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Modern precision experiments often probe unknown classical fields with bosonic sensors in quantum-
noise-limited regimes where vacuum fluctuations limit conventional readout. We introduce quantum signal
learning, a sensing framework that extends metrology to a broader property-learning setting, and propose a
quantum-enhanced protocol that simultaneously estimates many properties of a classical signal with shot
noise suppressed below the vacuum level. Our scheme requires only two-mode squeezing, passive optics,
and static homodyne measurements, and enables post hoc classical estimation of many properties from the
same experimental dataset. We prove that our protocol enables a quantum speedup for common classical
sensing tasks, including measuring electromagnetic correlations, real-time feedback control of interfero-
metric cavities, and Fourier-domain matched filtering. To establish these separations, we introduce an
optimal-transport conditioning method and show both worst-case exponential separations from all
entanglement-free strategies and practical speedups over homodyne and heterodyne baselines. We further
show that when squeezing is treated as a resource, a protocol with squeezed light can sense a structured

classical background exponentially faster than any coherent classical probe.
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I. INTRODUCTION

From gravitational-wave interferometers and microwave
cavities to optical and circuit-QED transducers, many
leading precision platforms now operate in regimes limited
not by instrumental noise but by quantum fluctuations of
the electromagnetic (EM) field [1-7]. In such experiments
the signal is often a classical field, for example, ambient
radiation, a fluctuating force, or a time-dependent control
imperfection, coupled linearly to a bosonic sensor. The
resulting inference tasks are rarely captured by the textbook
single-parameter model Uy(T) = =T with known gen-
erator G. Instead, one typically cares about structured
properties of an uncertain environment, such as quadrature
correlations in an electromagnetic transducer [8-11],
phase-space mixing in an interferometric cavity [12-15],
or the ability to score many candidate waveforms using post
hoc template-bank queries [16-23]. These are distributional
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questions, since uncertainty in the field and in prior
information induces a nontrivial distribution over sensor
responses, and the object of interest is a functional of that
distribution rather than a single parameter.

A basic obstacle is that the standard measurement
primitives do not simultaneously deliver quantum-limited
precision and broad learnability. Heterodyne detection, and
more generally entanglement-free joint quadrature readout,
is informationally complete and supports post hoc analysis,
but it carries an irreducible vacuum noise penalty that
cannot be circumvented with probe squeezing [24].
Homodyne measurement can resolve subvacuum fluctua-
tions along one quadrature and is therefore well matched to
carefully aligned tasks, but it reveals only one-dimensional
marginals of the underlying phase-space response. In
practice, rapidly and reliably preparing squeezed probes
aligned with many homodyne quadrature angles is techni-
cally costly, so the available baseline is often a small fixed
set of angles. This creates a dilemma in quantum-noise-
limited sensing. One can either collect flexible data at the
vacuum noise floor or sharper, quantum-limited data that
cannot access intricate phase-space structure.

We show that entanglement resolves this dilemma and
yields a quantum advantage for sensing classical fields. Our
protocol prepares a two-mode squeezed vacuum (TMSV)
between a sensing mode and an idler, applies the unknown
field-induced channel to the sensing mode, and performs a

Published by the American Physical Society
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FIG. 1.

Signal Covariance

(a) Quantum-enhanced signal learning vs conventional electromagnetic (EM) sensing. Bell QSL leverages probes entangled with

quantum memory to collect a classical record that is used for quantum-limited, informationally complete estimation of the EM field
distribution. Heterodyne measurements suffer a vacuum noise penalty, blurring fine-grained features, while homodyne measurements only
resolve marginals that may not contain higher-dimensional properties. (b) Quantum advantage for estimating correlations in an
electromagnetic field. Minimum sample complexity required to estimate a Gaussian EM field covariance ¢ in the shot-noise-limited regime,
asinEq. (1). Atr = 2 and |62 — Jf,| < ¢, in the presence of white noise with amplitude 0.2¢, Bell QSL scales polynomially and orders of
magnitude below the vacuum noise limit, achieving quantum advantage over both homodyne and heterodyne tomography.

standard continuous-variable (CV) Bell measurement of
commuting FEinstein-Podolsky-Rosen (EPR) quadratures
[24-28]. Operationally, the classical field induces an
unknown phase-space displacement a on the sensing mode,
and the Bell measurement produces a complex outcome §
that is a blurred snapshot of this displacement. { satisfies an
additive-noise model { = a + Z, where Z is an independent
complex Gaussian with law N '¢(0, e7?") set by the finite
EPR correlations of the two-mode squeezed state. Thus each
channel use yields simultaneous estimates of both quad-
ratures, and the noise in both estimates is suppressed below
the vacuum level by a factor e=>". This should be contrasted
with heterodyne, which yields the same two-quadrature
structure but with an irreducible vacuum variance. The
resulting dataset is informationally complete and supports
post hoc learning, since many properties of the underlying
signal can be estimated from the same measurement record
without rerunning the experiment.

We formalize these tasks via a learning framework we call
quantum signal learning (QSL), which models classical-field
sensing as estimating properties of the phase-space response
induced by a linear bosonic coupling. Within this framework
we give estimator families for a wide class of physical
properties and prove sample-complexity guarantees that
improve with squeezing. We then establish quantum advan-
tage in two complementary senses. First, in worst-case
regimes relevant to template-bank scoring, our Bell QSL
protocol enables exponential improvements for Fourier-
domain matched-filter queries over any entanglement-free
data-collection strategy. Second, motivated by realistic
laboratory constraints, we introduce an optimal-transport-
(OT) based conditioning framework that quantifies when
restricted-angle homodyne becomes ill conditioned for

learning genuinely two-dimensional phase-space features,
while Bell QSL remains efficient. We illustrate these advan-
tages in experimentally commonplace sensing problems
motivated by correlated classical electromagnetic fields
and phase rotation noise in interferometric cavities.

These separations follow the bosonic-metrology premise
that probe energy governs sensing precision, placing
squeezing and displacement on equal footing [29] and treat-
ing entanglement as the advantage-generating resource.
While we argue for the importance of this interpretation, we
also demonstrate that unentangled, squeezed-probe strate-
gies can sense a fluctuating classical field exponentially
faster than any coherent-state classical probe. In comple-
mentary work, Ref. [30] studies the unique power of
squeezed light for sensing time-varying signals, achieving
exponential gains over any squeezing-free classical proto-
col. Squeezing and entanglement thus emerge as distinct
sources of quantum advantage in classical-field sensing.

II. QUANTUM SIGNAL LEARNING

An n-mode bosonic signal Hamiltonian consists of linear
terms in the quadratures. This Hamiltonian circumscribes
most classical-field sensing tasks, where quantum-classical
interactions usually enter as c-number couplings to the
canonical quadratures.

H(t) =Y foi(0%+ f,(0)p;.
j=1

QSL begins with the observation that the time-evolution
channel induced by evolving n bosonic probes under H(¢)
for total time 7 can be described by the following quantum
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channel, where D(a) is the displacement operator:

o) = [ & b @Dl@pd(a)'

The linear structure of H is realized by the channel
consisting of only displacement terms. With this represen-
tation, any property W of the signal is encoded in the
classical density Pg>, which can be extracted by selecting a
function y(a), called the property kernel, and integrating it

against Pg) :

lp(z);,”) = / " aP\! (@) ().

In this manner, classical field properties are linear func-
tionals of the displacement distribution induced by the
signal. The QSL problem follows from this observation.
Definition 1 (Quantum signal learning). Given a linear
Hamiltonian H and an evolution time 7, the quantum signal
learning problem QSL(H,T,¥,¢,8) is to estimate the

selected linear functional lP(P(HT>) to within absolute error
€, with success probability at least 1 — 8, given query access
to Eg).

Several natural properties of classical fields can be viewed
neatly in this framework. For instance, for a single mode, the
kernel w o, = xp = Re(a) Im(a) specifies a property ¥,
which is exactly the covariance of a (mean zero) classical
field. Alternatively, w(a) = e** induces that W (a) is
exactly the signal’s Fourier coefficient of frequency
ke C". QSL thus subsumes the canonical single-parameter
sensing setting, where distributions are delta functions, and
encompasses a wide array of multiparameter fields, stochastic
signals, and noise sources. Moreover, beyond linearity, which
holds for all relevant classical sources, QSL does not assume
prior knowledge of the signal’s structure as is otherwise
necessary in the canonical metrology setting. As we will see,
the learning-theoretic QSL reformulation of quantum-
enhanced sensing opens up the possibility for quantum
speedups not present in the usual metrological picture.

A. Bell QSL algorithm

Now we provide an efficient, entanglement-enabled
algorithm for the QSL problem. Our algorithm, called
Bell quantum signal learning, has several practically useful
properties. The algorithm collects a classical dataset that
can be reused for arbitrary post hoc property estimation as it
is informationally complete. While our estimators provide
rigorous guarantees for property estimation, the dataset is
more feature rich than entanglement-free counterparts, and
can be used as input to machine learning pipelines (see
Fig. 3). Experimentally, the algorithm requires only con-
stant-depth quantum information processing in the form of
two-mode entangled state preparation and passive beam

splitters. Moreover, it utilizes only measurements in a static
homodyne basis, requiring no real-time control or relocking
of squeezing axes, and achieves optimal uncertainties in all
quadrature readouts.

Let T, denote the operator that maps any f: C" — C to
its squeezed-vacuum-blurred measurement distribution by
convolution against a mean-zero Gaussian density with
variance e~>". The algorithm, depicted in Fig. 2, proceeds
in the following steps.

Algorithm 1 (Bell QSL). Given access to an n-mode
linear Hamiltonian H for time 7, perform the follow-
ing steps.

(1) Prepare n two-mode squeezed vacuum states, and
allow one bipartition to evolve under H for time T
while storing the other half in quantum memory.
Then, interfere each pair on a 50:50 beam splitter,
and for each two-mode pair j, measure quadra-
tures £V, pi/).

(2) Collect outcome ¢ ={¢i,....¢,}, with ¢U) =
2 4 ipl/). Repeat N times.

(3) Given property kernel y, return the estimator,

L1 .
Y= Zgy/(z:(l))’
i=1

=z

where g, is the inverse of y under 7.

(a) Conventional Field Sensing

(b) Quantum-Enhanced Bell QSL

FIG. 2. (a) Conventional bosonic sensing of classical fields.
Homodyne measurements project high-dimensional field distri-
butions onto chosen marginal axes, losing information, while
heterodyne measurements blur sharp features with vacuum noise.
(b) Bell QSL. Entangled two-mode squeezed vacuum probes are
prepared, with half the modes acting as probes and the other half
stored in quantum memory. Beam splitters and homodyne
measurements constitute CV Bell-basis measurement, enabling
informationally complete, sharp property recovery.
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In practice, W can always be computed using the Fourier
transform of y when it is well defined, or by a particular
polynomial transformation of measurement shots; these
estimators are discussed in detail, with fully general sample
complexity analyses, in Supplemental Material (SM) [31].

The data-collection strategy of Bell QSL is a well-
studied primitive across CV quantum optics and informa-
tion. Originally established for CV teleportation and dense
coding [32,33], recent works have used Bell-basis mea-
surements to establish quantum speedups in certain sensing
and learning settings [28,34], with an experimental dem-
onstration of multimode displacement channel learning in
Ref. [35]. Our central contributions lie in applying this
experimental primitive within the QSL framework to
extract utility for a wide array of practical sensing tasks,
and in developing novel theoretical methods to establish
quantum speedups in these regimes. In the following
sections, we analyze the performance of Bell QSL in
multiple regimes, establishing that our algorithm can
achieve practical quantum advantages over conventional
benchmarks.

III. APPLICATIONS OF BELL QSL

Here we demonstrate the utility of Bell QSL for shot-
noise-limited field sensing, including characterizing corre-
lated electromagnetic fields and real-time feedback control
in interferometers.

A. Electromagnetic field sensing

A broad class of electromagnetic sensors, from micro-
wave and circuit-QED resonators to narrow band optical
cavities, can be modeled as a single bosonic mode
driven by an incident classical field. An LC mode with
canonical charge and flux operators [®, Q] = if has the
free Hamiltonian Hy = Q?/(2C) 4+ ®*/(2L). An incident
classical electromagnetic field induces an effective electro-
motive force and flux bias determined by the sensor
geometry,

Ver(t) = 7§ E(r.0)-df.  ®l) = L B(r.1)- dA.

so that (up to an irrelevant ¢ number) the driven
Hamiltonian can be written as

H(t) = Hy — Vet (1) 0 — L (1) @,

An unknown EM environment enters through two lin-
ear couplings to conjugate quadratures, one ‘“electriclike”
(Vefo) and one ‘“magneticlike” (Ieffci)). Treating
[Veir(7), L5 ()] as stochastic processes, natural when mod-
eling uncertain signals, clutter, or fluctuating backgrounds,
bounded-time evolution induces a displacement channel

with end point distribution Pg) (a). (The reduction to this

Ieff<t> = q)ext<t>/L'

channel, including the rotating-frame drive and explicit
displacement amplitude, is given in SM [31].)

In many common operating regimes (e.g., narrow band
sensing, aggregation over many microscopic field contri-
butions, or approximately Gaussian priors), the induced
end point displacement « is well modeled as a centered

Gaussian on phase space,
ol ¢
Z(e) = , ) (1)
c oy

where ¢ encodes a joint quadrature covariance of the
incident field as seen by the transducer [36—39]. In general,
electromagnetic dynamics and boundary conditions tie
electrilike and magneticlike degrees of freedom, and after
transduction they appear precisely as correlations between
conjugate quadratures.

In the shot-noise-limited regime, we are interested in
estimating values of ¢ <« 1, below the vacuum-limited
heterodyne variance. Moreover, squeezed homodyne
tomography can be executed only along fixed measurement
axes, because of the challenge of relocking squeezing axes
during a short sensing window. Even in this simple
Gaussian-covariance estimation problem, one can see that,
e.g., a pair of hypothesis covariances P, = N(0,Z(=+c))
share identical x and p marginals, differing in the sign of
the correlation. Common homodyne measurements at
angles ® = {0, z/2}, which image these marginals up to
squeezed-Gaussian smoothing, cannot distinguish these
hypotheses.

This “hard instance” can be extended in a practically
meaningful way by moving slightly away from exact
isotropy. Concretely, consider a near-isotropic family in
which the marginal variances are almost equal (e.g., 62 =
o’ +A/2and 65 = 6* — A/2 with |A| < ¢?), so that the x
and p marginals are nearly insensitive to the correlation
parameter even though the physically relevant information
resides in the joint quadrature correlation c. The key
observation is that while instances which are strictly
impossible for homodyne learners are knife-edge phenom-
ena, common learning tasks near this isotropic worst
case will be very hard for entanglement-free homodyne
protocols, which access ¢ only through small symmetry-
breaking effects, resulting in an ill-conditioned inference
problem. Meanwhile, Bell QSL will extract ¢ with optimal
estimator variance, regardless of the instance, simply by

a~Ne(0,2(c)),

using the empirical covariance & = (1/N) SV ¢W¢),
Theorem 1 (Practical quantum advantage in learning an
EM correlation, informal). Consider the near-isotropic EM
family characterized by Eq. (1) with 62,67, ¢ < O(1) and
A = |67 — 63| < |c|. Then Bell QSL distinguishes the pair
using O(e™"/c?) shots, where r is the squeezing param-
eter, while any adaptive {x, p} homodyne strategy requires
at least Q(e™*/A?) shots to do so with high probability.
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Theorem 1 implies a separation on the sample complex-
ity of learning ¢, because homodyne strategies can often
fail by a sign error. The performance gap between Bell QSL
and entanglement-free benchmarks, which improves with
squeezing, is demonstrated in Fig. 1. In Sec. IV B (and in
SM [31]) we formalize this notion of ill conditioning and a
“distance to marginal blindness” using an optimal-transport
stability framework.

In many precision experiments where signals are fleeting
and optical probes operate at low noise temperatures, Bell
QSL (Fig. 2) only requires storage of entangled idler modes
for short times. However, in lower-frequency applications
such as radar, longer integration times require the prepared
entanglement to be stored coherently for longer times,
which can be practically challenging. In such settings,
photon loss is often the dominant error source. Assuming a
loss rate of 0 < p < 1 during the storage process, one finds
that the e~*" /€ idealized sample complexity is replaced by
(1= p)e=/e* + O(p) [28]. Operationally, under a finite
number of samples, the loss rate creates a precision floor,
such that for values of e above this floor, the entangled
protocol retains its full e™* speedup, whereas below the
floor, the provable speedup is lost if one compares against a
noiseless benchmark. This effect is identified in Ref. [40] as
an unavoidable consequence of local noise models which
entirely decohere the given state.

B. Feedback control in interferometric cavities

Beyond direct sensing of external fields, a natural
application is learning internal cavity or interferometer
noise parameters that appear as Gaussian distortions of
optical quadratures. In high-sensitivity interferometers,
including gravitational-wave detectors such as LIGO, many
relevant technical and quantum noise processes are well
approximated as Gaussian, so their net effect on a probe
field is captured by a small number of covariance param-
eters: loss, squeezing strength, and quadrature rotation
[41-43]. However, these parameters can be difficult to
track in real-time sensing from homodyne marginals alone.

A common effective model for phase or control imper-
fections is an unknown quadrature rotation,

—siné
cos @ )’

x x cos
(3)ma(}). mo-(:

p p sin @
where € may represent squeezing-angle drift, detuning-
induced quadrature mixing, or more general phase-space
misalignment. Bell QSL provides a natural real-time
monitoring strategy that can be used to learn 6 with a
practical speedup.

Concretely, one can apply a known displacement $ onto
the probe arm of a TMSY, inject it into a sideband of the
interferometer near the primary sensing band, and run the
remainder of Bell QSL as usual on the returned probe and
stored idler. As shown in SM, the resulting data () then

have mean E[{] = ¢™p while their per-quadrature meas-
urement noise is v, = e~ [31]. Thus the sample mean

¢=(1/N)
0 = arg (e"1*¢/Z/|p|), with sample complexity N =
O(v,/(|p|*€?)) for e-accurate estimation, in direct analogy
with the moment estimators used for Gaussian covariance
learning. Both quadrature components are recoverable from
every measurement.

Meanwhile, heterodyne measurements incur the standard
multiplicative overhead of e?". Because € lies along an
unknown axis, homodyne measurements must be per-
formed adaptively to identify both its magnitude and sign,
and each measurement shot may carry little information
about one of the two quadratures. In real-time measure-
ments, this adaptive scanning may be experimentally
intractable in conjunction with axis-aligned squeezing,
preventing entanglement-free error mitigation beyond the
vacuum noise limit.

Operationally, the two-mode squeezed light may be
injected into optical sidebands at each analysis frequency,
preventing interaction with the primary signal, while the
idler can be kept anywhere outside the main readout band.
This enables noninvasive quantum-enhanced noise mon-
itoring, and data can be fed back to stabilize operating
parameters such as squeezing angle or detuning [9,13,44].
In this way, Bell QSL interfaces naturally with the
control layer that often determines whether shot-noise-
limited interferometry can be sustained over long integra-
tion times.

N, ¢ yields the signed phase estimate

IV. QUANTUM ADVANTAGE FOR QSL

In Sec. III, we proposed applications of Bell QSL to
learning electromagnetic signals and noise and demon-
strated a simple example of practical quantum advantage in
learning field correlations. Here, we establish much more
general results on quantum advantage in QSL.

A. Matched filtering

The quantum advantage in Theorem 1 was established
against a practically motivated restricted-angle homodyne
baseline. Bell QSL also achieves a worst-case exponential
advantage against any entanglement-free data-collection
strategy, including adaptive protocols with arbitrarily com-
plex measurement bases. This separation arises in matched
filtering and beamforming, ubiquitous sensing primitives in
which one scores a large bank of candidate templates
against a signal measurement record and selects the
hypotheses most consistent with the data. Variants of this
procedure appear throughout signal processing, from com-
munications to radar, and are central to modern high-
precision searches such as template-bank pipelines in
gravitational-wave detectors, where the number of candi-
date waveforms can be enormous [16-23].
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Concretely, consider an n-mode resonant waveform,

F(r) = ki] \/aTk(Ak cos(wyt) + By sin(wkt)>,

which induces a random displacement a € C" with law
P(a). A template w € C", corresponding to a hypothesis for
the 2n values {Ay, B}, defines the matched-filter output
Y,, = Re(a'w). For Fourier-domain scoring we use the
bounded feature gy () = E[e¢"”~], which is a numerically
stable surrogate for maximum-likelihood-based scores and
is especially natural when the signal modes are independent
in the Fourier basis. Crucially, a query (w, t) is equivalent to
a characteristic-function evaluation via the relation
@y, (t) = xp(itw/2). Scoring a bank of M templates thus
reduces to estimating y p at M points. With this observation,
we find that Bell QSL achieves an exponential worst-case
advantage in estimating sinusoidal waveforms via matched
filtering.

Theorem 2 (Worst-case quantum advantage for matched
filtering, informal). There exist priors over the sinusoidal
coefficients {A;, B;} for which any entanglement-free
protocol (including those with squeezed probe states)
requires N > Q(3") channel uses to score any single
template to constant accuracy. In contrast, Bell QSL with
two-mode squeezing r = ®(logn) can estimate all M
scores to accuracy € using only N = O(e ?log M) shots,
independent of n.

While the sinusoidal-waveform sensing task considered
in Theorem 2 is commonplace, this worst-case advantage
occupies only a narrow region of the full problem space,
since it relies on a highly structured prior over the
coefficients {A;, B;} that hides the relevant information
from entanglement-free readout. Next, we return to exper-
imentally motivated baselines and develop a framework
that quantifies the trade-off between the magnitude of
quantum advantage and the fraction of physically relevant
instances for which that advantage persists.

B. Optimal transport and practical advantage

We now introduce a general conditioning methodology
that turns measurement constraints into sample-complexity
lower bounds. Any single-shot measurement strategy can
be described as a map M that sends the underlying
displacement law P to a one-round outcome distribution
M(P). For instance, homodyne measurements made along
a fixed set of axes in one round consist of projection to
finitely many quadrature marginals followed by known
Gaussian blurring, and M is simply the resulting product
distribution. Let C denote the hypothesis class of possible
phase-space distributions (e.g., the family of centered
Gaussians earlier). Now consider the following optimal-
transport stability modulus,

()
= sup{W, (P, Q):P,Q€C.TVIM(P), M(Q)] < n}.

where W, is the Wasserstein-1 (earthmover) distance.
Intuitively, w quantifies how far apart two distributions
in C can be while remaining nearly indistinguishable after
measurement. Equivalently, it measures how much phase-
space structure is hidden from M, and how ill conditioned
the inverse problem is. This intuition can be directly tied to
sample lower bounds.

Theorem 3 (OT ambiguity implies minimax lower
bounds, informal). Fix an experiment M and a class C
with finite first moment. Then there exists a 1-Lipschitz
function f such that any estimator based on N i.i.d. samples
from M (P) has worst-case error at least Q{w,¢(1/N)] in
estimating Ep[f].

Note that when @y c(0) > 0, no number of measure-
ments can drive the error below a constant, meaning some
property is completely nonidentifiable. This optimal-
transport viewpoint also supports an inverse approach to
finding a quantum advantage: Given a sensing constraint,
one identifies nearly indistinguishable instance pairs by
maximizing o, and then relaxes around them to quantify
how much entanglement improves sample complexity.

The following toy example illustrates a geometric
intuition for Theorem 3: Quantum advantage depends on
how much of phase space the problem class explores.
Consider the distributions

O(ab) + O(—a—b)
2 b

5((1,—17—6) + 5(—a.b+£) . (2)

P =
2

0=
When ¢ =0, P and Q have identical {x, p} marginals
despite living in disjoint quadrants of phase space, so
{x, p}-limited homodyne can never distinguish them.
This example is used to demonstrate the utility of Bell
measurement in collecting a robust dataset for classical
learning algorithms beyond our estimators in Fig. 3. We
therefore interpret € as a symmetry-breaking parameter that
controls how strongly the hidden two-dimensional structure
becomes visible to restricted homodyne. We call the
corresponding restricted instance family a problem wedge: a
subset of the full problem space whose scale is determined
by &, viewed as a function of the intrinsic scale b.

For & > 0, the homodyne marginals differ only at O(&?)
(in, e.g., Kullback-Leibler (KL) divergence), so {x, p}-
limited homodyne incurs sample complexity ©(e=2"/&?),
while Bell QSL distinguishes using only O(e~"/b?) shots.
The advantage factor is thus controlled by (b/¢)?: In the red
wedge of Fig. 4, where € is exponentially small in b,
the advantage is exponential, while for polynomially small
€ it is polynomial. Although the delta mixture makes
this geometry particularly transparent, the same £ con-
ditioning governs the advantage found in Theorem 1 for
EM field sensing, where the role of ¢ is played by the
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FIG. 3. Classical unsupervised learning employing Bell QSL
data can learn signal properties beyond the scope of heterodyne
and homodyne tomography. Each measurement method collects
many draws from the underlying distributions P, Q from Eq. (2),
with squeezing r = 1.2, a = 0.35, b = 0.06, and & = 0. Each
dataset is fed into unsupervised machine learning (ML) (Gaussian
kernel principal component analysis) to learn whether the data
were drawn from P (sign +1) or Q (sign —1). Even at modest
b < 1 and squeezing, and with appreciably large e, the classical
Bell dataset constitutes a far more feature-rich training dataset for
ML algorithms than conventional strategies.

4 %,
P 8,0,
A%~ 3
<
£
2
Z
= 55
el
o(1)
X exp(-©(bl))  poly-l(b) const.

Problem Wedge Size €(b)

FIG. 4. The problem wedge of quantum advantage, illustrated
for the delta-mixture toy example. As the symmetry-breaking
parameter ¢ — 0, homodyne shots become nonidentifiable and
sample complexity diverges. In the red region, ¢ is exponentially
small relative to b, yielding exponential advantage, and in the
orange region, it is polynomially small. The same scaling controls
the advantage in Theorem 1, with ¢ — A.

symmetry-breaking A that leaks c into the accessible
homodyne statistics. In our optimal transport language,
the W separation is ©(b) while {x, p }-restricted homodyne
only sees the symmetry breaking through O(e?) leakage,
yielding the corresponding 1/&> lower bound. Using
Theorem 3, these simple, illustrative examples of prob-
lem-wedge trade-off can be generalized to less structured,
multimodal sensing tasks, and against homodyne learners
with different measurement settings.

Prior exponential quantum learning advantages often
arise only under worst-case benchmarks against all entan-
glement-free learners [28,45—48], a class broad enough to
include exponentially deep, computationally intractable
measurement strategies. Quantum advantage is then forced
into vanishingly small corners of the instance space that do
not coincide with the set of physically interesting instances.
By instead benchmarking against weaker, but experimen-
tally feasible conventional strategies, our perspective
reveals sizable regimes where quantum information
processing yields genuine, usable advantages. Going for-
ward, benchmarking against experimentally feasible strat-
egies will be essential to avoid artificially narrowing the
search for quantum-enhanced experiments in ways that
obscure such useful advantages.

C. Advantage without entanglement

We have shown that Bell QSL, leveraging entanglement,
can operate at equal probe-state energy to homodyne and
heterodyne tomography while resolving features of
classical fields inaccessible to entanglement-free protocols.
Here we show that it is also possible to demonstrate
exponential separations that arise from squeezing alone.

We consider the following problem. Place a sensor in a
background where it experiences many random kicks of
fixed amplitude. In each sensing time step, the sensor is
thus evolved by the displacement operator D(X), with
X =>",z,and z; = £1; however, we impose that the
z;’s are either random or satisfy a parity constraint. This is a
toy instantiation of a more practical physical problem:
estimating moments of classical signals.

Theorem 4 (Exponential quantum advantage with only
squeezed probes). Any strategy with arbitrary energy and
arbitrary quantum measurements, but which uses classical
light to probe the signal, requires exp[Q(n)] homodyne
measurement shots to distinguish random and parity-con-
strained classical backgrounds, while there is a strategy
using a single squeezed probe of r = ©(log ) that requires
O(1) shots.

By embedding the effective instance size n into a single-
mode task, Theorem 4 (proven in SM [31]) shows that
exponential-in-n advantages are possible purely from using
squeezed light vs classical (coherent) light.

We remark that this result falls under a different opera-
tional definition of quantum advantage than is assumed in
our previous separations. Note that classical coherent-state
probes can differ in energy based on mean photon number
(i.e., phase-space displacement), while squeezed light is
generated from coherent states by non-energy-conserving
symplectic unitaries. Because both displacements and
squeezing can enhance probe sensitivity, the canonical
bosonic Heisenberg limit treats the two transformations on
equal footing and pertains only to probe state preparation
with a bounded energy budget [29]. However, in this
Fisher-information picture, optimizing the trade-off
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between displacement and squeezing energy yields at most
polynomial improvements. Theorem 4 shows that a learn-
ing-theoretic QSL analysis can be much more illustrative:
For certain problems, squeezed probe states can be expo-
nentially more informative than any displaced classical
probe, independent of energy. This establishes nonclassical
energy budget as a unique sensing resource whose effect
cannot be replicated by any amount of classical resources.

V. DISCUSSION

Our work establishes that quantum advantage for sensing
classical fields becomes both sharper and more useful once
we formulate the task in terms of the practical limitations of
real-world experiments. Having introduced the quantum
signal learning framework to capture these features, we
established that quantum sensors enhanced by quadrature
squeezing and entangled quantum memory can extract
properties of classical signals far more efficiently than their
conventional counterparts. Our work makes such quantum
learning advantage statements precise, demonstrating util-
ity for ubiquitous physical tasks such as electromagnetic
field sensing and interferometric feedback control.
Moreover, our algorithm requires only a single layer of
entanglement-generating operations and conventional
homodyne measurements, while enabling post hoc estima-
tion of many properties from the collected classical record.
We introduce an optimal transport-based method to prove
quantum learning speedups over practical, experimentally
feasible conventional benchmarks, going beyond previous
worst-case advantage statements.

Our work extends and generalizes the literature on
bosonic learning theory and metrology. While Ref. [28]
exhaustively studies the task of learning a complete
description of a displacement channel with post hoc queries
(a theoretically motivated task akin to full process tomog-
raphy), QSL takes a more general and experimentally
motivated perspective: Properties can be any desired func-
tional of the signal. Requiring post hoc learning of the full
channel can make the task artificially hard as it is equivalent
to learning exponentially many predetermined observables,
so QSL only requires learning the few relevant signal
properties efficiently. This allows for nontrivial and exper-
imentally useful separations in less specialized settings than
worst-case multimode channel learning, including with
even a single sensor mode. Moreover, the query-complexity
reformulation of sensing efficiency makes new kinds of
quantum speedups possible that are not present from the
canonical Fisher-information perspective. QSL, being sim-
ple yet extremely expressive, allows for a unification of the
learning-theoretic and metrological perspectives in an
experimentally minded fashion.

We have demonstrated preliminary applications of Bell
QSL to tasks of electromagnetic field sensing and noise
characterization. Expanding on these concepts may be fruitful
for radar sensing and detectors in high-precision fundamental

physics experiments and astronomy [2,4,8,49-52].
Entanglement-enabled real-time noise monitoring could en-
able real-time error mitigation in interferometers for gravi-
tational-wave astronomy, and meaningfully improve large-
hypothesis matched-filter testing in, e.g., extreme-high-band-
width multiplexing.

Theoretically, our work establishes a preliminary frame-
work for proving practical quantum advantage in quantum
sensing by associating a limited measurement model with
an optimal-transport stability modulus. Interfacing these
concepts with the learning tree formalism [45], which is
already equipped with sophisticated lower-bound proof
tools, may allow the quantum advantage statements in this
work to generalize to other quantum-enhanced experimen-
tal settings.

Searching for meaningful quantum-enhanced experi-
ments requires keeping experimental constraints firmly
in view. Taking this approach, our work reveals quantum
speedups across a wide range of important sensing tasks,
establishing that practical quantum advantage extends
naturally to the sensing of classical fields.
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