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In nonlinear transport, the quantum-geometric effects can generate higher-harmonic voltages in response
to adriving current, which has defined a fast-moving field of intense interest. However, in realistic materials
where disorder scattering also contributes to nonlinear transport, identifying the geometric mechanisms
remains a challenge. In particular, a theoretical framework for data analysis is still lacking for nonlinear
transport at any order. Here, we develop a mechanism-resolved and symmetry-guided framework for
identifying mechanisms of third-order nonlinear transport in disordered materials. We find a total of 20
mechanisms of third-order nonlinear transport, by treating quantum-geometric and disorder-mediated
mechanisms on an equal footing. More importantly, we propose a protocol of data analysis that combines
symmetry diagnosis of magnetic point groups and scaling law of relation between the third-order nonlinear
Hall conductivity and linear longitudinal conductivity. We identify characteristic fingerprints in the scaling-
law weights, which allow the mechanisms to be quantitatively distinguished in experiments. We have
applied the protocol to identify the geometric mechanisms in materials with and without time-reversal
symmetry, including 2D materials, topological materials, and altermagnets. The theory can be generalized
to arbitrary orders of nonlinear transport, further promoting nonlinear transport as a probe of geometric
effects and phase transitions in quantum materials.

DOI: 10.1103/515g-qjq8

I. INTRODUCTION

In standard lock-in measurements of electronic transport,
a voltage is measured at the same frequency as a low-
frequency ac driving current to filter noise. Instead, the
voltage can be measured at integer multiples of that
frequency [Fig. 1(a)], opening a new avenue to explore
geometric properties in condensed matter systems, such
as the quantum metric dipole [1-11] and Berry cur-
vature dipole [12-14] in the second-order nonlinear Hall
effect [15-19]. The quantum metric and Berry curvature
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[Fig. 1(b)] are, respectively, the real and imaginary parts of
the quantum-geometric tensor [20,21], which measures
distances between quantum states and, thus, can provide
spacetime insights into the condensed matter problems
[22-26], such as in the flat-band superconductivity and
fractional Chern insulator [27-32]. Recently, the third-
order nonlinear Hall effect, that is, a transverse voltage at
the third harmonic in response to an ac current, has been
proposed as a probe of the Berry curvature quadrupole [33],
the quantum metric quadrupole [34], and a third-order
intrinsic mechanism that mixes the Berry curvature and
quantum metric (a similar term also appears in Einstein’s
field equation) [35,36], attracting tremendous interest in
third-order nonlinear transport [37-51]. However, in real-
istic materials, disorder scattering inevitably coexists with
the geometric mechanisms [52,53]. Without comparing the
geometric and disorder effects side by side, it is impossible
to distinguish the actual mechanisms in experiments.
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FIG. 1. (a) Third-order nonlinear Hall effect is measured
experimentally as a third-harmonic transverse voltage V3, driven
by a low-frequency current [, (w € 10-1000 Hz) or calculated
theoretically as a current density J3,, driven by an electric field
E,. (b) Schematic illustration of the wave function () manifold
in momentum (k) space [54]; the Berry curvature and quantum
metric are the imaginary (Im) and real (Re) parts of the quantum-
geometric tensor, respectively.

In this work, we treat geometric effects and disorder
scattering on an equal footing and develop a comprehensive
theory for the mechanisms of third-order nonlinear trans-
port, including both the longitudinal and Hall components.
More importantly, to identify the mechanisms in experi-
ments, we derive a scaling law that expresses the third-
order Hall conductivity as a polynomial in the linear
longitudinal conductivity. The scaling law reveals distinct
weight distributions of the polynomial terms that serve as
fingerprints for identifying the dominant geometric and
disorder-scattering mechanisms in materials with and with-
out time-reversal symmetry, including 2D materials, topo-
logical materials, and unconventional magnets such as
altermagnets. Our work further establishes nonlinear trans-
port as a quantitative probe of geometric effects and phase
transitions and is broadly applicable to a variety of quantum
materials.

II. MECHANISMS OF THIRD-ORDER
NONLINEAR TRANSPORT

The third-order nonlinear transport can be derived within
the Boltzmann equation formalism. We start from the
current density J, which is the sum of the velocity r
weighted by the nonequilibrium electron distribution §f.
Both electric field E and disorder scattering generate
different components of df, as illustrated on the vertical

axis in Fig. 2, for different orders (e.g., § f|:| and § f@ for
the first-order and third-order skew scattering, respectively)
and mixed terms (e.g., § f@ for second-order skew
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FIG. 2.  We use symbols to visualize the mechanisms of third-
order nonlinear transport, which consist of three major elements:
the quantum geometry (O+ ¢ ), side jump (A), which shifts
electron coordinates sideways by dr, and skew scattering (0J),
which asymmetrically deflects electrons. The horizontal and
vertical axes indicate how these elements contribute to the
components of the velocity r (and their dependence on the
electric field E) and to the nonequilibrium distribution function
5f, respectively. Here, 0" is the group velocity defined by
the band dispersion, and f™ is the distribution function in the
relaxation time approximation [55]. The mechanisms of the third-
order nonlinear transport are from the combinations of I and 6f
up to third order of E. Besides the known Berry curvature
quadrupole () [33], quantum metric quadrupole (O) [34], and
third-order intrinsic (@) mechanisms [35,36], we discover a total
of 20 mechanisms, including 17 more mechanisms related to the
disorder scattering, such as the third-order skew scattering (@).
Therefore, how to distinguish the geometric mechanisms in
realistic materials, where disorder scattering is ubiquitous,
remains a challenge. Mechanisms marked with a red asterisk
do not require broken time-reversal symmetry (7 -even), and
mechanisms without a red asterisk require broken time-reversal
symmetry (7 -odd); see Sec. SIIA in Supplemental Material [56]
for the analysis of time-reversal symmetry.

scattering combined with first-order side jump). The
symbol A denotes the side jump, which shifts electron
coordinates sideways, and L] denotes the skew scattering,
which deflects electrons asymmetrically. The velocity r
contains components from the band group velocity, Berry
curvature [53], quantum metric [1], side-jump velocity [52],
and third-order intrinsic velocity that mixes Berry curvature
and quantum metric [35,36,49]. These components, along
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with their different dependencies on the electric field E, are
summarized on the horizontal axis in Fig. 2. The distribu-
tion Jf can likewise be expanded as a polynomial in E. By
matching r and 61 at cubic order in E, we find a total of 20
mechanisms for the third-order nonlinear conductivity
Xabea» defined as

Ja E)(a;bchhEcEd’ (1)

where a,b,c,de{x,y,z} and J, and E, ., are compo-
nents of J and E, respectively. We visualize all the
mechanisms in terms of the components of §f and I in
Fig. 2. Besides the known geometric mechanisms such as
the Berry curvature quadrupole (§) [33], quantum metric
quadrupole (O) [34], and third-order intrinsic mechanism
(®) [35,36], the new findings here are the distinct
mechanisms related to the disorder scattering, such as
the third-order skew-scattering (L)) and third-order side-
jump () mechanisms, as well as mixed mechanisms of
the geometric effects and disorder scattering, such as @
See Sec. V A for the calculation procedure of the third-order
nonlinear conductivity.

III. SCALING LAW OF THIRD-ORDER
NONLINEAR TRANSPORT

Because of the disorder mechanisms discovered in this
work, distinguishing geometric mechanisms in experiments
is challenging. To address this, we derive a scaling law that
takes all 20 mechanisms into account. The scaling law
expresses the third-order nonlinear Hall conductivity yy. .
as a polynomial in the linear longitudinal conductivity o,,.
For the 7-odd mechanisms, there can be up to seven
polynomial terms:

6
Xyxxx = Z Cno-)rclxv (2)
n=0

and for the 7 -even mechanisms, there can be up to five
terms:

5
Xyxxx = cha)rclm (3)
n=1

where the parameters C, are associated with distinct
mechanisms. By fitting the experimental data of y,.., as
a polynomial function of o,,, one can identify which
mechanisms dominate in a given experiment.
Specifically, we find that 12 out of 20 mechanisms
have unique weight distribution of the polynomial terms in
the scaling law, as summarized in Table I for all 20
mechanisms of the third-order nonlinear Hall effect, so
the 12 mechanisms can be identified when they dominate in
experiments. The remaining eight mechanisms come in
twofold degeneracies. For example, A and {] share the
ratios 0:0:0:1: —2:1:0. The derivation of the weight

TABLE I. Weights of the polynomial terms in the scaling laws
for the 7-odd [Eq. (2)] and 7 -even [Eq. (3)] mechanisms of the
third-order nonlinear Hall effect in Fig. 2. We find 12 out of the
total 20 mechanisms can be identified through the weight
distributions, if they are dominant in experiments, such as the
third-order intrinsic @ or third-order skew scattering L. The
remaining eight mechanisms have degenerate weight distribu-
tions, such as the second-order side-jump mechanism 2\ and the
mixed Berry-curvature-plus-skew-scattering mechanism {1.

Mech. G408, : Cs0vy @ Cuc?, 1 C303, : Coo2y @ Cioyy @ Co
T -odd

® 0 0 0 0 : 0 0 1
(AN 0 0 0 0 : 0 -1
\Y 0 0 0 0 : 1 0 0
A 0 0 0 1 : -1 0 0
O 0 0 1 -2 1 0 0
@ 0 1 -5 10 : —10 5 -1
i 1 -6 15 =20 15 -6 1
AY @ 0 0 1 . -4 6 : —4 1
& a o 0 0 0 1 -2 1
@’ Ay 0 0 0 : 1 -3 3 -1
T -even

@) 0 0 0 0 : 0 1 0
Q 0 0 0 0 : 1 -1 0
Drude 0 0 0 1 0 0 0
AN 0 0 1 -3 3 1 0
0 1 -4 6 : —4 1 0
N, 0 0 0 1. =2 1 0

ratios follows from the fact that both the linear longitudinal
conductivity and nonlinear Hall conductivity depend on
disorder scattering. For example, the three geometric
mechanisms, including the third-order intrinsic mechanism
35,36] (®)], the quantum metric quadrupole (O) [34], and
the Berry curvature quadrupole () [33], are characterized
by the dominant Cy, C,6,,, and C,62, terms, respectively, as
shown in the first three rows in Table I. This is because the
linear longitudinal conductivity o, is linearly proportional
to the scattering time 7 in the semiclassical regime [59],
and @x 7° O 7!, and ®x 72, respectively. Although
these geometric mechanisms themselves are known, our
key result is that they can be identified experimentally via
the scaling law. For the disorder-related mechanisms, the
weight ratios are more sophisticated. For instance, the
mixed Berry-curvature-plus-side-jump (g\) mechanism
has the weight ratio C,02,: Cy6,, = 1: — 1, because its
nonlinear conductivity is proportional to z*(V; V),
where 72 « 02, arises from the distribution function
SfA and (V,;V,,) is the correlation of two events of the
side-jump scatterings V. Considering the data taken at
different temperatures, (V;Vy;) « o3l — o ), approxi-
mately [60], e.g., the resistivity o}, referenced from its
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lowest-temperature value o_),. Consequently, the third-
order nonlinear Hall conductivity for the @\ mechanism
contains the o2, and o,, terms of opposite signs but
comparable magnitudes (usually, o,, ~ 0, in the temper-
ature range). Moreover, the third-order skew-scattering
mechanism (fL)), i.e., three successive asymmetric scatter-
ing events off disorder, contributes to all seven parameters
from C, through C4 and has the weights Cy08,:Cs07,:
Cy0%.:C303,:Cr02,:C16,,:Co=1:=6:15:-20:15:-6:1,
which is derived from an expansion of 6%, (o7 — 67 })® in
the calculation of the scaling law, where the first power of 6

is from the 7% in the distribution function 5 f@ and the

second power of 6 counts for three events of asymmetric
scattering, each event contributes a power of 2. In con-
clusion, the weight ratios of the polynomial terms in the
scaling law encode characteristic features of different
mechanisms, providing experimental fingerprints. See
Sec. VB for the derivation procedure of the scaling law.

IV. EXPERIMENTAL APPLICATIONS

A. Scaling-law analysis

We now apply the scaling law to analyze experi-
mental data. In experiments, the third-order nonlinear

Hall conductivity can be extracted using

Vi¥o,, L?

Ve w’

Xyxxx =

(4)

where L is the device length, W is the width in 2D or cross-
sectional area in 3D, V;w is the third-harmonic transverse
voltage, and V¥ is the first-harmonic longitudinal voltage.
Using Egs. (2) and (3), we fit published datasets of yy. .,
versus o, for a variety of materials, including FeTe [61],
Cd;As, [62], TaliTe, [39], (SnS),,;(NDbS,); [44],
MnBi,Te, [45], FeSn [63], VSe, [41], WTe, [43],
MoTe, [37], FesGeTe, [40], and RuO, [64].

For example, Figs. 3(al) and 3(a2) show the fit for
MoTe, [37]. The fit reveals that only the C,62, and C,0,,
terms are sizable, implying that the dominant contributions
are either the quantum metric quadrupole mechanism
(QMQ, O) or the mixed Berry-curvature-plus-side-jump
mechanism (BSJ, @\), according to Table I. Through
confidence analysis (Sec. SIV in Supplemental Material
[56]), we find that the formula y,.,, = C®™%0 07} +
CB (62,677 —0,07))) gives the best fit, with fitting
parameters CP% ~ 2.15 x 10* and CMQ ~ 1.75 x 10*, both
in units of pm - mA - V=3, Figure 3(al) compares the QMQ

20 X10° x10° - x10° x10°
& (a1) MoTe, 2 (b1) WTe, ’ 16[(c1) FeSn A 10((d1) Fe;GeTe,
= Qma A 2 YA
<E " QMQ | 4o - Drude ,', N ama 4 6 f TOl
E N BSJ Lot 8 -=-Drude 7 J ] 2SJ, BSK
\_? 0 0} oot +3°° 8layers | 4 //\ J 40-100 K
g = o P
N 0 Theory Experiment | o 10 Layers oo 0 9 ° 125-275K
N , 6 7) 8 0 4 8 12 02 04 06 08 10 12 14 16 18 20 22
Oz (S llm*l
. xa0° 30:210° 5x105 x10°
°:?> . (a2) C104 0 (b2) 3 . 41(¢2) 10t(d2)
> * * 302z 105 Ol
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= QMQ BSJ 10 QmMaQ 2 6] 3} 250 BSK
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FIG. 3.

The results of fitting the experimentally measured third-order nonlinear Hall conductivity y,.., as a function of the

longitudinal conductivity o,, (solid curves with circles), using the scaling laws in Egs. (2) and (3). [(al),(aZj] Results for MoTe, in the
temperature range 7 € [10, 100] K (adapted from Ref. [37]). (al) The green solid and dashed lines represent the quantum metric
quadrupole (QMQ, O) mechanism and the mixed Berry-curvature-plus-side-jump (BSJ, @\) mechanism, respectively. (a2) The
corresponding scaling-law weights of the QMQ and BSJ contributions at 6,, = 5.28 S - pm~!. [(b1),(b2)] Results for eight and ten
layers of WTe, in the temperature range T € [2, 80] K (adapted from Ref. [43]). (bl) The green solid and purple dashed lines represent
the QMQ mechanism and the Drude mechanism, respectively. (b2) The scaling-law weights of the Drude and QMQ contributions at
6 = 133 S pm~'. [(c1),(c2)] The same analysis as in (bl) and (b2) but for FeSn in the temperature range T € [90, 330] K (adapted
from Ref. [63]). [(d1),(d2)] The same as in (al) and (a2) but for FesGeTe, in the temperature range 7 € [40,275] K (adapted from
Ref. [40]). The dominant mechanism is the third-order intrinsic mechanism (TOI, &) when 7' < 100 K. For 7 > 100 K, the response is
jointly dominated by the second-order side-jump (2SJ, £\) mechanism and the mixed Berry-curvature-plus-skew-scattering (BSK, {J)
mechanism, with their scaling-law weights at 6,, = 1.36 S - pm~' shown in the inset. The gray arrows indicate the values of 6., used for
extracting the weight ratios. The fitted scaling parameters and their confidence intervals for each experimental dataset are summarized in

Sec. SIV in Supplemental Material [56].
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(solid curve) with the BSJ (dashed curve). The QMQ term
has the same sign as the total third-order nonlinear
conductivity and is the dominant contribution in the
experiment [37]. Also, Fig. 3(al) and later Fig. 3(d1) show
that the nonlinear Hall conductivity is of the magnitude of
10° pm - mA - V=3 when the geometric mechanisms are
dominant.

Similarly, Figs. 3(b1) and 3(b2) show the fit for WTe,
[43]. The formula ..., = CPrudesd 673 + CMQ 67
gives the best fit, with fitting parameters CPV%° ~
9.60 x 10* and CMQx—1.37x10°. The data of FeSn in
Figs. 3(cl) and 3(c2) also show the same combination—the
Drude mechanism and quantum metric quadrupole mecha-
nism—as the dominant contributions, with fitting param-
eters P9~ 1.26 x 10 and CMQ ~ 1.25 x 10°. In both
the WTe, and FeSn experiments, the Drude mechanism is
stronger than the quantum metric quadrupole mechanism,
although the quantum metric quadrupole mechanism is still
sizable. Both experiments further indicate that, when the
Drude mechanism dominates, the third-order nonlinear Hall
conductivity is on the order of 10°~10° pm - mA - V73,

Moreover, some experiments are dominated by disorder
scattering, such as Fe;GeTe, in Figs. 3(d1) and 3(d2). For
T > 100 K, the signal is jointly dominated by the second-
order side-jump (2SJ, /) mechanism and the mixed Berry-
curvature-plus-skew-scattering (BSK, {1) mechanism. The
confidence analysis indicates that 7., = C303, + C20%, +
Cyo,, is the optimal fit. We further find that the three
terms in the inset in Fig. 3(d2) have the ratios
Cs363,: Cy02,:Ci6,, = 1.00: —2.11:1.08, roughly consis-
tent with the scaling-law weight ratios (1: —2:1) for the
2SJ and BSK mechanisms (row 13 in Table I), where the
different signs and weights are the result of expanding
(6ol —o7l))? in the derivation of the scaling law.
Remarkably, upon cooling below 100 K, the nonlinear
conductivity flattens and becomes almost independent of
0.y, 10 sharp contrast to its behavior above 100 K. This
indicates that, within the 40-100 K range, the nonlinear
Hall response is dominated by the third-order intrinsic
(TOI, ®) mechanism. Because the TOI mechanism
requires broken time-reversal symmetry, the nonlinear
Hall conductivity is consistent with the emergence of
ferromagnetic order around 100 K in Fes;GeTe, [40].
TOI arises from a geometric coupling between the Berry
curvature and the quantum metric [35] and is, therefore, an
intrinsic, scattering-independent contribution from the
quantum geometry of the Bloch bands. More importantly,
the case of Fe;GeTe, further shows that the nonlinear Hall
effect is a powerful spectroscopic tool to study condensed
matter phase transitions.

If the experimental results are better fitted by other
functions, such as exponential or sinusoidal functions, our
scaling law in terms of polynomials is not applicable.
Empirically, o, in the temperature window is not supposed

to change by orders. The reliability of the fitting is
supported by both the confidence interval and the coef-
ficient of determination (see Sec. SIV in Supplemental
Material [56] for details). First, the confidence interval
analysis shows that none of the parameters cross zero.
Second, the fit yields the highest coefficient of determi-
nation (very close to 1). Therefore, we show that the
geometric contributions to the third-order nonlinear con-
ductivity, e.g., here, the quantum metric quadrupole and
third-order intrinsic mechanism, can be identified in a
disordered material using the scaling law derived in
this work.

B. Symmetry analysis

Symmetry analysis can help reduce the polynomial terms
in the scaling-law analysis. Because of the 7-odd mech-
anisms, the symmetry analysis is based on the magnetic
point groups [65]. For the most common measurement
setup on the x-y plane, all the magnetic point-group
symmetry operations can be described by eight elementary
operations and their combinations. According to the
behaviors of the third-order nonlinear conductivity y, the
eight elementary operations can be classified into five cases
and the mechanisms can be classified into four categories,
as shown in Table II.

(1) Under time-reversal symmetry 7, the 7 -even
mechanism remains invariant, such as the quantum
metric quadrupole (O), while 7-odd mechanism
changes sign, such as the Berry curvature quadru-
pole ().

(ii) Under C3 and P, all mechanisms remain invariant.
Although they introduce negative signs to the x and

TABLE II. Symmetry of the third-order nonlinear Hall con-
ductivities yy.., [Eq. (1)] on the x-y plane, under eight elemen-
tary symmetry operators, including the rotations about the z axis
{C5. C5. C5. C }, the twofold rotation about x or y axis {C3, Gt
spatial inversion P, and time-reversal symmetry 7. They can
combine to study all the magnetic point-group symmetry oper-
ations on the x-y plane. The mechanisms are classified into four
categories. The superscripts “disorder” with and without the
asterisk correspond to the disorder-related mechanisms that are
even and odd under time reversal, respectively. Check mark (v)
means that the third-order nonlinear response is allowed by the
symmetry. Sign — and + mean y changes sign or not under the
symmetry operation. Cj relates the antisymmetric properties
under the exchange of x and y.

T CGP Y G c
)(8%3 + + - v —Xxyyy
iggc/ml - + - v Hxyyy
X E?‘S’?;der* + + - v X xyyy
X ly?;ﬂsfider - + - v “Xxyyy
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y directions, the four x or y components in the Hall
IESPONSES Yy, Are equal to a positive sign.

(iii) Both of the in-plane twofold rotational symmetries
C3 and C;, give a sign change of Xysorx @0d iy fOr
all mechanisms, because there are an odd number of
x or y in the subscripts and the operations corre-
spond to a sign change of x or y. The sign change
means that they alone forbid all mechanisms but can
be combined with other operations to allow certain
mechanisms.

(iv) Cj5 and Cg permit all mechanisms, while y ., is not
invariant but is related to other third-order tensor
components of y.

(v) C§ permits all mechanisms and imposes an anti-
symmetric relation between the two third-order Hall
components

Xyxxx = “Xxyyy- (5)
Now, we give three examples to show how the eight
elementary symmetry operations in Table II can be com-
bined to analyze magnetic point-group operations on the

x-y plane.

(a) The mirror reflection about the y-z plane o, can be
written as the combinations ¢, = C3P, which forbids
Xy and y .y, because these components are odd
(=) under C3 but even (+) under P and, hence, are odd
(=) under o,.

(b) The antiunitary symmetry C57 forbids the 7-odd
mechanisms. The presence of C57 implies
(C5T)% =T, since (C5)* = 1. Therefore, 7 itself is
a symmetry of the magnetic point group. According to
Table 11, all 7-odd mechanisms, such as BCQ or TOI
and disorder, change sign under 7 and must vanish,
whereas only 7 -even mechanisms are allowed.

(¢) CET implies (C57)? = C57. Since yy.,, is even (+)
under C; but odd (—) under 7 for 7-odd mechanisms,
C5T changes its sign and, hence, both C57 and C;7T
forbids the 7-odd mechanisms.

The second-order nonlinear Hall [10,66-90] response
and nonlinear longitudinal response [11,91] are forbidden
by spatial inversion P for all mechanisms, by C5 for all
quantum geometry-related mechanisms, and by 7 for
quantum metric-related mechanisms. In contrast, the
third-order nonlinear response is allowed for these three
symmetries and, therefore, greatly expands the range of
material candidates for experimental and theoretical
investigations.

C. Protocol of data analysis

Finally, we summarize the protocol of using the scaling
law and symmetry to analyze experimental data.

The first step is a symmetry diagnosis, to determine
whether time-reversal symmetry 7 is present and to

identify the magnetic point-group symmetry of the device.
The symmetry constraints then specify the allowed non-
linear conductivity components and eliminate symmetry-
forbidden mechanisms.

The second step is to select the scaling law. Systems
without and with time-reversal symmetry should be ana-
lyzed with Egs. (2) and (3), respectively.

The third step is to fit the experimental data of y,.,, as a
function of ¢,,, e.g., in a temperature range, to extract the
scaling parameters C,,. A confidence analysis is needed to
keep the statistically significant C,. If a C, has a con-
fidence interval including zero, e.g., 0.1 0.2, it is not
statistically distinguishable from zero and should be
abandoned.

The final step is to identify mechanisms, by matching
the fitted C, with Table 1. The set of C,, may correspond
to multiple mechanisms, so a mechanism-resolved
Xyixxx — Oxy Scaling law can be proposed to transform C,
into mechanism parameters, e.g., CP%, COMQ_ and CBY,
The mechanism parameters then give the weights of all
possible mechanisms as those in Fig. 3.

V. METHODS AND CALCULATIONS

A. Calculation of third-order nonlinear conductivity

The nonlinear conductivity y .., can be calculated from
the electric current density J = —e >, ¥,f; in response to
an electric field E = (Ee'®' + £*e™@") /2 of amplitude &
and frequency w, where —e is the electron charge and /
labels the band index y and wave vector k. The velocity has
five terms

i, =v,—k x (Q +V, xGE) +ij +v/oL  (6)

where the group velocity v, = (1/%)(de}/0k) with the
energy e. In the absence of a magnetic field,
k = —(e/h)E, where 7 is the reduced Planck constant.
The Berry curvature [53]

Q=2 Iy Ty ) (7' |0 FLly) / (€ =€ )>. (7)

Y'#r

where €¢ is the Levi-Civita symbol, a, b, c € {x,y, z},
0% =0/0k,, Vi = (3, 0. 05 ), and # is the Hamiltonian.
The Berry connection polarizability tensor [1]

gt = 2eZReAZy/AZy/(€{( - 6}1/(,), (8)
Y'#r

where the Berry connection AY = i(y|o¢]y). v/ is the
side-jump velocity [52]. The second-order electric-field
correction to the anomalous velocity vI°' has various
forms in the literature [9,35,36]. None of them depend
on scattering, so they all lead to the same scaling law.
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The distribution function f; is found by solving the
Boltzmann equation [66,92]

of /ot + k- of 1/ 0k = T, {f}, )

where Z,,{f;} accounts for disorder scattering, including
the side jump, skew scattering, processes described by the
scattering time 7, and their higher-order and mixed effects.
Both 1; and f; can be expanded as polynomials in E. By
matching the product 1, f; at the cubic order of E, we can
find the third-order nonlinear conductivity y ..., defined as
Jo = XaveaEyEEy, Where a, b, c,de{x,y,z} and J, and
E, .4 are components of J and E, respectively. For
example, the nonlinear conductivity of the third-order
Drude mechanism is found as

Drude 641’3 aab Ac Ad £(0)
Xabed = — n Zvlakakakfl , (10)
1
where the Fermi distribution fg = 1/[1 + eler=er)/ksT]

with the Fermi energy er. For completeness, we also list
the third-order nonlinear conductivities of the geometric
mechanisms, including the Berry curvature quadrupole
(BCQ, ®), the quantum metric quadrupole (QMQ, O),
and the third-order intrinsic (TOI, &) mechanism which
mixes quantum metric and Berry curvature:

2

BC ' amb ;e m (0

)(ub?d_ . Ze bakaﬁngg)B?’L
1

T a C ac 0
Koned = 47 Z(azakcé’ — o{opGe) £ [34],

;(;Lx: Zcmfl (e1—€,)[35]. (11)

More details on the calculation of third-order nonlinear
conductivity can be found in Sec. SI in Supplemental
Material [56].

B. Calculation of the scaling law

We derive the scaling law, namely, the third-order
nonlinear Hall conductivity y,.,,, as a polynomial function
of the linear longitudinal conductivity o,,, by exploiting the
fact that both of them are governed by disorder scattering.
For example, the linear longitudinal conductivity o, is
linearly proportional to the scattering time 7 in the semi-
classical regime [55], i.e.,

Oy X T, (12)
and, according to Egs. (10) and (11), the third-order

nonlinear Hall conductivities of the Drude and three
geometric (third-order intrinsic @, quantum metric

quadrupole O, and Berry curvature quadrupole ©) mech-
anisms scale with 7 as

0

® x 7, Drude o 73 (13)

O x 7'1, Q x 72,
respectively, so there are relations

®xol, Oxol ,®xo?, Drude x o3, . (14)

Moreover, the disorder-related mechanisms are also
related to the correlations of scattering matrix elements
V,r between state [ and [’

V,,er/ ~ n»VQ ~ G;XI - 0_1
0

xx0°
(VirVprVig) ~niVi ~ 03l = 0,
<V”//Vlr/l/><V”///Vl///l/> ~ n V4 (O'xx —_ O';xlo)z, (15)

where (---) means the ensemble average over disorder
configurations, n; is the impurity concentration, and V, and
V, measure the correlations of two and three scattering
events, respectively. o3 is the resistivity, and o7, is the
resistivity at the lowest temperature. The scattering corre-
lations are related to the difference p,, — p,0, because in
practice the scaling-law analysis is based on the data at
different temperatures [37,39—-41,43—-45,62,63].

By applying the rules in Eq. (15) to Fig. 2, we can find
the dependence of all mechanisms on 7 and the correlations
of scattering

0 o< 7 (Vi Vi) (Vi Vi)

Q) o< 74 (Vi Vi ) (Vi Vi) 2,

(L oc 76 (Vi Virir) (Vi Vi) ),

A X T (VirVir), @ o< (Vi Vi),

2 o< 7 (Vi Vi) (Vi Vi Y (Vi Vi),
@ x 72 (Viy Vi), Drude o< 73,

L o< (Vi Vin))?, & o 72 (Vi Vi Y (Vi Vo)),
(2 oc 74 ((Vir Vi ) )2 (Vi Vi) (Vi Vi),
& 74(<Vu~‘/}//z/><Wl///W///1/>)2,
& o P2 (VrVimy))?, A o 78
O o 72 (Vi Vi) (Vi Vi),
& o< 7 (Vi Virr)) (Vi Virir) (Vi Vo)),

®x,oxr, ®x

‘/2[// W//l/>) s

(16)

where the scattering time 7 is from the distribution
functions §f. Because the scaling-law analysis is performed
by varying temperature, the three-event correlation
(V' Vprp V) does not appear explicitly. Using Eq. (15)
and the relations between resistivity and conductivity

_ 1
Pux = 05y and p, o = ok, we have
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3 —1 —11\2 4 —1 —1\4
o Orax\O gy Oz0) > L] ox Oz (O'a:m - Urzo) s

6 1 —1\6 3 —1 —1
@ X Opp\Ogy Oyz0) A X Ogx (Uxx - UJ;J;O)’

s B o, (0m — 0pm0))

2
xr )

A X Jir 27 @ & JjT(O—;Tl - 0;5610)27

A L Bl (o) — o),
i 27 @ & a'iac(gazgrl - 0;5610)27
3
xr
0

- 0;8_3610)37 A o8 ng(az_xl - 0;8_330)37
2

@our

(17)

Usually, o,, varies little over the measured temperature
range, so 6,6, ~ 1. Under this approximation, we obtain
the weights of the polynomial terms in the scaling law, as
listed in Table I. More details on the derivation of the
scaling law can be found in Sec. SIII in Supplemental
Material [56].
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