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The past decade has witnessed significant progress in topological materials investigation. Symmetry-
indicator theory and topological quantum chemistry provide an efficient scheme to diagnose topological
phases from only partial information of wave functions without full knowledge of topological invariants,
which has resulted in a recent comprehensive materials search. However, not all topological phases can be
captured by this framework, and topological invariants are needed for a more refined diagnosis of
topological phases. In this study, we present a systematic framework to construct topological invariants for
a large part of symmetry classes, which should be contrasted with the existing invariants discovered
through one-by-one approaches. Our method is based on the recently developed Atiyah-Hirzebruch
spectral sequence in momentum space. As a demonstration, we construct topological invariants for time-
reversal-symmetric spinful superconductors with conventional pairing symmetries of all space groups, for
which symmetry indicators are silent. We also validate that the obtained quantities work as topological
invariants by computing them for randomly generated symmetric Hamiltonians. Remarkably, the
constructed topological invariants completely characterize K groups in 159 space groups. Our topological
invariants for normal conducting phases are defined under some gauge conditions. To facilitate efficient
numerical simulations, we discuss how to derive gauge-independent topological invariants from the gauge-
fixed topological invariants through some examples. Combined with first-principles calculations, our
results will help us discover topological materials that could be used in next-generation devices and pave
the way for a more comprehensive topological materials database.
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I. INTRODUCTION

Over the past decades, topological phases of matter have
attracted much attention. In particular, topological materi-
als, exemplified by topological insulators [1–8] and super-
conductors [9–14], have been intensively studied because
nontrivial bulk topology gives rise to exotic surface
states and fascinating response phenomena [15–26].

These properties are expected to be utilized for applications
in next-generation devices such as fault-tolerant quantum
computers, ultrafast memories, and low-power devices
[27–29]. Given the diverse nature of bulk band topology
[30–37], the resulting consequences also exhibit a large
variety. This naturally raises two questions:

(I) How many topological phases exist?
(II) What quantities can distinguish materials with dif-

ferent topology?
In fact, these two questions have been central issues in
condensed matter physics for the past ten years. During this
period, there have been numerous developments addressing
these questions, as described below.
Symmetry is a fundamental concept in physics, which

also plays a crucial role in studies of topological phases of
matter. The existence of symmetries enriches the variety of
topological phases. Such topological phases protected by
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symmetries can be trivialized (continuously deformed to a
trivial product state without closing the gap) once the
protecting symmetries are broken. In recent years, there has
been considerable research effort to establish the full
classification of topological phases with various sym-
metries. A milestone is a complete classification and
characterization of stable topological phases of noninter-
acting systems in the presence or absence of internal
symmetries, such as time-reversal and particle-hole sym-
metries [38–40]. In addition to internal symmetries, crys-
talline symmetries, such as rotation and spatial inversion,
are also present in solids. Recently, it has been shown that
crystalline symmetries also protect topological phases [41],
as exemplified by mirror Chern insulators [42–45], topo-
logical insulators and superconductors protected by
nonsymmorphic symmetries [33,46,47], and higher-order
topological insulators and superconductors [48–59]. More
recently, a sophisticated method to classify topological
crystalline phases has been developed [60–67], which is
based on the real-space picture. The basic assumption
behind the classification scheme is that any topological
crystalline phase can be continuously deformed to a
patchwork of lower-dimensional topological phases pro-
tected by on-site symmetries. The classification scheme has
been widely applied to free-fermion topological insulators
[63,68] and superconductors [69–71] as well as bosonic
systems [60,64,67,72]. Real-space approaches have also
led to recent progress in the classification of interacting
fermionic topological phases [73–77]. This approach pro-
vides a clear insight into question (I) posed earlier.
While classifications of noninteracting fermionic sys-

tems in real space have been achieved for a large part of
symmetry settings, a diagnosis of topological materials has
been performed in momentum space. An efficient diag-
nostic scheme has been recently developed based on
irreducible representations (irreps) of wave functions at
high-symmetry points (called 0-cells in later discussions)
[78–82]. In this scheme, we can partially diagnose the
topological phase of a target system by comparing irreps of
wave functions at high-symmetry momenta with those of
atomic insulators [79–82]. Such a scheme is known as
symmetry-based indicator [79,80] or topological quantum
chemistry [81,82]. The theory can be easily combined with
density functional theory calculations, since the latter can
give irreps at high-symmetry momenta. In fact, compre-
hensive searches for topological materials have been
conducted using symmetry indicators or topological
quantum chemistry [83–90]. Moreover, the theory of
symmetry indicators provides various topological invari-
ants consisting of the number of irreps appearing in
occupied bands and Pfaffian invariants at high-symmetry
momenta [91–102]. Although the aforementioned topo-
logical invariants are easy to compute, it is known that the
representation-based diagnosis is incomplete; namely, vari-
ous topological phases are undetectable only by such

topological invariants consisting only of quantities defined
at high-symmetry points [70,93,103–108]. This implies
that the complete diagnosis of topological phases requires
full knowledge of topological invariants. However, despite
considerable advancements in classification problems, the
range of available topological invariants remains limited.
The previous constructions have typically been done on a
case-by-case basis. To the best of our knowledge, a
systematic method for identifying topological invariants
has yet to be established.
In this work, we present a systematic scheme for

constructing topological invariants of normal and super-
conducting phases by leveraging the Atiyah-Hirzebruch
spectral sequence (AHSS) in momentum space [109]. See
Fig. 1 for an illustration summarizing the role of our work.
The construction of topological invariants involves two
pivotal steps.

(i) First, we need to identify the irreducible-represen-
tation sectors on the subregions of momentum space
that enter the definition of topological invariants. For
instance, on mirror-invariant lines and planes, the
Bloch Hamiltonian can be decomposed into mirror-
eigenvalue sectors, and mirror winding numbers on
the former and mirror Chern numbers on the latter
are then defined in each mirror-eigenvalue sec-
tor [42,110].

(ii) Second, we need to discover the quantities that
characterize topological nature of the system. For
example, mirror winding and Chern numbers are
computed from the winding of q-matrix (which is
formally defined later) and the integral of Berry
curvature in each mirror-eigenvalue sector.

FIG. 1. Characterization of stable topological phases. All stable
gapped and gapless topological phases can be distinguished by
topological invariants. There are topological invariants defined on
zero-, one-, two-, and three-dimensional subregions of momen-
tum space. Symmetry indicators are part of zero-dimensional
topological invariants (shaded region). The main focus of this
work is a systematic construction of topological invariants
defined on one-dimensional subspaces.
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Remarkably, the momentum-space AHSS provides valu-
able insights into both steps. As the first step, we discuss a
general framework for extracting information about the p-
dimensional subregions and irreps defined on them from
the first differentials of AHSS. Then, building upon the
physical meaning of E1 pages of AHSS—classifications of
p-dimensional topological phases on the p-dimensional
subregions—we define quantities for each irrep identified
in the first step, which characterize the topological nature of
p-dimensional subregions in momentum space. AHSS can
also inform us how to combine the defined quantities to
obtain topological invariants. While we formulate the first
step for arbitrary p, for the second step we focus on the case
of p ¼ 1 and discuss how to systematically construct
topological invariants defined on zero- and one-dimen-
sional subregions. To demonstrate our approach, we con-
struct topological invariants for time-reversal-symmetric
spinful superconductors with conventional pairing sym-
metries in 230 space groups, for which symmetry indicators
are always trivial, and numerically confirm that they are
actually quantized for randomly generated symmetric
Hamiltonians. Surprisingly, K groups in 159 out of the
230 space groups are completely characterized by our
topological invariants (see Sec. II D for more details). Our
construction gives topological invariants for normal con-
ducting phases under certain gauge conditions. For efficient
numerical calculations, we discuss how to derive gauge-
independent topological invariants from the gauge-depen-
dent ones through illustrative examples where symmetry
indicators do not work.
We make three remarks. First, the present paper

addresses the stable K-theoretic classification. The topo-
logical invariants constructed below characterize the cor-
responding K group rather than the finer finite-rank
classifications of fixed-size Hamiltonians or fixed-rank
vector bundles. At the same time, these invariants can also
serve as diagnostic tools for topological phases appearing
in such finer classifications. See Appendix B 2 for more
details. Second, the AHSS in momentum space was
originally introduced and used as a tool for classifying
topological phases based on the momentum-space picture
[109,111]. On the other hand, in this work, we explore the
utility of AHSS in momentum space as a versatile tool for
band topology and show that the AHSS can be used to
construct topological invariants. However, we note that the
AHSS data by themselves do not automatically give
explicit formulas for topological invariants. The purpose
of the present work is to develop this translation system-
atically. Last, many invariants based on this work can
capture topological phases not diagnosed by symmetry
indicators. Such phases cannot be detected from symmetry
representations at high-symmetry momenta alone, and their
diagnosis generally requires additional information from
higher-dimensional subregions of the Brillouin zone, such
as high-symmetry lines and planes. Although this may

require additional computational resources compared with
symmetry-indicator and topological-quantum-chemistry
approaches, efficient formulas are available in some cases
and are expected to be developed in others. Thus, our work
would help build a comprehensive database of topological
materials beyond Refs. [83–90].

A. Summary of results

Below, we present the organization of this paper with a
brief summary of main results of each section.
Section II—In Sec. II, we present our framework to

systematically construct topological invariants of topologi-
cal superconductors defined on subregions of momentum
space. Such subregions in three dimensions are defined
from a fundamental domain of the Brillouin zone, whose
images under the symmetry operations cover the entire
Brillouin zone without overlap. The open faces of the
fundamental domain are two-dimensional subregions, the
open edges of the faces are one-dimensional subregions,
and the end points of the edges are zero-dimensional
subregions. Similarly, such subregions can be defined in
arbitrary dimensions (see Fig. 2 for an illustration in two
dimensions).
(1) We review the basics of AHSS in momentum space.

In the framework of AHSS, effective internal sym-
metry classes of irreps, so-called emergent Altland-
Zirnbauer (EAZ) symmetry classes, play an impor-
tant role. Roughly speaking, EAZ classes can be

FIG. 2. Cell decomposition for layer groups p1̄ (a) and p2=m
(b). First, we find a fundamental domain of BZ shown in the left
panel and decompose it into points (0-cells), line segments
(1-cells), and polygons (2-cells), which are colored in orange,
red, and pink, respectively. The red and black arrows represent
orientations of 1-cells and 2-cells, respectively. Next, we obtain a
cell decomposition shown in the right panel by acting symmetry
operations on the fundamental domain.
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understood as transformation properties of irreps
under time-reversal-like, particle-hole-like, and chi-
ral-like symmetries. LetΦα

k be a set of occupied states
with irrep α. Now, consider symmetry g that does not
change momentum k, whose representation is de-
noted by UkðgÞ. Then, we ask whether UkðgÞ½Φα

k��
½UkðgÞΦα

k if g is a chiral-like symmetry] possess the
same irrep α or not. Depending on the transformation
properties of irreps, we assign one of the tenfold
symmetry classes to each irrep (cf. Table I). In this
section, for simplicity, we focus on the cases where
EAZ classes belong to class AIII, DIII, and CI.

(2) As mentioned in Sec. I, we need to identify irreps on
the subregions of momentum space, which are
responsible for topological nontriviality. This is
the first difficulty in a systematic construction of
topological invariants. Using the first differential
of AHSS, we propose a way to overcome this
difficulty. All information is encoded in matrices
½Xð1Þ�−1; ½Vð0Þ�−1, Σð1Þ, and Λð0Þ, whose implications
for topological invariants are summarized below.
The matrices Σð1Þ and Λð0Þ are diagonal integer-
valued matrices. The matrices Xð1Þ and Vð0Þ are N1-
and N0-dimensional invertible matrices, respec-
tively, which are given by

½Xð1Þ�−1 ≔
�
x1 x2 � � � xN1

�⊤
; ð1Þ

½Vð0Þ�−1 ≔
�
v1 v2 � � � vN0

�⊤
: ð2Þ

(i) Σð1Þ—This matrix is obtained from the compat-
ibility between line segments and adjacent

planar subspaces in momentum space. The
number r1 of its nonzero diagonal entries gives
the number of independent Z-valued invariants
detecting gapless points on the two-dimen-
sional subspaces, namely, the open faces of
the fundamental domain. Note that Σð1Þ itself
does not specify the planar subspaces. The
corresponding combinations of irreps on line
segments are specified by the first r1 rows
of ½Xð1Þ�−1.

(ii) Λð0Þ—The matrix encodes information about
topological invariants for phases that remain
gapped on the boundary of the chosen funda-
mental domain. The matrix Λð0Þ takes the form

Λð0Þ ¼ diagð1;…; 1
zfflfflffl}|fflfflffl{R0

; λ1;…; λr0 ; 0;…Þ
∈ZðN1−r1Þ×N0 ; ð3Þ

where R0 is the number of unity entries
in the diagonal elements of Λð0Þ and
λj > 1ðj ¼ 1;…; r0Þ. There exist Zλj-valued
invariants ðj ¼ 1;…; r0Þ and ½minðN1 −
r1; N0Þ − R0 − r0� independent Z-valued invar-
iants. It should be noted that phases detected by
these invariants are either fully gapped or
gapless inside the fundamental domain.

(iii) ½Xð1Þ�−1—The rows of ½Xð1Þ�−1 specify combi-
nations of irreps on line segments in momentum
space that enter the topological invariants. The
first r1 rows of ½Xð1Þ�−1, i.e., fxjgr1j¼1, corre-
spond to topological invariants detecting gap-
less points on the two-dimensional subspaces,

TABLE I. The classification of mass terms in the n-dimensional massive Dirac Hamiltonians for each EAZ
symmetry class.

EAZ sðαÞ Cs Wk½α� n ¼ 0 n ¼ 1 n ¼ 2 n ¼ 3

A 0 UðNÞ
UðN−nÞ×UðnÞ (0, 0, 0) Z 0 Z 0

AIII 1 UðNÞ (0, 0, 1) 0 Z 0 Z

EAZ sðαÞ Rs Wk½α� n ¼ 0 n ¼ 1 n ¼ 2 n ¼ 3

AI 0 OðNÞ
OðN−nÞ×OðnÞ (1, 0, 0) Z Z2 Z2 0

BDI 1 OðNÞ (1, 1, 1) Z2 Z2 0 Z
D 2 Oð2NÞ=UðNÞ (0, 1, 0) Z2 0 Z 0
DIII 3 UðNÞ=SpðNÞ ð−1; 1; 1Þ 0 Z 0 0
AII 4 SpðNÞ

SpðN−nÞ×SpðnÞ ð−1; 0; 0Þ Z 0 0 0

CII 5 SpðNÞ ð−1;−1; 1Þ 0 0 0 Z
C 6 Spð2NÞ=UðNÞ ð0;−1; 0Þ 0 0 Z Z2

CI 7 UðNÞ=OðNÞ ð1;−1; 1Þ 0 Z Z2 Z2
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namely, the open faces of the fundamental
domain. For j ¼ 1;…; r0, the ðjþ R0 þ r1Þth
row, namely, xjþR0þr1 , specifies the line-seg-
ment part of the aforementioned Zλj-valued
invariant. For j > R0 þ r0 (the zero diagonal
entries of Λð0Þ), the ðjþ r1Þth row xjþr1
specifies the line-segment parts of Z-valued
invariants detecting phases without any gap-
less points on the boundary of the chosen
fundamental domain.

(iv) ½Vð0Þ�−1—For j ¼ 1;…; r0, the ðjþ R0Þth
row of ½Vð0Þ�−1, i.e., vjþR0

, specifies the
irreps on zero-dimensional subregions that
enter the Zλj-valued invariant constructed

from Λð0Þ.
All the matrices are presented in Ref. [112]. In cases where
EAZ classes other than AIII, DIII, and CI appear, the
explanation of these matrices is presented in Appendix A.
We explain how to use them below.
(3) We construct topological invariants defined on one-

dimensional subregions of momentum space. De-
pending on EAZ classes, for each irrep, we define
the quantities to characterize the topological proper-
ties in superconducting systems:
(i) EAZ class AIII and CI

wα ≔
1

2πiDα

Z
s
d½log det qαk − log detðqαkÞvac�;

ð4Þ

(ii) EAZ class DIII

wα ≔
1

4πiDα

Z
s
d½log det qαk − log detðqαkÞvac�;

ð5Þ

where qαk is a q-matrix defined for irrep α and Dα is the
dimension of irrep α. Here, s denotes an oriented line
segment in momentum space. The integral is taken along s
from one end point to the other according to its orienta-
tion. The precise definition is given in Sec. II C. To make
the quantity invariant under gauge transformations, we
need to compute the difference of the winding between the
target system and a reference system. In this work, we
always consider the vacuum (i.e., infinite chemical po-
tential limit of the system in which we are interested) as
the reference, and ðqαkÞvac denotes the q-matrix of the
vacuum.
The combinations of these quantities yield topological

invariants. As explained above, ½Xð1Þ�−1 and ½Vð0Þ�−1 tell us
how to take the combinations. Then, topological invari-
ants are given by

(i) Z-valued invariant for gapless points on planes

Wgapless
j ½Hk� ¼

X
α

½xj�αwα ∈Z ð6Þ

for 1 ≤ j ≤ r1.
(ii) Z-valued invariant for gapped phases or gapless

points at generic momenta

Wgapped
j ½Hk� ¼

X
α

½xj�αwα ∈Z ð7Þ

for r1 þ R0 þ r0 < j.
(iii) Zλj-valued invariant for gapped phases or gap-

less points at generic momenta

exp

"
2πi

λð0Þj

X j½Hk�
#

¼
exp
n
−2πi

P
α½xjþr1þR0

�αwα=λ
ð0Þ
j

o
Q

β

�
Z½qβk�=Z½ðqβkÞvac�

�½vj�β ; ð8Þ

where j ≤ r0 and Z½qβk� satisfies

det qαk ¼
(
ðZ½qαk�ÞDα for EAZ class AIII=CI;

ðZ½qαk�Þ2Dα for EAZ class DIII:
ð9Þ

See Eq. (73) for the precise definition of Z½qβk�.
(4) To demonstrate the power of our method, we

compute constructed topological invariants for ran-
domly generated symmetric Hamiltonians of time-
reversal-symmetric spinful superconductors with
conventional pairing symmetries in 80 layer groups
and 230 space groups. Importantly, symmetry
indicators do not work for these symmetry classes,
and our invariants completely characterize K groups
in 76 out of the 80 layer groups and 159 out of the
230 space groups. See Sec. II D for more details.

Section III—In Sec. III, we explicitly show how to
construct topological invariants from ½Xð1Þ�−1 and ½Vð0Þ�−1.
(1) We construct topological invariants of time-reversal-

symmetric spinful superconductors in layer groups
p21=m11, p21=b11, and p2111 with conventional
pairing symmetries, whose K groups are Z, Z2, and
Z2 × Z4, respectively.

(2) We compute our topological invariants for repre-
sentative models of K groups and show that our
invariants fully characterize K groups of them.

Section IV—In Sec. IV, we discuss our construction of
topological invariants for normal conducting phases. For
normal conducting phases, the EAZ class of each irrep is
always either class A, AI, or AII. Furthermore, as far as
we are interested in topological invariants defined on
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one-dimensional subregions, only class AI gives rise to
nontrivial invariants, and the defined topological invari-
ants are always Z2 valued.
(1) As a counterpart to the winding of the q-matrix, we

introduce the transition function tka given by

tka ¼ Φ†
P;ka

ΦQ;ka ; ð10Þ

where P and Q are points and ka is the midpoint of
the line segment PQ. Note that the gauge choices of
ΦP;ka and ΦQ;ka are generally different. We also
carefully analyze effects of gauge transformations
on the transition function.

(2) We show that the transition functions are defined for
each irrep (denoted by t̃αka ) and that det t̃αka is Z2

quantized under certain gauge conditions. The com-
binations of det t̃αka yield the topological invariants
for normal conducting phases. As is the case with
superconducting phases, the matrices ½Xð1Þ�−1;Σð1Þ,
and Λð0Þ inform us about the combinations to
construct topological invariants of gapless points
and gapped phases. See Secs. IV B 2 and IV B 3 for
more detailed discussions.

(3) The obtained topological invariants do not satisfy
linearity for the direct sum of bands. To overcome
the undesirable property, we introduce the quadratic
refinement of the Z2 invariant so that the redefined
invariants behave linearly with respect to the direct
sum of bands.

(4) Since the topological invariants under certain gauge
conditions are not useful for numerical simulations,
we introduce several general ways to obtain gauge-
independent expressions of topological invariants.
The overall strategy is as follows.
(i) First, we define a U(1)-valued Wilson line by

eiγ
α
PQ ≔ lim

N→∞
det
YN−1

j¼0

ðΦα
Pþðjþ1ÞδÞ†Φα

Pþjδ; ð11Þ

where δ ¼ ðQ − PÞ=N and Φα
k is a set of

occupied states with irrep α on the line
segment PQ. In fact, we can rewrite the deter-
minant of the transition function in terms of the
U(1)-valued Wilson lines. It should be noted
that the Wilson lines are not invariant under
gauge transformations at the boundary points P
and Q.

(ii) Next, we multiply some compensation quan-
tities to cancel out U(1) values from gauge
transformations. For instance, if we have
time-reversal symmetry (TRS) T such that
UðT Þ½UðT Þ�� ¼ −1, the following quantity is
gauge invariant:

eiγPQ ×
Pf
h
Φ†

PUðT ÞΦ�
P

i
Pf
h
Φ†

QUðT ÞΦ�
Q

i ; ð12Þ

where P and Q are time-reversal invariant
momenta (TRIMs). In Sec. IV C, we discuss
techniques how to find such gauge-invariant
quantities.

(5) We demonstrate how to construct gauge-indepen-
dent topological invariants through space groups
P222 and P4̄ of spinless electrons with TRS and
space groups P2 and P212121 of spinful electrons
with TRS.

Section V—In Sec. V, we conclude the paper with
outlooks for future works.
Some technical details are discussed in appendixes to

avoid straying from the main subjects.

II. GENERAL FRAMEWORK

As mentioned in Sec. I, a refined diagnosis requires
knowledge of topological invariants. In this section, we
discuss a systematic framework to construct topological
invariants in momentum space, for which we employ
AHSS in momentum space [109]. There are two crucial
steps: (i) identifying irreps on p-dimensional subregions
responsible for topological nontriviality; (ii) finding quan-
tities to detect topological nature of systems. These two
steps are discussed in Secs. II B and II C, respectively. In
Sec. II D, we discuss the scope and completeness of the
topological invariants constructed in this work for time-
reversal-symmetric superconductors with conventional
pairing symmetries. Furthermore, in Sec. II E, we
explain how to generate random symmetry-preserving
Hamiltonians and numerically verify the quantization of
the constructed topological invariants for time-reversal-
symmetric superconductors with conventional pairing sym-
metries. In Sec. II F, we briefly discuss Fermi-surface
formulas for topological invariants in the weak-pairing
limit and their possible generalization to the invariants
constructed in this work.

A. Review on Atiyah-Hirzebruch spectral sequence in
momentum space

In this subsection, to be self-contained, we provide a
brief review of AHSS in momentum space [109]. In
particular, here, we introduce basic notions of AHSS
and focus on their physical meaning rather than showing
how to actually compute them. All technical details of the
computation are discussed in our companion work in
Ref. [71]. Readers familiar with AHSS in momentum
space can skip this subsection.
Before moving on to the review of AHSS, let us briefly

explain the background of AHSS. Let G be a magnetic
space group M for normal conducting phases and a
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magnetic space group with particle-hole symmetry P for
superconducting phases, i.e., G ¼ M for normal con-
ducting phases and G ¼ MþMP. An element g ¼
fpgjagg∈G transforms a point x∈R3 into pgxþ ag,
where pg is an orthogonal matrix and ag is a vector.
When Π denotes the translation subgroup of G, G=Π is
isomorphic to a magnetic point group with or without
particle-hole symmetry. As a result, free fermionic topo-
logical phases on a d-dimensional torus Td are classified by

the twisted equivariantK group ϕKðz;cÞþn
G=Π ðTdÞ [47,113] (see

Appendix B 1 for a brief review of K theory). The twisted
equivariant K group contains symmetry data denoted by ϕ,
c, z, and n. First, ϕ and c are defined as maps
ϕ; c∶G=Π → f�1g. A symmetry g∈G=Π is unitary (anti-
unitary) when ϕg ¼ þ1ðϕg ¼ −1Þ, and its symmetry rep-
resentation UkðgÞ commutes (anticommutes) with
Hamiltonian Hk when cg ¼ þ1ðcg ¼ −1Þ. In other words,
UkðgÞ and Hk satisfy the following relations:

UkðgÞHϕg

k ¼ cgHgkUkðgÞ; ð13Þ

where we introduce the following notation of matrices:
Aϕg ¼ A for ϕg ¼ þ1 and Aϕg ¼ A� for ϕg ¼ −1. Next, the
symbol z represents the set of U(1) projective factors
fzkðg; g0Þ∈Uð1Þgg;g0 ∈G=Π, which are defined by

Ug0kðgÞUϕg

k ðg0Þ ¼ zkðg; g0ÞUkðgg0Þ: ð14Þ

Last, an integer n denotes the grading in K theory, on
which the physical meaning of K groups depends.
We also recall how the grading is implemented at the

level of Hamiltonians. For a positive integer n, the degree-
(−n) group is represented by imposing n additional Clifford
generators Γ1;…;Γn satisfying

fΓi;Γjg ¼ 2δij; ð15Þ

whereas the degree-(þn) group is represented by Clifford
generators satisfying

fΓi;Γjg ¼ −2δij: ð16Þ

These generators are required to transform under G=Π as

UkðgÞΓϕg

i ¼ cgΓiUkðgÞ; g∈G=Π; i¼ 1;…;n: ð17Þ

In addition, they are imposed as additional chiral sym-
metries of the Hamiltonian,

ΓiHkΓ−1
i ¼ −Hk; i ¼ 1;…; n: ð18Þ

In this sense, the graded groups ϕKðz;cÞ−n
G=Π ðTdÞ and

ϕKðz;cÞþn
G=Π ðTdÞ are realized as classification groups of

gapped Hamiltonians satisfying Eqs. (13) and (18), with
the above choices of Clifford generators. In particular, n ¼
0 corresponds to the classification of stable gapped
Hamiltonians with no additional Γi’s. See Ref. [47] for
details.
The degree-1K group can also be interpreted as the

classification of gapless Hamiltonians Ĥk with infinite-
dimensional Hilbert spaces, which are realized only on the
boundary of (dþ 1)-dimensional gapped systems [109].
This interpretation can be formulated as follows. Let

Vk ¼ i exp½−iχðĤkÞ�; ð19Þ

where χ is a continuous odd function satisfying χðEÞ ¼
πsgnðEÞ for jEj > Egap, with Egap the bulk energy gap of
the (dþ 1)-dimensional system. Then the doubled
Hermitian Hamiltonian

H̃k ¼
�

0 Vk

V†
k 0

�
ð20Þ

has an intrinsic chiral symmetry generated by

Γ1 ¼ iσz; ð21Þ

where σz is the Pauli matrix acting on the doubled space.
Together with the doubled symmetry operator

ŨkðgÞ ¼ UkðgÞ ⊗ ðσxÞð1−ϕgcgÞ=2; ð22Þ

the doubled Hamiltonian and the doubled symmetry
operators satisfy the same symmetry relations as
Eqs. (13) and (17) [114].
Unfortunately, it is not known how to directly compute

twisted equivariant K groups for a large part of symmetry
classes, except for some simple cases such as order-two
spatial symmetries and point-group symmetries
[32,33,35,36]. Recently, it has turned out that AHSS in
momentum space provides us with fruitful information
about topology in momentum space. If we can compute
AHSS completely for a given symmetry setting, it generally
gives us an “approximate K group” in the sense that the
obtained Abelian group is the same as the exact K group as
a set but not as an Abelian group [109]. On the other hand,
as discussed in Ref. [71], AHSS can completely determine
ϕKðz;cÞ−n

G=Π ðTdÞðd ≤ 3Þ for various symmetry settings in
which we are interested.

1. Cell decomposition

To perform AHSS calculations, we introduce a sequence
of spaces

X0 ⊂ X1 ⊂ � � � ⊂ Td; ð23Þ

TOWARD COMPLETE CHARACTERIZATION OF TOPOLOGICAL … PHYS. REV. X 16, 041024 (2026)

041024-7



where Xp is a p-dimensional subspace of Td, the so-called
p skeleton. Such a decomposition is known as cell
decomposition [63,64,66,109]. In the following, we explain
a way to obtain Xp for three dimensions.
First, we find a fundamental domain of the first

Brillouin zone (BZ) that spans the entire BZ by
symmetry operations without any overlap. Note that,
by definition, any two points strictly inside the funda-
mental domain are not related by symmetries. The
interior of the fundamental domain is an open poly-
hedron, which is denoted by D3. Then, we decompose
boundary objects of the fundamental domain into p-
dimensional subregions. The open polygons on faces of
the fundamental domain are the case of p ¼ 2, the open
edge line segments of the polygons are p ¼ 1, and the
boundary points of the line segments are p ¼ 0. They
are denoted by fDp

i gi. We also assign an orientation to
each of the p-dimensional subregions. For later con-
venience, let us define a set of all inequivalent p-cells
in the fundamental domain by Iporb. By acting symmetry
operations on these p-cells, we have

Cp ≔ ∪
i∈ Iporb

∪
g∈G=Π

gðDp
i Þ: ð24Þ

Elements in Cp are called p-cells. In this construction,
each p-cell satisfies the following conditions:

(i) The intersection of any two p-cells is an empty set.
(ii) A symmetry g∈G=Π keeps every point in Dp

i
invariant or transforms a point kpi in Dp

i into a point
in another p-cell gðDp

i Þ. More formally, for kpi ∈Dp
i ,

either g fixes kpi in the Brillouin zone, i.e., there
exists a reciprocal lattice vector G such that
gkpi ¼ kpi þ G, or gkpi belongs to another cell
gðDp

i Þ ≠ Dp
i .

(iii) There are no isolated p-cells (p ≤ 2). Every (p − 1)-
cell is in a boundary of a p-cell.

(iv) The orientation of p-cells respects all symmetries
in G.

In Ref. [112], we show our cell decomposition of a
fundamental domain in each magnetic space group with
and without particle-hole symmetry.
Using the set of p-cells Cp, we define the p skeleton by

X0 ¼ C0; Xp ¼ Xp−1 ∪ Cp ðp ≥ 1Þ: ð25Þ

It should be noted that, in our construction, we distinguish
among p-cells even when they are symmetry related.
Let us illustrate how to obtain the cell decomposition for

layer group p1̄ whose generators are lattice translations and
spatial inversion. As discussed above, the first step is to find
a fundamental domain of BZ. Here, we consider −π ≤
kx ≤ π and 0 ≤ ky ≤ π as our fundamental domain. Then,
we decompose the fundamental domain into one 2-cell
(pink plane), five 1-cells (solid red lines), and four 0-cells

(orange circles) in the left panel in Fig. 2(a). Also,
fIporbg2p¼0 are given by

I0orb¼fΓ;X;Y;Mg; I1orb¼fa;b;cg; I2orb¼fαg: ð26Þ

By acting inversion symmetry on this fundamental domain,
we obtain Cp as

C0 ¼ fΓ;X;Y;Mg; ð27Þ

C1 ¼ fa; b; c; a1; b1; c1g; ð28Þ

C2 ¼ fα; α1g: ð29Þ

As mentioned above, here we assign symmetry-
equivalent p-cells to different labels. For example,
a ¼ fðkx; 0Þjkx ∈ ð0; πÞg is related to a1 ¼ fðkx; 0Þjkx ∈
ð−π; 0Þg by inversion.
Similarly, we can construct a cell decomposition for

layer group p2=m11 generated by translations, inversion,
and twofold rotation along the x axis. As a result, we have

C0 ¼ fΓ;X;Y;Mg; ð30Þ

C1 ¼ fa; b; c; d; a1; b1; c1; d1g; ð31Þ

C2 ¼ fα; α1; α2; α3g: ð32Þ

2. E1 pages

As a preliminary step, we find a finite subgroup
of G whose elements do not change k. To do so, we first
define a subgroup of G by Gk ¼ fg∈Gjϕgpgk ¼ kþ G
for a reciprocal lattice vector Gg, which is referred to as
little group. It should be noted that the number of elements
in Gk is infinite since the translation group Π is a subgroup
ofGk by definition. Furthermore,Π is a normal subgroup of
Gk, i.e., tht−1 ∈Gk ∀ h∈Gk and ∀ t∈Π. As a result, we
can always obtain the desired finite group by Gk=Π. Let us
comment on projective factors of Gk=Π. Suppose that we
have symmetry representations UkðgÞðg∈GÞ such that

Ug0kðgÞUϕg

k ðg0Þ ¼ zintðg; g0ÞUkðgg0Þ: ð33Þ

We can always find representations of Gk=Π from those of
Gk as

UkðgÞ ¼ UkðgÞeik·ag ; ð34Þ

where ag is a fractional translation or zeros [115].
Correspondingly, the projective factors ofGk=Π are given by

UkðhÞUϕh
k ðh0Þ ¼ zkðh; h0ÞUkðhh0Þ ðh; h0 ∈Gk=ΠÞ; ð35Þ

where zkðh; h0Þ ¼ zintðh; h0Þe−ik·ðphah0−ϕhah0 Þ.
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Let ϕjk, cjk, and zjk be symmetry data ϕ, c, and z
restricted to elements in Gk=Π, respectively. Also, since Gk
is common for every point k∈Dp, GDp denotes the
common little group. As discussed in Refs. [71,109], for
a given filtration fXpg3p¼0, a finitely generated Abelian
group Ep;−n

1 is defined by the relative K group

Ep;−n
1 ≔ ϕKðz;cÞþp−n

G=Π ðXp; Xp−1Þ ð36Þ

≅ ⨁
i∈ Iporb

ϕjDp
i K

ðzjDp
i
;cjDp

i
Þþp−n

GDp
i
=Π ðDp

i ; ∂D
p
i Þ ð37Þ

≅ ⨁
i∈ Iporb

ϕjDp
i K̃

ðzjDp
i
;cjDp

i
Þþp−n

GDp
i
=Π ðDp

i =∂D
p
i Þ ð38Þ

≅ ⨁
i∈ Iporb

ϕjkp
i K

ðzjkp
i
;cjkp

i
Þ−n

Gkp
i
=Π ðfkpi gÞ ð39Þ

≅ ⨁
i∈ Iporb

ϕjkp
i K̃

ðzjkp
i
;cjkp

i
Þ

Gkp
i
=Π ðfkpi g × S̃nÞ; ð40Þ

where kpi is a representative point of Dp
i and the definitions

of the relative K groups are briefly discussed in
Appendix B 1. Here, instead of defining the K groups
formally, we mention physical meaning of Ep;−n

1 , which can
be interpreted in various ways since Ep;−n

1 is defined in
terms of K groups.

(i) According to Eq. (37), Ep;−n
1 represents p-dimen-

sional gapped topological phases on p-cells but
trivial on (p − 1)-cells when ðp − nÞ ¼ 0.

(ii) According to Eq. (38), Ep;−n
1 corresponds to gapped

topological phases on the p-dimensional sphere
when ðp − nÞ ¼ 0 and gapless points on the p-
dimensional sphere when ðp − nÞ ¼ 1.

(iii) According to Eq. (39), the same group is identified
with the degree-(−n) K group at a representative
point kpi of the p-cell. This is the form used in the
actual computation of the E1 page: The problem
reduces to irreducible representations of the little
group Gkpi

=Π with the n additional Clifford gen-
erators encoded in the grading or, equivalently, to
their emergent Altland-Zirnbauer symmetry classes
(see below).

(iv) According to Eq. (40), the degree-(−n) K group at
kpi in Eq. (39) can equivalently be written as a
degree-zero problem on the auxiliary sphere S̃n. In
this description, the n Clifford generators introduced
in the grading are represented by the coordinates k̃μ
on S̃n and the gamma matrices γμ. Therefore, E

p;−n
1

can be understood as the direct sum of classifications
of mass terms in n-dimensional massive Dirac
Hamiltonians

Hkpi
¼
Xn
μ¼1

k̃μγμ þmγ0 ðk̃μ ∈ S̃nÞ; ð41Þ

γμγν þ γνγμ ¼ 2δμν; ð42Þ

with symmetry group Gkpi
=Π. Here, S̃n is an aux-

iliary sphere associated with the grading, not an
additional momentum-space cell. Symmetries in
Gkpi

=Π act trivially on S̃n and, therefore, serve as
internal symmetries of the Dirac Hamiltonian. As a
result, the classification is given by ⊕α

πnðCsðαÞÞ≃ ⊕α π0ðCsðαÞþnÞ or ⊕α πnðRsðαÞÞ≃ ⊕α

π0ðRsðαÞþnÞ [116], where CsðαÞ and RsðαÞ are clas-
sifying spaces of the Dirac Hamiltonians (see also
Table I).

To construct Abelian group Ep;−n
1 , it is convenient to use

the third or fourth interpretation. Then, the remaining task

is to obtain
ϕjkp

i K
ðzjkp

i
;cjkp

i
Þ

Gkp
i
=Π ðfkpi g × S̃nÞ, i.e., classifications of

the massive Dirac Hamiltonian in the presence of on-site
symmetries. In fact, this task is easily achieved by iden-
tifying an effective internal symmetry class of each irrep of
the unitary part of Gkpi

=Π [35,36,116]. Such symmetry
classes are known as emergent Altland-Zirnbauer sym-
metry class (EAZ class). For every k, we can always
decompose Gk=Π into the following four parts:

Gk=Π ¼ Gk þAk þ Pk þ J k; ð43Þ

where

Gk ¼ fg∈Gk=Πjðϕg; cgÞ ¼ ðþ1;þ1Þg; ð44Þ

Ak ¼ fg∈Gk=Πjðϕg; cgÞ ¼ ð−1;þ1Þg; ð45Þ

Pk ¼ fg∈Gk=Πjðϕg; cgÞ ¼ ð−1;−1Þg; ð46Þ

J k ¼ fg∈Gk=Πjðϕg; cgÞ ¼ ðþ1;−1Þg: ð47Þ

Once we identify Gk, we can compute irreps of Gk,
whose labels are denoted by α in the following. For each
irrep of Gkpi

, we can compute Wα
kpi
ðPÞ∈ f0;�1g,

Wα
kpi
ðAÞ∈ f0;�1g, and Wα

kpi
ðJ Þ∈ f0; 1g defined by

Wα
kpi
ðPÞ ¼

8<
:

0 ðPk ¼ ∅Þ
1

jPkp
i
j
P

c∈Pkp
i

zkpi ðc; cÞχαkpi ðc
2Þ∈ f0;�1g; ð48Þ

Wα
kpi
ðAÞ ¼

8<
:

0 ðAk ¼ ∅Þ
1

jAkp
i
j
P

a∈Akp
i

zkpi ða; aÞχαkpi ða
2Þ∈ f0;�1g; ð49Þ
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Wα
kpi
ðJ Þ¼

8>><
>>:
0 ðJ k¼∅Þ
1

jGkp
i
j
P

g∈Gkp
i

zkp
i
ðγ;γ−1gγÞ
zkp

i
ðg;γÞ ½χαkpi ðγ

−1gγÞ��χαkpi ðgÞ;
ð50Þ

where χαkðgÞ is the character of an irrep of Gk for g∈Gk and
γ is a representative element of J k. These quantities inform
us about how symmetries in Ak, Pk, and J k affect irreps.
When Wα

kpi
ðVÞ ¼ 0ðV ¼ P;A;J Þ and Vkpi

≠ ∅, sym-

metries in Vkpi
transform irrep α into another one. On

the other hand, when Wα
kpi
ðVÞ ¼ �1, irrep α is invariant

under the symmetries. As a result, the EAZ symmetry class
for α is identified by

Wkpi
½α� ≔

�
Wα

kpi
ðAÞ;Wα

kpi
ðPÞ;Wα

kpi
ðJ Þ

�
; ð51Þ

which is called Wigner criteria [109,117]. The classifica-
tion of the n-dimensional massive Dirac Hamiltonians is
shown in Table I. As a result, Ep;−n

1 is written by

Ep;−n
1 ¼ ⨁

i

�
⨁
α
Z2½bðpÞkpi ;α

� ⊕ ⨁
β
Z½bðpÞkpi ;β

�
�
; ð52Þ

where bðpÞkpi ;α
denotes a basis of Ep;−n

1 that is defined for irrep

α. Also, Z2½bðpÞkpi ;α
� or Z½bðpÞkpi ;α

� represents an Abelian group

generated by bðpÞkpi ;α
.

3. First differential dp;− n
1 and E2 pages

It should be emphasized that, although an element of
Ep;−n
1 corresponds to a massive Dirac Hamiltonian defined

on p-cells, it is not necessary to be gapped on (pþ 1)-cells.
In other words, elements of Ep;−n

1 are sometimes incom-
patible with those of Epþ1;−n

1 . We implement the relation
between Ep;−n

1 and Epþ1;−n
1 in a homomorphism

dp;−n1 ∶ Ep;−n
1 → Epþ1;−n

1 ; ð53Þ

which is called first differential [109]. For our purpose,
it is sufficient to consider the cases where n ¼ ðp − 1Þ, p,
and (pþ 1). Here, the detailed calculation to construct
such a homomorphism is discussed in our companion
work [71].
Based on the second interpretation of Ep;−n

1 , we present
another physical meaning of dp;−p1 . Since Ep;−p

1 and
Epþ1;−p
1 correspond to gapped and gapless phases, dp;−p1

can be understood as the process of generating gapless
points on (pþ 1)-cells from band inversions on p-cells.
Then, the Kerdp;−p1 ⊆ Ep;−p

1 represents the gapped
Hamiltonians on p- and (pþ 1)-cells. Also, dp−1;−p1 can
be interpreted as the generation of trivial gapped

Hamiltonians on p- and (pþ 1)-cells. As a result, we
define E2 pages by

E0;0
2 ≔ Kerd0;01 ; ð54Þ

Ep;−p
2 ≔ Kerdp;−p1 = Im dp−1;−p1 ðfor 1 ≤ p ≤ d − 1Þ;

ð55Þ

Ed;−d
2 ≔ Ed;−d

1 = Im dd−1;−d1 ; ð56Þ

which represents topologically nontrivial phases gapped on
(p − 1)-, p-, and (pþ 1)-cells.
Furthermore, similar to E1 pages, some elements of

Ep;−p
2 might be incompatible with gapped phases on

(pþ r)-cells and contain trivial phases generated from
(p − r)-cells. Then, to obtain completely gapped phases,
we must consider higher differential and Er pages for r ≥ 2.
However, the higher differentials are out of the scope of this
work. Importantly, to the best of our knowledge, we do not
have a systematic way to construct dp;−nr . Instead, we focus
on E2 pages and construct topological invariants for E1;−1

2

in Sec. II C, although phases corresponding to E1;−1
2 are

sometimes gapless on 3-cells. It should be emphasized that
this is still useful because it is generally difficult to detect
gapless points at generic momenta.

B. Step (i): Identification of irreducible representations
on p-cells for topological invariants

As mentioned in Sec. I, we need to identify irreps on p-
cells responsible for topological nontriviality, which is step
(i) mentioned in the Introduction. In fact, Ep;−p

2 contains the
information we need. In this subsection, we explain how to
systematically extract the information from Ep;−p

2 . In the
following, we assume that fEq;−p

1 gpþ1
q¼p−1 are free Abelian

groups for simplicity. This is always true for time-reversal-
symmetric superconductors with conventional pairing sym-
metries. It is straightforward to generalize the scheme
presented here (the derivation of the matrix XðpÞ below)
to the case where fEq;−p

1 gpþ1
q¼p−1 contain torsion elements, as

discussed in Appendix A.
Let fbðqÞi gNq

i¼1 be a serially numbered basis set of

Eq;−p
1 ¼ ZNq ; i.e., there exists i such that bðqÞi ¼ bðqÞkqj ;α

.

Then, Eq;−p
1 is expressed by

Eq;−p
1 ¼ ⨁

Nq

i¼1

Z½bðqÞi �; ð57Þ

where Z½bðqÞi � represents a free Abelian group generated by
bðqÞi . When we use BðqÞ ¼ ðbðqÞ1 bðqÞ2 � � � bðqÞNq

Þ, the first differ-
ential dp;−p1 ∶ Ep;−p

1 → Epþ1;−p
1 is represented by
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dp;−p1

�
BðpÞ� ≔ �dp;−p1 ðbðpÞ1 Þdp;−p1 ðbðpÞ2 Þ � � � dp;−p1 ðbðpÞNp

Þ
�

¼ Bðpþ1ÞMdp;−p
1

; ð58Þ

where Mdp;−p
1

is a (Npþ1 × Np)-dimensional integer-valued
matrix. For an integer-valued matrix, we can always find
two unimodular matrices UðpÞ and VðpÞ such that

ΣðpÞ ¼ UðpÞMdp;−p
1

VðpÞ; ð59Þ

where ΣðpÞ is an integer-valued diagonal matrix. The left-
hand side is known as Smith normal form. When we let rp
be the matrix rank of ΣðpÞ, each diagonal element of ΣðpÞ
satisfies the following:

(i) ½ΣðpÞ�ii ∈Z>0 for 1 ≤ i ≤ rp;
(ii) ½ΣðpÞ�ii can divide ½ΣðpÞ�ðiþ1Þðiþ1Þ for 1 ≤ i ≤ rp − 1;
(iii) ½ΣðpÞ�ii ¼ 0 for rp < i if rp ≠ NP.

ð60Þ

Then, we have

dp;−p1

�
B0ðpÞ� ¼ dp;−p1

�
BðpÞVðpÞ�

¼ Bðpþ1Þ½UðpÞ�−1UðpÞMdp;−p
1

VðpÞ

¼ Bðpþ1Þ½UðpÞ�−1ΣðpÞ; ð61Þ

where we introduce B0ðpÞ ¼ ðb0ðpÞ1 b0ðpÞ2 � � � b0ðpÞNp
Þ ¼

BðpÞVðpÞ. Equation (61) implies that we can obtain

Kerðdp;−p1 Þ ¼ spanðb0ðpÞrpþ1 � � � b0ðpÞNp
Þ.

Similarly,

dp−1;−p1

�
Bðp−1Þ� ¼ BðpÞMdp−1;−p

1

¼ B0ðpÞ½VðpÞ�−1Mdp−1;−p
1

¼ B0ðpÞ
�
Orp×Np−1

Y

�
: ð62Þ

The reason why the first rp rows are zeros is that Im dp−1;−p1

should be expanded by Kerdp;−p1 . Applying the same
decomposition of Eq. (59) to Y, we rewrite the above
equation as

dp−1;−p1

�
Bðp−1ÞVðp−1Þ�

¼ B0ðpÞ�1rp ⊕ ½Uðp−1Þ�−1�
 
Orp×Np−1

Λðp−1Þ

!

¼ B00ðpÞ
�
Orp×Np−1

Λðp−1Þ

�
; ð63Þ

where Λðp−1Þ ¼ diagðλðp−1Þ1 ; λðp−1Þ2 ;…; λðp−1ÞNp−rpÞ is the Smith

normal form of Y with the same properties in Eq. (60).

Here, we also introduce B00ðpÞ ¼
�
b00ðpÞ1 b00ðpÞ2 � � � b00ðpÞNp

�
¼

BðpÞXðpÞ ¼ BðpÞVðpÞð1rp ⊕ ½Uðp−1Þ�−1Þ. As a result, we
find that

(i) b00ðpÞi ði ¼ 1;…rpÞ is not an element in Kerdp;−p1 ;

(ii) b00ðpÞi is a basis of Ep;−p
2 when i > rp and λðp−1Þi−rp ≠ 1.

Equations (61) and (63) inform us of topological
invariants defined on p-cells. Since any element of

Ep;−p
1 can be expressed by BðpÞðnðpÞ1 nðpÞ2 � � � nðpÞNp

Þ⊤,

nðpÞ ¼ BðpÞðnðpÞ1 nðpÞ2 � � � nðpÞNp
Þ⊤

¼ B00ðpÞ½XðpÞ�−1ðnðpÞ1 nðpÞ2 � � � nðpÞNp
Þ⊤: ð64Þ

Combining the facts (i) and (ii) with Eq. (64), the row lists

fxTi gi tell us which combinations of fnðpÞj gj detect topo-
logically nontrivial nature. This is indeed step (i), which we
need to achieve. Thus, the remaining problem is to identify

quantities that function as fnðpÞj gj properly, which is
discussed in the next subsection.

C. Step (ii): Construction of topological invariants

In preceding subsection, we find that each row list in
½XðpÞ�−1 tells us which irreps on p-cells are used in
topological invariants to detect nontrivial elements of
Ep;−p
2 . In this subsection, we discuss which quantities

are assigned to them and how to take combinations of
these quantities. In the following, by focusing on the case
of p ¼ 1, we present topological invariants defined on the
1-skeleton (a domain gluing all 1-cells together with all 0-
cells). For later convenience, ½Xð1Þ�−1 and ½Vð0Þ�−1 are
denoted by

½Xð1Þ�−1 ≔ �
x1 x2 � � � xN1

�⊤; ð65Þ
½Vð0Þ�−1 ≔ �

v1 v2 � � � vN0

�⊤: ð66Þ

As a preparation for the following discussions, here we
define q-matrix for each irrep when an irrep is invariant
under chiral-like symmetries. In this case, we consider
irreps of Gk þ J k characterized by chirality, which are
denoted by α�. Each irrep of Gk þ J k satisfies

χα�k ðgÞ ¼ χαkðgÞ ðg∈GkÞ; ð67Þ

χα−k ðgÞ ¼ −χαþk ðgÞ ðg∈J kÞ: ð68Þ

When Ak ≠ ∅ andWα
kðAÞ ¼ 0, two irreps, denoted by α�

and β� here, are related by symmetries in Ak. In such a
case, we always choose β− such that

χβ−k ðgÞ ¼ zkg;a
zka;a−1ga

½χαþk ðgÞ�� for g∈Gk þ J k: ð69Þ
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Then, we define a projection matrix by

Pα� ¼ Dα

jGk þ J kj
X

g∈GkþJ k

½χα�k ðgÞ��UkðgÞ; ð70Þ

where Dα is the dimension of irrep α. Using the projection
matrices, we also define a chiral matrix by

Γα ¼ Pαþ − Pα−; ð71Þ

whose eigenvalues are 0 and �1. When Uα
� denotes a

matrix composed of eigenvectors with eigenvalues �1, we
have

qαk ¼ ½Uα
−�†HkUαþ ∈GLðrank PαþÞ; ð72Þ

which is what we refer to as q-matrix. It should be noted
that qαk depends on the choice of U

α
� and can be changed by

gauge transformations. In particular, we can always choose
Uα
� such that the eigenvalues of qαk are Dα-fold degenerate

for EAZ class AIII and CI and ð2DαÞ-fold degenerate for
EAZ class DIII (see Appendix B 3 for how to find such a
basis set). Then, we define “ðdet qαkÞ1=Dα” for AIII and CI
and “ðdet qαkÞ1=2Dα” for DIII by the product of the dupli-
cated eigenvalues of qαk . As a result, we introduce

Z½qαk� ≔
Y
j

πj; ð73Þ

where πj is the jth eigenvalue of qαk , and

det qαk ¼
(
ðZ½qαk�ÞDα for EAZ class AIII and CI

ðZ½qαk�Þ2Dα for EAZ class DIII
ð74Þ

holds. For EAZ class DIII with Dα ¼ 1, when Ak contains
an order-two antiunitary symmetry denoted by a, one can
replace Z½qαk� by Pf½qαk� by choosing Uα

− ¼ UkðaÞ½Uαþ��.
We make a brief remark on Γα. The chiral matrix Γα is

generally not the same as the representation of chiral
symmetry. Even when we discuss symmetry groups con-
taining chiral symmetry with a fractional translation, the
eigenvalues of Γα are 0 and �1. On the other hand, Uα

�
depend on momenta and are not periodic. Correspondingly,
Uαþ and Uα

− are interchanged up to unitary matrices of gauge
transformations. As a result, qαkþG is not the same as qαk but
rather related to ðqαkÞ† by the unitary matrices. Nonetheless,
our construction discussed below works for such cases. See
Appendix A 3 for an example.

1. Revisiting physical meaning of E1;− 1
1

Since we restrict ourselves to free Abelian groups E1;−1
1 ,

EAZ classes are always one of AIII, CI, or DIII. As defined
in Eq. (37), E1;−1

1 corresponds to the direct sum of gapped

topological phases on 1-cells with trivial gapped states on
0-cells. Such topological phases are characterized by the
winding of q-matrix, where the winding is quantized. The
simplest example is a one-dimensional class AIII system
only with translation symmetry. In this case, C0 ¼ fk ¼
�πg and C1 ¼ fkjk∈ ð−π; πÞg. Since the relation

Hk¼−π ¼ Hk¼π always holds, E1;−1
1 ¼ ϕKðz;cÞþ0

G=Π ðX1 ¼
T1; X0 ¼ C0Þ ¼ Z corresponds just to ordinary one-dimen-
sional topological phases of class AIII, which are charac-
terized by one-dimensional winding number
w ≔ ½1=ð2πiÞ� R π−π dk∂k log det qk ∈Z. In the following,
we define various topological invariants based on the
relation between the windings of q-matrices and topologi-
cal nontriviality, although the windings are not quantized
for general Hamiltonians.

2. Z topological invariants for gapless points on 2-cells

First, we consider topological invariants for gapless
points on 2-cells, which corresponds to Im d1;−11 . To define
topological invariants, for each EAZ class of each irrep on a
1-cell, we define the following quantities:

(i) class AIII and CI

wα ≔
1

2πi
×

1

Dα

Z
s
d½log det qαs − log detðqαsÞvac�;

ð75Þ

(ii) class DIII

wα ≔
1

2πi
×

1

2Dα

Z
s
d½log det qαs − log detðqαs Þvac�;

ð76Þ

where the integral is from one boundary 0-cell of the 1-cell
to another boundary 0-cell along the orientation of the 1-
cell. Here, we introduce ðqαkÞvac as the q-matrix of the
vacuum Hamiltonian Hvac

k defined by the infinite chemical
potential limit of Hk using the same Uα

�. The reason why
we need the winding of ðqαkÞvac is that the winding of qαk is
not invariant under global gauge transformations [118] and
basis transformation of Uα

�. When we subtract the winding
of a reference q-matrix from that of qαk, the gauge
dependence is resolved. From the fact (I) and Eq. (64),

Wgapless
i ½Hk�≔ x⊤i ðw1;w2;…;wN1

Þ⊤ ð1≤ i≤ r1Þ ð77Þ

is a Z-valued topological invariant to detect gapless points
on 2-cells.

3. Z topological invariants for gapped phases
on 2-skeleton

Next, we construct Z-valued topological invariants for
gapped phases on 1-skeleton, i.e., fully gapped phases or
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gapless only on 3-cells. Indeed, we can use the same
quantities as the invariants for gapless points on 2-cells.
From the fact (II) and Eq. (64), we find an invariant
defined by

Wgapped
i ½Hk�≔x⊤i ðw1;w2;…;wN1

Þ⊤ ∈Z

for i such that λð0Þi−r1 ¼0. ð78Þ
4. Zk topological invariants for gapped phases

on 2-skeleton

For i such that λð0Þi−r1 ∉ f0; 1g, we construct a Z
λð0Þi−r1

-

valued topological invariant from x⊤i and v⊤
i−r1 in Eqs. (65)

and (66). Similar to the case of Z-valued invariants, it is
natural to characterize topological nature on 1-cells by wα

in Eqs. (75) and (76). We define the following quantities for
irreps on 1-cells:

(i) class AIII and CI

να ≔ exp

"
−

2πi

λð0Þi−r1

wα

#

¼ exp

"
−1

λð0Þi−r1Dα

Z
s
d½logdetqαs − logdetðqαs Þvac�

#
;

ð79Þ
(ii) class DIII

να ≔ exp

"
−

2πi

λð0Þi−r1

wα

#

¼ exp

"
−1

2λð0Þi−r1Dα

Z
s
d½logdetqαs − logdetðqαs Þvac�

#
;

ð80Þ

where the integral is from one boundary 0-cell of the 1-cell
to another boundary 0-cell along the orientation of the 1-
cell. Here, Dα is dimension of an irrep α on the 1-cell. The
necessity of log detðqαs Þvac arises from the same rationale as
in Eqs. (75) and (76). Since Z-valued topological invariants
are defined only by fwαgα as seen above, one might expect

that
Q

α ν
½xTi �α
α ¼ exp½−2πiPα½xi�αwα=λ

ð0Þ
i−r1 � to be a Z

λð0Þi−r1
-

valued topological invariant. However, this is untrue. This
is because�Y

α
ν½xi�αα

�
λð0Þi−r1 ¼ exp

	
−2πi

X
α

½xi�αwα



ð81Þ

is generally not unity. This implies that
Q

α ν
½xTi �α
α does not

work for a Z
λð0Þi−r1

-valued topological invariant. After inte-

grating and summing the exponent of right-hand side of

Eq. (81), we have the product of fZ½qβk�=Z½ðqβkÞvac�gβ over
0-cells. Then, we construct a Z

λð0Þi−r1
-valued topological

invariant by combining
Q

α ν
½xTi �α
α with the correction terms

fZ½qβk�=Z½ðqβkÞvac�gβ.
The remaining task is to identify such correction terms.

In fact, this is accomplished by AHSS. To see this, we
rewrite Eq. (63) as

�
d0;−11 ðb0ð0Þ1 Þd0;−11 ðb0ð0Þ2 Þ � � � d0;−11 ðb0ð0ÞN0

Þ
�

¼
�
b00ð1Þ1 b00ð1Þ2 � � � b00ð1ÞN1

� Or1×N0

Λð0Þ

!
; ð82Þ

where Λð0Þ ¼ diagðλð0Þ1 ; λð0Þ2 ;…Þ is the Smith normal form
in Eq. (63) for p ¼ 1. For later convenience, let us suppose

that the first R0 diagonal elements are unity, i.e., λð0Þj ¼ 1

for 1 ≤ j ≤ R0. Note that R0 depends on conventions, for
example, choices of the cell decomposition. When we

consider Eq. (82) in terms of coordinates fnð0Þj gN0

j¼1 and

fnð1Þj gN1

j¼1 of E0;−1
1 and E1;−1

1 , this equation implies

λð0Þi−r1v
⊤
i−r1ðn

ð0Þ
1 ; nð0Þ2 ;…nð0ÞN0

Þ⊤ ¼ x⊤i ðnð1Þ1 ; nð1Þ2 ;…nð1ÞN1
Þ⊤:

ð83Þ

Equation (83) hints at a relationship between quantities
defined on 0- and 1-cells, as discussed below. Inspired by
Eq. (83), we define the following quantity:

exp

"
2πi

λð0Þi−r1

X i−r1 ½Hk�
#
≔

Q
αν

½xi�α
αQ

βðZ½qβk�=Z½ðqβkÞvac�Þ½vi−r1 �β
:

ð84Þ

The Z
λð0Þi−r1

quantization of X i−r1 ½Hk� is also confirmed by

the following discussion. Let α and β be an irrep on a 1-cell
and an irrep at its adjacent 0-cell, respectively.
Compatibility relations imply that the C-valued quantity
Z½qαk� defined in Eq. (73) obeys the relation

Z½qαk� ¼
Y
β

ðZ½qβk�Þ

����hMd0;−1
1

i
αβ

����
; ð85Þ

where the product
Q

β runs over the irreps on 0-cells whose
EAZ class is either AIII, DIII, or CI. The exponent
j½Md0;−1

1
�
αβ
j is the absolute value of a matrix element of

Md0;−1
1

defined in Eq. (62). See Appendix C for a derivation.

Let s denote the 1-cell going from an adjacent 0-cell k0 to
another adjacent 0-cell k1. By using Eq. (85),
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ν
λð0Þi−r1
α ¼ Z½qαk0 �=Z½ðqαk0Þvac�

Z½qαk1 �=Z½ðqαk1Þvac�

¼
Y
β

ðZ½qβk�=Z½ðqβkÞvac�Þ
h
M

d0;−1
1

i
αβ : ð86Þ

Noticing that, from Eq. (63),

½Xð1Þ�−1Md0;−1
1

¼
 
Or1×N0

Λð0Þ

!
½Vð0Þ�−1; ð87Þ

we have

�Y
α
ν½xi�αα

�
λð0Þi−r1

¼
Y
β

�
Z½qβk�=Z½ðqβkÞvac�

�P
α
½xi�α½Md0;−1

1

�αβ

¼
Y
β

�
Z½qβk�=Z½ðqβkÞvac�

�
λð0Þi−r1

½vi−r1 �β

¼
�Y

β
ðZ½qβk�=Z½ðqβkÞvac�Þ½vi−r1 �β

�
λð0Þi−r1 : ð88Þ

This proves exp ½2πiX i−r1 ½Hk�� ¼ 1. We note that the above
proof is applicable only to symmetry settings where the
EAZ class at 0-cells does not include BDI. When there
exists an EAZ class BDI at some 0-cell, the relation (86)
has a correction from irreps at 0-cells whose EAZ class is
BDI, resulting in the symmetry indicator to detect gapless
point on 2-cells or nontrivial extension of E1;−1

2 by E0;0
2 . We

also numerically verify that X i−r1 ½Hk�∈ f0; 1;…; λð0Þi−r1 −
1g is actually Z

λð0Þi−r1
valued for time-reversal-symmetric

spinful superconductors, as discussed in Sec. II E.

5. Demonstration

As a demonstration, here we discuss the topological
invariant of one-dimensional time-reversal-symmetric
topological superconductors only with translation sym-
metries. It is well known that the classification of topo-
logical superconducting phases is ϕKðz;cÞ

G=ΠðT1Þ ¼ Z2 in this
symmetry setting. In addition, the following topological
invariant is also known:

ð−1Þν ¼ Pf½qk¼π�
Pf½qk¼0�

exp

	
−
1

2

Z
π

0

dk∂k log det qk



; ð89Þ

where we choose the basis such that qTk¼0;π ¼ −qk¼0;π .
Here, we rederive the above invariant by using our
method.
Our cell decomposition of the fundamental domain is

shown in Fig. 3. There are two inequivalent 0-cells denoted
by Γðk ¼ 0Þ and Xðk ¼ πÞ. These 0-cells are invariant

under time-reversal and particle-hole symmetries, and,
thus,

E0;−1
1 ¼ Z½bð0ÞΓ � ⊕ Z½bð0ÞX �: ð90Þ

On the other hand, there exists an inequivalent 1-cell a,
which is invariant only under chiral symmetry. Therefore,

E1;−1
1 ¼ Z½bð1Þa �: ð91Þ

Since d1;−11 is not defined in one dimension, we start
from Eq. (62) with r1 ¼ 0 and Vð1Þ ¼ ð1Þ:

d0;−11

�
bð0ÞΓ bð0ÞX

�
¼
�
bð1Þa

��
2 −2

�
¼
�
bð1Þa

�
Uð0Þ� 2 0

�½Vð0Þ�−1; ð92Þ

where Xð1Þ ¼ Uð0Þ ¼ ð1Þ and ½Vð0Þ�−1 ¼ ð1
0
−1
1
Þ. See Table II

for the summary of E1- and E2 pages.
Following discussions in Sec. II C 4, we construct the

topological invariant defined by

ð−1ÞX ½Hk� ¼Z½qX�=Z½qvacX �
Z½qΓ�=Z½qvacΓ � νa½Hk�

¼ Pf½qX�
Pf½qΓ�

exp

	
−
1

2

Z
X

Γ
∂k logdetqkdk




×

�
Pf½qvacX �
Pf½qvacΓ �exp

	
−
1

2

Z
X

Γ
∂k logdetqvack dk


�
−1
:

ð93Þ

It should be noted that Γ and X are invariant under TRS and
that their EAZ classes are class DIII with Dα ¼ 1. Thus,
Z½qk¼0;π� is replaced by Pf½qk¼0;π� with qTk¼0;π ¼ −qk¼0;π .
As a result, our invariant is consistent with the well-known
formula.
In Ref. [112], we present all matrices ½Xð1Þ�−1, ½Vð0Þ�−1,

Λð0Þ, ½Vð1Þ�−1, and Σð1Þ for insulators and superconductors
in all magnetic space groups. Our scheme presented in this

FIG. 3. Illustration of the cell decomposition of the fundamen-
tal domain in rod group P1 with time-reversal symmetry
T and particle-hole symmetry C. The cell decomposition
of BZ is given by C0 ¼ fΓðk ¼ 0Þ;Xðk ¼ πÞ; T Xg and
C1 ¼ fað0 < k < πÞ; T ag.
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subsection is applicable to not only time-reversal-
symmetric superconductors with conventional pairing
symmetries, but also superconductors whose E1;−1

1 ’s are
free Abelian groups. Also, ½Xð1Þ�−1 informs us of topo-
logical invariants for insulators and superconductors, where
E1;−1
1 ¼ ðZ2Þlðl∈ZÞ, under some gauge conditions, as

discussed in Sec. IV. However, although the matrices
½Xð1Þ�−1, ½Vð0Þ�−1, Λð0Þ, ½Vð1Þ�−1, and Σð1Þ are presented,
we do not have a scheme to find explicit expressions of
topological invariants for superconductors such that E1;−1

1 ’s
contain both Z and Z2 parts.

D. Time-reversal-symmetric spinful superconductors
with conventional pairing symmetries

In this subsection, we discuss two key observations in
time-reversal-symmetric spinful superconductors with con-
ventional pairing symmetries: (i) triviality of the symmetry-
indicator theory and (ii) completeness of the invariants
constructed in this work for 159 space groups. By conven-
tional pairing symmetry, we mean that the superconducting
order parameterΔk, which appears as an off-diagonal block
of the Bogoliubov–de Gennes Hamiltonian, transforms
without acquiring any additional U(1) factor under sym-
metry operations, i.e.,

ukðgÞΔϕg

k u⊤−kðgÞ ¼ Δgk; g∈M; ð94Þ

where ukðgÞ denotes the unitary matrix representation of g
in the normal conducting phase and Aϕg ¼ A (A�) when g is
unitary (antiunitary).

1. Absence of nontrivial symmetry indicators

It is known that symmetry indicators are always trivial
for time-reversal-symmetric spinful superconductors with
conventional pairing symmetries, as seen in Ref. [102]. In
these symmetry settings, one can find that

Ep;0
1 ¼ 0 for all p ¼ 0; 1;…; d: ð95Þ

This is because the EAZ class of each irrep sector is always
AIII, DIII, or CI (see Ref. [119] for the proof). As shown in
Table I, the classifications for n ¼ 0 are always trivial for
these three classes. Therefore, we arrive at Eq. (95).

It then follows from E0;0
2 ⊆ E0;0

1 that

E0;0
2 ¼ 0: ð96Þ

In general, symmetry indicators efficiently detect a subset
of the nontrivial phases in E0;0

2 . In the present setting,
however, E0;0

2 is trivial as seen in Eq. (96). Therefore,
symmetry indicators are necessarily trivial.

2. Completeness of the invariants in 159 space groups

References [70,71] have shown that E1;−1
2 provides the

complete classification of gapped topological supercon-
ducting phases for 159 of the 230 space groups. By design,
topological invariants fWgapped

i gi and fX jgj constructed in
Sec. II C characterize E1;−1

2 completely. Combining these
two facts, we conclude that the invariants are complete for
159 space groups.
Next, we discuss stable gapless phases, in which gapless

regions cannot be gapped out without closing the gap on the
1-skeleton. For stable gapless phases, fWgapless

i gi is a
complete set of topological invariants in all space groups.
In other words, every stable gapless phase in these
symmetry classes must possess gapless points on 2-cells,
which can be detected by the invariants constructed in
Sec. II C. While this fact has been stated in Ref. [120], here
we rephrase it within the AHSS framework. This can be
understood by combining the following two known facts.

(i) There are no topologically stable gapless points on
1-cells [111]. This immediately follows from the
triviality of E1;0

1 . As discussed in Sec. II A 2, E1;0
1

corresponds to classification of gapless points
pinned to 1-cells.

(ii) There are no topologically stable point and surface
nodes on 3-cells in these symmetry classes, which
follows from the results in Ref. [121]. In the absence
of inversion symmetry, 3-cells are symmetric only
under chiral symmetry, which results in EAZ class
AIII. In the presence of inversion symmetry, 3-cells
are symmetric under products of inversion and time-
reversal or particle-hole symmetries. Because of the
even-parity nature of the pairing, the EAZ class is
always DIII in such a case. For these two classes,
there are no zero- and two-dimensional topological
invariants to protect surface and point nodes [121].
Any line node that does not intersect a 2-cell can be
contracted within a 3-cell to a generic point without
closing the gap on the 1-skeleton. Since such a point
node is not stable, it can then be gapped out.

Therefore, for conventional pairing symmetries, the invar-
iants constructed in Sec. II C provide a complete charac-
terization of both gapped and stable gapless phases in the
159 space groups. The same conclusion holds for 76 of the
80 layer groups. We discuss several concrete examples in
Sec. III.

TABLE II. E1 and E2 pages for rod group P1.

n ¼ 0 0 0
n ¼ 1 Z2 Z
Ep;−n
1 p ¼ 0 p ¼ 1

n ¼ 0 0 0
n ¼ 1 Z Z2

Ep;−n
2 p ¼ 0 p ¼ 1
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E. Numerical verification

In the preceding section, we construct Z- and Zk-valued
topological invariants. However, we do not provide any
proof that they are actually quantized, although it is
possible to confirm it one by one. In this work, we
alternatively check if they are quantized by computing
invariants for randomly generated symmetric Hamiltonians
defined on 1-skeletons repeatedly. Here, we discuss how to
numerically confirm that quantities defined in Eqs. (77),
(78), and (84) are quantized. For simplicity, we always
consider spinful systems in nonmagnetic layer groups or
nonmagnetic space groups with TRS. In such a case,
M ¼ Gþ GT , where G is a nonmagnetic space group or
layer group.

1. Preparation of symmetry representations and
symmetric Hamiltonians

To generate symmetric Hamiltonians, we need symmetry
representations UkðgÞ. We can always construct UkðgÞ
from real space as follows. First, we specify a generic point
x1 in real space, where a generic point is symmetric only
under nonspatial symmetries. Once we have a generic

point, we find fxlgjG=Πjl¼1 and fglgjG=Πjl¼1 such that xl ¼ glðx1Þ.
Then, we can construct ukðgÞðg∈MÞ by

½ukðgÞ�σσ0;ll0 ¼
zintg;gl

zintgl0 ;g
e−igðkÞ·½gðxlÞ−xl0 �δ0gðxlÞ;xl0 ½ux1ðhÞ�

ϕg

σσ0 ; ð97Þ

where ux1ðhÞ is defined in Table III, h¼
g−1l0 Txl0−gðxlÞggl½Txl0−gðxlÞ∈Π is a translation by xl0 − gðxlÞ�,
and δ0gðxlÞ;xl0 is 1 only if gðxlÞ − xl0 is a lattice vector and 0

otherwise. It should be noted that ukþGðgÞ ¼ ukðgÞ. While
UkðgÞ ¼ ukðgÞ for normal conducting phases,

UkðgÞ ¼

8>>>><
>>>>:

�
ukðgÞ O

O χgu�−kðgÞ
�

for g∈M;

�
O ξu−kðgÞ

χgu�kðgÞ O

�
for g∈MP

ð98Þ

for superconducting phases and ξ ¼ þ1 (−1) corresponds
to the presence (absence) of SU(2) symmetry. Here,
χg ∈Uð1Þ represents the pairing symmetry of
superconducting gap function Δk; i.e., it is defined

by ukðgÞΔϕg

k uT−kðgÞ ¼ χgΔgkðg∈MÞ.
For later convenience, let us introduce the different

convention of symmetry representations. By performing
a basis transformation, we can always find

ŨkðgÞ ≔ V†
gkUkðgÞVk ¼ e−iðgkÞ·agDðgÞ; ð99Þ

where DðgÞ is a unitary matrix independent of k and ag is a
vector that represents translation part of g∈G. The basis
transformation matrix V†

k is given by ½vk�ll0 ¼ δll0e−ik·xl for
normal conducting phases and

�
vk O

O vk

�
ð100Þ

for superconducting phases.
Once we have symmetry representations, we can gen-

erate a symmetric random Hamiltonian defined at a k point
k0. Let us suppose that we have a Hermitian random matrix
h. Then, we obtain a symmetric random Hamiltonian at k0
from

Hk0 ¼
1

jGk0 j
X

g∈Gk0

cgUk0ðgÞhϕgU†
k0
ðgÞ: ð101Þ

2. Adiabatic connection between two symmetric
Hamiltonians

For 0- and 1-cells, we can construct symmetric random
Hamiltonians using Eq. (101). To compute our topological
invariants obtained in Sec. II C, we need a symmetric
Hamiltonian defined on a 1-skeleton. Let k0 be a repre-
sentative point of a 1-cell, and k1 and k2 are its boundary 0-
cells. Here, employing the technique developed in
Ref. [122], we connect Hk0 to Hk1 and Hk2 . First, we
perform the basis transformation and obtain

H̃ki ¼ V†
ki
HkiVki : ð102Þ

It should be noted that H̃ki is not periodic under shift
of reciprocal lattice vector G, as seen from
H̃kiþG ¼ V†

GH̃kiVG. Then, we flatten the energy spectrum
of H̃k0 , H̃k1 , and H̃k2 . In other words, we introduce

Q̃ki ¼ Ṽ

�−1 O

O 1

�
Ṽ−1; ð103Þ

where Ṽ is a unitary matrix composed of eigenvectors of
H̃ki . Next, we define parametrized Hamiltonians by

TABLE III. Irreducible representations for symmetry groups
fe; T g and fe;Mz; T ;MzT g at x1. The latter case can happen
only when we consider layer groups with mirror symmetry about
the z direction.

g∈ fe; T g e T

ux1ðgÞ
�
1 0

0 1

��
0 1

−1 0

�

g∈ fe;Mz; T ;MzT g e Mz T MzT

ux1ðgÞ
�
1 0

0 1

� �
i 0

0 −i
� �

0 1

−1 0

��
0 i
i 0

�
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Q̃1ðt1Þ ¼ ð1 − t1ÞQ̃k1 þ t1Q̃k0 ; ð104Þ

Q̃2ðt2Þ ¼ ð1 − t2ÞQ̃k0 þ t2Q̃k2 ; ð105Þ

where t1 and t2 are parameters defined by k1 þ t1ðk0 − k1Þ
and k0 þ t2ðk2 − k0Þ, respectively. Finally, by performing
the inverse basis transformation, we have symmetric
Hamiltonians

Q1ðt1Þ ¼ Vk1þt1ðk0−k1ÞQ̃1ðt1ÞV†
k1þt1ðk0−k1Þ; ð106Þ

Q2ðt2Þ ¼ Vk0þt2ðk2−k0ÞQ̃2ðt2ÞV†
k0þt2ðk2−k0Þ; ð107Þ

which are defined on the 1-cell and the two boundary 0-
cells. As a result, we have a Hamiltonian given by

Hk ¼
�
Q1ðt1Þ for k ¼ k1 þ t1ðk0 − k1Þ
Q2ðt2Þ for k ¼ k0 þ t2ðk2 − k0Þ:

ð108Þ

Applying this scheme to all 1-cells, we obtain a symmetric
Hamiltonian defined on the 1-skeleton.
We make the following two remarks. First, we should

interpolate Q̃ki (i ¼ 0, 1, 2) to make interpolated
Hamiltonians symmetric. If we start from the flattened
Hki (i ¼ 0, 1, 2), the interpolated Hamiltonian does not
always possess all symmetries on 1-cells. On the other
hand, the symmetry representation ŨkðgÞ does not depend
on momentum, as shown in Eq. (99). In such a case, it is
guaranteed that the interpolated Hamiltonians in the same
basis of ŨkðgÞ respect all symmetries on the 1-cell. Second,
gapless points sometimes appear on 1-cells when compat-
ibility conditions between 0- and 1-cells are violated.
However, our invariants are well defined only when the
Hamiltonian is gapped on the 1-skeleton. To eliminate
gapless points on 1-cells, we must stack some Hamiltonians
so that all compatibility conditions between 0- and 1-cells
are satisfied.

3. Completeness check

To check if our invariants work, we compute topo-
logical invariants of Hamiltonians obtained in the above
way. In our numerical calculations, we repeat this
process 20 times for all layer groups and all space
groups with conventional pairing symmetries (χg ¼ þ1
for all g∈M) in the presence of TRS. For later
convenience, the Hamiltonian of the mth calculation

is denoted by HðmÞ
k . Let us suppose that we have the

following set of topological invariants:

Wl½Hk� ¼
�
Wgapless

1 ½Hk�;Wgapless
2 ½Hk�;…;Wgapless

r1 ½Hk�
�⊤

;

ð109Þ

Wg½Hk� ¼
�
Wgapped

1 ½Hk�;Wgapped
2 ½Hk�;…;Wgapped

Nf
½Hk�

�⊤
;

ð110Þ

C½Hk� ¼
�
XR0þ1½Hk�;XR0þ2½Hk�;…;XR0þNt

½Hk�
�⊤

;

ð111Þ

where Nf and Nt are the numbers of Z- and Zk-valued
topological invariants, respectively. Recall that R0 is the
number of unity in the Smith normal form Λð0Þ, i.e.,

λð0Þj ¼ 1 for 1 ≤ j ≤ R0. After computing all the topo-
logical invariants of the 20 Hamiltonians, we have three

sets fWl½HðmÞ
k �g20m¼1, fWg½HðmÞ

k �g20m¼1, and fC½HðmÞ
k �g20m¼1.

Then, we check if our topological invariants can
fully characterize E1;−1

2 . More precisely, we confirm that

fWl½HðmÞ
k �g20m¼1, fWg½HðmÞ

k �g20m¼1, and fC½HðmÞ
k �g20m¼1 can

span Zr1 , ZNf , and ⨁NtþR0

i−r1¼R0þ1Zλi−r1
, respectively. See

Appendix B 4 for more technical details.

F. Fermi surface formulas for topological
superconductors

Although obtaining q-matrices for realistic materials is
usually challenging, it is well known that the expressions of
Eq. (89) and the winding number w could be simplified
when the scale of pair potentials is small enough compared
with that of normal conducting phases [123,124]. In this
weak-pairing limit, if normal conducting phases are gapped
at k ¼ 0; π and Fermi surfaces are not degenerate, we have
the following formulas:

ð−1Þν ¼
Y
ϵnk¼0

sgnðδnkÞ; ð112Þ

w ¼ 1

2

X
ϵnk¼0

sgnð∂kϵnkÞsgnðδnkÞ; ð113Þ

where ϵnk is the nth eigenenergy of the normal conducting
phase and δnk is a diagonal element of the superconducting
gap function in the band basis [125]. Given that these two
invariants are also defined in terms of winding of q-
matrices and exponential function of the winding, such
as Eqs. (75) and (79), it is natural to expect that similar
formulas for our invariants also exist. A systematic enu-
meration of such formulas is beyond the scope of the
present paper. We note, however, that this problem has
been addressed in subsequent work [120], where
the invariants constructed here are further reduced to
practical Fermi-surface formulas for s-wave-like topologi-
cal superconductivity.
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III. EXAMPLES

In this section, we derive topological invariants of
topological superconductors in several symmetry settings
with TRS. We also compute the obtained topological
invariants for representative models of all possible topo-
logical phases in these symmetry settings.

A. Layer group p21=m11 with Ag pairing

Our first example is layer group p21=m11 whose
generators are screw symmetry Sx ¼ f2100jð1=2; 0; 0Þ⊤g,
mirror symmetry Mx ¼ fm100jð1=2; 0; 0Þ⊤g, and a trans-
lation along the y direction. According to Ref. [70],
ϕKðz;cÞ

G=ΠðT2Þ ¼ Z in layer group p21=m11 with TRS T
and Ag pairing. However, topological invariants are not
known yet. Here, we construct the topological invariants
based on our framework.
Our cell decomposition of the fundamental domain is

shown in Fig. 2(b), and irreps are tabulated in Table IV.
Then, E1;−1

1 ¼ Z5 is given by

E1;−1
1 ¼ Z½ba;1� ⊕ Z½bb;1� ⊕ Z½bc;1� ⊕ Z½bc;2� ⊕ Z½bd;1�;

ð114Þ

where we omit “(1)” from bð1ÞDp
i ;α

for short. After following

procedures in Sec. II C, we find r1 ¼ 1 and

½Xð1Þ�−1 ¼

0
BBBBBB@

a1 b1 c1 c2 d1
1 −1 1 1 −1
0 1 0 0 1

0 0 1 0 0

0 0 0 0 1

0 0 −1 1 0

1
CCCCCCA
; ð115Þ

Λð0Þ ¼

0
BBB@

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0

1
CCCA: ð116Þ

As discussed in Sec. II B, the first row of ½Xð1Þ�−1 informs
us about a topological invariant for gapless points on 2-
cells, which is given by

Wgapless ¼wa1 −wb1 þwc1 þwc2 −wd1

¼ 1

2πi

	Z
a
d log

detqa1k
detðqa1k Þvac −

Z
b
d log

detqb1k
detðqb1k Þvac

þ1

2

X2
i¼1

Z
c
d log

detqcik
detðqcik Þvac

−
Z
d
d log

detqd1k
detðqd1k Þvac




¼ 1

2
×

1

2πi

I
C
ðd logdetqk −d logdetqvack Þ; ð117Þ

where the loop C is defined by Γ-X-M-Y-Γ. In the last line,
we use the relation det qK2

k ¼ det qK1

k for K ¼ a, b, d (see
Appendix C).
As shown in Eq. (78), since only λ4¼ð5−1Þ ≠ 1 and

λ4 ¼ 0, the fifth row of ½Xð1Þ�−1 gives us a Z-valued
topological invariant for gapped phases

Wgapped ¼ −wc1 þ wc2

¼ −1
4πi

Z
π

0

d log
det qc1ðπ;kyÞ

detðqc1ðπ;kyÞÞvac
 

det qc2ðπ;kyÞ
detðqc2ðπ;kyÞÞvac

!−1

:

ð118Þ

In fact, this is the mirror winding number.
A generator of ϕKðz;cÞ

G=ΠðT2Þ ¼ Z is constructed from one-
dimensional topological superconducting phases protected
by mirror and chiral symmetries, as shown in Fig. 4(a).
After computing Wgapped for a representative model of this
generator with a random symmetric perturbation, we find
that Wgapped ¼ −1.

B. Layer group p21=b11 with Ag pairing

Our next example is layer group p21=b11, which is
generated by screw symmetry Sx ¼ f2100jð1=2; 1=2; 0Þ⊤g
and glide symmetry Gx ¼ fm100jð1=2; 1=2; 0Þ⊤g.
Reference [70] shows that ϕKðz;cÞ

G=ΠðT2Þ ¼ Z2 in layer group
p21=b11 with TRS T and Ag pairing.
The cell decomposition is the same as in Fig. 2(b).

Irreducible representations and their EAZ classes are
tabulated in Table V. We have E1;−1

1 ¼ Z6 spanned by

TABLE IV. Irreducible representations and their EAZ classes
on 0- and 1-cells in layer group p21=m11.

Irrep EAZ e Sx I ¼ MxSx Mx

Γ1, Y1 AIII 1 −i −1 i
Γ2, Y2 AIII 1 −i 1 −i
Γ3, Y3 AIII 1 i −1 −i
Γ4, Y4 AIII 1 i 1 i
X1, M1 DIII 2 0 0 0

Irrep EAZ e Sx

a1, d1 AIII 1 −ie−ikx=2
a2, d2 AIII 1 ie−ikx=2

Irrep EAZ e Mx

b1 AIII 1 −i
b2 AIII 1 i
c1 DIII 1 i
c2 DIII 1 −i
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E1;−1
1 ¼ ⨁

K¼a;b
Z½bK;1� ⊕ ⨁

K¼c;d

�
⨁
α¼1;2

Z½bK;α�
�
: ð119Þ

From the analyses in Sec. II B, we find r1 ¼ 1 and

½Xð1Þ�−1 ¼

0
BBBBBBBB@

a1 b1 c1 c2 d1 d2
1 −1 1 1 −1 −1
0 1 0 0 0 2

0 0 0 1 −1 1

0 0 0 0 0 1

0 0 0 0 −1 1

0 0 −1 1 −1 1

1
CCCCCCCCA
; ð120Þ

Λð0Þ ¼

0
BBBBBB@

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 2

1
CCCCCCA
; ð121Þ

½Vð0Þ�−1 ¼

0
BBBBBBBBBBBBB@

Γ1 Γ3 X1 Y1 M1 M2 M3 M4

1 1 0 0 0 0 −2 −2
0 0 1 0 0 1 −1 −2
0 0 0 1 0 0 −1 −1
0 0 0 0 1 1 −1 −1
0 0 0 0 0 1 0 −1
0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

1
CCCCCCCCCCCCCA
:

ð122Þ

From the first row of ½Xð1Þ�−1, we have the following
Z-valued topological invariant for gapless points on
2-cells:

Wgapless

¼ wa1 − wb1 þ wc1 þ wc2 − wd1 − wd2

¼ 1

2πi

"Z
a
d log

det qa1k
detðqa1k Þvac −

Z
b
d log

det qb1k
detðqb1k Þvac

þ 1

2

X2
i¼1

�Z
c
d log

det qcik
detðqcik Þvac

−
Z
d
d log

det qdik
detðqdik Þvac

�#

ð123Þ

¼ 1

2
×

1

2πi

I
C
ðd log det qk − d log det qvack Þ; ð124Þ

where the loop C is defined by Γ-X-M-Y-Γ. We see that
only λ5 ¼ 2 is not unity in Eq. (121), which indicates
that the last row of ½Xð1Þ�−1 and the fifth row of ½Vð0Þ�−1
provide a Z2-valued topological invariant for
gapped phases. The Z2-valued topological invariant X
is given by

FIG. 4. Real-space pictures of topological phases in layer
groups p21=m11 (a), p21=b11 (b), and p2111 (c).

TABLE V. Character tables of irreps and their EAZ classes on
0- and 1-cells in layer group p21=b11.

Irrep EAZ e Sx I Gx

Γ1 AIII 1 −i −1 i
Γ2 AIII 1 −i 1 −i
Γ3 AIII 1 i −1 −i
Γ4 AIII 1 i 1 i
X1 DIII 2 0 0 0
Y1 DIII 2 0 0 0
M1 DIII 1 1 −1 −1
M2 DIII 1 1 1 1
M3 DIII 1 −1 −1 1
M4 DIII 1 −1 1 −1

Irrep EAZ e Sx

a1 AIII 1 −ie−ikx=2
a2 AIII 1 ie−ikx=2

d1 DIII 1 ie−ikx=2

d2 DIII 1 −ie−ikx=2

Irrep EAZ e Gx

b1 AIII 1 −ie−iky=2
b2 AIII 1 ie−iky=2

c1 DIII 1 ie−iky=2

c2 DIII 1 −ie−iky=2
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ð−1ÞX ¼Z½qM4

M �=Z½ðqM4

M Þvac�
Z½qM2

M �=Z½ðqM2

M Þvac�
νc2 ½Hk�νd2 ½Hk�
νc1 ½Hk�νd1 ½Hk�

¼Pf½qM4

M �=Pf½ðqM4

M Þvac�
Pf½qM2

M �=Pf½ðqM2

M Þvac�

×exp

"
1

4

X
K¼c;d

Z
K
dlog

detqK1

k

detðqK1

k Þvac
�

detqK2

k

detðqK2

k Þvac
�−1

#
;

ð125Þ

where we replace Z½qαk� by Pf½qαk� in the second line, as
mentioned in Sec. II B.
A generator of ϕKðz;cÞ

G=ΠðT2Þ ¼ Z2 is constructed
from one-dimensional topological superconducting
phases, as shown in Fig. 4(b). After computing X
for a representative model of this generator with a
random symmetric perturbation, we find that X ¼ 1
mod 2.

C. Layer group p2111 with
A pairing

The third example is layer group p2111, whose gen-
erators are screw Sx ¼ f2100jð1=2; 0; 0Þ⊤g and a translation
along the y direction. In Ref. [33], the authors show that
ϕKðz;cÞ

G=ΠðT2Þ ¼ Z2 × Z4 in layer group p2111 with TRS and
with A pairing. However, topological invariants are not
known yet. Here, we construct the topological invariants
based on our framework.
Again, the cell decomposition is the same as layer groups

p21=m11 and p21=b11. Irreducible representations and
their EAZ classes are tabulated in Table VI. We have
E1;−1
1 ¼ Z6 spanned by

E1;−1
1 ¼ ⨁

K¼b;c
Z½bK;1� ⊕ ⨁

K¼a;d

�
⨁
α¼1;2

Z½bK;α�
�
: ð126Þ

We perform the analyses presented in Sec. II B, and then
we find r1 ¼ 1 and

½Xð1Þ�−1 ¼

0
BBBBBBBB@

a1 a2 b1 c1 d1 d2
1 1 −1 2 −1 −1
0 −1 1 0 0 2

0 0 0 1 −1 1

0 0 0 0 0 1

0 2 −1 0 −1 1

0 2 −1 0 −2 0

1
CCCCCCCCA
; ð127Þ

Λð0Þ ¼

0
BBBBBB@

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 2 0

0 0 0 0 4

1
CCCCCCA
; ð128Þ

½Vð0Þ�−1 ¼

0
BBBBBBBBBB@

Γ1 X1 X2 Y1 M1 M2

1 0 2 0 0 −4
0 1 1 0 1 −3
0 0 0 1 0 −2
0 0 −2 1 1 −1
0 0 −1 0 1 0

0 0 0 0 0 1

1
CCCCCCCCCCA
: ð129Þ

In the sameway as the above examples, we have aZ-valued
topological invariant for gapless points on 2-cells:

Wgapless ¼ wa1 þ wa2 − wb1 þ 2wc1 − wd1 − wd2

¼ 1

2πi

I
C
ðd log det qk − d log det qvack Þ: ð130Þ

We find λ4 ¼ 2 and λ5 ¼ 4. As a result, we construct a Z2-
valued topological invariant from the fifth row of ½Xð1Þ�−1

TABLE VI. Character tables of irreps and their EAZ classes on
0- and 1-cells in layer group p2111.

Irrep EAZ e Sx

Γ1, Y1 AIII 1 −i
Γ2, Y2 AIII 1 i
X1, M1 DIII 1 −1
X2, M2 DIII 1 1

Irrep EAZ e Sx

a1, d1 AIII 1 −ie−ikx=2
a2, d2 AIII 1 ie−ikx=2

Irrep EAZ e

b CI 1
c DIII 1

TABLE VII. Topological invariants for representative models
of topological phases.

ϕKðz;cÞ
G=ΠðR2Þ ¼ Z2 × Z4 (X1 mod 2, X2 mod 4)

(1, 0) (1, 2)
(0, 2) (0, 2)
(0, 1) (1, 1)
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and the fourth row of ½Vð0Þ�−1. Also, aZ4-valued topological invariant is obtained from the sixth row of ½Xð1Þ�−1 and the fifth
row of ½Vð0Þ�−1. The Z2- and Z4-valued invariants, denoted by X1 and X2, are defined by

ð−1ÞX1 ¼ Z2½qX2

X �Z½qM2

M �
Z½qY1

Y �Z½qM1

M �

�
Z2½ðqX2

X Þvac�Z½ðqM2

M Þvac�
Z½ðqY1

Y Þvac�Z½ðqM1

M Þvac�

�−1 ν2a2 ½Hk�νd2 ½Hk�
νb1 ½Hk�νd1 ½Hk�

¼ det qX2

X Pf½qM2

M �
det qY1

Y Pf½qM1

M �

�
detðqX2

X ÞvacPf½ðqM2

M Þvac�
detðqY1

Y ÞvacPf½ðqM1

M Þvac�

�−1

× exp

2
64− 1

2

Z
d

 
2 log

det qa2ðkx;0Þ
detðqa2ðkx;0ÞÞvac

− log
det qb1ð0;kyÞ

detðqb1ð0;kyÞÞvac
− log

det qd1ðkx;πÞ
detðqd1ðkx;πÞÞvac

þ log
det qd2ðkx;πÞ

detðqd2ðkx;πÞÞvac

!375; ð131Þ

iX2 ¼ Z½qX2

X �=Z½ðqX2

X Þvac�
Z½qM1

M �=Z½ðqM1

M Þvac�
ν2a2 ½Hk�

νb1 ½Hk�ν2d1 ½Hk�

¼ Pf½qX2

X �
Pf½qM1

M �
Pf½ðqM1

M Þvac�
Pf½ðqX2

X Þvac� exp

2
64− 1

4

Z
d

 
2 log

det qa2ðkx;0Þ
detðqa2ðkx;0ÞÞvac

− log
det qb1ð0;kyÞ

detðqb1ð0;kyÞÞvac
− 2 log

det qd1ðkx;πÞ
detðqd1ðkx;πÞÞvac

!375: ð132Þ

Real-space pictures of topological phases are shown in
Fig. 4(c), as discussed in Ref. [70]. From ðX1;X2Þ for a
representative model of each phase, we find that ðX1;X 2Þ
can fully characterize ϕKðz;cÞ

G=ΠðT2Þ ¼ Z2 × Z4, as shown in
Table VII.

IV. TOPOLOGICAL INVARIANTS FOR NORMAL
CONDUCTING PHASES

So far, we have discussed topological invariants when
Ep;−1
1 (p ¼ 0, 1, 2) are free Abelian groups. Typically, this

happens to time-reversal-symmetric superconductors with
conventional pairing symmetries. On the other hand, this is
not always the case for superconductors with unconven-
tional pairing symmetries and normal conducting systems.
In particular, when we are interested in normal conducting
systems, Ep;−1

1 always takes the form of ðZ2Þlðl∈Z≥0Þ.
This is because an EAZ class of each irrep on a p-cell is
always any one of A, AI, and AII, and only AI gives Z2 as
shown in Table I. Here, let us discuss how to construct
topological invariants for insulators and semimetals.
The construction of topological invariants for normal

conducting phases also requires the similar two steps
discussed in Secs. II B and II C. The only difference in
the first step is the existence of Z2 parts in Ep;−1

1 . The
discussions in Sec. II B are easily generalized, as shown in
Sec. IV B 5. On the other hand, due to the absence of any
chiral symmetry, we need to develop a different charac-
terization of E1;−1

1 for normal conducting phases. In
Sec. IV B, we introduce the transition function as a Z2-
valued quantity under some gauge conditions. As a result,
we first construct topological invariants under some gauge

conditions from AHSS. Since the formulas with fixed
gauges are generally not useful for actual computations, we
then rewrite the formulas in terms of gauge-independent
quantities. In the following, we explain our strategy
through some examples. We leave a systematic implemen-
tation of gauge-invariant formulas as a future work.

A. Some generalities

Before moving on to the construction of invariants on the
1-skeleton, we summarize in this section general remarks
not limited to the 1-skeleton.

1. Types of topological invariants

In insulating systems, E0;0
2 is a free Abelian group, and

E1;−1
2 consists solely of Z2. Since free Abelian groups do

not undergo nontrivial extensions, the topological invari-
ants defined on the 1-skeleton take values in the group Z2.
On the other hand, the group E2;−2

3 may be nontrivially
extended by invariants on the 1-skeleton, so there can be,
for example, Z4 invariants.

2. Notations

We summarize the notations used in this section, which
are different from those in Sec. II. Let G be a magnetic
point group, and ϕ∶G → f�1g be a homomorphism
specifying whether an element g∈G is unitary or anti-
unitary. Introduce the notation for a matrix X, Xϕg ¼ X
when ϕg ¼ 1 and Xϕg ¼ X� when ϕg ¼ −1. Let pg ∈OðdÞ
be the point group action of g, and ag be a (fractional)
translation. The action on real space is g∶x ↦ pgxþ ag.
Denote the group action on the momentum space k∈Td as
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g∶k ↦ gk ¼ ϕgpgk. Write zintðg; hÞ as the factor system
for internal degrees of freedom, and the factor system in the
momentum space as

zkðg; hÞ ¼ zintðg; hÞe−ik·ðpgahþag−aghÞ ð133Þ

for g; h∈G, where zkðg; hÞ satisfies the following cocycle
condition:

zg−1kðh; lÞϕgzkðgh; lÞ−1zkðg; hlÞzkðg; hÞ−1 ¼ 1 ð134Þ

for g; h; l∈G [47]. Let fUkðgÞgg∈G be symmetry operators
globally defined in the momentum space Td, satisfying the
following k-dependent cocycle condition:

UhkðgÞUkðhÞϕg ¼ zghkðg; hÞUkðghÞ; g; h∈G: ð135Þ

A periodic Hamiltonian Hk in the momentum space Td

satisfies the following symmetry:

UkðgÞHϕg

k UkðgÞ† ¼ Hgk; g∈G: ð136Þ

3. Classification of equivariant vector bundle

In general, the classification of isomorphism classes of
vector bundles is to classify transition functions. Let
fUigi∈ I be a covering of the momentum space Td

compatible with the symmetry, i.e.,

Td ¼ ∪
i
Ui; ð137Þ

where Ui is called patch in the following. Each patch Ui
corresponds to the Poincaré dual of a 0-cell ki in the cell
decomposition of the AHSS. By design, the action of g on
each patch gðUiÞ ¼ fgk∈Tdjk∈Uig is some patch, and
the group action on patch labels is denoted as i ↦ gðiÞ.
Namely, gðUiÞ ¼ UgðiÞ. Each patch Ui is contractible, and
the Bloch states Φi;k on each patch Ui can be chosen
continuously. Let N be the number of occupied states. On a
two-patch intersection Uij ¼ Ui ∩ Uj, the transition func-
tion is defined as

tij;k ¼ Φ†
i;kΦj;k ∈UðNÞ; k∈Uij: ð138Þ

The transition function tij;k satisfies the following
cocycle condition over a three-patch intersection
Uijl ¼ Ui ∩ Uj ∩ Ul:

tij;ktjl;ktli;k ¼ 1Nocc
; k∈Uijl: ð139Þ

The intersection Uij is generally not contractible and may
have multiple connected components.
Under certain symmetry constraints (gauge-fixing con-

ditions) on the Bloch states of each patch, the desired

topological classification is obtained from the homotopy
equivalence class of transition functions tij;k invariant
against residual gauge transformations. In each patch,
due to the symmetry relation in Eq. (136), the Bloch state
Φi;k defines a unitary matrix, called sewing matrix,
wi;kðg∈GÞ∈UðNÞ by

UkðgÞΦϕg

i;k ¼ ΦgðiÞ;gkwi;kðgÞ; k∈Ui; g∈G: ð140Þ

Here, note that the matrix wi;k, unlike UkðgÞ, is defined
only on the patch k∈Ui and satisfies the same product
structure (135) as UkðgÞ, namely,

whðiÞ;hkðgÞwi;kðhÞϕg ¼ zghkðg;hÞwi;kðghÞ; g;h∈G: ð141Þ

The following fact is the starting point of construction.
Theorem 1. There exist continuous unitary matrices

Vi;k∈Ui
on patches Ui such that

wi;kðgÞVϕg

i;k ¼ VgðiÞ;gke−igðk−kiÞ·agwi;kiðgÞ;
k∈Ui; g∈G; ð142Þ

hold true.
See Appendix E for a proof. This implies that through a

gauge transformation Φi;k ↦ Φi;kVi;k, one can always fix
the gauge in such a way that the symmetry operator in each
patch can be the symmetry operator wi;kiðgÞ at the 0-cell ki
up to the factor e−igðk−kiÞ·ag determined solely by the
magnetic space group data. It is noted that the unitary
equivalence class of the representation matrix wi;kiðgÞ at the
0-cell ki is determined by the numbers of irreps of the little
group Gki ¼ fg∈Gjgki ¼ kig at ki. Consequently, the
gauge-fixing condition for each patch depends only on
the representation at 0-cell ki.
Let us choose a gauge-fixing condition fwi;kðgÞgi∈ I;g∈G

that satisfies Eq. (141). Under the gauge-fixing condition
(140), the transition functions satisfy the following
symmetry:

wi;kðgÞtϕg

ij;kwj;kðgÞ† ¼ tgðiÞgðjÞ;gk;

k∈Uij; g∈G: ð143Þ

The residual gauge transformations, which leave the gauge-
fixing condition (140) invariant, are given by

Φi;k ↦ Φi;kW
†
i;k; Wi;k ∈UðNÞ; ð144Þ

with the matrices Wi;k on Ui satisfying the condition

wi;kðgÞWϕg

i;kwi;kðgÞ† ¼ WgðiÞ;gk;

k∈Ui; g∈G: ð145Þ
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Under the residual gauge transformation in Eq. (144), the
transition functions change as

tij;k ↦ Wi;ktij;kW
†
j;k: ð146Þ

The set of homotopy equivalence classes of the transition
functions tij;k, when divided by the equivalence relation
generated by the residual gauge transformation in
Eq. (144), yields the data for topological invariants.
The classification of topological invariants defined by

the transition functions tij;k is generally difficult. However,
when limiting the Bloch states to the 1-skeleton of
momentum space, the topological invariants are classified
by E1;−1

2 and constructed explicitly, as discussed in the next
section.

B. The construction of Z2 topological invariants
over 1-skeleton

In this section, we discuss the construction of Z2

topological invariants defined from the occupied states
over the 1-skeleton in momentum space. In the following
discussions, we assume that any set of representations of
occupied states at 0-cells satisfies the compatibility rela-
tions to ensure the existence of the gap over the 1-skeleton,
resulting in that the set of representations at 0-cells is an
element of E0;0

2 .

1. Introducing a gauge constraint over 1-cells

Let sðaÞ and tðaÞ be the start and terminal point of a
1-cell a, respectively (see Fig. 5). We choose a represen-
tative point ka ∈ a and examine the symmetry constraint of
the transition function at the point ka:

tka ¼ Φ†
sðaÞ;kaΦtðaÞ;ka ∈UðNÞ: ð147Þ

Let us define the subgroup Ga ¼ fg∈Gjgk ¼ k
∀ k∈ ag, whose elements keep points on 1-cell a invari-
ant. The transition function then satisfies the symmetry
constraint in Eq. (143):

wsðaÞ;kaðgÞt
ϕg

ka
wtðaÞ;kaðgÞ† ¼ tka ; g∈Ga: ð148Þ

Although wsðaÞ;kaðgÞ and wtðaÞ;kaðgÞ are unitary equivalent
as representations of Ga with the common factor system
zkaðg; hÞ, wsðaÞ;kaðgÞ and wtðaÞ;kaðgÞ are generally different.
As a result, no apparent constraint arises in eigenvalues of
the transition function tka .
To make restrictions on the eigenvalues explicit, we fix a

representation matrix wa;kðgÞðg∈GÞ for 1-cell a, which
obeys the globally defined factor system zkðg; hÞ:

whðaÞ;hkðgÞwa;kðhÞϕg ¼ zghkðg; hÞwa;kðghÞ;
g; h∈G: ð149Þ

Here, gðaÞ denotes a 1-cell mapped from 1-cell a by g∈G.
The matrix wa;kðgÞ can be considered as a gauge-fixing
condition on 1-cell:

UkðgÞΦϕg

a;k ¼ ΦgðaÞ;gkwa;kðgÞ; g∈G: ð150Þ

Let Vi→a;k denote the unitary matrix for a basis trans-
formation from the 0-cell i to an adjacent 1-cell a:

wi;kðgÞVϕg

i→a;k ¼ Vi→a;kwa;kðgÞ; g∈Ga: ð151Þ

(As detailed later, Vi→a;k is not unique.) Using this basis
transformation, we redefine

t̃ka ≔ V†
sðaÞ→a;ka

tkaVtðaÞ→a;ka : ð152Þ

The transition function t̃ka then satisfies the symmetry

wa;kaðgÞt̃
ϕg

ka
wa;kaðgÞ† ¼ t̃ka ; g∈Ga; ð153Þ

imposing a constraint on the eigenvalues of t̃ka .

2. Preliminary discussion:
For block diagonalized wa;ka

ðgÞ
To examine the eigenvalue structure of t̃ka , we first

consider the case where the representation matrices
wa;kaðgÞ are block diagonalized for each irrep.
Let G0

a ¼ fg∈Gajϕg ¼ 1g be the subgroup of Ga
consisting of unitary elements. Denote the irreducible
character of α-irrep of G0

a as χαkðg∈G0
aÞ. When

GanG0
a ≠ ∅, choose a representative t∈GanG0

a, and tα
denotes the irrep related to α by t. Note that t2 ≠ e, in
general. The character of tα is given by
χtαk ðgÞ ¼ ½zkaðg; tÞ=zkaðt; t−1gtÞ�χαkaðt−1gtÞ� ∀ g∈G0

a.
Choose a set of representation matrices for each irrep and
denote them as ραkðgÞ. Let Dα be the matrix dimension
(representation dimension) of ραkðgÞ.

FIG. 5. Illustration of 1-cell a and its start point sðaÞ and
terminal point tðaÞ. The transition function is defined on the
overlap of patches UsðaÞ and UtðaÞ, which are the neighborhoods
of 0-cells sðaÞ and tðaÞ, respectively. The point ka is a
representative point in the intersection UsðaÞ ∩ UtðaÞ ∩ a.
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We consider the following block-diagonalized form for
the representation matrix:

wa;kaðgÞ ¼ ⨁
α
ραkaðgÞ ⊗ 1nα ðg∈G0

aÞ; ð154Þ

where nα is the number of α-irrep contained in wkaðgÞ. With
this choice, t̃ka is block diagonalized as

t̃ka ¼ ⨁
α
1Dα

⊗ t̃αka ; t̃αka ∈UðnαÞ: ð155Þ

Furthermore, due to t symmetry, the unitary matrix t̃αka of
each sector is subjected to further constraint depending on
the EAZ class of α-irrep, as described below.
(a) EAZ class A, i.e., no antiunitary symmetry present—In

this case, there are no further restrictions on t̃αka .
Since π0½UðnαÞ� ¼ 0, no topologically nontrivial clas-
sification arises. In particular, det t̃αka can take any
U(1) value.

(b) EAZ class AT , i.e., antiunitary symmetry t exists but α
and tα are different—In this case, there are no further
restrictions on t̃αka . Since π0½UðnαÞ� ¼ 0, no topologi-
cally nontrivial classification arises. For ραkðgÞ,
the representation matrix of the irrep tα can be fixed
as ρtαk ðgÞ ¼ ½zkaðg; tÞ=zkaðt; t−1gtÞ�ραkaðt−1gtÞ� for
g∈G0

a. In doing so, since tðtαÞ ∼ α, there exists a
unitary matrix U∈UðDαÞ such that ραkðgÞ ¼
½zkðg; tÞ=zkðt; t−1gtÞ�Uρtαk ðgÞ�U† and U is given by
zkðt; tÞραkðt2Þ. As a result, the representation matrix of t
in the α ⊕ tα sector becomes

wa;kðtÞjðα⊕tαÞ⊕nα ¼
 

O zkðt; tÞραkðt2Þ
1Dα

O

!
⊗ 1nα :

ð156Þ
Note that Dα ¼ Dtα and nα ¼ ntα. Under this repre-
sentation, due to t symmetry, t̃tαka ¼ ðt̃αkaÞ� holds. In
particular,

det t̃αka det t̃
tα
ka
¼ 1: ð157Þ

(c) EAZ class AI—There exists a unitary matrix
ραkðtÞ∈UðDαÞ such that ραkðtÞραkðtÞ� ¼ zkðt; tÞραkðt2Þ
[109]. The representation matrix of t of α-irrep is
given by wa;kjα⊕nα ¼ ραkðtÞ ⊗ 1nα. Consequently,
ðt̃αkaÞ� ¼ t̃αka due to t symmetry, meaning that
t̃αka ∈OðnαÞ. Since π0½OðnαÞ� ¼ Z2, a Z2 classification
arises from the transition functions on 1-cell, which is
determined by the sign

det t̃αka ∈ f�1g: ð158Þ

It turns out that the sign det t̃αka depends on the basis
transformation Vi→a;k. For a triple of representation

matrices wi;kðgÞ, wa;kðgÞ, and the basis transformation
Vi→a;k, let us consider a substitution of Vi→a;k as

Vi→a;k ↦ Vi→a;kδVi→a;k; ð159Þ

wa;kðgÞðδVi→a;kÞϕgwa;kðgÞ† ¼ δVi→a;k: ð160Þ

This substitution does not alter the relation (151).
Considering the form of wa;kðgÞ in Eq. (154) and the
symmetry relation in Eq. (160), we have

δVi→a;k ¼ ⨁
α
1Dα

⊗ δVα
i→a;k: ð161Þ

In particular, for the block of α-irrep whose EAZ class
is AI, δVα

i→a;k ∈OðnαÞ. This substitution leads to a
change in the unitary matrix t̃αka defined in Eq. (155):

t̃αka ↦ ðδVα
sðaÞ→a;ka

Þ† t̃αkaδVα
tðaÞ→a;ka

: ð162Þ

Consequently, the sign det t̃αka changes as well:

det t̃αka ↦ detðδVα
sðaÞ→a;ka

Þ† det t̃αka det δVα
tðaÞ→a;ka

:

ð163Þ

(d) EAZ class AII—Because of Kramers’ degeneracy,
nα is an even number. There exists a unitary
matrix ραkðtÞ∈UðDαÞ such that ραkðtÞραkðtÞ� ¼
−zkðt; tÞραkaðt2Þ. Using this matrix ραkaðtÞ, the repre-
sentation matrix of t in the α block is given by
wa;kjα⊕nα ¼ ραkðtÞ ⊗ ðiσyÞ1nα=2. Consequently, due to
t symmetry, ðiσyÞðt̃αkaÞ�ðiσyÞ† ¼ t̃αka , meaning that
the t̃αka matrix belongs to the symplectic

group Spðnα=2Þ ¼ fX∈UðnαÞjX⊤ðiσyÞX ¼ iσyg.
Since π0½Spðnα=2Þ� ¼ 0, no nontrivial classification
arises. Furthermore, as the eigenvalues of the matrix
t̃αka appear in complex conjugate pairs ðλ; λ�Þ,
det t̃αk ¼ 1.

3. Gauge-invariant expression of det t̃αka

The U(1)-valued quantity det t̃αka is definable even if the
representation matrix wa;kðgÞ is not block diagonalized as
in the expression (154). By introducing the orthogonal
projection onto the α-irrep defined by

Pα
a;k ¼

Dα

jG0
aj
X
g∈G0

a

χαkðgÞ�wa;kðgÞ; ð164Þ

the projection of the transition function t̃ka onto the α sector
is given by

Pα
a;ka

t̃kaP
α
a;ka

¼ Pα
a;ka

t̃ka ¼ t̃kaP
α
a;ka

: ð165Þ

SEISHIRO ONO and KEN SHIOZAKI PHYS. REV. X 16, 041024 (2026)

041024-24



The nonzero eigenvalues of the projection Pα
a;ka

t̃kaP
α
a;ka

consist of nα eigenvalues λ1;…λnα , and each of them isDα-
fold degenerated. We define

ξαkaðt̃kaÞ ≔
Ynα
i¼1

λi: ð166Þ

The discussion in the previous section can be summarized
for each EAZ class as

A∶ ξαkaðt̃kaÞ∈Uð1Þ;
AT∶ ξαkaðt̃kaÞ ¼ ξtαkaðt̃kaÞ� ∈Uð1Þ;
AI∶ ξαkaðt̃kaÞ∈ f�1g;
AII∶ ξαkaðt̃kaÞ ¼ 1: ð167Þ

Some remarks are in order.
(i) The U(1)-valued quantity ξαkaðt̃kaÞ behaves as a

product with respect to direct sums:

ξαkaðt̃ka ⊕ t̃0kaÞ ¼ ξαkaðt̃kaÞξαkaðt̃0kaÞ: ð168Þ

(ii) As can be seen from the expression

ξαkaðt̃kaÞ ¼ ξαkaðV
†
sðaÞ→a;ka

Φ†
sðaÞ;kaΦtðaÞ;kaVtðaÞ→a;kaÞ;

ð169Þ

it is emphasized again that the U(1)-valued quantity
ξαkaðt̃kaÞ depends on the basis transformation ma-
trix Vi→a;k.

(iii) For irreps with EAZ class AI, a set of signs ξαkaðt̃kaÞ
represents an entry of E1;−1

1 in the AHSS.

4. Residual patch gauge transformation

We see how the residual patch gauge transformation
(144) changes the U(1)-valued quantity ξαkaðt̃ka

Þ. The
transition function t̃ka defined in Eq. (152) changes under
a gauge transformation as

t̃ka ↦ W̃sðaÞ;ka t̃kaW̃
†
tðaÞ;ka ; ð170Þ

W̃i;k ≔ V†
i→a;kWi;kVi→a;k; ð171Þ

where the matrices W̃sðaÞ;k and W̃tðaÞ;k satisfy the same
symmetry (160) as δVi→a;k with the representation matrix
wa;kðgÞ, namely,

wa;kðgÞW̃ϕg

i;kwa;kðgÞ† ¼ W̃i;k for g∈Ga: ð172Þ

Thus, all of W̃sðaÞ;ka ; t̃ka , and W̃
†
tðaÞ;ka are block diagonalized

in the α sector. Consequently,

ξαkaðW̃sðaÞ;ka t̃kaW̃
†
tðaÞ;kaÞ

¼ ξαkaðW̃sðaÞ;kaÞξαkaðt̃kaÞξαkaðW̃
†
tðaÞ;kaÞ ð173Þ

holds, meaning that it becomes the product of each U(1)
value. Moreover, the U(1) value ξαkaðt̃kaÞ in Eq. (166) is
defined by eigenvalues, and, thus, it does not depend on the
choice of the representation matrix wa;kðg∈GaÞ. Then, it
follows that

ξαkaðW̃sðaÞ;ka t̃kaW̃
†
tðaÞ;kaÞ

¼ ξαkaðWsðaÞ;kaÞξαkaðt̃kaÞξαkaðW
†
tðaÞ;kaÞ: ð174Þ

In particular, when the EAZ class of α-irrep is AI, the
value ξαkaðWsðaÞ;kaÞ is quantized to Z2; thus, it does not
depend on the momentum k∈ a on the 1-cell a. Therefore,
it coincides with the sign at the 0-cell sðaÞ:

ξαkaðWsðaÞ;kaÞ ¼ ξαkaðWsðaÞ;kaÞjka→ksðaÞ
for AI: ð175Þ

Recall that momentum at 0-cell i is denoted as ki. The same
applies to ξαkaðW

†
tðaÞ;kaÞ.

It should be noted that, although the above
ξαkaðWi;kaÞjka→ki

is defined at 0-cell ki, it is computed for

irreps on the adjacent 1-cell. On the other hand, with the
stabilizer group Gki ¼ fg∈Gjgki ¼ kig, a U(1)-valued

quantity ξβðkiÞki
ðWi;kiÞ is similarly defined for each irrep

βðkiÞ of the unitary subgroup G0
ki
¼ Kerϕ ∩ Gki . The

irreducible decomposition of irrep βðkiÞ of G0
ki

into the

irreps fαgα of G0
a is given by

βðkiÞjG0
a
¼ ⨁

α
α⊕n

βðkiÞ
α : ð176Þ

Then, the following relation holds:

ξαkaðWi;kaÞjka→ki
¼
Y
βðkiÞ

½ξβðkiÞki
ðWi;kiÞ�

n
βðkiÞ
α : ð177Þ

For the proof, see Appendix C.
Note that if Ga includes an antiunitary element t,

then Gki also includes t∈Gki . For an α-irrep of Ga with
EAZ class AI, it follows that the EAZ of the irrep βðkiÞ on
the right-hand side of Eq. (177) is either AI, AII,
or AT. Furthermore, considering Eq. (167), the contribu-

tion from AII is ξβðkiÞki
ðWi;kiÞ ¼ 1 and from AT is

ξβðkiÞki
ðWi;kiÞξtβðkiÞki

ðWi;kiÞ ¼ 1, leaving only contributions
from AI. Therefore, we obtain
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ξα∈AI
ka

ðWi;kaÞjka→ki
¼

Y
βðkiÞ∈AI

½ξβðkiÞki
ðWi;kiÞ�

n
βðkiÞ
α : ð178Þ

Here,
Q

βðkiÞ∈AI denotes the product over irreps of G0
ki

whose EAZ is given by AI. Eventually, the change in the
sign ξα∈AI

ka
ðt̃ka

Þ∈ f�1g under the residual patch gauge
transformation (144) is given by

ξα∈AI
ka

ðt̃ka
Þ ↦ ξα∈AI

ka
ðt̃ka

Þ

×
Y

βðksðaÞÞ∈AI

	
ξ
βðksðaÞÞ
ksðaÞ

ðWsðaÞ;ksðaÞ Þ


n
βðksðaÞÞ
α

×
Y

βðktðaÞÞ∈AI

	
ξ
βðktðaÞÞ
ktðaÞ

ðWtðaÞ;ktðaÞ Þ


n
βðktðaÞÞ
α

: ð179Þ

This relation (179) is nothing but the differential
d0;−11 ∶ E0;−1

1 → E1;−1
1 in the AHSS, and, therefore, the

Z2 invariants over the 1-skeleton are classified by the
group E1;−1

1 = Im d0;−11 .
The group E1;−1

1 = Im d0;−11 includes Z2 invariants that
detect gapless points at points inside 2-cells, which are
called “π-Berry phase” in the literature. Such Z2 invariants
are given by the coimage Coimd1;−11 of the differential
d1;−11 ∶ E1;−1

1 → E2;−1
1 and depend on a choice of cell

decomposition. In contrast, E1;−1
2 ¼ Kerd1;−11 = Im d0;−11 is

independent of cell decomposition. Therefore, E1;−1
2 gives

the classification of Z2 invariants that characterize gapped
phases over 2-skeleton, i.e., insulators and gapless points at
a general point inside the 3-cell, independent of the cell
decomposition.

5. Gauge-invariant product for Z2 invariant

The gauge-invariant combination of the signs ξα∈AI
ka

ðt̃ka
Þ

constitutes a Z2 invariant, which can be calculated from the
first differential in AHSS. The construction is parallel to
that discussed in Sec. II B, except that it is Z2 valued rather
than Z valued. Hence, only the results are briefly
stated here.
Let Ep;−1

1 ¼ ⨁Np

i¼1Z2½bðpÞi �. We denote the matrix com-

posed of basis vectors as BðpÞ ¼ ðbðpÞ1 ;…; bðpÞNp
Þ and write

the first differential as

dp;−11 ðBðpÞÞ ¼ Bðpþ1ÞMdp;−1
1

; ð180Þ

where Mdp;−1
1

is a Z2-valued Npþ1 × Np matrix. Let the

Smith normal form of Md1;−1
1

be

Uð1ÞMd1;−1
1

Vð1Þ ¼
�
1r1 O

O O

�
; ð181Þ

and define the matrix Y by

½Vð1Þ�−1Md0;−1
1

¼
�
Or1×N0

Y

�
: ð182Þ

The Smith normal form of Y is denoted by

Uð0ÞYVð0Þ ¼
�
1R0

O

O O

�
; ð183Þ

and the corresponding basis transformation matrix is
defined by

Xð1Þ ¼ Vð1Þð1r1 ⊕ ½Uð0Þ�−1Þ: ð184Þ

We introduce the vectors x1;…; xN1
by

½Xð1Þ�−1 ≔ �
x1 x2 � � � xN1

�⊤: ð185Þ

For a gapped band structure E on the 1-skeleton, let us
define a Z2-valued νiðEÞ∈ f0; 1g as

ð−1ÞνiðEÞ ≔
Y
a;α

½ξαkaðt̃kaÞ�½xi�ða;αÞ ; i ¼ 1;…; N1; ð186Þ

where the components of the vector xi are indexed by the
pairs ða; αÞ representing the basis of E1;−1

1 , consisting of a
1-cell a and an α-irrep on a whose EAZ class is AI. Thus,
ν1ðEÞ;…; νr1ðEÞ correspond to Z2 invariants that detect
gapless points in the 2-cell protected by the π-Berry
phase within the given cell decomposition, while
νr1þR0þ1ðEÞ;…; νN1

ðEÞ correspond to Z2 invariants
characterizing the gapped Bloch wave functions on the
1-skeleton.
On the other hand, νr1þ1ðEÞ;…; νr1þR0

ðEÞ are not
invariants, as they change under residual patch gauge
transformations.

6. Incompatibility of Z2 invariants with band sum

As noted in Secs. IV B 2 and IV B 3, the sign
ξα∈AI
ka

ðt̃ka
Þ∈ f�1g depends on the basis transformation

Vi→a;k. Therefore, it is not immediately clear whether the
Z2 invariant νðEÞ maintains an additive structure for the
direct sum of bands E ⊕ F, i.e., whether νðE ⊕ FÞ≡
νðEÞ þ νðFÞ holds, where “≡” indicates that the values of
the right-hand and left-hand sides are equal modulo two in
the following. As discussed below, we discover that the
relation does not hold and that a correction term is involved.
As we are interested in the direct sum E ⊕ F of bands,

we introduce an index B∈ fE;Fg specifying the bands E
and F. Now, we order the irreps at each 0-cell i, which is
labeled by βðkiÞ ¼ 1ðkiÞ;…; miðkiÞ. Similarly, for each 1-
cell a, order the irreps as αðkaÞ ¼ 1ðkaÞ;…; maðkaÞ and

denote the representation matrix of irrep αðkaÞ as uαðkaÞka
ðgÞ.
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The irreducible decompositions of band B at 0-cell i and 1-cell a can be written as ⨁mi
β¼1n

B
βðkiÞβðkiÞ

and ⨁ma
α¼1n

B
αðkaÞαðkaÞ with nBβðkiÞ ∈Z≥0 and nBαðkaÞ ∈Z≥0, respectively.

After some calculations discussed in Appendix F, we find that

νiðE ⊕ FÞ≡ νiðEÞ þ νiðFÞ þ δνiðEjE0;0
2
; FjE0;0

2
Þ; ð187Þ

where

ð−1ÞδνiðEjE0;02

;Fj
E0;0
2

Þ
≔
Y
ða;αÞ

h
δξαðkaÞka;sðaÞ→aðEjE0;0

2
; FjE0;0

2
ÞδξαðkaÞka;tðaÞ→aðEjE0;0

2
; FjE0;0

2
Þ
i½xi�ða;αÞ

; ð188Þ

δξαðkaÞka;i→aðEjE0;0
2
; FjE0;0

2
Þ ¼ ð−1Þ

P
1≤βF<mi

P
βF<βE≤mi

nF
βFðkiÞ

n
βFðkiÞ
αðkaÞ nE

βEðkiÞ
n
βEðkiÞ
αðkaÞ ∈ f�1g; ð189Þ

where the notation BjE0;0
2
represents the restriction to the 0-cell and the correction term indeed depends only on elements of

E0;0
2 in the 0-cell. See Appendix F for a derivation of Eqs. (187)–(189). It is important to note that νiðE ⊕ FÞ≡ νiðF ⊕ EÞ

may not always hold true.

7. Quadratic refinement and redefinition of Z2 invariants

As seen in Eq. (187), the introduced Z2 invariants do not follow the sum rule. Then, it is natural to ask if it is possible to
redefine Z2 invariants that satisfy linearity for the direct sum of bands. Here, we introduce a technique, known as quadratic
refinement, to construct the desired Z2 invariants from ν.
From Eq. (188), we have

δνiðEjE0;0
2
; FjE0;0

2
Þ≡X

ða;αÞ
½xi�ða;αÞ

2
6664

X
βEðksðaÞÞ;βFðksðaÞÞ

1≤βF ðksðaÞÞ<βEðksðaÞÞ≤msðaÞ

nFβFðksðaÞÞn
βFðksðaÞÞ
αðkaÞ nEβEðksðaÞÞn

βEðksðaÞÞ
αðkaÞ

þ
X

βEðktðaÞÞ;βF ðktðaÞÞ
1≤βFðktðaÞÞ<βEðktðaÞÞ≤mtðaÞ

nFβFðktðaÞÞn
βFðktðaÞÞ
αðkaÞ nEβEðktðaÞÞn

βEðktðaÞÞ
αðkaÞ

3
7775 mod 2: ð190Þ

As the number of irreps behaves linearly with respect to the
direct sum of bands, nE⊕F

βðkiÞ ¼ nEβðkiÞ þ nFβðkiÞ, the correction
δνiðEjE0;0

2
; FjE0;0

2
Þ is a bilinear form

δνi∶ E0;0
2 × E0;0

2 → Z2: ð191Þ

We aim to redefine the invariant νiðEÞ using
δνiðEjE0;0

2
; FjE0;0

2
Þ so that the redefined Z2 invariant satisfies

linearity for the direct sum of bands. As discussed later,
such a redefinition is possible if δνi is symmetric. Based on
an empirical rule, we conjecture the following.
Conjecture 1—The bilinear form δνi is symmetric for the

invariants of gapless points i∈ f1;…; r1g and for the
invariants of gapped insulators i∈ fr1 þ R0 þ 1;…; N1g.
In other words,

δνiðn; n0Þ≡ δνiðn0; nÞ; n; n0 ∈E0;0
2

for i∈ f1;…; r1; r1 þ R0 þ 1;…; N1g ð192Þ

holds true.
We numerically verified conjecture (192) to be correct

for the 528 types of 2D magnetic layer and 1651 types of
3Dmagnetic space groups in spinless and spinful electronic
systems. We leave an analytical proof applicable to
arbitrary spatial dimensions and factor systems for a future
problem. Note that for indices i∈ fr1 þ 1;…; r1 þ R0g for
gauge-dependent ones and for representations n; n0 ∈E0;0

1

that do not satisfy the compatibility relations, Eq. (192)
does not hold.
For a given symmetric bilinear form δνi, there exists a

function qi∶ E0;0
2 → Z2 (note that it is not linear) satisfying
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δνiðn; n0Þ≡ qiðnþ n0Þ þ qiðnÞ þ qiðn0Þ;
i∈ f1;…; r1; r1 þ R0 þ 1;…; N1g: ð193Þ

The function qi is referred to as the quadratic refinement of
δνi. This quadratic refinement qi is not unique and has the
redundancy of HomðE0;0

2 ;Z2Þ. For the existence proof, see
Appendix G. We redefine νiðEÞ using this qi as follows:

ν̃iðEÞ∶≡ νiðEÞ þ qiðEjE0;0
2
Þ;

i∈ f1;…; r1; r1 þ R0 þ 1;…; N1g: ð194Þ

Then,

ν̃iðE ⊕ FÞ≡ ν̃iðEÞ þ ν̃iðFÞ mod 2;

i∈ f1;…; r1; r1 þ R0 þ 1;…; N1g; ð195Þ

holds true, constituting a Z2 invariant that behaves linearly
with respect to the direct sum of bands.
A generic form of the quadratic refinement qi is given

below. Choose a basis set of E0;0
2 such that E0;0

2 ¼
⨁d

ρ¼1Z½bρ� and write ½δνi�ρσ ¼ δνiðbρ; bσÞ. Using the floor
function bxc ¼ maxfn∈Zjn ≤ xg, a generic form of qi
from Eq. (G16) is

qi

�Xd
ρ¼1

nρbρ

�
≡Xd

ρ¼1



nρ
2

�
½δνi�ρρ

þ
X

1≤ρ<σ≤d
½δνi�ρσnρnσ þ

Xd
ρ¼1

aρnρ; ð196Þ

where ða1;…; adÞ∈ f0; 1g×d represent the redundancy in
quadratic refinement and can be freely chosen.

8. Comments on the approach from symmetry operators

Without imposing symmetry, each transition function on
1-cells is an element of the unitary group UðNÞ which is
path connected, allowing for the existence of global
and continuous Bloch states Φk on the 1-skeleton

of the momentum space. Then, by defining wkðgÞ ¼
Φ†

gkUkðgÞΦϕg

k for g∈G, a continuous matrix of symmetry
transformations wkðgÞ on the 1-skeleton is obtained. It is
expected that the set of the homotopy equivalence classes
of symmetry matrices fwkðgÞgg∈G up to gauge trans-
formations of the Bloch state Φk may provide Z2 invar-
iants. This paper does not discuss this approach further and
leaves it as a future direction.

C. Symmetry-enriched Berry phase

In the previous Sec. IV B, we constructed a Z2 invariant
(194) defined on the 1-skeleton of the momentum
space under the gauge-fixing condition (F1). However,

requirements of continuous Bloch states and symmetry
constraints are not practical for numerical calculations. In
this section, we show how to construct an invariant from
Bloch states which are independently given at each point in
the mesh-approximated momentum space. Note that this
paper only outlines the approach and some specific
examples, leaving the numerical implementation for arbi-
trary symmetry classes as a future problem.
For a 1-cell k0k1 ¼ fð1 − tÞk0 þ tk1jt∈ ½0; 1�g, letΦα

k ¼ðϕα
1;k;…;ϕα

Nα
occ;k

Þ denote an orthonormal set of occupied
states of the Hamiltonian Hk belonging to α-irrep. Here,
Nα

occ is the number of occupied states with α-irrep. Recall
that Dα is the dimension of α-irrep. When Dα ¼ 1, the U
(1)-valued Wilson line is defined as

eiγ
α
k0k1 ≔ lim

N→∞
det
YN−1

j¼0

ðΦα
k0þðjþ1ÞδÞ†Φα

k0þjδ: ð197Þ

Here, δ ¼ ðk1 − k0Þ=N . With a smooth gauge of Φk, it can
be rewritten as

eiγ
α
k0k1 ¼ exp

	
−
Z

k1

k0

trAα
k



ð198Þ

with Aα
k ¼ ðΦα

kÞ†dΦα
k the Berry connection. On the other

hand, when Dα > 1, we must impose a gauge constraint on
the occupied statesΦα

k to extract theZ2 invariant developed
in Sec. IV B. We briefly outline a construction of the
Wilson line for Dα > 1 in Sec. IV C 7.
TheWilson line eiγ

α
k0k1 is not gauge invariant as it changes

under gauge transformations at the end points
Φα

k ↦ Φα
kW

α
k;W

α
k ∈UðNα

occÞ, as seen in

eiγ
α
k0k1 ↦ eiγ

α
k0k1

detWα
k0

detWα
k1

: ð199Þ

When the start and end points coincide k0 ¼ k1, i.e., for a
loop, the Wilson line becomes a gauge invariant and is
referred to as the Berry phase. However, in constructing
invariants from the AHSS, unlike the usual Berry phase, the
start and end points do not always coincide. Thus, it is
unclear whether the group E1;−1

2 can be translated into a
gauge-invariant Berry phase expression. Nevertheless, we
find several cases for which the gauge dependence of the
Wilson line at the end points (199) can be canceled using
TRS and band degeneracy at high-symmetry points.
Before moving to specific examples in Secs. IV E and

IV F, we summarize some patterns for acquiring gauge
invariance forDα ¼ 1 below. It is currently unclear whether
the scenarios described here are exhaustive. The general
theory of symmetry-enriched Wilson lines including irreps
with dimensions Dα > 1 is left as future work.
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1. Class AII TRS and Pfaffian

In class AII, we have TRS with UðT ÞUðT Þ� ¼ −1. At
TRIM k ¼ −kþ G for a reciprocal lattice vector G, the
Pfaffian can be defined:

Pf
h
Φ†

kUðT ÞΦ�
k

i
∈Uð1Þ: ð200Þ

The Pfaffian changes under a gauge transformation Φk ↦
ΦkWk as follows:

Pf
h
Φ†

kUðT ÞΦ�
k

i
↦ Pf

h
Φ†

kUðT ÞΦ�
k

i
detW�

k: ð201Þ

Using this property, the Wilson line along a line segment
connecting two TRIMs k0 and k1 can be corrected to be
gauge invariant:

eiγ
T
k0k1 ¼ eiγk0k1 ×

Pf
h
Φ†

k0
UðT ÞΦ�

k0

i
Pf
h
Φ†

k1
UðT ÞΦ�

k1

i : ð202Þ

Here, γTk0k1=ð2πÞ mod 1 corresponds to the partial polari-
zation [4]. In this way, a gauge-invariant quantity is defined
on a line segment k0k1, not on a loop. The partial

polarization eiγ
T
k0k1 may give various Z2 invariant in spinful

systems in 1-skeleton if it is quantized and also constitute
invariants defined on 2-skeleton like the Kane-Mele
invariant [4].

2. Class AT TRS and Pfaffian of modified
magnetic operator

We consider the case where a magnetic symmetry
a∈Gk0 transforms an irrep β of the unitary subgroup of
Gk0 into another inequivalent irrep aðβÞ. In such a case, the
EAZ class is denoted by AT, and the Wilson line over a 1-

cell k0k1 can be gauge invariant at k0. Let Φ
β
k0
and ΦaðβÞ

k0
be

the Bloch states in the β- and aðβÞ-irreps at k0, respectively.
The sewing matrix of them, ðΦaðβÞ

k0
Þ†Uk0ðaÞðΦβ

k0
Þ�, is

unitary and its determinant is a U(1) value. Suppose that
both the irreps β and aðβÞ are identical to an irrep α of the
unitary subgroupG0

k0k1
of the 1-cell k0k1. Then, the product

eiγ
α
k0k1 × det

h
ðΦaðβÞ

k0
Þ†Uk0ðaÞðΦβ

k0
Þ�
i

ð203Þ

is gauge invariant if the irreps β and aðβÞ are ordered at k0
as in

Φα
k0
¼ ðΦβ

k0
;ΦaðβÞ

k0
Þ: ð204Þ

The ordering condition (204) generally breaks the addi-
tivity of the Wilson line under the band sum, as discussed in
Sec. IV B 6. While it is possible to restore additivity by

incorporating a factor of the quadratic refinement discussed
in Sec. IV B 7, there is an alternative approach to circum-
vent the ordering condition (204) and still maintain the
gauge invariance of the Wilson line [106,108]. Let Pβ

k0
and

PaðβÞ
k0

be the orthogonal projectors onto β- and aðβÞ-irreps,
respectively. Using the equality Uk0ðaÞðPβ

k0
Þ� ¼

PaðβÞ
k0

Uk0ðaÞ and the fact that the character χβk0ðgÞ for

g∈G0
k0

is U(1) valued (because we are assuming β is a
one-dimensional irrep), it is found that the matrix

UΘ ¼
�
Pβ
k0
− zk0ða; aÞχβk0ða2ÞP

aðβÞ
k0

�
Uk0ðaÞ ð205Þ

is unitary and satisfies that UΘU�
Θ ¼ Pβ

k0
þ Paβ

k0
¼ Pα

k0
.

[The matrix UΘ with the complex conjugation is the same
as Θ in Ref. [106] up to a U(1) phase.] Therefore, we can
define the Pfaffian Pf½Φα†

k0
UΘðΦα

k0
Þ��∈Uð1Þ, and the

product

eiγ
α
k0k1 × Pf½Φα†

k0
UΘðΦα

k0
Þ�� ð206Þ

is gauge invariant at k0 without the ordering condi-
tion (204).

3. Class AI TRS and source and sink of Wilson lines

In class AI, we have TRS with UðT ÞUðT Þ� ¼ 1. The
determinant of the sewing matrix of the TRS operator for
the occupied states at TRIM, det ½Φ†

kUðT ÞΦ�
k�, takes a

value in U(1). Under gauge transformations Φk ↦ ΦkWk,
it transforms as follows:

det
h
Φ†

kUðT ÞΦ�
k

i
↦ det

h
Φ†

kUðT ÞΦ�
k

i
ðdetW�

kÞ2: ð207Þ

Using this gauge transformation property, the product of
Wilson lines along two effective line segments k0k1 and
k0k2 emanating from a TRIM k0 can be corrected to acquire
gauge invariance at k0:

eiγk0k1 × eiγk0k2 × det
h
Φ†

k0
UðT ÞΦ�

k0

i
: ð208Þ

This expression is not gauge invariant at the points k1 and
k2, but it may be made gauge invariant through contribu-
tions from other line segments. For detailed examples, see
Sec. IV E.

4. Band degeneracy at high-symmetry point

There is a method to connect Wilson lines in a gauge-
invariant way by utilizing band degeneracy at high-sym-
metry points. Let us illustrate this through the following
simple example.
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We consider a spinful electronic system with the space
group P222. Let us write the elements of the point group as
D2 ¼ fe; Cx

2; C
y
2; C

x
2C

y
2g. At the point Γ ¼ ð0; 0; 0Þ, due to

the noncommutativity of the representation matrices
UðCx

2ÞUðCy
2Þ ¼ −UðCy

2ÞUðCx
2Þ, the irrep is given by a

single two-dimensional representation. On the other hand,
along the symmetric line Σ ¼ ΓX½X ¼ ðπ; 0; 0Þ�, there exist
two one-dimensional irreps Σ3 and Σ4, specified by the
irreducible characters χΣ3

k ðCx
2Þ ¼ −i and χΣ4

k ðCx
2Þ ¼ i,

respectively. Similarly, along the symmetric line Δ ¼ ΓY
[Y ¼ ð0; π; 0Þ], there are two one-dimensional irreps Δ3

and Δ4 with irreducible characters χΔ3

k ðCy
2Þ ¼ −i and

χΔ4

k ðCy
2Þ ¼ i, respectively. At the Gamma point, the two

irreps along the Σ and Δ lines become degenerate and form
a single two-dimensional irrep.
The Σ4-irrep has a finite overlap with Δ4-irrep at the

Gamma point, allowing the Wilson lines to be connected in
a gauge-invariant way. In fact, if the orthonormal set of
occupied states with Σ4-irrep at the Gamma point is
denoted by ΦΣ4

Γ , then the orthonormal set with Δ4-irrep
can be given, apart from a UðNoccÞ gauge degree of
freedom (where Nocc is the number of occupied states
for Σ4-irrep), as

ΦΔ4

Γ ¼ 1ffiffiffi
2

p
�
UðeÞ þ χΔ4

Γ ðCy
2Þ�UðCy

2Þ
�
ΦΣ4

Γ : ð209Þ

Then, ðΦΣ4

Γ Þ†ΦΔ4

Γ ¼ ð1= ffiffiffi
2

p Þ1Nocc
. Therefore, when the

orthonormal sets ΦΣ4

k and ΦΔ4

k are given on the Σ and Δ
lines independently, the following product takes values in
U(1) and does not have gauge ambiguity at the Gamma
point:

eiγ
Σ3
XΓ × eiγ

Δ3
ΓY × det

h
ðΦΔ3

Γ Þ†ΦΣ3

Γ

i
× 2Nocc=2: ð210Þ

Again, the above quantity is not invariant under gauge
transformations at X and Y. However, we could obtain
gauge-independent invariants by combining other tech-
niques. See Sec. IV F 2 for an example of this scenario.

5. EAZ class AI and Z2 quantization of Berry phase

When EAZ class on a 1-cell is AI, the Berry phase on the
1-cell is essentially Z2 quantized, as described below. For
simplicity, let us consider an antiunitary symmetry con-
straint UkðaÞH�

kUkðaÞ† ¼ Hk with UkðaÞUkðaÞ� ¼ 1
at k inside of a 1-cell PQ. The orthonormal set
of occupied states Φk defines unitary matrix wkðaÞ ¼
Φ†

kUkðaÞΦ�
k ∈UðNoccÞ. Note that wkðaÞ⊤ ¼ wkðaÞ. Then,

the U(1)-valued Wilson line eiγPQ has the following sym-
metry constraint:

e2iγPQ ¼ e
R
P→Q

tr½Φ†
kUkðaÞTdUkðaÞ�Φk� ×

detwQðaÞ
detwPðaÞ

: ð211Þ

If the sign ambiguity of the square root is denoted as ð−1Þν,
then

eiγPQ ¼ e
ð1=2Þ

R
P→Q

tr½Φ†
kUkðaÞTdUkðaÞ�Φk�× ð−1Þν×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detwQðaÞ
detwPðaÞ

s
:

ð212Þ

Note that the first factor on the right-hand side is inde-
pendent of the UðNoccÞ gauge of Φk. Equation (212)
implies that the U(1) Wilson line, when fixing the gauge
of the occupied states ΦP and ΦQ at the end points, is Z2

quantized apart from the first factor on the right-hand side.
Particularly, when the start and end points are the same
P ¼ Q (namely, a loop), the factor ð−1Þν provides a Z2

invariant given by

ð−1Þν ¼ e−iγP→P × eð1=2Þ
R
P→P

tr½Φ†
kUkðaÞTdUkðaÞ�Φk�: ð213Þ

This point is elaborated on in Sec. IV D.

6. EAZ class AII and triviality of Berry phase

On the other hand, when EAZ class in a 1-cell is AII, the
U(1) Wilson line always takes a trivial value in the
following sense. For simplicity, consider an antiunitary
symmetry with UkðaÞUkðaÞ� ¼ −1. In this case, since
wkðaÞ⊤ ¼ −wkðaÞ, the Pfaffian of wkðaÞ is defined, and
the U(1) Wilson line is determined by the occupied states at
the end points, except for a gauge-invariant factor:

eiγP→Q ¼ e
ð1=2Þ

R
P→Q

tr½Φ†
kUkðaÞTdUkðaÞ�Φk� ×

Pf½Φ†
QUQðaÞΦ�

Q�
Pf½Φ†

PUPðaÞΦ�
P�

:

ð214Þ

When we consider a loop, the Z2 invariant in Eq. (213) is
always trivial. Therefore, in the case of EAZ class AII,
there is no nontrivial classification in a 1-cell.

7. Wilson line for high-dimensional irreducible
representation

We outline a construction of the Wilson line eiγ
α
k0k1 for

irreps whose dimension Dα is larger than 1. To do so, it is
useful to employ the nonperiodic basis, which is used in
numerical verification of topological invariants of super-
conductors discussed in Sec. II E. The difference between
periodic and nonperiodic bases originates from the defi-
nition of the Fourier transformation. Let ĉ†R;a be a fermionic
creation operator at a Wyckoff position xa in a unit
cell at R. Then, there are two ways to define the
Fourier transformation: (i) ĉ†k;a ¼ ð1= ffiffiffiffi

V
p ÞPR ĉ

†
R;ae

ik·R;
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(ii) ˆ̃c†k;a ¼ ð1= ffiffiffiffi
V

p ÞPR ĉ
†
R;ae

ik·ðRþxaÞ. The former definition
gives rise to the periodic basis, and the latter one leads to
the nonperiodic one. These two bases are related by unitary
matrix Vk introduced in Sec. II E. In the nonperiodic basis,
the symmetry representation takes the form of
ŨkðgÞ ¼ e−igk·agDðgÞ, i.e., the product of e−igk·ag with
(fractional) translation ag and a k-independent unitary
matrix DðgÞ.
Let Gk0k1 be the little group of a 1-cell k0k1 and G

0
k0k1

be
its unitary part. LetΦα

k denote the Bloch states in the α-irrep
of G0

k0k1
over the 1-cell k0k1. At each k∈ k0k1, the

representation matrix for g∈G0
k0k1

can be k independent
as it satisfies

DðgÞΦα
k ¼ Φα

kw
αðgÞ: ð215Þ

In such a gauge, the overlap matrix ðΦα
kþδÞ†Φα

k for adjacent
two momenta obeys the symmetry constraint
wαðgÞ½ðΦα

kþδÞ†Φα
k�wαðgÞ† ¼ ðΦα

kþδÞ†Φα
k for g∈G0

k0k1
,

meaning that the eigenvalues of ðΦα
kþδÞ†Φα

k consist of nα
eigenvalues of λ1;…; λnα , and each of them is Dα-fold
degenerated. As in Eq. (166), we introduce

ξαkððΦα
kþδÞ†Φα

kÞ ¼
Ynα
i¼1

λi; ð216Þ

and the Wilson line for Dα > 1 is defined as

eiγ
α
k0k1 ≔ lim

N→∞

YN−1

j¼0

ξαk0þjδ

�
ðΦα

k0þðjþ1ÞδÞ†Φα
k0þjδ

�
: ð217Þ

The gauge transformation of the Wilson line eiγ
α
k0k1 for

Dα > 1 is similar to Eq. (199) under the gauge con-
straint (215).
We are not going into detail about the cases where

Dα > 1, since in this paper we employ the periodic basis
for Hk in which the Hamiltonian Hk is invariant under the
shift by reciprocal lattice vectors. We leave the definition
and numerical implementation of the symmetry-enriched
Berry phase in the nonperiodic basis as a future problem.

D. Example: One-dimensional PT -symmetric systems

We begin by discussing a well-studied example,
PT -symmetric one-dimensional systems with
UkðPT Þ½UkðPT Þ�� ¼ þ1 [126–128]. Our cell decompo-
sition is shown in Fig. 6, where C0 ¼ fA;A0g ¼ fk ¼
−π; k ¼ πg and C1 ¼ fag ¼ fkjk∈ ð−π; πÞg. Since
the relation Hk¼−π ¼ Hk¼π always holds, E1;−1

1 ¼
ϕKðz;cÞþ0

G=Π ðX1¼T1;X0¼C0Þ≃π0½OðNÞ�¼Z2. Furthermore,

since d0;−11 is trivial, E1;−1
2 ¼ E1;−1

1 ¼ Z2.

As discussed in Sec. IV B, when we fix the gauge
degrees of freedom, the determinant of transition function
is a Z2 invariant, which is given by

t̃AA0 ≔ Φ†
A;k¼0ΦA0;k¼0 ∈OðNoccÞ; ð218Þ

where ΦA;k and ΦA0;k are wave functions around A
and A0 that satisfy UkðPT ÞΦ�

A;k ¼ ΦA;k and
UkðPT ÞΦ�

A0;k ¼ ΦA0;k. Also, Nocc is the number of occu-
pied bands. It should be noted that, although k ¼ �π are
the same aside from a reciprocal lattice vector, it is not
always the case that the gauge choices around A and A0 are
the same.
Although we have a concrete expression of the Z2

topological invariant, it is not practical since we need to
fix the gauge degrees of freedom. For numerical compu-
tations, it is essential to obtain expressions of topological
invariants that do not depend on gauge choices. To achieve
this, we first define the following gauge-independent
quantity:

eiγ ≔ lim
N→∞

det
YN−1

j¼0

Φ†
−πþðjþ1ÞδΦ−πþjδ; ð219Þ

where δ ¼ 2π=N and Φk¼−π ¼ Φk¼π. Next, we discuss the
relation between det tAA0 and eiγ . To relate eiγ to det tAA0 , we
consider the two patches shown in Fig. 6. Then,

eiγ ¼ lim
N→∞

	
det
YN−1

j¼0

Φ†
A0;ðjþ1Þδ=2ΦA0;jδ=2




× det t†AA0

	
det
YN−1

j¼0

Φ†
A;−πþðjþ1Þδ=2ΦA;−πþjδ=2




¼ exp

	
−
Z

trΦ†
A0;kdΦA0;k −

Z
trΦ†

A;kdΦA;k



det t†AA0 :

ð220Þ

Furthermore, we impose the gauge conditionUkðPT ÞΦ�
k ¼

Φk on the right-hand side. For this gauge condition, sinceR
dktrΦ†

k∂kΦk ¼ −
R
dkðtrΦ†

k∂kΦkÞ�, we have

FIG. 6. Illustration of the cell decomposition of the fundamen-
tal domain in PT -symmetric one-dimensional systems. The cell
decomposition of BZ is given by C0 ¼ fAðk ¼ −πÞ;A0ðk ¼ πÞg
and C1 ¼ fað−π < k < πÞg.
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Z
trΦ†

kdΦk¼−
1

2

Z
trΦ†

k

�
UkðPT ÞdU†

kðPT Þ
�
Φk; ð221Þ

where the right-hand side is gauge invariant. Finally,
combining Eqs. (220) and (221), we arrive at the gauge-
independent Z2-valued topological invariant

ð−1Þν ¼ e−iγ exp

	
1

2

Z
π

−π
trΦ†

kðUkðPT ÞdU†
kðPT ÞÞΦk



:

ð222Þ

Let us comment on what this topological invariant
indicates. In this symmetry setting, there are two
inequivalent atomic insulators: One has electrons at
x ¼ RðR∈ZÞ, and the other has electrons at
x ¼ Rþ 1=2. This topological invariant is trivial for the
former case and nontrivial for the latter case.

E. Example: Spinless systems in space group
P222 with TRS

Consider a spinless electronic system with space group
symmetry P222 and TRS. The K group is given by
Z13 þ Z2, and its generators are represented by atomic
insulators. Moreover, comparing the E2 pages of the
momentum-space and real-space AHSS, it is found that
the Z2 part can be detected by the Z2 invariant on the 1-
skeleton [71]. This section illustrates constructing the Z2

invariant based on the gauge-fixing condition in Sec. IV B
and its Berry phase expression without a gauge-fixing
condition using the method described in Sec. IV C 3.
LetHk be a Hamiltonian periodic in the BZ. Symmetries

and factor systems are summarized in

UkðT ÞH�
kUkðT Þ† ¼ H−k; ð223Þ

UkðCμ
2ÞHkUkðCμ

2Þ† ¼ HCμ
2
k; ð224Þ

U−kðT ÞUkðT Þ� ¼ 1; ð225Þ

UCμ
2
kðCμ

2ÞUkðCμ
2Þ ¼ 1; ð226Þ

UCμ
2
kðT ÞUkðCμ

2Þ� ¼ U−kðCμ
2ÞUkðT Þ; ð227Þ

UCν
2
kðCμ

2ÞUkðCν
2Þ ¼ UCμ

2
kðCν

2ÞUkðCμ
2Þ: ð228Þ

Here, μ; ν∈ fx; y; zg, and Cμ
2 denotes a twofold rotation

about the μ axis. The cell decomposition is shown in
Fig. 8(d). At TRIMs P∈ fΓ;X;Y; S;Z;U;T;Rg, four one-
dimensional irreps β∈ fA; B1; B2; B3g exist, and their
irreducible characters are given below, independent of
TRIMs:

χβðgÞ e Cx
2 Cy

2 Cz
2

A 1 1 1 1

B1 1 −1 −1 1

B2 1 −1 1 −1
B3 1 1 −1 −1

ð229Þ

On the other hand, two one-dimensional irreps α∈ fA; Bg
exist along the twofold rotation axes (1-cells), with irre-
ducible characters given in the following table:

χαðgÞ e Cμ
2

A 1 1

B 1 −1
ð230Þ

The EAZ classes for them are all class AI.
The compatibility relations along each rotation axis are

given as

Cx
2 axis∶ A ¼ A ⊕ B3; B ¼ B1 ⊕ B2; ð231Þ

Cy
2 axis∶ A ¼ A ⊕ B2; B ¼ B1 ⊕ B3; ð232Þ

Cz
2 axis∶ A ¼ A ⊕ B1; B ¼ B2 ⊕ B3: ð233Þ

As we are interested in invariants of insulators gapped on 1-
skeleton, we impose the following compatibility conditions
on every 1-cell. Let nβðPÞ be the number of the β-irreps at
TRIM P. Depending on which twofold rotation axis the 1-
cell PQ lies on, the compatibility conditions are represented
as follows:

Cx
2 axis∶�
nAðPÞ þ nB3ðPÞ ¼ nAðQÞ þ nB3ðQÞ;

nB1ðPÞ þ nB2ðPÞ ¼ nB1ðQÞ þ nB2ðQÞ;
ð234Þ

Cy
2 axis∶�
nAðPÞ þ nB2ðPÞ ¼ nAðQÞ þ nB2ðQÞ;

nB1ðPÞ þ nB3ðPÞ ¼ nB1ðQÞ þ nB3ðQÞ;
ð235Þ

Cz
2 axis∶�
nAðPÞ þ nB1ðPÞ ¼ nAðQÞ þ nB1ðQÞ;

nB2ðPÞ þ nB3ðPÞ ¼ nB2ðQÞ þ nB3ðQÞ:
ð236Þ

The sublattice ffnβðPÞgi;β∈E0;0
1 ≅Z32jð234Þ;ð235Þ;ð236Þg

that satisfies the above compatibility conditions is E0;0
2 .

1. Constructing the Z2 invariant
using gauge-fixing condition

In the neighborhood UP of TRIM P, the set of occupied
states ΦP;k∈UP

of Hk can be chosen as follows, based on
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Sec. IVA 3. First, it is assumed that ΦP;k is block
diagonalized by irreps at 0-cell P as in

ΦP;k ¼ ΦA
P;k ⊕ ΦB1

P;k ⊕ ΦB2

P;k ⊕ ΦB3

P;k: ð237Þ

Furthermore, for each block β∈ fA;B1; B2; B3g, the occu-
pied states Φβ

P;k satisfy the following symmetries:

UkðCμ
2ÞΦβ

P;k ¼ χβðCμ
2ÞΦβ

P;Cμ
2
ðk−PÞþP; ð238Þ

UkðT Þ½Φβ
P;k�� ¼ Φβ

P;−ðk−PÞþP: ð239Þ

In particular, at points k on the Cμ
2 axis where

Cμ
2ðk − PÞ ¼ k − P, it holds that

UkðCμ
2ÞΦβ

P;k ¼ χβðCμ
2ÞΦβ

P;k: ð240Þ

For each of the 12 independent 1-cells a shown in Fig. 8
(d), we define transition functions tαa for each irrep α ¼ A,
B. Let us write the 1-cell going from TRIM P to Q by PQ
and its midpoint as kPQ ¼ ðPþ QÞ=2. Here, we focus on
the 1-cell ΓX. The Bloch states around 0-cells Γ and X are
arranged in the order A ⊕ B3 and B1 ⊕ B2 for A and B
irreps over 1-cell, respectively, and then we define the
transition function at the midpoint kΓX as

tAΓX ≔
�
ΦA

Γ;kΓX ⊕ ΦB3

Γ;kΓX

�†�
ΦA

X;kΓX
⊕ ΦB3

X;kΓX

�
; ð241Þ

tBΓX ≔
�
ΦB1

Γ;kΓX ⊕ ΦB2

Γ;kΓX

�†�
ΦB1

X;kΓX
⊕ ΦB2

X;kΓX

�
: ð242Þ

Because of Cz
2T symmetry, the following holds:

ðtAΓXÞ� ¼ ð1nAðΓÞ ⊕ −1nB3ðΓÞ ÞtAΓXð1nAðXÞ ⊕ −1nB3ðXÞ Þ; ð243Þ

ðtBΓXÞ� ¼ ð1nB1ðΓÞ ⊕−1nB2ðΓÞ ÞtBΓXð1nB1ðXÞ ⊕−1nB2ðXÞ Þ: ð244Þ

Under the gauge-fixing conditions (238) and (239), the
determinants of the transition functions of each sector are
quantized as in

ðdet tAΓXÞ� ¼ ð−1ÞnB3ðΓÞþnB3ðXÞ det tAΓX; ð245Þ

ðdet tBΓXÞ� ¼ ð−1ÞnB2ðΓÞþnB2ðXÞ det tBΓX: ð246Þ

Since the transition functions are unitary matrices, we can
also write them as

ðdet tAΓXÞ2 ¼ ð−1ÞnB3ðΓÞþnB3ðXÞ ; ð247Þ

ðdet tBΓXÞ2 ¼ ð−1ÞnB2ðΓÞþnB2ðXÞ : ð248Þ

For other 1-cells on the Cx
2 axis, define the transition

function in the same way as Eqs. (241) and (242), and for

the Cy
2 and Cz

2 axes,

Cy
2 axis∶

tAPQ ≔ ðΦA
P;kPQ

⊕ ΦB2

P;kPQ
Þ†ðΦA

Q;kPQ
⊕ ΦB2

Q;kPQ
Þ; ð249Þ

tBPQ ≔ ðΦB1

P;kPQ
⊕ ΦB3

P;kPQ
Þ†ðΦB1

Q;kPQ
⊕ ΦB3

Q;kPQ
Þ; ð250Þ

Cz
2 axis∶

tAPQ ≔ ðΦA
P;kPQ

⊕ ΦB1

P;kPQ
Þ†ðΦA

Q;kPQ
⊕ ΦB1

Q;kPQ
Þ; ð251Þ

tBPQ ≔ ðΦB2

P;kPQ
⊕ ΦB3

P;kPQ
Þ†ðΦB2

Q;kPQ
⊕ ΦB3

Q;kPQ
Þ: ð252Þ

Note that, by reversing the orientation of a 1-cell, we have

tαQP ¼ ðtαPQÞ†: ð253Þ

The constraints are summarized as

Cx
2 axis∶

( ðdet tAPQÞ2 ¼ ð−1ÞnB3ðPÞþnB3ðQÞ ;

ðdet tBPQÞ2 ¼ ð−1ÞnB2ðPÞþnB2ðQÞ ;
ð254Þ

Cy
2 axis∶

( ðdet tAPQÞ2 ¼ ð−1ÞnB2ðPÞþnB2ðQÞ ;

ðdet tBPQÞ2 ¼ ð−1ÞnB3ðPÞþnB3ðQÞ ;
ð255Þ

Cz
2 axis∶

( ðdet tAPQÞ2 ¼ ð−1ÞnB1ðPÞþnB1ðQÞ ;

ðdet tBPQÞ2 ¼ ð−1ÞnB3ðPÞþnB3ðQÞ :
ð256Þ

This defines 24 Z2-valued quantities

ζαPQ ≔ det tαPQ; PQ∈f1− cellsg; α∈fA;Bg: ð257Þ

Note that values of ζαPQ depend on representations at 0-
cells. In particular, if ζαPQ ∈ f�ig, then ζαQP ¼ −ζαPQ [129].
The combinations of ζαPQ that are invariant under residual

gauge transformations, which do not change the gauge-
fixing conditions (238) and (239), become the desired
topological invariants. Consider a residual gauge trans-
formation in the neighborhood of the 0-cell P:

ΦP;k ↦ ΦP;kWP;k; WP;k ∈UðNÞ; ð258Þ

where N is the number of occupied states. The gauge
transformation WP;k should satisfy the symmetry (145).
That is, for the symmetry transformation of the occupied
states

wP;kðCμ
2Þ ¼ ðχAðCμ

2Þ1nAðPÞ Þ⊕
�
χB1ðCμ

2Þ1nB1ðPÞ
�

⊕
�
χB2ðCμ

2Þ1nB2ðPÞ
�
⊕
�
χB3ðCμ

2Þ1nB3ðPÞ
�
; ð259Þ

WP;k must satisfy

TOWARD COMPLETE CHARACTERIZATION OF TOPOLOGICAL … PHYS. REV. X 16, 041024 (2026)

041024-33



wP;kðCμ
2ÞWP;kwP;kðCμ

2Þ† ¼ WP;Cμ
2
ðk−PÞþP ð260Þ

for μ∈ fx; y; zg and

W�
P;k ¼ WP;−ðk−PÞþP: ð261Þ

For example, over the Cx
2 axis satisfying

Cx
2ðk − PÞ ¼ k − P, due to Cx

2 symmetry, the gauge trans-
formation takes a form as

WP;k ¼

0
BBBB@

a 0 0 b

0 c d 0

0 e f 0

g 0 0 h

1
CCCCA; k∈Cx

2axis: ð262Þ

Let us denote

WA⊕B3

P;k ¼
�
a b

g h

�
; WB1⊕B2

P;k ¼
�
c d

e f

�
: ð263Þ

Because of Cz
2T symmetry, they satisfy

ð1nAðPÞ ⊕ −1nB3ðPÞ Þ½W
A⊕B3

P;k ��

¼ WA⊕B3

P;k ð1nAðPÞ ⊕ −1nB3ðPÞ Þ; ð264Þ

ð1nB1ðPÞ ⊕ −1nB2ðPÞ Þ½W
B1⊕B2

P;k ��

¼ WB1⊕B2

P;k ð1nB1ðPÞ ⊕ −1nB2ðPÞ Þ: ð265Þ

In particular, the determinant of each sector is quantized as

detWA⊕B3

P;k ; detWB1⊕B2

P;k ∈ f�1g; k∈Cx
2axis; ð266Þ

and they are constant along the Cx
2 axis. In particular, at

TRIM k ¼ P, due to symmetry (260), we have a block-
diagonalized form

WP;P ¼ WA
P;P ⊕ WB1

P;P ⊕ WB2

P;P ⊕ WB3

P;P; ð267Þ

and due to (261), the determinant of each sector is also
quantized:

ηβ∈ fA; B1;B2;B3g
P ≔ detWβ

P;P ∈ f�1g: ð268Þ

Therefore,

detWA⊕B3

P;k ¼ detWA⊕B3

P;P

¼ detðWA
P;P ⊕ WB3

P;PÞ ¼ ηAPη
B3

P : ð269Þ

In this way, for a 1-cell PQ parallel to the Cx
2 axis, the

transition function tαPQ transforms under gauge transforma-
tion as

tAPQ ↦ ðWA⊕B3

P;kPQ
Þ†tAPQWA⊕B3

Q;kPQ
; ð270Þ

tBPQ ↦ ðWB1⊕B2

P;kPQ
Þ†tBPQWB1⊕B2

Q;kPQ
; ð271Þ

so the change of Z2 values is given by

Cx
2 axis∶

ζAPQ ↦ ζAPQη
A
Pη

B3

P ηAQη
B3

Q ; ð272Þ

ζBPQ ↦ ζBPQη
B1

P ηB2

P ηB1

Q ηB2

Q : ð273Þ

Similarly, for the Cy
2 and C

z
2 axes, the gauge transformation

for Z2 values ζαPQ can be obtained:

Cy
2 axis∶

ζAPQ ↦ ζAPQη
A
Pη

B2

P ηAQη
B2

Q ; ð274Þ

ζBPQ ↦ ζBPQη
B1

P ηB3

P ηB1

Q ηB3

Q ; ð275Þ

Cz
2 axis∶

ζAPQ ↦ ζAPQη
A
Pη

B1

P ηAQη
B1

Q ; ð276Þ

ζBPQ ↦ ζBPQη
B2

P ηB3

P ηB2

Q ηB3

Q : ð277Þ

The gauge transformations (272)–(277) correspond to
the differential d0;−11 ∶ Z32

2 → Z24
2 in AHSS. We find that

Coker d0;−11 ≅ Z6
2; hence, there exist six gauge-invariant

and independent combinations. Since E1;−1
2 ≅ Z2, five of

them are Z2 invariants detecting gapless points in 2-cells.
Indeed, the following six “π Berry phases” along the
boundaries of the six 2-cells shown in Fig. 8(d) are gauge
invariant and detect gapless points in 2-cells:

τΓXSY ≔ ζAΓXζ
B
ΓXζ

A
XSζ

B
XSζ

A
SYζ

B
SYζ

A
YΓζ

B
YΓ; ð278Þ

τZURT ¼ ζAZUζ
B
ZUζ

A
URζ

B
URζ

A
RTζ

B
RTζ

A
TZζ

B
TZ; ð279Þ

τΓXUZ ¼ ζAΓXζ
B
ΓXζ

A
XUζ

B
XUζ

A
UZζ

B
UZζ

A
ZΓζ

B
ZΓ; ð280Þ

τYSRT ¼ ζAYSζ
B
YSζ

A
SRζ

B
SRζ

A
RTζ

B
RTζ

A
TYζ

B
TY; ð281Þ

τΓYTZ ¼ ζAΓYζ
B
ΓYζ

A
YTζ

B
YTζ

A
TZζ

B
TZζ

A
ZΓζ

B
ZΓ; ð282Þ

τXSRU ¼ ζAXSζ
B
XSζ

A
SRζ

B
SRζ

A
RUζ

B
RUζ

A
UXζ

B
UX: ð283Þ

These are not independent; using Eqs. (254)–(256), the
following relation exists:
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τΓXSYτZURTτΓXUZτYSRTτΓYTZτXSRU

¼
Y

PQ∈ f1-cellsg
ðζAPQζBPQÞ2 ¼ 1: ð284Þ

The remaining one Z2 number is given by the product of
the transition functions for the B representation in all 1-
cells:

ð−1Þν ≔
Y

PQ∈ f1-cellsg
ζBPQ

¼ ζBΓXζ
B
XSζ

B
SYζ

B
YΓζ

B
ZTζ

B
TRζ

B
RUζ

B
UZζ

B
ZΓζ

B
XUζ

B
YTζ

B
RS:

ð285Þ

A choice of orientations of 1-cells is arbitrary, but here it
was introduced as a natural choice when removing the
gauge-fixing condition later. Using Eqs. (254)–(256), we
find that

Y
PQ∈ f1-cellsg

ðζBPQÞ2 ¼
Y

P∈ f0-cellsg
ð−1ÞnB2ðPÞ ; ð286Þ

and, further using the compatibility conditions (234)–(236),P
P∈ 0-cells nB2ðPÞ ≡ 0. Therefore, ν is quantized as

ð−1Þν ∈ f�1g: ð287Þ

It should be shown that there indeed exist band structures
whose ν is 0 and 1, to claim that ν is meaningful. We pose
this to Sec. IV E 4.

2. The Berry phase formula

The Z2 invariant formula ν (285) needs the gauge-fixing
conditions (238) and (239); hence, it lacks practicality. In
this section, we seek an expression that does not require any
gauge-fixing conditions. Looking at the expression (285), it
is reasonable to consider the product of Berry phases for the
B-irrep in all 1-cells.
Introduce a mesh of the 1-skeleton X1, and for each 0-

cell, we compute the Bloch states of each irrep:

ðΦA
P ;Φ

B1

P ;ΦB2

P ;ΦB3

P Þ; P∈ f0-cellsg: ð288Þ

For 1-cells, we compute the Bloch states for A and B irreps:

ðΦA
k ;Φ

B
k Þ; k∈ f1-cellsg: ð289Þ

For each 1-cell PQ, depending on the twofold rotation axis,
we compute the U(1) Wilson line associated with the B
representation as defined below:

Cx
2axis∶ eiγ

B
PQ ≔ lim

N→∞
det

"
ðΦB1

Q ;ΦB2

Q Þ†
 YN−1

j¼1

ΦB
PþjδðΦB

PþjδÞ†
!
ðΦB1

P ;ΦB2

P Þ
#
; ð290Þ

Cy
2axis∶ eiγ

B
PQ ≔ lim

N→∞
det

"
ðΦB1

Q ;ΦB3

Q Þ†
 YN−1

j¼1

ΦB
PþjδðΦB

PþjδÞ†
!
ðΦB1

P ;ΦB3

P Þ
#
; ð291Þ

Cz
2axis∶ eiγ

B
PQ ≔ lim

N→∞
det

"
ðΦB2

Q ;ΦB3

Q Þ†
 YN−1

j¼1

ΦB
PþjδðΦB

PþjδÞ†
!
ðΦB2

P ;ΦB3

P Þ
#
: ð292Þ

Here, δ ¼ ðQ − PÞ=N . The Wilson line is not gauge invariant as it depends on the gauge at end points. Under the gauge
transformation at 0-cell by

Φβ
P ↦ Φβ

PW
β
P; Wβ

P ∈UðnβðPÞÞ; ð293Þ

the Wilson line transforms as

Cx
2axis∶ eiγ

B
PQ ↦ ðdetWB1

Q Þ�ðdetWB2

Q Þ�eiγBPQ detWB1

P detWB2

P ; ð294Þ

Cy
2axis∶ eiγ

B
PQ ↦ ðdetWB1

Q Þ�ðdetWB3

Q Þ�eiγBPQ detWB1

P detWB3

P ; ð295Þ

Cz
2axis∶ eiγ

B
PQ ↦ ðdetWB2

Q Þ�ðdetWB3

Q Þ�eiγBPQ detWB2

P detWB3

P : ð296Þ

Now consider the product of the following Wilson lines:
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z ≔ eiγ
B
ΓXeiγ

B
XSeiγ

B
SYeiγ

B
YΓ × eiγ

B
ZTeiγ

B
TReiγ

B
RUeiγ

B
UZ × eiγ

B
ZΓeiγ

B
XUeiγ

B
YTeiγ

B
RS : ð297Þ

The U(1) value z is still not gauge invariant and transforms into

z ↦ z ×
Y

P∈ fΓ;S;U;Tg
ðdetWB3

P Þ−2 ×
Y

P∈ fX;Y;Z;Rg
ðdetWB3

P Þ2: ð298Þ

However, using the prescription described in Sec. IV C 3, z can be corrected to be gauge invariant using T symmetry. In the
present case,

eiγ ≔ z ×
Y

P∈ fΓ;S;U;Tg
det ½ðΦB3

P Þ†UPðT ÞðΦB3

P Þ��−1 ×
Y

P∈ fX;Y;Z;Rg
det ½ðΦB3

P Þ†UPðT ÞðΦB3

P Þ�� ð299Þ

is gauge invariant.
To explore the relationship between the Z2 invariant ν and eiγ , we deform eiγ by taking a smooth gauge that satisfies the

gauge-fixing conditions (238) and (239) near 0-cells. First, from the TRS gauge (239), it follows that
det½ðΦB3

P Þ†UPðT ÞðΦB3

P Þ�� ¼ 1. For Wilson lines, let us consider eiγΓX concretely. Taking the basis (237) that satisfies
gauge-fixing conditions (238) and (239) near the Γ and X points, the Wilson line becomes

eiγ
B
ΓX ¼ exp

	
−
Z

X

kΓX

tr

	
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†dðΦB1

Γ;k;Φ
B2

Γ;kÞ




× det
	
ðΦB1

X;kΓX
;ΦB2

X;kΓX
Þ†ðΦB1

Γ;kΓX ;Φ
B2

Γ;kΓXÞ


× exp

	
−
Z

kΓX

Γ
tr
	
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†dðΦB1

Γ;k;Φ
B2

Γ;kÞ




ð300Þ

¼ exp

	
−
Z

X

kΓX

tr

	
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†dðΦB1

Γ;k;Φ
B2

Γ;kÞ




× ζBXΓ × exp

	
−
Z

kΓX

Γ
tr

	
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†dðΦB1

Γ;k;Φ
B2

Γ;kÞ




: ð301Þ

For the line integrals of the exponents, using Cz
2T symmetry,

Z
kΓX

Γ
tr½ðΦB1

Γ;k;Φ
B2

Γ;kÞ†dðΦB1

Γ;k;Φ
B2

Γ;kÞ��

¼
Z

kΓX

Γ
tr

	� 1nB1ðΓÞ
−1nB2ðΓÞ

�
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†UkðCz
2T Þd

�
UkðCz

2T Þ†ðΦB1

Γ;k;Φ
B2

Γ;kÞ
� 1nB1ðΓÞ

−1nB2ðΓÞ

��

ð302Þ

¼
Z

kΓX

Γ
tr

	
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†dðΦB1

Γ;k;Φ
B2

Γ;kÞ


þ
Z

kΓX

Γ
tr

	
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†UkðCz
2T ÞdUkðCz

2T Þ†ðΦB1

Γ;k;Φ
B2

Γ;kÞ


: ð303Þ

Since trA� ¼ −trA, we obtain

Z
kΓX

Γ
tr

	
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†dðΦB1

Γ;k;Φ
B2

Γ;kÞ


¼ −

1

2

Z
kΓX

Γ
tr

	
ðΦB1

Γ;k;Φ
B2

Γ;kÞ†UkðCz
2T ÞdUkðCz

2T Þ†ðΦB1

Γ;k;Φ
B2

Γ;kÞ


: ð304Þ

This expression is gauge invariant, independent of gauge transformations ΦB
k ¼ ðΦB1

Γ;k;Φ
B2

Γ;kÞ ↦ ΦB
kW

B
k with

WB
k ∈UðnB1ðΓÞ þ nB2ðΓÞÞ. Similarly, for the Wilson line eiγ

B
ΓX we find the relation

eiγ
B
ΓX ¼ ζBXΓ × exp

1

2

Z
Γ→X

tr½ðΦB
k Þ†UkðCz

2T ÞdUkðCz
2T Þ†ΦB

k �: ð305Þ

The same result can be obtained by replacing Cz
2T with Cy

2T . In fact, the ratio of contributions from the correction terms of
Cz
2T and Cy

2T is exp 1
2

R
Γ→X tr½ðΦB

k Þ†UkðCx
2ÞdUkðCx

2Þ†ΦB
k �. However, considering UkðCx

2Þ† ¼ UkðCx
2Þ; UkðCx

2ÞΦB
k ¼ −ΦB

k

on the 1-cell k∈ΓX, we can show that tr½ΦB†
k UkðCx

2ÞdUkðCx
2Þ†ΦB

k � ¼ 1
2
tr½ΦB†

k dUkðCx
2Þ2ΦB

k � ¼ 0.
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Applying the same to other Wilson lines, we derive the following relation between the Z2 invariant ν and the gauge-
invariant Berry phase eiγ:

ð−1Þν ¼ e−iγ × exp

	
1

2

�I
Γ→X→S→Y→Γ

þ
I
Z→T→R→U→Z

�
tr½ðΦB

k Þ†UkðCz
2T ÞdUkðCz

2T Þ†ΦB
k �



× exp

	
1

2

�Z
Z→Γ

þ
Z
X→U

þ
Z
Y→T

þ
Z
R→S

�
tr½ðΦB

k Þ†UkðCx
2T ÞdUkðCx

2T Þ†ΦB
k �


: ð306Þ

Here, we used ζBQP ¼ ðζBPQÞ−1. This provides us a gauge-
invariant expression of the Z2 invariant ν. However, there is
a subtle ambiguity in ν from the ordering of irreps, as
described below.

3. Band sum and quadratic refinement

It is important to note that theZ2 invariant (285) depends
on the ordering of irreps in the Bloch states at the 0-cells.
For instance, in the expression of the transition function tBΓX
(242), if we swap the Bloch states near the Γ point,
redefining tBΓX → ðΦB2

Γ;kΓX ⊕ ΦB1

Γ;kΓXÞ
†ðΦB1

X;kΓX
⊕ ΦB2

X;kΓX
Þ, a

sign ð−1ÞnB1ðΓÞnB2ðΓÞ arises due to the swapping of irreps.
This issue of ordering dependency of irreps also occurs in
the Berry phase formula (306) of the Z2 invariant. For
example, in the expression of the Wilson line (290) parallel
to the Cx

2 axis, if we swap the order of Bloch states at the
starting point P from ðΦB1

P ;ΦB2

P Þ to ðΦB2

P ;ΦB1

P Þ, a sign
ð−1ÞnB1ðPÞnB2ðPÞ appears. This ordering dependency leads to
the nonadditive nature of the Z2 invariant ν for the direct
sum of bands. However, as discussed in Sec. IV B 7, it is
possible to redefine ν to preserve the additive structure.
Recall that the order of irreps in the expression of the Z2

invariant ν for a 0-cell P was

Cx
2 axis∶ ðΦB1

P ;ΦB2

P Þ; ð307Þ

Cy
2 axis∶ ðΦB1

P ;ΦB3

P Þ; ð308Þ

Cz
2 axis∶ ðΦB2

P ;ΦB3

P Þ: ð309Þ

Let ΦB;β
P and nBβðPÞ be the Bloch states of β-irrep at 0-cell P

for band B∈ fE;Fg and the number of β-irrep, respec-
tively. Here, we focus on the Cx

2 axis. Considering the direct
sum E ⊕ F as a single band structure, the above ordering
rule implies that

ðΦE;B1

P ⊕ ΦF;B1

P Þ ⊕ ðΦE;B2

P ⊕ ΦF;B2

P Þ: ð310Þ

On the one hand, first ordering each band E and F as above
and considering the direct sum, we have

ðΦE;B1

P ⊕ ΦE;B2

P Þ ⊕ ðΦF;B1

P ⊕ ΦF;B2

P Þ: ð311Þ

They are related with a permutation matrix S from the right
whose determinant is

det S ¼ ð−1ÞnEB2ðPÞnFB1ðPÞ : ð312Þ

Similar contributions arise from the Wilson lines on the Cy
2

and Cz
2 axes. The nonadditive nature of the invariant ν is

summarized as

νðE ⊕ FÞ≡ νðEÞ þ νðFÞ þ δνðEjE0;0
2
; FjE0;0

2
Þ ð313Þ

with

δνðEjE0;0
2
; FjE0;0

2
Þ≡ X

P∈ f0-cellsg

�
nEB2ðPÞn

F
B1ðPÞ

þ nEB3ðPÞn
F
B1ðPÞ þ nEB3ðPÞn

F
B2ðPÞ

�
: ð314Þ

Note that δν depends only on elements of E0;0
2 .

Since the number of irreps behaves additively with
respect to the sum of bands, δν is a bilinear form.
Moreover, although δνðx; yÞ is not symmetric for elements
of E0;0

1 , we find that it is symmetric when restricted to E0;0
2 :

δνðx; yÞ≡ δνðy; xÞ; x; y∈E0;0
2 : ð315Þ

Furthermore, we find that the diagonal terms are zero,
δνðx; xÞ≡ 0 for x∈E0;0

2 . (This is not necessary for the
existence of quadratic refinement below.) Therefore,
according to Sec. IV B 7, there exists a quadratic refine-
ment q∶ E0;0

2 → f0; 1g of δν, which satisfies

δνðx;yÞ≡qðxþ yÞþqðxÞþqðyÞ; x;y∈E0;0
2 : ð316Þ

By explicitly constructing the basis of E0;0
2 and calculating

expression (196), we obtain the following formula:
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qðfnβðPÞgP;βÞ≡ nB3ðRÞðnB3ðSÞ þ nB2ðTÞ þ nB3ðTÞ þ nB2ðUÞ þ nB3ðUÞ þ nB3ðZÞÞ
þ nB2ðRÞðnB3ðTÞ þ nB3ðUÞ þ nB3ðXÞ þ nB3ðYÞÞ
þ nB2ðTÞðnB3ðSÞ þ nB3ðUÞ þ nB3ðXÞÞ þ nB3ðYÞðnB3ðSÞ þ nB2ðUÞ þ nB3ðXÞ þ nB3ðZÞÞ
þ nB3ðSÞnB2ðUÞ þ nB3ðXÞðnB3ðSÞ þ nB3ðZÞÞ þ nB3ðSÞnB3ðZÞ
þ nB3ðTÞðnB2ðUÞ þ nB3ðUÞ þ nB3ðYÞ þ nB3ðZÞÞ þ nB3ðUÞðnB3ðXÞ þ nB3ðZÞÞ
þ nB3ðSÞ þ nB3ðTÞ þ nB3ðUÞ: ð317Þ

See Appendix H for a derivation. Using this quadratic
refinement q, we redefine the Z2 invariant as

ν̃ðEÞ ≔ νðEÞ þ qðEjE0;0
2
Þ ð318Þ

to recover linearity

ν̃ðE ⊕ FÞ≡ ν̃ðEÞ þ ν̃ðFÞ: ð319Þ

In the formula (317), the linear term nB3ðSÞ þ nB3ðTÞ þ
nB3ðUÞ was chosen so that for any atomic insulator with a
single band, i.e., an atomic insulator at Wyckoff position x0
with β-irrep, denoted as aβx0 , the following holds:

νðaβx0Þ≡ ν̃ðaβx0Þ: ð320Þ

Namely, we impose the constraint

qðaβx0Þ≡ 0 ð321Þ

on the quadratic refinement q. See the next section.

4. Z2 invariant for real-space models

According to the real-space AHSS [71], the K group is
given by Z13 þ Z2, and all are generated by atomic
insulators (or formal differences of their direct sums).
First, we calculate the Z2 invariant ν for atomic insula-

tors with a single band. We denote the atomic insulator
obtained by placing an irrep β∈ fA;B1; B2; B3g of the
magnetic point group 22210 at a position shifted by the
displacement vector x0 from the unit cell center as aβx0 . The
symmetry matrices are given by UkðT Þ ¼ 1 and

UkðCμ
2Þ ¼ χβðCμ

2Þe−ik·ðx0−C
μ
2
x0Þ; μ∈ fx; y; zg: ð322Þ

The Bloch wave function can beΦk ≡ 1 independent of the
momentum space, and no contribution arises from the
Wilson line, making eiγ ¼ 1. Calculating the factor arising
from the symmetry transformation in Eq. (306), we get

ν̃ðaβx0Þ≡ νðaβx0Þ≡
8<
: 1 x0 ¼

�
1
2
; 1
2
; 1
2

�
;

0 else:
ð323Þ

Here, the redefined ν̃ is chosen to satisfy Eq. (320).
From the real-space AHSS, the Z2 part of the K group is

given by the formal difference ½E� − ½F� of the following
two insulating states E and F:

E ¼ aAð0;0;0Þ ⊕ aAð1
2
;1
2
;0Þ ⊕ aAð0;1

2
;1
2
Þ ⊕ aAð1

2
;0;1

2
Þ; ð324Þ

F ¼ aAð1
2
;0;0Þ ⊕ aAð0;1

2
;0Þ ⊕ aAð0;0;1

2
Þ ⊕ aAð1

2
;1
2
;1
2
Þ: ð325Þ

Note that insulators E and F show identical representations
at TRIMs and, thus, cannot be distinguished by represen-
tations at 0-cells. Because of the linearity of the Z2

invariant ν̃, we have

ν̃ðEÞ ¼ 0; ν̃ðFÞ ¼ 1; ð326Þ

The Z2 invariant ν̃ successfully distinguishes between the
two insulators E and F.
Let us comment on an interesting physical consequence

of nontrivial Z2 nature. The space group P222 is a
subgroup of many other space groups, which allows us
to define the Z2 invariant for the supergroups of P222.
Recently, it has been shown that, although atomic insulators
do not exhibit any protected gapless surface states, certain
types of atomic insulators still possess midgap surface
states, known as fractional corner charges [48,94,95].
Furthermore, there exist fractionally quantized corner
charges that cannot be captured only by irreps at 0-cells
[104]. Indeed, the Z2 invariant constructed here plays a key
role in the corner-charge formulas of Ref. [130], where it is
combined with irreps at 0-cells to detect fractional corner
charges in various tetrahedral and cubic space groups
beyond high-symmetry-point data.

5. Z2 invariant for adiabatic cycle without TRS

In the absence of TRS, although the gauge dependency
(298) of z implies that z itself is not physically observable, z
serves as a Z2 invariant of adiabatic cycles. To see this,
consider a one-parameter family of Hamiltonians
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Hkðθ∈ ½0; 2π�Þ satisfying Cμ
2-symmetry constraints (224)

for μ ¼ x, y, z. We also assume the periodicity
Hkð2πÞ ¼ Hkð0Þ. At TRIMs P, the Bloch states ΦB3

P ðθÞ
in the B3-irrep can be continuous and periodic in θ. In doing
so, zðθÞ is also continuous and periodic in θ, and we can
define the winding number

N ¼ 1

2πi

I
dθ

∂

∂θ
log zðθÞ∈Z: ð327Þ

Not every integer of N is gauge invariant: Under a gauge
transformation ΦB3

P ðθÞ ↦ ΦB3

P ðθÞWB3

P ðθÞ, where WB3

P ðθÞ is
continuous and periodic in θ, N changes as

N ↦ N þ 2

 
−

X
P∈ fΓ;S;U;Tg

MP þ
X

P∈ fX;Y;Z;Rg
MP

!
ð328Þ

with MP the winding number of gauge transformation:

MP ¼ 1

2πi

I
dθ

∂

∂θ
log detWB3

P ðθÞ∈Z: ð329Þ

Therefore, only the parity of N is gauge invariant.
We note that the existence of Z2 invariant of adiabatic

cycles for the space group P222 is consistent with the E2

page E1;−2
2 ¼ Z2 of the momentum-space AHSS [71,109].

F. Other examples

In this section, we present illustrative examples demon-
strating the definition of Z2 invariants using the scenarios
listed in Sec. IV C, comparison with the real-space model
(Sec. IV F 1), and Z2 invariant detecting a Weyl point in
generic point (Sec. IV F 3).

1. Example: Spinful systems in space group P2 with TRS

We generalize the above discussion to spinful systems in
space group P2 with TRS T . This space group is generated
by twofold rotation along the y axis, denoted by Cy

2, and
translations. According to Ref. [71], the K group is
ϕKðz;cÞþ0

G=Π ðT3Þ ¼ Z × ðZ2Þ8 [131], whose Z × ðZ2Þ3 part
is the classification of atomic insulators and the remaining

ðZ2Þ5 part corresponds to the strong topological insulator
and topological crystalline insulators, as shown in Figs. 7

(a)–7(e). The Z part of ϕKðz;cÞþ0

G=Π ðT3Þ can be understood by

E0;0
2 ¼ Z. The topological invariant is the filling νe=2∈Z

(the number of electrons per unit cell). Here, we discuss the
Z2 invariants to characterize the remaining part of the
K group.
Our cell decomposition of the fundamental domain is

shown in Fig. 7(f). For each of 0- and 1-cells, irreducible
representations and their EAZ classes are shown in
Table VIII. Although there is no unitary symmetry other
than identity on a, b, c, d, e, and f, they are symmetric
under the product of twofold rotation Cy

2 and TRS T ,
which results in EAZ class AI. As a result, E1;−1

1 ¼ ðZ2Þ6 is
given by

E1;−1
1 ¼ ⨁

K¼a;b;c;d;e;f
Z2½bð1ÞK1

�: ð330Þ

From AHSS, we find that the differentials d0;−11 and d1;−11

are trivial, i.e., E1;−1
2 ¼ E1;−1

1 ¼ ðZ2Þ6. Therefore, topo-
logical invariants are determinants of the gauge-fixed
transition functions [cf. Eq. (158)]. The transition function
on a 1-cell connecting k0 to k1 is defined by

tk0k1 ¼ Φ†
k0;ðk0þk1Þ=2Φk1;ðk0þk1Þ=2; ð331Þ

where Φki;k is a set of occupied states at k under
independent gauge choices around ki [cf. Eq. (147)].
Similar to the above PT -symmetric example, we aim to

represent the transition function using the Berry phase, i.e.,

eiγk0k1 ¼ lim
N→∞

det
YN−1

j¼0

Φ†
k0þðjþ1ÞδΦk0þjδ ð332Þ

for δ ¼ ðk1 − k0Þ=N . However, since the 1-cell is not a
loop in this case, the Berry phase is not gauge invariant
under gauge transformations at the boundary 0-cells. We
then use the Pfaffian to compensate for the Berry phase, as
discussed in Sec. IV C 1. Finally, we arrive at the gauge-
independent formulas

ð−1Þν1 ≔ det t̃ΓY ¼ e−iγΓY
Pf½Φ†

YUðT ÞΦ�
Y�

Pf½Φ†
ΓUðT ÞΦ�

Γ�
exp

	
1

2

Z
a
trΦ†

kðUkðCy
2T ÞdU†

kðCy
2T ÞÞΦk



; ð333Þ

ð−1Þν2 ≔ det t̃CZ ¼ e−iγCZ
Pf½Φ†

ZUðT ÞΦ�
Z�

Pf½Φ†
CUðT ÞΦ�

C�
exp

	
1

2

Z
b
trΦ†

kðUkðCy
2T ÞdU†

kðCy
2T ÞÞΦk



; ð334Þ

ð−1Þν3 ≔ det t̃BA ¼ e−iγBA
Pf½Φ†

AUðT ÞΦ�
A�

Pf½Φ†
BUðT ÞΦ�

B�
exp

	
1

2

Z
c
trΦ†

kðUkðCy
2T ÞdU†

kðCy
2T ÞÞΦk



; ð335Þ
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ð−1Þν4 ≔ det t̃ED ¼ e−iγED
Pf½Φ†

DUðT ÞΦ�
D�

Pf½Φ†
EUðT ÞΦ�

E�
exp

	
1

2

Z
d
trΦ†

kðUkðCy
2T ÞdU†

kðCy
2T ÞÞΦk



; ð336Þ

ð−1Þν5 ≔ det t̃YA ¼ e−iγYA
Pf½Φ†

AUðT ÞΦ�
A�

Pf½Φ†
YUðT ÞΦ�

Y�
exp

	
1

2

Z
e
trΦ†

kðUkðCy
2T ÞdU†

kðCy
2T ÞÞΦk



; ð337Þ

ð−1Þν6 ≔ det t̃CE ¼ e−iγCE
Pf½Φ†

EUðT ÞΦ�
E�

Pf½Φ†
CUðT ÞΦ�

C�
exp

	
1

2

Z
f
trΦ†

kðUkðCy
2T ÞdU†

kðCy
2T ÞÞΦk



: ð338Þ

It should be emphasized that the right-hand sides are gauge-
independent quantities. In Table IX, we show the values of
these topological invariants for representative models of the

torsion subgroup of ϕKðz;cÞþ0

G=Π ðT3Þ. Importantly, these
invariants cannot fully characterize topological phases in
this space group. For a complete identification, two Z2

invariants on the 2-skeleton corresponding to E2;−2
3 ¼ Z2

2

are required.

2. Example: Spinful systems in space group
P212121 with TRS

The third example is space group P212121 with TRS T .
This space group is generated by Sx ¼ fCx

2jð1=2; 1=2; 0Þ⊤g
and Sy ¼ fCy

2jð0; 1=2; 0Þ⊤g. According to Ref. [71], the K

group is ϕKðz;cÞþ0

G=Π ðT3Þ ¼ Z × ðZ2Þ3, whose Z part is the

classification of atomic insulators and ðZ2Þ3 corresponds to
the strong topological insulator and topological crystalline
insulators, as shown in Figs. 8(a)–8(c). The Z part of
ϕKðz;cÞþ0

G=Π ðT3Þ corresponds to E0;0
2 ¼ Z. The topological

invariant to detect E0;0
2 is the filling νe=8∈Z. Here, we

discuss three Z2 invariants to characterize the remaining
ðZ2Þ3 part in the K group.
Our cell decomposition of the fundamental domain is

shown in Fig. 8(d). Only EAZ classes of irreps on Σ,Δ, and
Λ are class AI, and, thus, E1;−1

1 ¼ ðZ2Þ6 given by

(e) Strong TI (f ) Cell decomposition 

FIG. 7. (a)–(d) Illustrations of topological crystalline insulators
introduced in Ref. [93]. Yellow planes represent two-dimensional
topological insulators that are stacked along the z direction.
(e) Illustration of a strong topological insulator (TI). (f) Cell
decomposition of the fundamental domain in P2 with TRS. Here,
the labels of momenta other than a, b, c, d, e, and f follow
Ref. [132].

TABLE VIII. Character tables of irreps and their EAZ classes
on 0- and 1-cells in space group P2 with TRS.

Irrep EAZ e Cy
2

Γ1;Y1;C1;Z1;B1;A1;E1;D1;Λ1;W1;V1;U1 A 1 −i
Γ2;Y2;C2;Z2;B2;A2;E2;D2;Λ2;W2;V2;U2 A 1 i

Irrep EAZ e

a1, b1, c1, d1, e1, f1 AI 1
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E1;−1
1 ¼ ⨁

K¼Σ;Δ;Λ
Z2½bð1ÞK3

� ⊕ Z2½bð1ÞK4
�; ð339Þ

where the labels of irreps are shown in Table X. As

discussed above, E1;−1
1 is characterized by transition

functions. In this case, the transition functions are defined
for each irrep on Σ, Δ, and Λ. For example, the transition
function for irrep Σ3 is defined by

tΣ3

ΓX ¼ ðΦΣ3

Γ;ðπ=2;0;0ÞÞ†ΦΣ3

X;ðπ=2;0;0Þ; ð340Þ

whereΦΣ3

Γ;k andΦ
Σ3

X;k are occupied states with irrep Σ3 under
independent gauge choices around Γ and X [cf. Eq. (147)].
For other irreps, the transition functions are defined in the
same way.
After computing AHSS and performing the procedures

in Sec. IV B 5, we find that E1;−1
2 ¼ ðZ2Þ3 and

½Xð1Þ�−1 ¼

0
BBBBBBBBBB@

Σ3 Σ4 Δ3 Δ4 Λ3 Λ4

1 1 0 0 0 0

0 0 1 1 1 1

0 0 0 0 0 1

0 0 0 1 −1 0

0 1 0 0 −1 0

0 0 0 0 −1 1

1
CCCCCCCCCCA
; ð341Þ

TABLE IX. Results of topological invariants for representative
models of all topological phases in space group P2with TRS. For
topological crystalline phases, ðhkl; d0Þ represents the position of
a two-dimensional topological insulator. Here, ðhklÞ denotes the
direction perpendicular to the two-dimensional topological in-
sulator, and d0 is the distance from the unit cell origin. For atomic
insulators, there are four inequivalent Wyckoff positions:
1a ¼ ð0; y; 0Þ, 1b ¼ ð0; y; 1=2Þ, 1c ¼ ð1=2; y; 0Þ, and
1d ¼ ð1=2; y; 1=2Þ. The notation “AI@1x” denotes an atomic
insulator whose electrons are at 1xðx ¼ a; b; c; dÞ. Also νe ∈ 2Z
represents the number of electrons in unit cell.

Topological phases ðνe=2; ν1; ν2; ν3; ν4; ν5; ν6Þ
Strong TI (1, 1, 0, 0, 0, 0, 0)
ð001; 0Þ (1, 1, 0, 1, 0, 0, 0)
ð001; 1=2Þ (1, 1, 0, 1, 0, 1, 1)
ð100; 0Þ (1, 0, 0, 0, 0, 1, 0)
ð010; 0Þ (1, 1, 1, 0, 0, 0, 0)
AI@1a-AI@1c (0, 1, 1, 1, 1, 0, 0)
AI@1a-AI@1b (0, 0, 0, 0, 0, 1, 1)
AI@1c-AI@1d (0, 0, 0, 0, 0, 1, 1)
AI@1a (1, 0, 0, 0, 0, 0, 0)

(c) Strong TI (d) Cell decomposition 

FIG. 8. (a),(b) Illustrations of topological crystalline insulators
introduced in Ref. [93]. Yellow planes represent two-dimensional
topological insulators that are stacked along the z direction.
(c) Illustration of a strong TI. (d) Cell decomposition of the
fundamental domain in P212121 and P222 with TRS. Here, the
labels of momenta follow Ref. [132].

TABLE X. Character tables of irreps and their EAZ classes on
1-cells in space group P212121 with TRS. Here, we show irreps
on 0- and 1-cells relevant to the discussion.

Irrep EAZ e Sx Sy Sz

Γ1 AI 2 0 0 0
X2 A 1 1 −i −i
X3 A 1 1 i i
X4 A 1 −1 i −i
X5 A 1 −1 −i i

Y2 A 1 −i 1 −i
Y3 A 1 −i −1 i
Y4 A 1 i −1 −i
Y5 A 1 i 1 i

Z2 A 1 −i −i 1
Z3 A 1 −i i −1
Z4 A 1 i i 1
Z5 A 1 i −i −1

Irrep EAZ e Sx

Σ3 AI 1 −ie−ikx=2
Σ4 AI 1 ie−ikx=2

Irrep EAZ e Sy

Δ3 AI 1 −ie−iky=2
Δ4 AI 1 ie−iky=2

Irrep EAZ e Sz

Λ3 AI 1 −ie−ikz=2
Λ4 AI 1 ie−ikz=2
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where the last three rows correspond to three Z2-valued
topological invariants. Then, we construct the following
three Z2-valued topological invariants under certain gauge
conditions:

ð−1Þν7 ≔ ðdet t̃Λ3

ΓZÞ−1 det t̃Δ4

ΓY; ð342Þ

ð−1Þν8 ≔ ðdet t̃Λ3

ΓZÞ−1 det t̃Σ4

ΓX; ð343Þ

ð−1Þν9 ≔ ðdet t̃Λ3

ΓZÞ−1 det t̃Λ4

ΓZ; ð344Þ

where t̃Λ3

ΓZ is the gauge-fixed transition function
[cf. Eq. (158)] and the same applies to the other transition
functions. To use the technique introduced in Sec. IV C 4,
we consider

ð−1Þν09 ≔ ð−1Þν9−ν7 ¼ ðdet t̃Δ4

ΓYÞ−1 det t̃Λ4

ΓZ: ð345Þ

Similar to the above example, we can derive gauge-
independent expressions of these invariants. Again, we use
the symmetry-enriched Berry phase introduced in

Eq. (197), eiγ
α
k0k1 ≔ limN→∞ det

QN−1
j¼0 ðΦα

k0þðjþ1ÞδÞ†Φα
k0þjδ

for irrep α and δ ¼ ðk1 − k0Þ=N . Again, the Berry phase is
not invariant under gauge transformations at the boundary
0-cells. For 0-cells X, Y, and Z, the Pfaffian can be used to
cancel U(1)-valued quantities originating from the gauge
transformations. On the other hand, at 0-cell Γ, there is only
a two-dimensional irrep Γ1 whose EAZ class is AI.
According to Eqs. (342), (343), and (345), Γ is an
intersection of two 1-cells in each quantity. Thus, we
can use the technique in Sec. IV C 4 to derive gauge-
invariant quantities. As a result, we have

ð−1Þν7 ≔ 2Nocc=2eiγ
Λ3
ΓZe−iγ

Δ4
ΓY
Pf½ðΦΔ4

Y Þ†UðT ÞðΦΔ4

Y Þ��
Pf½ðΦΛ3

Z Þ†UðT ÞðΦΛ3

Z Þ�� detðΦ
Λ3

Γ Þ†ΦΔ4

Γ

× exp

	
−
1

2

Z
Λ
trðΦΛ3

k Þ†ðUkðSyT ÞdU†
kðSyT ÞÞΦΛ3

k



exp

	
1

2

Z
Δ
trðΦΔ4

k Þ†ðUkðSzT ÞdU†
kðSzT ÞÞΦΔ4

k



; ð346Þ

ð−1Þν8 ≔ 2Nocc=2eiγ
Λ3
ΓZe−iγ

Σ4
ΓX
Pf½ðΦΣ4

X Þ†UðT ÞðΦΣ4

X Þ��
Pf½ðΦΛ3

Z Þ†UðT ÞðΦΛ3

Z Þ�� detðΦ
Λ3

Γ Þ†ΦΣ4

Γ

× exp

	
−
1

2

Z
Λ
trðΦΛ3

k Þ†ðUkðSyT ÞdU†
kðSyT ÞÞΦΛ3

k



exp

	
1

2

Z
Σ
trðΦΣ4

k Þ†ðUkðSzT ÞdU†
kðSzT ÞÞΦΣ4

k



; ð347Þ

ð−1Þν09 ≔ 2Nocc=2eiγ
Δ4
ΓYe−iγ

Λ4
ΓZ
Pf½ðΦΛ4

Z Þ†UðT ÞðΦΛ4

Z Þ��
Pf½ðΦΔ4

Y Þ†UðT ÞðΦΔ4

Y Þ�� detðΦ
Δ4

Γ Þ†ΦΛ4

Γ

× exp

	
−
1

2

Z
Δ
trðΦΔ4

k Þ†ðUkðSxT ÞdU†
kðSxT ÞÞΦΔ4

k



exp

	
1

2

Z
Λ
trðΦΛ4

k Þ†ðUkðSyT ÞdU†
kðSyT ÞÞΦΛ4

k



: ð348Þ

By explicitly computing these invariants for representative
models of a strong topological insulator and topological
crystalline insulators, we see that ðν7; ν8, ν09) can diagnose
these phases, as shown in Table XI.

3. Example: Spinless systems with space group
P4̄ with TRS

In this symmetry setting, E1;−1
2 ¼ Z2 and a Z2 invariant

over the 1-skeleton exists. On the one hand, the K group
K ≅ Z8 does not include Z2 [71]. This means that the
second differential d1;−12 ∶ E1;−1

2 → E3;−2
2 is nontrivial and

the Z2 invariant over the 1-skeleton detects a gapless point
(Weyl point) in 3-cell. We construct the Z2 invariant over
the 1-skeleton and relate it to the Chern number of
Weyl point.

TABLE XI. Results of topological invariants for representative
models of all topological phases in space group P212121 with
TRS. For topological crystalline phases, ðhkl; d0Þ represents the
position of a two-dimensional topological insulator. Here, ðhklÞ
denotes the direction perpendicular to the two-dimensional
topological insulator, and d0 is the distance from the unit cell
origin. The notation “AI@1a” means an atomic insulator whose
electrons are at the maximal Wyckoff position 4a. Also, νe ∈ 8Z
represents the number of electrons in unit cell.

Topological phases ðνe=8; ν7; ν8; ν09Þ
Strong TI (2, 1, 0, 0)
ð001; 0Þ (2, 1, 0, 1)
ð001; 1=4Þ (2, 0, 1, 0)
AI@1a (1, 1, 0, 1)
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Symmetry is summarized as follows:

UkðS4ÞHkUkðS4Þ† ¼ HS4k; ð349Þ
UkðT ÞH�

kUkðT Þ† ¼ H−k; ð350Þ
US3

4
kðS4ÞUCz

2
kðS4ÞUS4kðS4ÞUkðS4Þ ¼ 1; ð351Þ

U−kðT ÞUkðT Þ� ¼ 1; ð352Þ
U−kðS4ÞUkðT Þ ¼ US4kðT ÞUkðS4Þ�: ð353Þ

Here, S4k ¼ ðky;−kx;−kzÞ is rotoinversion. Figure 9
shows a cell decomposition we use. On 1-cells ΓZ and
SR, the stabilizer group is fe; S4T ; Cz

2; S
3
4T g and there are

two irreps A and B whose characters are χAðCz
2Þ ¼ 1 and

χBðCz
2Þ ¼ −1. The relation UkðS4T ÞUkðS4T Þ� ¼ UkðCz

2Þ
over these 1-cells implies that the EAZ class is AI for the
irrep A and AII for the irrep B, respectively. On the 1-cells
ΓS and ZR the little group is fe; Cz

2T g and EAZ is AI.
From the AHSS, we find that the Z2 invariant is composed
of the transition functions of the A-irrep of the 1-cells ΓZ
and SR and the 1-cells ΓS and ZR, meaning that the Berry
phase formula is composed of these irreps of their 1-cells.
Since the Berry phase over the irrep whose EAZ class is AII
is trivial (see Sec. IV C 6), multiplying the Berry phase of
the B-irrep over 1-cells ΓZ and SR does not change the Z2

invariant. Consequently, the Z2 invariant ν is written as the
standard Berry phase eiγΓSRZ over the loop Γ → S → R →
Z → Γ without irreducible decomposition as in

ð−1Þν ¼ e−iγΓSRZ × exp

	
1

2

�Z
S→R

þ
Z
Z→Γ

�

× tr
�
Φ†

kUkðS4T ÞdUkðS4T Þ†Φk

�


× exp

	
1

2

�Z
Γ→S

þ
Z
R→Z

�

× tr
�
Φ†

kUkðCz
2T ÞdUkðCz

2T Þ†Φk

�

: ð354Þ

Now we show that the Z2 invariant ν is the parity of Weyl
charge inside the fundamental domain of the momentum
space. Using the Stokes theorem and the symmetry con-
straints, it should be possible to directly show that ν is the
parity of the Chern number of the boundary of the
fundamental domain. Instead, here, based on the interpre-
tation of the second differential d1;−12 [109], we show that
the topological transition of ν results in the emission or
absorption of the quartet of Weyl points. On the tubular
neighborhood of the 1-cell ΓZ, the topological transition of
ν is modeled by the Hamiltonian

Hk ¼ kzσx þ ðm − k2Þσz þ kxkyσy ð355Þ

with UkðS4T Þ ¼ 1. When the mass m continuously varies
from a positive to a negative value, the Z2 invariant ν
changes by 1, and the quartet of Weyl points is created to
the fundamental domain, meaning the change of the Chern
number by 1.

G. Topological invariants defined on 2-skeleton

In this work, we have discussed topological invariants
defined on 1-skeletons, which are constructed from E1;−1

2 .
As shown in the above example of space group P2, the
introduced topological invariants cannot fully characterize
all possible phases. In fact, our framework discussed in
Sec. II B and Appendix A is applicable to Ep;−n

2 for
arbitrary p and n. In particular, when the higher-differential
d0;−12 is trivial, E2;−2

3 ¼ E2;−2
2 can inform us of topological

invariants defined on 2-skeletons. For example, E2;−2
3 ¼

E2;−2
2 ¼ ðZ2Þ2 in space group P2 with TRS. Thus, there

should be two Z2-valued topological invariants defined on
2-skeletons. It is natural to expect that the topological
invariants obtained from E2;−2

3 , together with fνig6i¼1,
enable us to diagnose all possible topological phases.
Although topological invariants defined on 2-skeletons
are essential for the full characterization of topological
phases, we leave a systematic construction of them as a
future work.

V. CONCLUSIONS AND OUTLOOK

In this work, we have established a systematic frame-
work to construct topological invariants based on AHSS in
momentum space. We have applied our scheme to insula-
tors and superconductors in all magnetic space groups and
presented necessary information about topological invari-
ants such as ½Xð1Þ�−1 and ½Vð0Þ�−1. Through some illustrative
examples, we have shown that the constructed invariants
can detect nontrivial topology, for which symmetry indica-
tors do not work at all.
Our work opens new avenues for future research. First,

our scheme is applicable to various kinds of systems. In
recent years, topological phases in non-Hermitian systems
have attracted significant attention [133–143]. Since

FIG. 9. Fundamental domain in the momentum space of
magnetic space group P4̄10. Momenta are set as Γ ¼ ð0; 0; 0Þ,
S ¼ ðπ; π; 0Þ, Y ¼ ð0; π; 0Þ, Z ¼ ð0; 0; πÞ, R ¼ ðπ; π; πÞ, and
T ¼ ð0; π; πÞ.
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K-theoretic classification techniques developed for
Hermitian Hamiltonians have been successfully adapted
to non-Hermitian settings, the AHSS-based construction
developed in the present work may also provide a useful
framework for constructing topological invariants for non-
Hermitian Hamiltonians. More recently, spin space groups
have been comprehensively classified [144–147]. It turns
out that there exist a lot of new symmetry classes. Our
general scheme could also be applied to spin space groups.
Second, our invariants can capture nontrivial topology in

gapped phases on 2-skeletons or gapless points on 2-cells.
This means that our invariants of gapped phases on 2-
skeletons sometimes detect gapless points on 3-cells. Since
the discovery of gapless points at generic momenta is
usually challenging, it would be interesting to differentiate
between the invariants for fully gapped phases and those for
gapless points on 3-cells. This distinction is achieved by
computing the invariants for representative models of real-
space classifications and examining which ones are for
gapless points on 3-cells.
Third, it is interesting to investigatewhether the topological

invariants constructed here lead to fundamental relations
among topology, quantum geometry, and physical quantities
[148–153]. Recently, it has been shown that the Chern
number and the Z2 topological invariant of time-reversal-
symmetric insulators give fundamental bounds on the band
gap and integrations of quantum metric [148,151,153].
Last, we expect that first-principles calculations can

compute topological invariants constructed based on this
work. For insulators, our gauge-invariant formulas are
computable from wave functions obtained by first-princi-
ples calculations. For superconductors, Fermi surfaces
available from first-principles calculations enable us to
calculate our invariants under the weak-pairing assumption,
as briefly mentioned in Sec. II F. Furthermore, since they
are defined on 1-skeletons composed of high-symmetry
points and line segments connecting them, the computa-
tional cost is relatively low. We believe that our work would
help to build a more comprehensive database of topological
materials than the existing ones based on symmetry
indicators and topological quantum chemistry.
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APPENDIX A: COMPUTATIONS FOR ABELIAN
GROUPS WITH TORSION ELEMENTS

In this appendix, we show computational procedures for
the case where fEq;−p

1 gpþ1
q¼p−1 are not all free Abelian

groups.

1. General framework

The following commutative diagram shows the math-
ematical structure behind our problem:

where

Ep;−p
1 ≔ ⨁

Dp

i¼1

Z2½bðpÞi � ⊕ ⨁
Np

i¼Dpþ1

Z½bðpÞi �; ðA1Þ

Ẽp;−p
1 ≔ ⨁

Dp

i¼1

Z½b̃ðpÞi � ⊕ ⨁
Np

i¼Dpþ1

Z½b̃ðpÞi �; ðA2Þ

Pp;−p
1 ≔ ⨁

Dp

i¼1

2Z½2b̃ðpÞi �: ðA3Þ

In the following, “∼” denotes that we forget about
the Z2 nature of an Abelian group. By definition,

Ep;−p
1 ¼ Ẽp;−p

1 =Pp;−p
1 . For simplicity, we use B̃ðpÞ ¼

ðb̃ðpÞ1 b̃ðpÞ2 � � � b̃ðpÞNp
Þ and P̃ðpÞ ¼ ð2b̃ðpÞ1 2b̃ðpÞ2 � � � 2b̃ðpÞDp

Þ.
To generalize the discussions in Sec. II C, we introduce

a map fp;−p1 ¼ d̃p;−n1 ⊕ id∶Ẽp;−p
1 ⊕ Ppþ1;−p

1 → Ẽpþ1;−p
1 .

This map can be represented by a matrix as

fp;−p1

�
B̃ðpÞP̃ðpþ1Þ

�
¼ B̃ðpþ1Þ

�
M̃d̃p;−p

1
QðpÞ

�
; ðA4Þ

where QðpÞ ¼ ð 2 × 1Dpþ1
=O Þ. One can always find the

Smith normal form

UðpÞ
�
M̃d̃p;−p

1
QðpÞ

�
VðpÞ ¼ ΣðpÞ; ðA5Þ
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where UðpÞ and VðpÞ are unimodular matrices. As men-
tioned in Sec. II, the Smith normal form can be written as

ΣðpÞ ¼ diagðsðpÞ1 ; sðpÞ2 ;…; sðpÞNp
ÞðsðpÞi ∈Z≥0Þ and si ≠ 0 for

i ≤ rp ≤ Np. Then, we have

fp;−p1

�
B̃ðpÞP̃ðpþ1Þ

�
VðpÞ

¼ B̃ðpþ1Þ½UðpÞ�−1UðpÞ
�
M̃d̃p;−p

1
QðpÞ

�
VðpÞ

¼ B̃ðpþ1Þ½UðpÞ�−1ΣðpÞ; ðA6Þ

where VðpÞ ¼ ðvðpÞ
1 ;vðpÞ

2 ;…;vðpÞ
NpþDpþ1

Þ. Here, we obtain

Kerd̃p;−p1 from Eq. (A6). First, we restrict vðpÞ
i to the first

Np elements, which is denoted by v0ðpÞ
i . Then, Eq. (A6)

informs us that fv0ðpÞ
i gNpþDpþ1

i¼rpþ1 are elements of Kerd̃p;−p1 .

Collecting all independent lists of fv0ðpÞ
i gNpþDpþ1

i¼rpþ1 , we have

a basis set of Kerd̃p;−p1 .
For later convenience, we construct an Np-dimensional

invertible matrix V 0ðpÞ from fv0ðpÞ
i gNpþDpþ1

i¼rpþ1 . We obtain an

Np-dimensional unimodular matrix Uv from the following
Smith decomposition:

ðv0ðpÞ
rpþ1 � � �v0ðpÞ

NpþDpþ1
Þ ¼ U−1

v ΣvV−1
v ; ðA7Þ

U−1
v ≔

�
u1 u2 � � � uNp

�⊤; ðA8Þ

where Σv is the Smith normal form of

ðv0ðpÞ
rpþ1 � � �v0ðpÞ

NpþDpþ1
Þ, i.e., an Np-dimensional diagonal

matrix whose matrix rank is Np − r0pð0 ≤ r0p ≤ NpÞ. Vv

is an ðNp þDpþ1 − rpÞ-dimensional unimodular matrix.
Let us elaborate on the explanation of Σv. Each diagonal
element of Σv has the following features:

(i) ½Σv�ii ∈Z>0 for 1 ≤ i ≤ ðNp − r0pÞ;
(ii) ½Σv�ii can always divide ½Σv�ðiþ1Þðiþ1Þ

for 1 ≤ i ≤ ðNp − r0pÞ − 1;
(iii) ½Σv�ii ¼ 0 for ðNp − r0pÞ < i if r0p ≠ 0.

From U−1
v and Σv, we have an integer-valued invertible

matrix V 0ðpÞ as

½V 0ðpÞ�ij ¼
( ½Σv�jj½uj�i for 1 ≤ j ≤ ðNp − r0pÞ;
½uj�i for ðNp − r0pÞ < j if r0p ≠ 0:

ðA9Þ

Note that V0ðpÞ is not a unimodular matrix when there exists
j such that ½Σv�jj > 1.

Since Im fp−1;−p1 ⊆ Kerd̃p;−p1 ,

fp−1;−p1 ðB̃ðp−1ÞP̃ðpÞÞ¼ B̃ðpÞ
�
M̃d̃p−1;−p

1
Qðp−1Þ

�
¼ B̃ðpÞV 0ðpÞ½V 0ðpÞ�−1

�
M̃d̃1p−1;−p

Qðp−1Þ
�

¼ B̃0ðpÞ
�

Y
Or0p×Np−1

Or0p×Dp

�
; ðA10Þ

where B̃0ðpÞ ¼ ðb0ðpÞrpþ1;…b0ðpÞNpþDpþ1
; b0ðpÞ1 ; …; b0ðpÞr0p

Þ ¼
B̃ðpÞV 0ðpÞ. The reason why the last r0p rows are zeros is

bj ∉ Kerd̃p;−p1 . These should not be included in Im fp−1;−p1 .
Again, using the Smith normal form, we rewrite the above
equation as

fp−1;−p1 ðB̃ðp−1ÞP̃ðpÞÞVðp−1Þ

¼ B̃0ðpÞð½Uðp−1Þ�−1 ⊕ 1r0pÞ
�

Λðp−1Þ
Or0p×Np−1

Or0p×Dp

�

¼ B̃00ðpÞ
�

Λðp−1Þ
Or0p×Np−1

Or0p×Dp

�
; ðA11Þ

where Λðp−1Þ is the Smith normal form of Y and
B̃00ðpÞ ¼ B̃ðpÞXðpÞ ¼ B̃ðpÞV 0ðpÞð½Uðp−1Þ�−1 ⊕ 1r0pÞ. As with
the case where Ep;−p

1 is a free Abelian group, the inverse of
XðpÞ and Vðp−1Þ tell us which p- and (p − 1)-cells are
involved in the expression of topological invariants. Again,

FIG. 10. (a)–(c) Real-space pictures of topological crystalline
superconductors. Gray objects represent one-dimensional topo-
logical superconductors. (d) Cell decomposition of the funda-
mental domain in P3121 with TRS.
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½Xð1Þ�−1 is denoted by

½Xð1Þ�−1 ≔ � x1 x2 � � � xN1

�⊤;
½Vð0Þ�−1 ≔ �v1 v2 � � � vN0

�⊤:
It should be noted that ½Xð1Þ�−1 sometimes contains

fractional numbers, since Vð1Þ is not a unimodular matrix,
in general. This happens only when Ep;−n

1 has both Z and
Z2 parts.

2. Example: Spinless superconductors
in P312110

As an example, we discuss time-reversal-symmetric
spinless superconductors in space group P3121 with the
conventional pairing symmetry A1. This space is generated
by threefold screw Sz ¼ fCz

3jð0; 0; 1=3Þ⊤g, twofold rota-

tion C½100�
2 ¼ fCx

2jð0; 0; 2=3Þ⊤g along the x direction, and
translations. According to Ref. [71], the K group is
ϕKðz;cÞþ0

G=Π ðR3Þ ¼ ðZ2Þ3 × Z3 × Z2, whose ðZ2Þ3 classifica-
tion corresponds to atomic limits and Z3 × Z2 is the
classification of topological crystalline superconductors,
as shown in Figs. 10(a)–10(c). In addition, we find that

E0;0
2 ¼ ðZ2Þ5 and E1;−1

2 ¼ Z3 × Z2, which implies that five
Z2-, a Z3-, and two Z-valued topological invariants are
defined.
Our cell decomposition of the fundamental domain is

shown in Fig. 10(d). For this cell decomposition, E0;0
1 and

E1;−1
1 are spanned by

E0;0
1 ¼ ⨁

K¼Γ;A
⨁
3

j¼1

Z2½bð0ÞKj
� ⊕ ⨁

K¼M;L
⨁
2

j¼1

Z2½bð0ÞKj
�; ðA12Þ

E1;−1
1 ¼ ⨁

3

j¼1

Z2½bð1ÞΔj
� ⊕ ⨁

3

j¼1

Z½bð1ÞPj
� ⊕ ⨁

K¼Λ;Q;T;S
⨁
2

j¼1

Z½bð1ÞKj
�

⊕ ⨁
K¼R;N

Z2½bð1ÞK1
�; ðA13Þ

where the labels of irreps are defined in Table XII.
After following the procedures discussed above, we
obtain

TABLE XII. Character table of irreps of little groups and their
EAZ classes on 0- and 1-cells in space group P3121. When Tz
denotes the primitive lattice translation along the z direction, the

remaining representative elements are given by C½110�
2 ¼

T−1
z SzC

½100�
2 and C½010�

2 ¼ T−1
z S2zC

½100�
2 .

Irrep EAZ e Sz S2z C½100�
2 C½110�

2 C½010�
2

Γ1 BDI 1 1 1 −1 −1 −1
Γ2 BDI 1 1 1 1 1 1
Γ3 BDI 2 −1 −1 0 0 0
A1 BDI 1 −1 1 1 1 −1
A2 BDI 1 −1 1 −1 −1 1
A3 BDI 2 1 −1 0 0 0
K1 AIII 1 −1 1 1 1 −1
K2 AIII 1 −1 1 −1 −1 1
K3 AIII 2 1 −1 0 0 0
H1 AIII 1 −1 1 1 1 −1
H2 AIII 1 −1 1 −1 −1 1
H3 AIII 2 1 −1 0 0 0

Irrep EAZ e C½010�
2

M1 BDI 1 −1
M2 BDI 1 1
L1 BDI 1 −1
L2 BDI 1 1

Irrep EAZ e Sz S2z

Δ1 BDI 1 eið−2π
3
−kz

3
Þ eið2π3−

2kz
3
Þ

Δ2 BDI 1 eið
2π
3−

kz
3 Þ eið−

2π
3−

2kz
3 Þ

Δ3 BDI 1 e−i
kz
3 e−i

2kz
3

P1 AIII 1 eið−
2π
3
−kz

3
Þ eið

2π
3
−2kz

3
Þ

P2 AIII 1 eið
2π
3
−kz

3
Þ eið−

2π
3
−2kz

3
Þ

P3 AIII 1 e−i
kz
3 e−i

2kz
3

Irrep EAZ e C½110�
2

Λ1, Q1 AIII 1 −1
Λ2, Q2 AIII 1 1

Irrep EAZ e C½010�
2

T1, S1 AIII 1 −1
T2, S2 AIII 1 1

Irrep EAZ e

R1, W1, N1 BDI 1
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½Xð1Þ�−1 ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

Δ1 Δ2 Δ3 P1 P2 P3 N1 Λ1 Λ2 Q1 Q2 R1 T1 T2 S1 S2
1 −1 1 0 0 0 0 0 0 0 0 −1 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 1 0 0 0 −1 0 0 0 0 0 0 0

0 0 0 0 1 1 0 0 −1 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

−1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 −1 −1 0 0 0 −1 0

0 0 0 0 2 1 0 0 −1 0 0 0 1 0 0 0

0 0 0 0 0 0 0 −1 0 0 0 0 −1 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0

0 0 0 0 0 0 0 1 1 0 0 0 1 1 0 0

0 0 0 1 1 1 0 −1 −1 1 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

; ðA14Þ

Λð0Þ ¼ diagð1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 3; 0; 0Þ; ðA15Þ

½Vð0Þ�−1 ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

Γ1 Γ2 Γ3 M1 M2 K1 K2 K3 A1 A2 A3 L1 L2 H1 H2 H3 Δ1 Δ2 Δ3 R1 N1

1 1 0 0 0 0 0 0 0 0 0 −1 −1 0 0 0 2 −2 2 0 −2
0 0 1 0 0 0 0 0 0 0 0 −1 −1 0 0 0 2 0 0 0 −2
0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 2 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 2 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 0 1 1 0 0 0 0 0 0 0 2

0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 −2 2 0 0 2

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

: ðA16Þ

As discussed in Sec. II, we can find topological invariants using these data.
Let us begin by constructing topological invariants corresponding to E1;−1

2 ¼ Z3 × Z2. We define the following two
quantities:
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Wgapped
1 ¼ −1

2πi

"Z
Λ
d log

det qΛ1

k

ðdet qΛ1

k Þvac þ
Z
T
d log

det qT1

k

ðdet qT1

k Þvac

#
; ðA17Þ

Wgapped
2 ¼ 1

2πi

"Z
Q
d log

det qQ2

k

ðdet qQ2

k Þvac þ
Z
S
d log

det qS1k
ðdet qS1k Þvac

#
: ðA18Þ

Then, we can find the following topological invariant:

X ¼ 3

2π
Im log

"
Z½ðqH3

H Þvac�
Z½qH3

H � exp

"
1

3

(
−
Z
P

 
2d log

det qP2k
ðdet qP2k Þvac þ d log

det qP3k
ðdet qP3k Þvac

!

þ
Z
Λ
d log

det qΛ2

k

ðdet qΛ2

k Þvac −
Z
T
d log

det qT1

k

ðdet qT1

k Þvac

)##
: ðA19Þ

Next, we construct topological invariants that diagnose
the entry in E0;0

2 ¼ ðZ2Þ5. As shown in Eq. (A12), we have
E0;0
1 ¼ ðZ2Þ10. It is well known that topological phases at 0-

cells are characterized by zero-dimensional topological
invariants, as discussed in the context of symmetry indica-
tors [101,102]. In this case, the zero-dimensional topologi-
cal invariants are Pfaffians for each irrep at Γ, M, A, and L;
that is, E0;0

1 is completely characterized by

ðpΓ1
; pΓ2

; pΓ3
; pM1

; pM2
; pA1

; pA2
; pA3

; pL1
; pL2

Þ; ðA20Þ

where pρ denotes the Pfaffian invariant for irrep ρ. Since
E0;0
2 ¼ Kerd0;01 , Eq. (A6) informs us about invariants

defined on 0-cells, and we obtain the following
quantities:

ðpΓ2
; pM2

; pA2
; pL1

; pL2
Þ: ðA21Þ

Although the above set of invariants fully characterizes
E0;0
2 , it is convenient to change the basis of E0;0

2 and to have
topological invariants to distinguish between atomic limits
and other phases. This is achieved by symmetry indicators,
and we obtain the following five Z2-valued invariants:

E0;0
2 ¼ span

8>>>>>>><
>>>>>>>:

b1 ¼ ð1; 0; 1; 0; 1; 0; 1; 1; 1; 0Þ
b2 ¼ ð0; 1; 1; 1; 0; 1; 0; 1; 0; 1Þ
b3 ¼ ð1; 0; 1; 0; 1; 1; 0; 1; 0; 1Þ
b4 ¼ ð0; 0; 0; 0; 0; 1; 1; 0; 0; 0Þ
b5 ¼ ð1; 1; 0; 0; 0; 1; 1; 0; 0; 0Þ

9>>>>>>>=
>>>>>>>;

ðA22Þ

and

ν1 ¼ pL1
mod 2; ðA23Þ

ν2 ¼ pM2
þ pL1

þ pL2
mod 2; ðA24Þ

ν3 ¼ pM2
þ pL1

mod 2; ðA25Þ

ν4 ¼ pΓ2
þ pM2

þ pA2
þ pL2

mod 2; ðA26Þ

ν5 ¼ pΓ2
þ pM2

þ pA3
mod 2: ðA27Þ

For bi, νi ¼ 1 and νj≠i ¼ 0. In fact, ν4 and ν5 are symmetry
indicators.
As a result, we have a set of topological invariants

V ¼ ðν1; ν2; ν3; ν4; ν5;X ;Wgapped
1 ;Wgapped

2 Þ: ðA28Þ

We compute all these topological invariants for gen-

erators of ϕKðz;cÞþ0

G=Π ðR3Þ ¼ ðZ2Þ3 × Z3 × Z2, and the
computed results are tabulated in Table XIII. We make
the following two comments. First, we find that ν4 ¼ 0

for all gapped phases. This implies that ðZ2Þ4 part of
E0;0
2 corresponds to gapped phases. In other words, the

entry of remaining Z2 part is gapless, and the second
differential d0;02 ∶ E0;0

2 → E2;−1
2 ¼ Z2 is nontrivial. To

show this, let us consider the following effective
low-energy model around Γ:

Hðk1;k2;kzÞ ¼ ðk2 − μÞτz þ kzτyσx þ k1k2ðk1 þ k2Þτyσx;
ðA29Þ

UðT Þ ¼ τ0σ0; ðA30Þ

UðCÞ ¼ τxσ0; ðA31Þ

UðCz
3Þ ¼ τ0σ0; ðA32Þ
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UðC½100�
2 Þ ¼ τ0σz; ðA33Þ

where τi¼0;x;y;z and σi¼0;x;y;z are Pauli matrices acting on
Nambu-spinor space and the eigenvalue space, respec-
tively. This model corresponds to b4 þ b5 and exhibits
four gapless points on ½ð ffiffiffiffiffi

3μ
p

=2Þ; 0; 0�, ½0; ð ffiffiffiffiffi
3μ

p
=2Þ; 0�,

and ½�ð ffiffiffiffiffi
3μ

p
=2Þ;∓ ð ffiffiffiffiffi

3μ
p

=2Þ; 0�, which are the 2-cell
A-A0-L0-L and its symmetry-related 2-cells. This is
exactly the generator of E2;−1

2 ¼ Z2, which implies that
d0;02 is nontrivial.
Second, Wgapped

1 and Wgapped
2 are fractional for

ð0; 0; 0; 0; 1; 0Þ; ð0; 0; 0; 0; 0; 1Þ∈ ϕKðz;cÞþ0

G=Π ðR3Þ. This indi-
cates that there is a nontrivial relation among Z2 invariants,
Wgapped

1 , and Wgapped
2 . In fact, ν5 is nontrivial for

ð0; 0; 0; 0; 1; 0Þ; ð0; 0; 0; 0; 0; 1Þ∈ ϕKðz;cÞþ0

G=Π ðR3Þ. This can
generally occur when there is a group extension in the

process of deriving ϕKðz;cÞþ0

G=Π ðT3Þ by AHSS. However, we
leave the development of a general theory for the case
where nontrivial higher differential and the group extension
are involved as future work.

3. Example: Pc3

The next example is spinless superconductors in mag-
netic space group Pc3 with the conventional pairing
symmetry A. Generators of magnetic space are threefold
rotation Cz

3, time reversal with half translation along the z
direction, and primitive translations. Although the Abelian
group structure of K group is unknown, we have informa-
tion about real-space descriptions of topological phases.
According to Ref. [71], there are atomic limits and

topological crystalline phases classified into ðZ2Þ4 and
ðZ2Þ2, respectively.
On the other hand, from AHSS in momentum space, we

find that E0;0
2 ¼ ðZ2Þ2 and E1;−1

2 ¼ ðZ2Þ5, which implies
that seven Z2-valued topological invariants can be con-
structed in our method. Our cell decomposition of the
fundamental domain is shown in Fig. 11. For this cell
decomposition, E0;0

1 and E1;−1
1 are spanned by

E0;0
1 ¼ Z2½bð0ÞΓ3

� ⊕ Z2½bð0ÞM1
�; ðA34Þ

E1;−1
1 ¼ ⨁

3

j¼1

⨁
K¼Δ;P

Z½bð1ÞKj
� ⊕ ⨁

K¼U;E;G
Z½bð1ÞK1

�; ðA35Þ

where a threefold rotation symmetric cell KðK ¼
Γ;A;H;Δ; PÞ has three irreps K1, K2, and K3 correspond-
ing to threefold rotation eigenvalues eið4π=3Þ, eið2π=3Þ,
and 1; the other cells have only the trivial irrep. In fact,
E0;0
2 ¼ E0;0

1 since d0;01 is trivial. Therefore, two Pfaffian
invariants ðpΓ3

; pM1
Þ are topological invariants defined on

0-cells.
As for topological invariants defined on 1-cells, after

performing the same analysis, we have

½Xð1Þ�−1 ¼

0
BBBBBBBBBBBBBBBB@

Δ1 Δ2 Δ3 P1 P2 P3 U1 E1 G1

0 −1 0 0 0 0 0 0 0

−1 −1 −1 0 0 0 0 −1 0

1 1 −1 0 0 0 0 0 0

1 1 0 0 0 0 −1 0 0

−1 −1 −2 0 0 0 0 −2 0

1 1 0 0 1 0 0 0 0

1 1 0 0 0 1 0 0 0

2 2 2 1 1 1 0 2 0

1 1 1 0 0 0 −1 1 1

1
CCCCCCCCCCCCCCCCA

;

ðA36Þ

TABLE XIII. Results of topological invariants for representa-
tive models of all topological phases in space group P3121 with
TRS. The first column represents entry of the K group
ϕKðz;cÞ

G=ΠðR3Þ ¼ ðZ2Þ3 × Z3 × Z2 [71]. The second column de-
scribes the real-space information of topological phases. Topo-
logical crystalline phases are represented by a symbol ðhkl; d0Þ,
where ðhklÞ denotes the direction along a generating one-dimen-
sional topological superconductor and d0 is the z coordinate of
the generating one-dimensional topological superconductor.
Atomic limits are denoted by “ρ@x,” where orbital ρ ¼ A, B
is at a maximal Wyckoff position x ¼ a; b [a ¼ ð0; 0; 0Þ,
b ¼ ð0; 0; 1=6Þ]. The third column shows the values of topo-
logical invariants defined in Eq. (A28).

ϕKðz;cÞ
G=ΠðR3Þ Real space Topological invariants V

(1, 0, 0, 0, 0, 0) B@a (1, 0, 0, 0, 0, 0, 0, 0)
(0, 1, 0, 0, 0, 0) A@a (0, 1, 0, 0, 0, 0, 0, 0)
(0, 0, 1, 0, 0, 0) B@b (0, 0, 1, 0, 0, 0, 0, 0)
(0, 0, 0, 1, 0, 0) ð100; 0Þ ⊕ ð010; 0Þ (1, 1, 0, 0, 0, 1, 0, 0)
(0, 0, 0, 0, 1, 0) ð110; 0Þ ð1; 0; 0; 0; 1; 0; 1

2
; 1
2
Þ

(0, 0, 0, 0, 0, 1) ð010; 1
6
Þ ð0; 0; 1; 0; 1; 0;− 1

2
; 1
2
Þ

FIG. 11. Cell decomposition of magnetic space group Pc3.
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Λð0Þ ¼ diagð1; 1; 2; 2; 2; 2; 2Þ; ðA37Þ

½Vð0Þ�−1 ¼

0
BBBBBBBBBBBBBBBB@

Γ1 Γ3 M1 A1 A3 L1 H1 H2 H3

1 0 0 1 0 0 0 0 0

0 0 0 0 0 0 1 1 1

0 0 0 −1 1 0 0 0 0

0 0 0 −1 0 1 0 0 0

0 0 0 −1 0 0 1 1 1

0 0 0 −1 0 0 0 1 0

0 0 0 −1 0 0 0 0 1

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCA

:

ðA38Þ

Based on Sec. II, we find the following five Z2-valued
topological invariants:

X1 ¼
1

π
Im log

"
det qA1

k

detðqA1

k Þvac
�

Pf½qA3

k �
Pf½ðqA3

k Þvac�

�−1

exp

"
−
1

2

Z
Δ

 
d log

det qΔ1

k

ðdet qΔ1

k Þvac þ d log
det qΔ2

k

ðdet qΔ2

k Þvac − d log
det qΔ3

k

ðdet qΔ3

k Þvac

!##
;

ðA39Þ

X2 ¼
1

π
Im log

"
det qA1

k

detðqA1

k Þvac
�

Pf½qL1

k �
Pf½ðqL1

k Þvac�

�−1

× exp

"
−
1

2

�Z
Δ
d log

det qΔ1

k

ðdet qΔ1

k Þvac þ
Z
Δ
d log

det qΔ2

k

ðdet qΔ2

k Þvac −
Z
U
d log

det qU1

k

ðdet qU1

k Þvac
�##

; ðA40Þ

X3 ¼
1

π
Im log

"
det qA1

k

detðqA1

k Þvac
�

det qH1

k

detðqH1

k Þvac
det qH2

k

detðqH2

k Þvac
det qH3

k

detðqH3

k Þvac
�−1

×exp

"
1

2

Z
Δ

�
d log

det qΔ1

k

ðdet qΔ1

k Þvac þ d log
det qΔ2

k

ðdet qΔ2

k Þvac þ 2d log
det qΔ3

k

ðdet qΔ3

k Þvac
�
þ
Z
E
d log

det qE1

k

ðdet qE1

k Þvac

##
; ðA41Þ

X4 ¼
1

π
Im log

"
det qA1

k

detðqA1

k Þvac
�

det qH2

k

detðqH2

k Þvac
�−1

× exp

"
−
1

2

�Z
Δ
d log

det qΔ1

k

ðdet qΔ1

k Þvac þ
Z
Δ
d log

det qΔ2

k

ðdet qΔ2

k Þvac þ
Z
P
d log

det qP2k
ðdet qP2k Þvac

�##
; ðA42Þ

X5 ¼
1

π
Im log

"
det qA1

k

detðqA1

k Þvac
�

det qH3

k

detðqH3

k Þvac
�−1

× exp

"
−
1

2

�Z
Δ
d log

det qΔ1

k

ðdet qΔ1

k Þvac þ
Z
Δ
d log

det qΔ2

k

ðdet qΔ2

k Þvac þ
Z
P
d log

det qP3k
ðdet qP3k Þvac

�##
: ðA43Þ

TABLE XIV. Results of topological invariants for representa-
tive models of all topological phases in magnetic space group
Pc3. The first column describes the real-space information of
topological phases. Again, atomic limits are denoted by ρ@x,
where orbital ρ ¼ A or E is at a maximal Wyckoff position x ¼
a; b; c [a ¼ ð0; 0; 0Þ, b ¼ ð1=3; 2=3; 0Þ, c ¼ ð2=3; 1=3; 0Þ]. As for
topological crystalline phases, there are two types. One is
topological phases constructed from one-dimensional topological
superconductors along the z direction. In each unit cell, the one-
dimensional topological superconductor is placed at maximal
Wyckoff position b. The other one is composed of two-dimen-
sional topological superconductors with Chern numbers �1.
Two-dimensional topological superconductors are stacked by
time reversal with the half translation. The second column shows
the values of topological invariants defined in Eq. (A44).

Real space Invariants

1E@b (0, 0, 1, 0, 1, 0, 1)
A@b (0, 0, 1, 1, 0, 0, 0)
A@bþ E@bþ A@d (0, 0, 1, 0, 1, 0, 0)
A@bþ E@c − E@a − E@b (0, 0, 0, 1, 1, 1, 1)
1D TSC with A@b ð1; 1; 1

2
; 1
2
; 1; 0; 0Þ

2D TSC with E@a (0, 0, 1, 1, 1, 1, 1)
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As a result, we have the seven Z2-valued topological
invariants

V ¼ ðpΓ3
; pM1

;X1;X2;X3;X4;X5Þ: ðA44Þ

As shown in Table XIV, we compute all these topological
invariants for representative models constructed from the
real-space description.

APPENDIX B: DETAILED INFORMATION OF
DISCUSSIONS PRESENTED IN SEC. II

In this appendix, we provide information about technical
details which are not included to avoid digressing from the
main topic of this work.

1. Brief review of definitions of K groups

This subsection reviews definitions of K groups in
Refs. [47,154]. Before defining K groups, let us consider
the triple ðE;Hk; Href

k Þ, where Hk and Href
k are

Hamiltonians and E is a vector bundle on which Hk and
Href

k act. In the presence of symmetries, symmetry repre-
sentations UkðgÞ are the same for Hk and Href

k , i.e.,

UkðgÞHϕg

k ¼ cgHgkUkðgÞ; ðB1Þ

UkðgÞ½Href
k �ϕg ¼ cgHref

gkUkðgÞ: ðB2Þ

We define relations between two triples ðE;Hk; Href
k Þ

and ðE0; H0
k; H

0ref
k Þ. First, we define the sum structure

among triples by

ðE;Hk; Href
k Þ þ ðE0; H0

k; H
0ref
k Þ

≔ ðE ⊕ E0; Hk ⊕ H0
k; H

ref
k ⊕ H0ref

k Þ: ðB3Þ

Next, let us suppose that Hk and H0
k, as well as H

ref
k and

H0ref
k , are homotopy equivalent, i.e., Hk ∼H0

k and
Href

k ∼H0ref
k . Then, we say that these two triples are

isomorphic ðE;Hk; Href
k Þ ≃ ðE0; H0

k; H
0ref
k Þ. As a result,

isomorphism classes of ðE;Hk; Href
k Þ form a commutative

monoid MðXÞ.
We define a submonoid ZðXÞ of MðXÞ by

ZðXÞ ≔ fðE;Hk; Href
k Þ∈MðXÞjHk ∼Href

k g. Then, we
also define the equivalence relation “≈” between
x; x0 ∈MðXÞ. We say that x ≈ x0 if there exist
z; z0 ∈ZðXÞ such that xþ z ≃ x0 þ z0. Then, K
group KðXÞ is defined by the equivalence classes
½E;Hk; Href

k �, i.e.,

KðXÞ ≔ MðXÞ= ≈ : ðB4Þ

It should be noted that z ≈ z0 for z; z0 ∈ZðXÞ. This
immediately follows from zþ z2 ≃ z1 þ z0, since there

exist z1 and z2 such that z1 ≃ z and z2 ≃ z0 by definition.
The K group has the following properties:

(i) ½E;Hk; Href
k � ¼ 0 when Hk ∼Href

k ,
(ii) −½E;Hk; Href

k � ¼ ½E;Href
k ; Hk�.

From the above two properties, one can see that the K
group is invariant under adding trivial degrees of freedom

½E;Hk; Href
k � þ ½E;H0

k; H
0
k� ≈ ½E;Hk; Href

k �: ðB5Þ

Similarly, a relative K group KðX; YÞ for Y ⊂ X
is defined by triples ½E;Hk; Href

k � such that Hk ¼
Href

k ∀ k∈Y. Also the reduced K group K̃ðXÞ is
defined by

K̃ðXÞ ≔ KðX; ptÞ: ðB6Þ

2. Stable classification and finite-rank classifications

We emphasize that the completeness discussed in this
work is meant in the stable K-theoretic sense. This should
be distinguished from finer finite-rank classifications. One
may fix both the numbers of occupied and unoccupied
bands and classify gapped Bloch or Bogoliubov–de Gennes
Hamiltonians up to homotopy without adding extra bands.
Such a fixed-size Hamiltonian classification can contain
unstable information that disappears after increasing the
number of bands. A typical example is the Hopf insulator
[155], which is nontrivial as a two-by-two Hamiltonian but
is not detected by the K group.
One may instead fix only the number of occupied bands

and classify the occupied-state vector bundle of fixed rank.
This classification is also generally finer than stable K
theory. A typical example is the Euler insulator [156],
distinguished by the Euler number of a two-band PT-
symmetric occupied bundle.
Thus, when we say that our invariants completely

characterize the classification, we mean that they com-
pletely characterize the stable K group, not all fixed-rank
Hamiltonians or fixed-rank vector bundles. This limitation
does not mean that the invariants constructed in this paper
are irrelevant to fragile or finite-rank topology. Many such
phases are diagnosed by concrete topological invariants,
such as irrep-counting invariants and quantized Wilson-
loop invariants, whose systematic construction is one of the
main aims of this work. What lies beyond theK group is the
finer finite-rank question of whether these invariants
obstruct gap-preserving deformations with the number of
occupied bands, or both the numbers of occupied and
unoccupied bands, fixed.

3. Choice of a basis for the computation of q-matrix

In this subsection, we explain how to choose Uα� in
Eq. (72) so that det qαk ¼ Z½qαk�Dα for EAZ class AIII and CI
and det qαk ¼ Z½qαk�2Dα for EAZ class DIII.
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Let us recall that Uα
� satisfies

Pα�Uα
� ¼ Uα

�; ðB7Þ

where Pα� is a projection matrix defined in Eq. (70).
Furthermore, Uα

� is transformed as

UkðgÞUα
� ¼ Uα

�W
�
k ðgÞ ðg∈GkÞ ðB8Þ

for EAZ class AIII and

UkðgÞUα
� ¼ Uα

�W
�
k ðgÞ ðg∈GkÞ; ðB9Þ

UkðaÞ½Uα
��� ¼ Uα∓W∓

k ðaÞ ða∈AkÞ ðB10Þ

for EAZ class CI and DIII. It should be noted that Wþ
k ðgÞ

and W−
k ðgÞ are unitary equivalent, since they both are

composed of irrep α. Thus, they can be the same matrix by
a basis transformation Uα

− → Uα
−S; i.e., there exists a

unitary matrix S such that

WkðgÞ ≔ Wþ
k ðgÞ ¼ S†W−

k ðgÞS ðg∈GkÞ; ðB11Þ

WkðaÞ ≔ Wþ
k ðaÞS� ¼ S†W−

k ðaÞ ða∈AkÞ: ðB12Þ

When we define the q-matrix by

q0αk ¼ ½Uα
−S�†HkUαþ; ðB13Þ

the q-matrix itself is symmetric under g∈Gk for EAZ class
AIII and g∈ ðGk þAkÞ for EAZ class CI and DIII. In other
words,

WkðgÞq0αk ¼ q0αkWkðgÞ ðg∈GkÞ; ðB14Þ

for EAZ class AIII. For EAZ class CI and DIII, in addition
to Eq. (B14), q0αk satisfies

WkðaÞ½q0αk�T ¼ q0αkWkðaÞ ða∈AkÞ: ðB15Þ

As a result, the eigenvalues of q0αk are Dα-fold degenerate
for EAZ class AIII and CI and 2Dα-fold degenerate for
EAZ class DIII. The problem is how to obtain S numeri-
cally. In the following, we discuss our implementation to
get S. Equations (B11) and (B12) can be rewritten,
respectively, as

W−
k ðgÞS½Wþ

k ðgÞ�† − S ¼ Oðg∈GkÞ; ðB16Þ

W−
k ðaÞS⊤½Wþ

k ðaÞ�† − S ¼ Oða∈AkÞ: ðB17Þ

Importantly, we can numerically solve these linear equa-
tions. To achieve this, let us introduce the following
tensors:

½Ag�lm;no ¼ ½W−
k ðgÞ�ln½Wþ

k ðgÞ��mo − δlnδmo; ðB18Þ

½Bg�lm;no ¼ ½W−
k ðgÞ�lo½Wþ

k ðgÞ��mn − δlnδmo: ðB19Þ

By reshaping these tensors, we have matrices fAggg∈Gk
and

fBggg∈Ak
. Then, the solution can be obtained from

∩
g∈Gk

KerAg ðB20Þ

for EAZ class AIII and CI and�
∩

g∈Gk

KerAg

�
∩
�

∩
g∈Ak

KerBg

�
ðB21Þ

for class DIII, as discussed below. Let ða1; a2;…aJÞ be a
basis set of the intersection of the kernels. Then, we
consider linear combinations of faigJi¼1 with randomly
chosen coefficients fcigJi¼1, i.e., s ¼

P
J
i¼1 ciai. Finally, we

have the unitary matrix S by rearranging the vector s
and unitarizing the reshaped matrix by singular-value
decomposition.
It is noted that the intersection of the kernels is not one-

dimensional, in general. This happens when WkðgÞ is
reducible and composed of nα degenerate α irreps. If this is
the case, S takes a form S ¼ ⨁αSα ⊗ δSα, where Sα is a
unitary matrix determined by Wþ

k ðgÞ and W−
k ðgÞ and

δSα ∈GLðnαÞ is unfixed. A vector s gives a set of matrices
δSα, and it is invertible if the coefficients ci are randomly
chosen. Unitarizing S by singular-value decomposition
leaves Sα invariant, making that S is a desired basis
transformation.

4. Check of completeness of topological invariants

Here, we explain how to confirm that our invariants span
E1;−1
2 . After computing Wl½Hk�, Wg½Hk�, and C½Hk� in

Eqs. (109), (110), and (111) for the 20 Hamiltonians, we
have

L ¼
�
Wl½Hð1Þ

k �;Wl½Hð2Þ
k �;…;Wl½Hð20Þ

k �
�
; ðB22Þ

F ¼
�
Wg½Hð1Þ

k �;Wg½Hð2Þ
k �;…;Wg½Hð20Þ

k �
�
; ðB23Þ

T ¼
�
C½Hð1Þ

k �; C½Hð2Þ
k �;…; C½Hð20Þ

k �
�
: ðB24Þ

First, we check if gapless topological invariants can span
Zr1 . To see this, we compute the Smith normal form of L as

ULLVL ¼ �ΣL O
�
: ðB25Þ

If rankΣL ¼ r1 and ½ΣL�jj ¼ 1 for ðj ¼ 1;…r1Þ, our gap-
less topological invariants span Zr1 . Furthermore,
Eq. (B25) implies that the ðr1 þ 1Þth through 20th columns
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of L0 ¼ LVL are zeros. Thus, VL informs us about
combinations of Hamiltonians whose gapless topological
invariants are trivial. We note that the above criterion is
basis independent. The columns of L generate an integer
sublattice of Zr1 . The Smith normal form tests whether the
sublattice has full rank and index one and, hence, whether it
equals the full lattice, independently of the chosen basis.
Next, we confirm that the Z-valued invariants for gapped

phases on 2-skeletons are sufficient to span ZNf . From
Eq. (B25), ðr1 þ 1Þth through 20th columns of F0 ¼
FVL ¼ ðf01;…; f0r1 ; f

0
r1þ1;…; f020Þ give us the computed

results of Z-valued invariants without gapless points on
2-cells. Then, we again consider the Smith normal form of
ðf0r1þ1;…; f020Þ:

UFðf0r1þ1;…; f020ÞVF ¼ �ΣF O
�
: ðB26Þ

If rankΣF ¼ Nf and ½ΣF�jj ¼ 1 for ðj ¼ 1;…NfÞ, our Z-
valued invariants can fully characterize ZNf .
Last, we discuss Zk-valued invariants for gapped phases

on 2-skeletons. In the following, we consider Zk-valued
topological invariants asZ-valued quantities; i.e., we forget
about the Zk-nature of C½Hk�. Similar to the case of Z-
valued invariants, for TVL ¼ ðt01;…; t0r1 ; t

0
r1þ1;…; t020Þ,

ðt0r1þ1;…; t020Þ is a set of results of Zk-valued invariants
without gapless points on 2-cells, which is denoted by T.
Let us suppose that we have λi−r1 such that λi−r1 ∉ f0; 1g
for R0 þ 1 ≤ i − r1 ≤ R0 þ NtðR0 ∈ZÞ. Then, we define a
diagonal matrix by

A ¼ diagðλR0þ1;…; λR0þNt
Þ: ðB27Þ

We construct a basis set of
�
T A

�
from its Smith normal

form

UT

�
T A

�
VT ¼

�ΣT O

O O

�
; ðB28Þ

where ΣT is a diagonal matrix and its elements are all
positive integers. When we denote U−1

T ¼ �U⊥ Uk
�
,

B ¼ U⊥ΣT is a basis set of
�
T A

�
. By definition, A

can always be expanded by B. In other words, when Bþ
denotes the pseudoinverse matrix of B, BþA is always an
integer-valued matrix. Then, we compute the Smith normal
form of BþA:

UBðBþAÞVB ¼ �ΣB O
�
: ðB29Þ

If ΣB ¼ A, our invariants can correctly capture torsion
elements of E1;−1

2 .

APPENDIX C: COMPATIBILITY RELATION OF
NON-HERMITIAN MATRIX

Let G be a finite group and ϕ∶G → f�1g be a
homomorphism indicating g∈G is unitary or antiunitary.
The factor system of G is denoted by zg;h. Consider the
subgroup G0 ¼ fg∈Gjϕg ¼ 1g. Let the set of irreps of G0

be fαgα, with the character of the α irrep being χαg . The
EAZ class of α irrep is defined by the Wigner criterion

Wα ¼ 1

jG0j
X

g∈GnG0

zg;gχαg2 ∈ f0;�1g; ðC1Þ

where a representative element is denoted by a∈GnG0.
The irrep obtained by applying a to the α irrep is written as
aα, where χaαg ¼ ðzg;a=za;a−1gaÞðχa−1gaÞ�. The EAZ class is
classified depending on the presence of antiunitary ele-
ments and the value of Wα as

EAZ of α ¼

8>>>><
>>>>:

A if ðGnG0 ¼ ∅Þ;
AI if ðGnG0 ≠ ∅;Wα ¼ 1Þ;
AII if ðGnG0 ≠ ∅;Wα ¼ −1Þ;
AT if ðGnG0 ≠ ∅;Wα ¼ 0Þ:

Furthermore, for the irrep α, the representation including
antiunitary symmetries is given as

α̃ ¼

8><
>:

α ðA;AIÞ;
α ⊕ α ðAIIÞ;
α ⊕ aα ðATÞ:

ðC2Þ

Consider a subgroup H ⊂ G and its unitary subgroup
H0 ¼ fg∈Hjϕg ¼ 1g. An irrep of H0 is denoted as β, and
its representation including antiunitary group elements is
denoted similarly to Eq. (C2) as β̃. The decomposition of α̃
by β̃ is written as

α̃ ¼ ⨁
β̃

β̃
⊕nα̃

β̃ ; nα̃
β̃
∈Z≥0; ðC3Þ

where nα̃
β̃
is calculated using the irreducible character,

equivalent to the first differential dp;01 in insulators [71].
Consider a z-projective representation ρ of G with

dimension Dρ. Let us denote a representation matrix by
uρg∈G, which satisfies

uρgu
ρ
h ðϕg ¼ 1Þ

uρgðuρhÞ� ðϕg ¼ −1Þ

�
¼ zg;hu

ρ
gh; ∀ g; h∈G: ðC4Þ

The decomposition of ρ by α̃ and β̃ is written as
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ρ ¼ ⨁
α̃
α̃⊕nρα̃ ¼ ⨁

β̃

β̃
⊕nρ

β̃ : ðC5Þ

Let us set a representation matrix uαg of the α irrep. Then,
the representation matrix for the α̃ representation reads as

uα̃g∈G0
¼

8>>>><
>>>>:

uαg ðA;AIÞ;
uαg ⊗ 12 ðAIIÞ;�
uαg

uaαg

�
ðATÞ

ðC6Þ

and

uα̃a ¼

8>>>><
>>>>:

uαa ðAIÞ;
uαa ⊗ ðiσyÞ ðAIIÞ;�

za;auαa2

1Dα

�
ðATÞ:

ðC7Þ

[Other matrices for elements g∈GnG0 are given by
Eq. (C4).] Here, uαa ∈UðDαÞ is a unitary matrix that
satisfies uαaðuαaÞ� ¼ Wα × za;auαa2 . The representation

matrix for β̃ is similarly defined. Using this notation, the
representation matrix for ρ can be chosen as

uρg∈G ¼ ⨁
α̃
uα̃g ⊗ 1nρα̃ : ðC8Þ

In the following, we consider symmetries that contain
only one of the two types, either transpose or complex
conjugate. More generally, there exist symmetries that
contain both transposed and complex conjugate types
simultaneously, but this is unnecessary for the construction
of invariants in this paper.

1. Transpose

Given a homomorphism ϕg, we consider an invertible
matrix M∈GLnðCÞ with the following transpose-type G
symmetry:

M ¼
(
ugMu†g; ϕg ¼ 1;

ugMTu†g; ϕg ¼ −1;
g∈G: ðC9Þ

Here, MT is the transpose of matrix M. In the basis where
uρg is given by Eq. (C8), the matrixM is block-diagonalized
as

M ¼ ⨁
α̃
1Dα

⊗ mα̃; ðC10Þ

mα̃ ∈

(
GLnρα̃

ðCÞ; A;AI;

GL2nρα̃
ðCÞ; AII;AT:

ðC11Þ

Moreover, a symmetry implies that

AI∶ ðmα̃ÞT ¼ mα̃; ðC12Þ

AII∶ iσyðmα̃ÞTðiσyÞ† ¼ mα̃; ðC13Þ

AT∶ mα̃ ¼
�
mα

ðmαÞT
�
; mα ∈GLnρα̃

ðCÞ: ðC14Þ

Thus, it was observed that, when the EAZ is AII or AT, the
eigenvalues of the matrix mα̃ are doubly degenerate.
We define the quantity Zα̃

GðMÞ, which takes values in
C× ¼ fz∈Cjz ≠ 0g, as the product of independent eigen-
values in the α̃ sector. Introducing the orthogonal projection
to the α̃ representation

Pα̃ ¼
�
Pα ðA;AI;AIIÞ;
Pα þ Paα ðATÞ;

ðC15Þ

Pα ¼ Dα

jG0j
X
g∈G0

ðχαgÞ�uρg; ðC16Þ

the projection of M to the α̃ representation is given by
Mα̃ ¼ Pα̃Mð¼ MPα̃Þ. The matrix rank of Mα̃ is Dα̃n

ρ
α̃, and

it has Dα̃ degenerate eigenvalues λα̃1;…; λα̃nρα̃
. Writing the

nonzero eigenvalues of the matrix M as the set Spec×ðMÞ,
we have

Spec×ðMα̃Þ ¼ ∪
Dα̃

μ¼1
fλα̃i gn

ρ
α̃

i¼1: ðC17Þ

In other words,

detðλ −Mα̃Þ ¼ λDρ−Dα̃n
ρ
α̃

Ynρα̃
i¼1

ðλ − λα̃i ÞDα̃ : ðC18Þ

We define

Zα̃
GðMÞ ≔

Ynρα̃
i¼1

λα̃i : ðC19Þ

Note that this definition of Zα̃
GðMÞ does not depend on the

choice of representation matrix uρg.
Similarly, for the β irrep of the subgroup H0 ⊂ G0, the

value Z β̃
HðMÞ in C× is defined. The following holds:

Zβ̃
HðMÞ ¼

Y
α̃

½Zα̃
GðMÞ�nα̃β̃ : ðC20Þ

Proof—In the basis that diagonalizes the matrix mα̃, the
matrix M can be expressed as
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M ¼ ⨁
α̃
1Dα̃

⊗

0
BBB@

λα̃1

. .
.

λα̃nρα̃

1
CCCA

¼ ⨁
α̃
⨁
β̃

1Dβ̃
⊗ 1nα̃

β̃
⊗

0
BBB@

λα̃1

. .
.

λα̃nρα̃

1
CCCA: ðC21Þ

If we decompose the α̃ representation into the β̃ represen-

tation as uα̃g ¼ ⨁β̃u
β̃
g ⊗ 1nα̃

β̃
, the representation matrix uρg is

expressed as

uρg ¼ ⨁
α̃
⨁
β̃

uβ̃g ⊗ 1nα̃
β̃
⊗ 1nρα̃ : ðC22Þ

If we define the projection of Mα̃ into the β̃ sector as
Mα̃;β̃ ¼ Pβ̃Pα̃M, from the representations (C21) and (C22),
the eigenvalues of the matrix Mα̃;β̃ are given by nρα̃
eigenvalues λα̃1;…; λα̃nρα̃

, which are degenerated ðDβ̃ × nα̃
β̃
Þ

times:

Spec×ðMα̃;β̃Þ ¼ ∪
Dβ̃

μ¼1
∪
nα̃
β̃

ν¼1
fλα̃i gn

ρ
α̃

i¼1: ðC23Þ

Therefore, the eigenvalues of the matrix Mβ̃ ¼ Pβ̃M ¼P
α̃ M

α̃;β̃ are obtained by taking the union over α̃:

Spec×ðMβ̃Þ ¼ ∪̃
α
∪
Dβ̃

μ¼1
∪
nα̃
β̃

ν¼1
fλα̃i gn

ρ
α̃

i¼1; ðC24Þ

from which we obtain

Zβ̃
HðMÞ ¼

Y
α̃

Ynα̃β̃
ν¼1

Ynρα̃
i¼1

λα̃i ¼
Y
α̃

Ynα̃β̃
ν¼1

Zα̃
GðMÞ: ðC25Þ

(Note that nρ
β̃
¼Pα̃ n

ρ
α̃n

α̃
β̃
.)

2. Complex conjugation

Depending on the homomorphism ϕg, we consider an
invertible matrix M∈GLnðCÞ that possesses G symmetry
of complex conjugation type:

M ¼
(
ugMu†g; ϕg ¼ 1;

ugM�u†g; ϕg ¼ −1;
g∈G: ðC26Þ

Here, M� denotes the complex conjugate of the matrix M.
In the basis where uρg is given by Eq. (C8), the matrix M is
block-diagonalized as Eqs. (C10) and (C11). Furthermore,

depending on the EAZ class, the matrix mα̃ has the
following symmetry constraint by a:

AI∶ ðmα̃Þ� ¼ mα̃; ðC27Þ

AII∶ iσyðmα̃Þ�ðiσyÞ† ¼ mα̃; ðC28Þ

AT∶ mα̃ ¼
�
mα

ðmαÞ�
�
; mα ∈GLnρα̃

ðCÞ: ðC29Þ

For any EAZ class, no eigenvalue degeneracy occurs.
However, when a symmetry is present, the eigenvalues
exhibit the following structures depending on the
EAZ class:

(i) For AI, either the eigenvalues of mα̃ ¼ mα are real
numbers λα ∈R or they appear as complex conjugate
pairs λα; ðλαÞ�.

(ii) For AII, the eigenvalues of mα̃ ¼ mα appear as
complex conjugate pairs λα; ðλαÞ�.

(iii) For AT, the eigenvalue λα of mα and the eigenvalue
λaα of maα are related as λα ¼ ðλaαÞ�.

Thus, if we define Zα
G0
ðMÞ in the same manner as

Eq. (C19) for the α irrep of the unitary subgroup G0,
the following hold:

A∶ Zα
G0
ðMÞ∈C×; ðC30Þ

AI∶ Zα
G0
ðMÞ∈R×; ðC31Þ

AII∶ Zα
G0
ðMÞ∈R×; Zα

G0
ðMÞ > 0; ðC32Þ

AT∶ Zα
G0
ðMÞ ¼ ½Zaα

G0
ðMÞ�� ∈C×: ðC33Þ

(Here, R× ¼ fx∈Rjx ≠ 0g.)
Similarly, Zβ

H0
ðMÞ is defined in the same manner as

Eq. (C19) for the β irrep of the subgroup H0 ⊂ G0. If the
irreducible decomposition of the α irrep of G0 by the irreps
of H0 is given as α ¼ ⨁ββ

⊕nαβ , then as a special case of
Eq. (C20), the following holds:

Zβ
H0
ðMÞ ¼

Y
α

½Zα
G0
ðMÞ�nαβ : ðC34Þ

APPENDIX D: EXISTENCE OF A CANONICAL
GAUGE-FIXING CONDITION OVER

A LOCAL PATCH

Let G be a finite group, ϕ∶G → f�1g a homomorphism
specifying unitary or antiunitary, and zg;h a factor system.
The group G acts on the space X ≅ Rd through a group
homomorphismG → OðdÞ. The action ofG is expressed as

k ↦ gk; k∈X; g∈G; ðD1Þ
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where k0 ¼ 0∈Rd is a point. Note that there exists a
homotopy to a point k0 which is compatible with the G
action.
Consider a “representation on X” satisfying the

following:

UgðhkÞUhðkÞϕg ¼ zg;hUghðkÞ; k∈X; g;h∈G: ðD2Þ

Here, UgðkÞ is a unitary matrix dependent on k∈X. We
prove the following: There exists a continuous unitary
matrix VðkÞ on X such that it satisfies

UgðkÞVðkÞϕg ¼ VðgkÞUgðk0Þ; k∈X; g∈G: ðD3Þ

Proof—First, note that the representation matrices of the
group can be considered as taking values in a sort of flag
manifold. For simplicity, assume that G is unitary, meaning
that ϕg ¼ 1 for all g∈G. The case with antiunitary
elements is commented on later. Let ρ be a representation
of G and uρg be its representation matrix. The irreducible
decomposition of ρ can be written as

ρ ¼ ⨁
α
nαα: ðD4Þ

For each α, fix a set of representation matrices fuαggg. Then,
there exists a unitary matrix V such that

uρgV ¼ V⨁
α
uαg ⊗ 1nα : ðD5Þ

The unitary V is not unique, and there is the following
ambiguity:

V ↦ V ⊕α 1Dα
⊗ Wα; Wα ∈UðnαÞ: ðD6Þ

(Dα is the representation dimension of the α irrep.) The
quotient space divided by this ambiguity is written as

½V�∈MðG; z; fnαgαÞ ≔
UðPαDαnαÞQ

αUðnαÞ
: ðD7Þ

There is a one-to-one correspondence between the equiv-
alence class [V] and the representation matrices fuρggg,
meaning that the representation matrices fuρggg take values
in the spaceMðG; z; fnαgαÞ. Moreover, the “gauge fixing”
of V corresponds to a choice of Wα.
We now proceed to the proof of the claim. Divide X ¼

Rd into cells symmetrically with respect to G. Namely,
(i) the action of G either keeps points in a p-cell Dp

i
invariant, gk ¼ k; k∈Dp

i , or maps them to another
p-cell, gðDp

i Þ ¼ Dp
gðiÞ; (ii) every p-cell Dp

i is a boundary

of some (pþ 1)-cell Dpþ1
j , Dp

i ⊂ ∂Dpþ1
j . The stabilizer

group of the p-cell Dp
i in G is denoted as

GDp
i
¼ fg∈Gjgk ¼ k; k∈Dp

i g. Every p-cell includes the

origin k0 in its boundary. Denote the set of p-cells as Cp

and define X0 ¼ C0 ¼ fk0g and Xp ¼ Xp−1 ∪ Cp. Xp is
referred to as the p-skeleton.
We prove the statement by induction. For the 0-skeleton

X0 ¼ fk0g, set Vðk0Þ ¼ 1, which satisfies Eq. (D3).
Assume the existence of Vðk∈Xp−1Þ satisfying Eq. (D3)
on the (p − 1)-skeleton Xp−1. We then show that VðkÞ can
be extended to Xp. Consider one of the orbits of the p-cell
set Cp:

gðDp
aÞ; g∈G; ðD8Þ

where Dp
a is a representative p-cell. The subgroup keeping

Dp
a invariant is written as GDp

a
¼ fg∈GjgðDp

aÞ ¼ Dp
ag. On

Dp
a , restricted to GDp

a
, UgðkÞ is a group representation:

UgðkÞUhðkÞ ¼ zg;hUghðkÞ; k∈Dp
a; g∈GDp

a
: ðD9Þ

Consider the irreducible decomposition of representationU
in the group GDp

a
:

UjGDp
a
¼ ⨁

β
nββ: ðD10Þ

Then, the representation matrices Ug∈GDp
a
ðk∈Dp

aÞ define a
map to the quotient space:

Dp
a → MðGDp

a
; z; fnβgβÞ ¼

UðPβDβnβÞQ
βUðnβÞ

: ðD11Þ

The unitary matrix Vðk∈ ∂Dp
aÞ at the boundary of Dp

a is
fixed by VðkÞ on the (p − 1)-skeleton Xp−1. It remains to be
shown whether this can be extended inside Dp

a , but this is
possible since Dp

a is contractible. See Fig. 12. For
h∈GnGDp

a
, VðkÞ in the p-cell hðDp

aÞ should be defined as

VðhkÞ ¼ UhðkÞVðkÞUhðk0Þ†; k∈Dp
a: ðD12Þ

FIG. 12. The representation matrix UgðkÞ defines a map from
the p-cell Dp

a to the quotient space MðGDp
a
; z; fnβgβÞ. The

unitary matrix VðkÞ corresponds to a section in the fiber. The
matrix values VðkÞ at the boundary ∂Dp

a are determined by VðkÞ
on the (p − 1)-skeleton Xp−1.
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This definition is independent of the choice of h, as can be
confirmed by considering for g∈GDp

a

VðhgkÞ ¼ UhgðkÞVðkÞUhgðk0Þ†
¼ UhðkÞUgðkÞVðkÞUgðk0Þ†Uhðk0Þ†
¼ UhðkÞVðkÞUhðk0Þ†: ðD13Þ

This ensures that the definition of VðkÞ can be consistently
extended over the entire p-cell hðDp

aÞ.
When G includes antiunitary symmetries, the ambiguity

(D6) is changed as follows. Depending on the Wigner
criterion (C1) for the α irrep of the unitary subgroup
G0 ¼ fg∈Gjϕg ¼ 1g, the representation matrix for α̃ can
be chosen as in Eqs. (C8), (C6), and (C7). In this case, the
ambiguity matrixW∶V ↦ VW satisfies the same symmetry
as Eq. (C26) and can, thus, be written as in Eqs. (C10),(C11),
and (C27)–(C29). Consequently, the quotient space is
obtained as

MðG; z; fnαgÞ

¼ UðPαDαnαÞQ
α̃;Wα¼1OðnαÞ ×

Q
α̃;Wα¼−1Spðnα2 Þ ×

Q
α̃;Wα¼0UðnαÞ

:

ðD14Þ

This only slightly changes the structure of the quotient space.
The proof above remains unaffected.

APPENDIX E: PROOF OF EQ. (142)

On each patch Ui, redefine

w̃i;kðgÞ ≔ eigðk−kiÞ·agwi;kðgÞ; k∈Ui; g∈G; ðE1Þ

so that the factor system of w̃i;kðgÞ becomes independent
of k:

w̃hðiÞ;hkðgÞw̃i;kðhÞϕg ¼ zghkiðg; hÞw̃i;kðghÞ;
k∈Ui; g; h∈G: ðE2Þ

Then, based on the results of the previous Appendix D, for
the stabilizer group Gi ¼ fg∈Gjgki ¼ kig, there exists a
gauge such that

w̃i;kðgÞ ¼ w̃i;kiðgÞ; k∈Ui; g∈Gi: ðE3Þ

For g∈GnGi, set the symmetry operator at the 0-cell as

w̃i;kðgÞ ≔ w̃i;kiðgÞ; k∈Ui; g∈GnGi: ðE4Þ

Returning the obtained w̃i;kðgÞ to wi;kðgÞ, it turns out that
there exists a gauge

wi;kðgÞ ¼ e−igðk−kiÞ·agwi;kiðgÞ; k∈Ui; g∈G: ðE5Þ

APPENDIX F: DERIVATION OF EQS. (187)
AND (189)

As stated in Sec. IV B 6, the Z2 invariants νðEÞ and νðFÞ
for bands E and F do not maintain an additive structure
for the direct sum of bands E ⊕ F, i.e., νðE ⊕ FÞ ≠
νðEÞ þ νðFÞ. To examine this issue in detail, we first
describe a specific construction for the gauge-fixing con-
dition wi;kðgÞ and the basis transformation matrix Vi→a;k

based on the given representation data fnβðkiÞgi;β on each
0-cell.
Here, we order the irreps at each 0-cell i, which is labeled

by βðkiÞ ¼ 1ðkiÞ;…; miðkiÞ. Let us fix one representation

matrix for the irrep βðkiÞ and denote it as uβðkiÞki
ðgÞ. The

irreducible decomposition of band B∈ fE;Fg at 0-cell i
can be written as ⨁mi

β¼1n
B
βðkiÞβðkiÞ; nBβðkiÞ ∈Z≥0, and, thus,

the gauge-fixing condition on patch Ui, according to
Eq. (142), becomes

wB
i;kðgÞ ¼ e−igðk−kiÞ·ag ⨁

mi

β¼1

1nB
βðkiÞ

⊗ uβðkiÞki
ðgÞ: ðF1Þ

Similarly, for each 1-cell a, order the irreps as αðkaÞ ¼
1ðkaÞ;…; maðkaÞ and denote the representation matrix of

irrep αðkaÞ as uαðkaÞka
ðgÞ. For the irreducible decomposition

⨁ma
α¼1n

B
αðkaÞαðkaÞ; nBαðkaÞ ∈Z≥0, of band B on 1-cell a, the

gauge-fixing condition is set as

wB
a;ka

ðgÞ ¼ ⨁
ma

α¼1

1nB
αðkaÞ

⊗ uαðkaÞka
ðgÞ: ðF2Þ

Under the settings described above, we determine the
basis transformation matrix VB

i→a;k. For an irrep βðkiÞ of 0-
cell i, we consider its irreducible decomposition in terms of
the irreps fαðkaÞgα¼1;…;ma

of the 1-cell a connected to i:

βðkiÞ ¼ ⨁
ma

α¼1

nβðkiÞαðkaÞαðkaÞ; nβðkiÞαðkaÞ ∈Z≥0: ðF3Þ

Note that

Xmi

β¼1

nBβðkiÞn
βðkiÞ
αðkaÞ ¼ nBαðkaÞ: ðF4Þ

Then, a basis transformation matrix vβðkiÞi→a;ka
from a

single irrep βðkiÞ to a representation on the 1-cell a is
determined by

e−igðka−kiÞ·aguβðkiÞki
ðgÞvβðkiÞi→a;ka

¼ vβðkiÞi→a;ka
⨁
ma

α¼1

1
n
βðkiÞ
αðkaÞ

⊗ uαðkaÞka
ðgÞ; g∈G0

a: ðF5Þ
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The transformation matrix vβðkiÞi→a;ka
does not depend on the band B∈ fE; Fg. Using vβðkiÞi→a;ka

, the representation matrix wB
i;kðgÞ

for g∈G0
a is transformed as follows:

wB
i;ka

ðgÞ
�
⨁
mi

β¼1

1nB
βðkiÞ

⊗ vβðkiÞi→a;ka

�
¼
�
⨁
mi

β¼1

1nB
βðkiÞ

⊗ vβðkiÞi→a;ka

�
⨁
mi

β¼1

1nB
βðkiÞ

⊗
�
⨁
ma

α¼1

1
n
βðkiÞ
αðkaÞ

⊗ uαðkaÞka
ðgÞ
�
: ðF6Þ

Introduce the permutation matrix PB that rearranges the sum order from ðβ; μ; αÞ → ðα; β; μÞ:

ðPBÞ−1
 
⨁
mi

β¼1

⨁
nB
βðkiÞ

μ¼1

⨁
ma

α¼1

1
n
βðkiÞ
αðkaÞ

⊗ uαðkaÞka
ðgÞ
!
PB ¼ ⨁

ma

α¼1

⨁
mi

β¼1

⨁
nB
βðkiÞ

μ¼1

1
n
βðkiÞ
αðkaÞ

⊗ uαðkaÞka
ðgÞ

¼ ⨁
ma

α¼1

1Pmi
β¼1

nB
βðkiÞ

n
βðkiÞ
αðkaÞ

⊗ uαðkaÞka
ðgÞ ¼ wa;kaðgÞ: ðF7Þ

Therefore, the basis transformation matrix is given by

VB
i→a;ka

¼
�
⨁
mi

β¼1

1nB
βðkiÞ

⊗ vβðkiÞi→a;ka

�
PB: ðF8Þ

Note that it depends on the representation data fnBβðkiÞgβ.
For later discussion, we introduce representation bases to

explicitly show the order changes in basis. Let fϕBβμx
i;k gβ;μ;x

denote the set of Bloch states in band B on patch Ui, and
write

ΦB
i;k ¼ ⨁

mi

β¼1

⨁
nB
βðkiÞ

μ¼1

⨁
DβðkiÞ

x¼1

ϕBβμx
i;k : ðF9Þ

The decomposition of the representation basis⨁DβðkiÞ
x¼1 ϕBβμx

i;ka
into the representation basis of G0

a is written as

 
⨁
DβðkiÞ

x¼1

ϕBβμx
i;ka

!
vβðkiÞi→a;ka

¼ ⨁
ma

α¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

: ðF10Þ

Summarizing the changes in basis, we have

ΦB
i;ka

¼ ⨁
mi

β¼1

⨁
nB
βðkiÞ

μ¼1

⨁
DβðkiÞ

x¼1

ϕBβμx
i;ka

⟶
⨁mi

β¼1
1nB

βðkiÞ
⊗v

βðkiÞ
i→a;ka

⨁
mi

β¼1

⨁
nB
βðkiÞ

μ¼1

⨁
ma

α¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

⟶
PB

⨁
ma

α¼1

⨁
mi

β¼1

⨁
nB
βðkiÞ

μ¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

: ðF11Þ

Now, consider

ξαðkaÞka

�
ðVE

sðaÞ→a;ka
Þ†ðΦE

sðaÞ;kaÞ†ΦE
tðaÞ;kaV

E
tðaÞ→a;ka

�
× ξαðkaÞka

�
ðVF

sðaÞ→a;ka
Þ†ðΦF

sðaÞ;kaÞ†ΦF
tðaÞ;kaV

F
tðaÞ→a;ka

�

¼ ξαðkaÞka

 �
⨁
B
VB
sðaÞ→a;ka

�†�
⨁
B
ΦB

sðaÞ;ka

�†�
⨁
B
ΦB

tðaÞ;ka

��
⨁
B
VB
tðaÞ→a;ka

�!
ðF12Þ

and

ξαðkaÞka

��
VE⊕F
sðaÞ→a;ka

�†�
ΦE⊕F

sðaÞ;ka

�†
ΦE⊕F

tðaÞ;kaV
E⊕F
tðaÞ→a;ka

�
ðF13Þ

for comparison. Recalling that the U(1)-valued quantity ξαðkaÞka
ðt̃kaÞ is independent of the choice of representation matrices at

ka, we define another permutation matrix Q for swapping indices α and B as
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0
@⨁

B
⨁
ma

α¼1

⨁
mi

β¼1

⨁
nB
βðkiÞ

μ¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

1
AQ ¼ ⨁

ma

α¼1

⨁
B

⨁
mi

β¼1

⨁
nB
βðkiÞ

μ¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

: ðF14Þ

Then, we have

ξαðkaÞka

 �
⨁
B
VB
sðaÞ→a;ka

�†�
⨁
B
ΦB

sðaÞ;ka

�†�
⨁
B
ΦB

tðaÞ;ka

��
⨁
B
VB
tðaÞ→a;ka

�!

¼ ξαðkaÞka

 
QT

�
⨁
B
VB
sðaÞ→a;ka

�†�
⨁
B
ΦB

sðaÞ;ka

�†�
⨁
B
ΦB

tðaÞ;ka

��
⨁
B
VB
tðaÞ→a;ka

�
Q

!
: ðF15Þ

Note that, since the index β is not common between the start point sðaÞ and terminal point tðaÞ, the transformation of basis
in ka by matrix Q cannot represent the swapping of direct sum order of β. [Furthermore, it is implicitly used that the

compatibility in each αðkaÞ sector, i.e.,
PmsðaÞ

β¼1 nBβðsðaÞÞn
βðksðaÞÞ
αðkaÞ ¼PmtðaÞ

β¼1 nBβðtðaÞÞn
βðktðaÞÞ
αðkaÞ ¼ nBαðkaÞ.] In Eq. (F13), ΦE⊕F

i;k and

VE⊕F
i→a;ka

are given by

ΦE⊕F
i;k ¼ ⨁

mi

β¼1

⨁
B

⨁
nB
βðkiÞ

μ¼1

⨁
DβðkiÞ

x¼1

ϕBβμx
i;k ; ðF16Þ

VE⊕F
i→a;ka

¼
�
⨁
mi

β¼1

⨁
B
1nB

βðkiÞ
⊗ vβðkiÞi→a;ka

�
PE⊕F; ðF17Þ

and we define the change of basis by PE⊕F as

ΦE⊕F
i;ka

¼ ⨁
mi

β¼1

⨁
B

⨁
nB
βðkiÞ

μ¼1

⨁
DβðkiÞ

x¼1

ϕBβμx
i;ka

⟶
⨁mi

β¼1
⨁B1nB

βðkiÞ
⊗v

βðkiÞ
i→a;ka

⨁
mi

β¼1

⨁
B

⨁
nB
βðkiÞ

μ¼1

⨁
ma

α¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

⟶
PE⊕F

⨁
ma

α¼1

⨁
mi

β¼1

⨁
B

⨁
nB
βðkiÞ

μ¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

:

ðF18Þ

Comparing Eqs. (F14) and (F18), we observe that only the order of the direct sums over indices B and β differs. Let

δVðE;FÞ
i→a;ka

denote the permutation matrix for swapping the order of the direct sums over B and β:

 
⨁
ma

α¼1

⨁
B

⨁
mi

β¼1

⨁
nB
βðkiÞ

μ¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

!
δVðE;FÞ

i→a;ka
¼ ⨁

ma

α¼1

⨁
mi

β¼1

⨁
B

⨁
nB
βðkiÞ

μ¼1

⨁
n
βðkiÞ
αðkaÞ

ν¼1

⨁
DαðkaÞ

y¼1

ψBβμανy
i;ka

: ðF19Þ

Summarizing the transformation properties, we obtain

�
⨁
B
ΦB

i;ka

��
⨁
B
VB
i→a;ka

�
QδVðE;FÞ

i→a;ka
¼ ΦE⊕F

i;ka
VE⊕F
i→a;ka

: ðF20Þ

The permutation matrix δVðE;FÞ
i→a;ka

is block-diagonal in the α-irrep sectors and independent of the index y. Thus, it can be
represented as

δVðE;FÞ
i→a;ka

¼ ⨁
ma

α¼1

δVðE;FÞ;αðkaÞ
i→a;ka

⊗ 1DαðkaÞ
ðF21Þ

and possesses the symmetry under the representation wE⊕F
a;ka

ðgÞ ¼ ⨁ma
α¼11ðnEαðkaÞþnF

αðkaÞÞ
⊗ uαðkaÞka

ðgÞ, as noted in Eq. (160). The
sign of the permutation matrix δVðE;FÞ;αðkaÞ

i→a;ka
, corresponding to the permutation ðB; β; μ; νÞ → ðβ; B; μ; νÞ, is given by
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δξαðkaÞka;i→aðEjE0;0
2
; FjE0;0

2
Þ ≔ det

h
δVðE;FÞ;αðkaÞ

i→a; ka

i
¼ ð−1Þ

P
1≤βF<mi

P
βF<βE≤mi

nF
βFðkiÞ

n
βFðkiÞ
αðkaÞ nE

βEðkiÞ
n
βEðkiÞ
αðkaÞ ∈ f�1g: ðF22Þ

Here, the notation EjE0;0
2
represents the restriction to the 0-cell, and the correction term indeed depends only on elements of

E0;0
2 in the 0-cell. Consequently, the following relation is obtained:

ξαðkaÞka

��
VE⊕F
sðaÞ→a;ka

�†�
ΦE⊕F

sðaÞ;ka

�†
ΦE⊕F

tðaÞ;kaV
E⊕F
tðaÞ→a;ka

�

¼ ξαðkaÞka

��
⨁
B
VB
sðaÞ→a;ka

�†�
⨁
B
ΦB

sðaÞ;ka

�†�
⨁
B
ΦB

tðaÞ;ka

��
⨁
B
VB
tðaÞ→a;ka

��

× δξαðkaÞka;sðaÞ→aðEjE0;0
2
; FjE0;0

2
Þ × δξαðkaÞka;tðaÞ→aðEjE0;0

2
; FjE0;0

2
Þ: ðF23Þ

Combining the results, we obtain

νiðE ⊕ FÞ≡ νiðEÞ þ νiðFÞ þ δνiðEjE0;0
2
; FjE0;0

2
Þ; ðF24Þ

ð−1ÞδνiðEjE0;02

;Fj
E0;0
2

Þ
≔
Y
ða;αÞ

h
δξαðkaÞka;sðaÞ→aðEjE0;0

2
; FjE0;0

2
ÞδξαðkaÞka;tðaÞ→aðEjE0;0

2
; FjE0;0

2
Þ
i½xi�ða;αÞ : ðF25Þ

APPENDIX G: SYMMETRIC BILINEAR FORMS
AND QUADRATIC REFINEMENT

Let L ¼ ZN be a lattice, and

b∶L × L → Z2 ¼ f0; 1g ðG1Þ

be a symmetric bilinear form, meaning for x; y; z∈L and
n;m∈Z it satisfies

bðxþ y; zÞ ¼ bðx; zÞ þ bðy; zÞ; ðG2Þ

bðx; yþ zÞ ¼ bðx; yÞ þ bðx; zÞ; ðG3Þ

bðnx;myÞ ¼ nmbðx; yÞ; ðG4Þ

bðx; yÞ ¼ bðy; xÞ: ðG5Þ

A function

q∶L → Z2 ðG6Þ

that satisfies that

qðxþ yÞ ¼ qðxÞ þ qðyÞ þ bðx; yÞ for all x; y∈L ðG7Þ

is called a quadratic refinement of b.
We show the following:
(i) A quadratic refinement q exists.

(ii) q is not unique; the ambiguity of q is given
by HomðL;Z2Þ ≅ ZN

2 .
The proof of the latter is trivial. If q1, q2 are quadratic

refinements, then

δqðxÞ ≔ q1ðxÞ − q2ðxÞ ðG8Þ

is linear. We now prove the former.
Let the basis of L be e1;…; eN , and write

bij ¼ bðei; ejÞ; bij ¼ bji: ðG9Þ

Introduce the floor function for a real number x∈R, which
returns the largest integer not exceeding x:

bxc ¼ maxfn∈Zjn ≤ xg: ðG10Þ

We show that a solution of Eq. (G7) is given by

q

�X
i¼1

xiei

�
¼
XN
i¼1



xi
2

�
bii þ

X
1≤i<j≤N

xibijxj: ðG11Þ

In fact,
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qðxþ yÞ − qðxÞ − qðyÞ

¼
XN
i¼1



xi þ yi

2

�
bii þ

X
1≤i<j≤N

ðxi þ yiÞbijðxj þ yjÞ

−
�XN

i¼1



xi
2

�
bii þ

X
1≤i<j≤N

xibijxj

�

−
�XN

i¼1



yi
2

�
bii þ

X
1≤i<j≤N

yibijyj

�
ðG12Þ

¼
XN
i¼1

�

xiþ yi

2

�
−


xi
2

�
−


yi
2

��
biiþ

X
i≠j

xibijyj: ðG13Þ

Notice that when xi and yi are integers



xi þ yi

2

�
¼


xi
2

�
þ


yi
2

�
þ xiyi mod 2: ðG14Þ

Thus,

qðxþ yÞ − qðxÞ − qðyÞ ¼
XN
i;j¼1

xibijyj ¼ bðx; yÞ: ðG15Þ

The ambiguity HomðL;Z2Þ ≅ ZN
2 can be represented by

N bits a1;…; aN ∈Z2, and a general form of quadratic
refinement is given by

q

�X
i¼1

xiei

�
¼
XN
i¼1



xi
2

�
bii þ

X
1≤i<j≤N

xibijxj þ
XN
i¼1

aixi:

ðG16Þ

As a comment, quadratic refinement can also be defined
as a function q0∶ L → Z=2 that satisfies

bðx; yÞ ¼ q0ðxþ yÞ − q0ðxÞ − q0ðyÞ þ q0ð0Þ ðG17Þ

for all x; y∈L. The definition (G7) implies qð0Þ ¼ 0. If
defined as Eq. (G17), q0ð0Þ∈ f0; 1g remains indeterminate,
and there is a relation qðxÞ ¼ q0ðxÞ − q0ð0Þ with the
quadratic refinement defined by Eq. (G7).

APPENDIX H: DERIVATION
OF EQ. (317)

Computing the kernel of the differential d0;01 ðBð0ÞÞ ¼
Bð1ÞMd0;0

1
, we have the basis transformation B0ð0Þ ¼

Bð0ÞVð0Þ ¼ ðb0ð0Þ1 ;…; b0ð0Þ32 Þ with
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Vð0Þ ¼

2
66666666666666666666666666666666666666666666666666666666666666666666666666664

1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 1 −1 0 −1 −1 0 1 1 1 1 0

0 1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 −1 0 1 1 1 −1 0 0 0 1 0

0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 −1 1 0 0 −1 1 0 0 0 −1 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1 −1 1 0 −1 0 1 0 −1 0 0 0 1

0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 −1 1 −1 −1 −1 0 0 0 1 1 1 1

0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 1 −1 0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 −1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 −2 0 1 0 0 0 −1 −1 0 0 1 1 0 0

0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 −2 0 −1 0 0 0 1 1 −1 −1 0 0 1 1

0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 0 −1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 −2 0 0 0 0 0 −1 0 0 0 1 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −2 0 −1 0 0 0 0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −2 −1 0 0 −1 1 0 0 0 0 1 0 1 0

0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 −2 −1 0 0 0 0 0 0 −1 1 0 1 1 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 −2 1 0 0 1 −1 0 0 1 −1 0 0 −1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −2 0 0 0 −1 0 0 0 0 0 1 0 1 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −2 0 0 0 0 −1 0 0 0 0 0 1 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −2 0 0 0 0 0 0 0 0 −1 1 0 0 1

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

3
77777777777777777777777777777777777777777777777777777777777777777777777777775

:

ðH1Þ

Here, the blocks are sequenced as Γ; X; Y; S; Z;U; T; R, with irreps within each block arranged in the order A; B1; B2; B3.

The basis vectors b0ð0Þ20 ;…; b0ð0Þ32 span E0;0
2 ≅ Z13. The bilinear form δν∶E0;0

2 × E0;0
2 → Z2 defined in Eq. (314) is
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h
δνðb0ð0Þi ; b0ð0Þj Þ

i
20≤i;j≤32

¼

2
6666666666666666666666666664

0 0 0 0 1 1 1 1 1 1 0 0 0

0 0 0 0 1 0 1 0 0 0 0 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 0 0 0 0 1 1 1 0 0 1 0

1 0 0 0 0 0 1 0 0 1 0 0 1

1 1 0 0 1 1 0 0 1 0 0 0 1

1 0 0 0 1 0 0 0 0 1 0 1 0

1 0 0 0 1 0 1 0 0 1 0 1 1

1 0 0 0 0 1 0 1 1 0 0 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 1 0 0 1 1 1 0 0 1

0 1 0 0 0 1 1 0 1 1 0 1 0

3
7777777777777777777777777775

: ðH2Þ

We confirmed that δν is symmetric. A quadratic refinement in the basis of E0;0
2 is given by

qðn0Þ ¼
X

20≤i<j≤32
n0iδνðb0ð0Þi ; b0ð0Þj Þn0j þ

X32
i¼20

c0in
0
i for n0 ¼

X32
i¼20

n0ib
0ð0Þ
i ∈E0;0

2 : ðH3Þ

The coefficients c020;…c032 are fixed to satisfy Eq. (321). There are eight Wyckoff positions and four irreps

β∈ fA; B1; B2; B3g for each Wyckoff position, leading to 32 column vectors n0ðaβx0Þ ¼
P

32
i¼20 n

0
iðaβx0Þb0ð0Þi ∈E0;0

2 :

ðn0ðaβx0ÞÞx0;β ¼

2
6666666666666666666666666664

0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0

0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0

0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0

0 0 1 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0

0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 1 0 0

0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0

0 0 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0 1 0 0 0 1 0 0

0 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1 0 0 0 1 0 0

0 0 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0

1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0

0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0

0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0

0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1

3
7777777777777777777777777775

: ðH4Þ

We find that the equations qðn0ðaβx0ÞÞ≡ 0 for all Wyckoff
positions x0 and all irreps β have a solution

ðc0iÞi¼20;…;32 ¼ ð0; 1; 0; 0; 1; 0; 0; 0; 1; 0; 0; 0; 0Þ: ðH5Þ
This gives the quadratic refinement on the basis of E0;0

2 . The
basis transformation n0i ¼

P
32
j¼1½ðVð0ÞÞ−1�ijnj gives the

expression (317).
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