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The statistics of particles and extended excitations, such as loops and membranes, are fundamental to
modern condensed matter physics, high-energy physics, and quantum information science, yet a
comprehensive lattice-level framework for computing them remains elusive. In this work, we develop a
universal microscopic method to determine the generalized statistics of Abelian excitations on lattices of
arbitrary dimension and demonstrate it by deriving the statistics of particles, loops, and membranes in up to
three spatial dimensions. Our approach constructs a sequence of local unitary operators whose many-body
Berry phase encodes the desired statistical invariant. The required sequence is generated automatically from
the Smith normal form of locality constraints and therefore needs no extra physical input. We prove that the
resulting invariants are quantized, provide an algorithm that computes them efficiently, and show how they
unify familiar braiding and fusion data of particles while also uncovering new self- and mutual statistics of
loop and membrane excitations. We further demonstrate that each statistical invariant corresponds to an ’t
Hooft anomaly of a generalized symmetry; we show that a nontrivial invariant both (i) obstructs gauging that
symmetry and (ii) forbids any short-range-entangled (symmetry-preserving) ground state. This establishes a
precise connection between microscopic lattice anomalies and many-body dynamics, providing a
generalization of the Lieb-Schultz-Mattis theorem that constrains a wide class of quantum lattice systems.
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I. INTRODUCTION

Statistics of excitations are fundamental to quantum
physics and underlie many phenomena in condensed matter
and high-energy physics. Nontrivial statistics forbid their
condensation. For instance, bosons can condense and lead
to superfluidity or superconductivity [1–6], while fermions
cannot condense in isolation [7–10]. In two spatial dimen-
sions, the particle statistics broadens to anyons, enabling
fractional quantum Hall physics [11–14] and fault-tolerant
quantum computation [15–21]. Braided fusion categories
provide a complete mathematical description of particle
statistics in two spatial dimensions [22–26].

Extended excitations, such as loops and membranes
naturally arising in three and higher dimensions, are
still under active development. Their statistics govern
confinement in gauge theories, constrain possible phase
transitions, and control the logical operators of higher-
dimensional quantum codes [27–39]. Yet, unlike the
particle case, a general and practical framework for defin-
ing and computing these statistics on a lattice has remained
elusive. Recent studies show that loop statistics in ð3þ 1ÞD
Z2 gauge theories with fermionic particles, appearing in
certain superconducting phases, realize discrete gravita-
tional anomalies [40–46]. This anomaly is believed to
prevent any lattice realization of the gauge theory in three
spatial dimensions. Remarkably, the fermionic loop sta-
tistics also give rise to a nontrivial quantum cellular
automaton, a locality-preserving unitary that plays a central
role in the classification of unitary operators on lattice
quantum systems [47–49].
The statistics of topological excitations also provide an

’t Hooft anomaly of the corresponding symmetry, which
constrains the dynamics of the quantum systems and
distinguishes different phases of matter. For instance, the
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1-form symmetry in ð2þ 1ÞD is generated by Abelian
anyons [50,51], and the statistics determines whether the
1-form symmetry can be gauged. In lattice models with
a tensor-product Hilbert space, higher-form symmetries
are typically emergent. The associated symmetry gen-
erators become genuinely topological only once the
Gauss law is energetically enforced at low energies.
At the same time, families of symmetry operators
supported on closed submanifolds can often be identified
as exact microscopic symmetries commuting with the
full lattice Hamiltonian. Any quantum system with an
anomalous higher-form symmetry cannot be a trivially
gapped phase, as demonstrated in various lattice models
[52–57]. The ’t Hooft anomaly matching condition also
allows us to distinguish different phases of matter by the
statistics of topological excitations, as used extensively
in Refs. [58–66].
In this work, we develop a general framework on lattices

to compute all possible statistics for excitations of arbitrary
dimensions, including particles and extended excitations
such as loop and membrane excitations. Statistics are
extracted from multistep operations on lattices that trans-
form excitations back to themselves, such as moving
particle excitations using string operators, and the statistics
arise as the Berry phase of the operation. At each step,
microscopic phase ambiguities may arise, modifying the
state locally; the operations are designed so that these
ambiguities cancel, yielding well-defined, universal statis-
tics. We refer to such constructions as statistical processes.
Examples of statistical processes have been discussed in
Refs. [67,68] for particle excitations and in Ref. [45] for
loop excitations, but these studies do not treat the processes
systematically or extend them to excitations in arbitrary
dimensions.
We develop a systematic method based on the Smith

normal form to construct processes (sequences of unitary
operators) with clear physical interpretations. Using this
method, we unify and improve known statistical processes
for both particle and loop excitations and also uncover new
self- and mutual statistics of membrane excitations. The
generalized statistics in this framework encompass not only
conventional braiding processes but also statistics arising
from distinct fusion pathways, such as the fusion of
particles in one dimension, loops in two dimensions, and
membranes in three dimensions.
Moreover, the statistics of excitations often imply a

nontrivial low-energy spectrum, as particles with non-
trivial statistics cannot condense. We find that these
microscopic definitions of statistics are directly related to
’t Hooft anomalies in lattice models, and we demonstrate
that these statistics prevent the realization of a short-
range-entangled state. This connection provides insight
into the dynamical consequences of ’t Hooft anomalies
in microscopic lattice models. We focus on invertible
excitations, whose fusion follows group multiplication

rules. The generalization to noninvertible excitations will
be explored in future work.

A. Summary of results

This work introduces a unified framework for defining
the statistics of p-dimensional invertible excitations gen-
erated by unitary operators supported on (pþ 1)-
dimensional submanifolds, in lattices of arbitrary spatial
dimension d. Invertibility guarantees that the correspond-
ing unitary circuit has finite depth [69]; for example,
Abelian anyons arise at the end points of finite-depth
string operators. Causality imposes locality constraints on
these operators: For example, the commutator of two
unitaries supported on regions A and B is localized within
a neighborhood of their intersection A ∩ B. These locality
constraints determine the possible structure of generalized
statistics on lattices.

1. Review of detecting particle statistics on lattices

To illustrate our approach, we begin with the well-known
case of particle statistics. From quantum mechanics, we
know that the statistics of particles is captured by the phase
acquired when two identical particles are exchanged. The
challenge is to define such an exchange precisely on a
lattice without being obscured by microscopic details. For
concreteness, here we focus on particles obeyingZ2 fusion,
where two identical particles can fuse into the trivial
(vacuum) particle.
Consider two identical particles located at sites 1 and 2

on the lattice, as shown in Fig. 1(b). We perform the
following steps:
(1) Move the particle from site 1 to site 0.
(2) Move the particle from site 2 to site 1.
(3) Move the particle from site 0 to site 2.

At the end of this sequence, the particles at sites 1 and 2
have been exchanged. IfUij denotes the string operator that
moves a particle from site i to site j, this process is
represented by

U02U21U10: ð1Þ

While this operator exchanges the two particles, it can also
introduce unwanted phases into the quantum state, unlike
in a classical exchange process. For example, moving the
particle from site 1 to site 0 may produce an additional
phase in the state, potentially altering the outcome of the
entire process. Therefore, we seek a process that captures
the particle statistics while remaining insensitive to such
phase ambiguities, which generically arise in lattice
systems.
We label each site in the particle-number basis, with 0

denoting no particle and 1 denoting a particle; a total
configuration state jai on a finite lattice is thus specified by
a 0-chain, a set of Z2 values assigned to the vertices that
indicate particle occupancy at each site. Let UðsÞ be the
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unitary string operator that moves a particle along a string s,
which can also be interpreted as creating two particles at the
end points ∂s. Explicit examples of jai and UðsÞ are shown
in Fig. 2. In general,

UðsÞjai ∝ jaþ ∂si; ð2Þ

where jai is the initial state, and jaþ ∂si is the state with
two additional particles at ∂s. The phase difference between
UðsÞjai and jaþ ∂si is gauge dependent: It depends on the
chosen overall phases of jai and jaþ ∂si, as well as on the
specific convention used to define UðsÞ. We can construct

an exchange process that is immune to such phase
ambiguities. Consider the lattice in Fig. 1(b), where the
two particles at sites 1 and 2 are exchanged via the
operators [67]

U02U−1
03U01U−1

02U03U−1
01 : ð3Þ

When acting on the initial state , where particles

occupy vertices 1 and 2, this T-junction process can be
visualized as follows:

ð4Þ

In contrast to Eq. (1), each string operator here appears
together with its inverse, ensuring that the microscopic
phase contributions cancel exactly. This construction thus
yields the particle statistics without contamination from
local, lattice-dependent phase factors.
In this work, we generalize this construction to detect the

statistics of extended excitations. We formulate lattice
processes that map between excitation configurations in
a nontrivial manner, analogous to particle exchange, while
ensuring that microscopic phase ambiguities cancel
throughout the process. Additional examples of such
statistical processes involving particles, loops, and mem-
branes in various spatial dimensions are presented
in Sec. II.

2. Universal microscopic description for statistics

We now present the general setting for our construction.
This work develops a universal framework for defining
generalized statistics on lattices across different dimen-
sions. We consider systems with invertible excitations,
whose loci can be moved by finite-depth quantum circuits.
An excitation may correspond to a violation of certain
Hamiltonian terms, a defect that locally modifies the
Hamiltonian, or, more generally, a symmetry defect.
Hence, this framework applies to both gapped and gapless
systems. An invertible excitation possesses an inverse,
forming a fusion group G. For simplicity, we first sum-
marize the results for Abelian groups G, with the under-
standing that the framework extends to non-Abelian fusion

FIG. 1. In each dimension, we consider different simplicial complexes. (a) In ð1þ 1ÞD, we use a segment subdivided by a vertex, in
(b) ð2þ 1ÞD, a triangle with a central vertex, and in (c) ð3þ 1ÞD, a tetrahedron subdivided by a central vertex. These complexes are
embedded into a larger spatial manifold (omitted by � � �), with edge lengths chosen to be much larger than the system’s correlation
length. For computational convenience, we often compactify the manifold, wrapping the segment into a circle S1, the triangle into a two-
sphere S2, and the tetrahedron into a three-sphere S3. We assume that for any simplex Δ, there exists a finite-depth unitary UðgÞΔ that
creates invertible g-excitations on its boundary ∂Δ. For example, UðgÞ01 is a string operator that produces a g particle at vertex 1 and a
g−1 particle at vertex 0. Similarly, on the 2-simplex Δ012, the membrane operator UðhÞ012 generates an h-loop excitation along the
boundary edges of Δ012. Here, elements g and h belong to the fusion groups of particles and loops, respectively.
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groups as well. These excitations may also be spatially
extended, spanning p dimensions; for example, p ¼ 0
corresponds to quasiparticles, p ¼ 1 to loop excitations
such as magnetic flux loops, and higher p to more extended
objects.
Our framework begins by specifying the possible con-

figurations of excitations denoted by A, on a simplicial
complex X embedded in space. We consider the Hilbert
space basis labeled by excitations a∈A, where each
p-dimensional simplex is associated with an element of
the group G. Each configuration is represented by the
configuration state jai. This state is not uniquely defined, as
it can be redefined through the action of unitary operators
supported at the locations of the excitations. To address this
ambiguity, we fix a particular choice of states jai and
construct invariants that remain independent of these
definitions.
Excitations are generated by local unitary operatorsUðsÞ

supported on a (pþ 1)-dimensional simplex, where s
represents the (pþ 1)-simplex with a coefficient in G.
We assume these excitations are deconfined, meaning that

the operator UðsÞ creates excitations localized only around
its boundary ∂s [70]. When a sum of s, such as
s1 þ � � � þ sn, is closed (having no boundary), the product
operator UðsnÞ � � �Uðs1Þ preserves excitations and gener-
ates a generalized symmetry of the system. Since the
excitations are assumed to be invertible, this generalized
symmetry forms a group. In general, the symmetries can
form a higher group [71,72], and they are symmetries
supported on subsystems of the lattice [39].
We assume that the unitaries UðsÞ generating the

symmetry can be realized by a finite-depth quantum circuit;
for example, they do not involve lattice isometries such as
translations or rotations. This is always the case when U
generates an internal symmetry, and we will restrict our
attention to such cases from now on. This assumption will
play an important role in our later formulation of invariants
for generalized statistics.
The unitaries move the configuration of the excitations.

In general, a unitary operator can be used to connect two
states jai and ja0i through the relation UðsÞjai ∝ ja0i,
where aþ ∂s ¼ a0, and þ represents the fusion of Abelian

FIG. 2. (a) Particle excitations: for simplicity, we consider particles with the fusion group G ¼ Z2. The configuration state jai is
labeled by a Z2 field at each vertex, indicating the presence or absence of particle excitations. Edges s1 and s2 have coefficients 1∈Z2.
The unitary operator

Q
i UðsiÞ is the string operator supported on these edges, creating particles at the end points. (b) Loop excitations:

for loop excitations with the fusion group G ¼ Z2, the configuration state jai is labeled by a Z2 field on each edge, with edges labeled
by 1∈Z2 forming closed loops. Faces s1, s2, s3 have coefficients 1∈Z2. The unitary operator

Q
i UðsiÞ is the membrane operator

supported on these faces, creating loop excitations along the boundaries. Applying
Q

i UðsiÞ to jai in both cases yields a configuration
state proportional to jaþ ∂ðPi siÞi. These examples can be generalized to any Abelian group G, with additional considerations for the
branching structure.
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excitations. Once the states jai and the unitary operators
UðsÞ are chosen, the phase factor θðs; aÞ can be specified as

UðsÞjai ¼ eiθðs;aÞjaþ ∂si; ð5Þ

with θðs; aÞ depending on both the unitary operator UðsÞ
and the initial state jai. From the relation U−1U ¼ 1, it
follows that

UðsÞ−1jai ¼ e−iθðs;a−∂sÞja − ∂si: ð6Þ

These phase factors encode essential information about the
system. As an illustration, the overall phase in the

T-junction process (3) acting on the initial state is

given by

ð7Þ

with

where the simplices s correspond to edges eij in Fig. 1(b).
A single phase factor θðs; aÞ does not by itself have a direct
physical meaning, as it depends on the specific choices of
fjaig and fUðsÞg. Changes in these choices can be viewed
as “gauge transformations,” under which the “Berry con-
nection” θðs; aÞ varies. However, certain linear combina-
tions of these phases, such as Θ, can be constructed to be
independent of the choices of fjaig and fUðsÞg. These
gauge-invariant quantities are physically meaningful and
will be referred to as generalized statistics. In this sense,
generalized statistics encode the intrinsic properties of the
excitations, independent of arbitrary conventions.
We then consider a sequence of unitaries starting with

the specific configuration of excitations back to itself,

ha0jUðsn−1Þ;…; UðsjÞ;…; Uðs0Þja0i

¼ exp

�
i
Xn−1
j¼0

θðsj; ajÞ
�
; ð8Þ

with ajþ1 ≔ aj þ ∂sj. The above sequence can be regarded
as the “closed path” in the Hilbert space, along which we
measure the Berry phase associated with the family of
states. For practical purposes, it is convenient to treat the
above phase as the formal sum of the objects θðs; aÞ:

E ¼ ⨁
s;a
Zθðs; aÞ: ð9Þ

The phase defined above may or may not remain invariant
under possible deformations of the states jai and the
unitaries UðsÞ, such as the redefinition by phases or local
perturbations modifying the unitaries U → UU0 at each
step for unitaries U0 close to the identity. The sequence
needs to be carefully designed to be invariant under such
deformations. We will see that the necessary and sufficient
conditions for the invariance can be formulated as the
constraints on the Z coefficients in Eq. (9). We define the
subgroup Einv ⊂ E, which contains the elements that
qualify as invariants associated with the excitations.
Some elements of Einv correspond to trivial invariants

that reduce to the identity operator. A trivial sequence of
unitaries arises from the locality properties of the unitary
operators. For instance, if the supports of two operators
Uðs1Þ and Uðs2Þ do not overlap, i.e., s1 ∩ s2 ¼ ∅, their
commutator is trivial

½Uðs2Þ; Uðs1Þ� ¼ 1; ð10Þ

where ½A;B� ≔ A−1B−1AB. This property extends to higher
commutators involving multiple operators, such as

½UðsnÞ; ½� � � ; ½Uðs2Þ; Uðs1Þ��� ¼ 1; ð11Þ

if s1 ∩ s2 ∩ … ∩ sn ¼ ∅. This property follows from each
unitary being a finite-depth circuit, which ensures that the
commutator ½Uðs2Þ; Uðs1Þ� has support only near s1 ∩ s2,
since the circuit depth is much smaller than the length scale
of the complexes under consideration. These higher com-
mutators acting on any initial configuration state ja0i form
the subgroup Eid ⊂ Einv. The genuine invariants of the
excitations are characterized by the quotient group

T ≔ Einv=Eid; ð12Þ

where the trivial phases arising from locality have been
factored out. We show in general that, for a finite symmetry
group G, the invariants T form a finite Abelian group. This
implies that the invariants T must be quantized into the
discrete values. This group of invariants can be explicitly
computed using a computer, given the possible configura-
tions of the excitations and the unitaries, as well as the
group G describing the fusion of excitations.
Remark I.1. The genuine invariants may appear to

depend on the choice of underlying cellulation, and indeed
they can vary for small complexes. However, based on our
numerical verification, we conjecture that the invariants T
become universal once the d-dimensional complex is a
cellulation of a d-dimensional manifold that is sufficiently
large to embed ∂Δdþ1, the boundary of a (dþ 1)-simplex,
as in the triangulations of spheres illustrated in Fig. 1. In
other words, once the underlying complex is refined
enough to support the relevant statistical processes (such
as particle exchange), any triangulation or cellulation yields
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the same genuine invariants. We further conjecture that
these universal invariants T coincide with the cohomology
of the Eilenberg-MacLane space, as summarized in Table I.

3. Statistics as anomalies and their dynamical
consequences

The invariant Θ∈T provides a microscopic definition of
the statistics of excitations. At the same time, Θ can be
interpreted as a microscopic definition of an ’t Hooft
anomaly of the global symmetry, which represents an
obstruction to gauging the symmetry. This can be under-
stood as follows.
To gauge a symmetry, one introduces gauge fields and

promotes the global symmetry to a local gauge symmetry
generated by Gauss law operators GΔ supported on local
regions Δ. The physical Hilbert space is then restricted to
states satisfying GΔ ¼ 1. If this gauge-invariant Hilbert
space is empty, the gauging procedure is obstructed;
namely, an ’t Hooft anomaly is present. In Sec. V, we
further show that the generalized statistics can be expressed
as a product of Gauss law operators,

eiΘ ¼
Y

GΔ: ð13Þ

A nontrivial phase Θ obtained in this way signals an
obstruction to enforcing the constraintGΔ ¼ 1 everywhere.
In this sense, a nontrivial Θ characterizes an ’t Hooft
anomaly.
The presence of ’t Hooft anomalies constrains the low-

energy spectrum of the theory. In particular, they forbid the

existence of a unique gapped ground state. We find that the
invariants of microscopic lattice systems Θ directly lead to
such a dynamical consequence: When the invariant Θ with
the symmetry defects is nontrivial, the state cannot be a
short-range-entangled (SRE) state preserving the sym-
metry. We show this statement in full generality, assuming
the tensor network representation of the state with excita-
tions. This is reminiscent of the Lieb-Schultz-Mattis
theorem [74–80], which constrains the low-energy spec-
trum of the state based on a given action of the internal and
crystalline symmetries.
A large class of ’t Hooft anomalies can be described

through group cohomology by employing the group
cohomology symmetry-protected topological (SPT) phase
in the bulk via bulk-boundary correspondence [81–83]. The
mathematical results presented in Table I show the group
cohomology of higher-form symmetry, i.e., the cohomol-
ogy of the Eilenberg-MacLane space, for finite Abelian
groups [73]. Our generalized statistics provides a micro-
scopic perspective of ’t Hooft anomalies on the lattice, and
in all examples we have evaluated on a computer, its
classification matches the results in Table I. Although the
computational power limits us from verifying arbitrarily
large groups G, the agreement in the small cases suggests
the correspondence. This consistency leads us to conjecture
that our generalized statistics are classified by the group
cohomology of higher groups. In the following section, we
explicitly demonstrate examples of generalized statistics
for small groups G, illustrating their correspondence to the
group cohomology of higher-form symmetries.

TABLE I. The cohomology of the Eilenberg-MacLane space BnG ≔ KðG; nÞ for the finite Abelian group G ¼ Q
i ZNi

[73]. The
notation ðNi; Nj; � � �Þ denotes the greatest common divisor among the integers. This cohomology classifies the anomaly as an
obstruction to gauging the higher-form G symmetry, which corresponds to SPT phases in one higher dimension. We conjecture that
these data precisely match the generalized statistics of particle, loop, and membrane excitations as defined by Eq. (58) in Sec. III A.
Specifically, p-dimensional excitations in (dþ 1)-dimensional spacetime have generalized statistics characterized by
Hdþ2½Bd−pG;Uð1Þ�. In Sec. IV B, we verify this conjecture for small groups G (specifically, G ¼ ZN with N ≤ 12 or ZN × ZN
with N ≤ 5), with explicit unitary operator sequences for the generalized statistics given in Sec. II.

G-particles with G ¼ Q
i ZNi

G-loops with G ¼ Q
i ZNi

G-membranes with
G ¼ Q

i ZNi

ð1þ 1ÞD
H3½BG;Uð1Þ�

¼ Q
i ZNi

Q
i<j ZðNi;NjÞQ

i<j<k ZðNi;Nj;NkÞ

ð2þ 1ÞD
H4½B2G;Uð1Þ�

¼ Q
i ZðNi;2Þ×Ni

Q
i<j ZðNi;NjÞ

H4½BG;Uð1Þ�
¼ Q

i<j Z
2
ðNi;NjÞ

Q
i<j<k Z

2
ðNi;Nj;NkÞQ

i<j<k<l ZðNi;Nj;Nk;NlÞ

ð3þ 1ÞD

H5½B3G;Uð1Þ�
¼ Q

i ZðNi;2Þ
H5½B2G;Uð1Þ�

¼ Q
i ZðNi;2Þ

Q
i<j ZðNi;NjÞ

H5½BG;Uð1Þ�
¼ Q

i ZNi

Q
i<j Z

2
ðNi;NjÞQ

i<j<k Z
4
ðNi;Nj;NkÞQ

i<j<k<l Z
3
ðNi;Nj;Nk;NlÞQ

i<j<k<l<m ZðNi;Nj;Nk;Nl;NmÞ
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The paper is organized as follows: Section II describes a
variety of examples of generalized statistics for particles,
loops, and membranes in up to three spatial dimensions,
including exactly solvable models whose domain-wall
excitations demonstrate the nontrivial statistics of each
process. Section III defines generalized statistics from
axioms for invertible excitations and shows that they take
quantized values. Section IV presents an algorithm that
computes these statistics by constructing microscopic
processes as sequences of lattice operators, suitable for
direct computer implementation. Using this framework,
Sec. V gives a microscopic definition of ’t Hooft anomalies
as obstructions to gauging symmetries, and Sec. VI proves
that nontrivial statistics forbid short-range-entangled states,
revealing their dynamical consequences. We conclude in
Sec. VII with possible future directions. Background
concepts and extended discussions are provided in the
appendixes.

II. EXAMPLES OF GENERALIZED STATISTICS

To illustrate our construction, we compute explicit
statistical invariants for particle, loop, and membrane
excitations in dimensions d ≤ 3 using representative
Abelian fusion groups. A systematic derivation valid for
arbitrary excitations in any dimension will be presented
in Sec. IV.

A. Particle excitations

We consider particle excitations in (1þ 1), (2þ 1), and
(3þ 1) spacetime dimensions.

1. Particles in ð1+ 1ÞD
Let the fusion groups of the particles be a finite group G,

where each particle is labeled by an element g∈G. WhileG
can be non-Abelian in general, we first focus on the
Abelian case for demonstration. We define the hopping
operator UðgÞij that creates a particle g at vertex j and a
particle g−1 at vertex i. The statistics of g-particles are
defined by

Z3ðgÞ ≔ ½UðgÞ02; UðgÞjgj01�; ð14Þ

where the vertices 0, 1, and 2 are positioned along a
segment, as shown in Fig. 1(a), and we define the group
commutator by

½A; B� ≔ A−1B−1AB: ð15Þ

Here, jgj denotes the order of the element g∈G. This
index corresponds to the degree-3 cohomology class
H3(BG;Uð1Þ), as shown in Table I. The statistics Z3ðgÞ
can be interpreted as the partition function of the corre-
sponding cohomology class on a lens space [84,85]:

Z3ðgÞ ¼
Yjgj
n¼1

Fðg; gn; gÞ; ð16Þ

where the F symbol Fðg1; g2; g3Þ is a sequence of unitary
operators defined microscopically in Refs. [68,80].
Notably, when particles are treated as symmetry defects,
the expression in Eq. (14) coincides with the topological
invariants computed from the boundaries of ð2þ 1ÞD SPT
phases [86], which capture the Else-Nayak index [83]. The
nontrivial statistics described by Eq. (14) signal an obstruc-

tion to satisfying UðgÞjgjij ¼ 1, thereby reflecting an anoma-
lous symmetry action. We also emphasize that the statistics
in Eq. (14) apply to non-Abelian groups. For instance,
when G ¼ S3 is the symmetric group, which contains the
Abelian subgroups Z2 and Z3, we can substitute their
generators into Eq. (14) to derive the Z2 and Z3 invariants,
separately. These results are consistent with the cohomol-
ogy class H3(S3; Uð1Þ) ¼ Z6 ¼ Z2 × Z3.
Now, we illustrate the simplest example of nontrivial

fusion statistics. Consider the anomalousZ2 symmetry on a
one-dimensional qubit chain [83,87–89]

S ≔
Y
i

Xi

Y
i

CZi;iþ1; ð17Þ

where Xi and Zi are Pauli matrices on site i, and CZi;iþ1 is
the controlled-Z gate between adjacent qubits. This anoma-
lous symmetry action originates at the boundary of the
ð2þ 1ÞD Levin-Gu Z2 SPT phase [58]. The symmetry-
preserving operators are generated by

Wiþ1
2
≔ ZiZiþ1; Ui−1

2
→iþ1

2
≔ XiCZi−1;iCZi;iþ1: ð18Þ

We interpret the Wiþ1
2
as the domain-wall excitation on the

edge hi; iþ 1i, and Ui−1
2
→iþ1

2
is the hopping operator of

the domain-wall excitation from i − 1
2
to iþ 1

2
. We omit the

group label since Z2 has only one nontrivial element.
Applying Eq. (14), the fusion statistic of this domain wall is

½Uiþ1
2
→iþ3

2
; U2

i−1
2
→iþ1

2

� ¼ ½Xiþ1CZi;iþ1CZiþ1;iþ2; Zi−1Ziþ1�
¼ −1:

The value −1 confirms that the Z2 symmetry in Eq. (17) is
anomalous.

2. Particles in ð2+ 1ÞD and ð3+ 1ÞD
Invertible particles in (2þ 1)- and (3þ 1)-dimensional

spacetime must have an Abelian fusion group G. As
reviewed in Sec. I A 1, the statistics of a particle labeled
by a group element g∈G can be detected using the
T-junction process [45,67,68]
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eiΘðgÞ ≔ UðgÞ02UðgÞ−103UðgÞ01UðgÞ−102UðgÞ03UðgÞ−101 ; ð19Þ

where the vertices 0, 1, 2, and 3 are shown in Figs. 1(b) and
1(c). When G ¼ ZN , the possible values of Θ are

eiΘ ¼
8<
: exp

�
2πi k

gcdð2;NÞ×N
�

in ð2þ 1ÞD;
�1 in ð3þ 1ÞD;

ð20Þ

where 0 ≤ k < gcdð2; NÞ × N is an integer. These values
are characterized by the degree-4 cohomology class
H4(B2G;Uð1Þ) in ð2þ 1ÞD and the degree-5 cohomology
class H5(B3G;Uð1Þ) in ð3þ 1ÞD associated with the
1-form and 2-form G symmetry, respectively (see
Table I). In ð3þ 1ÞD and higher dimensions, the � sign

corresponds to boson or fermion statistics, which are related
to the second Stiefel-Whitney class w2 [9,53–55,90–92].

B. Loop excitations

Loop excitations can be interpreted as defect lines or flux
loops, and we consider loop excitations in (2þ 1) and
(3þ 1) spacetime dimensions.

1. Loops in ð2+ 1ÞD
In this dimension, the “fusion” of loops also defines

statistics, analogous to the F symbol for particles. The
simplest examples of nontrivial statistics arise when the
fusion group is G ¼ ZN × ZN (with generators labeled by
a and b), and there are two invariants:

ð21Þ

where UðiÞR denotes the membrane operator that creates loop excitations labeled by i on the boundaries of region
R (with i ¼ a, b as generators of the fusion groupG ¼ ZN × ZN). The notationUðiÞIþJþ��� refers to the membrane operator
acting on the union I ∪ J ∪ � � � defined as the product UðiÞIUðiÞJ � � � [93]. The formulas for N ¼ 2, 3, 4, 5 are obtained
from our algorithm by computer calculation (Sec. IV B), and we expect them to extend to arbitrary N.
Similar to particle fusion, we can show that the nontrivial statistics Z4ðaÞ and Z4ðbÞ are obstructions for

UðaÞNf ¼ UðbÞNf ¼ ½UðaÞf; UðbÞf� ¼ 1; ∀ f; ð22Þ

indicating an anomalous symmetry. We also highlight that the statistics in Eq. (21) correspond to the degree-4 cohomology
class H4(BG;Uð1Þ) of the global symmetry G, as shown in Table I.
For a concrete example of nontrivial loop fusion statistics, consider an anomalous Z2 × Z2 symmetry on a two-

dimensional square lattice. Each vertex v hosts two qubits a, b with Pauli operators Xa
v; Za

v and Xb
v; Zb

v. We label their Z
eigenvalues by av; bv ∈ f0; 1g via

Za
v ¼ ð−1Þav ; Zb

v ¼ ð−1Þbv : ð23Þ

The anomalous Z2 × Z2 symmetry is generated by

ð24Þ
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where CCZ denotes the controlled-controlled-Z gate. This
anomalous ð2þ 1ÞD system can be derived from the
boundary of a ð3þ 1ÞD SPT phase with cocycle [94]

1

2
A1 ∪ B1 ∪ B1 ∪ B1 ∈H4(BZ2 × Z2; Uð1Þ): ð25Þ

In Appendix A 1, we show that, within the symmetric
subspace, the domain walls of this anomalous Z2 × Z2

symmetry become loop excitations with nontrivial
fusion rules.

2. Loops in ð3+ 1ÞD
In ð3þ 1ÞD, the loop statistics is determined by the loop-

flipping process for G ¼ Z2. We introduce a novel 24-step
process to detect this statistic:

μ24 ≔ U014U034U023U−1
014U

−1
024U012U−1

023U
−1
013

× U024U014U013U−1
024U

−1
034U023U−1

013U
−1
012

× U034U024U012U−1
034U

−1
014U013U−1

012U
−1
023; ð26Þ

which is shown in Fig. 3 explicitly. Each line in Eq. (26) is
obtained from the previous one by applying the substitu-
tions 1 → 2, 2 → 3, and 3 → 1 [96]. The space of single-
loop configurations forms anRP2 structure, as illustrated in
Fig. 4. The 24-step process μ24 is represented on this RP2,
explicitly manifesting the C3 rotational symmetry
1 → 2 → 3 → 1. We demonstrate that the 24-step process
yields the same statistics as the 36-step process defined in
Ref. [45], while being more efficient. Computational
verification confirms that this 24-step sequence is the
shortest way to obtain the loop statistics.

We emphasize that if allUf are Pauli operators, such that
½Uf3 ; ½Uf2 ; Uf1 �� ¼ 1 for all faces f1, f2, and f3, then the
above statistics simplify to

μPauli24 ¼ ½U012; U034�2½U013; U024�2½U014; U023�2: ð27Þ

The statistic μ24 corresponds to a degree-5 cohomology
class in H5(B2G;Uð1Þ) for the 1-form G symmetry and is
also related to the third Stiefel-Whitney class w3 for
G ¼ Z2:

1

2
w3 ∪ B2 ¼

1

2
B2 ∪ ðB2 ∪1 B2Þ∈H5(B2Z2; Uð1Þ): ð28Þ

To confirm the relation between μ24 and w3, we insert the
unitary operators describing the loop excitation on the ð3þ
1ÞD boundary of the beyond-cohomology ð4þ 1ÞD topo-
logical quantum field theory with action S ¼ 1

2
w2w3 in

Ref. [44] into the 24-step procedure and obtain μ24 ¼ −1.
This demonstrates that the statistic μ24 precisely detects the
w3 gravitational anomaly. This process remains valid for
the fusion group G ¼ ZN for even N, by choosing the
operators Uijk that create a loop labeled by ðN=2Þ∈ZN

representing an element of order two.

C. Membrane excitations

1. Membranes in ð3+ 1ÞD
Now we consider membrane excitations in (3þ 1)

spacetime dimensions. For G ¼ ZN, the fusion of mem-
branes gives rise to the ZN statistics [97]

FIG. 3. The 24-step process for detecting the statistics of loops with G ¼ Z2 fusion in ð3þ 1ÞD. For Z2 loops, different orientations
correspond to the same configuration state, indicating that the initial and final configurations are reversed and illustrating the loop-
flipping process. This unitary sequence yields the same invariant as the 36-step unitary process proposed in Ref. [45]. We prove that this
24-step process is optimal, as no shorter sequence can achieve the same invariant.
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ð29Þ

where UðgÞR denotes the volume operator on region R
that creates a g-membrane excitation on its boundary, and
UðgÞIþJþ��� denotes the product UðgÞIUðgÞJ � � � acting on
the union I ∪ J ∪ � � �. The formulas for N ≤ 8 are
obtained explicitly from our algorithm in Sec. IV B,
and we expect that the expressions can be extended to
arbitrary N. Similar to the ð2þ 1ÞD fusion in Eq. (21),

the nontrivial statistic Z5ðgÞ represents the obstruction
to UðgÞNt ¼ 1 for all tetrahedra t. The statistic Z5ðgÞ
corresponds to the degree-5 cohomology H5(BG;Uð1Þ)
in Table I.
To illustrate a nontrivial Z5ðgÞ, consider a cubic lattice

with one qubit at each vertex. The anomalous Z2 global
symmetry is defined by

FIG. 4. The space of single-loop configuration states. Each vertex represents a single-loop configuration, where the loop is drawn only
on edges between vertices 1, 2, 3, and 4 in Fig. 1(c) since the edges adjacent to vertex 0 can be inferred from these edges. Each edge of
this space is labeled by h0iji, and we can apply the operator U0ij or U−1

0ij to create or annihilate the loop on edge ij. This configuration
space forms an RP2 structure [45], where antipodal vertices represent the same configuration state. The 24-step process is illustrated by
the black directed line exhibiting the C3 rotational symmetry and corresponding to the nontrivial element of π1ðRP2Þ ¼ Z2.
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ð30Þ

where CCCZ denotes the controlled-controlled-controlled-Z
gate. The anomalous ð3þ 1ÞD theory resides on the
boundary of the ð4þ 1ÞD SPT phase with the cocycle

1

2
A1 ∪ A1 ∪ A1 ∪ A1 ∪ A1 ∈H5(BZ2; Uð1Þ) ð31Þ

known as the generalized double semion model in
Refs. [98,99]. In Appendix A 2, we show that within the
symmetric subspace, the domain-wall excitation forms a
closed membrane exhibiting nontrivial membrane fusion
statistics Z5ðgÞ.

D. Mutual statistics

1. Particle-loop statistics in ð3+ 1ÞD
In addition to examples in which all excitations share the

same dimension, one can examine the mutual statistics
between excitations of different dimensionalities. The sim-
plest instance in ð3þ 1ÞD gauge theories is the braiding of a
point charge around a flux loop: As the charge encircles the
loop, the wave function acquires a nontrivial phase.
On the lattice, this process is described by the commu-

tator between the string operator that moves the particle and
the membrane operator that creates the loop:

ð32Þ

where Uf is the membrane operator acting on a face f that
generates the loop excitation, Ue is the string operator
acting on an edge e that generates the particle excitation,
and the edge e pierces the face f. This defines a ZN mutual
statistics satisfying ðZparticle loop

5 ÞN ¼ 1. This braiding sta-
tistics corresponds to the 5-cocycle

1

N
A2 ∪ B3 ∈H5(B2ZN × B3ZN;Uð1Þ): ð33Þ

2. Loop-membrane statistics in ð3+ 1ÞD
We now present two distinct types of mutual Z2

statistics between a Z2 loop and a Z2 membrane in
ð3þ 1ÞD. These cases are anticipated from the cohomol-
ogy classification

H5(BZ2 × B2Z2; Uð1Þ) ¼ Z2 × Z2 × Z2 × Z2; ð34Þ

where two Z2 factors correspond to the self-statistics of
particles and loops, respectively, and the remaining two
correspond to mutual statistics. A Z2 loop along the
boundary of a face f is generated by the membrane
operator Uf, which realizes the 1-form Z2 symmetry. A
Z2 membrane on the boundary surface of a tetrahedron t is
generated by the volume operator Ut, which realizes the
0-form Z2 symmetry.

(i) 1
2
A1 ∪ B2 ∪ B2 loop-membrane statistics:
We first consider the following setting with three

faces and one tetrahedron:

ð35Þ
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where f1, f2, and f3 are faces adjacent to the edge
hv1v2i, and t is a tetrahedron (more precisely, a 3-cell)
whose bulk contains the vertex v1. Equation (35) can be
viewed as a T-junction process of loop excitations on
faces f1, f2, and f3, with the commutator with Ut
isolating the contribution from the surface of tetrahedron
t, thereby capturing the statistics of the loop-membrane
intersection.
This statistic is relevant for describing the boundary

theory of the ð4þ 1ÞD beyond-cohomology Z2 SPT
phase with the topological action S ¼ 1

2
A1 ∪ w2 ∪ w2

[44,100], where w2 denotes the second Stiefel-
Whitney class. Reference [44] shows that this
beyond-cohomology SPT phase can be obtained by
gauging a higher-form SPT phase with the cocycle
containing

1

2
w2 ∪A1 ∪B2¼

1

2
A1 ∪B2 ∪B2∈H5(BZ2×B2Z2;Uð1Þ):

ð36Þ

It has been predicted that the intersection of a membrane
(described by the A1 field) and a loop (described by the B2

field) has the fermionic particle statistics due to the presence
ofw2.However, an explicit derivationof this phenomenonon
a finite lattice has been lacking. Our novel statistics in
Eq. (35) resolves this gap by providing a concrete lattice
definition. In Appendix A 3, we show that the ð3þ 1ÞD
boundary of the ð4þ 1ÞD beyond-cohomology Z2 SPT
phase exhibits the nontrivial statistics Zloop membrane I

5 ¼
−1. More precisely, consider the anomalous 0-form Z2

symmetry Sa and the 1-formZ2 symmetry Sbv, where a qubit
av is placed on each vertex v and a qubit be on each edge e:

ð37Þ

We demonstrate that the domain-wall excitations of these symmetries exhibit the nontrivial mutual loop-membrane statistics
given in Eq. (35).
(ii) 1

2
A1 ∪ A1 ∪ A1 ∪ B2 loop-membrane statistics:
We next consider a different structure involving one face and two tetrahedra:

ð38Þ
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where t1 and t2 are tetrahedra adjacent to the face hv1v2v3i, and the edge hv1v2i pierces the face f. In Appendix A 4, we
show that for the anomalous 0-form Z2 symmetry Sa and 1-form Z2 symmetry Sbv defined below, the corresponding
domain-wall excitations exhibit the nontrivial statistics Zloop membrane II

5 ¼ −1:

ð39Þ

These anomalous symmetries correspond to the SPT phase associated with the degree-5 cohomology class

1

2
A1 ∪ A1 ∪ A1 ∪ B2 ∈H5(BZ2 × B2Z2; Uð1Þ): ð40Þ

This cocycle provides an intuitive way to interpret Eq. (38). First, the term A1 ∪ A1 ∪ A1 represents the 3-cocycle associated
with the fusion statistics in one dimension [Eq. (14)], motivating a structure of the form ½Ut2 ; U

2
t1 �. Taking the cup product

with B2 corresponds to intersecting with the world sheet of the loop excitation, which motivates the introduction of the
additional commutator with Uf to capture this intersection.

3. Particle-membrane statistics in ð3+ 1ÞD
Finally, we consider the mutual statistics between a Z2 particle and a Z2 membrane in three spatial dimensions. Let Ue

denote the string operator acting on an edge e that creates particles at its end points, and let Ut denote the volume operator
acting on a tetrahedron t that generates a membrane excitation on its boundary surface. The mutual statistics is defined in the
following structure:

ð41Þ

where t1 and t2 are tetrahedra adjacent to opposite sides of a common face, v1 is the vertex contained in t1, v2 is the vertex
contained in t2, and the edge e ¼ hv1v2i pierces the common face. We present two equivalent expressions for the statistics,
both derived from our algorithm; either form can be used for computation, depending on convenience.
Consider the anomalous 0-form Z2 symmetry Sa and 2-form Z2 symmetry Sce defined below, with a qubit av placed on

each vertex v and a qubit cf on each face f:

ð42Þ
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In Appendix A 5, we show that the domain-wall excitations
associated with these symmetries exhibit the nontrivial
statistics Zparticle membrane

5 ¼ −1. These symmetries arise
from the ð3þ 1ÞD boundary of a ð4þ 1ÞD SPT phase
characterized by the degree-5 cohomology class

1

2
A1 ∪ A1 ∪ C3 ∈H5(BZ2 × B3Z2; Uð1Þ); ð43Þ

where A1 and C3 are the background gauge fields for the
0-form Z2 and 2-form Z2 symmetries, respectively.

III. FRAMEWORK FOR GENERALIZED
STATISTICS

A. Framework of invariants in generic dimensions

We describe the invariants associated with extended
excitations in generic dimensions. The T-junction process,
previously discussed for particle excitations, is generalized
to extended excitations in any dimension through a
sequence of unitaries that create these excitations.
Consider a system with a finite, invertible ðd − p − 1Þ-
form symmetry group G in a d-dimensional space. The
group G is generated by unitary operators U supported on
(pþ 1)-dimensional submanifolds. If the support has a
boundary, the operator U creates a p-dimensional extended
excitation at that boundary. For a 0-form symmetry with
p ¼ d − 1, G can be non-Abelian; in all other cases, G
must be Abelian. We first restrict attention to the Abelian
fusion group G, and address the non-Abelian case
in Sec. III B.

1. Excitations and unitaries on simplicial complex

Following the description of the T-junction process, the
construction of the invariant starts by fixing the possible
configurations of the excitations in space. We define the
excitation model as follows:
Definition III.1.An excitation model defined on a tensor-

product Hilbert space H over a d-dimensional spatial
manifold M consists of the following components:
(1) A finite Abelian groupA. Each group element a∈A

corresponds to a configuration of the excitations in
the space M. For each configuration a∈A, there
exists a state jai∈H, such that the states that
correspond to different configurations are orthogo-
nal [101].

(2) A finite set S and a map ∂∶S → A, such that Im ∂

generatesA. Each element s∈S represents a unitary
operator that creates the excitation ∂s. For each
s∈S, there exists a unitary operator UðsÞ such that
UðsÞjai ∝ jaþ ∂si for all a∈A. The support
of the unitary UðsÞ is the (pþ 1)-dimensional locus
suppðsÞ ⊂ M.

We note that the above definition assumes the invertible
symmetry with a grouplike fusion rule, and further that the

fusion group is finite and Abelian. One can extend the
above definition to the case of invertible non-Abelian group
symmetries, which will be studied in Sec. III B.
Let us take a concrete example of the excitation model

based on the T-junction reviewed in Sec. I A 1. In that case,
fUðsÞjs∈Sg is a set of operators that generate all string
operators with the fusion group G supported on the fixed
edges connecting the vertices 0,1,2,3 of Fig. 1(b). There are
six edges hjki with 0 ≤ j < k ≤ 3, so S is a set of
generators of G6. A is taken to be all configurations of
anyons created by sequences of operators in fUðsÞg acting
on the vacuum. This is isomorphic to A ¼ G3, which
corresponds to the configurations of anyons at four vertices
fusing into the vacuum. In the case of the T-junction, S can
be regarded as a set of generators of the group of 1-chains
C1ðX;GÞ in the simplicial complex X shown in Fig. 1(b), ∂
as the boundary map of the simplicial complex, and A as
the boundary group A ¼ B0ðX;GÞ.
More generally, one can construct an excitation model on

any finite simplicial complex X embedded in the space M,
which can describe extended excitations in arbitrary
dimensions. To illustrate these ideas, consider the excita-
tion model on a simplicial complex. In this case, let A be
the group of p-dimensional simplicial boundaries

A ¼ BpðX;GÞ: ð44Þ

We take S to be a minimal set of generators of the (pþ 1)-
chains of X with coefficients in G, i.e., generators of
Cpþ1ðX;GÞ. Concretely, each element s∈S is given by
s ¼ gσpþ1, where g∈G is one of the generators of G, and
σpþ1 is a single (pþ 1)-simplex of X. Viewing X as a
topological space embedded inM, suppðsÞ gives the image
of the simplex σpþ1 in M under the embedding map. The
unitary UðsÞ can then be expressed as UðsÞ ¼ Ugðσpþ1Þ,
namely, the operator generating the g∈G symmetry at the
simplex σpþ1 embedded in M. The map ∂∶S → A is the
homological boundary map of X, and we have UðsÞjai ∝
jaþ ∂si with a∈A; s∈S.
In general, different choices of the simplicial complex X

yield different invariants. To extract the complete set of
invariants observable in the spatial manifold M, one can
choose X as a simplicial decomposition of M. Meanwhile,
the generalized statistics of excitations are typically local
properties that can be extracted from a simplicial complex
X supported on a ball embedded in the whole space M.
Such invariants include, for example, the T-junction of
anyons, and are insensitive to the global topology of
the space.

2. Invariant Berry phases from unitary sequences

Now we are ready to construct the invariants out of the
sequence of unitaries fUðsÞg acting on the excited states
fjaig. From now, we assume that the excitation model is
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constructed on the simplicial complex X embedded in the
space, according to Sec. III A 1.
For a∈A; s∈S, the unitary operator UðsÞ transforms

the state jai into jaþ ∂si up to a phase:

UðsÞjai ¼ exp½iθðs; aÞ�jaþ ∂si: ð45Þ

Accordingly, the inverse of the unitary UðsÞ acts on the
states by

UðsÞ−1jaþ ∂si ¼ exp½−iθðs; aÞ�jai: ð46Þ

The invariant is then expressed as a sequence of unitary
operators starting and terminating with the same configu-
ration of excitations

ha0jUðsn−1Þ�;…; UðsjÞ�;…; Uðs0Þ�ja0i; ð47Þ

where � is the sign which can be chosen for each unitary.
This Berry phase will become the sum over the phases
θðs; aÞ with s∈S; a∈A.
To qualify the above phase as an invariant, one needs to

establish the invariance of the above quantity against
possible deformations of the states as well as unitaries.
For the formulation of the invariants, it is convenient to
express the above Berry phase as the element of the formal
sum of the objects θðs; aÞ:

E ¼ ⨁
s∈S;a∈A

Zθðs; aÞ; ð48Þ

which we call the expression group associated with the
excitation model. Each element e∈E is expressed as
e ¼ ⨁ðs;aÞϵðs; aÞθðs; aÞ with the integer coefficients
ϵðs; aÞ∈Z. The condition for e being the invariant will
be compiled into a set of equations that the coefficients
fϵðs; aÞjs∈S; a∈Ag need to satisfy. The invariants then
correspond to a specific subgroup Einv ⊂ E, which we now
characterize.
The first condition for Einv simply requires that the Berry

phase corresponds to a sequence of unitaries initiating and
terminating with the same state. This is equivalent to
requiring the invariance under the redefinition of the states
jai → eiϕðaÞjai for a∈A, which shifts the phases as
θðs; aÞ → θðs; aÞ − ϕðaÞ þ ϕðaþ ∂sÞ. The element e∈E
is invariant under such a redefinition of phases if and only if
the coefficients fϵðs; aÞg satisfyX
s∈S

ϵðs; aÞ −
X
s∈S

ϵðs; a − ∂sÞ ¼ 0; for any a∈A: ð49Þ

This gives the first necessary condition for e∈Einv.
The second condition for Einv is that the Berry phase is

invariant under the redefinition of unitariesUðsÞ by a phase
UðsÞ → eiϕðsÞUðsÞ for s∈S, shifting the phases as
θðs; aÞ → θðs; aÞ þ ϕðsÞ. The element e∈E is invariant

under such a redefinition if and only if the coefficients
fϵðs; aÞg satisfy

X
a∈A

ϵðs; aÞ ¼ 0; for any s∈S: ð50Þ

This gives the second necessary condition for e∈Einv.
The rest of the conditions for Einv are that the Berry

phase is invariant under the deformations of the unitary
UðsÞ by a local operator near the boundary of the support of
UðsÞ. Suppose that we add a local deformation at a point
contained in the j-simplex σj ∈X embedded in the space
M. This has the effect of locally modifying the symmetry
operator UðsÞ to the other unitary U0ðsÞ, when the support
(pþ 1)-simplex σpþ1 ¼ suppðsÞ contains the simplex σj.
Such an inclusion of a simplex is denoted by σj ⊂ σpþ1,
meaning that a set of vertices of σj is a subset of that
of σpþ1.
The phase θðs; aÞ gets shifted according to the redefi-

nition of the unitary. Since U0ðsÞ differs from UðsÞ locally,
the operator U0ðsÞ†UðsÞ is a local operator supported on a
local region r within σj. The excited states jai; jaþ ∂si
possibly get modified by jai0 ¼ Vjai; jaþ ∂si0 ¼
Ṽjaþ ∂si with some local unitary V; Ṽ with the same
support r as U0ðsÞ†UðsÞ. jai is then an eigenstate of the
operator OðrÞ ≔ V†U0ðsÞ†ṼUðsÞ. Let us denote the eigen-
value as the phase exp (iϕðs; aÞ),

eiϕðs;aÞjai ¼ OðrÞjai: ð51Þ

Because of the locality of the perturbation, V; Ṽ depend on
the excitation a only through its restriction to the set of
p-simplices satisfying σj ⊂ σp. Furthermore, the eigenvalue
exp (iϕðs; aÞ) of the local operatorOðrÞ ¼ V†U0ðsÞ†ṼUðsÞ
also depends on a only through the p-simplices with
σj ⊂ σp. To see this, we express exp (iϕðs; aÞ) as

eiϕðs;aÞ ¼ hajOðrÞjai
¼ h0jU†ðsaÞOðrÞUðsaÞj0i; ð52Þ

where sa ∈S satisfies a ¼ ∂sa, and 0∈A denotes the trivial
element ofA. SinceUðsaÞ is a finite-depth circuit, the part of
the circuit away from the region r commutes withOðrÞ. This
implies that U†ðsaÞOðrÞUðsaÞ is again a local operator
supported on r, and is independent of the configuration of a
away from the perturbation at r, which lies within a
simplex σj.
Now let us define ajσj as a G-valued p-cochain

defined by ajσj ¼ a at σp satisfying σj ⊂ σp, otherwise
zero. Because of the above argument, the action
of OðrÞ ¼ V†U0ðsÞ†ṼUðsÞ can be expressed as
V†U0ðsÞ†ṼUðsÞjai ¼ exp (iϕðs; ajσjÞ)jai; namely, the
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dependence on a is only through the configuration of a near
the simplex σj where the deformation occurs.
This implies that the action of U0ðsÞ is shifted from UðsÞ

by θ0ðs; aÞ ¼ θðs; aÞ þ ϕðs; ajσjÞ when σj ⊂ suppðsÞ.
Requiring the invariance of e∈E under this shift of θ is
equivalent to requiring that the coefficients fϵðs; aÞg satisfyX

a∈A

ajσj¼a
ðjÞ
�

ϵðs; aÞ ¼ 0 ð53Þ

for any possible choice of s∈S; σj ∈X satisfying σj ⊂
suppðsÞ and any aðjÞ� , with 0 ≤ j ≤ p.
One can further see that Eq. (53) labeled by 0 ≤ j ≤ p

gives a redundant set of constraints. To see this, pick a
j-simplex σj and a 0-simplex (vertex) σ0 of σj, i.e., σ0 ⊂ σj.

The chain að0Þ� then satisfies ðað0Þ� Þjσj ¼ aðjÞ� . We get

X
a∈A

ajσj¼a
ðjÞ
�

ϵðs; aÞ ¼
X
a
ð0Þ
�

ðað0Þ� Þjσj¼a
ðjÞ
�

0
@ X

a∈A

ajσ0¼a
ð0Þ
�

ϵðs; aÞ
1
A; ð54Þ

which implies that the equations for j ¼ 0 are sufficient to
fully characterize the constraints in Eq. (53). Thus, a
refined version of the condition equivalent to Eq. (53)
can be written as follows:X

a∈A

ajσ0¼a
ð0Þ
�

ϵðs; aÞ ¼ 0 ð55Þ

for any possible choice of s∈S, a 0-simplex σ0 ∈X

satisfying σ0 ⊂ suppðsÞ and any að0Þ� .
The above requirements complete the description of Einv;

the group Einv ⊂ E is defined as the group of e∈E whose
integral coefficients satisfy the conditions (49), (50), (55).

3. Equivalence of Berry phases and genuine invariants

Some elements of Einv correspond to trivial invariants.
One class of trivial invariants arises from the commutators
of the unitaries. For instance, if two unitaries Uðs1Þ; Uðs2Þ
have no overlap of their support suppðs1Þ ∩ suppðs2Þ ¼ ∅,
the commutator (10) ½Uðs2Þ; Uðs1Þ� ¼ 1 is trivial. This
implies that the element of Einv given by

θðs1; aÞ þ θðs2; aþ ∂s1Þ − θðs1; aþ ∂s2Þ − θðs2; aÞ
¼ 0 ðmod 2πÞ ð56Þ

gives a trivial invariant. Hence, the set fθðs; aÞg is not
entirely independent. More generally, let us take multiple
unitaries Uðs1Þ;…; UðsnÞ without common overlaps
suppðs1Þ ∩ … ∩ suppðsnÞ ¼ ∅. Noting that each unitary
UðsjÞ is a local finite-depth circuit, the higher commutator

(11), ½UðsnÞ; ½� � � ; ½Uðs2Þ; Uðs1Þ���, becomes trivial. Taking
the expectation value of these higher commutators with any
state jai gives an element of Einv that is a trivial invariant
[102]:

haj½UðsnÞ; ½�� � ; ½Uðs2Þ;Uðs1Þ���jai¼1;

∀ a∈A; ∀ s1;s2;…;sn∈Sjs1 ∩ s2 ∩…∩ sn¼∅: ð57Þ

This equation follows from the fact that the commutator of
two local finite-depth circuits are supported in the neigh-
borhood of their intersection.
We define the subgroup Eid ⊂ Einv as the group gen-

erated by the locality identities in Eq. (57). It can be verified
that Eid includes all invariants arising from the higher
commutators of operators of the form V ¼ Q

s∈S (UðsÞ)ns ,
with ns ∈Z [103]. To classify the genuine invariants, we
introduce the following quotient group:
Definition III.2. (Generalized statistics) The generalized

statistics is defined as the quotient ofEinv by the subgroupEid,

T ≔ Einv=Eid; ð58Þ

which forms an Abelian group.
We now establish the following theorem about the

property of this quotient group T:
Theorem III.3. (Initial-state independence) The gener-

alized statistics is uniquely determined by the sequence of
unitaries, independent of the initial state ja0i it acts upon,D

a0j
Y

UðsjÞ�ja0
E
¼

D
a00j

Y
UðsjÞ�ja00

E
ð59Þ

for all ha0j
Q

UðsjÞ�ja0i∈Einv and a00 ∈A.
To prove this, we first conjugate the entire sequence of

unitaries in Eq. (47) by another unitary operator Uðs0Þ.
Specifically, consider the equality of invariantsD
a0j

Y
UðsjÞ�ja0

E
¼

D
a0 þ ∂s0j

Y
ŨðsjÞ�ja0 þ ∂s0

E
;

ð60Þ

with s0 ∈S and ŨðsjÞ ≔ Uðs0ÞUðsjÞUðs0Þ†. One can then
write ŨðsjÞ as

ŨðsjÞ ¼ UðsjÞOð∂sjÞ; ð61Þ

Here, an operator Oð∂sjÞ ≔ ½UðsjÞ; Uðs0Þ†� is supported at
the neighborhood of ∂sj. This is because for s0 ≠ sj, the
commutator of Uðs0Þ; UðsjÞ has support at sj ∩ s0 ⊂ ∂sj.
For s0 ¼ sj, the symmetry operators of the Abelian fusion
group is commutative in the bulk, so Oð∂sjÞ again has
support within ∂sj. These Oð∂sjÞ can be treated as local
perturbations acting on the boundary of each unitary UðsÞ.
Then, by the definition of Einv, we have
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D
a0 þ ∂s0j

Y
ðUðsjÞOð∂sjÞÞ�ja0 þ ∂s0

E
¼

D
a0 þ ∂s0j

Y
ðUðsjÞÞ�ja0 þ ∂s0

E
: ð62Þ

Combining Eq. (60), and noting that Im ∂ generates A, this
completes the proof of Theorem III.3. As a result, the ratio

ha0j
Q

UðsjÞ�ja0i
ha00j

Q
UðsjÞ�ja00i

ð63Þ

with ha0j
Q

UðsjÞ�ja0i∈Einv and a00 ∈A becomes a trivial
phase. In Appendix D, we show that the above ratio (63)
becomes an element of Eid by explicitly checking that it is
given by a product of higher commutators.

4. Quantization of generalized statistics

In this section, we show that the above group T with any
finite simplicial complex X and finite Abelian group G
always becomes a finite Abelian group. In particular, this
implies that the invariants eiΘ in T must take the quantized
values.
Since the number of generators of T is finite upper

bounded by jSj × jAj, it suffices to show that T is a torsion,
i.e., a direct sum of finite Abelian groups and does not
contain a free part. Let us take an invariant ½e�∈Einv=Eid.
Then take a representative e∈Einv expressed as
e ¼ P

ðs;aÞ ϵðs; aÞθðs; aÞ. Since Eq. (63) is included in
Eid, the equivalence class of e is left invariant under the
global shift of a → aþ a0 with a0 ∈A in phases θðs; aÞ,
which leads to the expression e0 ¼ P

ðs;aÞ ϵðs; aÞθðs; aþ
a0Þ with ½e� ¼ ½e0�. We then get

jAj½e� ¼
X
a0∈A

X
ðs;aÞ

ϵðs;aÞθðs;aþa0Þ

¼
X
a0∈A

X
ðs;aÞ

ϵðs;a−a0Þθðs;aÞ

¼
X
ðs;aÞ

�X
a0∈A

ϵðs;a0Þ
�
θðs;aÞ ¼ 0 ðmod 2πÞ; ð64Þ

where we used Eq. (50) in the last equation. Since A ¼
BpðX;GÞ is finite, this implies that any element of T has
finite order which divides jAj. This shows that T is a finite
Abelian group.
Later in Secs. V and VI, the invariants in T will be

identified as the microscopic definition of the ’t Hooft
anomalies of the global symmetry G. The above observa-
tion implies that the ’t Hooft anomalies in the microscopic
lattice systems generally become a torsion whenG is finite.
This is consistent with a generic conjecture that the ’t Hooft
anomalies realized in symmetry-preserving gapped theories
must be a torsion [104]. We comment on the applicability

of generalized statistics in generic gapless systems in
Sec. VII.

B. Generalized statistics for non-Abelian 0-form
symmetries

1. Generalized statistics for non-Abelian fusion groups

It is straightforward to extend the above formalism to the
case of non-Abelian fusion group G, which can happen for
the 0-form symmetry. Let us describe the excitation model
for the non-AbelianG on a simplicial complex X embedded
in a d-dimensional space. S is again a set of a pair
s ¼ ðgj; σdÞ, where fgjg is a minimal set of generators
of G, and σd is a d-simplex of X. Each element s∈S
corresponds to the unitary UðsÞ ¼ UgjðσdÞ. Then, A is
identified as the set of the states fjaig obtained by the
sequence of unitaries on a fixed G symmetric state j0i. The
unitary acts on the state by UðsÞjai ¼ eiθðs;aÞja × ∂si with
the group fusion ×, i.e., fusing the excitations at the
boundary of a d-simplex.
The expression groups E;Einv; Eid can be readily gen-

eralized to the non-Abelian group G.
There are slight modifications to the characteristic

equations for Einv, Eid arising from the non-Abelian nature
of fusion groups. The only modification to Einv is that one
of the conditions for Einv (49) is expressed according to the
fusion of non-Abelian groups asX
s∈S

ϵðs;aÞ−
X
s∈S

ϵ(s;a× ð∂sÞ−1)¼ 0; for any a∈A: ð65Þ

For the definition of Eid, the non-Abelian fusion group
has the effect of modifying Eq. (59). Instead of Eq. (59), for
non-Abelian G we have the equationD
a0j

Y
UðsjÞ�ja0

E
¼
D
a0× ∂s0j

Y
ρs0 ½UðsjÞ��ja0× ∂s0

E
ð66Þ

for all ha0j
Q

UðsjÞ�ja0i∈Einv and any choice of
s0 ¼ ðg0; σ0dÞ. Here, we write the conjugation action of
Uðs0Þ on UðsÞ with s ¼ ðg; σdÞ by

ρs0 ½UðsÞ� ¼
�Ug0gg0−1ðσdÞ; σd ¼ σ0d;

UgðσdÞ; σd ≠ σ0d:
ð67Þ

That is, Uðs0Þ acts on UðsÞ by an automorphism if these
operators have the same support. Equation (66) can be
derived by a similar discussion to the proof of Eq. (59).
We define the group Eid ⊂ Einv as the group generated by

the elements in the form of the ratio

ha0j
Q

UðsjÞ�ja0i
ha0 × ∂s0jQ ρs0 ½UðsjÞ��ja0 × ∂s0i ð68Þ
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with ha0j
Q

UðsjÞ�ja0i∈Einv, s0 ∈S, and the elements
given by the higher commutators

haj½UðsnÞ; ½� � � ; ½Uðs2Þ;Uðs1Þ���jai ¼ 1;

∀ a∈A; ∀ s1; s2;…; sn∈Sjs1 ∩ s2 ∩… ∩ sn ¼∅: ð69Þ
It is expected that the ratio (68) is again given by a product
of higher commutators, and the above definition gives a
redundant set of generators. Verifying this expectation is
left for future studies.

2. Quantization of invariants for non-Abelian
fusion groups

One can also show the quantization of invariants for non-
Abelian fusion groups. For simplicity, let us take X to be a
triangulation of a sphere Sd.
Consider an element ½e�∈T ¼ Einv=Eid. Since Eq. (68) is

an element of Eid, conjugation by a unitary Uðs0Þ leaves the
equivalence class [e] invariant. Hence, conjugation by any
unitary of the form

Q
σ0 ∈X Ug0ðσ0Þðσ0Þ leaves [e] invariant,

where g0ðσ0Þ is any group element g0ðσ0Þ∈G chosen for each
d-simplex σ0. Each Ug0ðσ0Þðσ0Þ is a product of operators UðsÞ
with s∈S supported on the simplex σ0. Now let us sum over
all possible conjugation actions of [e] by

Q
σ0 ∈X Ug0ðσ0Þðσ0Þ.

This corresponds to summing over all choices of group
elements g0ðσ0Þ for eachd-simplex, giving jGjNd possibilities,
where Nd is the number of d-simplices in X.
After this summation, we obtain an expression of

jGjNd ½e�, and we will show that it vanishes. To see this,
pick a single d-simplex σd ∈X, and focus on the coefficient
of the phase θðs; aÞ with s supported on σd. Then, in the
sum over conjugation actions, first sum over the Nd − 1
d-simplices with σ0 ≠ σd,

jGjNd−1½e�

¼
X
fg0ðσ0Þg
σ0≠σd

X
a∈A

ϵðs; aÞθ
�
s; a ×

Y
σ0≠σd

∂(g0ðσ0Þ; σ0)
�
þ � � � ;

where � � � denotes the other phases θ. Note that while the
excitation a is shifted by the conjugation action, s remains
invariant under conjugation since the action avoids the
simplex σd. Here, since X is a triangulation of a sphere,
Imð∂Þ with the domain σ0 ≠ σd generates the entire group
A. Therefore, one can rewrite

jGjNd−1½e� ¼
X
a0 ∈A

X
a∈A

ϵðs; aÞθðs; a × a0Þ þ � � �

¼
X
a0 ∈A

X
a∈A

ϵðs; a × a0−1Þθðs; aÞ þ � � �

¼
X
a∈A

�X
a0 ∈A

ϵðs; a0Þ
�
θðs; aÞ þ � � �

¼ 0þ � � � ; ð70Þ

implying that the contribution from each s∈S vanishes
when summing over the Nd − 1 simplices avoiding s. This
derivation shows that jGjNd ½e� becomes zero. Therefore, we
conclude that the generalized statistics T forms a finite
Abelian group whose order divides jGjNd . The invariants
are thus quantized into discrete values.

IV. COMPUTATION OF GENERALIZED
STATISTICS

In the previous section, we provided the conditions
[Eqs. (49), (50), and (55)] under which a process remains
invariant under any local deformation. Solving for ϵðs; aÞ
that satisfies these equations is generally challenging. For
instance, Ref. [45] uses computational methods to solve
similar equations for loop excitations in ð3þ 1ÞD, with
additional constraints (specifically, restricting to processes
that flip a loop). However, extending this approach to other
types of excitations is not straightforward. Therefore, we
adopt an alternative approach. Instead of directly solving
the equations, we investigate the “trivial solutions” and use
them to construct new solutions for genuine generalized
statistics.
Specifically, for each locality identity in Eq. (57) within

Eid, a linear combination of θðs; aÞ must be zero modulo
2π. The coefficients ϵðs; aÞ satisfy the conditions given in
Eqs. (49), (50), and (55) since the locality identities always
hold, regardless of how UðsÞ or jai is deformed. Since the
commutators of unitaries for nonoverlapping simplexes
always yield a phase factor of þ1, the solution ϵðs; aÞ
derived from the locality identity is considered a trivial
solution.
Next, note that these equations are linear in ϵðs; aÞ.

Specifically, if fϵðs; aÞg is a solution, then fϵ0ðs; aÞ ≔
αϵðs; aÞg is also a solution, provided that all αϵðs; aÞ
remain integers. If we find a combination of locality
identities such that all coefficients fϵðs; aÞg are multiples
of an integer k, we can obtain a potentially nontrivial
solution by dividing these coefficients by k. If this new
solution cannot be expressed as a linear combination of
identities in Eid, we categorize it as a genuine invariant.
Moreover, this solution imposes a constraint on the
generalized statistics, which can only take the form
exp½ð2πijÞ=k�, where j∈ 0; 1; 2;…; k − 1.

A. Deriving generalized statistics via locality identities

In this section, we explicitly derive several statistical
processes from locality identities. These derivations can be
regarded as mathematical proofs carried out by hand
(without computer assistance), confirming the correctness
of the results presented in the previous sections.
Specifically, the ð2þ 1ÞD Z2 particle-exchange statistics
is derived in Sec. IVA 1, and the ð3þ 1ÞDZ2 loop-flipping
statistics is derived in Sec. IVA 2. In addition, the
ð1þ 1ÞD Z2 particle-fusion statistics and the ð3þ 1ÞD
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loop-membrane mutual statistics are derived in
Appendixes C 3 and C 4, respectively. The algorithmic
approach for systematically deriving these processes will
be presented in the following section.

1. Z2 particles in ð2+ 1ÞD
As an example, we begin by considering the T-junction

process in ð2þ 1ÞD with the fusion group G ¼ Z2,
demonstrating that its anyon statistics must take the form
expðiΘÞ ¼ �1;�i. The configuration states are shown in
Fig. 5(a). We start by presenting particular locality iden-
tities for demonstration:

ð71Þ

In terms of θðs; aÞ, the above identity can be expanded as

ð72Þ

where we have adjusted the notation from θðs; aÞ to
θ(UðsÞ; a). This change allows us to extend the definition
of θ for UðsÞ−1 as

θ(UðsÞ−1; a) ≔ −θ(UðsÞ; a − ∂s); ð73Þ

which follows from Eqs. (45) and (46). More generally, θ
can be defined for any sequence of UðsÞ using the
following property:

θ(VUðsÞ�; a) ≔ θðV; a� ∂sÞ þ θ(UðsÞ�; a) ð74Þ
for all unitary operators V. Using Eq. (73), the locality
identity (72) can be rewritten as

ð75Þ
where we express θ solely in terms of U, without involving
U−1. Besides this locality identity, we can write down the
following eight identities:
(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

FIG. 5. (a) Configuration space for Z2 particles on a triangle with a central vertex. We analyze states within the same superselection
sector as the vacuum. These states are interconnected through string operators U0i where i ¼ 1, 2, 3 delineating the 1-skeleton of a cube.
It is important to note that transitions between states can be achieved by applying either U0i or U−1

0i , and generally, the operator U
2
0i does

not necessarily equalþ1. Connections between states viaUij are not explicitly shown in this diagram. (b) Visualization of the T-junction
process in the configuration space. A specific initial state is selected (the outcome is independent of this choice), demonstrating how the
T-junction process swaps the positions two particles.
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In Appendix C 1, we explicitly demonstrate that summing
over the nine identities above yields the resulting equation:

ð76Þ

where the six θ terms can be combined into a total phase of
a sequence of unitaries

ð77Þ

This sequence of unitaries precisely corresponds to the
T-junction process as defined in Eq. (19) and is illustrated
within the configuration state space in Fig. 5(b). Note that
the coefficient 4 in Eq. (77) is crucial, as it constrains the
phases to be

ð78Þ

indicating that the anyon with G ¼ Z2 fusion can be a
boson, a fermion, or an (anti)semion. The coefficient in
Eq. (77) depends on both the fusion groupG and the spatial
dimensions.
This computation can be generalized for G ¼ ZN

straightforwardly. Specifically, in ð2þ 1ÞD, the coefficient
is 2N for even N and N for odd N, while in ð3þ 1ÞD, the
coefficient is 2 for even N and 1 for odd N, as discussed
previously in Eq. (20). This is consistent with the topo-
logical spin of ZN anyons (related to the topological twist
by e2πih) given by h ¼ ½p=ð2NÞ� mod 1 for integer p ¼
0; 1;…; 2N − 1 for even N, and p ¼ 0; 2; 4…; 2N − 2 for
odd N in a bosonic theory, i.e., no transparent local
fermion [50].
In the following sections, we present an algorithm that

systematically determines these coefficients using the
Smith normal form. In particular, we have reproduced
the above quantization of topological spin forG ¼ ZN with
N ≤ 10 using our personal computers, while higher N
demands more computational resources.

2. Z2 loops in ð3 + 1ÞD
In addition to the well-known T-junction process for

detecting the spins of particles, we now proceed to another
more intricate example: the loop-flipping process for Z2

loops in ð3þ 1ÞD. This process was first proposed in

Ref. [45], where computers found a sequence of 36
unitaries to ensure invariance under any local perturbation.
In Appendix C 2, we utilize our new method, which
involves summing over locality identities, to derive a
sequence of 24 unitaries μ24 that satisfy the following
equation analogous to Eq. (77):

ð79Þ

with μ24 defined in Eq. (26) and illustrated in Figs. 3 and 4.
Therefore, the total phase of this sequence must be 0 or π
mod 2π, implying that a loop with G ¼ Z2 fusion can be
either bosonic or fermionic [44,45]. We further demonstrate
that the total phase generated by the 36-unitary sequence
from Ref. [45] matches the phase obtained from our μ24
sequence, up to some locality identities. In other words,
both sequences yield the same loop statistics, but our
process is more efficient, requiring fewer unitaries. We
have verified that the 24-step sequence is optimal, as no
shorter sequence exists.

B. Computational algorithm using the Smith
normal form

In the previous section, we derived the T-junction
process in ð2þ 1ÞD and introduced the novel 24-step
loop-flipping processes in ð3þ 1ÞD. A natural question
arises how to systematically determine specific linear
combinations of the local identities such that the
overall coefficients fϵðs; aÞg in the expression e ¼P

s;a ϵðs; aÞθðs; aÞ result in a greatest common divisor
(gcd) greater than 1.
For smaller fusion groups, such as G ¼ Z2, it is often

feasible to rely on human intuition to manually determine
the appropriate local identities to be summed in order to
cancel certain θðs; aÞ terms, ultimately ensuring that the
remaining coefficients are all 2 or 4. We demonstrated this
process in detail in Appendix C, where we effectively
exploited the structure of Z2 to construct explicit summa-
tions that achieve the desired gcd properties.
For larger groups or more complex settings, it becomes

challenging to manually determine the appropriate sum-
mation of local identities. Meanwhile, it turns out that
finding such a summation can be efficiently handled by
computational algorithms. The algorithm systematically
determines the appropriate summation of locality identities
by computing the Smith normal form of the corresponding
matrix representation. By expressing the locality identities
in matrix form, we can use the Smith normal form to
identify combinations of rows that yield nontrivial gcd
values for the coefficients ϵðs; aÞ. This method provides a
systematic approach to finding the appropriate summations
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for larger fusion groups beyond Z2, and allows us to
optimize the result by finding the shortest unitary sequence.
The algorithm proceeds as follows: We first construct the

matrixM, whose rows represent the locality identities, with
entries corresponding to the coefficients of the θðs; aÞ terms
in each identity. We then compute the Smith normal form
(SNF) of M, which allows us to determine the invariant
factors and, subsequently, the linear combinations of the
original identities that yield the desired gcd properties for
the coefficients ϵðs; aÞ.
To illustrate this process, let us consider a toy example

with three θ terms, θ1, θ2, and θ3, and three locality
identities:

θ1 þ 2θ2 þ 3θ3 ¼ 0 ðmod 2πÞ;
4θ1 þ 5θ2 þ 6θ3 ¼ 0 ðmod 2πÞ;
7θ1 þ 8θ2 þ 9θ3 ¼ 0 ðmod 2πÞ: ð80Þ

These three locality identities are not independent, as the
sum of the first and third identities equals twice the second
identity. However, for the sake of demonstration, we
proceed without recognizing this redundancy, as it can
be challenging to identify such relationships in more
extensive systems with thousands of identities in practice.
These locality identities can be represented as the phase

relation matrix:

M ¼

θ1 θ2 θ32
64
1 2 3

4 5 6

7 8 9

3
75 ; ð81Þ

where each row represents a locality identity. Row oper-
ations involving adding an integer multiple of one row to
another do not change the row vector space spanned by
these locality identities; they merely redefine the basis.
However, column operations require more attention, as they
necessitate the redefinition of phase labels for each column.
Specifically, adding column k to column j requires a
redefinition of phases as θ0j ¼ θj and θ0k ¼ ð−θj þ θkÞ:

Mi;jθj þMi;kθk ¼ ðMi;j þMi;kÞθ0j þMi;kθ
0
k ∀ i: ð82Þ

Next, we calculate the SNF of M, obtaining integer
matrices L, R, and A such that

M ¼ LAR; ð83Þ

where A is a diagonal integer matrix, and L and R are
unimodular matrices (i.e., with determinant �1). For the
matrix M given in Eq. (81), we decompose it as

2
64
1 2 3

4 5 6

7 8 9

3
75 ¼

2
64
1 0 0

4 −1 0

7 −2 1

3
75
2
64
1 0 0

0 3 0

0 0 0

3
75
2
64
1 2 3

0 1 2

0 0 1

3
75:
ð84Þ

We claim that this system exhibits Z3 generalized statistics
corresponding to the second diagonal entry in the matrix A.
This corresponds to the process θ2 þ 2θ3, which is repre-
sented by the second row of the matrix R.
To justify the physical interpretation of this computation,

let us proceed step by step. We begin with the matrix M in
Eq. (81) and perform row operations over integers to obtain
its Hermite normal form (HNF). We start by eliminating the
entries below the first pivot, which is 1 in the first row and
first column. First, we subtract 4 × row 1 from row 2 and
subtract 7 × row 1 from row 3. The matrix then becomes

M0 ¼

θ1 θ2 θ32
64
1 2 3

0 −3 −6
0 −6 −12

3
75 : ð85Þ

Next, we eliminate the entries below the second pivot. We
focus on the second column, where the pivot is −3. We add
2 × row 2 to row 3 to eliminate the entry below the pivot.
The matrix M0 becomes

M00 ¼

θ1 θ2 θ32
64
1 2 3

0 −3 −6
0 0 0

3
75 : ð86Þ

To make the second pivot positive, we multiply row 2
by (−1):

MSNF ¼

θ1 θ2 θ32
64
1 2 3

0 3 6

0 0 0

3
75 ; ð87Þ

which is the final Hermite normal form.
Subsequently, we perform column operations, using the

1 in the first row to cancel out the entries 2 and 3 in the first
row. Similarly, we use the 3 in the second row to cancel out
the 6. According to the rule in Eq. (82), we reduce M to its
Smith normal form

M ¼

θ01 θ02 θ032
64
1 0 0

0 3 0

0 0 0

3
75 ; ð88Þ
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with redefined phase labels as

θ01 ¼ θ1 þ 2θ2 þ 3θ3;

θ02 ¼ θ2 þ 2θ3;

θ03 ¼ θ3: ð89Þ

The physical interpretation of Eq. (88) is that all locality
identities can be reduced to three equations:

1θ01 ¼ 0; 3θ02 ¼ 0; 0θ03 ¼ 0: ð90Þ

This means that θ01 is fixed, θ
0
3 can take any value, and θ02

must be ð2πjÞ=3 for j ¼ 0, 1, 2. In other words, this toy
system exhibits Z3 statistics corresponding to the unitary
sequence labeled by θ02 ¼ θ2 þ 2θ3.
Inspired by this example, we can derive the following

theorem:
Theorem IV.1. (Generalized statistics) Let M be the

phase relation matrix for a given simplicial complex and a
fusion group, and consider its Smith decomposition
M ¼ LAR. If any diagonal entry aii in A satisfies
aii ≠ 0, 1, then it gives rise to generalized statistics of
type Zaii , with the ith row of the matrix R specifying the
corresponding unitary sequence. Namely, the generalized
statistics T forms an Abelian group characterized by

T ¼ ⨁
aii≠0;1

Zaii : ð91Þ

Remark IV.1. The sum of θ terms in each row of R must
originate from a sequence of unitary operators. This is
because, in the original phase relation matrix M, each row
corresponds to a (higher) commutator, which forms closed
loops connecting the configuration states. Therefore,
although each row of R may be divided by the greatest
common divisor of the coefficients, it still represents a
superposition of multiple closed loops. By the Eulerian
path theorem, we can identify a sequence that generates
these loops (allowing for retracing edges to cancel their
contributions).
Remark IV.2. In the Smith decomposition (83), the

matrix A is uniquely determined, while the matrices L
and R are not. However, any valid choice of Rwill yield the
same generalized statistics, with the total phases differing
only by linear combinations of locality identities. Typically,
we choose R such that its entries contain as many zeros as
possible, as this simplifies the corresponding unitary
sequence.
The phase relation matrix M in Eq. (81) serves as a toy

example; in practice, the computation can be much more
involved. For example, when determining the SNF, each
diagonal element must divide the next, requiring careful
manipulation. Obtaining either the HNF or the SNF
involves repeated use of the Euclidean algorithm to
compute the greatest common divisors between matrix

entries in each row or column. For general dense matrices,
this procedure can be both time and memory intensive for
most computer implementations of SNF algorithms.
However, in our setting the matrices are sparse and most
entries are �1, which allows programs such as SHEAFHOM

[105] to run significantly faster. In practice, the computa-
tion time is mainly determined by the number of columns
of M:

dim E¼ jnumber of simplexesj× jgenerators ofGj× jAj:

On a standard personal computer, it is feasible to compute
the HNF or SNF for dim E ∼ 104 within a reasonable time.
For example, in the ð2þ 1ÞD T-junction process with

fusion group G ¼ ZN on the simplicial complex shown in
Fig. 1(b), there are six edges, G has a single generator, and
there are N3 configuration states. Thus, the number of
θðs; aÞ terms is 6N3. In this situation, we are able to
compute the cases with N ≤ 12.
The loop fusion statistics with fusion group G ¼ ZN ×

ZN is also computed on the simplicial complex shown in
Fig. 1(b). In this case, there are four faces, G has two
generators, and the number of configuration states is N6.
Consequently, the number of θðs; aÞ terms is 8N6. We can
carry out the computation for cases with N ≤ 5.
Consider another example involving loop statistics with

G ¼ ZN on the ð3þ 1ÞD simplicial complex shown in
Fig. 1(c). Here, there are ten faces,G has a single generator,
and there areN6 configurations. The total number of θðs; aÞ
terms is 10N6, which limits our computations to N ≤ 4.
Lastly, for membrane statistics with G ¼ ZN in the ð3þ

1ÞD simplicial complex shown in Fig. 1(c), there are five
tetrahedra (including the outer one), G has a single
generator, and there are N4 configurations. Therefore,
the total number of θðs; aÞ terms is 5N4, allowing us to
compute the cases with N ≤ 8.

C. Generalized statistics as anomalies:
Computational approach

Using the SNF algorithm presented above, we obtain the
classification of the generalized statistics in various spatial
dimensions, as summarized in Sec. II.
Below, we comment on the implications of several

generalized statistics for the algebraic structure of the
symmetry operators. We take the simplicial complex X
for the excitation model to be the minimal triangulation of
Sd embedded in d-dimensional space [106].

(i) In ð1þ 1ÞD with finite 0-form symmetry G, we
obtain the generalized statistics T generated by the
unitary sequence

Z3ðgÞ ≔ ½UðgÞ02; UðgÞjgj01�; ð92Þ

with g∈G. This form of the invariant immediately
implies that the nontrivial invariant Z3ðgÞ ¼ eiΘ
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becomes an obstruction to having

UðgÞjgj01 ¼ 1; ð93Þ

which means that the symmetry operator on an
interval must violate the original group fusion rule.

Note that an on-site symmetry satisfies UðgÞjgj01 ¼ 1,
since on-site operators supported on an interval
again follow the G fusion rule. This immediately
leads to the physical consequence that the operator
UðgÞ with the nontrivial invariant Θ cannot be
realized by an on-site symmetry on the lattice.
Physically, the invariant indicates that the fusion

of the operator UðgÞjgj01 creates an electric charge
of the G symmetry localized at the end of the
interval, which is a nontrivial point operator at the
boundary.

(ii) In (2þ 1)D with 0-form symmetry G ¼ ZN × ZN,
the invariant is classified by T ¼ ZN × ZN. The
classification is generated by a pair of invariants
Z4ðaÞ; Z4ðbÞ shown in Eq. (21), with a, b the
generators of ZN × ZN . Although not manifest from
their form, it turns out that either of the invariants
Z4ðaÞ; Z4ðbÞ becomes an obstruction to the follow-
ing ZN × ZN fusion algebra of symmetry operators:

UðaÞNijk ¼ UðbÞNijk ¼ ½UðaÞijk; UðbÞijk� ¼ 1: ð94Þ

This obstruction can be explicitly demonstrated by
the SNF algorithm. Specifically, we add the equa-
tions of the phases θðs; aÞ originating from the three
equations in Eq. (94) to the rows of the phase
relation matrixM, and denote the new matrix byM0.
Running the SNF algorithm on M0 classifies the
invariants under these additional algebraic con-
straints. This invariant turns out to be trivial, which
means that the original invariants Z4ðaÞ; Z4ðbÞ must
be trivial under the ZN × ZN fusion rule of UðaÞ,
UðbÞ. This shows that Z4ðaÞ; Z4ðbÞ obstruct the
fusion rule (94). By a discussion analogous to the
ð1þ 1ÞD case, this trivialization implies that either
of the invariants Z4ðaÞ; Z4ðbÞ becomes an obstruc-
tion to realizing the ZN × ZN symmetry by on-site
operators.

In the above examples, the generalized statistics define
obstructions to a certain group theoretical identity of
operators UðsÞ under its fusion. It turns out that this is a
symptom of the ’t Hooft anomaly of the global symmetryG
defined as obstructions to gauging the symmetry. Roughly
speaking, failure of the group identities such as Eq. (94) is
directly interpreted as the failure of the Gauss law con-
straints in the gauge theory, where each unitary UðsÞ is
identified as a product of Gauss law operators. This leads to
the absence of a gauge-invariant Hilbert space after an

attempt to promote the global symmetry to the gauge
symmetry. Such a perspective of the generalized statistics
as the anomalies will be discussed in detail in the following
sections.
In (bosonic) quantum field theory, the ’t Hooft anomalies

of a finite ðd − p − 1Þ-form symmetry G in d spatial
dimensions are classified by the group cohomology
Hdþ2(Bd−pG;Uð1Þ), where Bd−pG represents the
Eilenberg-MacLane space of the group G. In all
the examples we evaluated using the SNF algorithm,
the generalized statistics T match the group cohomology.
This consistency leads us to the following conjecture:
Conjecture IV.2. Consider p-dimensional excitations

with a ðd − p − 1Þ-form symmetry and fusion group G
in d spatial dimensions. Let X be a simplicial complex that
triangulates the d-dimensional sphere Sd. Then, the gen-
eralized statistics T of p-dimensional excitations on X are
classified by the cohomology of the Eilenberg-MacLane
space [107]:

T ¼ Hdþ2½Bd−pG;Uð1Þ�: ð95Þ

We remark that, in principle, any finite simplicial
complex X on Sd could be chosen to compute the
generalized statistics. We numerically observed that differ-
ent triangulations of Sd yield the same result. This leads us
to the above conjecture that the generalized statistics do not
depend on the choice of the triangulation of Sd. Hence, we
have decided to use minimal triangulation for convenience.

D. Stability of generalized statistics

Beyond the evidence of Conjecture IV.2 provided above
by computational methods, we present additional insights
to support our conjecture. Assuming the independence of T
under the choice of triangulations, one can see that both T
and the group cohomology in Eq. (95) stabilize in the sense
that for fixed p, both become independent of d
for d ≥ dcrit ≔ 2pþ 3.
Let us first see how the generalized statistics T stabilizes.

When we define the generalized statistics of p-dimensional
excitations, the excitations and unitaries are supported
within the finite (pþ 1)-skeleton Xpþ1 that collects
0;…; ðpþ 1Þ-simplexes of X. According to dimension
theory in point-set topology [109], every finite (pþ 1)-
dimensional simplicial complex, with Lebesgue covering
dimension of pþ 1, can be embedded in S2pþ3. Therefore,
any complex Xpþ1 can be embedded in a triangulation of
S2pþ3. This implies that any invariants of p-dimensional
excitations can be realized by a unitary sequence in a
suitable triangulation of S2pþ3. Assuming the independence
on the triangulation of Sd, one can conclude that the
generalized statistics T stabilizes for d ≥ dcrit ¼ 2pþ 3.
Let us explicitly check this stability with several

examples of small p. For particle statistics (p ¼ 0), all
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one-dimensional simplicial complexes can be embedded in
Sd for d ≥ 3. In other words, in spatial dimensions d ≥ 3,
particle statistics stabilizes and is characterized by a single-
Z2 invariant distinguishing bosons from fermions. This
result aligns with the fact in Lorentz invariant theories, the
particles with fractional statistics can exist only in ð1þ 1ÞD
or ð2þ 1ÞD, while the statistics is restricted to bosons or
fermions in higher dimensions. Similarly, for loop excita-
tions (p ¼ 1), the critical dimension is dcrit ¼ 2pþ 3 ¼ 5.
In spatial dimensions d ≥ 5, loop statistics stabilizes and is
characterized by a single-Z2 invariant that distinguishes
between bosonic and fermionic loops. An analogous result
holds for membrane excitations (p ¼ 2), where the gener-
alized statistics stabilize at dcrit ¼ 7.
Meanwhile, the (co)homology of the Eilenberg-

MacLane space also stabilizes.
Theorem IV.3. (13.2.2 of Ref. [110]) For any Abelian

group A, there exists a chain complex Q�ðAÞ whose
homology is isomorphic to the stable homology of the
Eilenberg-MacLane space:

Hn½Q�ðAÞ� ≅ Hnþk½KðA; kÞ�; k ≥ nþ 1:

Using the universal coefficient theorem and the long
exact sequence associated with 0 → Z → R → R=Z → 0,
we obtain the stabilization of the cohomology of
the Eilenberg-MacLane space with coefficients in
R=Z ¼ Uð1Þ:

Hnþk(BkG;Uð1Þ) ¼ H2nþ1(Bnþ1G;Uð1Þ) ð96Þ

for all k ≥ nþ 1. By choosing n ¼ pþ 2 and k ¼ d − p,
we find that Hdþ2(Bd−pG;Uð1Þ) stabilizes with respect to
d for k ≥ nþ 1, or equivalently,

d ≥ dcrit ¼ 2pþ 3; ð97Þ

which matches precisely with the argument from the
embedding theorem. Therefore, this consistency for the
pattern of stability supports Conjecture IV.2.
The group cohomology that appears in Conjecture IV.2

classifies the topological responses in (dþ 2) dimensions
that describe the anomaly inflow. We close this section with
comments on the stable generalized statistics and the
corresponding topological response:

(i) For particle statistics (p ¼ 0) with the fusion group
G ¼ ZN , the stable generalized statistics for d ≥ 3 is
classified by Zgcdð2;NÞ—boson or fermion for even
N. The statistics of the emergent particles are
interpreted as a framing anomaly of the topological
line operator, which is in turn understood as the
’t Hooft anomaly of the (d − 1)-form Z2 symmetry
generated by this line operator. This ’t Hooft
anomaly is characterized by the response

π

Z
w2 ∪ Bd ¼ π

Z
Sq2ðBdÞ; ð98Þ

where Bd is the d-form ZN background gauge
field with even N, and w2 is the second Stiefel-
Whitney class.

(ii) For loop statistics (p ¼ 1) with the fusion group
G ¼ ZN , the stable generalized statistics for d ≥ 5 is
classified by Zgcdð2;NÞ—bosonic or fermionic loops
for even N. The statistics is again interpreted as a
framing anomaly of the topological surface operator,
which is the ’t Hooft anomaly of the (d − 2)-formZ2

symmetry generated by this surface operator.
The ’t Hooft anomaly is characterized by the
response

π

Z
w3 ∪ Bd−1 ¼ π

Z
w2ðdBd−1=2Þ

¼ π

Z
Sq2ðdBd−1=2Þ; ð99Þ

where Bd−1 is the (d − 1)-form ZN background
gauge field with even N, and w3 is the third
Stiefel-Whitney class. The first equality follows
from w3 ¼ Sq1w2 on orientable manifolds, and
Sq1Bd−1 ¼ dBd−1=2 where the right-hand side uses
a lift of Z2 cocycle Bd−1 to Z4 cochain.

(iii) For membrane statistics (p ¼ 2) with the fusion
groupG ¼ ZN , numerical computations suggest that
the stable generalized statistics for d ≥ 7 is classified
by Zgcdð2;NÞ × Zgcdð3;NÞ. We expect that the Z2

statistics with even N is again associated with the
mixed gravitational ’t Hooft anomaly involving the
Stiefel-Whitney class,

π

Z
ðw4 þ w2

2Þ ∪ Bd−2 ¼ π

Z
Sq4ðBd−2Þ: ð100Þ

Meanwhile, for the Z3 statistics with N multiple of
3, we expect that the anomaly is associated with the
Pontryagin class p1,

2π

3

Z
p1 ∪ Bd−2: ð101Þ

This implies that the membrane excitation is chiral;
it has chiral central charge c− ¼ −8. See also
Ref. [111] for a recent discussion on this response
action. This Zgcdð3;NÞ invariant already appears in
d ¼ 4, with the simplest example given in
Ref. [112]:

2π

3

Z
p1 ∪ B2 ¼

2π

3

Z
B2 ∪ B2 ∪ B2: ð102Þ

It would be interesting to verify the above expect-
ations and find the corresponding generalized sta-
tistics on lattice models.

KOBAYASHI, LI, XUE, HSIN, and CHEN PHYS. REV. X 16, 011010 (2026)

011010-24



V. STATISTICS AS OBSTRUCTION TO GAUGING

Let us make a direct connection between the generalized
statistics and the ’t Hooft anomaly of the lattice models.
Suppose that a lattice model in d spatial dimensions has a
finite ðd − p − 1Þ-form symmetry G. We argue that the
invariant Θ gives an obstruction to gauging the global
symmetry. This implies that Θ generally gives a micro-
scopic definition of the ’t Hooft anomaly.
For simplicity, let us study the system on a

d-dimensional hypercubic lattice. We assume that the
generators of the symmetry g∈G are expressed as a
product of local unitaries:

UgðΣpþ1Þ ¼
Y

Δpþ1 ∈Σpþ1

UΔpþ1;g; ð103Þ

where UΔpþ1;g is a unitary supported on a (pþ 1)-cube
Δpþ1. We do not require the operators fUgðΔpþ1Þg to
commute with each other; the above product is understood
as the action of a finite-depth circuit of local uni-
taries fUgðΔpþ1Þg.
Let us briefly recall the procedure of gauging G on the

lattice. The first step is to enlarge the Hilbert space by
adding G gauge fields on the p-cubes. The next step is to
impose the Gauss law constraints on the Hilbert space,

GΔpþ1;g ¼ 1; ð104Þ

with

GΔpþ1;g ¼ UΔpþ1;g

Y
Δ0 ∈ ∂Δpþ1

ðAg;Δ0 Þ�; ð105Þ

where Ag;Δ0 is the operator generating the g∈G gauge
transformation on the gauge field located on the p-cube Δ0,
and the sign � is determined by the outgoing or ingoing
orientation of the hypercubes Δ0. One can then express the
symmetry operator as a product of Gauss law operators,

ŨgðΣpþ1Þ ¼
Y

Δpþ1 ∈Σpþ1

GΔpþ1;g; ð106Þ

which turns on the g∈G gauge field at the boundary of
Σpþ1. This operator ŨgðΣpþ1Þ is regarded as the symmetry
operator UgðΣpþ1Þ coupled to the G gauge fields.
One can then construct an excitation model (see

Sec. III A 1) from the Gauss law operators. Pick a simplicial
complex X embedded in space. Consider a set of operators
Ũgjðσpþ1Þ associated with a fixed set of generators fgjg of
G, where σpþ1 denotes a (pþ 1)-simplex of X. Each
unitary is labeled by a pair s ¼ ðσpþ1; gjÞ, and we define
the set S ¼ fsg consisting of all possible choices of gj and
σpþ1 ⊂ X. Next, consider the set of states A ¼ fjaig
representing G gauge field configurations a, which are

generated by sequences of unitaries ŨðsÞ acting on the
fixed G-symmetric state with vanishing gauge field j0i.
The pair ðS;AÞ then forms the excitation model. We

define an invariant as the sequence of unitaries

eiΘ ¼ h0j
Y

ŨðsÞ�j0i ¼ h0j
Y

UðsÞ�j0i; ð107Þ

which is an element of Einv. By definition, Θ is the phase
obtained from the product of the Gauss law operators
GΔpþ1;g. Thus, Θ ≠ 0 indicates an obstruction to the
commuting Gauss law operators fGΔpþ1;gg. In particular,
a given symmetric state j0i cannot be promoted to a gauge-
invariant state, since j0i is annihilated when projected onto
the Hilbert space satisfying all Gauss law constraints.
Therefore, Θ defines an obstruction to gauging the G
symmetry of the given G-symmetric state j0i.
In our formalism, the invariantΘ is defined by evaluating

the sequence of unitaries on any initial state. Consequently,

eiΘ ¼
Y

UðsÞ� ð108Þ

holds as an operator identity, and the invariant characterizes
the obstruction to gauging the symmetry in the entire
Hilbert space.

VI. STATISTICS AS OBSTRUCTION TO
SHORT-RANGE ENTANGLEMENT:

DYNAMICAL CONSEQUENCE
OF ANOMALIES

Here, let us show that the generalized statistics in T ¼
Einv=Eid define the obstructions to the short-range entan-
glement. That is, if the bosonic state jΨi preserves the
global symmetry with the nontrivial invariant Θ ≠ 0 in T,
then the state cannot be short-range entangled, jΨi ≠
Vðj0inÞ for any choice of a finite-depth circuit V and a
product state j0in. Given that the invariant Θ can be
regarded as a microscopic definition of the ’t Hooft
anomaly, the obstruction to the SRE state is regarded as
a dynamical consequence of the ’t Hooft anomaly.
We generally show this statement by checking that SRE

states must carry trivial invariants. Suppose that a state
jΨi ¼ Vðj0inÞ and the symmetry operators U have an
invariant Θ. We can redefine the symmetry operators by
U0 ≔ V−1UV and the input state jΨ0i ¼ j0in without
changing the invariant. Hence, we take the input state as
a product state jΨi ¼ j0in without loss of generality.
Below, we simply write U0 as U.
The first step of the proof is to notice that the state with

excitations jai ¼ UðsÞjΨi with a ¼ ∂s becomes a product
state away from the location of the excitations.
We first show this statement when UðsÞ generates the

k-form symmetry with k ≥ 1; i.e., the excitation has the
dimension smaller than d − 1. In that case, let us separate
the system into A ∪ Ac, where the subsystem A is the locus
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of the excitations a, and Ac is its complement. Let us
consider the projectorΠAc onto the product state j0in within
the subsystem Ac. One can write ΠAc as the product of local
projectors within Ac, ΠAc ¼ Q

Lj⊂Ac ΠLj
, where the set of

local regions fLjg satisfies ⋃jLj ¼ Ac. Since the operator
UðsÞ can be topologically deformed on jΨi as long as
a ¼ ∂s is fixed, one can set s to avoid each region Lj

by the deformation. This implies that UðsÞ and ΠLj
are

commutative within the state jΨi, so ΠLj
UðsÞjΨi ¼

UðsÞΠLj
jΨi ¼ UðsÞjΨi. This implies that ΠAcUðsÞjΨi ¼

UðsÞjΨi, so the state UðsÞjΨi is expressed in the form of

UðsÞjΨi ¼ jaiA ⊗ j0iAc ; ð109Þ

where j0iAc is the product state at Ac, and jaiA is the state
whose Hilbert space is localized along the locations of
excitations A.
Then, let us show Eq. (109) when UðsÞ is the 0-form

symmetry. In that case, take a symmetry operatorUðs̄Þwith
−a ¼ ∂s̄ so that the product Uðs̄ÞUðsÞ becomes a closed
symmetry operator that preserves the state jΨi,
Uðs̄ÞUðsÞjΨi ∝ jΨi. This operator is chosen so that
suppðsÞ, suppðs̄Þ do not have an overlap on their bulk.
We again separate the system into A ∪ Ac, where A has a
support near the boundary of suppðsÞ. Ac is naturally
separated into the two subsystems by Ac ¼ Ac

in ∪ Ac
out,

where Ac
in is supported inside suppðsÞ, while Ac

out is on
the outside. Let us again write the projector onto the
product state as ΠAc ¼ ΠAc

in
ΠAc

out
, and each projector ΠAc

in
,

ΠAc
out

is given by the product of projectors at local regions
fLin

j g; fLout
j g. The projectors ΠLout

j
obviously commute

with UðsÞ since their support does not overlap. For ΠLin
j
,

we have

Uðs̄ÞUðsÞΠLin
j
jΨi ¼ ΠLin

j
Uðs̄ÞUðsÞjΨi

¼ Uðs̄ÞΠLin
j
UðsÞjΨi; ð110Þ

so ΠLin
j

commutes with UðsÞ on jΨi, UðsÞΠLin
j
jΨi ¼

ΠLin
j
UðsÞjΨi. This implies that ΠAcUðsÞjΨi ¼ UðsÞjΨi,

so we again obtain Eq. (109) for 0-form symmetry.
We remark that the discussion here assumes a tensor-

product Hilbert space. There also exist fermionic SPT
phases with physical fermions, which require imposing
constraints of the form δE ¼ w2 to specify a “spin
structure” E on the underlying manifold. Such phases
necessarily involve Hilbert spaces that are not tensor-
product spaces and therefore lie outside the scope of the
present discussion.

A. Review: Anyons imply long-range entanglement

Let us illustrate the obstruction to SRE states when the
excitations are particles with fusion rule G ¼ Z2. This

follows from the results reviewed in Refs. [113,114]; see
also Ref. [115] for recent developments. Because of the
structure of excited states in Eq. (109), each state jjkiwith a
pair of particle excitations at vertices j and k has the
following form [116]:

jjki ¼ jji ⊗ jki ⊗ j0ij;k; ð111Þ

where jji; jki are local states around the excitations, and
j0ij;k is the product state on the complement. This
immediately implies that when j, k, l, m are distinct
positions in the space, we have hjljUkjjkli ¼
hjmjUkjjkmi. Hence,

θðUkj; klÞ ¼ θðUkj; kmÞ ð112Þ

for distinct j, k, l, m. This immediately shows that the
following invariant of the particles must be trivial:

Θ ¼ θðU02U−1
03U01U−1

02U03U−1
01 ; 12Þ

¼ −θðU01; 02Þ þ θðU03; 02Þ − θðU02; 03Þ
þ θðU01; 03Þ − θðU03; 01Þ þ θðU02; 01Þ ¼ 0: ð113Þ

Therefore, the SRE state cannot support Abelian anyons of
nontrivial self-statistics.

B. Example: Fermionic loops imply long-range
entanglement

Next, let us study the cases where the excitations are
loops. In a 3D space, we demonstrate that SRE states
cannot support the fermionic loops with the nontrivial
invariant

eiΘ ¼ U014U034U023U−1
014U

−1
024U012U−1

023U
−1
013

×U024U014U013U−1
024U

−1
034U023U−1

013U
−1
012

×U034U024U012U−1
034U

−1
014U013U−1

012U
−1
023; ð114Þ

where Ujkl is the generator of the Z2 1-form symmetry
supported on the a triangle with vertices j, k, l.

1. Matrix product state representation
of excitations in SRE states

For SRE states, one can assume that the excited state jai
has an expression jai ¼ jaiA ⊗ j0iAc with the 1D state jaiA
localized at the position of excitations. One can generally
express the 1D state jaiA using the matrix product state
(MPS) representation.
Let us consider an MPS jaiA on the 1D subsystem A,

with the bipartition into A ¼ A1⊔A2. Accordingly, the
excitation a allows a decomposition a ¼ a1 þ a2. The state
then has the expression
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jaiA ¼
X
μ;ν

jψiA1
μν jψiA2

νμ ; ð115Þ

where μ, ν are bond indices. Let us consider a symmetry
operator UðsÞ with ∂s ¼ −a2 þ a02. That is, the unitary acts
on the 2D subsystem S that contains A2 on its boundary,
and transforms jai into a state jai0 with excitations at
A0 ¼ A1⊔A0

2. The unitary acts on the state jai by

UðsÞjai ¼
X
μ;ν

jψiA1
μν ⊗ UðsÞ½jψiA2

νμ j0iS∩Ac
2 � ⊗ j0iSc : ð116Þ

Given that UðsÞjai again allows an expression
UðsÞjai ¼ jaiA0 ⊗ j0iA0c , the state UðsÞ½jψiA2

νμ j0iS∩Ac
2 � has

an expression

UðsÞ½jψiA2
νμ j0iS∩Ac

2 � ¼ jψiA0
2

νμ j0iS∩A0c
2 : ð117Þ

That is, the operator UðsÞ transforms the MPS jψiA2
νμ into

the new MPS jψiA0
2

νμ at the different location.
This motivates us to express the generic jaiA in terms of

the “patchwork” of MPS; see Fig. 6(a). Each state jaiA is
expressed in terms of the following MPS of two types:

(i) jVij is an MPS on a small interval Ij ⊂ A that
contains the vertex j.

(ii) jEijk is an MPS on an interval Ijk ⊂ A contained in
the edge e ¼ hjki. Ijk is adjacent to Ij, Ik.

If the excitation a has a support at the collection of edges
hjki; hkli;… that forms a closed loop, we have
A ¼ Ij⊔ Ijk⊔ Ik⊔ Ikl⊔ Il…, and the state jaiA has an
MPS representation as

jaiA ¼ Tr½VjEjkVkEklVl…�: ð118Þ

The MPS fVj; Ejkg associated with the vertices and edges
gives the canonical choice of the states fjaig.

2. Decomposition of phases

According to the expression of states jaiA in terms of the
patch of the MPS, it is convenient to separate the symmetry
generator into the operators supported near the corner
vertices j, k, l, and the rest,

Ujkl ¼ Uð0Þ
j;jklU

ð0Þ
k;jklU

ð0Þ
l;jkl × Ũjkl; ð119Þ

where Uð0Þ
j;jkl is a small defect operator acting on the region

Ij together with the subsystem of the surface jkl near the
vertex. Ũjkl acts on the intervals Ijk; Ikl; Ijl, and the bulk of
the surface jkl except near the vertices; see Fig. 6(b).
Consequently, the phase Ujkljai ¼ θðUjkl; aÞja0i admits

an expression [117]

θðUjkl; aÞ ¼ θðUð0Þ
j;jkl; aÞ þ θðUð0Þ

k;jkl; aÞ
þ θðUð0Þ

l;jkl; aÞ þ θðŨjkl; aÞ: ð120Þ

Given that each state is given in the form of the patch of the
MPS, the phases θ achieve the following properties:

(i) The dependence of θðŨjkl; aÞ on a is through a
restricted to edges jk; kl; jl. In other words,
θðŨjkl; aÞ ¼ θðŨjkl; a0Þ as long as a ¼ a0 on edges
jk; kl; jl. This is because this phase depends only on
the MPS patch Ejk; Ekl; Ejl [and the small MPS
patch for the intermediate state Ũjkljai connecting
between Ijk; Ikl; Ijl, which is expressed as the green
lines in Fig. 6(b)]. Note that this property does not
hold for the original phase θðUjkl; aÞ with the whole
operator Ujkl, since this would depend on other
edges that end at vertices j, k, or l through the MPS
patch Vj, Vk, Vl.

(ii) The dependence of θðUð0Þ
j;jkl; aÞ on a is through a

restricted to edges ending at the vertex j. In other

FIG. 6. (a) The excited state jaiA is expressed as the patchwork of the MPS at the intervals Ij; Ijk. Ij supports an MPS jVij, and Ijk
supports an MPS jEijk. (b) The support of each unitary on the triangle jkl. Uð0Þ

j;jkl acts near the vertex j whose boundary contains Ij.
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words, θðUð0Þ
j;jkl; aÞ ¼ θðUð0Þ

j;jkl; a
0Þ as long as a ¼ a0 on edges ending at j. This is because this phase depends only on

the MPS patch Vj (and the choice of the surface jkl where we act Ujkl, together with the small MPS patch for the
intermediate state).

This allows us to write the above phases as θðU; fegÞwhere feg is the set of edges with excitations on which θ depends. We
can then express the invariant as

Θ ¼ −θðUð0Þ
0;023; 03; 02Þ − θðUð0Þ

3;023; 03; 34Þ − θðUð0Þ
2;023; 02; 12Þ − θðŨ023; 03; 02Þ

− θðUð0Þ
0;012; 01; 03Þ − θðUð0Þ

1;012; 01; 14Þ − θðUð0Þ
2;012Þ − θðŨ012; 01Þ

þ θðUð0Þ
0;013; 03; 01Þ þ θðUð0Þ

3;013; 03; 34Þ þ θðUð0Þ
1;013; 01; 14Þ

þ θðŨ013; 03; 01Þ − θðUð0Þ
0;014; 01; 04Þ

− θðUð0Þ
1;014; 01; 13Þ − θðUð0Þ

4;014; 04; 34Þ − θðŨ014; 01; 04Þ
− θðUð0Þ

0;034; 01; 03Þ − θðUð0Þ
3;034; 03; 13Þ − θðUð0Þ

4;034Þ − θðŨ034; 03Þ
þ θðUð0Þ

0;012; 01; 03Þ þ θðUð0Þ
1;012; 01; 13Þ þ θðUð0Þ

2;012Þ þ θðŨ012; 01Þ
þ θðUð0Þ

0;024; 02; 03Þ þ θðUð0Þ
2;024; 02; 12Þ þ θðUð0Þ

4;024Þ þ θðŨ024; 02Þ
þ θðUð0Þ

0;034; 03; 04Þ þ θðUð0Þ
3;034; 03; 13Þ þ θðUð0Þ

4;034; 04; 24Þ þ θðŨ034; 03; 04Þ
− θðUð0Þ

0;012; 02; 01Þ − θðUð0Þ
2;012; 02; 24Þ − θðUð0Þ

1;012; 01; 31Þ − θðŨ012; 02; 01Þ
− θðUð0Þ

0;013; 03; 02Þ − θðUð0Þ
3;013; 03; 34Þ − θðUð0Þ

1;013Þ − θðŨ013; 03Þ
þ θðUð0Þ

0;023; 02; 03Þ þ θðUð0Þ
2;023; 02; 24Þ þ θðUð0Þ

3;023; 03; 34Þ þ θðŨ023; 02; 03Þ
− θðUð0Þ

0;034; 03; 04Þ − θðUð0Þ
3;034; 03; 32Þ − θðUð0Þ

4;034; 04; 24Þ − θðŨ034; 03; 04Þ
− θðUð0Þ

0;024; 03; 02Þ − θðUð0Þ
2;024; 02; 32Þ − θðUð0Þ

4;024Þ − θðŨ024; 02Þ
þ θðUð0Þ

0;013; 03; 02Þ þ θðUð0Þ
3;013; 03; 32Þ þ θðUð0Þ

1;013Þ þ θðŨ013; 03Þ
þ θðUð0Þ

0;014; 01; 02Þ þ θðUð0Þ
1;014; 01; 31Þ þ θðUð0Þ

4;014Þ þ θðŨ014; 01Þ
þ θðUð0Þ

0;024; 02; 04Þ þ θðUð0Þ
2;024; 02; 32Þ þ θðUð0Þ

4;024; 04; 14Þ þ θðŨ024; 02; 04Þ
− θðUð0Þ

0;013; 01; 03Þ − θðUð0Þ
1;013; 01; 14Þ − θðUð0Þ

3;013; 03; 23Þ − θðŨ013; 01; 03Þ
− θðUð0Þ

0;023; 02; 01Þ − θðUð0Þ
2;023; 02; 24Þ − θðUð0Þ

3;023Þ − θðŨ023; 02Þ
þ θðUð0Þ

0;012; 01; 02Þ þ θðUð0Þ
1;012; 01; 14Þ þ θðUð0Þ

2;012; 02; 24Þ þ θðŨ012; 01; 02Þ
− θðUð0Þ

0;024; 02; 04Þ − θðUð0Þ
2;024; 02; 21Þ − θðUð0Þ

4;024; 04; 14Þ − θðŨ024; 02; 04Þ
− θðUð0Þ

0;014; 02; 01Þ − θðUð0Þ
1;014; 01; 21Þ − θðUð0Þ

4;014Þ − θðŨ014; 01Þ
þ θðUð0Þ

0;023; 02; 01Þ þ θðUð0Þ
2;023; 02; 21Þ þ θðUð0Þ

3;023Þ þ θðŨ023; 02Þ
þ θðUð0Þ

0;034; 03; 01Þ þ θðUð0Þ
3;034; 03; 23Þ þ θðUð0Þ

4;034Þ þ θðŨ034; 03Þ
þ θðUð0Þ

0;014; 01; 04Þ þ θðUð0Þ
1;014; 01; 21Þ þ θðUð0Þ

4;014; 04; 34Þ þ θðŨ014; 01; 04Þ: ð121Þ

One can explicitly check that the above phases cancel out. Therefore, we get Θ ¼ 0, and the SRE state cannot support
fermionic loops.

C. Nontrivial statistics imply long-range entanglement

One can extend the above discussion to the generic statistics of p-dimensional excitations embedded in d spatial
dimensions. We assume that the excitation model is defined on a certain simplicial complex X embedded in space. For SRE
states, the excited state can be represented by a state jaiA localized at the position A of the p-dimensional excitations.
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1. Patchwork of tensor network states at the excitations

As a generalization of the MPS patchwork state for loop
excitations, we assume that jaiA admits an expression in
terms of a tensor network state (TNS) at A. Note that A is a
locus of a simplicial complex, so it can include, for
example, a junction of hypersurfaces and is generally
not a manifold.
This assumption leads to the canonical choice of the state

jaiA using a patch of TNS, where each patch is defined in
the vicinity of a simplex. To define the support of each TNS
patch, we introduce a locus for each simplex σj of X in
space. Let DjðσjÞ denote the locus of the j-simplex σj with
radius rj; this is given by σj ×Dd−j in d-dimensional
space, where Dd−j is a (d − j)-ball of radius rj, and its
center point σj × f0g corresponds to σj; see Fig. 7(a). We
also define the collection of these regions as Dj ¼
⋃σj ∈ T DjðσjÞ for the j-simplices fσjg. For convenience,
we set the radii rj to satisfy rj−1 > αrj with a sufficiently
large constant α ≫ 1. In addition, we require that the radii
frjg are large enough so that A ⊂ ⋃0≤j≤pDj.
We then define a TNS patch TA

j ðσj; aÞ with 0 ≤ j ≤ p
supported on A ∩ DjðσjÞ ∩ Dc

j−1 ∩ … ∩ Dc
0. This is the

tensor network state supported on a single j-simplex σj,
excluding the vicinity of its boundaries. This TNS has bond
indices on the boundary that are contracted with other TNS
patches at adjacent simplices. We represent the state jaiA as

jaiA ¼
Y

0≤j≤p

Y
σj ∈X

TA
j ðσj; aÞ; ð122Þ

where the product denotes the contraction of bond indices.
The conditions rj−1 > αrj ensure that the supports of each
pair of TNS patches TA

j do not overlap.

2. Decomposition of phases

Each (pþ 1)-simplex σpþ1 ∈X can support a unitary
U(Sðσpþ1Þ) that generates the global symmetry G. Here
Sðσpþ1Þ denotes a neighborhood of the simplex σpþ1

that supports the unitary. We require Sðσpþ1Þ ⊂
Dpþ1ðσpþ1Þ ∪ ð⋃0≤j≤pDjÞ.
Following the argument in Sec. VI B 2, we decompose

the unitaryU(Sðσpþ1Þ) into a sequence of smaller unitaries
compatible with the TNS patch structure. That is, we
decompose the support of the unitary as Sðσpþ1Þ ¼
Spþ1 ⊔Sp⊔Sp−1⊔…⊔S0, with

�Spþ1¼ S∩Dpþ1ðσpþ1Þ∩Dc
p ∩…∩Dc

0;

Sj ¼ S∩Dj ∩Dc
j−1 ∩…∩Dc

0 for 0≤ j≤p:

Note that Sj with 0 ≤ j ≤ p consists of disconnected
components near each j-simplex of σpþ1 as

Sj ¼ ⨆
σj⊂σpþ1

SjðσjÞ: ð123Þ

We then rewrite the unitary U(Sðσpþ1Þ) as the sequence

U½Sðσpþ1Þ� ¼
� Y

σ0⊂σpþ1

U½S0ðσ0Þ�
�
×…

×

� Y
σp⊂σpþ1

U½SpðσpÞ�
�
× UðSpþ1Þ; ð124Þ

see Fig. 7(b). Each unitary U(SjðσjÞ) acts on a single TNS
patch on the j-simplex σj with 0 ≤ j ≤ p. Accordingly,
the phase U(Sðσpþ1Þ)jai ¼ θfU(Sðσpþ1Þ); agja0i can be
expressed as

FIG. 7. (a) The disk locus of each simplex is denoted by DjðσjÞ. Each TNS patch for the state jaiA corresponds to extracting the TNS
state inside each locus of σj with the locus of its boundary simplexes excluded. (b) The decomposition of the unitary operator in the case
of p ¼ 1.
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θðU(Sðσpþ1Þ);aÞ¼
� X

σ0⊂σpþ1

θ

�
U(S0ðσ0Þ);a

��
þ���

þ
� X

σp⊂σpþ1

θ

�
U(SpðσpÞ);a

��

þθ(UðSpþ1Þ): ð125Þ

Given that each small unitary U(SjðσjÞ) acts within a
single TNS patch, the phases θ satisfy the following
properties:

(i) The dependence of θðU(SjðσjÞ); aÞ (with
0 ≤ j ≤ p) on a arises only through a restricted
to the set of p-simplices fσpg satisfying σj ⊂ σp.
This is because the action of the unitary UðSjðσjÞ)
on A is confined to the TNS patch TA

j ðσj; aÞ.
θðU(SjðσjÞ); aÞ also depends on the choice of
unitary Uðσpþ1Þ, namely, the choice of σpþ1 to-
gether with the group element g∈G that corre-
sponds to U.

(ii) θ(UðSpþ1Þ) does not depend on a but only on the
choice of UðSpþ1Þ. Note that this creates the
intermediate tensor network state on the boundary
sphere of Spþ1 inside the (pþ 1)-simplex.

3. Trivial invariants in SRE states

Suppose that the sequence of unitaries hajQUðSÞjai
evaluated on a given excited state becomes the sum of
phases θ which gives the element of Einv,

Θ¼
X

U½Sðσpþ1Þ�;a
ϵðU(Sðσpþ1Þ);aÞ×θðU(Sðσpþ1Þ);aÞ; ð126Þ

with ϵ(ðU(Sðσpþ1Þ); aÞ)∈Z. Recall that this phase
Θ∈Einv satisfies Eqs. (50) and (53) given by

(i) the coefficients ϵ that satisfyX
a

ϵðU(Sðσpþ1Þ); aÞ ¼ 0 ð127Þ

for any choice of U(Sðσpþ1Þ), and
(ii) the coefficients ϵ that satisfyX

a
ajσj¼a�

ϵðU(Sðσpþ1Þ); aÞ ¼ 0 ð128Þ

with any choice of U(Sðσpþ1Þ) and a cochain a�.
With this in mind, one can show that such a Θ satisfying

the invariance condition must have Θ ¼ 0 in the SRE state.
Let us decompose the phases using Eq. (125) valid for the
TNS patchwork state. In the sum ofΘ, let us extract the part
involving a fixed U(Sðσpþ1Þ), and then further pick the
part of θ involving SjðσjÞ contained in Sðσpþ1Þ with
0 ≤ j ≤ p. The extracted sum has the form of

X
a

ϵðU(Sðσpþ1Þ); aÞ × θðU(SjðσjÞ); aÞ

¼
X
a�

X
a

ajσj¼a�

ϵðU(Sðσpþ1Þ); aÞ × θðU(SjðσjÞ); aÞ: ð129Þ

Here, recall that the phase θðU(SjðσjÞ); aÞ depends on a
only through the reduced one ajσj which is fixed in the
second sum. We then haveX
a

ϵðU(Sðσpþ1Þ); aÞ × θðU(SjðσjÞ); aÞ

¼
X
a�

0
@X

a
ajσj¼a�

ϵðU(Sðσpþ1Þ); aÞ
1
AθðU(SjðσjÞ); aÞ ¼ 0:

ð130Þ
So, the extracted sum with each choice of U(Sðσpþ1Þ) and
SjðσjÞ in Θ vanishes due to Eq. (128).
Finally, one can also verify that the phases involving

θ(UðSpþ1Þ) also vanish. The part of Θ that contains
θ(UðSpþ1Þ) is given byX

a

ϵðU(Sðσpþ1Þ); aÞ × θ(UðSpþ1Þ)

¼
�X

a

ϵðU(Sðσpþ1Þ); aÞ
�
θ(UðSpþ1Þ) ¼ 0; ð131Þ

where we used Eq. (127). Therefore, we get Θ ¼ 0 in the
SRE state.

VII. DISCUSSION

In this paper, we established a universal microscopic
description for the statistics of excitations in generic
spacetime dimensions. The invariants are expressed as
the Berry phase associated with families of excited states
transformed by sequences of unitaries that generate finite
global symmetries and move the excitations. These invar-
iants are generally quantized into discrete values character-
izing the generalized statistics of excitations in microscopic
lattice models. For instance, this framework leads to the
quantization of spins for Abelian anyons, which are
microscopically defined via T-junctions. These invariants
can be computed using algorithms with inputs such as the
symmetry group and the configurations of excitations. This
approach allows us to identify new invariants in micro-
scopic lattice models, as well as a simplified expression for
the invariants of fermionic loops in ð3þ 1ÞD. These
invariants can naturally be interpreted as obstructions to
gauging the finite global symmetryG in microscopic lattice
models, providing a microscopic definition of ’t Hooft
anomalies. We show that these anomalies have dynamical
consequences, as nontrivial invariants forbid the existence
of short-range-entangled states.
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We close this paper with a number of future directions.
One immediate direction for future work is to extend our
framework of generalized statistics to include mixtures of
ðd − p − 1Þ-form symmetries with distinct degrees p,
which generally form higher-group symmetries. Even the
simplest gapped phases, such as the Z2 toric code, exhibit a
rich structure of higher-group symmetries with ’t Hooft
anomalies [38,39,118,119]. For example, in (3þ 1)D,
string operators that create particle excitations may coexist
with membrane operators that create loop excitations, and
these excitations can exhibit nontrivial interplay; for
instance, the intersection of loops may generate an addi-
tional particle. Determining the invariants associated with
such higher-group structures in topologically ordered
phases is an interesting direction for future work.
While we mainly studied the finite invertible symmetries

in this paper, there are other important classes of sym-
metries which require further study, such as the continuous
symmetries. For instance, the ð2þ 1ÞD gapped phases with
continuous symmetries can exhibit electric Hall conduct-
ance, which is not associated with the ’t Hooft anomaly of
global symmetry in the usual sense. It would be interesting
to see if the Hall conductance admits a similar microscopic
characterization to our current paper, e.g., through the spin
of the vortex of Uð1Þ symmetry. This would help clarify if
the nontrivial Hall conductance gives obstructions to
gauging continuous symmetries.
The other important class of symmetries not studied in

this paper is the noninvertible symmetries, which includes
the non-Abelian anyons. The microscopic definitions of the
anyon data of the non-Abelian topological order in ð2þ
1ÞD has been discussed in Ref. [68]. Given that the spins of
Abelian anyons are shown to be quantized using the
locality identities, it would be interesting to see if the
anyon data of non-Abelian anyon systems are also quan-
tized due to the locality of topological operators.
The “Borromean ring” in ð2þ 1ÞD topological order is

intrinsic to the non-Abelian anyons including the D8 gauge
theory, which is beyond the scope of our setup. Also, the
three-loop braiding of loop excitations in ð3þ 1ÞD is
expected to require either noninvertible loop excitations
or a nontrivial higher-group structure involving Abelian
loop and particle excitations. Both scenarios lie beyond the
scope of the present work, but it would be interesting to
characterize the corresponding invariant for three-loop
braiding.
Recent developments on noninvertible symmetries have

revealed a variety of new invariants associated with their
underlying algebraic structures. For example, defects of
noninvertible symmetries can carry invariants such as the
Frobenius-Schur indicator and its generalizations [120–
122]. It would be intriguing to investigate how such
invariants can be realized through sequences of sym-
metry operators. Noninvertible symmetries also give rise
to other invariants, including three-loop braiding of

vortices in ð3þ 1ÞD topological order [27], and gener-
alizations of Hall conductance associated with continuous
noninvertible symmetries [123]. Exploring the charac-
terization of these invariants remains an important
direction for future work.
While the symmetries considered in this work are

assumed to be implemented by finite-depth circuits, many
lattice symmetries cannot be expressed in this form.
Examples include crystalline symmetries such as lattice
translations, and more generally, symmetries generated by
quantum cellular automata [47,49,124–127]. It would be
interesting to investigate how the corresponding invariants
can be characterized for such symmetries.
Several open issues have arisen from our work, which

deserve further study. The genuine Berry phase invar-
iants T are conjectured to correspond to the cohomology
of the Eilenberg-MacLane space Hdþ2(Bd−pG;Uð1Þ)
classifying the anomalies of higher-form symmetries.
It would be desirable to prove this correspondence using
the explicit model of the Eilenberg-MacLane space. A
related formal mathematical treatment appears in
Ref. [108].
Also, while the invariants in this paper were defined

with an explicit reference to a specific state in the Hilbert
space, but it is expected that the anomalies can be
characterized solely by the algebra of symmetry oper-
ators without explicit reference to the states [83]. It
would be interesting to see if our invariants are promoted
to operator equations independent of the choice of any
states in the Hilbert space.
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APPENDIX A: ANOMALOUS SYMMETRIES AND
GENERALIZED STATISTICS

In this appendix, we present several concrete examples
exhibiting nontrivial generalized statistics. For each
(anomalous) global symmetry, we construct the operators
that generate codimension-1 domain-wall excitations. The
nontrivial fusion statistics of these domain walls serve as
indicators of the underlying symmetry anomaly. To our
knowledge, the constructions of membrane operators for
the global Z2 × Z2 symmetry in two dimensions and of
volume operators for the global Z2 symmetry in three
dimensions are novel. Consequently, these generalized
statistics provide an effective diagnostic for distinguishing
anomalous symmetries.

1. Anomalous 0-form Z2 × Z2 in two
spatial dimensions

As an explicit illustration of the loop fusion statistics in
Eq. (21), we consider a two-dimensional square lattice with
an anomalous global Z2 × Z2 symmetry. At each vertex v,
there are two qubits with Pauli operators Xa

v; Za
v and Xb

v; Zb
v.

For convenience, we label the eigenvalues of Za
v and Zb

v by
elements of Z2 ¼ f0; 1g via

Za
v ≔ ð−1Þav ; Zb

v ≔ ð−1Þbv : ðA1Þ

The anomalous Z2 × Z2 symmetry is generated by

ðA2Þ

where the CCZ term represents applying a controlled-
controlled-Z gate on the vertices of each triangle of a
chosen triangulation of the square lattice. Focusing on the
symmetric operators, we first define the domain-wall
operators as

WðaÞhiji ≔ Za
i Z

a
j ; WðbÞhiji ≔ Zb

i Z
b
j : ðA3Þ

Consider the square patch

ðA4Þ

where the membrane operator that creates a closed-loop
domain wall around vertex 5 is

UðaÞ5 ¼ Xa
5; UðbÞ5 ¼ Xb

5ð−1Þγ5ða;bÞ; ðA5Þ

with

γ5ða;bÞ≔ a5ðb1b2þb2b6þb6b9þb1b4þb4b8þb8b9Þ:
ðA6Þ

Here, each product a5bibj represents a CCZ gate acting on
the three qubits at vertices f5; i; jg of each triangle adjacent
to vertex 5. Membrane operators at other vertices are
defined by translation; they create loop excitations around
each vertex and commute with the global symmetry
in Eq. (A2).
We compute their statistics ZII

4 ða; bÞ in Eq. (21).
Choosing region A ¼ f5g, B ¼ f2g, C ¼ f1; 4g, and D
as the set of all other vertices (including those outside the
displayed patch), we start with

UðaÞAþBþCþD ¼
Y
v

Xa
v; UðbÞA ¼Xb

5ð−1Þγ5ða;bÞ; ðA7Þ

and compute their commutator

½UðbÞA;UðaÞAþBþCþD�¼ ð−1Þb1b2þb2b6þb6b9þb1b4þb4b8þb8b9 :

ðA8Þ

Next, with UðbÞB ¼ Xb
2ð−1Þγ2ða;bÞ, we find

½UðbÞB; ½UðbÞA; UðaÞAþBþCþD�� ¼ ð−1Þb1þb6 ¼ Zb
1Z

b
6:

ðA9Þ

Finally, since UðbÞBþC contains Xb
1X

b
2X

b
4 up to a phase that

commutes with Zb
1Z

b
6 , only the anticommutation between

Xb
1 and Zb

1 contributes to the final statistics:
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ZII
4 ða; bÞ ¼ (UðbÞBþC)

−2ðUðbÞBþC½UðbÞB; ½UðbÞA; UðaÞAþBþCþD��Þ2 ¼ −1: ðA10Þ

This nontrivial loop fusion statistic confirms that the Z2 × Z2 symmetry is anomalous.

2. Anomalous 0-form Z2 in three spatial dimensions

In this section, we give an example exhibiting nontrivial membrane fusion statistics Z5ðgÞ defined in Eq. (29). Consider a
cubic lattice with one qubit at each vertex. As before, we define

Zv ≔ ð−1Þav : ðA11Þ

The anomalous Z2 global symmetry on this lattice is generated by

ðA12Þ

where CCCZ denotes the controlled-controlled-controlled-Z gate. It is more transparent to visualize this symmetry on a
triangulated three-dimensional manifold, where the CCCZ simply acts on the four vertices of each tetrahedron. To adapt this
construction to the cubic lattice, we have chosen a subdivision of the cube into tetrahedra.
Similarly, we introduce the symmetric domain-wall operators on each edge hiji,

Whiji ¼ ZiZj: ðA13Þ

On the cube patch

ðA14Þ

the volume operator that creates a closed-membrane domain wall can be written as

U14 ≔ X14ð−1Þγ14 ; ðA15Þ

where γ14 collects the phases from all CCCZ gates acting on tetrahedra containing vertex 14:

γ14 ¼ ða1a2a5a14 þ a1a2a11a14 þ a1a4a5a14 þ a1a4a13a14 þ a1a10a11a14 þ a1a10a13a14Þ
þ ða14a15a18a27 þ a14a15a24a27 þ a14a17a18a27 þ a14a17a26a27 þ a14a23a24a27 þ a14a23a26a27Þ
þ ða2a5a14a15 þ a2a11a14a15Þ þ ða4a5a14a17 þ a4a13a14a17Þ þ ða5a14a15a18 þ a5a14a17a18Þ
þ ða10a11a14a23 þ a10a13a14a23Þ þ ða11a14a15a24 þ a11a14a23a24Þ þ ða13a14a17a26 þ a13a14a23a26Þ; ðA16Þ

which acts as CCCZ gates on the vertices of tetrahedra adjacent to vertex 14. It is straightforward to verify thatU14 commutes
with the global symmetry S in Eq. (A12) [128].
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To extract the membrane fusion statistics, we select regions

A ¼ f14g; B ¼ f11g; C ¼ f10; 13g; D ¼ f1; 2; 4; 5g: ðA17Þ

First, observe

U2
A ¼ U2

14 ¼ ð−1Þγ14=a14 : ðA18Þ

Next, the commutator gives

½UB;U2
A� ¼ ½X11; ð−1Þa1a2a11þa1a10a11þa2a11a15þa10a11a23þa11a15a24þa11a23a24 �

¼ ð−1Þa1a2þa1a10þa2a15þa10a23þa15a24þa23a24 ; ðA19Þ

and hence,

½UC; ½UB;U2
A�� ¼ ½X10X13; ð−1Þa1a2þa1a10þa2a15þa10a23þa15a24þa23a24 � ¼ ð−1Þa1þa23 ¼ Z1Z23: ðA20Þ

Since Z1 anticommutes with the X1 factor in UCþD, the resulting fusion statistic is

Z5 ¼ ðUCþDÞ−2ðUCþD½UC; ½UB;U2
A��Þ2 ¼ −1: ðA21Þ

3. Boundary anomaly of the beyond-cohomology ð4 + 1ÞD Z2 SPT phase

According to Ref. [44], the boundary theory of the beyond-cohomology ð4þ 1ÞD Z2 SPT phase has the anomalous
symmetry described in Eq. (37) (the boundary also hosts additional particle excitations, which we omit in the following
discussion). In the cup product notation [48], the symmetry operators can be expressed as

Sa ¼
�Y

v

Xa
v

�
ð−1Þ

R
b∪δb; Sbv ¼

Y
ejδvðeÞ¼1

Xb
e: ðA22Þ

The corresponding domain-wall operators are defined in the usual way:

Wa
eij ≔ Za

i Z
a
j ; Wb

f ¼
Y
e∈ ∂f

Zb
e: ðA23Þ

On the patch cube (A14), the associated volume operator Ua
v and membrane operator Ub

e are given by

Ua
5 ¼ Xa

5;

Ub
h14;15i ¼ Xb

h14;15ið−1Þa14ðbh15;18iþbh18;27iþbh15;24iþbh24;27iÞþa2ðbh2;5iþbh5;14iþbh2;11iþbh11;14iÞ;

Ub
h14;17i ¼ Xb

h14;17ið−1Þa14ðbh17;18iþbh18;27iþbh17;26iþbh26;27iÞþa4ðbh4;5iþbh5;14iþbh4;13iþbh13;14iÞ;

Ub
h14;23i ¼ Xb

h14;23ið−1Þa14ðbh23;24iþbh24;27iþbh23;26iþbh26;27iÞþa10ðbh10;11iþbh11;14iþbh10;13iþbh13;14iÞ; ðA24Þ

andUa
v andUb

e on other vertices and edges are obtained by translation. BothUa
v andUb

e commute with the symmetries. The
operator Ua

v excites the domain wallsWa
e on all edges e adjacent to v, producing a membrane excitation in the dual lattice,

while Ub
e excites the domain walls Wb

f on all faces f adjacent to e, generating a loop excitation in the dual lattice. These
operators can be derived from the cup product formalism as

Ua
v ¼ Xv; Ub

e ¼ Xeð−1Þ
R

a∪ðe∪δbþδb∪eÞ: ðA25Þ

To verify the nontrivial statistics, we choose the faces f1, f2, and f3 to be the Poincaré duals of the edges h14; 15i, h14; 17i,
and h17; 18i, respectively,
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U−1
f3
Uf2U

−1
f1
Uf3U

−1
f2
Uf1 ¼ Za

5Z
a
14: ðA26Þ

We take Ut to be the operator Ua
5, which can be viewed as

the volume operator on the cube formed by the vertices 5, 6,
8, 9, 14, 15, 17, 18, as determined by the framing implicitly
chosen when defining the symmetry. This Ut includes one
of the end points of the common edge shared by f1, f2, and
f3. With this choice, we find

Zloopmembrane I
5 ¼½Ut; ½U−1

f3
Uf2U

−1
f1
Uf3U

−1
f2
Uf1 ��¼−1:

ðA27Þ
Therefore, the boundary theory of the beyond-cohomology
ð4þ 1ÞD Z2 SPT phase exhibits a nontrivial loop-mem-
brane mutual statistics.

4. Anomalous 0-form Z2 and 1-form Z2 symmetries
in three spatial dimensions

For the anomalous symmetries in Eq. (39), the domain-
wall operators take the form

Wa
eij ≔ Za

i Z
a
j ; Wb

f ¼
Y
e∈ ∂f

Zb
e: ðA28Þ

On the patch cube (A14), the corresponding volume
operator Ua

v and membrane operator Ub
e are

Ua
14 ¼ Xa

14ð−1Þζ14 ;
Ub

h14;15i ¼ Xb
h14;15ið−1Þa2ða5þa11Þða14þ1Þ;

Ub
h14;17i ¼ Xb

h14;17ið−1Þa4ða5þa13Þða14þ1Þ;

Ub
h14;23i ¼ Xb

h14;23ið−1Þa10ða11þa13Þða14þ1Þ; ðA29Þ

with

ζ14≔a14a15ðbh15;18i þbh18;27i þbh15;24i þbh24;27iÞ
þa13a14ðbh14;17i þbh17;26i þbh14;23i þbh23;26iÞ
þa14a17ðbh17;18i þbh18;27i þbh17;26i þbh26;27iÞ
þa11a14ðbh14;15i þbh15;24i þbh14;23i þbh23;24iÞ
þa14a23ðbh23;24i þbh24;27i þbh23;26i þbh26;27iÞ
þa5a14ðbh14;15i þbh15;18i þbh14;17i þbh17;18iÞ: ðA30Þ

The operators Ua
v and Ub

e at other vertices and edges are
obtained by translation and commute with the anomalous
symmetries (39).
To verify the statistics in Eq. (38), we choose the cells t1,

t2, and f in the patch cube (A14) as

t1 ¼ f14g; t2 ¼ f13g; f ¼ fh14; 23ig: ðA31Þ
More specifically, Ua

14 is the volume operator on the
cube with vertices 14, 15, 17, 18, 23, 24, 26, 27, and

Ua
13 is the volume operator on the cube with vertices 13, 14,

16, 17, 22, 23, 25, 26. The operator Ub
h14;23i is the

membrane operator acting on the face Poincaré dual to
the edge h14; 23i. With this choice, we find

ðUt1Þ2 ¼ ðUa
14Þ2 ¼ ð−1Þζ14=a14 : ðA32Þ

Then,

½Ut2 ; U
2
t1 � ¼ ½Ua

13; ðUa
14Þ2�

¼ ½Xa
13; ð−1Þa13ðbh14;17iþbh17;26iþbh14;23iþbh23;26iÞ�

¼ Zb
h14;17iZ

b
h17;26iZ

b
h14;23iZ

b
h23;26i: ðA33Þ

Finally,

½Uf;½Ut2 ;U
2
t1 ��¼½Xh14;23i;Zb

h14;17iZ
b
h17;26iZ

b
h14;23iZ

b
h23;26i�

¼−1: ðA34Þ

Thus, the domain-wall excitations realize the nontrivial
loop-membrane statistics described in Eq. (38).

5. Anomalous 0-form Z2 and 2-form Z2 symmetries
in three spatial dimensions

In the cup product notation [44,48], the anomalous
symmetries defined in Eq. (42) can be written as

Sa ≔
�Y

v

Xa
v

�
ð−1Þ

R
a∪δc; Sce ≔

Y
fjδeðfÞ¼1

Xc
f: ðA35Þ

The associated domain-wall operators are

Wa
eij ≔ Za

i Z
a
j ; Wc

t ¼
Y
f∈ ∂t

Zc
f; ðA36Þ

where Wa
eij acts on each edge e and Wc

t acts on each
tetrahedron (3-cell) t. The corresponding volume and string
operators, which commute with the symmetry (A35), are

Ua
v ¼ Xa

vð−1Þ
R

v∪a∪δc; Uc
f ¼ Xc

fð−1Þ
R

a∪δa∪f : ðA37Þ

The volume operatorUa
v excites the domain wallsWa

e on all
edges e adjacent to v, producing a membrane excitation in
the dual lattice, while the string operator Uc

f excites the
domain wallsWc

t on two tetrahedra (3-cells) t adjacent to f,
generating two particle excitations in the dual lattice.
On the patch cube (A14), the corresponding volume

operator Ua
v and string operator Ub

f are
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Ua
14 ¼ Xa

14ð−1Þa14ðch14;15;17;18iþch14;15;23;24iþch14;17;23;26iþch15;18;24;27iþch17;18;26;27iþch23;24;26;27iÞ;

Uc
h14;15;17;18i ¼ Xc

h14;15;17;18ið−1Þa5ða14þ1Þ;

Uc
h14;15;23;24i ¼ Xc

h14;15;23;24ið−1Þa11ða14þ1Þ;

Uc
h14;17;23;26i ¼ Xc

h14;17;23;26ið−1Þa13ða14þ1Þ; ðA38Þ

where hi; j; k; li denotes the face (square) formed by the
four vertices i, j, k, and l. The operatorsUa

v andUc
f at other

vertices and faces are obtained by translation.
To verify the statistics in Eq. (41), we choose the cells t1,

t2, and e in the patch cube (A14) as

t1 ¼f14g; t2 ¼f13g; e¼fh14;17;23;26ig: ðA39Þ

Ua
14 is the volume operator on the cube with vertices

14,15,17,18,23,24,26,27, and Ua
13 is the volume operator

on the cube with vertices 13,14,16,17,22,23,25,26. The
operator Uc

h14;17;23;26i is the string operator acting on the

edge Poincaré dual to the face h14; 17; 23; 26i.
First, note that U2

e ¼ 1 in our model, implying
½U2

e; Ut1 � ¼ 1. The nontrivial contribution therefore comes
from the second term in Eq. (41). Evaluating the first
commutator, we find

½Ut1 ; Ue� ¼ ð−1Þa13þa14 ¼ Za
13Z

a
14: ðA40Þ

Then, the double commutator is

½Ut2 ; ½Ut1 ; Ue�� ¼ ½Xa
13; Z

a
13Z

a
14� ¼ −1: ðA41Þ

Combining these results, the statistics is

½U2
e; Ut1 �½Ut2 ; ½Ut1 ; Ue�� ¼ −1; ðA42Þ

showing that the domain walls carry a nontrivial Z2 mutual
statistics.

APPENDIX B: SIMPLICIAL COMPLEX

This appendix reviews the notion of simplicial com-
plexes used in this work. A simplicial complex is a
piecewise-linear topological space obtained by gluing
points, line segments, triangles, tetrahedra, and their
higher-dimensional analogs along common faces. For
example, the simplicial complex

ðB1Þ

is obtained by gluing a 1-simplex and a 2-simplex at the
face 1 [129]. Including all faces, the simplices in this
complex are

(i) (−1)-dimensional simplex: ∅ (included by con-
vention)

(ii) 0-simplices: f0g; f1g; f2g; f3g
(iii) 1-simplices: f0; 1g; f0; 2g; f1; 2g; f1; 3g
(iv) 2-simplices: f0; 1; 2g

This geometric description motivates a purely combinato-
rial definition.
Definition B.1. A simplicial complex X of n vertices is a

collection of finite subsets of f0;…; n − 1g called sim-
plices, such that
(1) fig∈X for every 0 ≤ i ≤ n − 1
(2) if σ ∈X and τ ⊂ σ, then τ∈X

A simplex σ ∈X with qþ 1 vertices is called a q-simplex.
We write Xq for the set of all q-simplices of X.
The vertex set f0; 1;…; n − 1g carries its standard total

order, which induces an ordering on each simplex. Every
p-simplex can be uniquely written as

σ ¼ fa0;…; apg; 0 ≤ a0 < a1 < � � � < ap ≤ n − 1;

and we use the shorthand notation σ ¼ ½a0;…; ap�. In this
notation, the simplicial complex from Eq. (B1) can be
written as

X ¼ f½�; ½0�; ½1�; ½2�; ½3�; ½0; 1�; ½0; 2�; ½1; 2�; ½1; 3�; ½0; 1; 2�g:
ðB2Þ

Let σ ¼ ½a0;…; ap� be a simplex. Any subset of σ is called
a face of σ. In particular, the (p − 1)-dimensional faces are
obtained by deleting a single vertex. For each 0 ≤ i ≤ p,
removing ai gives the face

∂iσ ¼ ½a0;…; âi;…; ap�;

where the hat indicates omission.
Simplicial complexes are useful tools to study topologi-

cal spaces. Although a topological space typically contains
infinitely many points, its triangulation as a simplicial
complex can be described by a finite set of combinatorial
data, which greatly simplifies its study. Including all its
faces, the (dþ 1)-simplex Δdþ1 is a simplicial complex
defined as the set of all subsets of f0;…; dþ 1g; its
boundary ∂Δdþ1 is obtained by deleting the only
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(dþ 1)-simplex. ∂Δdþ1 is the simplest triangulation of the
d-sphere Sd, and this triangulation is used in our study of
statistics in d-dimensional space.
Homology is naturally defined on simplicial complexes.

Let XðnÞ denote the set of n-simplices of X; the nth chain
group is CnðXÞ ¼

P
σ ∈XðnÞZσ, and the boundary map

∂∶CnðXÞ → Cn−1ðXÞ is defined by ∂σ ¼ P
n
i¼0ð−1Þi∂iσ.

For any discrete Abelian group G, we can formally
multiply a group element g∈G with a simplex σ ∈XðnÞ,
denoting the result by gσ. The nth chain group with
coefficients in G is then CnðX;GÞ ¼ ⨁σ ∈Xn

Gσ. An
element of CnðX;GÞ is written as

P
σ ∈Xn

gσσ with

gσ ∈G. The homological boundary map ∂∶CnðX;GÞ →
Cn−1ðX;GÞ is defined by ∂ðgσÞ ¼ P

n
i¼0ð−1Þig∂iσ. The

image of ∂ is the (n − 1)th boundary chain group denoted
by Bn−1ðX;GÞ; in our excitation models, this group is the
configuration group A for an (n − 1)-dimensional excita-
tion model with fusion group G in the simplicial com-
plex X.
We note a related but slightly different concept: the

Δ-complex (see Sec. 2 of Ref. [130]). In a simplicial
complex, each p-simplex has (pþ 1) distinct vertices and
is uniquely determined by them; in a Δ-complex, vertices
of a simplex may coincide, and a simplex may not be
uniquely determined by its vertices. For example,

ðB3Þ

are all Δ-complexes, but only the last is a simplicial
complex. The first two do not work well as excitation
models for F symbols because they lack locality identities.
In general, simplicial complexes have better behavior.
Another subtlety is that manifolds are special topo-

logical spaces. In a d-dimensional manifold, every point
has a neighborhood homeomorphic to Rd, and this
property is reflected in any triangulation. Technically,
for any σ ∈X we define LkðσÞ, the link of σ, to be the
subcomplex of X consisting of all τ such that σ ∩ τ ¼ ∅,
and the union of the vertices of σ and τ forms the vertex
set of a simplex of X. We say X is a d-dimensional
combinatorial manifold if, for any σ ∈XðpÞ, the link
LkðσÞ is homeomorphic to Sd−p−1.
This property of local topology has important implica-

tions for statistics: Trivial local topology implies trivial
local statistics, which further implies that the statistics is
independent of the choice of operator. This is referred to as
the strong operator independence condition in Ref. [108],
where the full definition and proof are given.

APPENDIX C: DERIVATIONS FOR
GENERALIZED STATISTICS WITH

FUSION GROUP Z2

1. T-junction process in ð2 + 1ÞD
I this section, we explicitly evaluate the summation of

locality identities for the ð2þ 1ÞD T-junction with G ¼ Z2

as outlined in Sec. IVA. This analysis shows that a
particular combination of these locality identities results
in four iterations of the T-junction process, thereby

verifying the quantization of the T-junction into the fourth
root of unity.
For convenience, we represent a configuration of exci-

tations by a vertex of a graph. An edge connecting two
vertices represents the action of a unitary operator that
changes the configuration from one vertex to the other. The
direction of the edge further specifies the initial and final
configurations. All possible transformations of the states
using the operators U0i can be represented as a cube, as
shown in Fig. 5(a).
Since G ¼ Z2, for a fixed initial configuration of

excitations, the actions of the unitaries U and U−1 yield
the same final state. Each direction of an edge can be
associated with two distinct unitaries U or U−1. Thus, each
edge corresponds to four possible transformations arising
from the choice of edge direction and whether U or U−1 is
applied. According to

θ(UðsÞ; a) ¼ −θ(UðsÞ−1; aþ ∂s); ðC1Þ

for any a∈A and s∈S, there are two relations among the
four possible phases. Taking the leftmost vertical edge in
Fig. 5(a) with U03 as an example, we have

ðC2Þ

Based on the above discussion, we describe the sum of
phases using a cube with operators fU0jg, where the
directed edges indicate the initial and final states.
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We can express the phases in Eq. (C2) diagrammatically on
the edges of the cube as

ðC3Þ

The same relation holds for other edges in different
directions.
Next, we consider the following locality identities acting

on the vacuum state represented by specific commutators of
hopping operators whose supports do not overlap:

ðC4Þ

Each identity involves a total of eight hopping operators
within the cube of configuration states, forming two distinct
oriented squares. The oriented squares associated with the
type-1 locality identity can be represented as follows:

ðC5Þ

where two squares correspond to the terms

and ,

respectively. Similarly, the type-2 locality identity
can be visualized on the cube of configuration states as
follows:

ðC6Þ

The type-3 locality identity, on the other hand, is represented
by two oriented squares located on the same face of the cube:

ðC7Þ

Note that each type of identity includes the one
depicted above, along with two others that are related
by the C3 rotation along the axis extending from

to .

Below, we list all identities of the three types,
which will be used in the derivation of the T-junction
process.

ðC8Þ
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ðC9Þ

ðC10Þ

By summing over all type-1 identities, type-2 identities, and twice the type-3 identities, we obtain

ðC11Þ

Using Eq. (C1), this expression can be simplified to

ðC12Þ

This implies that four iterations of the T-junction process yield 0 ðmod 2πÞ. The T-junction process is illustrated in
Fig. 5(b).

2. Loop-flipping process in ð3 + 1ÞD
In this section, we derive the unitary sequence used to detect loop statistics for the fusion groupG ¼ Z2 in ð3þ 1ÞD. This

derivation is inspired by Appendix D of Ref. [45]. Similar to the previous section, we first construct the graph space of
configurations. In principle, there are six operators U012, U013, U014, U023, U024, and U034, which create loops along the
boundary of these faces, resulting in a total of 26 ¼ 64 configuration states within the same superselection sector as the
vacuum state. For simplicity, we restrict our analysis to single-loop configurations, where the loop excitation is connected
and does not have self-intersection. There are 37 single-loop configurations represented as vertices in Fig. 8. Interestingly,
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the computation is even more straightforward than in the
T-junction case. SinceG ¼ Z2, transitioning from one state
to another allows us to apply eitherU orU−1, as used in the
locality identities in Eqs. (C5)–(C7). However, for loop
excitations, we further constrain ourselves such that U0ij

can create only a loop on edge hiji, while U−1
0ij can

annihilate it only on the same edge.
The locality identities are represented by colors and

symbols in Fig. 8(a). For example, the two yellow pla-
quettes correspond to the following locality identity:

θðU−1
012U

−1
013U012U013; ∂h023iÞ

þ θðU−1
013U

−1
012U013U012; ∂h023i þ ∂h234iÞ

¼ θðU−1
012U

−1
013U012U013; ∂h023iÞ

− θðU−1
012U

−1
013U012U013; ∂h023i þ ∂h234iÞ

¼ θð½U234; ½U012; U013��; ∂h023iÞ ¼ 0 ðmod 2πÞ: ðC13Þ

Each color corresponds to a pair of plaquettes, and
summing over two plaquettes with orientations given in
Fig. 8(b) results in the locality identity for each color. On
the other hand, each symbol (red circles, blue stars, yellow
triangles) appears in four plaquettes. For instance, the red
circles in Fig. 8(a) are present on four plaquettes spanning
h014i and h023i. The corresponding locality identity across
these four plaquettes is more involved:

θð½U014; U023�; ∂h012iÞ þ θð½U014; U023�; ∂h024iÞ
þ θð½U014; U023�; ∂h034iÞ
þ θð½U014; U023�; ∂h013iÞ ¼ 0 ðmod 2πÞ; ðC14Þ

which results from summing over four plaquettes following
the orientations in Fig. 8(b). To show that Eq. (C14) is
indeed a locality identity, we expand it as follows:

ðθðU023; ∂h012iÞ þ θðU014; ∂h012i þ ∂h023iÞ − θðU023; ∂h012i þ ∂h014iÞ − θðU014; ∂h012iÞÞ
þ ðθðU023; ∂h024iÞ þ θðU014; ∂h024i þ ∂h023iÞ − θðU023; ∂h024i þ ∂h014iÞ − θðU014; ∂h024iÞÞ
þ ðθðU023; ∂h034iÞ þ θðU014; ∂h034i þ ∂h023iÞ − θðU023; ∂h034i þ ∂h014iÞ − θðU014; ∂h034iÞÞ
þ ðθðU023; ∂h013iÞ þ θðU014; ∂h013i þ ∂h023iÞ − θðU023; ∂h013i þ ∂h014iÞ − θðU014; ∂h013iÞÞ: ðC15Þ

FIG. 8. Each vertex represents a single-loop configuration on the tetrahedron h1234i with a central vertex 0, as shown in Fig. 1(c).
Only the loop configuration along the edges between vertices 1, 2, 3, and 4 is depicted, as the configurations on the remaining edges can
be inferred. The operator U0ij creates a loop excitation on edge hiji, while U−1

0ij annihilates it. This structure forms an RP2 space, as
antipodal vertices represent the same configuration state [45]. (a) Each plaquette is labeled by a color or symbol indicating that summing
over plaquettes [according to the orientation in Fig. 8(b)] with the same color or symbol yields a locality identity. (b) The orientation of
each plaquette used to express the local identity. Summing over all locality identities results in twice the 24-step process (represented by
the black directed line), as the θ(UðsÞ; a) terms on all other edges are canceled out.
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Next, the subsequent locality identities are added to the above equation to modify the configuration states a within the
θ(UðsÞ; a) terms appearing in the first three lines:
(1) θð½½U014; U023�; U123�; ∂h012iÞ ¼ 0 ðmod 2πÞ
(2) θð½½U014; U023�; U123U124�; ∂h024iÞ ¼ 0 ðmod 2πÞ
(3) θð½½U014; U023�; U134�; ∂h034iÞ ¼ 0 ðmod 2πÞ

Equation (C15) is transformed to

ðC16Þ

where the terms with matched colors are completely
canceled out in the last equality. Thus, we have demon-
strated that Eq. (C14) indeed represents a valid locality
identity.
Note that for the locality identity of each color or

symbol, we have the freedom to multiply the overall minus
sign; e.g., the locality identity on the yellow plaquettes in
Eq. (C13) can be modified as

0 ¼ −θð½U234; ½U012; U013��; ∂h023iÞ
¼ −θðU−1

012U
−1
013U012U013; ∂h023iÞ

− θðU−1
013U

−1
012U013U012; ∂h023i þ ∂h234iÞ

¼ θðU−1
013U

−1
012U013U012; ∂h023iÞ

þ θðU−1
012U

−1
013U012U013; ∂h023i þ ∂h234iÞ: ðC17Þ

The physical interpretation of this choice of locality
identity is that it reverses the orientation of the yellow
plaquettes in Fig. 8(b). This same argument applies to each
symbol: We can simultaneously reverse the orientations of
four plaquettes with the same symbol. We can derive
different unitary sequences by altering the orientation of
each color or symbol. However, all these sequences are
equivalent, as they differ only by locality identities.
Specifically, changing the orientation corresponds to add-
ing (−2) times the locality identity, and the unitary
sequence is the sum of all locality identities divided by
2. For example, by selecting a different orientation, we
obtain the 36-step unitary sequence shown in Fig. 9, which
exactly matches the sequence proposed in Ref. [45].

Finally, we used computers to enumerate all possible
orientations for each locality identity. There are 215 ¼
32768 different configurations corresponding to the three
symbols and 12 colors. Our computations verified that the
minimal number of steps required is 24. Therefore, the
unitary sequence presented in Fig. 8 is optimal, meaning
there is no shorter sequence capable of detecting the loop
statistics.

3. Particle fusion process in ð1 + 1ÞD
In this section, we prove that the ð1þ 1ÞD Z2 particle

fusion statistics (14) is an invariant in Einv. More precisely,
on the complex

ðC18Þ

we show that twice the phase of the ð1þ 1ÞD particle
fusion process can be written as a combination of locality
identities.
One such identity is

ðC19Þ

which implies that
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ðC20Þ

In configuration space, these phases can be visualized as

ðC21Þ

Another identity is

ðC22Þ

which implies that

FIG. 9. The 36-step unitary sequence corresponding to Z2 loop statistics in ð3þ 1ÞD. Compared to Fig. 8(b), the orientations of
certain locality identities have been reversed. Any choice of orientation for each locality identity yields a valid sequence for detecting the
loop statistics. This particular orientation corresponds to the 36-step process proposed in Ref. [45], where a different computational
method was used to derive the sequence.
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ðC23Þ

In configuration space, these phases can be represented as

ðC24Þ

From the definition of U−1 in Eq. (73), we obtain

ðC25Þ

By adding Eqs. (C21) and (C24) and applying Eq. (C25), we find

ðC26Þ

which implies that ½U02; U2
01�2 ¼ 1. This calculation produces the fusion statistics in Eq. (14).

4. Loop-membrane mutual statistics in ð3 + 1ÞD
In this section, we prove that the loop–membrane statistic introduced in Sec. II D 2 is an invariant belonging to Einv. For

the setup in Eq. (38), we introduce a new tetrahedron t3 adjacent to t1 and t2 such that t1 ∩ t2 ∩ t3 ¼ v1v2, the edge
connecting v1 and v2. We then define t4 as the complement of t1 ∪ t2 ∪ t3, which satisfies ∂t4 ¼ ∂t1 þ ∂t2 þ ∂t3. In this
configuration, we have f ∩ t1 ∩ t2 ∩ t4 ¼ ∅. Moreover, since f can be replaced by its exterior without affecting the
commutator, the higher commutators among Uf, Ut1 , Ut2 , and Ut3 are also trivial. Under these conditions, the following
four locality identities hold:
(1) h∅j½Uf; ½Ut3 ; ½Ut2 ; Ut1 ���j∅i ¼ 1
(2) h∅j½Uf; ½Ut3 ; ½U−1

t2 ; Ut1 ���j∅i ¼ 1
(3) h∂Ut3 j½Uf; ½Ut4 ; ½Ut2 ; Ut1 ���j∂Ut3i ¼ 1
(4) h∂Ut3 j½Uf; ½Ut4 ; ½U−1

t2 ; Ut1 ���j∂Ut3i ¼ 1
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By summing these locality identities, we obtain

θð½Uf; ½Ut3 ; ½Ut2 ;Ut1 ���;∅Þþ θð½Uf; ½Ut3 ; ½U−1
t2 ;Ut1 ���;∅Þþ θð½Uf; ½Ut4 ; ½Ut2 ;Ut1 ���;∂Ut3Þþ θð½Uf; ½Ut4 ; ½U−1

t2 ;Ut1 ���;∂Ut3Þ
¼ θð½Ut3 ; ½Ut2 ;Ut1 ��;∅Þþ θð½Ut3 ; ½Ut2 ;Ut1 ��−1;∂UfÞ
þ θð½Ut3 ; ½U−1

t2 ;Ut1 ��;∅Þþ θð½Ut3 ; ½U−1
t2 ;Ut1 ��−1;∂UfÞ

þ θð½Ut4 ; ½Ut2 ;Ut1 ��;∂Ut3Þþ θð½Ut4 ; ½Ut2 ;Ut1 ��−1;∂Uf þ ∂Ut3Þþ θð½Ut4 ; ½U−1
t2 ;Ut1 ��;∂Ut3Þ

þ θð½Ut4 ; ½U−1
t2 ;Ut1 ��−1;∂Uf þ ∂Ut3Þ

¼ θð½Ut3 ; ½Ut2 ;Ut1 ��;∅Þþ θð½Ut3 ; ½U−1
t2 ;Ut1 ��;∅Þþ θð½Ut4 ; ½Ut2 ;Ut1 ��;∂Ut3Þþ θð½Ut4 ; ½U−1

t2 ;Ut1 ��;∂Ut3Þ
þ ðθð½Ut3 ; ½Ut2 ;Ut1 ��−1;∂UfÞþ θð½Ut3 ; ½U−1

t2 ;Ut1 ��−1;∂UfÞþ θð½Ut4 ; ½Ut2 ;Ut1 ��−1;∂Uf þ ∂Ut3Þ
þ θð½Ut4 ; ½U−1

t2 ;Ut1 ��−1;∂Uf þ ∂Ut3ÞÞ ¼ 2θð½Ut2 ;U
2
t1 �;∅Þþ 2θð½Ut2 ;U

2
t1 �−1;∂UfÞ

¼ 2θð½Uf; ½Ut2 ;U
2
t1 ��;∅Þ ¼ θð½Uf; ½Ut2 ;U

2
t1 ��2;∅Þ ¼ 0 ðmod 2πÞ: ðC27Þ

Therefore, the loop-membrane statistical process ½Uf;
½Ut2 ; U

2
t1 �� follows directly from the locality identities.

APPENDIX D: DETAILED ANALYSIS OF THE
STRUCTURE OF Eid

In this appendix, we show the following statement:
Suppose we have an invariant Θ in Einv for an Abelian
symmetry group G expressed as

eiΘ ¼ hajUðsnÞ�;…; Uðs1Þ�jai: ðD1Þ

Let us pick any element s0 ∈S. Then, the following ratio is
an element of Eid:

eiΦ ¼ hajUðsnÞ�;…; Uðs1Þ�jai
haþ ∂s0jUðsnÞ�;…; Uðs1Þ�jaþ ∂s0i

: ðD2Þ

In other words, we show that the phase eiΦ can be
expressed as the product of higher commutators of the form

ha0j½Uðs0mÞ; ½� � � ; ½Uðs02Þ; Uðs01Þ���ja0i ¼ 1;

a0 ∈A; s01; s
0
2;…; s0m ∈Sjs01 ∩ s02 ∩ … ∩ s0m ¼ ∅; ðD3Þ

which we refer to as the locality identity in the main text.
This property holds when X is a combinatorial manifold
(Theorems VI.3 and VI.10 of Ref. [108]), but it fails for a
generic simplicial complex X. A crucial step in the proof is
the introduction of localization for excitation models. For
completeness, we present a less abstract argument here.

We first rewrite the phase Φ in the following fashion:

Φ ¼
Xn−1
j¼0

θ(Uðsjþ1Þ�; aþ tj) − θ(Uðsjþ1Þ�; aþ ∂s0 þ tj)

¼
Xn−1
j¼0

θ(Uðsjþ1Þ�; aþ tj) − θ(Uðsjþ1Þ�; a

þ ∂s0 þ tj)þ θ(Uðs0Þ; aþ tjþ1) − θ(Uðs0Þ; aþ tj);

ðD4Þ

where tj ¼
Pj

k¼1�∂sj. In the second equation, we used
tn ¼ t0 ¼ 0. Noting that

argðhaj½Uðs2Þ; Uðs1Þ�jaiÞ
¼ θðs1; aÞ þ θðs2; aþ ∂s1Þ − θðs1; aþ ∂s2Þ − θðs2; aÞ;

ðD5Þ

and θ(UðsÞ; a) ¼ −θ(UðsÞ−1; aþ ∂s), we get

Φ ¼
Xn−1
j¼0
þsign

haþ tjj½Uðs0Þ; Uðsjþ1Þ�jaþ tji

þ
Xn−1
j¼0
−sign

haþ tjþ1j½Uðs0Þ; Uðsjþ1Þ�−1jaþ tjþ1i; ðD6Þ

where the sum breaks into the two parts depending on the
sign on UðsjÞ�. Let us fix an element s∈S. In the
expression (D6), let us collect the commutators involving
UðsjÞ� with sj ¼ s. Focusing on these commutators, the
sum is schematically written as
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Φ ¼
X
a0
ha0j½Uðs0Þ; UðsÞ��ja0i þ…; ðD7Þ

where … denotes the commutators involving sj ≠ s. If
suppðs0Þ ∩ suppðsÞ ¼ ∅, the commutator can be regarded
as the locality identity. Hence, we assume suppðs0Þ ∩
suppðsÞ is nontrivial.
Let us first study the case with suppðs0Þ ≠ suppðsÞ. For

a0; b0 ∈A, if a0 ¼ b0 at suppðs0Þ ∩ suppðs0Þ, there exists
sab ∈S satisfying UðsabÞja0i ¼ jb0i and suppðs0Þ ∩
suppðs0Þ ∩ suppðsabÞ ¼ ∅. In that case, one can convert
a0 into b0 by the locality identity:

ha0j½Uðs0Þ; UðsÞ��ja0i
hb0j½Uðs0Þ; UðsÞ��jb0i ¼ h½UðsabÞ; ½Uðs0Þ; UðsÞ���i ¼ 1:

ðD8Þ

This implies that the phase Φ in Eq. (D7) depends on a0
only through the configuration of a0 in the vicinity of the
mutual support suppðs0Þ ∩ suppðsÞ. Concretely, the con-
figuration of a0 near the mutual support of the unitaries can
be specified as follows. The mutual support suppðs0Þ ∩
suppðsÞ generally becomes a p-simplex σp. Pick (pþ 1)
vertices v0;…; vp of this p-simplex σp. Then, a0 in the
expression (D7) can be represented by a (pþ 1)-tuple of
the restricted configurations ða0jv0 ;…; a0jvpÞ. In other
words, we can replace ja0i with a canonical representative
of the state jða0jv0 ;…; a0jvpÞi in A whose restriction to
vertices becomes the fixed ones. This can be done by using
the locality identity and leaves the value of Φ invariant.
Let us write the set of restricted configurations ajvj as

Avj . We also introduce a shorthand notation ajvj ¼ αj. We
can express Φ as

Φ¼
X

⨁jAvj

ϵþðs;fαjgÞhfαjgj½Uðs0Þ;UðsÞ�jfαjgi

þ
X

⨁jAvj

ϵ−ðs;fαjgÞhfαjgj½Uðs0Þ;UðsÞ�−1jfαjgi; ðD9Þ

where ϵ� is the positive integer coefficient counting the
number of the commutator hfαjgj½Uðs0Þ; UðsÞ��jfαjgi
appears in the sum of Φ. Let us define ϵ as

ϵðs; fαjgÞ ¼ ϵþðs; fαjgÞ − ϵ−ðs; fαjgÞ: ðD10Þ

Then, due to the condition of Einv shown in Eq. (55)
satisfied by the invariant Θ, ϵ satisfiesX

⨁j≠kAvj

ϵ(s; ðα0;…; αpÞ) ¼ 0 ðD11Þ

for any αk ∈Avk and any 0 ≤ k ≤ p. The sum is over
αj ∈Avj with j ≠ k while αk is fixed. Further, once we fix a

choice of αvk , it fixes the configuration of the excitation at
the p-simplex σp which we write aσp . Then, ϵ is nonzero if
and only if α0;…; αp all specify the same aσp at σp. This
allows us to write a refined version of Eq. (D11) as

X
⨁j≠kAvj

ðaσp Þ
ϵ(s; ðα0;…; αpÞ) ¼ 0; ðD12Þ

where we defined AvjðaσpÞ ⊂ Avj as a set of αj, which has
the fixed configuration aσp at the simplex σp.
Equation (D12) gives a number of constraints on

ϵðs; fαjgÞ. One can show that the solution to Eq. (D12)
is generated by the following (overcomplete) basis: Let us

pick a pair of elements αð0Þj ; αð1Þj from eachAvjðaσpÞ. Then,
the basis is given by

ϵðs; fαðnjÞj gÞ ¼ ð−1Þ
P

j
nj ; ðD13Þ

with nj ¼ 0, 1, with the other ϵ zero.
Let us show that the basis (D13) corresponds to the

trivial phase due to the locality identity. To see this, take a
unitary UðsαkÞ that shifts αð0Þk to αð1Þk , but leaves the other
αj with j ≠ k invariant. Note that the mutual support
of the unitaries suppðs0Þ ∩ suppðsÞ ∩ suppðsαkÞ becomes
a 0-simplex vk. In particular, this implies that

�
⋂
p

j¼0

suppðsαjÞ
�

⋂ suppðs0Þ ⋂ suppðsÞ ¼ ∅: ðD14Þ

Now, the basis (D13) corresponds to the invariant given by
the following higher commutator:

hfαð0Þj gj½Uðsα0Þ; ½…; ½UðsαpÞ; ½Uðs0Þ; UðsÞ����jfαð0Þj gi;
ðD15Þ

so each basis corresponds to the locality identity. Noticing
this for each choice of aσp at σp completes the proof
for suppðs0Þ ≠ suppðsÞ.
When suppðs0Þ ¼ suppðsÞ, the proof is done in a similar

logic: The difference is that the support of ½Uðs0Þ; UðsÞ� is
given by ∂(suppðsÞ), so we need to take pþ 2 vertices of a
(pþ 1)-simplex s to fix the configuration of excitations in
the vicinity of the operator support. Let us write these
vertices as v0;…; vpþ1. The boundary pþ 1-simplexes of s
are written as σ0̂;…; σcpþ1

, where σĵ does not contain the

vertex vj. We again write the set of restricted configurations
ajvj ¼ αj as Avj , with 0 ≤ j ≤ pþ 1. One can again
express Φ as
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Φ ¼
X

⨁jAvj

ϵþðs; fαjgÞhfαjgj½Uðs0Þ; UðsÞ�jfαjgi

þ
X

⨁jAvj

ϵ−ðs; fαjgÞhfαjgj½Uðs0Þ; UðsÞ�−1jfαjgi;

ðD16Þ

where ϵ� is the positive integer coefficient counting the
number of the given commutator appearing in the sum of
Φ. We again define ϵ as

ϵðfαjgÞ ¼ ϵþðs; fαjgÞ − ϵ−ðs; fαjgÞ; ðD17Þ

where we suppressed the dependence on s. Then, due to the
condition of Einv in Eq. (55) satisfied by the invariant Θ, ϵ
satisfies

X
⨁j≠kAvj

ϵðα0;…; αpþ1Þ ¼ 0 ðD18Þ

for any αk ∈Avk and any 0 ≤ k ≤ pþ 1. The sum
is over αj ∈Avj with j ≠ k while αk is fixed. Once
we fix the restricted configuration αk, it fixes the
configuration of the excitation a at p-simplexes fσĵg
except for σk̂.
Let us define the set AvkðfaσĵgÞ ⊂ Avk as a set of αk,

which has the fixed configurations of excitations faσĵg at
the p-simplexes σ0̂;…; σcpþ1

of s. Note that this set does not

depend on aσk̂ .
One can show that the solution to Eq. (D18) is generated

by the following basis:
(1) Let us fix a configuration of excitations faσĵg at the

p-simplexes of s, and consider AvkðfaσĵgÞ. Let us
pick two elements αð0Þk ; αð1Þk ∈AvkðfaσĵgÞ for each
0 ≤ k ≤ pþ 1. Then, the basis is given by

ϵðfαðnjÞj gÞ ¼ ð−1Þ
P

j
nj ; ðD19Þ

with nj ¼ 0, 1, with the other ϵ zero.
(2) Let us fix a choice of the vertex vk. Take two

configurations of the excitations faσĵg, fa0σĵg, where
aσĵ ¼ a0σĵ for j ≠ k. Pick two elements αð0Þk ; αð1Þk ∈

AvkðfaσĵgÞ. Note that αð0Þk ; αð1Þk ∈Avkðfa0σĵgÞ. For
l ≠ k, let us pick a set of elements fαlgl≠k; fα0lgl≠k
from fAvlðfaσĵgÞgl≠k, fAvlðfa0σĵgÞgl≠k. Then, the
basis is given by

ϵðαð0Þk ; fαlgl≠kÞ ¼ 1;

ϵðαð1Þk ; fαlgl≠kÞ ¼ −1;

ϵðαð0Þk ; fα0lgl≠kÞ ¼ −1;

ϵðαð1Þk ; fα0lgl≠kÞ ¼ 1; ðD20Þ

with the other ϵ zero.
(3) For each p-simplex σĵ, let us take a pair of configu-

rations of excitation að0Þσĵ ; a
ð1Þ
σĵ . For each configuration

faðnjÞσĵ g at p-simplexes, we choose a single excitation

configuration fαjgfnjg ∈AðfaðnjÞσĵ gÞ. These excita-
tion configurations are chosen so that when nj ¼
n0j for j ≠ k, we have ðαkÞfnjg ¼ ðαkÞfn0jg. Then, the
basis is given by

ϵðfαjgfnjgÞ ¼ ð−1Þ
P

j
nj : ðD21Þ

Each type of the basis (D19) corresponds to the higher
commutators:
(1) For the first type of the basis, let us take a unitary

UðsαkÞ that transforms αð0Þk into αð1Þk , leaving the
other fαjg invariant. Note that the mutual support of
the unitaries suppðsÞ ∩ suppðsαkÞ becomes a 0-sim-
plex vk. In particular, this implies that

�
⋂
pþ1

j¼0

suppðsαjÞ
�

⋂ suppðsÞ ¼ ∅: ðD22Þ

Now, the basis (D19) corresponds to the invariant
given by the following higher commutator:

hfαð0Þj gj½Uðsα0Þ; ½…; ½Uðsαpþ1
Þ; ½Uðs0Þ;

UðsÞ����jfαð0Þj gi: ðD23Þ

(2) For the second type of the basis (D20), let us take a

unitary UðsαkÞ that transforms αð0Þk into αð1Þk , leaving
the other fαjg invariant. Let us also take a unitary
Uðsk̂Þ that transforms fαlgl≠k into fα0lgl≠k, leaving
αk invariant. The mutual support of the unitaries
becomes suppðsαkÞ ∩ suppðsÞ ¼ vk, suppðsk̂Þ ∩
suppðsÞ ¼ σk̂. We then have

suppðsαkÞ ⋂ suppðsk̂Þ ⋂ suppðsÞ ¼ ∅: ðD24Þ

The basis (D20) corresponds to the invariant
given by the following higher commutator:
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hαð0Þk ; fαlgl≠kj½UðsαkÞ; ½Uðsk̂Þ; ½Uðs0Þ; UðsÞ���jαð0Þk ; fαlgl≠ki: ðD25Þ

(3) For the third type of the basis (D21), let us take a unitary Uðsk̂Þ that transforms fαjgfnjg into fαjgfn0jg, with
n0k ¼ nk þ 1mod 2, and nj ¼ n0j with j ≠ k. Note that the mutual support suppðsÞ ⋂ suppðsk̂Þ becomes a p-simplex
σk̂. This implies that

�
⋂
pþ1

j¼0

suppðsĵÞ
�

⋂ suppðsÞ ¼ ∅: ðD26Þ

The basis (D21) corresponds to the invariant given by the following higher commutator:

hfαjgfnj¼0gj½Uðs0̂Þ; ½…; ½Uðscpþ1
Þ; ½Uðs0Þ; UðsÞ����jfαjgfnj¼0gi: ðD27Þ

This completes the proof that Φ is given by linear combinations of the locality identities.
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