit
C, which generates superposition coefficients following a
binomial distribution. Below we quantify the relationship
between state fidelity and circuit depth, describe the
unentanglement procedure, and explain the role of the
appended stabilization step.

1. State fidelity vs circuit depth

The superposition coefficients generated by Ck
[Fig. 6(a)] follow Pascal’s triangle (Fig. 16): after N cat-

state transfer steps, the mth peak has amplitude
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNmÞ=2N

q
.

The target GKP state requires amplitudes proportional to
ke−πm

2Δ2=2 at positions m
ffiffiffi
π

p
. For a given Δ and ZGKP

codeword μ, the optimal N satisfiesffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
N

mþ μ

�

2N

s

¼ exp

�
−π

ð2mþ μ − N=2Þ2Δ2

4

�
; m∈Z: ðF1Þ

Applying Stirling’s approximation and setting x ¼ m=N
reduces this to the transcendental equation

x−xð1 − xÞ−ð1−xÞ
2

¼ e−2NπΔ2ðx−0.5Þ2 ; ðF2Þ

solved numerically via Newton-Raphson iteration. The
overlap is maximized at NΔ2 ≈ 0.32. Table III lists the
optimal N for several values of Δ achieving fidel-
ity F ≥ 0.98.

2. Unentanglement

For k ¼ 2, the optimal unentanglement angle is not
immediately obvious [see Fig. 6(a)]. Defining the fidelity as
a function of the conditional displacement amplitude a,

F ¼
½π
4
− a

ffiffiffi
π

p
x�2 þP

i∈ 2Z;2≤i≤x½ð k
i=2Þaðx − iÞ�2

1þP
i∈ 2Z;2≤i≤xð k

i=2Þ2
; ðF3Þ

where x ¼ ðkþ 1Þ=2þ 1 for k∈ 2Zþ 1 and x ¼ k=2þ 1
for k∈ 2Z, the optimal angle minimizes 1 − F subject to
a ≤

ffiffiffi
π

p
=4k. The central peak is excluded for even k since it

contributes no qubit rotation. One can verify that the
minimum is achieved at a ¼ ffiffiffi

π
p

=4k for k ≤ 3.

FIG. 16. Probability amplitudes of the finite-energy basis states
generated by repeated cat-state transfer circuits, arranged accord-
ing to Pascal’s triangle. This structure defines the state prepared
by the circuit in Fig. 6. The numerators denote the binomial
coefficients associated with each peak, while the denominators
arise from the normalization of the corresponding binomial
distribution.
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3. Appending SBS

The states generated by Ck alone lack the correct
coefficients for the outermost peaks—visible as the absence
of fringes in those peaks in Fig. 6(a). Appending a single
round of SBS corrects this. The combined scheme outper-
forms pure SBS preparation for two reasons: the faster Ck
circuits bring the state close to the GKP codespace before
SBS is invoked, avoiding its slow convergence [Fig. 6(b)];
and since no ancilla measurement outcome is relied upon
during the Ck steps, mid-circuit error detection can be used
throughout.

4. State preparation from vacuum

Repeating the scheme with Δ ¼ 1 (vacuum input)
produces a momentum-squeezed state after C4, whose
finite-energy parameter δp is then used to repeat the
protocol in the momentum quadrature. This yields a magic
state with fidelity 0.85 and success probability 0.90; the
reduced fidelity arises because the unentangling gadget
achieves only 0.94 success probability when generating a
squeezed cat from squeezed vacuum rather than from a
state prepared by the squeezing gadget. This circuit does
not require an appended SBS round, but its hybrid fidelity
is lower than that of the circuit in Fig. 6(b), and it is
included here for completeness.

5. Arbitrary GKP states

Universal state transfer requires preparation of arbitrary
GKP codewords beyond the logical Pauli eigenstates.
Starting from j0iGKP in the cavity and the qubit in
ajgi þ bjei, a finite-energy logical ZGKP operation con-

ditioned on the qubit, ei
ffiffiffiffiffiffi
π=2

p
x̂σz , prepares the hybrid state

jψi ¼ Dði ffiffiffi
π

p
=2

ffiffiffi
2

p
Þ½aj00gi þ bj10ei�; ðF4Þ

where j00i ¼ Dð−i ffiffiffi
π

p
=

ffiffiffi
2

p Þj0i and j10i ¼ Dði ffiffiffi
π

p
=

ffiffiffi
2

p Þj0i
are off-centered GKP states. The off-centered states j00i and
j10i are not in the GKP codespace, so a few rounds of
stabilization are required to project back, giving
aj0gi þ bj1ei, after which GCR unentangles the qubit to
yield ½aj0iGKP þ bj1iGKP� ⊗ jgi. This construction per-
forms no error correction during the displacement and
unentanglement steps; the error-corrected gate teleportation
scheme in Sec. V addresses this limitation.

APPENDIX G: ERROR-CORRECTED GATE
TELEPORTATION

We verify the error-corrected CXGKP teleportation
scheme described in Sec. V D by tracking the joint
oscillator-qubit state through each step. The setup consists
of two GKP-encoded oscillators, each stabilized by a
dedicated ancilla qubit. Defining

jψ1iGKP ¼ aj01iGKP þ bj11iGKP; ðG1Þ

jψ2iGKP ¼ cjþ2iGKP þ dj−2iGKP; ðG2Þ

the protocol proceeds as follows.
Step 1: Entanglement. Applying the x-entangling gadget

E x̂1 to the control and the p-entangling gadget Ep̂2
to the

target gives

E x̂1Ep̂2
½jψ1iGKP ⊗ jg1i�½jψ2iGKP ⊗ jg2i�

¼ ½ðaj01iGKPjg1i − bj11iGKPje1iÞ�½ðcjþ2iGKPjg2i
− dj−2iGKPje2iÞ�: ðG3Þ

Step 2: Qubit CZ. Applying C1Z2 between the two
ancilla qubits yields

aj01iGKPjg1i½cjþ2iGKPjg2i − dj−2iGKPje2i�
− bj11iGKPje1i½cjþ2iGKPjg2i þ dj−2iGKPje2i�: ðG4Þ

Step 3: Unentanglement. Applying E x̂1Ep̂2
again disen-

tangles both qubits, leaving

½aj01iGKPðcjþ2iGKP − dj−2iGKPÞ
− bj11iGKPðcjþ2iGKP þ dj−2iGKPÞ� ⊗ jg1ijg2i; ðG5Þ

which is the CXGKP image of jψ1i ⊗ jψ2i with both
ancillae returned to jgi and ready for the next stabilization
or gate cycle.
As a concrete check, initialising the control in j−iGKP

(a ¼ 1; b ¼ −1) and the target in j1iGKP (c ¼ 1; d ¼ −1)
produces the GKP Bell pair j0102iGKP þ j1112iGKP, with
success probability 0.9987 and gate fidelity 99.92%. This
scheme provides no protection against ancilla errors within
a single teleportation step; fault tolerance is restored by the
two-qubit Pauli rotation construction PiPjðθÞ described
in Sec. V.

APPENDIX H: FINITE-ENERGY SUM GATE

Logical gates for GKP qubits are obtained via the
nonunitary conjugation ÊΔAÊ

−1
Δ , where A is the corre-

sponding infinite-energy gate and ÊΔ ¼ e−Δ
2n̂ is the

envelope operator (Sec. V). For the entangling gate
CXGKP with A ¼ ei2x̂⊗p̂,

ÊΔei2x̂⊗p̂Ê−1
Δ ≈ ei½2x̂1p̂2þ2Δ4p̂1x̂2−i2Δ2ðx̂1x̂2−2p̂1p̂2Þ�; ðH1Þ

valid to leading order in Δ using coshΔ2 ≈ 1 and
sinhΔ2 ≈ Δ2. This can be realized with an auxiliary qubit
by defining S≡ e−iΔ

2ðx̂1x̂2−p̂1p̂2Þσy and B≡ ei2ðx̂1p̂2−Δ4p̂1x̂2Þσx ,
so that

CXGKP ≈ SBSjψiGKPj0i; ðH2Þ
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implementable via dissipation-based methods with
Trotterization [18,49] or via GCR-type correction
using σxjgi ¼ −iσyjgi.

1. Gate S: Echoed conditional two-mode squeezing

Using the Baker-Campbell-Hausdorff expansion,
TMSðα; πÞaTMS†ðα; πÞ ¼ a cosh αþ b† sinhα, conjugat-
ing the dispersive interaction e−iχtSa

†aσz by TMSðα; πÞ gives

TMSðα; πÞe−iχtSa†aσzTMS†ðα; πÞ

¼ exp

�
−iχtSðcosh2αa†aþ sinh2αbb†

þ 1

2
sinhð2αÞða†b† þ abÞÞσz

�
: ðH3Þ

The first two terms are even in α; the last is odd. Echoing
with a qubit σx between �α therefore cancels the first two
terms, leaving

TMSðα; πÞe−iχtSa†aσzTMS†ðα; πÞ · σx
· TMSð−α; πÞe−iχtSa†aσzTMS†ð−α; πÞ
≈ e−iχtS sinhð2αÞða†b†þabÞσz ¼ e−iχtS sinhð2αÞðx̂1x̂2−p̂1p̂2Þσz : ðH4Þ

Rotating the qubit Bloch sphere with Rxðπ=2Þ converts this
to S, with gate time tS ¼ Δ2=ðχ sinh 2αÞ. Since sinh 2α is
unbounded, arbitrarily fast gates are achievable at large α
even in the weak dispersive regime. The two-mode
squeezed frame at large α can be reached via single-mode
squeezing and beam splitter operations using the Bloch-
Messiah decomposition [5].

2. Gate B: Echoed conditional beam splitter

An analogous echo construction using BSðα; πÞ gives

BSðα; πÞe−iχtBa†aσzBS†ðα; πÞ · σx
· BSð−α; πÞe−iχtBa†aσzBS†ð−α; πÞ
≈ e−iχtB sin αðx̂1p̂2þp̂1x̂2Þσz : ðH5Þ

To extract B with the Δ4 correction, we apply single-mode
squeezing SaðrÞ with r ¼ 1

2
lnΔ−4 to mode 1, rescaling

x̂1 → erx̂1 and p̂1 → e−rp̂1. This gives gate time

tB ¼ 2Δ2

χ sin α
; ðH6Þ

which decreases with Δ, favoring the low-Δ regime
relevant for GKP states [7].

3. Gate times

Although tS and tB enter asymmetrically in CXGKP and
CZGKP, the total circuit duration tCX=CZ ¼ 2tS þ tB is the
same for both gates since the roles of tS and tB are simply
exchanged:

tS ¼ Δ2

χ sinh 2α
; tB ≥

2Δ2

χ
ðCXGKPÞ; ðH7Þ

and symmetrically with tS ↔ tB for CZGKP. Both gates
benefit from the Δ2 suppression of gate time, making this
construction particularly advantageous in the low-Δ regime
relevant for GKP states. This construction is the two-mode
extension of the echoed conditional displacement intro-
duced in Ref. [5].

APPENDIX I: ROTATIONALLY SYMMETRIC
STATES

1. Four-Legged Cat State Preparation

We derive the unentanglement conditions for the four-
legged cat state preparation circuit of Sec. VI A. Starting
from an even cat state jCiβi with β∈R,

Uðθ; jαj; 1Þe−i2αp̂σx jCiβijgi
¼ Uðθ; jαj; 1Þ½e−i2αp̂jCiβijþi þ eþi2αp̂jCiβij−i�; ðI1Þ

where U ≡ GCR or BB1 and θ ¼ π=2.

a. GCR

The GCR unentanglement gadget acts as

Uðθ; jαj; 1Þe−i2αp̂σx jCiβijgi
≈ ½eiα π

4βσxe−i2αp̂jCiβi þ e−iα
π
4βσxei2αp̂jCiβi�jgi: ðI2Þ

Unentanglement succeeds when πα=4β ¼ mπ=2, giving
α=β ¼ 2m for m∈Z. The resulting state is

j4Ci∝ ðj2βþ iβi− j2β− iβiÞ− ðj−2βþ iβiþ j−2β− iβiÞ;
ðI3Þ

a rectangular cat with even aspect ratio. Squeezing this state
to fix the aspect ratio would distort the individual blobs and
is not recommended.

b. BB1

Since all operations in U ≡ BB1 are controlled momen-
tum boosts, the unentanglement proceeds as in the two-
legged cat case, up to a local phase on two of the four blobs:
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Uðθ; jαj; 1Þe−i2αp̂σx jCiβijgi
≈ ½jαþ iβi þ eiαβj−αþ iβi þ e−iαβjα − iβi
þ j−α − iβi�jgi; ðI4Þ

with the phase vanishing when α2 ¼ 2π. BB1 therefore
prepares square four-legged cats without geometric
restriction.

2. Fock states

Fock states can be approximated as rotationally sym-
metric superpositions of coherent states,

jψni ¼
1

N

Xm−1

j¼0

ei
2πn
m jjαe−i2πjm i; ðI5Þ

Fn ¼ jhnjψnij2 ¼ m2
α2n

n!
e−α

2

N 2
; α∈R; ðI6Þ

where fidelity improves with increasing m beyond the
minimum mn required for each jni. Preparation can be
achieved via a Trotterized circuit for the anti-Jaynes-
Cummings (AJC) Hamiltonian,

AJC ¼ âσ− þ â†σþ ¼ 2ðx̂σx − p̂σyÞ; ðI7Þ

whose right-hand side is approximated by a conditional
displacement and a conditional momentum boost. Below
we describe the Law-Eberly protocol and derive analytical
preparation circuits for N ¼ f1; 2; 3g conditional displace-
ments, matching the fidelities of the numerical scheme [7].

a. Law-Eberly protocol

A conditional displacement eiðγx̂þβp̂Þ⊗σϕ with r2 ¼ γ2 þ
β2 decomposes into JC and AJC interactions as

CD ¼ exp
�
i
r
2
ðeiðθþϕÞâσ− þ e−iðθþϕÞâ†σþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

AJC

þ eiðθ−ϕÞâσþ þ e−iðθ−ϕÞâ†σ−|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
JC

Þ
�
: ðI8Þ

Acting on jnijgi with the AJC evolution alone gives

eiαAJCjnijgi ¼ cosð2α ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p Þjnijgi
þ e−iðθþϕÞ sinð2α ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p Þjnþ 1ijei; ðI9Þ

which transfers a single photon to the oscillator at
α ¼ π=ð4 ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p Þ. Since CD also contains the JC term,

we alternate between θ − ϕ ¼ −π=2 and θ − ϕ ¼ þπ=2 to
cancel it, realizing the Trotterization ðeiαx̂σy=Neiαp̂σx=NÞN .
Given pure AJC or JC evolution, the Law-Eberly protocol

[63] achieves universal Fock state preparation from vacuum
via sequential single-photon addition. The Trotterization-
based scheme has been shown to improve upon the
numerical scheme [7] in circuit duration, though the
numerical scheme remains optimal in circuit depth [5].
Our analytical scheme in Sec. VI A is the only one
matching the numerical circuit depth at comparable fidelity.

b. Optimal protocols for N = f1; 2; 3g
We focus on jn ¼ 1i, noting that Eq. (I5) represents it as

a small odd cat state. As discussed in Appendix E 3, the
probability of projecting onto a small odd cat is lower than
for an even cat, so there is an optimal α balancing fidelity
with j1i against success probability.
N ¼ 1. Starting from j0; gi,

j0; gi ⟶
CDðα;σyÞ

iN oddðjαi − j − αiÞjei
þN evenðjαi þ j − αiÞjgi: ðI10Þ

The optimal α ¼ π=4 maximizes the product of the
fidelity with j1i [Eq. (I6)] and the relative success prob-
ability jN oddj2=jN evenj2. This coincides with the JC
parameter for j0; gi → j1; ei achieved with a single condi-
tional displacement.
N ¼ 2. The first-order Trotterized AJC circuit gives

j0; gi → j1; ei at α ¼ π=4, with hybrid fidelity 0.70—
slightly below the numerically optimized result. A better
strategy appends ei

π
4αx̂σx instead, which is the unentangle-

ment sequence for large cat states without QSP correction
(Sec. IVA, Appendix E 3). Since jαj < 2, QSP correction
does not apply (Fig. 3), but the momentum-basis back
action is here favorable: the enhanced non-commutativity
of displacement and momentum boost at small amplitudes
creates a state whose position and momentum peaks nearly
coincide, yielding a near-circular Wigner distribution close
to j1i. The resulting hybrid fidelity is 0.84, matching the
numerical scheme (Fig. 12).
N ¼ 3. The N ¼ 2 circuit has effectively transferred the

unentanglement problem from the position to the momen-
tum quadrature, creating a large cat of size β1 along p̂. The
third gate must therefore unentangle the qubit in the
momentum basis, requiring hσxinew ¼ 0, where

hσxinew ¼ hσxiold cosð4α2pÞ − hσziold sinð4α2pÞ; ðI11Þ

giving tanð4α2pÞ¼ hσxiold=hσziold¼ sinhð4β1pÞ. Imposing
this condition at the momentumwave function peak p ¼ α1
(Fig. 12),

α2¼
1

4α1
tan−1ðsinhð4β1α1ÞÞ¼

1

π
tan−1ðsinhðπ=2ÞÞ: ðI12Þ

This N ¼ 3 sequence has higher operator fidelity to the
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AJC Hamiltonian evolution than the symmetric second-
order Trotterized circuit in Eq. (82).

APPENDIX J: CONSTRUCTING THE HYBRID
UNITARY FOR PHASE ESTIMATION

We derive the explicit form of CxU in Eq. (83) for
U ¼ eiθσy . Wework throughout in the convention ½x̂; p̂� ¼ i
adopted in Sec. VI B, and view the four-pulse synthesis as
constructing—from unitary access to U together with the
phase-space instruction set—the hybrid Hamiltonian-
imprinting primitive that Liu et al. [65] take as given.
The derivation proceeds in four steps. We first reduce the
four-factor productCxU to a single qubit rotationwhose axis
and angle depend on x̂ and θ.We then identify, in the small-α
limit, the part of this rotation that produces a measurable
momentum displacement of the oscillator. We then go
beyond the small-α approximation and obtain a closed-form
expression for hp̂i that is exact for any αwhen the oscillator
is initialised in the squeezed vacuum. Finally, we compute
the homodyne variance and use the Cramér-Rao bound to
characterize the precision of the resulting phase estimate.

1. Reducing CxU to a single rotation

Each two-qubit rotation can be represented as a qua-
ternion with basis elements fI; σx; σy; σzg, and the product
formula for quaternions (equivalently, the standard com-
position rule for qubit rotations) gives the rotation axis and
angle of the product of two rotations directly. Usingffiffiffiffi
X

p †eiθσy
ffiffiffiffi
X

p ¼ eiθσz , we first simplify Eq. (83) as

CxU ¼ eiαx̂⊗σxeiθσze−iαx̂⊗σxe−iθσz : ðJ1Þ
Setting n̂ · σ⃗ ¼ σx and m̂ · σ⃗ ¼ σz, so that n̂ · m̂ ¼ 0 and
ðn̂ × m̂Þ · σ⃗ ¼ −σy, the composition rule ðn̂ · σ⃗Þðm̂ · σ⃗Þ ¼
ðn̂ · m̂ÞI þ iðn̂ × m̂Þ · σ⃗ gives the intermediate rotations

cos γ ¼ cosðαx̂Þ cos θ; ðJ2Þ
sin γk̂ · σ⃗ ¼ sinðαx̂Þ cos θσx

þ cosðαx̂Þ sin θσz þ sinðαx̂Þ sin θσy; ðJ3Þ

sin γk̂0 · σ⃗ ¼ − sinðαx̂Þ cos θσx
− cosðαx̂Þ sin θσz þ sinðαx̂Þ sin θσy; ðJ4Þ

with γ0 ¼ γ. Composing eiγk̂·σ⃗ and eiγk̂
0·σ⃗ via the same rule

yields CxU ¼ eiĝn̂
0·σ⃗ with

cos ĝ ¼ 1 − 2 sin2ðαx̂Þ sin2 θ; ðJ5Þ

sin ĝn̂0 · σ⃗ ¼ sinð2αx̂Þ sin2 θσx þ
1

2
sinð2αx̂Þ sinð2θÞσy

− sin2ðαx̂Þ sinð2θÞσz: ðJ6Þ

2. Leading-order momentum displacement

In the limit αx̂ ≪ 1, the rotation generator ĝn̂0 · σ⃗ reduces
at leading order to

ĝn̂0x ¼ 2αx̂ sin2 θ; ðJ7Þ

ĝn̂0y ¼ αx̂ sinð2θÞ; ðJ8Þ

ĝn̂0z ¼ 0; ðJ9Þ

where the σz component is suppressed at Oððαx̂Þ2Þ and so
does not contribute to leading order. When the qubit is
initialized in a σy eigenstate, only the σy component of the
generator acts as a c number on the qubit; it then simply
imprints an x̂-dependent phase eiαx̂ sinð2θÞ on the oscillator—
precisely a momentum-displacement operator. The σx
piece, by contrast, anticommutes with σy and flips the
qubit out of j þ yi; it entangles the qubit with the oscillator
in a manner that, after tracing over the qubit, produces no
net mean momentum displacement at leading order.
Accordingly, at leading order in αx̂ and with the qubit
prepared and measured in the σy basis, the mean oscillator
momentum after CxU is

hp̂i ≈ α sinð2θÞ; ðJ10Þ

from which θ can be extracted directly.

3. Exact result for vacuum input

We can derive a closed-form expression for hp̂i that is
exact for any α when the oscillator is in the squeezed
vacuum. The action of CxU on j þ yi at fixed oscillator
coordinate x is CxUjx;þyi¼jxi½αþðxÞjþyiþα−ðxÞj−yi�,
where the qubit amplitudes

αþðxÞ ¼ cos ĝðxÞ þ iĝn̂0yðxÞ;
α−ðxÞ ¼ −ĝn̂0xðxÞ þ iĝn̂0zðxÞ; ðJ11Þ

follow from acting Eqs. (J5)–(J6) on j þ yi using
σxjþyi¼ij−yi, σyj þ yi ¼ j þ yi, and σzj þ yi ¼ j − yi.
The mean momentum after the protocol is then

hp̂i ¼
Z

dxjϕ0ðxÞj2 Im ½α�þ∂xαþ þ α�−∂xα−�; ðJ12Þ

where ϕ0ðxÞ is the squeezed-vacuum wave function with
squeezing parameter r in the momentum quadrature. The
integrand simplifies to

Im½� � �� ¼ α sinð2θÞ½cosð2θÞ cosð2αxÞ þ 2 sin2 θ�; ðJ13Þ

and the Gaussian integral
R
dxjϕ0ðxÞj2 cosð2αxÞ ¼ e−α

2e2r

then gives
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hp̂i ¼ α sinð2θÞ − α

2
ð1 − e−α

2e2rÞ sinð4θÞ ðJ14Þ

exactly, for squeezed-vacuum input and any α.
Equation (J14) reduces to the leading-order result
Eq. (J10) at small α—where 1 − e−α

2e2r ¼ α2e2r þ � � �
makes the correction Oðα3Þ—and remains valid arbitrarily
far from that limit.
Two features of Eq. (J14) are worth highlighting. First,

only two harmonics of θ appear: the desired sinð2θÞ signal
and a sinð4θÞ correction. Second, the correction vanishes at
θ ¼ π=4 because sinð4θÞ ¼ 0 there: the protocol returns
hp̂i ¼ α exactly for any α when θ ¼ π=4, independently of
squeezing.

4. Variance and precision analysis

The variance of the homodyne readout admits an equally
clean form. Using the same wave function decomposition
that gave Eq. (J14), the second moment of p̂ for squeezed-
vacuum input is

hp̂2i ¼ e−2r

2
þ 4α2 sin2 θ; ðJ15Þ

exact for all α and r. The first term is the squeezed-vacuum
p̂-quadrature variance; the second term is an excess noise
contribution that arises from the oscillator-qubit entangle-
ment generated by CxU. Combining Eqs. (J14) and (J15)
gives the homodyne variance δp2 ¼ hp̂2i − hp̂i2, which at
leading order in α simplifies to (hp2i converts sin2 θ to
sin4 θ)

δp2 ¼ e−2r

2
þ 4α2 sin4 θ þOðα4Þ; ðJ16Þ

and is dominated by the input squeezed-vacuum variance
e−2r=2 in the small-α regime.
In this small-α regime, the homodyne distribution

PðpÞ is Gaussian; deviations from a Gaussian fit
have Kullback-Leibler divergence ≲10−4 at α≲ 0.1
(numerically verified). At larger α, the oscillator-qubit
entanglement generates non-Gaussian and even bimodal
distributions whose precision analysis would require maxi-
mum-likelihood estimation from the full PðpÞ shape; this
regime represents an interesting target for future analysis of
non-Gaussian phase-estimation protocols, and we restrict
our analysis here to small α where the distribution is
Gaussian.
The Cramér-Rao bound on estimating θ from N homo-

dyne shots is

σθ ≥
δpffiffiffiffi

N
p j∂g=∂θj⟶

α→0 e−r

2
ffiffiffiffiffiffiffi
2N

p
αj cosð2θÞj ; ðJ17Þ

where gðθ; α; rÞ is the right-hand side of Eq. (J14) and
∂g=∂θ ¼ 2α cosð2θÞ þOðα3Þ. Equivalently, reaching a
target precision σθ ¼ ε requires

N ∼
e−2r

8α2ε2 cos2ð2θÞ ðJ18Þ

homodynemeasurements, each consuming two queries toU
(one U and one

ffiffiffiffi
X

p
U

ffiffiffiffi
X

p †). Note that the leading-order
slope ∂g=∂θ ¼ 2α cosð2θÞ vanishes at θ ¼ π=4, so although
the mean response Eq. (J14) is exact at this point, the
estimation precision is correspondingly poor; the optimal
operating point is θ ≈ 0 or π=2, where j cosð2θÞj ¼ 1.
Equation (J18) sets the per-shot precision underlying the
main-text scaling Eq. (84); the resulting comparison to Liu
et al. and to the qubit-only baseline is given alongside Fig. 13
in the main text.
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