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The statistics of particles and extended excitations, such as loops and membranes, are fundamental to
modern condensed matter physics, high-energy physics, and quantum information science, yet a
comprehensive lattice-level framework for computing them remains elusive. In this work, we develop a
universal microscopic method to determine the generalized statistics of Abelian excitations on lattices of
arbitrary dimension and demonstrate it by deriving the statistics of particles, loops, and membranes in up to
three spatial dimensions. Our approach constructs a sequence of local unitary operators whose many-body
Berry phase encodes the desired statistical invariant. The required sequence is generated automatically from
the Smith normal form of locality constraints and therefore needs no extra physical input. We prove that the
resulting invariants are quantized, provide an algorithm that computes them efficiently, and show how they
unify familiar braiding and fusion data of particles while also uncovering new self- and mutual statistics of
loop and membrane excitations. We further demonstrate that each statistical invariant corresponds to an ’t
Hooft anomaly of a generalized symmetry; we show that a nontrivial invariant both (i) obstructs gauging that
symmetry and (ii) forbids any short-range-entangled (symmetry-preserving) ground state. This establishes a
precise connection between microscopic lattice anomalies and many-body dynamics, providing a
generalization of the Lieb-Schultz-Mattis theorem that constrains a wide class of quantum lattice systems.

DOI: 10.1103/6k88-w52n

I. INTRODUCTION

Statistics of excitations are fundamental to quantum
physics and underlie many phenomena in condensed matter
and high-energy physics. Nontrivial statistics forbid their
condensation. For instance, bosons can condense and lead
to superfluidity or superconductivity [1-6], while fermions
cannot condense in isolation [7-10]. In two spatial dimen-
sions, the particle statistics broadens to anyons, enabling
fractional quantum Hall physics [11-14] and fault-tolerant
quantum computation [15-21]. Braided fusion categories
provide a complete mathematical description of particle
statistics in two spatial dimensions [22-26].
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Extended excitations, such as loops and membranes
naturally arising in three and higher dimensions, are
still under active development. Their statistics govern
confinement in gauge theories, constrain possible phase
transitions, and control the logical operators of higher-
dimensional quantum codes [27-39]. Yet, unlike the
particle case, a general and practical framework for defin-
ing and computing these statistics on a lattice has remained
elusive. Recent studies show that loop statistics in (3 4+ 1)D
Z, gauge theories with fermionic particles, appearing in
certain superconducting phases, realize discrete gravita-
tional anomalies [40—46]. This anomaly is believed to
prevent any lattice realization of the gauge theory in three
spatial dimensions. Remarkably, the fermionic loop sta-
tistics also give rise to a nontrivial quantum cellular
automaton, a locality-preserving unitary that plays a central
role in the classification of unitary operators on lattice
quantum systems [47-49].

The statistics of topological excitations also provide an
’t Hooft anomaly of the corresponding symmetry, which
constrains the dynamics of the quantum systems and
distinguishes different phases of matter. For instance, the
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I-form symmetry in (2 + 1)D is generated by Abelian
anyons [50,51], and the statistics determines whether the
1-form symmetry can be gauged. In lattice models with
a tensor-product Hilbert space, higher-form symmetries
are typically emergent. The associated symmetry gen-
erators become genuinely topological only once the
Gauss law is energetically enforced at low energies.
At the same time, families of symmetry operators
supported on closed submanifolds can often be identified
as exact microscopic symmetries commuting with the
full lattice Hamiltonian. Any quantum system with an
anomalous higher-form symmetry cannot be a trivially
gapped phase, as demonstrated in various lattice models
[52-57]. The ’t Hooft anomaly matching condition also
allows us to distinguish different phases of matter by the
statistics of topological excitations, as used extensively
in Refs. [58-66].

In this work, we develop a general framework on lattices
to compute all possible statistics for excitations of arbitrary
dimensions, including particles and extended excitations
such as loop and membrane excitations. Statistics are
extracted from multistep operations on lattices that trans-
form excitations back to themselves, such as moving
particle excitations using string operators, and the statistics
arise as the Berry phase of the operation. At each step,
microscopic phase ambiguities may arise, modifying the
state locally; the operations are designed so that these
ambiguities cancel, yielding well-defined, universal statis-
tics. We refer to such constructions as statistical processes.
Examples of statistical processes have been discussed in
Refs. [67,68] for particle excitations and in Ref. [45] for
loop excitations, but these studies do not treat the processes
systematically or extend them to excitations in arbitrary
dimensions.

We develop a systematic method based on the Smith
normal form to construct processes (sequences of unitary
operators) with clear physical interpretations. Using this
method, we unify and improve known statistical processes
for both particle and loop excitations and also uncover new
self- and mutual statistics of membrane excitations. The
generalized statistics in this framework encompass not only
conventional braiding processes but also statistics arising
from distinct fusion pathways, such as the fusion of
particles in one dimension, loops in two dimensions, and
membranes in three dimensions.

Moreover, the statistics of excitations often imply a
nontrivial low-energy spectrum, as particles with non-
trivial statistics cannot condense. We find that these
microscopic definitions of statistics are directly related to
’t Hooft anomalies in lattice models, and we demonstrate
that these statistics prevent the realization of a short-
range-entangled state. This connection provides insight
into the dynamical consequences of ’t Hooft anomalies
in microscopic lattice models. We focus on invertible
excitations, whose fusion follows group multiplication

rules. The generalization to noninvertible excitations will
be explored in future work.

A. Summary of results

This work introduces a unified framework for defining
the statistics of p-dimensional invertible excitations gen-
erated by unitary operators supported on (p + 1)-
dimensional submanifolds, in lattices of arbitrary spatial
dimension d. Invertibility guarantees that the correspond-
ing unitary circuit has finite depth [69]; for example,
Abelian anyons arise at the end points of finite-depth
string operators. Causality imposes locality constraints on
these operators: For example, the commutator of two
unitaries supported on regions A and B is localized within
a neighborhood of their intersection A N B. These locality
constraints determine the possible structure of generalized
statistics on lattices.

1. Review of detecting particle statistics on lattices

To illustrate our approach, we begin with the well-known
case of particle statistics. From quantum mechanics, we
know that the statistics of particles is captured by the phase
acquired when two identical particles are exchanged. The
challenge is to define such an exchange precisely on a
lattice without being obscured by microscopic details. For
concreteness, here we focus on particles obeying Z, fusion,
where two identical particles can fuse into the trivial
(vacuum) particle.

Consider two identical particles located at sites 1 and 2
on the lattice, as shown in Fig. 1(b). We perform the
following steps:

(1) Move the particle from site 1 to site 0.

(2) Move the particle from site 2 to site 1.

(3) Move the particle from site O to site 2.

At the end of this sequence, the particles at sites 1 and 2
have been exchanged. If U;; denotes the string operator that
moves a particle from site i to site j, this process is
represented by

UpUy Uy (1)

While this operator exchanges the two particles, it can also
introduce unwanted phases into the quantum state, unlike
in a classical exchange process. For example, moving the
particle from site 1 to site 0 may produce an additional
phase in the state, potentially altering the outcome of the
entire process. Therefore, we seek a process that captures
the particle statistics while remaining insensitive to such
phase ambiguities, which generically arise in lattice
systems.

We label each site in the particle-number basis, with 0
denoting no particle and 1 denoting a particle; a total
configuration state |a) on a finite lattice is thus specified by
a O-chain, a set of Z, values assigned to the vertices that
indicate particle occupancy at each site. Let U(s) be the
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(a) (b)

FIG. 1. In each dimension, we consider different simplicial complexes. (a) In (1 + 1)D, we use a segment subdivided by a vertex, in
(b) (2 + 1)D, a triangle with a central vertex, and in (c) (3 4 1)D, a tetrahedron subdivided by a central vertex. These complexes are
embedded into a larger spatial manifold (omitted by - - -), with edge lengths chosen to be much larger than the system’s correlation
length. For computational convenience, we often compactify the manifold, wrapping the segment into a circle S, the triangle into a two-
sphere S2, and the tetrahedron into a three-sphere S°. We assume that for any simplex A, there exists a finite-depth unitary U(g), that
creates invertible g-excitations on its boundary 0A. For example, U(g),, is a string operator that produces a g particle at vertex 1 and a
g~! particle at vertex 0. Similarly, on the 2-simplex Ag,, the membrane operator U(h),,, generates an h-loop excitation along the

boundary edges of Ay;,. Here, elements g and / belong to the fusion groups of particles and loops, respectively.

unitary string operator that moves a particle along a string s,
which can also be interpreted as creating two particles at the
end points ds. Explicit examples of |a) and U(s) are shown
in Fig. 2. In general,

U(s)|a) « |a + os), (2)

where |a) is the initial state, and |a + ds) is the state with
two additional particles at ds. The phase difference between
U(s)|a) and |a + ds) is gauge dependent: It depends on the
chosen overall phases of |a) and |a + 0s), as well as on the
specific convention used to define U(s). We can construct

an exchange process that is immune to such phase
ambiguities. Consider the lattice in Fig. 1(b), where the
two particles at sites 1 and 2 are exchanged via the
operators [67]

UnUgi U U U3 Ug - (3)

When acting on the initial state ‘ A>, where particles

occupy vertices 1 and 2, this T-junction process can be
visualized as follows:

In contrast to Eq. (1), each string operator here appears
together with its inverse, ensuring that the microscopic
phase contributions cancel exactly. This construction thus
yields the particle statistics without contamination from
local, lattice-dependent phase factors.

In this work, we generalize this construction to detect the
statistics of extended excitations. We formulate lattice
processes that map between excitation configurations in
a nontrivial manner, analogous to particle exchange, while
ensuring that microscopic phase ambiguities cancel
throughout the process. Additional examples of such
statistical processes involving particles, loops, and mem-
branes in various spatial dimensions are presented
in Sec. IL.

2. Universal microscopic description for statistics

We now present the general setting for our construction.
This work develops a universal framework for defining
generalized statistics on lattices across different dimen-
sions. We consider systems with invertible excitations,
whose loci can be moved by finite-depth quantum circuits.
An excitation may correspond to a violation of certain
Hamiltonian terms, a defect that locally modifies the
Hamiltonian, or, more generally, a symmetry defect.
Hence, this framework applies to both gapped and gapless
systems. An invertible excitation possesses an inverse,
forming a fusion group G. For simplicity, we first sum-
marize the results for Abelian groups G, with the under-
standing that the framework extends to non-Abelian fusion
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o U(s1)U(52)U (s3)]0)

FIG. 2.

(a) Particle excitations: for simplicity, we consider particles with the fusion group G = Z,. The configuration state |a) is

labeled by a Z, field at each vertex, indicating the presence or absence of particle excitations. Edges s, and s, have coefficients 1 € Z,.
The unitary operator [[; U(s;) is the string operator supported on these edges, creating particles at the end points. (b) Loop excitations:
for loop excitations with the fusion group G = Z,, the configuration state |a) is labeled by a Z, field on each edge, with edges labeled
by 1€ Z, forming closed loops. Faces sy, s,, s3 have coefficients 1 € Z,. The unitary operator [[; U(s;) is the membrane operator
supported on these faces, creating loop excitations along the boundaries. Applying [[; U(s;) to |a) in both cases yields a configuration
state proportional to |a + (>, 5;)). These examples can be generalized to any Abelian group G, with additional considerations for the

branching structure.

groups as well. These excitations may also be spatially
extended, spanning p dimensions; for example, p =0
corresponds to quasiparticles, p =1 to loop excitations
such as magnetic flux loops, and higher p to more extended
objects.

Our framework begins by specifying the possible con-
figurations of excitations denoted by A, on a simplicial
complex X embedded in space. We consider the Hilbert
space basis labeled by excitations a € A, where each
p-dimensional simplex is associated with an element of
the group G. Each configuration is represented by the
configuration state |a). This state is not uniquely defined, as
it can be redefined through the action of unitary operators
supported at the locations of the excitations. To address this
ambiguity, we fix a particular choice of states |a) and
construct invariants that remain independent of these
definitions.

Excitations are generated by local unitary operators U (s)
supported on a (p + 1)-dimensional simplex, where s
represents the (p + 1)-simplex with a coefficient in G.
We assume these excitations are deconfined, meaning that

the operator U(s) creates excitations localized only around
its boundary ds [70]. When a sum of s, such as
s1+---+s,, is closed (having no boundary), the product
operator U(s,) --- U(s;) preserves excitations and gener-
ates a generalized symmetry of the system. Since the
excitations are assumed to be invertible, this generalized
symmetry forms a group. In general, the symmetries can
form a higher group [71,72], and they are symmetries
supported on subsystems of the lattice [39].

We assume that the unitaries U(s) generating the
symmetry can be realized by a finite-depth quantum circuit;
for example, they do not involve lattice isometries such as
translations or rotations. This is always the case when U
generates an internal symmetry, and we will restrict our
attention to such cases from now on. This assumption will
play an important role in our later formulation of invariants
for generalized statistics.

The unitaries move the configuration of the excitations.
In general, a unitary operator can be used to connect two
states |a) and |a') through the relation U(s)|a)  |d’),
where a + ds = a’, and + represents the fusion of Abelian
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excitations. Once the states |a) and the unitary operators
U(s) are chosen, the phase factor (s, a) can be specified as

U(s)|a) = e®9|a + 0s), (5)

with 6(s, a) depending on both the unitary operator U(s)
and the initial state |a). From the relation U~'U =1, it
follows that

U(s) ' a) = e~005:4=95)|q — 9s). (6)

These phase factors encode essential information about the
system. As an illustration, the overall phase in the

T-junction process (3) acting on the initial state ‘ A> is
given by

£1© — <A‘ Uo2Ups' U1 Ups Uoa Uy ‘ A> ()
with

O=40 (602, A) —0 (603, A) + 0 <eo1, A)
-0 (602, A) +6 (603, A) -0 (601’ &) ’

where the simplices s correspond to edges e;; in Fig. 1(b).
A single phase factor 0(s, a) does not by itself have a direct
physical meaning, as it depends on the specific choices of
{]a)} and {U(s)}. Changes in these choices can be viewed
as “gauge transformations,” under which the “Berry con-
nection” 6(s, a) varies. However, certain linear combina-
tions of these phases, such as ®, can be constructed to be
independent of the choices of {|a)} and {U(s)}. These
gauge-invariant quantities are physically meaningful and
will be referred to as generalized statistics. In this sense,
generalized statistics encode the intrinsic properties of the
excitations, independent of arbitrary conventions.

We then consider a sequence of unitaries starting with
the specific configuration of excitations back to itself,

(ao|U(sp=1), ---» U(s}), .-, U(so)|ag)

— exp (i f_ e(sj,aj)>, (8)

—_

T
(=)

with a; := a; + ds;. The above sequence can be regarded
as the “closed path” in the Hilbert space, along which we
measure the Berry phase associated with the family of
states. For practical purposes, it is convenient to treat the
above phase as the formal sum of the objects 6(s, a):

E= @ZQ(S, a). 9)

The phase defined above may or may not remain invariant
under possible deformations of the states |a) and the
unitaries U(s), such as the redefinition by phases or local
perturbations modifying the unitaries U — UU’ at each
step for unitaries U’ close to the identity. The sequence
needs to be carefully designed to be invariant under such
deformations. We will see that the necessary and sufficient
conditions for the invariance can be formulated as the
constraints on the Z coefficients in Eq. (9). We define the
subgroup E;,, C E, which contains the elements that
qualify as invariants associated with the excitations.

Some elements of Ej,, correspond to trivial invariants
that reduce to the identity operator. A trivial sequence of
unitaries arises from the locality properties of the unitary
operators. For instance, if the supports of two operators
U(s;) and U(s,) do not overlap, i.e., s; Ns, = @, their
commutator is trivial

[U(s2), Us1)] = 1, (10)

where [A, B] := A"'B~'AB. This property extends to higher
commutators involving multiple operators, such as

[U(sa), [+ [U(s2), Ulsy)]]] = 1, (11)

if sy NnsyN...Ns, =@. This property follows from each
unitary being a finite-depth circuit, which ensures that the
commutator [U(s,), U(s;)] has support only near s; N s5,
since the circuit depth is much smaller than the length scale
of the complexes under consideration. These higher com-
mutators acting on any initial configuration state |a,) form
the subgroup Eiy C E;,,. The genuine invariants of the
excitations are characterized by the quotient group

T := Einv/Eid’ (12)

where the trivial phases arising from locality have been
factored out. We show in general that, for a finite symmetry
group G, the invariants 7 form a finite Abelian group. This
implies that the invariants 7" must be quantized into the
discrete values. This group of invariants can be explicitly
computed using a computer, given the possible configura-
tions of the excitations and the unitaries, as well as the
group G describing the fusion of excitations.

Remark I.1. The genuine invariants may appear to
depend on the choice of underlying cellulation, and indeed
they can vary for small complexes. However, based on our
numerical verification, we conjecture that the invariants T
become universal once the d-dimensional complex is a
cellulation of a d-dimensional manifold that is sufficiently
large to embed dA*!, the boundary of a (d + 1)-simplex,
as in the triangulations of spheres illustrated in Fig. 1. In
other words, once the underlying complex is refined
enough to support the relevant statistical processes (such
as particle exchange), any triangulation or cellulation yields
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TABLE I.  The cohomology of the Eilenberg-MacLane space B"G := K(G,n) for the finite Abelian group G = []; Zy, [73]. The
notation (N;,N;,---) denotes the greatest common divisor among the integers. This cohomology classifies the anomaly as an
obstruction to gauging the higher-form G symmetry, which corresponds to SPT phases in one higher dimension. We conjecture that
these data precisely match the generalized statistics of particle, loop, and membrane excitations as defined by Eq. (58) in Sec. III A.
Specifically, p-dimensional excitations in (d + 1)-dimensional spacetime have generalized statistics characterized by
H2[B4PG,U(1)]. In Sec. IV B, we verify this conjecture for small groups G (specifically, G = Z, with N <12 or Zy x Zy

with N <5), with explicit unitary operator sequences for the generalized statistics given in Sec. II.

G-membranes with

G-particles with G = [, Zy, G-loops with G =[], Zy, G=1]I2y,

H3[BG,U(1)]
(1+1)D =1L 2y 11ici Ziv,vy)

Hi<j<k Z(NI.N/YNO

H*[B*G,U(1)] H*BG,U(1)]
(2 + I)D = Hi Z(N,.Z)XN,- Hi<j Z(Ni.Nj) = Hi<j Z%Niij) Hi<j<k Z(zN;.Nj.Nk)

Hi<j<k<l Z(N,AAN,‘AN,(.NI)
H3[B*G, U(1)] H[B*G,U(1)] H3[BG,U(1)]
= Hi Z(N;-Z) Hi Z(Niv2> Hi<j Z(Ni*Nj> - Hi ZNi Hi<j Z(anN/’)

(3+1)D [Ticj<x Z?N,-,Nj,Nk)

icjerat 2}
i<j<k<l (Ni.N;.Ni.N))
Hi<j<k<l<m Z(N,.N,».Nk.N,.Nn,)

the same genuine invariants. We further conjecture that
these universal invariants 7" coincide with the cohomology
of the Eilenberg-MacLane space, as summarized in Table 1.

3. Statistics as anomalies and their dynamical
consequences

The invariant ® € T provides a microscopic definition of
the statistics of excitations. At the same time, ® can be
interpreted as a microscopic definition of an ’t Hooft
anomaly of the global symmetry, which represents an
obstruction to gauging the symmetry. This can be under-
stood as follows.

To gauge a symmetry, one introduces gauge fields and
promotes the global symmetry to a local gauge symmetry
generated by Gauss law operators G, supported on local
regions A. The physical Hilbert space is then restricted to
states satisfying G, = 1. If this gauge-invariant Hilbert
space is empty, the gauging procedure is obstructed;
namely, an 't Hooft anomaly is present. In Sec. V, we
further show that the generalized statistics can be expressed
as a product of Gauss law operators,

€i® = HGA

A nontrivial phase ® obtained in this way signals an
obstruction to enforcing the constraint G, = 1 everywhere.
In this sense, a nontrivial ® characterizes an ’t Hooft
anomaly.

The presence of 't Hooft anomalies constrains the low-
energy spectrum of the theory. In particular, they forbid the

(13)

existence of a unique gapped ground state. We find that the
invariants of microscopic lattice systems @ directly lead to
such a dynamical consequence: When the invariant ® with
the symmetry defects is nontrivial, the state cannot be a
short-range-entangled (SRE) state preserving the sym-
metry. We show this statement in full generality, assuming
the tensor network representation of the state with excita-
tions. This is reminiscent of the Lieb-Schultz-Mattis
theorem [74-80], which constrains the low-energy spec-
trum of the state based on a given action of the internal and
crystalline symmetries.

A large class of ’t Hooft anomalies can be described
through group cohomology by employing the group
cohomology symmetry-protected topological (SPT) phase
in the bulk via bulk-boundary correspondence [81-83]. The
mathematical results presented in Table I show the group
cohomology of higher-form symmetry, i.e., the cohomol-
ogy of the Eilenberg-MacLane space, for finite Abelian
groups [73]. Our generalized statistics provides a micro-
scopic perspective of 't Hooft anomalies on the lattice, and
in all examples we have evaluated on a computer, its
classification matches the results in Table I. Although the
computational power limits us from verifying arbitrarily
large groups G, the agreement in the small cases suggests
the correspondence. This consistency leads us to conjecture
that our generalized statistics are classified by the group
cohomology of higher groups. In the following section, we
explicitly demonstrate examples of generalized statistics
for small groups G, illustrating their correspondence to the
group cohomology of higher-form symmetries.
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The paper is organized as follows: Section II describes a
variety of examples of generalized statistics for particles,
loops, and membranes in up to three spatial dimensions,
including exactly solvable models whose domain-wall
excitations demonstrate the nontrivial statistics of each
process. Section III defines generalized statistics from
axioms for invertible excitations and shows that they take
quantized values. Section IV presents an algorithm that
computes these statistics by constructing microscopic
processes as sequences of lattice operators, suitable for
direct computer implementation. Using this framework,
Sec. V gives a microscopic definition of "t Hooft anomalies
as obstructions to gauging symmetries, and Sec. VI proves
that nontrivial statistics forbid short-range-entangled states,
revealing their dynamical consequences. We conclude in
Sec. VII with possible future directions. Background
concepts and extended discussions are provided in the
appendixes.

II. EXAMPLES OF GENERALIZED STATISTICS

To illustrate our construction, we compute explicit
statistical invariants for particle, loop, and membrane
excitations in dimensions d <3 using representative
Abelian fusion groups. A systematic derivation valid for
arbitrary excitations in any dimension will be presented
in Sec. IV.

A. Particle excitations

We consider particle excitations in (1 4 1), (2 + 1), and
(3 + 1) spacetime dimensions.

1. Particles in (1+1)D

Let the fusion groups of the particles be a finite group G,
where each particle is labeled by an element g € G. While G
can be non-Abelian in general, we first focus on the
Abelian case for demonstration. We define the hopping
operator U (g)ij that creates a particle g at vertex j and a
particle g~! at vertex i. The statistics of g-particles are
defined by

Z3(9) = [U(9)oa. U(9)8). (14)

where the vertices 0, 1, and 2 are positioned along a
segment, as shown in Fig. 1(a), and we define the group
commutator by

[A,B] = A"'B7'AB. (15)

Here, |g| denotes the order of the element g€ G. This
index corresponds to the degree-3 cohomology class
H?*(BG,U(1)), as shown in Table I. The statistics Z3(g)
can be interpreted as the partition function of the corre-
sponding cohomology class on a lens space [84,85]:

|9l
Zy(9) = [[ Fg. 9. 9)- (16)
n=1

where the F symbol F(g;, g5, g3) is a sequence of unitary
operators defined microscopically in Refs. [68,80].
Notably, when particles are treated as symmetry defects,
the expression in Eq. (14) coincides with the topological
invariants computed from the boundaries of (2 4+ 1)D SPT
phases [86], which capture the Else-Nayak index [83]. The
nontrivial statistics described by Eq. (14) signal an obstruc-
tion to satisfying U( g)g‘ = 1, thereby reflecting an anoma-
lous symmetry action. We also emphasize that the statistics
in Eq. (14) apply to non-Abelian groups. For instance,
when G = S; is the symmetric group, which contains the
Abelian subgroups Z, and Z;, we can substitute their
generators into Eq. (14) to derive the Z, and Z; invariants,
separately. These results are consistent with the cohomol-
ogy class H*(S3,U(1)) = Zg = Z, x Z5.

Now, we illustrate the simplest example of nontrivial
fusion statistics. Consider the anomalous Z, symmetry on a
one-dimensional qubit chain [83,87-89]

S:= HXiHCZi,Hl’ (17)

where X; and Z; are Pauli matrices on site i, and CZ,; ;, is
the controlled-z gate between adjacent qubits. This anoma-
lous symmetry action originates at the boundary of the
(2+ 1)D Levin-Gu Z, SPT phase [58]. The symmetry-
preserving operators are generated by

Wi+% =2z, U +H = XiCZi iCZi;yy. (18)

)
1 2—)[

We interpret the W;,1 as the domain-wall excitation on the
edge (i,i+ 1), and Ui_i.41 is the hopping operator of

2]
the domain-wall excitation from i — % to i+ % We omit the
group label since Z, has only one nontrivial element.

Applying Eq. (14), the fusion statistic of this domain wall is
[Uipimizas U,g_%%r%] = [Xi11CZ; i1 11CZi 11342, Zia Ziy 1]

= -1

The value —1 confirms that the Z, symmetry in Eq. (17) is
anomalous.

2. Particles in (2+1)D and (3+1)D

Invertible particles in (2 4 1)- and (3 + 1)-dimensional
spacetime must have an Abelian fusion group G. As
reviewed in Sec. [ A 1, the statistics of a particle labeled
by a group element g€ G can be detected using the
T-junction process [45,67,68]
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e == U(9)aU(9) 53 U(9)n U(9)32 U(9)o3U(9)51 - (19)

where the vertices 0, 1, 2, and 3 are shown in Figs. 1(b) and
1(c). When G = Z, the possible values of ® are

ej@ _ exXp (2ﬂlm) in (2 + I)D’ (20)
+l in (3+ 1)D,

where 0 < k < ged(2,N) x N is an integer. These values
are characterized by the degree-4 cohomology class
H*(B>G,U(1)) in (2 4+ 1)D and the degree-5 cohomology
class H°(B*G,U(1)) in (3+ 1)D associated with the
I-form and 2-form G symmetry, respectively (see
Table T). In (3 + 1)D and higher dimensions, the + sign
|

Zi(a,b) := (U(a)p+c) ™™

24 0.) == (UO)540) ™ (UO)5ac W5, 004, U@ assrcan]])

corresponds to boson or fermion statistics, which are related
to the second Stiefel-Whitney class w, [9,53-55,90-92].

B. Loop excitations

Loop excitations can be interpreted as defect lines or flux
loops, and we consider loop excitations in (2 4 1) and
(3 + 1) spacetime dimensions.

1. Loops in (2+1)D
In this dimension, the “fusion” of loops also defines
statistics, analogous to the F symbol for particles. The
simplest examples of nontrivial statistics arise when the
fusion group is G = Zy x Zy (with generators labeled by
a and b), and there are two invariants:

(V@) ssc W@}, Ula)a, UG) asmicrnl]) o

where U(i)p denotes the membrane operator that creates loop excitations labeled by i on the boundaries of region
R (with i = a, b as generators of the fusion group G = Zy x Zy). The notation U(i),, ;... refers to the membrane operator
acting on the union / U J U - - - defined as the product U(i),U(i), - - - [93]. The formulas for N = 2, 3, 4, 5 are obtained
from our algorithm by computer calculation (Sec. IV B), and we expect them to extend to arbitrary N.

Similar to particle fusion, we can show that the nontrivial statistics Z4(a) and Z,(b) are obstructions for

Ul@)) = Ub)) = [U(a);. U(B),]=1. ¥ . (22)

indicating an anomalous symmetry. We also highlight that the statistics in Eq. (21) correspond to the degree-4 cohomology
class H*(BG, U(1)) of the global symmetry G, as shown in Table 1.

For a concrete example of nontrivial loop fusion statistics, consider an anomalous Z, x Z, symmetry on a two-
dimensional square lattice. Each vertex v hosts two qubits a, b with Pauli operators X¢, Z¢ and X%, Zb. We label their Z
eigenvalues by a,, b, €{0,1} via

Zy=(-1)"  Zy=(-1)" (23)
The anomalous Z, x Z, symmetry is generated by
- b b
ccz 3 2l
Sa _:HXa H f — HXa H (71)b1b2b4+b1b3b4
: v v ’
v f=01234 b lb 2 =cz v f=01234 (24)

st ::HXS,

011010-8



GENERALIZED STATISTICS ON LATTICES

PHYS. REV. X 16, 011010 (2026)

where ccz denotes the controlled-controlled-z gate. This
anomalous (2 + 1)D system can be derived from the
boundary of a (3 4+ 1)D SPT phase with cocycle [94]

1

EAI UBI UBI UB]€H4(322XZZ,U(1)). (25)
In Appendix A1, we show that, within the symmetric
subspace, the domain walls of this anomalous Z, x Z,
symmetry become loop excitations with nontrivial
fusion rules.

2. Loops in (3+1)D
In (3 + 1)D, the loop statistics is determined by the loop-

flipping process for G = Z,. We introduce a novel 24-step
process to detect this statistic:

— -1 rr—1 -1 77—1
Hog = U014U034U023 U014U024U012U023 U013
-1 r7—1 -1 77-1
X U024 U014U013 U024 U034 U023 U013U012

X UpaaUnoaUoiaUs3sUs s UoisUgh Upgs. - (26)
which is shown in Fig. 3 explicitly. Each line in Eq. (26) is
obtained from the previous one by applying the substitu-
tions 1 — 2,2 — 3, and 3 — 1 [96]. The space of single-
loop configurations forms an RP? structure, as illustrated in
Fig. 4. The 24-step process s, is represented on this RP?,
explicitly manifesting the C; rotational symmetry
1 -2 — 3 — 1. We demonstrate that the 24-step process
yields the same statistics as the 36-step process defined in
Ref. [45], while being more efficient. Computational
verification confirms that this 24-step sequence is the
shortest way to obtain the loop statistics.

-1 -1 —
4 Ups Uiz Unis Uoia
— —_— — —
1 3
2
1 -1 -1
Upia Unis Upas Ussa
—_— —_—  — —_—
-1 -1 -1
Uois U2z Uniz Upou
— — —_— —_—

FIG. 3.

We emphasize that if all U are Pauli operators, such that
Uy, [Uy,. Uy, ]] = 1 for all faces fy, f, and f3, then the
above statistics simplify to

Pauli

W5 = [Ug1a. Ugsal*[Uotss Uppal*[Uo1a, Ugs]*. (27)

The statistic u,4 corresponds to a degree-5 cohomology
class in H3(B?G, U(1)) for the 1-form G symmetry and is
also related to the third Stiefel-Whitney class w; for
G = Z2:

1 1
W3 UBZ :*B2 U

5 5 (B, U, By) € H>(B*Z,,U(1)).

(28)

To confirm the relation between p,4 and wy, we insert the
unitary operators describing the loop excitation on the (3 +
1)D boundary of the beyond-cohomology (4 + 1)D topo-
logical quantum field theory with action § = %w2w3 in
Ref. [44] into the 24-step procedure and obtain p,4 = —1.
This demonstrates that the statistic y,, precisely detects the
ws gravitational anomaly. This process remains valid for
the fusion group G = Zy for even N, by choosing the
operators U, that create a loop labeled by (N/2)€Zy
representing an element of order two.

C. Membrane excitations
1. Membranes in (3+1)D

Now we consider membrane excitations in (3 + 1)
spacetime dimensions. For G = Z, the fusion of mem-
branes gives rise to the Z, statistics [97]

-1
U034 U012 U024 U034
— — — —

~1
U024 U013 U014 U024
— — — —

-1

U014 U023 U034 U014
— — — —

The 24-step process for detecting the statistics of loops with G = Z, fusion in (3 + 1)D. For Z, loops, different orientations

correspond to the same configuration state, indicating that the initial and final configurations are reversed and illustrating the loop-
flipping process. This unitary sequence yields the same invariant as the 36-step unitary process proposed in Ref. [45]. We prove that this
24-step process is optimal, as no shorter sequence can achieve the same invariant.

011010-9
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FIG. 4. The space of single-loop configuration states. Each vertex represents a single-loop configuration, where the loop is drawn only
on edges between vertices 1, 2, 3, and 4 in Fig. 1(c) since the edges adjacent to vertex O can be inferred from these edges. Each edge of
this space is labeled by (0ij), and we can apply the operator Uy;; or Ual.]j to create or annihilate the loop on edge ij. This configuration
space forms an RP? structure [45], where antipodal vertices represent the same configuration state. The 24-step process is illustrated by
the black directed line exhibiting the Cj rotational symmetry and corresponding to the nontrivial element of 7, (RP?) = Z,.

where U(g)g denotes the volume operator on region R the nontrivial statistic Zs(g) represents the obstruction
that creates a g-membrane excitation on its boundary, and ~ to U(g)Y¥ =1 for all tetrahedra r. The statistic Zs(g)
U(9)1444... denotes the product U(g),U(g), - acting on  corresponds to the degree-5 cohomology H’(BG,U(1))
the union /UJU---. The formulas for N <8 are in Table L

obtained explicitly from our algorithm in Sec. IV B, To illustrate a nontrivial Zs(g), consider a cubic lattice

and we expect that the expressions can be extended to  with one qubit at each vertex. The anomalous Z, global
arbitrary N. Similar to the (24 1)D fusion in Eq. (21),  symmetry is defined by

011010-10
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ceez 4 8

i

2

where cccz denotes the controlled-controlled-controlled-z
gate. The anomalous (3 + 1)D theory resides on the
boundary of the (4 + 1)D SPT phase with the cocycle

1
EA‘ UA UA UA  UA €H(BZ,,U(1)) (31)

known as the generalized double semion model in
Refs. [98,99]. In Appendix A 2, we show that within the
symmetric subspace, the domain-wall excitation forms a
closed membrane exhibiting nontrivial membrane fusion
statistics Zs(g).

D. Mutual statistics
1. Particle-loop statistics in (3+1)D

In addition to examples in which all excitations share the
same dimension, one can examine the mutual statistics
between excitations of different dimensionalities. The sim-
plest instance in (3 + 1)D gauge theories is the braiding of a
point charge around a flux loop: As the charge encircles the
loop, the wave function acquires a nontrivial phase.

On the lattice, this process is described by the commu-
tator between the string operator that moves the particle and
the membrane operator that creates the loop:

e

Zgarticlefloop = [Uf, U, (32)

5

(_1)a1a2a4as+a1a2a6a8+a1a3a4as+a1asa7as+a1asasas+a1a5a7as

(30)

)

where U is the membrane operator acting on a face f that
generates the loop excitation, U, is the string operator
acting on an edge e that generates the particle excitation,
and the edge e pierces the face f. This defines a Z, mutual
statistics satisfying (Z2“'*'°PYN — 1. This braiding sta-
tistics corresponds to the 5-cocycle

1
NAz UB3 EHS(BZZN XB3ZN,U(1)). (33)

2. Loop-membrane statistics in (3+1)D

We now present two distinct types of mutual Z,
statistics between a Z, loop and a Z, membrane in
(3 + 1)D. These cases are anticipated from the cohomol-
ogy classification

H5(322XBZZZ, U(l)) :Zz X22X22X22, (34)

where two Z, factors correspond to the self-statistics of
particles and loops, respectively, and the remaining two
correspond to mutual statistics. A Z, loop along the
boundary of a face f is generated by the membrane
operator Uy, which realizes the 1-form Z, symmetry. A
Z, membrane on the boundary surface of a tetrahedron ¢ is
generated by the volume operator U,, which realizes the
0-form Z, symmetry.
1) %Al U B, U B, loop-membrane statistics:
We first consider the following setting with three
faces and one tetrahedron:

1 -membrane- — — _
gloop-me ane-I — [Uu [Uf31Uf2UfllUf3Uf21Uf1H7 (35)
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where f;, f,, and f; are faces adjacent to the edge
(v1v,), and 1 is a tetrahedron (more precisely, a 3-cell)
whose bulk contains the vertex v;. Equation (35) can be
viewed as a T-junction process of loop excitations on
faces f;, f,, and f3, with the commutator with U,
isolating the contribution from the surface of tetrahedron
t, thereby capturing the statistics of the loop-membrane
intersection.

This statistic is relevant for describing the boundary
theory of the (4+ 1)D beyond-cohomology Z, SPT
phase with the topological action § = %Al Uwy Uw,
[44,100], where w, denotes the second Stiefel-
Whitney class. Reference [44] shows that this
beyond-cohomology SPT phase can be obtained by
gauging a higher-form SPT phase with the cocycle
containing

S

7 8

1 1
EWZ UA] UBZ :EAI UBzuBzeHS(BZZXBzzz,U(l)).

(36)

It has been predicted that the intersection of a membrane
(described by the A, field) and a loop (described by the B,
field) has the fermionic particle statistics due to the presence
of w,. However, an explicit derivation of this phenomenon on
a finite lattice has been lacking. Our novel statistics in
Eq. (35) resolves this gap by providing a concrete lattice
definition. In Appendix A 3, we show that the (3 + 1)D
boundary of the (4 + 1)D beyond-cohomology Z, SPT

phase exhibits the nontrivial statistics Zy ™! —
—1. More precisely, consider the anomalous O-form Z,
symmetry S¢ and the 1-form Z, symmetry S, where a qubit

a, is placed on each vertex v and a qubit b, on each edge e:

_ | IXa I I (_1)b12(bz4+b4s+b26+b68)+b13(b34+b48+b37+b78)+b15(b56+b68+b57+b78)
v b)
v

> 4
1y 7 8
5 6
diagrammatically: [ X¢ ] CZ| ¢z ,
v c 3
4
1 2
ey s es Es (37)
e e
with 2 es  es CZ ey = (1)ber(beatbegtbegtbes)
€1 €y
€ e, 2, €2
Xéj xb
b b X2 -
S, = H X_, diagrammatically: e
edDv Xg b Xe
Xe

We demonstrate that the domain-wall excitations of these symmetries exhibit the nontrivial mutual loop-membrane statistics

given in Eq. (35).
(i1) %Al UA; UA; U B, loop-membrane statistics:

We next consider a different structure involving one face and two tetrahedra:

Zéoop-membrane—ll — [Uf, [Utz ’ UthHa (38)

011010-12
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where #, and 1, are tetrahedra adjacent to the face (v,v,v3), and the edge (v,v,) pierces the face f. In Appendix A 4, we

show that for the anomalous 0-form Z, symmetry $¢ and 1-form Z, symmetry S2 defined below, the corresponding

. L o o o brane I
domain-wall excitations exhibit the nontrivial statistics Zg P ™" % = —1:

g@ .:HXG H (_l)ala2(b24+b48+b26+b68)+ala3(b34+b48+b37+b78)+ala5(b56+b68+b57+b78)
. v )
v

'{ 8

el xt (39)

Sg = H X é’ , diagrammatically:

eDv Xé’

v Xé’
Xo

These anomalous symmetries correspond to the SPT phase associated with the degree-5 cohomology class
1
EAl UAl UAl UBz€H5(322XBZZZ, U(l)) (40)

This cocycle provides an intuitive way to interpret Eq. (38). First, the term A; U A; U A; represents the 3-cocycle associated
with the fusion statistics in one dimension [Eq. (14)], motivating a structure of the form [U, , U 12,] Taking the cup product
with B, corresponds to intersecting with the world sheet of the loop excitation, which motivates the introduction of the
additional commutator with U to capture this intersection.

3. Particle-membrane statistics in (3+1)D

Finally, we consider the mutual statistics between a Z, particle and a Z, membrane in three spatial dimensions. Let U,
denote the string operator acting on an edge e that creates particles at its end points, and let U, denote the volume operator
acting on a tetrahedron ¢ that generates a membrane excitation on its boundary surface. The mutual statistics is defined in the
following structure:

t1 t,

Zgarticle—membrane — [Uez, Utl] [Utza [Utl , Ue“
—_—

e v, = (Utj[Ue,Utl}Utz) (U;l[Ue,Utl]Ue), )

where #; and 7, are tetrahedra adjacent to opposite sides of a common face, v; is the vertex contained in #;, v, is the vertex
contained in #,, and the edge e = (v, v,) pierces the common face. We present two equivalent expressions for the statistics,
both derived from our algorithm; either form can be used for computation, depending on convenience.

Consider the anomalous 0-form Z, symmetry S¢ and 2-form Z, symmetry S¢ defined below, with a qubit a, placed on
each vertex v and a qubit c; on each face f:

S .— H X’:}l H (_1)111(01234+01256+01357+02468+Cs478+05678) ;
v

7 8

S¢ = H X§, diagrammatically: X¢ Xf

fDe
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In Appendix A 5, we show that the domain-wall excitations

associated with these symmetries exhibit the nontrivial

.. rticl b ) .
statistics ZE"C MM — — 1. These symmetries arise

from the (34 1)D boundary of a (4 + 1)D SPT phase
characterized by the degree-5 cohomology class

1
EA] UA] U C3 €H5(322 X B3ZZ, U(])), (43)

where A; and Cj are the background gauge fields for the
O-form Z, and 2-form Z, symmetries, respectively.

III. FRAMEWORK FOR GENERALIZED
STATISTICS

A. Framework of invariants in generic dimensions

We describe the invariants associated with extended
excitations in generic dimensions. The 7T-junction process,
previously discussed for particle excitations, is generalized
to extended excitations in any dimension through a
sequence of unitaries that create these excitations.
Consider a system with a finite, invertible (d — p —1)-
form symmetry group G in a d-dimensional space. The
group G is generated by unitary operators U supported on
(p + 1)-dimensional submanifolds. If the support has a
boundary, the operator U creates a p-dimensional extended
excitation at that boundary. For a O-form symmetry with
p =d—1, G can be non-Abelian; in all other cases, G
must be Abelian. We first restrict attention to the Abelian
fusion group G, and address the non-Abelian case
in Sec. III B.

1. Excitations and unitaries on simplicial complex

Following the description of the 7-junction process, the
construction of the invariant starts by fixing the possible
configurations of the excitations in space. We define the
excitation model as follows:

Definition II1. 1. An excitation model defined on a tensor-
product Hilbert space H over a d-dimensional spatial
manifold M consists of the following components:

(1) A finite Abelian group .A. Each group element a € A
corresponds to a configuration of the excitations in
the space M. For each configuration a € A, there
exists a state |a) €H, such that the states that
correspond to different configurations are orthogo-
nal [101].

(2) A finite set S and a map 0:S — A, such that Imo
generates .A. Each element s € S represents a unitary
operator that creates the excitation ds. For each
s €S, there exists a unitary operator U(s) such that
U(s)|a) < |a+ os) for all a€A. The support
of the unitary U(s) is the (p + 1)-dimensional locus
supp(s) C M.

We note that the above definition assumes the invertible

symmetry with a grouplike fusion rule, and further that the

fusion group is finite and Abelian. One can extend the
above definition to the case of invertible non-Abelian group
symmetries, which will be studied in Sec. III B.

Let us take a concrete example of the excitation model
based on the T-junction reviewed in Sec. I A 1. In that case,
{U(s)|s €S} is a set of operators that generate all string
operators with the fusion group G supported on the fixed
edges connecting the vertices 0,1,2,3 of Fig. 1(b). There are
six edges (jk) with 0<j<k<3, so S is a set of
generators of G°. A is taken to be all configurations of
anyons created by sequences of operators in {U(s)} acting
on the vacuum. This is isomorphic to A = G*, which
corresponds to the configurations of anyons at four vertices
fusing into the vacuum. In the case of the T-junction, S can
be regarded as a set of generators of the group of 1-chains
C,(X, G) in the simplicial complex X shown in Fig. 1(b), 0
as the boundary map of the simplicial complex, and A as
the boundary group A = By(X, G).

More generally, one can construct an excitation model on
any finite simplicial complex X embedded in the space M,
which can describe extended excitations in arbitrary
dimensions. To illustrate these ideas, consider the excita-
tion model on a simplicial complex. In this case, let A be
the group of p-dimensional simplicial boundaries

A=B,(X,G). (44)

We take S to be a minimal set of generators of the (p + 1)-
chains of X with coefficients in G, i.e., generators of
C,+1(X.G). Concretely, each element s €S is given by
s = go,.1, where g € G is one of the generators of G, and
op41 18 a single (p + 1)-simplex of X. Viewing X as a
topological space embedded in M, supp(s) gives the image
of the simplex o, in M under the embedding map. The
unitary U(s) can then be expressed as U(s) = U,(6,11),
namely, the operator generating the g € G symmetry at the
simplex ¢, embedded in M. The map 0:S — A is the
homological boundary map of X, and we have U(s)|a)
la 4 0s) with ae A, s € S.

In general, different choices of the simplicial complex X
yield different invariants. To extract the complete set of
invariants observable in the spatial manifold M, one can
choose X as a simplicial decomposition of M. Meanwhile,
the generalized statistics of excitations are typically local
properties that can be extracted from a simplicial complex
X supported on a ball embedded in the whole space M.
Such invariants include, for example, the 7T-junction of
anyons, and are insensitive to the global topology of
the space.

2. Invariant Berry phases from unitary sequences

Now we are ready to construct the invariants out of the
sequence of unitaries {U(s)} acting on the excited states
{|a)}. From now, we assume that the excitation model is
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constructed on the simplicial complex X embedded in the
space, according to Sec. III A 1.

For a€ A, s €S, the unitary operator U(s) transforms
the state |a) into |a + ds) up to a phase:

U(s)la) = explib(s.a)lla+as).  (45)

Accordingly, the inverse of the unitary U(s) acts on the
states by

U(s)™a + ds) = exp[—if(s, a)]|a). (46)

The invariant is then expressed as a sequence of unitary
operators starting and terminating with the same configu-
ration of excitations

(aolU(sye1)™s o U(s)) s U(so) lag), — (47)
where = is the sign which can be chosen for each unitary.
This Berry phase will become the sum over the phases
0(s,a) with s€S,a € A.

To qualify the above phase as an invariant, one needs to
establish the invariance of the above quantity against
possible deformations of the states as well as unitaries.
For the formulation of the invariants, it is convenient to
express the above Berry phase as the element of the formal
sum of the objects (s, a):

E= & Z0(s,a), (48)

seSacA

which we call the expression group associated with the
excitation model. Each element e€ E is expressed as
e =D qe(s,a)0(s,a) with the integer coefficients
€(s,a) € Z. The condition for e being the invariant will
be compiled into a set of equations that the coefficients
{e(s,a)|s€S,ae A} need to satisty. The invariants then
correspond to a specific subgroup E;,, C E, which we now
characterize.

The first condition for E;,, simply requires that the Berry
phase corresponds to a sequence of unitaries initiating and
terminating with the same state. This is equivalent to
requiring the invariance under the redefinition of the states
la) = ¢?@)|a) for a€. A, which shifts the phases as
0(s,a) = 0(s,a) — p(a) + ¢(a + ds). The element e €E
is invariant under such a redefinition of phases if and only if
the coefficients {e(s, a)} satisfy

Ze(s, a) — Ze(s, a—0s)=0, foranya€c A (49)

sES seS

This gives the first necessary condition for e € Ej,.

The second condition for E;,, is that the Berry phase is
invariant under the redefinition of unitaries U(s) by a phase
U(s) = e U(s) for s€S, shifting the phases as
O(s,a) — 0(s,a) + ¢(s). The element e €E is invariant

under such a redefinition if and only if the coefficients
{e(s,a)} satisfy

Ze(s, a)=0, foranyseS. (50)
acA

This gives the second necessary condition for e € E,.

The rest of the conditions for E,, are that the Berry
phase is invariant under the deformations of the unitary
U(s) by alocal operator near the boundary of the support of
U(s). Suppose that we add a local deformation at a point
contained in the j-simplex ¢; € X embedded in the space
M. This has the effect of locally modifying the symmetry
operator U(s) to the other unitary U’(s), when the support
(p + 1)-simplex 6, = supp(s) contains the simplex ;.
Such an inclusion of a simplex is denoted by 6; C 6,1,
meaning that a set of vertices of ¢; is a subset of that
of 6,4.

The phase 6(s,a) gets shifted according to the redefi-
nition of the unitary. Since U’(s) differs from U(s) locally,
the operator U’(s)"U(s) is a local operator supported on a
local region r within ;. The excited states |a), |a + 0s)
possibly get modified by |a) = Vl]a),|a+ ds) =
V|a + ds) with some local unitary V,V with the same
support r as U'(s)"U(s). |a) is then an eigenstate of the
operator O(r) = VIU'(s)"VU(s). Let us denote the eigen-
value as the phase exp (i¢(s, a)),

9| a) = O(r)|a). (51)

Because of the locality of the perturbation, V, V depend on
the excitation a only through its restriction to the set of
p-simplices satisfying 6; C 6,,. Furthermore, the eigenvalue
exp (i (s, a)) of the local operator O(r) = VI U'(s) VU(s)
also depends on a only through the p-simplices with
0; C 0,. To see this, we express exp (i¢(s,a)) as

e50) = (alO(r) o)
= O )0V, (52)

where s, € S satisfies a = ds,, and 0 € A denotes the trivial
element of A. Since U(s,,) is a finite-depth circuit, the part of
the circuit away from the region » commutes with O(r). This
implies that U'(s,)O(r)U(s,) is again a local operator
supported on 7, and is independent of the configuration of a
away from the perturbation at r, which lies within a
simplex o ;.

Now let us define a|ﬁj as a G-valued p-cochain
defined by a|6j =a at o, satisfying ¢; C 0, otherwise
zero. Because of the above argument, the action
of O(r) =ViU'(s)'VU(s) can be expressed as
ViU'(s)'VU(s)|a) = exp (ip(s.al,,))|a); namely, the
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dependence on « is only through the configuration of a near
the simplex o; where the deformation occurs.

This implies that the action of U’(s) is shifted from U(s)
by ¢'(s,a) =0(s.a) + ¢(s.al,) when o; C supp(s).
Requiring the invariance of e € E under this shift of 8 is
equivalent to requiring that the coefficients {e(s, a)} satisfy

Z €(s,a) =0 (53)

()

a\[,l. =a;

for any possible choice of s€S,6;€X satistying o; C

supp(s) and any a, with 0 < j < p.

One can further see that Eq. (53) labeled by 0 < j < p
gives a redundant set of constraints. To see this, pick a
J-simplex ¢; and a 0-simplex (vertex) o of 6}, i.e., 6y C ;.

(0)

The chain a,” then satisfies (aio))\gj =a". We get

Z e(s,a) = Z Z e(s,a) |, (54)

acA 0) aeA
)] % . _.0
ey OMSTR

which implies that the equations for j = 0 are sufficient to
fully characterize the constraints in Eq. (53). Thus, a
refined version of the condition equivalent to Eq. (53)
can be written as follows:

Z e(s,a)=0 (55)

aceA
(0)

a\o-[]:a*

for any possible choice of s€S, a O-simplex op€X

satisfying o C supp(s) and any a\”.

The above requirements complete the description of E;,,,;
the group E;,, C E is defined as the group of e € E whose
integral coefficients satisfy the conditions (49), (50), (55).

3. Equivalence of Berry phases and genuine invariants

Some elements of Ej,, correspond to trivial invariants.
One class of trivial invariants arises from the commutators
of the unitaries. For instance, if two unitaries U(s;), U(s,)
have no overlap of their support supp(s;) N supp(s,) = @,
the commutator (10) [U(s,),U(s;)] =1 is trivial. This
implies that the element of E;,, given by

O(s1,a) + 6(sy,a+ 0sy) —O(sy,a+ dsy) — O(s5,a)
=0 (mod 2x) (56)

gives a trivial invariant. Hence, the set {6(s,a)} is not
entirely independent. More generally, let us take multiple
unitaries U(s;), ..., U(s,) without common overlaps
supp(s;) N ... N supp(s,) = @. Noting that each unitary
U(s;) is a local finite-depth circuit, the higher commutator

(11), [U(s,). [ - - . [U(s2), U(sy)]]], becomes trivial. Taking
the expectation value of these higher commutators with any
state |a) gives an element of Ej,, that is a trivial invariant
[102]:

(allU(sn). [+, [U(s2). U(s1)]]l]a) =1,
VaeA, vV si,5,...5,€S|siNs,N...0s5,=. (57)

This equation follows from the fact that the commutator of
two local finite-depth circuits are supported in the neigh-
borhood of their intersection.

We define the subgroup Eiy C E;,, as the group gen-
erated by the locality identities in Eq. (57). It can be verified
that E;4 includes all invariants arising from the higher
commutators of operators of the form V = [[,c5 (U(s))™,
with n, € Z [103]. To classify the genuine invariants, we
introduce the following quotient group:

Definition II1.2. (Generalized statistics) The generalized
statistics is defined as the quotient of E;,, by the subgroup Ej,

T := Eyn/Ey, (58)

which forms an Abelian group.

We now establish the following theorem about the
property of this quotient group 7"

Theorem III.3. (Initial-state independence) The gener-
alized statistics is uniquely determined by the sequence of
unitaries, independent of the initial state |a) it acts upon,

(aol [TUGs)*la0) = (a| [T UCs)*1ap ) (59)

for all (ao| [T U(s;)*|ag) € Eny and aj € A.

To prove this, we first conjugate the entire sequence of
unitaries in Eq. (47) by another unitary operator U(s’).
Specifically, consider the equality of invariants

(aol [T Us)*lao) = {ao + 05\ T] U(s;)*1aq + 05'),

(60)

with '€ S and U(s;) = U(s")U(s;)U(s")". One can then
write U(s;) as

U(s;) = U(s;)0(0s;), (61)

Here, an operator O(ds;) := [U(s;), U(s')"] is supported at
the neighborhood of ds;. This is because for s" # s;, the
commutator of U(s’), U(s;) has support at s; N s’ C ds;.
For s’ = s, the symmetry operators of the Abelian fusion
group is commutative in the bulk, so O(ds;) again has
support within ds;. These O(ds;) can be treated as local
perturbations acting on the boundary of each unitary U(s).
Then, by the definition of E;,,, we have
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<a0 + 05/ H
= (ay+0v' H (U(s,))i

Combining Eq. (60), and noting that Im 0 generates .4, this
completes the proof of Theorem III.3. As a result, the ratio

(ao| HU(Sj)iWo)
(agl TTU(s;) " |ag)

with (ao| [T U(s;)*|ao) € Einy and afy € A becomes a trivial
phase. In Appendix D, we show that the above ratio (63)
becomes an element of E;y by explicitly checking that it is
given by a product of higher commutators.

|a0+0s>

lag + 6s’>. (62)

(63)

4. Quantization of generalized statistics

In this section, we show that the above group T with any
finite simplicial complex X and finite Abelian group G
always becomes a finite Abelian group. In particular, this
implies that the invariants ¢’® in T must take the quantized
values.

Since the number of generators of 7 is finite upper
bounded by |S| x |.Al, it suffices to show that T is a torsion,
i.e., a direct sum of finite Abelian groups and does not
contain a free part. Let us take an invariant [e] € Ej,,/Eiq.
Then take a representative e€F;, expressed as
€= (sa€(s,a)0(s,a). Since Eq. (63) is included in
E,4, the equivalence class of e is left invariant under the
global shift of a - a + a, with ay € A in phases 0(s, a),
which leads to the expression ¢’ =), , e(s,a)0(s,a +

5,a)

ag) with [¢] = [¢/]. We then get
| Alle] a;; 5,a)0(s,a+ ay)

—;Z s.a—ay)0(s,a)

_Z<Z e(s. ay )H(S,a):O (mod 27),  (64)

ayeA

where we used Eq. (50) in the last equation. Since A =
B, (X, G) is finite, this implies that any element of 7' has
finite order which divides |.A|. This shows that T is a finite
Abelian group.

Later in Secs. V and VI, the invariants in 7" will be
identified as the microscopic definition of the 't Hooft
anomalies of the global symmetry G. The above observa-
tion implies that the 't Hooft anomalies in the microscopic
lattice systems generally become a torsion when G is finite.
This is consistent with a generic conjecture that the 't Hooft
anomalies realized in symmetry-preserving gapped theories
must be a torsion [104]. We comment on the applicability

of generalized statistics in generic gapless systems in
Sec. VIL

B. Generalized statistics for non-Abelian 0-form
symmetries

1. Generalized statistics for non-Abelian fusion groups

It is straightforward to extend the above formalism to the
case of non-Abelian fusion group G, which can happen for
the O-form symmetry. Let us describe the excitation model
for the non-Abelian G on a simplicial complex X embedded
in a d-dimensional space. S is again a set of a pair
s = (g;.04), where {g;} is a minimal set of generators
of G, and o, is a d-simplex of X. Each element s€S
corresponds to the unitary U(s) = U, (o4). Then, A is
identified as the set of the states {|a)} obtained by the
sequence of unitaries on a fixed G symmetric state |0). The
unitary acts on the state by U(s)|a) = e%|a x ds) with
the group fusion X, i.e., fusing the excitations at the
boundary of a d-simplex.

The expression groups E, E;,,, E;q can be readily gen-
eralized to the non-Abelian group G.

There are slight modifications to the characteristic
equations for Ej,,, E;q arising from the non-Abelian nature
of fusion groups. The only modification to Ej,, is that one
of the conditions for E;,, (49) is expressed according to the
fusion of non-Abelian groups as

Ze(s,a)—Ze(s,ax(6s)‘1):0, foranyaeA. (65)

sES seS

For the definition of E;4, the non-Abelian fusion group
has the effect of modifying Eq. (59). Instead of Eq. (59), for
non-Abelian G we have the equation

<a0|HUs] |ao> <aoan|Hﬂs

|*|ag x os’' >
(66)

for all (ao|[[U(s;)*|ag) €Eipy and any choice of
s' = (g.0),). Here, we write the conjugation action of
U(s'") on U(s) with s = (g,06,4) by

Ug’gg”l (Ud), Oy — 021,

67
Ug(gd)’ 64 % Gil' ( )

v = {

That is, U(s’) acts on U(s) by an automorphism if these
operators have the same support. Equation (66) can be
derived by a similar discussion to the proof of Eq. (59).

We define the group E;q C Ej,, as the group generated by
the elements in the form of the ratio

(ao| T1 U<Sj)i|ao>
{ay % 05/ T1 py[U(s,)]*[ag x 05')

(68)
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with (ao| [TU(s;)*|ag) € Eipy, s' €S, and the elements
given by the higher commutators

(a|[U(sn). [+ [U(s2), U(s1)]l]]a) = 1,
VaeA, VvV s;,8,...5,€Ssinsman...ns, =@. (69)

It is expected that the ratio (68) is again given by a product
of higher commutators, and the above definition gives a
redundant set of generators. Verifying this expectation is
left for future studies.

2. Quantization of invariants for non-Abelian
fusion groups

One can also show the quantization of invariants for non-
Abelian fusion groups. For simplicity, let us take X to be a
triangulation of a sphere S¢.

Consider an element [¢] € T = Ej,,/E;q. Since Eq. (68) is
an element of Ejy, conjugation by a unitary U(s’) leaves the
equivalence class [e] invariant. Hence, conjugation by any
unitary of the form [], cx Uy (c') leaves [e] invariant,
where ¢ (¢”) is any group element ¢'(¢”) € G chosen for each
d-simplex ¢’. Each U, (¢") is a product of operators U (s)
with s € S supported on the simplex ¢’. Now let us sum over
all possible conjugation actions of [e] by [ [, cx Uy(r)(d).
This corresponds to summing over all choices of group
elements ¢ (¢’) for each d-simplex, giving |G|« possibilities,
where N, is the number of d-simplices in X.

After this summation, we obtain an expression of
|G|Ne[e], and we will show that it vanishes. To see this,
pick a single d-simplex o, € X, and focus on the coefficient
of the phase 6(s, a) with s supported on o,. Then, in the
sum over conjugation actions, first sum over the N, —1
d-simplices with ¢’ # o,

GI¥ee]
=% S etsao(sax [[oe)0)) + -
g}y aeA o'#oy

o #oy

where - - - denotes the other phases 0. Note that while the
excitation a is shifted by the conjugation action, s remains
invariant under conjugation since the action avoids the
simplex o,. Here, since X is a triangulation of a sphere,
Im(0) with the domain ¢’ # 6, generates the entire group
A. Therefore, one can rewrite

|GVl [e] = Z Z e(s,a)0(s,axa)+---

deAaeA

- Z ZG(S,a X a/_l)e(s,a) 4+

deAaeA

- Z <Z€(S,a’)>9(s,a) T+

aeA NdeA
=0+, (70)

implying that the contribution from each s €S vanishes
when summing over the N, — 1 simplices avoiding s. This
derivation shows that |G|V¢[e] becomes zero. Therefore, we
conclude that the generalized statistics 7 forms a finite
Abelian group whose order divides |G|¥+. The invariants
are thus quantized into discrete values.

IV. COMPUTATION OF GENERALIZED
STATISTICS

In the previous section, we provided the conditions
[Egs. (49), (50), and (55)] under which a process remains
invariant under any local deformation. Solving for e(s, a)
that satisfies these equations is generally challenging. For
instance, Ref. [45] uses computational methods to solve
similar equations for loop excitations in (3 + 1)D, with
additional constraints (specifically, restricting to processes
that flip a loop). However, extending this approach to other
types of excitations is not straightforward. Therefore, we
adopt an alternative approach. Instead of directly solving
the equations, we investigate the “trivial solutions” and use
them to construct new solutions for genuine generalized
statistics.

Specifically, for each locality identity in Eq. (57) within
Ei4, a linear combination of (s, a) must be zero modulo
2z. The coefficients e(s, a) satisfy the conditions given in
Egs. (49), (50), and (55) since the locality identities always
hold, regardless of how U(s) or |a) is deformed. Since the
commutators of unitaries for nonoverlapping simplexes
always yield a phase factor of +1, the solution e(s,a)
derived from the locality identity is considered a trivial
solution.

Next, note that these equations are linear in e(s, a).
Specifically, if {e(s,a)} is a solution, then {€'(s,a) :=
ae(s,a)} is also a solution, provided that all ae(s,a)
remain integers. If we find a combination of locality
identities such that all coefficients {e(s, a)} are multiples
of an integer k, we can obtain a potentially nontrivial
solution by dividing these coefficients by k. If this new
solution cannot be expressed as a linear combination of
identities in E;q, we categorize it as a genuine invariant.
Moreover, this solution imposes a constraint on the
generalized statistics, which can only take the form
exp[(2zij)/k], where j€0,1,2,....k— 1.

A. Deriving generalized statistics via locality identities

In this section, we explicitly derive several statistical
processes from locality identities. These derivations can be
regarded as mathematical proofs carried out by hand
(without computer assistance), confirming the correctness
of the results presented in the previous sections.
Specifically, the (2 + 1)D Z, particle-exchange statistics
is derived in Sec. IVA 1, and the (3 + 1)D Z, loop-flipping
statistics is derived in Sec. IVA 2. In addition, the
(1+1)D Z, particle-fusion statistics and the (3 + 1)D
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(a) Configuration space for Z, particles on a triangle with a central vertex. We analyze states within the same superselection

sector as the vacuum. These states are interconnected through string operators Uy; where i = 1, 2, 3 delineating the 1-skeleton of a cube.
It is important to note that transitions between states can be achieved by applying either Uy, or Ua, , and generally, the operator Uol does
not necessarily equal +1. Connections between states via U;; are not explicitly shown in this diagram. (b) Visualization of the T-junction
process in the configuration space. A specific initial state is @elected (the outcome is independent of this choice), demonstrating how the

T-junction process swaps the positions two particles.

loop-membrane mutual statistics are derived in
Appendixes C3 and C4, respectively. The algorithmic
approach for systematically deriving these processes will
be presented in the following section.

1. Z, particles in (2+1)D

As an example, we begin by considering the 7-junction
process in (24 1)D with the fusion group G = Z,,
demonstrating that its anyon statistics must take the form
exp(i®) = +1, +i. The configuration states are shown in
Fig. 5(a). We start by presenting particular locality iden-
tities for demonstration:

< A’ [[Uo2, Uos], Ui2] ‘ A> _

In terms of (s, a), the above identity can be expanded as

0 (Uog7 A) +6 <U02, A) +0 (U(fslv A)
+6 (Uo_gl, A) +6 (UOQa A) +0 (U037 A)
oy (UOEI’ A) +0 (Uogl, A) =0 (mod 27) ,

(72)

(71)

where we have adjusted the notation from 6(s,a) to

0(U(s), a). This change allows us to extend the definition

of @ for U(s)~! as
0(U(s)”

' a) =-0(U(s),a — 0s), (73)

which follows from Egs. (45) and (46). More generally, 6
can be defined for any sequence of U(s) using the
following property:

O(VU(s)*,a) =0(V,a+ds) +0(U(s)*,a)  (74)

for all unitary operators V. Using Eq. (73), the locality
identity (72) can be rewritten as

6 (Uos, A) +0 (Uozs &) -0 (Vos, A)

=0 (Uo2s ) +6 (Vozi A) +6 (Vos, A)

0 (Voos A\) 0 (U5, A) =0 (mod 2m),
(75)

where we express € solely in terms of U, without involving
U~!. Besides this locality identity, we can write down the
following eight identities:

M { A l[Uo1, Uoal, Uns] ‘ A)=1.

@ ( A W05, Uonl, Uas] | A) =

3 ( Az Uz, 0] | >:

@ ( Al wst vz osl | A) =1

&) <A [[U0317U011 ], Uss] ‘ >:

© ( A (Vo2 Uss], U25)2‘ A =
D (A (Wor. V). 22]) | A) =1
3) <A ( [Uos, Uo1], U13)2 A> =1.
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In Appendix C 1, we explicitly demonstrate that summing
over the nine identities above yields the resulting equation:

4(0(U0_11, A) +9(U03, A) +9<U0_21’ A)
ot A o A ofene )

=0 (mod 27) ,
(76)

where the six 6 terms can be combined into a total phase of
a sequence of unitaries

46 (UoaUgs Uon Uy Uos Ui, A\) =0 (mod 2r) .
(77)

This sequence of unitaries precisely corresponds to the
T-junction process as defined in Eq. (19) and is illustrated
within the configuration state space in Fig. 5(b). Note that
the coefficient 4 in Eq. (77) is crucial, as it constrains the
phases to be

_ _ _ ™
0 (Uo2Uss' Uon Uy VU A,) = 0., 25 (mod 2r)

(78)

indicating that the anyon with G = Z, fusion can be a
boson, a fermion, or an (anti)semion. The coefficient in
Eq. (77) depends on both the fusion group G and the spatial
dimensions.

This computation can be generalized for G = Zy
straightforwardly. Specifically, in (2 + 1)D, the coefficient
is 2N for even N and N for odd N, while in (3 + 1)D, the
coefficient is 2 for even N and 1 for odd N, as discussed
previously in Eq. (20). This is consistent with the topo-
logical spin of Z, anyons (related to the topological twist
by e*") given by h = [p/(2N)] mod 1 for integer p =
0,1,....,.2N —1 foreven N, and p =0,2,4...,2N -2 for
odd N in a bosonic theory, i.e., no transparent local
fermion [50].

In the following sections, we present an algorithm that
systematically determines these coefficients using the
Smith normal form. In particular, we have reproduced
the above quantization of topological spin for G = Zy with
N <10 using our personal computers, while higher N
demands more computational resources.

2. Z, loops in (3+1)D

In addition to the well-known T7-junction process for
detecting the spins of particles, we now proceed to another
more intricate example: the loop-flipping process for Z,
loops in (3 + 1)D. This process was first proposed in

Ref. [45], where computers found a sequence of 36
unitaries to ensure invariance under any local perturbation.
In Appendix C2, we utilize our new method, which
involves summing over locality identities, to derive a
sequence of 24 unitaries p,, that satisfy the following
equation analogous to Eq. (77):

4

'\

20 M24, 1 " 3 =0 (mod 271') s (79)

with p,, defined in Eq. (26) and illustrated in Figs. 3 and 4.
Therefore, the total phase of this sequence must be 0 or z
mod 2z, implying that a loop with G = Z, fusion can be
either bosonic or fermionic [44,45]. We further demonstrate
that the total phase generated by the 36-unitary sequence
from Ref. [45] matches the phase obtained from our gy
sequence, up to some locality identities. In other words,
both sequences yield the same loop statistics, but our
process is more efficient, requiring fewer unitaries. We
have verified that the 24-step sequence is optimal, as no
shorter sequence exists.

B. Computational algorithm using the Smith
normal form

In the previous section, we derived the T-junction
process in (2+ 1)D and introduced the novel 24-step
loop-flipping processes in (3 + 1)D. A natural question
arises how to systematically determine specific linear
combinations of the local identities such that the
overall coefficients {e(s,a)} in the expression e =
> sa€(s,a)f(s,a) result in a greatest common divisor
(gcd) greater than 1.

For smaller fusion groups, such as G = Z,, it is often
feasible to rely on human intuition to manually determine
the appropriate local identities to be summed in order to
cancel certain 6(s,a) terms, ultimately ensuring that the
remaining coefficients are all 2 or 4. We demonstrated this
process in detail in Appendix C, where we effectively
exploited the structure of Z, to construct explicit summa-
tions that achieve the desired gcd properties.

For larger groups or more complex settings, it becomes
challenging to manually determine the appropriate sum-
mation of local identities. Meanwhile, it turns out that
finding such a summation can be efficiently handled by
computational algorithms. The algorithm systematically
determines the appropriate summation of locality identities
by computing the Smith normal form of the corresponding
matrix representation. By expressing the locality identities
in matrix form, we can use the Smith normal form to
identify combinations of rows that yield nontrivial gcd
values for the coefficients €(s, ). This method provides a
systematic approach to finding the appropriate summations
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for larger fusion groups beyond Z,, and allows us to
optimize the result by finding the shortest unitary sequence.

The algorithm proceeds as follows: We first construct the
matrix M, whose rows represent the locality identities, with
entries corresponding to the coefficients of the (s, a) terms
in each identity. We then compute the Smith normal form
(SNF) of M, which allows us to determine the invariant
factors and, subsequently, the linear combinations of the
original identities that yield the desired gcd properties for
the coefficients e(s, a).

To illustrate this process, let us consider a toy example
with three @ terms, 6, 6,, and 65, and three locality
identities:

61 + 292 —+ 393 = 0 (mod 27'[),
40, +56, + 60, =0 (mod 27),

These three locality identities are not independent, as the
sum of the first and third identities equals twice the second
identity. However, for the sake of demonstration, we
proceed without recognizing this redundancy, as it can
be challenging to identify such relationships in more
extensive systems with thousands of identities in practice.

These locality identities can be represented as the phase
relation matrix:

0, 6, 0,
123

M= , (81)
45 6
7 8 9

where each row represents a locality identity. Row oper-
ations involving adding an integer multiple of one row to
another do not change the row vector space spanned by
these locality identities; they merely redefine the basis.
However, column operations require more attention, as they
necessitate the redefinition of phase labels for each column.
Specifically, adding column k to column j requires a
redefinition of phases as ¢, = 6; and 0 = (=0, + 0;):

M;j0; + M0 = (M ;+ M; )0+ M0, Vi (82)

ij

Next, we calculate the SNF of M, obtaining integer
matrices L, R, and A such that

M = LAR, (83)

where A is a diagonal integer matrix, and L and R are
unimodular matrices (i.e., with determinant +1). For the
matrix M given in Eq. (81), we decompose it as

1 2 3 1 0 O]f1 O O](|1 2 3
4 5 6(=|4 -1 0|0 3 0|0 1 2
7 8 9 7 =2 1110 0 0[]0 O 1

(84)

We claim that this system exhibits Z; generalized statistics
corresponding to the second diagonal entry in the matrix A.
This corresponds to the process 6, + 205, which is repre-
sented by the second row of the matrix R.

To justify the physical interpretation of this computation,
let us proceed step by step. We begin with the matrix M in
Eq. (81) and perform row operations over integers to obtain
its Hermite normal form (HNF). We start by eliminating the
entries below the first pivot, which is 1 in the first row and
first column. First, we subtract 4 x row 1 from row 2 and
subtract 7 x row 1 from row 3. The matrix then becomes

0, 6, 05
Corto2 3

w=| o | (85)
0 —6 -—12

Next, we eliminate the entries below the second pivot. We
focus on the second column, where the pivot is —3. We add
2 x row 2 to row 3 to eliminate the entry below the pivot.
The matrix M’ becomes

0, 0, 6;

” 1 2 3
S (86)

0 0 0

To make the second pivot positive, we multiply row 2
by (=1):

, (87)

which is the final Hermite normal form.

Subsequently, we perform column operations, using the
1 in the first row to cancel out the entries 2 and 3 in the first
row. Similarly, we use the 3 in the second row to cancel out
the 6. According to the rule in Eq. (82), we reduce M to its
Smith normal form

0 0, 0
1 00
M= , (88)
030
000
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with redefined phase labels as

6’1 = 91 + 292 "‘ 363,
6’2 - 92 + 293,
0, = 0. (89)

The physical interpretation of Eq. (88) is that all locality
identities can be reduced to three equations:

16, =0, 30, =0, 06, = 0. (90)
This means that ¢ is fixed, 6 can take any value, and 6,
must be (27zj)/3 for j =0, 1, 2. In other words, this toy
system exhibits Z5 statistics corresponding to the unitary
sequence labeled by ¢, = 6, + 20;.

Inspired by this example, we can derive the following
theorem:

Theorem 1IV.1. (Generalized statistics) Let M be the
phase relation matrix for a given simplicial complex and a
fusion group, and consider its Smith decomposition
M = LAR. If any diagonal entry a;; in A satisfies
a; #0, 1, then it gives rise to generalized statistics of
type Z,,, with the ith row of the matrix R specifying the
corresponding unitary sequence. Namely, the generalized
statistics 7 forms an Abelian group characterized by

T= @ 7., (91)

a1[¢0,1

Remark IV.1. The sum of 0 terms in each row of R must
originate from a sequence of unitary operators. This is
because, in the original phase relation matrix M, each row
corresponds to a (higher) commutator, which forms closed
loops connecting the configuration states. Therefore,
although each row of R may be divided by the greatest
common divisor of the coefficients, it still represents a
superposition of multiple closed loops. By the Eulerian
path theorem, we can identify a sequence that generates
these loops (allowing for retracing edges to cancel their
contributions).

Remark IV.2. In the Smith decomposition (83), the
matrix A is uniquely determined, while the matrices L
and R are not. However, any valid choice of R will yield the
same generalized statistics, with the total phases differing
only by linear combinations of locality identities. Typically,
we choose R such that its entries contain as many zeros as
possible, as this simplifies the corresponding unitary
sequence.

The phase relation matrix M in Eq. (81) serves as a toy
example; in practice, the computation can be much more
involved. For example, when determining the SNF, each
diagonal element must divide the next, requiring careful
manipulation. Obtaining either the HNF or the SNF
involves repeated use of the Euclidean algorithm to
compute the greatest common divisors between matrix

entries in each row or column. For general dense matrices,
this procedure can be both time and memory intensive for
most computer implementations of SNF algorithms.
However, in our setting the matrices are sparse and most
entries are +1, which allows programs such as SHEAFHOM
[105] to run significantly faster. In practice, the computa-
tion time is mainly determined by the number of columns
of M:

dim E = [number of simplexes| x |generators of G| x | A|.

On a standard personal computer, it is feasible to compute
the HNF or SNF for dim E ~ 10* within a reasonable time.

For example, in the (2 + 1)D T-junction process with
fusion group G = Zy on the simplicial complex shown in
Fig. 1(b), there are six edges, G has a single generator, and
there are N° configuration states. Thus, the number of
0(s,a) terms is 6N>. In this situation, we are able to
compute the cases with N < 12.

The loop fusion statistics with fusion group G = Zy x
Zy is also computed on the simplicial complex shown in
Fig. 1(b). In this case, there are four faces, G has two
generators, and the number of configuration states is N°.
Consequently, the number of (s, a) terms is 8N®. We can
carry out the computation for cases with N <5.

Consider another example involving loop statistics with
G =Zy on the (3 + 1)D simplicial complex shown in
Fig. 1(c). Here, there are ten faces, G has a single generator,
and there are N° configurations. The total number of 6(s, a)
terms is 10N®, which limits our computations to N < 4.

Lastly, for membrane statistics with G = Z in the (3 +
1)D simplicial complex shown in Fig. 1(c), there are five
tetrahedra (including the outer one), G has a single
generator, and there are N* configurations. Therefore,
the total number of @(s,a) terms is 5N*, allowing us to
compute the cases with N < 8.

C. Generalized statistics as anomalies:
Computational approach

Using the SNF algorithm presented above, we obtain the
classification of the generalized statistics in various spatial
dimensions, as summarized in Sec. IL.

Below, we comment on the implications of several
generalized statistics for the algebraic structure of the
symmetry operators. We take the simplicial complex X
for the excitation model to be the minimal triangulation of
S embedded in d-dimensional space [106].

(i) In (1+1)D with finite 0-form symmetry G, we

obtain the generalized statistics 7 generated by the
unitary sequence

Z3(9) = [U(9)oa- U(9)]. (92)

with g € G. This form of the invariant immediately
implies that the nontrivial invariant Z;(g) = e™®
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becomes an obstruction to having

Ug)g) = 1. (93)

which means that the symmetry operator on an
interval must violate the original group fusion rule.

Note that an on-site symmetry satisfies U (g)g’]| =1,
since on-site operators supported on an interval
again follow the G fusion rule. This immediately
leads to the physical consequence that the operator
U(g) with the nontrivial invariant ® cannot be
realized by an on-site symmetry on the lattice.
Physically, the invariant indicates that the fusion

of the operator U (g)‘ogl‘ creates an electric charge

of the G symmetry localized at the end of the
interval, which is a nontrivial point operator at the
boundary.

(i) In (2 + 1)D with O-form symmetry G = Zy x Zy,
the invariant is classified by T = Zy x Zy. The
classification is generated by a pair of invariants
Z4(a),Z4(b) shown in Eq. (21), with a, b the
generators of Zy x Zy. Although not manifest from
their form, it turns out that either of the invariants
Z4(a), Z4(b) becomes an obstruction to the follow-
ing Zy x Zy fusion algebra of symmetry operators:
V(@) = UB)Y = [U(a)

UDb)y] =1. (94)

ijk» ijk
This obstruction can be explicitly demonstrated by
the SNF algorithm. Specifically, we add the equa-
tions of the phases (s, a) originating from the three
equations in Eq. (94) to the rows of the phase
relation matrix M, and denote the new matrix by M.
Running the SNF algorithm on M’ classifies the
invariants under these additional algebraic con-
straints. This invariant turns out to be trivial, which
means that the original invariants Z4(a), Z4(b) must
be trivial under the Zy x Zy fusion rule of U(a),
U(b). This shows that Z,(a),Z4(b) obstruct the
fusion rule (94). By a discussion analogous to the
(1 + 1)D case, this trivialization implies that either
of the invariants Z,(a), Z,(b) becomes an obstruc-
tion to realizing the Zy X Z, symmetry by on-site
operators.

In the above examples, the generalized statistics define
obstructions to a certain group theoretical identity of
operators U(s) under its fusion. It turns out that this is a
symptom of the 't Hooft anomaly of the global symmetry G
defined as obstructions to gauging the symmetry. Roughly
speaking, failure of the group identities such as Eq. (94) is
directly interpreted as the failure of the Gauss law con-
straints in the gauge theory, where each unitary U(s) is
identified as a product of Gauss law operators. This leads to
the absence of a gauge-invariant Hilbert space after an

attempt to promote the global symmetry to the gauge
symmetry. Such a perspective of the generalized statistics
as the anomalies will be discussed in detail in the following
sections.

In (bosonic) quantum field theory, the 't Hooft anomalies
of a finite (d— p —1)-form symmetry G in d spatial
dimensions are classified by the group cohomology
H2(B¥PG,U(1)), where BY PG represents the
Eilenberg-MacLane space of the group G. In all
the examples we evaluated using the SNF algorithm,
the generalized statistics 7 match the group cohomology.
This consistency leads us to the following conjecture:

Conjecture 1V.2. Consider p-dimensional excitations
with a (d — p — 1)-form symmetry and fusion group G
in d spatial dimensions. Let X be a simplicial complex that
triangulates the d-dimensional sphere S?. Then, the gen-
eralized statistics T of p-dimensional excitations on X are
classified by the cohomology of the Eilenberg-MacLane
space [107]:

T = H2[B4rG, U(1))]. (95)

We remark that, in principle, any finite simplicial
complex X on S¢ could be chosen to compute the
generalized statistics. We numerically observed that differ-
ent triangulations of S yield the same result. This leads us
to the above conjecture that the generalized statistics do not
depend on the choice of the triangulation of S¢. Hence, we
have decided to use minimal triangulation for convenience.

D. Stability of generalized statistics

Beyond the evidence of Conjecture IV.2 provided above
by computational methods, we present additional insights
to support our conjecture. Assuming the independence of T
under the choice of triangulations, one can see that both T
and the group cohomology in Eq. (95) stabilize in the sense
that for fixed p, both become independent of d
ford > d.; =2p + 3.

Let us first see how the generalized statistics 7 stabilizes.
When we define the generalized statistics of p-dimensional
excitations, the excitations and unitaries are supported
within the finite (p + 1)-skeleton X, ., that collects
0,....(p + 1)-simplexes of X. According to dimension
theory in point-set topology [109], every finite (p + 1)-
dimensional simplicial complex, with Lebesgue covering
dimension of p + 1, can be embedded in $>”*3. Therefore,
any complex X, can be embedded in a triangulation of
§2P*3_ This implies that any invariants of p-dimensional
excitations can be realized by a unitary sequence in a
suitable triangulation of $?7*3. Assuming the independence
on the triangulation of S¢ one can conclude that the
generalized statistics T stabilizes for d > d; = 2p + 3.

Let us explicitly check this stability with several
examples of small p. For particle statistics (p = 0), all
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one-dimensional simplicial complexes can be embedded in
S for d > 3. In other words, in spatial dimensions d > 3,
particle statistics stabilizes and is characterized by a single-
Z, invariant distinguishing bosons from fermions. This
result aligns with the fact in Lorentz invariant theories, the
particles with fractional statistics can exist only in (1 + 1)D
or (2 + 1)D, while the statistics is restricted to bosons or
fermions in higher dimensions. Similarly, for loop excita-
tions (p = 1), the critical dimension is d.; = 2p +3 = 5.
In spatial dimensions d > 5, loop statistics stabilizes and is
characterized by a single-Z, invariant that distinguishes
between bosonic and fermionic loops. An analogous result
holds for membrane excitations (p = 2), where the gener-
alized statistics stabilize at d; = 7.

Meanwhile, the (co)homology of the Eilenberg-
MacLane space also stabilizes.

Theorem 1V.3. (13.2.2 of Ref. [110]) For any Abelian
group A, there exists a chain complex Q,(A) whose
homology is isomorphic to the stable homology of the
Eilenberg-MacLane space:

HH[Q*(A)]EHIHk[K(A’k)]v k>n+1.

Using the universal coefficient theorem and the long
exact sequence associated with 0 - Z - R - R/Z — 0,
we obtain the stabilization of the cohomology of
the Eilenberg-MacLane space with coefficients in
R/Z=U(1):

H"™8(B*G,U(1)) = H**"'(B""'G,U(1))  (96)
forall k >n -+ 1. By choosingn = p+2and k =d — p,
we find that H?*2(B4=?G, U(1)) stabilizes with respect to
d for k > n+ 1, or equivalently,

d>dy =2p+3, (97)
which matches precisely with the argument from the
embedding theorem. Therefore, this consistency for the
pattern of stability supports Conjecture IV.2.

The group cohomology that appears in Conjecture V.2
classifies the topological responses in (d + 2) dimensions
that describe the anomaly inflow. We close this section with
comments on the stable generalized statistics and the
corresponding topological response:

(1) For particle statistics (p = 0) with the fusion group

G = Zy, the stable generalized statistics for d > 3 is
classified by Zyq(> yy—boson or fermion for even
N. The statistics of the emergent particles are
interpreted as a framing anomaly of the topological
line operator, which is in turn understood as the

't Hooft anomaly of the (d — 1)-form Z, symmetry

generated by this line operator. This 't Hooft
anomaly is characterized by the response

(i)

(iii)

011010-24

ﬂ/W2 UB, = H/qu(Bd), (98)
where B, is the d-form Z, background gauge
field with even N, and w, is the second Stiefel-
Whitney class.

For loop statistics (p = 1) with the fusion group
G = Zy, the stable generalized statistics for d > 5 is
classified by Zyq(2 yy—bosonic or fermionic loops
for even N. The statistics is again interpreted as a
framing anomaly of the topological surface operator,
which is the ’t Hooft anomaly of the (d — 2)-form Z,
symmetry generated by this surface operator.
The 't Hooft anomaly is characterized by the
response

JT/W3 U B, —ﬂ/wz(dBd_l/Z)
—x [ @B, ©9)

where B,_; is the (d — 1)-form Z, background
gauge field with even N, and wj; is the third
Stiefel-Whitney class. The first equality follows
from w; = Sq'w, on orientable manifolds, and
Sq'B,_, = dB,_,/2 where the right-hand side uses
a lift of Z, cocycle B,;_, to Z4 cochain.

For membrane statistics (p = 2) with the fusion
group G = Z, numerical computations suggest that
the stable generalized statistics for d > 7 is classified
by Zgaany X Zgcazny- We expect that the Z,
statistics with even N is again associated with the
mixed gravitational "t Hooft anomaly involving the
Stiefel-Whitney class,

# [t UBes = [ S B2 (100

Meanwhile, for the Z5 statistics with N multiple of
3, we expect that the anomaly is associated with the
Pontryagin class p;,

27:/ UB
3 P1 d-2-

This implies that the membrane excitation is chiral;
it has chiral central charge c_ = —8. See also
Ref. [111] for a recent discussion on this response
action. This Z,.q ) invariant already appears in
d =4, with the simplest example given in
Ref. [112]:

2 2
d mu&:{/&u&u&.(m@

(101)

3

It would be interesting to verify the above expect-
ations and find the corresponding generalized sta-
tistics on lattice models.
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V. STATISTICS AS OBSTRUCTION TO GAUGING

Let us make a direct connection between the generalized
statistics and the ’t Hooft anomaly of the lattice models.
Suppose that a lattice model in d spatial dimensions has a
finite (d — p — 1)-form symmetry G. We argue that the
invariant ® gives an obstruction to gauging the global
symmetry. This implies that ® generally gives a micro-
scopic definition of the 't Hooft anomaly.

For simplicity, let us study the system on a
d-dimensional hypercubic lattice. We assume that the
generators of the symmetry g€ G are expressed as a
product of local unitaries:

Ug<2p+l) = H

AP+] EEFH

(103)

UAI7+] 9’

where U Apig is a unitary supported on a (p + 1)-cube
A,.1. We do not require the operators {U,(A,;;)} to
commute with each other; the above product is understood
as the action of a finite-depth circuit of local uni-
taries {U,(A,41)}

Let us briefly recall the procedure of gauging G on the
lattice. The first step is to enlarge the Hilbert space by
adding G gauge fields on the p-cubes. The next step is to
impose the Gauss law constraints on the Hilbert space,

G 1, (104)

pr1og T

with

GApHs.Q = UAp+I~!] H (AQ,A/)i’ (105)

A'€0A,,

where A, is the operator generating the g€ G gauge
transformation on the gauge field located on the p-cube A’,
and the sign =+ is determined by the outgoing or ingoing
orientation of the hypercubes A’. One can then express the
symmetry operator as a product of Gauss law operators,

H GA/HI 9’

Aerl € Zerl

f]g(zp+1) = (106)

which turns on the g€ G gauge field at the boundary of
2, +1- This operator U o(Zp41) is regarded as the symmetry
operator U,(X,) coupled to the G gauge fields.

One can then construct an excitation model (see
Sec. [IT A 1)) from the Gauss law operators. Pick a simplicial
complex X embedded in space. Consider a set of operators
U 4,(0p11) associated with a fixed set of generators {g;} of
G, where 6,,; denotes a (p + 1)-simplex of X. Each
unitary is labeled by a pair s = (6, . 9;), and we define
the set S = {s} consisting of all possible choices of g; and
6,41 C X. Next, consider the set of states A = {|a)}
representing G gauge field configurations a, which are

generated by sequences of unitaries U(s) acting on the
fixed G-symmetric state with vanishing gauge field |0).
The pair (S,.A) then forms the excitation model. We
define an invariant as the sequence of unitaries
e® = (0| T U(s)*[0) = 0| ] U(s)*10).  (107)
which is an element of E;,,. By definition, ® is the phase

obtained from the product of the Gauss law operators
Ga,. g Thus, ® # 0 indicates an obstruction to the
commuting Gauss law operators {GAp+1-9}' In particular,
a given symmetric state |0) cannot be promoted to a gauge-
invariant state, since |0) is annihilated when projected onto
the Hilbert space satisfying all Gauss law constraints.
Therefore, ® defines an obstruction to gauging the G
symmetry of the given G-symmetric state |0).

In our formalism, the invariant © is defined by evaluating
the sequence of unitaries on any initial state. Consequently,

e'® = H U(s)*

holds as an operator identity, and the invariant characterizes
the obstruction to gauging the symmetry in the entire
Hilbert space.

(108)

VI. STATISTICS AS OBSTRUCTION TO
SHORT-RANGE ENTANGLEMENT:
DYNAMICAL CONSEQUENCE
OF ANOMALIES

Here, let us show that the generalized statistics in 7" =
E;.,/E;q define the obstructions to the short-range entan-
glement. That is, if the bosonic state |¥) preserves the
global symmetry with the nontrivial invariant ® # 0 in 7,
then the state cannot be short-range entangled, |¥) #
V(]0)") for any choice of a finite-depth circuit V and a
product state |0)". Given that the invariant ® can be
regarded as a microscopic definition of the 't Hooft
anomaly, the obstruction to the SRE state is regarded as
a dynamical consequence of the 't Hooft anomaly.

We generally show this statement by checking that SRE
states must carry trivial invariants. Suppose that a state
|¥) = V(|0)") and the symmetry operators U have an
invariant ®. We can redefine the symmetry operators by
U :=V~'UV and the input state |[¥') = |0)" without
changing the invariant. Hence, we take the input state as
a product state |¥) = |0)" without loss of generality.
Below, we simply write U’ as U.

The first step of the proof is to notice that the state with
excitations |a) = U(s)|¥) with a = ds becomes a product
state away from the location of the excitations.

We first show this statement when U(s) generates the
k-form symmetry with k > 1; i.e., the excitation has the
dimension smaller than d — 1. In that case, let us separate
the system into A U A€, where the subsystem A is the locus
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of the excitations a, and A€ is its complement. Let us
consider the projector I, onto the product state |0)" within
the subsystem A¢. One can write I1,. as the product of local
projectors within A€, I, = Hch 4 1, where the set of
local regions {L;} satisfies | J;L; = A°. Since the operator
U(s) can be topologically deformed on |¥) as long as
a = 0s is fixed, one can set s to avoid each region L;
by the deformation. This implies that U(s) and I1; are
commutative within the state [¥), so TI, U(s)|¥) =
U(s)I, |¥) = U(s)|¥). This implies that ILy-U(s)|¥) =
U(s)|¥), so the state U(s)|¥) is expressed in the form of

U(s)¥) = |a), ® [0) 1. (109)
where |0) 4. is the product state at A°, and |a), is the state
whose Hilbert space is localized along the locations of
excitations A.

Then, let us show Eq. (109) when U(s) is the 0-form
symmetry. In that case, take a symmetry operator U(5) with
—a = 05 so that the product U(5)U(s) becomes a closed
symmetry operator that preserves the state |¥),
U(5)U(s)|¥) « |¥). This operator is chosen so that
supp(s), supp(5) do not have an overlap on their bulk.
We again separate the system into A U A°, where A has a
support near the boundary of supp(s). A¢ is naturally
separated into the two subsystems by A¢ = A{ U Af,,
where A{ is supported inside supp(s), while Ag, is on
the outside. Let us again write the projector onto the
product state as Il = l'IA;‘n I14c . and each projector HAic",
I4 is given by the product of projectors at local regions
{L}“},{L;’“‘}. The projectors I ou obviously commute
with U(s) since their support does not overlap. For HLijn,

we have

U(E)U(S)Hy/n

W) =1, U(5) U(s)|¥)

= UG UE),  (110)

so Myn commutes with U(s) on |¥), U(s)HL;n ¥) =
l'[L;nU(s)|‘I’>. This implies that T4 U(s)|¥) = U(s)|¥),
so we again obtain Eq. (109) for O-form symmetry.

We remark that the discussion here assumes a tensor-
product Hilbert space. There also exist fermionic SPT
phases with physical fermions, which require imposing
constraints of the form J6E =w, to specify a “spin
structure” E on the underlying manifold. Such phases
necessarily involve Hilbert spaces that are not tensor-
product spaces and therefore lie outside the scope of the
present discussion.

A. Review: Anyons imply long-range entanglement

Let us illustrate the obstruction to SRE states when the
excitations are particles with fusion rule G = Z,. This

follows from the results reviewed in Refs. [113,114]; see
also Ref. [115] for recent developments. Because of the
structure of excited states in Eq. (109), each state | jk) with a
pair of particle excitations at vertices j and k has the
following form [116]:

k) = 1)) ® [k) ® [0)5z (111)
where |j), |k) are local states around the excitations, and
0)77 is the product state on the complement. This

immediately implies that when j, k, [, m are distinct
positions in the space, we have (jI|Uy;lkl) =
(jm|Uy;|km). Hence,

O(Uy;, kl) = 6(Uy;, km) (112)

for distinct j, k, [, m. This immediately shows that the
following invariant of the particles must be trivial:

0 =0(UpUy Uy Uy U Uyt 12)
= —0(U¢1,02) + 6(Uq3,02) — 0(Uy,,03)

+0(Uy;,03) —0(Uys,01) + 6(Up,, 01) = 0. (113)
Therefore, the SRE state cannot support Abelian anyons of
nontrivial self-statistics.

B. Example: Fermionic loops imply long-range
entanglement

Next, let us study the cases where the excitations are
loops. In a 3D space, we demonstrate that SRE states
cannot support the fermionic loops with the nontrivial
invariant

o _ “1 77— “1 77-1
e = UnaUp34Uo23 U4 U Uo12 U3 Ugy3
- “1 77—

X UpaU014U013U0pa Upza U3 U3 Uprn

X UnasUnaUo1aUgza U4 Uo13Ugl, Ugas.» (114)
where Ujy; is the generator of the Z, 1-form symmetry
supported on the a triangle with vertices j, k, [.

1. Matrix product state representation
of excitations in SRE states

For SRE states, one can assume that the excited state |a)
has an expression |a) = |a), ® |0) 4 with the 1D state |a) ,
localized at the position of excitations. One can generally
express the 1D state |a), using the matrix product state
(MPS) representation.

Let us consider an MPS |a), on the 1D subsystem A,
with the bipartition into A = A; UA,. Accordingly, the
excitation a allows a decomposition @ = a; + a,. The state
then has the expression
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FIG. 6.

(a) The excited state |a), is expressed as the patchwork of the MPS at the intervals /;

.. I; supports an MPS |V)/, and I,

supports an MPS |E)J*. (b) The support of each unitary on the triangle jkl. U ,k/ acts near the vertex j whose boundary contains /;.

A _Z|W UM7

where y, v are bond indices. Let us consider a symmetry
operator U(s) with ds = —a, + d}. That is, the unitary acts
on the 2D subsystem S that contains A, on its boundary,
and transforms |a) into a state |a)’ with excitations at
A’ = A UA),. The unitary acts on the state |a) by

(115)

le// $) )i 0)5M5] @ [0)5. (116)
Given that U(s)la) again allows an expression
U(s)|a) = |a)y ® |0) e, the state U(s)[|y)z|0)5™2] has

an expression

U(s)[ly)ui0)°™] = (117)

Al Ie
) 0)

That is, the operator U(s) transforms the MPS |52 into

the new MPS |1//>yﬁ at the different location.

This motivates us to express the generic |a), in terms of
the “patchwork” of MPS; see Fig. 6(a). Each state |a), is
expressed in terms of the following MPS of two types:

() |V)/ is an MPS on a small interval I ; CA that

contains the vertex j.
(i) |E)7* is an MPS on an interval /;; C A contained in
the edge e = (jk). I is adjacent to I;, Iy.
If the excitation a has a support at the collection of edges
(jky, (kl),... that forms a closed loop, we have
A=1;ulululyul,..., and the state |a), has an
MPS representation as
la), = Tr[V/ERVKERY! . (118)
The MPS {V/, E/*} associated with the vertices and edges
gives the canonical choice of the states {|a)}.

2. Decomposition of phases
According to the expression of states |a) , in terms of the
patch of the MPS, it is convenient to separate the symmetry
generator into the operators supported near the corner
vertices j, k, [, and the rest,

0) 1,0) 1,0 ~
Uj = UE';/')klUl((,j)'kl U;,j>kl X Uy, (119)

where Uﬁ?}kl is a small defect operator acting on the region

I; together with the subsystem of the surface jk/ near the
vertex. U jki acts on the intervals 1, I, I j;, and the bulk of
the surface jkl except near the vertices; see Fig. 6(b).

Consequently, the phase U jy,|a) = 0(U j;, a)|a’) admits
an expression [117]

0
O(U . a) = 0(U), . a) +0(UL),. a)

]jkl’

+O(U- @) + 00, a). (120)
Given that each state is given in the form of the patch of the
MPS, the phases 6 achieve the following properties:

(i) The dependence of G(Ujkl,a) on a is through a
restricted to edges jk,kl, jl. In other words,
Q(Ujkl, a) = 0(Uy.a') as long as a = a’ on edges
Jjk, kL, jl. This is because this phase depends only on
the MPS patch E/, EF E/' [and the small MPS
patch for the intermediate state Uj,|a) connecting
between [, I, I ;;, which is expressed as the green
lines in Fig. 6(b)]. Note that this property does not
hold for the original phase (U ;;, a) with the whole

operator Uy, since this would depend on other
edges that end at vertices j, k, or [ through the MPS
patch V/, vk Vi,

(ii) The dependence of O(U U >kl,a) on a is through a
restricted to edges endlng at the vertex j. In other
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words, G(U( J)kl, a) = Q(U( >kl a') aslong as a = @' on edges ending at j. This is because this phase depends only on

the MPS patch V/ (and the choice of the surface jkI where we act U jki> together with the small MPS patch for the
intermediate state).
This allows us to write the above phases as (U, {e}) where {e} is the set of edges with excitations on which 8 depends. We
can then express the invariant as

= —O(U 3. 03,02) = O(UD,3,03,34) = 0(US)5,02,12) — 0(Tgns, 03,02)

Ulpi2:01,03) — O(U\Y) 15, 01, 14) — (U5 ,) — 6( Ty, 01)

0)
+0(US),5.03,01) +0(U),5,03,34) + 60U, 01, 14)

13’03701)_ ( ()())14’01 04)

O(U 14,01, 13) = O(UY) 4, 04,34) — 0(Ty14,01,04)
0(Ugz4: 01,03) = (US54, 03,13) = O(UL,) = 0(Upss. 03)
0 U(()O()nz’Ol’ 03) + 9(U1;012’01’ 13) + H(Ugogn) + 0(Ug1,.01)
0 U(<)0(>)24»02’ 03) + Q(Ug;)())m’oz’ 12) + H(Uz(to()m) + 60(Ugo4. 02)
O(U 34, 03,04) + O(US4, 03, 13) + O(U' 54, 04,24) + 0( Ty, 03, 04)

0)

U125 01,31) = (T, 02,01)
©
1;

o(
9(U3013’O3 34)-0(U 313)_9(0013,03)
+ 6

—0(U)5,02,01)
) -

0 U(()O())23’02’ 03) +6( 2023,02 24) (Ugozzv(B 34) + 0(Up3, 02,03)
) -
)—

0( 20]2’02 24)
0
— O(Uy,3, 03,02

0)

—o(Uy O(U N34, 03,32) —
o

- 0(

+6(

+0(U.

- 0(

- 0(

(

(

(

(

(

(

(U, 03,04 U'ya 04,24) — 0(Us4,03,04)

— O(U 403,02 o

(
(
(
(
(
(
(
(
(
(
(

o(
o( 2024702 32) - 9(U4024)_9(f]024’02)
0
0
0

0 0 ~
0(Uggys. 03,02) + 0(Ulpy3.03.32) + 0(Ujyy3) + 0(To3. 03)
0 U(()0(>)14’01’02) + 9(U1 014,01 31) + (Uz(to())m) +0(Uq4.01)
O(U s 02,04) + O(USD,4, 02,32) + O(U',4, 04, 14) + 0(Ugas, 02,04)

0

— O(U)13,01,03) = O(U%,5,01, 14) — (U 5, 03,23) — 6(Ty13,01,03)
— (U3, 02.01) — 6 o

0 U2023702 24) = O(U3003) = 0(Upy3.02)
AU 12, 01,02) + 0(U') 1, 01, 14) + O(USY 1, 02,24) + 6(Tyy5, 01, 02)

-0 U(()O())24902’04 6(U2024702 21) - o( (?>24,04, 14) — 0(U4,02,04)
(

4:0

fo14) = 0(U14,01)
0 Uéozg,OZ,Ol) +9(U§ 023) + 0(Ugn3,02)
(0(>)34’ 03,01) + Q(Ugo()n 03,23) + 9(U20(§34) +0(Uos4,03)
) )+ +6(Usg

U4 04,34) + 0(Tgy4,01,04). (121)

) — U
— O(U14,02,01) —=6(U'),,.01,21) — O(U

0) 0)

0
O(US,s.02.21)

o(U§
(

0

0
O(U14,01,04) + 0(U'%,,,01,21)

One can explicitly check that the above phases cancel out. Therefore, we get ® = 0, and the SRE state cannot support
fermionic loops.

C. Nontrivial statistics imply long-range entanglement

One can extend the above discussion to the generic statistics of p-dimensional excitations embedded in d spatial
dimensions. We assume that the excitation model is defined on a certain simplicial complex X embedded in space. For SRE
states, the excited state can be represented by a state |a), localized at the position A of the p-dimensional excitations.
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FIG. 7.

(b)
U(Ss)
all A I
U(So(00)) U(S}(m))

(a) The disk locus of each simplex is denoted by D;(o;). Each TNS patch for the state |a), corresponds to extracting the TNS

state inside each locus of ¢; with the locus of its boundary simplexes excluded. (b) The decomposition of the unitary operator in the case

of p=1.

1. Patchwork of tensor network states at the excitations

As a generalization of the MPS patchwork state for loop
excitations, we assume that |a), admits an expression in
terms of a tensor network state (TNS) at A. Note that A is a
locus of a simplicial complex, so it can include, for
example, a junction of hypersurfaces and is generally
not a manifold.

This assumption leads to the canonical choice of the state
|a), using a patch of TNS, where each patch is defined in
the vicinity of a simplex. To define the support of each TN'S
patch, we introduce a locus for each simplex o; of X in
space. Let D;(c;) denote the locus of the j-simplex ¢; with

radius r;; this is given by o; x D/ in d-dimensional
space, where D7/ is a (d — j)-ball of radius r;, and its
center point ¢; x {0} corresponds to ¢;; see Fig. 7(a). We

also define the collection of these regions as D; =

UgjeTD (0;) for the j-simplices {o,}. For convenience,
we set the radii r; to satisfy r;_; > ar; with a sufficiently
large constant a > 1. In addition, we require that the radii
{r;} are large enough so that A C [ Jy<<,D;-

We then define a TNS patch T4 (c;,a) with 0 < j < p
supported on A N Dj(e;) N DS_y N ... N Dg. This is the
tensor network state supported on a single j-simplex o,
excluding the vicinity of its boundaries. This TNS has bond
indices on the boundary that are contracted with other TNS
patches at adjacent simplices. We represent the state |a) , as

la)s = H H T?(Gjaa),

0<j<po;€X

(122)

where the product denotes the contraction of bond indices.
The conditions r;_; > ar; ensure that the supports of each

pair of TNS patches Tj-‘ do not overlap.

2. Decomposition of phases

Each (p + 1)-simplex ¢,,; €X can support a unitary
U(S(6,11)) that generates the global symmetry G. Here
S(6,+1) denotes a neighborhood of the simplex o,
that supports the unitary. We require S(c,.;) C
Dyii(0p11) U (Uogj<pD))-

Following the argument in Sec. VIB 2, we decompose
the unitary U(S(o,)) into a sequence of smaller unitaries
compatible with the TNS patch structure. That is, we
decompose the support of the unitary as S(6,.,) =
Sp+1 USPUSp—l L... USO, with

{Sp+1 =SND, (0,41)NDSN...NDE,
S;=SnD;nD_n..nD§ for0<j < p.

Note that §; with 0 < j < p consists of disconnected
components near each j-simplex of ¢, as

Si= L S;(a)).

0jCOp+1

(123)
We then rewrite the unitary U(S(c,4;)) as the sequence

UlS(c,41)] = ( 11 U[So(ao)}> X ...

00COp11

X < 11 U[S,,(o-,,)]> x U(S,1);  (124)

0pCOpi1

see Fig. 7(b). Each unitary U(S;(c;)) acts on a single TNS
patch on the j-simplex ¢; with 0 < j < p. Accordingly,
the phase U(S(6,41))|a) = 0{U(S(6,+1)).a}|a’) can be
expressed as
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9(U(S(a,,+1)),a)_< 3 9<U(So(ao)),a>) .

60CO 41

+< > 9<U(Sp(ap)),a>)

Upco-[)+l

+O(U(S, ). (125)

Given that each small unitary U(S;(c;)) acts within a
single TNS patch, the phases @ satisfy the following
properties:

(i) The dependence of O(U(S;(6;)).a) (with
0<j<p) on a arises only through a restricted
to the set of p-simplices {c,} satisfying ¢; C 5,.
This is because the action of the unitary U(S;(;))
on A is confined to the TNS patch T/ (s;, a).
0(U(S;(6;)).a) also depends on the choice of
unitary U(o,.), namely, the choice of o,.; to-
gether with the group element g€ G that corre-
sponds to U.

(ii) @(U(S,41)) does not depend on a but only on the
choice of U(S,.;). Note that this creates the
intermediate tensor network state on the boundary
sphere of S, inside the (p + 1)-simplex.

3. Trivial invariants in SRE states

Suppose that the sequence of unitaries (a| [[U(S)|a)
evaluated on a given excited state becomes the sum of
phases @ which gives the element of Ej,,,

0= 3 (US(ope1)).a) xOU(S(oy1)).a), (126)
U[S(op41))a

with e((U(S(6,+1)),a)) €Z. Recall that this phase
® e E,,, satisfies Egs. (50) and (53) given by
(1) the coefficients e that satisfy

S e(U(S(op))a) =0 (127)
for any choice of U(S(c,41)), and
(ii) the coefficients e that satisfy
S e(U(S(opr))a) =0 (128)

a
dloj=ax

with any choice of U(S(c,,,)) and a cochain a,.
With this in mind, one can show that such a ® satisfying
the invariance condition must have ® = 0 in the SRE state.
Let us decompose the phases using Eq. (125) valid for the
TNS patchwork state. In the sum of ®, let us extract the part
involving a fixed U(S(c,:)), and then further pick the
part of 6 involving S;(c;) contained in S(c,,,) with
0 < j < p. The extracted sum has the form of

S e(U(S(0,41)). @) X B(U(S)(c))). a)
=303 eU(S(apn)).a) ¥ OU(S)(ap).a). - (129)

* alg . =da:
loj=ax

Here, recall that the phase 6(U(S;(s,)).a) depends on a
only through the reduced one a|gj which is fixed in the
second sum. We then have

> e(U(S(op41)).a) x O(U(S;(0))). a)

a

> e(U(S(op11)).a) |6(U(S;(0))).a) = 0.

a
algj=as

(130)

So, the extracted sum with each choice of U(S(c,)) and
Si(c;) in © vanishes due to Eq. (128).

Finally, one can also verify that the phases involving
O(U(S,+1)) also vanish. The part of @ that contains
O(U(S,41)) is given by

Y e(U(S(p11)).a) x O(U(S,:1))

a

— (Sewtstop . )owis, . =o. (3

where we used Eq. (127). Therefore, we get ® = 0 in the
SRE state.

VII. DISCUSSION

In this paper, we established a universal microscopic
description for the statistics of excitations in generic
spacetime dimensions. The invariants are expressed as
the Berry phase associated with families of excited states
transformed by sequences of unitaries that generate finite
global symmetries and move the excitations. These invar-
iants are generally quantized into discrete values character-
izing the generalized statistics of excitations in microscopic
lattice models. For instance, this framework leads to the
quantization of spins for Abelian anyons, which are
microscopically defined via T-junctions. These invariants
can be computed using algorithms with inputs such as the
symmetry group and the configurations of excitations. This
approach allows us to identify new invariants in micro-
scopic lattice models, as well as a simplified expression for
the invariants of fermionic loops in (3 + 1)D. These
invariants can naturally be interpreted as obstructions to
gauging the finite global symmetry G in microscopic lattice
models, providing a microscopic definition of ’t Hooft
anomalies. We show that these anomalies have dynamical
consequences, as nontrivial invariants forbid the existence
of short-range-entangled states.
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We close this paper with a number of future directions.
One immediate direction for future work is to extend our
framework of generalized statistics to include mixtures of
(d—p—1)-form symmetries with distinct degrees p,
which generally form higher-group symmetries. Even the
simplest gapped phases, such as the Z, toric code, exhibit a
rich structure of higher-group symmetries with 't Hooft
anomalies [38,39,118,119]. For example, in (3 + 1)D,
string operators that create particle excitations may coexist
with membrane operators that create loop excitations, and
these excitations can exhibit nontrivial interplay; for
instance, the intersection of loops may generate an addi-
tional particle. Determining the invariants associated with
such higher-group structures in topologically ordered
phases is an interesting direction for future work.

While we mainly studied the finite invertible symmetries
in this paper, there are other important classes of sym-
metries which require further study, such as the continuous
symmetries. For instance, the (2 + 1)D gapped phases with
continuous symmetries can exhibit electric Hall conduct-
ance, which is not associated with the 't Hooft anomaly of
global symmetry in the usual sense. It would be interesting
to see if the Hall conductance admits a similar microscopic
characterization to our current paper, e.g., through the spin
of the vortex of U(1) symmetry. This would help clarify if
the nontrivial Hall conductance gives obstructions to
gauging continuous symmetries.

The other important class of symmetries not studied in
this paper is the noninvertible symmetries, which includes
the non-Abelian anyons. The microscopic definitions of the
anyon data of the non-Abelian topological order in (2 +
1)D has been discussed in Ref. [68]. Given that the spins of
Abelian anyons are shown to be quantized using the
locality identities, it would be interesting to see if the
anyon data of non-Abelian anyon systems are also quan-
tized due to the locality of topological operators.

The “Borromean ring” in (2 + 1)D topological order is
intrinsic to the non-Abelian anyons including the Dg gauge
theory, which is beyond the scope of our setup. Also, the
three-loop braiding of loop excitations in (3 + 1)D is
expected to require either noninvertible loop excitations
or a nontrivial higher-group structure involving Abelian
loop and particle excitations. Both scenarios lie beyond the
scope of the present work, but it would be interesting to
characterize the corresponding invariant for three-loop
braiding.

Recent developments on noninvertible symmetries have
revealed a variety of new invariants associated with their
underlying algebraic structures. For example, defects of
noninvertible symmetries can carry invariants such as the
Frobenius-Schur indicator and its generalizations [120—
122]. It would be intriguing to investigate how such
invariants can be realized through sequences of sym-
metry operators. Noninvertible symmetries also give rise
to other invariants, including three-loop braiding of

vortices in (3 + 1)D topological order [27], and gener-
alizations of Hall conductance associated with continuous
noninvertible symmetries [123]. Exploring the charac-
terization of these invariants remains an important
direction for future work.

While the symmetries considered in this work are
assumed to be implemented by finite-depth circuits, many
lattice symmetries cannot be expressed in this form.
Examples include crystalline symmetries such as lattice
translations, and more generally, symmetries generated by
quantum cellular automata [47,49,124—127]. It would be
interesting to investigate how the corresponding invariants
can be characterized for such symmetries.

Several open issues have arisen from our work, which
deserve further study. The genuine Berry phase invar-
iants 7 are conjectured to correspond to the cohomology
of the Eilenberg-MacLane space HYt2(B7G,U(1))
classifying the anomalies of higher-form symmetries.
It would be desirable to prove this correspondence using
the explicit model of the Eilenberg-MacLane space. A
related formal mathematical treatment appears in
Ref. [108].

Also, while the invariants in this paper were defined
with an explicit reference to a specific state in the Hilbert
space, but it is expected that the anomalies can be
characterized solely by the algebra of symmetry oper-
ators without explicit reference to the states [83]. It
would be interesting to see if our invariants are promoted
to operator equations independent of the choice of any
states in the Hilbert space.
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APPENDIX A: ANOMALOUS SYMMETRIES AND
GENERALIZED STATISTICS

In this appendix, we present several concrete examples
exhibiting nontrivial generalized statistics. For each
(anomalous) global symmetry, we construct the operators
that generate codimension-1 domain-wall excitations. The
nontrivial fusion statistics of these domain walls serve as
indicators of the underlying symmetry anomaly. To our
knowledge, the constructions of membrane operators for
the global Z, x Z, symmetry in two dimensions and of
volume operators for the global Z, symmetry in three
dimensions are novel. Consequently, these generalized
statistics provide an effective diagnostic for distinguishing
anomalous symmetries.

ccz b b/ 4
S b

w

se=]1x 11 f

v f=01234

S = I_IXS7

where the ccz term represents applying a controlled-
controlled-z gate on the vertices of each triangle of a
chosen triangulation of the square lattice. Focusing on the
symmetric operators, we first define the domain-wall
operators as

W(a) =2¢24,  W(b)yy =225 (A3)
Consider the square patch
7 8 9
1 ~
4] 5] 6
— (a9
T E
C B D

where the membrane operator that creates a closed-loop
domain wall around vertex 5 is

U(a)s = X3, U(b)s = Xlsj(—l)“(a’h)’ (AS)

with

vs(a,b) = as(byby + bybg + bsbg + b by + babg + bgby).
(A6)

bl 2
10 b CCZ

1. Anomalous 0-form Z, x Z, in two
spatial dimensions

As an explicit illustration of the loop fusion statistics in
Eq. (21), we consider a two-dimensional square lattice with
an anomalous global Z, x Z, symmetry. At each vertex v,
there are two qubits with Pauli operators X¢, Z¢ and X%, Z%.
For convenience, we label the eigenvalues of Z¢ and Z% by
elements of Z, = {0, 1} via

(A1)

The anomalous Z, x Z, symmetry is generated by

:HXa H (_1)b1b2b4+b1b3b4
v b)

v f=01234

Here, each product asb;b; represents a CCz gate acting on
the three qubits at vertices {5, i, j} of each triangle adjacent
to vertex 5. Membrane operators at other vertices are
defined by translation; they create loop excitations around
each vertex and commute with the global symmetry
in Eq. (A2).

We compute their statistics Z&(a,b) in Eq. (21).
Choosing region A = {5}, B = {2}, C={1,4}, and D
as the set of all other vertices (including those outside the
displayed patch), we start with

Ula)aspicip = Hxﬁ

and compute their commutator

[U(D) 4. U(@) g1 prcorp) = (—1) 0162+ babetbsbotbibitbabytbsby.
(A8)

Next, with U(b), = X5(=1)72(**) we find

[U(b)g. [U(B)a U(@) gspscipl]l = (=1)"H0e = 2075
(A9)

Finally, since U(b)g. ¢ contains X4 X5X% up to a phase that
commutes with Z5Z%, only the anticommutation between
X% and Z% contributes to the final statistics:
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z{(a.b) = (U(b)p,c) (U (D)1 c[U(b)5. [U(b)4. Ula) s picipl]) = =1 (A10)

This nontrivial loop fusion statistic confirms that the Z, x Z, symmetry is anomalous.

2. Anomalous 0-form Z, in three spatial dimensions

In this section, we give an example exhibiting nontrivial membrane fusion statistics Zs(g) defined in Eq. (29). Consider a
cubic lattice with one qubit at each vertex. As before, we define

Z, = (=1)%. (A11)

v c=012345678

(A12)

_ | IX I I (71)a1a2a4a8+a1a2a6a8+ala3a4a8+ala3a7a8+ala5a6a8+ala5a7a8
= v 9
v

c=012345678

where cccz denotes the controlled-controlled-controlled-z gate. It is more transparent to visualize this symmetry on a
triangulated three-dimensional manifold, where the cccz simply acts on the four vertices of each tetrahedron. To adapt this
construction to the cubic lattice, we have chosen a subdivision of the cube into tetrahedra.

Similarly, we introduce the symmetric domain-wall operators on each edge (ij),

On the cube patch
25 26 27
22 23 24
19 20 21
16 17
18
= 5| (A14)
10 11 12
7 8 9
4 5 6
1 2 3

the volume operator that creates a closed-membrane domain wall can be written as
Uiy = X1a(=1)", (AL5)
where y4 collects the phases from all cccz gates acting on tetrahedra containing vertex 14:

Y14 = (@1G2a5a14 + ayazay a4 + 1a4a5014 + a1a4a13014 + a1a10a1 A1 + A1G10A13014)
+ (a1aa15a1327 + 14015024007 + A14G17013G27 + Q14017026007 + 14023024027 + A14023026027)
+ (arasaisais + aray asass) + (a4asayar; + asai3a14a17) + (asauasagg + asasa;ga;s)
+ (ar0a11a14a23 + 10a13a14a23) + (@11G14G15G24 + Q11 A14023024) + (A13014a017006 + A13G14a23a5),  (A16)

which acts as ccCz gates on the vertices of tetrahedra adjacent to vertex 14. It is straightforward to verify that U4, commutes
with the global symmetry S in Eq. (A12) [128].
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To extract the membrane fusion statistics, we select regions
A = {14}, B = {11}, C ={10,13}, D ={1,2,4,5}. (A17)
First, observe
U = U3y = (=1)ns/an, (A18)

Next, the commutator gives

[Us. U%\] = [X,;, (=1)@aanFaanantaanastawanaxntan sy tanana]
= (=)@ tadotaastanas st tan s, (A19)
and hence,
[Uc, [Ug, U]] = [X10X 13, (=1) @t @dotaastaoastaisttantu] — (—] )@+ = 7, 7,3, (A20)

Since Z; anticommutes with the X factor in Uc, p, the resulting fusion statistic is

Zs = (Ucsp)*(Ucyp|Uc. [Ug, U3]])* = —1. (A21)

3. Boundary anomaly of the beyond-cohomology (4+1)D Z, SPT phase

According to Ref. [44], the boundary theory of the beyond-cohomology (4 + 1)D Z, SPT phase has the anomalous
symmetry described in Eq. (37) (the boundary also hosts additional particle excitations, which we omit in the following
discussion). In the cup product notation [48], the symmetry operators can be expressed as

<HX> n/rers e = I xe (A22)
elsv(e)=1

The corresponding domain-wall operators are defined in the usual way:

we =zoze,  wh= ]2 (A23)
eecdf

On the patch cube (A14), the associated volume operator U¢ and membrane operator U” are given by

Us = Xg,
U<b14.15> — X?l4‘15>(_1)a|4(h<15,lx>+b<|s,27>+h<15.24>+b<24,27>)+az(b<25>+h<5_14)+b<2,,|>+b<“_]4>)’
U?l4,17) — X?l4’17>(_1)a14(b<17.13>+b(18.27>+b<17.26>+b<26.27>)+a4(b<4_5>+b<5,14>+b<4,]3>+b<13_14>)’
Ué’14.23> = X?l4.23><_1)“l4(h<23,24>+h(24427)+b<23.26)+h<26,27))+a10(b<lo.]])J"h(]],l4)+h(10,l3)+h<]3,14))7 (A24)

and U¢ and U? on other vertices and edges are obtained by translation. Both U¢ and U2 commute with the symmetries. The
operator U¢ excites the domain walls W¢ on all edges e adjacent to », producing a membrane excitation in the dual lattice,
while U? excites the domain walls W? on all faces f adjacent to e, generating a loop excitation in the dual lattice. These
operators can be derived from the cup product formalism as

UZ _ X/[;7 Uf _ Xe(_l)faU(BU5b+5bUe)‘ (A25)

To verify the nontrivial statistics, we choose the faces f, f», and f3 to be the Poincaré duals of the edges (14, 15), (14, 17),
and (17, 18), respectively,
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U‘;}l Uy, U.;ll Uy, Ule Uy, = Z5Z4,. (A26)
We take U, to be the operator U<, which can be viewed as
the volume operator on the cube formed by the vertices 5, 6,
8,9, 14, 15, 17, 18, as determined by the framing implicitly
chosen when defining the symmetry. This U, includes one
of the end points of the common edge shared by f, f5, and
f3. With this choice, we find

loop membrane I
zJP [U,,[Uf UfZUf Ungf, Uy ll=-1.
(A27)
Therefore, the boundary theory of the beyond-cohomology

(44 1)D Z, SPT phase exhibits a nontrivial loop-mem-
brane mutual statistics.

4. Anomalous 0-form Z, and 1-form Z, symmetries
in three spatial dimensions

For the anomalous symmetries in Eq. (39), the domain-
wall operators take the form

we,=zizg.  wi= ]z
eedf

(A28)

On the patch cube (Al4), the corresponding volume
operator U¢ and membrane operator U% are

Uty = X{,(=1)%s,

UI(]14 15) — 141

b
U(14 17) 141

b
U(l4 23) 14 23)

) ( 1)02 as+dny (314+1)
7 ( 1)04 as+aps (014+1)
(=

1)010 a|]+a|;)(a|4+l)’ (A29)

with

Cra=ayays(bys sy +bsary +busa +bpanr))
+a13a14(baa7) +b7.26) T b 1423y + b 23.26))
+aar7(bag.a8) +basar + b6 +b2627))
+ayai4(baasy +busoa +bia2s +bo304)
+a14a23(b 2324y + b 24 27) T b(23.26) + D 26.27))

+asay(bpas)+busisy +baaan +baagy).  (A30)

The operators U¢ and U? at other vertices and edges are
obtained by translation and commute with the anomalous
symmetries (39).

To verify the statistics in Eq. (38), we choose the cells 7,
15, and f in the patch cube (A14) as

n={14},  n={13}, f={(1423)}.

More specifically, U{, is the volume operator on the
cube with vertices 14, 15, 17, 18, 23, 24, 26, 27, and

(A31)

U¢,; is the volume operator on the cube with vertices 13, 14,

16, 17, 22, 23, 25, 26. The operator U”,,. is the

membrane operator acting on the face Poincaré dual to
the edge (14,23). With this choice, we find

(U,)? = (Ufy)? = (=1)7/am. (A32)
Then,
[U,,.Ur] = [Uf5. (UL)]
= X9, (=1)® (ban+burag+bay +bese))]
= Zl<)14,17)Z<b17,26>Z?14,23>Zl(723,26)‘ (A33)
Finally,

[Uf’ [Utz ’ UIZIH = [X<14~23> ’2?14,17>Z?17,26)Zl()14,23)Z?23,26)]
=—1. (A34)

Thus, the domain-wall excitations realize the nontrivial
loop-membrane statistics described in Eq. (38).

5. Anomalous 0-form Z, and 2-form Z, symmetries
in three spatial dimensions

In the cup product notation [44,48], the anomalous
symmetries defined in Eq. (42) can be written as

= (Hx> (_1)f e H X5, (A35)
v floe(f
The associated domain-wall operators are
Wi = 27074, =[]z (A36)

feot

where We,
tetrahedron (3-cell) ¢. The corresponding volume and string
operators, which commute with the symmetry (A35), are

acts on each edge e and W{ acts on each

a a v 5¢ ¢ c a
Us = xa(=1)J e e = xe(-nJ s (a37)

The volume operator U¢ excites the domain walls W¢ on all
edges e adjacent to v, producing a membrane excitation in
the dual lattice, while the string operator Uj excites the
domain walls W¢ on two tetrahedra (3-cells) ¢ adjacent to f,
generating two particle excitations in the dual lattice.

On the patch cube (Al4), the corresponding volume
operator U% and string operator U’; are
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U‘ll4 — X(114 (_ 1 )ﬂ14(0<14.15.17<18) +C(14.15.23.24) +€(14.17.23.26) TC(15.18.24.27) € (17.18.26.27) € (23.24.26.27) ) ,

RITRER A X?l4,15,17.18>(_1)(15(“‘4“),
c _ ve el |
U<14,15,23,24> - X<14,15,23.24>(—1) n(atl)

j— C 1
U€14,17,23,26) - X<14.17.23,26>(—1)“13(a14+ ),

where (i, j, k,[) denotes the face (square) formed by the
four vertices i, j, k, and [. The operators U7 and U7 at other
vertices and faces are obtained by translation.

To verify the statistics in Eq. (41), we choose the cells 71,
t,, and e in the patch cube (Al4) as
n={14}, 1={13}, e={(14,17,23,26)}. (A39)
U{, is the volume operator on the cube with vertices
14,15,17,18,23,24,26,27, and U¢; is the volume operator
on the cube with vertices 13,14,16,17,22,23,25,26. The
operator U?l 417,23.26) is the string operator acting on the
edge Poincaré dual to the face (14, 17,23,26).

First, note that U2 =1 in our model, implying
[U2,U, ] = 1. The nontrivial contribution therefore comes
from the second term in Eq. (41). Evaluating the first
commutator, we find

(U, U] = (=1)ti = 23,24, (A40)
Then, the double commutator is
[Ulz’ [Utl’ U]l = [X13. 21:2,] = —1. (A41)
Combining these results, the statistics is
(U2 U )IU,,. [U,. U] = -1 (A42)

showing that the domain walls carry a nontrivial Z, mutual
statistics.

APPENDIX B: SIMPLICIAL COMPLEX

This appendix reviews the notion of simplicial com-
plexes used in this work. A simplicial complex is a
piecewise-linear topological space obtained by gluing
points, line segments, triangles, tetrahedra, and their
higher-dimensional analogs along common faces. For
example, the simplicial complex

(B1)

(A38)

is obtained by gluing a 1-simplex and a 2-simplex at the
face 1 [129]. Including all faces, the simplices in this
complex are

(i) (—1)-dimensional simplex: @ (included by con-

vention)

(i) O-simplices: {0}, {1},{2},{3}

(iii) 1-simplices: {0, 1},{0,2},{1,2},{1,3}

(iv) 2-simplices: {0, 1,2}

This geometric description motivates a purely combinato-
rial definition.

Definition B.1. A simplicial complex X of n vertices is a
collection of finite subsets of {0,...,n— 1} called sim-
plices, such that

(1) {i}eX forevery0<i<n-—1

2) f ceX and T Co, then t€X
A simplex ¢ € X with g + 1 vertices is called a g-simplex.
We write X, for the set of all g-simplices of X.

The vertex set {0, 1, ...,n — 1} carries its standard total
order, which induces an ordering on each simplex. Every
p-simplex can be uniquely written as
0<agy<a; <--

<a,<n-1,

o ={ag.....a,},

and we use the shorthand notation ¢ = [a, ..., a,]. In this
notation, the simplicial complex from Eq. (B1) can be
written as

X ={[,[0], [1], 21, [3], [0, 1], [0, 2}, [1, 2], [1,3], [0, 1, 2]}.
(B2)

Let ¢ = [y, ..., a,] be a simplex. Any subset of ¢ is called
a face of o. In particular, the (p — 1)-dimensional faces are
obtained by deleting a single vertex. For each 0 <i < p,
removing a; gives the face

dio = [ao, ey &i, ceey Clp},
where the hat indicates omission.

Simplicial complexes are useful tools to study topologi-
cal spaces. Although a topological space typically contains
infinitely many points, its triangulation as a simplicial
complex can be described by a finite set of combinatorial
data, which greatly simplifies its study. Including all its
faces, the (d + 1)-simplex A%*! is a simplicial complex
defined as the set of all subsets of {0,...,d+ 1}; its
boundary 0AY*! is obtained by deleting the only
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(d + 1)-simplex. dA?*! is the simplest triangulation of the
d-sphere S$¢, and this triangulation is used in our study of
statistics in d-dimensional space.

Homology is naturally defined on simplicial complexes.
Let X(n) denote the set of n-simplices of X; the nth chain
group is C,(X) =), ex(u Zo, and the boundary map
0:C,(X) = C,_(X) is defined by do = > " (-1)'0;0.
For any discrete Abelian group G, we can formally
multiply a group element g € G with a simplex ¢ € X(n),
denoting the result by go. The nth chain group with
coefficients in G is then C,(X,G)=D,cx Go. An

element of C,(X,G) is written as )  cx g,0 With
|

are all A-complexes, but only the last is a simplicial
complex. The first two do not work well as excitation
models for F' symbols because they lack locality identities.
In general, simplicial complexes have better behavior.

Another subtlety is that manifolds are special topo-
logical spaces. In a d-dimensional manifold, every point
has a neighborhood homeomorphic to R¢, and this
property is reflected in any triangulation. Technically,
for any 6 € X we define Lk(o), the link of o, to be the
subcomplex of X consisting of all = such that 6 N 7 = @,
and the union of the vertices of ¢ and 7 forms the vertex
set of a simplex of X. We say X is a d-dimensional
combinatorial manifold if, for any o€ X(p), the link
Lk(c) is homeomorphic to S?7~1.

This property of local topology has important implica-
tions for statistics: Trivial local topology implies trivial
local statistics, which further implies that the statistics is
independent of the choice of operator. This is referred to as
the strong operator independence condition in Ref. [108],
where the full definition and proof are given.

APPENDIX C: DERIVATIONS FOR
GENERALIZED STATISTICS WITH
FUSION GROUP 7,

1. T-junction process in (2+1)D

I this section, we explicitly evaluate the summation of
locality identities for the (2 4 1)D T-junction with G = Z,
as outlined in Sec. IVA. This analysis shows that a
particular combination of these locality identities results
in four iterations of the 7-junction process, thereby

9, € G. The homological boundary map 0:C,(X,G) —
C,-1(X,G) is defined by d(go) = > " (—1)'gd;o. The
image of d is the (n — 1)th boundary chain group denoted
by B,_(X,G); in our excitation models, this group is the
configuration group A for an (n — 1)-dimensional excita-
tion model with fusion group G in the simplicial com-
plex X.

We note a related but slightly different concept: the
A-complex (see Sec. 2 of Ref. [130]). In a simplicial
complex, each p-simplex has (p + 1) distinct vertices and
is uniquely determined by them; in a A-complex, vertices
of a simplex may coincide, and a simplex may not be
uniquely determined by its vertices. For example,

verifying the quantization of the 7-junction into the fourth
root of unity.

For convenience, we represent a configuration of exci-
tations by a vertex of a graph. An edge connecting two
vertices represents the action of a unitary operator that
changes the configuration from one vertex to the other. The
direction of the edge further specifies the initial and final
configurations. All possible transformations of the states
using the operators Uy, can be represented as a cube, as
shown in Fig. 5(a).

Since G = Z,, for a fixed initial configuration of
excitations, the actions of the unitaries U and U~! yield
the same final state. Each direction of an edge can be
associated with two distinct unitaries U or U~'. Thus, each
edge corresponds to four possible transformations arising
from the choice of edge direction and whether U or U~! is
applied. According to

O(U(s),a) = —0(U(s)~', a + 0s), (C1)
for any a € A and s € S, there are two relations among the
four possible phases. Taking the leftmost vertical edge in
Fig. 5(a) with Uy; as an example, we have

0(Uos, ) + 60U A =0,
oo, AN + 005" ) =0

Based on the above discussion, we describe the sum of
phases using a cube with operators {U;}, where the
directed edges indicate the initial and final states.

(€2)
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We can express the phases in Eq. (C2) diagrammatically on
the edges of the cube as

A A A A

N
7
—

@

(98]
~—~

U()g/\ — Uo?;l\/ , U03\ — Uo},l/

A A A A

The same relation holds for other edges in different
directions.

Next, we consider the following locality identities acting
on the vacuum state represented by specific commutators of
hopping operators whose supports do not overlap:

Type 1: <A‘ [[Uo2; Uos], Ur2] ‘A> =1,
Type 2: <A‘ ([Usa's Uag'l, Utz] ‘A> =1, (C4)
Type 3: (| [Wos, Uoa], Uss] | A\) = 1.

Each identity involves a total of eight hopping operators
within the cube of configuration states, forming two distinct
oriented squares. The oriented squares associated with the
type-1 locality identity can be represented as follows:

A A

Uos ) =0
Ups

Ugs' U A IA
A A

(mod 27) , (C95)

where two squares correspond to the terms

<A‘ [Uoz, Uos) }A> and - <A‘ [Uoz, Uos) ’A>,

respectively. Similarly, the type-2 locality identity
can be visualized on the cube of configuration states as
follows:

A A

Upy,
A K
A 02 -

-1
UOS

=0 (mod2m). (C6)

Uos

U/, A
A A

The type-3 locality identity, on the other hand, is represented
by two oriented squares located on the same face of the cube:

A A

1
U02

=0 (mod2r). (C7)

) AN A
A A

Note that each type of identity includes the one
depicted above, along with two others that are related

by the C; rotation along the axis extending from A

o A
Below, we list all identities of the three types,

which will be used in the derivation of the T-junction
process.

Type 1: 0 (Vos, A) +0 (Uoz, A) =0 (Uos, A) =0 (Unz, A)
0 (U, A) =0 (Ui A) +0 (Vs A) +0 (U, ) =0 (mod 27),

0 (e A) +0 (00, A) ~0 (0 A) 0 (vn, A)

(C8)

— 0 (Uo2 A) — 0 (Vor, A) +6 (Uo2: A)+0 (U, A)=0 (mod 2r),
0(U01, A) +0 (Vos, A) 0 (U, A) —9(U03, A)
0 (Vo AA) —0 (Vs A) +0 (U0, A) +0 (U5 A) =0 (mod 27)

011010-38



GENERALIZED STATISTICS ON LATTICES PHYS. REV. X 16, 011010 (2026)

Type 2 0 (Uos, A) +6 Voo, A)~0(Vas, A) 0 (Ui, A)
0 (Vo5 A\) 0 (U2, A) +6(Uos, A)+6 (Ui, ) =0 (mod 2m) .
o (UOQ, A) +0 (Um, A) 0 (U, A) -6 <U01, A) .

— 0 (Uo2: A\) =0 (Uor, A)+0 (U2, A)+0(Uon, A)=0 (mod 2r),
(U A0) +0 (U, ) ~0 (Ui, A) = (U, )

— 0 (Uor, A)-a(zfog, A)w((l@l, A) +6(Uos, A) =0 (mod 2m) .

Type 3: 6 (Uog, A) +0 (U, A\) -0 (Uog, A) ) <U02, A)
-0 (U037 A) -0 (U027 A) +6 (U037 A) +6 (Uoz, A) =0 (mod 27),

0 (U()Q, A) +6 (Um, A) -0 (Uoz, A) -0 (U01> A) (C10)
(U ) 0(te A) 00 ) +0(the ) =0 oo,
0 <U01, A) +0 (Uog7 A) -0 (U01, A) -0 (Uozs, A)

-0 (U01, A) -0 (Uo:s, A) +0 <U01, A) +0 (U03, A) =0 (mod 27) .
By summing over all type-1 identities, type-2 identities, and twice the type-3 identities, we obtain

40 (Uns, A\,) — 40 (Uog, A) 140 <U01, A)
— 40 (Uns, A) +40 (Una, A) —40 (Ui, A) =0 (mod 27) .

Using Eq. (C1), this expression can be simplified to

40 (Ung, A\,) + 40 <U0_21, A) +40 <U01, A)
+40 (U, A) +10 (U, A) +10 (U5, A) (C12)

=40 (Uo2Ug Unt Ui Uns Ui A\) =0 (mod 2)

(C11)

This implies that four iterations of the T-junction process yield 0 (mod 2x). The T-junction process is illustrated in
Fig. 5(b).

2. Loop-flipping process in (3+1)D
In this section, we derive the unitary sequence used to detect loop statistics for the fusion group G = Z, in (3 + 1)D. This
derivation is inspired by Appendix D of Ref. [45]. Similar to the previous section, we first construct the graph space of
configurations. In principle, there are six operators Ugio, Ug1z, Ugias Ugos, Upos, and Ugsy, Which create loops along the
boundary of these faces, resulting in a total of 2° = 64 configuration states within the same superselection sector as the

vacuum state. For simplicity, we restrict our analysis to single-loop configurations, where the loop excitation is connected
and does not have self-intersection. There are 37 single-loop configurations represented as vertices in Fig. 8. Interestingly,
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FIG. 8. Each vertex represents a single-loop configuration on the tetrahedron (1234) with a central vertex 0, as shown in Fig. 1(c).
Only the loop configuration along the edges between vertices 1, 2, 3, and 4 is depicted, as the configurations on the remaining edges can
be inferred. The operator Uy; creates a loop excitation on edge (ij), while Uailj annihilates it. This structure forms an RP? space, as

antipodal vertices represent the same configuration state [45]. (a) Each plaquette is labeled by a color or symbol indicating that summing
over plaquettes [according to the orientation in Fig. 8(b)] with the same color or symbol yields a locality identity. (b) The orientation of
each plaquette used to express the local identity. Summing over all locality identities results in twice the 24-step process (represented by
the black directed line), as the O(U(s), a) terms on all other edges are canceled out.

the computation is even more straightforward than in the
T-junction case. Since G = Z,, transitioning from one state
to another allows us to apply either U or U™, as used in the
locality identities in Eqs. (C5)—(C7). However, for loop
excitations, we further constrain ourselves such that Uy,;
can create only a loop on edge (ij), while Uaib can
annihilate it only on the same edge.

The locality identities are represented by colors and
symbols in Fig. 8(a). For example, the two yellow pla-
quettes correspond to the following locality identity:

Each color corresponds to a pair of plaquettes, and
summing over two plaquettes with orientations given in
Fig. 8(b) results in the locality identity for each color. On
the other hand, each symbol (red circles, blue stars, yellow
triangles) appears in four plaquettes. For instance, the red
circles in Fig. 8(a) are present on four plaquettes spanning
(014) and (023). The corresponding locality identity across
these four plaquettes is more involved:

O([Uo14> Unps), 0(012)) + O([Ugys, Ugas], 9(024))
O(Uy,UglsUp12Uoi3. 0(023)) + 0([Ug14, Upps), 0(034))
40Uzl Ush Uiz Uppas 9(023) + 0(234)) 4 0([Uga, Ugps]. 0013)) =0 (mod 27),  (C14)

= 0(Us, U3 UoiaUgys. 0(023))
= 0(UghUgl3UpiaUois, 0(023) + 0(234))

= 0([Uns4. [Up12. Up13]],0(023)) = 0 (mod 27). (Cl13)

which results from summing over four plaquettes following
the orientations in Fig. 8(b). To show that Eq. (C14) is
indeed a locality identity, we expand it as follows:

(0(Ups. 0(012)) + O(Upua, 0{012) + 0(023)) = O(Unp3. 9(012) + 0(014)) — 6(Uq14.0(012)))
+ (0(Ugns, 0(024)) + O(Uo14.0(024) + 0(023)) — O(U a3, 9(024) + 9(014)) — O(U14,0(024)))
+ (0(Uoaz, 0(034)) + 6(Up1a, 0(034) + 0(023)) — (U o3, 0(034) + 9(014)) — 0(Upy4.9(034)))
+ (0(Uop3. 9(013)) + O(Up1a, 0{013) + 9(023)) — O(Upa3, 9(013) + 0(014)) — 6(Uo14.9(013))). (C15)
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Next, the subsequent locality identities are added to the above equation to modify the configuration states @ within the

0(U(s),a) terms appearing in the first three lines:
(1) O([[Uora, Upas). U1n3]. 9(012)) = 0 (mod 27)
(2) 0([[Uoi4> Upps]s U123U124],0(024)) = 0 (mod 27)
3) O([[Uora, Unas). Uy34]. 9(034)) = 0 (mod 27)
Equation (C15) is transformed to

((9 (U023, 6(012} + 8<123>) + 0 (Upi4, ('){’()lz} + (')\if()Z.";’\f/ + (){123})

— 0 (Uoas, 0(012) + 0(014) + 9(123)) — 0 (Upr4, D{012) + a<123>))

- (6 (Unas, 8(024) + 0(124) + 8(123)) + 0 (Uo14, 0(024) + 9(023) + 0(124) + 5(123))

— 0 (Upag, 8(024) + D(014) + (124 + (123)) — 0 (Up1a, (024) + 8(124) + H(123)) )

(C16)

+ (e (U 9(034) + 9(134)) + 8 (Uora, D(034) + (023) + 9(134))

— 0 (Unas, 0(034) + 9(014) + 9(134)) — 6 (Uny4, 9(034) + 9(1 34>>)

+ (9 (Uoas, D(013)) + 0 (Upra, (013) + 8(023)) — 0 (Unzs, D(013) + 9(014)) — 0 (Ug1s. D(013) j>)

=0 (mod 27) ,

where the terms with matched colors are completely
canceled out in the last equality. Thus, we have demon-
strated that Eq. (C14) indeed represents a valid locality
identity.

Note that for the locality identity of each color or
symbol, we have the freedom to multiply the overall minus
sign; e.g., the locality identity on the yellow plaquettes in
Eq. (C13) can be modified as

0 = —=0([Uns4, [Uo12, U], 9(023))
= —0(U5, U3 Uo12Uoi3, 0(023))
- 0(Ugl5U),Uoi3Uorz, 0(023) 4- 0(234))
= 0(Ugl5Ug,Un13Uo2, 0(023))

+ (Ul Ugh UginUoys, 9(023) 4 0(234)).  (C17)

The physical interpretation of this choice of locality
identity is that it reverses the orientation of the yellow
plaquettes in Fig. 8(b). This same argument applies to each
symbol: We can simultaneously reverse the orientations of
four plaquettes with the same symbol. We can derive
different unitary sequences by altering the orientation of
each color or symbol. However, all these sequences are
equivalent, as they differ only by locality identities.
Specifically, changing the orientation corresponds to add-
ing (—2) times the locality identity, and the unitary
sequence is the sum of all locality identities divided by
2. For example, by selecting a different orientation, we
obtain the 36-step unitary sequence shown in Fig. 9, which
exactly matches the sequence proposed in Ref. [45].

Finally, we used computers to enumerate all possible
orientations for each locality identity. There are 2> =
32768 different configurations corresponding to the three
symbols and 12 colors. Our computations verified that the
minimal number of steps required is 24. Therefore, the
unitary sequence presented in Fig. 8 is optimal, meaning
there is no shorter sequence capable of detecting the loop
statistics.

3. Particle fusion process in (1+1)D

In this section, we prove that the (1 4+ 1)D Z, particle
fusion statistics (14) is an invariant in E;,,. More precisely,
on the complex

UO2 U12 (CIS)

)

0 1
Un

we show that twice the phase of the (1 + 1)D particle
fusion process can be written as a combination of locality
identities.

One such identity is

<A’ [Ur2, [Uo2, Uo1]] ‘ A> —1,

(C19)

which implies that
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FIG. 9. The 36-step unitary sequence corresponding to Z, loop statistics in (3 4+ 1)D. Compared to Fig. 8(b), the orientations of
certain locality identities have been reversed. Any choice of orientation for each locality identity yields a valid sequence for detecting the
loop statistics. This particular orientation corresponds to the 36-step process proposed in Ref. [45], where a different computational

method was used to derive the sequence.

0 ([Uo,Unils /\) +6 (U2, /\) +0 (0o, Vo) /N) +0 (Ui, /)

= 0 ([Uo2. Untl, /\) +90 ([Uw,Um]’l, A)
=0 (U /N +0 (0 A)+0 (U5 A) +0 (Uit A)
+6 (UO27 A) +0 (U017 A) +0 (U()_Ql’ A) +0 (Uo_ll’ A)

=0 (mod 27) .

In configuration space, these phases can be visualized as

Al A AN

-1 _
Uo: Uoz + Uss' U _ (mod 27) .

A\ U1 A JAN Uo: A

Another identity is

<A\ [Us2, [Ugs', Uou]| \ /\) =1.

which implies that
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0 (V" Unil, /\) +0 (U5 /\) +6 (&' Un] ™ A)+9(U12, A)
= 0 (U, Ui, A)+0([U(;21,U01]‘1, A)
=0 (Vo /\)+0(Us's A\)+0(Usi's AN\) +6 (Vo /)

+0 (U A\) +0 (U /N\) +0 (U, /N) 0 (U5 A)

=0 (mod 27) .

In configuration space, these phases can be represented as

A Uy' A A Ugt' A

A UOl A A U()l A
From the definition of U~! in Eq. (73), we obtain

A A A A

Up' Y =—Un 4, Uy 4 =— U

JAN JAN JAN JAN

By adding Eqgs. (C21) and (C24) and applying Eq. (C25), we find

AU A

2 x =0 (mod 27),

VANERE VAN

which implies that [Uq,, U3,]* = 1. This calculation produces the fusion statistics in Eq. (14).

4. Loop-membrane mutual statistics in (3+1)D

(C23)

(C24)

(C25)

(C26)

In this section, we prove that the loop—membrane statistic introduced in Sec. II D 2 is an invariant belonging to E;,,. For
the setup in Eq. (38), we introduce a new tetrahedron #; adjacent to #; and #, such that #{ N £, N t3 = v,v,, the edge
connecting v; and v,. We then define 7, as the complement of #; U 1, U t3, which satisfies dt, = dt; + 0t, + dt3. In this
configuration, we have f Nt Nt, Nty = @. Moreover, since f can be replaced by its exterior without affecting the
commutator, the higher commutators among Uy, U, , U,,, and U,, are also trivial. Under these conditions, the following

four locality identities hold
(1) (@|[Uy. [Uy,. [Uy,. Uy ]]]|@ >=
@) {2|[U, [U, [U, U ll|@) =

(
(3) <aUt;HUf [ [ tz’Ut]H” >
4) (0U,|[Uy. [U,,.U; zl]]]lanJ
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By summing these locality identities, we obtain

9({Uf’ [Uzy [Ut21 Uzlm’ @) + ‘9([Uj" [Uzy [Ut_zl ’ Uz]ma @) + 9({Uf’ [Ul4’ [Ut2’ Uz,]]]’ aUt;) + 9([Uf1 {Uw [Ut_zl ’ le]H»aUzg)

= 9([Ut3’ [U,z, Utl]]’g) +9([Ut3’ [Utg’ Ut]]]_l’an)
+0(lU,,.[U;". U, ]l.@) +0([U,,. U, U, ] ', 0Uy)

3

+0(U,,.[U,,.U,]].oU,) +0([U,,.[U,. U, ]| 7" 0U +0U,) +0([U,,. UL Uy, ]].0U )

+6([U,,.[U;1. U, ]|  oUs+0U,,)

= 0((U,,.[U,,.U,)}.2) +0([U,,.[U7.U,)|.@) + 0([U,,.[U,,.U, ]}.0U,,) +0(1U,.[UF. U, ]].0U,)
- (OU4 [0, U, [17,0U,) +6([U,,. [U7 U, )00 ) +8(1U,. [U,,. U, | 0U + U,
+0(U,,.[UF U, |00, +0U,)) = 20((U,,. U3 ). @) +20(U,,. U3 )™ a0 )

:29([Uf’[Ut2’U%1H’®> :6([Uf’[Utz’U121]]2’®> :O (mOd 2”)

Therefore, the loop-membrane statistical process (U,
[U,,, U ]] follows directly from the locality identities.

APPENDIX D: DETAILED ANALYSIS OF THE
STRUCTURE OF E;,

In this appendix, we show the following statement:
Suppose we have an invariant ® in E;,, for an Abelian
symmetry group G expressed as

e® = (a|U(s,)*, ..., U(s))*|a). (D1)

Let us pick any element sy € S. Then, the following ratio is
an element of Ej;:

o {aUGs)% . UGs)*la) o2
{(a+ 0so|U(s,)=, ..., U(s;)*|a + dsg)
In other words, we show that the phase e'® can be

expressed as the product of higher commutators of the form

(@|[U(sn) [+ [U(s5), Us)]]a) = 1,

aeAs| s .. s,eSlsinshn..ns,=a, (D3)

which we refer to as the locality identity in the main text.
This property holds when X is a combinatorial manifold
(Theorems VI.3 and VI.10 of Ref. [108]), but it fails for a
generic simplicial complex X. A crucial step in the proof is
the introduction of localization for excitation models. For
completeness, we present a less abstract argument here.

(C27)

We first rewrite the phase @ in the following fashion:

©=) O0(U(sjp1)" a+1;) =0(U(sj1)" a+ s+ 1))
j=0
n—1
=) 0(U(sjr) " a+1;) =0(U(s;11) " a
=0
+0so +1;) +0(U(so). a +1;41) —0(U(so). a + 1),

(D4)

where ; = Z{;zl +0s;. In the second equation, we used
t, =ty = 0. Noting that

arg((al[U(s2), U(s1)]|a))
O(s1,a) + 6(sy,a+ 0s;) —O(sy,a+ ds,) — O0(s5, a),
(D5)

and 9(U(s),a) = —0(U(s)™', a + ds), we get

n—1
O = Z(a +1;|[U(s0), U(sj41)]|la + ;)

n—1
+ Z<a + 1;1[[U(50), U(sj)] a +15.1),  (D6)
=0

—sign

where the sum breaks into the two parts depending on the
sign on U(s;)*. Let us fix an element s€S. In the
expression (D6), let us collect the commutators involving
U(s;)* with s; = s. Focusing on these commutators, the
sum is schematically written as
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=3 (d|[U(so). Us)*la") +.... (D7)

a

where ... denotes the commutators involving s; # s. If
supp(so) N supp(s) = @, the commutator can be regarded
as the locality identity. Hence, we assume supp(sy) N
supp(s) is nontrivial.

Let us first study the case with supp(sy) # supp(s). For
a,b'eA, if ' =b' at supp(sy) N supp(s’), there exists
S €S satisfying  U(sy,)|a’) = |b') and  supp(sg) N
supp(s’) N supp(s,,) = @. In that case, one can convert
a' into b’ by the locality identity:

(d@'[[U(s0). U(s)[F|a’)
(b'|[U(s0). U(s)[F[b")

= ([U(sa). [U(s0). U(s)[]) = 1.
(D8)

This implies that the phase @ in Eq. (D7) depends on o’
only through the configuration of &’ in the vicinity of the
mutual support supp(sg) N supp(s). Concretely, the con-
figuration of @’ near the mutual support of the unitaries can
be specified as follows. The mutual support supp(sg) N
supp(s) generally becomes a p-simplex o,. Pick (p + 1)
vertices vy, ..., v, of this p-simplex o,. Then, @' in the
expression (D7) can be represented by a (p + 1)-tuple of
the restricted configurations (d'[,.....d'[, ). In other

words, we can replace |a’) with a canonical representative
of the state |(d| a |vp)> in A whose restriction to

vertices becomes the fixed ones. This can be done by using

the locality identity and leaves the value of ® invariant.
Let us write the set of restricted configurations a|b

A . We also introduce a shorthand notation a\b =a;. We

vy

can express @ as

o= e (s {a ) {a}[U(so). Us)l{ar;})
@4,

+ Z (s {a; ) {e H[U(50). U(s)]" Ky }). (DY)

where e, is the positive integer coefficient counting the
number of the commutator ({a;}|[U(so). U(s)*|{a;})
appears in the sum of ®. Let us define € as

(s {aj}) = e (s, {a;}) —e_(s,{a;}).

Then, due to the condition of Ej,, shown in Eq. (55)
satisfied by the invariant ®, e satisfies

Z e(s, (ag....,a,)) =0

@j#k'Avj

(D10)

(D11)

for any oy €A, and any 0 <k < p. The sum is over
a; € A@.j with j # k while «; is fixed. Further, once we fix a

choice of a,,, it fixes the configuration of the excitation at
the p-simplex &, which we write Ay, Then, ¢ is nonzero if
a,, all specify the same a,, at o, This
allows us to write a refined version of Eq. (D11) as

Z e(s, (ag, -

@j#kAvI (aa,, )

and only if «a, ...,

,a,)) =0, (D12)

where we defined A, (agp) C A, as aset of a;, which has
the fixed configuration a, at the simplex o,,.

Equation (D12) gives a number of constraints on
e(s.{a;}). One can show that the solution to Eq. (D12)
is generated by the following (overcomplete) basis: Let us
pick a pair of elements o, ag.l) from each A, (a,, ). Then,

the basis is given by

e(s, {a™'}) = (=1)2", (D13)

with n; = 0, 1, with the other € zero.
Let us show that the basis (D13) corresponds to the
trivial phase due to the locality identity. To see this, take a

unitary U(s,,) that shifts a,((o) to akl , but leaves the other
a; with j# k invariant. Note that the mutual support

of the unitaries supp(sg) N supp(s) N supp(s,,) becomes
a O-simplex v;. In particular, this implies that

(D14)

(soppts,)) 1 supp(so) 1 sup(s) =

Now, the basis (D13) corresponds to the invariant given by
the following higher commutator:

U,
(D15)

({adH[U(540): [-- [U(54,)- [U(s0)

so each basis corresponds to the locality identity. Noticing
this for each choice of a, at o, completes the proof
for supp(sg) # supp(s).

When supp(sy) = supp(s), the proof is done in a similar
logic: The difference is that the support of [U(sq), U(s)] is
given by d(supp(s)), so we need to take p + 2 vertices of a
(p + 1)-simplex s to fix the configuration of excitations in
the vicinity of the operator support. Let us write these
vertices as vy, ..., U4 1. The boundary p + 1-simplexes of s
are written as oy, ..., 0[;:1, where 03 does not contain the

p

vertex v;. We again write the set of restricted configurations
a|1/.j =a; as A,, with 0<j<p+1 One can again
express @ as
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-3

DA,

+Z

+ (s ) {a}[U(s0), U(s)]{as})

Da;}HU(so). Us)]™ {a;}),

(D16)

where e, is the positive integer coefficient counting the
number of the given commutator appearing in the sum of
@. We again define € as

e({a;}) = e (s.{a;}) —e_(s.{a;}),  (D17)

where we suppressed the dependence on s. Then, due to the
condition of E;,, in Eq. (55) satisfied by the invariant ©, ¢
satisfies

Z e(ag, ....ap1) =0

DjuAs i

(D18)

for any a,€A, and any 0<k<p+1 The sum
is over a;€A, with j#k while a; is fixed. Once
we fix the restricted configuration a;, it fixes the
configuration of the excitation a at p-simplexes {c;}
except for oj.

Let us define the set A, ({a,.}) C A, as a set of ay,
which has the fixed conﬁguratlons of excitations {a,. } at

the p-simplexes oy, ..., +1 — of 5. Note that this set does not

depend on a,,.
One can show that the solution to Eq. (D18) is generated
by the following basis:
(1) Let us fix a configuration of excitations {a,, } at the
p-simplexes of s, and consider A,, ({a ,}) Let us

pick two elements a/((o)’ a,((l) €A, ({as}) for each

0 <k < p + 1. Then, the basis is given by

e({a"}) = (=1)2=",

(D19)
with n; = 0, 1, with the other e zero.

(2) Let us fix a choice of the vertex v;. Take two
conﬁguratlons of the excitations {a, } {a.. } where

. for j # k. Pick two elements a,(co),a,(cl) €

g, =
bk({a }). Note that o). o € A,, ({a} }). For
1 # k, let us pick a set of elements {@;} ... {2}

from {Avl({%;})}lqék’ {Av,({afr;})}#k- Then, the

basis is given by

€ “k ’{al}lqﬁk
oy {al}l;&k

(
(af

€( A 7{al}l¢k
(

€ ak ’{al}l;ék

)

) =
)
)
)

(D20)

with the other € zero.
(3) For each p-simplex o3, let us take a pair of configu-

0) (1)

ratlons of excitation ds; . A, . For each configuration

{ag} } at p-simplexes, we choose a single excitation

configuration {a;}, eA({a,(;;/)}). These excita-
tion configurations are chosen so that when n; =
n); for j # k, we have (ay), y = (%){n;}- Then, the
basis is given by
e({as}ny) = (12" (D21)
Each type of the basis (D19) corresponds to the higher
commutators:
(1) For the first type of the basis, let us take a unitary
U(s,,) that transforms a,(co) into a,(cl), leaving the
other {a;} invariant. Note that the mutual support of
the unitaries supp(s) N supp(s,, ) becomes a 0-sim-
plex v;. In particular, this implies that

p+1
< N supp(s (D22)

J=0

> () supp(s

Now, the basis (D19) corresponds to the invariant
given by the following higher commutator:

{a MU (54). .-
Uy,

[U(sa,,,) [U(s0).
(D23)

(2) For the second type of the basis (D20), let us take a

unitary U(s,, ) that transforms a,(co) into aél), leaving
the other {a;} invariant. Let us also take a unitary
U(s;) that transforms {a;},,; into {a}},4. leaving
a; invariant. The mutual support of the unitaries
becomes  supp(s,,) N supp(s) = vy, supp(sy) N
supp(s) = o;. We then have

supp(sy,) [ supp(s;) (] supp(s) = @. (D24)

The basis (D20) corresponds to the invariant
given by the following higher commutator:
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(0 Lo} 1l [U (54, [U (). [U(s0), U)ot L} i)

(D25)

(3) For the third type of the basis (D21), let us take a unitary U(s;) that transforms {a;},  into {a;},,, with
ny, = ng 4+ 1 mod 2, and n; = n/; with j # k. Note that the mutual support supp(s) ] supp(s;) becomes a p-simplex

o;. This implies that

Jj=0

<pﬁl supp(S;-)) (1 supp(s) = @.

(D26)

The basis (D21) corresponds to the invariant given by the following higher commutator:

Haj} = [1U(s): [ [U(s =) [UCs0). US)TMH ;3 =0

(D27)

This completes the proof that ® is given by linear combinations of the locality identities.
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