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In this study, we investigate the potential of electronic interferometers for probing the quantum state of
electromagnetic radiation on a chip at subnanosecond timescales. We propose to use single-electron
excitations propagating within an electronic Mach-Zehnder interferometer in the Aharonov-Bohm-
dominated regime. We discuss how information about the quantum state of the electromagnetic radiation
is encoded into the interference contribution to the average outgoing electrical current. By investigating
squeezed radiation and single-edge magnetoplasmons probed by leviton pulses in a realistic setup, we show
that single-electron interferometers have the potential to probe quantum radiation in the time domain with
subnanosecond to picosecond time resolution. Our research could have significant implications for probing
the fundamental properties of light in the microwave to terahertz domains at extremely short timescales.
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I. INTRODUCTION

Initiated by the demonstration of on-demand single-
electron sources in quantum Hall edge channels [1,2],
electron quantum optics (EQO) [3] has seen the demon-
stration of several important milestones such as electronic
Hanbury Brown and Twiss [4] and Hong-Ou-Mandel
(HOM) [5] experiments, quantitative studies of electronic
decoherence using HOM [6] and Mach-Zehnder interfer-
ometry in the stationary regime [7–11], and, more recently,
with single-electron current pulses [12] called levitons
[2,13]. Moreover, a full characterization of the quantum
state and coherences of single-electron and hole excitations
within a quantum Hall edge channel has been performed
[14–17]. By demonstrating the ability to access electronic
quantum states in a quantum conductor at an unprecedented
level, these achievements strongly suggest that EQO is now
mature for exploring its applications. The extreme sensi-
tivity of individual electronic excitations to their electro-
magnetic environment suggests to explore their potential
for the sensing of electromagnetic fields at the micrometer
spatial scale and down to a few picosecond timescale [18].

This would be of great interest in the current effort to
extend the paradigms of quantum coherent nanoelectronics
to higher frequencies [19], possibly up to the terahertz
range [20] since the electromagnetic wavelength (milli-
meters) is still much larger than the size of the device (from
1 to few tens of micrometers). For example, interferometric
detection of a single electron at subnanosecond timescale is
indeed instrumental in a recent proposal for single-shot
detection of an electronic flying qubit [21,22]. In a broader
perspective, solid-state systems envisioned for quantum
technologies [23–25] involve quantum electromagnetic
fields in the giga- to terahertz range. Quantum optics in
the terahertz domain also offers interesting perspectives for
studying quantum materials [26]. This calls for sensors that
can probe the properties of these fields on the chip and at
such short timescales. In a different context, the concepts
and ideas presented here may be relevant for quantum
coherent electronic microscopy [27–31].
However, sensing and analyzing local quantum electric

fields on very short timescales is notoriously difficult.
Quantum electrometers based on Rydberg atoms [32] have
reached record sensitivities, but for static fields. Fast
electric modulation of optical systems enables measuring
the electric field with a terahertz bandwidth [33].
Unfortunately, such optical systems are not convenient
for quantum mesoscopic devices due to the difficulty of
combining optics and microwave electronics within the
same cryostat and the large size of the sensing area.
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However, changes may arise from new approaches on
efficient terahertz generation of voltage pulses compatible
with cryogenic environment presently developed [34]. On-
chip systems based on nanomechanical resonators [35,36],
rf-capacitive gate-based sensing [37], and nitrogen-vacancy
centers in diamond [38], as well as quantum dots [39,40]
have been demonstrated, often as charge sensors able to
detect a single-electron charge at a few tens of nanometers.
However, their bandwidth is still limited to 1–10MHzat best,
obtained with rf single-electron transistor [41], quantum
point contacts (QPCs) [42], rf superconducting quantum
interference devices [43], or quantum dots [44]. Moreover,
they are not designed to detect quantum features of the
electromagnetic field such as nonclassical fluctuations.
In this paper, we discuss the “electron quantum radar”

(EQR) as a way to probe the quantum state of an
electromagnetic radiation using a single-electron interfer-
ometer. This idea is dual to the one underlying radars and
coherent LIDARs that are electromagnetic interferometers
probing a material target. Here, the EQR is an electronic
Mach-Zehnder interferometer (MZI) [45], where one
branch is capacitively coupled to a radiation channel in
which the external electromagnetic radiation propagates as
depicted in Fig. 1 (see also Ref. [46]). It obtains informa-
tion on the quantum state of the radiation by comparing
ballistic propagation within the “reference branch” of the
MZI and propagation in the “target branch” coupled to the
radiation. This is different from the proposal of Ref. [47] in
which nonclassical radiation is probed via photoassisted
tunneling. It is closer to an interferometric probe of a
quantum electromagnetic field by matter [48], although,

here, it is not a quantum nondemolition measurement since
the coupling operator is a quadrature of the field [49].
As shown in the present work, single-electron excitations

are the most promising probes of quantum radiation
involving one to a few photons because the associated
quantum electric current generates a very small backaction
on this radiation compared to electric currents involving
more electronic excitations. The generation of wave pack-
ets in the tens to few picosecond range in a variety of
systems [19,50–55] suggests that the versatility of single-
electron sources may enable us to probe properties of
quantum radiation both in time and frequency. Moreover,
the interferometric method proposed here relies on the
measurement of a dc current and therefore bypasses the
need for a wide-bandwidth measurement chain.
Motivated by this perspective, a full theory of the single-

electron quantum radar is presented here. The central result
of this paper is the single-electron radar equation that gives
the interference contribution to the average electric current in
terms of the single-electron wave packet and the quantum
state of the electromagnetic radiation. All the dynamics are
contained in the linear response properties of the “radiation
coupler” coupling the target branch to the radiation.
The single-electron radar equation accounts for the

interferometer’s backaction on the incident radiation, which
leads to electronic decoherence [56,57]. We show that all
the information about the state of the incident quantum
radiation is contained in a Franck-Condon recoil factor [58]
describing the change of the incident radiation upon the
propagation of a time-resolved single-electron excitation
across the interferometer. This result is established using
the plasmon scattering matrix related to finite-frequency
admittances [59,60] to describe the coupling between the
external radiation and the plasmon modes within the target
branch of the MZI.
In the case of a classical radiation, this recoil factor

includes a pure phase corresponding to the classical electric
potential seen by the electron during its propagation. When
the quantum state of the incident quantum radiation is
Gaussian, the recoil factor captures the time-dependent
fluctuations in the mode selected by the capacitive coupling
between the radiation and the electrons. This enables us to
give an operational criterion to test whether the fluctuations
are subvacuumor not. This resultmaybe of interest in light of
recent theoretical [61,62] and experimental [63] studies of
squeezing in quantumHall edge channels aswell as in tunnel
junctions [64,65]. As a last example, we discuss the electron
radar signature of single to few edge magnetoplasmons
(EMPs) propagating in a nearby quantum Hall edge channel
and show that, when the radiation coupler provides a
broadband filtering of the incoming radiation, the recoil
factor in the time domain is proportional to the instantaneous
average heat current [66] carried by a single EMP.
This paper is structured as follows: Section II presents

the basic ideas for sensing classical or quantum

FIG. 1. Scheme of principle for sensing electromagnetic fields
with single-electron excitations. An electronic MZI is formed by
combining two quantum point contacts A and B acting as ideal
electronic beam splitters. It encloses a magnetic flux ΦB,
inducing an Aharonov-Bohm phase ϕAB ¼ eΦB=ℏ. The inter-
ferometer is fed by a single-electron source S located right before
the first beam splitter A. One measures the Aharonov-Bohm flux-
dependent part of the average outgoing electrical current hi1outðtÞi
or h{̃1outðωÞi. Branch 1 is capacitively coupled to external
electromagnetic radiation.
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electromagnetic fields with an electronic interferometer. In
particular, we show the importance of the backaction of the
interferometer when probing quantum electromagnetic
radiation. The theory of a single-electron Mach-Zehnder
interferometer with one of its branches irradiated by a
quantum electromagnetic field is then presented in Sec. III
and its core result—the single-electron radar equation—is
derived. Explicit predictions for classical and quantum
radiation (squeezed and Fock states) probed by levitons
[2,13] are presented in Sec. IV, as well as a comparison with
other state-of-the-art techniques to measure time-dependent
quantum fluctuations of a voltage [63,64,67,68].

II. SENSING ELECTROMAGNETIC FIELDS
WITH ELECTRONS

In this section, we discuss the physics of the electronic
MZI as a probe of an external radiation at a qualitative
level. Sections II A and II B are devoted to estimating the
classical phase shift induced on the probing electron in the
radiation coupler by a nearby propagating single-electron
current and then a classical time-dependent voltage. In
Sec. II C, we consider an incident quantum radiation and
we show that, to avoid decoherence effects, a compromise
must be found on the strength of the electron-radiation
coupling. The discussion of backaction effects also
explains why single-electron interferometry is appropriate
for probing the quantum state of mesoscopic quantum
radiation involving a low average number of photons.

A. Electromagnetic phase shifts

Before modeling the MZI, let us estimate the order of
magnitude of the phase shift induced by a nearby electron
on the electron propagating within the MZI. In Ref. [18], a
“small electron collider” depicted in Fig. 2 has been
considered. The phase shift δϕcoll associated with
Coulomb potential for electrons flying nearby each other
at velocity vF is, up to some geometric factor, on the order
of the effective fine-structure constant within the material

δϕcoll ¼ αeff arcsinhðl=dÞ; ð1aÞ

αeff ¼
e2

4πε0εrℏvF
¼ αQED

εr

c
vF;

ð1bÞ

in which αQED is the fine-structure constant of QED. For
AlGaAs/AsGa with relative permittivity εr ¼ 12.9 and a
typical Fermi velocity vF ¼ 105 ms−1, αeff ∼ 1.7 and, there-
fore, for l ¼ 1 μm and d ¼ 100 nm, δϕcoll=2π ≃ 0.81,
which is not small compared to unity. Similar phase estimates
have also been discussed in two-electron collision within an
HOM interferometer [69–71].
This estimate suggests that, using the typical radiation

coupler geometry depicted in Fig. 1, a single-electron
excitation propagating within the MZI may be able to
detect the time-dependent electromagnetic field associated
with a single electron passing by in the radiation channel.

B. Sensing a classical voltage drive

To understand how the shape of the probing electron’s
wave packet influences its detection capabilities, we now
discuss more precisely the behavior of the single-electron
MZI depicted in Fig. 1 using single-particle physics.
Two QPCs behave as ideal electronic beam splitters with

scattering matrices

Sα ¼
� ffiffiffiffiffiffi

Tα
p

i
ffiffiffiffiffiffi
Rα

p

i
ffiffiffiffiffiffi
Rα

p ffiffiffiffiffiffi
Tα

p
�

ð2Þ

for α ¼ A or α ¼ B where Tα and Rα are the transmission
and reflection probabilities (Tα þ Rα ¼ 1). A static
perpendicular magnetic field B is applied, generating an
Aharonov-Bohm phase ϕAB enclosed between the arms 1
and 2.
We assume that electrons feel a time-dependent classical

potential UðtÞ along branch 1 and propagate ballistically
along branch 2 with time of flight τ2. The amplitude for a
single electron to enter into branch 1 at time t0 and arrive at
the second beam splitter at time t is then given by

Rðt; t0Þ ¼ e
ie
ℏ

R
t

t0 UðτÞdτδðt − t0 − τ1Þ; ð3Þ

inwhich τ1 denotes the ballistic timeof flight across branch1.
The prefactor is the electric phase accumulated by the
electron during its propagation. We can then compute the
probability for an electron emitted by the sourceS in a single-
particle state φe to be detected in the outgoing branch 1,

pð1outÞ ¼ RARB þ TATB þ Pq; ð4Þ

in which the quantum interference contribution Pq is
given by

FIG. 2. Collision of two electrons propagating within two
counterpropagating one-dimensional (1D) channels at velocity
vF, separated by a distance d, and feeling Coulomb potential
within a region of length l in a dielectric material of relative
permittivity εr.
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Pq ¼ KRe

�
eiϕAB

Z
R
φeðt − τ1Þe

ie
ℏ

R
t

t−τ1
UðτÞdτ

φeðt − τ2Þ�dt
�
;

ð5Þ

where K ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RARBTATB

p
. In the limit of a very short

electronic wave packet emitted at time te and for τ1 ¼ τ2,
we obtain

Pq ∝ Re
�
eiϕABeiδϕUðteÞ

�
; ð6Þ

where the phase

δϕUðteÞ ¼
e
ℏ

Z
teþτ1

te

UðτÞdτ ð7Þ

is the electric phase accumulated during the time interval
½te; te þ τ1�. This result corresponds to our intuition from
optics: The interferometer provides away to access the phase
difference between the two propagation paths, which, in the
present case, is directly related to the classical voltage
experienced by the electrons during their propagation along
branch 1.
In order to discuss how an electronic MZI can be used to

probe the quantum state of a radiation, a quantum descrip-
tion of the radiation-electron coupling is needed.

C. Interferometric sensing of a quantum system

The simplest way to understand how a quantum inter-
ferometer can probe the state of a quantum system coupled
to one of its branches is to discuss a generalization of the
Elitzur-Vaidman bomb detector [72].
In this work, a quantum interferometer is used to detect

the presence of a bomb without necessarily triggering its
explosion. The trigger is activated as soon as a particle
travels across branch 1 of the interferometer (see Fig. 3).
This assumes that the trigger is a perfectly efficient particle
detector. The idea is then to tune the optical paths of the

MZI so that, in the absence of the bomb, the particle exits
on one of its outgoing branches, but not in the other. In the
presence of the bomb, the particle exits with probability
1=4 in the branch where it would never exit in the absence
of the bomb. This provides a sure diagnostic of its presence
without interacting with its trigger; hence the commonly
used term “interaction-free measurement” to describe this
process.
However, in the present context, we are interested in

exploiting the interaction between the particle and the
bomb’s trigger to gain information about not only its
presence or absence, but also about its quantum state.
The bomb initially being in the jIdlei state, interaction

with the incident particle leads to an entangled state involving
two alternatives: First, as in Elitzur and Vaidman’s work,
when the particle is absorbed, the bomb is detonated.
However, we also account for the case where the bomb is
not detonated and the particle is not absorbed: We speak of
“fizzling out.” Since this is the result of an interaction
between the particle and the bomb, their states are altered:
the particle one being jψ 0i and the bomb one being jFizzledi.
The full interaction between the particle and the bomb is then
described by the quantum coherent process

jΨi ⊗ jIdlei ⟶ A0j∅i ⊗ jDetonatedi
þA1jΨ0i ⊗ jFizzledi; ð8Þ

in which j∅i denotes the vacuum state (the particle has been
absorbed). The Elitzur-Vaidman interaction-free measure-
ment corresponds to jA0j2 ¼ 1, but here both alternatives are
allowed and thus jA0j2 þ jA1j2 ¼ 1. For balanced beam
splitters, the conditional output probabilities for the particle
are then given by the following expressions:

pðAbsorbedÞ ¼ 1

2
ð1 − jA1j2Þ; ð9aÞ

pð1outÞ ¼
1

4
ð1þ jA1j2Þ − Pq; ð9bÞ

pð2outÞ ¼
1

4
ð1þ jA1j2Þ þ Pq ð9cÞ

in which quantum interference effects are contained in

Pq ¼
1

2
ReðA1eiϕABhIdlejFizzledihΨjΨ0iÞ; ð10Þ

which is sensitive to the (Aharonov-Bohm) phase difference
ϕAB associated with free propagation along the two branches
of the MZI. Information on the quantum state of the bomb is
contained in the product of the two overlaps hΨjΨ0i
and hIdlejFizzledi.
From our perspective, the bomb plays the role of the

incoming electromagnetic radiation and the particle is the
quantum electrical current propagating within the MZI.

FIG. 3. The Elitzur-Vaidman interferometer: In the absence of
the bomb, this single-particle (photon) Mach-Zehnder interfer-
ometer is calibrated so that there is no click in D2. In the presence
of the bomb, the trigger absorbs an incident photon with 100%
efficiency and detonates the bomb. Interferences are destroyed
and there is a probability 1=4 for the traveling particles to be
detected by D2.
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The process in which the particle is absorbed and the bomb
is detonated corresponds to a full electronic decoherence
within the MZI. It occurs whenever Coulomb interactions
lead to the generation of any extra electron-hole pair within
channel 1 of the MZI compared to ballistic propagation
along channel 2. The resulting many-body state will then
have a vanishing overlap with the ballistic propagation of a
single-electron excitation within branch 2 of the MZI.
However, this is not the case of interest for the EQR since,
in this case, the interference contribution to the average
current vanishes and, as in the Elitzur-Vaidman case,
nothing can be learned on the quantum state of the
incoming radiation.
By contrast, in the absence of generation of extra

electron-hole pairs, the state of the electron propagating
within branch 1 is altered by its coupling to the incoming
radiation: this corresponds to the change jΨi → jΨ0i in the
above discussion. For a classical radiation, this is the phase
shift associated with the voltage experienced by the
electrons (see Sec. II B).
The alteration of the bomb’s state jIdlei → jFizzledi in

the above discussion corresponds to the effect of the
propagating electron on the incident radiation in the
situation where no extra electron-hole pairs are created.
This is the backaction of the interferometer, seen as a
measurement device, on the radiation. The amplitude
hIdlejFizzledi measures the “quantum recoil” of the radi-
ation upon propagation of a single electron without gen-
erating extra electron-hole pairs along branch 1 of the MZI.
As we shall see in Sec. III, this is precisely the part that will
contain information on the quantum fluctuations of the
incoming radiation.
When the backaction is too important, the overlap

hIdlejFizzledi may vanish and the interference signal is
then lost. This point explains why quantum electrical
currents carrying a single electronic excitation are relevant
for probing mesoscopic quantum electromagnetic fields
that involve a low average number of photons: In addition
to decoherence, which is generically less important for
them, single-electron currents lead to a smaller backaction
than currents carrying more excitations.
In the end, this qualitative discussion suggests that

extracting information on the incoming radiation thus
requires a compromise: Electronic decoherence as well
as backaction on the quantum radiation has to be moderate
to ensure an experimentally accessible signal, but strong
enough to ensure sensitivity to the incoming quantum
radiation.

III. THE SINGLE-ELECTRON RADAR THEORY

In this section, we derive the central result of this work,
which is the single-electron radar equation expressing the
interference contribution to the outgoing average current in
terms of two distinct quantities: first, the excess single-
electron coherence of the injected wave packet that depends

only on the electronic source S, and second, an effective
single-particle scattering amplitude describing both the
effects of electronic decoherence and the incoming radia-
tion. The latter quantity reflects the dynamics of the
interferometer coupled to its electromagnetic environment.
Although this result is formally derived in Appendix E

using the bosonization framework, which allowed us to
recover the results in the case of chiral quantum Hall edge
channels, a more intuitive derivation is presented in
Secs. III A and III B. For technical details, we refer to
the Appendixes.

A. Radiation coupler modeling

The radiation coupler involves a capacitive coupling
between a portion of the upper branch of the electronic MZI
and the external radiation channel that is fed by the
incoming electromagnetic radiation we want to study.
The effect of Coulomb interactions within this region will
be described within the framework of edge-magnetoplas-
mon scattering. Originally introduced in the context of
finite-frequency quantum transport in 1D [59,60,73], it
enables us to describe the scattering between the EMP
modes propagating along the MZI edge channel and the
bosonic modes within the external radiation channel [74].
For simplicity, we assume that the whole upper branch of

theMZI is included in the radiation coupler so that the EMP
scattering matrix will account for the detailed geometry of
the sample. We also assume that only the EMP modes
associated with the bðωÞ and b†ðωÞ destruction and
creation operators and the external radiation modes asso-
ciated with the aðωÞ and a†ðωÞ operators appear in the
scattering matrix SðωÞ,

�
aoutðωÞ
boutðωÞ

�
¼

�
SaaðωÞ SabðωÞ
SbaðωÞ SbbðωÞ

��
ainðωÞ
binðωÞ

�
: ð11Þ

Depending on the design of the radiation coupler, the
ða; a†Þ modes may be photonic [case of Fig. 4(b)] or edge

FIG. 4. The edge-magnetoplasmon scattering approach de-
scribes many situations, such as, for example, (a) two counter-
propagating edge channels capacitively coupled over a distance l,
(b) a chiral-edge channel capacitively coupled to a linear external
circuit described by a frequency-dependent impedance ZðωÞ.
(c) Solving the equation of motion leads to a frequency-
dependent scattering matrix SðωÞ between the channel’s edge-
magnetoplasmon modes and the bosonic modes of the other
system.
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magnetoplasmonic [see Fig. 4(a)]. These matrix elements
are related to finite-frequency admittances [59,60,75]. In
principle, they could be inferred from experimental
measurements [76]. Quantitative predictions can also be
made from theoretical models of the radiation coupler.
Experimentally relevant examples include the case of two
counterpropagating edge channels [see Fig. 4(a)] as well as
the case of a capacitive coupling to a transmission line [see
Fig. 4(b)]. Computations for the case of two counter-
propagating edge channels in total mutual influence [see
Fig. 4(a)] are detailed in Appendix D. This specific
radiation coupler model will be used throughout the present
manuscript to illustrate explicit examples.

B. The single-electron radar equation

1. Single-particle scattering approach

Wenow derive the radar equation assuming that electronic
propagation inside the radiation coupler is described in terms
of time-dependent single-particle scattering. We are neglect-
ing electron-hole pair creation by Coulomb interactions
within the MZI. We also assume that the two QPCs are
ideal electronic beam splitters with energy-independent
scattering matrix. Denoting by Rðt; t0Þ the amplitude for
an electron to enter branch 1 at time t0 and exit it at time t ≥ t0,
we can compute the Aharonov-Bohm flux-dependent con-
tribution to the outgoing time-dependent average electrical
current hi1outðtÞi. In a MZI, it reduces to

hi1outðtÞi ¼ −eðI0ðtÞ þ eiϕABIþðtÞ þ e−iϕABIþðtÞ�Þ; ð12Þ

where ϕAB ¼ 2πΦB=Φ0 is the Aharonov-Bohm phase asso-
ciated with the magnetic flux ΦB (Φ0 ¼ h=e being the flux

quantum). Denoting by AðS!j 1outÞ the amplitude for an
electron to be emitted by the source S, propagating along
branch j between the twoQPCs and detected in 1out, we have
(see Fig. 5)

IþðtÞ ¼ vFAðS!1 1outÞAðS!2 1outÞ� ð13Þ

with

AðS!1 1outÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
TATB

p Z
R
Rðt; t0Þφeðt0Þdt0; ð14aÞ

AðS!2 1outÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p
φeðt − τ2Þ: ð14bÞ

Note that, in the present context, 2Re½IþðtÞeiϕAB � plays the
role of the interference termPq in Sec. II. The quantityXþðtÞ
defined by IþðtÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RATARBTB

p
XþðtÞ does not depend

on the properties of the electronic beam splitters and
completely determines the interference contribution to the
average electrical current. It is equal to

XþðtÞ ¼ vF

Z
R
Rðt; t0Þφeðt0Þφeðt − τ2Þ�dt0: ð15Þ

This result is called the electronic radar equation by analogy
with the existing signal processing literature [77]. Its integral
over time

XðdcÞ
þ ¼

Z
R
XþðtÞdt ð16Þ

represents the interference contribution to the total charge
detected on output 1 of the MZI. For a balanced MZI
(TA ¼ TB ¼ 1=2), the average dc current measured when
the experiment is repeated at measurement frequency fm is
given by

hiðdcÞ1out
i ¼ −

efm
2

�
1þ Re

�
eiϕABXðdcÞ

þ

��
: ð17Þ

2. Coulomb interaction effects

The discussion of Sec. II C suggests that the result in the
presence of Coulomb interactions and of an incoming
quantum radiation is of the same form as Eq. (15) with an
effective single-electron scattering amplitude Reffðt; t0Þ that
takes into account decoherence effects as well as the
backaction of the electron on the incoming quantum
radiation. The formal derivation of this fact is given in
Appendix E, but here we will proceed with obtaining the
form of the effective scattering amplitude using semi-
qualitative arguments to emphasize its physical meaning.
In the absence of incoming electromagnetic radiation,

the amplitude Reffðt; t0Þ is the amplitude for a single
electron to propagate elastically across branch 1, taking
into account the capacitive coupling to the radiation
channel. Any process leading to the generation of an extra
electron-hole pair within the edge channel or of an
excitation within the electromagnetic environment would
lead to decoherence in the MZI. This elastic scattering
amplitude has already appeared in studies of electronic
decoherence in the MZI [78–82]. Electronic decoherence in
MZI has been experimentally simulated using a voltage
probe in Ref. [8], thereby showing the reduction of the
interferometer’s contrast by the amplitude (square root of
the probability) for the electron to be transmitted across
the probe.
In the absence of external radiation, Reffðt; t0Þ should

then be the elastic scattering amplitude for an incoming
single-electron excitation injected at time t0 in the presence
of the Fermi sea to exit at time t without experiencing any
inelastic scattering: Reffðt; t0Þ ¼ Θðt − t0ÞZ1ðt − t0Þ, where

Z1ðτÞ ¼
Z þ∞

0

Z̃1ðωÞe−iωτ
dω
2π

ð18Þ
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is the Fourier transform of the elastic scattering amplitude
Z̃1ðωÞ for a single electron of energyℏω > 0 across branch1
of the MZI. This amplitude, computed in Refs. [57,74,83],
contains all the information about the electronic decoherence
at zero temperature (induced by vacuum fluctuations) and
has recently been considered in light of experimental studies
of electronic relaxation [9,10,84]. Going back to the dis-
cussion of Sec. II C, Z1ðτÞ corresponds to the product
A1hΨjΨ0ihIdlejFizzledi when the radiation channel is fed
with the vacuum state.
We now have to discuss the backaction of the electron in

the presence of incoming radiation. The backaction on the
vacuum is already taken into account by the elastic
scattering amplitude Z1ðτÞ or Z̃1ðωÞ, but here we consider
the effect of the single-electron current on the incoming
photonic excitations.
An outgoing electron at time t corresponds, in terms of

EMP, to a localized current pulse coming out of branch 1.
Such a current pulse comes from an incoming pulse in edge
channel 1 as well as some coherent pulse in the radiation
channel whose amplitude can be inferred from the scatter-
ing matrix SðωÞ. Denoting by ΛtðωÞ ¼ −eiωt=

ffiffiffiffi
ω

p
the

corresponding amplitude of the mode boutðωÞ, the ampli-
tudes of the incoming pulses are given by

hbinðωÞi ¼ S�bbðωÞΛtðωÞ; ð19aÞ

hainðωÞi ¼ S�baðωÞΛtðωÞ: ð19bÞ

Equation (19b) gives the amplitude of the “backaction
kick” on the incoming radiation associated with the
detection of an electron localized at time t at the end of
the upper MZI branch. Consequently, the unitary operator
representing the backaction is the infinite-dimensional
displacement operator Dain ½S�baΛt� [see Eq. (B7) for its
definition].
The full backaction factor is then the average value of

Dain ½S�baΛt� in the reduced density operator ρem describing
the state of the incoming quantum radiation fed into the
radiation coupler. Since the contribution in the vacuum
state j0i for the ainðωÞ modes is already included in Z1ðtÞ,
the excess backaction on the incoming radiation is obtained
by dividing hDain ½S�baΛt�iρem by hDain ½S�baΛt�ij0i. This leaves
us with the average value of the bosonic normal-ordered
backaction displacement operator as the prefactor repre-
senting the recoil of the incident radiation induced by a
single-electron excitation propagating across the upper
branch of the MZI. By analogy with the Franck-Condon
factor that appears in the spectroscopy of complex mole-
cules [58] or in the Mössbauer effect [85,86], where it is
called the Lamb-Mössbauer factor, we thus define the
Franck-Condon factor

F ρemðtÞ ¼ h∶Dain ½S�baΛt�∶iρem ; ð20Þ

in which we have introduced the bosonic normal ordering
∶ � � � ∶. As noticed in Ref. [87] and explicitly derived here
in Appendix F, the Franck-Condon factor contains infor-
mation on the full counting statistics of the charge
propagating within the radiation channel. More specifi-
cally, when the radiation channel is a chiral quantum Hall
edge channel at ν ¼ 1,

F ρðtÞ ¼
D
∶e2πiNðtÞ∶

E
ρem

; ð21Þ

in which the NðtÞ operator represents a filtering of the
charge operator flowing across the interaction region within
the radiation channel.
The quantum interference contribution to the average

outgoing electrical current thus has the form

XþðtÞ ¼ vF

Z
t

−∞
Reffðt; t0Þφeðt0Þφeðt − τ2Þ�dt0; ð22Þ

in which the effective single-particle scattering amplitude is
given by

Reffðt; t0Þ ¼ Z1ðt − t0ÞF ρemðtÞ: ð23Þ

In the case where independent repeated single-electron
experiments are performed, one can replace the product
φeðt0Þφeðt − τ2Þ� by the excess single-electron coherence

ΔGðeÞ
S ðt0jt − τ2Þ emitted by the imperfect single-electron

sources. This takes into account the statistical fluctuations
in the imperfect emissionof single-electron excitations by the
source S. Equation (22) can then be interpreted as described
in Fig. 5. Appendix G discusses the frequency domain form
of the single-electron radar equation and its interpretation.
Expression (23) takes into account electronic decoherence

and the effect of the incoming quantum radiation. Together
with the expressions for Z1ðτÞ and the Franck-Condon
factor, Eqs. (22) and (23) form the central result of the

FIG. 5. Physical interpretation of the linear radar equation (22)
in the time domain showing the contribution of incoming single-
electron coherence to the temporal signal XþðtÞ. The figure
presents the product of two quantum amplitudes: The one with an
arrow oriented away from the source corresponds for a direct
amplitude, whereas the one with the arrow arriving to the source
corresponds to the complex-conjugated amplitudes contributing
to XþðtÞ.
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single-electron radar theory. The factorized form of the rhs of
Eq. (23) has an important consequence: The Franck-Condon
factor appears as the ratio of the time-resolved EQR signal in
the presence of the external radiation to the one in the absence
of it,

½XþðtÞ�ρem
½XþðtÞ�j0i

¼ F ρemðtÞ: ð24Þ

However, high-precision broadband time-domain measure-
ments of the average current are difficult to perform.We thus
have to discuss how Eqs. (22) and (23) can be used to
interpret the experimental data obtained by recording inter-
ference fringes on the dc average current, which is the usual
quantity measured with high precision.

3. The dc-current interference contrast

Assuming that the source could inject a very short
electronic wave packet of duration τe at time te, the EQR
radar signal in the presence of external radiation would

(naively) be given by (see Appendix H) ½XðdcÞ
þ �ρem≃

τeZðτ2ÞF ρemðte þ τ2Þ. Comparing the result in the presence
and in the absence of electronic radiation [F j0iðtÞ ¼ 1]
injected into the radiation channel then leads to

h
XðdcÞ
þ

i
ρem

≃
h
XðdcÞ
þ

i
j0i
F ρemðte þ τ2Þ: ð25Þ

Consequently, sweeping the emission time te of the infinitely
short probe wave packet would sample F ρemðte þ τ2Þ,
thereby providing us with a time-resolved probe of the
electromagnetic radiation.Note that the τ2 time delay follows
fromballistic propagation along the lower branch of theMZI.
Unfortunately, electronic wave packets with only positive
energy components cannot be arbitrarily localized.
Nevertheless, short duration levitons, which are purely
electronic excitations generated by a Lorentzian voltage
pulse [13,88], provide us with a close analog to a perfectly
localized electronic excitation. However, aswill be discussed
in the next subsection, the issue of electronic decoherence
must be addressed carefully.

C. Leviton excitations

We now discuss the dc-average current interference
signal XðdcÞ

þ defined by Eq. (16) when the MZI is fed with
a single leviton of duration τe injected at time te.

1. General result

As shown in Appendix I, the simple expression for the
leviton wave packet in the frequency domain enables us to
derive a convenient form for XðdcÞ

þ suitable for numerical
evaluations,

XðdcÞ
þ ¼

Z
R
F̃ ρemðΩÞe−iΩðteþτ2Þfτe;τ2ðΩÞ

dΩ
2π

; ð26Þ

in which F̃ ρemðΩÞ denotes the Fourier transform of the
Franck-Condon factor defined by Eq. (20). The filter

fτe;τ2ðΩÞ ¼ 4πτe

Z þ∞

jΩj=2
Z̃1

�
ω −

Ω
2

�
e−2ωτee−iðω−Ω

2
Þτ2 dω

2π

ð27Þ

contains the effects of electronic decoherence along branch
1 via the elastic scattering amplitude Z1ðωÞ and ballistic
propagation along branch 2 of the interferometer for a
leviton of duration τe.

2. The vacuum baseline

Let us start by the vacuum baseline, defined as the dc
contrast in the absence of external radiation (ρem ¼ j0ih0j),

h
XðdcÞ
þ

i
j0i

¼ 4πτe

Z þ∞

0

Z̃1ðωÞe−2ωτee−iωτ2
dω
2π

: ð28Þ

This quantity, which represents the interference contrast, is
reduced because of two different physical effects.
First of all, even in the absence of electronic

decoherence, the difference of times of flight along the
target and the reference branch reduces the interference
signal. For Z̃1ðωÞ ¼ eiωτ1, which corresponds to ballistic
propagation along the target branch with time of flight τ1,
we find

h
XðdcÞ
þ

i
j0i

¼ 2τe
2τe − iτ12

; ð29Þ

where τ12 ¼ τ1 − τ2 characterizes the interferometer’s
imbalance. As expected, the interference signal signifi-
cantly decays as soon as jτ12j becomes larger than 2τe.
In the perspective of the EQR radar, by using time-

localized wave packets such as the levitons, the goal would
be to achieve such time-of-flight synchronization in order
to obtain the strongest information signal. Depending on
the experimental situation, the geometry of the device may
be constrained so that a lower bound τe ≳min jτ12j=2 > 0

is imposed, thereby intuitively limiting the time resolution
of the interferometer. In other devices, we may be able to
tune τ2 in order to maximize the contrast in the absence of
external radiation. This is what we assume in the rest of this
paper, but the general expressions given by Eqs. (26) and
(27) enable us to discuss any situation.
The second cause of interference contrast reduction is

electronic decoherence, which occurs when no radiation is
sent into the radiation coupler. Being associated with the
imprint left in its electromagnetic environment at zero
temperature by the electronic wave packet, it is the
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irreducible part of contrast reduction. In the present
formalism, electronic decoherence is associated with the
decay of the electronic quasiparticle which is measured by
the inelastic scattering probability 1 − jZ̃1ðωÞj2.
Figure 6 depicts the vacuum baseline maxτ2 jXðdcÞ

þ j
optimized on τ2 as a function of the leviton’s width τe.
These graphs, obtained for a radiation coupler built from
two counterpropagating edge channels in total electrostatic
influence over a distance l via a geometric capacitance Cg

[see Fig. 4(a)], are plotted for different values of the
dimensionless coupling constant

α ¼ e2l
hvFCg

; ð30Þ

encoding the importance of Coulomb interaction effects
within this radiation coupler (see Appendix D). As
expected, at fixed α, electronic decoherence is stronger
for shorter leviton pulses due to their high-energy compo-
nents. For a given τe, it is also stronger at small α compared
to the Coulomb-dominated regime (large α), an effect
already predicted [82] and observed [89] when an electron
of energy ℏωe propagates across a metallic island with
Coulomb energy EC ≫ ℏωe. Note that a 50% contrast can
be achieved when considering levitons of durations
τe ≳ l=10vF, which, in the case of l ¼ 10 μm and vF ¼
105 ms−1 corresponds to pulses of duration down to 10 ps.
As of today, established state-of-the-art techniques

achieve leviton pulses of around 30 ps. However, recent
advancements in this field [54,55] suggest that significant
progress toward 10–20 ps durations are within reach.

3. Filtering of the Franck-Condon factor

We now consider the effect of the leviton’s duration on the
Franck-Condon prefactor. Without electronic decoherence,
one expects the duration of the leviton to be the limiting time-
resolution factor for accessing F ρemðtÞ. In the absence of
electronic decoherence, using Z1ðωÞ ¼ eiωτ1 leads to

h
XðdcÞ
þ

i
ρem

¼
h
XðdcÞ
þ

i
j0i
ðKτe;τ12 � F ρemÞðte þ τ2Þ; ð31Þ

where ½XðdcÞ
þ �j0i is given by Eq. (29) and the kernel

Kτe;τ12ðτÞ ¼
1

π

τe − i τ12
2

ðτe − i τ12
2
Þ2 þ ðτ þ τ12

2
Þ2 ð32Þ

encodes the way the leviton’s duration and the MZI’s
imbalance blur the temporal resolution on the Franck-
Condon factor F ρemðtÞ. Equations (31) and (32) show that
the duration τe of the leviton limits the time resolution for
accessing F ρemðtÞ.
Electronic decoherence alters the expression of the

kernel in Eq. (31). In this context, we define τ1 as the
Wigner-Smith time delay associated with the elastic scat-
tering amplitude Z̃1ðωÞ: τ1 ¼ −i(dfln½Z̃1ðωÞ�g=dω) at
ω ¼ 0. Note that τ1 corresponds to the effective time of
flight of electronic wave packets of low energy, so that they
do not experience strong electronic decoherence [57]. We
have to resort to the general filtering expressions given by
Eqs. (26) and (27). As explained in Appendix I, the filtering
function fτe;τ2ðΩÞ always satisfies

fτe;τ2ðΩ ≥ 0Þ ¼ e−Ωτefτe;τ2ð0Þ ¼ ½XðdcÞ
þ �j0i × e−Ωτe : ð33Þ

However, for Ω < 0, one has

fτe;τ2ðΩ< 0Þ ¼ e−jΩjτee−iΩτ12

× 4πτe

Z þ∞

0

e−2ωτeeiωτ12Z̃1⋆ðjΩj þωÞdω
2π

;

ð34Þ

in which, for convenience, we have isolated the τ1
dependence by introducing Z̃1⋆ðωÞ ¼ e−iωτ1Z̃1ðωÞ. Its Ω
dependence is a priori more involved than in Eq. (33) and
must be evaluated numerically.
Nevertheless, whenever the typical timescale associated

with the radiation is much slower than τe and τD, defined as
the inverse of the energy scale over which the inelastic
scattering probability σinðωÞ starts to increase significantly,
one may neglect the Ω dependence in Z̃1⋆ðjΩj þ ωÞ,
thereby leading to

fτe;τ2ðΩ < 0Þ ≃ e−jΩjτeeijΩjτ12fτe;τ2ð0Þ: ð35Þ

Equations (33) and (35) then lead to Eq. (31) with the same
kernel Kτe;τ12 as in Eq. (32).
Equation (35) is an “adiabatic radiation approximation,”

assuming that electronic decoherence can be neglected for
the frequencies involved in the Franck-Condon factor. Note
that this approximation does not assume that leviton wave
packets, which involve much higher frequencies, experience

FIG. 6. Optimized contrast maxτ2 jXðdcÞ
þ j of dc-current interfer-

ence fringes for a leviton of duration τe as function of τevF=l in
the absence of external radiation. The radiation coupler involves
two counterpropagating edge channels in total mutual electro-
static influence over a distance l (see Appendix D). Curves have
been plotted for α ¼ 1=5 (red), 1 (green), and 15 (blue).
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a weak electronic decoherence. Electronic decoherence is
accounted for by the vacuum baseline ½XðdcÞ

þ �j0i whose
modulus can be much lower than the modulus of the rhs
ofEq. (29),which is only valid for ballistic propagation along
the target branch.
Interestingly, for very short levitons and a balanced

interferometer (τ12 ¼ 0), the kernel converges to the δðτÞ
distribution and the heuristic result of Eq. (25) is recovered.
The point is that we have an exact expression for the
vacuum baseline given by Eq. (28). Moreover, we know
that this is the result of an approximation that breaks down
when electronic decoherence effects manifest themselves at
frequencies similar to the inverse timescale of variation of
F ρemðtÞ. More importantly, the results presented here
enable us to go beyond this approximation and to consider
an imbalanced (τ12 ≠ 0) interferometer.

IV. PREDICTIONS FOR CLASSICAL
AND QUANTUM RADIATION

We now consider various types of radiation directly
relevant for forthcoming experiments. This includes
classical radiation for which the physics of a time-depen-
dent phase seen by independent electrons of Sec. II B will
be recovered in the voltage-locked regime of the radiation
coupler.
We then discuss the ability of the electron radar to probe

nonclassical radiation by considering squeezed states as
well as single EMPs. Such quantum states of radiation
cannot be described in terms of a classically fluctuating
voltage and, therefore, the full quantum approach of the
previous section will be necessary to obtain quantitative
predictions.
Finally, we discuss how our single-electron interferom-

etry proposal compares to other state-of-the-art techniques
to measure time-dependent quantum fluctuations.

A. Classical radiation

We consider a classical drive VgðtÞ applied to a top gate
capacitively coupled to the edge channel along the target
branch jxj ≤ l=2 of the MZI via a geometric capacitance Cg

as depicted in Fig. 7. This corresponds to Fig. 4(b) without
dynamical degrees of freedom coupled to the top gate
[ZðωÞ ¼ 0]. This is the limit of an infinite number of
electronic channels in the top gate’s lead in Ref. [90].
Because there are no external dynamical degrees of

freedom in this top-gate model, its dynamics can be
described by an input-output relation for the edge channel’s
EMP modes of the form

ioutðωÞ ¼ tðωÞiinðωÞ þ YðωÞVgðωÞ; ð36Þ

where tðωÞ denotes the EMP transmission amplitude across
the region jxj ≤ l=2 and the admittance YðωÞ describes the
response of the outgoing current to the top-gate potential

VgðωÞ. Assuming total mutual influence between the top
gate and target branch of the MZI, YðωÞ is the finite-
frequency admittance of the electrical dipole formed by the
top gate and the edge channel. It is related to tðωÞ by
[57,60,75]

YðωÞ ¼ e2

h
½1 − tðωÞ�: ð37Þ

Predictions for these coefficients can be obtained from the
discrete element model corresponding to Fig. 7 presented in
Appendix C.
Since the gate voltage translates the EMP operator binðωÞ

by −YðωÞVgðωÞ=e
ffiffiffiffi
ω

p
, it introduces a phase factor

FVg
ðtÞ ¼ e

ie
ℏ

R
R
Γðt−τÞVgðτÞdτ ð38Þ

in front of the fermionic field coming out of the radiation
coupler. The kernel ΓðτÞ is the inverse Fourier transform of
−RKYðωÞ=iω. This shows that the effective single-particle
scattering amplitude retains the form given by Eq. (23) with
Z1ðτÞ given by Eq. (18) with tðωÞ ¼ 1 − RKYðωÞ and
FVg

ðtÞ playing the role of F ρemðtÞ defined by Eq. (20) in
the full quantum theory. In particular, because the only
effect of the external drive VgðtÞ is to introduce a phase, it
does not contribute to electronic decoherence in the time
domain.
The importance of Coulomb interactions within the jxj ≤

l=2 region depends on the dimensionless coupling constant
α ¼ Cq=Cg defined by Eq. (30). For α ≪ 1, the voltage
drop at the capacitance vanishes and therefore the electrons
directly see the gate voltage VgðtÞ. This is the voltage-
locked regime. On the other hand, for α≳ 1, Coulomb
interactions are so strong that they tend to block charge
accumulation below the top gate. This is the Coulomb-
blockade regime.

1. The voltage-locked regime

At very small α, the electrochemical capacitance Cμ ¼
CgCq=ðCg þ CqÞ ≃ Cq is dominated by the quantum
capacitance Cq ≪ Cg. The voltage drop at the capacitance
is negligible and electrons within the jxj ≤ l=2 region
experience the gate potential VgðtÞ. Moreover, in this limit,

FIG. 7. A top gate is capacitively coupled to the jxj ≤ l=2
region of a chiral-edge channel. It is driven by a time-dependent
gate voltage VgðtÞ.Cg denotes the geometric capacitance between
the two conductors.
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tðωÞ ≃ eiωl=vF , the elastic scattering amplitude is Z1ðωÞ ∼
eiωl=vF and the electronic decoherence can thus be neglected
[57]. In other terms, there is no backaction of the incoming
electron on the edge channel mediated by the top gate
which could lead to electronic decoherence. The effective
scattering amplitude can be approximated by

Reffðt; t0Þ ≃ FVg
ðtÞδ

�
t − t0 −

l
vF

�
: ð39Þ

Atvery smallα,ΓðτÞ ¼ 1½0;l=vF�ðτÞ and, therefore,we recover
Eq. (3) with τ1 ¼ l=vF and UðtÞ ¼ VgðtÞ as expected.

2. Intermediate regime

As α is increased, electronic decoherence starts to
appear, but as long as we keep the energy of the electronic
excitation low enough, it can be neglected [57].
Nevertheless, increasing α modifies the voltage seen by
the electrons below the top gate, which becomes a filtering
of VgðωÞ [see Eq. (C19)]. Consequently, as long as
electronic decoherence can be neglected, the MZI detects
the accumulated electric phase associated with this filtered
effective time-dependent potential.
For leviton pulses, the discussion of Sec. III C shows that,

as long as the external voltage involves only low frequencies
compared to the ones for which electronic decoherence starts
to be significative, the adiabatic approximation of Eq. (35)
can still be applied. The ratio of the contrast with VgðtÞ and
for VgðtÞ ¼ 0 can thus be obtained as

½XðdcÞ
þ �VgðtÞ

½XðdcÞ
þ �0

¼
X
n∈Z

F n½VgðtÞ�e−2πnfτe

× e−2πinfðteþτ2Þe−2πinΘð−nÞfτ21 ; ð40Þ

in which F n½VgðtÞ� are the photoassisted amplitudes asso-
ciated with VgðtÞ mediated through the top gate, i.e., the
Fourier coefficients of the Franck-Condon factor given by
Eq. (38). As explained in Sec. III C 2, the vacuum baseline

½XðdcÞ
þ �0 takes into account electronic decoherence effects.
Therefore, for a slow enough drive, even when electronic

decoherence effects are strong, quantitative predictions for
the relative dc contrast ½XðdcÞ

þ �VgðtÞ=½X
ðdcÞ
þ �0 for leviton pulses

can still be obtained from the simple formalism discussed
in Sec. II B, provided one properly takes into account the
filtering of VgðtÞ by the top gate.

3. The Coulomb-blockade regime

The limit of large α corresponds to the regime dominated
by Coulomb interactions: they are so strong that no charge
can accumulate on the jxj ≤ l=2 interaction region of the
edge channel, nor on the top gate. As explained in
Appendix C 2, the outgoing EMP mode boutðωÞ has a very

small response to VgðtÞ. Consequently, this is not the
proper regime of operation for the EQR.
Note that electronic decoherence is not a problem in this

regime. This echoes the results obtained recently in Ref. [91]
in which a similar phenomenon occurs in a MZI where the
top gate in the strong coupling regime is replaced by a
metallic island with small enough capacitance.

B. Squeezed radiation

Let us now discuss the ability of the EQR to detect
squeezing by considering a Gaussian squeezed state. Our
proposal is based on comparing the interference contrast in
the presence and in the absence of external squeezed
radiations. Let us recall that vacuum fluctuations induce
electronic decoherence and thus set the vacuum baseline for
the interferometer’s contrast (see Sec. III C 2). For suffi-
ciently short electronic wave packets sent at the proper
time, we expect transient subvacuum voltage fluctuations to
reduce electronic decoherence. Such wave packets will thus
interfere with a higher contrast than in the absence of
external radiation. In this section, we discuss this idea
quantitatively and show that the signature of squeezing is
within reach of the experimental state of the art.

1. General squeezing criterion

First of all, the radiation coupler is sensitive only to the
radiation in a specific filtered mode. The Franck-Condon
factor can then be computed using a Gaussian approxima-
tion for this mode. This leads to

F ρemðtÞ ¼ eiϕðtÞe−ðhðΔYtÞ2iρem−hðΔYtÞ2ij0iÞ; ð41Þ

where the phase ϕðtÞ, due to the average value, can be
viewed as arising from the classical voltage felt by the
electrons within the upper branch of the MZI. The other
contribution comes from the Gaussian fluctuations of the
quadrature

Yt ¼
iffiffiffi
2

p
Z

ωc

0

�
SbaðωÞffiffiffiffi

ω
p e−iωtaω − H:c:

�
dω ð42Þ

of the mode filtered by the radiation coupler. Here, ωc is
any UV cutoff below which all the incoming radiation is
emitted.
Because this second contribution changes jF ρemðtÞj, it

provides a sufficient criterion for squeezing: As soon as
jF ρemðtÞj > 1, there is squeezing in the filtered mode since
this is a signature of the fact that, for these values of t,
fluctuations of the quadrature Yt are smaller than in the
vacuum state: hðΔYtÞ2iρem < hðΔYtÞ2ij0i.

2. Squeezing around a given frequency

Because of its relevance for experiments, let us discuss
the ability of the EQR to detect squeezed radiation in an
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electromagnetic mode around ω ≃ ω0 within a bandwidth
γ0 such that Q0 ¼ ω0=γ0 is significantly larger than 1 so
that SbaðωÞ can be taken as constant for jω − ω0j ≤ γ0=2. In
Appendix J, we show that, for a time-periodic squeezed
quantum noise whose power is concentrated in the narrow
band jω − ω0j ≤ γ0=2, the Franck-Condon factor takes the
form

F SqzðtÞ ≃ e
jSbaðω0Þj2

Q0
sinhð2jzjÞ½coshð2jzjÞ cosð2ω0t−ϕ0Þ−sinhð2jzjÞ�; ð43Þ

where z is a squeezing parameter and
ϕ0 ¼ 2Arg½Sbaðω0Þ� þ ArgðzÞ. Its minimum value is

min
t
jF SqzðtÞj ¼ e−

jSbaðω0Þj2
2Q0

ðe4jzj−1Þ < 1: ð44Þ

Let us recall that the compression factor for quadrature
fluctuations in a squeezed vacuum jSqzi is given by e−4jzj.
As of today, a compression of 18% (0.86 dB) with respect
to vacuum fluctuations has been achieved in quantum Hall
edge channels [63]. Assuming a quality factor Q0 ¼ 5 and
no losses [jSbaðω0Þj2 ¼ 1] for the radiation coupler leads to
a maximal increase of jF SqzðtÞj by 1.8%, whereas a 3 dB
squeezing would lead to an increase by 5.1%.

3. Numerical results and discussion

Let us now discuss whether or not this is observable
using levitons. We have done it by evaluating numerically
the filtering function fτe;τ2ðΩÞ as well as the exact Fourier
series of the Franck-Condon factor given by Eq. (43).
To have an intuition of the results, we have obtained

analytical expressions within the adiabatic radiation
approximation [Eq. (35)] by retaining only the first
harmonics in the Fourier series of the Franck-Condon
factor [92]. Using this approximation, an analytical expres-
sion for the maximum over te of the relative contrast with
respect to the vacuum baseline as a function of jzj can be
derived at the lowest order in Λ ¼ jSbaðω0Þj2=Q0,

max
te

				 ½X
ðdcÞ
þ �Sqz

½XðdcÞ
þ �j0i

				 ≃ 1þ ΛFηðzÞ þOðΛ2Þ; ð45Þ

where

FηðzÞ ¼ η coshð2jzjÞ sinhð2jzjÞ − sinh2ð2jzjÞ; ð46Þ

with η ¼ e−2ω0τe j cosð2ω0τ2Þj < 1. The behavior of FηðzÞ
governs the observability of squeezing as an increase of the
interference contrast. It starts from 0 for z ¼ 0 and
increases to a maximum positive value

max
jzj

max
te

				 ½X
ðdcÞ
þ �Sqz

½XðdcÞ
þ �j0i

				≃1þΛ
2
ð1−

ffiffiffiffiffiffiffiffiffiffiffi
1−η2

q
ÞþOðΛ2Þ; ð47Þ

reached for jzjopt ¼ artanhðηÞ=4. It is the maximum ex-
perimental signal expected for squeezing since FηðzÞ
decreases for jzj ≥ jzjopt. It becomes negative for
jzj ≥ 2jzoptj, meaning that, above 2jzoptj, the interference
contrast for levitons appears smaller than the vacuum
baseline. This follows from the increase of the average
photon number in jSqzi with increasing z: As shown in
Appendix J [see Eq. (J17)], randomly injected levitons of
width τe will experience, on average, an increasing noise
within the radiation coupler. For jzj ≥ 2jzjopt, this effect
compensates the gain in contrast associated with subvac-
uum fluctuations experienced by the leviton, thereby
leading to a decrease of the maximum relative contrast
over te below unity.
Figure 8 displays the results of the numerical evaluation

of the contrast in the voltage-locked regime with 15 ps
levitons. Filled black lines correspond to the full numerical
evaluation of the contrast. Dashed black horizontal lines
correspond to the vacuum baseline j½XðdcÞ

þ �j0ij, which takes
into account the effects of vacuum fluctuations. Results are
plotted for z ≃ 0.0496 corresponding to 18% (0.86 dB)
noise reduction demonstrated in Ref. [63], z ≃ 0.0719

FIG. 8. The various plots depict the interference contrast

½XðdcÞ
þ �SqðzÞ for leviton excitations of width τe ¼ 15 ps assuming

a 10-μm-long radiation coupler with vF ¼ 105 ms−1 with cou-
pling strength α ¼ 1=5. The plots show the absolute contrast as a
function of the dimensionless injection time vFte=l for different
values of the squeezing (expressed in decibels) and ω0l=vF ¼ 1,
2, and π. The dashed black horizontal lines correspond to the

vacuum baseline ½XðdcÞ
þ �j0i. The dotted black lines correspond to

the maximally optimized maximum contrast given by Eq. (47),
whereas the dotted red lines correspond to the evaluation of
Eq. (45) for the actual value of the squeezing parameter
considered in the example.

H. SOUQUET-BASIÈGE et al. PHYS. REV. X 15, 031043 (2025)

031043-12



corresponding to 1.25 dB (25%) noise reduction, and
z ≃ 0.1733 corresponding to 3 dB (50%) noise reduction.
At some operating points, the contrast in the presence of

the squeezed vacuum does exceed the vacuum baseline. It
is a positive signature of squeezing but the overshoot is
small: 0.3% on a baseline of 57.5%. The best numbers are
obtained in the voltage-locked regime for 1.25 dB squeez-
ing and ω0l=vF ¼ π. This frequency choice corresponds to
the optimal coupling between the two edge channels. As
expected from the analytics, increasing too much jzj leads
to a decrease of the maximum relative contrast and even
brings it below the vacuum baseline. Note also the good
agreement between Eq. (45) and the numerical evaluation
of the maximum absolute contrast. Note also that the best
operating point (ω0l=vF ¼ π and 1.25 dB squeezing) is
close to the optimal maximum contrast given by Eq. (47).
Shorter levitons are expected to lead to a lower vacuum
baseline (see Fig. 6) and also to shift the detrimental effect
of the average noise toward higher values of jzj. This can be
seen on Fig. 9 where 2.5 ps levitons are considered, all
other parameters being the same as for Fig. 8. We see that
the maximum absolute contrast still increases with increas-
ing jzj up to 3 dB squeezing instead of decreasing at
1.25 dB for 15 ps levitons. Even if the absolute contrast
overshoot over the vacuum baseline is not greater than for
5 ps levitons, it comes over a 0.225 vacuum baseline
instead of 0.57 and thus represents a 2 times increase in
terms of the relative contrast increase. This clearly shows
the pros and cons of shorter leviton pulses: the filtering
associated with their duration is better, but they also lead to
a lower vacuum baseline. We emphasize that, for the
experimental parameters considered here, the pulse dura-
tion does not significantly change the absolute contrast
overshoot over the vacuum baseline. Thus, the experimen-
tal feasibility of detecting such enhanced oscillations

remains well within reach of contemporary technology,
which currently achieves pulse durations of 30 ps.

C. Fock states

We now consider the problem of detecting Fock states in
a specific EMP mode. This state being non-Gaussian, the
Gaussian result given by Eq. (41) breaks down.

1. The Franck-Condon factor

We consider jN; χi, the N photon Fock state in the
normalized mode χ. An explicit computation detailed in
Appendix B 2 shows that the Franck-Condon factor
F jN;χiðtÞ is then given by

F jN;χiðtÞ ¼ LN

�
2πjhχjS�baΛtij2

�
; ð48Þ

in which LN denotes the Nth Laguerre polynomial and

hS�baΛtjχi ¼ −
Z þ∞

0

SbaðωÞffiffiffiffi
ω

p e−iωtχðωÞ dω
2π

: ð49Þ

We now focus on the specific example of an EMP mode
whose wave function in the frequency domain χðωÞ is
centered at ω0 with Lorentzian line shape of width γ0. We
assume that ω0=γ0 is significantly larger than unity, as
expected from spontaneous emission by a two-level emitter.

2. Narrow bandwidth approximation

Denoting by xðtÞ ¼ 2πjhχjS�baΛtij2 the argument of the
Laguerre polynomial in Eq. (48), and assuming that χðωÞ is
concentrated around ω0 with a small bandwidth γ0 ≪ ω0,
xðtÞ can be rewritten as (see Appendix K)

xðtÞ ≃ 2π
γ0
ω0

jSbaðω0Þj2
hJ QðtÞij1;χi

γ0ℏω0

; ð50Þ

in which

J QðtÞ ¼
RK

2
∶iðtÞ2∶ ð51Þ

denotes the instantaneous heat current operator injected in
the radiation channel expressed in terms of the electrical
current iðtÞ. Consequently, for γ0=ω0 ≲ 1, the expansion
LNðxÞ ≃ 1 − NxþOðx2Þ for the Laguerre polynomial
leads to

F jN;χiðtÞ ≃ 1 − 2πN
ω0

γ0
jSbaðω0Þj2

hJ QðtÞij1;χi
γ0ℏω0

: ð52Þ

Therefore, within this approximation [93], the Franck-
Condon factor provides a direct measurement of the
average heat current carried by the single EMP. Provided

FIG. 9. The various plots depict the interference contrast

½XðdcÞ
þ �SqðzÞ for leviton excitations of width τe ¼ 2.5 ps assuming

the same parameters and legend as in Fig. 8.
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2πNω0jSbaðω0Þj2=γ0 does not take large values for the
values of N with non-negligible pN and noticing that
hJ QðtÞijN;χi ¼ NhJ QðtÞij1;χi enables us to average over N
and show that

F ρmix
ðtÞ ≃ 1 − 2π

ω0

γ0
jSbaðω0Þj2

hJ QðtÞiρmix

γ0ℏω0

ð53Þ

for ρmix ¼
Pþ∞

N¼0 pN jN; χihN; χj. For such a radiation, the
EQR acts as a time-resolved “quantum bolometer” by
converting the incident energy flux within the radiation
channel into the Franck-Condon factor. As before, assess-
ing the potential for single-EMP detection requires discus-
sing experimentally realistic signals in experimentally
realistic situations.

3. Results and discussion

We consider Lorentzian EMP modes of duration γ−10 ¼
1 ns ¼ 10l=vF centered on ω0 such that ω0l=vF ¼ 2, 5.5,
and 10 corresponding to respective frequencies 3.2, 8.75,
and 15.9 GHz. Levitons of duration τe ¼ 10 ps have a time
resolution on the order of 1% of the EMP wave packet
duration. With the parameters considered here, the vacuum
baseline is expected to be above 50% (see Sec. III B 3).
Figure 10 depicts the various numerical estimates for the

relative contrast decrease in the presence of a single EMP
with respect to the vacuum baseline. The results, presented
in Fig. 10, confirm that an observable relative contrast
decrease of a few percent can be expected. Considering the
dependance on ω0 shows that the transparency of the
radiation coupler around ω0 is the dominant effect in the
amplitude of the effect.
We have also compared the numerical evaluation of the

full exact analytical expression to Eq. (53) (dotted line)
which expresses the Franck-Condon factor in terms of the
average instantaneous heat current. The full expression
clearly appears as a filtered version of the heat current
except on short timescales where higher-frequency con-
tributions are expected to matter. We also present the
numerical evaluation of xðtÞ (dashed line) and this also
shows the effect of the filtering of high frequencies
associated with the finite duration of the leviton.

D. Comparison with the state of the art

Let us now compare single-electron interferometric
measurement of time-dependent electromagnetic fluctua-
tions with other techniques to classical or quantum electro-
magnetic radiation within a quantum circuit.

1. Proof of principle for classical radiation

A recent experiment [54] demonstrates the feasibility of
using electron interferometry to sense a classic electro-
magnetic field with microvolt voltage resolution and pico-
second temporal resolution.

Although in a different setup (Fabry-Perot interferometer
instead of Mach-Zehnder), this experiment can be viewed
as a proof of principle for the ideas discussed in Sec. IVA.
Because electronic decoherence in this experiment is well
tamed, it can be understood in terms of imprinting a time-
dependent phase onto a short wave packet. Without
optimizing the radiation coupler, its sensitivity is equivalent
to detecting ten photons. This suggests that achieving
single-photon resolution for quantum fields is within reach,
aligning closely with the precision of our proposed setup
and paving the way for detecting quantum states of
incoming radiation.

2. Toward probing quantum radiation

As discussed in Secs. IV B and IV C, detecting quantum
radiation requires accessing quantum electromagnetic fluc-
tuations and, potentially, their time dependence. Accessing
time-dependent current noise is also crucial to the meas-
urement of the instantaneous average heat current discussed
in Ref. [66]. The above discussion of single-electron
interferometric detection of squeezing as well as of probing

FIG. 10. Plot of the relative contrast decrease 1 −
j½XðdcÞ

þ �j1;χi=½XðdcÞ
þ �j0ij (full line) associated with the detection of

a single EMP with energy ℏω0 and Lorentzian line shape of width
γ0 ¼ 109 s−1 when using leviton pulses of width τe ¼ 10 ps as a
function of the leviton’s injected time te. The radiation coupler is
described in Appendix D. Red curves correspond to the voltage-
locked regime (α ¼ 1=10), whereas the blue curves correspond to
the Coulomb-blockade regime (α ¼ 15). Three different values of
ω0l=vF have been considered, showing the importance of the
filtering by the radiation coupler. The dotted line depicts F j1;χiðtÞ
using the analytic expression given by Eq. (52), whereas the
dashed line represents xðtÞ ¼ 2πjhχjSbaΛtij2.
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of incoherent mixtures of Fock states suggests that the
interferometric method can bring useful information on
these classes of quantum states. Here, we comment on the
pros and cons of single interferometry compared to alter-
native, more standard, methods for accessing time-depen-
dent quantum current noise.
In high-impedance systems such as quantum Hall edge

channels, detection of time-dependent subvacuum fluctua-
tions have relied on high-sensitivity current noise mea-
surements at finite and low frequency, performed through
homodyne protocols as in Ref. [63]. This technique has
also been used in lower-impedance systems with a tunnel
junction [64]. These measurements are notoriously difficult
to perform, especially in high-impedance systems where
impedance matching problems tend to degrade the signal-
to-noise ratio of the measurement chain.
By contrast, our interferometric method requires only dc-

average current measurements, which are much easier to
perform at the level of sensitivity required to observe
subvacuum fluctuations. This reduces not only the com-
plexity of the measurement chain but also offers a signifi-
cant time gain, enabling quicker and more straightforward
characterization of quantum current noise. In high-imped-
ance systems, we expect the measurement time to drop
from days to a few hours.
For low-impedance systems, time-dependent measure-

ments benefit from a much better impedance matching,
which leads to a better collection of the signal enabling the
use of high-end analog-to-digital converters that can operate
at a pace of 3.2 × 1010 samplings=s. Even with an ampli-
fication chain with a broader bandwidth (an already chal-
lenging task in itself), thiswould set a time resolution of 30 ps
[67,68] comparable to the resolution obtained using state-of-
the-art Lorentzian pulses. Nevertheless, the forthcoming
generation of pulses in the 10 ps range and, in the longer
term, even lower may give our technique a significative
advantage in terms of time resolution.

V. CONCLUSIONS AND PERSPECTIVES

In this work, we have discussed single-electron inter-
ferometric sensing of classical and quantum electromag-
netic fields. The idea is to probe a time-dependent, possibly
quantum, electromagnetic field by coupling it to one of the
branches of an electronic MZI fed by single-electron
excitations. They provide a very sensitive, although min-
imally invasive, probe. Information about the field is then
obtained by measuring the interference contribution to the
average outgoing dc current from the interferometer.
We have developed a general framework describing such

a single-electron interferometer in the Aharonov-Bohm
regime for any type of radiation coupler realizing the
capacitive coupling between the radiation to be probed
and the electrons propagating within the MZI. In the limit
where the radiation coupler is strongly dominated by its
quantum capacitance, the electrons directly experience the

voltage imposed by the external radiation. A coherent state of
the incoming radiation just imprints a time-dependent phase
on the single-electron excitations injected into the MZI, as
expected when interaction effects between electrons can be
neglected. However, our framework goes beyond this simple
picture of time-dependent single-particle scattering and fully
incorporates electronic decoherence effects associated with
Coulomb interactions.
We have explored the potential for sensing quantum

features of the probed radiation. Although negativity of the
multimode Wigner function is a sufficient criterion for
nonclassicality, performing a full tomography of a broad-
band radiation requires a measurement overhead exponen-
tially growing with the number of modes considered [94].
As in quantum photonics [95,96], one has to look for
simple ways to probe a quantum radiation for specific
families of quantum states.
Following this philosophy, we have shown that, for

Gaussian incident radiation, short enough (≲30 ps) elec-
tronic wave packets would lead to a measurable increase of
the contrast of Aharonov-Bohm interference fringes when
experiencing subvacuum fluctuations of a 1.15 dB
squeezed microwave mode propagating within a nearby
quantum Hall edge channel. Motivated by the perspective
of generating Fock states of edge magnetoplasmons in
quantum Hall devices, we have shown that short leviton
pulses enable measuring the average heat current carried by
such quantum EMP states as a function of time, a quantity
never measured before.
These examples suggest that the single-electron interfer-

ometer fed by suitably short levitons may be used as a time-
resolved quantum noise sensor on subnanosecond, possibly
down to few picosecond, timescales. Importantly, these
examples show that one can obtain relevant information
on time-dependent noise via a dc-current measurement,
thereby bypassing the notoriously difficult high-sensitivity
measurements of time-dependent current noise [63].
Several perspectives are opened by the present work.

First of all, obtaining more quantitative predictions for
forthcoming experiments may require completing the
present study to account for finite temperature and charging
effects as in Refs. [97–99]. Second, recent progress in the
shaping [90] and characterization [15,17] of electronic
excitations emitted by single-electron sources [100] sug-
gest investigating the potential of well-known techniques
from classical radar engineering to improve the electron
radar’s bandwidth [101]. An important related question is
to design a set of single-electron excitations enabling a full
reconstruction of the effective single-particle amplitude
induced by the coupling to the external radiation, thereby
mimicking the use of infinite chirps [102] in radars and
sonars to reconstruct the target’s scattering amplitude by
inverse Radon transform, a technique commonly used in
computed tomography scans [103] and quantum optics
[104,105] and for reconstructing the quantum state of
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solitary electrons [16]. However, in the presence of a Fermi
sea, infinite chirps cannot be generated because of the
Fermi sea, thereby leaving the problem of tomographic
reconstruction of the effective single-electron scattering
amplitude open for further investigation.
Another important issue consists of studying the signal-

to-noise radio in such an electronic interferometer.
Quantitative predictions for the current noise would open
the way to discussing the basic question of quantum
metrology in the present context: how to choose the source
and the measured quantity in order to discriminate between
various quantum states of the incoming radiation in an
optimal way. This is analogous to the problem of super-
resolution encountered in optics and astronomy [106–109].
The standard methods used in this field can certainly be
transposed but this requires an evaluation of the outgoing
current noise.Motivated by the recentwork inRef. [110], one
could also investigate whether or not injecting a few electron
states into theMZIwould lead to somequantumadvantage as
entangled states do in quantum metrology [111].
Finally, the present work discusses the information

extracted from repeated experiments in which a precise
synchronization between the source and the external
radiation can be established. The potential emergence of
one-shot single-electron detection [21,22,112] calls for an
adaptation of the present work to these forthcoming
detection methods. These very interesting questions, which
go well beyond the scope of the present work, are left for
future investigations.
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APPENDIX A: NOTATIONS AND
NORMALIZATIONS

This appendix recalls the basic conventions used for
fermionic modes and electronic single-particle states within
the present work.

1. Electronic modes and wave packets

The mode decomposition for fermionic fields is defined
by

ψðtÞ ¼
Z
R
cðωÞe−iωt dωffiffiffiffiffiffiffiffiffiffiffi

2πvF
p ðA1Þ

so that these modes obey the canonical anticommutation
relations

fcðωÞ; c†ðω0Þg ¼ δðω − ω0Þ: ðA2Þ

Equivalently, we have

cðωÞ ¼
ffiffiffiffiffiffi
vF
2π

r Z
R
ψðtÞeiωtdt; ðA3Þ

given an electronic wave packet described by a normalized
wave function φeðxÞ such thatZ

R
jφeðxÞj2dx ¼ 1: ðA4Þ

Throughout this paper, we will use the notation φeðtÞ for
φeð−vFtÞ so that

vF

Z
R
jφeðtÞj2dt ¼ 1: ðA5Þ

We define

φ̃eðωÞ ¼ vF

Z
R
φeðtÞeiωtdt ðA6Þ

so that

1

vF

Z
R
jφ̃eðωÞj2

dω
2π

¼ 1: ðA7Þ

The creation operator for the electronic wave packet φe is
then defined as

ψ†½φe� ¼ vF

Z
R
φeðtÞψ†ðtÞdt ðA8aÞ

¼
Z
R
φ̃eðωÞc†ðωÞ

dωffiffiffiffiffiffiffiffiffiffiffi
2πvF

p : ðA8bÞ

APPENDIX B: BOSONIZATION AND BOSONIC
MODES

Here, we briefly recall useful formulas in the bosoniza-
tion of quantum Hall edge channels as well as for dealing
with bosonic excitations.
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1. Bosonization of a quantum Hall edge channel

For a right-moving quantum Hall edge channel at filling
fraction ν ¼ 1, the charge and current densities are related
to the free chiral right-moving field ϕRðx; tÞ by

ρRðx; tÞ ¼ −
effiffiffi
π

p ð∂xϕRÞðx; tÞ; ðB1aÞ

iRðx; tÞ ¼
effiffiffi
π

p ð∂tϕRÞðx; tÞ; ðB1bÞ

and the right-moving field is decomposed in terms of
bosonic destruction and creation operators bðωÞ and b†ðωÞ
for ω > 0 satisfying

½bðωÞ; b†ðω0Þ� ¼ δðω − ω0Þ ðB2Þ

by

ϕRðx; tÞ ¼
−iffiffiffiffiffiffi
4π

p
Z
Rþ

�
bðωÞeiωðx=vF−tÞ − H:c:

� dωffiffiffiffi
ω

p : ðB3Þ

This leads to the following mode decompositions for the
charge and current densities:

ρRðx; tÞ ¼ −e
Z
Rþ

ffiffiffiffi
ω

p �
bðωÞeiωx=v þ b†ðωÞe−iωx=v

� dω
2πv

;

ðB4aÞ

iRðx; tÞ ¼ −
e
2π

Z
Rþ

ffiffiffiffi
ω

p �
bðωÞeiωx=v − b†ðωÞe−iωx=v

�
dω;

ðB4bÞ

thereby connecting the finite-frequency current to the
EMP creation and destruction operators: iRðω > 0Þ ¼
−e

ffiffiffiffi
ω

p
bðωÞ.

The right-moving electronic field is then expressed in
terms of the chiral bosonic field by

ψRðx; tÞ ¼
Ûffiffiffiffiffiffiffiffi
2πa

p ei
ffiffiffiffi
4π

p
ϕRðx;tÞ; ðB5Þ

in which a, which has the dimension of a length, is an UV
cutoff and Û is the operator lowering the total fermion
number in the edge channel. Using the mode expansion
Eq. (B3), one arrives at the expression for ψRðx ¼ 0; tÞ in
terms of an infinite-dimensional displacement operator,

ψRð0; tÞ ¼
Ûffiffiffiffiffiffiffiffi
2πa

p Db½Λt�; ðB6Þ

in which ΛtðωÞ ¼ −eiωt=
ffiffiffiffi
ω

p
. The infinite-dimensional

displacement operator with complex-valued functional
parameter Λ∶ω ↦ ΛðωÞ is defined as

Db½Λ� ¼ exp

�Z þ∞

0

ðΛðωÞb†ðωÞ − H:c:Þdω
�
: ðB7Þ

2. Conventions for bosonic excitations

A normalized excitation is described by χðωÞ for ω > 0
such that

Z þ∞

0

jχðωÞj2 dω
2π

¼ 1 ðB8Þ

so that the single-particle state

jχi ¼
Z þ∞

0

χðωÞb†ðωÞj∅i dωffiffiffiffiffiffi
2π

p ðB9Þ

is normalized. If we define the corresponding creation
operator

b†½χ� ¼
Z þ∞

0

χðωÞb†ðωÞ dωffiffiffiffiffiffi
2π

p ðB10Þ

and its adjoint b½χ�, these operators obey the commutation
relations

½b½χ1�; b†½χ2�� ¼ hχ1jχ2i1; ðB11Þ

where hχ1jχ2i denotes the scalar product

hχ1jχ2i ¼
Z þ∞

0

χ1ðωÞ�χ2ðωÞ
dω
2π

ðB12Þ

on the space L2ðRþÞ of square-summable functions onRþ.
Note that with these conventions χðωÞ ¼ ffiffiffiffiffiffi

2π
p hωjχi, where

jωi ¼ b†ðωÞj∅i is the single-photon state resolved in
energy.
Finally, when given an orthonormal basis of normalized

single-particle states jχni indexed by n, the mode operators
bðωÞ can be expressed in terms of the bn ¼ b½χn� as

bðωÞ ¼ 1ffiffiffiffiffiffi
2π

p
X
n

χnðωÞbn: ðB13Þ

Starting from a normalized single-particle state jχi, we can
express b†ðωÞ in terms of b†½χ� and of b†½χ⊥� where jχ⊥ωi
denotes the normalized projection of jωi on the space of
single-particle excitations orthogonal to jχi,

b†ðωÞ ¼ hχjωib†½ω� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jhχjωij2

q
b†½χ⊥ω �: ðB14Þ
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APPENDIX C: THE CLASSICALLY DRIVEN
EDGE CHANNEL

In this appendix, we discuss two models for a classically
driven edge channel. In the first model, discussed in Sec. C
1, we consider that a classical drive UðtÞ is directly applied
to the electrons propagating within the edge channel.
However, in experiments, the external drive is not directly
applied to the edge channels but to a top gate. This leads us
to the second model, discussed in Sec. C 2, which involves
a capacitive coupling between a finite-length region of the
edge channel and a top gate to which the time-dependent
classical voltage is applied. We then discuss how this
second model reduces to the first one in the regime of weak
Coulomb interactions.

1. Direct coupling to the external voltage

Let us first consider electrons propagating within a
chiral-edge channel with Fermi velocity vF and experienc-
ing in the 0 ≤ x ≤ l a time-dependent Uðx; tÞ.

a. EMP scattering

The starting point is the equation of motion for the chiral
bosonic field ϕRðx; tÞ built from the EMP modes of the
chiral-edge channel,

ð∂t þ vF∂xÞϕRðx; tÞ ¼
e

ffiffiffi
π

p
h

Uðx; tÞ: ðC1Þ

This equation can be solved using the method of character-
istics,

ϕRðxþ vFτ; tþ τÞ

¼ ϕRðx; tÞ þ
e

ffiffiffi
π

p
h

Z
τ

0

Uðxþ vFτ0; tþ τ0Þdτ0; ðC2Þ

which gives the outgoing field ϕR;outðtÞ ¼ ϕRðl; tÞ in terms
of the incoming field ϕR;inðtÞ ¼ ϕRð0; tÞ and of the time-
and space-dependent potential Uðx; tÞ,

ϕR;outðtÞ ¼ ϕR;inðt − l=vFÞ

þ e
ffiffiffi
π

p
h

Z
l=vF

0

UðvFτ0; tþ τ0 − l=vFÞdτ0: ðC3Þ

The field and therefore the EMP modes propagate ballis-
tically at velocity vF and the time- and space-dependent
voltage adds a source term.
For comparison with subsequent models, let us consider

the case where Uðx; tÞ is uniform within the jxj ≤ l=2
region and equal to the time-dependent potential UðtÞ and
compute how the bðωÞ EMP annihilation operator is
scattered. Specializing Eq. (C3), reexpressing it in the
Fourier domain, and using the bðωÞ operators leads to

boutðωÞ ¼ eiωτlbinðωÞ þ
iel

ffiffiffiffi
ω

p
ℏvF

f

�
ωl
vF

�
UðωÞ; ðC4Þ

where τl ¼ l=vF is the electronic time of flight across the
region of length l to which the potential is applied and
fðXÞ ¼ ðeiX − 1Þ=iX. Rewriting this scattering formula in
terms of incoming and outgoing currents leads to

ioutðωÞ ¼ eiωτl iinðωÞ − iωCqðωÞUðωÞ; ðC5Þ

in which we recognize the ω-dependent dynamical quan-
tum capacitance

CqðωÞ ¼
e2l
hvF

f

�
ωl
vF

�
; ðC6Þ

which, in the present case, reduces to the expected Cq ¼
e2l=hvF at low frequencies.

b. Electronic phase

Equation (C3) can then be used to compute how the
electronic field is propagated using Eq. (B6),

ψoutðtÞ ¼ eiϑUðtÞψ inðt − l=vFÞ; ðC7aÞ

ϑUðtÞ ¼
e
ℏ

Z
l=vF

0

UðvFτ0; tþ τ0 − l=vFÞdτ0: ðC7bÞ

This corresponds to a time-dependent single-particle scat-
tering matrix for the electrons,

Sðt; t0Þ ¼ δðt − t0 − l=vFÞeiϑUðtÞ; ðC8Þ

which precisely describes the propagation at constant
velocity vF of a particle of charge −e, traveling across
the region where the potential Uðx; tÞ is present between
space-time coordinates ð0; t − l=vFÞ and ðl; tÞ. For such a
particle, the accumulated phase ϑUðtÞ is the potential seen
along a trajectory that connects ð0; t − l=vFÞ to ðl; tÞ.

2. The classically driven top gate

a. EMP scattering

We now consider a top gate classically driven by a time-
dependent voltage VgðtÞ and capacitively coupled to a
chiral-edge channel. This region is modeled as a capacitor
with geometric capacitance Cg involving the top gate and
part of a chiral edge channel of length l (see Fig. 7) in a
discrete element description. The two conductors are in
total influence. We want to get the expression of the
outgoing EMP modes bout in terms of the incoming ones
bin and of Vg.
The basic equations for this system are the equation of

motion for the chiral bosonic field ϕRðx; tÞ, built from the
EMP modes of the chiral-edge channel,
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ð∂t þ vF∂xÞϕRðx; tÞ ¼
e

ffiffiffi
π

p
h

Uðx; tÞ: ðC9Þ

Uðx; tÞ is the potential seen by the electrons. If we assume
that Uðx; tÞ is uniform in the jxj ≤ l=2 region, it can be
calculated by adding the potential drop across the capacitor
to VgðtÞ,

UðtÞ − VgðtÞ ¼
QðtÞ
Cg

; ðC10Þ

whereQðtÞ denotes the excess charge in the jxj ≤ l=2 of the
chiral-edge channel. Using the bosonization expression

QðtÞ ¼ effiffiffi
π

p ðϕRð−l=2; tÞ − ϕRðl=2; tÞÞ ðC11Þ

in addition to Eqs. (C9) and (C10), we can obtain a closed
differential equation for ϕRðx; tÞ within the jxj ≤ l=2
region. This method is identical to the one used to discuss
the Coulomb interaction effects within a chiral-edge
channel in Ref. [57].
The final result can be expressed as connecting the

outgoing EMP modes boutðωÞ to the incoming EMP
modes binðωÞ and VGðωÞ. This relation is best expressed
in terms of the incoming and outgoing currents using
iðωÞ ¼ −e

ffiffiffiffi
ω

p
bðωÞ,

ioutðωÞ ¼ tðωÞiinðωÞ þ
e2

h
ð1 − tðωÞÞVGðωÞ; ðC12Þ

in which, using X ¼ ωl=vF,

tðωÞ ¼ eiX
1þ αf�ðXÞ
1þ αfðXÞ ; ðC13Þ

where as before fðXÞ ¼ ðeiX − 1Þ=iX and

α ¼ e2l
hvFCg

; ðC14Þ

a dimensionless coupling constant whose physical meaning
is discussed in Sec. III C.

b. Impedance and discussion

Folding the edge channel as shown in Fig. 11(a) enables
us to consider the quantum RC circuit formed by the top
gate and the folded-edge channel. Because of the total
mutual influence, its admittance matrix defined by

Yα;βðωÞ ¼
∂hiαðωÞi
∂VβðωÞ

; ðC15Þ

where ðα; βÞ∈ fu; dg2 is both gauge invariant and charge
conserving [113] and therefore determined by a single
finite-frequency admittance

YðωÞ ¼ YðωÞ
�

1 −1
−1 1

�
; ðC16Þ

with

YðωÞ ¼ e2

h
ð1 − tðωÞÞ ¼ e2

h
1 − eiX

1þ αfðXÞ : ðC17Þ

Since tðωÞ ¼ eiθðωÞ because of energy conservation and the
absence of dynamical degrees of freedom in the classically
driven top gate,RKYðωÞ ¼ 1 − tðωÞ spans a circle of radius
1 centered on 1 in the complex plane [114]. Its low-
frequency expansion

RKYðωÞ ≃ −i
ωl=vF
1þ α

þ 1

2

ðωl=vFÞ2
ð1þ αÞ2 þ � � � ðC18Þ

up to second order corresponds to an RC circuit with
resistance RK=2 and electrochemical capacitance Cμ such
that RKCμ ¼ l=ð1þ αÞvF.
Figure 12 shows the behavior of Argð1 − RKYðωÞÞ ¼

ArgðtðωÞÞ as well as of jRKYðωÞj ¼ j1 − tðωÞj as a
function of X ¼ ωl=vF. The former describes how the
phase of the transmission varies with ω, whereas the latter
describes the filtering of the applied voltage VgðωÞ by the
top gate. As can be seen on the bottom panel of Fig. 12, the
filtering exhibits a texture even at low α. However, in this
case, it is very similar to the filtering that would arise from
applying VgðtÞ to the electrons in the jxj ≤ l=2 region as in
Sec. C 1, whereas at large α, this behavior is recovered only
forω≳ 1=RKCμ ≫ vF=l, whereas forωRKCμ ≲ 1, filtering
selects frequencies close to ω ≃ 2πnvF=l with n being a
positive integer.
In general, the gate voltage VgðtÞ is filtered into an

effective time-dependent voltage UeffðtÞ via

FIG. 11. (a) Folding of the edge channel capacitively coupled to
the classical top gate to obtain an electrical dipole. (b) Drawing of
an electrical dipole with YðωÞ its admittance matrix, Vu, Vd, Iu,
and Id, respectively, denote the voltage and the average electrical
current in the two connecting leads. (a) Vu ¼ Vg, Vd ¼ 0, and
Id ¼ iin − iout.
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UeffðωÞ ¼
VgðωÞ

1þ αfðωl=vFÞ
: ðC19Þ

The other effect of the top gate is to induce a nonlinear
EMP transmission phase θðωÞ that is responsible for
electronic decoherence beneath the top gate [57]. On the
other hand, the single-particle model discussed in Sec. C 1
does not lead to electronic decoherence since, in this case,
Eq. (C5) corresponds to a dispersionless θðωÞ ¼ ωl=vF.

APPENDIX D: TWO COUNTERPROPAGATING
EDGE CHANNELS

In this appendix, we consider the EMP scattering matrix
for a model of radiation coupler involving two counter-
propagating integer quantum Hall edge channels, capaci-
tively coupled over a region of length l. The geometric
capacitance of this length l capacitor will be denoted by Cg.
We assume that these two length l conductors are in total
mutual influence, a hypothesis ensuring maximal coupling
between them.
This modeling has been used in Ref. [116] for a

rectangular quantum Hall bar of length l at filling fraction
ν ¼ 1. The EMP scattering matrix can thus be directly

extracted from supplemental material of Ref. [116] and we
will discuss its various limiting regimes.

1. The EMP scattering matrix

Denoting by b the EMPmodes of the MZI edge channels
and a the EMP modes of the radiation-edge channel, the
EMP scattering matrix SðωÞ is given by the result of Sec. III
of supplemental material of Ref. [116] specialized for
ν ¼ 1,

SbaðωÞ ¼ SabðωÞ ¼
−iXfðXÞ
2þ αfðXÞ ; ðD1aÞ

SaaðωÞ ¼ SbbðωÞ ¼ 1 − SbaðωÞ; ðD1bÞ

in which X ¼ ωl=vF and fðXÞ ¼ ðeiX − 1Þ=iX.
The dimensionless coupling α ¼ Cq=Cg is the inverse

ratio of the geometric capacitance Cg to the quantum
capacitance Cq ¼ e2l=hvF of a single-edge channel of
length l. It reflects the strength of Coulomb interaction
effects: Up to a numerical factor, it is the ratio of the
electrostatic energy e2=2Cg for a single-electron charge in a
capacitanceCg to the kinetic energy scale ℏvF=l for a single
electron added in a length l closed-edge channel.
The regime of low α (Cg ≫ Cq) is the regime where the

voltage drop at the capacitor formed by the two length l
facing counterpropagating regions of length l can be
neglected: Both channels see the same potential. On the
other hand, α ≫ 1 is the regime of strong coupling in which
Coulomb energy is so large that charging these length l
regions is almost impossible. This is the Coulomb-blockade
regime.
We shall now discuss the limiting forms of the EMP

scattering region in these two regimes. A key point in
interpreting the results is the relation between the EMP
scattering matrix and finite-frequency impedances. Under
the hypothesis of total screening, there are no current leaks
to any external grounded conductor. Considering the bin
and bout as the incoming and outgoing modes for a B lead
and the ain and aout modes as the corresponding modes for
the A leads, the finite-frequency admittance of this con-
ductor is

YðωÞ ¼ e2

h
SbaðωÞ: ðD2Þ

At low enough frequency, this dipole can be viewed as an
RC circuit with finite-frequency admittance

YðωÞ ¼ −iCμωþ RC2
μωþOðω3Þ; ðD3Þ

which leads to

FIG. 12. Top: plot of the phase Arg½1 − RKYðωÞ� as a function
of ωl=2πvF in the voltage-locked (α ¼ 1=5, blue full line) and
Coulomb-blockade (α ¼ 15, red full line) regimes. In each case,
the angle Arg½1 − RKYðωÞ� for the corresponding RqCμ circuit is
plotted in dashed lines with the same colors. Bottom: plots of
j1 − RKYðωÞj for the same examples as in the top panel (coloring
identical to the top panel).
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Cμ ¼
Cq

2þ α
¼ CgCq=2

Cq=2þ Cg
and R ¼ RK: ðD4Þ

We recover the expression of the quantum capacitance as
the series addition of two single-channel quantum capac-
itances (one for the a modes and the other for the b modes)
with the geometric capacitance Cg. The total resistance RK

is the series addition of the two contact resistancesRK=2 for
the two folded-edge channels.
The total screening hypothesis leads to SbbðωÞ ¼

1 − SbaðωÞ. On the other hand, energy conservation leads
to jSbbðωÞj2 þ jSabðωÞj2 ¼ 1. Parametrizing

SbbðωÞ ¼
1

2
ð1þ ξðωÞÞ; ðD5aÞ

SbaðωÞ ¼
1

2
ð1 − ξðωÞÞ ðD5bÞ

thus leads to jξðωÞj ¼ 1. Consequently, the parametric plot
of SbaðωÞ in the complex plane is a circle of radius 1=2
centered on the point z ¼ 1=2. Note that this is also the case
for an RC circuit with resistance RK and capacitance Cμ. In
the end, the EMP scattering matrix can be fully charac-
terized by the description of the angle ϑðωÞ ¼ ArgðξðωÞÞ.
Figure 13 displays the phase ϑðωÞ as a function of ωl=vF

in units of 2π for both the voltage-locked and Coulomb-
blockade regimes together with the graphs for the RC
circuit reproducing the low-frequency behavior of YðωÞ.
The probability jSabðωÞj2 for an EMP to be transmitted
from the radiation channel into the MZI upper arm is
plotted in the lower panel.

2. The voltage-locked regime

The α → 0 limit of the EMP scattering matrix given by
Eq. (D1) is

SbaðωÞ ¼ SabðωÞ ¼
1

2
ð1 − eiXÞ; ðD6aÞ

SaaðωÞ ¼ SbbðωÞ ¼
1

2
ð1þ eiXÞ; ðD6bÞ

which therefore implies that ϑðωÞ ¼ ωl=vF. This is con-
sistent with the full blue line behavior displayed on the
upper panel of Fig. 13 (α ¼ 1=5).
In this regime, the electrochemical capacitance is domi-

nated by the quantum capacitance’s contribution:
Cμ ≃ Cq=2, which means that the corresponding RC time-
scale is RKCμ ≃ l=2vF. The fact that, even at vanishing α,
SbaðωÞ is nonzero comes from the fact that this “weak
coupling limit” is not a limit without interactions between
the two counterpropagating edge channels: It only means
that the voltage drop at the capacitance vanishes and that
both edge channels see the same voltage. In this regime, the

transmission probability exhibits sinusoidal oscillations as
a function of ωl=vF just like a microwave directional
coupler or two strongly coupled copropagating edge
channels with local interactions would do (see Ref. [117]).
Avoiding this physically counterintuitive behavior in the

α ≪ 1 regime requires considering a model without the
total screening hypothesis. However, note that such a model
would ensure a less efficient coupling between the external
quantum radiation and the electrons propagating within
the MZI.

3. The Coulomb-blockade regime

Increasing α introduces nonlinearities in the phase ϑðωÞ
as shown on the upper panel of Fig. 13. The electrochemi-
cal capacitance increases since it is not dominated by the
geometric capacitance Cμ ∼ Cg (Cg ≪ Cq). The RKCμ ∼
RKCg timescale is then much shorter than the free electron
time of flight RKCq ¼ l=vF. As a result 1=RKCμ increases,
thus explaining the flatter low-frequency behavior of ϑðωÞ
in terms of ωl=vF seen in the upper panel of Fig. 13. The
lower panel of this figure shows a strong distortion of the

FIG. 13. Top: plot of the phase Arg½1 − 2RKYðωÞ� as a function
of ωl=2πvF for two different values of the coupling: α ¼ 1=5
(blue full line) and α ¼ 15 (red full line). For each of these values
of α, the angle for the RKCμ circuit is plotted in dashed lines with
the same colors. Bottom: plots of jSbaðωÞj2 for the same examples
as in the top panel (coloring identical to the top panel).
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oscillations in the transmission probability jSabðωÞj2 for
ωRKCμ ≲ 1. It still reaches unity for ωl=vF ≡ 0 mod 2π
but with narrow resonances for frequencies ω=2π close to
integer multiples of vF=l. These resonances become
broader with increasing order and the typical oscillations
of a microwave directional coupler are recovered
for ωRKCμ ≳ 1.
Consequently, at low energy ω≲ 2πl=vF, there is almost

no EMP scattering amplitude in the very large coupling
limit and the EMP transmission amplitude corresponds to a
vanishing time of flight across the length l interaction
region. This is the result of the zero-charge constraint at
infinite coupling: every charge density disturbance has to
go out of the interaction region immediately and leads to no
charge density change within the interaction region (hence
the vanishing interchannel EMP scattering amplitude).
At higher ω, the modulus of decoherence amplitude goes

down at each resonance, which becomes broader at higher
ω. This comes from the frequency selectivity of the
radiation coupler for a finite but large α: It can transmit
photons only at the resonances shown in the lower panel of
Fig. 13. This is an interesting feature for building a
frequency-selective detector, the narrowest resonance being
the first one for ω=2π ¼ l=vF.
When ωRKCμ ≳ 1, the directional coupler behavior

expected in the voltage-locked regime of the previous section
is recovered. This is the regime where EMP modes have
enough energy to overcome the Coulomb energy e2=2Cg.

APPENDIX E: DERIVATION OF THE
SINGLE-ELECTRON RADAR EQUATION

In this appendix, the single-electron radar equation for
the outgoing average electrical current is derived. We will
first derive it within the framework of time-dependent
single-particle scattering theory (linear EQO) using a
technique that can then be adapted to the presence of
Coulomb interaction effects that belong to the nonlinear
regime of EQO.

1. Time-dependent single-particle scattering approach

We consider a MZI as depicted in Fig. 1(a) and discussed
in Sec. II B. Let us recall that the single-electron scattering
matrices of the two QPC are assumed to be energy
independent and given by

Sα ¼
� ffiffiffiffiffiffi

Tα
p

i
ffiffiffiffiffiffi
Rα

p

i
ffiffiffiffiffiffi
Rα

p ffiffiffiffiffiffi
Tα

p
�
; ðE1Þ

inwhichTα andRα, respectively, denote the transmission and
reflection probabilities at QPC α ¼ A or B (Tα þ Rα ¼ 1).
The main idea is to express the outgoing electron field in

branch 1 in terms of incoming fields by backtracing it from
the output to the input of the MZI. Assuming free
propagation along branch 2, with time of flight τ2 leads to

ψ1outðtÞ ¼
ffiffiffiffiffiffi
TB

p
ψ1;B−

ðtÞ þ i
ffiffiffiffiffiffi
RB

p
ψ2;B−

ðtÞ ðE2aÞ

¼ i
ffiffiffiffiffiffi
RB

p
e−iϕAB=2

� ffiffiffiffiffiffi
TA

p
ψ2inðt − τ2Þ

þ i
ffiffiffiffiffiffi
RA

p
ψ1inðt − τ2Þ

�
ðE2bÞ

þ
ffiffiffiffiffiffi
TB

p
eiϕAB=2ψ1;B−

ðtÞ; ðE2cÞ

in which ψα;B−
ðtÞ denotes the fermionic field right before

the QPC B and ψαinðtÞ denotes the incoming fields right
before QPC A. Equation (E2c) involves the outgoing
fermionic field from the radiation coupler. In the case
where propagation within this region can be described by a
time-dependent linear scattering, we can relate it linearly to
the incoming field ψ1;Aþ by

ψ1;B−
ðtÞ ¼

Z
R
Rðt; t0Þψ1;Aþðt0Þdt0; ðE3Þ

which assumes that no electron can be injected from any
other channel than branch1 of theMZI [118]. This enables us
to write down the fully general expression for the outgoing
electrical current i1outðtÞ ¼ −evF∶ ðψ†

1outψ1outÞ∶ðtÞ in terms
of the incoming electronic fields. We obtain the outgoing
current operator i1outðtÞ as

i1outðtÞ ¼ Î0ðtÞ − e


eiφAB ÎþðtÞ þ e−iφAB Î−ðtÞ

�
; ðE4Þ

in which, at the operator level,

ÎþðtÞ ¼ −i
ffiffiffiffiffiffiffiffiffiffiffiffi
TBRB

p Z
R
Rðt; t0Þ

h ffiffiffiffiffiffi
TA

p
ψ†
2in

− i
ffiffiffiffiffiffi
RA

p
ψ1in

i
× ðt − τ2Þ

h ffiffiffiffiffiffi
TA

p
ψ1in

þ i
ffiffiffiffiffiffi
RA

p
ψ2in

i
ðt0Þdt0: ðE5Þ

When computing the average current, only terms that contain
the same numbers of ψ†

αin and ψαin are retained since theMZI
is fed by two independent electron sources. Consequently,
the AB flux-dependent part of the average current is
hIþðtÞi ¼ −e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RATARBTB

p
XþðtÞ, where

XþðtÞ ¼
Z
R
Rðt; t0Þ

�
GðeÞ
1in − GðeÞ

2in

�
ðt0jt − τ2Þdt0: ðE6Þ

This is the time-domain electron radar equation given by
Eq. (22). Note that, within the single-particle scattering
formalism, this equation is valid for any electron source,
not necessarily emitting a single-electron excitation.

2. The interacting case

a. The EMP scattering approach

Let us now consider the case where Coulomb inter-
actions cannot be neglected within the radiation coupler.
We shall model it using the EMP scattering formalism
discussed in Sec. III A.
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Note that the starting point of Eq. (E2) is still valid.
However, contrary to the previous paragraph, the main
challenge is now to backtrack the fermionic field along
branch 1 of the MZI. Equivalently, we have to express
ψ1;B−

ðtÞ in terms of the incoming fields ψαin for α ¼ 1, 2. In
order to do so, we consider the fermionic field ψ1;B−

ðtÞ,
expressed in terms of the outgoing EMPmodes, and use the
EMP scattering matrix to express it in terms of the
incoming modes into the radiation coupler.
To simplify the notation, the EMP modes along branch 1

of the MZI will be denoted by bαðωÞ with α ¼ in or
α ¼ out, depending whether they are incoming (position
Aþ) or outgoing (position B−). In the same way, the
electromagnetic modes within the radiation channel are
denoted by aαðωÞ. The scattering matrix describing the
coupling between the edge channel and the electromagnetic
modes is

SðωÞ ¼
�
SbbðωÞ SbaðωÞ
SabðωÞ SaaðωÞ

�
ðE7Þ

so that

�
boutðωÞ
aoutðωÞ

�
¼ SðωÞ

�
binðωÞ
ainðωÞ

�
: ðE8Þ

Using the bosonization formula for the fermionic field [see
Eq. (B6)] and backpropagating the bosonic mode operators
across the radiation coupler, ψ1outðtÞ can be expressed as

ψ1;B−
ðtÞ ¼ eiΘψ1;AþðtÞDb1 ½ðS�bb − 1ÞΛðtÞ� ⊗ Da½S�baΛðtÞ�;

ðE9Þ

where the phase Θ is independent from t. Therefore, we

need to compute the correlator GðeÞ
ρi;B−

ð1; tj2; tÞ, which is
equal to

hψ†
2;Aþðt − τ2Þψ1;AþðtÞDb1 ½ðS�bb − 1ÞΛðtÞ�Da½S�baΛðtÞ�i;

ðE10Þ

in which the correlator is taken over the incoming many-
body state ρi ¼ ρS ⊗ ρem, which is the tensor product of
the many-body electronic state ρS injected by the source by
the incoming radiation state ρem for the aðωÞ modes.

b. The Franck-Condon factor

Let us now discuss how the correlator Eq. (E10) can be
evaluated. First of all, the part that depends on the incident
radiation state ρem can be singled out thanks to the identity

hDa½S�baΛðtÞ�iρem ¼ hDa½S�baΛðtÞ�ij0i
× h∶Da½S�baΛðtÞ�∶iρem ; ðE11Þ

in which we have introduced the bosonic normal ordering
∶ � � � ∶. All the dependence in the incident radiation state
ρem is thus contained in the average value of the normal-
ordered displacement operator ∶Da½S�baΛðtÞ�∶ for the aðωÞ
modes. The average value hDa½S�baΛðtÞ�ij0i is taken over
the vacuum state for the aðωÞ modes, which means that it
can be reabsorbed into the correlator given by Eq. (E10)
except that this time the quantum average is taken over the
state ρS;0 ¼ ρS ⊗ j0ih0j. This can be summarized by

GðeÞ
ρi;B−

ð1; tj2; tÞ ¼ GðeÞ
ρS;0;B−

ð1; tj2; tÞ ðE12aÞ

×h∶Da½S�baΛðtÞ�∶iρem ; ðE12bÞ

since ρS;0 ¼ ρS ⊗ j0ih0j corresponds to a situation where
no incident radiation is sent onto the MZI. Therefore, the

correlator GðeÞ
ρS;0;B−

ð1; tj2; tÞ is exactly the one appearing
when computing the average current flowing out of the
MZI in the absence of electromagnetic radiation sent onto it
via the aðωÞ modes. This problem corresponds to the
problem of electronic decoherence within the MZI.
In the end, the effect of the radiation injected into the

radiation coupler is described by the factor

F ρemðtÞ ¼ h∶Da½S�baΛðtÞ�∶iρem ; ðE13Þ

which is the exact analogue of the Franck-Condon factor that
appears in the spectroscopy of complex molecules [58].

c. Electronic propagation contribution

The electronic coherence GðeÞ
ρS;0;B−

ð1; tj2; tÞ is more diffi-
cult to evaluate because it corresponds to the outgoing
single-electron coherence after propagation across the MZI
in the presence of Coulomb interactions within branch 1 of
the MZI. It turns out that simple and physically transparent
expressions can be found in the case where S is an ideal
single-electron source. In this case, the state S is of the form

ρS ¼ ψ†
1in½φe�jFihFjψ1in½φe�; ðE14Þ

where jFi corresponds to the Fermi sea with chemical
potential μ ¼ 0 in the two incoming electronic channels of
the MZI and ψ†

1in½φe� creates a single-electron excitation
with wave function φe injected into the MZI (position A−).
Expressing ψ†

1in½φe� in terms of ψ†
1;Aþ½φe� and ψ†

2;Aþ½φe�
enables us to show that
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GðeÞ
ρS;0;B−

ð1; tj2; tÞ ¼ −i
ffiffiffiffiffiffiffiffiffiffiffi
RATA

p
× hF; 0ajψ2;Aþ½φe�ψ†

2;Aþðt − τ2Þψ1;B−
ðtÞψ†

1;Aþ½φe�jF; 0ai; ðE15aÞ

¼ −i
ffiffiffiffiffiffiffiffiffiffiffi
RATA

p
× hF2jψ2;Aþ½φe�ψ†

2;Aþðt − τ2ÞjF2i × hF1; 0ajψ1;B−
ðtÞψ†

1;Aþ½φe�jF1; 0ai; ðE15bÞ

in which jF; 0ai denotes the tensor product of the Fermi sea
in both branches of the MZI and the ground state for the
environmental modes. Since φe is an electronic excitation
above the Fermi level, the contribution associated with
propagation along branch 2 of the MZI can be readily
evaluated,

hψ2;Aþ½φe�ψ2;Aþðt − τ2ÞijF2i ¼ φeðt − τ2Þ�: ðE16Þ

We are thus left with evaluating

hψ1;B−
ðtÞψ†

1;Aþ½φe�ijF1;0ai

¼
Z
R
vFφeðt0Þhψ1;B−

ðtÞψ1;Aþðt0ÞijF1;0aidt
0: ðE17Þ

The time-domain amplitude

Z1ðτÞ ¼ vFhψ1;B−
ðτÞψ†

1;Aþð0ÞijF1;0ai ðE18Þ

is the elastic single-electron scattering amplitude across
branch 1 of the MZI. It is related to the elastic scattering
amplitude Z̃1ðωÞ computed in Refs. [56,74] by a Fourier
transform

Z1ðτÞ ¼
Z þ∞

0

Z̃1ðωÞe−iωτ
dω
2π

: ðE19Þ

Evaluating Z̃1ðωÞ can be done using the expressions given
in Refs. [57,119], which we recall here for completeness,

Z̃1ðωÞ ¼ 1þ
Z

ω

0

Bðω0Þdω0; ðE20Þ

in which BðωÞ is the solution of the integral equation

ωBðωÞ¼ SbbðωÞ−1þ
Z

ω

0

Bðω0ÞðSbbðω0Þ−1Þdω0; ðE21Þ

with initial condition Bð0þÞ ¼ ðdSbb=dωÞðω ¼ 0þÞ.
Finally, we obtain

hψ1;BþðtÞψ†
1;Aþ½φe�ijF1;0ai ¼

Z
R
φeðt0ÞZ1ðt − t0Þdt0: ðE22Þ

The correlator hψ2;Aþ½φe�ψ†
2;B−

ðt − τ2ÞijF2i could also be
rewritten in a similar way,

hψ2;Aþ½φe�ψ†
2;B−

ðtÞijF2i ¼
Z
R
φeðt0Þ�Z2ðt − t0Þ�dt0 ðE23Þ

using the elastic scattering amplitude Z2ðτÞ ¼ δðτ − τ2Þ
corresponding to ballistic propagation during time of
flight τ2.
Note that this form of the correlator hψ2;Aþ½φe�ψ2;B−

ðtÞi
remains valid in the presence of electronic decoherence
along branch 2 of the MZI provided it is not caused by
direct or indirect interactions (bath mediated) between the
two branches of the MZI. This means that there must be no
crosstalk between the two branches: Each of these branches
do interact with their own environment, which are prepared
in their ground states. In this case, we should use the elastic
scattering amplitude Z̃2ðωÞ for ω > 0 to define Z2ðτÞ. The
elastic scattering amplitude Z̃2ðωÞ can be computed in
terms of the finite-frequency admittance of branch 2.

d. General result

Let us finally collect the general result for the interbranch
coherence GρS;0;B−

ð1; tj2; tÞ right before the second QPC in
the general situation where each of the branches involves
Coulomb interactions and possibly a coupling to its own
radiation channel fed by the vacuum state. In the absence of
external radiation, the expression

vFG
ðeÞ
ρS;0;B−

ð1; tj2; tÞ

¼
Z
R2

vFφeðt − τ1Þφeðt − τ2Þ�Z1ðτ1ÞZ2ðτ2Þdτ1dτ2
ðE24Þ

has a physically transparent interpretation: Each wave
packet gets propagated according to the elastic scattering
amplitude ZαðτÞ along the corresponding branch.
Considering an incoming radiation arriving on each

radiation coupler of each branch α, whose quantum state
is described by independent density operators ρem;α,
Eq. (12) generalizes to

GðeÞ
ρi;B−

ð1; tj2; tÞ ¼ GðeÞ
ρS;0;B−

ð1; tj2; tÞ
×

Y
α¼1;2

D
∶Daα

h
ðSðαÞba Þ�ΛðtÞ

i
∶
E
ρem;α

:

ðE25Þ
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In the end, the interference signal XþðtÞ is given by

XþðtÞ ¼ vF

Z
R2

φeðt − τ1Þφeðt − τ2Þ�

× Reff;1ðt; t − τ1ÞReff;2ðt; t − τ2Þdτ1; dτ2; ðE26Þ

in which the effective single-particle scattering amplitudes
are given by the product of the elastic scattering amplitude
by the Franck-Condon factor,

Reff;αðt; t0Þ ¼ Zαðt − t0ÞF ρem;α
ðtÞ; ðE27Þ

thus leading to the single-electron radar equation (22)
which reduces to Eq. (23) in the case of ballistic propa-
gation in time τ2 along branch 2 and no coupling to external
radiation on this branch.
Last but not least, in the presence of Coulomb inter-

actions, the radar equation is valid only for an incoming
single-electron excitation injected into the electronic MZI.

APPENDIX F: CONNECTION TO FULL
COUNTING STATISTICS

In the context of experiments performed on
AlGaAs=AsGa systems in the quantum Hall regime, the
radiation channel may also be a chiral quantum Hall edge
channel, as depicted in Fig. 14. In this case, F ρemðtÞ can
also be interpreted in terms of a form of full counting
statistics for electronic transport in the radiation channel as
noticed in Ref. [120]. Since this work relied on a specific
interaction model as well as on single-particle scattering,
we present here a full many-body derivation independent of
the details of the Coulomb interaction model.
When the radiation channel is a single-integer quantum

Hall edge channel, the incoming electrical current arriving
into the interaction region via this edge channel is, for
ω > 0,

iinðωÞ ¼ −e
ffiffiffiffi
ω

p
ainðωÞ: ðF1Þ

Introducing

ΓbaðτÞ ¼
Z þ∞

0

SbaðωÞ
−iω

e−iωτ
dω
2π

þ c:c:; ðF2Þ

the normalized filtered charge operator

NðtÞ ¼
Z
R
Γbaðt − τÞ iinðτÞ

−e
dτ ðF3Þ

associated with the windowing function τ ↦ Γbaðt − τÞ
can be used to provide a compact expression for F ρemðtÞ,

F ρðtÞ ¼
D
∶e2πiNðtÞ∶

E
ρem

: ðF4Þ

The 2πNðtÞ operator represents the quantum phase kicks
associated with the incoming electrical current felt by a
localized electron propagating within the MZI. Note that
the exponential of this quantum phase kick operator is
normal ordered with respect to the bosonic modes ainðωÞ.
One can then connect this ordering to the time ordering in
order to establish the precise connection to time-ordered
electrical current correlators.
Finally, let us comment on the interpretation of the

windowing function Γbaðt − τÞ. Since ΓbaðωÞ¼ iSbaðωÞ=ω
for ω > 0, the relation between the EMP scattering matrix
and finite-frequency admittances [57,60,75,76] leads to

ΓbaðωÞ ¼
SbaðωÞ
−iω

¼ RK

−iω
∂IðoutÞb ðωÞ
∂VðinÞ

a ðωÞ
; ðF5Þ

in which Iðoutb ðωÞ denotes the average total current going
out from the interaction region within the MZI—the

propagation channel for the b EMP modes—and VðinÞ
a ðωÞ

denotes a classical voltage drive applied to the incoming
channel of the radiation channel in which the EMP amodes
propagate. This equation thus connects ΓbaðωÞ to the finite-
frequency admittance of the electrical dipole associated
with the interaction region. Since the coupling is purely
capacitive, one expects this finite-frequency response to be
capacitive, that is, of the form

∂IðoutÞb ðωÞ
∂VðinÞ

a ðωÞ
¼ −iωCðeffÞ

ba ðωÞ; ðF6Þ

in which the effective frequency dependence capacitance

CðeffÞ
ba ðωÞ goes to a nonzero capacitance in the low-fre-

quency limit. Consequently, ΓbaðτÞ appears as the effective
response rate associated with this capacitance,

FIG. 14. Sample design of the EQR using chiral-edge channels
in the integer quantum Hall regime (2DEG in green). The blue
region where two counterpropagating quantum Hall edge chan-
nels are facing each other at short (≲100 nm) distance forms a
radiation coupler between channel 1 of the MZI and the radiation
channel in which the radiation to be analyzed is sent. The quantity
of interest is the average outgoing current from the MZI and,
more precisely, the first harmonic in the Aharonov-Bohm phase.
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ΓbaðτÞ ¼
Z þ∞

0

RKC
ðeffÞ
ba ðωÞe−iωτ dω

2π
þ c:c: ðF7Þ

APPENDIX G: THE SINGLE-ELECTRON RADAR
EQUATION IN THE FREQUENCY DOMAIN

Let us introduce

R̃ðωþ;ω−Þ ¼
Z
R2

Rðt; t0Þeiðωþt−ω−t0Þdtdt0; ðG1Þ

which is directly proportional to the amplitude for scatter-
ing an incoming electron at energy ℏω− to the energy ℏωþ.
Denoting by X̃þðωÞ the Fourier transform of the signal
XþðtÞ at frequency ω=2π, Eq. (22) then takes the form

X̃þðωÞ ¼
Z
R2

vF fΔGðeÞ
S ðω−;ωþ − ωÞ

× eiðω−ωþÞτ2R̃ðωþ;ω−Þ
dωþdω−

ð2πÞ2 ; ðG2Þ

in which

ΔG̃ðeÞ
ρ ðωþjω−Þ ¼

Z
R2

ΔGðeÞ
ρ ðtjt0Þeiðωþt−ω−t0Þdtdt0 ðG3Þ

denotes the excess single-electron coherence in the fre-
quency domain. Equation (G2) determines the interference
contribution to the finite-frequency average electrical
current in the 1out branch of the MZI.
Its physical interpretation is quite clear: For ω > 0, the

average finite-frequency current hi1outðωÞi probes the out-
going electronic coherence between ωþ and ωþ − ω for all
ωþ. The latter propagates along branch 2 of the MZI with
time of flight τ2, hence picking a phase eiðωþ−ωÞτ2 . Since it
appears in the complex-conjugated amplitude, this leads to
the phase factor eiðω−ωþÞτ2 in Eq. (G2). On branch 1 of the
MZI, the electron enters the radiation coupler with energy
ℏω− and exits with energy ℏωþ with an amplitude
R̃ðωþ;ω−Þ. Therefore, the contribution of the outgoing

coherence between ωþ and ωþ − ω comes from an incom-
ing coherence between ω− and ωþ − ω emitted by the
source S as summarized in Fig. 15.

APPENDIX H: LIMITING REGIMES OF THE
SINGLE-ELECTRON RADAR EQUATION

We now discuss the limiting regimes of a time- or
frequency-resolved single-electron excitation. The result-
ing limiting form of the electron radar equation will be
relevant whenever the time (respectively, frequency) exten-
sion of the probe is much smaller than the typical time
(respectively, frequency) length scales of the effective
scattering matrix. As expected, time-resolved wave packets
are well suited to explore the time dependence of the
scattering, whereas energy-resolved excitations give access
to the scattering amplitude in the frequency domain.

1. Energy-resolved probes

We consider a resolved excitation with Gaussian line
shape, centered at energy ℏωe and with linewidth
γe ≫ jωej. Its wave function in the energy domain, defined
by Eq. (A6), is

φ̃eðωÞ ¼ NΘðsignðωeÞωÞe−ðω−ωeÞ2=2γ2e ; ðH1Þ

where the normalization condition (A7) gives [121]
N 2γe=vF

ffiffiffiffiffiffi
4π

p
≃ 1. For ωe > 0, we are dealing with an

electronic excitation, whereas for ωe < 0 we are dealing
with a hole excitation. In the limit where γe ≪ jωej is much
smaller than the scales of variation of R̃ðωþ;ω−Þ, the EQR
signal in the frequency domain given by Eq. (G2) then
gives

X̃þðω; τ2Þ ≃
γeffiffiffi
π

p e−iωeτ2R̃ðωþ ωe;ωeÞ: ðH2Þ

Whenever ωe and ωþ ωe have the same sign, we are
accessing the electron-to-electron or hole-to-hole effective
scattering, whereas whenever ωe and ωþ ωe do not have
the same sign, we are accessing electron-to-hole or hole-to-
electron effective scattering.

2. Time-resolved probes

We consider a normalized Gaussian single-electron wave
packet

φtrðtÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

vFσe
ffiffiffi
π

pp e−ðt−teÞ2=2τ2 ; ðH3Þ

with te the emission time and τe the duration of the single-
electron wave packet. Using Eq. (22) to compute the
average time-dependent current and brutally taking the
limit σe → 0 leads to, at first order in σe,

FIG. 15. Physical interpretation of the linear electron radar
equation (G2) in the frequency domain showing the contribution
of incoming single-electron coherence in the frequency domain to
X̃þðωÞ for ω > 0. Definition of the two paths is the same as in
Fig. 5.
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XþðtÞ ≃ τeRðte þ τ2; teÞδðt − τ2 − teÞ: ðH4Þ

The condition t ¼ te þ τ2 comes from ballistic propagation
along the reference arm of the MZI, and XþðtÞ is then
proportional to the amplitude for the electron to enter
branch 1 at te and exit it at time t.
However, this naive computation does not take into

account the constraint that the incoming single-electron
excitation must be restricted to positive energies due to the
presence of the Fermi sea, which is not the case for the
wave packet considered in Eq. (H3). Introducing a finite-
energy shift via the factor e−iωeðt−teÞ in front of the rhs of
Eq. (H3) with ωe ≫ 2πvF=τe leads to a wave packet with
negligible weight at negative energies. However, this
introduces a rapidly oscillating term e−iωeðt−t0−τ2Þ in front
of Rðt; t0Þ ¼ Z1ðt − t0ÞF ρemðtÞ in the radar equation (22).
This means that we are probing electronic decoherence at
energies close to ℏωe. However, as shown in Ref. [119],
electronic decoherence is expected to be worse at high
energies and may indeed kill the interference signal.
In order to mitigate this problem, the proper approach

consists of introducing electronic wave packets that are
close to the Fermi surface and well localized in space such
as the leviton. This is discussed in Appendix I.

APPENDIX I: FRINGE CONTRAST
FOR LEVITONS

Let us consider the case of a leviton wave packet of
width τe. Its wave function is Lorentzian in the time domain
and exponential in the frequency domain [122]. We are
interested in the interference contribution to the outgoing
electrical current for a leviton of duration τe injected at
time te.
Because of the simple expression for the leviton wave

packet in the frequency domain, the electron radar equation
in the frequency domain [see Eq. (G2)] gives us a
convenient form for XðdcÞ

þ suitable for numerical evalua-
tions,

XðdcÞ
þ ¼

Z
R
F̃ ρemðΩÞe−iΩðteþτ2Þfτe;τ2ðΩÞ

dΩ
2π

; ðI1Þ

in which the filter

fτe;τ2ðΩÞ ¼ 4πτe

Z þ∞

jΩj=2
Z̃1

�
ω −

Ω
2

�
e−2ωτee−iðω−Ω

2
Þτ2 dω

2π

ðI2Þ

contains all the effects of electronic decoherence along
branch 1 and ballistic propagation along branch 2 of the
interferometer.
Because the elastic scattering amplitude Z̃1ðωÞ tends to

decrease in modulus with increasing ω, fτe;τ2ðΩÞ is
expected to be a low-pass filter. The limit τe → 0þ may

even lead to vanishing signal since, in the case of the two
counterpropagating edge channel models considered in
Appendix D, a very short leviton may experience
fractionalization as it flies across the radiation coupler.
For short wave packets, this would kill the electronic
interference signal. In the absence of external radiation,
since F j0iðtÞ ¼ 1, we obtain

h
XðdcÞ
þ

i
j0i

¼ 4πτe

Z þ∞

0

Z̃1ðωÞe−2ωτee−iωτ2
dω
2π

: ðI3Þ

This quantity, which does not depend on te anymore, but
does depend on τ2, represents the base interference con-
tribution for the dc outgoing current from the MZI.

APPENDIX J: SQUEEZING DETECTION

This appendix presents the computations of the Franck-
Condon factor in the case of a time-periodic noise, with
specialization to narrow band squeezed noise. We first
briefly recall the structure of a single-mode squeezed
vacuum for pedagogy and then proceed to the discussion
of time-periodic noise. In Sec. J 2, we show that such a
noise can exhibit subvacuum fluctuations coming from
two-mode squeezing in a narrow band around a given
frequency ω0=2π. The harmonic structure of the resulting
Franck-Condon factor is then discussed in Sec. J 3.

1. Squeezed vacuum in a single mode

In this appendix, we recall the basics needed to describe
the squeezed vacuum for a single mode [123],

jSqzi ¼ ezða†Þ2−z�a2 j0i; ðJ1Þ

where a and a† are the creation and destruction operators
for a single mode and z∈C. The squeezing operator Sz

equal to ezða†Þ2−z�a2 performs a Bogoliubov transformation
on the original mode operators,

S†
zaSz ¼ coshð2jzjÞaþ eiφ sinhð2jzjÞa†: ðJ2Þ

This enables us to compute the expectation value of any
products of a and a† in the state jSqzi as the expectation
value of the same expression in terms of the Bogoliubov
transformed operators

az ¼ coshð2jzjÞaþ eiφ sinhð2jzjÞa†; ðJ3aÞ

a†z ¼ coshð2jzjÞa† þ eiφ sinhð2jzjÞa; ðJ3bÞ

where φ ¼ ArgðzÞ. More precisely,

hO½a; a†�ijSqzi ¼ hO½az; a†z �ij0i: ðJ4Þ

Applying this relation to the quadrature
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Xϑ ¼ 1ffiffiffi
2

p ðeiϑaþ e−iϑa†Þ ðJ5Þ

leads to hXϑijSqzi ¼ 0 and

hðΔXϑÞ2ijSqzi ¼
1

2
þ sinh2ð2jzjÞ ðJ6aÞ

þ coshð2jzjÞ sinhð2jzjÞ cosð2ϑþ φÞ;
ðJ6bÞ

which shows that the fluctuations are anisotropic in the
Fresnel plane and that ArgðzÞ determines the principal axes
of the ellipsoid of fluctuations. Its extrema are

max
ϑ

hðΔXϑÞ2ijSqzi ¼
1

2
e4jzj; ðJ7aÞ

min
ϑ
hðΔXϑÞ2ijSqzi ¼

1

2
e−4jzj: ðJ7bÞ

The vacuum fluctuations being given by 1=2, the state jSqzi
appears as squeezed with subvacuum fluctuations com-
pressed at most by a factor e−4jzj < 1 as soon as jzj ≠ 0.
Note that, with ϑ ¼ ω0t, we recover the 2ω0 oscillations of
the fluctuations of harmonic mode of energy ℏω0.
Since the isotropic part of the fluctuations corresponds to

1
2
þ ha†aijSqzi, Eq. (J6) determines the average photon

number in the squeezed vacuum jSqzi,

ha†aijSqzi ¼ sinh2ð2jzjÞ: ðJ8Þ

Thinking of this harmonic mode as an optical mode, the
above discussion shows that increasing the squeezing
parameter z increases the average number of photons. A
squeezed vacuum is thus on average more noisy than the
true vacuum even if increasing jzj decreases its minimal
fluctuations.

2. Narrow band time-periodic noise

Let us consider a time-periodic current noise with period
π=ω0 which, as discussed in the previous paragraph, is
natural for squeezing around a frequency ω0=2π. This is
more natural in the spirit of mesoscopic physics where the
radiation source may be a periodically driven conductor at a
given frequency that would, by time translation invariance,
generate a radiation whose correlators have the same time
periodicity.
We then consider the simplest correlation structure for

the creation and destruction operators aðωÞ and a†ðωÞ that
satisfies both the requirement of π=ω0 periodicity as well as
the requirement that its time-averaged power spectrum is
concentrated in a narrow band around ω0. This leads to
(ω� > 0)

ha†ðω−ÞaðωþÞi ¼ δðωþ − ω−Þn̄ðωÞ; ðJ9aÞ

haðω−ÞaðωþÞi ¼ δðωþ þ ω− − 2ω0Þξ
�
ωþ − ω−

2

�
;

ðJ9bÞ

where n̄ðωÞ ≥ 0 denotes the average photon number in the
mode at ω and ξðΩÞ denotes the average photon-pair
correlation between the modes at frequencies ω0 þΩ
and ω0 −Ω. In the narrow band situation where the emitted
power density ℏωn̄ðωÞ is concentrated near ω0, n̄ðωÞ ≠ 0
only for jω − ω0j≲ γ0=2 and jξðΩÞj ≠ 0 only for
jΩj ≲ γ0=2. Note that the δ-function constraints in these
equations arise from time periodicity as well as from
Cauchy-Schwartz inequalities (see Ref. [17] for analogous
considerations in the context of EQO).
Substituting these correlators in Eq. (41) leads to

jF ρemðtÞj ¼ eRe½ξeff e−2iω0t�−Neff ; ðJ10Þ

in which

Neff ¼
Z þ∞

0

jSbaðωÞj2
ω

n̄ðωÞdω; ðJ11aÞ

ξeff ¼
Z þω0

−ω0

Sbaðω0 þ ΩÞSbaðω0 − ΩÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
0 −Ω2

p ξð2ΩÞdΩ: ðJ11bÞ

In the narrow band approximation in which n̄ðωÞ ¼ n̄ for
jω − ω0j ≤ γ0=2, ξðΩÞ ¼ ξ for jΩj ≤ γ0=2, and where the
frequency dependence of SbaðωÞ around ω0 is neglected,
we obtain

Neff ¼ jSbaðω0Þj2
γ0
ω0

n̄; ðJ12aÞ

ξeff ¼ jSbaðω0Þj2
γ0
ω0

e2iArg½Sbaðω0Þ�ξ: ðJ12bÞ

Two-mode squeezing between ω0 þΩ=2 and ω0 − Ω=2 for
all jΩj ≤ γ0 leads to

n̄ ¼ sinh2ð2jzjÞ; ðJ13aÞ

jξj ¼ sinhð4jzjÞ=2; ðJ13bÞ

where z is the squeezing parameter, assumed to be the same
for all of these pairs of modes. Substituting this into
Eqs. (J12) and the result into Eq. (J10) then leads to Eq. (43).

3. Harmonic decomposition

We now decompose the time-periodic Franck-Condon
factor given by Eq. (43) in Fourier series,
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F SqzðtÞ ≃ e−Λ sinh2ð2jzjÞ

×
X
n∈Z

IjnjðΛ coshð2jzjÞ sinhð2jzjÞÞe−2inω0ðt−t̃eÞ;

ðJ14Þ

where Λ ¼ jSbaðω0Þj2=Q0 and In denotes the modified
Bessel function of order n. The time t̃e arises from the phase
of Sbaðω0Þ as well as of the squeezing parameter. We will
forget it in the following since it can be absorbed in a
redefinition of the leviton’s injection times.
Because jSbaðω0Þj2 ≤ 1 andQ0 is significantly larger than

1, Λ ≪ 1. Remembering also that experimentally reachable
squeezing factors are not very high (jzj ≃ 0.1755 for 3 dB
squeezing) and, therefore, Λ coshð2jzjÞ sinhð2jzjÞ ≲ 1.
Moreover, InðxÞ ≃ ðx=2Þn=n! for n ≥ 1. Consequently, the
most important contribution comes from the first harmonics:
n ¼ 0 andn ¼ �1 in Eq. (J14). Retaining only these leads to

F SqzðtÞ ≃ F 0ðz;ΛÞ þ e−2iω0tF 1ðz;ΛÞ þ e2iω0tF−1ðz;ΛÞ;
ðJ15Þ

where, at the lowest nontrivial order in Λ,

F 0ðz;ΛÞ ¼ e−Λ sinh2ð2jzjÞI0ðΛ coshð2jzjÞ sinhð2jzjÞÞ
≃ 1 − Λ sinh2ð2jzjÞ þOðΛ2Þ; ðJ16aÞ

F�1ðz;ΛÞ ¼ e−Λ sinh2ð2jzjÞI1ðΛ coshð2jzjÞ sinhð2jzjÞÞ

≃
Λ
2
coshð2jzjÞ sinhð2jzjÞ þOðΛ2Þ: ðJ16bÞ

The n ¼ 0 harmonic contains the contrast obtained when
averaging over the emission time te,h

XðdcÞ
þ

ite
SqðzÞ

¼
h
XðdcÞ
þ

i
j0i
F 0ðz;ΛÞ: ðJ17Þ

Since jF 0ðz;ΛÞj < 1, this te-independent measurement is
lower than the one when only vacuum injected in the
radiation channel. It also represents the average contrast
for levitons of width τe injected at random emission and it is
lower than the vacuum baseline. This is the effect of the
average number of photons in a squeezed vacuum given
by Eq. (J8).

APPENDIX K: SINGLE-EMP DETECTION

We now discuss the evaluation of the parameter xðtÞ ¼
2πjhχjS�baΛtij2 that appears in the evaluation of the Franck-
Condon factor for Fock states [see Eq. (48)]. The quali-
tative behavior of this quantity can be understood by using
a time-frequency representation of the current noise. The
case of a narrow band EMP then leads to analytical
approximated expressions for xðtÞ.

1. Time-frequency analysis of current noise

Using {̂ðωÞ ¼ −e
ffiffiffiffi
ω

p
bðωÞ (ω > 0) for a single chiral

integer quantum Hall edge channel, xðtÞ ¼ 2πjhχjS�baΛtij2
can be expressed in terms of the excess current noise

ΔSðiÞj1;χiðt; t0Þ of a single quantum EMP in the mode χ,

xðtÞ¼ 2π2

e2

Z
R2

Γbaðt− tþÞΓbaðt− t−Þ�ΔSðiÞj1;χiðtþ; t−Þdtþdt−;

ðK1Þ

in which Γba denotes the function defined by Eq. (F2). The
physical meaning of this expression is better understood in

terms of the Wigner function ΔWðiÞ
ρ ðt;ωÞ of the excess

current noise

ΔWðiÞ
ρ ðt;ωÞ ¼

Z
R

�
∶{̂
�
t −

τ

2

�
{̂

�
tþ τ

2

�
∶



ρ;c
eiωτdτ; ðK2Þ

in which hABic denotes the connected correlator
hABi − hAihBi. Introducing the Ville transform associated
with ΓbaðtÞ,

WΓba
ðt;ωÞ ¼

Z
R
Γba

�
tþ τ

2

�
Γba

�
t −

τ

2

�
eiωτdτ ðK3Þ

leads to

xðtÞ ¼ 2π2

e2

Z
R2

WΓba
ðt − τ;ωÞΔWðiÞ

j1;χiðτ;ωÞ
dωdτ
2π

: ðK4Þ

This shows that the radiation coupler’s response function
ΓbaðτÞ leads to time-frequency filtering of the excess
quantum current noise of the single-EMP state j1; χi.
The time resolution for single-EMP detection is thus
limited by the duration of the excess current noise asso-
ciated with the single EMP, as well as by the response time
of the radiation coupler, typically the RC timescale appear-
ing in Γba (see Appendix F).

2. Current noise of a single EMP

For the single plasmon with wave function χ, the average
excess current hiðtÞij1;χi is zero and the Wigner function of
the excess current noise defined in Eq. (K2) is given by

ΔWðiÞ
j1;χiðt;ωÞ ¼

e2

2π

Z
jΩj≤2jωj

e−iΩt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −

Ω2

4

r

× χ

�
jωj þ Ω

2

�
χ

�
jωj −Ω

2

�� dΩ
2π

: ðK5Þ

In the case of a narrow band single plasmon centered at
the energy ℏω0 with Lorentzian linewidth γ0,
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χðωÞ ¼
ffiffiffiffiffi
γ0

p ΘðωÞ
ω − ω0 þ iγ0

2

; ðK6Þ

such that γ0 ≪ ω0; the Wigner function of the excess
current noise can be approximated by the usual expression
for such energy-resolved excitations,

ΔWðiÞ
j1;χiðt;ωÞ ≃ ΘðtÞ e

2ω0

2π
4γ0t sin cð2ðjωj − ω0ÞtÞe−γ0t:

ðK7Þ

The general expression of the heat current J QðtÞ in terms
of the current iðtÞ leads to

hJ QðtÞiρ ¼
RK

2

�
hiðtÞi2ρ þ

Z
R
ΔWðiÞ

ρ ðt;ωÞ dω
2π

�
: ðK8Þ

For a single energy-resolved EMP with energy ℏω0 and
Lorentzian line shape of width γ0, this enables us to
compute the instantaneous heat current just from the excess
noise since hiðtÞij1;χi ¼ 0. Using Eq. (K7), we find

hJ QðtÞij1;χi ¼ ℏω0ΘðtÞγ0e−γ0t: ðK9Þ

This heat current carries an average energyR
RhJ QðtÞij1;χidt ¼ ℏω0 as expected.

3. Filtering of current noise

If the EMP has a narrow band compared to the typical
scale of variation of ΓbaðωÞ, the variation of SbaðωÞ around
ω0 can be neglected in Eq. (49). One then recognizes in xðtÞ
the modulus square

e2

2π

				
Z þ∞

0

ffiffiffiffi
ω

p
χðωÞe−iωt dωffiffiffiffiffiffi

2π
p

				2 ¼
Z
R
ΔWðiÞ

j1;χiðt;ωÞ
dω
2π

;

ðK10Þ

where the rhs directly follows from Eq. (K5).
Equation (K8) then shows that this is related to the average
instantaneous heat current carried by the single EMP in
state χ. This finally leads to Eq. (50).
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tomography of electrical currents, Nat. Commun. 10, 3379
(2019).

[16] J. D. Fletcher, N. Johnson, E. Locane, P. See, J. P. Griffiths,
I. Farrer, D. A. Ritchie, P. W. Brouwer, V. Kashcheyevs,
and M. Kataoka, Continuous-variable tomography of
solitary electrons, Nat. Commun. 10, 5298 (2019).
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