
Temporal Complexity Hierarchies in Solvable Quantum Many-Body Dynamics

He-Ran Wang ,1,* Ilya Vilkoviskiy ,2,* and Dmitry A. Abanin 2,3,4,†

1Chen-Ning Yang Institute for Advanced Study, Tsinghua University,
Beijing 100084, People’s Republic of China

2Department of Physics, Princeton University, Princeton, New Jersey 08544, USA
3École Polytechnique Fédérale de Lausanne (EPFL), 1015 Lausanne, Switzerland

4Google Research, Brandschenkestrasse 150, 8002 Zürich, Switzerland

(Received 14 November 2025; revised 19 June 2026; accepted 9 October 2026; published 13 November 2026)

The influence matrix (IM) provides a powerful framework for characterizing nonequilibrium quantum
many-body dynamics by encoding multitime correlations into tensor-network states. Understanding how
its computational complexity relates to underlying dynamics is crucial for both theoretical insight and
practical utility yet remains largely unexplored despite a few case studies. Here, we address this question
for a family of brickwork quantum circuits ranging from integrable to chaotic regimes. Using tools from
geometric group theory, we identify three qualitatively distinct scalings of temporal entanglement entropy,
establishing a hierarchy of computational resources required for accurate tensor-network representations of
the IM for these models. We further analyze the memory structure of the IM and distinguish between
classical and quantum temporal correlations. In particular, for certain examples, we identify effectively
classical IMs that admit an efficient Monte Carlo algorithm for computing multitime correlations. In more
generic settings without an explicit classical description of the IM, we introduce an operational measure of
quantum memory with an experimental protocol and discuss examples exhibiting long-time genuinely
quantum correlations. Our results establish a new connection between quantum many-body dynamics and
group theory, providing fresh insights into the complexity of the IM and its intricate connection to the
physical characteristics of the dynamics.
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I. INTRODUCTION

Describing and classifying nonequilibrium quantum
matter has attracted considerable attention for several
decades [1–4]. Recent advances in experimental tech-
niques, particularly quantum simulation platforms, now
enable probing quantum many-body dynamics with
remarkable precision, thereby calling for parallel theoreti-
cal investigations to identify and analyze dynamical sig-
natures. Despite this progress, efficiently characterizing
nonequilibrium quantum states remains a formidable chal-
lenge, primarily due to the substantial computational
complexity of simulating quantum dynamics in many-body
Hilbert space [5]. This difficulty is slightly mitigated in low
dimensions, where celebrated tensor-network techniques
allow for representations of some physically relevant

quantum states with the cost of computational resources
that scale only polynomially with system size [6–14].
However, the generally rapid growth of entanglement
degrades the accuracy of such representations as time
grows [15,16], thus hindering both numerical simulations
and analytical approaches to long time evolution along this
direction.
Recently, a novel tensor-network method has been

developed that encodes multitime correlations and dynami-
cal characteristics into a temporal matrix-product state
(MPS), referred to as the influence matrix (IM) [17–20].
Following the idea of the Feynman-Vernon influence
functional in the path integral formulation [21], the IM
is defined as the tensor network obtained by performing
trace operations on the full time-evolved system but a local
subsystem. Therefore, this construction provides a direct
approach to efficiently calculating spatially local quantities
that characterize global nonequilibrium dynamics, such as
the relaxation of local observables toward equilibrium
values [1,22,23] and the asymptotic decay of autocorrela-
tion functions [24–26]. This method is particularly attain-
able and tractable in ð1þ 1ÞD quantum-circuit dynamics,
where it can be implemented as the transversal tensor-
network contraction along the spatial direction [27–30].
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Notably, closely related tensorial objects have also been
introduced in the quantum information and open system
communities as the quantum comb [31,32] and the process
tensor [33–37], respectively.
By compressing the full time-evolved system into an

MPS, the effective non-Markovian memory that impacts
local dynamics is encoded in the inner bonds [38–40]. The
efficacy of such an approach is supported by its moderate
computational complexity for increasingly large times.
This complexity is quantified by the scaling of the
dimension of inner bonds and the temporal entanglement
entropy (TEE). To be concrete, MPS representations of IM
with polynomial (exponential) scaling of bond dimension
with time fall into the polynomial (exponential) complexity
class and usually manifest as sublinear (linear) growth of
TEE. Numerical results further suggest a slower growth
than conventional spatial entanglement, even in regimes of
exponential complexity [17,27]. However, it remains elu-
sive how the computational complexity of the IM corre-
sponds to the nature of the underlying dynamics, despite a
few examples.
So far, only a handful of analytically tractable examples

of the IM are known. Below, we present an overview of
existing results in increasing order of ergodicity, i.e., from
noninteracting to chaotic dynamics. First, for quantum
impurity models in noninteracting fermionic environments,
the polynomial scaling of IM computational complexity
has been rigorously established in Refs. [41–44], with
similar results for free bosons [38,45–48]. For interacting
integrable dynamics, exact solutions of IM are obtained
only in a few isolated examples: (i) area-law entangled
solutions for the “rule 54” cellular automaton [49–52] and
(ii) at most logarithmic growth of TEE in the dispersionless
Trotterized XXZ Heisenberg model as demonstrated in
Ref. [53]. It was further conjectured that IMs in integrable
models generally exhibit sublinear TEE scaling, also
implied by the later work [54]. Finally, in dual-unitary
circuits [55–57], which are typically maximally chaotic and
scrambled according to various diagnostic tools [58–66],
the scaling of TEE exhibits qualitatively distinct behavior
depending on the choice of initial states: when prepared in
so-called “solvable initial states,” the IM reduces to a
simple product state representing a completely thermalizing
bath and perfect dephaser (or depolarizer, depending on the
circuit structure) acting on the subsystem [17,67,68], while
for generic initial states, asymptotic linear growth of TEE
has been rigorously shown in Ref. [69], which furthermore
applies to Haar random brickwork circuits. Moreover,
various generalizations of dual unitarity with compatible
initial states lead to area-law TEE [70–75].
Overall, these previous results have established area-law,

logarithmic, and linear scaling of TEE in separate exam-
ples, while the broader picture regarding connections
between IM complexity and dynamical properties has been
fragmented so far.

In this work, we make progress toward tackling the
aforementioned question by studying a novel family of
brickwork quantum circuits that provides a unified and
flexible setting for exploring the complexity of nonequili-
brium quantum dynamics, placing three regimes of TEE
scalings within a common analytically tractable frame-
work. For this class of models, we provide analytical MPS
representations of IMs for generic MPS initial states, where
the inner bonds, surprisingly, are associated with a group
algebra. We establish a rigorous correspondence between
bond dimension scaling and the growth function, a concept
from geometric group theory that quantifies how fast a
group is generated from a set of generators, which are
directly tied to the parametrization of local gates in our
models. Through this framework, we reproduce known
solutions for integrable circuits and obtain new exact results
for nonintegrable and chaotic cases, supported by numeri-
cal simulations. Hence, our construction leads to a sys-
tematic landscape in which the full hierarchy of classical
simulation complexities of the IM—belonging to constant,
polynomial, or exponential computational resources—can
be realized and compared on equal footing. We refer to the
corresponding models as class I, II, and III models,
respectively. We complement our results with numerical
evaluations of the TEE, finding agreement between its
saturation, logarithmic growth, and linear growth and the
complexity landscape identified above.
The different scaling regimes of temporal complexity are

interesting from complementary physical perspectives.
Area-law TEE suggests that an extended many-body
environment can be effectively compressed into a low-
complexity dynamical description, as in finite-dimensional
Markovian embeddings developed, for example, for free-
fermionic environments [42–44,76]. Our class I models
show how such simple reduced dynamics can arise even in
interacting Floquet systems with signatures of quantum
chaos. Logarithmic TEE represents an intermediate regime
with unbounded temporal memory but a polynomially
tractable IM. Previously observed mainly in integrable
systems, here we find such behavior in both integrable and
nonintegrable examples. Finally, linear TEE represents the
high temporal complexity expected in generic chaotic
systems. In our class III models, although IM cannot be
represented with polynomial resources, two-point functions
remain accessible, whereas higher-order multitime corre-
lations retain the complexity of the full temporal state. This
provides an explicit mechanism underlying earlier obser-
vations that selected observables can be substantially easier
to compute than suggested by the TEE [17,27,77].
As a second main result, we explore another notion of

complexity that focuses on the interplay between the
classical and quantum nature of temporal correlations
encoded in the IM. More broadly, identifying the quantum-
ness of a physical state, process, or correlation is a
fundamental problem in quantum physics, with direct
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relevance to the characterization of quantum resources and
their applications in quantum technologies. While the full
circuit exhibits genuine quantum dynamics, we identify
special cases in which the IM can nevertheless be described
exactly by purely classical memory. This enables efficient
classical simulations for finite-order temporal correlation
functions, even in regimes that are otherwise difficult to
access with tensor-network approaches due to exponen-
tially growing bond dimension. Specifically, we show that
the full multitime statistics encoded in the IM can be
reproduced by classical stochastic processes, thereby map-
ping quantum correlation functions onto averages of
observables in random walks. According to the central
limit theorem, simulations of the latter object require
computational resources scaling only polynomially with
the desired accuracy.
This is analogous to the situation for spatial states, where

faithful matrix-product operator (MPO) representations of
low-temperature Gibbs states may cost exponential com-
putational resources [78,79], but several sampling algo-
rithms can circumvent the difficulty and yield efficient
estimates of observables [80–82]. There is a general
intuition developed in Ref. [83] that quantum correlations
are often suppressed on large scales compared to the
classical ones. This avenue remains largely unexplored
in the context of IMs [84], and our findings provide one of
the first analytically tractable examples.
Beyond these special cases of “classical” IM, quantum

memory is expected to be ubiquitous. To probe it, we
propose an original quantum-teleportation protocol that
extracts quantum memory hidden in the IM. While our
protocol applies broadly to generic nonequilibrium dynam-
ics, we find concrete realizations within our model that
exhibit persistent quantum memory at long times. These
findings open an additional dimension of temporal com-
plexity, enriching the framework for characterizing IMs and
nonequilibrium quantum dynamics.
The rest of the paper is organized as follows. In Sec. II,

we introduce parametrizations of the local gates constitut-
ing the brickwork quantum circuits considered in this
article. We then derive an exact and compact MPS
representation of the IM by recasting it as a tensor-network
operator acting on the initial state and expressing this
operator as a matrix-product operator with inner bonds
associated with a group algebra. In Sec. III A, we demon-
strate how the temporal scaling of bond dimension is
related to the group-theoretic concept—growth function
—which, in turn, gives rise to the full hierarchy of
computational complexities with mathematical rigor.
Each class is then illustrated by explicit realizations of
quantum circuits, supported by numerical studies of
TEE: we (i) reproduce results in Ref. [53] by showing
sublinear growth of TEE in an integrable model (Sec. III B),
(ii) demonstrate the same complexity class in a non-
integrable model in Sec. III C, and (iii) show linear TEE

growth for generic circuit realizations within our model
(Sec. III D).
Next, we turn to the perspective of classical and quantum

memory in Sec. IV. After clarifying our notions of memory
from the viewpoint of open system and non-Markovianity
(Sec. IVA), we explain the mapping from quantum
dynamics to stochastic processes in the case of classical
IM (Sec. IV B). We also perform Monte Carlo simulations
to compute local observables, which we benchmark by
comparing with tensor-network calculations. In Sec. IV C,
we characterize quantum IM, followed by introducing an
operational measure of quantum memory computable from
the IM in Sec. IV D. We propose how this quantity could, in
principle, be extracted from experiments. The validity of
this approach is demonstrated by explicit examples that
preserve long-lived quantum memory. Our conclusions and
outlook are reported in Sec. V. Details of derivations and
various generalizations are presented in the appendixes.

II. SETTING AND EXACT SOLUTIONS

In this work, we focus on quantum circuits on an infinite-
size 1D chain of qudits, representing discrete-time quantum
many-body dynamics with local interactions. Each lattice
site is labeled by an integer x and associated with a q-
dimensional Hilbert space:

Hx ¼ fjai; a ¼ 0; 1;…; q − 1g: ð1Þ

One step of time evolution is generated by a global Floquet
operatorU composed of two-qudit unitariesU arranged in a
brickwork architecture:

U ¼ UoddUeven;

UoddðevenÞ ¼ ⊗x∈ oddðevenÞUx;xþ1; ð2Þ

where Ux;xþ1 acts locally on neighboring sites x and xþ 1.
We consider circuits with spacetime shift invariance,

where the local gate is taken to be

U ¼ S

 Xq−1
a¼0

ua ⊗ jaihaj
!
: ð3Þ

Here, ua are single-site unitaries drawn from the unitary
group UðqÞ, and S denotes the SWAP gate exchanging
quantum states on two qudits. Although this construction
belongs to the dual-unitary class [55,85,86], our exact
solutions go beyond the scope of product-state IM, which
requires special solvable initial states [17,67,73,75].
Since observables and correlation functions always

involve unitaries paired with their Hermitian conjugates,
we adopt the folded representation, in which the forward
and backward branches of time evolution are folded
together. Therein, the folded two-qudit unitary can be
depicted in two equivalent ways:

TEMPORAL COMPLEXITY HIERARCHIES IN SOLVABLE … PHYS. REV. X 16, 041041 (2026)

041041-3



ð4Þ

The first diagram has been widely applied to represent
generic brickwork quantum circuits. In the second one, the
three-leg tensor centered by the solid dot denotes the
Kronecker delta that forces basis states on three legs to
be the same. Accordingly, the identity operator in the
physical Hilbert space is represented as the hollow bullet:

ð5Þ

which appears when performing partial trace operations. It
follows that we can present the unitarity condition of U as

ð6Þ

We consider pure normalized initial states jΨini in MPS
form defined in terms of two q ×D ×D tensors: Aa

jk; B
b
jk,

with D the dimension of the auxiliary Hilbert space, such
that

jΨini ¼
Xq−1

…;a−1;a0;a1;…¼0

Tr½� � �Ba−1Aa0Ba1Aa2 � � ��

j…; a−1; a0; a1; a2;…i: ð7Þ

The folded three-leg tensors have graphical representations
as

ð8Þ

We impose two-site shift invariance for notational conven-
ience. However, the exact solvability of our model follows
directly from the structure of unitaries U and relies neither
on the form of matrix-product initial states nor on the shift
invariance.
To motivate the introduction of the IM, Fig. 1(a) shows

the diagrammatic representation of a spatiotemporal
correlation function, hΨinjÔx0 ðt0ÞÔxðtÞjΨini, where time-
dependent operators are defined in the Heisenberg
picture. In this illustrated example, ðx; tÞ ¼ ð1; 1Þ and
ðx0; t0Þ ¼ ð0; 3Þ, with total number of time steps T ¼ 3.
One can isolate the middle subsystem on x ¼ 0 and 1 sites,
sandwiched between multitime tensors from both
sides. These tensors are defined as the left and right IMs
[Fig. 1(b)], respectively. Notice that the role of IM is not
limited to two-point correlations but extends to multitime
correlations of operators with common support in a
spatially local region.
The IM framework also naturally applies to quantum-

impurity dynamics. As illustrated in Fig. 1(c), an impurity
site is coupled to a semi-infinite qudit chain and evolves
jointly under quantum-circuit dynamics. The impurity
can be controlled and manipulated through quantum
operations—such as unitaries or channels—interspersed
between the joint evolution at each time step, with final

... ... Left

(a) (b) (c)

IM
Right
IM

Left
IM

FIG. 1. Graphical representations of the quantum-circuit dynamics and the influence matrix. Total number of time steps T ¼ 3.
(a) Folded representation of the spatiotemporal correlation function in ð1þ 1ÞD quantum circuits. The evolution of a matrix-product
initial state [Eq. (7)] is generated by two-site gates [Eq. (3)] arranged in the brickwork architecture. Local operators Ô0 and Ô1 are
inserted at different time steps. Red arrows indicate the direction of tensor-network contractions leading to influence matrices.
(b) Illustration of the left and right influence matrices. The partially traced components are compressed into MPS extending along the
time direction. (c) Representation of the observable expectation value in impurity dynamics. An impurity site (green tensor) is coupled to
the quantum-circuit dynamics on the left. Red round tensors represent sequential quantum operations acting only on the impurity site.
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measurements of impurity observables Ô. On the other
hand, the impurity together with local operations serves as a
flexible probe of nonequilibrium dynamics [33,87–89],
with the IM providing an efficient characterization. For
clarity of presentation, we mainly focus on the setting of
impurity dynamics depicted in Fig. 1(c), while most of our
results for the left IM apply equally to the right one.
The (left) IM can be decomposed into a triangular tensor

M with two boundaries of open legs, acting on the (left)
initial state:

jIMi ¼ MðjΨL
ini⊗ jΨL

ini�Þ; ð9Þ

depicted as follows:

ð10Þ

where the solid bullet represents the left steady state ρD in
the initial MPS auxiliary Hilbert space:

Xq−1
a;b¼0

ðAaBbÞ†ρDAaBb ¼ ρD: ð11Þ

The triangular shape is obtained by performing the unitarity
condition of local gates [Eq. (6)], which reflects the
presence of an exact light cone [17,30,90], such that those
tensors lying outside the light cone do not affect the
impurity site. As the tensor M maps a spatial state to a
temporal state, we refer to it as the spacetime mapping
operator.
We now present one of the central results of this work:

the model defined by the gates from Eq. (3) admits
analytical MPS representations of the IM. More specifi-
cally, we derive an MPO representation of M and classify
the corresponding computational complexity according to
the scaling of the MPO bond dimension χ with the
evolution time T. For generic MPS initial states with bond
dimension D2 (square here arising due to the folded
picture), the bond dimension scaling of the IM is given
by the product χIM ¼ D2 × χ. As we restricted ourselves to
initial states with a finite bond dimension, both χIM and χ
have the same scaling with time, and, therefore, we use

these two measures of complexity interchangeably in the
following.
To proceed with this derivation, we recast the tensor

network M in terms of local building blocks: controlled
and SWAP gates, as depicted in Fig. 2(a). To facilitate an
MPO representation, we rotate and deform this tensor
network into a linear structure depicted in Fig. 2(b). A
straightforward construction would glue all vertical legs
into a single inner bond, resulting in an exponentially
growing bond dimension χðTÞ ∼ q2T . Instead, we note that
the spacetime mapping acts on the physical Hilbert space
through the sequence of unitaries ubt � � � ub1ua1 � � � uat ,
shown along the horizontal legs in Fig. 2(b), which are
controlled by the history of indices traced from bottom to
top. This product of unitaries could be organized into a
single operator uðgÞ, with a group element g traveling along
the vertical legs.
This leads to an observation that the auxiliary linear

space associated with the inner bonds can be identified with
the group algebra of G over C, where G ¼ PUðqÞ is the
projective unitary group of dimension q. A natural basis
consists of group elements g∈G, such that any vector x in
this space can be written as a formal linear combination:
x ¼Pg∈G xgg, with complex coefficients xg ∈C. In this
sense, the local tensors in Fig. 2(c) are defined analogously

Space

Time Space Time
(a)

(c)

(b)

FIG. 2. (a) The spacetime mapping in Eq. (10) represented in
terms of controlled and SWAP gates, according to Eq. (4).
(b) Rotating and deforming the triangular tensor to a linear
structure. Open legs originally at the bottom are relocated to the
left boundary, as indicated by the arrows. (c) The MPO
representation and the definition of local tensors. The inner
bonds carry the linear space of the group algebra C½G�,
with G ¼ PUðqÞ.
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to conventional tensors but with an infinite-dimensional
bond space. Concretely, the group element in the diamond
tensor is the projective image of the single-site unitary ua
from Eq. (3), and the update rule is gbgga. In the circle
tensor, the operator uðgÞ⊗ uðgÞ� implements the regular
adjoint representation of g on physical indices. The lower
boundary vector in Fig. 2(c) corresponds to the unit
element e∈G, meaning that the inner bond is initialized
from the identity. Finally, the upper boundary represents the
augmentation ideal of the group algebra, which acts as a
uniform summation over all basis vectors. This construc-
tion leads to an MPO description with local blocks
summarized in Fig. 2(c) and the detailed derivation
presented in Appendix A 1.
So far, we have focused on the analytical MPO con-

struction of the left IM. Constructions for the right IM can
be obtained analogously, as we present in Appendix A 2.
We also extend the exact solution to a generalized class of
unitaries in Appendix A 3.
Since the group algebra of PUðqÞ has an infinite

dimension if considered as a linear space, it is not imme-
diately clear whether the MPO representation in Fig. 2(c)
offers practical advantages over that in Fig. 2(b). As we
show later in Sec. III, the group-valued bond makes it
possible to rigorously characterize the scaling behavior of
the effective bond dimension and to identify complexity
classes.

III. HIERARCHY OF TEMPORAL
ENTANGLEMENT ENTROPY

A. Scaling behavior of the necessary bond dimension

As discussed above, the bond dimension χ of an exact
MPS representation of the IM generally depends on the
total number of time steps T, and the asymptotic growth of
χðTÞ provides an upper bound on the computational
complexity of accurately simulating the IM. In the liter-
ature, another commonly used diagnostic is the temporal
entanglement entropy, defined as the bipartite von
Neumann entropy of the IM maximized over all contiguous
bipartitions. The exact representation therefore provides a
rigorous upper bound:

SðTÞ ≲ ln ½D2 × χðTÞ�: ð12Þ
In principle, the scaling behaviors of these two quantities
can differ. However, for the typical initial states, we find
that SðTÞ follows qualitatively the same scaling suggested
by this bound. In this context, both saturation and poly-
nomial growth of χðTÞ imply classical simulatability of the
IM, generally accompanied by the area-law and logarithmic
growth of TEE, respectively.
We now count the bond dimension from the exact

representation in Fig. 2(c). The crucial observation is that
the dynamics in the auxiliary linear space can be regarded
as a discrete random walk on the group manifold, updated

according to the rule g→gbgga. Since the initial auxiliary
state is fixed as gðt ¼ 0Þ ¼ e, only a finite subset of group
elements can be reached at finite T. We denote the
cumulative set of elements that can be reached within
the time step T as HðTÞ, and the effective bond dimension
is given by its size:

χðTÞ ¼ jHðTÞj: ð13Þ

Remarkably, it has been well established that the
asymptotic growth rate of jHðTÞj—known as the growth
function [91–94]—is fully determined by the algebraic
structure of the infinite-time reachable set of group ele-
ments:

H ≡ lim
T→þ∞

HðTÞ ⊂ G: ð14Þ

H is the (semi)subgroup of G generated by fgagq−1a¼0, which
is directly related to the set of single-site unitaries chosen in
Eq. (3). With rigorous mathematical formulations deferred
to Appendix B, we now present the classification of
asymptotic behavior of jHðTÞj into three classes, together
with the corresponding algebraic structure of H.

Class I: Saturation—If H is a finite subgroup, the bond
dimension saturates to jHj after a sufficiently large but
finite number of time steps.

Class II: Polynomial growth—If H is infinite but
virtually nilpotent [95–97], the bond dimension grows
polynomially with T. This includes all Abelian and
certain non-Abelian cases that are, in a sense, “Abelian
up to a finite part.”

Class III: Exponential growth—IfH contains a free non-
Abelian subgroup, i.e., at least two free elements can
be constructed from generators by multiplications,
such that all distinct words represent distinct elements,
then the bond dimension grows exponentially with T.

According to Eqs. (12) and (13), these three classes imply,
respectively, area-law, logarithmically growing, and lin-
early growing bounds on the TEE. Although rigorous lower
bounds are not available, our numerical results for repre-
sentative models and initial states suggest that these upper
bounds capture the corresponding qualitative TEE scaling.
Note that Ref. [98] also establishes a correspondence

between concepts from geometric group theory and the
complexity of many-body dynamics. However, the physical
and mathematical notions considered there differ from
those in this work.
We now comment briefly on each class. Class I corre-

sponds to a subclass of quantum circuits introduced in
Ref. [86], which exhibits strong solvability, also manifest in
finite local operator entanglement and polynomial recur-
rence time. Prototypical examples of class II include
Abelian H with commutative generators. In this case,
the growth function counts the number of integer partitions
of T across generators, explicitly leading to polynomial
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scaling. As an example, dual-unitary circuits introduced in
Ref. [85] in the form of a SWAP gate followed by a two-site
phase gate fall into this class. More generally, H can take
the form of a semidirect product H ¼ K ⋉ N:

H ¼ fh ¼ knjk∈K; n∈Ng; ð15Þ

where K is a finite subgroup and N is an infinite Abelian
subgroup. All examples showing polynomial growth pre-
sented in this work fall into the semidirect-product frame-
work. Finally, class III is characterized by strong
noncommutativity, which arises generally when the con-
trolled unitaries ua are chosen at random [99].
In the remainder of this section, we focus on the qubit

case q ¼ 2, where the corresponding group manifold
PUð2Þ ≅ SOð3Þ allows for a simple geometric interpreta-
tion. For each class, we present explicit examples of
quantum circuits that illustrate the corresponding growth
of TEE, thereby building intuition for the abstract math-
ematical formulation through concrete circuit dynamics.
All these two-qubit gates can be rewritten as single-qubit
rotations dressing an XXZ-type two-qubit entangling gate
(see Ref. [55] and also Appendix C), which makes them
naturally compatible with current programmable quantum
platforms [100–103]. Extensions to higher q follow
analogously.

B. Abelian groups in classes I and II

We begin with the following controlled unitaries:

u0 ¼ e−iKπσz ; u1 ¼ eiKπσz ; ð16Þ

which we refer to as model A. Here, σx;y;z represent
conventional Pauli matrices. This realization is also known
as the dual-unitary XXZ circuit, since the two-qubit gate
can be equivalently written as (up to an overall phase)

U1;2 ¼ e−iðJσ
x
1
σx
2
þJσy

1
σy
2
þJzσ

z
1
σz
2
Þ; ð17Þ

with J ¼ π=4, Jz ¼ ðK þ 1=4Þπ corresponding to the dual-
unitary point we studied. The broader class of ð1þ 1ÞD
XXZ circuits with arbitrary parameters is integrable in the
sense that extensively many local conservation laws can be
constructed rigorously [104]. The dual-unitary point has
been studied from various perspectives [63,105–108]. In
particular, Ref. [53] constructed an exact MPS representa-
tion of the IM with product initial states using a different
approach and demonstrated logarithmic TEE growth for
generic values of K. Here, we reproduce this behavior from
our construction [Fig. 2(c)], which applies to generic MPS
initial states.
To count the growth function, first we identify the image

of e�iKπσz in SO(3): rotations around the z axis by angle
�2πK, denoted by Abelian generators a and a−1. For a
rational value K ¼ n=m with coprime integers m and n,

there is am ¼ e, and, therefore, H is a finite cyclic group
with saturation growth function. When K is irrational, any
integer power of the generator an can never come back to
the unit e, and H becomes an infinite Abelian group.
According to the classification theory described above, the
corresponding growth function should scale polynomially
with T. We can explicitly list all the relevant group
elements at time T:

HðTÞ ¼ fa−2T; a−2Tþ2;…; a2T−2; a2Tg; ð18Þ

with a growth function jHðTÞj ¼ 2T þ 1. The results agree
with those in Ref. [53].

C. Non-Abelian groups in classes I and II

Reference [53] conjectures that the logarithmic growth
of TEE in the dual-unitary XXZ circuit is closely related to
integrability and the presence of quasiparticles. Our group-
theoretic approach instead shows that such behavior can
arise more generally from class II group structure. To
demonstrate this, we consider the following controlled
unitaries referred to as model B:

u0 ¼ e−iKπσz ; u1 ¼ σx; ð19Þ

which presumably define nonintegrable dynamics for
generic K. We denote by r and s the images of u0
and u1 in SO(3), representing, respectively, the rotation
around z axis by angle 2πK and the reflection over the
x axis. These non-Abelian generators satisfy relations
s2 ¼ e; srs ¼ r−1.
For rationalK ¼ n=m, both r and s have finite order, and

H is a finite dihedral group (class I). When K is irrational,
H becomes the infinite dihedral group, which is non-
Abelian but virtually nilpotent. A more direct way to justify
the class II structure is to list the relevant group elements:

HðTÞ ¼ fr−2T; r−2Tþ2;…; r2T−2; r2Tg
∪ fsr−2Tþ1; sr−2Tþ3;…; sr2T−3; sr2T−1g; ð20Þ

with a linear growth function jHðTÞj ¼ 4T þ 1.
We verify this classification by numerically calculating

the IM using the light-cone growth algorithm (LCGA),
developed in Ref. [90]. We display the growth of TEE for
various values of K in Fig. 3, where the time axis is shown
on a logarithmic scale. We consider the initial state to be a
product state:

jΨini ¼ ⊗
x
jþix; jþi ¼ 1ffiffiffi

2
p ðj0i þ j1iÞ; ð21Þ

although the scaling behavior generalizes to arbitrary MPS
initial states. Each subplot includes an irrational value of K
along with a sequence of rational approximations. Both
reveal a consistent pattern of TEE growth: irrational K
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values lead to logarithmic TEE growth interspersed with
plateaus, where each plateau corresponds to the saturation
value of TEE of a rational approximation to K. In
particular, in Fig. 3(b), the TEE of K ¼ ð ffiffiffi

5
p þ 1Þ=2 seems

to saturate at the plateau of K ¼ 34=21 but is expected to
resume growing at longer time. This structure is reminis-
cent of the behavior of the model A reported in Ref. [53].
These observations suggest a universal pattern that irra-

tional values of K produce logarithmic TEE growth inter-
spersed with plateaus and, thus, offer a new perspective on
understanding sublinear TEE growth beyond integrability.

D. Class III: Generic controlled unitaries

In the previous two realizations, we discussed examples
exhibiting area-law and logarithmic growth of TEE based
on exact MPO constructions. These cases rely on carefully
engineered controlled unitaries to add certain structures to
the algebra. In contrast, for a generic pair of unitaries u0 and
u1 without nontrivial algebraic relations, the reachable set
of group elements HðTÞ expands at the maximal rate,
resulting in linear TEE growth.
As an example, we consider the following model C:

u0 ¼ e−iθσ
z
; u1 ¼ e−iθσ

x
: ð22Þ

Except at special parameter choices (θ ¼ �π=2;�3π=2;
�π=4;�3π=4), H falls in class III. We numerically verify
the linear growth of TEE using LCGAwith truncated bond
dimensions. In Fig. 4(a), we consider a small detuning
away from the area-law point at θ ¼ π=2þ δ and view a
linear growth with a very small slope (note the y-axis scale),
which allows the truncation with χ ¼ 128 to accurately
capture the IM up to time T ≲ 100. For θ ¼ π=3 far from
the area-law regime [Fig. 4(b)], the TEE grows with a much
larger slope, and the accessible time window is drastically
reduced for a given truncation, signaling the breakdown
of MPS representations for long time steps. Note that,
although H itself is not free due to g30 ¼ g31 ¼ e, it contains
a free subgroup generated by g0g1 and g1g0.

To conclude this section, let us note that despite the
observed linear growth of TEE, the computational complex-
ity of the two-point dynamical correlation functions can be
lower, as outlined in Ref. [109] in the case of a Haar-random
environment and also in Ref. [77]. In agreement with these
results, we introduce a truncation scheme of IM with
polynomially growing bond dimension that captures the
two-point correlation functions but presumably fails to
correctly reproduce correlations with an extensive number
of operator insertions.We rigorously prove certified error for
calculations of local observables.Whilewe refer the reader to
Appendix D for a detailed explanation, here, we provide an
intuitive explanation of the scheme. The key idea is to
approximate the manifold of compact group PUðqÞ by a δ
coveringwith a finite set of group elements fgigNi¼1, such that
every group element lies within a ball of radius δ centered
around one of the gi. The set sizeN corresponds to the bond
dimension of the approximated MPO and scales proportion-
ally to the volume of the group manifold as

N ∼ ð1=δÞq2−1: ð23Þ
At each time step, this approximation induces an error of the
order of δ in the auxiliary linear space. The error accumulates
linearly in time, leading to a total error bounded above by
T × δ. Since there areT distinct bonds, each carrying a group
element with bounded error, the total error on observables
scales as ϵ ∼ T2 × δ. This results in the relation

N ∼ ðT2=ϵÞq2−1; ð24Þ

which establishes a bound on the computational complexity
of evaluating two-point correlation functions.

E. Level spacing statistics

In this section, we explore the connections between the
complexity classes of the IM MPS representation and the
(non)integrability of underlying dynamics. The notion of
integrability in quantum many-body systems is rather
diverse and somewhat ambiguous. Here, we focus on
one of the standard indicators: the level-spacing statistics

(a) (b)

FIG. 3. Temporal entanglement entropy for model B as a
function of time for different values of K from Eq. (19). Each
subplot includes an irrational value of K shown in dashed lines,
along with a sequence of rational approximations shown in solid
lines. The initial state is set to the product of ðj0i þ j1iÞ= ffiffiffi

2
p

.
(a) Values of K: ln 2, 7=10, 9=13, and 61=88. (b) Values of K:
ð ffiffiffi

5
p þ 1Þ=2, 13=8, 21=13, and 34=21.

(a)

(b)

FIG. 4. Temporal entanglement entropy for model C as a
function of time for different values of θ in Eq. (22), with varied
truncated bond dimensions χ. (a) θ ¼ π=2þ 0.05, close to an
area-law parameter point π=2. (b) θ ¼ π=3, far from area-law
points.
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(LSS) of the effective Floquet Hamiltonian. In this context,
a model is regarded as chaotic if the distribution of its level
spacing ratios follows that of random matrix theory,
namely, the Wigner-Dyson distribution [110–114]. In
contrast, violation of the Wigner-Dyson distribution
implies unresolved symmetries and integrability [115].
To perform exact diagonalization and compute LSS, we

consider open boundary conditions of system size L, and
the Floquet operator takes the form

U ¼ UoddUeven ¼ e−iHF ;

Uodd ¼ ⊗L−3
x∈ odd;x¼1Ux;xþ1;

Ueven ¼ ⊗L−2
x∈ even;x¼0Ux;xþ1; ð25Þ

whereHF is the effective Floquet Hamiltonian. Let fθngq
L

n¼1

denote the eigenvalues of HF, ordered in the increasing
order in the branch ð−π; π�. The level-spacing ratios are
defined as

rn ¼
minðsn; snþ1Þ
maxðsn; snþ1Þ

; sn ¼ θnþ1 − θn: ð26Þ

We then compute the distribution of r and compare it with
predictions from random matrix theory. It should be noted
that we consider level-spacing ratios rather than level
spacings themselves, since the former require no spectral
unfolding [116,117] to reproduce random matrix theory,
and, thus, avoid ambiguities associated with the branch
choice in the Floquet-operator spectra [118].
Next, we discuss the LSS of the examples introduced

above. First, model A [Eq. (16)] is not only integrable, but,
in fact, superintegrable, featuring a complete set of single-
site conserved charges propagating in both directions
[119,120]. For the LSS, we refer to Ref. [108], which
demonstrates that the Floquet spectrum is highly degener-
ate and provides an explicit formula for energy levels.
In contrast, model B [Eq. (19)] exhibits a much richer

structure. It features nontrivial multisite conserved charges
[121] which lead to high degeneracies in the Floquet
spectrum. To lift these degeneracies, we consider an
equivalent class of models by applying a transformation

u0 → vu0v†; u1 → vu1v†; ð27Þ

where v is an arbitrary single-site unitary. This trans-
formation leaves the algebraic structure of the growing
set of group elements HðTÞ unchanged, thereby preserving
the bond dimension, while altering the global Floquet
operator U. We observe numerically that the LSS of the
v-deformed Floquet operator U exhibits universal behavior
for generic choices of v. We, therefore, regard it as an
intrinsic property of the entire equivalent class of models
with the same value of K.

Figures 5(a) and 5(b) display the statistics of level-spacing
ratios for model B withK ¼ ln 2 and K ¼ ð ffiffiffi

5
p þ 1Þ=2, and

the corresponding TEE growth is shown in Figs. 3(a)
and 3(b), respectively. Both the distributions and the mean
values exhibit intermediate behavior between chaoticity and
integrability. Moreover, with increasing system size (not
shownhere),weobserve a suppression of the subpeak around
r ¼ 0 and a corresponding increase in the mean ratio. A
similar scenario can be realized in the Rosenzweig-Porter
model, where Hilbert space factorizes into an integrable
and a nonintegrable subspace, with the integrable sector
becoming negligible in the thermodynamic limit [122–125].
Identifying such an integrable subspace in this model is of
independent interest and warrants further investigation.
Finally, we turn to model C [see Eq. (22)]. Before pro-

ceeding, we emphasize that the associated Floquet operator
U respects time-reversal symmetry, as can be seen from

UT ¼ UT
evenUT

odd ¼ PUevenUoddP ¼ ðPUevenÞUðU†
evenPÞ;

ð28Þ
where P denotes space reflection. It follows that the
relevant random matrix ensemble for comparison is the
circular orthogonal ensemble rather than the circular
unitary ensemble [110].
The LSS of θ ¼ π=2þ 0.05 and θ ¼ π=3 are shown in

Figs. 5(c) and 5(d). The distribution PðrÞ closely follows
the time-reversal symmetric Wigner-Dyson distribution,
with the mean level-spacing ratio hri ≃ 0.53, which con-
firms the chaoticity. Based on these observations, we

(a) (b)

(c) (d)

Wigner-Dyson
Poisson

Wigner-Dyson
Poisson

Wigner-Dyson
Poisson

Wigner-Dyson
Poisson

FIG. 5. Histograms of level-spacing ratios for the Floquet
Hamiltonian defined in Eq. (25), compared with the Wigner-
Dyson distribution of circular orthogonal ensembles and the
Poisson distribution (solid lines). The mean values of ratios
are also shown. System size L ¼ 14. (a),(b) Model B defined
by Eq. (19), deformed by v ¼ e−0.01iσ

y
as in Eq. (27).

K∶ ln 2; ð ffiffiffi
5

p þ 1Þ=2. (c),(d) Model C defined by Eq. (22), with
θ ¼ π=2þ 0.05 and π=3.
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conjecture that all realizations belonging to class III,
characterized by linearly growing TEE, exhibit chaotic
LSS following the Wigner-Dyson distribution.

F. Discussion

Our construction yields a broad family of exactly
solvable IMs and provides a controlled realization of
distinct regimes of temporal complexity.
In classes I and II, the IM admits an exact MPS

representation with, respectively, constant and polyno-
mially growing bond dimension, and the models include
both integrable and nonintegrable systems. Area-law TEE
has previously been discovered in several solvable settings,
including generalizations of dual-unitary circuits with
compatible initial states [70–75] and rule-54-type models
[51,52]. Instead, our class I and II solutions obtained here
apply to generic MPS initial states.
Class III realizes a qualitatively different regime, with

exponentially growing bond dimension but efficiently acces-
sible low-order correlations. In particular, in Sec. III D, we
derive an error bound showing directly that two-point
correlation functions remain efficiently computable despite
the large complexity of the full IM. This separation is
consistent with earlier numerical observations for selected
local observables [27–30], with the more general relation
between temporal complexity and the complexity of local
operators evolved in the Heisenberg picture discussed in
Ref. [54], as well as with the semianalytic results found
in Ref. [77].
Finally, we want to emphasize that the distinction among

the three classes is not simply tied to integrability or to
conventional signatures of quantum chaos. In Sec. III E, we
find rapid thermalization and random-matrix level statistics
in all three classes despite different temporal complexities.
Moreover, in Sec. III C, we find logarithmic growth of TEE
in both integrable and nonintegrable examples. Among the
cases studied here, the only combination not observed is
integrability together with exponential TEE growth. Thus,
integrability, thermalization, and temporal complexity char-
acterize distinct aspects of many-body dynamics beyond
the usual integrable-versus-chaotic dichotomy. The scaling
of IM bond dimension, therefore, provides an additional
diagnostic that can distinguish systems with similar sig-
natures of quantum chaos but markedly different complex-
ity encoded in their multitime correlations.

IV. HIERARCHY OF NON-MARKOVIANITY

A. Quantum and classical memory

We now turn to another notion of temporal complexity,
defined in terms of classical and quantum memory. As
introduced in Sec. II and depicted in Fig. 1(c), the evolved
quantum many-body system can be regarded as a bath
acting on the impurity. In general, the open-system dynam-
ics of the impurity exhibits non-Markovianity and

multitime memory effects, which manifests in the
entangled structure of the IM.
In order to ground the discussion of the nature of

memory, we refer to the framework of Markovian embed-
ding theory [126–129]. The key idea is to reduce the
simulation complexity of non-Markovian dynamics by
replacing the original non-Markovian bath with a minimal
ancilla of much smaller Hilbert space, coupled to one or
more fictitious Markovian baths. The requirement is that
the combined ancilla-Markovian bath reproduces the origi-
nal bath’s influence on the impurity. In this way, the joint
impurity-ancilla dynamics become Markovian and, hence,
more tractable. In the continuous-time setting, this
Markovian evolution is described by a Lindblad master
equation; in discrete time, it corresponds to a sequence of
completely positive and trace-preserving (CPTP) maps.
The Markovian embedding approach effectively unrav-

els the complex bath as the ancilla and Markovian
dynamical generators acting on it, which are the minimal
ingredients to reproduce the multitime influence on the
impurity. Structured IMs arising in several different sce-
narios [47,72,76] provide concrete examples of Markovian
embedding theory. In this context, the inner bonds of IM
can be interpreted as carrying the ancilla indices, while the
local tensor acts as the generator of the joint impurity-
ancilla dynamics.
We, therefore, say that an IM encodes classical memory if

the inner bonds admit a description as a classical stochastic
dynamics, even though the underlying bath dynamics might
be genuinely quantum. In Sec. IV B, we show that, for a
specific class of initial states, the IM of our model is classical
and can be simulated by Monte Carlo sampling algorithms.
By contrast, more general cases of initial states require a
quantum ancilla to realize Markovian embedding, as shown
inSec. IV C. To characterize such situations, in Sec. IVD,we
introduce an operationalmeasure that quantifies the quantum
memory and validate the corresponding protocol through
explicit numerical realization in our model. Moreover, since
ourmodel of circuits belongs to the dual-unitary class, the IM
becomes perfectly Markovian for solvable initial states
[67,75], as we reproduce from our exact MPO constructions
in Appendix E. Summarizing the above, the regimes of no
memory, classical memory, and genuine quantum memory
form another complementary hierarchy of temporal
complexities.

B. Classical stochastic processes

We consider initial states in the form of two-site shift-
invariant product states [130]:

jΨini ¼ ⊗
x
jψ ei2x ⊗ jψoi2xþ1; ð29Þ

with subscripts e and o for even and odd sites, respectively.
We aim to show that, with such initial states, the IM can be
interpreted as sequential CPTP quantum channels acting
jointly on the auxiliary classical state and the impurity site.
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To this end, we explicitly write down the local tensor con-
stituting the IM obtained by incorporating theMPO of space-
time mapping [see Fig. 2(c)] with the initial product state:

ð30Þ

where the triangular tensor with symbol e (o) denotes the
single-site initial state on even (odd) sites. Following the
direction of the time arrow, this tensor acts as a mapping on
the impurity and the classical state on the PUðqÞ group
manifold. The CPTP properties can be justified by noticing
that this tensor realizes a measure-and-feedback protocol.
(1) Perform projective measurements on the impurity

qudit and obtain an outcome a;
(2) conditioned on the outcome a, update the classical

state as g → g0 ¼ gaggc with a given probability
jhcjψoij2;

(3) feed the qudit state uðg0Þjψ eihψ ejuðg0Þ† back into the
impurity site.

The protocol demonstrates that the impurity-ancilla dynamics
is Markovian in an extended hybrid quantum-classical linear
space, thus establishing the Markovian embedding of the
classical IM. Note that it is consistent with the definition of
classical memory in terms of process tensors [131–133]. In
addition, initial states in the form of a product of mixed states
fit in this framework as well.
Another perspective on classical IM follows directly

from the notion of spacetime mapping in Eq. (10). Recall
that the IM is obtained by applying the spacetime mapping
to the initial state. In the present case, the initial state is a
product state and, thus, contains no quantum correlations.

The spacetime mapping defines a local operations and
classical communication (LOCC) protocol: as can be seen
from Eq. (30), it consists only of measurements on odd
sites, classical communication through the update of g
propagating forward in time, and conditional local unitary
operations on even sites. Such a mapping cannot generate
quantum memory in the resulting IM.
A key consequence of classical IM is that it allows the

efficient classical simulation of observable evolution via
mapping to classical stochastic processes. To show it, we
consider the setting in Fig. 1(c), where the impurity is
initialized as ρimp and evolves under a single-site CPTP
quantum channelK, acting between successive interactions
with the bath. The expectation value of the observable Ô at
time T is graphically represented as

ð31Þ

In the last equality, we express the tensor network as
(T − 1) power of the transfer matrix M sandwiched by
vectors on top and bottom, which are all defined in the
linear space of group algebra:

ð32Þ

ð33Þ

ð34Þ
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Here, Pðg0jgÞ and P0ðgjeÞ define conditional probability distributions over the group manifold, as justified by the non-
negativity and normalization. Hence, we can interpret the tensor network as a random walk on the group manifold starting
from the identity e:

hÔðTÞi ¼
X
gT

PðgTÞTr½uðgTÞjψ eihψ ejuðgTÞ†Ô�

¼
X

gT ;gT−1;…;g2;g1

Tr½uðgTÞjψ eihψ ejuðgTÞ†Ô�PðgT jgT−1Þ � � �Pðg2jg1ÞP0ðg1jeÞ: ð35Þ

This establishes an equivalence between the quantum
dynamics and a Markovian classical stochastic process, of
which the validity is independent of the realization of
controlled unitaries [Eq. (3)].
It follows that the expectation value depends only on the

final-time probability distribution PðgTÞ. Therefore, late-
time observables can be directly computed from the sta-
tionary distribution on the group manifold, obtained as the
fixed point of the transfer matrix M or, equivalently, of the
conditional probability Pðg0jgÞ. We obtain analytical sol-
utions for a specific class of single-site quantum channels
K½ρimp� ¼ Tr½ρimp�ρre, which erases the impurity qudit and
prepares a new state ρre to replace it (also known as the
“causal break” in Ref. [34]). Substituting it into Eq. (32),
we find

Pðg0jgÞ ¼
Xq−1
a;b¼0

δg0;gbggahbjρrejbijhajψoij2; ð36Þ

which is homogeneous over the group manifold, i.e.,
independent of g. According to Ref. [134], the Haar
measure dμðgÞ is a stationary distribution. A subtle point
is that the Haar measure is defined with respect to the
maximal reachable set of group elements, introduced as H
in Sec. III A. This underscores the role of impurity
dynamics as a probe of the underlying many-body evolu-
tion. For clarity, we restrict to class III dynamics, for which

the stationary distribution is the Haar measure on the full
PUðqÞ manifold. Using Weingarten calculus, the stationary
expectation value becomes

hÔðT → þ∞Þi ¼
Z

dμðgÞTr½uðgÞjψ eihψ ejuðgÞ†Ô�

¼ Tr½Ô�=q; ð37Þ

which corresponds to the thermalization of local observ-
ables to the infinite-temperature ensemble.
The framework can be extended to calculations of two-

point correlation functions hÔðTÞÔ0i. Following a similar
approach, the quantity is represented as a randomwalk as in
Eq. (35), with the initial conditional probability P0ðgjeÞ
replaced by

Xq−1
a;b¼0

δg;gbgahbjÔ0ρimpjbijhajψoij2: ð38Þ

Unlike the one-point case, this quantity is not guaranteed to
be real or positive because of the factor hbjÔ0ρimpjbi. To
overcome this issue, we separate this factor and evaluate
the contribution associated with each b independently.
For a fixed b, we define the conditional probability
P0
0ðgjgbÞ ¼

Pq−1
a¼0 δg;gbga jhajψoij2. The two-point correla-

tion function can then be written as

hÔðTÞÔ0i ¼
X
b

hbjÔ0ρimpjbi
X

gT ;gT−1;…;g2;g1

Tr½uðgTÞjψ eihψ ejuðgTÞ†Ô�PðgT jgT−1Þ � � �Pðg2jg1ÞP0
0ðg1jgbÞ: ð39Þ

Thus, the Monte Carlo simulation can be performed
separately for each starting point gb, and the resulting
estimates are combined at the endwith the generally complex
weights. This procedure generalizes straightforwardly to k-
point time-ordered correlation functions, at an additional cost
scaling as qk−1. This exponential dependence on k is natural,
since higher-order correlations probe increasingly more
information encoded in the IM, whose full representation
can require exponentially growing resources.
We verify the stochastic-process approach by simulating

it using a Monte Carlo algorithm and comparing it with

MPS results obtained via LCGA. We generate trajectories
on the group manifold by sequentially updating the group
element g according to the conditional probabilities Pðg0jgÞ
and P0ðgjeÞ. The expectation value is then estimated from
the final-time distribution by averaging over all trajectories.
We consider unitaries of model C defined by Eq. (22)

with θ ¼ π=3, initial states jψ ei ¼ jψoi ¼ jþi, and observ-
able Ô ¼ X the Pauli-X operator. As the model is in class
III, the faithful representation of IM using MPS requires
exponential computational resources. Two limiting cases of
K are simulated: (i) channel I, the identity operation,

WANG, VILKOVISKIY, and ABANIN PHYS. REV. X 16, 041041 (2026)

041041-12



corresponding to a reflecting boundary condition that
perfectly sends the output qubit back into the bath,
and (ii) channel II, the erase-prepare channel with
ρre ¼ jþihþj, corresponding to an absorbing boundary
condition that erases all information from the bath and
induces local thermalization as discussed above.
As shown in Fig. 6(a), the two methods agree to high

precision for both channels I and II. In particular, channel II
leads to the complete decay of the observable, consistent
with the convergence of the probability distribution toward
the Haar measure. The decay behavior of jhXðTÞij is shown
on a finer scale in Fig. 6(b). The Monte Carlo results
develop a plateau near 10−4, reflecting the expected
additive error of ∼1=

ffiffiffiffi
N

p
.

To confirm that this deviation is purely statistical and
inherently independent of the number of time steps, we
alternatively consider θ ¼ 0.1, as shown in Fig. 6(c). In this
case, both generators g0;1 are close to the identity, so the
corresponding random walk on the group is expected to
relax much more slowly toward the stationary distribution,
characterized by a longer mixing time. The numerical
results—featuring slower decay and pronounced oscilla-
tions—support this picture. Remarkably, since jhXðTÞij
remains larger than 10−4 at longer evolution times, the
Monte Carlo and MPS results continue to agree perfectly,
efficiently capturing multiple dips induced by oscillations
throughout the simulation time.
Despite the limitation of additive error, it is worth

emphasizing that the Monte Carlo approach differs from
MPS simulations in two key aspects: (i) the computation time
scales linearly rather than quadraticallywith the total number
of time steps T, and (ii) it provides a rigorously certified
statistical error bound, with the required computational
resources scaling quadratically with the desired accuracy,
whereas errors inMPS simulations are not a priori controlled.
To further investigate the role of the quantum channel,

we consider a mixture of channels I and II with rate
0 ≤ p ≤ 1:

Kmix½ρimp� ¼ ð1 − pÞρimp þ pTr½ρimp�jþihþj; ð40Þ

where p ¼ 0 corresponds to purely unitary dynamics of the
entire system and p ¼ 1 complete reset at the boundary.
The stationary expectation value exhibits an approximately
linear dependence on p [Fig. 6(d)], which warrants
future study.

C. Hybrid quantum-classical stochastic process

Next, we consider more general initial states, namely,
MPS with bond dimensionD > 1 [Eq. (7)]. In this case, the
mapping to a classical stochastic process no longer applies.
Nevertheless, the IM still admits a similar description in
terms of Markovian embedding.
Specifically, the IM can now be interpreted as a sequence

of CPTP maps acting on an enlarged hybrid space con-
sisting of the impurity site, the auxiliary classical state on
the PU(q) manifold, and a quantum ancilla associated with
the MPS bond. The corresponding local tensor is written as

ð41Þ

As in the classical case, this map realizes a measure-and-
feedback protocol: the impurity site is measured, and,
conditioned on the measurement outcome, both the
classical state and the quantum ancilla ρD are updated.
From the perspective of spacetime mapping, the

resulting IM is obtained by applying an LOCC to the
initial MPS. More specifically, the IM can be rewritten as a
convex mixture of low-bond-dimension MPS, as illustrated
below:

(a) (b) (c) (d)

FIG. 6. Monte Carlo (MC) simulations of local dynamics of model C defined by Eq. (22), with θ ¼ π=3. Initial states are
ρimp ¼ ρo ¼ ρe ¼ jþihþj. Number of samples N ¼ 106. (a) Comparison of the Pauli-X expectation values from Monte Carlo and MPS
simulations for channels I and II. The truncated MPS bond dimension is 256. (b),(c) Log-scale view of exponential decay in jhXðTÞij for
channel II, θ ¼ π=3 compared with θ ¼ 0.1. Bond dimension varies from 128 to 512 for both figures. (d) The stationary expectation
value with the mixing rate p between channels I and II.
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ð42Þ

This follows by decomposing the diamond tensor in
Fig. 2(c) into its elements on the basis at and bt.
Each such component specifies a trajectory of group
elements generated iteratively according to the update rule
gt ¼ gatgt−1gbt . The hollow squares represent projections
onto the corresponding group elements, which serve as
basis states of the group algebra. As a result, each
component MPS in the summation is obtained from the
initial MPS by local measurements, followed by on-site
unitaries (action of circle tensors) conditioned on the
measurement outcomes.
This decomposition immediately implies that the entan-

glement of formation of IM is upper bounded by the
bipartite entanglement of the initial MPS [135]. In this
sense, the entanglement in the initial MPS upper bounds the
genuinely quantum correlations in the IM.
Indeed, the expectation value of any observable or

correlation function can be expressed as an average over
the individual MPS components. The value of each
component remains inexpensive to evaluate, since the
MPS bond dimension is no larger than that of the initial
one. Sampling the component MPS requires only comput-
ing their normalization weights, which is equivalent to
sampling the bit-string distribution b1b2 � � � bT from the
initial MPS. For fixed bond dimension D, each component
can be sampled sequentially with a cost linear in T
[80,81,136]. Similar to the purely classical case, the
observable expectation value can, therefore, be estimated
by Monte Carlo sampling, with the number of samples
required to achieve an additive error ϵ scaling asOðϵ−2Þ, up
to a prefactor determined by the variance of the observable.
One may further regard the bipartite entanglement of the

initial MPS as a candidate for genuine quantum memory.
However, it lacks direct operational meaning, and identi-
fying genuine quantum memory remains challenging,
especially in multitime settings [131,137–140]. In the next
part, we therefore introduce a new operational measure of
quantum memory that is naturally compatible with tensor-
network techniques and demonstrate its utility analytically
for our model with a specific class of initial MPS.

D. Measure of quantum memory

Our approach connects the notion of quantummemory to
the information-theoretic task of quantum teleportation. We
introduce a new concept of teleportable entanglement,
defined as the maximal amount of quantum entanglement
that can be teleported forward in time by leveraging only
the memory encoded in the IM. It naturally depends on the
number of time steps, and a subexponential decay implies
the presence of long-time quantum memory. Importantly,
since it involves operations only on the system degrees of
freedom, it does not require direct access to the bath,
making it particularly natural for experiments in which the
bath is typically inaccessible.
The teleportable entanglement is defined as follows.

Consider Alice (A) and Bob (B) who share a two-qudit
entangled state. The qudit A is injected into the qudit
chain as an impurity and undergoes the joint dynamics, as
illustrated in Fig. 1(c). The quantum operations on the
impurity, performed by experimentalists, are then chosen
to be projective measurements followed by local-in-time
reinitialization, which prevent any direct transfer of entan-
glement carried by the qudit A itself. After multiple time
steps T, this procedure leads to a sequence of measurement
outcomes M ¼ fm1; m2;…; mT−1g and an unnormalized
postmeasurement state of the two qudits:

ð43Þ

Here, we depict T ¼ 3 as an example. Triangular tensors
with symbol r denote reinitialized states and can be time
independent. In this way, we extract quantum memory
encoded in the IM into quantum entanglement of post-
measurement states.
We define the teleportable entanglement as the maximal

average entanglement over all measurement outcomes:

ETPE ≡max
C

X
M

pMEðρABM Þ: ð44Þ

Here, pM ¼ Tr½ρ̃ABM � is the probability of outcome M withP
M pM ¼ 1, and ρABM ¼ ρ̃ABM =pM is the normalized post-

measurement state. The function E is any valid bipartite
entanglement measure that vanishes on separable states.
Since the postmeasurement state is generally mixed, here,
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we use the negativity EN [141–144], defined via the partial
transpose as

ENðρABM Þ ¼ ½jjðρABM ÞTA jj1 − 1�=2: ð45Þ

The maximization is taken over both the class C of
measurement bases and prepared states and the choice of
initial two-qudit state.
Our definition is closely analogous to the notion of

localizable entanglement for spatial many-body states
[136,145,146]. In that context, localizable entanglement
quantifies the maximal amount of entanglement of a
quantum state that can be concentrated between two distant
qudits A and B by performing local projective measure-
ments on all remaining qudits. The measurements generate
an ensemble of postmeasurement states on A and B
conditioned on measurement outcomes M, together with
probabilities: fρABM ; pMg. The localizable entanglement is
then defined as

ELE ≡max
C

X
M

pMEðρABM Þ; ð46Þ

where the maximization is taken over the class C of
measurement bases.
A key advantage of localizable entanglement is that, by

allowing measurements on the remaining degrees of free-
dom, it can reveal more refined structures of correlations
such as long-range string orders in the 1D cluster state
[147,148] and the ground state of the Affleck-Kennedy-
Lieb-Tasaki model [146,149]. Analogously, with measure-
ments and reinitializations at intermediate time steps,
teleportable entanglement naturally inherits this feature,
as we illustrate below with examples. Moreover, the
sampling method used to evaluate localizable entanglement
in MPS [136] carries over naturally to teleportable entan-
glement for IM represented as MPS in our settings.
In the case of product-state IM, the postmeasurement

state is a product state. For classical IM, correlations
between A and B can be mediated only through the inner
bond which carries a classical probabilistic distribution,
resulting in the absence of quantum entanglement in
postmeasurement states. For general initial states, however,
computing the teleportable entanglement becomes intrac-
table, as it involves averaging over exponentially many
measurement outcomes and optimizing over a high-dimen-
sional continuous parameter space of operations. The latter
quickly becomes computationally prohibitive as the evo-
lution time increases. To overcome these challenges, we
consider a class of initial states and controlled unitaries that
admit analytical treatment of the teleportable entanglement.
Although simplified, such toy models provide valuable
insight into the proposed measure of quantum memory.

Specifically, the controlled unitaries are taken as

ua ¼ DaPa; a ¼ 0; 1;…; q − 1; ð47Þ

where Da ∈Uð1Þ⊗q are diagonal phase matrices and
Pa ∈ Sq are permutation matrices. From the group-theoretic
perspective, the associated subgroup H generated by the
projective correspondence takes the form of Eq. (15),
which typically leads to logarithmic growth of TEE. To
simplify the derivation, we consider a specific class of
initial states chosen as a product of pure states j0ih0j on odd
sites and an MPS on even sites. The MPS acts on the
auxiliary Hilbert space as a chain of controlled unitaries wa.
Using the notations of Eq. (7), the MPS tensors can be
written as

Aa
jk ¼ αawa

jk; wa†wa ¼ 1;
Xq−1
a¼0

jαaj2 ¼ 1;

Bb
jk ¼ δb;0δjk: ð48Þ

The measurements are chosen to be performed in the
computational basis fjaigq−1a¼0, with reinitialized states
ρre ¼ j0ih0j, while the pure states on odd sites and the
reinitialized states could, in principle, be inhomogeneous
and correspond to different computational basis elements;
we set all of them to j0ih0j for simplicity. Below, we
demonstrate that the successive measurements induce the
action of unitary transformations on the auxiliary Hilbert
space leading to the lossless transmission of the quantum
information from B to A.
The diagrammatic representation of the postmeasure-

ment state reads

ð49Þ

For a generic choice of tensors in Eq. (48), there is a unique
steady state in the auxiliary Hilbert space, which is the
identity matrix ρD ¼ 1=D, according to Eqs. (11) and (48).
In the last equality, we use explicit components of the
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diamond tensor from Fig. 2(c). Notably, our choice of
initial state and reinitialized states fixes the left and right
indices of diamond tensors to be 0, which implies that the
classical state on the inner bond of spacetime mapping is
updated deterministically:

gðt ¼ 0Þ ¼ e; gðt ¼ 1Þ ¼ g0gðt ¼ 0Þg0 ¼ g20;…: ð50Þ

Consequently, the spacetime mapping factorizes into a
product of single-site tensors.
It follows that the postmeasurement state can be expressed

as quditsA andBmediated by a sequence of transfermatrices
acting on the auxiliary Hilbert space, each given by

ð51Þ

According to Eq. (47), u½gðtÞ� acts on computational
basis states jai and jmti by permuting to other basis states
and attaching a phase factor. We denote this permutation as
PgðtÞ, such that

u½gðtÞ�jai ∝ jPgðtÞðaÞi: ð52Þ
Therefore, the transfer matrix from Eq. (51) reduces to the

unitary transformation wP−1
gðtÞðmtÞ ⊗ wP−1

gðtÞðmtÞ�, and, for each
measurement outcome, the qudits A and B are connected by
a product of unitaries:

UM ¼ wP−1
gðT−1ÞðmT−1Þ � � �wP−1

gð2Þðm2ÞwP−1
gð1Þðm1Þ: ð53Þ

Illustratively, as teleported through a sequence of unitaries,
the entanglement between qudits A and B does not decay in
time. The resulting postmeasurement states ρABM thus
typically possess finite quantum entanglement, implying
that the average entanglement remains finite even for a
large number of time steps. This confirms the existence of
long-time quantum memory.
To validate our protocol, we consider an initial MPS with

bond dimension equal to the local Hilbert space dimension:
D ¼ q, randomly chosen unitaries wa, uniform coefficients
αa ¼ 1=

ffiffiffi
q

p
, and the boundary tensors at qudit B are chosen

to be the identity. Under these conditions, the postmeasure-
ment state conditioned on M takes the form

ð54Þ

Notice that our chosen measure of mixed-state entangle-
ment—negativity—is invariant under local unitaries on A
or B, since the spectrum of the partially transposed state
remains unchanged. We can, therefore, effectively cancel
out the unitaries UM and u½gðTÞ� by setting them to the
identity and dealing with the effective two-qudit density
matrix

ρABeff ¼
1

q2
Xq−1
a;a0¼0

ðjaiha0jÞA ⊗ ðwaðwa0 Þ†ÞB: ð55Þ

Consequently, all postmeasurement states share the same
negativity, independent of the specific measurement out-
comes. We find that for q ¼ 2 the negativity vanishes
exactly, whereas for q ≥ 3 and randomly drawn auxiliary
unitaries fwagq−1a¼0 the negativity is typically finite, directly
implying the presence of long-time quantum memory. We
demonstrate these two scenarios in Appendix F.
As a remark, our construction of the initial MPS

encompasses several well-known states, including the
Greenberger-Horne-Zeilinger state with long-range con-
nected correlations [150] and the 1D cluster state [147,148]
and the ground state of the Affleck-Kennedy-Lieb-
Tasaki model [146,149] with long-range string order.
These states have been proposed as resources for meas-
urement-based quantum teleportation and computation
[136,145,150–155]. Our present setting follows the same
spirit: these initial states, when incorporated with suitable
circuit dynamics, serve as resources for measurement-
based long-range quantum teleportation in time, where
entanglement is distributed not across space but across
successive moments of time evolution.
Finally, we compare teleportable entanglement with

other measures of quantum memory based on the IM
formalism. Alternative diagnostics do exist, but they are not
tailored to the multitime setting considered here. In
particular, the criteria introduced in Refs. [139,156] require
only two-time channel tomography on the system but,
however, may miss memory structures that become visible
only through sequential interventions at multiple times, as
in our protocol. Indeed, when applied to the toy model
introduced above [Eqs. (47) and (48)], those criteria predict
the absence of quantum memory. Another quantity, intro-
duced in Ref. [131], diagnoses quantum memory through
the nonseparability of the temporal state; while concep-
tually direct, its implementation generally requires oper-
ations that are highly nonlocal in time and, thus, lacks a
clear operational interpretation.

V. CONCLUSIONS AND OUTLOOK

In summary, we have investigated a family of solvable
models of quantum many-body dynamics from a complex-
ity-theoretic perspective. This family of dual-unitary quan-
tum circuits spans a broad spectrum of models ranging
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from integrable to chaotic. The crucial ingredient for our
analysis is the analytical tensor-network representation of the
influence matrix as an efficient characterization of non-
equilibrium dynamics. By employing analytical tools from
geometric group theory, we rigorously demonstrated three
distinct classes of growth behavior of the temporal entangle-
ment entropy, thereby uncovering a hierarchy of computa-
tional complexities. Moreover, using our insights into the
memory structure of underlying dynamics, we identified a
subset of ourmodels that have classical influencematrices, in
the sense that the multitime correlation functions can be
faithfully reproduced by fictitious classical stochastic proc-
esses, which enables efficient Monte Carlo simulations for
local dynamics. For the remaining, genuinely quantumcases,
we proposed and demonstrated a diagnostic of quantum
memory based on an experimentally relevant quantum
teleportation protocol. Our results, thus, provide a unified
landscape illuminating the intricate connections between
dynamical characteristics and computational complexity of
the influence matrix for these models.
The analytical techniques developed here for controlled

unitaries point to several natural avenues for extension.
These include replacing the group algebra by more general
Hopf algebras [86], extending the construction to nonuni-
tary dynamics generated by completely positive maps,
as in noisy or disorder-averaged circuits [157,158], and
considering systems with infinite-dimensional local
Hilbert spaces such as bosons. Such generalizations may
reveal new temporal complexity classes beyond the finite-
dimensional unitary setting studied here. More broadly, it
will be interesting to explore whether similar algebraic
structures can also be identified in higher spatial dimen-
sions [159–161] and in cellular automata [51,70,162].
Beyond temporal complexities, these tools provide a

useful language for characterizing various facets of non-
integrability and complexity in quantum circuits. For
example, a recent study of a semiergodic dual-unitary
circuit closely related to our class III model reported
logarithmic growth of operator entanglement in a clean
nonintegrable setting at finite size [163]. Such behavior is
unexpected, since nonintegrable circuits are more com-
monly associated with linear growth of operator entangle-
ment. Our group-algebra techniques offer a natural
framework for understanding this phenomenon by con-
necting the relaxation of local observables and the restricted
structure of time-evolving operators in the Heisenberg
picture to an effective random walk on the group manifold.
More broadly, we view these methods not only as exact
solution techniques, but also as conceptual tools for
identifying and analyzing unexpectedly low-complexity
sectors within otherwise complicated quantum dynamics.
In addition, the concept of spacetime mapping—

generally applicable to quantum circuits and non-
Markovian open quantum systems—further extends the
scope for constructing analytically tractable nonequili-
brium dynamics. More broadly, this work points toward

a promising direction for unveiling the fundamental struc-
tural principles that give rise to sublinear growth of tem-
poral entanglement entropy and classical simulatability
in interacting systems. Our results, together with related
studies [51,53], suggest that the presence of ballistic
conservation laws may play a pivotal role, although the
underlying mechanism remains an open and intriguing
question [54,164].
Furthermore, our notions of classical and quantum

memory of the influence matrix introduce an alternative
dimension for characterizing nonequilibrium dynamics.
Although demonstrated in solvable models in this work,
these notions and associated measures are applicable to
generic systems, underscoring the potential of information-
theoretic quantities extracted from influence matrices as
powerful diagnostics for temporal phases of nonequili-
brium quantum matter. Along the line of classical memory,
this framework can have direct implications for under-
standing the emergence of universal (multitime) macro-
scopic phenomena in quantummany-body systems, such as
thermalization, relaxation, and equilibration [84,109,165].
On the other hand, the study of persistent long-time
quantum memory in many-body dynamics may inspire
the design of non-Markovian quantum error-correction
codes [166–168].
Finally, we expect that the mappings developed here, i.e.,

from influence matrices to classical or hybrid quantum-
classical stochastic processes, and more generally to
stochastic mixtures of MPS, suggest a broader framework
that may extend beyond the exactly solvable setting.
Similar decompositions are already known for thermal
states: thermal expectation values are calculated through
sampling over low-entanglement pure states, giving the
decomposition a direct algorithmic meaning [80,81,169].
From this viewpoint, our exact solutions may be understood
as a solvable limit of a broader class of influence-matrix
decompositions with analogous algorithmic structure.
Recent numerical progress for Hamiltonian dynamics points
in the same direction, indicating that sampling over suitably
structured tensor-network objects can bypass the usual
entanglement barrier for local observables [170].
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APPENDIX A: DETAILS ABOUT THE EXACT
MPO REPRESENTATION

1. Derivations

In this part, we derive the MPO representation of the
spacetime mapping, regarding the gap between Figs. 2(b)
and 2(c). The key observation underlying this simplifica-
tion is that the exponentially large inner bond in Fig. 2(b)
can be equivalently replaced by the group algebra
C½PUðqÞ�. To see this, we focus on the tensor between
time steps t − 1 and t:

ðA1Þ

Because of the identity constraints indicated by the
solid dots, the inner bond at time t encodes the linear
space spanned by the history of odd-numbered open legs,
denoted as

ða½1∶2t−1�; b½1∶2t−1�Þ≡ ða1; b1; a3; b3;…; a2t−1; b2t−1Þ;
ðA2Þ

where a and b refer to open legs on the left and right,
respectively. Note that it is unnecessary to distinguish
between indices on forward and backward branches, as
they are dephased into the same computational basis state,
indicated by hollow dots.
The tensor Eq. (A1) consists of two layers. Upon

crossing the first layer, the indices of the inner bond
are enlarged and updated from ða½1∶2t−3�; b½1∶2t−3�Þ to
ða½1∶2t−1�; b½1∶2t−1�Þ. When crossing the second layer, a
product of unitaries is generated, acting on the physical
legs from left to right as

ua½1∶2t−1�;b½1∶2t−1� ¼ ub2t−1 � � � ub1ua1 � � � ua2t−1 : ðA3Þ

Notably, the unitaries at two successive time steps are
related by unitary multiplications:

ua½1∶2t−1�;b½1∶2t−1� ¼ ub2t−1ua½1∶2t−3�;b½1∶2t−3�ua2t−1 : ðA4Þ

It follows that the relevant information affecting the
system is not the entire sequence of indices but rather this
unitary [up to an overall U(1) phase]. We, therefore, replace
the inner bond with the linear space of all single-site

unitaries modulo the phase, which form the group algebra
of G ¼ PUðqÞ. This observation leads to an equivalent but
shift-invariant MPO representation for the spacetime map-
ping, as summarized in Fig. 2(c). In the diamond tensor, the
group element g is then updated to gbgga, corresponding to
updating ua½1∶2t−3�;b½1∶2t−3� under the rule of Eq. (A4). In the
round tensor, the term uðgÞ⊗ uðgÞ� implements the regular
adjoint representation of g, effectively realizing the oper-
ator ua½1∶2t−1�;b½1∶2t−1� acting on physical legs. The upper and
lower boundary vectors are chosen appropriately.

2. Right influence matrix

For completeness, we now present the analytical MPO
representation for the right influence matrix. Figure 7(a)
depicts the associated spacetime mapping in terms of local
building blocks. Following a similar procedure as for the
left spacetime mapping in Appendix A 1, we first deform
the tensor network into a triangular shape and then replace
the inner bond with the group algebra of PUðqÞ. The
resulting shift-invariant MPO form is shown in Fig. 7(b).

3. Generalizations

We generalize the two-qudit unitaries in Eq. (3) by
introducing an additional permutation acting on the control
site [86]:

U ¼ S

�Xq−1
a¼0

ua ⊗ ðPjaiÞhaj
�
; ðA5Þ

where P∈ Sq is a permutation matrix acting on the

computational basis fjaigq−1a¼0 in the way Pjai ¼ jPðaÞi.
We assume that P has finite order l, i.e., Pl ¼ Iq. Following
the same procedure outlined in Sec. II and Appendix A 1,
we first note that the unitary that affects the system at the
time step t takes the form

ua½1∶2t−1�;b½1∶2t−1� ¼ ub2t−1 � � � uPt−2ðb3ÞuPt−1ðb1Þ

× uPt−1ða1ÞuPt−2ða3Þ � � � ua2t−1 : ðA6Þ

(a) (b)

FIG. 7. Spacetime mapping for the right influence matrix.
(a) Representation in terms of controlled and SWAP gates. (b) The
analytical MPO representation and the definition of local tensors.
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Compared to Eq. (A4), the unitaries at two successive time
steps are no longer simply related by unitary multiplications.
To address this, we introduce the tensor product of l copies of
PUðqÞ for the inner bond, denoted as ðg0; g1;…; gl−1Þ. At
time step t, given the odd-numbered leg indices a and b, the
state is updated according to the rule

ðgbg1ga; gPðbÞg2gPðaÞ;…; gPl−1ðbÞg0gPl−1ðaÞÞ: ðA7Þ

Using the l periodicity of P, it can be verified that the first
entry correctly generates the adjoint action of Eq. (A6). The
corresponding local tensors that replace those in Fig. 2(c) are
presented below:

ðA8Þ

APPENDIX B: GROWTH FUNCTION OF
FINITELY GENERATED GROUPS

In this appendix, we formalize the concept of growth
function introduced in Sec. III A. To this end, we follow the
generation of HðTÞ for small time steps and identify its
generators. Recall that the inner bond is initialized in the
unit element:

HðT ¼ 0Þ ¼ feg: ðB1Þ

After one time step, the reachable set is generated through
group multiplications:

HðT ¼ 1Þ ¼ fgagbgq−1a;b¼0 ∪ feg: ðB2Þ

Accordingly, after two time steps, there is

HðT ¼ 2Þ ¼ fgagbgcgdgq−1a;b;c;d¼0 ∪ fgagbgq−1a;b¼0 ∪ feg:
ðB3Þ

More generally, HðTÞ consists of all words of even length
not exceeding 2T, in terms of the generating set
S ¼ fgagq−1a¼0, formally written as

HðTÞ≡ fgjg ¼ ga1ga2 � � � gan; ga ∈ S; n∈ even; n ≤ 2Tg:
ðB4Þ

For convenience, we define an alternative generating set

S̃ ¼ feg ∪ fgagbgq−1a; b¼0; ðB5Þ

which leads to an equivalent definition of HðTÞ:

HðTÞ≡ fhjh ¼ hi1hi2 � � � hiT ; hi ∈ S̃g: ðB6Þ

By construction, HðTÞ ⊆ HðT þ 1Þ; hence, the growth
function as the size of HðTÞ is a nondecreasing function
of T.
The infinite-time limit H ≡ limT→∞HðTÞ forms a

finitely generated cancellative linear semigroup, justified
as follows:

(i) Semigroup—Closure under multiplication, but not
necessarily under inverses.

(ii) Cancellative—For h1;2;3 ∈H, it holds that if h1h2¼
h1h3, then h2¼h3; similarly, if h2h1¼h3h1,
then h2 ¼ h3.

(iii) Finitely generated—All elements of H can be
generated within finite time of multiplications
from S̃.

(iv) Linear—H admits a faithful finite-dimensional ma-
trix representation (in this context, the adjoint
representation of the unitaries).

All four properties follow directly from the constructive
definition of HðTÞ. The classification of the growth
behavior of such semigroups is well established in
Refs. [91–94], corresponding precisely to the three classes
described in the main text.
Furthermore, associated with H there is an enveloping

group H0, defined as the group generated by S̃ ∪ S̃−1. The
growth function of the group H0 is qualitatively identical to
that of the semigroup H, under the above four properties
[91]. Therefore, for simplicity, we do not distinguish
between the notions of a semigroup and its enveloping
group in the main text.

APPENDIX C: EQUIVALENT REPRESENTATION
OF THE TWO-QUBIT GATE

For q ¼ 2, the local gate takes the form

U ¼ Sðu0 ⊗ j0ih0j þ u1 ⊗ j1ih1jÞ: ðC1Þ

Here, the SWAP gate can be recast in terms of Pauli matrices
as

S ¼ eiπ=4e−iπ=4ðσx1σx2þσy
1
σy
2
þσz

1
σz
2
Þ; ðC2Þ

and the controlled unitary can be rewritten as

u0 ⊗ j0ih0j þ u1 ⊗ j1ih1j ¼ ðv⊗ IÞe−iKπσz
1
σz
2ðw⊗ IÞ;

ðC3Þ
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where v; w∈SUð2Þ and K ∈ ½0; 1Þ are chosen such that

u0 ¼ ve−iKπσzw; u1 ¼ veiKπσ
z
w: ðC4Þ

Equivalently, they satisfy

ve−2iKπσzv† ¼ u0u
†
1; w†e−2iKπσ

z
w ¼ u†1u0: ðC5Þ

Thus, v and w† diagonalize u0u
†
1 and u†1u0, respectively,

and the eigenvalues are e�2iKπ . Since u0u
†
1 and u†1u0 are

related by a similarity transformation, they share the same
eigenvalues, and, therefore, the above decomposition
always exists.
To conclude, the two-qubit gate can be written in the

equivalent form

U ¼ eiπ=4ðI ⊗ vÞV
�
π

4
;
π

4
;
π

4
þ Kπ

�
ðw⊗ IÞ; ðC6Þ

where V½Jx; Jy; Jz� ¼ e−iðJxσx1σx2þJyσ
y
1
σy
2
þJzσ

z
1
σz
2
Þ. More gener-

ally, two-qubit dual-unitary gates admit such a parametri-
zation [55]; here, we make the connection to Eq. (3)
explicit.
Next, we discuss possible realizations of such gates. The

required ingredients are already accessible in current
superconducting-qubit platforms, where high-fidelity sin-
gle- and two-qubit operations enable programmable circuit
implementations and have been used to probe a broad range
of quantum many-body phenomena [100–103].

APPENDIX D: POLYNOMIALLY SCALING
TRUNCATION OF THE BOND DIMENSION

As demonstrated in Sec. III D, the TEE typically exhibits
linear growth for models in class III. In this section, we
present a truncation scheme that approximates the MPS
representation of the influence matrix with polynomially
growing bond dimension while ensuring a certified upper
bound on the error in local observables. To be precise, we
fix a CPTP quantum channel K acting on the system qudit
between successive interactions with the bath, in analogy
with the setup discussed in Fig. 1(c) and Sec. IV B.
Recall that the virtual bond of the MPO representation of

the spacetime quantum channel takes values on the PUðqÞ
group manifold. Our strategy of truncation is to construct a
δ covering of the group manifold with a finite set of group
elements fgigNi¼1, such that any group element lies within a
ball of radius δ centered at gi. The size of the set N
corresponds to the bond dimension of the approximated
MPO. We define the distance between group elements
according to the bi-invariant metric arising from the Killing
form:

d2ðg1; g2Þ ¼ Tr½logðg−11 g2Þ† logðg−11 g2Þ�: ðD1Þ

The size of the covering set scales as N ∼ ð1=δÞq2−1. We
show below that replacing each group element in the virtual
bond by its nearest neighbor in the covering results in an
overall error in the expectation value of local observables
bounded by ϵ ¼ δ × T2. This leads to a trade-off between
the size of the covering set and error, scaling polynomially
with time:

N ∼ Cq

�
1

δ

�
q2−1

¼ Cq

�
T2

ϵ

�
q2−1

: ðD2Þ

Here, the additional prefactor Cq is related to the volume of
PUðqÞ and does not scale with T or ϵ:

Cq ¼ Vol½PUðqÞ� þ oðϵÞ: ðD3Þ

We consider the example of q ¼ 2 featuring in the PU(2)
group, using the Hopf parametrization:

g ¼
�

cosðθÞeiϕ sinðθÞeiψ
− sinðθÞe−iψ cosðθÞe−iϕ

�
: ðD4Þ

The invariant distance on the group is given by

ds2 ¼ dθ2 þ cos2ðθÞdϕ2 þ sin2ðθÞdψ2: ðD5Þ

We choose the following discretization of the group:

θ ¼ δnθ
N

; ϕ ¼ δnϕ
N

; ψ ¼ δnψ
N

; ðD6Þ

where nθ, nϕ, and nψ are integers ranging from 0 toNθ, Nϕ,
and Nψ , respectively, with

Nθ ¼
π

2δ
; Nϕ ¼ Nψ ¼ 2π

δ
: ðD7Þ

In this way, we select approximately 2π3=δ3 points on the
group manifold, such that the distance between any two
points is clearly less than δ. While this discretization does
not achieve the optimal constant Cq, it reproduces the
correct scaling behavior.

1. Bound in the case of classical non-Markovianity

We begin by analyzing the classical case described by
Eqs. (31) and (35). Our goal is to bound the error in the
observable hÔðTÞi when replacing the continuous group
manifold by the discretized covering set as ϵ < δ × T2.
Note that according to the delta function in the condi-

tional probability [Eq. (32)] of the group random walk,
group element gt is updated recursively in time:

gtþ1 ¼ gbtgtgat : ðD8Þ

WANG, VILKOVISKIY, and ABANIN PHYS. REV. X 16, 041041 (2026)

041041-20



This equation allows us to rewrite the correlation function
as a summation over q2T trajectories, each labeled by a
sequence of ðat; btÞ:

hÔðTÞi ¼
X

fðat;btÞg
Tr½uðgTÞjψ eihψ ejuðgTÞ†Ô�

× PðgT jgT−1Þ � � �Pðg2jg1ÞP0ðg1jeÞ: ðD9Þ
We now approximate each gt by the closest neighborhood
g̃t from the chosen covering set. We define the finite
difference of an arbitrary operator as ΔgtAðgtÞ ¼
AðgtÞ − Aðg̃tÞ. According to Eq. (D8), the approximation
error accumulates as

dðgt; g̃tÞ ≤ δ × t < δ × T: ðD10Þ
To estimate the total error in the observable, we use
an exact telescoping decomposition of the trajectory

probabilities in Eq. (D9). For each trajectory, one has
the identity

YT
t¼2

Pðgtjgt−1Þ −
YT
t¼2

Pðg̃tjg̃t−1Þ

¼
XT
s¼2

Pðg̃T jg̃T−1Þ � � �Pðg̃sþ1jg̃sÞΔgs−1Pðgsjgs−1Þ

× Pðgs−1jgs−2Þ � � �Pðg2jg1Þ; ðD11Þ

where

Δgs−1Pðgsjgs−1Þ≡ Pðgsjgs−1Þ − Pðg̃sjg̃s−1Þ: ðD12Þ

Using Eq. (D11), together with the corresponding differ-
ence in the final observable, we obtain

ΔhÔðTÞi ≤
X

fðat;btÞg
kΔgTTr½uðgTÞjψ eihψ ejuðgTÞ†Ô�PðgT jgT−1Þ � � �Pðg2jg1ÞP0ðg1jeÞk

þ
XT
t¼2

X
fðat;btÞg

kTr½uðg̃TÞjψ eihψ ejuðg̃TÞ†Ô�Pðg̃T jg̃T−1Þ � � �Pðg̃tþ1jg̃tÞ

× Δgt−1Pðgtjgt−1ÞPðgt−1jgt−2Þ � � �Pðg2jg1ÞP0ðg1jeÞk: ðD13Þ

We now bound each term in this expression. Assuming jÔj ≤ 1, we can estimate

kΔgTTr½uðgTÞjψ eihψ ejuðgTÞ†Ô�k ≤ δ × T; ðD14Þ

kΔgt−1Pðgtjgt−1Þk ≤ qδ × Tpat;bt ; ðD15Þ

where pat;bt ¼ ð1=qÞjhajψoij2 is a probability distribution independent of gt. Here, we have used the relation between the
distance bound and the bound on matrix elements:

khajK½uðgÞjψ eihψ ejuðgÞ†�jai − hajK½uðg̃Þjψ eihψ ejuðg̃Þ†�jaik < dðg; g̃Þ < δ × T: ðD16Þ

The first term in Eq. (D13) can be bounded by substituting Eq. (D14) and using the property that the products of
conditional probabilities sum up to one. In order to bound remaining terms, we use Eq. (D15):

XT
t¼1

X
fðat;btÞg

kTr½uðgTÞρeuðgTÞ†Ô�PðgT jgT−1Þ � � �Δgt−1Pðgtjgt−1Þ � � �Pðg2jg1ÞP0ðg1jeÞk

≤ qδ × T
XT
t¼1

X
fðat;btÞg

PðgT jgT−1Þ � � �pat;btPðgt−1jgt−2Þ � � �Pðg2jg1ÞP0ðg1jeÞ

¼ qδ × T2: ðD17Þ

This finally leads to

ΔhÔðTÞi ≤ δ × T þ qδ × T2: ðD18Þ
By choosing δ ¼ ϵ=ðqT2Þ, we can guarantee that the total error remains below a threshold ϵ. We conclude that the
approximated MPS representation with bond dimension N ∼ CqðT2=ϵÞq2−1 achieves a certified bound ϵ of error for local
observables.
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2. Bound in general cases

We now consider a generic initial state given by the
tensor product of a bath and impurity density matrices:

ρin ¼ ρbath ⊗ ρimp; ðD19Þ
where the bath state ρbath can be a matrix-product state or
density operator. The impurity evolves under a CPTP
quantum channel KðρÞ ¼Pμ KμρK

†
μ. As demonstrated

in Sec. IV D, generic initial states will induce quantum
correlations, rendering Eq. (35) inapplicable. In this case,
we introduce the approach that evaluates the expectation
value as a sum of overlaps between ρbath and product
operators, depicted as follows:

ðD20Þ

which is formulated as

hÔðTÞi ¼ Tr

�
ρbath

X
fðat;btÞg

hb1jρimpjb1ija1iha1j⊗ πa2;b2ðg1Þ

⊗ πa3;b3ðg2Þ � � �⊗ πaT;bT ðgT−1Þ⊗MÔðgTÞ
�
;

ðD21Þ

where MÔðgTÞ ¼ uðgTÞ†ÔuðgTÞ, and positive operators
πat;btðgt−1Þ are defined as

ðD22Þ

Note that the quantum channel K acts on basis states jbi by
the adjoint action. This decomposition allows us to dis-
tribute the overall error across time steps, enabling a
localized estimate of the contribution from gt respectively.
Similarly with the previous classical case, we approximate
each gt in the formula by the closest neighborhood g̃t from
the covering set. The first-order error reads

ΔhÔðTÞi ¼
XT
t¼1

Tr

"
ρbath

X
fðat;btÞg

hb1jρimpjb1ija1iha1j⊗ πa2;b2ðg1Þ⊗ � � �⊗Δgt−1πat;btðgt−1Þ⊗ � � �⊗ πaT ;bT ðgT−1Þ⊗MOðgTÞ
#
:

ðD23Þ
Again, since the distance between gt and g̃t is bounded, the error in πat;btðgt−1Þ can also be uniformly bounded as

kΔgt−1πat;btðgt−1Þk ≤ qδ × Tkπ̃at;btk; ðD24Þ
where the bound holds for any matrix element in the computational basis as well. The g-independent operator π̃at;bt is
defined as

π̃a;b ¼
X
μ

½K̃†
μjbihbjK̃μ�⊗ jaihaj; ðD25Þ

with ðK̃μÞa;b ¼ δa;μ=
ffiffiffi
q

p
. The corresponding fictitious quantum channel K̃ðρÞ ¼Pμ K̃μρK̃

†
μ is nothing but a reset channel

that prepares the pure state jψi ¼Pa jai=
ffiffiffi
q

p
.

Proceeding in analogy with the classical case, we use Eq. (D24) and further replace MÔðgTÞ with
MjÔjðgTÞ ¼ uðgTÞ†jÔajjaihajuðgTÞ. This leads to the estimate

kδhÔðTÞik ≤ δ × T ×
XT
t¼1

Tr

"
ρbath

X
fat;btg

hb1jρimpjb1ija1iha1j⊗ πa2;b2ðg1Þ⊗ � � �⊗ π̃at;bt � � �⊗ πaT ;bT ðgT−1Þ⊗MjÔjðgTÞ
#

≤ δ × T2: ðD26Þ
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In the final inequality, we have used the fact that each
term under the trace corresponds to a physical correlation
and, therefore, is bounded by one. This reproduces the
same trade-off between error ϵ and the truncated bond
dimension N as in the classical case.

APPENDIX E: SOLVABLE INITIAL STATES
AND PRODUCT-STATE INFLUENCE

MATRICES

Reference [67] identified a class of initial MPS,
termed “solvable initial states,” that leads to a prod-
uct-state IM and area-law TEE for arbitrary dual-unitary
circuits. Since our unitaries [Eq. (3)] belong to the dual-
unitary class, the same results are expected to hold. In
this appendix, we verify this by starting from the exact
MPO construction [Fig. 2(c)] without invoking dual
unitarity to show the consistency of our results with the
literature.
We begin by quoting the condition of solvable initial

states:

ðE1Þ

The colored diamond tensor represents the left steady state
SD of the quantum channel in the auxiliary Hilbert space:

Xq−1
a;b¼0

ðBbAaÞ†SDBbAa ¼ SD; ðE2Þ

which should not be confused with the ρD in Eq. (11). We
also introduce two tensor equations to be used later:

ðE3Þ

and

ðE4Þ

Both of them can be verified via explicit tensor contractions
using the definitions of the MPO components in Fig. 2(c).
We now contract the spacetime quantum channel M

with solvable initial states, proceeding from top to bottom:

ðE5Þ

The first equality applies the solvability condition
Eq. (E1), and the second and third steps use Eqs. (E3)
and (E4), respectively. This contraction can be performed
iteratively. At each step, the nontrivial tensors cancel,
leaving only identity operators. Therefore, the influence
matrix reduces to a product state, representing a perfectly
Markovian bath with infinite temperature that completely
thermalizes local qudits.
Furthermore, Ref. [75] extended the concept of solvable

initial states to dual unitaries featuring local conservation
laws. Specifically, in the presence of right-moving single-
site conserved charges, there are more initial MPS that lead
to product-state influence matrices. In our model [Eq. (3)],
a conserved charge o satisfies

U†ðo⊗ IqÞU ¼
Xq−1
a¼0

jaihaj⊗ u†aoua ¼ Iq ⊗ o

⟺ u†aoua ¼ o

⟺ ½o; ua� ¼ 0; ∀ a: ðE6Þ

It follows that o must commute with all the controlled
unitaries fuag, as well as any unitary generated by their
compositions and inverses. We denote by N ¼ hfuagq−1a¼0i
the subgroup of UðqÞ generated by these unitaries, which
should not be confused with H as a subgroup of PUðqÞ
introduced in Sec. III A. To find the complete set of right-
moving charges, notice that N may act reducibly on the
Hilbert space of dimension q, even though the unitaries ua
themselves are irreducible as elements of UðqÞ. Let u∈N
admit a decomposition into a direct sum of irreducible
representations (irreps): u ¼⊕λ uλ, where each λ labels an
irrep of N with dimension dλ. Then, the linearly indepen-
dent charges are given by the projectors onto these irreps:
oλ ¼ Πλ, each of rank dλ.
We quote the condition for the so-called “charged

solvable initial states” as follows [75]:

ðE7Þ
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Here, the colored bullet represents the charge oλ, with a
coefficient cλ > 0 and

P
λ cλ ¼ 1. We introduce an addi-

tional tensor equation to proceed with tensor contractions:

ðE8Þ

which holds because ½oλ; uðgÞ� ¼ 0 for any uðgÞ∈N. Then,
we contract the IM from top to bottom:

ðE9Þ

The resulting IM represents a perfectly Markovian bath of a
grand canonical ensemble that brings the system qudit to a
mixed state diagonal in solitons: ρre ¼

P
λ cλΠλ=dλ.

APPENDIX F: NEGATIVITY CALCULATIONS

In this appendix, we show that, for the MPS initial state
defined in Eq. (48), the negativity from Eq. (45) vanishes
for q ¼ 2 while remaining nonzero for typical cases with
q ≥ 3, and we provide an explicit example with nonzero
negativity for q ¼ 3.
Let us start with q ¼ 2 and write down Eq. (55)

explicitly:

ρABeff ¼
1

4
½ðj0ih0jÞA ⊗ 1B þ ðj1ih1jÞA ⊗ 1B

þ ðj0ih1jÞA ⊗ ½w0ðw1Þ†�B þ ðj1ih0jÞA ⊗ ½w1ðw0Þ†�B�:
ðF1Þ

The partially transposed density matrix is related by a
unitary transformation:

ðρABeff ÞTA ¼ σxAρ
AB
eff σ

x
A; ðF2Þ

which is, therefore, a physical density matrix, resulting in
exactly zero negativity of ρABeff .
Next, let us turn to the case of q ≥ 3. The unitaries

fwagq−1a¼0 acting on the auxiliary Hilbert space are generated
randomly from the Haar ensemble on UðqÞ. In Fig. 8, we
display the histograms of negativities for q ¼ 3 and q ¼ 4.
Both show distributions centered at positive values, imply-
ing the presence of genuinely quantum correlations in
these cases.
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