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Considerable effort continues to be devoted to the exploration of next-generation high-κ materials that
combine a high dielectric constant with a wide band gap. However, machine learning (ML)-based virtual
screening has remained challenging, primarily due to the low accuracy in predicting the ionic contribution
to the dielectric tensor, which dominates the dielectric performance of high-κ materials. We propose a joint
ML model that predicts Born effective charges using an equivariant graph neural network, and phonon
properties using a highly accurate pretrained ML potential. The ionic dielectric tensor is then computed
analytically from these quantities. This approach significantly improves the accuracy of ionic contribution.
Using the proposed model, we successfully identified 31 novel high-κ oxides from a screening pool of over
8000 candidates.
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I. INTRODUCTION

High-κ materials play an essential role in a wide range
of advanced electronic and energy storage devices, e.g.,
transistors and capacitors [1–3]. In these applications, a
high dielectric constant is essential for maximizing capaci-
tance, while a wide band gap (Eg) remains necessary to
ensure insulation and minimize leakage [3–6]. For exam-
ple, in transistor gate insulators, SiO2 has traditionally been
the dominant material. Although its wide band gap
(Eg ≈ 8.1 eV) [7] is beneficial, the low dielectric constant
(ε ≈ 3.8) [7] requires thinning of the capacitor to realize
high capacitance, which in turn leads to an increase in
leakage current due to quantum tunneling [3]. In capacitor
applications, perovskite oxides, such as BaTiO3 and
SrTiO3, have been widely employed [8]. Yet, achieving
both high permittivity and low leakage current in ultrathin
perovskite oxide films remains a major challenge during
device miniaturization [3,9]. In addition, they require

high-temperature processing and are therefore difficult to
integrate with CMOS technology [5,10].
In both applications, attention is now shifting to HfO2 as

it offers a relatively high dielectric constant (ε ≈ 20–30),
a wide band gap (Eg ≈ 5.7 eV), and excellent thermal and
chemical stability [2,4,5,11–13]. However, HfO2 exhibits
a smaller band gap than SiO2 and a lower conduction
band offset with silicon, which can lead to increased
leakage current [7,13]. Furthermore, its dielectric con-
stant is lower than those of the other high-κ materials such
as BaTiO3, limiting the achievable capacitance. Thus,
considerable effort has also been devoted to exploring
next-generation high-κ materials that combine a high
dielectric constant with a wide band gap [14,15], and this
effort is still ongoing.
Discovering novel materials solely through experiments

significantly constrains the candidate space. In recent years,
high-throughput first-principles calculations have played
an important role in guiding such explorations. Still, their
high computational cost limits the scope of searches,
and machine learning (ML)-based virtual screening has
emerged as a promising alternative [16–18]. Although the
band gap can now be predicted accurately by ML [19–21],
the accuracy for dielectric constants remains relatively low,
which lowers the success rate of virtual screening.
The static dielectric tensor (ε) is described as the sum of

the electronic (εele) and the ionic (εion) contributions, in
addition to the vacuum permittivity: ε ¼ 1þ εele þ εion.
Here, dielectric constants are described using the relative
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permittivity. The electronic part εeleαβ is derived via the
Kramers-Kronig relation:

εeleαβ ¼ 2

π
P
Z

∞

0

εimg
αβ ðω0Þ
ω0 dω0; ð1Þ

where α and β denote directions in Cartesian coordinates,
P denotes the principal value, and εimg

αβ is the imaginary part
of the dielectric function [22]. As seen in the integrand, the
denominator ω0 means that lower transition energy (i.e.,
smaller band gap) contributes more to εeleαβ because εimg

αβ

vanishes below the band gap [23]. Therefore, εele exhibits
a trade-off relationship with the band gap, as shown
in Fig. 1(a).
In contrast, as illustrated in Fig. 1(b), the εion does not

necessarily correlate with a band gap because it is deter-
mined by the Born effective charges (BECs) and phonon
properties, as will be shown later. In addition, εion can reach
significantly higher values, such as several hundred, mean-
ing that accurately predicting εion is pivotal for screening
materials that exhibit a high dielectric constant.
Several studies have reported ML-based predictions of

εele and εion. Despite the diversity in target materials (e.g.,
oxides [23–25] and other materials [18,26,27]), dielectric
properties (scalars [23–28] or tensors [18]), andMLmodels
(including random forest [23,25], support vector regression
[24,27], gradient-boosting-based regression [26], and graph
neural networks (GNN) [18,27–29]), the prediction accu-
racy for εion consistently lags behind that of εele. In
particular, the predictions tend to be less accurate for
materials with higher εion as they are likely to lie in the
extrapolation regime. Thus, the previous prediction models
are hardly applicable to the screening of high-κ materials.
In this work, we develop a high-accuracy ML model

for predicting εion by employing separate ML models for
BEC tensors and phonon properties and integrating these
predicted quantities to compute εion analytically. We focus

on oxides since they are usually easy to synthesize under
ambient conditions and have larger band gaps. The com-
mercially used and intensively investigated dielectrics are
indeed mainly oxides such as SiO2, BaTiO3, and HfO2.
Leveraging our framework, we conducted a virtual screen-
ing of 8717 oxides and identified 31 high-κ oxides.

II. RESULTS

A. ML predictions of ionic dielectric tensors

The ionic dielectric tensor εionαβ is given by the following
expression [30,31]:

εionαβ ¼ 4π

V0

X
jα0;j0β0

Z�
j;αα0 ðΦ−1Þjα0;j0β0Z�

j0;ββ0 ; ð2Þ

where V0 is the volume of the unit cell, α, α0, β and β0 are
directions in Cartesian coordinates, j and j0 are the atom
indices within the unit cell. Z�

j;αα0 denotes the BEC tensor

for ion j, and ðΦ−1Þjα0;j0β0 is the inverse of the interatomic
force constant matrix between ion j and j0, respectively
(see Sec. IV). The BEC tensor is defined as

Z�
j;αβ ¼

V0

e
∂Pα

∂ujβ
; ð3Þ

where e is the elementary charge, Pα is the polarization
along direction α, and ujβ is the displacement of atom j
along β. It should be noted that the BEC tensors, being
3 × 3 second-rank tensors, are in general nonsymmetric,
as they are defined as second derivatives of the total energy
with respect to atomic displacements and applied electric
fields [30]. In first-principles calculations, they are calcu-
lated based on the density functional perturbation theory
(DFPT). The limited accuracy of previous ML models
for the εion can be attributed to the inherent difficulty of
simultaneously capturing both BECs and phonon proper-
ties within a single MLmodel. To overcome this, we predict

FIG. 1. Relationship between dielectric constants and band gaps. Spherically averaged (a) electronic (εeleave) and (b) ionic (εionave)
dielectric constants are plotted against band gaps (EDDH

g ). The dielectric constants were computed using PBEsol, while the band gaps
were obtained using the DDH (see text for details). All data are derived from first-principles calculations performed on the 928 oxides.
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each separately and analytically combine their outputs
using Eq. (2) as shown in Fig. 2(a). We refer to this
approach as the joint model.
High-κ materials often exhibit anomalously large BECs.

For instance, in cubic SrTiO3, the BECs of Ti and O along
the Ti-O bonding direction are þ7.26 and −5.73, respec-
tively, which significantly deviate from their nominal
ionic charges of þ4 and −2 [32]. Such large deviation
is known to be related to the dynamic charges [30,33]. In
Supplemental Material Fig. S1 [34], we show distributions
of the BECs for each element in our dataset. In an extreme
case, the BEC for an oxygen atom in NbVO5 reaches as
high as −8.80. Thus, they must be accurately inferred via
ML from the surrounding atomic environments.
We developed an ML model for the BECs that is

applicable to a broad spectrum of oxides based on an
E(3)-Equivariant GNN (EGNN) [43–45] (see Sec. IV and
Appendix A). The model was trained on first-principles-
calculated data. The dataset, containing 928 oxides com-
posed of 45 elements, was retrieved from our previous
studies [46], and covers a wide range of crystal structures
(see Supplemental Material Figs. S2–S3 [34]). The EGNN
performance was evaluated using fivefold cross validation.
The prediction accuracy was assessed by comparing the
eigenvalues of the BEC tensors. Figure 2(b) presents the
performance of our EGNN model, showing an excellent
agreement with an average coefficient of determination
(R2) of 0.982 and root mean squared error (RMSE) of
0.373. While previous approaches for predicting the BECs
are typically restricted to a single material [47–49] or a
limited class of materials such as perovskites [50], our work
is the first to demonstrate that BECs can be predicted with
consistently high accuracy across a broad range of chemical
compositions and crystal structures (see Appendix B). Note
that the acoustic sum rule [30,51] is not explicitly enforced
in the EGNN for the BECs; nevertheless, the predicted

BECs satisfy this rule to high accuracy owing to the overall
predictive fidelity of the model (see Appendix C).
Another requirement to predict εion via Eq. (2) is an

accurate prediction of phonon properties. Recent advances
in machine learning potentials (MLPs) have substantially
enhanced the accuracy of their predictions in a wide range
of material systems [52–57]. However, the evaluation of
εion is particularly sensitive to the accuracy of low-
frequency phonon modes. When the frequencies of optical
phonon modes become marginally unstable, the εion

diverges, as seen in Eq. (7) in Sec. IV. To assess the
performance of MLPs in predicting phonon properties,
we evaluated four pretrained MLPs with a particular focus
on their ability to predict the εion. To isolate the error
originating from the MLPs, we calculated the εion using the
force constants predicted by the MLPs together with the
BECs obtained from first-principles calculations.
The MLPs include eSEN-uma-s-1-omat (eSEN) [52],

ORB-v3 (ORB) [53], SevenNet-MF-ompa (SevenNet)
[55,57], and MACE-MPA-0 (MACE) [54]. Based on the
Matbench discovery [58], the symmetric relative mean
errors in predicted phonon mode contributions to thermal
conductivity of eSEN, ORB, SevenNet, and MACE are
0.170, 0.210, 0.317, and 0.412, respectively.
Initially, we discuss the dynamical stability. In this study, a

structure is considered dynamically unstable when the fourth
lowest phonon frequency, f4th, at the Γ point is smaller than
0.2 THz. Note that the training datasets of these MLPs
were generated using the PBE functional [59], while we
adopted the PBEsol functional [60]. Partly due to these,
some structures were predicted to be unstable at the Γ point
although they are stable in our PBEsol-based DFPT calcu-
lations. The numbers of such dynamically unstable oxides
are 87, 62, 88, and 89 when using eSEN, ORB, SevenNet,
and MACE, respectively. In principle, their εion values are
not calculated because imaginary modes at the Γ point give

FIG. 2. (a) Schematic workflow for predicting the εion in our joint model. From a given crystal structure, an EGNN is used to predict
the BEC tensors (Z�) at all the atomic sites, while an MLP provides the force constant matrix (Φ). These quantities are then substituted
into Eq. (2) to compute the εion. (b) Parity plot of the eigenvalues of Z� (λZ� ) between the reference DFPT values and ML predicted
values (14 202 inequivalent data points at 4734 sites in the 928 oxides). Results from all test sets in fivefold cross validation are shown.
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unphysical negative contribution to the εion as shown in
Eq. (7). Thus, we evaluated the predictive accuracy using
786 oxides, which are predicted to be dynamically stable by
all the MLPs. Consequently, we realized that SevenNet
achieves the highest accuracy for predicting εion, although
the differences among the MLPs are marginal as shown in
Table I (see Supplemental Material Fig. S4 [34] for more
details). Accordingly, SevenNet was selected for subsequent
calculations involving phonon properties.
Finally, we predicted the εion via Eq. (2) using the EGNN

for the BECs and the SevenNet for phonon properties (the
joint model). Its predictive performance, evaluated using
fivefold cross validation, was compared with that of a
model that directly predicts the εion (referred to as the direct

model), as shown in Fig. 3 (see Supplemental Material
Note 1 [34] for more details). The accuracy metrics were
evaluated using 839 oxides that were predicted to be
dynamically stable at the Γ point by SevenNet. The direct
model exhibits limited predictive capability, yielding an
average R2 of 0.411 and an average RMSE of 0.254. In
contrast, the joint model achieves substantially improved
accuracy, achieving a higher R2 of 0.911 and a lower
RMSE of 0.099. Although the direct comparison with
previous studies [18,23–28] is not strictly appropriate due
to differences in datasets and the target material systems,
our joint model demonstrates the highest performance in
predicting the εion, highlighting the effectiveness of our
joint model (see Appendix D).
To closely examine the sources of the prediction

errors, we decomposed them into two contributions:
(i) combinations of ML-predicted BECs with DFPT-
calculated phonons, and (2) combinations of DFPT-
calculated BECs with ML-predicted phonons. This
decomposition allows us to isolate how inaccuracies in
each component propagate into the final prediction of εion.
The results were further classified into low- and high-εion

regimes using λεion ¼ 10 as the dividing threshold, where
λεion denotes an eigenvalue of the ionic dielectric tensor.
The resulting BEC- and phonon-related contributions to the
prediction errors are summarized in Table II. We emphasize
that the BEC- and phonon-related errors do not necessarily
sum to the total prediction error, as partial cancellation
between the two contributions can occur.
While the overall errors arise from both BECs and

phonon contributions, in the high-εion regime, the

FIG. 3. Performance comparison of the conventional direct model and the proposed joint model. Parity plots of the eigenvalues of the
ionic dielectric tensors are shown, comparing the reference DFPT values with the ML-predicted values obtained using (a) the direct
model and (b) the joint model. The prediction accuracy was evaluated for the 839 oxides, which were predicted to be dynamically stable
by SevenNet. For comparison, the ionic dielectric tensors were converted to eigenvalues (λεion ) and transformed using a base-10
logarithm to mitigate scale differences. One predicted value of λεion for Ba3Nb2ZnO9, specifically −5.135, is omitted from panel (a) due
to its physically ill-defined nature.

TABLE I. R2 and RMSE metrics for the contribution of the
predicted force constant matrices to εion. The evaluation was
performed on 786 oxides in the training dataset, which were
predicted by all MLPs to be dynamically stable at the Γ point. εion

were estimated based on the force constant matrices predicted by
MLPs, and the BECs obtained from DFPT. The predicted εion

were converted to eigenvalues, followed by a base-10 logarithmic
conversion, and subsequently compared with the corresponding
reference DFPT values. The MLP achieving the highest accuracy
is highlighted in bold.

MLP model R2 RMSE

eSEN-uma-s-1-omat 0.965 0.062
ORB-v3 0.960 0.066
MACE-MPA-0 0.952 0.073
SevenNet-MF-ompa 0:968 0:059
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prediction errors are predominantly governed by phonon-
related inaccuracies. This is consistent with the inverse
relationship between the ionic dielectric constants and
phonon frequencies, as shown in Eq. (7). A single outlier
appears in the low-εion regime: cubic B6O, which exhibits
an exceptionally small λεion of 0.3. Accurate prediction of
such small εion values require highly precise predictions
of the BECs. Indeed, the ML-predicted BECs show
relatively large deviations from the DFPT values, which
arises not only from the intrinsically small magnitude
of BECs but also from the lack of chemically similar

environments in the training dataset. Further details of
the error decomposition are provided in Supplemental
Material Note 2 [34].

B. Virtual screening of high-κ oxides

Using our joint model, we performed a virtual screening
of promising high-κ oxides from a candidate pool extracted
from the materials project database (MPD) [61]. A stepwise
screening procedure was employed, as illustrated in
Fig. 4(a). Specifically, we considered oxides for which
dielectric constants had not yet been reported but for
which band gaps were available. The candidate pool was
further restricted to compositions containing only the 45
elements covered by our EGNN for prediction of BECs, and
the 928 oxides used in the training dataset were excluded to
avoid the data leakage. Application of these criteria yielded
19 569 oxides from the MPD on May 20, 2025.
We then removed metallic oxides, reducing the number

of candidates from 19 569 to 13 261. Magnetic oxides
were further excluded, as dielectric tensors computed
for spin-polarized systems can be highly sensitive to the
choice of effective U parameters and to specific spin
configurations, thereby limiting the predictive reliability
for such magnetic materials. As a result, the final
candidate set comprised 8717 oxides. The distributions
of elements in the training dataset and the screening
candidates exhibit substantial overlap, supporting the
applicability of our joint model to virtual screening
(see Supplemental Material Figs. S2–S3 [34]).

FIG. 4. (a) Schematic of the screening workflow to identify novel high-κ oxides. Details are provided in the main text and theMethods
section. (b) Plot of the spherically averaged dielectric constant (εDFPTave ) versus the band gap (EDDH

g ) for the 928 oxides in the ML training
dataset and the 31 high-κ oxides identified by virtual screening (FOMDFPT

DDH ≥ 350). The dielectric constants were calculated using
PBEsol-based DFPT, and the band gaps were computed using the DDH. The color scale represents the FOMDFPT

DDH . Circles denote oxides
in the training set, while diamonds indicate the identified high-κ oxides in this study. Among the diamonds, those enclosed in red lines
correspond to synthesized oxides, whose formula are also described in the inset.

TABLE II. Decomposition of εion prediction errors by Seven-
Net into contributions from the BECs and phonon proper-
ties. RMSEs were computed for the base-10 logarithm of the
eigenvalues of εion (λεion ). Results are reported for a dataset
comprising 839 dynamically stable oxides. The corresponding
mean absolute error (MAE) and R2 are provided in Supplemental
Material Note 2 [34]. RMSEs in the high- and low-εion regions,
separated by the threshold λεion ¼ 10, are also tabulated. The
“Total” column reports the prediction errors of the joint model,
whereas the “Phonon” and “BEC” columns represent the phonon-
and BEC-related errors, respectively (see text for details).

Dataset Total Phonon BEC

All 0.100 0.064 0.071
High-εion 0.120 0.092 0.075
Low-εion 0.086 0.041 0.069
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We first predicted the phonon properties at the Γ point
using the SevenNet and excluded dynamically unstable
oxides. Consequently, 4654 oxides survived.
In the second stage, we performed screening based on

the r2SCAN band gaps reported in the MPD and the
ML-predicted dielectric constants. Although the r2SCAN
band gaps underestimate experimental values by approx-
imately 50% (see Supplemental Material Fig. S5 [34]),
their strong correlation with experimental values supports
their use for screening purposes. To evaluate the static
dielectric tensor (ε), both εele and εion are required.
Accordingly, we additionally constructed an EGNN
model to predict the εele. The prediction accuracy was
assessed using fivefold cross validation for the 839 oxides
predicted to be dynamically stable by SevenNet. For
log10ðλεeleÞ and log10ðλεÞ, the models achieved an average
R2 values of 0.714 and 0.905, respectively (see Sec. IV
and Supplemental Material Note 1 [34]). Finally, the
EGNNs for both the εele and BECs were retrained using
full dataset of 928 oxides to further improve the pre-
dictive accuracy.
Since superior dielectric materials exhibit both a high

dielectric constant and a wide band gap, we introduced
a figure of merit (FOM) that captures these two key
properties simultaneously. Here, FOM was defined as
εave · Eg, where εave denotes the spherically averaged
static dielectric constant, and the band gap Eg is in eV,
following previous studies [14,15,17,18]. Using these
ML-predicted dielectric constants (εML

ave ) and r2SCAN
band gaps (Er2SCAN

g ), we calculated the FOM, which is
referred to as FOMML

r2SCAN, for each oxide and applied a
screening threshold of FOMML

r2SCAN ≥ 200. Consequently,
142 oxides remained.
In the third stage, we conducted DFPT calculations

using PBEsol to validate both the predicted εML
ave and

the dynamical stability of the screened candidates.
Candidates for which the first-principles calculations
failed to converge were also excluded. This step reduced
the pool to 121 oxides. We then calculated the band gaps
using dielectric-dependent hybrid functional (DDH) cal-
culations [62], which predict the band gaps of oxides
accurately (see Supplemental Material Fig. S5 [34]).
Applying a more stringent FOMDFPT

DDH ≥ 350 criterion
subsequently reduced the number of candidates to 31.
Identified novel high-κ oxides are plotted together with
the training data in Fig. 4(b).
Among the training data, 9 out of 928 oxides exhibited

FOMDFPT
DDH ≥ 350 (see Table III). In contrast, among 142

high-κ oxides with FOMML
r2SCAN ≥ 200, 31 oxides satisfy

FOMDFPT
DDH ≥ 350. The properties of these 31 candidates are

summarized in Table III, which lists the top ten oxides
ranked by FOMDFPT

DDH , together with those that are either
experimentally synthesized or exhibit an energy above the
convex hull, Ehull (in eV=atom), of zero. A complete list of

the 31 identified high-κ oxides, along with the nine oxides
from the training dataset, is provided in Supplemental
Material Note 3 [34]. An important benchmark is KTaO3,
which exhibits the highest FOMDFPT

DDH among the
928 training oxides (EDDH

g ¼ 3.5 eV, εDFPTave ¼ 221, and
FOMDFPT

DDH ¼ 785). Among the 31 identified oxides, eight
exhibit higher FOMDFPT

DDH values than KTaO3, demonstrat-
ing a marked improvement over the best-performing oxide
in the training dataset.
For both the nine oxides in the training dataset and

the 31 identified high-κ oxides with FOMDFPT
DDH ≥ 350,

the ratios of ionic contributions to the total dielectric
constants exceed 90%, reinforcing the notion that
accurate prediction of εion is the key to identifying novel
high-κ oxides.
Of the 31 identified oxides, experimental synthesis has

already been reported for 9 oxides. For four of these oxides,
experimental values of dielectric constant (εExpave ) have been
reported, and all four exhibit high εExpave values, consistent
with our predictions. For the remaining five oxides, no εExpave

have been reported. Although CdTiO3 in the Pmc21 phase
has been experimentally synthesized [74], previous studies
suggest that alternative phases, Pbnm at room temperature
and Pna21 below 80 K, are more stable [76–78]. NaNbO3

in the Pna21 phase was investigated by Parker et al., who
identified the Pna21 space group as the most suitable
structure for its polar phase [69–72]. Al2O3 in the Cmcm
phase adopts the CaIrO3-type post-perovskite structure,
which typically forms only under high-pressure conditions
[75]. In contrast, LiBi4Nb3O14 and LaYO3 have been
successfully synthesized under ambient conditions
[88,89]. LiBi4Nb3O14 has been studies as a photocatalyst,
though its dielectric properties have not yet been measured.
LaYO3 possesses a perovskite structure and has been
predicted as a promising high-κ oxide by Coh et al. [136],
but no experimental εave has been reported to date. Thus,
LiBi4Nb3O14 and LaYO3 are experimentally accessible
as-yet-unexplored high-κ oxides that require future exper-
imental validation.
Analysis of the 31 identified oxides revealed that 29

include transition metals with empty d-orbitals, namely
Y3þ, Ti4þ, Zr4þ, Hf4þ, Nb5þ, Ta5þ, and W6þ. This makes
sense as such d0-ness condition is commonly associated
with large dynamic charges and, consequently, an
enhanced dielectric response [137]. Given that such d0

oxides exhibit anomalous BECs that deviate significantly
from the nominal ionic charges, our EGNN predictions
are indispensable for reliably identifying these oxides.
Exceptions are only CaIrO3-type Al2O3, and Sr3CaO4.
Unfortunately, their syntheses under ambient conditions
are expected to be difficult, as the former case is a high-
pressure phase [75], while the latter is a theoretically
predicted structure [138] and is expected to show strong
cation disordering.
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Almost all final candidates are composed of oxygen
octahedra network centered around transition metal cations.
Such octahedral frameworks are commonly observed in
crystal structures that exhibit high dielectric constants,
including perovskite structures, such as BaTiO3 and
SrTiO3 [8]. The perovskite-related frameworks identified
in this study encompass distorted perovskites, layered
perovskites, post-perovskites, pyrochlores, and ReO3 struc-
tures. LiBi4Nb3O14 is specifically classified as a variant of
the Aurivillius structure, which is a layered perovskite. The
predicted high dielectric constants are primarily attributed
to their structural flexibility, particularly the adaptability of
their octahedral networks. One exceptional structure is
fluorite TiO2 that does not exhibit oxygen octahedra

network but are known to be stable only under high-
pressure conditions. Although identified oxides mostly
possess similar oxygen octahedral networks, some fall
outside the conventional chemical design space. This
highlights the importance of virtual screening conducted
without expert knowledge, which can otherwise bias the
search space.

III. CONCLUSIONS AND OUTLOOK

In this study, we propose an approach that enables
accurate prediction of the ionic contributions to the
dielectric constants (εion), the dominant contributor to
the dielectric response in high-κ materials. The key idea

TABLE III. Properties of identified novel high-κ oxides as well as those in the training dataset, including the calculated band gaps
(EDDH

g , in eV), spherically averaged electronic and ionic dielectric constants (εele;DFPTave , εion;DFPTave ), and figures of merit (FOMDFPT
DDH ). Band

gaps were computed using the DDH, whereas dielectric constants were calculated using PBEsol. The “Group” column classifies each
oxide as follows: “Top” denotes the top 10 screened oxides ranked by FOMDFPT

DDH ; “Expt” corresponds to oxides that have been
experimentally reported; “Stable” exhibits the oxides with an energy above the convex hull (Ehull) of zero; “Train” indicates oxides from
the training dataset. The “Ehull” column corresponds to the values reported in the MPD, and “…” means that Ehull is zero. The column
“Synthesized” denotes whether the oxide has been experimentally synthesized. When available, experimental dielectric constants (εExpave )
and characteristic crystal structure names (e.g., perovskite, pyrochlore) are noted. References for previously reported syntheses and
experimental dielectric constants are also provided in Supplemental Material Note 3 [34].

Group Formula EDDH
g εele;DFPTave εion;DFPTave FOMDFPT

DDH Ehull Synthesized εExptave Structure

Top SrZrO3 5.1 3.7 535 2752 0.02 Perovskite
Ba3TiNb4O15 3.7 5.0 516 1912 0.02 ✓ [63] 900 [64–68] ReO3

Pb2TiZrO6 2.8 5.8 547 1540 0.04 Perovskite
Sr3Hf2O7 5.6 3.2 263 1490 0.02 Layered perovskite
NaNbO3 3.7 4.8 377 1421 0.00 ✓ [69–72] 200 [73] Perovskite
AgTaO3 3.1 5.7 382 1200 0.05 Perovskite
CdTiO3 3.4 6.7 290 1001 0.04 ✓ [74] Perovskite
Ta2Zn4O9 4.7 4.2 190 911 0.10
Sr3CaO4 5.4 2.9 134 747 0.03 Caswellsilverite-like
Al2O3 6.9 2.5 98 699 0.28 ✓ [75] CalrO3

Expt CdTiO3 3.2 6.7 186 611 0.04 ✓ [76–78] 2100 [79] Perovskite
NaNbO3 3.6 4.9 115 439 0.00 ✓ [69] Perovskite
Y2Ti2O7 4.0 5.2 99 416 0.01 ✓ [80–86] 54 [87] Pyrochlore

LiBi4Nb3O14 3.7 5.8 94 371 � � � ✓ [88] Aurivillius derived
LaYO3 6.5 3.6 49 351 0.04 ✓ [89] Perovskite

Stable Ta4Cd3HgO14 3.0 5.0 170 522 � � �
SrTa4Cd3O14 3.9 4.5 106 430 � � �
Ta2CdPbO7 3.4 5.2 120 427 � � �
Ta2HgPbO7 3.0 5.5 121 384 � � �
CaTa4Cd3O14 4.1 4.5 86 372 � � �

Train KTaO3 3.5 4.5 216 785 � � � ✓ [90,91] 5000 [92] Perovskite
SrTiO3 3.1 5.7 213 678 � � � ✓ [93–105] 4500 [106] Perovskite
NaTaO3 4.3 4.3 113 512 � � � ✓ [107–110] 147 [111] Perovskite
Cd2Ta2O7 3.6 4.8 123 466 � � � ✓ [112,113] 1200 [114] Perovskite

Ba3Nb2CdO9 4.5 4.2 96 457 � � � Perovskite derived
CaTiO3 3.5 5.6 118 433 � � � ✓ [77,115–131] 180 [132] Perovskite

Ba3CaNb2O9 4.4 4.0 92 431 � � � ✓ [133] 40 [134] Perovskite derived
KNbWO6 4.7 4.0 79 392 � � � ✓ [135] Pyrochlore derived
TaTlWO6 4.6 4.4 77 376 � � �
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is to factorize εion into BECs and phonon properties,
predicting the former using an EGNN and the latter with
a highly accurate pretrained MLP.We achieved the accurate
predictions of BECs using a training dataset comprising
928 oxides. Compared to conventional single-model
approaches, our decomposition and integration strategy
leads to a significant improvement in prediction of εion.
Using this framework, we successfully identified 31 high-κ
oxides from a pool of 8717 candidates.
We emphasize that, as indicated by Eq. (7) in Sec. IV,

larger εion are associated with marginally stable optical
phonon frequencies. Consequently, the prediction of
high dielectric constants becomes highly sensitive to
even small errors in phonon frequencies. Moreover, if
the phonon frequencies are erroneously predicted to be
imaginary, the corresponding dielectric constants cannot
be evaluated. Therefore, accurate prediction of phonon
properties is a critical aspect of this study. This implies
that improvements in both the first-principles calculations
and the MLP trained based on their outputs directly
contribute to enhancing the accuracy of predicting
the εion.
As future directions following this study, two main

avenues can be considered: extending the material systems
to nonoxides and incorporating finite-temperature effects.
The former can be realized simply by expanding the dataset
to include nonoxides. On the other hand, the latter can be
addressed by performing anharmonic phonons [139] or
molecular dynamics calculations [140] using MLP. These
extensions will improve the screening of superior high-κ
dielectrics. Furthermore, the screened candidates can be
theoretically investigated in depth in terms of band align-
ment with contact metals and defects that affect conduc-
tivity and dielectric constants.
Finally, we emphasize that our physics-based factoriza-

tion approach is applicable not only to dielectric tensors,
but also to a broad range of material properties that can be
derived from distinct fundamental quantities. We anticipate

that this study will offer new perspectives for predicting
physical properties.

IV. METHODS

A. Definition and computational approach
of force constant matrix

Force constant matrix Φjα;j0β represents the rate of
change of the restoring force that arises in the α direction
on atom j when atom j0 is slightly displaced in the β
direction from the equilibrium positions. For atoms j and j0,
and coordinate components α and β, the elements of the
force constant matrix are defined as

Φjα;j0β ¼
∂
2E

∂ujα∂uj0β
¼ − ∂Fjα

∂uj0β
; ð4Þ

where E denotes potential energy of the system, and ujα
denotes displacement of atom j in the α direction.
In this calculation, the force constant matrix is obtained

using the finite-difference method, whereby an atom is
displaced by 0.01 Å, and the resulting forces on the other
atoms are subsequently evaluated using MLPs [141] as
follows:

Φjα;j0β ≈ −ΔFjα

Δuj0β
: ð5Þ

The training dataset of the MLPs adopted in this study were
generated using the PBE functional. Nevertheless, as
summarized in Table I, all the models attain reasonable
accuracy of predicting the εion.

B. Derivation of the ionic dielectric constant
in the static limit

The ionic dielectric tensor, which denotes the ionic
contribution to the dielectric constants, is expressed by
the following expression [30,31]:

εionαβ ðωÞ ¼
4π

V0

X
m

ðPjα0 Z
�
j;αα0Ujα0;mq¼0Þð

P
j0β0 Z

�
j0;ββ0Uj0β0;mq¼0Þ

ω2
m − ω2

; ð6Þ

where V0 is the volume of the unit cell, and Ujα0;mq¼0 ¼ ð½em;jα0 �=½
ffiffiffiffiffiffi
Mj

p �Þ denotes the eigendisplacement of phonon mode
m at the Γ point (q ¼ 0), mass-normalized by the atomic massMj of atom j. ωm is the frequency of phonon modem, and ω
is the frequency of the applied electric field. Taking the static limit (ω → 0), Eq. (6) simplifies to

εionαβ ð0Þ ¼
4π

V0

X
m

ðPjα0 Z
�
j;αα0Ujα0;mq¼0Þð

P
j0β0 Z

�
j0;ββ0Uj0β0;mq¼0Þ

ω2
m

: ð7Þ

To proceed, we employ the spectral decomposition of the dynamical matrix D, whose inverse is given by

ðD−1Þjα0;j0β0 ¼
X
m

em;jα0em;j0β0

ω2
m

: ð8Þ
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Using the relation between the normalized displacements
and the dynamical matrix:

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
MjMj0

p ðD−1Þjα0;j0β0 ¼
X
m

Ujα0;mq¼0Uj0β0;mq¼0

ω2
m

; ð9Þ

we can rewrite the ionic dielectric tensor as

εionαβ ð0Þ ¼
4π

V0

X
jα0;j0β0

Z�
j;αα0

 
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

MjMj0
p ðD−1Þjα0;j0β0

!
Z�
j0;ββ0 :

ð10Þ

Finally, by introducing the force constant matrix Φ, Eq. (2)
is obtained (see Appendix E for details). Note that this
expression is valid only when all optical phonon frequen-
cies are real (ω2

m > 0). Thus, the presence of imaginary
phonon modes, which signal dynamical instability of the
lattice, invalidates the above formulation and prevents a
meaningful evaluation of the ionic dielectric tensor. In this
study, ðΦ−1Þjα0;j0β0 were evaluated using the PHONOPY

code [141].

C. EGNN model

The overall architecture of our ML model is illustrated in
Appendix A. The model architecture is inspired by EGNNs
such as Nequip, which also leverage symmetry-aware
message passing mechanisms [43–45,142]. The model is
implemented primarily using the e3nn library [143], which
enables equivariant operations under Euclidian symmetry.
In this model, node and edge features are represented using
irreducible representations of the three-dimensional rota-
tion and inversion group Oð3Þ. Each representation is
labeled by two indices, namely, the angular momentum
degree (l ¼ 0; 1; 2;…), and the parity, where “e” and “o”
stand for even and odd parity, respectively. The nodes are
initialized using atomic embedding vectors in the same
manner as in CGCNN [144], while the edges are encoded
based on interatomic distances via radial basis functions.
The initialized node features and edge features are repre-
sented as 0e. Additionally, the normalized relative vectors
between atoms are encoded into the 0e, 1o, and 2e
components using spherical harmonics. Furthermore,
by taking tensor products between 0e edge features and
corresponding spherical harmonic representations, the edge
features are expanded into the 0e, 1o, and 2e components.
Through convolution layers, tensor products are computed
between node features and edge features, and the node
features ultimately have up to 0e, 1o, 1e, and 2e compo-
nents. Finally, the model outputs the 0e and 2e components
for the dielectric tensor, and the 0e, 1e, and 2e components
for the BEC. More details are described in Appendix A.
The EGNN model was trained using specific hyper-

parameters. The feature dimensions were set to 64 for 0e,

16 for 1e and 1o, and 32 for 2e. The edge dimension was
fixed at 32, and three convolutional layers with SiLU
activations [145] were used. The batch size was set to 16.
Except for the initial learning rate, all hyperparameters
were kept fixed through all experiments. The initial
learning rate was optimized experimentally, starting from
6.25 × 10−4 and doubled incrementally up to a maximum
value of 1.60 × 10−1. The optimized learning rates deter-
mined for each task are summarized in Supplemental
Material, Table I [34]. For model training, the mean
squared error (MSE) was used as the loss function, and
optimization was performed using the Adam optimizer
[146]. The selected learning rate decayed by a factor of 0.9
every 30 epochs. To ensure reproducibility, a fixed random
seed was used throughout all experiments. All training runs
were performed on four NVIDIA A100 PCIe GPU with
80 GB of memory.

D. Training and test datasets

Model evaluation was carried out using fivefold cross
validation. In each fold, 20% of the data was reserved for
testing, while the remaining 80% was split into 80% for
training and 20% for validation. Early stopping was applied
based on validation loss, with a maximum of 300 epochs.
Training was terminated if no improvement occurred over
100 consecutive epochs.
After cross validation, the model was retrained on the

entire dataset of 928 oxides using the optimized initial
learning rate to produce the final predictive model. This
step ensured the use of all available data and maximized
prediction accuracy. The total number of training epochs in
this retraining phase was calculated as the average across
the five folds. This final predictive model was then used for
virtual screening.

E. Details of first-principles calculations

First-principles calculations were performed using the
projector augmented-wave (PAW) [147] method, as imple-
mented in the Vienna ab initio simulation package (VASP)
[148]. Structure relaxation and dielectric tensor calcula-
tions were performed using PBEsolþ U, and band gap
calculations were carried out with the DDH. The PAW
dataset, the effective U parameters, cutoff energies, den-
sities of the k-point mesh, structure optimization criteria
were the same as those used in our previous study [46].
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APPENDIX A: DETAILS OF EGNN
ARCHITECTURE IN THIS STUDY

In this study, EGNN architectures were constructed
and trained to predict three target properties: BECs, εele,
and εion. An overview of the architecture is provided in
Fig. 5. The model is implemented using the e3nn [143]
library. The SiLU function is adopted as the activation
function.
The architecture operates as follows. Nodes and edges

are first vectorized, with edges constructed using a cutoff
distance of 5 Å. Convolutional operations are then per-
formed over three layers, processing features correspond-
ing 0e, 1o, 1e, and 2e representations. For the dielectric
constants, only the 0e and 2e representations are used in the
final output, whereas for the prediction of BECs, the 0e, 1e,
and 2e representations are employed, considering the
symmetries of the matrices.
The EGNN components are described below.
Node embedding (Embedding). Node features are con-

structed from atomic numbers using a dictionary-based
approach, employing the same vector representation as
used in CGCNN [144]. These vectors are 92-dimensional
one-hot encodings incorporating descriptors such as atomic
number and electronegativity.
Radial basis function (RBF). The edge vectorization is

carried out using the soft_one_hot_linspace method from
the math module of e3nn, enabling the construction of
smooth radial features based on interatomic distance rij
through Gaussian basis functions.
Fully connected net layer (fcnet).The function fcnetðxÞ is

implemented using the FullyConnectedNet class from the
nn module of e3nn, which is defined as

fcnetðxÞ ¼ xWffiffiffiffiffiffiffiffiffiffi
hinσ2

p : ðA1Þ

Here, hin and hout denote the input and output dimensions,
W ∈Rhin×hout is a learnable weight matrix, and σ represents
the standard deviation of the input x.
Linear layer (Linear). This layer combines a fully

connected transformation with a nonlinear activation func-
tion, while maintaining O(3) equivariance. The transfor-
mation is formulated as

LinearðxÞ ¼
�
⨁
l
ðWl ⊗ I2lþ1Þxl

�
þ b0: ðA2Þ

Here, I2lþ1 is the identity matrix in the representation space
of degree l, Wl ∈Rnoutl ×ninl are learnable weights and b0 is
the bias term added only to scalar features. This operation is
implemented using the Linear class from the o3 module
of e3nn.
Equivariant nonlinear layer (Gate). This layer applies

nonlinear transformations to both scalar (l ¼ 0) and higher-
order (l > 0) features. The operation is defined as

Gateðx; g; yÞ ¼
�
⨁
i
ϕðxiÞ

�
⊕
�
⨁
j
ϕðgjÞyj

�
: ðA3Þ

Here, ϕ denotes the activation function, xi and gj are
scalar features, and yj represents higher-order features.
The scalar inputs xi and gj are typically obtained by
splitting the input scalar features into two parts. This
component is implemented via the Gate class from the nn
module of e3nn.
Tensor product (tp). In our model, tensor product

operations are employed to lift scalar features into
higher-order representations such as vectors and second-
rank tensors, while preserving spatial equivariance. This
enables the network to encode structural information in a
symmetry-aware manner. Specifically, the tensor product is
computed between node-assigned features and spherical
harmonics, which serve as irreducible representations of
the Oð3Þ group and capture angular dependencies. For
instance, taking the tensor product of a scalar feature and a
spherical harmonic allows the model to construct features
of higher angular momentum (i.e., l > 0). The resulting
features are decomposed into components corresponding to
their total angular momentum l. When combining two
features of angular momenta l1 and l2, the output contains
components with jl1 − l2j ≤ l ≤ l1 þ l2.
In this work, the model is designed to handle compo-

nents up to l ¼ 2. Through this mechanism, the model
effectively incorporates geometric information such as
interatomic distances and directions while maintaining
compliance with spatial symmetries. As a result, it
naturally constructs representations that are invariant or
equivariant under transformations like rotation and
reflection.FIG. 5. The EGNN architecture adopted in this study.
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The tensor product operation is formulated in
e3nn as:

tpðx; y; wÞ ¼
X
u;v

wuvwxu ⊗ yv: ðA4Þ

Here, xu represents the features assigned to node j
(denoted Vj), yv corresponds to the spherical harmonic
Yij, and wuvw are weights derived from the edge features
wij, described below. This operation is implemented
efficiently via the FullyConnectedTensorProduct class
within o3 module of the e3nn library.
Convolution layer (Conv Layer). Our model primarily

updates atomic features using operations based on tensor
products. The tensor product weights wij are generated
from the vectorized edge features (denoted edgeij) and
scalar features of atom i and j, denoted Vl¼0

I and Vl¼0
j :

wij ¼ fcnet
�
concatenateðVl¼0

i ; Vl¼0
j ; edgeijÞ

�
: ðA5Þ

Using the generated weight wij, the feature vector VI

associated with atom i is updated. Inspired by the ResNet
architecture [45], a residual connection is employed to
facilitate efficient gradient propagation:

Vðtþ1Þ
i ¼ VðtÞ

i þ
X
j

mij; ðA6Þ

where mij is a message-passing feature, defined as follows:

mij ¼ tpðVj; Yij; wijÞ; ðA7Þ

where VðtÞ
i is the feature vector at the t-th convolution.

APPENDIX B: PREVIOUS STUDIES ON
MACHINE-LEARNING PREDICTION
OF BORN EFFECTIVE CHARGES

Here, we summarize previous studies on the ML
prediction of the BECs.

(i) Falletta et al. [47] constructed MLP-based models
to simultaneously predict energies, forces, polariza-
tion, polarizability, and BECs from differential
relationships between a generalized potential func-
tion and applied external fields. Models were trained
for α − SiO2 and BaTiO3 using ab initio molecular
dynamics (AIMD) snapshots independently. The
resulting MAEs for BECs are 0.005 for α − SiO2

and 0.011 for BaTiO3.
(ii) Shimizu et al. [49] developed a neural-network

model based on vector atomic fingerprints for
predicting BECs from atomic structures to study
ion migration under electric fields. The model was
trained on BECs from 17 900 Li3PO4 structures,

including both pristine and defect-containing con-
figurations. The model achieved an RMSE of 0.038.

(iii) Kutana et al. [50] predicted the BECs in perovskite
oxides (ABO3 in the Pnma space group; A ¼ Ca, Sr,
Ba, Pb and B ¼ Ti, Zr, Hf) as well as those in
Li3PO4 and ZrO2 using EGNNs. The reported
MAEs for BECs are 0.020–0.032 when trained
jointly and 0.009-0.033 when trained separately
for each material class.

(iv) Schmiedmayer and Kresse [48] developed a tenso-
rial equivariant derivative learning that predict BECs
using λ-SOAP descriptors combined with linear
regression for predicting finite-temperature infrared
spectra. The resulting RMSEs were 0.032 for liquid
water and 0.040 for MAPbI3.

Although the numerical errors reported in previous
studies [46–49] are approximately 1 order of magnitude
smaller than those obtained with the present model
(MAE ¼ 0.231� 0.018, RMSE ¼ 0.373� 0.042), these
approaches are generally applied to specific materials or
limited classes of materials.

APPENDIX C: ACOUSTIC SUM RULE FOR
PREDICTED BORN EFFECTIVE CHARGES

The BEC tensors satisfy the acoustic sum ruleX
j

Z�
j;αβ ¼ 0; ðC1Þ

because rigid translation of the crystal does not modify the
internal charge distribution, so the macroscopic polariza-
tion must remain unchanged.

∇Pα ¼
X
j

∂Pα

∂ujβ
ujβ ¼

1

V0

�X
j

Z�
j;αβ

�
uβ ¼ 0: ðC2Þ

In the present work, this constraint is not explicitly imposed
during the training or inference of the EGNN for predicting
the BECs. To assess its impact, we quantitatively evaluated
the degree to which the acoustic sum rule is satisfied.
Specifically, we introduce direction-resolved neutrality
metrics that characterize the degree of electrical neutrality
along each Cartesian direction α ¼ x, y, z, defined as

Δ ¼ 1

3

X
α

Z�
αα; ðC3Þ

where

Z�
αα ¼

1

N

�����
XN
j¼1

Z�
j;αα

�����: ðC4Þ

These metrics measure the residual net effective charge
along each direction, and thus provide a measure of the
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accuracy with which electrical neutrality is satisfied.
Across all oxides in all test sets of the fivefold cross
validation, we obtain Δ ¼ 0.061� 0.060, indicating that
the relative residual violation is typically small compared
with the absolute value of the nominal oxygen charge
of −2.
In addition, we explicitly enforced the acoustic sum rule

on the predicted εion by constantly shifting the BECs of all
atoms so that the ASR is satisfied as

Zcorr;�
j;αβ ¼ Z�

j;αβ − 1

N

X
j0
Z�
j0;αβ; ðC5Þ

where N donates the number of atoms in the cell.
With the original Z�

j , RMSE is 0.099 � 0.012 and R2 is
0.911 � 0.017, while with the Zcorr;�

j , RMSE is 0.097�
0.012 and R2 is 0.914 � 0.017. Here, the mean values and
standard deviations are evaluated over the five test sets of the
fivefold cross validation used for BEC training, indicating
that explicit enforcing of the acoustic sum rule has no
measurable impact on the prediction accuracy of the εion.

APPENDIX D: PREVIOUS STUDIES ON
MACHINE-LEARNING PREDICTION

OF DIELECTRIC CONSTANTS

Several studies have reported ML-based predictions of
the electronic, ionic, and total dielectric constants. The
dielectric constant is a second-rank tensor, and its spherical
average is obtained by averaging the diagonal components.
In evaluating the prediction accuracies of tensors, the
eigenvalues are utilized for assessment. Here, previous
studies are summarized, and the accuracy metrics are
tabulated in Table IV.

(i) Takahashi et al. [23] employed a random forest (RF)
model with compositional and structural descriptors.

They predicted spherically averaged electronic
and ionic dielectric constants (εeleave and εionave) across
1266 oxides.

(ii) Morita et al. [27] reported ML models for predicting
only εeleave in 1364 crystalline materials. They bench-
marked a descriptor-based support vector regression
(SVR) model against a crystal-graph MEGNet [150]
model with transfer learning.

(iii) Kim et al. [26] constructed a gradient boosting
regression model for predicting dielectric properties
using first-principles data of 7113 inorganic crystals
curated in the MPD [61].

(iv) Shimano et al. [25] employed RF and graph con-
volutional neural network (SchNet [29]) models to
predict the dielectric constants of 2150 oxides
derived from elemental substitutions in rutile, per-
ovskite, Ruddlesden-Popper, and double-perovskite
prototypes.

(v) Hu et al. [24] predicted the averaged electronic and
ionic dielectric constants of 722 binary and ternary
oxides using SVR models incorporating detailed
structural features. Although their prediction accu-
racy improves upon that of Takahashi et al. [23], this
is likely due to the restriction of the compositional
space to binary and ternary oxides.

(vi) Mao et al. [18] applied an EGNN combined with
transfer learning from an MLP, targeting 6648
inorganic crystals, whose dielectric tensor data were
collected from the MPD. They limited the target
crystals to those for which all components of the
dielectric tensors are below 100. Only the prediction
accuracies for the summed dielectric constants were
reported.

(vii) Lou et al. [28] proposed an EGNN (AnisoNet) to
directly predict the εele from crystal structures. The
model was trained and evaluated on 6706 inorganic
crystals registered in the MPD, with the dataset

TABLE IV. R2 of the prediction of dielectric constants in previous studies and this study. There are cases where only spherically
averaged quantities are predicted, as well as cases where eigenvalues are predicted. “…” indicate the absence of the data. “Scale” refers
to whether the evaluation metrics are computed on a linear or base-10 logarithmic scale.

Study Dataset Model Scale εeleave εionave εave λεele λεion λε

Takahashi et al. [23] 1266 oxides RF log10 0.89 0.73 � � � � � � � � � � � �
Morita et al. [27] 1364 inorganic crystals SVR Linear 0.86 � � � � � � � � � � � � � � �

MEGNet Linear 0.84 � � � � � � � � � � � � � � �
Kim et al. [26] 7113 inorganic crystals GBR log10 0.83 0.67 � � � � � � � � � � � �
Shimano et al. [25] 2150 oxides in limited

structural framework
RF log10 0.92 0.89 � � � � � � � � � � � �

SchNet log10 � � � 0.85 � � � � � � � � � � � �
Hu et al. [24] 722 binary and ternary oxides SVR log10 0.94 0.79 0.89 � � � � � � � � �
Mao et al. [18] 6648 inorganic crystals EGNN log10 � � � � � � 0.89 � � � � � � 0.78

This study 928 oxides for εele 839 oxides
for εion and ε

EGNN,
Joint model

log10 0.74 0.91 0.91 0.71 0.91 0.91
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restricted to entries for which all diagonal compo-
nents (εii) satisfy εii ≥ 1. In addition, entries with
εeleave ≥ 15 were excluded. They achieved MAE ¼
0.311 for εeleave in a base-10 logarithmic scale. As the
R2 was not reported, it is not included in Table IV.

APPENDIX E: FORMULATION AND
PROPERTIES OF DYNAMICAL MATRIX

The harmonic contribution E to the potential energy of a
system can be expressed using the force constant matrix
Φjα;j0β as follows:

E ¼ 1

2

X
jα;j0β

ujαΦjα;j0βuj0β; ðE1Þ

where ujα is the displacement of atom j in the α direction.
Introducing the mass-normalized displacement ũjα ¼ffiffiffiffiffiffi
Mj

p
ujα, where Mj is the mass of atom j, Eq. (E1) can

be reformulated as

E ¼ 1

2

X
jα;j0β

ũjα

�
1ffiffiffiffiffiffi
Mj

p Φjα;j0β
1ffiffiffiffiffiffiffi
Mj0

p �
ũj0β: ðE2Þ

Defining the reduced force constant matrix as Φ̃jα;j0β ¼
ð½1�=½ ffiffiffiffiffiffi

Mj
p �ÞΦjα;j0βð½1�=½

ffiffiffiffiffiffiffi
Mj0

p �Þ, the symmetric matrix Φ̃
can be diagonalized according to

Φ̃ ¼ QΩ2 QT; ðE3Þ

where Ω2 ¼ diagð� � � ;ω2
m; � � �Þ, Q is an orthogonal matrix

whose columns are the eigenvectors em corresponding to the
phonon modes indexed by m.
The associated eigenvalue problem of Eq. (E3) is given

explicitly by

X
j0β

Φ̃jα;j0βem;j0β ¼ ω2
mem;jα: ðE4Þ

By the Blöch theorem, the eigenvector em;iα of a phonon
mode with wave vector q take the form [35,151]

em;jαðqÞ ¼ Wm;jα expðiq · RjÞ; ðE5Þ

where Wm;iα is a periodic function of the crystal, and Rj

denotes the position of atom j. Substituting Eq. (E5) into
Eq. (E4), multiplying both sides by expð−iq · RjÞ, yieldsX

j0β

Djα;j0βðqÞWm;j0β ¼ ω2
mWm;jα; ðE6Þ

where the dynamical matrix Djα;j0βðqÞ is defined as

Djα;j0βðqÞ ¼ expð−iq · RjÞΦ̃jα;j0β expðiq · Rj0 Þ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
MjMj0

p Φjα;j0β expðiq · ðRj0 − RjÞÞ: ðE7Þ

At the Γ point, i.e., when q ¼ 0, Eq. (E5) simplifies to

em;jα ¼ Wm;jα ðE8Þ

And the dynamical matrix elements become

Djα;j0βð0Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

MjMj0
p Φjα;j0β ¼ Φ̃jα;j0β: ðE9Þ

Based on this formulation, it is possible to construct the
force constant matrix from the potential energy E and
atomic forces predicted by MLPs. Subsequently, the
dynamical matrix can be computed, and through its
diagonalization, phonon frequencies and eigendisplace-
ment vectors are obtained.
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