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Establishing the nature of a quantum phase transition in finite-size simulations—whether
continuous, first order, or weakly first order—is a fundamental challenge in quantum
many-body computation. The weakly first-order transition is particularly elusive: its anomalously
large correlation length invariably mimics a continuous critical point at accessible system sizes, and no
unified finite-size scaling theory has existed to distinguish these scenarios under realistic computa-
tional constraints. In this work, we address this problem by introducing a finite-size scaling framework
based on the Rényi thermal entropy (RTE) and its derivative (DRTE). We derive the finite-size scaling
forms for the RTE and DRTE at continuous, first-order, and weakly first-order quantum phase
transitions and show that the DRTE isolates the universal contribution of the free energy and
strengthens the characteristics of various phase transitions in finite sizes. Using quantum Monte Carlo
simulations, we demonstrate accurate data collapse and extraction of critical exponents at (2þ 1)-
dimensional OðNÞ critical points. Most importantly, the DRTE provides a definitive signature of
weakly first-order transitions at visitable sizes—a zero crossing and a double-peak structure—which
we observe in the debated deconfined quantum criticality candidates such as the J-Q and SU(8) J1-J2
models. Our approach offers a general, order-parameter-agnostic, and numerically efficient diagnostic
tool, resolving long-standing ambiguities between continuous and weakly first-order scenarios in the
finite-size simulations.
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I. INTRODUCTION

Quantum phase transitions, associated spontaneous
symmetry breaking, and critical behaviors are central
concepts in condensed matter and statistical physics [1–
3]. The nature of a phase transition is determined by
universal contribution in the free energy or its derivatives,
as rigorously defined in standard textbooks: a first-order

transition is characterized by a discontinuity in the first
derivative of the free energy, while a continuous transition
involves higher-order derivatives. In principle, an exact
analytical calculation of the partition function would
allow unambiguous identification of the transition type
through these signatures. However, only a handful of
systems admit exact solutions, and the vast majority must
be studied numerically. In practice, detecting such features
in numerical simulations is highly challenging, as it
requires extremely high-precision data to resolve the
behavior of derivatives—particularly in strongly corre-
lated many-body systems.
A long-standing and fundamental challenge lies in

identifying genuine deconfined quantum critical points
(DQCPs) beyond the Landau-Ginzburg-Wilson paradigm.
This framework describes continuous transitions between
incompatible symmetry-breaking phases, such as the anti-
ferromagnetic (AFM) Néel order—where spin symmetry is
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broken—and the valence-bond solid (VBS)—where lattice-
rotation symmetry is broken [4–6]. Such continuous
transitions exhibit unconventional critical behavior and
may host emergent symmetries and fractionalized exci-
tations [7–14]. If realized in nature, DQCPs would
represent a fundamentally new class of quantum critical
phenomena beyond the Landau-Ginzburg-Wilson frame-
work—a discovery of comparable significance to the
establishment of the paradigm itself. However, in concrete
model realizations, it remains controversial whether can-
didate DQCPs represent true continuous transitions or are
instead weakly first order. Notable examples include
nonlinear sigma models with topological terms [15–18],
the J-Q models [5,19–23], and other bosonic or fermionic
systems [24–27]. The stakes are enormous: resolving this
question determines whether we need an entirely new
framework for quantum criticality or whether conven-
tional Landau theory, augmented by proximate multi-
criticality, suffices.
The core difficulty stems from the fact that correlation

lengths ξ at these candidate DQCPs are often orders of
magnitude longer than the system sizes accessible in
simulations—even if the transition is weakly first order
rather than genuinely critical. In the regime L ≪ ξ, a
weakly first-order transition is nearly indistinguishable
from a true continuous one. Consequently, the observed
critical-like behavior closely mimics that of a continuous
transition, making definitive discrimination extremely
difficult. This phenomenon is understood within a physical
picture in which the weakly first-order transition occurs in
close proximity to a critical point—though some research-
ers argue that the underlying criticality is described by a
complex conformal field theory (CFT) [18,28–30], while
others propose it arises from a multicritical point [31–33].
As a result, in finite-size simulations, weakly first-order
transitions near a critical fixed point are nearly indistin-
guishable from continuous ones. Given current computa-
tional limits, reliably distinguishing between these
scenarios across accessible system sizes remains a major
challenge.
The severity of this obstacle is best appreciated by

surveying the existing diagnostic toolkit. Order param-
eters and Binder cumulants require delicate extrapola-
tion to L → ∞, but the extrapolation itself depends on
assumptions about scaling corrections that are precisely
what is debated, especially when the target value is close
to zero. Entanglement entropy, one of the most sophis-
ticated modern diagnostics, has recently been shown to
be cut dependent in ways not under theoretical control
[34–36]: several recent works studying the same J-Q
models reached the various conclusions from mutually
incompatible signals depending on the lattice bipartition
[19–21]. In other words, even the state-of-the-art diag-
nostic yields signals that change character depending on
microscopic implementation choices. The common

thread is that no existing method offers a binary, cut-
independent, parameter-free signature of phase coexist-
ence at weakly first-order transitions.
Crucially, there is currently no unified and effective

finite-size scaling theory capable of robustly differenti-
ating second-order and weakly first-order transitions. As
a consequence, most numerical studies lack a definitive
“smoking-gun” signature for identifying the true nature
of the transition. In this work, we address this gap by
developing a scaling theory based on the Rényi thermal
entropy (RTE) and its derivative (DRTE)—physical
observables that naturally cancel the leading analytic
background contributions to the free energy, thereby
isolating the universal contribution that governs
critical behavior. Unlike all existing diagnostics, the
DRTE is defined on the full-system partition function
Sð2Þ ¼ − ln½Zð2βÞ=ZðβÞ2�—no subsystem, no cut, no
bipartition dependence. Its signatures at a first-order
transition (zero crossing and double-peak structure)
follow from thermodynamic identities: they are binary,
qualitative features that exist if and only if two phases
coexist and are impossible at a genuine continuous
transition. This requires no fitting, no extrapolation,
and no prior knowledge of the order parameter.
Moreover, the DRTE exhibits distinct and universal
signatures in both first-order and weakly first-order
transitions, enabling clear discrimination between differ-
ent types of quantum phase transitions. In continuous and
weakly first-order cases, it allows for the accurate
extraction of critical exponents through data collapse,
where the extracted exponents in the latter reflect those of
the nearest critical fixed point.
We verify these predictions across a broad range of

quantum critical systems. For continuous transitions, the
RTE and DRTE reproduce the known critical points and
correlation-length exponents of the ð2þ 1ÞD O(1), O(2),
and O(3) universality classes, while an independent
thermal tensor-network calculation for the one-dimen-
sional transverse-field Ising model further demonstrates
that the framework is not restricted to quantum
Monte Carlo (QMC). For strong first-order transitions,
the anisotropic Heisenberg and checkerboard J-Q models
confirm the predicted zero crossing, opposite-sign double-
peak structure, and first-order finite-size scaling. More
importantly, applying the DRTE to the debated J-Q2 and
J-Q3 models reveals first-order branch-competition sig-
natures coexisting with pseudocritical scaling. In particu-
lar, for the J-Q2 model, these characteristic weakly first-
order signatures are already clearly resolved for system
sizes L ¼ 16–56, precisely in a regime where conven-
tional diagnostics remain strongly ambiguous. We further
apply the DRTE to the SU(8) J1-J2 model, which recent
entanglement-entropy scaling interpreted as exhibiting a
continuous deconfined quantum critical point [37]. In
contrast, our DRTE results reveal a clear first-order
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component, providing new evidence that the transition of
the SU(8) J1-J2 model is weakly first order. These results
not only validate the scaling framework across established
universality classes and first-order transitions, but also
demonstrate its ability to uncover weakly first-order
behavior in challenging DQCP candidates.
Taken together, our results establish the RTE and DRTE

as a general, order-parameter-agnostic, bipartition-indepen-
dent, and numerically efficient framework for characteriz-
ing quantum phase transitions. This provides, to our
knowledge, the first qualitative resolution of the long-
standing DQCP controversy using a definitive, parameter-
free diagnostic at currently accessible simulation scales and
demonstrates the practical ability of the DRTE to distin-
guish continuous from weakly first-order behavior deep
within the pseudocritical finite-size regime.

II. SECOND-ORDER PHASE TRANSITION

A. Finite-size scaling form

Let us begin with second-order quantum phase transi-
tions. For a quantum phase transition, the inverse temper-
ature should scale as β ¼ cLz, where L is the linear system
size, z is the dynamical critical exponent, and c is a fixed
spacetime aspect ratio. Since temperature is an irrelevant
scaling field, the free energy F ¼ −ð1=βÞ lnZ can be
replaced by the logarithm of the partition function lnZ
for the purpose of extracting universal contributions.
At a continuous transition, the correlation length

diverges, and the free energy acquires a universal contri-
bution. According to the finite-size scaling hypothesis
[38,39], any scaling observable Q near the critical point
gc takes the scaling form

QðΔg; L; cÞ ¼ LσS̃ðΔgL1=ν; cÞ; ð1Þ

where Δg ¼ g − gc, ν is the correlation-length exponent, σ
is a scaling power, and S̃ is a universal scaling function. The
universal contribution of the free energy is scale invariant
(σ ¼ 0) [38,40]; hence, lnZ can be decomposed as

lnZðg; β; LÞ ¼ aðgÞβLd þAsubðg; L; βÞ þ S̃ðΔgL1=ν; cÞ:
ð2Þ

Here, aðgÞβLd is the leading volume-law term and
Asubðg; L; βÞ ¼ βða1ðgÞLd−1 þ a2ðgÞLd−2 þ � � �Þ collects
subleading analytic background contributions. The analytic
background terms dominate lnZ and obscure the universal
part S̃, making direct numerical detection of critical
universalities challenging.
To isolate S̃, we should construct a quantity in which the

dominant analytic background contributions cancel. For a
quantum phase transition, temperature is an irrelevant
scaling field. Along the finite-size scaling trajectory
β ∼ Lz, the analytic background is expected to be

linear in β at leading order. Evaluating Eq. (2) at inverse
temperatures 2β and β and multiplying the latter by two, we
obtain

lnZð2βÞ ¼ 2aðgÞβLd þ 2Asubðg; L; βÞ þ S̃ðΔgL1=ν; 2cÞ;
2 lnZðβÞ ¼ 2aðgÞβLd þ 2Asubðg; L; βÞ þ 2S̃ðΔgL1=ν; cÞ:

ð3Þ

Then, the analytic background cancels, leaving

2 lnZðβÞ − lnZð2βÞ ¼ 2S̃ðΔgL1=ν; cÞ − S̃ðΔgL1=ν; 2cÞ:
ð4Þ

In the present work, the aspect ratio is fixed to c ¼ 1, so the
right-hand side depends only on the scaling variable
x ¼ ΔgL1=ν. For convenience, we define the combined
universal scaling function

S̃ðΔgL1=νÞ≡ 2S̃ðΔgL1=ν; cÞ − S̃ðΔgL1=ν; 2cÞ; ð5Þ

evaluated at c ¼ 1, so that

2 lnZðβÞ − lnZð2βÞ ¼ S̃ðΔgL1=νÞ: ð6Þ

This identifies the combination 2 lnZðβÞ − lnZð2βÞ as the
quantity that isolates the universal critical contribution. In
Appendix D, within the framework of a low-energy
effective theory, we prove—based on the CFT tower—that
this difference indeed captures only the universal critical
part of the free energy.
The above derivation shows that the difference

2 lnZðβÞ − lnZð2βÞ isolates the universal part S̃ through
an cancellation of the analytic background. This result
admits a transparent physical interpretation within the path-
integral formalism: for dynamic exponent z ¼ 1, the
system exhibits spacetime isotropy (emergent Lorentz
invariance), placing imaginary time β and spatial size L
on an equal footing. Specifically, Eq. (6) measures the free-
energy difference between two Euclidean spacetime mani-
folds whose temporal circumferences are 2β and β
(see Fig. 1). In close analogy with the ordinary Casimir
effect [41–47], the finite temporal circumference of the
smaller block acts as a “sieve” for critical fluctuations: a
larger circumference accommodates a broader modes,
while tightening the temporal extent squeezes out soft
(long-wavelength) modes at a cost in free energy (see
Fig. 1). We call this contribution the spacetime Casimir
effect. It is dominated by infrared modes and yields an O(1)
universal scaling function S̃ðΔgL1=νÞ (see Appendix E for
details).
From an information-theoretic perspective, the combi-

nation appearing in Eq. (4) is precisely the second-order
Rényi thermal entropy—also known as the purity—a
fundamental quantity in information theory [48–54]:
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Sð2Þ ¼ − ln
Zð2βÞ
ZðβÞ2 : ð7Þ

This definition extends to arbitrary order n as SðnÞ ¼
½1=ð1 − nÞ� ln½ZðnβÞ=ZðβÞn�. For simplicity, we focus on
the second-order Rényi thermal entropy (n ¼ 2) throughout
this work.
The above analysis shows that the RTE is a dimension-

less quantity dominated by long-wavelength fluctuations.
Its scaling dimension is, therefore, σ ¼ 0 in Eq. (1), and it
inherits the scaling form

SðnÞðΔg; LÞ ¼ S̃ðΔgL1=νÞ: ð8Þ
Differentiating Eq. (8) yields the scaling behavior of the
DRTE:

∂SðnÞðΔg; LÞ
∂Δg

¼ S̃0ðΔgL1=νÞL1=ν; ð9Þ

where S̃0ðxÞ ¼ ∂S̃ðxÞ=∂x and the factor L1=ν arises from the
derivative of the scaling variable x ¼ ΔgL1=ν with respect
to Δg.
The above analysis implies two characteristic signatures:

(i) the RTE is dimensionless and, therefore, exhibits a
crossing at the critical point, analogous to the Binder ratio;

(ii) the DRTE allows the critical exponent ν to be
extracted through data collapse. To verify these predictions,
we expand the scaling function as a polynomial,
S̃ðxÞ ¼ Pkmax

k¼0ð1=k!ÞS̃ðkÞð0Þxk, and perform a global fit to
the RTE and DRTE data. In the following, we demonstrate
perfect data collapse near the well-established ð2þ 1ÞD
O(1) (Z2), O(2), and O(3) quantum critical points. The
critical point gc, the correlation-length exponent ν, and the
expansion coefficients S̃ðkÞð0Þ are treated as fitting param-
eters; we use kmax ¼ 6 throughout the numerical analysis.

B. Numerical methods

The RTE can be expressed in terms of the ratio of
partition functions at two different temperatures:
Sð2Þ ¼ − lnf½Zð2βÞ�=½ZðβÞ2�g. We compute the partition
functions using the bipartite reweight-annealing algorithm
[55–57] in combination with stochastic series expansion
(SSE) QMC simulations [39,58–62]. Following a method
analogous to that used for the derivative of Rényi entan-
glement entropy and negativity [55,63], the derivative of
the RTE with respect to a general parameter g of the
Hamiltonian H is given by

dSðnÞ

dg
¼ 1

1 − n

�
−nβ

�
dH
dg

�
ZðnβÞ

þ nβ

�
dH
dg

�
ZðβÞ

�
: ð10Þ

Here, the two expectation values are evaluated separately
using ensembles corresponding to ZðnβÞ and ZðβÞ, respec-
tively. While the RTE is calculated using the reweight-
annealing QMC method [64–66], the DRTE is directly
obtained from the two expectation values in Eq. (10); see
Appendix A for details. Considering the dynamical critical
exponents z ¼ 1 of the models studied in this work, the
β ¼ L is set to approach the quantum critical regime.

C. Ising transition

We study the bilayer Ising-Heisenberg model with a
ð2þ 1ÞD Ising QCP [67]. The Hamiltonian is given by

H ¼ −Jz
X
α¼1;2

X
hiji

Szi;αS
z
j;α þ J

X
i

Si;1 · Si;2; ð11Þ

where hiji denotes the nearest-neighbor interaction and
α ¼ 1, 2 labels the two layers. −Jz < 0 represents the
intralayer ferromagnetic (FM) Ising interaction, while
J > 0 represents the interlayer antiferromagnetic (AFM)
Heisenberg interaction. For J=Jz ≪ 1, the ground state
exhibits Z2 symmetry-breaking Ising order. In the opposite
limit, J=Jz ≫ 1, the system forms interlayer spin-
singlet states. The QCP separating two phases is at
J=Jz ¼ 3.045ð2Þ and belongs to the ð2þ 1ÞD Ising uni-
versality class [67].
We set J ¼ 3.045 and use Jz as the tuning parameter,

studying the second-order RTE and DRTE near the QCP at

(a) (b)

FIG. 1. A geometrical presentation of two partition functions
of the whole system (A) (a) Zð2βÞ ¼ Trðe−2βHÞ and
(b) ZðβÞ ¼ Trðe−βHÞ, where H is the Hamiltonian of the system.
Near a quantum critical point with dynamical exponent z ¼ 1, the
system possesses emergent Lorentz invariance, which puts the
imaginary time β and the spatial size L on the same footing
(β ∝ L). The Rényi thermal entropy then compares the free
energies of two Euclidean spacetime blocks whose temporal
circumferences are 2β and β, respectively. In close analogy with
the ordinary Casimir effect [41–46], the finite imaginary-time
circumference β acts as a “sieve” for critical fluctuations (differ-
ent modes are depicted by red wavy lines of varying wave-
lengths): a larger circumference admits a broader modes, and the
resulting difference in free energy can be understood as the
energy cost of excluding long-wavelength (thick red wavy lines)
modes when the temporal extent is reduced. We term this
universal difference, which is entirely dominated by long-wave-
length modes, the spacetime Casimir effect.
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Jz;c ¼ 1 for various lattice sizes. The results are shown in
Figs. 2(a) and 2(c). The RTE curves for different system
sizes intersect at the QCP, while the DRTE exhibits a clear
peak at the critical point. We fit the scaling forms in Eqs. (8)
and (9) to the RTE and DRTE data, respectively. The fits
yield Jz;c ¼ 0.9999ð1Þ, ν ¼ 0.629ð7Þ from RTE and
Jz;c ¼ 1.000ð3Þ, ν ¼ 0.63ð4Þ from DRTE. These values
are in agreement with the known QCP Jz;c ¼ 1 [67] and the
ð2þ 1ÞD Ising universality class value ν ¼ 0.63012 [67–
69]. The resulting universal scaling functions S̃ðΔgL1=νÞ
and S̃0ðΔgL1=νÞ with Δg ¼ Jz − Jz;c, obtained from data
collapse, are displayed in Figs. 2(b) and 2(d), respectively.

D. Continuous symmetry phase transitions

We then investigate QCPs of the dimerized AFM
Heisenberg model [74–76]. The Hamiltonian reads

H ¼ J1
X
hiji

Dij þ J2
X
hiji0

Dij; ð12Þ

in which J2 > J1 > 0 and Dij ¼ Sxi S
x
j þ Syi S

y
j þ ΔSzi S

z
j

represents the nearest-neighbor AFM Heisenberg interac-
tion with anisotropy parameter Δ. In the regime where
J2=J1 ≃ 1, the ground state exhibits AFM order. For

0 < Δ < 1, the AFM order parameter lies in the xy plane,
breaking the O(2) symmetry. For Δ > 1, the order param-
eter aligns along the z axis, breaking the Z2 spin flip
symmetry. WhenΔ ¼ 1, the interaction is isotropic, and the
AFM order breaks the O(3) symmetry. In the limit
J2=J1 ≫ 1, the ground state is the gapped dimer phase.
The QCP from the gapped phase to the AFM order belongs
to the ð2þ 1ÞD O(2), Ising, and O(3) universality class
when 0 < Δ < 1, Δ > 1, and Δ ¼ 1, respectively [74–76].
For a zero-temperature system with ground-state degen-
eracy de, the RTE actually reflects the logarithmic degen-
eracy: Sð2Þ ¼ ln de. As shown in Fig. 2, Sð2Þ effectively
probes both the degeneracy of discrete symmetry-breaking
phases and the Anderson tower of states associated with
continuous symmetry breaking [12,77,78].
We evaluate the RTE and its derivative near the QCPs for

both the easy-plane case [Δ ¼ 0.9, O(2) criticality] and the
isotropic case [Δ ¼ 1, O(3) criticality], with results shown
in Figs. 2(e), 2(g), 2(i), and 2(k), respectively. In each case,
J2 is fixed and J1 is tuned across the transition, as detailed
in the caption. Similar to the Ising case, the RTE curves for
different system sizes intersect at the QCPs, and their
derivatives exhibit clear peaks at these points. We apply the
scaling forms in Eqs. (8) and (9) to data near the ð2þ 1ÞD
O(2) and O(3) QCPs. For the O(2) QCP, fitting the RTE

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

FIG. 2. (a),(c) Second-order RTE and its derivative DRTE and (b),(d) corresponding data collapse analysis near the QCP of the bilayer
Ising-Heisenberg model [ð2þ 1ÞD Ising universality]. We set J ¼ 3.045 and take Jz as the tuning parameter. (e)–(h) Results for the
dimerized anisotropic Heisenberg model withΔ ¼ 0.9 [ð2þ 1ÞDO(2) universality], using J2 ¼ 2.1035 and tuning J1. (i)–(l) Results for
the dimerized isotropic Heisenberg model with Δ ¼ 1 [ð2þ 1ÞD O(3) universality], using J2 ¼ 1 and tuning J1. To achieve good data
collapse, we include a subleading correction: Qðg; LÞ ¼ LkfS̃½ðg − gcÞL1=ν� þ bL−ωg. ω ¼ 0.830, 0.789, and 0.782 correspond to the
ð2þ 1ÞD Ising, O(2), and O(3) critical points, respectively [70–73]. For Q ¼ Sð2Þ, k ¼ 0. k ¼ 1=ν when Q is DRTE.
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yields J1;c ¼ 0.997ð1Þ, ν ¼ 0.67ð2Þ, while the DRTE gives
J1;c ¼ 0.9994ð8Þ, ν ¼ 0.66ð1Þ. These values are consistent
with the known critical parameters J1;c ¼ 1 and ν ¼
0.6703 [68,76].
For the O(3) QCP, fitting the RTE data yields

J1;c ¼ 0.523ð1Þ, ν ¼ 0.703ð7Þ, while the DRTE gives
J1;c ¼ 0.525ð1Þ, ν ¼ 0.708ð8Þ. These values are consistent
with the known critical parameters J1;c ¼ 0.52337 and ν ¼
0.7073 [68,74,75]. The universal scaling functions near the
O(2) and O(3) QCPs, obtained from data collapse, are
shown in Figs. 2(f), 2(h), 2(j), and 2(l), respectively.
In summary, all the data show that the RTE does have a

crossing at a critical point and the DRTE does extract the
critical exponent ν by data collapse, which is highly
consistent with our theoretical analysis.

III. FIRST-ORDER PHASE TRANSITION

A. Finite-size scaling form

At a zero-temperature first-order transition, two thermo-
dynamic branches have equal energy density at the tran-
sition but different generalized-force densities. Wewrite the
finite-size energies of the two branches as

Eαðg; LÞ ¼ LdeαðgÞ þ Esub
α ðg; LÞ; α ¼ 1; 2; ð13Þ

where eαðgÞ denotes the leading energy density of branch α
while Esub

α ðg; LÞ collects subextensive corrections. At the
transition point,

e1ðgcÞ ¼ e2ðgcÞ; l¼ ∂g½e2ðgÞ− e1ðgÞ�g¼gc ≠ 0: ð14Þ

Here, l is the jump in the generalized-force density. For a
strong first-order transition, intrabranch excitations remain
gapped. In the low-temperature coexistence window,

ZαðnβÞ ¼ dαe−nβEαðg;LÞ
h
1þO

�
e−nβΔα

�i
; ð15Þ

where dα is a finite multiplicity and Δα > 0 is an intra-
branch gap. Neglecting exponentially small interface and
intrabranch corrections, the partition function can be
approximated as a sum of contributions from the two
coexisting branches [79]:

Zðnβ; g; LÞ ≃ d1e−nβE1ðg;LÞ þ d2e−nβE2ðg;LÞ: ð16Þ

Define the energy difference between the two
branches as

ΔEðg;LÞ ¼E2ðg;LÞ−E1ðg;LÞ; y¼ βΔEðg;LÞ: ð17Þ

Factoring out branch 1, the partition function becomes

ZðnβÞ ¼ e−nβE1 ½d1 þ d2e−ny�: ð18Þ

The common branch-1 exponential cancels from the RTE,
giving the two-branch expression

SðnÞðyÞ ¼ ln ðd1 þ d2e−nyÞ − n ln ðd1 þ d2e−yÞ
1 − n

: ð19Þ

At the branch crossing (y ¼ 0),

SðnÞð0Þ ¼ lnðd1 þ d2Þ: ð20Þ

Thus, the RTE itself does not vanish at a first-order
transition; in the nondegenerate two-branch case, it equals
ln 2 at coexistence.
The probability of branch 2 in the nβ ensemble is

described by a logistic function

pnðyÞ ¼
d2e−ny

d1 þ d2e−ny
; n > 0: ð21Þ

Differentiating Eq. (19) and using ∂gy ¼ β∂gΔEðg; LÞ, we
obtain the DRTE for general n:

∂gSðnÞ ¼
n

n − 1
∂gy½pnðyÞ − p1ðyÞ�: ð22Þ

For n ¼ 2, this reduces to the compact expression

∂gSð2Þ ¼ 2β∂gΔEðg; LÞ½p2ðyÞ − p1ðyÞ�: ð23Þ

Using Eq. (13) and retaining the leading volume-law term,
the most important result in this section—the key scaling
form of the first-order transition—is obtained:

∂gSð2Þ ¼ 2βLdΔe0ðgÞ½p2ðyÞ − p1ðyÞ� þ � � � ;
Δe ¼ e2 − e1; ð24Þ

which immediately explains three characteristic features of
the DRTE at a first-order transition.

(i) Since Δe0ðgcÞ ¼ l ≠ 0, the difference p2ðyÞ −
p1ðyÞ changes sign across gc [near gc,
y ≈ βLdlðg − gcÞ, crossing zero linearly], resulting
in a robust double-peak structure with one positive
and one negative peak located on opposite sides of
the transition. This structure reflects the rapid trans-
fer of thermodynamic weight between the two
competing branches and is a direct consequence
of phase coexistence.

(ii) At the first-order transition point (y ¼ 0), since
pnð0Þ ¼ p1ð0Þ ¼ ½d2=ðd1 þ d2Þ�, thus

∂gSð2ÞjΔe¼0 ¼ 0: ð25Þ

The DRTE crosses through 0 at the first-order
transition point. For unequal multiplicities, the
occupation at coexistence is not generally 1=2;
the zero follows because the β and nβ ensembles

WANG, ZHU, GUO, CHEN, DING, LIU, and YAN PHYS. REV. X 16, 041031 (2026)

041031-6



have the same branch occupation at the exact
branch-energy crossing. This represents another
fundamental distinction from continuous phase tran-
sitions, where the DRTE scales as L1=ν without a
generic zero crossing.

(iii) Because jp2ðyÞ − p1ðyÞj is an O(1) constant and
Δe0ðgÞ is also of constant order, the peak amplitude
of the DRTE scales as���∂gSð2Þ��� ∼ βLd ∼ Ldþzβ : ð26Þ

Here, zβ denotes the power with which the inverse
temperature is increased along the thermal trajectory
β ¼ cLzβ (c > 0). At a first-order transition, there
need not be a universal dynamical exponent; zβ is a
chosen scaling parameter.

The thermal rounding window is jyj ¼ Oð1Þ, which
gives

δg ∼ L−ðdþzβÞ;
���∂gSð2Þ���

peak
∼ Ldþzβ : ð27Þ

Consequently, the DRTE satisfies the finite-size scaling
ansatz

∂gSð2Þ ¼ LdþzβfðΔgLdþzβ ; d2=d1Þ þ � � � : ð28Þ

To maintain consistency with the formalism of continuous
phase transitions, we can define 1=ν ¼ dþ zβ for this
discontinuity scaling. However, this definition does not
imply a diverging correlation length or the existence of a
universal first-order dynamical exponent. The divergence
of the DRTE does not arise from a critical universality;
rather, it stems from the system’s intrinsic volume-law

scaling and the fact that the free energies of the coexisting
phases become unequal once the system moves away from
the transition point (see Appendix F for the more detailed
derivation).

B. Numerical demonstration

Our numerical simulations confirm our theoretical der-
ivation. Specifically, we study the 2D anisotropic
Heisenberg model and the 2D checkerboard J-Q model
with first-order transitions [80]. Let us begin by examining
the 2D anisotropic Heisenberg model defined in Eq. (12),
where the antiferromagnetic couplings are uniform,
J1 ¼ J2 ¼ 1, and the anisotropy parameter Δ serves as
the tuning variable. At Δ ¼ 1, the system exhibits full
spin-rotation symmetry, corresponding to O(3), which is
spontaneously broken by the emergence of AFM order in
the ground state. When Δ deviates from unity, the
symmetry is explicitly lowered to in-plane spin rotation
symmetry and spin-flip symmetry. For 0 < Δ < 1, the
ground state develops an easy-plane AFM order, sponta-
neously breaking the continuous SO(2) symmetry. In
contrast, for Δ > 1, the system favors an easy-axis
AFM order, leading to the breaking of the discrete Z2

spin-inversion symmetry. Precisely at Δ ¼ 1, both types
of order coexist, and each vanishes discontinuously across
the transition. This abrupt change in the order parameters
signals a first-order quantum phase transition, accompa-
nied by the spontaneous breaking of an enhanced O(3)
symmetry [80].
The DRTE across the transition at Δc ¼ 1 is shown in

Fig. 3(a). A clear discontinuity is observed near the phase
transition point, with the DRTE diverging toward opposite
signs on either side of the transition in the thermodynamic
limit (L → ∞). For comparison, we also compute the

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 3. (a) Derivative of the RTE and (b) corresponding data collapse analysis near the phase transition point of the 2D anisotropic
Heisenberg model with anisotropy parameter Δ [see Eq. (12)]. (c) and (d) show the data for the derivative of the partition function at
temperatures β and 2β near the transition. Here, J1 ¼ J2 ¼ 1, and the anisotropy Δ is taken as the tuning parameter. (e)–(h) Results for
the checkerboard J-Q model, using Q ¼ 1 and tuning J.
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derivative of the logarithm of the partition function, as
displayed in Figs. 3(c) and 3(d). These curves exhibit a
significantly smoother behavior across the transition com-
pared to the DRTE. Moreover, the DRTE curves for
different system sizes are seen to intersect precisely at
the critical point Δc ¼ 1, and the value at the crossing point
is zero—consistent with the expected vanishing of the
DRTE at a first-order transition. Finally, as shown in the
data collapse in Fig. 3(b), the DRTE obeys the scaling form
given by Eq. (28). These results provide strong numerical
confirmation of our theoretical predictions.
The occurrence of a symmetry-enhanced first-order

transition is not limited to systems with exact sym-
metries. An emergent enhanced symmetry can arise at
long wavelengths provided that all explicit symmetry-
breaking perturbations are irrelevant under the renorm-
alization group (RG) and, thus, decay along the RG flow.
In this scenario, we study the 2D checkerboard J-Q
model (see Appendix B for model details), which
exhibits a spontaneously broken emergent O(4) sym-
metry at the first-order transition point Jc=Q ¼ 0.217ð1Þ,
where the system transitions from an O(3)-symmetry-
breaking antiferromagnetic order to a Z2-symmetry-
breaking plaquette-singlet solid order [80]. The DRTE
across this transition is shown in Fig. 3(e). A clear
discontinuity is observed at the critical point, with the
DRTE diverging to opposite signs on either side of
the transition in the thermodynamic limit (L → ∞). The
DRTE equals zero at the transition point. Furthermore,
the DRTE data collapse successfully onto a single
curve when rescaled according to Eq. (28) [Fig. 3(f)],
consistently confirming the validity of our theoretical
predictions. Similar to the anisotropic Heisenberg
model, the derivative of the logarithm of the partition
function [shown in Figs. 3(g) and 3(h)] exhibits a much
smoother behavior across the transition compared to
the DRTE.
Combining theoretical analysis with numerical simu-

lations, we demonstrate that the DRTE not only is
effective for characterizing continuous phase transitions,
but also serves as a powerful probe for first-order phase
transitions.

IV. WEAKLY FIRST-ORDER TRANSITIONS

A. Finite-size scaling form

Having established the universal behaviors at continu-
ous and strong first-order transitions, we now turn to
weakly first-order transitions, which pose significant
challenges for conventional local observables. The fun-
damental difficulty is that the correlation length at the
transition, although finite, is much larger than the acces-
sible system sizes (L ≪ ξ). In this regime, the renormal-
ization-group flow can remain close to a nearby critical
fixed point for many decades in length scale, and

observables display pseudocritical scaling with effective
exponents ν and z controlled by that nearby critical
point—even though the thermodynamic transition is first
order [28,29].
In the standard first-order DRTE, quantum fluctuations

were neglected because intrabranch excitations are gapped.
For a weakly first-order transition, however, the proximity
of a critical point introduces strong quantum fluctuations
that must be properly accounted for. The finite-size
spectrum, therefore, contains two ingredients simultane-
ously: two competing macroscopic branches and low-
energy tower corrections inherited from the nearby scaling
regime. Let α ¼ 1, 2 label the two branches andm label the
low-energy tower attached to branch α. In the critical region
of the nearby critical point, the branch-resolved energies
take the form

Eαmðg; LÞ ¼ LdeαðgÞ þ L−zεαmðxÞ þ � � � ;
x ¼ ðg − gcÞL1=ν; ð29Þ

where εαmðxÞ is a dimensionless scaling function that
encodes the low-energy finite-size level m of branch α
inherited from the nearby critical regime. At inverse
temperature β ¼ cLz, the restricted partition function of
each branch is

ZαðnβÞ ¼ e−nβL
deαðgÞQαðnc; xÞ;

Qαðnc; xÞ ¼
X
m

e−ncεαmðxÞ þ � � � ; ð30Þ

where the tower factor Qαðnc; xÞ is O(1) along the finite-
size trajectory. The full two-branch partition function is,
therefore,

ZðnβÞ≃ e−nβL
de1ðgÞQ1ðnc;xÞ þ e−nβL

de2ðgÞQ2ðnc;xÞ: ð31Þ

Unlike in the strong first-order limit, the tower factorsQα

cannot, in general, be treated as constants, because
each competing branch retains low-energy spectral
weight inherited from the nearby critical fixed point.
Consequently, the DRTE combines the branch-occupation
response characteristic of a first-order transition with the
finite-size response of the pseudocritical tower. After
factoring out the common extensive reference energy,
and provided that the residual branch-independent tower
contribution is negligible or has been subtracted, the
leading DRTE of a weakly first-order transition can be
written in the compact form

∂Sð2Þ

∂g
¼
h
2cLdþzβΔe0ðgÞþ S̃0ðxÞL1=ν

i
½p2ðyÞ−p1ðyÞ�þ � � � ;

ð32Þ
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where the prime means the derivative versus g. A detailed
derivation and the conditions underlying this expression are
given in Appendix G.
Equation (32) is the central result for weakly first-order

transitions. It predicts three characteristic features.
(i) The double-peak structure of a first-order transition

is preserved even when the transition is weak, since
the occupation difference p2ðyÞ − p1ðyÞ remains.

(ii) The DRTE is 0 at the finite-size coexistence point,
where p2ð0Þ ¼ p1ð0Þ ¼ d2=ðd1 þ d2Þ. This zero
crossing is the same thermodynamic identity as in
the strong first-order case.

(iii) For accessible system sizes L ≪ ξ, the coefficient
Δe0ðgÞ is parametrically small because the two
branches are nearly degenerate near the nearby
critical fixed point. Consequently, the DRTE does
not follow the Ldþzβ scaling characteristic of a strong
first-order transition; instead, it exhibits L1=ν pseu-
docritical scaling inherited from the nearby critical
point. When L ≫ ξ, however, the finite correlation
length cuts off the critical fluctuations of a nearby
critical fixed point, and the DRTE crosses over to the
Ldþz scaling of a standard first-order transition.

In the following, we present numerical data that strongly
support the analysis above.

B. Finite-size advantage and range of validity

We now clarify why the DRTE can reveal the first-order
component of a weakly first-order transition at relatively
small system sizes, and the finite-size regime in which this
diagnosis is controlled. The favorable finite-size behavior
of the DRTE has two complementary physical origins.
First, the Rényi construction suppresses a large smooth

contribution to the partition function before any finite-size
fitting is performed. Schematically, the logarithm of the
partition function can be written as

lnZðβ; g; LÞ ¼ βEregðg; LÞ þ Uðβ; g; LÞ þ δAðβ; g; LÞ;
ð33Þ

where Eregðg; LÞ denotes the dominant smooth contribution
that is extensive in the imaginary-time direction, U contains
the nontrivial long-wavelength finite-size contribution, and
δA represents remaining subleading corrections. The regu-
lar contribution may contain the spatial expansion

Eregðg; LÞ ¼ a0ðgÞLd þ a1ðgÞLd−1 þ a2ðgÞLd−2 þ � � � :
ð34Þ

In the Rényi combination,

SðnÞ ¼ 1

1 − n
½lnZðnβÞ − n lnZðβÞ�; ð35Þ

the contribution that is linear in the imaginary-time extent
cancels identically. Therefore, the large smooth back-
ground common to the two thermal partition functions is
strongly suppressed, making the remaining long-wave-
length finite-size structure more directly visible. This
cancellation does not imply that all finite-size corrections
disappear: corrections from irrelevant operators, branch-
dependent low-energy spectra, and other subleading terms
can remain.
Second, once two competing thermodynamic branches

contribute appreciably to the finite-size partition function,
the DRTE directly probes the redistribution of their
statistical weights between the β and nβ ensembles. As
shown by the two-branch description above [Eq. (32)], the
occupation difference p2ðyÞ − p1ðyÞ changes sign across
the branch crossing and vanishes at the finite-size coex-
istence point. This directly generates the zero crossing and
opposite-sign double-peak structure. For a weakly first-
order transition, these first-order occupation signatures can
coexist with the pseudocritical L1=ν scaling inherited from
the nearby critical fixed point. The combination of back-
ground suppression and direct sensitivity to branch redis-
tribution explains why the first-order component can
become visible in the DRTE even while other observables
remain dominated by critical-like finite-size behavior.
These mechanisms follow from the structure of the

Rényi construction and are not specific to the particular
models studied here. However, they do not imply that
arbitrarily small systems are sufficient. The numerical size
at which the characteristic DRTE structure becomes clearly
resolvable remains model dependent.
Indeed, the scaling theory developed above is a low-

energy effective description and, therefore, requires a
separation between the long-wavelength degrees of free-
dom controlling the transition and microscopic short-
distance excitations. Along the finite-size trajectory

β ¼ cLz; ð36Þ

a low-energy excitation with

ΔIRðLÞ ∼ L−z ð37Þ

satisfies

βΔIR ¼ Oð1Þ ð38Þ

and, therefore, remains active in the finite-size partition
function. By contrast, a microscopic excitation has a finite
energy scale ΔUV and contributes with a Boltzmann factor

e−βΔUV ¼ e−cL
zΔUV : ð39Þ

For sufficiently large L,
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βΔUV ¼ cLzΔUV ≫ 1; ð40Þ

so that these microscopic excitations are strongly sup-
pressed. Equivalently, in space one requires L ≫ a, where
a is the microscopic lattice scale.
We denote by Lmin the model-dependent crossover scale

beyond which this low-energy separation of scales becomes
effective. Schematically, its physical meaning is set by the
conditions

cLzΔUV ≫ 1; L=a ≫ 1: ð41Þ

The scale Lmin is not universal: it depends on the ultraviolet
energy scale, lattice cutoff, irrelevant couplings, and other
short-distance details. It is also physically distinct from the
correlation length ξ. The former characterizes the crossover
from microscopic physics to the low-energy effective
regime, whereas the latter characterizes the eventual
departure from pseudocritical behavior toward the asymp-
totic first-order regime.
For a weakly first-order transition with an anomalously

large correlation length, these two scales naturally define an
intermediate window

Lmin ≪ L ≪ ξ: ð42Þ

The lower inequality ensures that microscopic high-energy
contributions are sufficiently suppressed for the low-energy
scaling theory to apply, whereas the upper inequality keeps
the system in the pseudocritical regime controlled by the
nearby critical fixed point. It is precisely in this window
that the DRTE can simultaneously display pseudocritical
L1=ν scaling and the zero-crossing, double-peak structure
associated with first-order branch competition.
If L≲ Lmin, microscopic and low-energy physics are still

strongly mixed. Short-range lattice-dependent contribu-
tions can distort the scaling function, shift or round the
zero crossing, and obscure the double-peak structure. A
weakly first-order transition may therefore resemble a
continuous transition at such small sizes. Importantly,
the absence of a first-order DRTE signature in this regime
should be regarded as inconclusive rather than as evidence
for a continuous transition. This limitation is not specific to
the DRTE: in conventional finite-size analyses of order
parameters, correlation functions, Binder cumulants, and
susceptibilities, the smallest system sizes are likewise
excluded when microscopic corrections prevent a stable
scaling description.
Thus, the finite-size advantage of the DRTE is a general

physical mechanism, whereas the numerical crossover
scale at which this advantage becomes visible is model
dependent. In the following, we show that the smooth
partition-function responses remain nearly featureless
while the DRTE already resolves the characteristic first-
order branch structure.

C. Numerical demonstration

The phase transition between AFM Néel order and VBS
phase in 2D quantum magnets can appear (approximately)
continuous, which is thought as the deconfined quantum
criticality (DQC) [4,81]. J-Q2 and J-Q3 models are
prototypical examples that realize such transitions in 2D
quantum spin systems [5,22]. These models are free of the
sign problem, making them ideal for QMC simulations.
Extensive QMC studies have shown that the phase tran-
sitions of the J-Q models on the 2D lattice are continuous
and exhibit emergent SO(5) symmetry, which is a hallmark
of DQC [5,9,22,82–84]. However, the critical exponents
observed in these models do not satisfy the conformal
bootstrap bounds expected for the SO(5) critical point [85].
Recent works have increasingly suggested that this DQC
scenario may instead correspond to a weakly first-order
transition [18,19,21,31,37,86–92]. Next, we show that the
DRTE behaviors provide a clear and direct signature that
the transitions in the J-Q2 and J-Q3 models (see
Appendix B for models’ details) are indeed weakly first
order in finite sizes (up to L ¼ 56). The observed DRTE
signals fully align with the three key features predicted in
the previous subsection, offering compelling evidence
against a genuine continuous transition.
The transition points of the 2D square lattice J-Q2 and

J-Q3 models have been numerically determined as Jc=Q ¼
0.04502 and Jc=Q ¼ 0.67046, respectively [5,22,31,93].
The DRTE results for both models are shown in Figs. 4(a)
and 4(e), along with the derivatives of the logarithmic
partition function in Figs. 4(c), 4(d), 4(g), and 4(h). The
derivative of the logarithmic partition function appears
smooth across the transition, even for large system sizes, as
seen in Figs. 4(c) and 4(d) for J-Q3 and Figs. 4(g) and 4(h)
for J-Q2 model. This shows that the almost smooth
derivative of the logarithmic partition function cannot
directly reveal the weakly first-order nature, as discussed
above, since the logarithmic partition function contains
large analytic background contributions.
In contrast, the DRTE reveals clear discontinuities with

a double-peak character near the transition points [see
Figs. 4(a) and 4(e)], as the feature (i) we predicted in the
above subsection. Moreover, DRTE curves for different
system sizes intersect at zero at the transition point [as the
feature (ii) we predicted above], unlike in continuous phase
transitions. These two features are fully consistent with our
previous analysis of the DRTE at weakly and standard first-
order transitions. Our results demonstrate that the DRTE
can unambiguously detect the first-order nature of weakly
first-order phase transitions in relatively small systems (up
to L ¼ 56), even in the J-Q2 model with much stronger
finite-size effects. In fact, its nature, whether continuous or
first order, remains under debate so far [31].
We now verify our third theoretical prediction for weakly

first-order transitions. We first attempted to scale the DRTE
data according to Eq. (28), assuming standard first-order
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scaling. However, we found that the data from different
system sizes do not collapse onto a single curve, indicating
the inadequacy of this scaling form. We then turned to the
modified scaling ansatz for weakly first-order transitions,
given by Eq. (32), using the initially estimated deconfined
quantum critical exponent ν ¼ 0.78 [5]. Remarkably, for
both the J-Q2 and J-Q3 models, excellent data collapse is
achieved when this form is applied [see Figs. 4(b) and 4(f)].
This scaling behavior is fully consistent with the theoretical
expectations discussed in the previous subsection—par-
ticularly feature (iii)—and provides strong evidence that the
transitions exhibit the characteristic physics of a weakly
first-order process, dominated by proximity to a nearby
critical point.
It is worth noting that, in current studies based on local

order parameters, the observed behavior within accessible
system sizes is predominantly governed by signatures of
continuous phase transitions, making it difficult to unam-
biguously identify the underlying first-order nature. As a
concrete comparison, the Binder cumulant for the J-Q2

model shows no negative values even up to L ¼ 256, and
the spin and dimer correlation functions measured up to
L ¼ 384 do not display a clear tendency to converge to
finite constants (see Appendix J for details); the computa-
tional cost of reaching L ¼ 384 is roughly 300 times that of
L ¼ 56. In stark contrast, our DRTE already provides a
definitive, qualitative signature of the weakly first-order
transition at L ¼ 56. This provides a clear and compelling
demonstration of the weakly first-order character of the
transition, marking, to our knowledge, the first such
identification achieved at modest system sizes.
As an additional test, we apply the same DRTE diag-

nostic to the square-lattice SU(8) J1-J2 model, with the
detailed results presented in Appendix I. Recent smooth-
boundary entanglement-entropy scaling was interpreted as

being compatible with a continuous deconfined quantum
critical point in this model [37]. In contrast, our DRTE data
exhibit a clear sign-changing structure with a zero crossing
and opposite-sign extrema near the transition, while the
same data simultaneously admit a pseudocritical scaling
collapse with an effective exponent ν ¼ 0.67ð4Þ. Within the
framework developed above, this coexistence of critical-
like finite-size scaling and first-order branch-competition
signatures is characteristic of a weakly first-order transition.
The SU(8) J1-J2 model, therefore, provides an additional
nontrivial application of the DRTE, showing that it can
reveal a first-order component in a case where other finite-
size probes have been interpreted as being consistent with
continuous critical behavior.

V. CONCLUSION AND DISCUSSIONS

We have established a unified scaling theory for the RTE
and its derivative (DRTE) across all three fundamental
types of phase transitions: continuous (second order),
strong first order, and weakly first order. Our framework
is predicated on the key insight that the DRTE naturally
isolates the universal contribution of the free energy by
canceling dominant analytic background contributions.
Crucially, we have derived distinct and diagnostic scaling
behaviors for the DRTE in each regime.

(i) Continuous phase transitions—The DRTE scales as

∂Sð2Þ

∂g
¼ L1=νS̃0ðΔgL1=νÞ; ð43Þ

where ν is the correlation length exponent. This
allows for precise determination of the critical point
gc and exponent ν via data collapse, as demonstrated
for ð2þ 1ÞD OðNÞ universality classes.

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 4. We set Q ¼ 1 and use J as the tuning parameter. (a) The derivative of the RTE: DRTE ∂Sð2Þ=∂J. (b) Corresponding data
collapse analysis of (a). (c) and (d) show the data for the derivative of the partition function at temperatures β and 2β near the transition of
the J-Q3 model. (e)–(h) Data for the J-Q2 model. The raw values of the partition function derivative vary significantly across system
sizes (see Appendix B), making direct comparison difficult. To resolve this, we normalize the data by L3, corresponding to βL2 ¼ L3.
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(ii) Standard first-order transitions—The DRTE exhib-
its a characteristic discontinuity with a double-peak
structure and follows the volume-law scaling

∂gSð2Þ ¼ LdþzβfðΔgLdþzβ ; d2=d1Þ þ � � � ; ð44Þ

where d is the spatial dimension and zβ is a chosen
scaling parameter (at a first-order transition, there
need not be a universal dynamical exponent).
The zero crossing at gc and the sign change of
the peaks provide an unambiguous signature of
phase coexistence.

(iii) Weakly first-order transitions—The DRTE obeys a
hybrid scaling form

∂Sð2Þ

∂g
¼

�
2cLdþzβΔe0ðgÞ þ S̃0ðxÞL1=ν

�
× ½p2ðyÞ − p1ðyÞ� þ � � � ; ð45Þ

which encapsulates the competition between the
underlying first-order mechanism (first term) and
the influence of a nearby critical fixed point
(second term). In accessible finite sizes (L ≪ ξ),
the critical-like L1=ν scaling dominates, explaining
the observed data collapse with continuous
exponents. Simultaneously, the persistent dou-
ble-peak structure and zero crossing betray the
first-order nature, as conclusively shown for the
debated J-Q models.

Our numerical results establish this framework at two
complementary levels. First, the well-established O(1),
O(2), and O(3) quantum critical points and the strong first-
order anisotropic Heisenberg and checkerboard J-Q
transitions provide controlled benchmarks for the con-
tinuous- and first-order scaling theories. Second, the J-Q2,
J-Q3, and SU(8) J1-J2 models constitute nontrivial
applications where the transition character is considerably
more subtle. In all three cases, the DRTE reveals the
coexistence of pseudocritical scaling and first-order
branch-competition signatures. In particular, the result
of SU(8) J1-J2 model indicates weakly first-order behav-
ior even though recent smooth-boundary entanglement-
entropy scaling was interpreted as being compatible with a
continuous transition [37]. These results, therefore, go
beyond benchmark confirmation of the scaling theory and
demonstrate its ability to uncover previously unresolved
first-order components in candidate deconfined quantum
critical systems.
Beyond these specific findings, the RTE-DRTE

approach offers a general and order-parameter-agnostic
diagnostic tool. Its applicability extends to transitions
elusive to conventional local observables, including poten-
tial topological phase transitions. While validated here with
high-precision quantumMonte Carlo, our method is readily
adaptable to other numerical techniques. As a concrete

demonstration, we have implemented our scaling frame-
work within the thermal tensor network method for the
one-dimensional transverse-field Ising model, success-
fully extracting the critical point and exponent ν in
agreement with exact results (see Appendix K for
details) [92,94]. This work, thus, provides a new para-
digm for characterizing quantum criticality, resolving
the long-standing challenge of distinguishing weakly
first-order from continuous transitions in finite-size
simulations.
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APPENDIX A: METHOD

The nth-order Rényi entropy is defined as SðnÞ ¼
½1=ð1 − nÞ� ln TrðρnÞ [or ½1=ð1 − nÞ� ln TrðρnAÞ], where ρ ¼
e−βH=Z and Z ¼ Tre−βH (with H being the Hamiltonian).
Here, ρA ¼ TrBρ represents the reduced density matrix of
subsystem A coupled with an environment B. The Rényi
entanglement entropy is defined using ρA, while the RTE is
based on ρ. In this work, we focus on RTE. From the above
definitions, it is evident that the Rényi entropy can be
expressed as the ratio of partition functions at two different
temperatures: SðnÞ ¼ ½1=ð1 − nÞ� lnf½ZðnβÞ�=ZðβÞng (for
simplicity, we consider Sð2Þ in this work).
The partition functions can be calculated using the

bipartite reweight-annealing algorithm [55,64,65,95] in
conjunction with SSE QMC simulations [39,58–62]. The
key idea is to transform the problem of solving the ratio of
partition functions with different parameter into the prob-
lem of reweighting:
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ZðJ0Þ
ZðJÞ ¼

�
WðJ0Þ
WðJÞ

�
Zðβ;JÞ or Zðnβ;JÞ

; ðA1Þ

where the h� � �iZðβ;JÞ or Zðnβ;JÞ indicates that the QMC
samplings is performed under the manifold Zðβ; JÞ or
Zðnβ; JÞ at parameter J (note parameter J is a physical
parameter here).WðJ0Þ andWðJÞ represent the weights of a
same configuration but under different parameters J0 and J,
respectively.
In this frame, we can designed the incremental process

along the path composed of real physical parameters. In
other words, all intermediates are physical partition func-
tions at corresponding parameters. The continuously incre-
mental trick here are introduce as follows:

ZðJ0Þ
ZðJÞ ¼

YN−1

i¼0

ZðJiþ1Þ
ZðJiÞ

; ðA2Þ

where JN ¼ J0 and J0 ¼ J, other Ji locate between the two
in sequence. In realistic simulation, we are able to gain any
ratio ZðJ0Þ=ZðJÞ in this way. But Zðnβ; J0Þ=Znðβ; J0Þ
cannot be obtained. The antidote comes from some known
reference point Zðnβ; JÞ=Znðβ; JÞ: assuming that we
have calculated the ratios Zðnβ; J0Þ=Zðnβ; JÞ and
Zðβ; J0Þ=Zðβ; JÞ using the method described above,
the ratio Zðnβ; J0Þ=Znðβ; J0Þ can be obtained if
Zðnβ; JÞ=Znðβ; JÞ is known. For a given zero-temperature
phase, and assuming the ground-state degeneracy is de,
one can derive that SðnÞ ¼ ½1=ð1 − nÞ� lnf½ZðnβÞ�=
ZnðβÞg ¼ ln de. Therefore, we can use states with known
degeneracies—such as dimer product states (with degen-
eracy 1 in this work) and discrete symmetry-breaking states
(with degeneracy 2 in this work)—as reference points
at a given parameter J. In this way, Zðnβ; JÞ=Znðβ; JÞ
can be determined by solving ½1=ð1 − nÞ� lnf½Zðnβ; JÞ�=
Znðβ; JÞg ¼ ln de.
One might be concerned about how to deal with a

Hamiltonian without a state with known degeneracy. In this
way, we can introduce a temperature axis starting from
infinite temperature and annealing down to the target
temperature. The degeneracy at infinite temperature is
known as 2N (consider an N-spin system with spin 1=2).
The RTE derivative of J is

dSðnÞ

dJ
¼ 1

1 − n

�
dZðnβÞ=dJ

ZðnβÞ − n
dZðβÞ=dJ

ZðβÞ
�
: ðA3Þ

According to ZðβÞ ¼ Tre−βH, we have

dZ
dJ

¼ Tr

�
−β

dH
dJ

e−βH
�
: ðA4Þ

Thus,

dZ=dJ
Z

¼ −β
�
dH
dJ

�
Z
: ðA5Þ

Similarly, we can obtain

dZðnβÞ=dJ
ZðnβÞ ¼ −nβ

�
dH
dJ

�
ZðnβÞ

: ðA6Þ

Therefore, the RTE derivative can be rewritten as

dSðnÞ

dJ
¼ 1

1 − n

�
−nβ

�
dH
dJ

�
ZðnβÞ

þ nβ

�
dH
dJ

�
Z

�
: ðA7Þ

The equations above is general and does not depend on
detailed QMC methods. Then let us discuss how to
calculate them in SSE simulation. For convenience, we
fix the Rényi index n ¼ 2 and choose the dimerized
Heisenberg model in the main text as the example for
explaining technical details. The Hamiltonian is

H ¼ J1
X
hiji

SiSj þ J2
X
hiji

SiSj: ðA8Þ

In the following, we fix J2 ¼ 1 and leave J1 as the tunable
parameter. Note the Hamiltonian is a linear function of J1;
that means dH=dJ1 ¼ HJ1=J1 in which HJ1 is the J1
term in Hamiltonian. Then, the RTE derivative can be
simplified as

dSð2Þ

dJ1
¼

�
2β

�
HJ1

J1

�
Zð2βÞ

− 2β

�
HJ1

J1

�
Z

�
: ðA9Þ

In the SSE frame, it is easy to obtain hHi ¼ h−nop=βi [96],
where nop is the number of the concerned Hamiltonian
operators. Thus, the Eq. (A9) can be further simplified to

dSð2Þ

dJ1
¼

�
−
�
nJ1
J1

�
Zð2βÞ

þ 2

�
nJ1
J1

�
Z

�
; ðA10Þ

where nJ1 means the number of J1 operators including both
diagonal and off-diagonal ones. It is worth noting that there
is no “2” anymore in the h� � �iZð2βÞ term, because nJ1 here
contains two replicas’ operators which has already been
doubled actually.
Note that the RTE is computed using the reweight-

annealing QMCmethod mentioned above, while the DRTE
is obtained directly by separately evaluating the two
expectation values involved in Eq. (A9) or (A10). This
implies that the computational cost of evaluating DRTE is
roughly twice that of energy calculations. Typically, we
perform on the order of one million Monte Carlo steps
when computing the energy, and we have adopted the same
number of steps in the present study.
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APPENDIX B: J-Q MODELS

In this work, we studied three types of J-Q models,
namely, checkerboard J-Q, J-Q2, and J-Q3 models. The
Hamiltonian of the checkerboard J-Q model on a square
lattice is given by [80]

H ¼ −J
X
hiji

Pij −Q
X
½ijkl�

PijPkl; ðB1Þ

where Pij ¼ 1=4 − Si · Sj denotes the projection operator
onto the singlet state of spins at sites i and j. The first
term sums over all nearest-neighbor bond pairs hiji,
while the second term runs over plaquettes composed of
two parallel bonds ðijÞ and ðklÞ, as illustrated in
Fig. 5(a). J-Q2 and checkerboard J-Q models share the
same Hamiltonian form, except that in the J-Q2 [5] model
the Q interactions span the entire lattice, as illustrated
in Fig. 5(b). Compared to the J-Q2 model, theQ interactions

(a) (b) (c)

FIG. 5. J-Q models, in which the antiferromagnetic Heisenberg interaction (J term) acts on all nearest-neighbor bonds. (a) The
checkerboard J-Qmodel on a square lattice with periodic boundary condition in both directions. The four-spin interaction (Q term) acts
on nearest-neighbor bond pairs that form a plaquette. (b) J-Q2 model: the four-spin Q interaction covers the entire lattice. (c) J-Q3

model: the six-spin Q interaction covers the entire lattice.

(a)

(d) (e) (f)

(g) (h) (i)

(b) (c)

FIG. 6. We setQ ¼ 1 and use J as the tuning parameter. (a) The derivative of the RTE: DRTE ∂Sð2Þ=∂J. An inset shows the data on the
right side of the phase transition point. (b) and (c) show the data for the derivative of the partition function at temperatures β and 2β near
the transition of the checkerboard J-Q model. (d)–(f) Data for the J-Q3 model. (g)–(i) Data for the J-Q2 model.
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in the J-Q3 model are composed of the product of three
singlet operators [22]:

H ¼ −J
X
hiji

Pij −Q
X

½ijklmn�
PijPklPmn; ðB2Þ

as illustrated in Fig. 5(c). TheDRTE results for threemodels
are shown in Fig. 6, along with the derivatives of the
logarithmic partition function in Figs. 6(b), 6(c), 6(e),
6(f), 6(h), and 6(i).

APPENDIX C: DEFINITIONS, THERMAL
PROTOCOL, AND EXACT IDENTITIES

We consider a finite quantum system of linear extent L in
d spatial dimensions, governed by a Hamiltonian HðgÞ that
depends smoothly on a tuning parameter g. Its partition
function and normalized thermal density matrix are

Zðβ; g;LÞ ¼ Tre−βHðgÞ; ρðβ; g;LÞ ¼ e−βHðgÞ

Zðβ; g;LÞ : ðC1Þ

The order-n thermal Rényi entropy is [48]

SðnÞðβ; g; LÞ ¼ 1

1 − n
ln Trρn

¼ lnZðnβ; g; LÞ − n lnZðβ; g; LÞ
1 − n

: ðC2Þ

For n ¼ 2,

Sð2Þ ¼ 2 lnZðβÞ − lnZð2βÞ ¼ − ln
Zð2βÞ
ZðβÞ2 : ðC3Þ

Thus, e−S
ð2Þ ¼ Trρ2 is the purity, while Sð2Þ is its negative

logarithm. Because the RTE is defined for the full thermal
density matrix, it introduces neither a spatial bipartition nor
an entangling surface. This convention also fixes the sign of
the partition-function difference:

lnZð2βÞ − 2 lnZðβÞ ¼ −Sð2Þ: ðC4Þ

If Lðx; cÞ denotes the universal contribution to lnZ,
the corresponding entropy scaling function is 2Lðx; cÞ−
Lðx; 2cÞ. In the residual-free-energy conventionF crit ¼ −L,
the same quantity is F critðx; 2cÞ − 2F critðx; cÞ. Throughout
Appendixes D and E, S̃n denotes this RTE scaling function
rather than a contribution to lnZ.
With the convention in Eq. (C3), the left-hand sides of

main-text Eqs. (4) and (6) equal −Sð2Þ, whereas their right-
hand sides follow the sign convention for Sð2Þ. Identifying
those equations with the RTE, therefore, requires one
overall sign reversal. All expressions below use Sð2Þ and
∂gSð2Þ as defined in Eqs. (C3) and (C10). A global sign

reversal changes the orientation of the DRTE curve but
neither its scaling exponent nor the positions of its zeros.
We compare different system sizes along the thermal

trajectory

β ¼ cLzβ ; c > 0: ðC5Þ

At a continuous quantum critical point, we set zβ ¼ z,
where z is the dynamical critical exponent. At a first-order
transition, zβ is not a universal exponent; it specifies only
how the simulation temperature is reduced as L increases.
The thermal rounding is then controlled by βLd ∼ Ldþzβ

rather than by a correlation-length exponent. The main text
uses c ¼ β=Lzβ as the numerical aspect-ratio parameter. For
a relativistic critical point with zβ ¼ 1, the metric-normal-
ized temporal aspect ratio is

ρτ ¼
vβ
L

¼ vc: ðC6Þ

The simulations with β ¼ L, therefore, have c ¼ 1 in lattice
units, but they are isotropic in spacetime only if the chosen
metric normalization gives v ¼ 1. Appendix E discusses
this distinction in detail.
We define

VðgÞ ¼ ∂gHðgÞ ðC7Þ

as the generalized force conjugate to g. At fixed L and β,
differentiating the trace and using cyclicity gives

∂g lnZðsβ; g; LÞ ¼ −sβhVisβ; s > 0: ðC8Þ

This identity does not require H to commute with ∂gH.
Differentiating Eq. (C2) then gives

∂gSðnÞ ¼
nβ

n − 1

h
hVinβ − hViβ

i
: ðC9Þ

For the second RTE,

∂gSð2Þ ¼ 2β
h
hVi2β − hViβ

i
: ðC10Þ

In Eqs. (C9) and (C10), the derivative is taken at fixed β for
each finite system. The trajectory β ¼ cLzβ is imposed only
when comparing different sizes.
The RTE is invariant under a common, g-dependent shift

of all energy levels. If

Zrefðsβ; g; LÞ ¼ e−sβFrefðg;LÞ; ðC11Þ

then

lnZrefðnβÞ − n lnZrefðβÞ ¼ 0: ðC12Þ
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Equivalently, SðnÞ is unchanged under HðgÞ ↦ HðgÞþ
Frefðg; LÞ1. This cancellation removes the extensive
ground-state energy and any common term strictly linear
in the temporal circumference. On the flat, spatially
periodic geometries considered here, ultraviolet-local bulk
counterterms have precisely this form. It does not remove
nonlocal finite-temperature terms, finite-size excitation
towers, or any contribution with nontrivial dependence
on the temporal aspect ratio.
This cancellation does not extend to a multilevel

sector. If

Zðsβ; g; LÞ ¼ e−sβFrefðg;LÞQsðg; LÞ; Qs ¼
X
m

e−scεm;

ðC13Þ

then

SðnÞ ¼ lnQn − n lnQ1

1 − n
: ðC14Þ

Because Qn ≠ Qn
1 , in general, the finite-size tower gives a

physical contribution to the RTE. The distinction between a
common single exponential and a common multilevel
tower underlies both the critical Casimir construction
and the weakly first-order analysis below. The RTE sub-
traction removes the leading analytic free-energy back-
ground without eliminating the universal finite-size
response.

APPENDIX D: CONTINUOUS QUANTUM
TRANSITIONS: A SINGLE CRITICAL TOWER

At a continuous transition, the infrared flow approaches
a real critical fixed point. For fixed geometry and boundary
conditions, the low-energy spectrum forms a single finite-
size critical tower [38,40,97,98]. The main text denotes the
leading n ¼ 2, c ¼ 1 entropy scaling function by S̃ðxÞ.
Here, we keep the Rényi index and temporal aspect ratio
explicit and write S̃nðx; cÞ. We define

x ¼ ðg − gcÞL1=ν; β ¼ cLz; ðD1Þ

where ν and z are the correlation-length and dynamical
exponents, respectively. The finite-size levels have the
scaling form

Emðg; LÞ ¼ Erefðg; LÞ þ L−zεmðx; u1L−ω1 ; u2L−ω2 ;…Þ
þ oðL−zÞ: ðD2Þ

Here, Eref is a common analytic reference energy, ui are
irrelevant scaling fields, and ωi > 0 are correction-to-
scaling exponents. The normalization of the dimensionless
levels εm includes the temporal metric factor. For z ¼ 1,
Eq. (D2) may equivalently be written as

Emðg; LÞ ¼ Erefðg; LÞ þ
v
L
Emðx;…Þ þ oðL−1Þ; ðD3Þ

so that the Boltzmann factors depend on ρτ ¼ vβ=L. One
may either absorb v into εm ¼ vEm and use c ¼ β=L, as in
the main text, or retain Em and use ρτ. These conventions
are equivalent but should not be combined within a single
formula.
At inverse temperature sβ ¼ scLz,

Zðsβ; g; LÞ ¼ e−sβErefðg;LÞQsðx; LÞ;
Qsðx; LÞ ¼

X
m

exp ½−scεmðx; u1L−ω1 ;…Þ�: ðD4Þ

The tower factor admits the correction-to-scaling expansion

Qsðx; LÞ ¼ Qð0Þ
s ðx; cÞ þ

X
i

L−ωiQð1Þ
s;i ðx; cÞ þ � � � : ðD5Þ

The common exponential in Eq. (D4) cancels from the
RTE, whereas the critical tower remains. Thus,

SðnÞðg; L; cÞ ¼ S̃nðx; cÞ þ
X
i

L−ωi S̃n;iðx; cÞ þ � � � ; ðD6Þ

where

S̃nðx; cÞ ¼
lnQð0Þ

n ðx; cÞ − n lnQð0Þ
1 ðx; cÞ

1 − n
: ðD7Þ

The subscript s denotes the same critical tower evaluated at
temporal aspect ratio sc; it does not represent s independent
copies of the c geometry. Independent copies enter only
through ZðβÞn in the denominator of the RTE ratio. This
distinction is central to the spacetime construction in Fig. 1.
The same spectral representation has a direct probability

interpretation. Introduce

pmðx; cÞ ¼
e−cεmðxÞ

Qð0Þ
1 ðx; cÞ

;
X
m

pm ¼ 1: ðD8Þ

Then,

S̃nðx; cÞ ¼
1

1 − n
ln
X
m

pmðx; cÞn: ðD9Þ

A common shift εm ↦ εm þ aðxÞ cancels from Eq. (D9);
only the scaled gaps and their finite-aspect-ratio
weights enter.
For n ¼ 2,

Sð2Þðg; L; cÞ ¼ 2 lnQð0Þ
1 ðx; cÞ − lnQð0Þ

2 ðx; cÞ þOðL−ωÞ:
ðD10Þ

Differentiating Eq. (D6) at fixed L and β gives
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∂gSðnÞ ¼ L1=ν
∂xS̃nðx; cÞ þ

X
i

L1=ν−ωi∂xS̃n;iðx; cÞ þ � � � :

ðD11Þ

The leading term in Eq. (D11) arises from the relevant
scaling field. Smooth g dependence of nonuniversal metric
factors, including vðgÞ in ρτ ¼ vðgÞβ=L, generates addi-
tionalOðL0Þ terms at fixed β. These terms are subleading to
L1=ν unless symmetry suppresses the leading derivative. A
feature at finite scaling coordinate x�, therefore, satisfies

g�ðLÞ− gc ¼ x�L−1=ν þ � � � ;
���∂gSðnÞ���� ∝ L1=ν: ðD12Þ

At the bulk critical point,

∂gSðnÞðgc; L; cÞ ¼ L1=ν
∂xS̃nð0; cÞ þ � � � : ðD13Þ

In general, ∂xS̃nð0; cÞ need not vanish. A DRTE zero at a
continuous transition, therefore, requires an additional
symmetry or a stationary point of the scaling function;
criticality alone does not enforce it.
Because SðnÞ is dimensionless, curves at fixed aspect

ratio approach a common value at g ¼ gc:

SðnÞðgc; L; cÞ ¼ S̃nð0; cÞ þ L−ωS̃n;1ð0; cÞ þ � � � : ðD14Þ

Retaining one irrelevant field for sizes L and bL, and
assuming ∂xS̃nð0; cÞ ≠ 0, gives the crossing drift

g×ðLÞ − gc ¼ CðbÞL−ð1=νþωÞ þ � � � : ðD15Þ

If the leading derivative vanishes, the drift is controlled by
higher derivatives or subleading correction fields.
Outside the critical window, the limiting RTE is deter-

mined by the low-energy spectrum of the phase. A unique
gapped ground state gives

ZðβÞ ≃ e−βE0 ⇒ SðnÞ → 0; ðD16Þ

whereas a thermally unresolved q-fold manifold gives

ZðβÞ ≃ qe−βE0 ⇒ SðnÞ → ln q: ðD17Þ

When a continuous symmetry is spontaneously broken, the
Anderson tower of states provides an additional contribu-
tion [99,100]. For an OðNÞ order parameter,

El −E0 ¼
lðlþN − 2Þ

2IL
þ � � � ; IL ∝ Ld: ðD18Þ

If β ∝ Lz with d > z, then β=IL → 0 and

ZrotðβÞ ∝
	
IL
β


ðN−1Þ=2
: ðD19Þ

Consequently,

SðnÞrot ¼
N − 1

2
ðd − zÞ lnLþOð1Þ: ðD20Þ

This ordered-phase tower is distinct from the critical tower
governing Eqs. (D6) and (D11). The continuous-transition
results used in the main text are, therefore, leading finite-
size statements at fixed aspect ratio: the RTE approaches a
common crossing value up to corrections from irrelevant
fields, and the DRTE scales as L1=ν. A single critical tower
does not, by itself, enforce either a zero or an opposite-sign
two-lobe profile.

APPENDIX E: RESIDUAL FINITE-SIZE
FREE ENERGY AND THE SPACETIME

CASIMIR PICTURE

1. Residual free energy on a finite Euclidean geometry

Here, “Casimir” refers to the residual, geometry-depen-
dent free energy of a gapless theory on a finite Euclidean
manifold after local analytic contributions have been
subtracted [41,44,45]. For a geometry Gλ with boundary
or periodicity data Bλ, write

− lnZ½Gλ;Bλ� ¼ Floc½Gλ;Bλ� þ F res½Gλ;Bλ�: ðE1Þ

The local term contains ultraviolet-sensitive integrals of
local densities, including bulk-volume contributions and,
when present, surface, edge, corner, and counterterm
contributions. The residual term is the nonlocal finite-size
contribution. In the critical scaling limit, it is universal once
the geometry, aspect ratios, boundary conditions, and
metric normalization are specified.
Hyperscaling fixes the residual contribution to be O(1) in

the finite-aspect-ratio regime [38,97]. The singular free-
energy density obeys

fsingðg; T; L−1Þ ¼ b−ðdþzÞfsing
�
ðg − gcÞb1=ν; Tbz; L−1b

�
:

ðE2Þ

Setting b ¼ L, x ¼ ðg − gcÞL1=ν, and c ¼ β=Lz gives

fsingðg; T; L−1Þ ¼ L−ðdþzÞfðx; c−1Þ: ðE3Þ

The corresponding dimensionless Euclidean free energy is

βLdfsing ¼ cfðx; c−1Þ≡ F critðx; cÞ ¼ Oð1Þ: ðE4Þ

The anomalous dimension η does not enter this power
counting: it governs correlation functions, not the scaling
dimension of the free-energy density.
Gaplessness is essential. In a unique-ground-state

gapped phase, the residual dependence on a macroscopic
cycle is exponentially suppressed once the cycle exceeds
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the correlation length. At criticality, no finite infrared scale
cuts off this dependence, and the residual free energy
retains universal information about the full Euclidean
geometry.

2. Parallel plates and the compact-cycle analog

The electromagnetic Casimir effect provides the standard
reference point [41–43]. For two ideal parallel plates
separated by a, the normal momentum is quantized as
kz ¼ nπ=a. After the bulk and surface self-energies are
subtracted, the residual vacuum energy and force per unit
area in three spatial dimensions are

ECasðaÞ
A

¼ −
π2

720

ℏc0
a3

;

FCasðaÞ
A

¼ −
∂

∂a
ECasðaÞ

A
¼ −

π2

240

ℏc0
a4

: ðE5Þ

The mechanical force is obtained by differentiating the
residual energy with respect to the plate separation. The
RTE probes the same infrared mechanism—the depend-
ence of gapless modes on finite geometry—but involves a
finite difference of free energies rather than a mechanical
derivative.
A more direct spatial analog of the full-system thermal

ratio is a theory with one periodic spatial cycle. Let ML
denote the remaining d − 1 directions, each of character-
istic size L, and consider

GspðRÞ ¼ML × S1R; ϕðuþRÞ ¼ ϕðuÞ; r¼ R=L:

ðE6Þ

The allowed momenta are ku ¼ 2πm=R. After local terms
are removed, write

− lnZspðg; L; RÞ ¼ F sp
locðg; L; RÞ þ F sp

Casðx; rÞ þ oð1Þ:
ðE7Þ

The analog of the second-RTE construction compares two
independent R cycles with one cycle of circumference 2R:

Ssp
2;Casðx; rÞ ¼ F sp

Casðx; 2rÞ − 2F sp
Casðx; rÞ

¼ − ln
Zsp

Casðx; 2rÞ
½Zsp

Casðx; rÞ�2
; ðE8Þ

where Zsp
Cas ¼ exp½−F sp

Cas�. A 2R circle is not equivalent to
an R circle traversed twice. Its mode spacing is π=R, rather
than 2π=R, and it, therefore, supports additional long-
wavelength modes.
The periodic scalar field makes this power counting

explicit. For a massless real scalar with one compact
direction and d − 1 noncompact transverse directions,

Eper
CasðRÞ
V⊥

¼ −
Γðdþ1

2
Þζðdþ 1Þ

πðdþ1Þ=2
1

Rd : ðE9Þ

The coefficient depends on the field content and boundary
conditions, while dimensional analysis fixes the depend-
ence on R. For R ∼ L and V⊥ ∼ Ld−1, the total residual
energy scales as L−1. At a relativistic critical point, β ∼ L,
and hence βECas ¼ Oð1Þ, consistent with Eq. (E4).

3. Temporal compactification and the RTE
finite difference

For the full quantum system, the Euclidean manifold is
ΣL × S1β. In the critical scaling regime, write

− lnZðβ; g; LÞ ¼ βElocðg; LÞ þ F critðx; cÞ þ oð1Þ: ðE10Þ

On a smooth periodic spacetime, the local contribution is
linear in the temporal circumference and, therefore, cancels
from the full-system RTE. Equation (C3) then gives the
singular residual contribution

Sð2Þsingðx; cÞ ¼ F critðx; 2cÞ − 2F critðx; cÞ

¼ − ln
Zcritðx; 2cÞ
Zcritðx; cÞ2

ðE11Þ

with Zcrit ¼ exp½−F crit�. More generally,

SðnÞsingðx; cÞ ¼
F critðx; ncÞ − nF critðx; cÞ

n − 1
: ðE12Þ

Geometrically, the numerator of the purity contains one
smooth thermal cylinder of circumference 2β, while the
denominator contains two disconnected cylinders of cir-
cumference β. Because the sewing acts on the entire
spatial system, it creates neither a spatial entangling surface
nor a local codimension-two replica defect. We use
“spacetime Casimir effect” for the residual free-energy
difference generated by this global change of temporal
compactification.

4. Critical tower and cancellation of the
ground-state contribution

The same result follows directly from the critical
spectrum in Appendix D. With

Emðg; LÞ ¼ Erefðg; LÞ þ L−zεmðxÞ þ oðL−zÞ; ðE13Þ

we have

Zcritðx; cÞ ¼
X
m

e−cεmðxÞ; F critðx; cÞ ¼ − lnZcritðx; cÞ:

ðE14Þ
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Defining pmðx; cÞ ¼ e−cεm=Zcrit gives

Sð2Þsingðx; cÞ ¼ − ln
X
m

pmðx; cÞ2: ðE15Þ

The residual temporal Casimir term is, therefore, the
second Rényi entropy of the normalized weights over
the universal finite-size tower.
The ground-state Casimir energy alone is not the RTE

contribution. Decompose the scaled levels as

εmðxÞ ¼ ε0ðxÞ þ δmðxÞ; δ0 ¼ 0: ðE16Þ

Then,

Zcritðx; cÞ ¼ e−cε0ðxÞ
�
1þ

X
m>0

e−cδmðxÞ
�
;

F critðx; cÞ ¼ cε0ðxÞ − ln

�
1þ

X
m>0

e−cδmðxÞ
�
: ðE17Þ

The term cε0 is linear in the temporal circumference and
cancels identically in the RTE finite difference:

2cε0 − 2ðcε0Þ ¼ 0: ðE18Þ

For a nondegenerate ground state, the surviving contribu-
tion is

Sð2Þsingðx; cÞ ¼ 2 ln

�
1þ

X
m>0

e−cδmðxÞ
�

− ln

�
1þ

X
m>0

e−2cδmðxÞ
�
: ðE19Þ

The scaled ground-state Casimir term exhibits the same O
(1) power counting as the residual free energy but cancels
from the RTE. The surviving finite difference is governed
by the finite-aspect-ratio occupation of the excitation tower.
A thermally unresolved ground-state degeneracy is incor-
porated by replacing the leading 1 in Eq. (E19) with the
corresponding degeneracy.

5. Matsubara scale, temporal aspect ratio, and the
spacetime Casimir picture

We now specialize to the (2þ 1)-dimensional geom-
etries used in the simulations. The full spatial manifold is
the periodic L × L torus

ΣL ¼ T2
L; ðE20Þ

and the thermal partition function has the Hamiltonian
representation

ZΣðβ; g; LÞ ¼ TrHðΣLÞe
−βHΣðg;LÞ: ðE21Þ

Equivalently, it is the Euclidean path integral on

T2
L × S1β: ðE22Þ

The Hamiltonian trace and the Euclidean path integral are
two representations of the same partition function.
At fixed L and g, varying β in Eq. (E21) does not change

the eigenvalues of HΣðg; LÞ; it changes only their
Boltzmann weights. At a relativistic critical point, the
low-energy levels take the form

Emðg; LÞ ¼ Erefðg; LÞ þ
v
L
EmðxÞ þ oðL−1Þ;

x ¼ ðg − gcÞL1=ν; ðE23Þ

where v is the emergent velocity and Em denotes dimen-
sionless torus-spectrum data for the chosen geometry and
boundary conditions. This is Eq. (E13) with z ¼ 1 and
εm ¼ vEm.
To compare imaginary time with a spatial length, the

velocity must be included. Introducing the length coor-
dinate

y ¼ vτ; ðE24Þ

the circumference of the Euclidean-time cycle is

Lτ ¼ vβ; ρτ ¼
Lτ

L
¼ vβ

L
: ðE25Þ

The infrared critical theory, therefore, lives on a three-torus
with cycle lengths L, L, and Lτ. The simulation convention

β ¼ cL ðE26Þ

keeps ρτ ¼ vc fixed at criticality. The simulations reported
in the main text use β ¼ L, so c ¼ 1 in lattice units and
ρτ ¼ v. This is a valid fixed-aspect-ratio trajectory, but it is
not necessarily an isotropic three-torus. Isotropy in the
continuum metric requires Lτ ¼ L, or β ¼ L=v. Thus, c is
the numerical time-to-space ratio used in the main text,
whereas universal torus amplitudes depend on the metric-
normalized ratio ρτ.
The path integral provides the complementary

Matsubara description. A bosonic critical field is periodic
around the thermal circle and admits the expansion

ϕðτ; rÞ ¼
X
n∈Z

e−iωnτϕnðrÞ; ωn ¼
2πn
β

: ðE27Þ

In the length coordinate y ¼ vτ, the corresponding tem-
poral wave number is

kτ;n ¼
ωn

v
¼ 2πn

vβ
¼ 2πn

Lτ
: ðE28Þ
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Finite β, therefore, discretizes the frequency direction. The
static n ¼ 0 sector is present for any circumference, while
the smallest nonzero bosonic frequency is 2π=β.
Shortening the time circle raises this infrared scale and
precludes nonconstant temporal variations whose wave-
length would exceed the circumference. This kinematic
statement remains valid in an interacting critical theory,
although the partition function need not factorize into
independent oscillator modes.
For the second RTE, the comparison is particularly

transparent. On a circle of circumference β,

ωðβÞ
m ¼ 2πm

β
; ðE29Þ

whereas on a circle of circumference 2β,

ωð2βÞ
n ¼ πn

β
: ðE30Þ

Even values n ¼ 2m reproduce the β-circle frequencies,
whereas odd values n ¼ 2mþ 1 fall between them. The
longer circle, therefore, admits additional nonzero frequen-
cies between those of the β circle. Both spectra remain
unbounded in the ultraviolet: doubling the circumference
does not enlarge a microscopic bandwidth but instead
refines the infrared frequency grid. Moreover, ZðβÞ2
describes two disconnected copies of the β geometry,
not a single circle with twice the mode multiplicity. One
2β circle and two independent β circles, therefore, have
different residual free energies.
Figure 1 illustrates this geometric comparison. Figure 1(a)

represents the single connected Euclidean cylinder contrib-
uting Zð2βÞ, and Fig. 1(b) the two disconnected cylinders
contributing ZðβÞ2. The label A denotes the complete spatial
system; one spatial direction of the actual T2

L geometry is
suppressed. The arrows indicate periodic tracing in imagi-
nary time.
The red curves are schematic long-wavelength critical

fluctuations, not individual many-body eigenstates, and
neither their number nor their thickness is quantitative.
The thick, slowly varying curve drawn only on the 2β
cylinder represents a fluctuation in the additional soft
nonzero temporal sector allowed by the smaller spacing
in Eq. (E30). Accordingly, the term “sieve” in the main
text refers to the infrared quantization of nonzero
temporal wavelengths. The “energy cost” in the caption
denotes the change in the dimensionless residual free
energy − lnZ, not an eigenvalue assigned to a particular
curve. Varying β reweights the fixed Hamiltonian
spectrum; it does not remove selected microscopic
modes.
A dual transfer-matrix channel makes the spatial Casimir

analogy explicit. After the rescaling y ¼ vτ, the infrared
path integral is defined on the three-torus ðL; L; LτÞ. One
may slice this manifold along a spatial direction rather than

along y. With the dual Hamiltonian normalized in physical
energy units,

ZΣðβ; gc; LÞ ¼ TrHðT2
Lτ ;L

Þ exp
�
−
L
v
HdualðLτ; LÞ

�
: ðE31Þ

Equation (E31) is simply another transfer-matrix decom-
position of the same critical path integral; it does not
introduce a new microscopic model.
For a (2þ 1)-dimensional relativistic critical theory on a

spatial torus with circumferences Lx and Ly, the finite-size
levels have the general form

EmðLx; LyÞ − ErefðLx; LyÞ ¼
v
Lx

Em

	
Ly

Lx



þ oðL−1

x Þ:

ðE32Þ

Applying this to the dual channel with Lx ¼ Lτ ¼ vβ and
Ly ¼ L gives

Edual
m − Edual

0 ¼ 1

β

h
Edual
m ðρ−1τ Þ − Edual

0 ðρ−1τ Þ
i
þoðβ−1Þ:

ðE33Þ

The dual finite-size gaps and the Matsubara spacing are,
therefore, set by the same inverse-time scale, 1=β, up to
dimensionless geometry-dependent factors. The kinematic
factor 2π in the Matsubara frequencies should not be
identified with the interacting torus spectrum. In particular,
Em − E0 ¼ ð2πv=LÞΔm is specific to a (1þ 1)-dimen-
sional CFT quantized on a circle. In (2þ 1) dimensions,
the state-operator correspondence maps local operators to
states on S2, not to the spectrum on T2. Torus levels are
universal but depend on the torus shape and boundary
conditions.
The Hamiltonian, Matsubara, and dual-channel pictures

are mutually consistent. In the Hamiltonian channel, β sets
the occupation of the fixed finite-size levels in Eq. (E23). In
the Matsubara representation, it fixes the temporal fre-
quency spacing. In the dual channel, Lτ ¼ vβ becomes a
compact spatial circumference and produces gaps of the
order of 1=β. These are three representations of the same
geometric dependence of the critical partition function, not
separate additive effects.
With the entropy convention of Eq. (C3), the geometry

used in the main text gives

Sð2Þðβ; g; LÞ ¼ − ln
ZΣð2β; g; LÞ
ZΣðβ; g; LÞ2

: ðE34Þ

After cancellation of the local terms linear in the temporal
circumference, the critical residual contribution is

Sð2Þsingðx; cÞ ¼ F critðx; 2cÞ − 2F critðx; cÞ: ðE35Þ
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For the data in the main text, c ¼ 1 and, hence,

Sð2Þsingðx; 1Þ ¼ F critðx; 2Þ − 2F critðx; 1Þ: ðE36Þ

In metric-normalized variables, the two terms evaluate the
same critical theory at temporal aspect ratios 2v and v,
respectively. The spacetime Casimir contribution in this
work is the finite difference in Eq. (E35), not a mechanical
derivative with respect to a plate separation.
The order of limits is essential. At criticality,

ΔL ¼ E1 − E0 ¼
v
L
½E1ð0Þ − E0ð0Þ� þ oðL−1Þ; ðE37Þ

so, along β ¼ cL,

βΔL ¼ cv½E1ð0Þ − E0ð0Þ� þ oð1Þ: ðE38Þ

The finite-aspect-ratio limit

L → ∞; β ¼ cL; c ¼ Oð1Þ; ðE39Þ

therefore, retains a finite occupation of the universal critical
tower. By contrast, taking β → ∞ at fixed L projects onto a
unique ground state and gives Sð2Þ → 0. In a unique-
ground-state gapped phase with thermodynamic gap
Δ > 0, the trajectory β ¼ cL yields βΔ → ∞, so the
critical residual contribution is exponentially suppressed.
This statement applies to the critical Casimir sector: a finite
ground-state degeneracy contributes ln q, and a phase with
spontaneously broken continuous symmetry may retain the
Anderson-tower term discussed in Appendix D.
In this sense, the spacetime Casimir picture is a con-

trolled infrared interpretation of the RTE finite difference: it
isolates the universal response of a gapless finite-size
spectrum to temporal compactification, without assigning
independent microscopic modes to the schematic curves
in Fig. 1.

APPENDIX F: FIRST-ORDER QUANTUM
TRANSITIONS: TWO GAPPED BRANCHES

1. Two-branch partition function

At a zero-temperature first-order transition, two thermo-
dynamic branches cross in energy density while retaining
different generalized-force densities. The standard formula
in the main text applies when four conditions hold: the
coexistence window is dominated by two branches; each
branch has a finite, s-independent multiplicity; intrabranch
excitations satisfy βΔα ≫ 1; and tunneling and interface
sectors are exponentially suppressed. We write

Eαðg;LÞ ¼ LdeαðgÞ þEsub
α ðg;LÞ; α¼ 1;2; ðF1Þ

with

e1ðgcÞ ¼ e2ðgcÞ; l¼ ∂g½e2ðgÞ− e1ðgÞ�g¼gc ≠ 0: ðF2Þ

The coefficient l is the discontinuity in the generalized-
force density. Because each branch remains gapped, its
low-temperature contribution in the coexistence window is

ZαðsβÞ ¼ dαe−sβEαðg;LÞ
h
1þO

�
e−sβΔα

�i
; ðF3Þ

where dα is a finite multiplicity and Δα > 0 is the intra-
branch gap. Up to exponentially small interface, tunneling,
and intrabranch corrections,

Zðsβ; g; LÞ ≃ d1e−sβE1ðg;LÞ þ d2e−sβE2ðg;LÞ: ðF4Þ

We define

ΔEðg;LÞ¼E2ðg;LÞ−E1ðg;LÞ; y¼ βΔEðg;LÞ: ðF5Þ

After factoring out branch 1,

ZðsβÞ ¼ e−sβE1 ½d1 þ d2e−sy�: ðF6Þ

The common exponential cancels from the RTE, giving

SðnÞFOðyÞ ¼
ln ðd1 þ d2e−nyÞ − n ln ðd1 þ d2e−yÞ

1 − n
: ðF7Þ

At the branch-energy crossing,

SðnÞFOð0Þ ¼ lnðd1 þ d2Þ: ðF8Þ

The unshifted RTE of Eq. (C2) is, therefore, finite at
coexistence and equals ln 2 for two nondegenerate
branches. The sign change occurs in the derivative, not
in the entropy itself. A coupling-independent plotting offset
leaves the DRTE unchanged, but the shifted quantity is no
longer the absolute RTE defined in Eq. (C2).

2. Occupation identity, zero crossing, and
finite-size scaling

The occupation probability of branch 2 in the sβ
ensemble is

psðyÞ ¼
d2e−sy

d1 þ d2e−sy
; s > 0: ðF9Þ

Differentiating Eq. (F7) gives

∂gS
ðnÞ
FO ¼ n

n − 1
∂gy½pnðyÞ − p1ðyÞ�: ðF10Þ

For n ¼ 2,

∂gS
ð2Þ
FO ¼ 2β∂gΔEðg; LÞ½p2ðyÞ − p1ðyÞ�: ðF11Þ
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Using Eq. (F1),

∂gS
ð2Þ
FO ¼ 2βLdΔe0ðgÞ½p2ðyÞ − p1ðyÞ� þ � � � ;
Δe ¼ e2 − e1: ðF12Þ

At ΔE ¼ 0,

pnð0Þ ¼ p1ð0Þ ¼
d2

d1 þ d2
; ∂gS

ðnÞ
FOjΔE¼0 ¼ 0: ðF13Þ

At the branch-energy crossing, the occupations in the nβ
and β ensembles coincide even when d1 ≠ d2, provided the
multiplicities are finite constants and the intrabranch
spectra are frozen. This should be distinguished from equal
occupation within a single sβ ensemble, which occurs at
sy ¼ lnðd2=d1Þ and, therefore, depends on s. For y > 0,
branch 2 lies higher in energy and is more strongly
suppressed in the colder nβ ensemble, so pn < p1; for
y < 0, the inequality reverses. Because pn − p1 also
vanishes in both pure-phase limits, the DRTE has two
lobes of opposite sign. Their orientation depends on the
branch labels and on the sign of ∂gΔE. Equal multiplicities
give an antisymmetric leading line shape, whereas unequal
multiplicities skew the lobes without removing the zero
at y ¼ 0.
Let g0ðLÞ denote the finite-size branch crossing,

ΔE½g0ðLÞ; L� ¼ 0; g0ðLÞ → gc: ðF14Þ

Near this point,

ΔEðg; LÞ ¼ LdlL½g − g0ðLÞ� þ � � � ; lL → l: ðF15Þ

Along β ¼ cLzβ ,

y ¼ clL½g − g0ðLÞ�Ldþzβ þ � � � : ðF16Þ

The thermal coexistence window is defined by jyj ¼ Oð1Þ,
which gives

δgFO ∼ L−ðdþzβÞ;
���∂gSðnÞFO

���
peak

∼ Ldþzβ : ðF17Þ

The leading finite-size form is

∂gS
ðnÞ
FO ¼ LdþzβF nð½g− g0ðLÞ�Ldþzβ ;d2=d1Þ þ � � � : ðF18Þ

The notation 1=νFO ¼ dþ zβ is merely a convenient para-
metrization of discontinuity rounding; it does not imply a
diverging correlation length or a universal first-order
dynamical exponent.
Subextensive branch energies determine the drift of the

finite-size crossing:

g0ðLÞ − gc ¼ −
Esub
2 ðgc; LÞ − Esub

1 ðgc; LÞ
Ldl

þ � � � : ðF19Þ

This drift is distinct from the narrower thermal rounding
width in Eq. (F17). The exact finite-size zero, therefore,
occurs at g0ðLÞ and need not coincide with the thermody-
namic coupling gc at finite L. Constant multiplicities
modify the RTE profile but do not shift the zero away
from ΔE ¼ 0. If either branch retains an aspect-ratio-
dependent low-energy tower, its contribution cannot be
reduced to a constant; Appendix G treats that weakly first-
order regime.

3. Finite-size tunneling

If the two branches share the same exact quantum
numbers, finite-size tunneling can produce an avoided
crossing. In the two-branch subspace,

Heff ¼ Ē1þ ΔE
2

σz þ tLσx; ΩL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔE=2Þ2 þ t2L

q
:

ðF20Þ

The corresponding partition function is

ZðsβÞ ¼ 2e−sβĒ coshðsβΩLÞ: ðF21Þ

At a first-order transition, tL is typically exponentially
small in a positive power of L. Since β grows only
algebraically, βtL → 0, and the incoherent two-branch
result is recovered, with corrections of the order of
ðβtLÞ2 near coexistence. A smooth g dependence of tL
produces corrections of the same exponential order. If the
branches belong to different exact symmetry sectors, tL ¼
0 identically. Interface states and tunneling instantons are
likewise exponentially suppressed in the asymptotic two-
branch regime. Under these conditions, the zero crossing,
the Ldþzβ peak scale, and the L−ðdþzβÞ width all follow from
the same occupation identity.

APPENDIX G: WEAKLY FIRST-ORDER
TRANSITIONS: COEXISTENCE AND

PSEUDOCRITICAL TOWERS

Aweakly first-order transition is characterized by a finite
but potentially very large crossover length ξ⋆. For L≲ ξ⋆,
the RG flow may linger near a real multicritical point or a
pair of complex fixed points, producing walking or
pseudocritical scaling with effective exponents ν⋆ and
z⋆, even though the thermodynamic transition is first order
[28,29]. We define

x ¼ ðg − g⋆ÞL1=ν⋆ ; β ¼ cLzβ ; zβ ¼ z⋆; ðG1Þ

where g⋆ denotes the reference coupling about which the
walking regime is organized. Within this finite-size
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window, the symbols gc, ν, and z used in the main-text
pseudocritical ansatz correspond to g⋆, ν⋆, and z⋆, respec-
tively. We retain zβ to emphasize that the thermal trajectory
is an input; choosing zβ ¼ z⋆ keeps the pseudocritical
tower at fixed temporal aspect ratio. The finite-size trace
then contains two macroscopic branches, each dressed by a
nontrivial low-energy tower.

1. Branch-resolved finite-size trace

Let α ¼ 1, 2 label the branches and m the levels within
each branch. In the walking regime, we write

Eαmðg; LÞ ¼ LdeαðgÞ þ L−z⋆εαmðxÞ þ � � � : ðG2Þ

At inverse temperature sβ ¼ scLzβ ¼ scLz⋆ ,

ZαðsβÞ ¼ e−sβL
deαðgÞQα;sðx; c; LÞ;

Qα;sðx; c; LÞ≡Qαðsc; xÞ ¼
X
m

e−scεαmðxÞ þ � � � : ðG3Þ

The full low-energy trace is

ZðsβÞ ≃ e−sβL
de1ðgÞQ1;s þ e−sβL

de2ðgÞQ2;s: ðG4Þ

Unlike in the asymptotic first-order regime, Qα;s are
generally O(1) functions of both x and the temporal aspect
ratio sc. They cannot be replaced by constant multiplicities.

2. Branch-symmetric common and relative sectors

A branch-symmetric decomposition follows from

ē ¼ e1 þ e2
2

; Δe ¼ e2 − e1;

Qcom;s ¼ ðQ1;sQ2;sÞ1=2; δs ¼
1

2
ln
Q1;s

Q2;s
: ðG5Þ

Then, Eq. (G4) becomes

ZðsβÞ ¼ 2e−sβL
dēQcom;s coshYs þ � � � ;

Ys ¼
sc
2
LdþzβΔeþ δs: ðG6Þ

Interchanging the two branches sends Ys ↦ −Ys and
leaves Qcom;s invariant. The decomposition, therefore, does
not privilege either branch.
To leading order, the second RTE is

Sð2Þ ¼ Acomðx; c; LÞ þ 2 ln½2 coshY1�
− ln½2 coshY2� þ � � � ;

Acomðx; c; LÞ ¼ 2 lnQcom;1 − lnQcom;2: ðG7Þ

The mean extensive branch energy ē cancels exactly. By
contrast, Acom is the RTE of the common multilevel tower

and is generally a physical contribution. It may be
neglected only when it is g independent over the fitted
window, when symmetry forces its derivative to vanish, or
when a background-subtracted observable is explicitly
defined. A normalization convention alone cannot remove
a g-dependent critical tower from the measured RTE.
The occupation of branch 2 in the sβ ensemble is

P2;s ¼
1

1þ e2Ys
; P1;s ¼ 1 − P2;s: ðG8Þ

Differentiating Eq. (G7) yields

∂gSð2Þ ¼ ∂gAcom þ 2 tanhðY1Þ∂gY1 − tanhðY2Þ∂gY2 þ � � � ;
ðG9Þ

with

∂gYs ¼
sc
2
LdþzβΔe0ðgÞ þ L1=ν⋆

2
∂x ln

Q1;s

Q2;s
þ � � � : ðG10Þ

Direct differentiation of Eq. (G4) gives the equivalent form

∂gSð2Þ ¼ 2cLdþzβΔe0ðgÞ½P2;2 − P2;1�

þ L1=ν⋆

"
2
X2
α¼1

Pα;1∂x lnQα;1

−
X2
α¼1

Pα;2∂x lnQα;2

#
þ � � � : ðG11Þ

Equation (G11) is the general leading-order result in the
weakly first-order regime. The first line describes macro-
scopic transfer of weight between the two branches. The
second contains both the response of the common critical
tower and relative tower corrections. It scales as L1=ν⋆

within the walking regime and need not have the same line
shape as the occupation-transfer term.

3. Single-mode reduction and the main-text form

When a single effective splitting controls the relative
branch weight, Eq. (G11) reduces to a compact form. We
parametrize

2Ys ¼ sX þ λþ � � � ; X ¼ cLdþzβΔeðgÞ þ cϕðxÞ;
ðG12Þ

where λ is a smooth, approximately s-independent relative
multiplicity offset and ϕðxÞ is the leading pseudocritical
correction to the branch splitting. Then,

P2;sðXÞ ¼
1

1þ esXþλ : ðG13Þ
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Substituting Eq. (G12) into Eq. (G9) gives

∂gSð2Þ ¼ L1=ν⋆∂xAcomðx; c; LÞ
þ
h
2cLdþzβΔe0ðgÞ þ 2cL1=ν⋆ϕ0ðxÞ

i
× ½P2;2ðXÞ − P2;1ðXÞ� þ � � � : ðG14Þ

The compact expression in the main text follows when the
first line is negligible, forbidden by symmetry, or removed
through an explicitly defined smooth-background subtrac-
tion. The correspondence between Eq. (G14) and main-text
Eq. (32) is

ymain ↔ X; psðymainÞ ↔ P2;sðXÞ;
S̃0mainðxÞ ↔ 2cϕ0ðxÞ; zβ ¼ z⋆: ðG15Þ

Thus, the variable y in the main-text occupation functions
corresponds to the effective relative log-weight X, which
includes both the macroscopic branch splitting and its
leading pseudocritical correction. The two powers of L in
the second line of Eq. (G14) arise from differentiating this
same relative splitting. The first line is instead the inde-
pendent RTE response of the common critical tower, a
physical g-dependent multilevel contribution that cannot be
removed by normalization alone.
For equal effective multiplicities, λ ¼ 0, the occupation

difference is

P2;2ðXÞ − P2;1ðXÞ ¼
1

1þ e2X
−

1

1þ eX

¼ eXð1 − eXÞ
ð1þ eXÞð1þ e2XÞ : ðG16Þ

This function vanishes as X → �∞, changes sign at X ¼ 0,
and has one extremum on each side. Unequal but
s-independent multiplicities preserve the zero at X ¼ 0
while making the two lobes asymmetric.

4. Zero crossing, crossover scales, and
asymptotic recovery

We define the finite-size relative-coexistence point by

X½g0ðLÞ; L� ¼ 0: ðG17Þ

At this point P2;2 ¼ P2;1, and the occupation-transfer term
in Eq. (G14) vanishes. The total DRTE is

∂gSð2Þjg0ðLÞ ¼ L1=ν⋆∂xAcomðx0; c; LÞ þ � � � : ðG18Þ

The occupation-transfer component, therefore, vanishes
exactly at relative coexistence. At finite L, the full
DRTE has an exact zero at the same point only
if ∂xAcomðx0; c; LÞ ¼ 0.

If this derivative is parametrically smaller than the
occupation-transfer slope, it produces only a subleading
displacement of the zero. If the relative amplitudes have
different s dependence, the condition P2;2 ¼ P2;1 may itself
shift away from X ¼ 0. In the asymptotic gapped two-
branch regime, Qα;s approach constants, ∂xAcom → 0, and
the exact first-order zero in Appendix F is recovered.
Within the single-mode regime, the two contributions to

the relative prefactor define the amplitude scales

AFOðLÞ ¼ 2cjΔe0ðg0ÞjLdþzβ ;

A⋆ðLÞ ¼ 2cjϕ0ðx0ÞjL1=ν⋆ : ðG19Þ

If dþ zβ > 1=ν⋆, their crossover estimate is

L× ∼
� jϕ0ðx0Þj
jΔe0ðg0Þj

�
1=ðdþzβ−1=ν⋆Þ

: ðG20Þ

For L ≪ L×, the lobe amplitude can grow as L1=ν⋆ even
though coexistence produces its sign-changing shape. For
L ≫ L×, the branch-slope term proportional to Ldþzβ

dominates. A common-tower contribution of the order of
L1=ν⋆ can add a smooth offset or a single-peak component
and must be included when interpreting the full line shape.
Expanding Eq. (G12) near g0ðLÞ gives

X ≃ c
h
Δe0ðg0ÞLdþzβ þ ϕ0ðx0ÞL1=ν⋆

i
ðg − g0Þ: ðG21Þ

The condition jXj ¼ Oð1Þ then gives

δgWFO ∼
�
L−1=ν⋆ ; L ≪ L×;

L−ðdþzβÞ; L ≫ L×;
ðG22Þ

provided the walking description remains valid. For
L ≫ ξ⋆, the pseudocritical tower eventually freezes and
the first-order scaling in Appendix F is recovered. An L1=ν⋆

collapse over accessible sizes, therefore, identifies a pseu-
docritical regime but does not by itself determine the
thermodynamic order. The occupation-transfer contribution
and its crossover must be examined concurrently.

APPENDIX H: UNIFIED INTERPRETATION,
DIAGNOSTIC CRITERIA, AND RANGE

OF VALIDITY

Equation (C10) compares the generalized force of the
same finite-size Hamiltonian at inverse temperatures β and
2β. Throughout these appendixes, the sign convention is
Sð2Þ ¼ 2 lnZðβÞ − lnZð2βÞ and DRTE ¼ ∂gSð2Þ, as fixed
by Eq. (C4). The three transition classes are distinguished
by the organization of the low-energy trace sampled by the
two ensembles.
At a continuous transition, one critical tower controls the

finite-size partition function:
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Sð2Þ ¼ S̃2ðx; cÞ þ � � � ; ∂gSð2Þ ¼ L1=ν
∂xS̃2ðx; cÞ þ � � � ;

x ¼ ðg − gcÞL1=ν: ðH1Þ

At fixed c, the leading RTE curves approach the common
value S̃2ð0; cÞ at g ¼ gc, with finite-size drift generated by
irrelevant fields and metric factors. The DRTE scales as
L1=ν, but no thermodynamic identity requires either a zero
at gc or a two-lobe profile. In the simulations,
c ¼ β=L ¼ 1, while the metric-normalized temporal ratio
is ρτ ¼ v.
At a standard first-order transition, two frozen gapped

branches dominate:

∂gS
ð2Þ
FO ¼ 2β∂gΔEðg; LÞ½p2ðyÞ − p1ðyÞ�; y ¼ βΔE:

ðH2Þ

Consequently,

∂gS
ð2Þ
FO ¼ LdþzβF 2ð½g − g0ðLÞ�Ldþzβ ; d2=d1Þ þ � � � : ðH3Þ

Under the assumptions in Appendix F, the occupation
identity yields two opposite-sign lobes, an exact zero at the
finite-size branch-energy crossing g0ðLÞ, a peak scale
Ldþzβ , and a width L−ðdþzβÞ. The zero need not coincide
with the thermodynamic gc until the crossing drift has
vanished. The absolute RTE at coexistence is lnðd1 þ d2Þ,
rather than zero, unless a separate baseline is subtracted.
At a weakly first-order transition, coexistence is dressed

by aspect-ratio-dependent pseudocritical towers. The gen-
eral leading result is

∂gSð2Þ ¼ 2cLdþzβΔe0ðgÞ½P2;2 − P2;1�
þL1=ν⋆Bðx; c; LÞ þ � � � ; ðH4Þ

where

B ¼ 2
X
α

Pα;1∂x lnQα;1 −
X
α

Pα;2∂x lnQα;2: ðH5Þ

The first line is the macroscopic occupation-transfer term
and naturally generates a sign-changing two-lobe compo-
nent. The second contains the common critical-tower
response and relative tower corrections. For L≲ ξ⋆, it
may add a smooth peak or offset, shift the zero of the full
DRTE, or dominate its magnitude.
Under the additional single-relative-mode condition of

Eq. (G12),

∂gSð2Þ ¼ L1=ν⋆∂xAcom

þ
h
2cLdþzβΔe0ðgÞ þ 2cL1=ν⋆ϕ0ðxÞ

i
× ½P2;2 − P2;1� þ � � � : ðH6Þ

Equation (G15) gives the dictionary to the compact main-
text formula. That expression applies when ∂xAcom is
negligible, forbidden by symmetry, or explicitly removed
as a smooth background. In this regime, the occupation
component has a robust zero, and its two-lobe structure can
coexist with apparent L1=ν⋆ peak scaling. An exact zero of
the full finite-size DRTE requires ∂xAcom ¼ 0 at the same
point; a subleading but nonzero common-tower term shifts
the zero by a finite-size correction.
These results sharpen the abbreviated statements in the

main text. A collapse with an effective ν⋆ signals an
extended pseudocritical regime but does not by itself
distinguish a continuous transition from a walking first-
order transition. By contrast, a reproducible opposite-sign
component governed by occupation transfer between the β
and 2β ensembles provides evidence for competing
spectral sectors. A generic smooth function can also display
two extrema, so coexistence should be tested through
the occupation identity, finite-size drift, aspect-ratio
dependence, and robustness under smooth-background
subtraction.
The spacetime Casimir interpretation is equally specific.

Figure 1 compares one 2β cylinder with two disconnected β
cylinders. After ultraviolet-local terms linear in the tem-
poral circumference cancel, the remaining O(1) contribu-
tion is determined by the finite-aspect-ratio critical tower.
The red curves schematically represent the change in
infrared Matsubara spacing; they are neither exact many-
body levels nor a mechanical force.
The formulas above assume that the low-temperature

trace is dominated by the stated tower or branch structure.
Corrections may arise from irrelevant fields, nonlinear
scaling variables, a g-dependent velocity, finite-size cross-
ing shifts, low-lying intrabranch modes, tunneling, inter-
faces, additional branches, or incomplete separation of
common and relative tower sectors. Such effects modify
drifts, offsets, and line shapes without changing the
organizing hierarchy: a single critical tower, two frozen
gapped branches, or two coexisting branches dressed by a
long pseudocritical crossover.

APPENDIX I: APPLICATION TO THE SU(8)
J1-J2 MODEL

We further test the DRTE diagnostic in the square-lattice
SUðNÞ J1 − J2 −Q model, which has been used in recent
studies of SUðNÞ deconfined quantum criticality
[22,37,101]. The model is defined on a bipartite square
lattice, with SUðNÞ spins in the fundamental representation
on one sublattice and in the conjugate representation on the
other. Its Hamiltonian is

H ¼ −
J1
N

X
hiji

Pij −
J2
N

X
⟪ij⟫

Πij −
Q
N2

X
hi;ji;hk;li

PijPkl: ðI1Þ
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Here, Pij projects a nearest-neighbor pair on opposite
sublattices into an SUðNÞ singlet, and Πij permutes the
colors of two next-nearest-neighbor sites on the same
sublattice. The J1 term favors antiferromagnetic correla-
tions, the J2 term favors Néel order for large enough J2=J1,
and the Q term is used mainly for smaller N to stabilize the
VBS phase. For N > 4, the transition can be studied at
Q ¼ 0 by tuning g ¼ J2=J1. In the following, we set the
energy unit by J1 ¼ 1, take N ¼ 8 and Q ¼ 0, and tune g
across the transition.
This model provides a useful test case because a

recent entanglement entropy study suggested that the
threshold value Nc separating weakly first-order behav-
ior from a continuous SUðNÞ deconfined quantum
critical point lies between N ¼ 7 and N ¼ 8 [37].
Thus, SU(8) is close to the proposed boundary and
corresponds to a continuous phase transition. We do not
aim here to determine Nc systematically. Instead, we use
SU(8) as a focused test of whether the DRTE can detect
a first-order component in a case where entanglement
entropy scaling was interpreted as being compatible with
a continuous transition.
The DRTE is obtained by evaluating this operator

separately in the β and 2β ensembles. In this calculation,
we use β ¼ 4L, so that the two ensembles entering DRTE
are sampled at β ¼ 4L and 2β ¼ 8L. This choice is used to
reduce residual finite-temperature effects in the subtraction.
The data shown below are obtained for L ¼ 16, 24, 32 over
the same coupling range 0.7 ≤ g ≤ 2.0.
Figure 7(a) shows the DRTE ∂Sð2Þ=∂g as a function of g.

The curves show a sign-changing structure around the
transition: DRTE develops a negative peak on the smaller-g
side, crosses zero near the transition point, and then forms a
positive peak on the larger-g side. This behavior is the
characteristic shape of a first-order transition in our pro-
tocol. It is different from the single-peak scaling form of a

continuous transition. In Fig. 7(b), we did the data collapse
with the form

∂Sð2Þ=∂g=L1=ν ¼ F
h
ðg − gcÞL1=ν

i
þ b=L: ðI2Þ

The collapse gives

gc ¼ 1.17ð4Þ; ν ¼ 0.67ð4Þ: ðI3Þ

In the present context, ν should be understood as an
effective pseudocritical exponent in the accessible finite-
size regime rather than as independent evidence for a stable
continuous fixed point. The diagnostic information comes
from the combination of the collapse in Fig. 7(b) and the
sign-changing DRTE profile in Fig. 7(a).
These results indicate that the transition in the SU(8)

J1-J2 model still shows weakly first-order behavior. This
differs from the interpretation based on smooth-boundary
entanglement entropy scaling, where SU(8) was placed at
or above the proposed onset of continuous behavior [37].
The SU(8) data show that the DRTE can reveal a first-order
component with modest system sizes in a case where the
transition is difficult to settle using other finite-size probes.

APPENDIX J: BINDER CUMULANT
AND CORRELATION FUNCTIONS

FOR THE J-Q2 MODEL

To further illustrate the practical advantage of our
method, we have added a comparison with conventional
observables for the J-Q2 model (see Fig. 8). The Binder
cumulant computed up to L ¼ 256 shows no negative
values that would indicate a first-order transition. The spin
and dimer correlation functions measured at the largest
separation, even with system sizes up to L ¼ 384, do not
display a clear tendency to converge to finite constants in

(a) (b)

FIG. 7. Application to the square-lattice SU(8) J1-J2 model. Here, g ¼ J2=J1, and the inverse temperature is fixed to β ¼ 4L; the two
thermal ensembles entering the DRTE are, therefore, sampled at β ¼ 4L and 2β ¼ 8L. (a) DRTE ∂Sð2Þ=∂g for L ¼ 16, 24, 32 in the
range 0.7 ≤ g ≤ 2.0. The vertical dashed line marks the fitted transition point, gc ¼ 1.17ð4Þ. The negative and positive lobes around gc,
together with the zero crossing, are the finite-size coexistence signature expected for a first-order transition. (b) Data collapse of the same
data using ðg − gcÞL1=ν and ∂Sð2Þ=∂g=L1=ν − b=L, with gc ¼ 1.17ð4Þ and ν ¼ 0.67ð4Þ. The collapse captures the pseudocritical scaling
regime.
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the thermodynamic limit, making it impossible to unam-
biguously identify phase coexistence. In stark contrast, our
DRTE already provides a definitive, qualitative signature of
the weakly first-order transition at system sizes as small as
L ¼ 56. It is also worth noting that the computational cost
of standard QMC calculations scales as βL2 ∼ L3. This
implies that, even with roughly 300 times the computa-
tional effort required for our L ¼ 56 DRTE result, the
conventional diagnostics still cannot conclusively charac-
terize the nature of the transition, whereas our method does
so cleanly and with minimal computational expense.

APPENDIX K: TENSOR-NETWORK
IMPLEMENTATION OF RÉNYI THERMAL

ENTROPY

The numerical results presented in the main text were
obtained primarily using quantum Monte Carlo simula-
tions. Here, we demonstrate that the RTE framework is not
restricted to a particular numerical method. As a proof of
principle, we implement the RTE using a thermal tensor-
network method for the one-dimensional transverse-field
Ising model:

H ¼ −J
X
i

σziσ
z
iþ1 − h

X
i

σxi : ðK1Þ

This model provides a particularly clean benchmark
because its critical point and critical exponent are exactly
known:

hc ¼ J; ν ¼ 1: ðK2Þ

A thermal tensor-network calculation provides access to
the finite-temperature density operator e−βH and, hence, to
the partition function

ZðβÞ ¼ Tre−βH: ðK3Þ

The Rényi thermal entropy can, therefore, be calculated
directly from

SðnÞ ¼ 1

1 − n
½lnZðnβÞ − n lnZðβÞ�; ðK4Þ

which is exactly the same quantity used in the quantum
Monte Carlo implementation discussed in the main text.
For the transverse-field Ising model, the dynamical

exponent is z ¼ 1, and we choose β ¼ L. Near the quantum
critical point, the RTE obeys the continuous-transition
scaling form

(a)

(b)

FIG. 8. (a) Binder cumulant of the J-Q2 model [5,39]. The left panel shows results up to J=Q ¼ 1, where U2 approaches 1, indicating
a Néel state. For smaller J=Q, the cumulant vanishes with increasing size, demonstrating a nonmagnetic state for J=Q < 0.045. The
cumulant remains positive for all J=Q, showing no phase coexistence; i.e., the transition is continuous based on these results. (b) Spin
and dimer correlation functions at distance L=2 vs the inverse system size in the critical J-Q2 model, obtained with QMC calculations
[31]. Both correlation functions are shown vs 1=L, with L from 16 (spin) or 12 (dimer) up to L ¼ 384. The green dashed curves are
cubic collective fits to the data.
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Sð2Þ ¼ S̃
h
ðh − hcÞL1=ν

i
þ � � � : ðK5Þ

As shown in Fig. 9(a), the RTE curves for different system
sizes exhibit a clear crossing near the quantum critical
point. Applying Eq. (K5), we obtain

hc ¼ 0.99ð1Þ; ν ¼ 1.05ð6Þ; ðK6Þ

which agree with the exact results hc ¼ 1 and ν ¼ 1 within
the numerical uncertainty. The corresponding data collapse
is shown in Fig. 9(b).
The DRTE can be evaluated within the same thermal

tensor-network framework. For a general tuning parameter
g in the Hamiltonian,

∂SðnÞ

∂g
¼ 1

1 − n

�
−nβ

�
∂H
∂g

�
nβ

þ nβ

�
∂H
∂g

�
β

�
; ðK7Þ

where the two expectation values are evaluated using the
thermal density matrices at inverse temperatures nβ and β,
respectively. Thus, both the RTE and DRTE can be
implemented directly within finite-temperature tensor-net-
work calculations.
We emphasize that the transverse-field Ising example is

intended as a benchmark demonstrating the numerical
portability of the RTE framework rather than as an
independent tensor-network realization of a weakly first-
order transition. The weakly first-order theory developed in
the main text is formulated directly in terms of the finite-
size partition function and, therefore, does not depend on
whether the partition function is evaluated using quantum
Monte Carlo, tensor networks, or another numerical
method.
In particular, when two competing thermodynamic

branches contribute appreciably to the finite-size partition
function,

ZðsβÞ ≃ Z1ðsβÞ þ Z2ðsβÞ; ðK8Þ

the DRTE probes how their relative statistical weights differ
between the β and nβ ensembles. Therefore, the same two-
branch mechanism derived in the main text predicts a zero
crossing and an opposite-sign double-peak structure in a
tensor-network calculation of a weakly first-order
transition.
The advantage of the RTE framework emerges once the

system enters the low-energy regime. The Rényi combi-
nation

SðnÞ ¼ 1

1 − n
½lnZðnβÞ − n lnZðβÞ� ðK9Þ

cancels the dominant smooth contribution that is linear in
the imaginary-time extent. Consequently, the universal or
coexistence-controlled finite-size contribution becomes
more directly visible. This mechanism is independent of
the numerical technique used to evaluate the partition
functions.
Therefore, the transverse-field Ising calculation pre-

sented here serves as a controlled benchmark showing that
the RTE finite-size scaling framework can be implemented
using thermal tensor networks and correctly reproduces
known critical properties. The same partition-function-
based construction and weakly first-order scaling theory
can be applied to tensor-network calculations of more
general quantum many-body systems.
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