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The past decade has witnessed significant progress in topological materials investigation. Symmetry-
indicator theory and topological quantum chemistry provide an efficient scheme to diagnose topological
phases from only partial information of wave functions without full knowledge of topological invariants,
which has resulted in a recent comprehensive materials search. However, not all topological phases can be
captured by this framework, and topological invariants are needed for a more refined diagnosis of
topological phases. In this study, we present a systematic framework to construct topological invariants for
a large part of symmetry classes, which should be contrasted with the existing invariants discovered
through one-by-one approaches. Our method is based on the recently developed Atiyah-Hirzebruch
spectral sequence in momentum space. As a demonstration, we construct topological invariants for time-
reversal-symmetric spinful superconductors with conventional pairing symmetries of all space groups, for
which symmetry indicators are silent. We also validate that the obtained quantities work as topological
invariants by computing them for randomly generated symmetric Hamiltonians. Remarkably, the
constructed topological invariants completely characterize K groups in 159 space groups. Our topological
invariants for normal conducting phases are defined under some gauge conditions. To facilitate efficient
numerical simulations, we discuss how to derive gauge-independent topological invariants from the gauge-
fixed topological invariants through some examples. Combined with first-principles calculations, our
results will help us discover topological materials that could be used in next-generation devices and pave

the way for a more comprehensive topological materials database.
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I. INTRODUCTION

Over the past decades, topological phases of matter have
attracted much attention. In particular, topological materi-
als, exemplified by topological insulators [1-8] and super-
conductors [9-14], have been intensively studied because
nontrivial bulk topology gives rise to exotic surface
states and fascinating response phenomena [15-26].
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These properties are expected to be utilized for applications
in next-generation devices such as fault-tolerant quantum
computers, ultrafast memories, and low-power devices
[27-29]. Given the diverse nature of bulk band topology
[30-37], the resulting consequences also exhibit a large
variety. This naturally raises two questions:

(I) How many topological phases exist?

(I) What quantities can distinguish materials with dif-

ferent topology?
In fact, these two questions have been central issues in
condensed matter physics for the past ten years. During this
period, there have been numerous developments addressing
these questions, as described below.

Symmetry is a fundamental concept in physics, which
also plays a crucial role in studies of topological phases of
matter. The existence of symmetries enriches the variety of
topological phases. Such topological phases protected by
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symmetries can be trivialized (continuously deformed to a
trivial product state without closing the gap) once the
protecting symmetries are broken. In recent years, there has
been considerable research effort to establish the full
classification of topological phases with various sym-
metries. A milestone is a complete classification and
characterization of stable topological phases of noninter-
acting systems in the presence or absence of internal
symmetries, such as time-reversal and particle-hole sym-
metries [38—40]. In addition to internal symmetries, crys-
talline symmetries, such as rotation and spatial inversion,
are also present in solids. Recently, it has been shown that
crystalline symmetries also protect topological phases [41],
as exemplified by mirror Chern insulators [42—45], topo-
logical insulators and superconductors protected by
nonsymmorphic symmetries [33,46,47], and higher-order
topological insulators and superconductors [48-59]. More
recently, a sophisticated method to classify topological
crystalline phases has been developed [60—67], which is
based on the real-space picture. The basic assumption
behind the classification scheme is that any topological
crystalline phase can be continuously deformed to a
patchwork of lower-dimensional topological phases pro-
tected by on-site symmetries. The classification scheme has
been widely applied to free-fermion topological insulators
[63,68] and superconductors [69—71] as well as bosonic
systems [60,64,67,72]. Real-space approaches have also
led to recent progress in the classification of interacting
fermionic topological phases [73—77]. This approach pro-
vides a clear insight into question (I) posed earlier.
While classifications of noninteracting fermionic sys-
tems in real space have been achieved for a large part of
symmetry settings, a diagnosis of topological materials has
been performed in momentum space. An efficient diag-
nostic scheme has been recently developed based on
irreducible representations (irreps) of wave functions at
high-symmetry points (called O-cells in later discussions)
[78-82]. In this scheme, we can partially diagnose the
topological phase of a target system by comparing irreps of
wave functions at high-symmetry momenta with those of
atomic insulators [79-82]. Such a scheme is known as
symmetry-based indicator [79,80] or topological quantum
chemistry [81,82]. The theory can be easily combined with
density functional theory calculations, since the latter can
give irreps at high-symmetry momenta. In fact, compre-
hensive searches for topological materials have been
conducted using symmetry indicators or topological
quantum chemistry [83-90]. Moreover, the theory of
symmetry indicators provides various topological invari-
ants consisting of the number of irreps appearing in
occupied bands and Pfaffian invariants at high-symmetry
momenta [91-102]. Although the aforementioned topo-
logical invariants are easy to compute, it is known that the
representation-based diagnosis is incomplete; namely, vari-
ous topological phases are undetectable only by such

topological invariants consisting only of quantities defined
at high-symmetry points [70,93,103-108]. This implies
that the complete diagnosis of topological phases requires
full knowledge of topological invariants. However, despite
considerable advancements in classification problems, the
range of available topological invariants remains limited.
The previous constructions have typically been done on a
case-by-case basis. To the best of our knowledge, a
systematic method for identifying topological invariants
has yet to be established.

In this work, we present a systematic scheme for
constructing topological invariants of normal and super-
conducting phases by leveraging the Atiyah-Hirzebruch
spectral sequence (AHSS) in momentum space [109]. See
Fig. 1 for an illustration summarizing the role of our work.
The construction of topological invariants involves two
pivotal steps.

(i) First, we need to identify the irreducible-represen-
tation sectors on the subregions of momentum space
that enter the definition of topological invariants. For
instance, on mirror-invariant lines and planes, the
Bloch Hamiltonian can be decomposed into mirror-
eigenvalue sectors, and mirror winding numbers on
the former and mirror Chern numbers on the latter
are then defined in each mirror-eigenvalue sec-
tor [42,110].

(i) Second, we need to discover the quantities that
characterize topological nature of the system. For
example, mirror winding and Chern numbers are
computed from the winding of g-matrix (which is
formally defined later) and the integral of Berry
curvature in each mirror-eigenvalue sector.

[ All 3D topological phases in K-theory ]
TI/TSC

Gapless Atomic states

© 0D topo. invariants

O 1D topo. invariants
(Main focus of this work)

(O 2D topo. invariants
© 3D topo. invariants

Symmetry
indicators

FIG. 1. Characterization of stable topological phases. All stable
gapped and gapless topological phases can be distinguished by
topological invariants. There are topological invariants defined on
zero-, one-, two-, and three-dimensional subregions of momen-
tum space. Symmetry indicators are part of zero-dimensional
topological invariants (shaded region). The main focus of this
work is a systematic construction of topological invariants
defined on one-dimensional subspaces.

041024-2



TOWARD COMPLETE CHARACTERIZATION OF TOPOLOGICAL ...

PHYS. REV. X 16, 041024 (2026)

Remarkably, the momentum-space AHSS provides valu-
able insights into both steps. As the first step, we discuss a
general framework for extracting information about the p-
dimensional subregions and irreps defined on them from
the first differentials of AHSS. Then, building upon the
physical meaning of E; pages of AHSS—classifications of
p-dimensional topological phases on the p-dimensional
subregions—we define quantities for each irrep identified
in the first step, which characterize the topological nature of
p-dimensional subregions in momentum space. AHSS can
also inform us how to combine the defined quantities to
obtain topological invariants. While we formulate the first
step for arbitrary p, for the second step we focus on the case
of p=1 and discuss how to systematically construct
topological invariants defined on zero- and one-dimen-
sional subregions. To demonstrate our approach, we con-
struct topological invariants for time-reversal-symmetric
spinful superconductors with conventional pairing sym-
metries in 230 space groups, for which symmetry indicators
are always trivial, and numerically confirm that they are
actually quantized for randomly generated symmetric
Hamiltonians. Surprisingly, K groups in 159 out of the
230 space groups are completely characterized by our
topological invariants (see Sec. II D for more details). Our
construction gives topological invariants for normal con-
ducting phases under certain gauge conditions. For efficient
numerical calculations, we discuss how to derive gauge-
independent topological invariants from the gauge-depen-
dent ones through illustrative examples where symmetry
indicators do not work.

We make three remarks. First, the present paper
addresses the stable K-theoretic classification. The topo-
logical invariants constructed below characterize the cor-
responding K group rather than the finer finite-rank
classifications of fixed-size Hamiltonians or fixed-rank
vector bundles. At the same time, these invariants can also
serve as diagnostic tools for topological phases appearing
in such finer classifications. See Appendix B 2 for more
details. Second, the AHSS in momentum space was
originally introduced and used as a tool for classifying
topological phases based on the momentum-space picture
[109,111]. On the other hand, in this work, we explore the
utility of AHSS in momentum space as a versatile tool for
band topology and show that the AHSS can be used to
construct topological invariants. However, we note that the
AHSS data by themselves do not automatically give
explicit formulas for topological invariants. The purpose
of the present work is to develop this translation system-
atically. Last, many invariants based on this work can
capture topological phases not diagnosed by symmetry
indicators. Such phases cannot be detected from symmetry
representations at high-symmetry momenta alone, and their
diagnosis generally requires additional information from
higher-dimensional subregions of the Brillouin zone, such
as high-symmetry lines and planes. Although this may

require additional computational resources compared with
symmetry-indicator and topological-quantum-chemistry
approaches, efficient formulas are available in some cases
and are expected to be developed in others. Thus, our work
would help build a comprehensive database of topological
materials beyond Refs. [83-90].

A. Summary of results

Below, we present the organization of this paper with a
brief summary of main results of each section.

Section II—In Sec. II, we present our framework to
systematically construct topological invariants of topologi-
cal superconductors defined on subregions of momentum
space. Such subregions in three dimensions are defined
from a fundamental domain of the Brillouin zone, whose
images under the symmetry operations cover the entire
Brillouin zone without overlap. The open faces of the
fundamental domain are two-dimensional subregions, the
open edges of the faces are one-dimensional subregions,
and the end points of the edges are zero-dimensional
subregions. Similarly, such subregions can be defined in
arbitrary dimensions (see Fig. 2 for an illustration in two
dimensions).

(1) We review the basics of AHSS in momentum space.
In the framework of AHSS, effective internal sym-
metry classes of irreps, so-called emergent Altland-
Zirnbauer (EAZ) symmetry classes, play an impor-
tant role. Roughly speaking, EAZ classes can be
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FIG. 2. Cell decomposition for layer groups p1 (a) and p2/m
(b). First, we find a fundamental domain of BZ shown in the left
panel and decompose it into points (O-cells), line segments
(1-cells), and polygons (2-cells), which are colored in orange,
red, and pink, respectively. The red and black arrows represent
orientations of 1-cells and 2-cells, respectively. Next, we obtain a
cell decomposition shown in the right panel by acting symmetry
operations on the fundamental domain.
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TABLE 1. The classification of mass terms in the n-dimensional massive Dirac Hamiltonians for each EAZ
symmetry class.
EAZ s(a) Cs Wila] n=20 n=1 n=2 n=3
A 0 Uw) 0, 0, 0) z
U(N—-n)xU(n)
Alll 1 U(N) 0,0, 1) 0 z 0 z
EAZ s(a) R Wila] n=20 n=1 n=2 n=3
O(N)
Al 0 ST 1, 0,0) Z Z, Z, 0
BDI 1 O(N) 1,1, 1) Z, Z, 0 z
D 2 O(2N)/U(N) ©, 1, 0) Z, 0 VA 0
DIII 3 U(N)/Sp(N) (-1,1,1) 0 z 0 0
All 4 _SpW) (-1,0,0) z 0 0 0
Sp(N—n)xSp(n)
CIl 5 Sp(N) (-1,-1,1) 0 0 0 VA
C 6 Sp(2N)/U(N) (0,-1,0) 0 0 VA Z,
CI 7 U(N)/O(N) (1,-1,1) 0 Z Z, Z,

understood as transformation properties of irreps
under time-reversal-like, particle-hole-like, and chi-
ral-like symmetries. Let ®f be a set of occupied states
with irrep a. Now, consider symmetry ¢ that does not
change momentum k, whose representation is de-
noted by Uj(g). Then, we ask whether Uy (g)[®§]*
[U(g)®¢ if g is a chiral-like symmetry] possess the
same irrep « or not. Depending on the transformation
properties of irreps, we assign one of the tenfold
symmetry classes to each irrep (cf. Table I). In this
section, for simplicity, we focus on the cases where
EAZ classes belong to class Alll, DIII, and CI.

As mentioned in Sec. I, we need to identify irreps on
the subregions of momentum space, which are
responsible for topological nontriviality. This is
the first difficulty in a systematic construction of
topological invariants. Using the first differential
of AHSS, we propose a way to overcome this
difficulty. All information is encoded in matrices
XMW= v @)=L, M) and A, whose implications
for topological invariants are summarized below.
The matrices () and A are diagonal integer-
valued matrices. The matrices X(") and V) are N,-
and Nj-dimensional invertible matrices, respec-
tively, which are given by

X = <x1 x, Xy, )T; (1)

[V(Oﬂ—l = (vl v, Uy, )T- (2)

(i) X()—This matrix is obtained from the compat-
ibility between line segments and adjacent

041024-4

planar subspaces in momentum space. The
number r of its nonzero diagonal entries gives
the number of independent Z-valued invariants
detecting gapless points on the two-dimen-
sional subspaces, namely, the open faces of
the fundamental domain. Note that X(V) itself
does not specify the planar subspaces. The
corresponding combinations of irreps on line
segments are specified by the first r; rows
of [X(N]-1,

(i) A©—The matrix encodes information about
topological invariants for phases that remain
gapped on the boundary of the chosen funda-
mental domain. The matrix A() takes the form

Ry
—
A" =diag(1. ..., 1,4, ....4,.0....)
EZ(Nl_rl)XNO’ (3)

where R, is the number of unity entries
in the diagonal elements of A and
Aj>1(j =1,....ry). There exist Z, -valued
invariants (j=1,...,ry) and [min(N, —
ri,No) — Ry — ro) independent Z-valued invar-
iants. It should be noted that phases detected by
these invariants are either fully gapped or
gapless inside the fundamental domain.

(i) [X]~'—The rows of [XV]~! specify combi-
nations of irreps on line segments in momentum
space that enter the topological invariants. The
first 7 rows of [X(V]™!, ie., {x;}7L,, corre-
spond to topological invariants detecting gap-
less points on the two-dimensional subspaces,
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namely, the open faces of the fundamental
domain. For j =1, ..., rg, the (j + Ry + r;)th
row, namely, X; g ., specifies the line-seg-
ment part of the aforementioned Z; -valued
invariant. For j > R, + r( (the zero diagonal
entries of A®), the (j+r)th row x;,,
specifies the line-segment parts of Z-valued
invariants detecting phases without any gap-
less points on the boundary of the chosen
fundamental domain.

(iv) [VO]'—For j=1,....,ry, the (j+ Ry)th
row of [VO]! ie, v g, specifies the
irreps on zero-dimensional subregions that
enter the Z, -valued invariant constructed

from A0,
All the matrices are presented in Ref. [112]. In cases where
EAZ classes other than AIIl, DIII, and CI appear, the
explanation of these matrices is presented in Appendix A.
We explain how to use them below.

(3) We construct topological invariants defined on one-
dimensional subregions of momentum space. De-
pending on EAZ classes, for each irrep, we define
the quantities to characterize the topological proper-
ties in superconducting systems:

(i) EAZ class AIIl and CI

d[logdet gf — log det(g§)**];

(4)

W, = —
27D, J,

(il) EAZ class DIII

d[log det g — log det(g)**],

(5)

W, = —
“ 4xiD, J,

where gj is a g-matrix defined for irrep a and D, is the
dimension of irrep a. Here, s denotes an oriented line
segment in momentum space. The integral is taken along s
from one end point to the other according to its orienta-
tion. The precise definition is given in Sec. II C. To make
the quantity invariant under gauge transformations, we
need to compute the difference of the winding between the
target system and a reference system. In this work, we
always consider the vacuum (i.e., infinite chemical po-
tential limit of the system in which we are interested) as
the reference, and (gj)"™ denotes the g-matrix of the
vacuum.

The combinations of these quantities yield topological
invariants. As explained above, [X()]=! and [V(©)]~! tell us
how to take the combinations. Then, topological invari-
ants are given by

(i) Z-valued invariant for gapless points on planes

=D kilw.€Z (6)

a

Wfapless [ Hk]

for1 <j<r.
(ii) Z-valued invariant for gapped phases or gapless
points at generic momenta

W}gﬂpped [Hk] = Z[xj}aw(l €Z (7)

a

for r +R0+I’0 < ]
(iii) Z; -valued invariant for gapped phases or gap-
less points at generic momenta

exp L% Xj[Hk]]
exp{_Z”iZa[xj+r1+Ro]aW“//1§0)}
= 5 Vi (vl ' (8)
T (2l¢)/ 2l(a)))

where j < ry and Z [qf] satisfies

.| 2lahP-
detdi = { (2[g2])?

for EAZ class AIII/CI,
for EAZ class DIII.

See Eq. (73) for the precise definition of Z[gk].

(4) To demonstrate the power of our method, we
compute constructed topological invariants for ran-
domly generated symmetric Hamiltonians of time-
reversal-symmetric spinful superconductors with
conventional pairing symmetries in 80 layer groups
and 230 space groups. Importantly, symmetry
indicators do not work for these symmetry classes,
and our invariants completely characterize K groups
in 76 out of the 80 layer groups and 159 out of the
230 space groups. See Sec. II D for more details.

Section Ill—In Sec. III, we explicitly show how to

construct topological invariants from [XV]~" and [V(0]~1,

(1) We construct topological invariants of time-reversal-
symmetric spinful superconductors in layer groups
p2,/mll, p2,/b11, and p2,11 with conventional
pairing symmetries, whose K groups are Z, Z,, and
Z, x Z4, respectively.

(2) We compute our topological invariants for repre-
sentative models of K groups and show that our
invariants fully characterize K groups of them.

Section IV—In Sec. 1V, we discuss our construction of

topological invariants for normal conducting phases. For
normal conducting phases, the EAZ class of each irrep is
always either class A, Al, or All. Furthermore, as far as
we are interested in topological invariants defined on

041024-5
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one-dimensional subregions, only class Al gives rise to
nontrivial invariants, and the defined topological invari-
ants are always 7, valued.
(1) As a counterpart to the winding of the g-matrix, we
introduce the transition function #; given by

tktl = Ql'l;.k” q)Q-,ka ’ (10)

where P and Q are points and k,, is the midpoint of
the line segment PQ. Note that the gauge choices of
@py, and Oq, are generally different. We also
carefully analyze effects of gauge transformations
on the transition function.

(2) We show that the transition functions are defined for
each irrep (denoted by tk ) and that det tk is Z,
quantized under certain gauge conditions. The com-
binations of det? I, yield the topological invariants
for normal conducting phases. As is the case with
superconducting phases, the matrices [X(V]~!, x(1),
and A inform us about the combinations to
construct topological invariants of gapless points
and gapped phases. See Secs. IV B 2 and IV B 3 for
more detailed discussions.

(3) The obtained topological invariants do not satisfy
linearity for the direct sum of bands. To overcome
the undesirable property, we introduce the quadratic
refinement of the Z, invariant so that the redefined
invariants behave linearly with respect to the direct
sum of bands.

(4) Since the topological invariants under certain gauge
conditions are not useful for numerical simulations,
we introduce several general ways to obtain gauge-
independent expressions of topological invariants.
The overall strategy is as follows.

(i) First, we define a U(1)-valued Wilson line by

N-=1
e’ == lim detH

—00

P+ ;+1)5)T¢)10>l+j6’ (11)

where 6 = (Q—P)/N and ®f is a set of
occupied states with irrep @ on the line
segment PQ. In fact, we can rewrite the deter-
minant of the transition function in terms of the
U(1)-valued Wilson lines. It should be noted
that the Wilson lines are not invariant under
gauge transformations at the boundary points P
and Q.

(i) Next, we multiply some compensation quan-
tities to cancel out U(1) values from gauge
transformations. For instance, if we have
time-reversal symmetry (TRS) 7 such that
U(T)[U(T)]* = —1, the following quantity is
gauge invariant:

. Pf [(DITJU(T)CD{S}
e'rr x

P |0, U(T) | "

where P and Q are time-reversal invariant
momenta (TRIMs). In Sec. IV C, we discuss
techniques how to find such gauge-invariant
quantities.

(5) We demonstrate how to construct gauge-indepen-
dent topological invariants through space groups
P222 and P4 of spinless electrons with TRS and
space groups P2 and P2,2;2; of spinful electrons
with TRS.

Section V—In Sec. V, we conclude the paper with

outlooks for future works.

Some technical details are discussed in appendixes to

avoid straying from the main subjects.

II. GENERAL FRAMEWORK

As mentioned in Sec. I, a refined diagnosis requires
knowledge of topological invariants. In this section, we
discuss a systematic framework to construct topological
invariants in momentum space, for which we employ
AHSS in momentum space [109]. There are two crucial
steps: (i) identifying irreps on p-dimensional subregions
responsible for topological nontriviality; (ii) finding quan-
tities to detect topological nature of systems. These two
steps are discussed in Secs. II B and II C, respectively. In
Sec. II D, we discuss the scope and completeness of the
topological invariants constructed in this work for time-
reversal-symmetric superconductors with conventional
pairing symmetries. Furthermore, in Sec. IIE, we
explain how to generate random symmetry-preserving
Hamiltonians and numerically verify the quantization of
the constructed topological invariants for time-reversal-
symmetric superconductors with conventional pairing sym-
metries. In Sec. IIF, we briefly discuss Fermi-surface
formulas for topological invariants in the weak-pairing
limit and their possible generalization to the invariants
constructed in this work.

A. Review on Atiyah-Hirzebruch spectral sequence in
momentum space

In this subsection, to be self-contained, we provide a
brief review of AHSS in momentum space [109]. In
particular, here, we introduce basic notions of AHSS
and focus on their physical meaning rather than showing
how to actually compute them. All technical details of the
computation are discussed in our companion work in
Ref. [71]. Readers familiar with AHSS in momentum
space can skip this subsection.

Before moving on to the review of AHSS, let us briefly
explain the background of AHSS. Let G be a magnetic
space group M for normal conducting phases and a

041024-6
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magnetic space group with particle-hole symmetry P for
superconducting phases, i.e., G = M for normal con-
ducting phases and G = M + MP. An element g =
{p,la,} €G transforms a point x €R? into px +a,,
where p, is an orthogonal matrix and a, is a vector.
When IT denotes the translation subgroup of G, G/II is
isomorphic to a magnetic point group with or without
particle-hole symmetry. As a result, free fermionic topo-
logical phases on a d-dimensional torus 7 are classified by
the twisted equivariant K group ?K ' G /%H'(T" ) [47,113] (see
Appendix B 1 for a brief review of K theory). The twisted
equivariant K group contains symmetry data denoted by ¢,
¢, z, and n. First, ¢ and ¢ are defined as maps
¢,c:G/Il - {£1}. A symmetry g€ G/II is unitary (anti-
unitary) when ¢, = +1(¢, = —1), and its symmetry rep-
resentation U (g) commutes (anticommutes) with
Hamiltonian Hj when ¢, = +1(c, = —1). In other words,
Ui (g) and Hy satisfy the followmg relations:

U(QHY = c,H 4l (9), (13)

where we introduce the following notation of matrices:
A%y = A for ¢, = +1 and A% = A* for ¢p, = —1. Next, the
symbol z represents the set of U(1) projective factors
{z(9.9) €U(1)}, s eG/m» which are defined by

U DU (9) = alo. o WUilgd)-  (14)
Last, an integer n denotes the grading in K theory, on
which the physical meaning of K groups depends.

We also recall how the grading is implemented at the
level of Hamiltonians. For a positive integer n, the degree-
(—n) group is represented by imposing n additional Clifford
generators I, ..., T, satisfying

(I} = 25, (15)

l]’

whereas the degree-(+n) group is represented by Clifford
generators satisfying

{ri.T;} ==-2 (16)

These generators are required to transform under G/II as

Ue(gT? = TiUh(g),  g€G/M, i=1,..n. (17)
In addition, they are imposed as additional chiral sym-
metries of the Hamiltonian,

[ H, ;!

=—H,, i=1...n (18)

In this sense, the graded groups ‘f’K(G /1.} "(T4) and

“Kg/%H”(Td) are realized as classification groups of

gapped Hamiltonians satisfying Egs. (13) and (18), with
the above choices of Clifford generators. In particular, n =
0 corresponds to the classification of stable gapped
Hamiltonians with no additional T';’s. See Ref. [47] for
details.

The degree-1K group can also be interpreted as the
classification of gapless Hamiltonians Hj; with infinite-
dimensional Hilbert spaces, which are realized only on the
boundary of (d 4 1)-dimensional gapped systems [109].
This interpretation can be formulated as follows. Let

Vi = iexp[—iy(Hy)], (19)

where y is a continuous odd function satisfying y(E) =
asgn(E) for |E| > Eg,,, with E,,, the bulk energy gap of
the (d + 1)-dimensional system. Then the doubled
Hermitian Hamiltonian

- 0 Vi
Hy = ( + > (20)
has an intrinsic chiral symmetry generated by

I' =io,, (21)

where o, is the Pauli matrix acting on the doubled space.
Together with the doubled symmetry operator

Ui(9) = Un(g) ® (0,)1=000)/2, (22)
the doubled Hamiltonian and the doubled symmetry
operators satisfy the same symmetry relations as
Egs. (13) and (17) [114].

Unfortunately, it is not known how to directly compute
twisted equivariant K groups for a large part of symmetry
classes, except for some simple cases such as order-two
spatial symmetries and point-group  symmetries
[32,33,35,36]. Recently, it has turned out that AHSS in
momentum space provides us with fruitful information
about topology in momentum space. If we can compute
AHSS completely for a given symmetry setting, it generally
gives us an “approximate K group” in the sense that the
obtained Abelian group is the same as the exact K group as
a set but not as an Abelian group [109]. On the other hand,
as discussed in Ref. [71], AHSS can completely determine
¢K<GZ/°H "(T4)(d < 3) for various symmetry settings in
which we are interested.

1. Cell decomposition

To perform AHSS calculations, we introduce a sequence
of spaces

XoCX,C---CTY, (23)
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where X, is a p-dimensional subspace of T, the so-called
p skeleton. Such a decomposition is known as cell
decomposition [63,64,66,109]. In the following, we explain
a way to obtain X, for three dimensions.

First, we find a fundamental domain of the first
Brillouin zone (BZ) that spans the entire BZ by
symmetry operations without any overlap. Note that,
by definition, any two points strictly inside the funda-
mental domain are not related by symmetries. The
interior of the fundamental domain is an open poly-
hedron, which is denoted by D3. Then, we decompose
boundary objects of the fundamental domain into p-
dimensional subregions. The open polygons on faces of
the fundamental domain are the case of p = 2, the open
edge line segments of the polygons are p = 1, and the
boundary points of the line segments are p = 0. They
are denoted by {D?},. We also assign an orientation to
each of the p-dimensional subregions. For later con-
venience, let us define a set of all inequivalent p-cells
in the fundamental domain by I”.. By acting symmetry

orb*
operations on these p-cells, we have

C,= U U
; P
le{orngG/H

9(D7). (24)
Elements in C, are called p-cells. In this construction,
each p-cell satisfies the following conditions:

(1) The intersection of any two p-cells is an empty set.

(i) A symmetry g€ G/II keeps every point in D?

invariant or transforms a point k¥ in D? into a point
in another p-cell g(D?). More formally, for k¥ € D,
either ¢ fixes k in the Brillouin zone, i.e., there
exists a reciprocal lattice vector G such that
gk? = kP + G, or gk? belongs to another cell
g(D}) # Df.
(iii) There are no isolated p-cells (p < 2). Every (p — 1)-
cell is in a boundary of a p-cell.
(iv) The orientation of p-cells respects all symmetries
in G.
In Ref. [112], we show our cell decomposition of a
fundamental domain in each magnetic space group with
and without particle-hole symmetry.

Using the set of p-cells C,,, we define the p skeleton by

X():CO, XF:XI’_IUCP (pZ]) (25)
It should be noted that, in our construction, we distinguish
among p-cells even when they are symmetry related.

Let us illustrate how to obtain the cell decomposition for
layer group p1 whose generators are lattice translations and
spatial inversion. As discussed above, the first step is to find
a fundamental domain of BZ. Here, we consider —z <
ky < and 0 < k, < 7 as our fundamental domain. Then,
we decompose the fundamental domain into one 2-cell
(pink plane), five 1-cells (solid red lines), and four O-cells

(orange circles) in the left panel in Fig. 2(a). Also,
{I2,}3_ are given by

Igrb:{F’X’Y’M}; Ilrb:{avbvc};

[©

Icz)rb = {a} (26)

By acting inversion symmetry on this fundamental domain,
we obtain C, as

Cy= {F, X,Y,M}; (27)
C,=A{a,b,c,a;,by,c}; (28)
G, = {a, 0‘1}- (29)

As mentioned above, here we assign symmetry-
equivalent p-cells to different labels. For example,
a ={(k,,0)|k,€(0,7)} is related to a; = {(k,.0)|k, €
(=7,0)} by inversion.

Similarly, we can construct a cell decomposition for
layer group p2/ml1 generated by translations, inversion,
and twofold rotation along the x axis. As a result, we have

Co={IX,Y,M}; (30)
C,={a,b,c,d,a, by, c,d}; (31)
G = {03‘1130270’3}- (32)

2. E, pages

As a preliminary step, we find a finite subgroup
of G whose elements do not change k. To do so, we first
define a subgroup of G by Gy = {g€G|p,pk =k + G
for a reciprocal lattice vector G}, which is referred to as
little group. It should be noted that the number of elements
in Gy, is infinite since the translation group IT is a subgroup
of Gy, by definition. Furthermore, IT is a normal subgroup of
Gy, ie.,tht ' €G, Y heGiand V t€IL As aresult, we
can always obtain the desired finite group by G /Il Let us
comment on projective factors of Gy /TI. Suppose that we
have symmetry representations Uy(g)(g € G) such that

Up(@UP(g) = 29, ) Uilgg).  (33)

We can always find representations of Gy /II from those of
Gy as

U(g) = Ux(g)e™®a, (34)

where a, is a fractional translation or zeros [I15].
Correspondingly, the projective factors of Gy /11 are given by
U (UL (1) = 2, WU (') (R, € Gi/TI),  (35)

where Zk(h, /’l/) — Zim(/’l, h/)e—ik(p/,ah/—d)/,ah/)’
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Let @i, clg. and z|, be symmetry data ¢, ¢, and z
restricted to elements in Gy /T1, respectively. Also, since Gy
is common for every point k€ D?, Gp» denotes the
common little group. As discussed in Refs. [71,109], for
a given filtration {X,}3_,, a finitely generated Abelian
group E7"™" is defined by the relative K group

EpT" = 0K (X, X ) (36)

Plpr  (zlppclpp)+p=n
1 1 1
Gpr /11
1

D

iel’

orb

(D7, oD7) (37)

104

(}5‘01_7 ~ (Z‘D{7-C‘D{7)+p_”
1 13 l

o orseny)  (3®)

IR

iel’

Plhr  (2lp-clep)—n
I3 1 I3

= ka /H ({k?}) (39)
ielgrh i
¢|k{” ~ (Z‘k(”c‘k(’) ~
=@ G/ ({K7'} x S"), (40)

iel’,
where k7 is a representative point of DY and the definitions
of the relative K groups are briefly discussed in
Appendix B 1. Here, instead of defining the K groups
formally, we mention physical meaning of E{"™", which can
be interpreted in various ways since E7"™" is defined in
terms of K groups.

(i) According to Eq. (37), E{"™" represents p-dimen-
sional gapped topological phases on p-cells but
trivial on (p — 1)-cells when (p —n) = 0.

(ii) According to Eq. (38), Ef"™" corresponds to gapped
topological phases on the p-dimensional sphere
when (p—n) =0 and gapless points on the p-
dimensional sphere when (p —n) = 1.

(iii) According to Eq. (39), the same group is identified
with the degree-(—n) K group at a representative
point k? of the p-cell. This is the form used in the
actual computation of the E; page: The problem
reduces to irreducible representations of the little
group Gy /I with the n additional Clifford gen-
erators encoded in the grading or, equivalently, to
their emergent Altland-Zirnbauer symmetry classes
(see below).

(iv) According to Eq. (40), the degree-(—n) K group at
k? in Eq. (39) can equivalently be written as a
degree-zero problem on the auxiliary sphere S”. In
this description, the n Clifford generators introduced
in the grading are represented by the coordinates 79,
on §" and the gamma matrices y,,. Therefore, E}"™"
can be understood as the direct sum of classifications
of mass terms in n-dimensional massive Dirac
Hamiltonians

Hk{' = ]’%ﬂyﬂ + myg (l’%ﬂ € Svn)’ (41)

p=1
Yulv + Yolu = 25;41/’ (42)

with symmetry group ka /TL. Here, §" is an aux-
iliary sphere associated with the grading, not an
additional momentum-space cell. Symmetries in
G /T act trivially on §" and, therefore, serve as
internal symmetries of the Dirac Hamiltonian. As a
result, the classification 1is given by &,
”n(cs(a)): o) ”O(Cs(a)+n> or @, 7, (Rs(a)): Sop
7o(R(a)+n) [116], where Cy,) and Ry, are clas-
sifying spaces of the Dirac Hamiltonians (see also
Table I).
To construct Abelian group E7"™", it is convenient to use
the third or fourth interpretation. Then, the remaining task

‘/’lk(’ (2lgpclpr)
i

istoobtain ' K ' ({k7} x 5", i.e., classifications of
kY

the massive Dirac Hamiltonian in the presence of on-site
symmetries. In fact, this task is easily achieved by iden-
tifying an effective internal symmetry class of each irrep of
the unitary part of G»/IT [35,36,116]. Such symmetry

classes are known as emergent Altland-Zirnbauer sym-
metry class (EAZ class). For every k, we can always
decompose Gy/I1 into the following four parts:

G /Tl = Gy + A + Pr + T, (43)
where
9 ={9€Gie/N|(¢g. cg) = (+1,+1)}; (44)
A = {9€Gi/M|(¢g, cg) = (=1, +1)}; (45)
P ={9€Gi/T|(y, c) = (=1.=1)};  (46)
Tk =1{9€Ge/N|(¢y. ¢g) = (+1, =)} (47)

Once we identify G, we can compute irreps of G,
whose labels are denoted by a in the following. For each
irep of G, we can compute Wy, (P)€{0,£1},

Wi, (A) €{0, %1}, and W¢,(J) €{0, 1} defined by

%
0 (Pr=0)
Wi (P) =1 mor 2 w(co)p(c?)e{0.£1},  (48)
! ki CEPkp ! !
0 (A4=09)
Wi (D) =1 d ¥ ar(aayy(@®) €{0,+1}, (49)
& a€Ap ' !
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0 (Jr=2)

we, _ 5 (rr ™' gr) 50
=) gl % g W0z o) 0

i g€

where y§(g) is the character of an irrep of Gy for g € G; and
y is a representative element of 7. These quantities inform
us about how symmetries in Ay, Py, and J; affect irreps.
When Wi, (V) =0V =P, A J) and Vir #@, sym-
metries in ‘ ka7 transform irrep « into another one. On
the other hand, when W,”(’[p (V)

under the symmetries. As a result, the EAZ symmetry class
for « is identified by

= =1, irrep «a is invariant

Wigla] = (Wgp (). W (PLWE (7). (S1)

which is called Wigner criteria [109,117]. The classifica-
tion of the n-dimensional massive Dirac Hamiltonians is
shown in Table 1. As a result, E{"™" is written by

5 - @@z @z} ) o

(p)

where b;;’ denotes a basis of E{"™" that is defined for irrep

a. Also, Z, [b(p ) ) or Z[bl((,,) | represents an Abelian group

generated by b]((,)) .

3. First differential d ™"

It should be emphasized that, although an element of
E}"™" corresponds to a massive Dirac Hamiltonian defined
on p-cells, it is not necessary to be gapped on (p + 1)-cells.
In other words, elements of E/"™ are sometimes incom-

and E, pages

patible with those of EY™"™". We implement the relation
between EV™" and EY™"™" in a homomorphism

dp n, Ep n Ef+1' n’ (53)
which is called first differential [109]. For our purpose,
it is sufficient to consider the cases where n = (p — 1), p,
and (p + 1). Here, the detailed calculation to construct
such a homomorphism is discussed in our companion
work [71].

Based on the second interpretation of Ef™", we present
another physical meaning of df""”. Since E{™" and
EP*P correspond to gapped and gapless phases, d!”
can be understood as the process of generating gapless
points on (p + 1)-cells from band inversions on p-cells.
Then, the Kerd)™” C E{"™” represents the gapped

Hamiltonians on p- and (p + 1)-cells. Also, d¥ 1P can
be interpreted as the generation of trivial gapped

Hamiltonians on p- and (p + 1)-cells. As a result, we
define E, pages by

ES? := Kerd)", (54)

EPP = Kerd? ™" /Imd?™"7"  (for 1 < p<d—1);

(55)
ES™ = E{™!/Imd{", (56)

which represents topologically nontrivial phases gapped on
(p — 1)-, p-, and (p + 1)-cells.

Furthermore, similar to E; pages, some elements of
EY™" might be incompatible with gapped phases on
(p + r)-cells and contain trivial phases generated from
(p — r)-cells. Then, to obtain completely gapped phases,
we must consider higher differential and E, pages for r > 2.
However, the higher differentials are out of the scope of this
work. Importantly, to the best of our knowledge, we do not
have a systematic way to construct ¢ ™". Instead, we focus
on E, pages and construct topological invariants for Eé’_l
in Sec. II C, although phases corresponding to E%’_l are
sometimes gapless on 3-cells. It should be emphasized that
this is still useful because it is generally difficult to detect
gapless points at generic momenta.

B. Step (i): Identification of irreducible representations
on p-cells for topological invariants

As mentioned in Sec. I, we need to identify irreps on p-
cells responsible for topological nontriviality, which is step
(i) mentioned in the Introduction. In fact, E5"” contains the
information we need. In this subsection, we explain how to
systematically extract the information from E4"”. In the
-
groups for simplicity. This is always true for time-reversal-
symmetric superconductors with conventional pairing sym-
metries. It is straightforward to generalize the scheme
presented here (the derivation of the matrix X(») below)

to the case where {E{" p}5+[1)_1

discussed i 1n Appendlx A.
Let {b; q} be a serially numbered basis set of

following, we assume that {E{™"} are free Abelian

contain torsion elements, as

ET™7 = 7ZNa; ie., there exists i such that b b](:;)
Then, ET" is expressed by
2 (@)
7 = @) (57)

where Z[b,@] represents a free Abelian group generated by
b'”. When we use B« = (b\p{?) .. -b,(\(f:), the first differ-

ential @~7: EP"P — EP*'7P is represented by
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T (B0) = (AP )ar @) - B))

P

=B IM -, (58)

where M| & isa (N, X Np)-dimensional integer-valued
matrix. For an integer-valued matrix, we can always find
two unimodular matrices U'?) and V(?) such that

s(p) — U(I’)Mdf.—p VP, (59)

where X(P) is an integer-valued diagonal matrix. The left-
hand side is known as Smith normal form. When we let r,
be the matrix rank of X(?), each diagonal element of >(p)
satisfies the following:

(i [= } €Z.gfor1 <i<r
(i) [=C } can divide [Z(? } g for 1 <i<r, =1
(i) [ZP)]; =0 for r, <iif ;&NP
(60)
Then, we have
dyP (B W) = al =P (Bwyr)
= B [uP-1uP M yp-p V(P
= BrD[y))-1xr), (61)
where we introduce B = (bfgmb,gp) ) ,b/%:p)) _

BP)v(P) Equation (61) implies that we can obtain
Ker(d?’ ”)—span(b’, e -b’j{}).
Similarly,

a7 (B = BrlmM -
— B [V(p)]_lMdllw—L—p

= B’(P) ( OrI’XNp—I ) . (62)
Y

The reason why the first 7, rows are zeros is that Im @} ~~"
should be expanded by Kerd! ™. Applying the same
decomposition of Eq. (59) to Y, we rewrite the above
equation as

df—"‘l’(g(p—l)v(p—l))
B Y
=BW(1, & [UrI)- il
(1, ol ™) AlP-1)
— R (p) Or XN,
-0 G ). ©

where A=) = diag(4{" ™", 2™, ... 2{"!) ) is the Smith
normal form of Y with the same propertles in Eq. (60).

Here, we also introduce B"(P) = (b/l/(p >b’2’<" ).

B x(/pr) = B(P)V<P)(1],
find that
@) b:.'“’)(i =1,...r,) is not an element in Kerd{ ™";
(i) b"\" is a basis of EZ"™” when i > r, and Agfr_pl) # 1.
Equations (61) and (63) inform us of topological
invariants defined on p-cells. Since any element of
(ngp) (p) (P))T

.1,%;”) —
@ [UP-1]71). As a result, we

EP™P can be expressed by BP)(n|"'ny" - .. n\”
nP) — Bp) (n<1”>n§1’> .. nl(\i)))T
— B'W) [X(">]—1(n§”>n§”) o "%})T- (64)

Combining the facts (i) and (ii) with Eq. (64), the row lists
{xT}, tell us which combinations of {nﬁ-” >} ; detect topo-

logically nontrivial nature. This is indeed step (i), which we
need to achieve. Thus, the remaining problem is to identify

quantities that function as {nﬁp )
discussed in the next subsection.

}; properly, which is

C. Step (ii): Construction of topological invariants

In preceding subsection, we find that each row list in
[X(P)]7! tells us which irreps on p-cells are used in
topological invariants to detect nontrivial elements of
EY7P. In this subsection, we discuss which quantities
are assigned to them and how to take combinations of
these quantities. In the following, by focusing on the case
of p = 1, we present topological invariants defined on the
1-skeleton (a domain gluing all 1-cells together with all 0-
cells). For later convenience, [X()]~! and [V(®]~! are
denoted by

X[l e= (11 x5 - xw)T. (65

VOIl= (v, v, vy, )T (66)

As a preparation for the following discussions, here we
define g-matrix for each irrep when an irrep is invariant
under chiral-like symmetries. In this case, we consider
irreps of G, + J; characterized by chirality, which are
denoted by a+. Each irrep of G + J satisfies

1E(9) =xi9) (9€Gi). (67)
29 =2 (9) (9€Tn)- (68)

When A, # @ and W§(A) = 0, two irreps, denoted by a+
and f+ here, are related by symmetries in 4. In such a
case, we always choose f— such that

k

)(/]i_ (g) - Zkzgya

a,a'lga

it (9] for g€Ge+ Tk (69)
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Then, we define a projection matrix by

ai_L a+ *
: Gk + Tkl > @) Ule),  (70)

9EG+Tk

where D,, is the dimension of irrep a. Using the projection
matrices, we also define a chiral matrix by

I = pet — po-, (71)

whose eigenvalues are 0 and 1. When /% denotes a
matrix composed of eigenvectors with eigenvalues 41, we
have

q¢ = [U*]"HU% € GL(rank P*F), (72)

which is what we refer to as g-matrix. It should be noted
that ¢ depends on the choice of ¢/% and can be changed by
gauge transformations. In particular, we can always choose
U4 such that the eigenvalues of gjf are D,-fold degenerate
for EAZ class AIIl and CI and (2D,)-fold degenerate for
EAZ class DIII (see Appendix B 3 for how to find such a
basis set). Then, we define “(detg¢)!/P«" for Al and CI
and “(detgg)!/?P=> for DIII by the product of the dupli-
cated eigenvalues of gj. As a result, we introduce

2lgf) = [T (73)

where 7z; is the jth eigenvalue of g, and

(Z[q¢])P«  for EAZ class AIIl and CI
detgy =

(Z[qg])?P«  for EAZ class DI
holds. For EAZ class DIII with D, = 1, when A, contains
an order-two antiunitary symmetry denoted by a, one can
replace Z[g¥] by Pf[g§] by choosing U* = Uy (a)[U%]*.
We make a brief remark on I'*. The chiral matrix T', is
generally not the same as the representation of chiral
symmetry. Even when we discuss symmetry groups con-
taining chiral symmetry with a fractional translation, the
eigenvalues of I'* are 0 and £1. On the other hand, U/¢
depend on momenta and are not periodic. Correspondingly,
U< and U2 are interchanged up to unitary matrices of gauge
transformations. As a result, g, ; is not the same as g but
rather related to (g )" by the unitary matrices. Nonetheless,
our construction discussed below works for such cases. See
Appendix A 3 for an example.

1. Revisiting physical meaning of Ei"l

Since we restrict ourselves to free Abelian groups E }'_',
EAZ classes are always one of AIlIl, CI, or DIII. As defined

in Eq. (37), E }’_1 corresponds to the direct sum of gapped

topological phases on 1-cells with trivial gapped states on
O-cells. Such topological phases are characterized by the
winding of g-matrix, where the winding is quantized. The
simplest example is a one-dimensional class AIIl system
only with translation symmetry. In this case, Cy = {k =
tz} and C; = {klke(—n,7)}. Since the relation
Hy__,=H,_, always holds, E;~'= ‘f’K(GZfrFO(Xl =
T',X, = Cy) = Z corresponds just to ordinary one-dimen-
sional topological phases of class Alll, which are charac-
terized by  one-dimensional = winding  number
w = [1/(2xi)] [* dkoylogdetg, €Z. In the following,
we define various topological invariants based on the
relation between the windings of g-matrices and topologi-
cal nontriviality, although the windings are not quantized
for general Hamiltonians.

-

2. 7 topological invariants for gapless points on 2-cells

First, we consider topological invariants for gapless
points on 2-cells, which corresponds to Im d i'_'. To define
topological invariants, for each EAZ class of each irrep on a
1-cell, we define the following quantities:

(1) class AIII and CI

1
W, 1= —— X —

=5 %D . dflog det g5 — log det(g{)**];

(75)
(i1) class DIII

|
Wa = 55 oD, J,

d[log det ¢ — log det(g%)¥*],
(76)

where the integral is from one boundary O-cell of the 1-cell
to another boundary O-cell along the orientation of the 1-
cell. Here, we introduce (g§)" as the g-matrix of the
vacuum Hamiltonian H}* defined by the infinite chemical
potential limit of Hj, using the same U/%. The reason why
we need the winding of (g§)** is that the winding of ¢j is
not invariant under global gauge transformations [118] and
basis transformation of /4. When we subtract the winding
of a reference g-matrix from that of gy, the gauge
dependence is resolved. From the fact (I) and Eq. (64),

WEPS ([ = x] (wy o, owy )T (1<i<r)  (77)

is a Z-valued topological invariant to detect gapless points
on 2-cells.

3. Z topological invariants for gapped phases
on 2-skeleton

Next, we construct Z-valued topological invariants for
gapped phases on 1-skeleton, i.e., fully gapped phases or
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gapless only on 3-cells. Indeed, we can use the same
quantities as the invariants for gapless points on 2-cells.
From the fact (I) and Eq. (64), we find an invariant
defined by

WEP L i=x] (W), wy, ... wy,) T €Z
fori such that/ll(.g)r1 =0. (78)

4. 7, topological invariants for gapped phases
on 2-skeleton

For i such that /11(-9),1 ¢ {0,1}, we construct a Z,0 -

valued topological invariant from x; and v, in Egs. (65)
and (66). Similar to the case of Z-valued invariants, it is
natural to characterize topological nature on 1-cells by w,,
in Egs. (75) and (76). We define the following quantities for
irreps on 1-cells:

(i) class AIIl and CI

2ri
Vg=exp |———w,
20

i—ry

N

-1 ‘
=exp L® p /d[logdetqs, —logdet(q%) dc]l;
(79)
(ii) class DIII

27i
Vg i =eXp | ————W,
20

i—ry

M/sd[logdeth —logdet(g%) ]1,

(80)

where the integral is from one boundary O-cell of the 1-cell
to another boundary O-cell along the orientation of the 1-
cell. Here, D, is dimension of an irrep « on the 1-cell. The
necessity of log det(¢%)¥* arises from the same rationale as
in Egs. (75) and (76). Since Z-valued topological invariants
are defined only by {w, }, as seen above, one might expect
that ], z/,[f"r]" = exp|—2xi Za[x,»}awa/ﬂgg)rl] tobeaZ -

i-r|
valued topological invariant. However, this is untrue. This
is because

A9
< auE‘f]"> ]:exp{—ZﬂiZ[xi]awa} (81)

T
is generally not unity. This implies that ], u([f "« does not
work for a Z,« -valued topological invariant. After inte-

i-ry

grating and summing the exponent of right-hand side of

Eq. (81), we have the product of {Z[qf]/Z[(qz)Vac}}/} over
O-cells. Then, we construct a Z 10 -valued topological

i—r]
T
i)

invariant by combining [], y([f “ with the correction terms

{214/ Z(a1) ™1}

The remaining task is to identify such correction terms.
In fact, this is accomplished by AHSS. To see this, we
rewrite Eq. (63) as

(d(l),—l(b/(lﬂ))d(l),—l(b/gﬂ)) . d(l).—l(bll(\(])(?)>

0
1 1 1 ri XN
(b'l“ B b )) <_1(0) 0 ) (82)

where A(0) = diag(/l(l()),ﬂgo), ...) is the Smith normal form
in Eq. (63) for p = 1. For later convenience, let us suppose
that the first R, diagonal elements are unity, i.e., 150) =1
for 1 < j < R,. Note that R, depends on conventions, for

example, choices of the cell decomposition. When we

consider Eq. (82) in terms of coordinates {nﬁo)}yz"l and
{nﬁ-l)}yz‘l of E>~" and E|"', this equation implies
0 0 (0 0 (1 1
ﬂf._)r] v/, (ng ), n; ), ngvg)T = xlT(ng ), ng ), ng\,l))T
(83)

Equation (83) hints at a relationship between quantities
defined on 0- and 1-cells, as discussed below. Inspired by
Eq. (83), we define the following quantity:

Hayl[:i]ll
‘| - Hﬂ<Z[q£]/Z[(Q£)vac])[vi—rl]/; .
(84)

271
exp |- X, [Hy]
[ 20 k

i—ry

The Z 0 quantization of X;_, [H,] is also confirmed by

i—ry
the following discussion. Let a and f# be an irrep on a 1-cell
and an irrep at its adjacent O-cell, respectively.
Compatibility relations imply that the C-valued quantity
Zqy] defined in Eq. (73) obeys the relation

M o
|: d(l) l:|a/i

aﬂzﬂwﬁd : (85)

V]

where the product [ [ ; runs over the irreps on O-cells whose

EAZ class is either AIIl, DI, or CI. The exponent
|[M d(]).—l] ﬂ| is the absolute value of a matrix element of
Q

M o defined in Eq. (62). See Appendix C for a derivation.

Let s denote the 1-cell going from an adjacent O-cell k; to
another adjacent O-cell k;. By using Eq. (85),
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10, Zlag )/ 21(ag,)™]
Zlqz 1/ Z[(qg )]

- Iz 214 vaCD[M‘”f“‘La (36)
p

Noticing that, from Eq. (63),

Or XN,
X M o1 = ( A‘w)”)[v@]‘l, (87)

we have

0
( I/g’]") i-ry

_ H( qk /Z (q vac})za[x,’],,[Md?q_l]aﬁ

= H( (:)/ Z1(qf) Vaﬂ)l@"‘ el
= ([Tl 2Ly (s9)

This proves exp [27iX;_, [Hy]] = 1. We note that the above
proof is applicable only to symmetry settings where the
EAZ class at O-cells does not include BDI. When there
exists an EAZ class BDI at some 0-cell, the relation (86)
has a correction from irreps at 0-cells whose EAZ class is
BDI, resulting in the symmetry indicator to detect gapless
point on 2-cells or nontrivial extension of Ey~" by ES°. We
20 _

i—ry
valued for time-reversal-symmetric

also numerically verify that X,;_, [H;]€{0,1, ...,
1} is actually Z

1r]

spinful superconductors, as discussed in Sec. II E.

5. Demonstration

As a demonstration, here we discuss the topological
invariant of one-dimensional time-reversal-symmetric
topological superconductors only with translation sym-
metries. It is well known that the classification of topo-
logical superconducting phases is K(G /Ii(Tl) Z, in this
symmetry setting. In addition, the following topological
invariant is also known:

Pf[Qk:ﬂ]
Pf[gi—o]

1 [=
(-1 = exp {—EA dkoy, logdetqk}, (89)

where we choose the basis such that 611{:0,,, = —Gr=0.1-
Here, we rederive the above invariant by using our
method.

Our cell decomposition of the fundamental domain is
shown in Fig. 3. There are two inequivalent O-cells denoted
by I'(k=0) and X(k = 7). These O-cells are invariant

T.C e T
(k= 0) a X(k =
7. 7e( 7.0

Class DIl Class Alll Class DIII

FIG. 3. llustration of the cell decomposition of the fundamen-
tal domain in rod group Z?1 with time-reversal symmetry
7T and particle-hole symmetry C. The cell decomposition
of BZ is given by Co={I'(k=0),X(k=nx),7X} and
C,={a(0 <k <nx),Ta}.

under time-reversal and particle-hole symmetries, and,
thus,

EY =7 @ 7[p{)]. (90)

On the other hand, there exists an inequivalent 1-cell a,
which is invariant only under chiral symmetry. Therefore,

EM =2z (91)

Since d%’_l is not defined in one dimension, we start
from Eq. (62) with r; = 0 and V() = (1):

£ (080) — (69) (2 -2)
= (B v (2 )V, (92)

where X() = U© = (1) and [V~ = (|
for the summary of E;- and E, pages.

Following discussions in Sec. I C4, we construct the
topological invariant defined by

Zlax)/ 1o
Zlarl/Zlgr

Pf[gx] [ 1 / X ]
exp |—= oy logdet g, dk

Pf[(]r] p 2 . k108 9k

. (PiL

f[gvac 1 [x -1
( ax ]exp [_E/r 0klogdetqzacdk}> .

flgr™]

It should be noted that I" and X are invariant under TRS and
that their EAZ classes are class DIII with D, = 1. Thus,
z [‘]k:o,n} is replaced by Pf[‘]k:O,ﬂ} with 61/?:0,7: = —4k=0.x
As a result, our invariant is consistent with the well-known
formula.

In Ref. [112], we present all matrices [X(V]~!, [V(O]~1,
A, [vD]=1 and £ for insulators and superconductors
in all magnetic space groups. Our scheme presented in this

1) See Table II

(_I)X[Hk]

g

g

(93)
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TABLE II. E, and E, pages for rod group Z1.

n=0 0 0
n=1 z? zZ
EVT" p=0 p=1
n=20 0 0
n=1 VA Zz
EPT" p=0 p=1

subsection is applicable to not only time-reversal-
symmetric superconductors with conventional pairing
symmetries, but also superconductors whose E}’_l’s are
free Abelian groups. Also, [XV)]~! informs us of topo-
logical invariants for insulators and superconductors, where
E;™" = (Z,)/(1€Z), under some gauge conditions, as
discussed in Sec. IV. However, although the matrices
XMW= (v, AQ ) [vD]=! and (D are presented,
we do not have a scheme to find explicit expressions of
topological invariants for superconductors such that £ {‘_1 ’S
contain both Z and Z, parts.

D. Time-reversal-symmetric spinful superconductors
with conventional pairing symmetries

In this subsection, we discuss two key observations in
time-reversal-symmetric spinful superconductors with con-
ventional pairing symmetries: (i) triviality of the symmetry-
indicator theory and (ii) completeness of the invariants
constructed in this work for 159 space groups. By conven-
tional pairing symmetry, we mean that the superconducting
order parameter Ay, which appears as an off-diagonal block
of the Bogoliubov—de Gennes Hamiltonian, transforms
without acquiring any additional U(1) factor under sym-
metry operations, i.e.,

by
ue(9) B ut (9) = Age: geEM, (94)
where u;(g) denotes the unitary matrix representation of g

in the normal conducting phase and A% = A (A*) when g is
unitary (antiunitary).

1. Absence of nontrivial symmetry indicators

It is known that symmetry indicators are always trivial
for time-reversal-symmetric spinful superconductors with
conventional pairing symmetries, as seen in Ref. [102]. In
these symmetry settings, one can find that

EP® =0 forall p=0.1.....d. (95)

This is because the EAZ class of each irrep sector is always
AL, DIII, or CI (see Ref. [119] for the proof). As shown in
Table I, the classifications for n = 0 are always trivial for
these three classes. Therefore, we arrive at Eq. (95).

It then follows from E5° C E that
EY? =0. (96)

In general, symmetry indicators efficiently detect a subset
of the nontrivial phases in Eg’o. In the present setting,

however, Eg’o is trivial as seen in Eq. (96). Therefore,
symmetry indicators are necessarily trivial.

2. Completeness of the invariants in 159 space groups

References [70,71] have shown that Eé’_l provides the
complete classification of gapped topological supercon-
ducting phases for 159 of the 230 space groups. By design,

topological invariants { W&}, and {X;} j constructed in

Sec. II C characterize Eé‘_l completely. Combining these

two facts, we conclude that the invariants are complete for
159 space groups.

Next, we discuss stable gapless phases, in which gapless
regions cannot be gapped out without closing the lgap on the
1-skeleton. For stable gapless phases, {W§P"}, is a
complete set of topological invariants in all space groups.
In other words, every stable gapless phase in these
symmetry classes must possess gapless points on 2-cells,
which can be detected by the invariants constructed in
Sec. I C. While this fact has been stated in Ref. [120], here
we rephrase it within the AHSS framework. This can be
understood by combining the following two known facts.

(i) There are no topologically stable gapless points on
I-cells [111]. This immediately follows from the
triviality of E}°. As discussed in Sec. A2, E}*
corresponds to classification of gapless points
pinned to 1-cells.

(ii) There are no topologically stable point and surface
nodes on 3-cells in these symmetry classes, which
follows from the results in Ref. [121]. In the absence
of inversion symmetry, 3-cells are symmetric only
under chiral symmetry, which results in EAZ class
AIIL In the presence of inversion symmetry, 3-cells
are symmetric under products of inversion and time-
reversal or particle-hole symmetries. Because of the
even-parity nature of the pairing, the EAZ class is
always DIII in such a case. For these two classes,
there are no zero- and two-dimensional topological
invariants to protect surface and point nodes [121].
Any line node that does not intersect a 2-cell can be
contracted within a 3-cell to a generic point without
closing the gap on the 1-skeleton. Since such a point
node is not stable, it can then be gapped out.

Therefore, for conventional pairing symmetries, the invar-
iants constructed in Sec. II C provide a complete charac-
terization of both gapped and stable gapless phases in the
159 space groups. The same conclusion holds for 76 of the
80 layer groups. We discuss several concrete examples in
Sec. III.
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E. Numerical verification

In the preceding section, we construct Z- and Z;-valued
topological invariants. However, we do not provide any
proof that they are actually quantized, although it is
possible to confirm it one by one. In this work, we
alternatively check if they are quantized by computing
invariants for randomly generated symmetric Hamiltonians
defined on 1-skeletons repeatedly. Here, we discuss how to
numerically confirm that quantities defined in Egs. (77),
(78), and (84) are quantized. For simplicity, we always
consider spinful systems in nonmagnetic layer groups or
nonmagnetic space groups with TRS. In such a case,
M =G+ GT, where G is a nonmagnetic space group or
layer group.

1. Preparation of symmetry representations and
symmetric Hamiltonians

To generate symmetric Hamiltonians, we need symmetry
representations Uy(g). We can always construct Ug(g)
from real space as follows. First, we specify a generic point
x, in real space, where a generic point is symmetric only
under nonspatial symmetries. Once we have a generic
point, we find {x,}llg:/lm and {g,},” |g/ | such that x; = gi(xy).
Then, we can construct u (g )(ge /\/l) by

2081 iglierlaten)— s
[t (9] 600 = %e DS e [, () e (97)
"
where  u, (h) is defined in Table III, h=
97" T, —gx)) 991 Tx)—g(xy) €11 is @ translation by x, — g(x;)],
and & )y is 1 only if g(x;) — x; is a lattice vector and O

otherwise. It should be noted that u;_(g) = ux(g). While
Ur(g) = ug(g) for normal conducting phases,

ug(9) o >
for ge M,
( 0 )(guik(g) g
0]

Ui(g) = (98)
Su_(9)
. for ge MP
){ guk (g ) 0
TABLE III. Irreducible representations for symmetry groups

{e,T} and {e,M_, T ,M_T} at x;. The latter case can happen
only when we consider layer groups with mirror symmetry about
the z direction.

gei{e, T} e T
iy, (9) 1 0\/o0 1

0 1 -1 0
ge{e, M., T, M. T} e M, T M. T
iy, (9)

b )G 500 )

for superconducting phases and & = +1 (—1) corresponds

to the presence (absence) of SU(2) symmetry. Here,

x,€U(1) represents the pairing symmetry of

superconducting gap function Ag; i.e., it is defined
¢,

by u(9) A uly(9) = xyAu(g €M)

For later convenience, let us introduce the different
convention of symmetry representations. By performing
a basis transformation, we can always find

Uk(9) = Vi Ur(9)Vi = e @ 4D(g).  (99)
where D(g) is a unitary matrix independent of k and @, is a
vector that represents translation part of g € G. The basis
transformation matrix V,t is given by [vy],; = 8;pe** for
normal conducting phases and

Vg 0]
0] Vg
for superconducting phases.
Once we have symmetry representations, we can gen-
erate a symmetric random Hamiltonian defined at a k point
ky. Let us suppose that we have a Hermitian random matrix

h. Then, we obtain a symmetric random Hamiltonian at k
from

(100)

(101)

cUx, (g vU,to(g).

o |
kO g€ Gy,

2. Adiabatic connection between two symmetric
Hamiltonians

For 0- and 1-cells, we can construct symmetric random
Hamiltonians using Eq. (101). To compute our topological
invariants obtained in Sec. IIC, we need a symmetric
Hamiltonian defined on a 1-skeleton. Let k, be a repre-
sentative point of a 1-cell, and k; and k, are its boundary 0-
cells. Here, employing the technique developed in
Ref. [122], we connect Hy to Hy and Hy,. First, we
perform the basis transformation and obtain

Hy, = V| Hy Vy.. (102)
It should be noted that Flk,_ is not periodic under shift
of reciprocal lattice vector G, as seen from
H k4G = VI;I:I k, V- Then, we flatten the energy spectrum
of flko, I:Ikl, and I:Ikz. In other words, we introduce

o —v( 7" )
o 1 ’

where V is a unitary matrix composed of eigenvectors of
Hj, . Next, we define parametrized Hamiltonians by

(103)
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01(1) (104)

=(1- l‘l)Qk, =+ terO,

0s(1) = (1 - tz)QkO + IZkas (105)
where ¢, and ¢, are parameters defined by k| + #, (ko — k)
and kg + 1,(k, — k), respectively. Finally, by performing
the inverse basis transformation, we have symmetric
Hamiltonians

0:(1) (106)

o ) il
- Vk1+f1(ko—k1)Q1(tl)vk1+f1(ko—k1)’

0y(1) (107)

o ~ i
- VkoJrfz(kz—ko) 0, (IZ) VkoJrfz (ka—ko)’

which are defined on the 1-cell and the two boundary O-
cells. As a result, we have a Hamiltonian given by

[ Oi(1)
= { 0>(t)

fOI'k :k1 +t1(k0 _kl)

fork=k0+t2(k2—k0). (108)
Applying this scheme to all 1-cells, we obtain a symmetric
Hamiltonian defined on the 1-skeleton.

We make the following two remarks. First, we should
interpolate Qk, (i=0, 1, 2) to make interpolated
Hamiltonians symmetric. If we start from the flattened
Hk,- (i =0, 1, 2), the interpolated Hamiltonian does not
always possess all symmetries on 1-cells. On the other
hand, the symmetry representation Uy (g) does not depend
on momentum, as shown in Eq. (99). In such a case, it is
guaranteed that the interpolated Hamiltonians in the same
basis of Uy (g) respect all symmetries on the 1-cell. Second,
gapless points sometimes appear on 1-cells when compat-
ibility conditions between 0- and 1-cells are violated.
However, our invariants are well defined only when the
Hamiltonian is gapped on the 1-skeleton. To eliminate
gapless points on 1-cells, we must stack some Hamiltonians
so that all compatibility conditions between 0- and 1-cells
are satisfied.

3. Completeness check

To check if our invariants work, we compute topo-
logical invariants of Hamiltonians obtained in the above
way. In our numerical calculations, we repeat this
process 20 times for all layer groups and all space
groups with conventional pairing symmetries (y, = +1
for all ge M) in the presence of TRS. For later
convenience, the Hamiltonian of the mth calculation

is denoted by H,(:"). Let us suppose that we have the
following set of topological invariants:

apless apless apless T
WilH] = (WIS T VS [H ), VP (] )

(109)

Wl = (WEP H WEP ], W3 )
(110)

§

ClH] = (X, [l Xy alHi oo Xy [Hid)
(111)

where N; and N, are the numbers of Z- and Z;-valued
topological invariants, respectively. Recall that R is the
number of unity in the Smith normal form /\(0), i.e.,

/15-0) =1 for 1 <j <R, After computing all the topo-
logical invariants of the 20 Hamiltonians we have three
sets {WI[H]E0, (WelH{" 10y, and {CIH" I,
Then, we check if our topological 1nvar1ants can

fully characterize E;_' More precisely, we conﬁrm that

{WAH T AW 12, and {CTHY, can
span Z"t, ZNr, and @ﬁv_:i"Ro HZM,}, respectively. See

Appendix B 4 for more technical details.

F. Fermi surface formulas for topological
superconductors

Although obtaining g-matrices for realistic materials is
usually challenging, it is well known that the expressions of
Eq. (89) and the winding number w could be simplified
when the scale of pair potentials is small enough compared
with that of normal conducting phases [123,124]. In this
weak-pairing limit, if normal conducting phases are gapped
at k = 0, 7 and Fermi surfaces are not degenerate, we have
the following formulas:

—1)* = [ sen(80). (112)
€,.=0
Z sgn akenk)sgn(énk) (113)

€nx=0

where €, is the nth eigenenergy of the normal conducting
phase and 6, is a diagonal element of the superconducting
gap function in the band basis [125]. Given that these two
invariants are also defined in terms of winding of ¢-
matrices and exponential function of the winding, such
as Eqgs. (75) and (79), it is natural to expect that similar
formulas for our invariants also exist. A systematic enu-
meration of such formulas is beyond the scope of the
present paper. We note, however, that this problem has
been addressed in subsequent work [120], where
the invariants constructed here are further reduced to
practical Fermi-surface formulas for s-wave-like topologi-
cal superconductivity.
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III. EXAMPLES

In this section, we derive topological invariants of
topological superconductors in several symmetry settings
with TRS. We also compute the obtained topological
invariants for representative models of all possible topo-
logical phases in these symmetry settings.

A. Layer group p2,/m11 with A, pairing

Our first example is layer group p2,/mll whose
generators are screw symmetry S, = {2,00/(1/2,0,0)T},
mirror symmetry M, = {mo|(1/2,0,0)T}, and a trans-
lation along the y direction. According to Ref. [70],

¢K(GZ/‘I%(T2) Z in layer group p2;/mll with TRS T
and A, pairing. However, topological invariants are not
known yet. Here, we construct the topological invariants
based on our framework.

Our cell decomposition of the fundamental domain is
shown in Fig. 2(b), and irreps are tabulated in Table IV.
Then, E|™' = Z° is given by

Ey™ = 2Z[b,] ® Z[byy) @ Z[b.)] @ Z[b.2] & Z[by,),

(114)

where we omit “(1)” from b)) for short. After following

D’.a
procedures in Sec. II C, we find r; = 1 and

a, by ¢ ¢ 4

1 -1 1 I -1
oo [ 0100
0 O 1 0 O
0O 0 0 0 1
0O 0 -1 1 O
TABLE IV. Irreducible representations and their EAZ classes

on 0- and 1-cells in layer group p2;/mll.

Irrep EAZ e Sy I1=M.S, M,
I', Y, Alll 1 - -1 i

I, Y, Alll 1 - 1 —i
I3, Y5 Alll 1 i -1 —i
T4, Yy Alll 1 i 1 i

Xy, My DIII 2 0 0 0

Irrep EAZ e S,

ap, dl AIIl 1 —ie‘_ikx/2

as, d2 AIll 1 1e_ik)f/2

Irrep EAZ e M,

by Alll 1 -

b, Alll 1 i

c DIII 1 i

cH DIII 1 —i

1 0 0 O
01 00
AO) = (116)
0 010
0 00 O
As discussed in Sec. I B, the first row of [X()]~! informs

us about a topological invariant for gapless points on 2-
cells, which is given by

WSS — 1, =y, W, W, =Wy

1 detg" /
—— || dlog——Tk___ [ glog "k _
27l [/a gd(‘)'[(qkl)vac b gdet(qlizl)vac
det detg®
/dl q"vac /dlo i ]
d

det( dy )vac
1
(dlogdet gy — dlogdetg;*),

:—X—
2 2mi C

(117)
where the loop C is defined by I'-X-M-Y-I". In the last line,
we use the relation det q,lfz = det q,lf‘ for K = a, b, d (see
Appendix C).

As shown in Eq. (78), since only A4_(s_;) # 1 and
Jy = 0, the fifth row of [X(V]~! gives us a Z-valued
topological invariant for gapped phases

wemed =y

-1 /”dlo detqfi‘[.ky) detqur.ky) -1
Tam fy % det(qly, ) \det(q, )

(118)

In fact, this is the mirror winding number.

A generator of k% /C) (T?) = Z is constructed from one-
dimensional topological superconducting phases protected
by mirror and chiral symmetries, as shown in Fig. 4(a).
After computing W23 for a representative model of this
generator with a random symmetric perturbation, we find
that yyeaped — 1

B. Layer group p2,/b11 with A, pairing
Our next example is layer group p2,/b11, which is
generated by screw symmetry S, = {200[(1/2,1/2,0)"}
and glide symmetry G, = {mp|(1/2,1/2,0)T}.
Reference [70] shows that ? K E; /I%(Tz) = Z, in layer group
p2;/b11 with TRS 7 and A, pairing.
The cell decomposition is the same as in Fig. 2(b).

Irreducible representations and their EAZ classes are
tabulated in Table V. We have E }"_' = Z° spanned by
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(a) Layer group p2;/ml11 (b) Layer group p2;/b11
l1e” 1e 7,
N o L e o
AN
1D TSC
7% I 0 /1 33>
(c) Layer group p2;11
y‘\ (170)€ZZXZ4 Yy (072)€ZZXZ4 (071)€ZZXZ4

<
<

2D TSC

Y

FIG. 4. Real-space pictures of topological phases in layer
groups p2,/mll (a), p2,/b11 (b), and p2,11 (c).

E™ = @ Zbg ] ® D ( &) Z[b,(,a]). (119)
K=a.,b K=c,d \a=1,2
From the analyses in Sec. II B, we find r; = 1 and

a by ¢ ¢ d dy

1 -1 1 1 -1 -1
0O 1 0 0 0 2
XU'=10 o 0 1 -1 1 |; (120
0 0 0 0 0 1
0 0 0 0 -1 1
0 0 -1 1 -1 1

1 0000
01000
A9=10 0 1 0 0]; (121)
00010
00002
L, X, Yy M My, My M,
1 1 0 0 0 0 -2 =2
o 0 1 0 0 1 -1 =2
0O 0 0 1 0 0 -1 -1
voOt=fo o o o 1 1 -1 -1
O 0 0 0 O 1 0 -1
O 1 0 0 O O 0 0
0O 0 0 0 0 O 1 0
0O 0 0 0 0 0 0 1
(122)

TABLE V. Character tables of irreps and their EAZ classes on
0- and 1-cells in layer group p2,/b11.

Trrep EAZ e S, 1 G,
I, AIIl 1 —i -1 i

I, AIIL 1 —i 1 —i
I3 AIIL 1 i -1 —i
ry Alll 1 i 1 i

X4 DIII 2 0 0 0

Y, DIII 2 0 0 0

M, DIIT 1 1 -1 -1
M, DIIT 1 1 1 1

M; DIIT 1 -1 -1 1

My DIII 1 -1 1 -1
Irrep EAZ e S,

a, AIIL 1 —je~ik/2

a, AIll 1 ie—ike/2

d, DIII 1 ie—ik:/2

d, DIII 1 —ie~ike/2

Irrep EAZ e G,

bl AIII 1 —ig_iky/2

b, AIIl 1 ie~iky/2

Ccq DIII 1 ie_iky/z

cy DIII 1 —je~ik/2

From the first row of [X(V]~!, we have the following
Z-valued topological invariant for gapless points on
2-cells:

Wgapless
= Wa, = Wp, + W, + We, = Wy, — Wy,
1 det g’ det g}’
=— /dlog%—/dlog egk
271 | Ja det(qk‘ )vac b det(qk‘ )Vac

1< det g’
— dlog——% [ 41
+221</ % detl(gp )™ L °

det qgi >
g det(qlﬂji)vac

(123)

1
= - X —

(dlogdet g, — dlogdet g;*),
2 Tl Jc

(124)

where the loop C is defined by I'-X-M-Y-I". We see that
only A5 =2 is not unity in Eq. (121), which indicates
that the last row of [X(1)]~! and the fifth row of [V(?]~!
provide a Z,-valued topological invariant for
gapped phases. The Z,-valued topological invariant X
is given by
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detg,’ ) !
K> \vac ’
det(q,?)
(125)

detq,lf‘ <
det(q,f‘ )vac

where we replace Z[g{] by Pf[g{] in the second line, as
mentioned in Sec. IIB.

A generator of ¢K<GZ)?%(T2) =7, is constructed
from one-dimensional topological superconducting
phases, as shown in Fig. 4(b). After computing X
for a representative model of this generator with a
random symmetric perturbation, we find that X =1
mod 2.

C. Layer group p2,11 with
A pairing
The third example is layer group p2;11, whose gen-

erators are screw S, = {299/(1/2,0,0)" } and a translation
along the y direction. In Ref. [33], the authors show that

¢K((§}§%(T2) = 7, x Z4 in layer group p2,11 with TRS and
with A pairing. However, topological invariants are not
known yet. Here, we construct the topological invariants
based on our framework.

Again, the cell decomposition is the same as layer groups
p2,/mll and p2,/bl11. Irreducible representations and

their EAZ classes are tabulated in Table VI. We have
E;~' = 7% spanned by

B @ Zhelo © (@Z[bx,a]). (126)

K=b,c K=a,d \a=1.2

We perform the analyses presented in Sec. II B, and then
we find r; = 1 and

a a by ¢ di 4,

1 1 -1 2 -1 -1

O -1 1 0 O 2
xO'=1o0o o o 1 -1 1 |[; (127

0 O 0O 0 O 1

o 2 -1 0 -1 1

o 2 -1 0 -2 0

TABLE VI.  Character tables of irreps and their EAZ classes on
0- and 1-cells in layer group p2;11.
Trrep EAZ e S,
Iy, Y, Alll 1 —i
I, Y, Alll 1 i
X, M, DIII 1 -1
X5, M, DIII 1 1
Trrep EAZ e Sy
a, d Alll 1 —jemik/2
as, d2 Alll 1 ig_ikr/z
Irrep EAZ e
CI 1
c DIII 1
1 0 0 0O
0O 1 0 0 O
A9=10 0 1 0 0]; (128)
00 0 2 0
0 0 0 0 4
X X Y9 M M
1 0 2 0 0o -4
0 1 1 0 1 -3
voO-t=fo o 0o 1 0 =2 (129)
0o 0 -2 1 1 -1
o 0 -1 0 1 0
o 0 0 0 O 1

In the same way as the above examples, we have a Z-valued
topological invariant for gapless points on 2-cells:

apless __
WEREESS =y, Wy, —wy, + 2w, —wg —wy

1
= 2—”ifc(dlog det ¢ — dlogdet g;*).

2

(130)

We find A4 = 2 and 15 = 4. As a result, we construct a Z,-
valued topological invariant from the fifth row of [X(1)]~!

TABLE VII. Topological invariants for representative models
of topological phases.

‘/’K(G/i_}([]y) =7,x2, (X, mod 2, X, mod 4)

(1, 0 1, 2)
O, 2) ©, 2)
O, 1) (1, 1)
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and the fourth row of [V(?)]~!. Also, a Z,-valued topological invariant is obtained from the sixth row of [X(1)]~!

and the fifth

row of [V(©]~!. The Z,- and Z,-valued invariants, denoted by X’; and X,, are defined by

(=% = 2’[q XZ]Z[ ’] (Zz[( 7x)"™ Zl(qwm Mz)m])"Vﬁz[Hk}vdz[Hk]
Zlay'1Zlam'] \ Zl(gy' )™ Z[(gn' )]/ vo, [Hilva, [Hi]
det g3 Pf[qyr] (det(qu)“"Pf [(gp)* ])
" detg) Pr[gh] \det(g}')"*Pr{(qM' )]
a by d dy
< exp —l/d 2log detq(,fx’o) ~ detq«).k},) ~ detq(,ix_”) detq<kﬁ”> (131)
2 det(qz o))" det(é]f&,k‘))v“c det(é]flk]x,,ﬂ)m det(é]‘f;ﬁ )
z z X2 \vac 2 [H]
2, _ Zlaxl/2lax)™] v, Hy
Zlam'l/ Z[(gy') ] vo, [HK]VG, [H]
b d
Pflo221 PEI( M1 )vac 1 detq det g, detq,, -
_ PG PG )™] | / d<210g Gl G0k)__ 1091 lin (132)
Pflgu'] PF(gx*)*™] 4 det(q o)) det(q )" det(q( )"

Real-space pictures of topological phases are shown in
Fig. 4(c), as discussed in Ref. [70]. From (X, X,) for a
representative model of each phase, we find that (X, X,)

/K(Z C)(TZ)

can fully characterize " K ;/p

Table VII.

Z, X Z4, as shown in

IV. TOPOLOGICAL INVARIANTS FOR NORMAL
CONDUCTING PHASES

So far, we have discussed topological invariants when
E} ~(p=0,1,2) are free Abelian groups. Typically, this
happens to time-reversal-symmetric superconductors with
conventional pairing symmetries. On the other hand, this is
not always the case for superconductors with unconven-
tional pairing symmetries and normal conducting systems.
In particular, when we are interested in normal conducting
systems, EP'™' always takes the form of (Z,)!(1€ Zs).
This is because an EAZ class of each irrep on a p-cell is
always any one of A, Al, and AIl, and only Al gives Z, as
shown in Table I. Here, let us discuss how to construct
topological invariants for insulators and semimetals.

The construction of topological invariants for normal
conducting phases also requires the similar two steps
discussed in Secs. II B and II C. The only dlfference in
the first step is the existence of Z, parts in Ep . The
discussions in Sec. II B are easily generalized, as shown in
Sec. IV B 5. On the other hand, due to the absence of any
chiral symmetry, we need to develop a different charac-
terization of E}’_l for normal conducting phases. In
Sec. IV B, we introduce the transition function as a Z,-
valued quantity under some gauge conditions. As a result,
we first construct topological invariants under some gauge

|

conditions from AHSS. Since the formulas with fixed
gauges are generally not useful for actual computations, we
then rewrite the formulas in terms of gauge-independent
quantities. In the following, we explain our strategy
through some examples. We leave a systematic implemen-
tation of gauge-invariant formulas as a future work.

A. Some generalities

Before moving on to the construction of invariants on the
1-skeleton, we summarize in this section general remarks
not limited to the 1-skeleton.

1. Types of topological invariants

In insulating systems, Eg'o is a free Abelian group, and
Eé"l consists solely of Z,. Since free Abelian groups do
not undergo nontrivial extensions, the topological invari-
ants defined on the 1-skeleton take values in the group Z,.
On the other hand, the group Eg’_2 may be nontrivially
extended by invariants on the 1-skeleton, so there can be,
for example, Z, invariants.

2. Notations

We summarize the notations used in this section, which
are different from those in Sec. II. Let G be a magnetic
point group, and ¢:G — {+1} be a homomorphism
specifying whether an element g € G is unitary or anti-
unitary. Introduce the notation for a matrix X, X% = X
when ¢, = 1 and X%» = X* when ¢, = —1. Let p, € O(d)
be the point group action of g, and @, be a (fractional)
translation. The action on real space is g:x > px +a,.
Denote the group action on the momentum space k € T¢ as
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gk — gk = ¢ ,p k. Write Z™(g, h) as the factor system
for internal degrees of freedom, and the factor system in the
momentum space as

(g, h) = 2™(g, h)e*Pata=an) — (133)
for g, h € G, where z;(g, h) satisfies the following cocycle
condition:

2o (. D) Pz (gh, )7 2k (9. Rl zi(g. h)™ =1 (134)

for g, h, 1€ G [47]. Let {Ux(9) },e ¢ be symmetry operators

globally defined in the momentum space T, satisfying the
following k-dependent cocycle condition:

Un(9)Ux(h)? = zu(g. h)Ux(gh).  g.h€G. (135)
A periodic Hamiltonian Hj in the momentum space T¢
satisfies the following symmetry:

(136)

Uel9)HY' Ur(g)t = Hyo  g€G.

3. Classification of equivariant vector bundle

In general, the classification of isomorphism classes of
vector bundles is to classify transition functions. Let
{U;}ic; be a covering of the momentum space 79
compatible with the symmetry, i.e.,

T¢ = yU,, (137)
l

where U, is called patch in the following. Each patch U;
corresponds to the Poincaré dual of a O-cell k; in the cell
decomposition of the AHSS. By design, the action of g on
each patch g(U;) = {gk € T/|k € U;} is some patch, and
the group action on patch labels is denoted as i > g(i).
Namely, g(U;) = U,;. Each patch U; is contractible, and
the Bloch states ®;; on each patch U; can be chosen
continuously. Let N be the number of occupied states. On a
two-patch intersection U;; = U; n U}, the transition func-

tion is defined as
tijx = @ P €UN).

keU;.  (138)

The transition function 7;;; satisfies the following

cocycle condition over a three-patch intersection
Uijl = Ui N U] n U[I
Likliiktik = T keU;. (139)

The intersection Uj; is generally not contractible and may
have multiple connected components.

Under certain symmetry constraints (gauge-fixing con-
ditions) on the Bloch states of each patch, the desired

topological classification is obtained from the homotopy
equivalence class of transition functions f;;; invariant
against residual gauge transformations. In each patch,
due to the symmetry relation in Eq. (136), the Bloch state
@, defines a unitary matrix, called sewing matrix,
wik(9€G)€U(N) by

Uk(9)®} = Oy uwisl9).  k€UigeG. (140)
Here, note that the matrix w;, unlike Uy(g), is defined
only on the patch k€ U; and satisfies the same product
structure (135) as Uy(g), namely,

Wh(i),hk(g)wi.k(h>¢‘q:Zghk(gvh)wi,k(gh)7 g.h€G. (141)

The following fact is the starting point of construction.
Theorem 1. There exist continuous unitary matrices
Vikeu, on patches U; such that

wik(9) V?IJ.; = Vg(i),gke_ig(k_ki>'a-"wi,k1 (9),

keU;, gegq, (142)
hold true.

See Appendix E for a proof. This implies that through a
gauge transformation @, > ®,;;V,,, one can always fix
the gauge in such a way that the symmetry operator in each
patch can be the symmetry operator w;  (g) at the O-cell k;
up to the factor e 9k—*)e, determined solely by the
magnetic space group data. It is noted that the unitary
equivalence class of the representation matrix w;  (g) at the
0-cell k; is determined by the numbers of irreps of the little
group Gy, = {g€Glgk; =k;} at k;. Consequently, the
gauge-fixing condition for each patch depends only on
the representation at O-cell k;.

Let us choose a gauge-fixing condition {w;x(9)};cs ec
that satisfies Eq. (141). Under the gauge-fixing condition
(140), the transition functions satisfy the following
symmetry:

¢’ 5
wir (91 wik(9)" = tyiing(i) gk

keU geQG. (143)

ijs

The residual gauge transformations, which leave the gauge-
fixing condition (140) invariant, are given by

Dy > D W W, €U(N), (144)

with the matrices W, on U, satisfying the condition

Wik (@)W (9)T = Wi oo

keU,, g€QG. (145)
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Under the residual gauge transformation in Eq. (144), the
transition functions change as

tijk > WiatijaW . (146)
The set of homotopy equivalence classes of the transition
functions 7;;, when divided by the equivalence relation
generated by the residual gauge transformation in
Eq. (144), yields the data for topological invariants.

The classification of topological invariants defined by
the transition functions 7;; is generally difficult. However,
when limiting the Bloch states to the I-skeleton of
momentum space, the topological invariants are classified
by Eé‘_l and constructed explicitly, as discussed in the next
section.

B. The construction of Z, topological invariants
over 1-skeleton

In this section, we discuss the construction of Z,
topological invariants defined from the occupied states
over the 1-skeleton in momentum space. In the following
discussions, we assume that any set of representations of
occupied states at O-cells satisfies the compatibility rela-
tions to ensure the existence of the gap over the 1-skeleton,
resulting in that the set of representations at O-cells is an
element of E5°.

1. Introducing a gauge constraint over 1-cells
Let s(a) and #(a) be the start and terminal point of a
1-cell a, respectively (see Fig. 5). We choose a represen-
tative point k, € a and examine the symmetry constraint of
the transition function at the point k,:

e, = Pl )4 Prlayk, EUN). (147)

Let us define the subgroup G, ={g€Glgk =k
V k e€a}, whose elements keep points on 1-cell a invari-
ant. The transition function then satisfies the symmetry
constraint in Eq. (143):

FIG. 5. Tlustration of 1-cell a and its start point s(a) and
terminal point #(a). The transition function is defined on the
overlap of patches Uy, and U, which are the neighborhoods
of O-cells s(a) and #(a), respectively. The point k, is a
representative point in the intersection U,y N Uyq) N a.

Wy(a)k, (9) tllfjwt(a),k,l (9)" =t

geG,. (148)
Although wy(,) «, (9) and w,,) x (g) are unitary equivalent
as representations of G, with the common factor system
%k, (9, 1), Way ke, (9) and wy(,) 1, (g) are generally different.
As a result, no apparent constraint arises in eigenvalues of
the transition function 7 .

To make restrictions on the eigenvalues explicit, we fix a
representation matrix w,4(g)(g€G) for 1-cell a, which
obeys the globally defined factor system zz(g, h):

Wh(a),hk(g)wa,k(h)¢g = Zghk(g’ h)wa,k(gh)’

g, heq. (149)
Here, g(a) denotes a 1-cell mapped from 1-cell a by g € G.
The matrix w,;(g) can be considered as a gauge-fixing
condition on I-cell:

b,
Uk(g)q)ajc = q)g(a),gkwa,k(g)7 ge G. (150)
Let V;_,x denote the unitary matrix for a basis trans-
formation from the O-cell i to an adjacent 1-cell a:
¢
Wik (g) Viia,k = Vi—m,kwu.k (g), g€ Ga' (151)
(As detailed later, V,_,, is not unique.) Using this basis
transformation, we redefine

;ka = V:(a)—m.k,, Ik, Vt(a)—)a,ka’ (152)

The transition function 7 then satisfies the symmetry

T:;k’

Wak, (9T war, (9T =T, 9€G, (153)

imposing a constraint on the eigenvalues of 7 .

2. Preliminary discussion:
For block diagonalized w,y_(g)

To examine the eigenvalue structure of 7 , we first
consider the case where the representation matrices
Wax,(g) are block diagonalized for each irrep.

Let G ={g9€G,|l¢, =1} be the subgroup of G,
consisting of unitary elements. Denote the irreducible
character of a-irrep of G as y¢(geGY). When
G,\GY # @, choose a representative te G,\GY, and ta
denotes the irrep related to a by t Note that t> # e, in
general. The character of ta is given by
18(9) = [z, (9.9, LT )i (g ¥ geGy.
Choose a set of representation matrices for each irrep and
denote them as pf(g). Let D, be the matrix dimension
(representation dimension) of p¢(g).
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We consider the following block-diagonalized form for
the representation matrix:
9) =@ri,(9) @1, (9€Ga),  (154)
a
where 7, is the number of a-irrep contained in wy_(g). With
this choice, 7 is block diagonalized as
i, = Plp, ® ?,‘fa, ?,i‘a €U(n,). (155)
a

Furthermore, due to t symmetry, the unitary matrix i;ja of

each sector is subjected to further constraint depending on

the EAZ class of a-irrep, as described below.

(a) EAZ class A, i.e., no antiunitary symmetry present—In
this case, there are no further restrictions on ?”
Since 7[U(n,)] = 0, no topologically nontrivial clas—
sification arises. In particular, det tka can take any
U(1) value.

(b) EAZ class Ay, i.e., antiunitary symmetry t exists but a
and ta are different—In this case, there are no further
restrictions on 7 . Since 7y[U(n,)] = 0, no topologi-
cally nontrivial classification arises. For pg(g),
the representation matrix of the irrep tar can be fixed
as  p(9) = [z, (9. 1)/ 2, (LT gb)]pg (tT'gt)" for
geGY. In doing so, since t(ta) ~ a, there exists a
unitary matrix Ue€U(D,) such that pf(g) =
[ (9. 1)/ 2 (Lt gt)|Upj?(9)* U and U is given by
z (L 1)pg (1). As a result, the representation matrix of t
in the a @ ta sector becomes

0 Wty
Wak (t)|(a€9ta)®"a = ( p 0 k ® ﬂn,,,-

(156)

Note that D, = Dy, and n, = ny,. Under this repre-

sentation, due to t symmetry, 7%* = (7 )* holds. In
particular,

det?,i’a det"t}g =1. (157)
(c) EAZ class Al—There exists a unitary matrix
P EU(D,) such that p(tpE(t)” = 2t HpE(E)
[109]. The representation matrix of t of a-irrep is
given by w,ileen = pg(t) ® 1, . Consequently,
(?“ )*=1; due to t symmetry, meaning that
EO( ) Since 74[O(n,
arlses from the transition functions on 1-cell, which is
determined by the sign

)] = Z,, a Z, classification
det?d € {&1}. (158)

It turns out that the sign det7{ depends on the basis
transformation V,_,,. For a triple of representation

matrices w; x(g), w,x(g), and the basis transformation
Vi.ax» let us consider a substitution of V,_ ,; as

Vi—m,k = Vi—»a,kavi—m,k’ (159)

Wak (g) (5‘/1'—>u.k)(ﬁgwa,k(gyr = 5Vi—>a,k' (160)

This substitution does not alter the relation (151).
Considering the form of w, 4 (g) in Eq. (154) and the
symmetry relation in Eq. (160), we have

5Vi_,a,k - @]]Da ® 5qu—>a.k‘ (161)

In particular, for the block of a-irrep whose EAZ class
is Al 6V{, , €0(n,). This substitution leads to a
change in the unitary matrix 7 defined in Eq. (155):

7 oV 7 sve

S(a)—»u,k“) ' k t(a)—ak," (162)

Consequently, the sign det ?;ga changes as well:

dety > det(6V ), )" det detsVy, ., .

(163)

(d) EAZ class All—Because of Kramers’ degeneracy,
n, is an even number. There exists a unitary
matrix  pf(t)eU(D,) such that pg(t)pg(t)" =
-z (L Y)pg, (t?). Using this matrix pi, (1), the repre-
sentation matrix of t in the a block is given by
Wakleea = pi(t) ® (ioy)1, ,». Consequently, due to
t symmetry, (wy)(tkd) (ioy)" = =7 , meaning that
the ?,‘i‘a matrix belongs to the symplectic
group  Sp(n,/2) = {X€U(n,)|X" (ic,)X = io,}.
Since 74[Sp(n,/2)] = 0, no nontrivial classification
arises. Furthermore, as the eigenvalues of the matrix
7y ~appear in complex conjugate pairs (4,4),
det7y = 1.

3. Gauge-invariant expression of deti“

The U(1)-valued quantity det tk is definable even if the
representation matrix w,(g) is not block diagonalized as
in the expression (154). By introducing the orthogonal
projection onto the a-irrep defined by

Z)(k ak

geG

(164)

the projection of the transition function 7 onto the a sector
is given by

a7 a — pa %
Pa,ka tkaPa,ka - Pa,k tk

a Ma

Pk - (165)

I
=
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The nonzero eigenvalues of the projection Pz’ka [ k,
consist of n, eigenvalues 4;, ...4,, , and each of them is D,-

fold degenerated. We define

¢ (i) =[] 4
i=1

(166)

The discussion in the previous section can be summarized
for each EAZ class as

i) €U(1),

= 1. (167)

Some remarks are in order.
(i) The U(1)-valued quantity & (7 ) behaves as a
product with respect to direct sums:

e (, ® 1) =& (e, )8 (5, ). (168)
(i) As can be seen from the expression
gl(:a <;ka) = 510:” (Vz(a)—»a,ka q)z(a),ka q)t(a),ku Vt(a)—)a,k,,)’
(169)

it is emphasized again that the U(1)-valued quantity
& (f,) depends on the basis transformation ma-
trix Vl—»a k-

(i) For irreps with EAZ class Al a set of signs & (7, )
represents an entry of £’ 7! in the AHSS.

4. Residual patch gauge transformation

We see how the residual patch gauge transformation
(144) changes the U(l)-valued quantity & (7, ). The
transition function 7 defined in Eq. (152) changes under
a gauge transformation as

;ka = Ws(u),k“ ;ku W‘t“(a),kd ’ ( 170)
Wik = Vj_,a,k WirVisaks (171)

where the matrices Ws(a),k and W,(a)‘k satisfy the same
symmetry (160) as 6V,_,,, with the representation matrix
wx(g), namely,

by

Wak( )W kwak(g) - zk forQEGa‘ (172)

Thus, all of W< k- Ix,»and W( )k, are block diagonalized
in the a sector. Consequently,

5?; (Ws(a%ka;ka Wj(a) k )

= gza(ﬁ/

@ )& (T )& (Wip ) (173)

holds, meaning that it becomes the product of each U(1)
value. Moreover, the U(1) value & (f,) in Eq. (166) is
defined by eigenvalues, and, thus, it does not depend on the
choice of the representation matrix w, (g€ G,). Then, it
follows that

51?(, (Ws(a»ka;ka Wj(a),ka)

= & Weau, )& (B, )& Wiy ). (174)

In particular, when the EAZ class of a-irrep is Al, the
value & (Wya)x,) is quantized to Z,; thus, it does not
depend on the momentum k € a on the 1-cell a. Therefore,
it coincides with the sign at the O-cell s(a):

& Wiwi,) = & Wik, for AL

P (175)
Recall that momentum at O-cell i is denoted as k;. The same
applies to ;:[,(W;(a),ka)'

It should be noted that, although the above
& (W, )|k L, is defined at O-cell k;, it is computed for

irreps on the adjacent 1-cell. On the other hand, with the
stabilizer group Gy, = {g€ G|gk; = k;}, a U(l)-valued
quantity ?fi_(k")(Wivki) is similarly defined for each irrep
P(k;) of the unitary subgroup GOI_ = Ker¢p N Gy.. The
irreducible decomposition of irrep p(k;) of G,Oq into the
irreps {a}, of GY is given by

Plk)ly = Pa®" (176)
Then, the following relation holds:
a k; n{i(ki )
& Wikl = T W)l (177)

Plk;)

For the proof, see Appendix C.

Note that if G, includes an antiunitary element t,
then Gy, also includes t € Gy,. For an a-irrep of G, with
EAZ class Al it follows that the EAZ of the irrep f(k;) on
the right-hand side of Eq. (177) is either Al All,
or Ay. Furthermore, considering Eq. (167), the contribu-

tion from AIl is é‘f,(k’)(W
iii(kf) (Wi.k’_).f;f(k")(w,-,ki) =1, leaving only contributions
from AI. Therefore, we obtain

i,k[)zl and from Ap is
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Blk;)

§ k; He !
gk,IEAI(Wiskade—»k,-: H [fi( )(Wi.k,-)] )

plk;) €AL

(178)

Here, Hﬂ(k’_)e a1 denotes the product over irreps of G,Oci
whose EAZ is given by Al. Eventually, the change in the
sign &f<AM(7,) € {£1} under the residual patch gauge
transformation (144) is given by

EEM () P> &M (R,

n/’(ks(a))
(ky(a)) a
x H |:§£x(a) (W‘Y(a)'ks(a) ):|
ﬂ(ks(a)) €AI
o)
(kl a ) “
X [gi,(a)( ) (Wl(a)*kt(a)):| (]79)
/j(kt(u)) €Al

This relation (179) is nothing but the differential
d(l)’_lz E(l)’_1 — E}’_l in the AHSS, and, therefore, the
Z, invariants over the 1-skeleton are classified by the
group E{‘_I/Im d?‘_l.

The group E}’_l /Im d(l)'_1 includes Z, invariants that
detect gapless points at points inside 2-cells, which are
called “z-Berry phase” in the literature. Such Z, invariants
are given by the coimage Coimd%‘_1 of the differential
dy™': E}™' - E77' and depend on a choice of cell
decomposition. In contrast, Ey~' = Kerd] ™" /Imd"~" is
independent of cell decomposition. Therefore, Eé'_l gives
the classification of Z, invariants that characterize gapped
phases over 2-skeleton, i.e., insulators and gapless points at
a general point inside the 3-cell, independent of the cell
decomposition.

5. Gauge-invariant product for 7, invariant

The gauge-invariant combination of the signs & *!(7y )
constitutes a Z, invariant, which can be calculated from the
first differential in AHSS. The construction is parallel to
that discussed in Sec. II B, except that it is Z, valued rather
than Z valued. Hence, only the results are briefly
stated here.

Let EM ™' = @Y, 2,[b'")]. We denote the matrix com-
posed of basis vectors as B = (b(lp ), bj(f,)) and write

the first differential as

di?,—l (B(p)) - B(P+1)Mdp,,1 , (180)
I

where M ! is a Z,-valued N, x N, matrix. Let the

Smith normal form of M - be

1

5 O
U(I)Md:._lv(l) = ( 0‘ 0>, (181)

and define the matrix Y by

Or XN,
[V(1>]—1Md?<-1 = ( IY °> (182)
The Smith normal form of Y is denoted by
1 0
UOyy©) — < Ro > (183)
o O

and the corresponding basis transformation matrix is
defined by

xW =vWa, @ [U91"). (184)
We introduce the vectors x, ...,xy, by
XU = (2 x, xy, )T (185)

For a gapped band structure E on the 1-skeleton, let us
define a Z,-valued v;(E) €{0,1} as

(-4 ® o= Tl ()Mo, =1, ...

a,a

Ny, (186)

where the components of the vector x; are indexed by the
pairs (a, a) representing the basis of E {‘_1, consisting of a
I-cell a and an a-irrep on a whose EAZ class is Al Thus,
vi(E),...,v, (E) correspond to Z, invariants that detect
gapless points in the 2-cell protected by the z-Berry
phase within the given cell decomposition, while
Uy 4Ry+1(E)s ....vy, (E) correspond to Z, invariants
characterizing the gapped Bloch wave functions on the
1-skeleton.

On the other hand, v, ((E),....v, g (E) are not
invariants, as they change under residual patch gauge
transformations.

6. Incompatibility of 7, invariants with band sum

As noted in Secs. IVB2 and IVB3, the sign
&M (7)€ {£1} depends on the basis transformation

Vi_ax- Therefore, it is not immediately clear whether the
Z, invariant v(E) maintains an additive structure for the
direct sum of bands E @ F, i.e., whether v(E® F) =
v(E) + v(F) holds, where “=" indicates that the values of
the right-hand and left-hand sides are equal modulo two in
the following. As discussed below, we discover that the
relation does not hold and that a correction term is involved.

As we are interested in the direct sum E @ F of bands,
we introduce an index B € {E, F} specifying the bands E
and F. Now, we order the irreps at each O-cell i, which is
labeled by p(k;) = 1(k;), ..., m;(k;). Similarly, for each 1-
cell a, order the irreps as a(k,) = 1(k,), ..., m,(k,) and

denote the representation matrix of irrep a(k,) as u,‘:(k“) (9).

a
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The irreducible decompositions of band B at O-cell i and 1l-cell a can be written as @;ﬁlngkv)ﬂ(ki)
and @;"glnf(ka>a(ku) with ”§<k,.> €7Zs and nf(ku) € Zs, respectively.
After some calculations discussed in Appendix F, we find that

Vi(E® F)=v,(E)+v(F) + 51/,»(E|E2.0, F|E<2).o), (187)
where
8v;(E|00.F] 0.0) k, k, (*il(a.a) .
(—1) AR = (H) (5o (Elgo, Flagn)ogee) (Elyao. Flggo) | (188)
a,o
Pr (ki) PE (ki)
55;:{5’;‘1(1 (E|E2A0, F|E2‘°) — (_I)ZISﬂFoni Z[}F</}5Smi ”gpwi)"uzca) nfg(ki)nrtﬁca) e {i]}’ (189)

where the notation B| go0 Tepresents the restriction to the O-cell and the correction term indeed depends only on elements of
ES? in the O-cell. See Appendix F for a derivation of Egs. (187)~(189). It is important to note that v;,(E @ F) = v;(F @ E)

may not always hold true.

7. Quadratic refinement and redefinition of 7, invariants

As seen in Eq. (187), the introduced Z, invariants do not follow the sum rule. Then, it is natural to ask if it is possible to
redefine Z, invariants that satisfy linearity for the direct sum of bands. Here, we introduce a technique, known as quadratic

refinement, to construct the desired Z, invariants from v.
From Eq. (188), we have

5yi(E|Eg'O7F|Eg‘O) = Z[xi](u.a)

(a,a BEky(a))PFKg(q))
LB (k(q)) <PE(Kg(q))Smg(q)

+

PEKe(a))PF Ky ()
V<P (ky( ) <PE () )y

As the number of irreps behaves linearly with respect to the

: E®F _ E F :
direct sum of bands, n k) = Mgk, + Mih)» the correction
Sv;(E| 2o, F | E[zm) is a bilinear form

suir EYY x ES0 = 7,. (191)

We aim to redefine the invariant v;(E) using
Sv;(E| g0 F | Eg,o) so that the redefined Z, invariant satisfies

linearity for the direct sum of bands. As discussed later,
such a redefinition is possible if ov; is symmetric. Based on
an empirical rule, we conjecture the following.

Conjecture I—The bilinear form dv; is symmetric for the
invariants of gapless points i€{1,...,r;} and for the
invariants of gapped insulators i€ {r; + Ry + 1,..., N }.
In other words,

S (kyay) Peka))
Pl atly) )ty | 04 2 (190)
|
ovi(n,n') =év;(n', n), n,n eEg’O
foriE{l,...,rl,rl+R0+1,...,N1} (192)

holds true.

We numerically verified conjecture (192) to be correct
for the 528 types of 2D magnetic layer and 1651 types of
3D magnetic space groups in spinless and spinful electronic
systems. We leave an analytical proof applicable to
arbitrary spatial dimensions and factor systems for a future
problem. Note that for indices i € {r; + 1, ..., r; + Ry} for
gauge-dependent ones and for representations n,n’ € E(l)'0
that do not satisfy the compatibility relations, Eq. (192)
does not hold.

For a given symmetric bilinear form dv;, there exists a
function g¢; : E(2>,0 — Z, (note that it is not linear) satisfying
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dvi(n,n') = q;(n +n') + q;(n) + q;(n’),

iE{l,...,rl,r1+R0+1,...,N1}. (193)

The function ¢; is referred to as the quadratic refinement of
ov;. This quadratic refinement ¢; is not unique and has the
redundancy of Hom(ES*, Z,). For the existence proof, see
Appendix G. We redefine v;(E) using this ¢; as follows:

i(E): = vi(E) + q;(E| o),
iE{l,...,rl,r1—|—R0—|—1,...,N1}. (194)
Then,
iE{l,...,rl,rl+R0+1,...,N1}, (195)

holds true, constituting a Z, invariant that behaves linearly
with respect to the direct sum of bands.
A generic form of the quadratic refinement g; is given
below. Choose a basis set of Eg’o such that Eg’o =
;f:lZ[bp} and write [6v;],, = 6v;(b,, b,). Using the floor
function |x| = max{n € Z|n < x}, a generic form of g;
from Eq. (G16) is

p=1

+ Z [6U po /)n +Zaﬂl’l/), 196

1<p<o6<d

where (ay, ...,a,) € {0, 1} represent the redundancy in
quadratic refinement and can be freely chosen.

8. Comments on the approach from symmetry operators

Without imposing symmetry, each transition function on
1-cells is an element of the unitary group U(N) which is
path connected, allowing for the existence of global
and continuous Bloch states @; on the I-skeleton

of the momentum space. Then, by defining wy(g) =

<I>;k U k(g)<I>,(f” for g € G, a continuous matrix of symmetry
transformations wy(g) on the 1-skeleton is obtained. It is
expected that the set of the homotopy equivalence classes
of symmetry matrices {wy(g)},ec up to gauge trans-
formations of the Bloch state ®; may provide Z, invar-
iants. This paper does not discuss this approach further and
leaves it as a future direction.

C. Symmetry-enriched Berry phase

In the previous Sec. IV B, we constructed a Z, invariant
(194) defined on the 1-skeleton of the momentum
space under the gauge-fixing condition (F1). However,

requirements of continuous Bloch states and symmetry
constraints are not practical for numerical calculations. In
this section, we show how to construct an invariant from
Bloch states which are independently given at each point in
the mesh-approximated momentum space. Note that this
paper only outlines the approach and some specific
examples, leaving the numerical implementation for arbi-
trary symmetry classes as a future problem.

Fora l-cell kok; = {(1 — 1)ko + thk{|t €0, 1]}, let DF =
(&5 1o ""¢7\(/3’¢c,k) denote an orthonormal set of occupied
states of the Hamiltonian Hj belonging to a-irrep. Here,
N{.. is the number of occupied states with a-irrep. Recall
that D, is the dimension of a-irrep. When D, = 1, the U
(1)-valued Wilson line is defined as

N-1

ok = lim detH (DY 5) DL

oo ko+(j+1)8 ko+jo (197)

Here, 6 = (k, — ky)/N. With a smooth gauge of @, it can

be rewritten as
i}"l kl
e kbl = exp |— trAg
ko

with A = (®§)"d®¢ the Berry connection. On the other
hand, when D, > 1, we must impose a gauge constraint on
the occupied states @} to extract the Z, invariant developed
in Sec. IV B. We briefly outline a construction of the
Wilson line for D, > 1 in Sec. IVCT.

The Wilson line %1 is not gauge invariant as it changes

(198)

under gauge transformations at the end points
D > DYWL, Wi e U(N5.,.), as seen in
e det W¢

ik 1> @il — o (199)
det Wi

When the start and end points coincide k, = ky, i.e., for a
loop, the Wilson line becomes a gauge invariant and is
referred to as the Berry phase. However, in constructing
invariants from the AHSS, unlike the usual Berry phase, the
start and end points do not always coincide. Thus, it is
unclear whether the group E;’_l can be translated into a
gauge-invariant Berry phase expression. Nevertheless, we
find several cases for which the gauge dependence of the
Wilson line at the end points (199) can be canceled using
TRS and band degeneracy at high-symmetry points.

Before moving to specific examples in Secs. IV E and
IVFE, we summarize some patterns for acquiring gauge
invariance for D, = 1 below. It is currently unclear whether
the scenarios described here are exhaustive. The general
theory of symmetry-enriched Wilson lines including irreps
with dimensions D, > 1 is left as future work.
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1. Class AIl TRS and Pfaffian

In class All, we have TRS with U(7)U(7)* = —1. At
TRIM k = —k + G for a reciprocal lattice vector G, the

Pfaffian can be defined:
Pf [cp,tU(T)cD;;] eu(l). (200)
The Pfaffian changes under a gauge transformation ®; +—

O, W, as follows:

Pf {CDZU(T)d);} > Pf [d),tU(T)CD,t} detw;.  (201)
Using this property, the Wilson line along a line segment

connecting two TRIMs k, and k; can be corrected to be
gauge invariant:

| Pf| ) U(T)a; |
elygokl = elThokt x k ( ) *o

pf|of U(T)a; | 20

Here, y{okl /(2z) mod 1 corresponds to the partial polari-
zation [4]. In this way, a gauge-invariant quantity is defined
on a line segment kyk;, not on a loop. The partial
polarization elyzokl may give various Z, invariant in spinful
systems in 1-skeleton if it is quantized and also constitute
invariants defined on 2-skeleton like the Kane-Mele
invariant [4].

2. Class Ar TRS and Pfaffian of modified
magnetic operator

We consider the case where a magnetic symmetry
a € Gy, transforms an irrep f# of the unitary subgroup of
Gy, into another inequivalent irrep a(f). In such a case, the
EAZ class is denoted by Ay, and the Wilson line over a 1-
cell kok; can be gauge invariant at k. Let CIDfO and @Z(ﬁﬂ) be
the Bloch states in the - and a(3)-irreps at k,, respectively.
The sewing matrix of them, (CDZY} Ny Uko(a)((Dfo)*, is
unitary and its determinant is a U(1) value. Suppose that
both the irreps  and a(f) are identical to an irrep a of the
unitary subgroup G,?okl of the 1-cell kyk;. Then, the product

eivh x det [(CDZ(Eﬁ))TUkO(a)(QIZO)*} (203)
is gauge invariant if the irreps § and a(p) are ordered at k
as in

®f, = (@, @), (204)
The ordering condition (204) generally breaks the addi-

tivity of the Wilson line under the band sum, as discussed in
Sec. IV B 6. While it is possible to restore additivity by

incorporating a factor of the quadratic refinement discussed
in Sec. IV B 7, there is an alternative approach to circum-
vent the ordering condition (204) and still maintain the

gauge invariance of the Wilson line [106,108]. Let Pfo and

P,‘;Eﬂ) be the orthogonal projectors onto /- and a(f)-irreps,

U, (a)(Py)" =
stﬂ ) U,(a) and the fact that the character )(fo(g) for
gEG,(g(J is U(1) valued (because we are assuming f is a

respectively. Using the equality

one-dimensional irrep), it is found that the matrix
Ug = (Pf0 - 2, (a, a))(fo(az) PZ[Eﬂ)) Ug,(a)  (205)

is unitary and satisfies that UgUg = Pfo + P,ff = P,”(’O.
[The matrix Ug with the complex conjugation is the same
as O in Ref. [106] up to a U(1) phase.] Therefore, we can
define the Pfaffian Pf[®] Ug(®f )] €U(1), and the
product

e"iom x PE[®} Ug (D5 )] (206)
is gauge invariant at k, without the ordering condi-
tion (204).

3. Class AI TRS and source and sink of Wilson lines

In class AI, we have TRS with U(7)U(7)* = 1. The
determinant of the sewing matrix of the TRS operator for
the occupied states at TRIM, det [®,U(7)®;], takes a
value in U(1). Under gauge transformations ®; — @, W,,
it transforms as follows:
det [cb,ﬁU(T)q);;] > det [op};U(T)ob;} (detWp)2.  (207)
Using this gauge transformation property, the product of
Wilson lines along two effective line segments kok; and
kok, emanating from a TRIM k;, can be corrected to acquire
gauge invariance at kg:

SiThoks ¢ oot  det {d),ZOU(T)tb,tO] (208)
This expression is not gauge invariant at the points k; and
k,, but it may be made gauge invariant through contribu-

tions from other line segments. For detailed examples, see
Sec. IV E.

4. Band degeneracy at high-symmetry point

There is a method to connect Wilson lines in a gauge-
invariant way by utilizing band degeneracy at high-sym-
metry points. Let us illustrate this through the following
simple example.
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We consider a spinful electronic system with the space
group P222. Let us write the elements of the point group as
D, ={e,C3,C3, C3C5}. At the point T' = (0,0, 0), due to
the noncommutativity of the representation matrices
U(G3)U(C5) = =U(C3)U(C3), the irrep is given by a
single two-dimensional representation. On the other hand,
along the symmetric line £ = I'’X[X = (x, 0, 0)], there exist
two one-dimensional irreps X3 and X4, specified by the
irreducible characters )(,f‘(C’zf) =—i and )(,%“(Cﬁ) =1,
respectively. Similarly, along the symmetric line A =TY
[Y = (0,7,0)], there are two one-dimensional irreps A
and A, with irreducible characters y¢*(Cy) = —i and
;(,?4(05) =i, respectively. At the Gamma point, the two
irreps along the X and A lines become degenerate and form
a single two-dimensional irrep.

The X,-irrep has a finite overlap with Ay-irrep at the
Gamma point, allowing the Wilson lines to be connected in
a gauge-invariant way. In fact, if the orthonormal set of
occupied states with X -irrep at the Gamma point is
denoted by @?4, then the orthonormal set with A,-irrep
can be given, apart from a U(N,.) gauge degree of
freedom (where N, is the number of occupied states
for X,-irrep), as

1 S
o = —= (Ule) + 2(Ch) U(CY) ) F.

7 (209)

Then, (®f*)'®p* = (1/v2)1y_. Therefore, when the

orthonormal sets CD,%“ and <I>,?4 are given on the X and A
lines independently, the following product takes values in
U(1) and does not have gauge ambiguity at the Gamma
point:

it x e x det [(OF) 0] | x2M/2. (210)

Again, the above quantity is not invariant under gauge
transformations at X and Y. However, we could obtain
gauge-independent invariants by combining other tech-
niques. See Sec. IV F2 for an example of this scenario.

5. EAZ class Al and 7, quantization of Berry phase

When EAZ class on a 1-cell is Al, the Berry phase on the
1-cell is essentially Z, quantized, as described below. For
simplicity, let us consider an antiunitary symmetry con-
straint (J]((Cl)fI,tUk(Cl)T = Hk with Uk(a)Uk(a)* =1
at k inside of a 1-cell PQ. The orthonormal set
of occupied states ®; defines unitary matrix wy(a) =
@} Uy (a)®; € U(Nye.). Note that wy(a)T = wy(a). Then,
the U(1)-valued Wilson line el has the following sym-
metry constraint:

u(®]Ugla) dUx(a)° 0] detwo(a)

e?irve = ej;’*Q .
detwp(a)

(211)

If the sign ambiguity of the square root is denoted as (—1)Y,
then

detwg(a)
detwp(a)’

(212)

itre = o1/ Joo MOV AU Bl ()0

Note that the first factor on the right-hand side is inde-
pendent of the U(N,.) gauge of ®;. Equation (212)
implies that the U(1) Wilson line, when fixing the gauge
of the occupied states ®p and @, at the end points, is Z,
quantized apart from the first factor on the right-hand side.
Particularly, when the start and end points are the same
P = Q (namely, a loop), the factor (—1)* provides a Z,
invariant given by

(_l)u S 6(1/2) Laptr[‘l)zljk(aydljk(a)*@k]_ (213)

This point is elaborated on in Sec. IV D.

6. EAZ class AIl and triviality of Berry phase

On the other hand, when EAZ class in a 1-cell is All, the
U(1) Wilson line always takes a trivial value in the
following sense. For simplicity, consider an antiunitary
symmetry with Uy(a)Ug(a)* = —1. In this case, since
wi(a)T = —wi(a), the Pfaffian of wy(a) is defined, and
the U(1) Wilson line is determined by the occupied states at
the end points, except for a gauge-invariant factor:

¥ .
(1/2) [, W9} Un(@) dUsa) &) Pf[q)QUQ(a)(DQ}'
Pf[®}Up(a)®}]
(214)

ei}/P—>Q = e

When we consider a loop, the Z, invariant in Eq. (213) is
always trivial. Therefore, in the case of EAZ class All,
there is no nontrivial classification in a 1-cell.

7. Wilson line for high-dimensional irreducible
representation

We outline a construction of the Wilson line ekt for
irreps whose dimension D,, is larger than 1. To do so, it is
useful to employ the nonperiodic basis, which is used in
numerical verification of topological invariants of super-
conductors discussed in Sec. I1 E. The difference between
periodic and nonperiodic bases originates from the defi-
nition of the Fourier transformation. Let 5;&@ be a fermionic
creation operator at a Wyckoff position x, in a unit
cell at R. Then, there are two ways to define the

Fourier transformation: (i) 52,3 = (1/VV) g g.e*®;
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(i) & , = (1/V/V) g eg o ®+¥). The former definition
gives rise to the periodic basis, and the latter one leads to
the nonperiodic one. These two bases are related by unitary
matrix V; introduced in Sec. Il E. In the nonperiodic basis,
the symmetry representation takes the form of
Ui(g) = e7*%D(g), ie., the product of e~k with
(fractional) translation @, and a k-independent unitary
matrix D(g).

Let Gy, be the little group of a 1-cell kok; and Gl?okl be
its unitary part. Let @ denote the Bloch states in the a-irrep
of Gy, over the l-cell kok;. At each k€kok,, the

representation matrix for geG,(gOkl can be k independent
as it satisfies

D(g)®@f = dw*(g). (215)

In such a gauge, the overlap matrix (®f, ;)" ®¢ for adjacent
two momenta obeys the symmetry constraint
w () [(Df ) DI ()" = (Df,5) D for  gEGyy .
meaning that the eigenvalues of (®f, ;)"®¢ consist of n,,
eigenvalues of 1;, ...,/1"“, and each of them is D,-fold
degenerated. As in Eq. (166), we introduce

Hﬂu

and the Wilson line for D, > 1 is defined as

ACANL AR (216)

"o = lim H & oo (O es) ). 217)

The gauge transformation of the Wilson line "ok for
D, > 1 is similar to Eq. (199) under the gauge con-
straint (215).

We are not going into detail about the cases where
D, > 1, since in this paper we employ the periodic basis
for Hy in which the Hamiltonian H is invariant under the
shift by reciprocal lattice vectors. We leave the definition
and numerical implementation of the symmetry-enriched
Berry phase in the nonperiodic basis as a future problem.

D. Example: One-dimensional P7 -symmetric systems

We begin by discussing a well-studied example,
PT -symmetric one-dimensional systems with
U (PT)[U(PT)* = +1 [126-128]. Our cell decompo-

sition is shown in Fig. 6, where Cy = {A, A’} = {k =
—n,k=nrn} and C;={a}={klke(-n,n)}. Since
the relation H;__, = H,_, always holds, Ei’_l =

¢K(Gz/i.}+o(X =T' Xy=Cy)~ny|O(N)]=Z,. Furthermore,

since d(l) Uis trivial, Eé'_l = Ei'_' =27,.

PT....... PT & (A \emrmrmeens PT
O Dy, (A) --------- (- Dy, (A/) 0O
A (k= —T).coeaecmmmeemen QT e Ak =)
P PT P
Class Al Class Al Class Al
FIG. 6. Illustration of the cell decomposition of the fundamen-

tal domain in P7 -symmetric one-dimensional systems. The cell
decomposition of BZ is given by Cy = {A(k = —x),A'(k = =)}
and C; = {a(-z <k < n)}.

As discussed in Sec. IV B, when we fix the gauge
degrees of freedom, the determinant of transition function
is a Z, invariant, which is given by

Tan = ‘Dj\,k:ocDA’.k:O €O(Noce), (218)
where @, ; and ®,, are wave functions around A
and A’ that satisfy Uy(PT)®,,=®,; and
Un(PT)®}, , = ®Ppi. Also, Ny is the number of occu-

pied bands. It should be noted that, although k = +x are
the same aside from a reciprocal lattice vector, it is not
always the case that the gauge choices around A and A’ are
the same.

Although we have a concrete expression of the Z,
topological invariant, it is not practical since we need to
fix the gauge degrees of freedom. For numerical compu-
tations, it is essential to obtain expressions of topological
invariants that do not depend on gauge choices. To achieve
this, we first define the following gauge-independent
quantity:

N-1
= lim det H CI)

— 0

]+1)5(I)—n+j57 (219)

where § = 2z/N and ®;__, = ®;_,. Next, we discuss the
relation between det 75 o and e". To relate e to det £, o/, we
consider the two patches shown in Fig. 6. Then,

N-=1
ly == Al/lm |:det H ¢A/ J+])5/2(I)A/ )5/2:|

—00

x det tAA, [det H <1>A —r( J+l>5/2q)A,—lr+j§/2:|
Jj=

= exp [—/trq)j\/’kd(l),\gk - /trd&,deDA.k} det ILA/.
(220)

Furthermore, we impose the gauge condition U (P7 )®; =
@, on the right-hand side. For this gauge condition, since
[ dktr®}0,®; = — [ dk(tr®}0,®D,)*, we have
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1
/ P d; =~ / rd] ( Uk(PT)dU;(PT)) @, (221)

where the right-hand side is gauge invariant. Finally,
combining Egs. (220) and (221), we arrive at the gauge-
independent Z,-valued topological invariant

(—1)" = e exp B /_ " trQ;(Uk(PT)dU;(PT))@k].
(222)

Let us comment on what this topological invariant
indicates. In this symmetry setting, there are two
inequivalent atomic insulators: One has electrons at
x=R(ReZ), and the other has electrons at
x = R+ 1/2. This topological invariant is trivial for the
former case and nontrivial for the latter case.

E. Example: Spinless systems in space group
P222 with TRS

Consider a spinless electronic system with space group
symmetry P222 and TRS. The K group is given by
7" + 7,, and its generators are represented by atomic
insulators. Moreover, comparing the FE, pages of the
momentum-space and real-space AHSS, it is found that
the Z, part can be detected by the Z, invariant on the 1-
skeleton [71]. This section illustrates constructing the Z,
invariant based on the gauge-fixing condition in Sec. IV B
and its Berry phase expression without a gauge-fixing
condition using the method described in Sec. IV C 3.

Let H;, be a Hamiltonian periodic in the BZ. Symmetries
and factor systems are summarized in

Up(THLUW(T)T = H_y, (223)
UL(CHHUL(CH)T = Hes. (224)
U_(T)U(T)" =1, (225)
Uen(Cy)Uk(C)) =1, (226)
Uen(T)Uk(C)" = Uk (C)UR(T), (227
Ucu(CH)Ui(C5) = Uen(C5)Uk(C5).  (228)

Here, p,v€{x,y,z}, and C5 denotes a twofold rotation
about the p axis. The cell decomposition is shown in
Fig. 8(d). At TRIMs Pe{I', X, Y, S,Z, U, T,R}, four one-
dimensional irreps B € {A, B, B,, B3} exist, and their
irreducible characters are given below, independent of
TRIMs:

) | e & & G
A 11 1 1
B, 1 -1 -1 1 (229)
B, 1 -1 1 -1
B, 11 -1 -1

On the other hand, two one-dimensional irreps @ € {A, B}
exist along the twofold rotation axes (1-cells), with irre-
ducible characters given in the following table:

g | e &
A 11 (230)
B 1 -1

The EAZ classes for them are all class Al
The compatibility relations along each rotation axis are
given as

Cyaxis: A=A®B;, B=B @B, (231)
Ci axis: A=A (&) Bz, B = Bl D B3, (232)
Cé axis: A:A@Bl, B:Bz@B3 (233)

As we are interested in invariants of insulators gapped on 1-
skeleton, we impose the following compatibility conditions
on every l-cell. Let ngp) be the number of the f-irreps at
TRIM P. Depending on which twofold rotation axis the 1-
cell PQ lies on, the compatibility conditions are represented
as follows:

C; axis:

{ nap) t Npy(p) = Na@Q) T B,(Q)> (234)
g, (p) + 1B, (p) = 1B, (Q) T 1B,(Q)

C axis:

{ nap) t Np,y(p) = Na@Q) T 8,(Q)» (235)
g, (p) T NBy(p) = NB,(Q) T "By(Q)>

C5 axis:
ng, ) + ngyp) = 1B, (Q) + 1B, (Q)-

The sublattice {{ngp)}; ;€ EY"2=732((234),(235),(236)}
that satisfies the above compatibility conditions is E(z)'o.

1. Constructing the 7, invariant
using gauge-fixing condition

In the neighborhood Up of TRIM P, the set of occupied
states @p gy, Oof Hy can be chosen as follows, based on
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Sec. IVA 3. First,
diagonalized by irreps at O-cell P as in
Gpj =

D D Db D Dy D Dy, (237)

Furthermore, for each block € {A, B}, B,, B3}, the occu-
pied states Cbg,k satisfy the following symmetries:

U (Cﬂ)q)lék —Zﬁ(cﬂ) P.C! (k—P)+P’ (238)

Un( D)@, = D _ypyip (239)

In particular, at points k on the C5 axis where
C,(k —P) = k — P, it holds that
Ur(C5)®h . = 1P (Ch)Df . (240)
For each of the 12 independent 1-cells a shown in Fig. 8
(d), we define transition functions ¢ for each irrep @ = A,
B. Let us write the 1-cell going from TRIM P to Q by PQ
and its midpoint as kpy = (P 4 Q)/2. Here, we focus on
the 1-cell I'X. The Bloch states around O-cells I" and X are
arranged in the order A @ B3 and B; @ B, for A and B
irreps over l-cell, respectively, and then we define the
transition function at the midpoint krx as

iy = (q’?er ® ‘Dllf,}er)-}( Xery P Xer> (241)
thy = ((Dllf.ler @ ‘:I)Ilf.zer)-I ( Xy D Xer> (242)
Because of C57 symmetry, the following holds:
(tfx)" = (T ® =Ty o )10 (T @ =Ty ). (243)
()" = (Lo, ® =Ty o )X (T o @ — Ty ). (244)

Under the gauge-fixing conditions (238) and (239), the
determinants of the transition functions of each sector are
quantized as in

(detfh ) = (=1)™0 i detd . (245)
(det By )" = (=1)"®0 "5 det 1B, . (246)

Since the transition functions are unitary matrices, we can
also write them as
(detrfy)? = (=1)"am 800, (247)

(—1)"32(F>+"32(X>_ (248)

(det £By)?

For other 1-cells on the Cj axis, define the transition
function in the same way as Eqgs. (241) and (242), and for

it is assumed that ®p; is block

the C; and Cj5 axes,

C; axis:
+ B
téQ (@5 Pkpg ® (I)P kPQ) (‘Pé,km ©® (DQZ,kPQ)’ (249)
By \i/B By
tho = (@5 oo D Pi) (Polk,, ® Pok,,):  (250)
C} axis:
T B,
’éQ (@5 P kpo ® ‘DPkP ) (‘Pé,km ® cDQ,kPQ)’ (251)
By i B B
tPQ = (q)P kg D q)P.3kPQ) ((DQ:kPQ ® q)Qs,kPQ)‘ (252)

Note that, by reversing the orientation of a 1-cell, we have

thp = ()" (253)
The constraints are summarized as
(det#4,)? = (=1)"ss® 850
C3 axis: he (254)
(det1h,)? = (=1)"@tmQ),
, (det#8,)? = (=1)"50 5@
C) axis: he (255)
(det 15y)* = (—1)"mE @,
(det£4,)? = (=1)"=@ 5@
Cj axis: I;Q)z ( T (256)
(dettfy)* = (=1)"mOFm@,
This defines 24 Z,-valued quantities
{fo=detrl,,  PQe{l—cells}, ae{A,B}. (257)

Note that values of {5, depend on representations at 0-
cells. In particular, if (g, € {£i}, then {&p = —{By [129].

The combinations of {§ that are invariant under residual
gauge transformations, which do not change the gauge-
fixing conditions (238) and (239), become the desired
topological invariants. Consider a residual gauge trans-
formation in the neighborhood of the 0-cell P:

Opy > Dp Wpy, Wpr €U(N), (258)
where N is the number of occupied states. The gauge
transformation Wp,, should satisfy the symmetry (145).
That is, for the symmetry transformation of the occupied
states

wea(Ch) = (' (C) ) @ (4 (CH) 1, )
® (£7(CH)s,, ) & (1P (C)1,,, ). (259)

Wp must satisfy
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wp i (Co)Wpawpi(C5)" = W crpyp - (260)

for pe{x,y,z} and
Wik = We —(k—p)+p- (261)
For example, over the (5 axis satisfying

Ci(k —P) =k — P, due to C§ symmetry, the gauge trans-
formation takes a form as

a 0 0 b
0 ¢c d O .
Wer = 0 ol k € Cjaxis. (262)
e
g 0 0 h
Let us denote
b d
wash — (a > whi®k — (c > (263)
’ g h ' e f
Because of C57 symmetry, they satisfy
ABB;3 1«
(H”A(P> ® _1]"33(1>))[I/VP,GIc9 ]
A®B;
= Pf ‘ (ﬂnA(p) @ _“nBB(P>>’ (264)
B ®B;1x
(H”B1(P> ® _H"BZ(P))[WP.lk 2]
B, ®B
= Wpj z(ﬂ,,gla,) 7] —ﬂnBz(P)). (265)

In particular, the determinant of each sector is quantized as

det Wpd™ detwp @2 € {1},  keCiaxis,  (266)
and they are constant along the Cj axis. In particular, at
TRIM k = P, due to symmetry (260), we have a block-
diagonalized form
A B, B, B

Wpp = Wpp @ Wpp @ Wpp @ Wpp, (267)
and due to (261), the determinant of each sector is also
quantized:

mﬁ)e{A, Bi.ByBs} et W/;’P e{+£1}. (268)
Therefore,
det Wpe™ = det Wp ™
= det(Wgp & Wpp) = mpmp'. (269)

In this way, for a 1-cell PQ parallel to the C3 axis, the
transition function 73, transforms under gauge transforma-
tion as

A®B A®B
tf,‘Q — (WP.,kP(;)TtéQWQkP(;’ (270)
B,®B B, ®B
tho = (Wp ko 2>TI€QWthpQ2’ (271)
so the change of Z, values is given by
C; axis:
B B
Epo > Coomenp g (272)
LBy > CBonb nping ey - (273)

Similarly, for the C} and Cj axes, the gauge transformation
for Z, values (f, can be obtained:

C; axis:

Cio > Chominpinbng:. (274)
B, B; B, B

§1§Q = éV113Q771>]’71>3’7Q1 TYQE, (275)

C} axis:

Cho P> Choninp g (276)

LBy = Chominp ngingy - (277)

The gauge transformations (272)—(277) correspond to
the differential d0~': 732 — 72* in AHSS. We find that
Coker d(l)’_1 o~ Zg; hence, there exist six gauge-invariant
and independent combinations. Since Ey~' = Z,, five of
them are Z, invariants detecting gapless points in 2-cells.
Indeed, the following six “z Berry phases” along the
boundaries of the six 2-cells shown in Fig. 8(d) are gauge
invariant and detect gapless points in 2-cells:

Trxsy = {PxCPxCxsCRsCovE Sy Evreyr (278)
TZURT — nglchUC{‘JRg{,}RCﬁTCng%Zg%Z’ (279)
rxuz = C?XQQXg?(Ué’gUg%ZCgZC%Fé’gF’ (280)
TYSRT — C@sé’gs éRggRCﬁTCgTé’%YggY’ (281)
ryrz = C?YC?YC?{TCgTQ?zﬁzgérggr’ (282)
TXSRU — CﬁségsééRggRCﬁUCgU%Xé’GX- (283)

These are not independent; using Egs. (254)—(256), the
following relation exists:
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TrXSYTZURTTIXUZTYSRTTIYTZTXSRU

= I @ty =1

PQ e {1-cells}

(284)

The remaining one Z, number is given by the product of
the transition functions for the B representation in all 1-
cells:

(=1)" = H L:gQ
PQ e {1-cells}
= Clr;xé’gsé’gYCérCIZSTé’%Ré’ﬁUngé’lz}ré’guéw%é’gs-
(285)

A choice of orientations of 1-cells is arbitrary, but here it
was introduced as a natural choice when removing the
gauge-fixing condition later. Using Egs. (254)—(256), we
find that

(286)

[T e

P e {0-cells}

H (C{;Q)z =

PQ € {1-cells}

and, further using the compatibility conditions (234)—(236),
> _peocelis 5,(p) = 0. Therefore, v is quantized as

—00

Ciavis: ¢ = lim de <q>guq>sz>*<n ¢§+j5<@5+,5>*> (o} o)
J=1

— 0

Claxis: e := lim det <I>B‘ (1383 <H

N—oo

[ N-1
s, B
Zavics LBy o 12 Bz 33
Claxis: e’m = lim det CI) <| | Pﬂ& P+/6

(=1)re{£l}. (287)
It should be shown that there indeed exist band structures

whose v is 0 and 1, to claim that v is meaningful. We pose
this to Sec. IV E4.

2. The Berry phase formula

The Z, invariant formula v (285) needs the gauge-fixing
conditions (238) and (239); hence, it lacks practicality. In
this section, we seek an expression that does not require any
gauge-fixing conditions. Looking at the expression (285), it
is reasonable to consider the product of Berry phases for the
B-irrep in all 1-cells.

Introduce a mesh of the 1-skeleton X, and for each 0-
cell, we compute the Bloch states of each irrep:

(@4, OF DY, @), Pe{0-cells}. (288)

For 1-cells, we compute the Bloch states for A and B irreps:

(@f, @B, ke {1-cells}. (289)
For each 1-cell PQ, depending on the twofold rotation axis,
we compute the U(1) Wilson line associated with the B

representation as defined below:

N-1
: (290)
OF, 5(PF. ) ><<I>f3',<1>§3> : (291)
)@52,@?) : (292)

Here, 6 = (Q — P) /. The Wilson line is not gauge invariant as it depends on the gauge at end points. Under the gauge

transformation at O-cell by
) > W,

the Wilson line transforms as

Caxis: e 1> (det Wg‘ )*(det Wgz )*eing det W5 det W52,

Claxis:

Cjaxis: e 1> (det Wgz)* (det Wg3 )*e'"% det W52 det Wi,

Now consider the product of the following Wilson lines:

PRI (det ng )*(det Wg3 )e ro det ng det W',

W€ U(ngp)), (293)

(294)
(295)

(296)
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s,B i B sB :,B sB i B B B i B B B i B
7 = e’rxe’xs esy e'yr X eVzre'R ¢VrU Uz X eVzr e'Vxu eyt e'Rs (297)
The U(1) value z is still not gauge invariant and transforms into

z>ax ] (ewg)2x ] (detwp) (298)
Pe{T,S,UT} Pe{X,Y,ZR}

However, using the prescription described in Sec. IV C 3, z can be corrected to be gauge invariant using 7 symmetry. In the
present case,

eri=zx [ det[(@) Up(T) (@) x [ det[(@F) U(T)(@F)] (299)
Pe{T.SUT} Pe{XY.ZR}

is gauge invariant.

To explore the relationship between the Z, invariant v and e, we deform e” by taking a smooth gauge that satisfies the
gauge-fixing conditions (238) and (239) near O-cells. First, from the TRS gauge (239), it follows that

det[(®5) Up(T)(®5*)*] = 1. For Wilson lines, let us consider e”rx concretely. Taking the basis (237) that satisfies
gauge-fixing conditions (238) and (239) near the I and X points, the Wilson line becomes

) X
e —exp |- [ | (@l oftatofy o) |
er ' ' '

er
e (0 0 )10, @l )| xexp |- [ @l ofsatofy o) | (300)

X . krx . ]
—exp |- [l @l @l ralel of)| | x e xew |- [T @l el el o] Go
X
For the line integrals of the exponents, using C57 symmetry,
erx Bi B2\t (B B2 \1*
[ vt ol d@l ofy)

krx ]]ng ﬂnB
=[Pl L Jebelyuianduenetet (0 )] ee
T, (I) 7B, (1)

k k
- [ @ ebael el + [Tl of o Uiy o o). G0

Since trA* = —tr A, we obtain

1

k ki .
ﬁ N tr{<¢€,z,q>?;>w<¢ﬁ;,d>?;} =3 / h tr[(@ﬁfk,<1>€?k>TUk<csf>dvk<caif>*<q>€.;,@ﬁi)]- (304)

This expression is gauge invariant, independent of gauge transformations ®F = ((I)ffq'k,tblfzk) — OPW2  with

W¢ €U(np,(r) + ng,r))- Similarly, for the Wilson line e"tx we find the relation

. 1
et = xexp [ wi(@f) Uy(CIT)AUL(CST 0. (305)

The same result can be obtained by replacing C57 with C37 . In fact, the ratio of contributions from the correction terms of
C3T and C37 is exp3 [r_x tr[(@F) Uk (C3)dU (C3)T®2]. However, considering Uy (C3)" = Uy (C3), Uy (C3)®E = —f
on the 1-cell k €T'X, we can show that tr[®; Uy (C5)dU, (C3) 1 ®F] = Lur[®] dU, (C3)*@F] = 0.
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Applying the same to other Wilson lines, we derive the following relation between the Z, invariant v and the gauge-

invariant Berry phase e":

1y =erxe 5§ +f Jull@d) vu(CsTauy (5T o)
2 I'-X->S-Y-I' 7Z—-T-R-U-Z

bl oL

Here, we used {Gp = ({3y)~". This provides us a gauge-
invariant expression of the Z, invariant v. However, there is
a subtle ambiguity in v from the ordering of irreps, as
described below.

3. Band sum and quadratic refinement

It is important to note that the Z, invariant (285) depends
on the ordering of irreps in the Bloch states at the O-cells.
For instance, in the expression of the transition function 2y
(242), if we swap the Bloch states near the F point,

(P rerGBd) )}( Xer® Xk ), a
sign (—1)"1®"50 arises due to the swapping of irreps.
This issue of ordering dependency of irreps also occurs in
the Berry phase formula (306) of the Z, invariant. For
example, in the expression of the Wilson line (290) parallel
to the C3 axis, if we swap the order of Bloch states at the
starting point P from (@5, ®52) to (®52, @), a sign
(=1)"51®"5:® appears. This ordering dependency leads to
the nonadditive nature of the Z, invariant v for the direct
sum of bands. However, as discussed in Sec. IVB 7, it is
possible to redefine v to preserve the additive structure.

Recall that the order of irreps in the expression of the Z,
invariant v for a O-cell P was

redefining &, —

C3 axis: (', D), (307)
C) axis: (', D), (308)
C5 axis: (D52, ®F). (309)

Let d>§’/} and ng(P) be the Bloch states of f-irrep at 0-cell P
for band Be {E, F} and the number of f-irrep, respec-
tively. Here, we focus on the C; axis. Considering the direct
sum E @ F as a single band structure, the above ordering
rule implies that

(@™ @ op™) @ (OF™ @ @p™).  (310)
On the one hand, first ordering each band E and F' as above
and considering the direct sum, we have

(@F" & OF") @ (Of" @ Op™). (1)

)t Uk(cx:r)dUk(ch)'@,f@ . (306)

They are related with a permutation matrix S from the right
whose determinant is

E F

detS = (=1)"n®"5ne), (312)

Similar contributions arise from the Wilson lines on the C}
and Cj axes. The nonadditive nature of the invariant v is
summarized as

U(E@F) EI/(E)+V(F)+5U(E|Eg,o,F|Eg.o) (313)
with
SUE|go, Flgo)= ) (”i(m”gl .
P € {0-cells}
ki o) 5 ) (314)

Note that ov depends only on elements of Eg‘o.

Since the number of irreps behaves additively with
respect to the sum of bands, év is a bilinear form.
Moreover, although Sv(x, y) is not symmetric for elements

of EY°, we find that it is symmetric when restricted to E5°:

X,y € Eg'o.

ou(x,y) = 6v(y, x), (315)

Furthermore, we find that the diagonal terms are zero,
6v(x,x) =0 for erg’o. (This is not necessary for the
existence of quadratic refinement below.) Therefore,
according to Sec. IV B 7, there exists a quadratic refine-
ment g: Eg,o — {0, 1} of v, which satisfies

su(x.y)=q(x+y)+q(x)+q(y). xyeE’.  (316)

By explicitly constructing the basis of Eg,o and calculating
expression (196), we obtain the following formula:
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a({npwe) Yo p) = npyw)(ny(s) + ng,(r) + npyry + 1y + 1yU) T 1By (2)

+ 1, ®) (Mpy (1) + gy(U) + gy(x) + 1y (Y))

+ npyr) (R (s) + g,y + gyx)) + 1y (v) (Mgy(s) + 1py(0) + Nay(x) T+ Ny (2))

+ 1y (5)By(U) T By (x) (MBy(s) T MBy(2) + Ny (5) 18, (2)

+ npyr) (n,u) + gyU) F y(x) T y(z)) + nBy ) (MBy(x) + NBy(2))

+ npy(s) + npy(r) + Npy(v)-

See Appendix H for a derivation. Using this quadratic
refinement g, we redefine the Z, invariant as

ﬂ(E) = IJ(E) + q(E|Eg.o) (318)
to recover linearity
UE®F)=0(E)+0(F). (319)

In the formula (317), the linear term ng,(s) + np,(r) +
ng, ) was chosen so that for any atomic insulator with a
single band, i.e., an atomic insulator at Wyckoff position x,
with f-irrep, denoted as afo, the following holds:

u(dl)=v(d). (320)
Namely, we impose the constraint
q(dh) =0 (321)

on the quadratic refinement ¢. See the next section.

4. Z, invariant for real-space models

According to the real-space AHSS [71], the K group is
given by Z'3 4+ 7, and all are generated by atomic
insulators (or formal differences of their direct sums).

First, we calculate the Z, invariant v for atomic insula-
tors with a single band. We denote the atomic insulator
obtained by placing an irrep S € {A, B, B,, B3} of the
magnetic point group 2221’ at a position shifted by the
displacement vector x;, from the unit cell center as afo. The
symmetry matrices are given by Uy (7) = 1 and

Ui(Ch) = 7/(Ch)emkixomCax),

pe{x,y, z}. (322

The Bloch wave function can be ®; = 1 independent of the
momentum space, and no contribution arises from the

Wilson line, making e = 1. Calculating the factor arising
from the symmetry transformation in Eq. (306), we get

1 - lvlal k)
oa)=ud)={ ™ (3:44) (323)
0 else.

Here, the redefined 7 is chosen to satisfy Eq. (320).

From the real-space AHSS, the Z, part of the K group is
given by the formal difference [E] — [F] of the following
two insulating states E and F:

— A A A A

E = dalop0 @ aiig) @ aforn ® agy.  (324)
_ A A

F= a0 ® g0 @ dooy @ ayyy- (325)

Note that insulators E and F show identical representations
at TRIMs and, thus, cannot be distinguished by represen-
tations at O-cells. Because of the linearity of the Z,
invariant 7, we have

(326)

The Z, invariant ¥ successfully distinguishes between the
two insulators E and F.

Let us comment on an interesting physical consequence
of nontrivial Z, nature. The space group P222 is a
subgroup of many other space groups, which allows us
to define the Z, invariant for the supergroups of P222.
Recently, it has been shown that, although atomic insulators
do not exhibit any protected gapless surface states, certain
types of atomic insulators still possess midgap surface
states, known as fractional corner charges [48,94,95].
Furthermore, there exist fractionally quantized corner
charges that cannot be captured only by irreps at 0-cells
[104]. Indeed, the Z, invariant constructed here plays a key
role in the corner-charge formulas of Ref. [130], where it is
combined with irreps at O-cells to detect fractional corner
charges in various tetrahedral and cubic space groups
beyond high-symmetry-point data.

5. Z, invariant for adiabatic cycle without TRS

In the absence of TRS, although the gauge dependency
(298) of z implies that z itself is not physically observable, z
serves as a Z, invariant of adiabatic cycles. To see this,
consider a one-parameter family of Hamiltonians
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H,(0€10,2x]) satisfying C5-symmetry constraints (224)
for p=x, y, z. We also assume the periodicity
H(27) = Hi(0). At TRIMs P, the Bloch states CI>§3(6’)
in the Bs-irrep can be continuous and periodic in 6. In doing
s0, z(0) is also continuous and periodic in €, and we can
define the winding number

1

0
=— —1 Z. 2
N Zﬂij{deae ogz(0) € (327)

Not every integer of N is gauge invariant: Under a gauge
transformation <I>Ilf3 @) — <I)Ilf3 (0) W§3 (0), where W§3 (0) is
continuous and periodic in 8, N changes as

> Mp+

N+—>N-+2 <—
Pe{rS.UT}

MP> (328)

Pe{X.Y,ZR}
with Mp the winding number of gauge transformation:

1 0 5.

Therefore, only the parity of N is gauge invariant.
We note that the existence of Z, invariant of adiabatic
cycles for the space group P222 is consistent with the E,

page Eé’_z = Z, of the momentum-space AHSS [71,109].

F. Other examples

In this section, we present illustrative examples demon-
strating the definition of Z, invariants using the scenarios
listed in Sec. IV C, comparison with the real-space model
(Sec. IVF 1), and Z, invariant detecting a Weyl point in
generic point (Sec. IV F 3).

1. Example: Spinful systems in space group P2 with TRS

We generalize the above discussion to spinful systems in
space group P2 with TRS 7. This space group is generated
by twofold rotation along the y axis, denoted by C5, and
translations. According to Ref. [71], the K group is

PKE(T?) = Z x (Z,)* [131]), whose Z x (Z,)? part
is the classification of atomic insulators and the remaining

(Z,)? part corresponds to the strong topological insulator
and topological crystalline insulators, as shown in Figs. 7

(a)-7(e). The Z part of J'e gﬁ%w( T3) can be understood by

Eg.o = Z. The topological invariant is the filling v,/2 € Z
(the number of electrons per unit cell). Here, we discuss the
Z, invariants to characterize the remaining part of the
K group.

Our cell decomposition of the fundamental domain is
shown in Fig. 7(f). For each of 0- and 1-cells, irreducible
representations and their EAZ classes are shown in
Table VIII. Although there is no unitary symmetry other
than identity on a, b, c, d, e, and f, they are symmetric
under the product of twofold rotation C3 and TRS 7,

which results in EAZ class AL As aresult, E;™' = (Z,)is
given by
- 1
7= @ 7yl (330)
K=a.b.c.d.e.f

From AHSS, we find that the differentials @' and d} "
are trivial, i.e., Ey”' = E;”' = (Z,)°. Therefore, topo-
logical invariants are determinants of the gauge-fixed
transition functions [cf. Eq. (158)]. The transition function
on a 1-cell connecting k to k, is defined by

I
gy, = P (ky )2 P ko oy ) /2 (331)

where @ ; is a set of occupied states at k under

independent gauge choices around k; [cf. Eq. (147)].
Similar to the above P7 -symmetric example, we aim to

represent the transition function using the Berry phase, i.e.,

N-1
et = lim det [ [ @\ ps®uis (332)
—00 j:()

for 6 = (k; —ky)/N. However, since the 1-cell is not a
loop in this case, the Berry phase is not gauge invariant
under gauge transformations at the boundary O-cells. We
then use the Pfaffian to compensate for the Berry phase, as
discussed in Sec. IV C 1. Finally, we arrive at the gauge-
independent formulas

(_1)1/1 = detirY =

(_l>y2 = det;CZ = e_i”CZ

(-1)”3 = det;BA =

PO} U(T) 3]
Pf[®.U(T)®

P[0} U(T) ;)
PI[@U(T) ]

PF[®} U(T)®}]
PE[®} U(T) ;)
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 Pf[®LU(T)®: [1 / + ]
—1)¥ := detipp = e77e0 — D"/ Dlexp | [ 4] (U (CST)dU(CYT)) Py | 336
(=1) ED Pf[d%U(T)dJE P 2/, W (Uk(CT)dUL(CT)) Dy (336)
- Pf[@LU(T)®%] [1
—1)% = detiyy = e ——A "L Alexp |- / tr®, (U (C3T)dUL(CST)) Py |, 337
(=1) YA PE[®LU(T) %] P 5 . (U (GT)dU (CT)) @y (337)
(1) = detieg = o-vee PPEU(DPE] [1 / u@'*(Uk(cyT)dUT(cyT))Qk] (338)
* PIOLU(T)D:] (2, © 27 e '
|
(a) (001;0) (b) (001;1/2) It should be emphasized that the right-hand sides are gauge-
zZ z independent quantities. In Table IX, we show the values of
£ 1 these topological invariants for representative models of the
7z =
torsion subgroup of ¢Kg/°r}+0(T 3). Importantly, these
invariants cannot fully characterize topological phases in
z=1/2 this space group. For a complete identification, two Z,
y ‘ y invariants on the 2-skeleton corresponding to E2 -2 =273
O

W=

(¢) (100;0) (d) (010;0)
2 2

A A

xl @) Y / o

X

(e) Strong TI

(f) Cell decomposition

1D Dd E

3> Py <
<

BV A

T c

>
>

—- G

A

> <

Q

Y - T a Y

FIG. 7. (a)-(d) Ilustrations of topological crystalline insulators
introduced in Ref. [93]. Yellow planes represent two-dimensional
topological insulators that are stacked along the z direction.
(e) Illustration of a strong topological insulator (TI). (f) Cell
decomposition of the fundamental domain in P2 with TRS. Here,
the labels of momenta other than a, b, ¢, d, e, and f follow
Ref. [132].

are required.

2. Example: Spinful systems in space group
P212121 with TRS
The third example is space group P2,2,2; with TRS 7.
This space group is generated by S, = {C3|(1/2,1/2,0)}
and S, = {C3|(0,1/2,0)"}. According to Ref. [71], the K
group is ¢K6§/§1+0(T3) Z x (Z,)?, whose Z part is the
classification of atomic insulators and (Z,)? corresponds to

the strong topological insulator and topological crystalline
insulators, as shown in Figs. 8(a)-8(c). The Z part of

¢Kg/i.}+o(T3) corresponds to E° =

invariant to detect Eg'o is the filling v,/8 € Z. Here, we
discuss three Z, invariants to characterize the remaining
(Z,)? part in the K group.

Our cell decomposition of the fundamental domain is
shown in Fig. 8(d). Only EAZ classes of irreps on 2, A, and
A are class Al, and, thus, E1 -1

Z. The topological

= (Z,)% given by

TABLE VIII. Character tables of irreps and their EAZ classes
on 0- and 1-cells in space group P2 with TRS.

Trrep EAZ ¢ O
I.Y,.C,.Z,.B,,A,E;,D,,A,.W,.V,,U, A 1 —i
I,.Y,,C5,Z,,By, Ay, E5, Dy, Ay, W5, V,, Uy A 1 i
Irrep EAZ e
ay, by, ¢y, dy, ey, [y Al 1
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TABLE IX. Results of topological invariants for representative
models of all topological phases in space group P2 with TRS. For
topological crystalline phases, (hkl; d)) represents the position of
a two-dimensional topological insulator. Here, (hkl) denotes the
direction perpendicular to the two-dimensional topological in-
sulator, and d| is the distance from the unit cell origin. For atomic
insulators, there are four inequivalent Wyckoff positions:
la=(0,y,0), b =(0,y,1/2), lc=(1/2,9,0), and
1d = (1/2,y,1/2). The notation “AI@1x” denotes an atomic
insulator whose electrons are at 1x(x = a,b, c,d). Also v, €27
represents the number of electrons in unit cell.

Topological phases (Ve/2,v1, V2,3, Uy, Us, Ug)

Strong TI (1,1, 0,0,0, 0, 0)
(001;0) (1,1,0, 1,0, 0, 0)
(001;1/2) (1,1,0,1,0, 1, 1)
(1005 0) (1,0,0,0,0,1, 0)
(010;0) (1,1,1,0,0,0,0)
Al@la-AlI@I1c ©,1,1,1,1,0,0)
Al@la-A1@1b ©,0,0,0,0,1, 1)
Al@lc-Al@1d ©0,0,0,0,0,1, 1)
Al@la (1,0,0,0,0,0,0)

E' = @ zbllezpy) (339
K=%A A

where the labels of irreps are shown in Table X. As
discussed above, E}"l is characterized by transition

() (001;0) (b) (001;1/4)
z z

f

z=3/4

z2=1/4

(c) Strong TI

AA H GA

Iy X

FIG. 8. (a),(b) Illustrations of topological crystalline insulators
introduced in Ref. [93]. Yellow planes represent two-dimensional
topological insulators that are stacked along the z direction.
(c) Hlustration of a strong TI. (d) Cell decomposition of the
fundamental domain in P2,2,2, and P222 with TRS. Here, the
labels of momenta follow Ref. [132].

TABLE X. Character tables of irreps and their EAZ classes on
1-cells in space group P2,2,2, with TRS. Here, we show irreps
on 0- and 1-cells relevant to the discussion.

Irrep EAZ e Sy Sy S,
I Al 2 0 0 0

X, A 1 1 - -
X3 A 1 1 i i

X4 A 1 -1 i —i
X5 A 1 -1 -1 i

Y, A 1 —i 1 —i
Y; A 1 —i -1 i

Y, A 1 i -1 -1
Y; A 1 i 1 i

Z, A 1 —i —i 1

Z; A 1 —i i -1
Zy A 1 i i 1

Zs A 1 i -1 -1
Trrep EAZ e Sy

% Al 1 —ie—tk:/2

%y Al 1 je~ik:/2

Irrep EAZ e Sy

A3 AI 1 —ie_ik,v/2

Ay Al 1 je~ik/2

Irrep EAZ e S,

A; Al 1 —ieik:/2

Ay Al 1 ie~ik:/2

functions. In this case, the transition functions are defined
for each irrep on X, A, and A. For example, the transition
function for irrep X5 is defined by

= (P

LS
r,(n/z,o,o)) i

X, (7/2.00)° (340)
where q)?’k and Cbik are occupied states with irrep X5 under
independent gauge choices around I" and X [cf. Eq. (147)].
For other irreps, the transition functions are defined in the
same way.

After computing AHSS and performing the procedures
in Sec. IVB 5, we find that Ey~" = (Z,)? and

1 1. 0 0 0 0
o 0 1 1 1 1
XOU'=]10 0 0 0 0 1 |, (341)
0 0 0 1 -1 0
0 1 0 0 -1 0
0 0 0 0 -1 1
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where the last three rows correspond to three Z,-valued
topological invariants. Then, we construct the following
three Z,-valued topological invariants under certain gauge
conditions:

(—=1)¥7 = (det7)~! det 7o ; (342)
(—1)% = (det7%) ™" det Fr; (343)
(=1)% = (det7%)~" det 7%, (344)

where ff}% is the gauge-fixed transition function
[cf. Eq. (158)] and the same applies to the other transition
functions. To use the technique introduced in Sec. IV C 4,
we consider

A Ay x
i= WNoce/2 01713 oirrs P[(®y*)"U(T ) (Py')*]

U
PI[(@7") U(T)(@7)']

(-1

X exp [—%[\tr(d)l’{\3)’f(Uk(Sy’Z')dU,t(SyT))dD

T4\t 24\ %
(_1)1/8 = 2NOCC/26iy;}% e—iy%( Pf[(q)X4) U(T) ((I)X4) ]

PE((@7")'U(T)(®7')']

cewp -5 [ wl@l) wuts Taviis e ew 5 [

e DN/ 2 g% pirl Pf[(CI)%)TU(T) (CIJ%4>*]
Ay 4\ %
PE[(®y*)"U(T ) (@y*)"]

!

(=1)% = (=1)»71 = (det 7o) ! det 7.  (345)

Similar to the above example, we can derive gauge-
independent expressions of these invariants. Again, we use
the symmetry-enriched Berry phase introduced in

Eq. (197), ¢"hon o= limy_o, det [TNG (DF L1 105) @ s
forirrep a and 6 = (k; —ky)/N. Again, the Berry phase is
not invariant under gauge transformations at the boundary
0-cells. For 0-cells X, Y, and Z, the Pfaffian can be used to
cancel U(1)-valued quantities originating from the gauge
transformations. On the other hand, at O-cell T, there is only
a two-dimensional irrep I'; whose EAZ class is Al
According to Egs. (342), (343), and (345), T" is an
intersection of two 1-cells in each quantity. Thus, we
can use the technique in Sec. IVC4 to derive gauge-
invariant quantities. As a result, we have

det(®L) P

,ﬂ exp B /A tr(@,f4)+(Uk(sZT)dU;(sZT))cp,§4], (346)

det(®L) X

(@) (U TIus. TN | )

z

det(d2) T

X exp [—% /A tr(cp,f4)f(Uk(sxT)dU;(sx:r)yp,ﬂ exp B /A tr(cp,?4)T(Uk(syf)dU;(syT))®Q4]. (348)

By explicitly computing these invariants for representative
models of a strong topological insulator and topological
crystalline insulators, we see that (7, vg, v4) can diagnose
these phases, as shown in Table XI.

3. Example: Spinle:vs systems with space group
P4 with TRS

In this symmetry setting, Eé’_l = Z, and a Z, invariant
over the 1-skeleton exists. On the one hand, the K group
K =~ 78 does not include Z, [71]. This means that the
second differential dy~": E}~' — E3* is nontrivial and
the Z, invariant over the 1-skeleton detects a gapless point
(Weyl point) in 3-cell. We construct the Z, invariant over
the 1-skeleton and relate it to the Chern number of
Weyl point.

TABLE XI. Results of topological invariants for representative
models of all topological phases in space group P2;2;2; with
TRS. For topological crystalline phases, (hkl;d,) represents the
position of a two-dimensional topological insulator. Here, (hkl)
denotes the direction perpendicular to the two-dimensional
topological insulator, and d is the distance from the unit cell
origin. The notation “AI@ 1a” means an atomic insulator whose
electrons are at the maximal Wyckoff position 4a. Also, v, € 8Z
represents the number of electrons in unit cell.

Topological phases (Ve/8,v7, 18, Uy)

Strong TI 2,1,0,0)
(001;0) 2,1,0, 1)
(001;1/4) 2,0,1,0)
Al@la (1, 1,0, 1)
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R/

N

Z

Sl
i 7 s
r
FIG. 9. Fundamental domain in the momentum space of
magnetic space group P41’. Momenta are set as ' = (0,0, 0),

S =(n,#0), Y=(0,7,0), Z=(0,0,7), R= (x,x,x), and
T = (0,7, 7).

Symmetry is summarized as follows:

349
350

Ui (S4)HpUp(S4)" = Hg g,
U(T)H;Up(T)"

(349)

=H_y. (350)

Usit (S4)Ucse(S4) Us,k(S4) Un(Ss) = 1, (351)
(352)

(353)

UL(T)U(T) = 352
U_k(S4)Ur(7T) =

Here, S;k = (k,,—k,,—k,) is rotoinversion. Figure 9
shows a cell decomposition we use. On l-cells I'Z and
SR, the stabilizer group is {e, S47, C5, S37 } and there are
two irreps A and B whose characters are y*(C5) = 1 and
xB(C5) = —1. The relation Uy(S47)Ui(S47)* = Ur(C3)
over these 1-cells implies that the EAZ class is Al for the
irrep A and AlI for the irrep B, respectively. On the 1-cells
I'S and ZR the little group is {e, C57 } and EAZ is Al
From the AHSS, we find that the Z, invariant is composed
of the transition functions of the A-irrep of the 1-cells 'Z
and SR and the 1-cells I'S and ZR, meaning that the Berry
phase formula is composed of these irreps of their 1-cells.
Since the Berry phase over the irrep whose EAZ class is AIl
is trivial (see Sec. IV C 6), multiplying the Berry phase of
the B-irrep over 1-cells I'Z and SR does not change the Z,
invariant. Consequently, the Z, invariant v is written as the
standard Berry phase e'rszz over the loop I' - § — R —
Z — I without irreducible decomposition as in

' 1
(_1)1/ — e—l]’rszez X exp |:_ </ +/ )
2 S—R Z-T

x tr[ DU (SsT )dUk(Sn)Tch]]

b ()

X tr [qa,tUk(ch)dUk(ch)T@k]] .

Us(T)Ux(S4)". 353

(354)

Now we show that the Z, invariant v is the parity of Weyl
charge inside the fundamental domain of the momentum
space. Using the Stokes theorem and the symmetry con-
straints, it should be possible to directly show that v is the
parity of the Chern number of the boundary of the
fundamental domain. Instead, here, based on the interpre-
tation of the second differential dé‘_l [109], we show that
the topological transition of v results in the emission or
absorption of the quartet of Weyl points. On the tubular
neighborhood of the 1-cell I'Z, the topological transition of
v is modeled by the Hamiltonian

Hy = k.o, + (m—k*)o, + k,k,0, (355)
with Uy (S47) = 1. When the mass m continuously varies
from a positive to a negative value, the Z, invariant v
changes by 1, and the quartet of Weyl points is created to
the fundamental domain, meaning the change of the Chern
number by 1.

G. Topological invariants defined on 2-skeleton

In this work, we have discussed topological invariants
defined on 1-skeletons, which are constructed from Eé"l
As shown in the above example of space group P2, the
introduced topological invariants cannot fully characterize
all possible phases. In fact, our framework discussed in
Sec. IIB and Appendix A is applicable to E}™" for
arbitrary p and n. In particular, when the higher-differential
dg’_l is trivial, Ei’_z = E%’_z can inform us of topological
invariants defined on 2-skeletons. For example, E%’_Z =
E;™* = (Z,)? in space group P2 with TRS. Thus, there
should be two Z,-valued topological invariants defined on
2-skeletons. It is natural to expect that the topological
invariants obtained from E3™7, together with {v;} ,,
enable us to diagnose all possible topological phases.
Although topological invariants defined on 2-skeletons
are essential for the full characterization of topological
phases, we leave a systematic construction of them as a
future work.

V. CONCLUSIONS AND OUTLOOK

In this work, we have established a systematic frame-
work to construct topological invariants based on AHSS in
momentum space. We have applied our scheme to insula-
tors and superconductors in all magnetic space groups and
presented necessary information about topological invari-
ants such as [X(V]~! and [V(¥)]~!. Through some illustrative
examples, we have shown that the constructed invariants
can detect nontrivial topology, for which symmetry indica-
tors do not work at all.

Our work opens new avenues for future research. First,
our scheme is applicable to various kinds of systems. In
recent years, topological phases in non-Hermitian systems
have attracted significant attention [133-143]. Since
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K-theoretic  classification techniques developed for
Hermitian Hamiltonians have been successfully adapted
to non-Hermitian settings, the AHSS-based construction
developed in the present work may also provide a useful
framework for constructing topological invariants for non-
Hermitian Hamiltonians. More recently, spin space groups
have been comprehensively classified [144—147]. It turns
out that there exist a lot of new symmetry classes. Our
general scheme could also be applied to spin space groups.

Second, our invariants can capture nontrivial topology in
gapped phases on 2-skeletons or gapless points on 2-cells.
This means that our invariants of gapped phases on 2-
skeletons sometimes detect gapless points on 3-cells. Since
the discovery of gapless points at generic momenta is
usually challenging, it would be interesting to differentiate
between the invariants for fully gapped phases and those for
gapless points on 3-cells. This distinction is achieved by
computing the invariants for representative models of real-
space classifications and examining which ones are for
gapless points on 3-cells.

Third, itis interesting to investigate whether the topological
invariants constructed here lead to fundamental relations
among topology, quantum geometry, and physical quantities
[148-153]. Recently, it has been shown that the Chern
number and the Z, topological invariant of time-reversal-
symmetric insulators give fundamental bounds on the band
gap and integrations of quantum metric [148,151,153].

Last, we expect that first-principles calculations can
compute topological invariants constructed based on this
work. For insulators, our gauge-invariant formulas are
computable from wave functions obtained by first-princi-
ples calculations. For superconductors, Fermi surfaces
available from first-principles calculations enable us to
calculate our invariants under the weak-pairing assumption,
as briefly mentioned in Sec. Il F. Furthermore, since they
are defined on 1-skeletons composed of high-symmetry
points and line segments connecting them, the computa-
tional cost is relatively low. We believe that our work would
help to build a more comprehensive database of topological
materials than the existing ones based on symmetry
indicators and topological quantum chemistry.

ACKNOWLEDGMENTS

We thank Yohei Fuji, Shuichi Murakami, Kenji
Shimomura, and Zhongyi Zhang for fruitful discussions.
We also thank Isidora Araya Day for informing us about
Ref. [108]. We appreciate the YITP workshop YITP-T22-
02 on “Novel Quantum States in Condensed Matter 2022,”
where a part of this work was carried out. S.0O. was
supported by KAKENHI Grant No. JP20J21692 and
No. 23K19043 from the Japan Society for the
Promotion of Science (JSPS) and RIKEN Special
Postdoctoral Researchers Program. K.S. was supported
by JST CREST Grant No. JPMICRI19T2 and JSPS
KAKENHI Grants No. 22H05118 and No. 23H01097.

This work is also supported by the Future Development
Funding Program of Kyoto University Research
Coordination Alliance.

DATA AVAILABILITY
All data in this work are available in Ref. [112].

APPENDIX A: COMPUTATIONS FOR ABELIAN
GROUPS WITH TORSION ELEMENTS

In this appendix, we show computational procedures for
the case where {ET™" }Zi},_l are not all free Abelian
groups.

1. General framework

The following commutative diagram shows the math-
ematical structure behind our problem:

T

0 Plpfl,fp i Efflﬁp E]fflﬁp 0

L e e
0—— PP7P L, EP7P T L pPP
L L Loy
0 — PPTL7P Ly pRALTR T, phther
where
DP NP
Er7=@zb" e @ zb"]: (Al
i=1 i=D,+1
. Xm0 o P i)
EIT=@Qzb" e D zb"]; (A2)
i=1 i=D,+1
Dp 5
PIP = 27257, (A3)
i=1

In the following, “~” denotes that we forget about
the Z, nature of an Abelian group. By definition,

EPTP = EPTP/PPTP For simplicity, we use B =
BBy bY) and PP = (2b{"2bY" - - 2b}1)).

To generalize t}~1e discussiogs in Sec. II1 C, we in}roduce
a map fUP=dl" @id:EVTP @ PPTVTP o EDYLP
This map can be represented by a matrix as

for (B(ﬂ)f)(ﬁ“)) — B+l (M;,]p-—n o) >7 (Ad)

where Q(P) = (2x 1 /O). One can always find the
Smith normal form

U (1\7[;1,[,‘7,, ow )V(m — 30, (A5)
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where U and V() are unimodular matrices. As men-
tioned in Sec. II, the Smith normal form can be written as

) = diag(s\”. sY", ... s (s\” € Zs) and s; # 0 for

i

i<r,<N,. Then, we have

£ ( B(P)f)(pﬂ)) v

— B(P+1)[U(P)]_1U(p>(Maprp Q(P))V(P)

— B[y 15 ), (A6)
where V(P) = (v(lp ). vgp L v](\f-’p) +Dp+1)‘ Here, we obtain

Kerd? ™" from Eq. (A6). First, we restrict vgp ) to the first
N, elements, which is denoted by v/ l(.p ), Then, Eq. (A6)

N,+D ~p—
il it are elements of Kerd] ™.
=rp

N, 4D,

i=r,+1 >

informs us that {v//")}

Collecting all independent lists of {v/ ,(»p ) we have

a basis set of Kerd]™".
For later convenience, we construct an N,

invertible matrix V'(*) from {v/\"’ }fi:p_ Drt We obtain an
N ,-dimensional unimodular matrix U, from the following

Smith decomposition:

-dimensional

WV, ) = UE VL (AT)
U,! = (ul U Uy, )T, (A8)
where X, is the Smith normal form of

/(p) /(P) : . . .
(v U +Dp+1)’ ie., an N,-dimensional diagonal

matrix whose matrix rank is N, —r,(0 <7, <N,). V,
is an (N, + D,y — r,)-dimensional unimodular matrix.
Let us elaborate on the explanation of X,. Each diagonal
element of X, has the following features:
() [Z,)i€Zfor 1 <i<(N,-7),);
(i) [X,]; can  always  divide
for 1 <i<(N,-r,)—1;
(i) [Z,]; =0 for (N, —7r),) <iif r, #0.
From U,! and ¥,, we have an integer-valued invertible
matrix V(") as

[Z0) i1y (41

[V/(p)],, =

{ (2,];lu;]; for 1 <j<(N,—71p),
ij

[u;]; for (N, —r),) < jif r, #0.
(A9)

Note that V'(P) is not a unimodular matrix when there exists
J such that [£,];; > 1.

Since Imff_l’_” C Kerglf'_”,

B ( M1 01 )

(Bl

Il
3t

Py () [y ()] ( M

(p=1)
p=l.-p Q ! )
- Y
B () Al0
Or;,xN,,,l Or;7><D,, ( )

Bl(p) — (b/(P)

where rptls

L, YY) =

BP)V'(P). The reason why the last 1, TOWS are zeros is

b; ¢ Kerd}~". These should not be included in Im f}~"77.
Again, using the Smith normal form, we rewrite the above
equation as

- Alp—1)
— B/(p) U(p—l) -1 ﬂr’
(W o1 (

Or,PXDP>

- Alp—1)
— B'Wp) ,
Or},xN 1 Or;xDl,

where AP~ is the Smith normal form of Y and
B = B xr) = Py @) ([Ur-D]"1 @ 1,). As with
the case where E}""" is a free Abelian group, the inverse of

X®) and V(=1 tell us which p- and (p — 1)-cells are
involved in the expression of topological invariants. Again,

(Al1)

() (100;0) & (010; 0) (b) (110;0)

ash-

(c) (010:1/6)

Q
A<iSL
A RVP

3 K
r /Ar/ S\rj

>

M

— \|

FIG. 10. (a)—(c) Real-space pictures of topological crystalline
superconductors. Gray objects represent one-dimensional topo-
logical superconductors. (d) Cell decomposition of the funda-
mental domain in P3;21 with TRS.
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TABLE XII. Character table of irreps of little groups and their
EAZ classes on 0- and 1-cells in space group P3,21. When T,

denotes the primitive lattice translation along the z direction, the

remaining representatlve elements are given by C[ZHO] =

-1 [too] 010 vy o2 ~[100]
Z SzC2 C2 = Z SZ C2 .

Irrep EAZ e S 52 C[ZIOO] C[Zno] C[zom]
I BDI 1 1 ) 1 7 =
I, BDI 1 1 1 1 1 ]
I BDI 2 -1 —1 0
A, BDI | -1 I { | O
A, BDI 1 -1 | 1 . 1
Az BDI 2 1 1 0 0 0
K, Alll 1 -1 1 | | o
K, Al 1 -1 I 1 . 1
Ky Al 2 1 —1 0 0
Hl AIll 1 -1 1 1 1 ~1
H, Alll 1 -1 1 _1 . |
H; Alll 2 1 -1 0 0
Irrep EAZ e pto
M, BDI 1 -1
M, BDI 1 1
Ly BDI 1 -1
L, BDI 1 1
Irrep EAZ e S, S%
Ay BDI | ,i-%% P2
A, BDI 1 ei(%n_%:) il 3 %)
Ay BDI | e,i%: eiiz%
P, Al 1 =% pilE2)
P, AL 1 ) i
P; Al 1 i it

110]
Irrep EAZ e C[z I
Ar Q Al 1 _
Aoy Q Al 1 1

010]
Irrep EAZ ¢ 0o
T, S Alll 1 —1
T,, S, Al 1 1
Irrep EAZ e

R,,W,,N, BDI 1

[X(M]~1 is denoted by
[X“)]_l = (xl X> xN] )T,
VOIl= (v, v, vy, )"

It should be noted that [X(V]~! sometimes contains
fractional numbers, since V() is not a unimodular matrix,
in general. This happens only when Ef*™" has both Z and
Z, parts.

2. Example: Spinless superconductors
in P3,211
As an example, we discuss time-reversal-symmetric
spinless superconductors in space group P3;21 with the
conventional pairing symmetry A;. This space is generated
by threefold screw S. = {C5/(0,0,1/3)"}, twofold rota-

tion CIOO] {C3|(0,0,2/3) T} along the x direction, and
translatlons According to Ref. [71], the K group is

(/’Kg/CrFO(IR%) = (Z,)* x Z3 x 7%, whose (Z,)? classifica-
tion corresponds to atomic limits and Zj x Z? is the
classification of topological crystalline superconductors,
as shown in Figs. 10(a)-10(c). In addition, we find that
ESY = (Z,)° and EY™" = Z4 x 72, which implies that five
Z,-, a Z5-, and two Z-valued topological invariants are
defined.

Our cell decomposition of the fundamental domain is
shown in Fig. 10(d). For this cell decomposition, E?’O and

E}‘_l are spanned by

3
E'= @ @zbie & byl (A2
. 3Kk= FAJ(])] 3 1K) M.L j=1 D) "
E7 =@zblodzb o O @zby
j=1 j=1 K=A.Q.T.,S j=1
& @ 7,y (A13)
K=R,N

where the labels of irreps are defined in Table XII.
After following the procedures discussed above, we
obtain
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(A14)

k)

Ay Ay Pp Py P3Ny AL A Q Q RET T, §0 5

)

(A15)

diag(1,1,1,1,1,1,1,1,1,1,3,0,0);

A0 —

(A16)

A, Ay Ry N
-2 2 0

0

L, H, Hy Hy A

I I Is My My Ky Ky, Ky A Ay Ay I

-2
-2

o 0o 06 0 -1 -1 0 0 0 2
-1 -1 0 0 0 2
0 0 O
0

0
0O 0 0 0 0 O

0 0

0

1

0o 0 0 0 1
0 0 0 0 O
0 0 0 0 0 0 0 O

0

0 0 O
0 0 0
0 0 O
0 O

0
0
0
0
0
0

0 0 0 O

0
0
0
2

0
0

0
-2

1

1

0

0
0
0

0 0 0 O

0 O

0

0 0 0 O

1

0 0 0 O

2

0 0 O
0 0 O

0 0 0 O

0 0 2

1
0
0

0o 0 0 0 o0 1 1
0 0 0 o
o 0 0 0 0 06 00 0 O

0
0

0 0 0 O

0 0 O

0
0

0
0

0 0 0 O

0 0 O
0 0 O
0 0 O
0 0 O
0 0 O
0 0 O
0 0 0
0 0 O

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0

1

1
1

0 0 0 O 0

0
0
0
0
1

0

0 0 0 O

0o 0 0 06 06 1 0 0 0 O
0o 0 0 0 06 061 0 0 O
0o 0 0 0 0 0 O

0
0

0 0 0 O

0 0 0 O

0 0 0 O

0

0 0 0 O

0 0 0 0

0
0 0 0 O

0 0 0 O

0 0 0 O
0 0 0 O

0

0
0
0
0
0
0

0
0
0
0
0
0

0 0 0 O

0
0
0
0
0

0
0
0
0
0

0 0 0 O

0 0 O

0 0 0 O

0 0 0 O

0 0 0 O
0 0 0 O

0

0 0 0 O

0 0 0 O

0 0 0 O

0 0 0 O

0

0

0 0 O

0 0 0 O

0 0 0 O

As discussed in Sec. II, we can find topological invariants using these data.

1,-1

2

Z5 x Z*. We define the following two

Let us begin by constructing topological invariants corresponding to E

quantities:
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-1 e qA' th'
mﬂmﬂz—f/dl k +/db k| Al7
1 2l I A g (det qAI )vac T g (det qu )vac ( )
. [ det g etg)!
ypgred _ L / dlog —— & / dlog——dk (A18)
27l Ja (detgg?)¥™ Js (detg,')"™]
Then, we can find the following topological invariant:
3 Z[(gheyvae 1 det g* det g;?
X = —Imlog KLI{Z]exp = —/ Zdlog%—f—dlogeigzk‘
2z Zqy’] 3 P (detg,) (detg,* )
det g} det g
+ / dlog—— Tk _ / dlog— k|| (A19)
A (detgp”)¥™ Jr (detg,')v™
|
Next, we construct topological invariants that diagnose _
the entry in ES° = (Z,)°. As shown in Eq. (A12), we have v2 = P, + L P, mod 2, (A24)
E(l)’0 = (Z,)"°. It is well known that topological phases at 0- vy = pm. + pr. mod 2 (A25)
cells are characterized by zero-dimensional topological } Mo b '
invariants, as discussed in the context of symmetry indica- _
tors [101,102]. In this case, the zero-dimensional topologi- Vs = Pyt Py Pay T L, mod 2, (A26)
cal invariants are Pfaffians for each irrep atI', M, A, and L;
P Vs = pr, + pm, + pa, mod 2. (A27)

that is, E?’O is completely characterized by

(Prl > Prys» Prys PMy» PM,s PA,» PAy» PAys PLy s PLZ), (A20)

where p, denotes the Pfaffian invariant for irrep p. Since

Eg’o = Kerd(l)’o, Eq. (A6) informs us about invariants
defined on O-cells, and we obtain the following
quantities:

(Pry. PMy» Pay PL PL,)- (A21)

Although the above set of invariants fully characterizes

Eg’o, it is convenient to change the basis of E(2),0 and to have
topological invariants to distinguish between atomic limits
and other phases. This is achieved by symmetry indicators,
and we obtain the following five Z,-valued invariants:

b, =(1,0,1,0,1,0,1,1,1,0)
b, =(0,1,1,1,0,1,0,1,0,1)
b; =(1,0,1,0,1,1,0,1,0,1)
by = ( )
bs = ( )

ESY = span = (A22)
=(0,0,0,0,0,1,1,0,0,0
=(1,1,0,0,0,1,1,0,0,0

and
vy = p;, mod?2, (A23)

Forb;, v; = 1 and v;; = 0. In fact, v4 and vs are symmetry
indicators.
As a result, we have a set of topological invariants

V = (U112, V3, Vg, s, X, WP VERP0) - (AD8)

We compute all these topological invariants for gen-
erators  of ¢Kg'/?[+0(IR3) = (Z,)® x Z3 x 7%, and the
computed results are tabulated in Table XIII. We make
the following two comments. First, we find that v, = 0
for all gapped phases. This implies that (Z,)* part of
Eg’o corresponds to gapped phases. In other words, the
entry of remaining Z, part is gapless, and the second
differential dg’O: E(Z)’O - E%"' = Z, is nontrivial. To
show this, let us consider the following effective
low-energy model around I

H(k,.kz,k ) — (k2 - ﬂ)rz + szyax + klkZ(kl + k2)7y6x’

(A29)
U(T) = 140, (A30)
U(C) = 7,00, (A31)
U(C3) = 7900, (A32)
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TABLE XIII. Results of topological invariants for representa-
tive models of all topological phases in space group P3;21 with
TRS. The first column represents entry of the K group

(/)Ké/n)([I@) (Z,)? x Z3 x 7% [71]. The second column de-
scribes the real-space information of topological phases. Topo-
logical crystalline phases are represented by a symbol (hkl; d),
where (hkl) denotes the direction along a generating one-dimen-
sional topological superconductor and dj, is the z coordinate of
the generating one-dimensional topological superconductor.
Atomic limits are denoted by “p@x,” where orbital p = A, B
is at a maximal Wyckoff position x =a,b [a= (0,0,0),
b =(0,0,1/6)]. The third column shows the values of topo-
logical invariants defined in Eq. (A28).

¢K(GZ}3(R3) Real space Topological invariants V
(1, 0,0, 0,0, 0) B@a (1,0, 0,0, 0,0, 0, 0)
0, 1,0, 0, 0, 0) A@a ©, 1, 0,0, 0,0, 0, 0)
0,0, 1,0, 0, 0) B@b ©, 0,1, 0,0,0, 0, 0)
©,0,0,1,0,0) (100;0) & (010;0) (1, 1,0,0,0,1,0,0)
0,0,0,0,1,0) (110;0) (1,0,0,0,1,0,1.1)
0,0,0,0,0, 1) (010:3) (0,0,1,0,1,0,-4%.3)
U(cl™ = 740, (A33)

where 7, , . and 6, , . are Pauli matrices acting on
Nambu-spinor space and the eigenvalue space, respec-
tively. This model corresponds to b, + b5 and exhibits

four gapless points on [(v/3u/2),0,0], [0,(\/3u/2),0],
and [£(v/3u/2),F (v/31/2),0], which are the 2-cell

A-A’-L’-L and its symmetry-related 2-cells. This is
exactly the generator of E%'_l = Z,, which implies that
dOO is nontrivial.

Second, WE! and WEPP are fractional for
(0,0,0,0,1,0), (0,0,0,0,0, 1) e¢Kg/;}+°<R3) This indi-
cates that there is a nontrivial relation among Z, invariants,
WweRPed - and WEPPY In fact, vs is nontrivial for
(0,0,0.0,1,0).(0.0,0.0.0. 1) € "K " (R?). This can
generally occur when there is a group extension in the
process of deriving ¢Kg /jT)JrO(T%) by AHSS. However, we
leave the development of a general theory for the case

where nontrivial higher differential and the group extension
are involved as future work.

3. Example: P.3

The next example is spinless superconductors in mag-
netic space group P.3 with the conventional pairing
symmetry A. Generators of magnetic space are threefold
rotation C%, time reversal with half translation along the z
direction, and primitive translations. Although the Abelian
group structure of K group is unknown, we have informa-
tion about real-space descriptions of topological phases.
According to Ref. [71], there are atomic limits and

FIG. 11. Cell decomposition of magnetic space group P,.3.

topological crystalline phases classified into (Z,)* and
(Z,)?, respectively.

On the other hand, from AHSS in momentum space, we
find that EY® = (Z,)? and Ey~' = (Z,)°, which implies
that seven Z,-valued topological invariants can be con-
structed in our method. Our cell decomposition of the
fundamental domain is shown in Fig. 11. For this cell

decomposition, E(,)’0 and E}‘_l are spanned by

0 0
£ = Z,br7)) @ Zo[by) (A34)
: 1
E7 =@ @ zpby e zlpg)).  (A35)
j=1 K=A, K K=UEG
where a threefold rotation symmetric cell K(K =

I, A,H, A, P) has three irreps K, K,, and K3 correspond-
ing to threefold rotation eigenvalues e!(*7/3)  ¢i(27/3),
and 1; the other cells have only the trivial irrep. In fact,
E00 EOO since doo is trivial. Therefore, two Pfaffian
invariants (pr,, le) are topological invariants defined on
O-cells.

As for topological invariants defined on 1-cells, after
performing the same analysis, we have

A1 AZ AB l)1 PZ P3 Ul El Gl
0 -1 00000 0 0
-1 -1 -1 00 0 0 -1 0
1 1 -1000 0 0 0
x| 11 0 00010 0]
-1 -1 =200 0 0 -2 0
1 1. 00100 00
1100010 00
2 2 2 1 110 2 0
11 100 0 -1 1 1

(A36)
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TABLE XIV. Results of topological invariants for representa-
A = diag(1,1,2,2,2,2,2); (A37)  tive models of all topological phases in magnetic space group
P.3. The first column describes the real-space information of
topological phases. Again, atomic limits are denoted by p@x,
where orbital p = A or E is at a maximal Wyckoff position x =

I T3 M; A, A; L, HA H, Hy a,b,c[a=(0,0,0),b=(1/3,2/3,0),c = (2/3,1/3,0)]. As for
topological crystalline phases, there are two types. One is
1 0 0 1 0 0 0 O O . . . .
topological phases constructed from one-dimensional topological
60 0 0 0 0 I T 1 superconductors along the z direction. In each unit cell, the one-
O 0 O -11 0 0 0 O dimensional topological superconductor is placed at maximal
00 0 =1 0 1 0 0 0 Wyckoft position b. The other one is composed of two-dimen-
[V(O)]_l = sional topological superconductors with Chern numbers =+1.
00 0 -1 00 1 1 1 Two-dimensional topological superconductors are stacked by
60 06 0 -1 0 0 0 1 O time reversal with the half translation. The second column shows
O 0 0 -1 0 0 O 0 1 the values of topological invariants defined in Eq. (A44).
61 0 0 0 0 0 0 O Real space Invariants
o0 1 0 000 00 'E@b 0,0,1,0,1,0, 1)
(A38) A@b 0,0, 1, 1,0,0,0)
A@b+ E@b + A@d 0,0,1,0,1,0, 0)
A@b + E@c - E@a— E@b 0,0,0,1,1, 1, 1)
. . 1D TSC with A@b (1.1.1,1,1,0,0)
Based on Sec. II, we find the following five Z,-valued 2D TSC with E@a ©.0.1.1.1. 1. 1)

topological invariants:

1 det ¢ Pf[g™] \ 7! 1 det g2 det g2 det g™
X\ =—TImlog |— Zk ( [Zk ] > exp ——/ dlog— Zk +dlog—— Tk Zk — dlog——Tk__ Zk ;
¥4 det(qk 1 )VaC Pf[(qk3)vac] 2 A (det qk 1 )vac (det qu)VaC (det qk3>vac

1 det 4" Pflg'] \ 7'
Xz = _Im log Alk vac < L]k vac
n det(q;") Pf[(q")"*]

1 det gy det g} det g;"
X exp ——</ dlog%%—/dbg%—/dbge‘?‘) ’ (A40)
2 A (det qk 1 )vac A (det qk2>v4c U (det qk 1 )Vac

det q,/?‘ ( det q,ljl det q,?z det q,?‘ ) -l
det(q,‘?‘ )vac det(q,?' )Vac det(q,ljz )vac det(qll;h )vac

1 det g5 det ¢+ det ¢ det g-
X eXp ‘/ (dloge—zk+d10ge—zk+2dlog—e 2 >+/d10g—e T 11 (a4
2 /s (detg;.' )™ (det g;*)** (det g°)"™ E (det gy )"

1 det ¢ detgr> \ 7!
)Q:—Imlogl bk ( bk >

T

1
X3 = —Imlogl

T det( q£1 Jvae det( q;:lz yvae
1 det g2 det g2 det ¢;*

X exp __</ dlogei?+/dlog67?‘+/dlogeigk) ; (A42)
2\ Ja (det a5 )vac A (det qkz)vac P (det qkz)vac

1 det ¢! detgl® \7!

X5 = —Imlog Alk - < Hf i

m det(g,")"* \det(q,")
1 det g det ¢+ det g
2 A (det qk 1 )Vac A (det qkz)vac P (det qk3)vac
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As a result, we have the seven Z,-valued topological
invariants

V= (pr3’ pM]levX27X37X4’X5)' (A44)
As shown in Table XIV, we compute all these topological

invariants for representative models constructed from the
real-space description.

APPENDIX B: DETAILED INFORMATION OF
DISCUSSIONS PRESENTED IN SEC. II

In this appendix, we provide information about technical
details which are not included to avoid digressing from the
main topic of this work.

1. Brief review of definitions of K groups

This subsection reviews definitions of K groups in
Refs. [47,154]. Before defining K groups, let us consider
the triple (E,Hy, HY'), where H; and HY' are
Hamiltonians and E is a vector bundle on which H; and
H' act. In the presence of symmetries, symmetry repre-
sentations Uy (g) are the same for H; and HY', i.e.,

Ui (9)HY' = ¢,H 4 Ur(9); (B1)
Ur(9)[HE"N = ¢ Hig Ur(9). (B2)

We define relations between two triples (E, Hy, HFY)
and (E' ,H;C,H’,rff). First, we define the sum structure
among triples by

(E. Hy. HE') + (E. Hy, HE)

=(E®E . H, ®H; . H' & H'"). (B3)
Next, let us suppose that H; and Hj, as well as Hi*' and
H'e, are homotopy equivalent, ie., H;~H) and
HE' ~ H"*'. Then, we say that these two triples are
isomorphic (E, Hy, H') ~ (E', Hj, H'™"). As a result,

isomorphism classes of (E, Hy, HE') form a commutative

monoid M (X).
We define a submonoid Z(X) of M(X) by
Z(X) = {(E,Hy, HF") e M(X)|H, ~ HF'}. Then, we

also define the equivalence relation “~” between
x, X e M(X). We say that xa~x' if there exist
7,7 €Z(X) such that x+z~x+7. Then, K

group K(X) is defined by the equivalence classes
[E, Hk,H,rff], ie.,
K(X)=M(X)/~. (B4)

It should be noted that z~7z for z,7/ € Z(X). This
immediately follows from z+ z,~z; + 7, since there

exist z; and z, such that z; ~ z and z, ~ 7/ by definition.
The K group has the following properties:

() [E.Hy, HFY] =0 when Hj ~ HE',

(i) —[E, Hy, HE') = [E,HE', Hy).
From the above two properties, one can see that the K
group is invariant under adding trivial degrees of freedom

[E, Hy, H') + [E, H}, H}] ~ [E, Hy, HF'].  (BS5)

Similarly, a relative K group K(X,Y) for Y C X
is defined by triples [E,Hy, HE'] such that Hy =
H¥ V keY. Also the reduced K group K(X) is
defined by

K(X) = K(X, pt). (B6)

2. Stable classification and finite-rank classifications

We emphasize that the completeness discussed in this
work is meant in the stable K-theoretic sense. This should
be distinguished from finer finite-rank classifications. One
may fix both the numbers of occupied and unoccupied
bands and classify gapped Bloch or Bogoliubov—de Gennes
Hamiltonians up to homotopy without adding extra bands.
Such a fixed-size Hamiltonian classification can contain
unstable information that disappears after increasing the
number of bands. A typical example is the Hopf insulator
[155], which is nontrivial as a two-by-two Hamiltonian but
is not detected by the K group.

One may instead fix only the number of occupied bands
and classify the occupied-state vector bundle of fixed rank.
This classification is also generally finer than stable K
theory. A typical example is the Euler insulator [156],
distinguished by the Euler number of a two-band PT-
symmetric occupied bundle.

Thus, when we say that our invariants completely
characterize the classification, we mean that they com-
pletely characterize the stable K group, not all fixed-rank
Hamiltonians or fixed-rank vector bundles. This limitation
does not mean that the invariants constructed in this paper
are irrelevant to fragile or finite-rank topology. Many such
phases are diagnosed by concrete topological invariants,
such as irrep-counting invariants and quantized Wilson-
loop invariants, whose systematic construction is one of the
main aims of this work. What lies beyond the K group is the
finer finite-rank question of whether these invariants
obstruct gap-preserving deformations with the number of
occupied bands, or both the numbers of occupied and
unoccupied bands, fixed.

3. Choice of a basis for the computation of g-matrix

In this subsection, we explain how to choose U/, in
Eq. (72) so thatdet ¢ = Z[q]P« for EAZ class Alll and CI
and detq{ = Z[q{]*P« for EAZ class DIIL
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Let us recall that (/4 satisfies
PEYL = UYL, (B7)

where P** is a projection matrix defined in Eq. (70).
Furthermore, U/} is transformed as

U(gUL =UIWi(9)  (9€Gk) (B3)

for EAZ class AIIl and
Un(gUL =ULWiE(9)  (9€Gi). (B9)
Up(a)Us] =ULWi(a) (a€A)  (BIO)

for EAZ class CI and DIIL It should be noted that W (g)
and W; (g) are unitary equivalent, since they both are
composed of irrep @. Thus, they can be the same matrix by
a basis transformation U% — U*S; i.e., there exists a
unitary matrix S such that

Wilg) =Wi(9) =SWi(9)S (9€G). (Bl
Wi(a) =W (a)S* =S Wi(a) (a€A). (BI2)

When we define the g-matrix by
¢'s = U8 HU, (B13)

the g-matrix itself is symmetric under g € G; for EAZ class
Alll and g € (G + Ay ) for EAZ class CI and DIII. In other
words,

Wi(9)d's = d'iWi(g) (9€Gr),

for EAZ class AIIL. For EAZ class CI and DIII, in addition
to Eq. (B14), ¢'{ satisfies

(B14)

Wi(@)lg'§]" = ¢'iWila) (a€A).  (BIS)
As a result, the eigenvalues of ¢ are D,-fold degenerate
for EAZ class AIll and CI and 2D,-fold degenerate for
EAZ class DIII. The problem is how to obtain & numeri-
cally. In the following, we discuss our implementation to
get S. Equations (B11) and (B12) can be rewritten,
respectively, as

Wi (9)SWg (9)]' =S =0(g€Gy).  (BI6)

Wi (@)STW; (a)]" =S = 0(aeA,). (B17)
Importantly, we can numerically solve these linear equa-
tions. To achieve this, let us introduce the following
tensors:

[Ag]lm;no = [WI: (g)]ln D/Vl;L <g)]:fno - 51n5mo7 (BIS)

[Bg]lm;no = [Wl: (g)]l() [WI:— (g)];m - 5ln5mo' (B19)

By reshaping these tensors, we have matrices {A,} g, and
{By} e 4,- Then, the solution can be obtained from

N KerA B20
, 0, Kerd, (B20)
for EAZ class AIIl and CI and
( N KerAg> n < n Keng> (B21)
9€ Gk g€ Ay
for class DIII, as discussed below. Let (a;,a,, ...a;) be a

basis set of the intersection of the kernels. Then, we
consider linear combinations of {a; {:, with randomly
chosen coefficients {c;}7_,, i.e.,s = > 7, c;a;. Finally, we
have the unitary matrix S by rearranging the vector §
and unitarizing the reshaped matrix by singular-value
decomposition.

It is noted that the intersection of the kernels is not one-
dimensional, in general. This happens when W;(g) is
reducible and composed of n, degenerate « irreps. If this is
the case, S takes a form S = @,S, ® 6S,, where S, is a
unitary matrix determined by W, (g) and Wy (g9) and
8S, € GL(n,) is unfixed. A vector s gives a set of matrices
0S,, and it is invertible if the coefficients ¢; are randomly
chosen. Unitarizing S by singular-value decomposition
leaves S, invariant, making that S is a desired basis
transformation.

4. Check of completeness of topological invariants

Here, we explain how to confirm that our invariants span
Ey~'. After computing W,[H,], W,[Hy], and C[H] in
Egs. (109), (110), and (111) for the 20 Hamiltonians, we
have

L= (WilH L WiHD) o wi]). (822)
F= (Wl LWy B oW m]), (823)
7= (cl).clr)....clr)).  (B24)

First, we check if gapless topological invariants can span
7. To see this, we compute the Smith normal form of L as

ULV, = (%, O). (B25)

If rank¥;, = ry and [Z;];; = 1 for (j = 1,...r;), our gap-
less topological invariants span Z't. Furthermore,
Eq. (B25) implies that the (r; + 1)th through 20th columns
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of L' =LV, are zeros. Thus, V, informs us about
combinations of Hamiltonians whose gapless topological
invariants are trivial. We note that the above criterion is
basis independent. The columns of L generate an integer
sublattice of Z". The Smith normal form tests whether the
sublattice has full rank and index one and, hence, whether it
equals the full lattice, independently of the chosen basis.

Next, we confirm that the Z-valued invariants for gapped
phases on 2-skeletons are sufficient to span Z":. From
Eq. (B25), (r; + 1)th through 20th columns of F' =
FV, =(f}..... ’rl,f’rlﬂ,...,f’zo) give us the computed
results of Z-valued invariants without gapless points on
2-cells. Then, we again consider the Smith normal form of

(f/r,+1w-wf/20)3

Up(f, 41 To) Ve = (Zr O). (B26)
If rankXy = Ny and [Z¢];; = 1 for (j = 1,...Ny), our Z-
valued invariants can fully characterize ZVr.

Last, we discuss Z;-valued invariants for gapped phases
on 2-skeletons. In the following, we consider Z;-valued
topological invariants as Z-valued quantities; i.e., we forget
about the Z;-nature of C[H|. Similar to the case of Z-
valued invariants, for TV, = (t’l,...,t’,l,t’rlﬂ, e th),
(t), .15 thy) is @ set of results of Z;-valued invariants
without gapless points on 2-cells, which is denoted by <.
Let us suppose that we have 4,_, such that 4,_, & {0,1}
forRy+ 1 <i—r; <Ry+ N(Ry€E€Z). Then, we define a
diagonal matrix by

A = diag(Ag, 1. -+ ARyn,)- (B27)

‘We construct a basis set of ( T A ) from its Smith normal
form

(B28)

where Xq is a diagonal matrix and its elements are all
positive integers. When we denote Uz' = (UL U)),
B = U, 2 is a basis set of (‘I, ?[) By definition, 2A
can always be expanded by B. In other words, when 8"
denotes the pseudoinverse matrix of B, B is always an

integer-valued matrix. Then, we compute the Smith normal
form of BA:

Ug(BTA)WVg = (Zg O). (B29)

If g =2, our invariants can correctly capture torsion
elements of Ey ™',

APPENDIX C: COMPATIBILITY RELATION OF
NON-HERMITIAN MATRIX

Let G be a finite group and ¢:G — {£1} be a
homomorphism indicating g € G is unitary or antiunitary.
The factor system of G is denoted by z,,. Consider the
subgroup G, = {g € G|, = 1}. Let the set of irreps of G
be {a},, with the character of the « irrep being y§. The
EAZ class of «a irrep is defined by the Wigner criterion

1

C—
|G|

Y 2t e{0, %1}, (C1)

g€G\Gy

where a representative element is denoted by a € G\G,.
The irrep obtained by applying a to the a irrep is written as
aa, where y5* = (2g.4/ %0 ga) X a1 4a)*- The EAZ class is
classified depending on the presence of antiunitary ele-
ments and the value of W, as

A if (G\G, = @),
Al if (G\Go £ @. W, = 1),
EAZ of a — if (G\Go # @ )
if (G\Gy %@, W, = —1),
if (

G\Go # @. W, = 0).

Furthermore, for the irrep a, the representation including
antiunitary symmetries is given as

a (A, AI),
a=<¢a®a (Al), (C2)
a®aa (Ar).

Consider a subgroup H C G and its unitary subgroup
Hy = {g€H|p, = 1}. Anirrep of H,, is denoted as /3, and
its representation including antiunitary group elements is
denoted similarly to Eq. (C2) as 5. The decomposition of &
by f is written as

a= @i,

=

where ng is calculated using the irreducible character,

equivalent to the first differential d¥ ' in insulators [71].

Consider a z-projective representation p of G with
dimension D,. Let us denote a representation matrix by
U c g» wWhich satisfies

gy (py=1)

_ p
. =z, Y g, heQG. (C4)
ug(up)* (pg=—1) } o

The decomposition of p by & and f3 is written as
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p = @at = @B@”B, (C5)
a B

Let us set a representation matrix ug of the « irrep. Then,
the representation matrix for the & representation reads as

us (A, AD),
3 u? @ 1, (AIT),
MZGGO = gua <C6)
(" ) @0
Uy
and
u (AI),
_ ul @ (io, All),
oo Jaee) an.

Za,a MZZ
¢ ) @,
D,

[Other matrices for elements g€ G\G, are given by
Eq. (C4).] Here, u?€U(D,) is a unitary matrix that
satisfies  u%(u%)* = W, x ZaaUs. The  representation
matrix for f is similarly defined. Using this notation, the
representation matrix for p can be chosen as

Upeg = @u‘g’ ® . (C8)

In the following, we consider symmetries that contain
only one of the two types, either transpose or complex
conjugate. More generally, there exist symmetries that
contain both transposed and complex conjugate types
simultaneously, but this is unnecessary for the construction
of invariants in this paper.

1. Transpose

Given a homomorphism ¢,, we consider an invertible
matrix M € GL,(C) with the following transpose-type G
symmetry:

T _
M- uMug, ¢, =1,
u M uy, ¢, =—1,
Here, M7 is the transpose of matrix M. In the basis where

uy is given by Eq. (C8), the matrix M is block-diagonalized
as

geG. (C9)

M=l @ m, (C10)
~ (GLy(C), A.AL
@ " (C11)
GLyy (C). AlLA;.

Moreover, a symmetry implies that

AL: (m*)T = m®, (C12)

All: io, (m*)" (ic,)" = m?, (C13)

AT:ma’:<ma (ma)T), m*€GL,(C).  (Cl4)

Thus, it was observed that, when the EAZ is AIl or Ay, the
eigenvalues of the matrix m® are doubly degenerate.

We define the quantity Z%(M), which takes values in
C* = {z€C|z # 0}, as the product of independent eigen-
values in the & sector. Introducing the orthogonal projection
to the & representation

) pPe (A, AL AII),
Pi= (C15)
P« _,’_Paa (AT)v
Da ) *
pe — G Z%) ), (C16)

0lgeg,

the projection of M to the & representation is given by
M?® = P*M(= MP?¥). The matrix rank of M? is Dsn’, and
it has D, degenerate eigenvalues Af, ..., A% . Writing the
nonzero eigenvalues of the matrix M as the set Spec* (M),
we have

Spec™ (M%) = U {A}E,. (c17)
In other words,
det(1 — M%) = AP»=Pary ﬁ(z — 0P (C18)
i=1
We define
Z%(M) = Hz (C19)
i=1

Note that this definition of Z%(M) does not depend on the
choice of representation matrix .
Similarly, for the f irrep of the subgroup H, C G, the

value ZQ(M) in C* is defined. The following holds:

20 (M) = [ [12500))"%.

a

(C20)

Proof—In the basis that diagonalizes the matrix m?, the
matrix M can be expressed as
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3
M == @HD& ®
#

Z
:®@HDB ®ﬂng®

a

(C21)

P

a
/1;1”

a

If we decompose the & representation into the  represen-

tation as ”Z = @5 Mg ® 1],,;;;, the representation matrix u/ is
expressed as
— PP ®1,: @1, (C22)
a I @

If we define the projection of M? into the B sector as
M®P = PPPapf from the representations (C21) and (C22)

the eigenvalues of the matrix M®P are given by nf
eigenvalues Af, ..., A%, which are degenerated (Dj x n/i';)
times:

Spec* (M®F) = U U (C23)
u=lv=
Therefore, the eigenvalues of the matrix M = PPM =
>4 M% P are obtained by taking the union over &:
D;
Spec*(MP) =y U U {i"}l 0> (C24)
a pu=1v=
from which we obtain
HHHW—HHZ@(M (C25)
a v=1i= a v=1

(Note that n

Z(l (l

2. Complex conjugation

Depending on the homomorphism ¢,, we consider an
invertible matrix M € GL,(C) that possesses G symmetry
of complex conjugation type:

Y uMug, ¢, =1,
ugM*uz, h,=-1,
Here, M* denotes the complex conjugate of the matrix M.

In the basis where uf is given by Eq. (C8), the matrix M is
block-diagonalized as Egs. (C10) and (C11). Furthermore,

geG.  (C26)

depending on the EAZ class, the matrix m® has the
following symmetry constraint by a:

AL: (m%)* = m®, (C27)
All: io,(m*)*(io,)" = m?, (C28)
_ m*
Ar: m® = < . *> m*€GL,,(C). (C29)

For any EAZ class, no eigenvalue degeneracy occurs.
However, when a symmetry is present, the eigenvalues
exhibit the following structures depending on the
EAZ class:
(i) For Al, either the eigenvalues of m* = m“ are real
numbers 4* € R or they appear as complex conjugate
pairs A%, (1%)*.
(ii) For AIl, the eigenvalues of m®
complex conjugate pairs A%, (A%)*.
(iii) For Ay, the eigenvalue A* of m* and the eigenvalue
29 of m** are related as A* = (1%%)*.
Thus, if we define Z¢ (M) in the same manner as

Eq. (C19) for the a irrep of the unitary subgroup G,
the following hold:

= m® appear as

A: 2 (M)eC, (C30)
Al: Z¢ (M) eRX, (C31)
AIl: Zg (M)eR*, 2% (M)>0,  (C32)
Art 2¢,(M) = [Zg (M) eC”. (C33)

(Here, R* = {xe R|x #0}.)

Similarly, Z£ H,(M) is defined in the same manner as
Eq. (C19) for the f irrep of the subgroup H, C G,. If the
irreducible decomposition of the « irrep of G, by the irreps

of Hy is given as a = @ﬁﬂea";, then as a special case of
Eq. (C20), the following holds:

= [11z&, o).

a

25 (M) (C34)

APPENDIX D: EXISTENCE OF A CANONICAL
GAUGE-FIXING CONDITION OVER
A LOCAL PATCH

Let G be a finite group, ¢:G — {£1} a homomorphism
specifying unitary or antiunitary, and z,, a factor system.
The group G acts on the space X = R? through a group
homomorphism G — O(d). The action of G is expressed as
keX, (D1)

k — gk, geGQG,
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where ky =0€R? is a point. Note that there exists a
homotopy to a point k, which is compatible with the G
action.

Consider a ‘“representation on X”
following:

satisfying the

U, (hk)Uy(k)?s =z,,U,(k), ke€X, gheG. (D2)
Here, U, (k) is a unitary matrix dependent on k € X. We
prove the following: There exists a continuous unitary
matrix V(k) on X such that it satisfies

U, (k)V(k)?=V(gk)U,(ky). k€X, ge€G. (D3)
Proof—First, note that the representation matrices of the
group can be considered as taking values in a sort of flag
manifold. For simplicity, assume that G is unitary, meaning
that ¢, =1 for all g€G. The case with antiunitary
elements is commented on later. Let p be a representation
of G and u} be its representation matrix. The irreducible
decomposition of p can be written as

p = Pn,a. (D4)

For each a, fix a set of representation matrices {ug } .. Then,
there exists a unitary matrix V such that

ugV=vepui®1,. (D5)

The unitary V is not unique, and there is the following
ambiguity:

Vi Ve, lp & Wi, w*eU(n,). (D6)
(D, is the representation dimension of the a irrep.) The
quotient space divided by this ambiguity is written as

V] €M(G.z {ny) ) o= L2 Dala).

[1.U(nq)

There is a one-to-one correspondence between the equiv-
alence class [V] and the representation matrices {uz}g,

(D7)

meaning that the representation matrices {uj}, take values
in the space M(G, z, {n, },). Moreover, the “gauge fixing”
of V corresponds to a choice of W*.

We now proceed to the proof of the claim. Divide X =
R into cells symmetrically with respect to G. Namely,
(i) the action of G either keeps points in a p-cell D?
invariant, gk = k, k€ Dl’-’ , or maps them to another
p-cell, (DY) = Dg (i); (i) every p-cell D7 is a boundary
of some (p + 1)-cell Df i D! c 6D§’ 1 The stabilizer

group of the p-cell DY in G is denoted as
Gpr = {9€G|gk = k,ke D"}. Every p-cell includes the

origin k in its boundary. Denote the set of p-cells as C),
and define X, = Cy = {ko} and X, =X, ; UC,. X, is
referred to as the p-skeleton.

We prove the statement by induction. For the 0-skeleton
Xo ={ko}, set V(kg) =1, which satisfies Eq. (D3).
Assume the existence of V(k€X,_;) satisfying Eq. (D3)
on the (p — 1)-skeleton X,,_;. We then show that V (k) can
be extended to X,,. Consider one of the orbits of the p-cell
set C):

9(Da), 9g€G, (D8)
where DY is a representative p-cell. The subgroup keeping
Dy invariant is written as Gy = {g € G|g(Df) = Di}. On
D3, restricted to Gpr, U,(k) is a group representation:
Uq(k)Uh(k) = Zg,hUgh(k)’ kEDZ, QEGDZ' (Dg)
Consider the irreducible decomposition of representation U
in the group Gpr:

Ulg,, = ?nﬁ/ﬁ. (D10)

Then, the representation matrices Uy, , (k€ DY) define a

map to the quotient space:

U(ZﬁDﬁnﬂ)
[T,U(ng)

The unitary matrix V(k € 0D%) at the boundary of D is
fixed by V (k) on the (p — 1)-skeleton X ,_;. It remains to be
shown whether this can be extended inside D%, but this is
possible since D? is contractible. See Fig. 12. For
he G\Gpr, V(k) in the p-cell h(DZ) should be defined as

DZ g M(GDg,Z, {nﬂ}ﬁ) = (Dll)

ke DE.

V(hk) = Uy(k)V (k)U, (ko). (D12)

FIG. 12. The representation matrix U,(k) defines a map from
the p-cell D to the quotient space M(Gpy,z,{nz}). The
unitary matrix V(k) corresponds to a section in the fiber. The
matrix values V (k) at the boundary 0D} are determined by V (k)
on the (p — 1)-skeleton X ,_;.
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This definition is independent of the choice of /4, as can be
confirmed by considering for g € Gp»

V(hgk) = Upy(k)V (k) U, (ko)'
= Up()U,(k)V (k) U, (ko) U (ko)
= Up(k)V (k) Uy (ko). (D13)

This ensures that the definition of V (k) can be consistently
extended over the entire p-cell h(D%).

When G includes antiunitary symmetries, the ambiguity
(D6) is changed as follows. Depending on the Wigner
criterion (C1) for the a irrep of the unitary subgroup
Gy = {g€G|p, = 1}, the representation matrix for & can
be chosen as in Egs. (C8), (C6), and (C7). In this case, the
ambiguity matrix W:V > VW satisfies the same symmetry
as Eq. (C26) and can, thus, be written as in Egs. (C10),(C11),
and (C27)—(C29). Consequently, the quotient space is
obtained as

M(G.z,{n,})
U3 aDala)
X Ha.W(,z—lSP<%) X H&,WQ:OU(”a) ‘
(D14)

- Ha,wa=1 0("a)

This only slightly changes the structure of the quotient space.
The proof above remains unaffected.

APPENDIX E: PROOF OF EQ. (142)
On each patch U;, redefine

Wik(g) = ek, (g), keU, g€gG, (E1)
so that the factor system of w;;(g) becomes independent

of k:

W)k (9 Wi (B) P = zgne, (9, W) Wix (gh),

keU,, g, heG. (E2)
Then, based on the results of the previous Appendix D, for
the stabilizer group G; = {g € G|gk; = k;}, there exists a
gauge such that

k (S Ui? g (S Gi'

Wik(9) = Wik, (9), (E3)

For g€ G\G,, set the symmetry operator at the O-cell as

Wix(9) = Wi, (9), keU,, g€G\G;. (E4)

Returning the obtained w;;(g) to w;x(g), it turns out that
there exists a gauge
wir(g) = e_ig(k_k’)'a-qwi,ki (9), keU,

g€eQG. (ES)

APPENDIX F: DERIVATION OF EQS. (187)
AND (189)

As stated in Sec. IV B 6, the Z, invariants v(E) and v(F)
for bands £ and F do not maintain an additive structure
for the direct sum of bands E@® F, ie., v(E® F) #
V(E) +v(F). To examine this issue in detail, we first
describe a specific construction for the gauge-fixing con-
dition w;;(g) and the basis transformation matrix V,_
based on the given representation data {n,}; 5 on each
O-cell.

Here, we order the irreps at each O-cell i, which is labeled
by p(k;) = 1(k;), ..., m;(k;). Let us fix one representation
matrix for the irrep f(k;) and denote it as uﬁfk")(g). The
irreducible decomposition of band B € {E, F} at O-cell i
can be written as @Z’;lng(ki)[}(ki), ng(ki) € Zy, and, thus,
the gauge-fixing condition on patch U;, according to
Eq. (142), becomes

wh(g) = e~otkka EB 0 @i (g (F1)

Similarly, for each 1-cell a, order the irreps as a(k,) =
1(k,),...,m4(k,) and denote the representation matrix of
irrep a(k,) as u,‘jik")(g). For the irreducible decomposition
Do inly alky).nly € Zsp, of band B on 1-cell a, the
gauge-fixing condition is set as

®ulg). (P

Under the settings described above, we determine the
basis transformation matrix V2 «- For an irrep B(k;) of O-

cell i, we consider its irreducible decomposmon in terms of
the irreps {a(k,)},—s _,, of the l-cell a connected to i:

B(k; k;
Bk;) = q;l hidalk,).  nh) €Zy.  (F3)
Note that
S Blk) _
D ) k) = M) (F4)
p=1

plk:)

imqk, from a

Then, a basis transformation matrix v
single irrep f(k;) to a representation on the 1-cell a is

determined by

e—ig(k )a,,u/j( )(g) Uﬁ(ki)

i—ak,

— % @ Low ®u*g)  gEGh  (FS)
a=1 alka
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The transformation matrix U Pk ) does not depend on the band B € {E, F'}. Using S

g k , the representation matrix w? (g)

for g€ GY is transformed as follows,

WP, (9) (ﬂ@_;ln ' ® Umk> (@1} 5 ® vfﬁ‘gk) ﬂe_al Ty, ® <@ 1 ey ® u;;(m(g)), (F6)

a=1 alka)

Introduce the permutation matrix P? that rearranges the sum order from (8, u, @) — (a, B, u):

m; ") m, alk,) my m; "pik;) alk,)
(PB)~1 1wy ®@uy ' (g) | PP = T ) ® " (9)

p=1 u=1 a=1 " alka)

Therefore, the basis transformation matrix is given by m; ")

o — & @ @ ¢ (F9)

p=1 p=1 x=1

m;
72— 1 P5. F8 B
imak, 629 ey ® Vima. k (F8)  The decomposition of the representation basis @ "} iy l,f” *
into the representation basis of G is written as
Note that it depends on the representation data {nB V1o D) . 7o) Dy
\ 1 Bpux plki) { \ \ Bfuavy
For later discussion, we introduce representatlol}g }>ases to &) }; k, |Vieak, = GBI ) GBI ik (F10)
Bux x= a=1 v=1 y=
explicitly show the order changes in basis. Let {¢;3"" };,
denote the set of Bloch states in band B on patch U ;» and
write Summarizing the changes in basis, we have
|
m; Plk;) Plic;)
m; "5k Dotk Bplilus, ®inaky m; ") my aiky) Pateo)
OB = Bpux M) Bpuavy
ik, = bix, Vik,
p=1 u=1 x=1 p=1 pu=1 a=1 v=1 y=1
Blk;)
pp Mg M "jiky) Matte) Dati) Bpuavy
— Vik, - (F11)
a=1p=1 py=1 v=1 y=1

Now, consider

alk,) a(k,)
(V) (@ )T Vi) G (Vi) (@) @i, Vi 2o,

kq
_ galka) B f B f B B
- ék,, ?V‘v(u)—»a,ku ?q)s(a),ka ?q)t(u),ka ?Vt(a)—m.ka (Flz)

and
a(k,) EQF E®F EQF EQF
gka <(V (a)—a, k(‘) ((I)S(a) ) q) t(a)k, V 1(a)—a, k,,) (F13)

for comparison. Recalling that the U(1)-valued quantity c_fz(k“) (k,) is independent of the choice of representation matrices at
k,, we define another permutation matrix Q for swapping indices a and B as
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B k) B k)
my m; "sk;) "atke) Patia) Buauy mg m; (k) atka) Patka) Bfuavy
DD D i |0=D D wie. (F14)
B a=1p=1 u=1 v=1 y=1 a=1 B p=1 u=1 v=1 y=1

Then, we have

. .
alk,)
&k, <<@Vﬁa>ea,ka) <€Bq’f<a>.ka> <€Bq’?<a),ka> (EBVﬁa)ﬂawk,I))
B B B B
¥ i
a(k,
=g (QT (?Vﬁawaku) <?‘I’f<a>,ka> (?‘Dﬁaxku) (?V?(a)*a,ka> Q>- (F15)

Note that, since the index f is not common between the start point s(a) and terminal point ¢(a), the transformation of basis
in k, by matrix Q cannot represent the swapping of direct sum order of f. [Furthermore, it is implicitly used that the

e . s(a ky(a)) fa Blki(a))
compatibility in each a(k,) sector, i.e., 221:(1) )tk = Z;;:(l) ng(l(a))na(k;)) = ngy. -1 In Eq. (F13), 72" and
VEeF

imak, Are given by

m; i) i)
B
R = DD P, (F16)
p=1 B pu=1 x=1
m,
E®F _ . Blke;) EQF
Vi—»ak - @ﬂng ® Visak P ® s (F17)
P A kq
and we define the change of basis by PF®F as
nB i B Plk;) Blk;)
E®F m " Dok Bﬂﬂ@ﬁ:n@sﬂ,( &l mi ") my, Mate) Daea) By P my mi ") Matka) Patka) Buauy
o = DD @ @ - D vie, —DODDD v
ik, ik, .
=1 B u=1 x=1 f=1 B p=1a=1 v=1 y=1 a=1p=1 B u=1 v=1 y=1

(F18)

Comparing Eqgs. (F14) and (F18), we observe that only the order of the direct sums over indices B and f differs. Let

5‘/1(—»(;3( denote the permutation matrix for swapping the order of the direct sums over B and fS:

nB !1( ) b n k;)
m i ") Mateq) DPatkq Bpuavy my m; pik;) "atka) Patka) Bfuavy
SDD 69 EB EB i |oviED = 69 ® D Wie (F19)
a=1 B p=1 y=1 v=1 y=1 a=1p=1 B u=1 v=1 y=1I

Summarizing the transformation properties, we obtain

<?¢)?ka) (@Vt—m k, ) Q(svt—m k, — q>EEBFV{S—e?aFk (FZO)

The permutation matrix SVSiHF;‘ is block-diagonal in the a-irrep sectors and independent of the index y. Thus, it can be

represented as

1—>ak - ®5V1—>ak o) ® ﬂDa(k(, (FQ’I)

and possesses the symmetry under the representation wffF (9) =P,1 ( ® uzﬂ(k“> (9), as noted in Eq. (160). The

sign of the permutation matrix 5fo;5;€’“(k“)

E F
Mti) lat))

, corresponding to the permutation (B, 5, u,v) = (B, B, pu,v), is given by
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5525{2&“ (E|E(2).o, F|E‘2’°) := det [5‘/4

i—a,

(E,F),a

(kq) }
k,

_ (_l)zlsﬁpqni Z[}F<ﬁ1~:5mi e atka) "ppte) "alka) e {£1}.

F Prki) E BE (ki)

(F22)

Here, the notation E| 00 represents the restriction to the 0-cell, and the correction term indeed depends only on elements of
2

Eg’o in the O-cell. Consequently, the following relation is obtained:

alk,) E®F T(«E®F \THE®F |, E®F
&, <<Vs<f>~a,ka) (q’ﬁ),ka) q’r(%lcavr(%aa,ka)

T T
=&, ((?Vf<a)~a,ka> (@‘Dﬁa»ku) (?Qﬁa»ka) (?Vﬁawa.ka))

a(k, a(k,
X 6§ka(,s(>a)—>a(E|Eg'0’ F|E<2).o) X 5§ku(,t(21)—>a(E|Eg‘o’ F|E(2).0).

Combining the results, we obtain

5”5(5\52.0 ~F\E2.0)

(-1

(F23)

U(E ® F) = U (E) + 1i(F) + 80,(El oo, Fl o). (F24)
o ka Q ku [xi] a.a

= H |:5§k§,s(>a)—>ll (E|E42),o, F|E(2)'”)5§k,§,t()a)—>a (E|Eg,o, F|E(2)o)} (@) (FZS)

(a.0)

APPENDIX G: SYMMETRIC BILINEAR FORMS
AND QUADRATIC REFINEMENT

Let L = ZV be a lattice, and
biLxL —Z,=1{0,1} (G1)

be a symmetric bilinear form, meaning for x,y,z € L and
n,me€ Z it satisfies

b(x+y,z) =b(x,z) + b(y,2), (G2)
b(x,y+z) = b(x,y) + b(x, 2), (G3)
b(nx,my) = nmb(x,y), (G4)
b(x.y) = b(y,x). (G5)
A function

q:L - 7, (Go)

that satisfies that
gix+y)=q(x)+q()+b(x,y) forallx,yeL (G7)

is called a quadratic refinement of b.
We show the following:
(i) A quadratic refinement ¢ exists.

(i) g is not unique; the ambiguity of ¢ is given
by Hom(L, Z,) =~ Z7..
The proof of the latter is trivial. If g, ¢, are quadratic
refinements, then

8q(x) = q,(x) = q2(x) (G8)
is linear. We now prove the former.
Let the basis of L be ey, ..., ey, and write
bij = b(@l‘, €j), bl] = b]l (Gg)

Introduce the floor function for a real number x € R, which
returns the largest integer not exceeding x:

|x| = max{n € Z|n < x}. (G10)
We show that a solution of Eq. (G7) is given by
Xi
q(in€i> = Zl \‘EJ bii + 1<Z xibijxj. (Gll)
i= i= <i<j<N

In fact,
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)=
N | x; + i
Z > Jbu+ Z (x; +yi)bij(x; +y;)

1<i<j<N
‘xl
E {EJ b;i + X; b,]xj>
1 1<1<]<N

(G12)

1<i<j<N

ZQ—HHJ)Z on

i=1 i#]

Notice that when x; and y; are integers

X+ X; Vi
UL S ey bads -t Y 2. 14
L 2 J LJ + {2J + x;¥; mod (G14)

Thus,

N
= Z xibijy; = b(x,y).

ij=1

q(x+y) —q(x) —q(y) (G15)

The ambiguity Hom(L, Z,) = Z%' can be represented by
N bits ay,...,ay €Z,, and a general form of quadratic
refinement is given by

(5e) -l

i=1 i=1

N
E Xibinj+ E a;x;.
i=1

1<i<j<N

(G16)

As a comment, quadratic refinement can also be defined
as a function ¢’: L — Z/2 that satisfies

b(x,y)=q¢'(x+y)—q'(x) =4 (y) +4'(0) (G17)

for all x,y € L. The definition (G7) implies ¢(0) = 0. If
defined as Eq. (G17), ¢’(0) € {0, 1} remains indeterminate,
and there is a relation g(x) = ¢'(x) —¢'(0) with the
quadratic refinement defined by Eq. (G7).

APPENDIX H: DERIVATION
OF EQ. (317)

Computing the kernel of the differential ¢)°(B©) =

BMYM po, we have the basis transformation B'(%) =
1

BOVO = ®'\7,....p') with
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)

Here, the blocks are sequenced as I', X, Y, S, Z, U, T, R, with irreps within each block arranged in the order A, By, B,, B;.
The basis vectors b’ g(())), b 502) span E(2),0 ~ 713, The bilinear form 51/:E(2)’0 x E(Z)’O — Z, defined in Eq. (314) is
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We confirmed that dv is symmetric. A quadratic refinement in the basis of Eg'o is given by

32 32
qgn') = Z n;&/(b’go),b’i-o))n} + Z cin; forn' = Z n?b’go) e E9Y. (H3)
20<i<j<32 i=20 i=20

The coefficients ¢, ...c5, are fixed to satisfy Eq. (321). There are eight Wyckoff positions and four irreps

pe{A.B,,B,,B;} for each Wyckoff position, leading to 32 column vectors n’(al ) = 532, n/(a’ )b' §°) € E5°:
(0001 000100010001 00100010001000°T1 0]
0001100001000010000110000100001°0
000110000001 1000000110000001100°0
0010010000100100000110000001100°0
000110000001 1000001001000010010°0
010000100001 10000100001000011060°0

(W(ds))y,y=100010001010001000001000101000°T10O0][. (H4)
0010001010001 000000100010100010°0
0001000101000100001000101000106O00O0
10000001001 001000100001000011O06O00
010000100001 10001000000100100T10°0
00100100100000010001100001000010
000110000100001000100100100000°0 1]

We find that the equations g(n’ (afo)) = 0 for all Wyckoff
positions x, and all irreps f have a solution

/ _
(€1)i=20...32 = (0.1,0.0.1.0.0.0.1.0.0.0.0).  (H5) [1] C.L. Kane and E.J. Mele, Z, topological order and the

This gives the quadratic refinement on the basis of Eg'o. The quantum spin Hall effect, Phys. Rev. Lett. 95, 146802

(2005).
: : _ 32 0)\—1 :
basis transformation n} = =1 KV( >) L‘j”j gives the [2] C.L. Kane and E.J. Mele, Quantum spin Hall effect in
expression (317). graphene, Phys. Rev. Lett. 95, 226801 (2005).
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