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For four decades, statistical physics has been providing a framework to analyze neural networks.
A long-standing question remained on its capacity to tackle deep-learning models capturing rich feature-
learning effects, thus going beyond the narrow networks or kernel methods analyzed until now. We
positively answer through the study of the supervised learning of a multilayer perceptron. Importantly,
(i) its width scales as the input dimension, making it more prone to feature learning than ultrawide
networks and more expressive than narrow ones or ones with fixed embedding layers, and (ii) we focus
on the challenging interpolation regime where the number of trainable parameters and data are
comparable, which forces the model to adapt to the task. We consider the matched teacher-student
setting. Therefore, we provide the fundamental limits of learning random deep neural-network targets
and identify the sufficient statistics describing what is learned by an optimally trained network as the data
budget increases. A rich phenomenology emerges with various learning transitions. With enough data,
optimal performance is attained through the model’s “specialization” toward the target, but it can be hard
to reach for training algorithms, which get attracted by suboptimal solutions predicted by the theory.
Specialization occurs inhomogeneously across layers, propagating from shallow toward deep ones but
also across neurons in each layer. Furthermore, deeper targets are harder to learn. Despite its simplicity,
the Bayes-optimal setting provides insights into how the depth, nonlinearity, and finite (proportional)
width influence neural networks in the feature-learning regime that are potentially relevant in much more

general settings.
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I. INTRODUCTION

Neural networks (NNs) are the powerhouse of modern
machine learning, with applications in all fields of science
and technology. Their use is now widespread in society
much beyond the scientific realm. Understanding their
expressive power and generalization capabilities is there-
fore not only a stimulating intellectual activity, producing
surprising results that seem to defy established common
sense in statistics and optimization [1], but it is also of
major practical and economic importance.

One issue is that even the models dating back to
the inception of deep learning [2] are not theoretically
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well understood when operating in the “feature-learning
regime” (a task-dependent term that will be clear later).
The simplest deep-learning model is the multilayer
fully connected feedforward neural network, also
called multilayer perceptron (MLP). It corresponds to a
function  Fy(x) = vig(WHg(WED ... s(Whx) .. .)
going from R? to R, parametrized by L + 1 matrices
0 = [ve Rk (W) e Rk>kir) ] with k; denoting the
width of the /th hidden layer (with ky = d), and an
activation function o(-) applied entrywise to vectors.

Until now, the quantitative theories for such NNs
predicting which relevant features they can extract, how
much data n they need to do so, and how well they
generalize beyond their training data, relied on oversim-
plified architectural and/or data-abundance assumptions.
This prevented the precise capture of the combined role of
the depth and nonlinearity of NNs when they were trained
from sufficiently many data for them to fully express their
representation power. This paper offers answers to these
questions in a richer scenario than what current statistical
approaches could tackle.

Published by the American Physical Society
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FIG. 1. Classification of models of fully connected feed-forward neural networks analyzed in the theoretical literature (see the main
text for references). Class (1) models are very narrow, i.e., with a width independent of the large input dimension d. This class includes
the perceptron and committee machines studied in the statistical mechanics literature (the latter are linked to the so-called multi-index
models). They are analyzed near interpolation, where the number of data and model’s parameters are proportional. In this regime, feature
learning emerges through phase transitions, but these models suffer from their limited expressivity. Class (2) encompasses all “kernel-
like models” whose inner weights are frozen to random values (which is represented by the blue color) either by construction as in the
random feature model or as a consequence of their overwhelming width or overparametrization (as in neural-network Gaussian
processes, or in gradient-based dynamics in the lazy regime, where the weights effectively remain at initialization and the networks
behave as neural tangent kernels). These models are expressive but do not learn task-relevant features due to their effectively frozen
embedding layers. However, with readout weights (black last layer) to be O(1/d) rather than the standard scaling O(1/+/d), feature
learning emerges despite the width being infinite. Another tractable simplification is class (3) deep linear networks, where the weights
are learnable but the activation functions are linear (white circled nodes), thus reducing expressivity to that of a linear model, which
allows for limited feature learning. A recent simplification is the linear-width shallow network with quadratic activation (pink nodes),
class (4). Even if trained near interpolation, it can learn only a quadratic approximation of the target, which limits its expressivity.
Moreover, we will see that in the teacher-student setting we consider, it cannot recover the target weights, thus preventing strong feature-
learning in this sense. Class (5) models are the same as studied here, but set in the strongly overparametrized “proportional regime” with
a sample size scaling only as the width. Yet, weak forms of feature learning can emerge: In the teacher-student setting as used in this
paper, by “weak feature learning” we mean regimes where feature learning does occur but the model’s inner weights have zero overlap
with the teacher’s one. The present paper considers fully trainable proportional-width nonlinear NNs trained near interpolation, class (6).
This is the most challenging regime, where the model expressivity can fully manifest via strong task adaptation (i.e., recovery of the
target).

A. A pit in the neural-network landscape very much alive, with the goal of treating more
Given the difficulty of the theoretical analysis of NNs, a complex architectures as in the present paper; see
zoology of tractable simplifications reported here has Refs. [29,30] for reviews. Narrow NNs are multi-
emerged, each coming with pros and cons. index functions, i.e., functions projecting their argu-
(1) Narrow networks: Triggered by pioneering works ment on a low-dimensional subspace (see Ref. [31]
employing spin-glass techniques to study NNs for a review). Their study allows us to understand
[3-5], the interest of the statistical physics commu- which properties of nonlinearities make learning
nity in the equilibrium properties of the narrow hard for gradient-based or message-passing algo-
committee machines [L = 1 with k; = ©(1) while rithms [32-36].
n=0(d) - oo, (1) in Fig. 1] rose quickly in the (2) Kernel limit: Ultrawide and linearized NNs, and the
1990s [6-20]. This line of classical works is at the mean-field regime. On the other hand, in the ultra-
inception of the discovery of learning phase tran- wide limit (L fixed, k; > n) fully connected Baye-
sitions (found concurrently also in single-layer sian NNs behave as kernel machines (the so-called
architectures with constrained weights or peculiar neural-network Gaussian processes) [37-41], and
activations [21-26]). The main issue with narrow hence suffer from these models’ limitations. Indeed,
NNs is their restricted expressivity. Nevertheless, kernel machines infer the decision rule by first
their analysis yielded important insights into NN embedding the data in a fixed a priori feature space,
learning mechanisms, some of which are also the renowned kernel trick, then operating linear
occurring in more expressive models. One that is regression or classification over the features. In this
of particular importance is the so-called specializa- respect, they do not learn task-relevant features and
tion transition [27,28], where hidden neurons start therefore need larger and larger feature spaces and
learning different features. However, as we will training sets to fit their higher-order statistics
see, in more expressive models a richer phenom- [42—47]. The same conclusions hold for NNs trained
enology emerges. This field has since then remained with gradient-based methods but linearized around
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FIG. 2. Bayes-optimal mean-square generalization error
achievable by a two-layer NN Fy(x) = vIo(Wx) as a function
of the amount of training data n over the squared input dimension
d”> when d, n, and the NN width k all diverge with n/d” and
k/d — 0.5 fixed (solid curves), with activation o(x) = ReLU(x)
and tanh(2x) (same setting as the right panel of Fig. 5). These
theoretical curves follow from the results in Sec. II. The task is
regression with standard Gaussian inputs (x,),, and noisy
responses (y,),<, generated by a target two-layer NN Fgo(x)
with Gaussian random weights and same activation. In the
experiments, d = 150 and k = 75. Empty circles are obtained
by training the Bayesian NN using Hamiltonian Monte Carlo
initialized close to the target (yielding the best achievable error)
and then computing its generalization error on 10 test data (error
bars are the standard deviation over ten instances of the training
set and target). Crosses show the generalization error empirically
achievable by the random feature model FRF(x) = a*To(WRFx)
trained by exact empirical risk minimization a*=
argmin{}_ [y, — Fa (x,)]* +1[|al|*} with optimizsed a €R"
and L,-regularization strength ¢ picked by cross-validation. The
fixed Gaussian features matrix WRF € R™¢ has width r = 3kd
roughly 3 times larger than the total number k(d+ 1) of
parameters of the NN. Triangles are the error of GAMP-RIE
[96] extended to generic activations (see Appendix B 4), which
reaches the performance of an optimally regularized kernel.

initialization [48], i.e., with frozen weights repre-
sented in blue in Fig. 1. These cases include the
random feature model (RF) with fixed random
inner layer [49] (which is a finite-size approxima-
tion of kernel machines), or the closely related
neural tangent kernel [50] and lazy regimes [51];
see model (2) in Fig. 1. Such models are thus
“effectively linearized” because only the readouts
are learned. Figure 2 illustrates the importance of
feature learning: Despite having a larger number of
parameters, the best RF model or kernel is out-
performed by an optimally trained NN; see also
Refs. [52,53].

One way to probe feature-learning -effects
is through perturbative expansions around the
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ultrawide limit, where k > n but O(1/k) correc-
tions are kept [54—61]. This connects analysis to
expansions around free fields in quantum field
theory, where diagrammatic rules are used to
manage complex combinatorial sums; see
Refs. [62,63] for introductions. Another way to
force feature learning in infinitely wide models is
the mean-field scaling obtained by taking the
readout weights v vanishingly small [O(1/k)
rather than the standard O(1/v/k) scaling we
consider]. Originally proposed as a means to
escape the lazy regime of gradient-based dynamics
[51] via a specific weights initialization [64-70], it
was later extended to the Bayesian framework
[71-75]. NNs in this scaling converge to kernel
machines with data-dependent kernels (rather than
fixed a priori, as in the lazy regime). We also
mention Refs. [76,77], which alternatively rescale
the Bayesian likelihood to induce feature learning
at infinite width.

Deep linear networks: Another way to linearize
networks, thus making them tractable, is by allowing
fully trainable weights while placing linear activa-
tions in the inner layers. Linear networks are a
major theoretical playground from the dynamical
perspective [78] but also at the equilibrium (Baye-
sian) level [72,79-82]. In the same vein, theoret-
icians considered linear diagonal networks of the
form Fag(x) = vidiag(w)x [83,84], which exhibit
an implicit bias in gradient descent learning [85-88].
A main issue with linear networks, however, is their
intrinsically small expressivity, so only weak notions
of feature learning can manifest.

Shallow quadratic networks: Various works have
recently exploited the fact that a shallow NN with
quadratic activation ¢(x) = x> simplifies drastically
[89-99]. However, we will see that this prevents
strong feature learning to emerge. The closest
settings to ours are Refs. [96-98]. There, the analysis
based on results for the GLM [100] and matrix
denoising [101-104] follows thanks to a specific
mapping to a linear matrix-sensing problem, where
the goal is to infer a Wishart-like matrix given its
projection along random rank-one matrices.
Proportional data regime: This overparametrized
regime considers a sample size much smaller than
the number of model parameters [L fixed, d large,
k;,n = 0©(d)]. Recent works show how a limited
amount of feature learning makes the network
equivalent to optimally regularized kernels
[73,79,105-107] (see Ref. [108] for a large-depth
analysis). MLPs thus reduce to linear networks
(GLMs) in the sense conjectured in Ref. [109]
and proven in Refs. [110,111] and thus suffer from
their limitations. This could be a consequence of the
fully connected architecture, as, e.g., convolutional
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networks can learn more informative features in this
regime [71,72,112,113]. In a similar data regime,
Yoshino and co-workers have developed a replica
theory for overparametrized deep NNs with a
nonstandard architecture [114-116].

(6) A timely challenge: deep nonlinear networks of
linear width trained near interpolation: Despite
the wealth of methods developed to study the
aforementioned models, none is able to tackle
NNs enjoying all the following realistic properties:
(P;) a width proportional to the input dimension,
(P,) with broad classes of nonlinear activations,
(P3) with possibly multiple hidden layers,

(P4) learning in the interpolation regime.

The property (P;) combined with (P,), (P3) allows us
to capture finite-width effects in NNs that are highly
expressive, while still allowing us to take the large
system limit needed to obtain sharp theoretical predic-
tions. Even if it is not entirely clear whether a finite width
improves the performance of Bayesian MLPs compared
to their kernel limit [117,118], it is certainly one of the
most natural ways to allow for the emergence of repre-
sentation learning, which really is the crux of deep
learning [2].

The interpolation regime (P,) means L fixed, d large
with k; = ©(d) [from (P))], and n = ©(d?), i.e., a sample
size comparable to the number of trainable parameters.
This regime is difficult to analyze for expressive models
but also very interesting, because it forces them to adapt to
the data in order to perform well. Hence, task-dependent
feature learning emerges, thus escaping the reduction to
linear models discussed above. Analyzing MLPs in the
interpolation regime has been an open problem for
decades and is widely recognized as one of the major
theoretical challenges in the physics of learning [96,109].
That statistical mechanics is up to the task is an encour-
aging signal for physicists working on deep learning
[119,120].

This setting is relevant and timely also from a practical
perspective. Indeed, the latest NN architectures such as
generative diffusion and large language models (LLMs)
do operate near interpolation: The compute-optimal
training scales parameters and tokens in equal proportion
[121,122], with typical sizes ranging 10'°-10'2. These
models of utmost interest are highly expressive and also
exhibit signs of feature learning [123,124]. From that
perspective, it places them in a similar regime as
considered in the present paper. LLMs are far more
intricate than MLPs. Yet, they have things in common:
In addition to the fact that one of the basic building blocks
of LLMs is actually the MLP (together with the attention
head), both correspond to deep nonlinear architectures.
We thus consider it essential to tackle the interpolation
regime of MLPs, with the hope that some insights brought
forward by our theoretically tractable idealized setting

remain qualitatively relevant for the NN architectures
deployed in applications.

B. Main contributions and setting

We address questions pertaining to the foundations of
learning theory for NN models possessing all four proper-
ties (P;)—(P4). The first one is information-theoretic:

QI: Assuming the training data are generated by a target
MLP, how much is needed to achieve a certain
generalization performance using an MLP with same
architecture and Bayes-optimally trained in a super-
vised manner?

The answer, provided analytically by Result 2 in Sec. II
yields the Bayes-optimal limits of learning an MLP target
function, thus bounding the performance of any model
trained on the same data. The setting where the data-
generating process is itself an MLP may look artificial at
first, but given the high expressivity and universal approxi-
mation property of neural networks, studying their learning
provides insights applicable to very general classes of
functions. For this reason, and the analytical tractability of
the teacher-student scenario explained below, this question
has always been a starting point in the statistical physics
literature on NNs [5].

Second, using statistical physics, we will answer another
important question concerning interpretability:

Q2: Given a certain data budget, which target features

can the MLP learn?

This is key in order to understand the evolution of the
best learning strategy for an MLP as a function of the
amount of available data. Consequently, we will precisely
explain what a perfectly trained MLP does to beat the
random feature model or an optimally regularized kernel
(see Fig. 2). In a few words, the reason is that given enough
data, strong feature learning emerges within the NN, in the
sense of recovery of the target weights. This happens
through a specialization phase transition; in the deep case,
there will be one transition per layer. This mechanism is not
possible with the random feature model, which explains the
gap in performance. These insights will follow from the
detailed analysis of the sufficient statistics (i.e., the order
parameters, OPs) of the model as the data increase,
obtained from the large deviation perspective provided in
Results 1, 3, and 4. The OPs carry more information than
merely computing the achievable generalization perfor-
mance (see Q1).

Finally, based on experiments, we provide in Sec. III
algorithmic insights for MLPs with L < 2 layers:

Q3: Given a reasonable compute and data budget, can
practical training algorithms reach optimal perfor-
mance or are they blocked by statistical-computational
gaps?

The short answer is that it depends on the target, in

particular, on whether its readout weights are discrete.

031014-4
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Answering these questions will provide a phase diagram
depicting the optimal performance, the features that are
learned to attain it, and the limitations faced by algorithms,
as a function of the data budget; see Sec. IIl. Before
presenting the setting needed to do so, let us emphasize
once more that the theoretical component of this paper will
be concerned only with static aspects, i.e., generalization
capabilities of trained networks (after a manageable or
unconstrained compute time). We do not provide any
theoretical claims on how learning occurs during training.

1. Teacher-student setup

We consider the supervised learning of an MLP with L
hidden layers when the data-generating model, i.e., the
target function (or “teacher”), is also an MLP of the same
form with unknown weights. These weights are the read-
outs v' € R¥ and inner weights W0 € Rk>*k-1 for £ < L
(with kg = d) drawn entrywise independent identically
distributed (i.i.d.) from P9 and P9, respectively (the latter
distribution being the same law for all £ < L). We assume
PY, to be centered while P) has mean %, and both priors
have unit second moment. We denote the set of unknown
parameters of the target as 8° = [v0, (W) ;.

For a given input vector x S R4, for u < n, the response
or label y, is drawn from a kernel PO

Yu ™~ Pgut(Mg)

with 19 := Fi(x,), (1)

where the MLP target function is defined as

) Vo1 W(L)O W(L—I)O
NP L AT
k- ki1 ki

(7))

X 6 X))

Vko

We will analyze the case of an arbitrary number of layers L
(that remains d independent). However, we will give

special attention to the shallow, one-hidden-layer MLP
(we drop layer indices in this case)

FI(x) = \/L% v%(% W°x>, (2)

as well as the MLP with two hidden layers

The kernel can be stochastic or model a deterministic
rule if PO, (y|1) = 8(y —f°(4)) for some function f°. Our

main example PY, (y|A) =exp{—[1/(2A)](y —4)*}/V2zA
is the linear readout with Gaussian label noise.

Xp /\Ol}yu ~ P )\n )P A{( X ?/u)]’zzl'}
ki
W0 wer® Lo n,d, k; — oo with ﬁ - a, 7 -
FIG. 3. The teacher-student scenario for the case of two hidden

layers. The teacher NN is used to produce the responses given the
inputs. A student NN with matched architecture (but who is not
aware of the parameters of the teacher) is then trained in a
Bayesian manner given the training data. We also display the
scaling limit considered given by Eq. (4).

We will first consider i.i.d. standard Gaussian vectors as
inputs x,,. In that case, the whole data structure is dictated
by the input-output relation only, allowing us to focus
solely on the influence of the target function on the
learning. In Sec. III, we generalize the results to include
structured data: Gaussian with a covariance and real data
(MNIST). The input and output pairs D = {(X,, y,)},<n
form the training set for a student network with matching
architecture.

The Bayesian student learns via the posterior distribution
of the weights matrices 6 = [v, (W), ] (of the same
respective sizes as the teacher’s) given the training data

Hpout(yﬂu'ﬂ ))

u<n

P,(v) [1)<; dPw(WY) [with the nota-
Hl J dP( ij)], with postactivations

dP(0|D) = Z(D)"'dP,(0)

where dPy(0) =
tion dP(M) :=

The posterior normalization Z(D) = Z()(D) for the
model with L hidden layers is the partition function,
and Py, P, are the priors assumed by the student. We
focus on the Bayes-optimal setting Py = P%,, P, = PY,
and P, = P%,, but the approach can be extended to
account for a mismatch.

As stated above, we study the linear-width regime with
quadratically many samples, which places the model in the
interpolation regime, i.e., a large size limit

n
E—)O{. (4)

d,k;,n — +oco0 with %—)yl forl<L,

Given the cost of training deep Bayesian MLPs and
specific difficulties discussed below associated with an
increasing number of layers, we distinguish the cases of
one, two, and more than two hidden layers for what
concerns the hypotheses we impose on the activation 6.

(H): For shallow NNs with L =1 hidden layer, our
results are valid for an arbitrary activation function as long
as it admits an expansion in Hermite polynomials with
coefficients (/)5 (see Appendix A 2)

031014-5
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o(x) = %He,;(x). (5)
20 "~

We also assume it has vanishing zeroth Hermite coefficient
Ho =0, ie., that it is centered E..p1)0(z) =0. In
Appendix B 1 g we relax this assumption. We will mainly
consider tanh, ReLLU, and Hermite polynomial activations.
Through Hermite expansion, the MLP function can be

decomposed as

W
F(x) = VR X
0o )=k
Uy . [Widiag(v)W
e ———2 L (x®2 -
+ 54 T NG (x A+
where --- contains terms made of tensors of all orders

constructed from @, contracted with input rank-one
tensors (x®),. In each such term, at least one tensor
is of order # > 3. Therefore, an equivalent interpreta-
tion of the learning problem of an MLP target is
that of a “tensor-sensing problem” where the tensors
vVITWO e R, WOT diag(v0)W® € R¢ entering the observed
responses are all constructed from the same fundamental
parameters 0° (see, e.g., Ref. [125]). The first term in the
above expansion is called the “linear term or component.”
The one of the target is perfectly learnable in the quadratic
data regime we consider. The second term is the “quadratic
term or component.” Both will play a special role because,
as we will see, the terms -.- effectively behave as
(Gaussian) noise when n = ©(d?), unless 6° is partially
recovered. Learning through recovery of @° is called
specialization. In contrast, the linear and quadratic terms
are learnable without specialization. This is reassuring
given that we will argue that for many targets, it takes a
time growing as exp(cd) for the network to specialize, for
some positive o-dependent constant ¢ < 1. This separation
in algorithmic learnability of the first and second compo-
nents versus all the others is at the root of the emergence of
different learning strategies employed by the network and
the crux of the generalization of a learning algorithm in
Appendix B 4 coined GAMP-RIE (generalized approxi-
mate message passing with rotational invariant estima-
tor) [96].

(H,): For L = 2, we require py = u, = 0, which is, e.g.,
the case for odd activations. Our main example is tanh. In
the tensor inference problem appearing when expanding all
activations, y, = 0 means that no quadratic term is present.
However, a “product term” W W) appears (in addition
to vIW@ W) We will see in Sec. III that skipping the
quadratic term implies that learning terms beyond the
linear ones will be possible only through speciali-
zation. However, the presence of the product term will
have interesting consequences on the learning curves.
wew)

Importantly, is a matrix learnable partly

independently of its factors and consequently requires its
own OP in the analysis.

(H3): For L >3, we require py = yu; = o = 0. This
does not include standard activations, and we consider the
hyperbolic tangent after setting p; =0 in its Hermite
decomposition. u, = 0 again entails that learning beyond-
linear terms requires the network to specialize, and y; = 0
prevents the multiplication of OPs by avoiding the presence
of many product terms.

Related to this last comment, we wish to emphasize that
these hypotheses are not due to restrictions of the tech-
niques we develop. The issue is purely practical: Relaxing
them while increasing the number of layers yields a
combinatorial explosion (in L) of the number of OPs to
track in the theory as well as cumbersome formulas. We
have therefore decided to leave for future work the analysis
of the most general case and focus here on these special
ones which already yield an extremely rich picture while
remaining interpretable.

C. Replica method and HCIZ combined

A key component of our approach is the way we blend
tools from spin glasses (the replica method [126]) and
matrix models, in particular, the so-called Harish-Chandra—
Itzykson—Zuber (HCIZ) “spherical” integral [127-129].
Here, we review the growing corpus of works utilizing it
jointly with the replica method. Let us first define this
matrix integral

zZP (A.B) = / du®(0) exp<ﬁ7NTr[0AOTB]), (6)

where f = 2 if A, B are N x N Hermitian matrices, f = 1
if real symmetric. Respectively, the integral is over the
unitary U(N) or orthogonal group O(N), with respect to the
corresponding uniform Haar measure u'#. For f = 2, it
admits a closed form for any N [127] and a known large-N
limit for f = 1, 2 [128-131]. It is crucial to analyze matrix
models in physics and random geometry [132-134]. In
spite of having an “explicit” limit, it can be tackled only in a
few cases [102,135]. However, if one matrix, say A, has
small rank compared to N > 1, the corresponding low-
rank spherical integral is simple [136,137].

Spherical integrals were used in the replica method for
spin glasses with correlated disorder in the seminal paper
[138]. It triggered a long series of works in spin glasses
[139-143], in analyzing simple NNs [144,145], and in
inference and message-passing algorithms [146-162]. In
these papers, the degrees of freedom are a few vectors (e.g.,
the replicas of the system forming a low-rank matrix A)
interacting with a quenched rotationally invariant matrix B
of rank ®(N). Rotational invariance, a crucial property for
employing spherical integrals, means distributional invari-
ance under orthogonal transformations, ie., P(B)=
P(OBOT) V O€O(N) if B is symmetric. Consequently,
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only the low-rank spherical integral intervenes when
integrating B’s eigenvectors.

An active research line tries to include models where the
degrees of freedom themselves are linear-rank matrices in
addition to the quenched disorder. This presents a whole
new challenge. Seminal papers in the context of matrix
denoising are Refs. [163,164], which provided a spectral
denoising algorithm (on which the GAMP-RIE [96] relies),
also analyzed in Refs. [103,104]. Extensions to nonsym-
metric matrix denoising exist [165,166]. An early attempt
at combining linear-rank spherical integration [where both
A, B in Eq. (6) have rank ®(N)] with the replica method is
Ref. [167], which tried to improve on the replica approach
for matrix denoising in Refs. [168,169] that was missing
important correlations among variables. It was followed by
two concurrent papers yielding intractable [101] or pertur-
bative [102] results for non-Gaussian signals.

Remark 1. No method in the aforementioned papers is
satisfactory beyond the realm of denoising problems
involving strictly rotational invariant signal matrices
(e.g., Gaussian, Wishart). For example, the HCIZ and
replica combination in the latest works [96,170] requires
it, because after using the replica trick to integrate the
quenched disorder, the HCIZ is used directly to integrate
the annealed matrix degrees of freedom (representing the
replicas of the signal matrix), which is possible by rota-
tional invariance.

Recently, matrix denoising without rotational invariance
was analyzed in Ref. [171] by assuming that the model
behaves as a pure matrix model (due to an “effective
rotational invariance”) in a first phase, and then as a
“standard” planted mean-field spin glass in a second.
The phases were thus treated separately via different
formalisms—HCIZ in one phase, a cavity method under
mean-field decoupling assumptions in the other—and then
joined using a criterion to locate the transition. This
approach yielded a good match with numerics. However,
we now understand that this treatment can be improved,
because the “matrix nature” of the model and associated
correlations discarded by mean-field methods do play a role
also in the second phase. Thus, a major conceptual (and
technical) issue remained: whether there exists a theory
based on a unified formalism able to describe the whole
phase diagram of inference and learning problems involv-
ing linear-rank matrices which lack rotational invariance.
Ideally, it should be able to handle the correlations induced
by the matrix nature of the problem while still capturing the
phase transitions and symmetry-breaking effects connected
to its mean-field component. The present paper provides
this theory in the context of NNs, through a replica and
HCIZ combination of a different nature from previous
works; see Sec. IV.

Related to this last point, we emphasize that previous
works on extensive-width shallow NNs [k = ©(d¢) for
0 < ¢ < 1] considered either purely quadratic activation

[93,94,96-99] or, on the contrary, with ., = 0[172]. Both
settings enjoy intrinsic simplifications. On one hand, the
quadratic NN reduces to a matrix-sensing problem [96,98].
It is therefore a “pure matrix model” with rotational
invariance when considering Gaussian weights: The target
(and model) depends only on them via WOTWY. Therefore,
by rotational invariance (from the left and right) of the
Gaussian matrix W9, it cannot be recovered, so no
specialization transitions can occur. The advantage is that a
large toolbox from random matrix theory is then available:
The HCIZ integral to study static aspects [96-98] or Oja’s
flow and matrix Riccati differential equations for the
dynamics [94,99,173]. On the other hand, Ref. [172]
considers p, #0 for £ > 3 only. In this case, the model
is “purely mean field”: Strong decoupling phenomena take
place which allow a treatment in terms of an effective one-
body equivalent system as in mean-field spin systems.

In contrast, the techniques we develop in the present
paper can deal with truly hybrid models where the two
types of characteristics manifest and are taken into account
using a single formalism: the correlations among the entries
of the matrix degrees of freedom entering the problem, and
specialization phase transitions induced by mean-field
terms. The emerging phase diagram will consequently be
extremely rich. In particular, we are able to treat the shallow
MLP with generic activation function (Result 1), or the
two-layer MLP with y; # 0 (Result 3). The case of L > 3
requires hypothesis (H3) on o, which, in turn, makes the
model purely mean field.

D. Organization of the paper

Section II first discusses the main hypothesis underlying
the theory and the meaning of the functions entering it. We
then present the theoretical results: replica-symmetric
formulas for the free entropy and OPs for shallow NNs
(Result 1), with two hidden layers (Result 3), or arbitrary L
(Result 4). These provide an answer to Q2. The Bayes
generalization error is deduced automatically from Result 2
in all cases, thus answering Q1.

Section III is the core experimental part. It validates the
theory through the numerical exploration of the rich
learning phase diagram. Our main message concerning
Q2 is as follows: As «a increases two phases appear.

(i) Universal phase: Before a critical sample rate a,
the NN makes predictions by exploiting specific
nonlinear combinations of the teacher’s features
without disentangling them; effectively, the student
learns the best “quadratic network approximation”
of the target. In this phase, performance is (asymp-
totically) independent of the detailed law of the
target hidden weights (hence, the term “universal”).
Yet, the (effectively quadratic) NN outperforms
kernel ridge regression (and thus the random feature
model, too; see Fig. 2); see Refs. [96,98].
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(ii) Specialization phase: Increasing the data beyond ay,
triggers specialisation transitions: Individual hidden
units start aligning with target units. Which features
specialize first is governed by the readout strengths
of the target: Stronger features (larger readout
amplitudes) emerge earlier. For heterogeneous read-
outs, this yields a sequence of specialization events;
for homogeneous readouts, a collective transition
occurs. If L > 2, possible heterogeneity both in the
rows and columns of individual weight matrices
induces nontrivial specialization profiles in each
layer. In turn, different layers can experience differ-
ent phases and do not necessarily specialize con-
currently. We will also show that learning propagates
from inner to outer hidden layers, because deeper
layers require more data to be recovered through
specialization. Consequently, deeper target functions
appear harder to learn than shallow ones.

In summary, despite the model’s matrix nature at the
source of the universal phase, additional mean-field-like
terms in the free entropy (in information theory parlance,
Gaussian scalar channels) imply the existence of speciali-
zation events. These terms depend explicitly on the weights
prior and interact with the matrix degrees of freedom, and
ultimately break the numerous effective symmetries hold-
ing before the transition.

The theoretical phase diagram will be extensively tested
against various training algorithms: two Monte-Carlo-
based Bayesian samplers, a first-order optimization pro-
cedure (ADAM), and a mixed spectral and approximate
message-passing algorithm generalizing the GAMP-RIE of
[96] to accommodate general activation functions ¢ when
L = 1. The performance of these algorithms belonging to
different classes, even when suboptimal, can be exactly (or,
for ADAM, at least accurately) predicted by nonequili-
brium solutions of the theoretical equations.

Focusing on L <2 for what pertains to algorithmic
hardness of learning, Q3, we will show empirically that
specialization is potentially hard to reach for some target
functions, in particular, when the readouts are discrete. The
tested algorithms fail to find it and instead get trapped by
suboptimal nonspecialized solutions, probably due to
statistical-computational gaps.

We will also generalize the theory to structured data, i.e.,
Gaussian with a covariance. It will capture the model’s
performance when trained from non-Gaussian inputs, too.
Tests with real (MNIST images) and synthetic data gen-
erated by one layer of an NN will confirm it.

Section IV contains the main steps of our replica theory,
with an emphasis on its novel ingredients. Along the
derivation, the mixed matrix model and mean-field planted
spin-glass nature of the problem will become apparent.
Finally, Sec. V summarizes our contributions and discusses
the numerous perspectives this work opens.

The appendixes are found after the references.
Appendix A gathers some important prerequisites:
Appendix A 1 summarizes all notations used in the paper
(we advise the reader to give it a look before reading the
main results). The definition of the Hermite polynomials
and Mehler’s formula are found in Appendix A3, the
Nishimori identities in Bayes-optimal inference in
Appendix A 2, the link between free entropy and mutual
information in Appendix A 4, and a simplification of the
expression for the optimal mean-square generalization error
in Appendix AS.

Appendix B groups all subappendixes related to the
shallow MLP. Appendix B 1 details all the steps of the
replica calculation. Appendix B2 proposes alternative
routes to take care of the entropy of the order parameters
associated with the matrix degrees of freedom in the model.
Appendix B 3 analyzes the large sampling rate limit of the
theoretical free entropy. Appendix B 4 provides the gener-
alization of the GAMP-RIE algorithm needed to deal with
general o. Appendix B5 is an empirical analysis of the
hardness of learning shallow targets. Appendix. B 6 is a
partial proof for a special case of activation function. Finally,
Appendix B 7 provides additional experimental validations
of the fact that the readout weights of the model being
learnable or fixed has no effect on its optimal performance.

Appendix C concerns only the deep MLP.
Appendix C 1 is the replica calculation. Appendix C2
shows the consistency of the formulas provided for
structured inputs with L = 1 in the main text, and the
ones for a special case of non-Gaussian data obtainable
from the theory for two hidden layers when freezing the
first one (which induces a structure for the inputs of the
second, learnable layer).

Appendix D provides all information needed to repro-
duce the simulations with the provided codes [174].

II. MAIN RESULTS: THEORY OF THE MLP

We aim at evaluating the expected optimal generalization
error in the teacher-student setting of Fig. 3. Let
[Xiests Viest ~ Pout(-|42s)] be a test sample independent of
D drawn using the teacher, where 1) is defined as in
Eq. (1) with x,, replaced by Xy [and similarly for A, (6)].
Given a prediction function f, the Bayes estimator for
the test response is ' (Xeq, D) 1= (f(Aest(0))), Where (-):=
E[:|D]. Then, for a performance measure C:R x R — R
the Bayes generalization error is

bl o= [EHO,D,X‘es,,y‘mc(ytest» <f(/1tesl(0))>)' (7)

The case of square loss C(y,$) = (y — $)? with the choice
(1) = [ dyyPou(y|4) = E[y|4] yields the Bayes-optimal
mean-square generalization error:
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Eopt = [Eﬁ’”,’D,)uqesl,y[esl (ytest - <[E[y|/1test (0)]>)2 (8)

In order to access &, &Pt and other relevant observ-
ables, one can tackle the computation of the average log-
partition function, or free entropy in statistical physics:

fui= 1 Eppin Z(D). (9)

The mutual information 7(6°; D) between the target and
data is related to the free entropy f,; see Appendix A 4.

Before presenting the results, we will first detail the main
hypothesis for their derivation and explain the physical
meaning of the quantities entering them. This will ease their
interpretation. We postpone the core of the theoretical
derivations to Sec. IV.

A. Main hypothesis

Let seN., independent of d and define a Gaussian
vector (A9)S_q = (29,41, ...,2%)T ~ N (0, K*) with covari-
ance (for a,b =0, ...,s)

(K*),p = EA940 = K* + (Kg = K")30p (10)

Let (6%)5_, be i.i.d. from the posterior dP(-|D), and 6° are
the random target weights. Our main assumption is that
there exists a nonrandom K* such that, under the random-
ness of a common test input X,y & D and (6)%_,, the
postactivations [As (60“)]%_, (called “replicas”) converge in
law toward (A*)S_ in the limit (4):

Hypothesis: 3K|[Zeq(6°)]_g—— (1)}o. (1)
The goal of the replica method will be to derive K* in terms
of fundamental low-dimensional OPs capturing the stat-
istical dependences among (6“)!_,. The above conver-
gence can be equivalently assumed conditionally on
(0);_, if well sampled, by concentration of the OPs.
E(s)[-] must therefore be interpreted as the asymptotic
equivalent of the expectation with respect to the “quenched
Gibbs measure” (i.e., the whole randomness): Given a
function f: R*F! > RS of s + 1 replicas of the postacti-
vation (with s, 5 independent of d),

Eg0 D x gy (rest (09)10)) = By f((47) )

Notice that the covariance for a # b does not depend on
whether one of the indices is the teacher’s index 0. That the
teacher is statistically indistinguishable from the other
replicas a > 1 is a consequence of the Bayes-optimal
setting and the Nishimori identities; see Appendix A 3.
In the non-Bayes-optimal setting, which is treatable with a

— N(0,Kq)

0
test
o

Empirical quantiles of X

o

-2 -1 0 1 2
Theoretical quantiles (0, Kq)

0.5

—0.5

Empirical quantiles of 7.

—0.5 0.0 0.5
Theoretical quantiles (0, ;)

FIG. 4. Experimental evidence for the Gaussian hypothesis. In
all experiments, d =300,y =0.5,a=3.0,A=0.1,0(x) =
ReLU(x) =1/ V/2z, both readout and inner weights have stan-
dard Gaussian prior. Empirical evaluations are based on a test set
of size 5 x 10*. The results have been averaged over ten instances
of the training set and teacher. Top left: histogram of the
teacher postactivations A% evaluated on X, compared with
the theoretically predicted Gaussian density N (0, Ky) [see
Eq. (13) for the definition of K ]. Top right: quantile-quantile
plot comparing the theoretical quantiles of N'(0, Ky) with the
empirical ones of A). Bottom left: histogram of the student’s
projection along the orthogonal direction to the teacher 7,y =
)'test - [I]Est"{%st)'test/uzxm (ﬂg)est)z]l?est z)*test - (K*/Kd )l?est’ where
Aiest(V, W) is the student postactivation with both v and W
sampled from the posterior via Hamiltonian Monte Carlo, evalu-
ated on the same test set, and compared with the theoretical
density N(0,0,), where 6, = K4 — K*?/K, [see Eq. (16) for
K*]. Bottom right: quantile-quantile plot comparing the theo-
retical quantiles of N(0, 6,) with the empirical quantiles of 7.

similar approach, the covariance would be more compli-
cated, with the teacher playing a special role.

The Gaussian hypothesis (11) will be justified a poste-
riori in Sec. III, by the excellent match between our
predictions for the learning curves and OPs and the
experimental ones. It can also be tested directly:
Figure 4 displays the histogram of the teacher postactiva-
tion for multiple test inputs (blue) and of the projection of
the student postactivation along the orthogonal direction to
the teacher, when trained by Hamiltonian Monte Carlo and
evaluated on the same test data (red). Our hypothesis
implies that they should both be Gaussian distributed
and indeed they are, with laws correctly predicted by the
theory (see next two sections). We also compare the
empirical moment generating function of (A, Aey) and
its theoretical prediction based on the Gaussian hypothesis,
respectively, given by My, (fo. 1) = Ey_ exp(fodg+
t1/est), Where Ey  is an average over a test set of size
105 and Mth(tO’ tl) = exp[Kd(t(z) + t%)/2 + K*totl]. Their
relative error |1 — My, (to. t1)/Mu(to. t)| computed over
a 21 x 21 regular grid in [0,1]> has mean 0.015 and
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standard deviation 0.016. This confirms that the theoretical
Gaussian laws provide a remarkably accurate fit of the
observed ones.

Remark 2. Gaussian assumptions on the postactivations
are at the core of a fruitful series of works mapping the
generalization capabilities of random feature models [175-
180] and overparametrized NNs [109—111] to the ones of
equivalent Gaussian covariate models. In these settings,
formal proofs support the hypothesis, but the covariance of
the postactivations matches the one of a statistically equiv-
alent model which is linear in the input data. For this reason,
many results in these settings go under the name of
“Gaussian equivalence principle” (GEP) or “theorem.”
The failure of the approaches based on the GEP to capture
nonlinear effects in learning around interpolation has been
attributed to non-Gaussian corrections becoming relevant in
this regime [109]. Instead, we show here that the Gaussian
hypothesis (11), once nonlinear effects are taken into
account in the form of K* as in our Results section below,
works remarkably well to make predictions in the inter-
polation asymptotics, to the point we conjecture it to be exact
in some cases; see Remark 4. A recent rigorous work
provides examples where GEPs break down and describes
how they can be redeemed [181].

B. Auxiliary potentials and their interpretation

As usual with the replica formalism used in the context
of inference [182,183], the derived formulas are expressed
in terms of auxiliary potential functions that are related to
the log-normalization constants of the posterior distribu-
tions of auxiliary inference problems. These potentials shall
be denoted by wp,, ¢p, . 1, and i. We describe their
meaning hereby.

(i) Letw®,w~ Py, and & ~ N (0, 1) be all independent.

We define the potential

1
wp, (x):=E JInE, exp <—§xw2 +xww + \/)_C§W) .

This is the free entropy of a scalar Gaussian
observation channel yg; = /xw® + & with prior
Py, on the signal w®. Parameter x plays the role
of signal-to-noise ratio (SNR).

(ii) Let & u,u® ~N(0,1) be all independent. Define

e, (x37) = / dyE¢ 0 Pou (Y[VXE + v/r —xu°)
X InE, Pou (YIV/XE + /1 = xu).

This is the free entropy associated with the scalar
observation channel Y, ~ Poy(-|v/XE + /7 — xu°)
with Gaussian signal u°, given a quenched variable &.
(iii) In contrast with the two previous free entropies,
which are associated with scalar inference problems,
i(x) is the mutual information between signal and

@iv)
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data of a high-dimensional, yet tractable, problem:
matrix denoising. In this inference problem, the goal
is to recover a generalized Wishart matrix S° :=
WOTdiag(v))W°/v/kd € R¥¢ given the matrix ob-
servation Y(x) = /xS° + Z. Here, W’ € R has
1.1.d. standard Gaussian entries, the noise Z is a
matrix from the Gaussian orthogonal ensemble
(GOE, i.e. symmetric matrices with the upper
triangular part made of entries i.i.d. from
N(0, (1 +6,;)/d)), and x is the SNR. The potential
is then defined as ¢(x) = limy_ o (1/d*)I(Y(x),S°).
It was conjectured [101,102] and proven [103] that
this mutual information is linked to the HCIZ
integral:

1 -
z(x)—)—zc/s2pgo(s)ds—lijnﬁlnzgélz[\/)_cso,Y(x)],

where pgo is the limiting spectral density of S% as
d - . The limit of the log-HCIZ integral is
generally intractable in practice despite admitting
a dimension-independent variational expression
[128,129]. Luckily, the one needed in the present
setting is explicit [102,103]. The most convenient
expression for numerical evaluation is based on the
so-called I-MMSE relation [103,184], which links
the mutual information between the signal and the
data to the minimum mean square error (MMSE) in
matrix denoising.

Using the results of Ref. [103], the limiting
MMSE for matrix denoising verifies

1 ~ ~
MMSEg (x) := Jim Z,[EHSO —E[S°)Y(x)]|?

1 4r?
——(1-= 3dy ).
x( 3 / PY() () y)

Using this expression and the I-MMSE relation
mentioned above, 1(x) admits a compact expression:

o(x) = % /0 " MMSE;(1)d.

Consider now a rectangular matrix denoising prob-
lem with observations Y(x) = /x/(pk)UV® +
N//p €RP*, where U e RP**, VO e R4 and
N eRP*? are all made of i.i.d. standard Gaussian
entries. 7(x;7n,y) is then defined as the limit
(when d,k,p — oo) of the mutual information
[1/(pd)|I[Y(x); U°V°] while fixing p/d — 5, and
k/d — y. Similar to its symmetric version, the
mutual information is computed by means of a
“rectangular spherical integral” [185]; see Eq. (C28).
The noise being Gaussian, we can again exploit the
I-MMSE relation [184]. The MMSE function for
this problem [165,166] is
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MMSE(x;7,7)
= 1i§nﬁm||U°V° — E[UOVO[ ¥ (x)] 2
- % {1 - / <;7 (% - 1>2y‘2/3?(x>(y)
- a0 ) ]

Here, py(y) is the limiting singular value density of

Y(x), which is the so-called rectangular free con-
volution [165,185] between the asymptotic singular

value density of /x/(pk)UV® and a Marchenko-
Pastur distribution of parameter 5. The potential
i(x;n,y) is then given by

1 X
i(xn.y) = EA MMSE(#; . y)dt.

C. Shallow MLP

Starting with L = 1, our first result is a formula for the
free entropy based on the Gaussianity assumption (11). The
strategy to evaluate it, based on the replica method, relies
on identifying the sufficient statistics (order parameters),
the free entropy being related to their large deviations rate
function. This formula will therefore also give us access to
their equilibrium values. We note that before the present
work, no existing method could tackle linear-width NN in
the interpolation regime with a generic activation even for
this shallow case.

1. Order parameters

In the definitions below, a superscript * emphasizes
that the student is sampled at equilibrium @ ~ dP(-|D), and
that the thermodynamic limit (4) is taken (even if not
explicit). All the OPs involve the target §° and student
weights. By Bayes optimality and the Nishimori identities
(Appendix A 3), the target weights can be equivalently
replaced by @ ~ dP(-|D) coming from another indepen-
dent student.

() R; o« Tr[W'diag(v?)WWTdiag(v)W]  measures
the alignment between the teacher’s and student’s
quadratic terms, which is nontrivial with n = ©(d?)
data even when the student is not able to reconstruct
WO itself (i.e., to specialize).

(i) Q*(v) x Z{i‘v?:\,}(WOWT)” measures the overlap
between the teacher and student’s inner weights that
are connected to readouts with the same amplitude v:
Q*(Vv) # 0 signals that the student learns part of W°.
Thus, the specialization transition for the neurons
connected to readouts with amplitude Vv is defined as

aspy(r) = sup{a|Q*(v) =0} (12)

For nonhomogeneous readouts, the specialization transition
is defined as

Asp () = mvin asp,v(y) = mvin sup{a|Q*(v) = 0}.

Associated with these OPs, the “hat variables” R}, Q" (V)
in Result 1 are conjugate OPs. Their meaning is that of
effective fields (called “cavity fields” in spin glasses), which
self-consistently determine the OPs through the replica-
symmetric saddle-point equations given in the result.

To state our first result, we need additional definitions.
Let Q(v),Q(v)eR for veSupp(P,), Q:={9(v)lve
Supp(P,)} and similarly for Q. Let also [see Eq. (B6)
for a more explicit expression of g]

g(x) =Y xp2 /e,

>3
K(X, Q) = /"% +/"%x/2 + [E1/'~PDU2Q(Q(U))’
Kg=pi +p5(1 +75%)/2 4 g(1). (13)

The physical meaning of K(-,-), when evaluated at the
equilibrium R}, Q% is that of the covariance K* appearing
in Eq. (10) [i.e., the large d limiting covariance between
two postactivations Aig(09), Aes(6”) evaluated from the
same test input X, but with weights 8%, 8° i.i.d. from the
posterior]; K is instead their variance, which matches that
of the target by Bayes optimality.

2. Replica-symmetric formulas

We are ready to state the replica-symmetric (RS) formula
giving access to the equilibrium order parameters. From
now on, we denote the joint d, k, n — oo limit with rates (4)
simply by “lim”.

Result 1. (Replica-symmetric free entropy for the MLP
with L = 1) Assume that yy = 0 in the Hermite decom-
position (5). Let the functional

7(Q) = MMSE;'[1 = E,p 02Q(v)?].  (14)

The replica-symmetric formula for the limiting free entropy
limf, is f4(R;. R5. Q" O) with RS potential fid =
fgs) (Rz,Rz, 0, Q) which, given (a,y), reads

1 1 _ N
118 = b, (K(Ry. Q): Ky) + - (1477 = R)R,

FE [, (Q0) ~ 5 20)20)
Q) ~ (R + ()] (15)

a
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The order parameter equilibrium values (R;,IA?; o, Q*)
are obtained from the RS saddle-point equations (B41)

derived from the extremization condition V f1<2]S> =0asa

solution (there may be more than one) maximizing fl({ls).
Result 1 provides R}, Q* through the solution of a
tractable variational problem. Consequently, under our
joint-Gaussianity hypothesis (11) on [Aeq(69)]5_, with
iid. @*~dP(-|D) for a=1,...,s, we can also access
their asymptotic covariance (and thus their law) given by
(K) =K' +(Kg= K)o K'=K(R3, Q). (16)
The Bayes error can then be computed as in Appendix A 5.
Result 2. (Bayes generalization error) Let (1), ~
N(0,K*) with covariance (16), Yieq|A” ~ Pou(-]4°).

Assume C has series expansion C(y,9) = > 5 c;(v)3".
The RS formula for the lim € of the Bayes error (7) is

[E(A")Eyws,\/l” Z i (Veest) H f(2). (17)
a=1

i>0

Letting E[-|4] = [ dy(-)Pou(y[4), the RS formula for the
lim e°P! of the Bayes-optimal mean-square generalization
error (8) is

Eo i) (ED?12%] = E[IAE[]AT). (18)

This result assumed y, = 0; see Appendix B 1 g if y # 0.
We remind the reader that Sec. III provides a generalization
of the theory able to tackle structured input data (valid also
for the deep case L > 2).

The presence of the HCIZ matrix integral in our replica
formulas suggests that the usual asymptotic decoupling of
the finite marginals of the posterior in terms of products of
the single-variable marginals does not occur here, in
contrast with standard Bayes-optimal inference problems
[186]. In the related context of matrix denoising, this may
explain why the approximate message-passing algorithms
proposed in Refs. [169,187,188] are, as stated by the
authors, not properly converging or matching their corre-
sponding theoretical predictions based on the cavity
method, as it relies on such decouplings.

Remark 3. No OP related to the readout weights
appears in our results. The reason is the following. The
kd = ©(d*) inner weights W and n = ©(d?) data are
overwhelmingly many compared to the k unknowns v°,
which thus contribute trivially to the leading order of the
thermodynamic equilibrium quantities we aim for. Let us
prove that the mutual information stays the same at leading
order if the readouts are fixed to v” rather than learnable or
unknown. By the chain rule for mutual information
I[(WO,v%);D]=1(W°;D|v°*)+1(v*; D). Moreover I(v';D)=
H(v")—H(¥°|D). For a discrete-valued v°, both of these

Shannon entropies are non-negative. Additionally, H(v°) =
O(k). Because H(v’) > H(V°|D), then H(v°|D) = O(k),
too. Therefore, in the limit (4),

LW ¥0):D] = L1(WO: DIv?) + 0(1/a)

and similarly for the free entropy. The same also holds for
the generalization error given its link with the mutual
information; see Ref. [100]. The argument can be extended
to continuous-valued readouts and L > 2.

Another way to understand this is through the symmetry
of the NNs under permutation of their k£ hidden neurons. It
implies that only the law of v* matters. Consequently, if one
draws v’ from the correct P, and fixes it in the student (thus
learning only W), it will have the same law as v (up to
small fluctuations) and is therefore equally good as v’ when
d> 1. This implies that in the Bayes-optimal setting,
knowing P, is equivalent to v° for large d. For additional
illustration, in the paper we test our theory with numerical
experiments both with fixed and learnable readouts, as
explicit from the caption of each figure. Moreover, Fig. 30
of Appendix B 5 (obtained with learnable readouts), to be
compared directly with Figs. 5 (right) and 7 (bottom),
obtained with fixed readouts, is showing that equilibrated
Bayesian NNs achieve the same generalization perfor-
mance independent of whether the readouts are trainable
or fixed to the truth. The same holds for L =2 (see
Fig. 31). Figure 4 is another confirmation because the
theory there, which describes well the empirical distribu-
tion of postactivations over test samples, is done fixing
directly the readouts, while they are trained in the experi-
ments for this figure. However, the readouts being fixed or
learnable does influence the learning dynamics (see, e.g.,
the difference for ADAM in Figs. 9 and 27), but its
theoretical analysis is beyond the scope of this paper.

3. Main steps of the replica approach

Before moving to the results for deep networks, let us
provide a summary of the main steps of the derivation of
Result 1, highlighting the conceptual novelties (the main
ideas are similar for the deeper architectures we consider
later on). More details are given in Sec. [V and Appendix B.
We adopt the replica method but encounter and resolve a
major technical obstacle that is absent in standard
applications.

(1) Standard replica setup: Having quenched the readouts,
which is possible by the last remark, the replica trick
lim,,_, o, (1/n)EInZ = lim,_+lim,_, [1/(ns)| InEZ*
[126] introduces s independent posterior samples of
the inner weights (replicas) {W“}!_, alongside the
teacher’s W°. Under our main Gaussian hypothesis
(11), the key quantity governing learning is the

covariance of the replicated postactivations A¢ =
(1/Vk)V6[(1/+/d)W?x] under the shared input
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FIG. 5. Theoretical prediction (solid curves) of the Bayes-optimal mean-square generalization error (with the irreducible error A
removed) for L =1 with Gaussian inner weights, ReLU(x) (blue curves), and tanh(2x) activation (red curves),
d =200,y = 0.5, A = 0.1, and different P, laws. Dashed and dotted lines denote, respectively, the universal and multiple specialization
branches where they are metastable (i.e., a solution of the RS equations not corresponding to the equilibrium). The readouts are fixed to
the teacher’s during sampling. Left: homogeneous readouts. Center: four-point readouts. Right: Gaussian readouts. For these two latter
cases, the specialization transitions correspond to partial specialization (of just some neurons). The numerical points correspond to the
half Gibbs error obtained with HMC with informative initialization on the target. Triangles are the error of GAMP-RIE [96] extended to
generic activation; see Appendix B 4. Each point has been averaged over 12 instances of the training set (including the teacher). Error
bars are the standard deviation over instances. The empirical test error is computed empirically from 10° i.i.d. test samples.

x: K% = [E,[A%4"]. Using the Hermite expansion component of the target is perfectly learnable at n =
of ¢ and Mehler’s formula (A9), this covariance O(d?) and requires no further tracking], the quad-
decomposes as an infinite series of overlap or- ratic overlap R4 associated with the second Hermite
der parameters RY”:=(1/k)",; ;00 (Q¢7)?, where component, and the overlaps Q4 =: Q¢ (v) for any
Q?jh = Wf‘TW? /d. hidden unit i€ [k] connected to a readout with
(i1) Reduction to fundamental order parameters: A first amplitude v (by symmetry among these neurons).
nontrivial step is reducing this infinite family of This step yields the reduction of OPs via RY »
overlaps (R%) to a small manageable set. The first (1/k) > (v9)2(Q) % E,p v? Q% (v)” for £ > 3.
ingredient is to assume that specialization of neurons The covariance then takes the compact form K% =
can hap.pen.only in a one-to-one manner by Bayes K[RS?, Q7(-)] given in Eq. (13).
optimality (i.e., a neuron of the student cannot align (iii) The entropic obstacle for matrix degrees of freedom:

with more than one teacher neuron). Consequently,

In a standard narrow-network replica calculation, the
all but one entry per row or column of the overlap

weights are a few vectors. Consequently, the overlap

matrix (Q?jb)i, j<k are O(1/ V/d). The second ingre- order parameters are few neuron-neuron overlaps
dient is that the permutation symmetry among and their entropic degeneracy factorizes over com-
neurons can be broken in a way that the k entries ponents, yielding a scalar free-entropy term of the
of the overlap matrix that are potentially O(1) are type wp,,. Here the situation is fundamentally differ-
put on the diagonal (Q¢), ., which amounts to ent: The second-order overlap R$? = (1/d?)TrS4S}
select the “natural” permutation of student neurons depends on the matrix S§:= Wdiag(v?)W¢4/
with respect to the teacher (and similarly in any VkeR®d_ Fixing R therefore imposes a quartic

given layer in the L > 2-hidden-layers case). The
permutation symmetry can then be discarded, which
is justified by the fact that the number of such
permutations grows much slower than O(exp(n)),
and therefore plays no role at leading exponential
order in the large system limit. The third ingredient
is that the “Wishart-like”” overlap matrix—with O(1)
diagonal and O(1/+/d) off diagonal—taken at the 0.5 N ,

th Hadamard power (¢)” can be considered ln/dP((Sg)a|Q)H6(d R3” — TrS587)
diagonal in the thermodynamic limit (4) for asb

¢ > 3: The off diagonal becomes too weak to be

relevant. This procedure leaves only three types of for some complicated measure dP|( g)u|Q] is
OPs: the linear overlap R’fb — 1 [i.e., the linear therefore out of reach via standard methods. In

constraint on the weight entries (W¢,), rather than
the quadratic constraints arising in standard prob-
lems. A direct computation of the entropy of (R$?)
conditional on Q := {Q®(v)|[veV,a < b}, which

is of the form
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contrast, the entropy of Q is easy to compute using
Gaussian tricks.

(iv) Measure relaxation by moment matching: The
resolution is to shift perspective: Rather than inte-
grating over the weight entries W¢ subject to the
constraints on Rgb, we work directly with the
matrices S¢ as the fundamental degrees of freedom.
Their true conditional law dP[(S5),|Q] is too
complex; it is a coupled, non-Gaussian measure
over generalized Wishart-like matrices. We replace it
by a simpler effective measure dP[(S9),|Q] =
dP[(S$),]7(Q)]. The effective measure enforces
what we claim to be the only relevant characteristics
in the large system limit of the original measure
dP[(S5),|Q]. but it has the advantage of being
tractable. It depends on a tilt parameter 7(Q)
determined by enforcing exact moment matching:
The second moment E;TrS$S% must reproduce the
value computed under the true measure, which is
accessible. The measure simplification we introduce
differs crucially from the earlier approach [168]
(developed for matrix factorization), which consid-
ers a factorized Gaussian effective measure, thereby
discarding the Wishart-type correlations among
entries of S§. Our Wishart-based relaxation retains
the essential matrix correlations while remaining
tractable and leads to improved agreement with
experiments.

(v) Spherical integration: With the effective measure in
place, the entropic contribution of R$? = R, reduces
—after standard replica algebra, Hubbard-Stratono-
vich linearization of inter-replica couplings, and the
s = 0" limit under the replica-symmetric Ansatrz
[126]—to the free entropy of a rotationally invariant
matrix denoising problem. This free entropy is
computable via the HCIZ spherical integral yielding

the two i(-) terms in fgs) (15). The function
MMSE; () is the MMSE of this auxiliary denoising
problem, and the moment-matching equation relat-
ing true to effective measure is Eq. (14). Via this
equation, the matrix denoising problem interacts
with the specialization order parameter Q% () =
Q(-). The entropy of Q yields instead the free
entropy of a standard scalar Gaussian denoising
problem (one per V), i.e., the terms yp, .
Summary of the structure of the reghoa symmetric free
entropy. The resulting free entropy fR admits a transparent
decomposition. The term ¢p ~is the standard output
channel free entropy identical in form to what appears in
the GLM calculation [100]. The terms yp,, are the scalar
Gaussian channel free entropies encoding the prior on the
weights and governing the specialization transition(s). The
two 1 terms encode the matrix nature of the problem
through the auxiliary matrix denoising problem and are
the only places where the HCIZ integral enters. The

interplay between the mean-field specialization mechanism
(encoded in yp ) and the matrix model (encoded in 1) is
what generates the rich phase diagram of the model and
constitutes the principal conceptual novelty of the approach
with respect to prior works that treated these two aspects
separately or only partially.

D. Two-hidden-layer MLP

For L = 2, we consider activations without zeroth and
second Hermite components; see (H,). The results are
obtained by an expansion of the nested activations in the
Hermite basis. This produces different terms that can be
interpreted as equivalent subnetworks with “effective”
readouts and inner weights built as combinations of the
original ones, as detailed in Sec. IV C. When the linear
component of the last activation is involved, the readouts v
combine with the second layer inner weights and give rise
o “effective readouts” v(2) :== W1y /,/k, that act on the
nonlinear first layer. By binning through finite discretiza-
tion the distribution of the components of this vector, we
denote the admitted amplitudes as v(2). Similarly, when the
linear component of the first layer is considered, the two
sets of inner weights combine in an effective layer with
weights W21 .= WOWW //k/ which can be recon-
structed partly independently of its factors W?) and W(1),
and thus comes with an OP.

1. Order parameters

Already with two hidden layers, the OPs detailed below
describe a much richer phase diagram than in the shallow
case. Until now, it was unclear which OPs should be
tracked.

i) (v« e _V(z}(W( OWMT). is the over-
lap between the' teacher and student’s first-layer
weights connected to the effective readouts v(?) with
amplitude v(2. As in Remark 3, the vector v(?) can
be treated as quenched on the teacher’s one. In virtue
of this, from its definition, v(® has Gaussian
distributed entries by the central limit theorem.

(i) Q5(vv®) & S0 o fw” W s the
overlap for the second layer tis labeled by two
values. The first, v, for the shallow case, is the value
of a readout. It takes into account the learning
inhomogeneity along the output dimension
(i £ k) of the second-layer weight matrix induced
by the readouts v. v(?) is instead the same variable
labeling Q7 (v(?)). Tt captures the inhomogeneity
along the input dimension (j < k;) of the second
layer induced by the inhomogeneity of the first-layer
output, itself induced by (and therefore labeled
according to) the effective readouts v(). Notice that
this implies a nontrivial feedback loop of inter-
actions: Inhomogeneities of W(?) influence W(!) via
V<2), and at the same time the inhomogeneities in
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W(’s rows influence the columns of W) directly.
We wish to emphasize a conceptually important
point. Q5(v,v?) being a matrix may lead us to
believe that it does not help in reducing the dimen-
sionality of the problem, because the “microscopic
degrees of freedom” are weight matrices, too.
However, v and v® are indexing intensive, d-
independent dimensions. Indeed, the binning of
Kip=A{1,....k;} x{1, ...,k } in terms of the non-
overlapping sets {i, j|v? = v, v§2)0
Q3’s definition (i.e., the mapping from KCj, to
{v} x {v®1}) is done as follows: First, K, is
partitioned into finitely many “macroscopic” sets.
Second, the thermodynamic limit d — +oo0 is
taken; see Eq. (4). Finally, only after this limit
is the number of bins allowed to diverge. This
implies that each set always includes a number of
terms growing to infinity as d? times a small
constant. Consequently, Q3(v,v(?)) (or any OP
function with continuous argument) is a proper
macroscopic (or intensive) OP summarizing the
behavior of a large assembly of degrees of freedom
for each pair of arguments. Dimensionality reduc-
tion therefore takes place and justifies the use
of saddle-point integration with respect to the OPs
when evaluating the (replicated) log-partition
function in Sec. IV.
(lll) Lastly, QZ l( ) Z{ |b0 V}( 2 10W2'1 ) is the
teacher-student overlap for specific rows of W( D,
This OP arises from the linear term in the Hermite
expansion of the inner activation. It is needed
because the product WD) between the first- and
second-layer weights can in principle be learned
partly independently of W(!) and W(2). Observe that
W) “connects” the input directly to the output,
which is why it is labeled only by the readout
values V.
The reader eager to already gain intuition on the behavior of
these functional “vector” and “matrix order parameters”
can look at Figs. 15 and 16. We remark that extrapolating to
the linear-width setting, the replica techniques successful
for narrow NN also yield overlap matrix order parameters,
but with a prohibitive dimension. However, if in the
shallow case one takes k — oo after d — oo, simple para-
metrizations of the k x k overlaps allow us to solve it [28].
This double limit is, however, not an extensive-width limit
and, indeed, the resulting formulas are similar to those for
GLMs [189-191].
For L = 2, specialization transitions can happen layer-
wise: We defined the specialization transitions as

= v(?)} entering

U = sup{a|Q; =0} forl=1,2,

where Ql* = 0 means the constant null function. Keep in
mind that a nonvanishing overlap Q3. entails another kind
of learning mechanism other than specialization.

Our result for the two- hidden -layer MLP requires the
following function: Letting > ~ N/(0,1),v ~ P,

(2>(Q) = //‘? + //l%[Eva) (U(2>)2g(gl (U(Z)))

N [Evvzg@%Qz;l(v)
L0 O (0. 1®)g(, <v<2>>)),

with Q:= {91,95,9,.1}, which are functions of
v,v(®. Analogous notations hold for the conjugate OPs
0,.9,.Q,.;. The meaning of K?(Q*) evaluated at
equilibrium is, as in the shallow case, that of asymptotic
covariance between different replicas of the postactivation
with the same test input as Eq. (10):

(K)o = K"+ (1=K, K*=K(Q). (19
That the variance is 1 is a consequence of our convention
E.. N(Ovl)a(z)z =1, which greatly simplifies notations in
the deep case; see Appendix C 1 for an explanation.

2. Replica-symmetric formula

Recall the definitions of MMSE(x;7,7),i(x;n,y) in
Sec. II. The equilibrium OPs are determined by the
following RS formula:

Result 3. (Replica-symmetric free entropy for the MLP
with L = 2) Consider an activation with py =y, =0 in

Eq. (5) and E_ o 1y0(2)* = 1. Let v® ~ N(0, 1), v ~ P,
Define MMSE, :=MMSE[-;7, P, (V),71], &y :=1[-;72 P, (V) 71]
and 7, = 7,(Q;, Q,) solves

MMSE, (z,) = 1 — E, 2 Q,(v, v)Q, (v?).

The RS formula for the limiting free entropy lim f,, for
the MLP with L =2 hidden layers is given by

£3(05. 01, Q3. 05,03, 05.1) with RS potential
fra=p, (KD(Q):1)
+y—1 [WPWI(Ql(U(z)))_%Ql(v(z))él(vﬁ))}
+M[E[ sz(QQ(Z},U<2)))—%Qz(v’y(z))éz(v’v(z)))}

—l—%[E[QZ v )(1 D:1(v))

=7, (7, + Oy, (v))+1, (Tv)} :
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The order parameter equilibrium values (Qj, Q’f, Q3. ...)
are obtained from the RS saddle-point equations (C31)

derived from the extremization condition V fézs) =0asa

solution (there may be more than one) maximizing fl(fs).
Deducing the Bayes error is done as in the shallow case:

From Result 3, we get Q* and thus the covariance K* given

by Eq. (19), which simply replaces Eq. (16) in Result 2.

E. Three-or-more hidden-layer MLP
1. Order parameters

For L > 3, we consider activations verifying (H3). In this
setting, our theory predicts specialization of all layers as the
only nontrivial learning mechanism. Accordingly, the OPs
are as follows:

(i) QF o« Tr(WWOWWOT) for I < L — 1 are the teacher-
student layerwise overlaps. They are simple scalars
rather than functions: Indeed, the neurons in all
layers but the last enter the theory in a symmetric
way, such that we can freely sum over their indices.

(i) 9 (v) x ZMU?:V}(W(L)OW(L)T)H is the overlap
between teacher and student’s Lth layer weights
connected to the readouts v* with amplitude V. As
before, weights connected to larger readouts are
learned from fewer data.

For the considered class of activation functions, a
single specialization transition occurs jointly for all
layers at

ag = sup{a|Q] == Q;_, =0and Q; =0}.

Redefining Q= {(Q)),<;_;, 91}, and letting
v~ P,, we introduce

K1)(D)
- Eyvzg@L(v)g(QL_lg(- - 029(0))-- ->>).

The asymptotic covariance K* between replicas of
the postactivation with same test input is of the form
(19) with K* = K1) (Q*).

2. Replica-symmetric formula

The equilibrium order parameters and Bayes error are
derived from the replica-symmetric formula below, which
applies to MLPs with any number of layers as long as ¢
verifies (H3) and has normalized variance.

Result 4. (Replica-symmetric free entropy for the
MLP with arbitrary L) Consider an activation ¢ with p, =
1 = pp = 0 in Eq. (5) such that E__yo1)0(z)* = 1. The
replica-symmetric formula for the limiting free entropy
lim f, for the MLP with L hidden layers is given by

fszs)(Q*7 Oi. ..., 0;_. i |, Q;, QZ) with RS potential
= e (KB(Q):1)

— ~ 1 C
+1 ;n Eo-p, {WPWL (Qu(v) =3 QL(U)QL(U)]

-1
Yi-1Y Ay L
+12—1: l(; I[WP‘V[(QI)_EQ1Q1:|’

where y, := 1. The order parametes equilibrium values ...*
are obtained from the RS saddle-point equations derived

from the extremization condition V f]gLS) = (), as a solution

(there may be more than one) maximizing fgg.

The Bayes error follows by plugging K* into Result 2.
Our results provide a precise quantitative theory for the
sufficient statistics and generalization capabilities of shal-
low and deep Bayesian MLPs with data generated by a
random MLP target with matched architecture, for broad
classes of activations and weight distributions.

Remark 4. For L = 1, we conjecture that our theory is
exact for activations ¢ with y, = 0. This is strengthened by
a partial proof in Appendix B 6. The case y, # 0 is special,
as it involves the HCIZ integral with possibly approxima-
tive steps; see the discussion in Appendix B 2 b. When the
theory does not rely on matrix integrals, the assumptions
we make and which we believe are exact are mostly (and in
order) (i) the Gaussian hypothesis (11) on preactivations
which can be accurately tested, (ii) that entries of Wishart-
like overlap matrices can be considered small with respect
to their diagonal when taken at a large enough power, and
(iii) the identification and indexing of the OPs as well as
their concentration in the thermodynamic limit (4) (i.e.,
replica symmetry), which is justified in the Bayes-optimal
setting we consider [186,192].

For NNs with arbitrary L, we are confident that Result 4
is exact as, again, matrix integrals do not appear. See
Fig. 19 that confirms its high accuracy. Another nice
property is its simplicity. Even more so if P, = §; when
all OPs are scalars. Yet, it takes into account all key aspects
of the model: its depth, the linear width of the layers, and
the interpolation regime. Consequently, despite not captur-
ing all intricacies emerging when considering a more
general o, it has a high pedagogical value.

Beyond these cases, when matrix integrals appear in the
formulas, due to the unconventional nature of their deri-
vation we cannot confidently assess or discard their exact-
ness despite their excellent match with numerics. One
reason is that it is numerically difficult to test our theory
against the rigorous result [97] for the special case L =
1,06(x) = x2, Py, = N(0, 1) that they cover. When numeri-
cally solving the extremization of Eq. (15), the saddle-point
equations seem to predict a maximizer at Q(v) > 0 when
y S 1. The equations of Ref. [97] instead match the
universal branch of the theory, i.e., Q(v) =0 V v, for
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any (a,y). Yet, we cannot confidently discard the exactness
of the theory because the difference between the correct
free entropy and the predicted one never exceeds approx-
imately 1%: Our RS potential is very flat in Q. It could be
that the true maximizer is at Q(v) =0 even when y <1,
and that we observe otherwise due to numerical errors.

Indeed, evaluating the spherical integrals (-) in fgs) is
challenging, in particular when y is small. Actually, for
y 2 1 we correctly get that Q(v) = 0 is the maximizer.

III. TESTING THE THEORY, AND
ALGORITHMIC INSIGHTS

A. Experimental setting

In this section, we compare our theory with simulations.
For all experiments but the ones in the dedicated paragraph
on structured data, we use standard Gaussian input vectors
X, ~N(0,1,). We tested both the case of frozen and
learnable readouts. For the equilibrium values obtained
through sampling algorithms, it makes no difference, as
explained in Remark 3 and Appendix B 7, and further
tested in Figs. 4 and 30. For the ADAM optimizer we
tested, this can change its dynamics but the overall
conclusions remain the same.

We consider three different priors for the readouts: the
standard Gaussian prior P, = N (0, 1), homogeneous read-
outs P, =&, and the four-point prior P, = §(5_, 5T
6_1,5 16,5165 /5) (which is centered and has unit
variance). To reduce finite-size sampling fluctuations we
fix the empirical frequencies of the entries in each readout
vector, rather than sampling them. For the four-point prior,
this means enforcing 1/4 frequencies to each symbol. For
the Gaussian prior, we use an almost-deterministic
Gaussian readout: The k entries are set to the population
quantiles of a standard normal. The case of random
Gaussian readouts is presented in Appendix B 7. For the
activation functions, we remind the reader about the
hypotheses (H,), (H,), (H3) depending on the NN depth
L. We consider polynomial activations made of sums of
Hermite polynomials used in conjunction with Rademacher
inner weights Py = %(5_] + 8,) in Fig. 6. For the other
figures on standard Gaussian inner weights for all hidden
layers, we take o(x) = ReLU(x) as an example of activa-
tion with both p; # 0 and p, # 0, and o(x) = tanh(2x)
with y; # 0 but u, = 0. We also consider its normalized
version which is analytically convenient (but not necessary)
when there is more than one hidden layer: o(x) =
tanh(2x) /6 With 6y, enforcing E, o 1y0(2)* = 1.

In all experiments, we consider the regression task with
linear readout and Gaussian label noise of variance A. We
thus focus on the mean-square generalization error. We
always remove from it the irreducible error present in
definition (18) for the linear readout %Pt — %Pt — A still
denoting it ¢°P* by a slight abuse of notation.
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FIG. 6. Theoretical prediction (solid curves) of the Bayes-
optimal mean-square generalization error for L = 1 with binary
inner weights and polynomial activations: o, = He,/v/2, 0, =
He;/v/6, 0;=He,/v/2+He; /6, with y =0.5,d = 150, A = 1.25,
and quenched homogeneous readouts v = 1. Dots are the half
Gibbs error computed using the Metropolis-Hastings algorithm
initialized informatively. Circles are the error of GAMP-RIE [96]
extended to generic activation. Points are averaged over 16 data
and teacher instances. Error bars for the MCMC are the standard
deviation over instances (omitted for GAMP-RIE, but of the same
order). Dashed and dotted lines denote, respectively, the universal
and specialization branches where they are metastable.

B. Probing the solutions of the RS saddle-point
equations

The various theoretical errors (with A removed) we will
analyze are all obtained from the same formula:

e =Ep ,[(2°)?* = 2°2] = K4 — K", (20)

where (1°,1) ~N(0,K"), with €& {*,uni,sp} and
K5, K, are, respectively, the covariance off diagonal and
diagonal (the latter being 1 for L > 2). For L = 1, K" has
the form (16), but where the equilibrium solution * of the
RS saddle-point equations (simply called “RS equations”
from now on) can also be replaced by the universal solution
(or branch) yielding "™ or by the specialization solution
yielding €. The latter probes the performance of a
Bayesian student initialized in the vicinity of the target
rather than completely randomly. The equilibrium solution
corresponds to the Bayes-optimal error: ¢* = ¢°". In the
same way, for L >2, K" generalizes Eq. (19) using
K@ K@©) and we get the errors similarly.

We now explain how to concretely find the solutions of
the RS equations. For any L, the universal solution is
obtained using the fully uninformative initialization, i.e.,
setting all physical order parameters to O in the RS
equations and then solving them by fixed-point iterations
(the conjugate OPs never require an initialization). In
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contrast, the specialization solution is obtained from the
fully informative initialization where all physical OPs start
from a strictly positive value (generally close to 1 to speed
up convergence). When the universal solution is the
equilibrium one (i.e., maximizes the RS potential among
all fixed points), it defines the universal phase. Similarly,
when the specialization solution is the equilibrium one, it
defines the specialization phase.

For L =1, inhomogeneous readouts imply multiple
specialization transitions associated with different solutions
of the RS equations, in addition to the one discussed above.
Each one is associated with a different “state” where only
some of the (macroscopic) subpopulations of neurons
connected to the same readout value have specialized;
see Eq. (12). These “partially specialized solutions” are
accessed by initializing the RS equations with Q(v) =
¢T(v > V) for some v and constant ¢ close to 1.

For L = 2, each layer can live in a different phase (i.e.,
specialize at different sampling rates), which are defined
similarly as for L = 1 but layerwise using the layer-indexed
overlaps. Additionally, in a given layer, partial specialization
as described above is also possible, making the overall
picture extremely rich: For deep NNs, specialization tran-
sitions can happen inhomogeneously across layers, but also
across neurons in a given layer. The theory predicts these two
types of learning inhomogeneities observed in simulations.

In order to get the corresponding solutions of the RS
equations, we proceed as before by playing with the
initialization of the OPs. We focus on three representative
specialization scenarios across layers, the equilibrium sol-
ution always corresponding to one of them: (i) Q,.; > 0
(i.e., positive for any argument value) and Q,, @, =0,
because the product matrix WOWMO can be learned
without specialization, (i) @; > 0 and Q,.;,9, =0 to
probe partial specialization of the first layer only, and recall
(iii) the fully informative initialization Q,, Q,, Q,.; > 0 for
complete specialization. Other initializations converge
either to the universal solution or match the solution reached
from (iii). Having access to this rich family of solutions, the
corresponding errors are again obtained by plugging them in
K" in Eq. (20).

For L > 3, under the (H3) hypothesis, specialization of
all layers occurs concurrently, so we consider only the
universal and specialization solutions.

Notice that Eq. (20) relies on the simplification of the
optimal mean-square generalization error in Appendix A 5,
which is a direct consequence of the Nishimori identity at
equilibrium (Appendix A 3). By construction of the theory,
any solution of the RS equations verifies the Nishimori
identities, which justifies using Eq. (20) beyond the equi-
librium solution . This reflects the property that metastable
states “behave as the equilibrium” for what concerns the
validity of the Nishimori identities and concentration
properties; see Remark 5 for a discussion and Figs. 8, 18,
and 21 for numerical confirmations.

C. Tested algorithms

The theory is tested against four algorithms: The first two
are based on Monte Carlo, the third is a spectral algorithm
combined with approximate message passing, and the last
is a popular first-order optimizer: ADAM. We thus cover
different classes of algorithms, and we will see that our
theory is linked to all.

(Algo;) Hamiltonian Monte Carlo (HMC) initialized
uninformatively, i.e., from a random initialization, will be
used to sample the posterior when the inner weights have a
Gaussian prior. We will also use HMC to sample it but
starting from an informative (i.e., on the teacher) initial-
ization. These initializations may lead to different results
and are used to probe the two solutions of the theory:
universal and specialization.

(Algo,) Another algorithm used for sampling the pos-
terior but with binary-valued weight matrices is the
standard Metropolis-Hastings algorithm. It will also be
tested from the two kinds of initializations.

Remark 5. The optimal way to construct a predictor for a
test sample using these Monte Carlo sampling algorithms is
Bayesian, i.e., through an empirical average of the network
output over sampled configurations: (s (@))Monte Carlo-
This is costly, as we would need to do that for many
instances of the problem and hyperparameters. A computa-
tionally more efficient alternative, but in general subopti-
mal, is a one-shot estimator A, (@): a student constructed
from one sample @ of the parameters. The average mean-
square generalization error of the latter estimator is called
the Gibbs error: 9 := Egop ([Aest(0) — Ag)?). At
equilibrium, £91° /2 = ¢%Pt; see Remark 8 or Ref. [100]
for a justification based on the Nishimori identities.

For the experiments, we use this formula also during
sampling. In practice, we compute the half Gibbs error as

s [rest(0;) — Ag)?/2 based on a single sample @, at time
t (per a value and dataset), where E,  is an empirical

average over many test inputs (10*~10°). When the chains
have mixed and the samples are correctly drawn according
to the posterior, which is guaranteed for long enough times,
this replacement is justified if also assuming the concen-
tration of the square error with respect to 6, onto the Gibbs
error, i.e., [Estt [/ltest (0,) - /18331]2 = [Ex[es[<[/1test(0) - ﬂ%st]2>+
0,4(1). This concentration is numerically verified to hold for
t sufficiently large. Consequently, our way to evaluate the
Bayes error holds at equilibrium for large d.

However, out of equilibrium these guarantees are lost.
This is a priori an issue given that we will need to evaluate
errors in “metastable states” which are empirically the only
reachable ones in polynomial time. Yet, we claim that when
probing the error at a metastable state, the relation
[EGO,Dxles,q’{test (@) - /lgsst]2>meta/2 = [EGO.D,XW [(Aiest(0)) meta—
)%, where (-),.. means “sampling at the metastable
state,” remains valid, but not while dynamically reaching it
(where half the error of the one-shot estimator is merely a
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proxy for the Bayesian one). In other words, a hypothesis
we make for the rest of the discussion is that metastable
states (if present) “behave” as the equilibrium for what
concerns Nishimori identities and concentration properties,
which are the only ones we need to use in this relation. This
is verified in other Bayes-optimal inference problems
[100], and it will be justified a posteriori by the match
of the theoretical predictions (which always agree with the
Nishimori identities) associated with a metastable state and
the numerics.

One can also build s-shot estimators from HMC
samples of (meta)stable states, namely, Ay [(0)),,] =
(1/s) Z;Zlim(@“’)) where @) are HMC samples for
long enough times. Assuming, as above, that Nishimori
identities hold also at metastable states, and that
the generalization error of such an estimator concen-
trates in (a(p))psw i-e" [Ex,es‘ {Atest[(a(p))pgs] - l?est}z =

[EHO,D,x[eS[<{ltest[(0(p>)p§s] - /1&5»[ 2>mela + 0d<1)9 then we
can predict the generalization error of an s-shot estimator.
It suffices to expand the square in the ()., in the last
expression to find [EG",D.Xlcsl <{’1test[(0<p)>p§s] - ’1(t)est}2>meta =
[(S + 1)/S] [EGO.D.XwM [<Atest (0)>meta - j'?est]z‘ The latter
expression, for s = 1, indeed yields the correct relation
for one-shot estimators. It is also clear that when s becomes
larger, and HMC is sampling the equilibrium state, the
above is approaching &°P'.

As a numerical test of these claims, Figs. 8, 10, and 18
show that the theory (which is “Nishimori compliant’)
captures the HMC error, both for one- and s-shot estima-
tors, not only at long times, but also during the earlier
plateau it experiences when sampling a metastable state. On
top of this evidence, in Appendix A 3 and Fig. 21 we also
plot the evolution of a deviation from the Nishimori
identities during posterior sampling by HMC. We see that
on the states that HMC finds for long enough times, the
Nishimori identities are verified, regardless of them being
stable or only metastable.

(Algo;) We extended the GAMP-RIE of Ref. [96],
publicly available [193], to obtain a polynomial-time
predictor for test data in the shallow networks case.
Extending this algorithm initially proposed for quadratic
activation to a generic one is possible thanks to the
identification of an effective GLM onto which the learning
problem can be mapped; see Appendix B 4 [the mapping
being exact only when o(x) = x? [96]]. The key observa-
tion is that our effective GLM representation holds not only
from a theoretical perspective when describing the univer-
sal phase, but also algorithmically. The GAMP-RIE is Py,
independent, as it exploits only the asymptotic spectral law
of W'diag(v")W?, which is the same for Gaussian or
binary weight matrices by spectral universality [194]. It is
therefore in general suboptimal. In order to evaluate the
generalization error of GAMP-RIE in the experiments, we
plug the estimator (B75) into Eq. (8).

(Algoy) We also test the standard PYTHON implemen-
tation of the ADAM optimizer [195] initialized uninform-
atively for Gaussian teacher weights. The generalization
error for ADAM for a given training set is evaluated as
Ey,, [Aest(0;) — Aeg)? using parameters 6, obtained by
training a student network through empirical risk mini-
mization with nonregularized cost function C(6) =
(1/n) > ,<n (4u(0) = y,)*. Adding weight decay does
not change the global picture. Notice that in contrast with
the Monte Carlo algorithms where the Gibbs error
(divided by 2) is a computationally simpler way to access
their mean-square generalization error, the error of
ADAM is not divided by 2 because it provides a one-
shot estimator and is used as such for predictions.

The codes needed to reproduce our experiments are
accessible online [174].

D. Shallow MLP
1. Generalization error and specialization transition

Starting with the shallow case, in Figs. 5 and 6 we report
the theoretical generalization errors from Result 2 for both
the universal and specialization solutions.

Figure 5 considers networks with Gaussian inner weights
sampled with informatively initialized HMC in order to
focus on the specialization solution. Tests with uninform-
ative initialization are discussed later on. Experiments and
theory show that HMC initialized close to the target
precisely follows the theoretical specialization solution
&P (which is not always the equilibrium). In contrast,
GAMP-RIE’s generalization error follows the universal
branch of the theory &". It can actually be shown
analytically that it is the case when d — co. An interesting
observation is that nonhomogeneous readouts trigger the
appearance of the specialization transition earlier and
shrink the region where the equilibrium solution coexists
with a metastable one (dotted line). In the case of a four-
point prior (middle panel), we see two partial specialization
transitions as defined in Eq. (12). The first corresponds to
the specialization of the neurons connected to readouts with
the largest amplitude only, and thus yields a greater
improvement in the error than the second.

With continuous readouts, there are infinitely many
specialization transitions; Fig. 5 right shows different
representative branches. The equilibrium is obtained iter-
atively by initializing Q(v) = ¢1(v > V) with ¢ <1 for
several values of V, selecting the fixed point with the largest
free entropy. This selected equilibrium may coincide with
the specialized solution (reached from a fully informative
initialization), as in the case of ReLU, or it may slightly
differ from it, as for tanh. This distinction leads to very
small differences in the generalization curves. Furthermore,
experimental findings in Appendix B 5 suggest that, while
for discrete readouts (left and center panel), the specialized
solution is hard to reach; continuous readouts ease the
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learning task, with no evidence of hardness for standard
algorithms (see paragraph below).

Figure 6 concerns networks with Rademacher inner
weights. The numerical points are of two kinds: the dots
obtained from Metropolis-Hastings sampling and the
circles for the GAMP-RIE. We report analogous simula-
tions for ReLU and ELU activations in Fig. 24,
Appendix B 4. Notice an important thing here: Although
our theoretical framework presented in Sec. IV uses the
HCIZ integral, which relies on the strict rotational invari-
ance of the matrices involved, it is able to accommodate
any prior on the weights. It is thus able to deal with
nonrotationally invariant matrices, as in the case of
Rademacher weights.

In the two considered setups (Gaussian Py, of Fig. 5
and Rademacher of Fig. 6), when data are scarce, a < ay,
the student cannot break the numerous symmetries
of the problem, resulting in an effective rotational invari-
ance at the source of the prior universality of the free
entropy and OPs, with posterior samples having a vanish-
ing overlap with W°. In this universal phase, feature
learning occurs because the student tunes its weights to
match a quadratic approximation of the teacher,
rather than aligning to those weights themselves. This
phase is universal in the law of the i.i.d. teacher inner
weights (centered, with unit variance): Our numerics
obtained both with binary and Gaussian inner weights
match the theory well. This phase is superseded at
ag, by a speciazisation phase where the prior Py
matters. There, a finite fraction of the student weights
aligns with the teacher’s, which lowers the generaliza-
tion error.

The phenomenology depends on the activation function
due to the following reason. Recall the interpretation in
terms of a tensor inference problem discussed in Sec. I B, in
particular, that before the specialization, components in the
Hermite expansion of the target beyond the first two play
the role of effective noise when learning. Only with @ > a,
can the student realize that they are informative and exploit
them. Consequently, for odd activation (tanh in Fig. 5, o, in
Fig. 6), where p, = 0, we observe that the generalization
error is constant for @ < ay,, whereas at the phase transition
it suddenly drops. This is because the learning of the
second component is skipped entirely, and the only way to
perform better is to learn all terms jointly through
specialization.

We emphasize that our theory is consistent with
Ref. [109], which considers the simpler regime of strong
overparametrization n = ©(d) rather than the interpolation
one n = ©(d?): Our generalization curves at  — 0 match
theirs at a; := n/d - +oo0, which is when the student
learns perfectly the linear component v'TW? of the target
but nothing more. This is also the best a network can do in
the quadratic data regime when u, =0 if it does not
specialize.

1.0 e
— QB/VD)
05 Q(1/v5)
0.0
1 p) 3 1 5 6 7

FIG.7. Theoretical prediction (solid curves) for the equilibrium
overlaps as a function of the sampling ratio a for L = 1 with
Gaussian inner weights d = 200,y = 0.5, A = 0.1. The empiri-
cal crossed curves were obtained from informed HMC using a
single posterior sample W (per o and data instance), and shaded
regions around them correspond to 1 standard deviation with
respect to data instances. Top: o(x) = tanh(2x) and four-point
readouts, and average over 12 instances of the data. Bottom:
o(x) = ReLU(x) and Gaussian readouts. Q(v) is evaluated
numerically by dividing the interval [—2,2] into bins and then
computing the value of the overlap associated with the readout
value in that bin. We averaged over 100 data instances. Readouts
are fixed to v°.

2. Order parameters and learning mechanisms

Figure 7 reveals sequences of phase transitions in . The
top panel shows the evolution of the two relevant overlaps
Q*(v) in the case of readouts with discrete values: As a
increases, the student weights start aligning with the target
weights with highest readout amplitude, marking the first
phase transition. At the same time, R; jumps, indicating
that learning of the quadratic term of the target occurs
concurrently. As these alignments strengthen, the last
transition occurs when the weights corresponding to the
next largest readout amplitude are learned. We see the
(relatively small) effect of this latter transition also at
the level of the generalization error; see red middle curve
in Fig. 5 at a = 5. Through the same mechanism, continu-
ous readouts produce an infinite sequence of learning
transitions in the limit (4), as supported by the lower part
of Fig. 7 for Gaussian readouts. From these observations,
we conclude that the readout amplitudes |v;| controlling the
strength with which the responses (y,) depend on feature

(neuron) W? play the role of an SNR.

3. Algorithmic hardness of specializing, and ADAM as an
approximate Bayesian sampler

Even when dominating the posterior measure, the
specialization solution can be algorithmically hard to reach.
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FIG. 8. Half Gibbs error of HMC from random initialization as
a function of the number of updates for various d with L = 1 and
Gaussian inner weights. The errors are averaged over ten data
instances, and shaded regions represent 1 standard deviation. The
black dashed line corresponds to the error associated with the
universal solution, while the red corresponds to the specialized
solution. Top: o(x) = ReLU(x),x = 3.0,y = 0.5, A = 0.1, and
four-point quenched readouts. Bottom: o¢(x) = tanh(2x),
a=25,y=0.5,A = 0.1, and homogeneous quenched readouts.
For both activations, larger d lead to an important slowing-down
of the convergence toward the specialized solution happening
precisely when crossing the error predicted by the universal
solution &' of the theory.

With discrete readouts, simulations for binary inner
weights exhibit specialization only when sampling with
informative initialization. Moreover, even in cases where
algorithms (such as ADAM or HMC for Gaussian inner
weights) are able to find the specialization solution, they
manage to do so only after a training time increasing
exponentially with d. For the continuous distribution
P, =N(0,1), our tests are inconclusive on hardness
and deserve numerical investigation at a larger scale.
We refer to Appendix B 5 for a detailed discussion and
systematic tests. As an illustration of the conclusions
reached in this appendix, Figs. 8 and 9 display the
evolution of the generalization error reached with HMC
and ADAM, respectively (recall that for HMC we plot the
half-Gibbs-error proxy).

Figure 8 shows that HMC, for a discrete readout prior,
converges fast to the universal solution where it is abruptly
stopped (for d large), before very slowly approaching the
specialization solution. The time it takes to escape the
plateau scales exponentially with the dimension, meaning
that improving upon &"" is hard given quadratically many
data. The behavior is the same for both ReLU(x) and
tanh(2x) activations. We observe the same phenomenology
when the teacher’s inner weights are drawn from a binary
distribution, while HMC sampling wrongly assumes a

0.04 —_ gmi

— Ui

Generalization error

5000 10000 15000 20000 25000

d =180
0.15 d =100
d=120
d =140,
d = 160
d =220

ion error

t
=
T

iza

=
=
St

General

0.00
0 200 400 600 800 1000 1200 1400

Gradient updates

FIG. 9. Generalization error of ADAM from random initial-
ization as a function of the gradient updates for various d with
L =1 and Gaussian inner weights. The initial learning rate is
0.01 and batch size |n/4]. The error is averaged over ten data
instances, and shaded regions represent 1 standard deviation and
computed empirically from 10* i.i.d. test samples. In both plots
a=50,y=0.5A=10"* the target readouts are homo-
geneous, while the student has learnable readouts. Top:
o(x) = ReLU(x). The error plateaus at the purple dashed line
corresponding to twice the error associated with the universal
solution of the theory &', Bottom: ¢(x) = tanh(2x). The error
plateaus at the black dashed line corresponding to the universal
solution. The number of gradient updates necessary to improve
upon the universal solution (or twice its value) grows exponen-
tially with d; see Appendix B 5.

Gaussian prior, indicating prior universality of the meta-
stable state.

Concerning ADAM, in Fig. 9, the picture remains
globally the same: An initial fast convergence followed
by a long plateau before a slow descent toward a close-to-
specialization solution (the precise analysis of where
ADAM lands in this case and its associated generalization
error is beyond the scope of this paper). In the case of
o =ReLU (top panel) and homogeneous readouts the
plateau is at 2", It takes again exponentially many
updates to escape it. ADAM thus reaches precisely the
same error as the Gibbs error of HMC, i.e., when also using
HMC as a one-shot estimator. This suggests that ADAM is
essentially sampling the posterior the best it can given only
a polynomial-in-d number of updates, and ends up in a
metastable state similar to the one produced by HMC. The
same observation was made for pure gradient descent in the
special case of one hidden layer with quadratic activation
[96]. Our observations contribute, in a quantitatively
precise manner within a rather general NN model, to the
recent line of works on “stochastic gradient descent
behaves as a Bayes sampler” [196—199] but for ADAM.

There is however one major difference compared to
HMC in the case of o(x) = tanh(2x) (bottom panel):

031014-21



BARBIER, CAMILLI, NGUYEN, PASTORE, and SKERK

PHYS. REV. X 16, 031014 (2026)

ADAM plateaus close to €' instead of 2¢". By calling
0,190rithm @ sample from that algorithm, this means that the
ADAM one-shot estimator A.q (@ apan) performs almost as
a Bayesian, ensemble-averaged estimator (g (@umc)) meta
sampling the metastable state. The performance of the latter
estimator is what we conjecture to be the best achievable in
polynomial time. Notice instead that HMC, when also used
as a one-shot estimator, does not perform as well (see again
Fig. 8, bottom panel). This is at odds with the ReLU case,
where ADAM and one-shot HMC were comparable, and
both worse than the Bayesian estimator.

We believe that these different behaviors are a conse-
quence of the fact that u, #0 for ReLU, while it is
vanishing for tanh, a crucial element also in our replica
analysis of Sec. IV. Indeed, with no second component in
the activation, the theory predicts the linear term as the only
one learnable without specializing. Thus, the nonspecial-
ized NN effectively behaves as a linear model trying to fit a
noisy linear target. In this respect, the picture is similar to
what happens in the proportional regime n = ©(d), where
the mapping to a GLM is known to hold in the whole phase
diagram [109-111]. In Ref. [109], it is shown that opti-
mizers, such as optimally regularized ridge regression,
achieve the performance of the Bayes estimator. Here we
observe that the picture changes with n = ©(d?) when also
the quadratic term is present, as in the top panel of Fig. 9. A
gap between the performance of optimizers and Bayesian
estimators has been recently shown in Ref. [98] limited to
purely quadratic activation and requires future investigation
in our more general setting.

In Fig. 10, we show the impact of overparametrization
with respect to the target function in ADAM. This figure
refers to a setting where L = 1, and the number of hidden
units for the target is fixed to 100. K in the left panel is
instead the number of hidden neurons of the (possibly
mismatched) student. In the right panel, we show the
performance that an HMC sampler would attain with an
s-shot estimator. Both plots display generalization errors
for the ReLU activation. The dashed lines correspond to the
theoretical predictions for s-shot estimators as discussed in
Remark 5. As we can see, overparametrized students are
able to reach, with ADAM, the same performance predicted
with an s-shot estimator produced via HMC. There is an
intuitive reason for this: When the student has, say, K =
500 hidden units, which means 5 times more than the
target, then ADAM is somehow picking five sets of weights
which, when combined via the readouts, yield the perfor-
mance of a five-shot estimator. This suggests that ADAM is
effectively “sampling” s = 5 i.i.d. configurations from the
metastable state; this aligns with the results of
Refs. [196-199].

This experiment shows that introducing overparametri-
zation can help to reduce the generalization error to '™ in
polynomial time with ADAM, even when matched students
would get stuck at 2¢"", However, the specialization value
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FIG. 10. Generalization error of different estimators, initialized
randomly, as a function of the number of gradient updates or
HMC steps. The errors are averaged over ten data instances, and
shaded regions represent 1 standard deviation. The black and
purple dashed lines correspond, respectively, to the error asso-
ciated with the universal solution and twice the universal
solution, while the red dashed line corresponds to the specialized
solution. The dashed lines between the black and purple
lines indicate the universal performance of s-shot estimators,
which is simply [(s + 1)/s]e"™; see Remark 5. In both panels,
o(x) = ReLU(x),a =4.0,y = 0.5,A =0.03, d =200, and
readouts are homogeneous. The number of hidden units of the
teacher is k = 100. Left: generalization error of an overparame-
trized student trained with ADAM as a function of the gradient
updates; the readouts are learnable during training. K represents
the width of the possibly mismatched student. Right: generali-
zation error of an s-shot estimator obtained averaging the output
of s posterior HMC samples, as a function of the HMC steps; the
readouts are fixed during sampling.

remains out of reach in polynomial time according to
this picture.

In summary, these experiments show a clear timescale
separation between the universal solution (or twice the
universal solution) reachable in polynomial time and the
specialization solution requiring exponential time (when it
corresponds to the equilibrium). The suboptimal solution is
due to the presence of an attractive metastable state
experienced by both algorithms. Moreover, ADAM
behaves similarly to a Bayesian sampler like HMC.

4. Structured data

Let us consider structured data where the input distri-
bution is different from the standard Gaussian. The most
basic example of this is Gaussian inputs with covariance C.
In this case, the model can be transformed into one with
standard Gaussian inputs at the cost of losing independence
among entries within the same row W. Indeed, by writing
x, = C'2%,, where X, ~N(0,1,), the model can be
viewed as having X, as input and W = WC'/2 as first-
layer weights. The weight matrix W has independent rows
but dependent entries within the same row.

With this relaxed condition, where W’s rows are inde-
pendent and follow a law Py, in R4, for activations that have
zero second Hermite coefficient, Result 1 still holds, with
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the only modification being the replacement of the scalar
free-entropy function yp, by its vector version:

1
lim y Eyog In [Ewe—%waH2+waw0+\/}§Tw’ (21)

d—oo

where w, w° are i.i.d. from P, in R? and & ~ N(0, I,;). This
is evident from the replica computation, where the i.i.d.
assumption on the weights is required in Eq. (B23) to
factorize the integral over the weights, yielding the log-
integral term that later becomes the scalar free entropy. If
dependences within the same row are allowed, the factori-
zation can be performed only over the rows, yielding the
free entropy (21). For activations with a nonzero second
Hermite coefficient, analyzing the model with structured
data is an open problem. Even for A/ (0, C) input, the task
requires solving a denoising problem for the matrix
C!/?WTdiag(v)WC'/2, which is not analytically tractable
due to the lack of rotational invariance.

In general, there is no analytical simplification for
Eq. (21) except when w has i.i.d. entries or when w is a
Gaussian vector. In the latter case, suppose P,, = N(0,C),
then yp (x)=1lim,_[1/(2d)][xTr(C)—Indet(/, +xC)].
If C admits a limiting spectral density pc,

v (x) = % / s —In(1 + xs)|pe(s)ds.  (22)

In Appendix C2, we show that by quenching the first-
hidden-layer’s weights and taking the first activation to be
linear via a procedure similar to that followed to derive
Result 3, it is possible to describe such structured data
within our replica formalism.

Figure 11 shows that structure in the input helps reduce
the optimal generalization error. Here, the covariance
matrices are of the Wishart form WyW]/d,, where
W, eR%% is a Gaussian matrix, with varying ratios
dy/d. Tt is known that as d,/d increases, the spectrum
of the Wishart matrix approaches that of the identity matrix,
meaning the inputs become less structured. The figure
demonstrates that as dy/d grows, the curves quickly
approach that of the standard Gaussian inputs.

For a broad class of non-Gaussian inputs, our experi-
ments show that the Bayes-optimal error is unchanged if
the inputs entering the random MLP target are replaced by
Gaussian vectors with the same covariance. This behavior,
implied in our theory by the Gaussian hypothesis (11), was
verified using inputs generated by feeding standard
Gaussian vectors into one NN layer with Gaussian weights
as well as real data from MNIST; see Fig. 12. The
discrepancy between theoretical and experimental results
at low a for MNIST data can be attributed to the few large
outlier eigenvalues, while our theory is dependent only on
the spectral density of the data covariance, which the
outliers do not influence.
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FIG. 11. Theoretical prediction for the Bayes-optimal mean-
square generalization error for L = 1 with fixed Gaussian readouts,
Gaussian inner weights, structured inputs drawn from N (0,C),
where C = W W] /d,, where W, € R% is a Gaussian matrix,
tanh(2x) activation, d = 150,y = 0.5, A = 0.1. The dotted line
shows the theoretical result for standard Gaussian inputs, with the
other settings unchanged. Experimental points are obtained with
informative HMC by averaging over nine data instances, with error
bars representing the standard deviation. As the ratio d,/d grows,
the data become less structured, and the theoretical curve rapidly
approaches that of standard Gaussian input.

E. Two-hidden-layer MLP

In this section, we present experiments for L = 2 hidden
layers, similar to the ones conducted for the shallow case.
Adding one layer already makes the picture richer, in
particular, in terms of the learning phase transitions taking
place and the information flow across layers.

1. Learning propagates from inner
toward outer layers

Figure 13 displays the mean-square generalization error
for a network with hyperbolic tangent activation. The
general picture is similar to the shallow case: At small
a, a single prior-independent solution exists; with more
data, the specialization solution branches out continuously.
A clear transition occurs in the specialization solution. The
mechanism behind it is explained by Fig. 14 showing the
evolution of the average over neurons of the overlap profile
in each layer.

We first discuss the case of Gaussian VY, bottom of
Fig. 14 and right of Fig. 13. The ordering of the
specializations along layers is clear: (i) The network
starts specializing from the inner layer W("). The infor-
mation then propagates outward. (ii) The deep layer W)
is then getting learned. This experimentally observed
shallow-to-deep layer ordering of the learning is encoded
in our formulas (including for L > 3): The RS equations
imply that the overlap for the second layer can become
nonzero only if the one for the first layer is itself
nonvanishing.
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FIG. 12. Top: theoretical prediction of the optimal mean-square
generalization error for non-Gaussian data. The inputs are taken
from the MNIST image dataset or as the outputs of one layer of

another NN fed with standard Gaussian vectors (synthetic data).

More precisely, the synthetic data are generated as x, =

oo(WOXY /\/dy) where WO € R4 is a Gaussian matrix
with dy/d = 0.5,x)" ~N(0,1,,), 0(x) = [ReLU(x) — o]/ o
where pu is the zeroth Hermite coefficient of ReLU(x) and ¢
enforces E, v (0,1)00(z)* = 1. (x,) are then passed through the
random MLP target with L = 1,6(x) = tanh(2x),y = 0.5, and
Gaussian weights (inner and readouts) to generate the noisy
responses (y,) with A = 0.1. The trainable NN has fixed v = v°.
The MNIST dataset consists of 60000 training samples and
10000 test samples. Each one is a 28 x 28 pixel image repre-
senting a digit from 0 to 9. To make the dataset manageable for
HMC, each image is downsampled to a 12 x 12 resolution. This
is achieved by partitioning each side of the original image into
blocks of sizes 4,2,2,...,2, 4, resulting in 12 x 12 regions, over
which pixel values are averaged. The maximum value for the
sampling rate is thus 60000/144> ~2.9. Subsequently, the
images are centered and normalized to have zero mean and a
covariance matrix C satisfying Tr(C) = d = 144. Importantly,
the responses are still generated by a random target NN with the
same architecture as the trained one: The purpose of this
experiment is to test input data with realistic correlations. Inset:
histogram of the eigenvalues of covariance matrices computed
from the training and test datasets. Both exhibit a few eigenvalues
that are significantly larger than the rest, which may explain the
discrepancy between theoretical and experimental results at low
a. Bottom: examples of MNIST images after being down-
sampled, centered, and normalized, showing that their integrity
is preserved after the process.

Concerning the recovery of W)W it should be
understood that products of weight matrices from different
layers are learnable partly independently of their factors.
This is similar to the shallow case, where the quadratic term
WOTdiag(v*)W? in the target can be partially recovered
without learning WY, and thus comes with its own OP
which can be nonzero even if the one for W? vanishes (in
the universal phase). The equations consistently encompass
this possibility.

The learning transitions occur more abruptly with
homogeneous readouts (top of Fig. 14 and left of
Fig. 13): The learning of the product matrix and the deep
one occur jointly and sharply. The homogeneity of the
readouts is the source of the discontinuity of the learning
transition which makes learning harder. Interestingly,
continuous rather than discrete readouts induce smoother
transitions. Nevertheless, notice the richer behavior of the
generalization error and overlaps right after the first
transition for homogeneous readouts, and also that in that
region of a, the ordering of overlap values is different
between the two readout distributions.

We mention that Refs. [114-116] also predicted learning
inhomogeneities across layers in a teacher-student setting
but in a strongly overparametrized data regime.

2. Inhomogeneous learning profile across neurons
and matrix order parameters

When there are two or more hidden layers, nontrivial
overlap profiles emerge in each. This effect is a joint
consequence of the depth and linear width of the network
but also of the complex interactions among the layers
[recall the discussion when we introduced Qj(V, v<2)) in
Sec. II D].

For the first hidden layer, top panel of Fig. 15, the
overlap inhomogeneity is related to the fluctuations in the
effective readouts of the target v(20 := W0Ty0/, /- Tts
components are Gaussian random variables. It implies that
neurons are not all “measured equally well” (in particular,
through the linear term in the Hermite expansion of ¢ in the
first layer). The profile therefore manifests itself along the
output (row) dimension.

For the second layer, with homogeneous readouts, the
only inhomogeneity is along its input (column) dimension
and is induced by the output profile of the first-layer
weights (second panel). For completeness, we checked that,
consistently with the theory, the profile of the second-layer
overlap along its output dimension is indeed constant (third
panel). Because of the homogeneity of readouts, a similar
constant overlap profile along the output dimension of the
product matrix W?:!) appears (last panel).
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FIG. 13. Theoretical prediction (green solid curve) of the Bayes-optimal mean-square generalization error for L = 2 with Gaussian
inner weights, o(x) = tanh(2x)/6m, d = 200,7, =y, = 0.5, A = 0.2, and different P, laws. The dashed line represents the universal
branch. Dotted lines denote metastable specialization branches of the RS saddle-point equations reached from different initializations for
the overlaps. From the top, the first green dotted line represents the solution reached by initializing Q,.; > 0 (i.e., positive for any
argument value) and Q;, @, = 0 (0 for all arguments), the second to Q;, Q,.1, @, > 0 (it yields in the left panel the small metastable
solution just before the transition around a = 2.8; in the right panel, this solution collapses on the equilibrium curve), the third is
Q> 0,9,.1,9, =0. The magenta dotted curve corresponds to initialization Q,; (v<2>) > 0 only for sufficiently large v, while
5.1, @, = 0: This solution is an inhomogeneous specialization across layers (only the first specializes), and across the neurons in that
layer (only some neurons specialize). Points are obtained with Hamiltonian Monte Carlo with informative initialization. Each point has
been averaged over 20 instances of the data, with error bars representing 1 standard deviation. The generalization error is computed
empirically from 10* i.i.d. test samples. The readouts are fixed to the teacher’s during sampling. Left: homogeneous readouts. Inset:
optimal generalization error of a shallow MLP (black line, L = 1) and deep MLP (red line, L = 2). The activation for both curves is

o(x) = tanh(2x) /6, 771,72 = 1, and A = 0.2, while «a is divided by L for comparison. Right: Gaussian readouts.

These experiments probing all possible overlap inho-
mogeneities in a three-layer MLP vindicate our definitions
and indexing of OPs in the theory.

As an illustration of what is learned in the deep NN
when increasing the data, we plot in Fig. 16 the three
functional overlap OPs using heat maps. Two carry a

1.00

0.75

0.50

0.00
1.00

0.75

0.25

0.00¢

FIG. 14. Solid and dotted curves represent, respectively, the
mean of different overlaps at equilibrium and in metastable
specialized states, as a function of the sampling ratio a for L = 2
with Gaussian inner weights, ¢(x) = tanh(2x)/6 . d = 200,
71 =72 = 0.5,A = 0.2. The shaded curves were obtained from
informed HMC. Each point has been averaged over 20 instances
of the training set, with 1 standard deviation depicted. The
readouts are fixed to the teacher’s during sampling. Top:
homogeneous readouts. Bottom: Gaussian readouts.

single argument and the one for the second inner layer
possesses two, as it captures at a macroscopic level the
learning inhomogeneities along both the rows and col-
umns of W@ (we restricted the domains of the OPs for
visualization despite the fact that the true ones are in
principle infinite). As a exceeds the smooth transition
happening around a@ =2.8 in the same setting of the
bottom panel of Fig. 14, we see that specialization
nucleates in W®) starting from its neurons (i.e., rows)
indexed by the largest readout amplitudes |v|, and con-
currently from its “dual neurons” (i.e., its columns)
connected to the largest effective readout amplitudes
|v(?)|. Specialization then propagates toward lower values
as a increases. The figures emphasize how the learning of
the other matrices (the first-layer weights and the product
matrix, which both display learning inhomogeneities
along one dimension only) interact with the deep one
and yield such an intricate behavior.

Finally, in Fig. 17, we display the result of the numerical
experiment for Q,(v,v(®). This figure was realized by
averaging over different instances of a data-student pair,
with the overlap values ordered as those of Fig. 16 for each
pair, and then by performing a “local average” of neighbor-
ing indices on the grid (v,v(?)) in order to suppress the
“microscopic fluctuations.” The latter average should be
interpreted in the thermodynamic limit as being over a
relatively small patch, which still contains ©(d?) weights.
Remarkably, this figure could have also been generated
from a single instance of the student, as the local average
alone is sufficient to reproduce the patterns of Fig. 16.

Notice that in contrast with the shallow case where Q(Vv)
vanishes for v small even at large sampling ratios (see
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FIG. 15. Theoretical predictions (solid curves) for the overlaps
obtained from informative initialization as functions of v(*)° or
i=1,...,ky for L =2 with activation tanh(2x) /6, d = 200,
71 =7, = 0.5,A = 0.2, Gaussian inner weights, homogeneous
quenched readouts, and different o values. The shaded curves
were obtained from informed HMC. Using singles posterior
samples, the overlaps have been evaluated numerically by
dividing the interval [-2,2] into bins and by computing their
value in each bin. Each point has been averaged over 20 instances
of the data, and shaded regions around them correspond to 1
standard deviation. First (top): first-layer overlap Q7 (v<2> ) profile
ordered according to the amplitude of the effective readouts v(2)0.
Second: the input- (or column-) indexed overlap for the second
layer Q;(1,v(?)) also ordered according to the effective readouts.
Third: the neuron (i.e., output- or row-) indexed overlap profile
for the second layer. Last: the output-indexed overlap profile for
the product matrix W21,

Fig. 7), the top panel of Fig. 15 and Figs. 16, 17 show that,
for sufficiently large a, overlaps indexed by v(>) become
nonzero for any value of the index. This occurs because the
effective readouts enter the covariance K (2)(Q) from
Result 3 in a different way compared to the actual
readouts V.

3. Algorithmic hardness and partial specialization

We repeated experiments probing the behavior of HMC
and ADAM similar to the shallow case; see Fig. 18.
Starting with HMC, two noticeable differences appear
compared to L = 1. First, reaching the specialized equi-
librium state from uninformative initialization seems much
harder and costly than in the shallow case; we do observe
the descent toward it only for a rather small size (d = 50).

The most striking difference, however, is the nature of
the state that HMC experiences. For L = 1, HMC was
getting attracted by the metastable state associated with the
universal solution (top panel of Fig. 8), with the single inner
layer not specializing. With one more hidden layer a richer
picture emerges. The top panel of Fig. 18 shows that in
polynomial-in-d time, before complete specialization ulti-
mately occurs when the chain equilibrates, HMC is now
stuck in a partially specialized metastable state. There, the
first layer has specialized (i.e., has been partly recovered)
while the second has not. We tracked the experimental
overlaps, not depicted here, and they confirm this picture.
The theory correctly predicts this state: It is the third green
dotted curve from the top in Fig. 13 left panel, which at
a = 4 corresponds to the dashed blue curve £ = 0.2 in
Fig. 18 (the two plots are done in the same setting). This is
very interesting: Somehow, depth helps from that perspec-
tive, since this mechanism cannot be observed in the
shallow case. The reason is the presence of the effective
readouts in the target v(20 = W20Ty0/ /&> when L = 2,
that inhomogeneously “measure” the inner layer.

Apart from this stable metastable state, there are other
solutions of the RS equations. The magenta curve in Fig. 13
depicts a case where only the first layer specializes and only
for a subset of its neurons. The same effect is observed in
shallow MLPs for their single hidden layer (see Fig. 5, right
panel). Although these solutions exist, their stability is not
systematically analyzed here, as this poses a significant
challenge both for the theory and even more so in the
numerical experiments due to strong finite-size effects and
the difficulty in training large deep Bayesian NNs. We
leave an investigation of their stability for future work.

When learning with ADAM (bottom panel of Fig. 18), we
instead observe a similar scenario as with L = 1 with tanh
activation (lower panel of Fig. 9): As d increases, ADAM
gets stopped by the metastable state associated with the
universal solution and does not reach the better partially
specialized one. This suggests that HMC is able to “see”
metastable states that outperform "™, while ADAM is not in
the tested cases. It would be interesting to understand why.

F. Three or more hidden layers
1. Deeper is harder

Figure 19 displays the theoretical and experimental
Bayes error and the theoretical overlaps corresponding to
informative initialization. A number of observations can be
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FIG. 16. Heat maps of all theoretical equilibrium overlaps as
function of the sampling rate € { 1.75, 2.75, 3.75} (increasing from
top to bottom) for L = 2 with Gaussian inner and readout weights,
o(x) = tanh(2x)/6um. 71 = 72 = 0.5, A = 0.2, which is the same
setting as the right panel of Fig. 13 and bottom panel of Fig. 14. Left
column: product matrix overlap Qj.,(v). Bottom row: first-layer
overlap Q; (v?)). Central square: second-layer overlap Qj (v, v()).
The overlap arguments in the theory are amplitudes v, v > 0.
However, we plot them here as a function of the actual signed
readouts and effective readout values v, v for better visualization of
what is going on in the network. These figures fully capture the
features learned along the layers and across the rows and columns of
each layer weight matrix, in a three-layer neural network.

a=1.75
Q5 (v, 0(2))

FIG. 17. Heat map of all the empirical overlaps on grids of
(effective) readouts (v, v(?)). Besides the local average performed
by binning the distribution of the weights according to the grid of
readouts, we average over 100 instances of data-student pairs. Here,
d =200, a = 1.75 (top), @ = 2.75 (middle), and @ = 3.75 (bot-
tom), while the rest is as in Fig. 16. For the second-layer overlap, the
values are rearranged putting those associated with highest readout
values on the corners of the image, as in Fig. 16. Up to finite-size
fluctuations, the same patterns as the theoretically predicted ones,
top and bottom panels of Fig. 16, clearly appear.
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FIG. 18. Generalization errors computed empirically from 10*
i.i.d. test samples of HMC (ADAM) as a function of the number
of steps (gradient updates). Errors are averaged over ten
instances; shaded areas indicate 1 standard deviation. Here, L =
2,0(x) = tanh(2x) /6, 71 = 72 = 0.5, = 4.0 with Gaussian
inner weights and homogeneous target readouts for both plots.
Dashed lines represent the theoretical errors associated with
equilibrium and metastable solutions. Top: Half Gibbs error of
HMC from random initialization as a function of the number of
updates for various d with A = 0.2. The readouts are quenched
during sampling. Bottom: Generalization error of ADAM from
random initialization as a function of the gradient updates for
various d with A = 107*. The initial learning rate is 0.01 and
batch size |n/4]. The student has a learnable readout layer.
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made. Let us start with the left panel. Note that the
sampling rate « in the abscissa is rescaled by the number
of layers to make a fair comparison between targets with
different depths. We conclude based on the location of the
specialization transition [common to all layers under (H3)]
and the ordering of the generalization error curves with L
that the deeper the target, the more data per layer it
requires to be recovered, and the higher is the € at a
given a/L. This vindicates information theoretically the
intuitive picture that the more “nonlinear” a task or target is,
in the present case through more layers, the harder it should
be to learn it. Another confirmation of this fact is provided
in the inset of Fig. 13: Also in the case of normalized
tanh activation, the amount of data per layer remains
greater for the deep case, in spite of the fact that yu; # 0
implies the presence of effective Gaussian readouts v(2) :=
WR0Ty0 /. /k; “measuring” the inner layer W(1°, which
allow it to specialize for small sampling rate.

Another way to see from the results that depth is linked
to hardness is through the right panel depicting the overlaps
in each layer: For a given L > 2 and at fixed sampling rate
(nonrescaled by L this time), overlaps Q] are monotoni-
cally decreasing with the layer index /. In other words,
deeper features are harder to learn than the shallow ones,
which confirms for generic L the shallow-to-deep ordering
of the learning observed for L = 2 in the previous section.
This is again rather intuitive and matches what is observed
when deploying neural networks on real tasks [200]; see
also Ref. [201] for the role of depth in NNs when learning
in a hierarchical task.

Overlaps
—
[
A
o
I8

a/L

FIG. 19. Theoretical predictions for deep NNs with homogeneous readout v; = 1 and the activation on every layer given by
o(x) = [tanh(2x) — p1x]/c, where y; is the first Hermite coefficient of tanh(2x), and the constant ¢ is such that E, yo1)0(z)* = 1;
yL = ... =y; = 1, and the number of hidden layers L € {1, ...,5}. Left: Bayes-optimal error (solid curves) as function of a/L for
L < 3, while dotted lines are metastable solutions of the RS equations. The points and error bars represent the mean and standard
deviation of half the Gibbs errors evaluated on nine data instances at d = 50 for all points except the second and third points (from left to

right) for L = 3, which are computed at d = 30 since HMC remains stuck at initialization for higher d. Right: overlap QgL)* of the /th

layer weights in the L-hidden layers NN for each pair (! < L, L). For each L, all phase transitions for different Q§L>* occur concurrently,

with the overlaps decreasing with the layer index: Q(IL)* > > Q(LL)* after the transition.
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In addition to the ordering of overlaps across layers
within the same NN, another ordering is also evident
from Fig. 19. Letting Qz L be the ith layer equilibrium
overlap for an NN with L hidden layers, we have

oL <o for1<i<L.
It follows from Qlf{l <Qlf{1 |w<1>:w<1>0:Q§L ,

where the equality is a consequence of the fact that, since
o has py = py = pup = 0 and E,p(o,1)0(z)* = 1, the data
after the first layer have a covariance indistinguishable from
I, from the perspective of the NN. Thus, the (L + 1)-
hidden-layer NN with a quenched first layer is equivalent to
one with L hidden layers and standard Gaussian inputs.

IV. REPLICAS PLUS HCIZ, REVAMPED

The goal is to compute the asymptotic free entropy by
the replica method [126], a powerful approach from spin-
glass theory also used in machine learning [29], combined
with the HCIZ integral. We focus first on the derivation of
the results for the shallow case L = 1 which comes with its
own set of difficulties due to the presence of u, # 0 in 6.
We will later move on to the deep case where, even when
considering u, =0, a different kind of difficulty will
appear due to the multilayer structure.

Our derivation is based on three key ingredients.

(i) The first ingredient is a Gaussian Ansatz on the
replicated postactivations, which generalizes Con-
jecture 3.1 of Ref. [109], now proved in Ref. [111],
where it is specialized to the case of linearly many
data [n = ©(d)]. To obtain this generalization, we
will write the kernel arising from the covariance of
the postactivations as an infinite series of scalar OPs
derived from the expansion of the activation function
in the Hermite basis, following an approach recently
devised in Ref. [202] in the context of the random
feature model (see also Refs. [48,203]).

(ii) The second ingredient exposed in Sec. IVB?2
amounts to a drastic reduction of the number of
OPs entering the covariance of the postactivations
through the realization that infinitely many of them
are expressible in terms of a few, more fundamental
(functional) OPs.

(iii) The last ingredient is a generalization of an Ansatz
used in the replica method by Ref. [168] for dic-
tionary learning, which will allow us to capture
important correlations discarded by these earlier
approaches [168,169]. Our Amnsatz, explained in
Sec. IV B 3, is the crux for capturing the lack of
rotational invariance and matrix nature of the prob-
lem when o possesses i, #0when L = 1 oru; #0
when L =2. We will see that, surprisingly, the
HCIZ integral remains central despite the absence

of rotational symmetry. Appendix B 2 provides a
comparison with the approach of Ref. [168].
For the sake of presentation, we discuss in the main text
only the nonstandard steps corresponding to these ingre-
dients. The complete derivations are presented in
Appendix B 1 for the shallow case and Appendix C1
for the deep.

A. Fixing the readouts

We use the fact that, having as a goal the computation
of the leading order of the free entropy, the readouts v of
the learner can be fixed from the beginning to those of the
target v. The proof has been given in Remark 3 for the
mutual information (and further discussed and tested in
Appendix B 7) and implies directly at the level of free
entropy that

1 1
—FE In Zv:vo =—E In Zvlea_mable + 0(1/d)
n n

Consequently, for the rest of the derivations, we set without
loss of generality v = v°, thus leaving as learnable param-
eters the (many more) inner weights. If keeping learnable
readouts, the (equivalent) replica calculation would be
more cumbersome and ultimately yield that the overlap
between v and v° is irrelevant for all the other OPs in the
universal phase, and once the student specializes, the
readouts corresponding to specialized neurons are concur-
rently exactly recovered.

B. Shallow MLP

We start with the shallow case L = 1. Having directly
fixed the readouts, the partition function is redefined as

2(D) = Zyy = [ dPy(W) ] Paal44(0))

usn

with 4,(0) := fél)(xﬂ) and 6 = (W, v%). The quenched
variables, averaged by the symbol E = Ep, are the data D
which depend on inputs and the teacher. Equivalently,

E[] = Egx,)EpE(y,)|(x,000[]-

1. Replicated system and order parameters

The starting point to tackle the data average is the usual
replica trick:

1
hm Eln Z(D) = lim lim —ln EZS

s—0t ns

= lim hm—ln EZ*

s—0"

assuming the limits commute. Consider first s NT. Let
0 = (W v%), (x,y) = (x1,y;), and the replicas of the
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postactivation, including the teacher’s a = 0:

o= el

We directly get

—[EVO/ﬁde(W“){[Ex/dyﬁPom(yli“(a“))y-

(23)

The key is to identify the law of the replicas {4 }*_, which
are dependent random variables due to the common
random Gaussian input x, conditionally on (6¢). As
explained and checked numerically in Sec. II, our main
hypothesis is that {1} are jointly Gaussian for the (0) that
dominate the partition function (i.e., posterior samples), an
Ansatz we cannot prove but that we validate a posteriori
thanks to the excellent match between the theory and the
empirical generalization curves; see Eq. (11), Remark 2,
and Sec. III.

Given two replica indices a, b € {0, ...,
neuron-neuron overlap matrix

s} we define the

Qab .— lw‘fTW/?
1 i 7]’

yi i,j€[k].

Recalling o¢’s Hermite expansion, Mehler’s formula
(see Appendix A 2) implies that the postactivations covari-
ance is

o 2
K = E[2*)0°.0") = > P Re (24)
21 Z!

with the infinitely many overlap OPs

R;b = Z o Qab ,

1 J<k

> 1. (25)

This covariance K is complicated but, as we argue hereby,
simplifications occur as d — oo. In particular, the first two
overlaps R?b, R‘z’l7 are special. We claim that higher-order
overlaps (R%),s3 can be simplified as functions of sim-
pler OPs.

2. Simplifying the order parameters

In this section, we show how to drastically reduce the
number of OPs (25) to track. To build some intuition, it is
convenient to define the symmetric tensors S¢ with

Owya a
Zv W, Wi (26)

1<k

fa],...,a, =

Indeed, the generic #th overlap (25) can be written as
R = (S4-S%)/d” (where “” is the inner product among
tensors obtained by contracting all the indices), e.g.,
R$? = TrS4S5/d*. The following assumptions consider
how these tensors behave for £ = 1, 2 and £ > 3. Let us
start from the latter case.

First, we assume that for Hadamard powers £ > 3, the
off-diagonal of the overlap (2)°? obtained from i.i.d.
weight matrices sampled from the posterior, is small
enough to be discarded:

(D)~ 5,;(Q))" if £ 23, (27)
Approximate equality is up to a matrix with o,(1) operator
norm. In other words, the vector W¢ of a student (replica) is
assumed to possibly align, for each i, only with a single W?
of the teacher (or, by Bayes optimality, of another replica)
indexed by j = z;, with # a permutation. The model is
symmetric under permutations of hidden neurons with the
same readout value. We thus take 7z to be the identity
without loss of generality. The same “concentration on the
diagonal” happens, e.g., for a standard Wishart matrix,
which is the extreme case for Q¢ if W¢ = W’ and
Py =N(0,1). TIts eigenvectors and those of its
Hadamard square are delocalized, while higher
Hadamard powers £ > 3 have strongly localized eigenvec-
tors [136] (consequently, R4’ will require a separate
treatment).

Moreover, assume that the readout prior has discrete
support Supp(P,)=:V = {v}; this can be relaxed by
binning to a continuous support, as mentioned in Sec. II.
By exchangeability among neurons with the same readout
value, we further assume that all diagonal elements
{Q blieT,} concentrate onto the constant Q% (Vv), where

={i <k =v}:

() 6,;Q(v)” if >3 and i or jEZ,. (28)
Equivalently, under the neuron exchangeability assumption,

by summing over the indices i € Z,, and dividing by their
number, the constant Q“”(v) can be written as

QP(v) = Iz, |dz (WOWPT) ;.

iel,

This definition is directly related to the way we measure
overlaps in numerical experiments, as empirical averages are
less affected by finite-size effects than specific choices of
i € Z,; thus, we adopt this definition also in our theoretical
analysis. The advantage in switching from Eq. (27) to
Eq. (28), i.e., in labeling the neurons with their readout
value, is an expression suitable for the asymptotic regime we
are considering, where the neurons are infinitely many.
Indeed, with these simplifications we can write
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FIG. 20. Hamiltonian Monte Carlo dynamics of the overlaps
R, = RY! between student and teacher weights for # € [5], with
activation function for L = 1 with ReLU(x) activation, d = 200,
y = 0.5, linear readout with A = 0.1 and two choices of sample
rates and readouts: a = 1.0 with P, = §; (left) and @ = 3.0 with
P, = N(0,1) (right). The teacher weights W? are Gaussian, and
the readouts are fixed during sampling to the teacher ones. The
dynamics is initialized informatively, i.e., on W°. The overlap R,
always fluctuates around 1. Left: the overlaps R, for # > 3 at
equilibrium converge to 0, while R, is well estimated by the
theory (orange dashed line). Right: at higher sample rate a, also
the R,’s for £ >3 nonzero and agree with their theoretical
prediction (dashed lines). Insets show the mean-square generali-
zation error attained by HMC (solid) and the theoretical pre-
diction &°P (dashed).

R =E,.p v? Q% (v)" + 04(1) for £>3. (29)

This assumption has also a natural interpretation in terms of
the tensors S¢: In the absence of specialization, Qab (v)=0
for all v, so R“b (S¢-S)/d” = 0 according to Eq. (29).
Indeed, a nonspecialized model with kd = ©(d?) parame-
ters and n = ©(d?) data cannot learn these tensors, as this
would require the knowledge of ®(d”/¢!) entries and a
comparable amount of tunable parameters. On the contrary,
once specialization occurs the model is able to factorize
them using the rhs of Eq. (26).

Our assumption is verified numerically a posteriori as
follows. Identity (29) is true [without o,(1)] for the
predicted theoretical values of the OPs by construction
of our theory. Figure 7 verified the good agreement
between theoretical and experimental overlap profiles
QY%(v) for all veV [which is statistically the same as
Q% (v) for any a # b by the so-called Nishimori identity
following from Bayes optimality; see Appendix. A 3],
while Fig. 20 checks the agreement at the level of
(R4?). Consequently, Eq. (29) also holds for the exper-
imental overlaps.

Having simplified the £ > 3 terms in the series (24), let
us pass to the £ = 1 case. Given that the number of data
n=0(d*) and that the corresponding (S¢) are only d
dimensional, they are reconstructed perfectly (the same
argument was used in Remark 3 to argue that the readouts v
can be quenched). We thus assume right away that at
equilibrium the overlaps R‘f” =1 (or saturate to their
maximum value; if tracked, the corresponding saddle-point

equations end up being trivial and do fix this). In other
words, in the quadratic data regime, the u; contribution in
the Hermite decomposition of ¢ for the target is perfectly
learnable, while higher-order ones play a nontrivial role. In
contrast, Ref. [109] studies the regime n = @(d) where y;
is the only learnable term.

Then, the average replicated partition function reads

EZs = / dR,dQexp(Fs+ nFg),

where Fg, Fg depend on R, = (R$?) and Q := {Q%|a <
b}, where Q% := { Q% (v)|veV}.

The “energetic potential” is defined as

. exp(—3ATK™'4) @
e"Fe = [/ dydA (20) detK] 1/2HP0u‘ ylA9)| .

It takes this form due to our Gaussian assumption on the
replicated postactivations and is thus easily computed; see
Appendix B 1 a.

The “entropic potential” Fg taking into account the
degeneracy of the OPs entering the covariance of the
postactivations is obtained by averaging delta functions
fixing their definitions with respect to the microscopic
degrees of freedom (W*). It can be written compactly using
the following conditional law over the tensors (S5)_:

P((89)Q) = Vi(Q) / HdPW W)

x H [Ts(zdQ(v) - >~ WiTw?)

as<bveV i€z,

0,s

x [ [ (S5 — Werdiag(v))We/vk),  (30)

with normalization V4§ = V44(Q) given by

Vi = /HdPW (W)
x H [Ts(zldQe(v) = > WiTw?).

a<bveV i€z,

The entropy of (R,, @), which is the challenging term to
compute, then reads

0.s
oFs = Vid / dP((89)|Q) [ 8(&*Rg” - TrS3Sh).

a<b
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3. Tackling the entropy: Measure simplification by
moment matching

The delta functions above fixing Rgb in the entropy of R,
conditional on @ induce quartic constraints between the
degrees of freedom (W¢,) instead of quadratic as usual. A
direct computation thus seems out of reach. However, we
will exploit the fact that the constraints are quadratic in the
matrices (S4). Consequently, shifting our focus toward
(S%) as the basic degrees of freedom to integrate rather than
(W¢,) will allow us to move forward by simplifying their
measure (30). Note that while (W¢,), , are i.i.d. under the
prior Py, S§ has dependent entries under its corresponding
prior. This important fact is taken into account as follows.

Define Pg as the probability density of a generalized
Wishart random matrix WTdiag(VO)W/ Vk, where
We R is made of ii.d. standard Gaussian entries.
The simplification we consider consists in replacing
Eq. (30) by the effective measure

P((S9)|Q)
-1 HPS Sa H 7(QP) TrS“Sb (31)
a<b
where V& = V%(Q) is a normalization constant, and

#(Q) = MMSE5 {1 — E,..p [i2Q(v)7]}. (32)

The rationale behind this choice goes as follows. The
matrices (S4) are, under the measure (30), (i) similar to
generalized Wishart matrices, but instead constructed from
(il) non-Gaussian factors (W¢9), which (iii) are coupled
between different replicas, thus inducing a coupling among
replicas (S%). The proposed simplified measure captures all
three aspects while remaining tractable, as we explain now.

The first assumption is that in the measure (30) the
details of the (centered, unit variance) prior Py, enter only
through Q at leading order. Because of the conditioning,
we can thus relax it to Gaussian (with the same two first
moments) by universality, as is often the case in random
matrix theory. Py, will instead explicitly enter in the
entropy of Q related to V&¢. Point (ii) is thus taken care
of by the conditioning. Then, the generalized Wishart prior
P encodes (i) and, finally, the exponential tilt in P induces
the replica couplings of point (iii).

It now remains to capture the correct dependence of
measure (30) on Q. This is done by realizing that

[ aP(($91@) JTiSISE = By 200 +
This is shown in Appendix B 1 c. The Lagrange multiplier

7(Q) to plug into P enforcing this moment-matching
condition between true and simplified measures as s — 0

is Eq. (32); see Appendix B 1e. For completeness, we
provide in Appendix B 2 alternatives to the simplification
(31), whose analysis is left for future work.

4. Final steps and spherical integration

Combining all our findings,
partition function is simplified as

the average replicated

EZ5 = / dR,dQe"FethdInVyy(Q)=kdInVyy(Q)
X HPS (S%) H

x H 5(d?Ra — TrS4SE).

a<b

Qab Trsu Sb

The equality should be interpreted as holding at leading
exponential order exp[®(n)], assuming the validity of our
previous measure simplification. All remaining steps but
the last are standard:
(i) Express the delta functions fixing Q, R, in expo-
nential form using their Fourier representation; this

introduces additional Fourier conjugate OPs 9, ﬁz
of same respective dimensions.

(i) Once this is done, the terms coupling different
replicas of (W¢) or of (S“) are all quadratic. Using
the Hubbard-Stratonovich transformation [i.e.,
Ez exp[(d/2)TrMZ)] = exp|(d/4)TrM?| forad x d
symmetric matrix M with Z a standard GOE matrix]
therefore allows us to linearize all replica-replica
coupling terms, at the price of introducing new
Gaussian fields interacting with all replicas.

(iii) After these manipulations, we identify at leading
exponential order an effective action S depending on
the OPs only, which allows a saddle-point integra-
tion with respect to them as n — oo:

1 1 . .
lim—InEZ* = lim—In / dR,dR,dQdQe"S
ns ns

1
= —extrS.
s

(iv) Next, the replica limit s — 0" of the previously
obtained expression has to be considered. To do so,
we make a replica-symmetric assumption; i.e.,
we consider that at the saddle point, all OPs entering
the action S, and thus K%, too, take a simple form of
the type R* = R4, + R(1 —&,,). Replica sym-
metry is rigorously known to be correct in Bayes-
optimal learning and is thus justified here; see
Refs. [186,204].

(v) The resulting expression still includes two high-
dimensional integrals related to the S, matrices.
They correspond to the free entropies associated
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with the Bayes-optimal denoising of a generalized
Wishart matrix, described above Result 1, for two
signal-to-noise ratios. The last step deals with these
matrix integrals over rotationally invariant matrices
using the HCIZ integral, whose form is tractable in
this case [102,103]. These free entropies yield the

two last terms (+) in fgs), Eq. (15).

The complete derivation in Appendix B 1 gives Result 1.
From the meaning of the OPs, this analysis also yields the
postactivations covariance K and thus Result 2.

As a final remark, we emphasize again a key difference
between our approach and earlier works on extensive-rank
systems. If, instead of taking the generalized Wishart prior
Py as the base measure over the matrices (S§) in the
simplified P with moment matching, one takes a factorized
Gaussian measure, thus entirely forgetting the dependences
among S§ entries; this mimics the Sakata-Kabashima
replica method [168]. Our Ansatz thus captures important
correlations neglected in Refs. [168,169,171,188] in the
context of linear-rank matrix inference. For completeness,
we show in Appendix B 2 that our Ansatz indeed improves
the prediction compared to these earlier approaches.

C. Two-hidden-layer MLP

We now move to the deep MLP by first considering the
L =2 case. We highlight here only the crucial steps that
make the derivation different with respect to the one
sketched above, referring the reader to Appendix C 1 for
more details. We assume this time that x4, = 0 (in addition
to po = 0): In this way, our approach simplifies consid-
erably, as the matrix degrees of freedom involved in the
second Hermite components of the activation functions do
not appear in the theory. We will see however that, due to
the deep structure of the network, matrix degrees of
freedom coming from combinations of the model’s hidden
weights are still entering the theory and will require the use
of a rectangular spherical integral (see Appendix C1).
Popular activation functions (e.g., all the odd ones) comply
with the requirement y, = 0.

1. Replicated system, order parameters, and their
simplification

Replicas of the postactivations can now be written
recursively as

1 s
A4 (aa) — —V0T6(2>(h(2>a)} ,
{ \/E a=0
{h(l)a = 1 W(l)ao.(l—l)(h(l—l)a)} ,
kl—l a=0,...,s;1=1,2

where we allowed different activations at each layer, and we
used the notation () (x) == x, ky = d and h(0)* = x for all
a. For the sake of presentation, we further require the

normalization E,.xg 10!’ (z)> =1 for all [, to avoid
tracking this variance in the following (the case of generic
variance can be derived from Appendix A 2). The expect-
ation over the input X at given weights can be done as in
Eq. (23) by assuming the same joint Gaussianity of the
postactivations (1%) as in the shallow case. Moreover, to use
recursively Mehler’s formula, we also assume that the pair

)b

of preactivations (h,@a, h; ) is jointly Gaussian for any

choice of a,b =0, ..., s and i, j < k,. With these assump-

tions, the covariances K% :=[E %4’ and QW .=
E,hDeh(®PT can be written as
( (2))2 1
Kb — Hi VOTQ(@)aby0 | = o g(z)(g(zwb)vo,
i ko
( (1))2
Q2)ab _ ﬂllc WQRaQ(Dabyw ()1
1
n kiwo)ag(l) (QUIaby Wb,
1
Qe — Lyyayysr,
ko

are applied entrywise to matrices, and yg) is the /th
Hermite coefficient of 6(*).

Unfolding the above recursion, the covariance K can
be written in terms of overlaps of “effective” hidden
weights and readout vectors

W(Z:l)a _ W2ayw)a
Vi
e WIITWEE o WY
Viok; Vi

each of them arising from combinations of the activation’s
linear components. We also set v := v, Moreover,
simplifications can be taken along the three following lines:

(i) vDary(Db /Ko is an overlap of d-dimensional vec-
tors: As explained above (see the discussion on R¢”
in the shallow case), it can be directly taken to be 1
in the quadratic data regime.

(ii) Wherever a function g¥) involving only Hadamard
powers greater than 2 is applied to a matrix overlap,
we assume the resulting matrix to be diagonal in
the limit g\ (Q), . ~ 5,61 (QV) ., as we did
in Eq. (27).
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(2)(1 1}(»2)

; ? of the effective readouts

(iii) The components v

enter the above expressions only if QE})”I’ # 0, that is
if some specialization has occurred in the previous
layer. As these components are ®(k;) in number,
they can be reconstructed exactly with ®(d?) data.
We can thus take these vectors as given,
v@ar = y(2)01 From central limit theorem, the
components of v(¥T are standard Gaussian variables

o0~ N0, 1).
From point (ii), and extending the approach we followed
for the shallow case, we are naturally led to consider as OPs

the diagonal profiles of the overlap matrices (ng)ab)i.

Moreover, from point (iii) we can label internal neurons
(say, the ones in layer /) with the value of the effective
readout to which they are connected (v,(-lH)O) rather
than with their index (i < k;). By binning the distribution
of the elements of v(V°, we define the sets of indices
Ty ={i <k_|o\"" =v}, while keeping Z, (with
no layer label) as in Eq. (28). As before, in order to
define the OPs, we further assume exchangeability
among neurons with the same effective readout value
[e.g., (WHewbr) /d= Qe (v?)) for all i€Z,n].
Equivalently, by summing over these indices and normal-
izing by their number, we obtain

1
Q‘llb (V(Z)) = — (W(l)aw(l)bT)m
|Iv(2) |di€§1';2)
1 2ay,(2)b
QP (V.VO)) = Wi w”,
2 |Iv<2)||IV‘ieIV(2),jeI\, ! !
1
a_b V) = W(Z:l)aw(Z:l)bT i
2.1( ) |Iv|dl§( )

The bold notations Q;, Q,, and Q,., are defined analo-
gously to the shallow case. In terms of these, the covariance
of the postactivations reads

ab ¢ (2) (1 2 a

K = (0P 4 7V o) (02200 (Q1 (o)
+Epep, 792 (1) Q811 (0)
+[EF(Z)NN’((),])ng(UvU(z))g(l)(gclzb(wz)))]'

The structure of this covariance informs us on how the
learning can or cannot take place. E.g., if the first layer does
not specialize Q¢ (v?)) = 0, then the second layer cannot
either because its associated overlap disappears.

From this point on, the energetic potential Fg follows: It
is the very same as for L =1 but using the above
covariance.

2. Tackling the entropy using the rectangular
spherical integral

The entropic potential accounting for the degeneracy of
the OPs requires some care. We first define the conditional
law over the matrices (WZ:1)a):

s 2
P((W2De)|Q, Q,) “/HHdPWI(W(Z)“)

a=0 [=1

% 5(w(2:1)a _ W(2)aw(1)a/\/ﬂ)

0.5
<IT 1I 5<|Iv<2>|d9‘f”(V<2>)

a<b y2) ey@

— Z (w(l)aw<1)bT)l_l_>

i EIV<2)

<11 5<|zv<z> 12,108 (v.v@)

veV

(2)a5,(2)b
_ Z Wi Wi >

ier(z),jeI‘,

where V(2 is the binned support of A/(0, 1). In this way, we
can write the entropic contribution as

0,s
oFs — Vhd / aP(W20910,.,) [T T]

a<bveV

. 5<|Iv|dQ§‘f’1 v-3 <w<2¢'>”w<2:')bw,-,-),

i€,

where Vész, depending implicitly on Q;, Q,, is the
normalization factor of P((WZ19)|Q,. Q,).

The evaluation of the last integral involves coupled
replicas of matrices with correlated entries. We deal with
it by relaxing the measure P((WZ19)|Q,, Q,) to a
tractable one, still able to capture the correlations between
these degrees of freedom. To this aim, we first observe that,
asymptotically, under the true conditional measure

1 . .
W Z [E[(W(2'1>“W(2'l)bT)ii|Q1, Qz]
vVitier,

~E0onvo.) Qs (v, v?) Qb (v).

In order to match this moment in our relaxation, we take a
tractable base measure with exponential tilts for each value
veV:

dP((W19)]Q,.Q,)

- : s ab (2:1)a gy, (2:1)b
:HV(Tv)_lHdPUV(W\(/z'l)a)eza<b,ofv[Tva W,

veV a=0
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l
product of two matrices with i.i.d. Gaussian entries

UeRMIk veRkxd) g, = (4"), , is a function of
Q,, Q, fixed by the previous moment matching, and V (z,)
is a normalization factor. With this relaxation, the entropic
contribution can be evaluated explicitly using the rectan-
gular spherical integral, leading eventually to Result 3 (see
Appendix C 1 for more details).

where W{> 1 = (W(-2: l)a)ier and dPyy is the law of the

D. Three-or-more hidden-layer MLP

To tackle the L > 3 case, one could push forward the
approach we presented in the previous section. However,
even with the simplification of considering only activations
with no second Hermite component, the analysis remains
very challenging, as the postactivation covariance involves
the “effective weights”

1
W' Da — Waw(-a_ wa,
\/ kl/_lkl/_z...kl

as shown in Appendix C 1. These terms appear through
combinations of the linear components of the activation
functions o'~V ..., 6. To evaluate the entropic contri-
butions of the OPs Q. ; defined as overlaps between
replicas of the above effective weights, one has to consider
all the possible learning mechanisms the network could
adopt: a totally unspecialized strategy, where no W(")a
entering W('* D@ is learned by itself, but still W(': D@ jg
learned as a whole; a totally specialized strategy, where the
model is able to learn separately all the W(")¢; mixed
strategies where some subsets of layers are specialized
while others are not. All these mechanisms give explicit
contributions to the correlation between teacher and student
and could correspond to different phases of the system. We
leave the study of this rich phase diagram for future works.

To simplify the picture, we require activations such that
yél) = (1[) = ugl) =0 and set E,.x1)0'"(z)* =1 for all
I < L, which this time implies g(//(1) = 1. In this case, the
effective weights W('* ¢ do not enter the postactivations
covariance, simplifying considerably our analysis because
the only possible learning strategy is specialization at all
layers. Indeed,

1
{/1:1 (011) = \/TVOTG(L) (h(L)a) S os and K9 := [Ex/laﬂb
L

can now be written recursively as

1

Kab — 7V019(L)(Q(L)uh)vo,
k.
Q(l)uh _ kiw(l)ug(l—l)(Q(I—I)ub)w(l)ln’ (33)
-1

with Qe — 1, for all a, b, and ¢!°) = id (the identity
map). We make the same concentration assumption as
before, namely, g)(Q("), ~ 5;;9")(Q("),;. Moreover,
we notice that only the neurons in the Lth layer can
contribute with different importance to the output of the
network, being connected to the (potentially) nonhomo-
geneous readout vector v; nothing in the postactivation
covariance distinguishes neurons in a layer / < L. For this
reason, the OPs in this case are

0 = TrWOeWbT for I =1,....L -1,
"1=1
1
ab (/) = WLaw LTy
o) |

In terms of these, the postactivations covariance reads

K% =E,.p, vzgm( i (v)g" (01,
« g(L—Z)(. .. ngg(l)(Q?b) . ))> (34)

The entropic contribution of the OPs is easily comput-
able, as they are all independent of each other. The
calculation reported in Appendix C 1 ultimately yields
the free entropy reported in Result 4.

V. CONCLUSION AND PERSPECTIVES

In this paper, we have derived a quantitatively accurate
statistical physics description of the optimal generalization
capability of fully trained linear-width MLPs with an
arbitrary number of layers, for broad classes of activation
functions, in the challenging scaling regime where
the number of parameters is comparable to that of the
training data. Even for shallow MLPs, this feature-learning
regime has resisted for a long time to mean-field
approaches used, e.g., in the study of the narrow committee
machines [7,13,15,27,205].

Our theory has been validated through extensive numeri-
cal experiments using Monte Carlo samplers, a generali-
zation we proposed of the GAMP-RIE algorithm, and a
popular algorithm used to train NNs, ADAM, showing in
all cases a phenomenological picture consistent with our
predictions.

Phase transitions in supervised learning are known in the
statistical physics literature at least since Ref. [22], when
the analysis was limited to linear models. In this sense, our
theory contributes to enrich this landscape, unveiling
numerous phase transitions in the learning of different
layers’ weights for MLPs. Such transitions can occur
heterogeneously across layers and inside each layer. This
rich behavior is captured by functional order parameters
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with up to two arguments, which nevertheless allow a
tractable dimensionality reduction of the problem.

Concerning limitations, for L > 2 we made some sim-
plifying assumptions on the activation functions in order to
reduce the number of order parameters and possible
“learning strategies” accessible to the trained network. A
direction we intend to pursue is to relax them. Specifically,
we aim at a theory encompassing a broader class of
activation functions for an arbitrary finite number of layers.
An additional difficulty is the systematic stability analysis
of the potentially many fixed points of the RS equations,
each corresponding to a different learning strategy of the
network. Our theory opens an avenue for these extensions,
as all the order parameters needed are now identifiable, but
the analytical treatment and numerical exploration of the
problem require further effort. Moreover, as hinted at in
Appendix B6, for L =1 and activations without the
second Hermite coefficient, we foresee a path for a possible
rigorous proof of our results.

A key novelty of our approach is the way we blend
matrix models and spin-glass techniques in a unified
formalism, which is able to handle matrix degrees of
freedom which are not necessarily rotationally invariant.
It applies to NNs, but also to matrix-sensing problems. We
foresee that it will be useful beyond the realm of inference
and learning problems. Another limitation of the approach
is linked to the restricted class of solvable matrix models
[132,134]. Indeed, as explained in Appendix B 2, possible
improvements would require additional order parameters.
Taking them into account yields matrix models when
computing their entropy which, to the best of our knowl-
edge, are not currently solvable. This is an exciting program
at the crossroads of matrix models, inference, and learning
of extensive-rank matrices.

Accounting for structured inputs is another challenging
perspective. Here we took into consideration a rather
simple data model, i.e., Gaussian data with a covariance
in the vein of Refs. [207,208]. It would be desirable to
study richer data models like mixture models [209,210],
hidden manifolds [176], object manifolds and simplexes
[211-214], and hierarchical data [201,215].

We have considered the idealized matched teacher-
student setting as a first step, with the goal of tackling
the methodological bottlenecks associated with the depth
and linear width of the NN. Even in this simpler Bayes-
optimal scenario, which in particular prevents replica
symmetry breaking [126], the solution required the devel-
opment of a nonstandard approach. A natural next step is to
consider targets belonging to a different function class
than the trainable MLP and focus on training by empirical
risk minimization (zero temperature) rather than Bayesian
(finite temperature). We believe this generalization
can be carried out without major modifications of the
theory, at least in the case where the target remains an MLP
but with a different architecture. A complementary natural

continuation is to push our formalism further in order
to tackle deep architectures beyond the MLP, such as
convolutional networks, restricted Boltzmann machines, or
transformers.

The identification of the relevant order parameters for the
characterization of the equilibrium state carried out in our
contribution paves the way for the study of the learning
dynamics of first-order methods in similar settings. Indeed,
there exist classical methods rooted in physics to study the
learning dynamics of NNs [216-219]. Recently, Ref. [220]
exploited these techniques to study the learning dynamics
of a large NN trained on a GLM target, observing a
separation of timescales between generalization and over-
fitting: It could be interesting to use the insights from our
equilibrium analysis to extend their approach to more
expressive targets. In the context of the dynamics of
learning, it is also relevant to consider power-law-distrib-
uted readouts in the target, as many groups are currently
doing in order to capture neural scaling laws [172,221-224]
in extensive-width shallow NNs.

On a more speculative footing, we would like to point
out that the specialization transition we uncovered in the
interpolation asymptotics is only one of the known mech-
anisms for feature learning: kernel adaptation [63,113],
grokking [77,225], etc. One of the ambitions of an
asymptotic theory is to provide a good approximation
for a large but realistic network, where, however, these
different mechanisms can be at play together. We thus
believe that understanding the interplay between them, as
proposed in Refs. [73,226], and eventually unifying their
taxonomy, is of practical relevance for the future.
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APPENDIX A: NOTATIONS, PREREQUISITES,
AND AUXILIARY RESULTS

1. Notations

(i) Fonts: Bold symbols are reserved for vectors and
matrices. For the order parameters, a calligraphic
symbol such as Q will emphasize that it is a
function, while Q is a scalar.

(i) Thermodynamic limit: The limit lim without further
specification will always correspond to the joint
limit of the large input dimension, NN layer widths,
and number of data all diverging, d, k;,n — +o0,
with scaling (4); it will be called the thermody-
namic limit.

(iii) Hermite decomposition of the activation: (u,) are
the Hermite coefficients of the activation ¢ when
expressed in the orthogonal basis of Hermite poly-
nomials He,(x); see Eq. (5). When different acti-
vations at each layer are considered, o) denotes the

activation at layer [, and /1;1) is its Zth Hermite
coefficient.

(iv) Vectors and matrices: A vector X is always consid-
ered to be in column form, its transpose XT is a row,
and the inner product is thus u'v = >, u;v;. The
norm [|A[| = (37;; A%)"/? is the Frobenius norm and
the Euclidean norm for a vector. The trace operator
for matrices is Tr. The Zth Hadamard (entrywise)
power of a matrix is denoted with a superscript o .

(v) Replicas: The superscript 0 will always indicate a
quantity associated with the target function, while
superscripta, b = 1, ..., s will be used for replicas in
the replica method or for i.i.d. samples from the
posterior distribution.

(vi) Probability and expectations: The symbol ~ ex-
presses that a random variable is drawn from a
certain law. P(-) is a probability, P(-) is a density
function with respect to the Lebesgue measure,
dP(-) the associated probability, P(-|Y) is the condi-
tional density given Y. N'(m,X) is the density of a
Gaussian with mean m and variance £; AV'(m, X) is
the multivariate version. The expectation operator
with respect to a generic random variable X is
denoted Ey, the conditional expectation of X given
Y is E[-|Y], and the expectation with respect to all
ensuing random variables entering an expression
is simply E. The bracket notation is reserved for
an expectation with respect to an arbitrary (but
d-independent) number of samples (6), from the
posterior given the training data dP(-|D)®>:
(f((0),)) = E[f((6),)|D].

(vii) Integrals and densities: When unspecified, the in-
tegration domain of an integral [ f(X)dX is RUm(*).
For a sequence of symmetric real matrices X = X,
indexed by the dimension d, the density px(s) with
respect to the Lebesgue measure is the weak limit of

the empirical law of its (real) eigenvalues
limy_ o (1/d) > i<y 6(s — 4;(X,)), where 6(-) is
the delta Dirac function; the Kronecker delta is
denoted &;;.

(viii) Scalings and proportionalities: The symbol
means equality up to a multiplicative constant
(which may be d dependent). We use the standard
BigO and smallO notations O(-), o(+). In particular,
04(1) means a sequence vanishing as d — co. The
notation f,; = ©(g,) means that the two sequences
verify f /g, — C for some constant C € (0, +0) as
d — o0. ~ means equality up to a correction o4(1).

(ix) Information-theoretic  notions: ~ The  mutual
information between two random variables X, Y
with joint law Py and marginals Py, Py is the
Kullback-Leibler divergence I(X;Y) =1(Y;X) :=
Dy (Pxy||Px ® Py) = H(Y) — H(Y|X) = H(X)—
H(X|Y), where H(X) is the Shannon entropy if X is
discrete, and it is instead the differential entropy if
continuous valued. Similarly, H(Y|X) is the condi-
tional Shannon or differential entropy. We refer to
Ref. [227] if these information-theoretic notions are
not familiar.

2. Hermite basis and Mehler’s formula

Recall the Hermite expansion of the activation:

o(x) = i%Hef(x). (A1)
=0 " "

We are expressing it on the basis of the probabilist’s
Hermite polynomials, generated through

4

He,(z) = d—fexp(tz —-12/2)

7 (A2)

t=0

The Hermite basis has the property of being orthogonal
with respect to the standard Gaussian measure, which is the
distribution of the input data. Specifically, if z ~ N (0, 1),

EHe,(z)He,(z) = £!6;- (A3)
By orthogonality, the coefficients of the expansions can be
obtained as

pe = EHe,(2)o(2). (Ad)
Moreover,
Elo(af = 1 (A5)
=0 "~

These coefficients for some popular choices of o are
reported in Table I for reference. The Hermite basis can
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TABLE 1. First Hermite coefficients of some activation functions reported in the figures. 6 is the Heaviside step function.

o(2) Ho Hi Ha H3 Ha Hs E.-nvo.0) [U(Z)z]
ReLU(z) = z60(2) 1/\V2rx 1/2 1/\V2n 0 —1/V2n 0 1/2
tanh(2z) 0 0.729 48 0 —0.61398 0 1.5632 0.635 26
tanh(2z) /6 0 091524 0 —0.77033 0 1.9613 e 1

be generalized to an orthogonal basis with respect to
the Gaussian measure with generic variance. Let
z~N(0,r), then

. d’
He/(z) = ~—exp(tz — #r/2)| . (A6)
dr =0
For this basis one has
EHe!! (z)Hel) (z) = £1/7 8. (A7)

Consider now a couple of jointly Gaussian random
variables x = (u, v) ~ N (0, C) with

’
C= ( q). (A8)
q r
Then, by Mehler’s formula
1 1
—————exp {——XTC_lx}
2n\/1? — ¢* 2
_i2 2 4o 4
e 2r e 2r q r r
He,/(wHe (v),  (A9)

" \2ar\2ar =0

and by orthogonality of the Hermite basis, Eq. (24) readily
follows by noticing that the variables [1¢ = (Wx),/Vd), ,
at given (W¢) are Gaussian with covariances Q¢ =
W{TWh/d:

(A10)

Moreover, as Q¢¢, to be identified with r above, converges
to the variance of the prior of W° for large d by Bayes
optimality, whenever Q¢ — 1 we can specialize this
formula to the simpler case r = 1 we reported in the main

text.

3. Nishimori identities

The Nishimori identities are a set of symmetries arising
in inference in the Bayes-optimal setting as a consequence

of Bayes’s rule. To introduce them, consider a test function
f of the teacher weights, collectively denoted by 6°, of
s — 1 replicas of the student’s weights (60“), ,, drawn
conditionally i.i.d. from the posterior, and possibly also of
the training set D: f(6°,62, ...,6°; D). Then

Egop(f(6°,6%, ....0°: D)) = Ego (£ (6",6°, ....6°; D)).
(A11)

The Nishimori identities thus allow us to replace the
teacher’s weights with another replica from the posterior
measure. The proof follows from Bayes’s theorem; see,
e.g., Ref. [100].

The Nishimori identities have some consequences also
on our replica symmetric Ansatz for the free entropy. In
particular, they constrain the values of the asymptotic mean
of some OPs. For instance, consider the shallow case

1
R$® = lim -z Ep.go (Tr[S5S9))

1
= lim— Ep(Tr[S$S5]) = R$,

7 for a # b.

(A12)

In addition, within the replica symmetry assumption, all the
above overlaps are equal to one another.

Combined with the concentration of OPs, which can be
proven in great generality in Bayes-optimal inference
[186,192], the Nishimori identities fix the values of some
of them. For instance, we have that with high probability

1

S TH(S9)7) = Ry = lim 1 Ep (Tr{(8)7])

o1
= hm? EgoTr[(S9)?]

=1+yv% (A13)
with Ev = 9. When this happens, as for R, then the
respective Fourier conjugates R, vanish, since the desired
constraints were already asymptotically enforced without
the need of additional delta functions. This is because the
configurations in which the OPs take those values expo-
nentially (in n) dominate the posterior measure, so these
constraints are automatically imposed by the measure.
Another OP for which we have a similar consequence is
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FIG.21. Trajectories of Ex_ (4 — A7)?/Ey_ (41 — 2°)* — 1, where A7 = deq( (6¢) and 2° := Ao (6°). 0] is the HMC sample at step 7 for
the first chain independently initialized from the second, Ex.. is an average over 5.10* test samples. Here, L = 1,d = 150,y =
0.5,A=0.1,a=5,0 =ReLU, W is Gaussian, and v is homogenenous. HMC runs are initialized uninformatively (left) and
informatively (right) in order to probe the metastable and equilibrium states, respectively. This quantity approaches zero for long
enough times, indicating the empirical validity of the Nishimori identity F{A'4?) = E{A")1° both for the posterior average (-) and the

average over the metastable state (-),.., (see Remark 5 in the main text).

Qua(v) = li d|I|Z[ED (W . W4)
ieZl,
= lim Ego||[WY|2 =1, (A14)
i, @

and consequently, Q% (v) = 0.

Let us now draw some more generic conclusions that we
shall need in the following. Given a generic set of OPs
labeled by replica indices, say, Q = (Q*) <. @
replica-symmetric Ansatz for it would enforce the follow-
ing form:

( p
mls (Qd -

where 1, = (1,1,...,1) €R*, and I, € R is the identity
matrix. Under rather general terms, the Nishimori identities
are actually enforcing the constraints p = Qy4, m = Q,
yielding

o

As we explained in this section, the Nishimori identities are
a property of posterior measures sampled at equilibrium in
the Bayes-optimal setting. In the numerical part of this
paper exploiting Monte Carlo sampling, we checked their
validity not only at equilibrium, but also whenever the
algorithm is stuck in a metastable state captured by
suboptimal branches of our theory (see Remark 5 in the
main text). We report an explicit check of this fact
in Fig. 21.

ml!

0)I;+ 01,1

Q

> eR TP (A15)

o1

o >
(Qu—0)1,+ 01,1}

01,

RS+ Ixs+1

(A16)

4. Linking free entropy and mutual information

It is possible to relate the mutual information (MI) of the
inference problem to the free entropy f, = Eln Z intro-
duced in the main text. Indeed, we can write the MI as

1(6D) _H(D) H(D|6")

, (A17)

where H(Y|X) is the conditional Shannon entropy of Y
given X. Using the chain rule for the entropy, and the
definition (9), the free entropy can be recast as

A sl ¥ubuen) _ HD)  H{Xu}ycn)

_fn =
(A18)

On the other hand, H(D|6°)=H({y,}6°.{x,})+

H({xﬂ}), ie.,

H(D|6°)

n

H({X,},<n)
z_[E/l/dyPout(yM)lnpout(yM)++ﬂs’

(A19)

where 1 ~ N (0, Ky), with Ky given by Eq. (13) for L = 1,
while for L =2 and L =3, given our normalization
assumptions on the activation functions, K4 = 1 (assuming
here that x4y = 0; see Appendix B 1 g if the activation o is
noncentered). Equality holds asymptotically in the limit
lim. This allows us to express the MI asymptotically as

1(0°,D)

— fu+E / dyP o (312) In Pou(¥12) + 0, (1).
(A20)

Specializing the equation to the Gaussian channel, one
obtains

0.

10=D) _ _ _Lin(agen). (A21)
n 2

We chose to normalize by n because, in our scaling, it is

always proportional to the number of total parameters, that

is, ®(d?). Hence, with this choice one can interpret the

parameter a as an effective signal-to-noise ratio.
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Remark 6. The arguments of Ref. [171] to show the
existence of an upper bound on the mutual information per
variable in the case of discrete variables, and the associated
inevitable breaking of prior universality beyond a certain
threshold in matrix denoising, apply to the present model,
too. It implies, as in the aforementioned paper, that the
mutual information per variable cannot go beyond In 2 for
Rademacher inner weights. Our theory is consistent with
this fact; this is a direct consequence of the analysis in
Appendix B 3 carried out for the shallow case L = 1 [see,
in particular, Eq. (B68)] specialized to binary prior over W.

5. Alternative representation for £°P' with L=1

We recall that 6° = (v, W°) and similarly for
0' = 0,6, ..., which are replicas, i.e., conditionally i.i.d.
samples from dP(W,v|D) (the reasoning below applies
whether v is learnable or quenched, so in general, we can
consider a joint posterior over both). From its definition (8),
the Bayes-optimal generalization error can be recast as

et = [an,xw[E[ytzest\/lo] - 2[E0°,Dxtes:[E[YtestMO]<[E[y|’1]>

+ B pox,., (EDVIA), (A22)

where E[y|4] = [dyyPou(y|2), and (29, are the
random variables (random due to the test input X, drawn
independently of the training data D, and their respective
weights 6°,0)

v WX
29 = dest(0°) = —=0 t) A23
wl0) =0 (N (A23)
Recall that the bracket (-) is the average with respect to the
posterior and acts on @' = 6,6, .... Notice that the last

term on the rhs of Eq. (A22) can be rewritten as

Egp D x,o (EDVIAD)? = Ego p x,. (EDIATEYIZ]).

with superscripts being replica indices.

In order to show Result 2 for a generic P, we assume
the joint Gaussianity of the variables (4°, 1!, 42, ...), with
covariance given by K% with a,b€{0,1,2,...}. Indeed,
in the limit “lim”, the theory considers (1%),s, as jointly
Gaussian under the randomness of a common input, here
X, conditionally on the weights (6¢). Their covariance
depends on the weights (6*) through various overlap OPs
introduced in the main text. In the large limit “lim”, these
overlaps are assumed to concentrate under the quenched
posterior average Egq p(-) toward nonrandom asymptotic
values corresponding to the extremizer globally maximiz-
ing the RS potential in Result 1, with the overlaps entering
K through Eq. (B10). Using the replica-symmetric
Ansatz [see Eq. (B12)] and the Nishimori identities, the
covariance evaluated on these overlaps shall be denoted K*
as in the main text, and its elements are written as

K*b = K* +5,,(K4 — K*). This hypothesis is then con-
firmed by the excellent agreement between our theoretical
predictions based on this assumption and the experimental
results. This implies directly Eq. (17) in Result 2 from
definition (7). For the special case of optimal mean-square
generalization, error it yields

lim % = 0 E[yiew|A°] = 2B 0 3 E[yiesd ] E[y[2']

+ Ep 2E[yIATE[|22], (A24)
where in the replica-symmetric Ansatz,
E[(2°)?] = K4, E[2°4'] = E[2°4%] = K™,
EQ2 =K. E[() =E[(P)?) =K.  (A25)
We thus have
Ejo o E[yes JE[y1AT] = Ep 2E[|2']E[y[2%].  (A26)

Plugging the above in Eq. (A24) yields Eq. (18).

Let us now prove a formula for the optimal mean-square
generalization error written in terms of the overlaps which
holds for the special case of linear readout with Gaussian
label noise Py, (y|4) = exp{—[1/(2A)](y — 1)*}/V2zA.
The following derivation is exact and does not require
any Gaussianity assumption on the random variables (1¢).
For the linear Gaussian channel, the means verify E[y|d] =
Aand E[y?|A] = 2* + A. Plugged into Eq. (A22), this yields

= A = Eg (1) = 2Epp.p A1) + Egp i, (A1),

(A27)

Xest

whence we clearly see that the generalization error depends
only on the covariance of 29 41 A2 under the randomness of
the shared input x. at fixed weights, regardless of the
validity of the Gaussian hypothesis on the postactivations
(11) that we assume in the replica computation. This
covariance was already computed in Eq. (24); we recall
it here for the reader’s convenience

oo,“;l k

K (6% b =E ajyb _ re
(0.0) =B 202 =3 Z7 >
= i,j=1

© 2
= 2GR
= 7!

where Q' := W{TW?/d, and R¢" as introduced in Eq. (24)
for a, b =0, 1, 2. We stress that K(6%,6") is not the
limiting covariance K“” whose elements are in Eq. (B12),
but rather the finite-size one. K (0, 8") provides us with an
efficient way to compute the generalization error numeri-
cally used in Appendix B4, Fig. 24, that is through the
formula

v (QEP) b

(A28)
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— A =EpK(6°,0°) — 2Ep »(K(6°,0"))
+ [Eoo (K(0',0%))

Z [E DROO

In the above, the posterior measure (-) is taken care of by
Monte Carlo sampling (when it equilibrates). In addition, as
in the main text, we assume that in the large system limit
the (numerically confirmed) identity (29) holds. Putting all
ingredients together, we get

2R+ RZ).  (A29)

-8 = g (R~ 260+ &)

2RY 1 RY)

+ Epep, 07 [9(Q%(v)) — 29(Q" (v))
+(@2()]).

2
U
+?2(Rg0 -~

(A30)

In the Bayes-optimal setting, one can use again the Nishimori
identities that imply Egop(R}?) = Ego p(R}'), and analo-
gously Eg p(RY?)=Eg p(RS') and Egp(9(Qii(v)))=
Egop{g(QY (v ))) Inserting these identities into Eq. (A30),
one gets

2
e — A = Ep p(u}(RY - RY") + 52 (RY — RY")
+ Epep, 12 [9(Q0(2)) = 9(Q" (0)))-

This formula relies only on the validity of Eq. (29), and makes
no assumption on the law of the A’s. That it depends only on
their covariance is simply a consequence of the quadratic
nature of the mean-square generalization error.

Remark 7. Note that the derivation up to Eq. (A29) did
not assume Bayes optimality [while Eq. (A31) did].
Therefore, one can consider it in cases where the true
posterior average (-) is replaced by one which does not
verify the Nishimori identities. Equation (A29) is the
formula we use to compute the generalization error of
Monte-Carlo-based estimators in the inset of Fig. 24.
There, MCMC cannot equilibrate and experiences a glassy
regime. This regime, at variance with the metastable states
described in the main text (see Remark 5), does not
correspond to any suboptimal branch of our theory: We
verified numerically that indeed the Nishimori identities do
not hold there.

Remark 8. Using the Nishimori identity of Appendix A 3
and again that, for the linear readout with Gaussian label
noise E[y|A] = 4 and E[y?|A] = 4> + A, it is easy to check
that the so-called Gibbs error

(A31)

8Gibbs = IEGO,’D,st[.ylcSl<{ytest - [E[y|’1test(0)]}2> (A32)

is related for this channel to the Bayes-optimal mean-
square generalization error through the identity

gGbs _ A = (Pt — A). (A33)
We exploited this relationship together with the concen-
tration of the Gibbs error with respect to the quenched
posterior measure Eg p(-) when evaluating the numerical

generalization error of the Monte Carlo algorithms reported
in the main text.

APPENDIX B: SHALLOW MLP

1. Details of the replica calculation

In this section, we report all the details needed to derive
our results with the replica method when L = 1. The
starting point is the assumption of joint Gaussianity of
the postactivations

o=l ).

under the randomness of x, for typical (8“). The covariance
of this Gaussian family is

K = EA9(0)2°(6%)

:_ZUOUOEG( ﬁ"%(wjé"). (B1)

To compute it, we use Mehler’s formula (A9) plus the
assumption that ||[W¢||?/d concentrates toward 1, which is
verified by Nishimori identities:

We . Wb
0,0(0ab\¢ ab,_ i J
”j(gij) ) Qij T4

(B2)
Because of norm concentrations of the W¢’s, one can
show that for a fixed i only for a small number of indices,
j Wj’ can have an O(d) projection onto W¢. As confirmed
by our numerics, we assume this projection is large
only for one index j, which by permutation invariance,
we can assume to be i itself. In other words, we are
assuming that

QP =o0(1), Q¥= 0(%1) fori#j. (B3)

Note that this is rigorously provable for the diagonal part of
the covariance a = b. Then our assumptions imply

L
L

i#]

Q)" = O(k/d?) = O(d'~1?).  (B4)
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which vanishes for any ¢ > 3. Hence, the covariance
simplifies to

>~

Kab 7ﬂ1Rab+M2Rab Z (19)2g(Q2b) +0(d™V?),

(BS)
where
ey
9 =27
= Eyonlo(v)o(2)] — w5 — mix = ﬂfxz,
1 x
(y’Z)NN{(O’O)(x 1)] (B6)

Here, again by permutation symmetry, we can assume that
all overlaps Q¢? for i € Z, concentrate onto the same value
Q% (v) labeled by v, thus leading to

2 Z,
K iR 2R+ v L S g0

2 veV zeI

2
~ i+ 2R+ TP, (VIVg(Q (v)). (B7)

2 veV

In the above, we have used the aforementioned permutation
symmetry and concentration, and the fact that (|Z,|/k) —
P, (V). Furthermore, we assumed that R%> — 1, which is
justified by the fact that R¢? is a scalar overlap between two
vectors S{, S?. In fact, at the present scaling of n, k, d, the
vector SY can be retrieved exactly.

K is what governs the “energy” in our model, and the
overlaps therein appearing thus play the role of OPs. Recall
the form of the replicated partition function

_E, / l(deW(W“)
x%/@ﬁamwwﬂﬂ

which, after the above simplifications, reads
EZS = /dR2dQexp[FS(R2, Q) +nFg(R,, Q)], (BY)

where R, = (R$’) and Q:={Q%a<b}, Q% :=
{Q(v)|ve V}. We split the discussion in the evaluation
of the energetic potential F'i, the entropic potential F'g, and
finally the derivation of the saddle-point equations for the
OPs. The calculation is performed assuming replica sym-
metry, as explained below.

a. Energetic potential

The replicated energetic term under our Gaussian
assumption on the joint law of the postactivation replicas
is reported here for the reader’s convenience:

——/’UK 12 s
F ln/dy/d/l Py (y]A%), (B9
5 2WHMKQ (y12), ()
with
/"2
K =i + RS + E,np,v?9(Q7 (1) (B10)

2

The energetic term Fp is already expressed as a low-
dimensional integral, but it simplifies considerably under
the RS Ansatz and after using the Nishimori identities. Let
us denote Q(v) = [Q’(V)]5,_,. then, using Eqgs. (A15)
and (A16)

AR Q(V)1;
g”‘(gmu U—%W%+meﬂ>
. B 0 _Q(v)li

‘gQW”‘<-Qwu @wm—@WﬂﬂJ’

Rd Rzl;
2T <R21s (Rg—Ry)I + R21s1l>
PN ﬁz _ ( AO R —RZAI >’
“Ro1, R, — Ro1,1]

where we reported the Ansatz also for the Fourier con-
jugates for future convenience, though not needed for the
energetic potential. We are going to use repeatedly the
Fourier representation of the delta function, namely,
8(x) = [1/(2x)] [ dxexp(i%x). Because the integrals we
will end up with will always be at some point evaluated by
the saddle point, implying a deformation of the integration
contour in the complex plane, tracking the imaginary unit i
in the delta functions will be irrelevant. Similarly, the
normalization 1/2z will always contribute to subleading
terms in the integrals at hand. Therefore we will allow
ourselves to formally write §(x) = [ d&exp(rix) for a
convenient constant r, keeplng in mind these consider-
ations (again, as we evaluate the final integrals by the
saddle point, the choice of r ends up being irrelevant).

The RS Ansatz, which is equivalent to an assumption
of concentration of the OPs in the high-dimensional limit,
is known to be exact when analyzing Bayes-optimal
inference and learning, as in the present paper; see
Refs. [182,186,192]. Under the RS Ansatz, K acquires a
similar form:
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Ky K1!
= (B11)
K1, (Kq—K)I,+K1/1!
with
12
K=K(Ry. Q) =y} + Ry + E,op, v?g(Q(v)),

2

4
Kq=pi +=5 Rq+9(1).

: (B12)

In the RS Ansatz, it is thus possible to give a convenient
low-dimensional representation of the multivariate
Gaussian integral of F'z in terms of white Gaussian random
variables:

=&VK+u'\/Kg—K fora=0,1,....s, (B13)
where &, (u“)’_, are i.i.d. standard Gaussian variables.
Then

Fp= ln/dy[Eg'uoPout(yM\/E +u’\/Kq— K>
< [ [ Eue PouVIEVE + ut\/Ky = K).
a=1

(B14)

The last product over the replica index a contains identical
factors thanks to the RS Ansatz. Therefore, by expanding in
s — 0F, we get

FE = s/dy[Ei,uopout(yw\/?‘I’ MO V Kd - K)

X INE, Po(y|EVK + u\/Kg— K) + O(s*)  (BI5)
=:5bp,, (K(Ry. Q); Kq) + O(s7). (B16)

Notice that the energetic contribution to the free entropy
has the same form as in the generalized linear model [100].
For our running example of linear readout with Gaussian
noise, the function ¢P0u[ reduces to

br (K(Ry. = —3n2re(A + Ky~ K)]. (BI7)

Q);Kq4)

b. Entropic potential

The entropic potential is obtained by counting the
degeneracy of configurations yielding the same values of
OPs appearing in K:

oFs — / f[dsg / f[de(W“)fS(S‘z’—%/W)

x H [T stdiz,|Q(v)

as<bveV

where we have introduced the integral over the Hermitian matrices dS4§

Vi(Q) = / T dPw(We) H [] sz, o W)
a=0

as<bveV

ZW‘”W”) Ha (AR — TrS3Sh), (BIS)
a<b
= HaISaz dsg;a]az- Defining
)= D_WITWD), (B19)

i€,

the entropic potential can be conveniently recast in terms of the following conditional measure:

P((89)|Q) = Vk(Q)~ / HdPW(W“ 5(S¢ — WeTdiag(v)W*/\'k )H [T sdzy|Q(v) - > W{TW?)  (B20)

a<bveV i€,
as
0,s
oFs = VI(Q) / dP((59)|Q) [ [ 5(a>Rs? - TrSgs). (B21)
a<b

Recall that V is the support of P, (assumed discrete for the moment). Recall also that we have quenched the readout
weights to the ground truth. This is a measure over different replicas of the random matrices S4, defined in terms of the
distribution of the matrices W¢ by the first delta function in Eq. (B20) coupled through the term Q” in the second delta
function. This coupling between replicas marks a difference with the computation of Ref. [96]: To proceed, we need to relax
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this measure to something more manageable. We thus first evaluate the exact asymptotic of its trace second moment to
eventually write a relaxation in a moment-matching scheme.

c. Exact second moment of P((S%)|Q)

In this measure, one can compute the asymptotic of its second moment

/dP((S“)|Q) —TrS585 = Vi( )‘l/ﬁdPW(W“)1Tr[W“Tdiag(v)W“W”Tdiag(v)W"]

kd?
X H [ 8@z Qb (v) - > WiTW?). (B22)
a<bveV iel,

The measure is coupled only through the last §’s. We can decouple the measure at the cost of introducing Fourier conjugates
whose values will then be fixed by a saddle-point computation. The second moment computed will not affect the saddle
point; hence, it is sufficient to determine the value of the Fourier conjugates through the computation of V4¢(Q), which
rewrites as

vite) = | fdeW(w“) [] I @i esp| -0 (a @) - S werwe )

as<bveV i€Zy

e~ H exp (d|I lextr gan ) [ Z B (v)Q® (v) + ln/ HdPW w,)e D veho f"’b(v)wuwb}) (B23)

veV a<b.0

In the last line, we have used saddle-point integration over B’ (v), and the approximate equality is up to a multiplicative
explo(n)] constant. From the above, it is clear that the stationary B®’(v) are such that

f Hi:() dPW(Wr>WlZWb Hf«st’o eBrt(v)wrW,

Qah (V) — ¢
JTE_gdPw(w,) TTic, o e Vv

= <WaWb>1§(v)- (B24)
Using these notations, the asymptotic trace moment of the S,’s at leading order becomes

k d
/ dP((8)1Q) 5 TrS“S" Z Z W WEWEWE) (5w
1=1j,p=1

\; Zz<< ZWaWb> > k2<z il Z ?(V;’Z)z>{ﬁ(v)}vev. (B25)

1#i,1

We have used the fact that <-)]§(v) is symmetric if the prior Py is, thus forcing us to match j with p if i # /. Considering that

by the Nishimori identities Q%(v) = 1, it implies B“*(v) = 0 for any a = 0, 1, ..., s and v € V. Furthermore, the measure
<->1§(v) is completely factorized over neuron and input indices. Hence, every normalized sum can be assumed to concentrate

to its expectation by the law of large numbers. Specifically, we can write that with high probability as d, k — oo,

—ZZWawh — |Z,|Q%(v), Z Z Zy ” Vlvv’—>y172, (B26)

zeIV Jj= v.v eV j=l1i€ez, leT l#i v,V ev

where we used |Z,|/k — P,(Vv) as k diverges. Consequently, the second moment at leading order appears as claimed:

/ dP((59)|Q) lerS“Sb SR WV QPWP + 77 = E,p, 12Q ()2 + 77, (B27)

veV
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d. Relaxation of P((S4)|Q) via maximum entropy with
moment matching

We now show how to obtain the relaxation P((S$)|Q) in
Eq. (31), which we report here for the reader’s convenience:

0,s 0.s
P((89)1Q) = Vik(Q) T Ps(8) [ e @ ms:s:,
a a<b

(B28)

where Py is the probability density of a generalized Wishart
random matrix, i.e., of WTdiag(v)W/vk with W € R¥*¢
made of i.i.d. standard Gaussian entries, Vi¢(Q) is the
proper normalization constant, and 7(Q“) is such that

- 1
/ dP((89)|Q) TSI, = E,p, 12 Q" (1)’ + 17
(B29)

We shall see that the above equation converts into a
convenient relation involving the inverse function
MMSE! when taking the replica-symmetric Ansarz. The
effective law P((S§)|Q) is the least restrictive choice
among the Wishart-type distributions with a trace moment
fixed precisely to the one above. In more specific terms, it is
the solution of the following maximum entropy problem:

it { D PP
T

: 1
+ ) g <[EP?TrS§S’2’ ~y5* —E,p, U2Qab(v)2) }

a<b,0
(B30)

where Py is a generalized Wishart distribution [as defined
above Eq. (31)], and P is in the space of joint probability
distributions over s 4+ 1 symmetric matrices of dimension
d x d. The rationale behind the choice of Pg as a base
measure is that, in the absence of any other information, a
statistician can always use a generalized Wishart measure

|

for the S,’s if they assume universality in the law of the
inner weights. This Ansatz would still yield a nontrivial
performance achieved by our adaptation of GAMP-RIE in
Appendix B 4 for generic activations.

Note that if a = b then, by the Nishimori identities, the
second moment above matches precisely Ry = 1 + y7°.
This entails directly 7% = 0, as the generalized Wishart
prior Pg already imposes this constraint.

e. Entropic potential with the relaxed measure

We now use the results from the previous paragraphs to
compute the entropic contribution Fg to the free entropy,
Eq. (B21). Indeed, let us proceed with the relaxation of the
measure P((S4)|Q) by replacing it with P((S$)|Q)
derived above:

D d2 ° nab pa 1
el's = V]‘f“,l(g)/dRz CXp<—2 Z R2 th) W

a<b,0

/HdPS exp(z Tap + RY’ TS“Sb>
(

a<b,0
B31)

where we have introduced another set of Fourier conjugates
R, for R,. The factor V¢(Q) was already treated in
Eq. (B23). However, here it will contribute as a tilt of the
overall entropic contribution, and the Fourier conjugates
O (v) will appear in the final variational principle.

As usual, the Nishimori identities impose R§* = Ry =
1 + y»?* without the need of any Fourier conjugate. Hence,
similarly to 7%¢, R4 = 0, too. Furthermore, in the hypoth—
esis of replica symmetry, we set 7%? = 7 and R$® = R, for
all 0 <a < b <s. Then, when the number of replicas s
tends to 0", we can recognize the free entropy of a matrix
denoising problem. More specifically, using the Hubbard-
Stratonovich transformation [i.e., Ezexp[(d/2)TtMZ] =
exp[(d/4)TrM?] for a d x d symmetric matrix M with Z a
standard GOE matrix], we get

T+ R
Jo (7. Ry) —Sgr&aln/HdPs (S%) exp( 7 2 Z TrSE‘Slz’)

1 < d [ ua S3
:ZEln/dPS(S2>CXp§TI'|: T+R2YSZ—( +R2) 2:|

= /7 + R,SY + E with £ a standard GOE matrix, S, =

where Y = Y(z + R,)

a<b,0

(B32)

S,/+/d and analogously for the ground truth

matrix, and the outer expectation is with respect to Y (or S°, €). Thanks to the fact that the base measure P is rotationally
invariant, the above can be solved exactly in the limit n — oo, n/ & - a (see, e.g., Ref. [103]):

031014-45



BARBIER, CAMILLI, NGUYEN, PASTORE, and SKERK PHYS. REV. X 16, 031014 (2026)

. . 1 R)R
J(z,Ry) =1limJ,(z,R,) = - (Wﬂ

N 1 1
! S R)). with o) = 4 o) (833)

Here, 1(x) = limI(Y(x);S9)/d? is the limiting mutual information between data Y(x) and signal SY for the channel
Y(x) = /xS + & the measure Py(x) is the asymptotic spectral law of the observation matrix Y(x), and
2(u) == [In|x — y|du(x)du(y). Using free probability, the law py(,) can be obtained as the free convolution of a
generalized Marchenko-Pastur distribution [the asymptotic spectral law of S5 = W'diag(v?)W°/\/kd, which is a
generalized Wishart random matrix] and the semicircular distribution (the asymptotic spectral law of §); see Ref. [136]. We
provide the code to obtain this distribution numerically in the attached repository. The function MMSEg/(x) is obtained
through a derivative of 1, using the so-called I-MMSE relation [103,184]:

4%1(}6) = MMSE;(x) = % <l - 4%//4%((){) (y)dy). (B34)

The normalization [1/(ns)]In Vi¢(Q) in the limit n — co, s — 0% can be simply computed as J(z,0).
For the other normalization, following the same steps as in the previous section, we can simplify V’;;’(Q) as follows:

1 Y 1 SR s s pab
kd ~ - _ ab ab S o QW (Vwew
P InVi{(Q) ~ . g kextr|ZV| [ E Qw (vV)Q(v) +In / allodPW(wa)gZ <0 b:| 7 (B35)

veV a<b,0

as n grows, where extremization is with respect to the hatted variables only. Thanks to the Nishimori identities, we have that
at the saddle point Q““(v) = 0 and Q%“(v) = 1. This, together with standard steps and the RS Ansarz, allows us to write the
d — c0,s — 07 limit of the above as

A

I
lim lim—In V&(Q) = LE, _p extr [_ Q) Q(v)
5=07" ns a v 2

1, (0(0)] (B36)

with yp, () as in the main text. Gathering all these results yields directly

s—0" da a

F Ry(Ry—Ry) 1 . . C
it £ — exe 245 2o R =]+ L, (00 - RO )

ns o
Extremization is with respect to R,, Q. 7 has to be intended as a function of Q = {Q(v)|ve V} through the moment-
matching condition

400,.J(7,0) = Ry — 41 (1) = E,op, v* Q(v)* + 172, (B38)

which is the s — 0 limit of the moment-matching condition between P((S$)|Q) and P((S4)|Q). Simplifying using the
value of Ry = 1 + y%? according to the Nishimori identities, and using the -MMSE relation between 1(7) and MMSEg(7),
we get
MMSEg(z) = 1 — E,.p, 1*Q(v)? & 7 = MMSEg!'[1 — E,.p v*Q(v)?]. (B39)

Since MMSEj is a monotonic decreasing function of its argument (and thus invertible), the above always has a solution, and
it is unique for a given collection Q.

f. RS free entropy and saddle-point equations

Putting the energetic Eq. (B16) and entropic Eq. (B37) contributions together, we obtain the variational replica-
symmetric free-entropy potential:
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140 = b (K (R, Q)i K) 1 (14772 = Ro)Ry Lo s (Q(0) = 5 Q(0)O(0)
2 Q) ~1(Ry + 7(Q))] (B40)

which is then extremized with respect to {Q(V), Q(v)lveV}, Rz, R,, while 7 is a function of Q through the moment-
matching condition (B39). The saddle-point equations are then

Qv) = [Ew“,ﬁ[WO<W>Q(v)]’
P,(V)Q(V) = 2[Ry = 7% = E,op 1*Q(0)2]00(7(Q) + 2%00v) ¢, (K (R2, Q): Ky),

(B41)
Ry = Ry =it |1V = 5 [ Moy Y.
R, = 4adg,¢p,, (K(R,. Q); Kd)’
where w0 ~ Py, &~ N(0,1), and we define the measure
4P ( )e(\/;-f-&-xwo)w—%xwz
(s = (), (00, 8) o= L4 (B42)

f d PW (\/}§+xw0)w—%xw2
All the above formulas are easily specialized for the linear readout with Gaussian label noise using Eq. (B17). We report
here the saddle-point equations in this case [recalling that ¢ is defined in Eq. (B6)]:

Q(v) = Eyp, [W0<W>Q(uﬂv

~ a v2g'(Q(v))
(V) 2/P [ }/1]2 - lEL'NPL. UZQ(U)Z]aQ(V)T(Q> + ; AJF%IJ%(Rd—RzH’gg(l)—[EUNPL_UZg(Q(U)) )

(B43)

47% 3
Ry = Ri= g5 |1 =5 My aegon )|

R, =

2
)
A+ (Ry—Ry)+9(1)—E p, v?g(Q(v)) *

If one assumes that the overlaps appearing in Eq. (A31) are self-averaging around the values that solve the saddle-point
equations (and maximize the RS potential), that is, R)", R9! — 1 (as assumed in this scaling), RY® — R4, RY' — R}, and
QY (v) - 1, Q% (v) — Q*(V), then the limiting Bayes-optimal mean-square generalization error for the case of linear
readout with Gaussian noise appears as

M —A=Ky-K' =

SIS

(Ra—R3) +9(1) —E,op,v7g(Q"(v)). (B44)

g. Noncentered activations

Consider a noncentered activation function, i.e., yty # 0 in Eq. (A1). This reflects on the law of the postactivations, which
will still be Gaussian, centered at

k
Ho
E A4 =25 ;= oA, (B45)

and with the covariance given by Eq. (24) (we are assuming ||[W¢||?/d — 1). In the above, we have introduced the new
mean parameter A. Notice that, if the v’s have a = O(1) mean, then A scales as \/E due to our choice of normalization.
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One can carry out the replica computation for a fixed A. This new parameter, being quenched, does not affect the entropic
term. It will appear only in the energetic term as a shift to the means, yielding

——/’UK“A s

Fp = Fp(K, A) ln/d/d/l Pou (]2 + Ho). B46

Within the replica-symmetric Ansatz, the above turns into

[m? mi\ 1 = o
efe = /dy[Ef,uOPout (ylﬂOA + 5 71( + u’ Pk — %) | | [Eu“Pout<y|M0A +§ K +u® Kd - K)
a=1

Therefore, the simplification of the potential g proceeds as in the centered activation case, yielding at leading order in the
number s of replicas

Frp(K4, K. A\)
s

= /dy[Eé,uOPout(yWOA + ‘S\/E + uO V Kd - K) In [Eupout(yLuOA + é:\/E +u V Kd - K) + O(S)

in the Bayes-optimal setting. In the case when P, (y|4) = f(y — 1), then one can verify that the contributions due to the
means containing p cancel each other. This is verified in our running example where P, is the Gaussian channel:

Fp(Kg,K.A) 1 1wl (A=A)? 1 1
; = 21n[27r(A+Kd K)] 5=3 A+Kd—K+O(s) = 21n[27r(A+Kd K)] 2+O(s). (B47)

2. Alternative simplifications of P((S$)|Q) through moment matching

A crucial step that allowed us to obtain a closed-form expression for the model’s free entropy is the relaxation P((S$)|Q)
(31) of the true measure P((S5)|Q) (30) entering the replicated partition function. The specific form we chose (tilted
Wishart distribution with a matching second moment) has the advantage of capturing crucial features of the true measure,
such as the fact that the matrices S§ are generalized Wishart matrices with coupled replicas, while keeping the problem
solvable with techniques derived from random matrix theory of rotationally invariant ensembles. In this appendix, we report
some alternative routes one can take to simplify, or potentially improve the theory.

a. A factorized simplified distribution

In the specialization phase, one can assume that the only crucial feature to keep track in relaxing P((S5)|Q) (30) is the
coupling between different replicas becoming more and more relevant as a increases. In this case, inspired by
Refs. [168,169], in order to relax Eq. (30) we can propose the Gaussian Ansatz

(B48)

e 2Zab 0 (Zlfllaz_ab Q)ngalaz
dpP ($9)1Q) = dSs || 6(S5. 0 — kv ) X ,
e H ZH - allzlaz Vv (2r) 1 det[7(Q) ']

where 7 is the mean of the readout prior P, and 7(Q) = [7%°(Q)],, is fixed by

[7(Q)]up = Evep, v? Q" (v)?.

In words, first, the diagonal elements of S§ are d random variables whose O(1) fluctuations cannot affect the free entropy in
the asymptotic regime we are considering, being too few compared to n = @(d?). Hence, we assume they concentrate to
their mean. Concerning the d(d — 1)/2 off-diagonal elements of the matrices (S$),, they are zero-mean variables whose
distribution at given Q is assumed to be factorized over the input indices. The definition of 7(Q) ensures matching with the
true second moment (B27).

Equation (B48) is considerably simpler than Eq. (31): Following this Ansatz, the entropic contribution to the free entropy
gives
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s Sa lxb +Rab Sb _
eFS :=/ H dkgbek‘llnvw +d—_TrRTR2 |:/Hd e 2214[1 =0 2] 27 d(d-1)/2
a<h0 V(27) ! det[z(Q) 7]
X /HHdSzaa 20{& \/%’U)e 424117 ORab Za 1 gaa 2(1{1 (B49)
a=0a=
instead of Eq. (B31). Integration over the diagonal elements (S‘Z’ «a)a can be done straightforwardly, yielding
a ab +Rab Sb a
oFs _/ H RSP e kdIn Viy (Q)+LTrR] (R, —y11172) [/H a€ S 20 P da-n/2 (B50)
a<h0 V(27)* ! det[z(Q) 7]
The remaining Gaussian integral over the off-diagonal elements of S, can be performed exactly, leading to
oFs — / H dkghekdln vw(Q)J%Trﬁ;(Rz—ynT52)—@1ndet[13+1+R2f(g)*1]_ (B51)

a<b,0

In order to proceed and perform the s — 0" limit, we use the RS Ansatz for the overlap matrices combined with the
Nishimori identities, as explained above. The only difference with respect to the approach detailed in Appendix B 1 is the
determinant in the exponent of the integrand of Eq. (B51), which reads

Indet[Z,;; + Ry7(Q)7"] = sIn[l + Ry (1 = E,p 12°Q(v)?)] = sR, + O(s?). (B52)
After taking the replica and high-dimensional limits, the resulting free entropy is
1+y02 = R)R, v A 1 A
18 = o (KR, QK + LT IR Ty, (o) -1 0)0(w)
1 N
— [l Ryl By 12Q(0))] (BS3)
a
to be extremized with respect to R,, R,, { Q(v), O(v)}. The f =¢p (K(Ry, Q=0);Ky)
main advantage of this expression over Eq. (B40) is its um “1”‘ :
simplicity: The moment-matching condition fixing 7(Q) is + e (1+y9* = Ry)Ry ——1(R,)  (B54)
a a

straightforward (and has been solved explicitly in the final
formula), and the result does not depend on the nontrivial
(and difficult to numerically evaluate) function :(x), which
is the mutual information of the associated matrix denois-
ing problem (which has been effectively replaced by the
much simpler denoising problem of independent Gaussian
variables under Gaussian noise). Moreover, one can show,
in the same fashion as done in Appendix B 3, that the
generalization error predicted from this expression has the
same large-a behavior than the one obtained from
Eq. (B40). However, not surprisingly, being derived from
an Ansatz ignoring the Wishart-like nature of the matrices
S4, this expression does not reproduce the expected
behavior of the model in the universal phase, i.e., for
a < ag(y).

To fix this issue, one can compare the predictions of the
theory derived from this Ansatz, with the ones obtained by
plugging Q(v) =0 V v (denoted Q = 0) into the theory
devised in the main text [Eq. (15)]

to be extremized now only with respect to the scalar
parameters R,, R, [one can easily verify that, for Q =0,
7(Q) =0 and the extremization With respect to Q in

Eq. (15) gives Q = 0]. Notice that f um is not depending
on the prior over the inner weights, which is the reason why

we are calling it universal. For consistency, the two free

entropies f §;) , ffm)l should be compared through a discrete

variational principle; that is, the free entropy of the model is
predicted to be

fgs) = max{extrf&)i, extrfgg,) } (B55)
instead of the unified variational form (15). Quite generally,

extr fum > extrf’ §§,) for low values of e, so that the behavior
of the model in the universal phase is correctly predicted.
The curves cross at a critical value

031014-49



BARBIER, CAMILLI, NGUYEN, PASTORE, and SKERK

PHYS. REV. X 16, 031014 (2026)

0.100
—— Main text
sp
0.0751 uni
=
<, 0.0501
0.0251
00005 2 4 6

—0.35
—0.40
—0.45
—0.50
—— Main text

—0.55 sp

uni
—0.600 3 4 G

(%

«

FIG. 22. Different theoretical curves and numerical results for ReLU(x) activation, P, =1 (5_, 1 H0_1 58,5+ 855)s
d =200, y = 0.5, with linear readout with Gaussian noise of variance A = (0.1 Top left: optimal mean-square generalization error
predicted by the theory reported in the main text (solid blue) versus the branch obtained from the simplified Ansatz (B48) (solid red). The
green solid line shows the universal branch corresponding to Q = 0, and empty circles are HMC results with informative initialization
and homogeneous quenched readouts. Top right: theoretical free-entropy curves (colors and line styles as top left). Bottom: predictions
for the overlaps Q(v) and R, from the theory devised in the main text (left) and in Appendix B 2 a (right).

&Sp(y) = sup{oc|extrfl(li1)i > extrfﬁ?}, (B56)
instead of the value ag,(y) reported in the main text. This
approach has been profitably adopted in Ref. [171] in the
context of matrix denoising, a problem sharing some of the
challenges presented in this paper. In this respect, it
provides a heuristic solution that quantitatively predicts
the behavior of the model in most of its phase diagram.
Moreover, for any activation ¢ with a second Hermite
coefficient u, =0 (e.g., all odd activations) the Ansatz
(B48) yields the same theory as the one devised in the main
text, as in this case, K(R,, Q) entering the energetic part of
the free entropy does not depend on R,, so that the
extremization selects R, = R, = 0, and the remaining parts
of Eq. (B53) match the ones of Eq. (15). Finally, Eq. (B48)
is consistent with the observation that specialization never
arises in the case of quadratic activation and Gaussian prior
over the inner weights: In this case, one can check that the

universal branch extrf 1(111)1 is always higher than extrf, §f,>, and

thus never selected by Eq. (B55). For a convincing check
on the validity of this approach, and a comparison with the
theory devised in the main text and numerical results, see
Fig. 22, top left panel.

However, despite its merits listed above, this appendix’s
approach presents some issues, both from the theoretical
and practical points of view:

(i) The final free entropy of the model is obtained by
comparing curves derived from completely different
Ansditze for the distribution P((S5)|Q) (Gaussian
with coupled replicas, leading to fg,, vs pure
generalized Wishart with independent replicas, lead-
ing to f,;), rather than within a unified theory as in
the main text.

(ii) The predicted critical value @,(y) seems to be
systematically larger than the one observed in
experiments (see Fig. 22, top right panel, and
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FIG. 23. Generalization error for ReLU activation and Rade-

macher readout prior P, of the theory reported in the main text
(solid blue) versus the branch obtained from the simplified Ansatz
(B48) (solid red). The green solid line shows Q = 0 (universal
branch), and empty circles are HMC results with informative
initialization and homogeneous quenched readouts. All hyper-
parameters are the same as in Fig. 22.

compare the crossing point of the “sp” and “uni” free
entropies with the actual transition where the
numerical points depart from the universal branch
in the top left panel).

(iii) Predictions for the functional overlap Q* from this
approach are in much worse agreement with exper-
imental data with respect to the ones from the theory
presented in the main text (see Fig. 22, bottom panel,
and compare with Fig. 7 in the main text).

(iv) In the cases we tested, the prediction for the
generalization error from the theory devised in the
main text is in much better agreement with numeri-
cal simulations than the one from this appendix (see
Fig. 23 for a comparison).

Therefore, the more elaborate theory presented in the main
is not only more meaningful from the theoretical viewpoint,
but also in overall better agreement with simulations.

b. Possible refined analyses with structured S, matrices

In the main text, we kept track of the inhomogeneous
profile of the readouts induced by the nontrivial distribution
P,, which is ultimately responsible for the sequence of
specialization phase transitions occurring at increasing a,
thanks to a functional OP Q(Vv) measuring how much the
student’s hidden weights corresponding to all the readout
elements equal to v have aligned with the teacher’s.
However, when writing P((S$)|Q) we treated the tensor
S§ as a whole, without considering the possibility that its
“components”

awa

i " iy

(B57)

S50 =S

could follow different laws for different v € V. To do so, let
us define

R$b = Zvv Z

vv’ i€ly.jeT,

ab\2
Qij)

— Z 7\/|I\,'€|W Qsb(v,V'), where
ab(v, V') 1= %Trsg(v)sg V). (B58)
The generalization of Eq. (B27) then reads
[ ar(s91@) 4TSSk
= 6wV QP (V)2 + ywW'\/P,(V)P, (V') (B59)

with respect to the true distribution P((S4)|Q) reported in
Eq. (30). Despite the already good match of the theory in
the main text with the numerics, taking into account this
additional level of structure thanks to a refined simplified
measure could potentially lead to further improvements.
The simplified measure able to enforce this moment
matching while taking into account the Wishart form
(B57) of the matrices [S§(v)] is

H H dP%(S4(v)

veV a

X H H ezfv Q)TrS5 (v (v)’

veVa<b

dP((S9)|Q)

(B60)

where PY, is the law of a random matrix VWWT|Z,|~1/2
with W e R having i.i.d. standard Gaussian entries.
For properly chosen (7¢?), Eq. (B59) is verified for this
simplified measure.

However, the OPs [Q4? (v, V)] are difficult to deal with if
keeping a general form, as they not only imply coupled
replicas [S5(Vv)], for a given v (a kind of coupling that is
easily linearized with a single Hubbard-Stratonovich trans-
formation, within the replica-symmetric treatment justified
in Bayes-optimal learning), but also a coupling for different
values of the variable v. Linearizing it would yield a more
complicated matrix model than the integral reported in
Eq. (B32), because the resulting coupling field would break
rotational invariance, and therefore the model does not have
a form which is known to be solvable; see Ref. [132].

A first idea to simplify P((S5)|Q) (30) while taking into
account the additional structure induced by Eqs. (B58) and
(B59) and keeping the model solvable, is to consider a
generalization of the relaxation (B48). This entails drop-
ping entirely the dependences among matrix entries,
induced by their Wishart-like form (B57), for each
S4(v). In this case, the moment constraints (B59) can be
exactly enforced by choosing the simplified measure
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dP((Sa |Q) H Hdsa H5(52 saa VV |I )
veVa=
e Zan 0 2{,],,2 7317(9)53;{,],,2(@
X
I e

(B61)
The parameters [7¢”(Q)] are then properly chosen to
enforce Eq. (B59) for all 0 <a<b<s and Vv,V EV.
Using this measure, the resulting entropic term, taking
into account the degeneracy of the OPs [Q4?(v,V')] and
[Q4(v)], remains tractable through Gaussian integrals [the
energetic term is obviously unchanged once we express
(R$?) entering it using these new OPs through the identity
(B58), and keeping in mind that nothing changes for
higher-order overlaps compared to the theory in the main
text]. We leave for future work the analysis of this Gaussian
relaxation and other possible simplifications of Eq. (B60)
leading to solvable models.

3. Large sample rate limit of f gg

In this section, we show that when the prior over the
weights is discrete, the MI can never exceed the entropy of
the prioritself. As for the main text, we consider the readouts
quenched to the ground truth ones, since they cannot affect
the MI between weights and data at this scaling. For this
appendix, we restrict to L = 1, but the argument can be
generalized to an arbitrary number of layers.

We first need to control the function MMSE when its
argument is large. By a saddle-point argument, one can
show that the leading term for MMSEg(7) when 7 — o is
of the type C(y)/z for a proper constant C depending at
most on y.

We now notice that the equation for Q(v) in Eq. (B41)
can be rewritten as

A 1 N
P,(v)Q(V) = 5 [MMSE(r) - MMSEs( + )00
o
+ Z;ag(v)ﬁbPom(K(RZ’ Q); Kq)- (B62)
For a— o0, we make the self-consistent Ansatz

Q(v) =1 —o04(1). As a consequence, using the aforemen-
tioned scaling of the MMSE(z), 1/7 has to vanish by the
moment-matching condition (B39) as 0,(1), too. Using the
very same equation, we are also able to evaluate dg)7 as
follows:

=2P,(VIVZQ(V) 2P, (V)V’Q(V):?
0 = e~ B63
W= T MMSE () ) (B63)
as a@ — oo, where we have used MMSE(z) = C(y)/7 to

estimate the derivative. We use the same approximation for

the two MMSEs appearing in the fixed-point equation for
Q(v):

Ao VPQV) P
MR e k)
+2ﬁ%(vﬂﬁm(K(Rz,Q);Kd), (B64)

where we are neglecting multiplicative constants for
brevity. From the last equation in Eq. (B41), we see that
R, cannot diverge more than O(a). Thanks to the above
approximation and the first equation of Eq. (B41), this
entails that Q(v) is approaching 1 exponentially fast in
[1 - Q(v) = O(e ) for some ¢ > 0] due to the discrete-
ness of its prior, which in turn implies 7 is diverging
exponentially in . As a consequence,

2

—_— =~ B65
©(z+Ry) (563)
Furthermore, one also has
] R L MSE, (1)d
- - =—— t)dt
HGEICY ALy 50
C R a— o0
~ Wy <1 + 2) =0,  (B66)
4o

as R, /7 vanishes with exponential speed in a.
Concerning the function yp,, given that it is related to a
Bayes-optimal scalar Gaussian channel, and its SNRs Q(V)
are all diverging, one can compute the integral by the saddle
point, which is inevitably attained at the ground truth:

e, () - Z2)

~E,o ln/ dPy(w)T(w = wP)

=] (120 + Qo) - L]
B Qv)[1 —20(€_ca)] = —H(W) + 0,(1). (B67)

a—0oo

Considering that ¢p (K(R,, Q);K4) = ¢p, (Ka: Ka),
and using Eq. (A20), it is then straightforward to check
that our RS version of the MI saturates to the entropy of the
prior Py when a — oo:

a a a— 00
~Zexufl + 7, / dyP o (312) In Pout (512) ZSH (W),

(B68)
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where the factor a/y is due to the fact that the components
of W are kd, and not n.

4. Extension of GAMP-RIE to arbitrary
activation for L=1

For simplicity, let us consider P, (y|4)=exp{—[1/(24)]
(y=2)?}/V/2xA, which entails

iV_T WX . "
Y,l(6°, ”)_\/E (ﬁ)m/—zﬂ, pu=1,....n (B69)

where z,, are i.i.d. standard Gaussian random variables, and

£ means equality in law. Expanding ¢ in the Hermite
polynomial basis, we have

1 vIW'x
0.x,) % gk 4 £
y,u|( /4) IuO \/% ,ul m
Ha VT Wix
VAz,, B70
2 \/_ <\/_ >+ VAL (B70)
where ... represents the terms beyond second order.

Without loss of generality, for this choice of output channel
we can set yy = 0 as discussed in Appendix B 1 g. For low
enough a, it is reasonable to assume that higher-order terms
in ... cannot be learned given quadratically many samples
and as a result, play the role of effective noise, which we
assume independent of the first three terms. We shall see
that this reasoning actually applies to the extension of the
GAMP-RIE we derive, which plays the role of a “smart”
spectral algorithm, regardless of the value of a. Therefore,
these terms accumulate in an asymptotically Gaussian noise
thanks to the central limit theorem (it is a projection of a
centered function applied entrywise to a vector with i.i.d.
entries), with variance g(1). We thus obtain the effective
d VTW X,

model
U VT Wk,
yﬂ'(a ’ ﬂ) =H1 \/— + D) \/— T
+vA+g(1)z,

(B71)

The first term in this expression can be learned with
vanishing error given quadratically many samples
(Remark 9); hence, it can be ignored. This consideration
allows to further simplify the model to

B vIWx,
yﬂ:=y[4_:u] /—kd
dfy VT WOX>
L2y +VA+g(1)z, B72
2 e (N2 (s (B72)

where y, is y, with the (asymptotically) perfectly learned
linear term removed, and the last equality in distribution is
again conditional on (6°,x,). From the formula

vl (WOX,,> Woldiag(v)W° = vT1;
—Hey)| —=— | =Tr———F——x,X;, ———
vk Vd dvk Vk
1
~——Tr[(x,x}, — I,)WTdiag(v)W?],
(0~ 1) Wdiag(v) W
(B73)

where ~ is exploiting the concentration TrW%diag(v)W°/
(dvk) = v11;/vk, and the Gaussian equivalence
property that M, := (x,x} —1,)/v/d behaves like a
GOE sensing matrix, i.e., a symmetric matrix whose upper
triangular part has iid. entries from AN (0, (1 +6;;)/d)
[96], the model can be seen as a GLM with signal
S9 := WOdiag(v)W°/\/kd:

YoM =E2Te(m, §9) +

5 A+g(1)z,

(B74)

Starting from this equation, the arguments of Appendix B 1
and Ref. [96], based on known results on the GLM [100]
and matrix denoising [101-103], allow us to obtain the
free entropy of such a matrix-sensing problem. The result
is consistent with the Q =0 solution of the saddle-
point equations obtained from the replica method in
Appendix B 1, which, as anticipated, corresponds to the
case where the Hermite polynomial combinations of the
signal following the second one are not learned.

Note that, as supported by the numerics, the model
actually admits specialization when « is big enough; hence,
the above equivalence cannot hold on the whole phase
diagram at the information-theoretic level. In fact, if
specialization occurs one cannot consider the ... terms
in Eq. (B70) as noise uncorrelated with the first ones, as the
model is aligning with the actual teacher’s weights, such
that it learns all the successive terms at once.

We now assume that this mapping holds at the algorithmic
level; namely, that we can process the data algorithmically as
if they were coming from the identified GLM, and thus try to
infer the signal S9 = W diag(v)W?°/+/kd and construct a
predictor from it. Based on this idea, we propose
Algorithm [ that can indeed reach the performance predicted
by the Q = 0 solution of our replica theory.

Remark 9. In the linear data regime, where n/d con-
verges to a fixed constant «a;, only the first term in
Eq. (B70) can be learned while the rest behaves like noise.
By the same argument as above, the model is equivalent to

vIWO0

Xu 2_ 0
N +/A+v— g — piz,

Yu = M1 (B76)
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Algorithm 1.

GAMP-RIE for training shallow neural networks with arbitrary activation

Input:
Output: Estimator ey Of Yieg-
Estimate y(© := yov'1/Vk as

5O =
Estimate (WTv)/v/k using Eq. (B77).
Estimate the y; term in the Hermite expansion (B70) as
+(1)
"
Compute
NOBIING
5} _yﬂ_yl(l)_yl(l)
g Ha/2

Fresh data point X, with unknown associated response y.y, dataset D = {(x,,y,)}

n
u=1-

1

A+g(1)

Ao :
13/4

Input {(x,,¥,)},_; and A into Algorithm 1 in Ref. [96] to estimate (WTdiag(v)W);

Output

(VW) X5t M2

D = 5O 1
Ytest y Hi m

2 mTr[(XleslxtTest - H) <WTdiag(V)W>]'

(B75)

where v = E_ y01)0(z)>. The above identifies again a

GLM with signal S(f = W%v/vk and Gaussian sensing
vectors X,,. Define g, as the limit of S{'S}/d where S{, S}
are drawn independently from the posterior. With £ — oo,
the signal converges in law to a standard Gaussian vector.
Using known results on GLMs with Gaussian signal [100],
we obtain the following equations characterizing ¢ :

a N aj
=— =—————, where
"a+r TTiraA g
A, :AH—;J%—%
M1

In the quadratic data regime, as @, = n/d goes to infinity,
the overlap ¢; converges to 1, and the first term in
Eq. (B70) is learned with vanishing error.

Moreover, since S! is asymptotically Gaussian, the linear
problem (B76) is equivalent to denoising the Gaussian
vector (VIW'x,,/ \/F(?)ZZO whose covariance is known as a
function of X = (x,...,x,) ER". This leads to the
following simple MMSE estimator for S9:

- (I+LXXT)_IXy, (B77)

NZINY dA,

where y = (y{,...,y,). Note that the derivation of this
estimator does not assume the Gaussianity of x,,.

Remark 10. The same argument can be easily general-
ized for general P, leading to the following equivalent
GLM in the universal @* = 0 phase of the quadratic data
regime:

yELM ~ Pout('|Tr[MuSgD’

= H /
Pout(y|x) = [EZNN(O,I)Pout (y| ?2)5 +z g(l)> > (B78)

where

and M,, are independent GOE sensing matrices.

Remark 11. One can show that the system of equations in
Eq. (B43) with Q(Vv) all set to 0 (and consequently, 7 = 0)
can be mapped onto the fixed point of the state evolution
equations (92) and (94) of the GAMP-RIE in Ref. [96] up to
changes of variables. This confirms that when such a system
has a unique solution, which is the case in all our tests, the
GAMP-RIE asymptotically matches our universal solution.
Assuming the validity of the aforementioned effective GLM,
a potential improvement for discrete weights could come
from a generalization of GAMP which, in the denoising step,
would correctly exploit the discrete prior over inner weights
rather than using the RIE (which is prior independent).
However, the results of Ref. [171] suggest that optimally
denoising matrices with discrete entries is hard, and the RIE
is the best efficient procedure to do so. Consequently, we
tend to believe that improving GAMP-RIE in the case of
discrete weights is out of reach without strong side infor-
mation about the teacher, or exploiting non-polynomial-time
algorithms (see Appendix B 5).
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FIG. 24. Theoretical prediction (solid curves) of the Bayes-
optimal mean-square generalization error for binary inner
weights and ReLU, eLU activations, with y = 0.5, d = 150,
Gaussian label noise with A = 0.1, and fixed readouts v = 1.
Dashed lines are obtained from the solution of the fixed-point
equations (B41) with all Q(v) = 0. Circles are the test error of
GAMP-RIE [96] extended to generic activation. The MCMC
points initialized uninformatively (inset) are obtained using
Eq. (A29) to account for lack of equilibration due to glassiness,
which prevents using Eq. (A31) (see Remark 7). Even in the
possibly glassy region, the GAMP-RIE attains the universal
branch performance. Data for GAMP-RIE and MCMC are
averaged over 16 data instances, with error bars representing 1
standard deviation over instances. GAMP-RIE’s performance
follows the universal theoretical curve even in the « regime where
MCMC sampling experiences a computationally hard phase with
worse performance, and in particular, after agp,.

5. Algorithmic complexity of finding the specialization
solution for L=1

We now provide empirical evidence concerning the
computational complexity to attain specialization, namely,
to have one of the Q(v) > 0, or equivalently, to beat the
universal performance [Q(V) = 0 for all ve V] in terms of
generalization error. We tested two algorithms that can find
it in affordable computational time: ADAM with optimized
batch size for every dimension tested (the learning rate is
automatically tuned), and HMC, both trying to infer a two-
layer teacher network with Gaussian inner weights. Both
algorithms were tested with readout weights frozen to the
teacher ones. We will later on discuss the case of learnable
readouts.

a. ADAM

We focus on ReLU(x) activation, with y = 0.5, Gaussian
output channel with low label noise (A = 107%) and
a=50>ay, (=022, 0.12, 0.02 for homogeneous,
Rademacher, and Gaussian readouts, respectively; thus,
we are deep in the specialization phase in all the cases we

report), so that the specialization solution exhibits a very
low generalization error. We test the learned model at each
gradient update measuring the generalization error with a
moving average of ten steps to smoothen the curves. Let us
define £" as the generalization error associated with the
overlap @ = 0, then fixing a threshold &' < & < M we
define 7(d) the time (in gradient updates) needed for the
algorithm to cross the threshold for the first time. We
optimize over different batch sizes B, as follows: We define
them as B, = [n/27],p =2,3,...,[logy(n)] — 1. Then
for each batch size, the student network is trained until
the moving average of the test loss drops below £ and thus
outperforms the universal solution. We have checked that in
such a scenario, the student ultimately gets close to the
performance of the specialization solution. The batch size
that requires the fewest gradient updates is selected. We
used the ADAM routine implemented in PYTORCH.

We test different distributions for the readout weights
(kept fixed to v during training of the inner weights). We
report all the values of 7(d) in Fig. 25 and 26 for various
dimensions d at fixed (a,y), providing an exponential fit
1(d) = exp(ad + b) (left panel) and a power-law fit 7(d) =
ad” (right panel). We report the y? test for the fits in
Table II. We observe that for homogeneous and
Rademacher readouts, the exponential fit is more compat-
ible with the experiments, while for Gaussian readouts the
comparison is inconclusive.

In Fig. 27, we report the test loss of ADAM as a function
of the gradient updates used for training, for various
dimensions and choice of the readout distribution (as
before, the readouts are not learned but fixed to the
teacher’s). Here, we fix a batch size for simplicity. For
both cases of homogeneous (v =1) and Rademacher
readouts (left and center panels), the model experiences
plateaux in performance increasing with the system size, in
accordance with the observation of exponential complexity
we reported above. The plateaux happen at values of the
test loss comparable to twice the value for the Bayes error
predicted by the universal branch of the theory (remember
the relationship between Gibbs and Bayes errors reported in
Appendix A 5). The curves are smoother for the case of
Gaussian readouts.

b. Hamiltonian Monte Carlo

The experiment is performed for the polynomial activa-
tion o3 = He,/v/2 + He;/6 with parameters A = 0.1 for
the Gaussian noise in the linear readout y = 0.5 and
a=10>a, (=026, 030, 0.02 for homogeneous,
Rademacher, and Gaussian readouts, respectively). Our
HMC consists of 4000 iterations for homogeneous read-
outs, or 2000 iterations for Rademacher and Gaussian
readouts. Each iteration is adaptive (with initial step size of
0.01) and uses ten leapfrog steps. Instead of measuring the
Gibbs error, whose relationship with ¢°* holds only at
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Semilog (left) and log-log (right) plots of the number of gradient updates needed to achieve a test loss below the threshold

& < ™ Student network trained with ADAM with optimized batch size for each point. The dataset was generated from a teacher network
with ReLU(x) activation and parameters A = 10~ for the Gaussian noise variance of the linear readout, y = 0.5 and @ = 5.0 for which
€P' — A = 1.115 x 107>, Points are obtained averaging over ten teacher and data instances with error bars representing the standard
deviation. Each row corresponds to a different distribution of the readouts kept fixed during training. Top: homogeneous readouts, for

which the error of the universal branch is ™

— A =1.217 x 1072. Center: Rademacher readouts, for which "™

Bottom: Gaussian readouts, for which "™ — A = 1.210 x 1072. The quality of the fits can be read from Table II.

—A=1218x1072.

TABLEII. 4 test for exponential and power-law fits for the time needed by ADAM to reach the thresholds &, for various priors on the readouts.
Fits are displayed in Fig. 25. Smaller values of y? (in bold, for given threshold and readouts) indicate a better compatibility with the hypothesis.

y* exponential fit

7% power-law fit

Readouts

E= 0.008 0.010 0.012 0.008 0.010 0.012
Homogeneous 5.57 9.00 21.1 323 26.5 61.1
Rademacher 451 6.84 12.7 12.0 17.4 16.0
Uniform [-v/3, /3] 5.08 1.44 421 8.26 8.57 3.82
Gaussian 2.66 0.76 3.02 0.55 2.31 1.36
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FIG. 26. Same as in Fig. 25, but in linear scale for better visualization, for homogeneous readouts (left) and Gaussian readouts (right),

with threshold £ = 0.008.

equilibrium (see the last remark in Appendix A 5),
we measured the teacher-student R, overlap which
is meaningful at any HMC step and is informative about
the learning. For a fixed threshold R, and dimension d,
we measure 7(d) as the number of HMC iterations needed
for the R, overlap between the HMC sample (obtained
from uninformative initialization) and the teacher
weights WY to cross the threshold. This criterion is
again enough to assess that the student outperforms
the universal solution.

As before, we test homogeneous, Rademacher and
Gaussian readouts, getting to the same conclusions:
While for homogeneous and Rademacher readouts expo-
nential time is more compatible with the observations, the

0.06 0.06

experiments remain inconclusive for Gaussian readouts
(see Fig. 29). We report in Fig. 28 the values of the overlap
R, measured along the HMC runs for different dimen-
sions. Note that, with HMC steps, all R, curves saturate
to a value that is off by approximately 1% with respect
to that predicted by our theory for the selected values
of a, y, and A. Whether this is a finite-size effect or an
effect not taken into account by the current theory is an
interesting question requiring further investigation; see
Appendix. B 2b for possible directions.

c. Learnable readouts

As discussed in the main text, the static properties of the
model remain unchanged whether the readout weights are

d =60
d =80
d =100

0.05 d=10

0.05

d =140
d =160
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Test loss

0.06
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0.02

0.01

0.00

0.01
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0 1000 2000 3000 4000 5000 6000 0 250 500 750
Gradient updates

FIG. 27.

0.00

1000 1250 1500 1750 2000 0 100 200 300 400 500 600
Gradient updates

Gradient updates

Trajectories of the generalization error of neural networks trained with ADAM at fixed batch size B = |n/4 ], learning rate

0.05, for ReLU(x) activation with parameters A = 10™* for the linear readout, y = 0.5 and @ = 5.0 > ag (=0.22, 0.12, 0.02 for
homogeneous, Rademacher, and Gaussian readouts, respectively). The error ' is the mean-square generalization error associated with
the universal solution with overlap Q = 0. Left: homogeneous readouts. Center: Rademacher readouts. Right: Gaussian readouts.
Readouts are kept fixed (and equal to the teacher’s) in all cases during training. Points on the solid lines are obtained by averaging over
five teacher and data instances, and shaded regions around them correspond to 1 standard deviation.
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quenched to the teacher values or learned during training.
However, the dynamics can differ when the readouts are
learnable. We verified that, for ADAM, the results regard-
ing hardness are qualitatively unchanged when the readouts
are learned. Although ADAM can achieve a lower test error
in this case, the convergence time required to reach this
solution increases substantially.

Specifically, when the readouts are fixed, specialization
occurs after approximately 10*-10° gradient updates for
homogeneous priors (see Fig. 27, left). In contrast, as
shown in Fig. 8, learning the readouts increases the number
of gradient updates required for specialization by at least an
order of magnitude.

For HMC, which is constrained to sample according
to the prior over both the inner and readout weights,
the behavior is essentially identical whether the readouts
are fixed or learnable. The reasoning in Remark 3
therefore applies equally to HMC, as it is a posterior
sampler.

6. A potential route for a proof for L=1

Here we provide an argument for a potential
proof of our results based the adaptive interpolation
technique introduced in Ref. [204], used as in
Ref. [100]. In order to make the model more amenable
to rigorous treatment, we select activation functions with
Ho =y = i, =0 and all-ones readouts v=1. While
assumptions on p, ¢; are not that restrictive, y, = 0 is
what induces the main simplifications as it erases
from the analyses the role of the overlaps R,. It is also
useful to write the replica potential we are targeting,
which in the hypotheses listed above and with a little
abuse of notation reads

1e3(2.9) = Ly, (Q) + b, (9(Q). 9(1)) — 5 Q0.
(B79)

Apart from the presence of g(Q) inside ¢p_ the above
formula looks like the one of a standard generalized
linear model [100]; we shall thus use a similar formalism.
Let us define an interpolating model

VIt (1
= ()
+VG()V, +g(1)t = G(1)U,.

(B80)
where 7€[0,1], G(¢) is a non-negative interpolating

function, and V,, U,’;iiﬁl./\/'(O, 1). Note that Uj, is a starred
variable; thus, we consider it as learnable. The labels for
this interpolating model are then given by

Yty ~ Pout('|Sl/4)' (BSI)
To complete the interpolation, we also need another
Gaussian observation channel about W*:

where ZUHNdN (0,1). The interpolating functions G(7),
R(t) have to be appropriately chosen later, in order to
make some remainders vanish. The only requirement for
now is that G(0) = R(0) = 0. Define u,(x) = In Py (y|x),
and denote for brevity Y, = (Y,,) <0 YI = (Y) it j<a>
U= (U,),<n» V= (V) <n> and

psn>

S = \1/; tZ(p<\/L3WIXH> + v/ G(l‘)Vﬂ
+ Vo= G, (B83)

Then, the above interpolating model induces a

Hamiltonian that reads

- M,(X.Y,, Y, V,U, W)

& 1
= uy, (s4) =5 IYP = VROW|?, (B84)
u=1

and the corresponding quenched free entropy is

1
fn(t) :;[E(t) ant (BSS)
with
Bl = Exvarw [ dYdYFeHRNAENT
Z, = / dPy(W)DUe (XY Y7VUW), (B86)
At the extrema of interpolation, we have
14
0)=f,—=—
fn( ) fn 2a7
14 Y
Fu1)=Lyn, (ROD)+ 1, (G(1). (1)) = - [14+R(1)]
(B87)

The role of the interpolation is that of decoupling continuously
the quenched disorder in the x,’s from the weights W* and
simultaneously linearizing the nonlinearity ¢. We shall now
convince the reader that there are choices for the functions G,
R that produce Eq. (B79). To begin with, we need to control the
t derivative of the interpolating free entropy:
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FIG. 28. Trajectories of the overlap R, in HMC runs initialized uninformatively for the polynomial activation 65 = He,/v/2 + He; /6
with parameters A = 0.1 for the linear readout, y = 0.5 and a@ = 1.0. Left: homogeneous readouts. Center: Rademacher readouts. Right:
Gaussian readouts. Points on the solid lines are obtained by averaging over ten teacher and data instances, and shaded regions around
them correspond to 1 standard deviation. Notice that the y axes are limited for better visualization. For the left and center plots,
any threshold (horizontal line in the plot) between the prediction of the Q = 0 branch of the theory (black dashed line) and its prediction
for the R (red dashed line, obtained with informative initialization) crosses the curves in points 7(d) more compatible with an
exponential fit (see Fig. 29 and Table III, where these fits are reported and y? tested). For the cases of homogeneous and Rademacher
readouts, the value of the overlap at which the dynamics slows down (predicted by the @ = 0 branch) is in quantitative agreement with
the theoretical predictions (lower dashed line). The theory is instead off by approximately 1% for the values R, at which the runs
ultimately converge.

d 1 d — 1 /d
Talt) = =By 2 H (XY, YO VUL W) n 2, —;[E(,)<EHI(X,Y,,Y§;,V,U, W)> : (B88)

t

where (-), is the Gibbs measure associated with the Hamiltonian #,.
Let us focus first on the second term on the rhs. Using the Nishimori identities on it, we readily get

n

1 d 1 .
0= —F(y - H(X Y, Y7, V, U7 W) = [ZM’Y (S) S ZW Fi VR(f)W?j)]' (B89)

u=1

—+/R W* =Z; s which is independent of W;, and that

Considering that Y¢ ij

Bij
/ QY P (Y Sty (S,) = 0, / dyPo (519, s,

we have that II = 0 identically. Concerning the first term instead,

1=EynZ, - {Zuy ) ,,,+Z(Y“] VR(OWS) W;;]. (B90)

R(f)

We start by the first term on the rhs which requires the most care. After replacing Sw with its expression, we have

Il 1 . G@) 9(1) = G(1)
EuinZ,5, 3 50|~ o e e (B9

where 2 = (1/Vk) >, #[(1/v/d)W;Tx,]. In the GLM, one aims at integrating x,, by parts, but here it is not possible due
to the presence of the nonlinearity. Hence, we need to make a Gaussian assumption to treat it.
Assumption 1. Defining 2, = (1/vk) >, ¢[(1/+/d)W!x,] and 2}, as above, the following holds under the randomness
of x:
U
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i 21 s (WaW?T
L SN0, C(W, W), Cup = Cop(W, W) =S E2° : (B92)
S0 kAo d I
> i,j=1 tj
where a, b = -, %, and - labels a posterior sample.

When integrating by parts, one needs to take into account that the probability weights hidden in E;) also depend on S,
Bearing this in mind, integration by parts of 4, U,,V, in Eq. (B91) yields

n

1 1 1
-Eq In Zt% [”/}/’m(Sm) + [”/Ym (S,M)]Z]C** ) E <;Z ”/Y,ﬂ (Stu)”/)’,,,(stﬂ)c-*>t
pu=1 pu=1
1 & G(t E
FEInZ, 5 S, (500 + [, (P10 + L (3D, (5,008,500 )
n = n 4 n pr= u K .
E,InZ LS S LS )1Pg(1) = G B93
I 2, 3 T, (5, + [y, (S, la(1) — G0 (B93)
u=1

/

Considering that u}(x) + [u},(x)]* = 0§ Pou(y|x)/Pou(y|x), by gathering all the previous terms together, Eq. (B91)
becomes

1< a)chout(Ym|Stu)

EnlnZ, —
(t> 121’1 u=1 Pout(Yw|Stu)

l9(1) = Cu] +5 [E < Zun w)ty, (54,)[G(1) = C'*]>[ (B94)

Concerning instead the second term on the rhs of 7, it can be simplified via a standard integration by parts of the Gaussian

random variable Y, — i — VR()W}; = Z;;. We thus report just the final result for I:

1 NP (Y|Sy) 1 1< .
=E(ln Zz%Zﬁ [9(1) = C..] + ) <;Z wy, (Sy)uty, (54,)[G(1) — C,*]>
u=1 Out t,u u=1 t

- L R0l - 000 = LR 000 ~ 1 (W W, (B95)

where we have added and subtracted the term containing Q(¢) in the second line. Q(f) here is an arbitrary non-negative
function for the moment.
By a simple application of the fundamental theorem of integral calculus, we have thus proved the following sum rule:
Proposition 1. (Sum rule) Assume the GEP in Eq. (B92) holds. Then,

Fu= Fa0) 4 = ) = [ 10 =Ly, (RO)) + (G900~ LR = [“10)ar (B96)

where we have stressed the ¢ dependence of 1.

It is now time to make some choices about our interpolating functions. First, we link Q(7) and G(¢) as follows:
G(1) = [ g(Q(s))ds. Then, out of convenience we call Q(r) = R(r). Second, we need the following:

Assumption 2. The equation

Q1) = 1 E (THWWT), (B97)

has a solution. Furthermore, assume
£ (o(1) = C..)? = 0,(1), (B98)
Eo([9(Q(1) = €., = 0,(1), (B99)

unfiromly in 7.
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FIG. 29. Semilog (left) and log-log (right) plots of the number of Hamiltonian Monte Carlo steps needed to achieve an overlap
R, > RS™ that certifies the universal solution is outperformed. The dataset was generated from a teacher with polynomial activation
63 = He,/v/2 + He; /6 and parameters A = 0.1 for the linear readout, y =0.5 and a= 1.0 > ag (=0.26, 0.30, 0.02 for
homogeneous, Rademacher, and Gaussian readouts, respectively). Student weights are sampled using HMC (initialized uninform-
atively) with 4000 iterations for homogeneous readouts (top row, for which Rg"i = 0.883), or 2000 iterations for Rademacher (center
row, with R;“i = 0.868) and Gaussian readouts (bottom row, for which R;“i = 0.903). Each iteration is adaptive (with initial step size of
0.01) and uses ten leapfrog steps. RY = 0.941, 0.948, 0.963 in the three cases. The readouts are kept fixed during training. Points are
obtained averaging over ten teacher and data instances with error bars representing the standard deviation.

TABLE III. 42 test for exponential and power-law fits for the time needed by Hamiltonian Monte Carlo to reach the thresholds R, for various
priors on the readouts. For a given row, we report three values of the y 2 test per hypothesis, corresponding with the thresholds R, on the left, in the order
given. Fits are displayed in Fig. 29. Smaller values of 2 (in bold, for given threshold and readouts) indicate a better compatibility with the hypothesis.

Readouts x* exponential fit x* power-law fit

Homogeneous (R, €{0.903,0.906,0.909}) 222 1.47 1.14 8.01 7.25 6.35
Rademacher (Ry € {0.897,0.904,0.911}) 1.88 2.12 1.70 8.10 7.70 8.57
Gaussian (R, €{0.940, 0.945,0.950}) 0.66 0.44 0.26 0.62 0.53 0.39
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Assumption (B97) is not trivial, as G(¢) and Q(t) are now linked, and thus Q() appears on both sides of the above
equality (it is contained in the definition of E (-),)- A formal proof of Eq. (B98) is at reach with standard concentration of
measure tools, whereas Eq. (B99) requires much more care. The proofs of Egs. (B98) and (B99) are both left for future
work. Both of them are enforcing that

I gs (WOWPT of 1 S (We - W 7
), )

ij=1 ij i=1

under the E (-), measure for £ > 3. Since there is permutation symmetry over the readout neurons when v = 1, all the

terms in the above equation are basically assumed to concentrate onto Eq. (B97).
Under Assumption 2, the sum rule reads

fo=Lue ([ @) g ([ s0ara) - L [*@wewar+ o, (B100

=1L
a

Observe that ¢p ., g, and wp, are all nondecreasing and convex functions of their arguments. Furthermore, the above

estimate holds for any function O(r), whereas Q(r) has been fixed as the solution of Eq. (B97). We start by choosing

A

Q(t) = Q = const, and we use Jensen’s inequality on g¢:

Foz i, (Q) + 6r,,(9(Q).9(1) =5 Q0 + 0,(1) 2 inf £(Q. Q) + 0,(1) (B101)

with Q = [ Q(¢)dr. The above is then made tight by taking the sup,.
The converse bound is instead obtained by using Jensen’s inequality to take the f(} dt out of the y functions,
which yields

fo< / AL, 2(1))dr + 0,(1). (B102)

In order to make the bound tight, we now choose Q(7) as the solution of the optimization inf o fl(zls) (Q(1), Q). which is
unique by convexity. Therefore,

fu< /0 1 inf /43(Q(0). Q)di + 0,(1) < supin (0. 0) + 0,(1). (B103)
To summarize,
sup igff%is)(@ Q) +0,(1) < f, < sgpigff&é(g, Q) + 0,(1). (B104)

Strictly speaking, the two variational principles on the two sides of these bounds are different, but for sure they have the
same stationary points. Under suitable conditions (see, for instance, Corollary 7 in the Supplemental Material of Ref. [100]),
they actually yield the same value, which would close the proof.

7. Generalization errors for learnable readouts

In the main text, we prove that from an information-theoretical point of view, having the readouts learnable or fixed to
those of the teacher does not alter the problem. In particular, the generalization errors predicted by our theory should be the
same for both cases.

This is indeed numerically verified. In Figs. 30 and 31, we show that HMC posterior samples, in the case of learnable
readouts, yield the generalization error predicted by our theory.
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FIG. 30. Top: theoretical prediction (solid curves) of the specialization mean-square generalization error & for Gaussian
inner weights with ReLU(x) activation (blue curves) and tanh(2x) activation (red curves), d = 200, y = 0.5, with linear readout
and Gaussian label noise of variance A = 0.1. The dashed lines show the theoretical prediction associated with the universal branch of
our theory ™. Markers are for the Hamiltonian Monte Carlo with informative initialization on the target (empty circles). Each
point is averaged over 12 teacher and training-set instances; error bars denote the sample standard deviation across instances.
Generalization errors are numerically evaluated as half Gibbs errors, assuming the validity of Nishimori identities on metastable states as
in the main text [see also Appendix A 5 and Eq. (A33)]. The empirical average over test inputs is computed from 10° i.i.d. test samples.
Bottom: theoretical prediction (solid curves) of the overlap for different sampling ratios a for Gaussian inner weights,
o(x) = ReLU(x),d = 200,y = 0.5, A = 0.1, and Gaussian readouts. The shaded curves were obtained from informed HMC. Using
a single posterior sample W (per a and data instance), Q(v) is evaluated numerically by dividing the interval [-2, 2] into bins and then
computing the value of the overlap associated with the readout value in that bin. Each point has been averaged over 100 instances of the
training set, and shaded regions around them correspond to 1 standard deviation. Note: in these plots, the readouts are learnable and
drawn from a Gaussian prior P, = N'(0, 1).

APPENDIX C: DEEP MLP

. . . Z ﬂf Hef
1. Details of the replica calculation / #)2
Let us take a multilayer perceptron with L = O(1)
hidden layers. In order to be more general let us take at
each layer a different activation function so that the MLP we will study is

0 0O(L) 0(L-1) 0(1)
U (x) = 0(L>{W SL1) [W gl ><W ) } }
¢ e vk Vi Vko

with @° denoting the whole collection of the teacher’s parameters. To make the equations lighter, we take centered and
normalized activations E_o(/)(z)? = 1, ,ug) =0, and we allow for different priors over the inner weights W) ~ Py,
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FIG. 31. Left: theoretical prediction (green solid curve) of the Bayes-optimal mean-square generalization error for L = 2 with
Gaussian inner weights, o(x) = tanh(2x)/0un, d = 200,7; =y, = 0.5, A = 0.2, and different P, laws. The dashed and dotted lines
have the same meaning as in Fig. 13. Points are obtained with Hamiltonian Monte Carlo with informative initialization. Each point has
been averaged over 20 instances of the data, with error bars representing 1 standard deviation. The generalization error is computed
empirically from 10* i.i.d. test samples. Right: solid and dotted curves represent, respectively, the mean of different overlaps at
equilibrium and in metastable specialized states, as a function of the sampling ratio @ for L = 2 with Gaussian inner weights,
o(x) = tanh(2x)/6m, d = 200,y = y, = 0.5, A = 0.2. The shaded curves were obtained from informed HMC. Each point has been
averaged over 20 instances of the training set, with 1 standard deviation depicted. Note: in these plots, the readouts are learnable and
drawn from a Gaussian prior P, = N/ (0, 1).

Importantly, we assume ,u(zl) = 0. Treating terms associated with the second Hermite coefficient would require

spherical integration and a measure relaxation analogous to the approach used in the shallow case. We leave this
extension for future work.

Let us define the pre- and postactivations, respectively, as

1 s
h(l)a = W(l)ax(l—l)a’ X(l)a = 6(1) (h(l)a)} ,
{ \% kl—l a=0

where x40 :=x, V a=0,....s represents the input data, and

s

{Aa 0%) = \/Lk_LVmG(L) (h(L)a)}

a=0

are the replicated readouts.
As for the shallow case, the key assumption is the joint Gaussianity of {1?(6“)},,, under the common input

randomness X. Since they are centered (recall /4(()” = 0), in order to characterize their distribution it suffices to evaluate their

covariance, which for analogy with the shallow case shall be denoted as
K = E,A%(6%)22 (") = Z WE o™ (B )6 (h). (C1)

To further simplify the above expectation, we need to use recursively Mehler’s formula (see Appendix A 2) from the first
preactivation on, as follows. To begin with, define

Qe o= g fV P _ <w§}>“-x> <W§f)b'x> _Wiwh e
L \/L_i \/3 d

This allows us to compute the covariance of the second-layer preactivations under the same randomness:

(2)a

wa . xMay /WP (Db
QP = E T RD" = Ex< e > < L > (C3)
22 2 2 Vky Vi
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The expectation is resolved once one computes the covariance of the first-layer postactivations by means of Mehler’s
formula, yielding

w1 a a
Q)" = =W PR + g @) Wi (C4)
1

where the function ¢!) defined as in Eq. (B6) is applied elementwise to the matrix argument. From this moment on, we
assume that preactivations are Gaussian at each layer under the common randomness x, as they are always expressed in
terms of rescaled sums. Under this assumption, we can thus infer a generic recursion for the preactivation covariances:

‘Q‘gH»l.)ab — [Exh(~1+l>ah([+l)b _ 1W<~l+l)aT[(/¢(ll))29<l>ab + g(l)(Q(l)“b)]W(.lH)b (CS)

i1 1141 i1y Ji1 k, i141 Jir

ab _ [Exh(L)ah(L)bZ

which naturally leads to the covariance we actually need for K ab je., Qg‘) ; :

L

(")
Kab — IICL Vo1 [Q(L)ab + g(”(ﬂu‘)“b)]vo. (C6)

Let us define the following set of vectors and matrices for future convenience:

w:ha — 1 W(l’)aw(l’—l)a B 'W(l)a’
\ kl’_lklr_z. . .k[
1

y(a — WOarywi+har  WLaty0, (C7)

NGRS

They will emerge from the computation due to the linear term in the Hermite expansion of the activation functions. The
objects in (C7) represent effective readout vectors and weight matrices that the student can learn independently from the
actual weights and readouts. With this notation, the postactivation covariance reads (recall ky = d)

(L), (L-1) (1) (L-1) (L-2) (1)
Kab:(ﬂl Hy o ey )zva(l)Tvb(1)+(ﬂl Hy ey >2Va(2)Tg(1)(9ab(1))Vb(2)

ko ky
(u))? 1
44 kl Va(L)Tg(L—l)(Qab(L—l))Vb(L) 4 k_VOTg(L) (Qab(L))VO. (CS)
L-1 L

As in Eq. (B3), we will assume that for all / =1, ..., L,

il iji

Q) _ o(1), Qb _ 0< ) for i; # j;. (C9)

1
Vi

Therefore, only the diagonal elements of the matrix ¢¥)(Q*()) will contribute in the thermodynamic limit.

Note that the overlap (1/ ko)v(l)“Tv(”” is analogous to the OP described by Ref. [109] in the deep setting; v(1) is the only
feature of the target function that is learnable in the n o d regime, which we will consider as known; namely, all the overlaps
between v()®’s are set to 1. Analogously to what happens in the shallow case, the components of the other v()“’s enter

trivially the energetic term. Specifically, only those components of v()¢ that are perfectly reconstructible by the student
would enter the energy, namely, those for which the associated Ql(.lli)lab

0

= O(1) and not smaller. Hence, without loss of

generality one can assume that all the v(¢ are set to v/
equations and leads to

as in the shallow case. This allows us to considerably simplify the
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(L-1) (L2) (D2 K
" L) (L-1 1 (M H <M )
Ko = (a0 ey BT 1) S 0@yzg0 ( ot >)

ky 3
(/4(11))2 S O(L)\2 (L-1 ab(L-1) RS 02 (L ab(L)
toet ki Z<UiL—1) gty Qi +EZ(U"L) g i (C10)
lr—1 i
with, additionally,
( (1>)2
qu({+1) ~ Hq W (H—l)TQab b(l+1) Z W (I+1)a l+1 ( ) <Q(_l?ab> . (Cl 1)
A TAN kl Ut l1+1 ir41l] ll+lll il

Here is the difference with the shallow case: The way the replicas W1 align with one another may depend not only on
the “left” indices i;, | in the formula above, but can be affected also by the reconstruction performance from previous layers

encoded in leli)lab. The values of lell-)lab are themselves driven by the values of the associated ng) 0

that appear coupled to
them in the energy through K“* as above. Hence, we can choose to label the values of ngi)lab through those of UEIZH)O. We
denote these values as v(*1), collected in the sets V(1) and Z 1) = {i,|vl(»ll+1)0 = v,

This brings us to defining the following overlaps:

1
ab(: D\ _ (Da (Db
Ql (ll’ vt )) - m Z Wilil-l Wiliz-l ’ (CIZ)
v i1 GIV([)
1 (' D (I3 D)b
Qlsz(ll’ V<1)) 1T Z Wi,/i,_l Wi,/i,_l . (C13)
Zyol,, =,

Using Eq. (C5), the diagonal elements of each Q()* in terms of those overlaps read

(Dy2
ab(i+1) (1) ali+D ab(l) b1+ ) Z |Z 0| ) 1 1 Z N ~ab(l)
Qil+1il+l = kl W’Hl Q Wi1+l + \;Cl QlJr] (ll-‘rl’V( ’ )) |I (141 | g() Qizil : (C14)

V() g Vi) v )iIEIV(IH)

This is the first step of the recursion; in order to express everything in terms of the overlaps Q, we need to express the first
term as well in terms of diagonal elements, keeping in mind that Q( = W( “1, W / d=: Q¢ (i,). In other words, the

first overlap is not labeled by any other index, as the W(!)’s here do not sandw1ch any matnx other than the identity. Hence,
no inhomogeneity can arise. An analogous reasoning holds for Q;’fl (i)

At a generic step of the recursion, we have

ab(i+1 ! 1 Y . ! 2 1Zyo| A, 1 1ab
QT % e PO (i) + (P S0 SO i v e 3 g (@
v ev®@ 1 ve 1€ Iv(z)

! Zool ~ap 1 _ I=1)ab

+oet <”(1))2 Z kv l-b-1 1(11+1’V(l)) |Z,0| Z gy (lelil)l
v ey fi=l VOl TeT
Zvern | qap (I+1) 1 0 [ obab
+ Z A 1 (i, vY) Ty Z g7 Qi ) (C15)
V(D) g D) ! v n€T (11

where QZ};](I) = Q,(i;). This defines the full recursion, which allows one to compute the covariance K only in terms of the
abovementioned overlaps.
As the derivation may become very cumbersome, we specialize to the L = 2 setting in the following section.
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a. Two hidden layers L=2

In the case of two-hidden-layer networks, the equation for the covariance is

22 K
Kab — (”(2) ()) +<”l ) Z(D?](Z)) <Qab(l1))

1 H k| -

RS T,c
+k_22(”?z)29(2)(WE]))ngél(iz)+ > %ng(lé’ Z g (Q¢(iy) ) (C16)

v ev® ’l GZV(Z

Importantly, the index 7, is linked only to the vector v*(>) and the overlap Q¢”, while the index i, to the vector v* and the
overlaps Q4” and Q3’,. We can relabel the values of Q; with those of v(?: Q,(v?) = Q, (i) for all ij €Z . An
analogous relabeling can be carried out for Q, (i, v(?)) in the index i, based on the values of ”?2‘ After the relabeling, one
could also redefine the overlaps through partial traces in order to mimic the notation from the main text, as follows:

1 a
o CGRRVE) I SN whe wb (C17)

= bli—p 7 Ul
|ZV(H]) ‘ |IV([>| €L (1y1) -1 €L )
1 /. /.
(I+1) ()Y — (I':Day ()b
Q ( V()) = Z o o] Z Z Wi/i[,| Wi/i,,, . (C18)
v v €L (y.1) i1 €L

Consider also that (|Z,|/k;) = P, (vV®) and (|Z,|/k;) = P, (V). This allows us to recast K“” in the asymptotic limit as

ab __ 2 1 2 a
K = (P u 2 + W PE o, (0P)PgD(Q5 (1))

# Evan, (007 (" POL(0) + By, Q0. 0)g QP (0)) ). (c19)

Notice that as soon as the covariance of the postactivation is written in terms of overlaps, this fully determines the
energetic part appearing in the free entropy. Indeed, in the RS Ansarz, K appears as in Eq. (B11), where

=~ 2 1 2
KO(Q) = (w7 + i PE o0p , (0229 0(Q) (v?))

+E,ep, (0)7g% ((ﬂgw)sz(U) + [EszNPl,(z) (v, ”(2>)9(1)(Ql<1’(2>)))7

Kg=1. (C20)

while px = K4 and mg = K using the Nishimori identities. Therefore, the energetic term will be equal to Eq. (B15), with
K = K®(Q) and K4 = 1 as defined in the last equations.
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Let us now discuss the entropic contribution associated with the OPs defined above. This can be written as

Wa(2)wa(1)
Fg _ dwa(Ztl)/ 4P Wa Wu(2:l) _
ero= [ [TLLor -

a=0 [=

0,s
Sl 5(|zvnzv@|ggb<v,v<z>>— > 5 wiw)
)

as<bveVy? gy hel,i EIV(Z)

4 a()Txrb(1
A I o(ametaree) - 55w

a<b y2) ey® iy GIV(Z)

. 4 a(2:1 b(2:1
><HH5(d|IV| 0= 3 Wi we), (1)

a<bveV ihel,

Besides the labeling of Q, in terms of two indices v, v(?), another important difference with respect to the shallow case is the
presence of the overlap Q,.;(v) between the replicated matrices W?:1¢ = W2)Wea(l) /\ /& This overlap will depend on
the alignment between the first- and second-layer weights. In order to encode this dependence, we use a similar relaxation of
the measure as the one described in Sec. B 1 b. We thus define

(2:1)a T aw2:a g W WO
aP(WEN] Q1. Q) [T awe /HHdPWI wosn - WO
=0 1

a=0 [=
a 2)a 2)b
e (lfvlifwnl%’*v,v@»— Sy wiw)
a<bveVy®? izeriler(z)
XH I1 <dIv<z Qo (v) = 3 wg“”wf?f”), (C22)
a<b y@2) gy i GIV(Z)

where the normalization constant is implicit. The aim is now to relax this measure to the one of a product of two Ginibre
matrices with a proper tilt given by the coupling between replicas. The relaxation we choose is the one with a matched

second moment [1/(d|Z,[)] > ez, [E[W(2 D “TW (2:1)b |Ql, Q,] where E[-|Q,, Q,] denotes the expectation with respect to
the conditional measure defined above. As done i m Appendix B 1 c, by rewriting Dirac deltas in Fourier form, the measure
decouples and the calculation goes through, yielding asymptotically

1
d|Z,|

SEWEVTWE Q) Q) M E e, QU (v, 02) Q1 (1?). (€23)

ihel,
In order to fix this moment in our relaxation, we thus need a Lagrange multiplier for each value veV:

dI_-"(( W2:iha )|Q1, Q,) = HV 7,) IHdN (U2)dN (V4)e D o TETAUG Ve (UL V)T, (C24)
veV

where Ug € RZvIXki | v € Rki*4 are matrices with i.i.d. Gaussian elements (their factorized measure being synthetically
denoted by N), W2 e = U¢V9, and 7, = (7¢") -0 ,-
With this relaxation, we have that

efs = Vip(Q) Vit (Qy) / Q. / [[ve) 1Hd/\f (US) AN (V) e 2ueral B+ O3 ITAG VUV

veV

X e_chKb() ZVEV ‘Z |ng]( )ngl (C25)
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Where not specified, integrals over OPs and their Fourier conjugates run over all replica indices and Vv values. Standard steps
as the ones in Appendix B 1, after taking the O replica limit, yield

fl(225> = ¢Pom(K( ( ) 1) + [E (2) |:WP1(Q1( )) _%QI(U(2)>Q1(U(2)):|
+ 7’107:2 [EwP 22 [V/P2(Qz(v o )) - % Q,(v, v(2>)Q2(v, M”)}
o Ee, B Q1 (0)(1 = Q1 (0) = 1,(x, + Qo1 (0)) + zvm)] ’ (C26)

where 1,(x) is the MI of the following matrix denoising problem:

ugvo

N + Z, € RITvIxd (C27)

Yv(x) = \/_

with U) e REvIxk y0 e Rkixd and Z, € Rv*? three Ginibre matrices. Furthermore, we assume |Z,|/k, — P,(V),
ky/d = y,, ki/d — y,, and n/d*> - a. Hence, |Z,|/d — P,(V)y, and

(x) := lim EUVIE 1 e / AN (U,) / AN (V) expTr | [-2Y, (x) (UV)T — —— UV(UV)T|. (C28)
y(X) == - X -— X - .
v d—oo Zkl |IV |d |Iv|d RIZvIxk; v Rk xd p kl v 2k1

The above matrix integral can be solved by means of the rectangular spherical integral, whose asymptotics is studied in
Ref. [185]. Since we will not be needing this expression explicitly, we report only the one for the associated MMSE (x)
function, as derived in Ref. [165]:

d 1
MMSE, (1) 1= 2 22(x) = fim = E[UV = (U, V) P
_ 1 1 2 [Py, () 2
= {1 - P,(V)r2 <W_ 1> / ) dy —Pi,(V)yZ?/va(x)(y)dy . (C29)

Here, py,(y) is the singular value density of Yy (x)/+/|Z,| obtained from a rectangular free convolution as described in the
main text. The moment-matching condition (C23) in its replica-symmetric version thus reads

MMSE,(z,) = 1 = E,e.p , Qa(V. )9, (v?). (C30)

Recalling that 7, = 7,(Q,, Q, ), the saddle-point equations are obtained by equating the gradient of f’ 1(22S> with respect to
the order parameters to O:

Q,(v?) = lEW(l)NPW ,5~N(0.1)[W?<W1>Q,( <2>)]’
P, (v(2))Q1(V<2 ) =200,y P, (KP(Q);1) +2E,p, [ (v) - Eonp (v, 1) Q; (v )]591( @) Tps

(v, ) E, 9~Pyy, E~N(0.1) [Wg <W2>Q2(v,v<2))},
P, (V)P0 (V) Qs (v, V) =2-2-9,  ondbp,, (KP(Q); 1) (C31)

+;/— [QZ:I(V) - [Ev(2)~P“(2) QZ(V v )Ql( )]agz(vv 0)Tv>
Q.1 (V) = 1 = MMSE, [z, + Q5:1(V)].
Pi}(v)@zil( ) _2(1 an] ¢Pum(K ( ) 1)
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b. Three or more hidden layers

To extend the derivations to an arbitrary number of layers, one has to find a way to write the entropic contributions of the
overlaps entering the energetic part; see, for example, Eq. (C15). The challenging part is due to the overlaps Q. ; defined in
Eq. (C13). Indeed, the analog of the measure (C22) over the matrices (W/*)¢) should be conditioned over all the overlaps

defined from subsets of the indices {/', ' — 1, ..., [}, which encode the possibility of all possible partial reconstructions [of

(WU":1")0)] We leave this challenge for future works. Here, we focus on the case of activations with ,ugw = 0 (in addition to

,u(()l) = /,tg) = 0). In this case, the postactivation covariance (C10) is easy to write:

1 ke b
ab _ 012 (L ab(L)
o =g e ()
ab(i+1) |Zn | . 1 (ab
Ql'1+1i1+1 ~ Z k Ql"rl(lHl’ (Hl))lz | Z g(l) Qilil : (C32)
v+ g i+ [ A 0 €T (141

In this recursion, only single-layer overlaps are entering, which have a simple entropic contribution. Moreover, no effective
readout v\ is entering this equation, which means that nothing distinguishes neurons in hidden layers / < L. By our
exchangeability hypothesis on neurons connected to readouts with the same amplitude, the order parameters can then be
written as

1
ab — TrWOewWWObT  for [ =1,...,L — 1, (C33)
kiki—y
1
Q) = 1§;<W<L>”W<L>hT>,»i, (C34)
1€

where we used a noncalligraphic symbol for Q; to emphasize that these are just scalars, not functions of readout values. In
terms of the order parameters, the recursion can be solved as

K% = E,.p v?g"(Q¢ (v)g"={ Q4" 1 gLV - - 05291 (Q47) - - 1}). (C35)

The energetic term follows as before. For the entropic part, we notice that the contributions for each order parameter is
factorized,

elf's = kLkL 1 QL H Vklkl 1 ) (C36)

where, as before,

A

1 A
11r(1)‘1 hm ln Vklk’ Q) = M1 ot [— Q12Q1 + l[/pW(Ql):| , (C37)
s a
1 _ Q )9, (v n
‘lir(g hmgln V]v“%]“ Q) = iri-1 E,.p, extr [—# + WPW(QL(U))] . (C38)

Denote by K(%)(Q) the off-diagonal of the matrix K = K )s.p—o in the RS Ansatz. The free entropy follows

A 1 a
18 = 9r (KD(@: 1) + T Ly (20(0)) —3 Q400 }+ZW“{ >—5Q,Q,] (C39)
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TABLE IV. Parameters for the experiments.

Figure Tool Burn-in steps Sampling steps No. of instances
2,5 NUTS NUMPYRO 5000-8000 1 12

6 MCMC Highly varied® 1/10 no. of burn-in steps 16

7 NUTS NUMPYRO 1000-8000 1-20 12-100
11, 12 HMC TENSORFLOW 4000 500 9
13 NUTS NUMPYRO 7000-25 000 500 20
14, 15 NUTS NUMPYRO 7000-25000 20 20
17 HMC TENSORFLOW 50000, 150 000, 25 000° 1 100
19 HMC TENSORFLOW 2500-8000 500 9
30 NUTS NUMPYRO 1000-8000 1-500 12-100
31 NUTS NUMPYRO 700025000 20-500 20

*To reduce the computational cost, we use a different number of MCMC steps for each a, based on how long it takes to reach the
equilibrium; for some values of «, this number can be up to 500 times higher than for others. These data are provided in a spreadsheet on
the GitHub repository.

bRespectively, for ¢ = 1.75, 2.75, 3.75.

2. Structured data: Quenching the first-layer weights

In this subsection, we show consistency between the computations for the L = 2 case and the structured data setting. In
fact, the latter is equivalent to taking a two-hidden-layer NN where the first activation is ¢{!) = Id, and the first set of
weights are quenched and given to the student. In the notation of the previous section, this implies directly Q, (v*)) = 1 for
all (s Furthermore, since g(!) = 0 in the definition (C20) of K, Q, disappears from the energetic part, letting entropy
win. We thus conclude right away that Q, (v, v®)) = 0 for all v, »?®)’s. This implies in turn that z, = 0 for all v’s. The
formula for the free entropy thus simplifies to

SR8 = br, (KD(Q): 1) + 2E, oy, B Q11 (1) (1= Q1 (v)) = 1a(L2:1 (1) | (C40)

The correct way to think of 7, is now that of Eq. (C28) where the annealed variables V mimicking the original W) are fixed
to the ground truth value V as they are given to the statistician. In that case, Eq. (C27) reduces to a set of |Z,| decoupled
random linear estimation problems with a Gaussian prior on U,,. The latter can be integrated via Gaussian integration
yielding precisely

W) =3 / In(1 + x5)pup(s: 1/71)ds (ca1)

with pyp(s; 1/y;) the asymptotic spectral density of the Wishart matrix V°TV®/k,, namely, a Marchenko-Pastur of
parameter d/k; = 1/y;. Note that [ spyp(s; 1/y;)ds = 1. Hence,

f](é) = ¢p,, (KP(Q): 1) +;/_;[E1:~PL{_Q2:1(U>Q2:1(U) + /[Q2:1(”>S] —In[l + an(”)s}dﬂc(s)}’ (C42)

the last integral being exactly l//pw(Qz: 1(v)) in Eq. (22).

APPENDIX D: DETAILS ON THE NUMERICAL PROCEDURES

In this appendix, we detail the implementation of the various numerical experiments involving algorithms such as the
HMC, MCMC, and ADAM. Most of these algorithms were employed through their standard implementations available in
NUMPY, TENSORFLOW, and PYTORCH PYTHON libraries. As already discussed, the GAMP-RIE algorithm introduced in
Ref. [96] and publicly released in Ref. [193] was adapted to accommodate generic activation functions and inhomogeneous
readouts. The only algorithm implemented entirely from scratch is the MCMC procedure used to sample from the posterior
distribution with a Rademacher prior on the inner weights.
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1. Sampling algorithms

Depending on the setting of each experiment, different
algorithms and libraries are used to sample from the
posterior distribution (see Table IV):

(i) MCMC for the Rademacher prior

(ii) HMC for the Gaussian prior. HMC augments the

parameter space with auxiliary momenta and sim-
ulates Hamiltonian dynamics to propose distant
moves with high acceptance probability. HMC is
implemented in different PYTHON libraries: HMC
package in TENSORFLOW.PROBABILITY [228] and the
No-U-Turn Sampler (NUTS) [229] implemented in
NUMPYRO [230]. This is an advanced version of
HMC that automatically adapts the trajectory length
to avoid redundant retracing

Let 6¢ be the parameter sample obtained by running one
of these sampling algorithm in ¢ steps. The experimental
Bayes-optimal error evaluated at 67 is

1 Miest 1
P =—Y [0, x,) - 16°,x,)]%,
t ntest ~ 2 [ t y2 ]

where x, are data from a test set of size 10*~10°. Important
experimental parameters include the following:

(i) Burn-in steps. During the burn-in period, the sam-
pler is run for a sufficiently large number of steps to
reach a stationary state, either from informative or
uninformative initialization. Stationarity can be as-
sessed from the plot of & versus t, where it
fluctuates around a constant value. This differs from
the case where the sampler gets stuck, in which ;"
remains constant after a certain number of steps.

(i1) Sampling steps. In the sampling period, the sampler
continues to run after the burn-in period. The Bayes-
optimal error is computed as the average of &;"" for
each value of time step ¢ in this period. This
averaging helps reduce the effect of dynamical
fluctuations in the trajectory of & °. Without it,
the estimated Bayes-optimal errors obtained from
half Gibbs errors exhibit larger standard deviations.

The following parameters are library specific:

(i) Acceptance rate for NUTS NumMPYRO. This param-
eter was set between 0.6 and 0.7 in all experiments.

(i) Tree depth for NUTs NumMPYRO. This parameter
specifies the maximum number of binary-doubling
expansions of the Hamiltonian trajectory corre-
sponding to a maximum of 29°P" — 1 Jeapfrog steps
per iteration. The depth was chosen between 7 and 8
in all experiments.

(iii) Initial step size for HMC TENSORFLOW. This param-
eter is fixed to 0.01 in all experiments.

(iv) Number of adaptation steps for HMC TENSORFLOW.
This parameter is set to be the total number of steps
(burn-in steps plus sampling steps). In other words,

every HMC step is adaptive, so the initial step size
matters little: It will automatically adjust during the
HMC trajectory to optimize sampling efficiency.

(v) Number of leapfrog steps for HMC TENSORFLOW.
Leapfrog steps control how long HMC simulates
Hamiltonian dynamics before making a proposal.
This parameter is fixed to 10 in all experiments

The following techniques are used to reduce finite-dimen-
sional effects:

(i) Averaging over sampling steps. This is discussed in
the bullet point on sampling steps above.

(i) Reducing readout fluctuations. For experiments with
fixed readouts, as k is typically of the order 107, the
empirical readout density can considerably differ
from the true one. This finite-size effect increases the
variance of the Bayes-optimal-error estimate. We
reduce this variance as follows. For instance, binary
readouts are generated with equal numbers of 1 and
—1. The same idea applies to other discrete readouts.
For readouts with a continuous density such as
Gaussian, we generate many (10°-10%) readout
samples, sort their entries in increasing order, and
average over the sorted vectors. This way of gen-
erating readouts yields more accurate estimates for
Bayes-optimal error with fewer teacher instances.

2. ADAM-based optimization

ADAM is a first-order stochastic optimizer that adapts
per-parameter learning rates using running estimates of the
first and second moments of the gradients. In contrast to
HMC, which requires a fully specified probabilistic model
and prior, ADAM is a practical optimization algorithm
widely used to train large neural networks. We therefore
employ it to estimate the generalization error achieved by
student networks trained with standard optimization meth-
ods on datasets generated by teachers with the same
architecture.

In our experiments, we examine the generalization error
of student networks trained with ADAM as a function of
the number of gradient updates. Networks are initialized
randomly from independent standard-normal draws.
Typical optimizer settings are no weight decay, learning
rates in the range 107>—1073, large minibatches (typically
between |n/4| and |n/8]), and up to 3 x 10° gradient
steps. During optimization, we record the predictive per-
formance (mean-squared error) at regular intervals as a
function of the gradient steps; these test-loss trajectories are
averaged across independent teacher runs and reported in
Figs. 9, 18, and 27.

3. Random feature model trained by ridge regression

We also study student networks trained as random
feature models, where the student does not learn its hidden
weights but instead fixes them at random and trains only a
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linear readout via ridge regression. In this setting, the
student network builds its feature matrix ®RF =

o(WRFX/\/d)/+/Pkd using randomly drawn standard
normal weights WRF € R#@*d with g = O(1), which are
independent of the teacher, and then learns only the readout
weights a by solving the ridge-regularized least-squares
problem min,||®RFa — y||* + ¢[|al|*. In Fig. 2, we fix § =
3 and sweep over different dataset sizes, drawing indepen-
dent training and test sets for each realization. The
regularization strength ¢ is selected through a lightweight
validation procedure over a small set of candidate values,
while large-scale problems are solved efficiently with
standard conjugate gradient procedures.
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