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The paradigm of considering open quantum systems—i.e., focusing only on the system of interest, and
treating the rest of the world as an effective environment—has proven to be a highly effective way to
understand a range of quantum systems, across areas of study such as quantum optics, cold atoms,
superconducting qubits, and impurities in solid-state systems. A common approach in many of these
contexts has been to consider simplified approaches based on the Born and Markov approximations. While
these approximations are indeed often appropriate in contexts such as quantum optics, the widespread
application of these approximations has been driven more by simplicity than by accuracy. In particular,
these Markovian treatments will fail in many cases, such as when coupling to the environment is not weak,
when the environment is structured and has resonances, when the system couples to low-frequency modes
of the environment, or when the questions of interest involve the propagation of information through the
environment. Despite the fact that many real problems are non-Markovian, the Markov approximation is
still widely used, as it is often assumed that a fully non-Markovian treatment is too complex to be practical.
In this Perspective we discuss a recently developed set of techniques that address this challenge. Centering
our discussion around the notion of the process tensor, we demonstrate that the generality of the process
tensor concept, coupled with efficient tensor-network methods, opens the door to the description of a wide

range of observable non-Markovian processes in a wide range of open quantum systems.

DOI: 10.1103/1ncg-11hz

I. INTRODUCTION

Although quantum mechanics is often first introduced to
students by focusing on idealized isolated quantum sys-
tems, no real-world quantum system is truly isolated,
particularly not those that can be manipulated or measured.
As such, understanding how quantum systems interact with
their environment is an important task and one which has
been extensively studied [1]. As discussed below, much
work on open quantum systems (OQSs) has focused
on particular cases, where a simple time-local—i.e.,
Markovian—description can apply [2]. However, as also
discussed below, many open quantum systems do not
warrant this Markovian approximation [3]. The process
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tensor (PT)—which as we discuss below is the discrete
analog of the influence functional (IF) [4]—is an object that
allows one to predict the outcome of a sequence of
operations in a general quantum system coupled to an
environment [5-9]. As such, if known, the process tensor
can be used to model general non-Markovian open quan-
tum systems.

This Perspective discusses recent developments in using
the process tensor framework, and particularly tensor-
network representations [10—18] of the process tensor, to
enable practical calculations of non-Markovian open quan-
tum systems. We will discuss how the process tensor
framework provides both a numerical tool that has
expanded the range of such problems which can be
efficiently modeled as well as a way to unify many previous
algorithms that have been used for non-Markovian open
quantum systems. Moreover, we will discuss ways in which
this connects to previously distinct problems in many-body
physics, such as methods for modeling impurities, and
highlight future research directions in this field. The ideas
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we discuss here historically developed from previous
approaches based on tensor-network representations of
the augmented density tensor from the quasiadiabatic
propagator path integral (QuAPI) approach [19,20]. We
will introduce the process tensor and its tensor-network
representation from a different perspective, with the aim of
distinguishing the key ideas of this approach from their
historical development. Specifically, as we discuss below,
while process tensor approaches can be derived from the
QuAPI approach, they do not have to be derived this way.

In order to set the scene for such a discussion, the rest of
this Introduction will discuss two connected themes: non-
Markovian open quantum systems—and the wide range of
contexts in which the open quantum system paradigm
applies—and tensor-network methods as a route to dimen-
sional reduction.

A. Importance of non-Markovian open
quantum systems

The open quantum system approach is designed to
simplify the modeling of a complex quantum system by
dividing it into the “system” and the “environment.” The
goal is to be able to write a description of the system,
accounting for effects of the environment, without explic-
itly modeling its many degrees of freedom. Historically,
much of the theory of open quantum systems was first
developed in the context of quantum optics, to describe
effects such as dissipation due to radiation. In this context,
where linewidths are much smaller than frequencies, the
Markovian approximation holds very well. As such,
extensive work has been done to develop the theory of
Markovian open quantum systems, so this subject is well
described in textbooks [1,21] and calculations within it are
routine through standard libraries such as QuTip [22,23] and
QuantumOptics.jl [24]. In contrast, the simulation of non-
Markovian systems has relied on more specialized methods
until recently, making them less accessible to a wide
user base.

This history can give the impression that the Markovian
approach is “default” and that treatment of non-Markovian
dynamics is a “niche” topic. This impression is reinforced
by the view that, in cases where the approximations and
assumptions required for the standard textbook approach
fail, this indicates a failing of the OQS paradigm itself. That
is, one may have the impression that in cases where weak
coupling or Markovianity is not applicable, one cannot
eliminate the environment, and one must resort to methods
which attempt to explicitly include environmental degrees
of freedom within the system. As we discuss below, this
need not be the case—particularly with numerical methods
that broaden the range of environments that can be
accurately described.

Much has been written about the different ways in
which Markovianity, and thus non-Markovianity, can be
formally defined [25]. For the questions we discuss in this

Perspective, such distinctions are not generally significant
in that the motivation here is to model systems in which
standard Markovian approaches such as Lindblad master
equations [1,26] fail, ultimately due to memory effects in
the environment or correlations and entanglement between
the system and environment. In fact, as discussed elsewhere
[27], the tensor-network representation of the process
tensor can be used as a definition of (non-)Markovianity.
As such, the tensor-network process tensor paradigm
naturally becomes increasingly simple to calculate in those
cases where a system is Markovian, making it unnecessary
to determine a priori whether the system is or is not
Markovian. In that sense, while the title of this Perspective
refers to “non-Markovian” dynamics, this should be read as
meaning “not necessarily Markovian” throughout.

1. Ubiquity of non-Markovian open quantum systems

The open quantum system paradigm that considers the
system as separate from its environment does not rely on
the ability to “adiabatically eliminate” the environment, or
any assumption of weak coupling between system and
environment. The only crucial feature required for the OQS
paradigm is that one is interested only in measurements on
the system. If that is true, the paradigm holds, and there will
be some (generically non-Markovian) treatment that can
accurately capture the physical behavior.

This idea is widely appreciated in the context of
dynamical mean-field theory (DMFT), in which a key
ingredient is the need to solve the dynamics of a quantum
“impurity” in a general environment, with no expectation
that this problem should be Markovian [28] or weakly
coupled. The same methods that can be used to tackle non-
Markovian open quantum systems can be considered as
impurity solvers for DMFT [29-31]—indeed, DMFT can
be seen as an application of the OQS paradigm to many-
body physics.

With the perspective outlined above, non-Markovian open
quantum system methods have a far wider applicability than
is typically considered in discussions of OQSs. They are in
fact relevant in any problem where (a) one is interested only
in measurements on some subset of degrees of freedom and
(b) one cannot use weak-coupling and Markovian approx-
imations to separate out those degrees of freedom as a
system weakly coupled to an environment. This can include
many-body physics in contexts such as impurity and trans-
port problems, or contexts where one studies local probes of
correlated electronic materials, such as spectroscopic scan-
ning tunneling microscopy. The reason these are not
commonly thought of as examples of non-Markovian open
quantum systems is that finding methods to efficiently model
them as such can be challenging.

2. Limitations of Markovian methods

While the discussion above aims to broaden the context
of where non-Markovian OQS problems may arise, we next

020502-2



PROCESS TENSOR APPROACHES TO NON-MARKOVIAN ...

PHYS. REV. X 16, 020502 (2026)

discuss cases which are perhaps more familiar to consider
as open quantum systems. Within this context, there are
broadly two categories of reasons why a Markovian
approach may be inadequate, as discussed next.

The system does not permit it. This category includes
any problem where the standard approximations required
to derive a Markovian master equation break down—
specifically the Born approximation (that the environment
is weakly perturbed by the system) and the Markov
approximation (that the environment memory time is short
compared to the system dynamics). Such a breakdown is
the most commonly stated motivation for a non-Markovian
treatment. There are many ways in which these approx-
imations may fail. These include the following.

(i) When the coupling to the environment is strong.
Here the approximations could break down either
because the resulting dissipation becomes fast, so
that timescale separation fails, or because the Born
approximation fails.

(ii) When the environment is highly structured, with
sharp peaks. In the time domain this corresponds to
resonant vibrations which oscillate for a long time
before decaying. There are several ways this might
arise. It can arise because of sharp resonant modes in
the environment. This is relevant when, for example,
modeling the effect of vibrational modes in organic
molecules or polymers. Structured environments can
also occur due to interference effects, so that
coupling to modes at particular wavelengths might
be suppressed. This can occur for problems involv-
ing electronic excitations moving between different
sites coupled to delocalized environment modes,
such as for a double quantum dot coupled to
phonons [32].

(iii) When the environment is dominated by slow modes
so that memory times become long. This can arise in
any system where there is a large density of states of
low-frequency modes. This can be something that
occurs intrinsically due to the structure of the system
(such as fermionic problems as mentioned below). It
can also be something which occurs when the
system is tuned close to a continuous phase tran-
sition. In such cases, the critical slowing-down that
occurs close to a phase transition leads to a large
density of states for slow modes, so that Markovian
descriptions may fail [33].

Having discussed some key “types” of non-Markovian
systems, we may also now mention some specific exam-
ples. One extensively studied context where these issues
arise is light absorption in biological light-harvesting
systems [34-38]; here it has been established that vibra-
tional resonances can be crucially important in determining
how energy is transferred. Light-harvesting complexes (in
line with many organic chromophores) typically have
complex vibrational spectra, associated with the different

stretching and bending modes of the molecule. This leads
to a peaked spectral density, for which Markovian approx-
imations fail.

More broadly, non-Markovian situations arise across a
range of fields, including in chemical physics, e.g., electron
transfer dynamics in molecules and in solution, and in
condensed matter physics, e.g., in the form of impurity
problems. In the latter case, prominent examples are
models such as the Kondo or Anderson models [39]
describing impurity spins coupled to fermionic environ-
ments, or the spin-boson model [40] which may arise when
bosonizing such a fermionic environment or when a small
quantum system interacts with phonons in a solid. In these
cases, the coupling to the environment can be strong.
Moreover, the environment can generally be expected to
have a high density of states of slow, low energy modes.
Such behavior will typically arise in fermionic problems
with a Fermi surface, where there are naturally a continuum
of low-frequency bosonic modes associated with deforma-
tions of that surface. As discussed further below, these
paradigmatic models often serve as benchmarks for non-
Markovian methods.

In addition to the examples discussed above, there can be
cases where the complexity of the system forces one to
consider non-Markovian treatments. The standard
Markovian approaches (e.g., Bloch-Redfield derivation
of the master equation) require that one can determine
the dynamics of the system in order to find the response of
the environment to that dynamics. For complex systems,
this may be challenging. Indeed, it is this issue that has led
to debates about the use of “local” versus “global” master
equations—i.e., whether one can get away with using an
approximate form of the system dynamics to derive the
master equation [41-43]. One context where this question
arises is in models of molecules strongly coupled to light
and forming polaritons. Here, strong light-matter coupling
modifies the dynamics of the molecules, so that it is only
possible to perform the derivation of the master equation in
limiting cases, such as in the single-excitation subspace.
Indeed, any system Hamiltonian describing an interacting
many-body problem can pose a similar problem. Notably,
non-Markovian treatments do not pose this same dilemma,
as the environment response is instead found from the
actual system dynamics. Of course, sufficiently compli-
cated systems may still be hard to simulate, but if the
dynamics can be simulated, it is the response to that actual
dynamics that is used.

The question does not permit it. The second category of
why Markovian approaches fail arises most naturally when
directly asking about information return from the environ-
ment, or communication between different systems through
a shared environment. By definition, these questions ask
about non-Markovian effects. In addition, recent explora-
tion of the effects of strong coupling to the environment on
thermodynamics [44] necessarily requires one to consider
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effects of strong system-environment coupling and so must
extend beyond Markovian approaches.

A more subtle case involves scenarios where one needs
to calculate multitime correlations. It is well known that
even two-time correlations suffer from inevitable issues in
Markovian treatments [45]. Fundamentally this occurs
because Markovian treatments involve preevaluating the
response of the environment to the system at a specific set
of system frequencies. Multitime correlations can, how-
ever, probe the response at arbitrary frequencies, extracting
information which is fundamentally not present in the
Markovian treatment. In addition, multitime correlations
can directly probe how entanglement with the environment
can be created and later recovered [46], again a funda-
mentally non-Markovian feature.

Multitime correlations are physically relevant when
considering spectroscopic measurements. Calculating an
optical absorption or emission spectrum of a material
fundamentally requires calculating two-time correlations
of the electric dipole moment [21], and then Fourier
transforming the result. As such, any scenario where
spectra are measured can yield a case where Markovian
treatments give incorrect results; for example, failing to
satisfy relations required between absorption and emission
spectra in thermal equilibrium [45]. Furthermore, there is a
growing field of multidimensional spectroscopy [47—49],
where experiments use carefully designed pulse sequences
with multiple pulses to measure nonlinear response of the
system. Such experiments explicitly involve questions of
how operations with different time delays interact, and can
thus directly probe non-Markovian effects. We will discuss
such experiments in some detail in Sec. VI A 3.

B. Dimensional reduction and tensor networks

In many areas of computational physics—particularly
those modeling quantum systems—a key challenge is the
large size of state space, required due to the exponential
dependence of Hilbert-space dimension upon the number
of degrees of freedom. To address such challenges and
make large-scale computations practical, one requires
approaches that allow one to effectively compress the
representation of such large spaces.

A powerful approach to such compression involves
identifying the structure of the states one is trying to
describe, and choosing a representation that mirrors that
structure so as to make clear which correlations exist and
which may be neglected. This then allows adaptive routines
where one can tune some parameter or parameters con-
trolling the scale of correlations that are kept, and thereby
trade computing time for accuracy. In the ideal case, this
trade-off can permit one to reach the desirable levels of
accuracy while remaining within acceptable computational
costs. This enables one to tackle otherwise computationally
complex problems, without requiring approximations to be
made “by hand.”

For the problems we are interested in, one key way to
form such a representation is through tensor networks (TN)
[10-18]. In a tensor network, a high-order tensor is written
as a network of low-order tensors, hopefully with restricted
dimensionality of each index. In the context of quantum
many-body systems, such an approach is most familiar as a
representation of the quantum wave function, particularly
in one dimension, where matrix product states (MPSs) are
constructed based on the restricted extent of correlations
between different sites on a lattice [10,11,50]. Here, a
matrix is associated with every basis state of each lattice
site, such that a given configuration of the sites leads to a
sequence of matrices, and the amplitude of the overall
quantum state is found by the product of these matrices.
The amount of correlations between different sites is
determined by the dimensionality of these matrices—
known as the bond dimension. Broadly speaking, MPSs
with finite bond dimension can approximate states with low
entanglement (see Ref. [51] for rigorous results), so that in
such cases the amount of information required to describe
the quantum state need not grow exponentially with the
number of sites. Using this representation one can then
efficiently perform time evolution of the quantum state (as
long as the entanglement remains bounded), or perform
variational minimization to find the ground state.

Tensor-network literature makes extensive use of a
diagrammatic approach based on Penrose’s graphical
notation [52]. While this perspective does not aim to be
a complete pedagogical introduction to tensor networks,
Figs. 1(a) and 1(b) provide a brief summary of that notation
which we use throughout this perspective. In addition,
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FIG. 1. Penrose graphical notation for tensor networks. (a) Vec-
tors, matrices, and tensors are represented as shapes, with each
“leg” corresponding to an index. (b) A leg connecting two tensors
indicates summation over the “contracted” index. (c)—(g) Matrix
product state decomposition of a fifth-order tensor. Panel
(c) shows the original tensor. By grouping indices (d) puts this
in the form of a matrix, to which a singular-value decomposition
can be applied (e). After reshaping to the original indices this
yields (f). Repeated application decomposes the high-order
matrix (c) into a network of low-order matrices (g).
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Figs. 1(c)-1(g) provide an illustrative example of how a
high-order tensor [Fig. 1(c)] could be decomposed into a
network of lower-order tensors, specifically a matrix
product state, as shown in Fig. 1(g).

MPS approaches have been generalized in several ways,
including tensor-network states in higher dimensions [53]
or with different connectivity [54,55], describing density
matrices rather than wave functions [56-58], and describ-
ing problems in the continuum limit (i.e., without a lattice)
using continuous tensor-network Ansdgize [59-62]. The
same concept of tensor decomposition has been known
in other fields; in applied mathematics and computer
science, such decompositions have been known as tensor
trains [63], and in classical statistical physics, where they
were introduced for contracting partition functions varia-
tionally [17,64], and they have been known as a route to
find exact solutions for classical transport problems [65].
Recently, there have been a number of new applications of
such methods in different contexts. These have included
using matrix product states to represent continuous functions,
and thus the time evolution of partial differential equations
[66-68], and the use of “tensor-train cross interpolation” to
use matrix product states to replace Monte Carlo integration
over high dimensional integrals [69].

C. Outline

The remainder of this Perspective is organized as
follows. Section II will introduce the key object of our
discussion, the process tensor, and in particular its calcu-
lation as a matrix product operator (MPO) in Sec. II C. As
part of this, in Sec. III, we will show how the process tensor
approach can be related to many other approaches to non-
Markovian dynamics. Section IV discusses questions
regarding benchmarking different algorithms and their
numerical implementations, including comparisons to
methods not involving process tensors. Section V discusses
classes of problems for which process tensor approaches
are particularly suitable. Finally, in Sec. VI, we will discuss
possible future research directions, both in terms of
methods which may extend the range of systems that
can be modeled and in terms of application to questions that
can be addressed with these methods.

II. PROCESS TENSOR FORMALISM

As motivated above, this section introduces the math-
ematical formulation of the process tensor. It is both a
convenient abstraction for describing arbitrary dynamics of
non-Markovian open quantum systems as well as a
practical computational tool. The latter is because it admits
an efficient tensor-network representation in many physi-
cally relevant cases, allowing efficient computations of
non-Markovian dynamics. The process tensor [5-7,27] is a
multilinear map from a set of operations on a quantum
system to its final state. Those operations can include

simple ones like evolution under a (time-dependent)
Hamiltonian, but can also include processes such as state
preparation, measurement, or action by an arbitrary quan-
tum gate. Clearly, knowing such an object is very powerful;
however, one might suspect that it will be exponentially
complex to calculate and store. Remarkably, this is not the
case for many relevant scenarios, and efficient tensor-
network representations of the process tensor can exist.
In the following we will provide a brief summary of the
process tensor and highlight how it can provide a unified
understanding of different approaches to non-Markovian
dynamics.

A. Brief introduction to process tensors

This section aims to briefly introduce the concepts and
technical manipulations involved in treating non-
Markovian dynamics with tensor networks, focusing on
the process tensor formalism at a high level. For more
details on the technical steps and definitions, the presen-
tation below is based on Refs. [70-73].

In the context of open systems, the state of the system S
is defined by a density matrix pg, which can be expressed in
a basis of states |s) where the s = 1,2, ..., d is an index that
enumerates the states in a Hilbert space of dimension
d. Then the system density matrix is the matrix
ps® = (s'|ps|s). For convenience, it is common practice
in the open system literature to combine the s’ and s indices
into a single Liouville-space index a = (s',s) that runs
from 1 to d*. Figure 2(a) shows this folding of indices into
the doubled Liouville index a. Practically speaking, this
mapping folds the “bra” and “ket” indices together so that
the resulting formalism resembles the evolution of pure
states, while actually describing mixed states. Another way
to describe this process is that one starts with density
matrices and superoperators (linear maps on density matri-
ces) and “vectorizes” these objects into state vectors and
operator matrices, respectively.

One is interested in the dynamics of the system S
coupled to a large or infinite environment E (also often
called the “bath”). The combined system and environment
(SE) is described by a density operator p(t) that is evolved
in time by a unitary operator, U(r + A, t)p(t) = p(t + A).
[Note that the system density matrix is related to p(z) by
tracing over the environment to obtain pg(t) = Trg[p(¢)].]
When the time step A is small, the time-evolution opera-
tor U can be approximately factorized via the Trotter
formula as a product of two separate evolution operators
U(t+ A1) ® Ug(t+ A, 1)Usg(t + A,t). The operator
Ugg captures the coupling of the system with the environ-
ment as well as the dynamics of the environment itself,
whereas Ug only includes terms acting on the system. In
this form, the entire evolution can be described, without
loss of generality, in the form of the layered tensor network
as shown in Fig. 2(b).
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FIG. 2. (a) Mapping of system density matrix to single Liou-
ville-space index a = (s',s) and (b) evolution of the combined
system (S) and environment (E) density matrix, which is taken to
be a product at time ¢ = 0, and evolved by split or Trotterized
time-evolution operators Ug, describing the system evolution
only, and Ugg, which captures the system-environment inter-
action and environment dynamics. In this graphical language,
each shape can be identified with a tensor and its legs indicate the
indices of that tensor [e.g., pg in (a) is a matrix or order-two
tensor]. A leg connecting two tensors represents a contraction
over the corresponding index. When legs are explicitly labeled,
the diagram represents a particular component of the tensor [e.g.,
in (a)], otherwise the diagram represents the full tensor. A tensor
network, constructed from contractions of individual tensors, has
the dimension corresponding to its open legs [e.g., (b) corre-
sponds to the full density matrix tensor after two time steps].

The next step in the formalism is to define a network of
tensors where the environment degrees of freedom have
been traced out and with the system evolution operators U g
removed (thus only the combined system-environment
operators Ugg remaining), as shown in more detail in
Fig. 3(a). The resulting network defines the so-called
process tensor F%®®% @@ ax-1%_, where the subscripts
on the a; indices refer to the discretized time steps of size
A, with a total of N time steps. The two indices a,, @,
correspond to the “input” and “output” states to Ugg at time
step n. The evolution of the density matrix can be found
from such a process tensor after combining with “gates”
describing the system evolution. One thus finds

N—-1
p(tN)aN = Z <H[U5(tl + At t[)]al+|,(/[>
Z?"'Z{Vfl =0
0" N-1

% Faoagal oy dh-ay_y a’,\,_]p(o)
Q"

(1)

In many relevant cases (see below), one may work in a
diagonal basis of the system environment coupling, in

(a) (b) (c) (d)
A EEEN
G )
L LTI = ~ -
( )
HEEN
aF o = 6(1,11',(1
FIG. 3. Definition of the process tensor and approximation as a

tensor network. Panel (a) shows the time-evolution network of
Fig. 2 with the environment traced out and the system evolution
operators Ug removed. The resulting tensor in (b) is the process
tensor F. The environment is assumed to initially be factorized
from the system, but this assumption can be relaxed. In (c), F is
approximated by a matrix product operator tensor network. In
some cases we can assume the system-environment coupling can
be chosen diagonal in the system basis. In this case, as shown in
(d), the process tensor can be rewritten as a matrix product state,
along with a generalized Kronecker § tensor (also called a copy
tensor) as defined in the box.

which case these two indices a,,, o), are constrained to be
equal. In such cases the process tensor simplifies to exactly
N indices, F%*1%2on-1

Because the process tensor has a number of indices
growing linearly with the number of time steps N,
representing it naively as a dense tensor would be expo-
nentially costly in the number of time steps. Fortunately, for
many environments of interest the process tensor admits an
efficient representation as the tensor network as depicted in
Figs. 3(c) and 3(d). When we allow the general case, where
the environment can change the system state, this corre-
sponds to a network where each time step has a four-index
tensor, with two indices into the system Hilbert space
(input and output indices), and each tensor connected to
other tensors in the network by a bond index of some
moderate size y. This case can naturally be thought of as a
matrix product operator representation of the process tensor
(i.e., a PTMPO). In the special case where the environment
coupling is diagonal, then one can simplify further with
each time step captured by a three-index tensor. Here one
could consider this as a matrix product state representation
of the tensor. To retain generality in subsequent discus-
sions, we will refer to the MPO representation unless
discussing statements that apply only to the MPS form. The
tensor-network decomposition reflects the locality of cor-
relations in time and the intuition that system-environment
interactions at a time ¢ have a diminishing effect on the
system at later times 7 >t for large enough values
of | —1].

In analogy to the case of pure quantum many-body
states, the process tensor can be understood as a temporal
state. Pure states can be approximated by MPSs for small
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enough entanglement [51], so one expects the process
tensor to admit such approximation when temporal corre-
lations, which in this case are connected to memory effects
[7,74], are in some sense small. However, while the MPS
approximability of ground states of quantum many-body
Hamiltonians is rooted in an area law of entanglement, well
understood on formal grounds [16], that of process tensors
is still the object of active research. Rigorous bounds have
been recently found for the spin-boson model [75] and for a
quantum impurity coupled to a fermionic bath [76].
Numerical studies suggest that in general the entanglement
of the temporal vector scales logarithmically with time for
integrable or near integrable systems [77—-80], which would
justify an MPS approximation, but linearly (i.e., with a
temporal volume law) in nonintegrable cases, which would
prevent an efficient MPS approximation at long times.
Moreover, the temporal entanglement is directly connected
to the operator space entanglement [81], which determines
the complexity of the description of time-evolved operators
in the Heisenberg picture [82] and has been conjectured to
scale logarithmically for integrable and linearly for non-
integrable systems [83—85]. This is also in agreement with
rigorous results for quantum circuits [86], showing a
generic volume law of temporal entanglement. It is impor-
tant to note that, even in cases where the temporal
entanglement scales linearly, the rate may be slow, such
that the process tensor approach may be advantageous for
practical computations at relevant timescales [78,80].

One way to understand the role of the tensor-network
decomposition of the process tensor is by analogy to
classical non-Markovian systems. A widespread approach
to modeling such systems is by identifying a ‘“hidden
Markov model” [87]. This means expanding the system
state space sufficiently to include extra hidden degrees of
freedom such that the resulting dynamics becomes
Markovian. There are subtleties about extending such ideas
to quantum systems [8,9] (particularly around the failure of
the Kolmogorov extension theorem [88]). However, one can
view the tensor-network decomposition of the process tensor
as defining an effective set of hidden quantum degrees of
freedom such that the resulting evolution of system and
hidden degrees of freedom becomes Markovian. This idea
was used in Ref. [27] to provide an operational definition of
non-Markovianity in terms of process tensors.

The fact that the process tensor separates the effects of
the environment from the evolution of the system is key to
the power and flexibility of approaches based on the
process tensor [5,27]. The most obvious benefit of this
separation of system and environment evolution is that it
allows one to perform the expensive part of the calculation
(finding the process tensor) once, and then reuse this for
different sets of unitaries describing the system evolution.
Thus, even when the process tensor approach is not
advantageous for a single calculation, there may still be
benefits for problems where the process tensor is used

many times once calculated. Such cases naturally arise
when considering problems such as mapping out behavior
as a function of system parameters, optimizing time-
dependent pulse sequences, or simulating multidimensional
coherent spectroscopy where a system is subject to a
sequence of pulses with varying time delays. Less obvi-
ously, but also important, it allows embedding process
tensors within many-body quantum systems, as the con-
struction of the process tensor does not require any
knowledge of the eigenstates of the system. See Sec. V
for further discussion of these potential applications.
Many rather different methods exist by now to compute
the process tensor directly in its tensor-network form,
bypassing the exponential cost of representing it fully.
These methods range from boundary contraction of path
integral circuits [89], tensor-network contraction [72,73],
decompositions of Slater determinants into MPSs
[29,30,90], and algorithms for applying tensors to infinite
MPSs [70]. To make the derivation clear, we will present in
detail two examples for two different types of environment.
We first present the infinite MPS method for bosonic baths,
since it is one of the most straightforward derivations. We
then summarize the Fishman-White algorithm for a fer-
mionic environment. In the sections following, we review
several further approaches that can alternately be used,
starting from other methods for non-Markovian open
quantum systems. These sections illustrate how the process
tensor can unify many approaches to non-Markovian
dynamics. Before presenting these derivations we first
discuss a further conceptual point, relating the process
tensor to the Feynman-Vernon influence functional.

B. Relation to influence functional and terminology

The process tensor as defined above is essentially
equivalent to the influence functional as defined by
Feynman and Vernon [4]. In its original formulation, the
influence functional describes the influence of the envi-
ronment on the time evolution of the density matrix of a
quantum system, defined by a continuous coordinate Q(?),
in the context of a path integral. Feynman and Vernon
showed that one can write the density matrix evolution
from time ¢, to #; as

p(01.0)) = // dQudQYA(Q1. O} 0o. Op)p(Qo. O).
2)

where the propagation amplitude takes the form

A0, 0} 0. 0)) = // DIO(1). /(1)

s exp {h (8510(1)] - SS[Q'@}}}
x F[O(1), Q' (1)), (3)
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where Q(1y) = Qg, Q(t;) = Q;. Here S5[Q(7)] is the
action of the free (Hamiltonian) evolution of the system,
and F[Q(t), Q'(7)] is the influence functional, resulting
from integrating out the dynamics of the environment.

Comparing the role of the influence functional in
Eq. (3) to that of the process tensor in Eq. (1) one sees
that they play the same role in the evolution of a system
coupled to the environment. The distinction is that the
process tensor is defined as a sum over discrete system
states, rather than an integral, and that it explicitly
assumes the discretization of time. This equivalence has
led to some works referring to the process tensor as the
influence functional [91], or introducing terms such as the
“influence matrix” [77].

In addition to terminology based on influence func-
tionals, the process tensor (or closely related objects) has
also appeared by other names. In Refs. [5,6] the same
object is referred to as a “quantum comb,” named for the
shape of the structure in Figs. 3(c) and 3(d). The term
“process matrix” [92] has also been used.

A final point to clarify regarding notation is that there
is also a question of what is and is not contained within
the process tensor. In some cases, unitary evolution due
to the system Hamiltonian has also been included in the
process tensor—while still retaining open legs that
allow for additional measurements or operations on
the system at each time step. Such an approach would
correspond to applying an extra matrix Ug(t + Ar/2,1)
describing the system unitary evolution to each leg in
Figs. 3(c) and 3(d).

In this Perspective we will use the terminology “process
tensor” throughout, even when discussing works that used
different names for this object. Our use of this term will
always refer to the object as defined above, and will not
include any effects of the system Hamiltonian.

C. Computing the process tensor of a free environment
1. Free bosonic environment

From the discussion above, it may seem that computing a
process tensor and converting it to an MPO tensor network
[Fig. 3(c)] would be prohibitively expensive. However, in
many practically relevant situations for bosonic environ-
ments, the process tensor may already be given as a tensor
network, such as a circuit of time-evolution gates. Then the
task of computing the process tensor MPO reduces to the
task of converting a circuit into an MPO via contraction and
compression.

To make the conversion of a process tensor into an MPO
more concrete, we will review a common case in which
the process MPO is computable using a standard tensor-
network algorithm known as the infinite time-evolving
block decimation iTEBD) algorithm. This section is based
on the approach of Link et al. [70]. Additional background
on the quantities involved can be found in Refs. [71,73].

In this section, we consider a Hamiltonian of the form
I:I - I:IS + I:ISEv
Ay = 0SZ(gde + gedr) + Zwkalt&b (4)
k k

where the system Hamiltonian Hg can be general and
we consider an arbitrary Hermitian system-environment
coupling operator Og. The environment is a system of
free bosons @, with single-particle energies w; and
Hamiltonian Hj = >k wké]tdk. One can assume the sys-
tem basis is chosen to make the coupling operator diagonal:
Os = S, Adls) .

We note that while there is no loss of generality in
assuming the Hermitian operator 0 s can be written in the
basis in which it is diagonal, there is a loss of generality in
assuming the form of system-environment coupling in
Eq. (4). This restriction is in fact the special case, mentioned
in the previous section, for which the process tensor can be
reduced to an MPS rather than requiring an MPO, and it is
this case which we discuss in the rest of this section. The
most general coupling would not necessarily have the form
of a single product of a system operator and an environment
operator, but would instead be a sum of several such terms.
An alternate approach to deriving process tensors MPOs for
this general case has been proposed in Ref. [93], at the
expense of extra indices in the tensor network. Very
recently, a simpler approach to multiple system-bath cou-
pling terms has also been introduced in Ref. [94].

Because of the Gaussian form of the environment, one
can derive an exact expression for the process tensor [73],

namely,
ponas = T bislana)
0<j<i<N-1
£=0.....(N-1—j)
j=0,....N—1

where the integer indices i, j = 0...N — 1 label the time
steps, and the factors are given by

b (Oli,aj> :bi_j<si,ri,sj',rj>

= exp [_u’s,‘ - ﬂr,‘)(ni—jlsj - ’7?-,,'/%)]- (6)

The A, are the matrix elements of the operator 0 s in the
system basis, and the factors #,_; are given by integrals
of the environment correlation function across pairs of
time windows between the time points at which the process
tensor is evaluated. (See the Appendix for explicit expres-
sions for the #;_; factors and definition of the environment
correlation function.) Thus the 7;_; factors capture the
effect of the environment on the system, which is non-
local but decaying in time. Asymptotically, the #;_; decay
as n;_; « C(At|i — j|), where C(t) is the environment

i-j
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FIG. 4. Defining the tensor B as shown in (a) leads to the
tensor-network expression (b) for the process tensor of a
Gaussian boson environment (shown here for the case of four
time indices a;—ay).

correlation function and At is the time step used for
discretization of the system evolution.

The explicit form of the process tensor above can be
brought into the form of a tensor network by defining the
tensor Bgﬁﬂ (k) = &% s bi(a, p). The expression for F now
takes the form shown in Fig. 4, with different tensors in the
network accounting for correlations between different
external indices of F. For example, the tensor labeled
“3” accounts for correlations three time steps apart. A
common approximation is to take a finite maximum
memory time f,,,, = At - N,,, which means approximating
bi(a.B) ~ 1, thus BY) (k) ~ 6%6) for k > N,

The insight of Link et al. [70] is that for a finite memory
time and infinitely many time steps, the tensor network for
F can be interpreted as a shallow, infinitely wide quantum
circuit made of nonunitary gates. See Fig. 5 for diagram-
matic depiction of this process. Transforming an infinite
circuit into an MPS tensor network can be done with the
technical, yet straightforward iTEBD algorithm [95] used
frequently in the tensor-network literature. The result is an
approximation of the process tensor as an infinite, or time-
translation invariant matrix product state tensor network.

The advantages of the approach include its simplicity
and its favorable scaling, which is just O(N,,), where N,,, is
the number of memory steps or depth of the circuit used
[70]. The efficiency is further enhanced because the MPS
bond dimensions grow slowly throughout the early layers
of the circuit, since B(k) is close to a “SWAP” operator
(acting initially on a product state) for large k and only
becomes more “entangling” as k — 0.

If such an approach is used to follow the time evolution
of an open system for N time steps, the computational cost
would remain constant versus N for small N, when the cost
depends on the calculation of the process tensor. This can

reinterpret

FIG. 5. Reinterpretation of an infinite-time, process tensor of
Gaussian bosons as a shallow quantum circuit by taking a finite
memory time approximation. The iTEBD algorithm produces a
controlled approximation of the state computed by such a circuit
as an MPS tensor network.

be seen in Fig. 6 which shows the computation time for a
calculation of fluorescence from a driven quantum dot. The
figure shows how the computation time changes as one
varies the number of simulated time steps N. The “infinite
PT” line in Fig. 6 corresponds to a slightly different
algorithm than the iTEBD algorithm described above. It
instead corresponds to the algorithm described in Ref. [71],
which also makes use of time-translation invariance to
calculate process tensors with an N-independent cost [96].
As such, as seen in the figure, at small N the time to
calculate the process tensor dominates, and so the total

1day v 4
6 hrf i
g 1hrf i
=) .
S 10 min E
g
3
=Y .
g lminf e i
8 i Sequential (Jorgensen and Pollock [73]) =+
10s¢ - Divide and Conquer (Cygorek et al. [71]) %¢
3 Infinite PT
Linear - -
Isr ‘ ‘ ‘ ‘ , Quadratic -

0t 102 100 10t 10° 108 107 108
Number of time steps, N

FIG. 6. Computation time for some process tensor approaches
to calculating the fluorescence spectrum of a quantum dot as a
function of number of simulated time steps. The vertical axis
(computation time) reports the total elapsed time from the start to
the end of the program (i.e., wall-clock time) on an Intel Core i5-
8265U processor. The horizontal axis (number of time steps) is
the simulation parameter N that determines the length of the
process tensor required. Results are shown for the sequential
algorithm (Ref. [73]), the divide-and-conquer scheme (Ref. [71]),
and the time-translation invariant (i.e., infinite) PT approach
(Refs. [70,71]). Gray dashed and dotted lines show linear and
quadratic scaling for reference, respectively. Adapted from
Ref. [71].
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computation time is independent of N. However, ultimately
at large N, the total computation time will become
dominated by calculating and reporting the state at each
time step, and one then sees the computation time grow
with N.

2. Free fermionic environment

The previous section summarizes an efficient method for
determining the process tensor for a quadratic bosonic bath.
For noninteracting fermionic baths—particularly when the
state of the fermionic bath is Gaussian—there are also
methods that can efficiently produce a process tensor in an
analogous way. The key point is that such objects can be
computed exactly in terms of anticommuting Grassmann
numbers & [97].

Anticommuting variables can be represented naturally in
terms of fermionic wave functions by using &; ---&; —

cAlT] e 61Tn|0i|, ....0; ) where cA; are fermionic creation
operators. Under this mapping, the representation of the
fermionic process tensor exp[&; M £;] becomes equivalent
to the representation of the Hartree-Fock-Bogoliubov
(HFB) wave function exp[é] M ikéZ] 0,...,0). Several algo-
rithms exist for the efficient approximation of such pairing
states [98—101]; we shall expand on the approach of
Fishman and White [98] and Thoenniss ef al. [102] here,
although other algorithms invoke similar ideas.

The Fishman-White construction makes use of the
equivalent representation of HFB states in terms of 2N-
by-2N correlation matrices C, with submatrices defined as

The construction proceeds by iteratively diagonalizing C,
tantamount to constructing the basis of natural orbitals for
|®yrg)- At the nth step of the iterative diagonalization, the
nth natural orbital is constructed by a sequence of nearest-
neighbor unitary transformations over N — n — 1 sites. The
local nature of this construction works well with an MPS
form for |®ypg). Importantly, if the natural orbitals are
assumed to have a bounded extent min(N —n — 1,¢) for
some choice of Z, the bipartite entanglement entropy of the
resulting MPS approximation will not grow extensively
with N. Thoenniss et al. [102] showed this to be a valid
truncation procedure—in addition to usual MPS compres-
sion techniques—since the process tensor for Gaussian
fermionic baths has area law entanglement when its bath
autocorrelation function decays sufficiently rapidly in time.
Thus, the Fishman-White algorithm is able to find an
efficient MPS approximation to the process tensor.

One downside of algorithms based on the correlation
matrix C is that they obscure the limiting form of the time-
translational invariance of the process tensor as the propa-
gation time increases. Working in the original “temporal”

basis as naively appears in the process tensor, one can
construct infinite MPSs [31,103] analogously to the
Gaussian bosonic case as described in the previous section.
Note that the discussion above for the fermionic process
tensor is based on an MPS wave function construction. The
use of a direct MPO formulation, although more involved
[104], is possible using the representation outlined above
and would be useful in describing the infinite-time
behavior.

IT1. UNIFYING NON-MARKOVIAN APPROACHES
WITH PROCESS TENSORS

The process tensor concept provides a unifying frame-
work for different numerical approaches that have been
historically devised to deal with nonequilibrium open
quantum systems. As such it can act as a “Rosetta stone”
to show how different approaches can be connected. This
unifying role has been discussed recently in the context of
optimal control in Ref. [105], including discussion of how
process tensors relate to generalized quantum master
equations (GQMEs), hierarchical equations of motion
(HEOM), stochastic methods, and multiconfigurational
time-dependent Hartree approaches. To make this perspec-
tive self-contained, we discuss these links, as well as some
other potential links, in the following.

A. Chain mappings

A common strategy to address the setup of a (small)
quantum system coupled to a noninteracting environment is
to map the whole system plus bath onto a one-dimensional
problem. Such mapping is possible when the bath
Hamiltonian is noninteracting and the coupling between
the system and the bath is linear in the modes of the bath,
such as in Eq. (4). This form is often referred to as star
representation, because the system is coupled to all of the
bath modes. The bath Hamiltonian ), a)dedk can be
tridiagonalized by a standard Lanczos transformation,
which maps it to a tight-binding or chain representation.
Using as a seed for the transformation the linear combi-
nation of bath modes that appears in the interaction term,
eg, DOk g4y for the model in Eq. (4), results in a one-
dimensional problem in which the quantum system is
located on one edge of the chain, directly coupled to a
single bath mode [106].

In the case of a continuous bath, several options exist to
describe it in terms of discrete modes [107]. This is, for
instance, the basis of the numerical renormalization group
[108], which uses a logarithmic discretization of the bath
energies, or the time-evolving density operator with
orthogonal polynomials algorithm (TEDOPA) method
[109,110], in which the discrete bath modes are an average
over the spectral support of the bath, weighted by the
spectral function and orthogonal polynomials. Typically, a
truncation in the number of modes is used to render a finite
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FIG. 7. Chain mappings and transverse contraction. Panel

(a) illustrates the application of the standard TEBD algorithm
to time evolution of a chain (first 9 blue sites) coupled to a single-
site system (red). In order to evolve the density matrix, there is a
double tensor network, describing the action of unitary propa-
gation to both the left and the right of the density matrix. In this
figure the effects of the system Hamiltonian are taken to be
described by the red gates, while the system-environment
coupling and environment evolution are both contained in the
green gates. The initial state is assumed to be a factorized density
matrix of each site. Panel (b) shows the equivalent circuit after
combining the two layers of the doubled tensor network to
produce a tensor network in Liouville space. If the standard
TEBD contraction is applied, the result is as shown in (c): an
MPS of the chain and system describing the state after some
number of time steps. Alternatively, if transverse contraction were
applied, as shown in (d), this can produce a process tensor in
MPO form (light turquoise region) that can then be contracted
with the system evolution (red tensors).

chain, which is sufficient to capture a numerically exact
description of the whole system plus bath up to a certain
time in the setups of interest.

In all these cases, an MPS Ansatz can be used to describe
the state of the resulting one-dimensional system, and
standard TN algorithms [10,11,111] can be applied to
simulate its dynamics [109,110,112]. As long as the
entanglement in the chain remains small, this is a feasible
strategy that provides access to time-dependent system and

bath observables. In particular, quasiexact bath correlators
computed with this method have been used as input to
obtain memory kernels [113].

But, instead of evolving the MPS Ansatz explicitly, it is
possible to construct a tensor-network representation of the
evolved system, as shown in Figs. 7(a) and 7(b), which
naturally connects this representation to the process tensor.
The unitary evolution of the whole system-plus-bath chain
can be discretized using a Trotter expansion in steps of
length A, as

Ut = NA) ~ (e7HsbemiHseA)N (7)

The factor e~#s2 acts only on the system, corresponding to
its free evolution. Because in the chain basis the interaction
and bath Hamiltonians contain only nearest-neighbour
terms, the remaining factor can be further approximated
as a product of two-site gates e "#se4 x [, e~i+14. Each
Trotter step has thus an MPO representation [58]. The
standard MPS evolution algorithms [111] proceed by
repeatedly applying such steps on the state and com-
pressing the result into an MPS with limited bond dimen-
sion, but if this compression is not applied, one can also
represent the evolved state as a so-called concatenated TN
state [114], where time extends as a second dimension.
The vectorized density operator of the whole system can be
represented by a double TN, i.e., the tensor product of the
state and its complex conjugate, as shown in Fig. 7(a). After
combining Hilbert-space indices into Liouville-space indi-
ces, this gives a network of the form shown in Fig. 7(b).
This corresponds to a particular realization of the con-
struction in Fig. 2 in which the evolution also has an MPO
structure. Tracing out the bath degrees of freedom corre-
sponds to contracting the corresponding physical indices on
both layers for all the sites in the chain except the system
site. This results in a representation of the reduced density
matrix for the system at time ¢ as a two-dimensional TN
where the process tensor can be identified, as described in
Sec. IT A, as the part of the network that remains after
cutting out the tensors that correspond to the free evolution
and state of the system (shown in red in Fig. 7). This is an
order-(2N + 1) tensor, with indices of dimension d% (the
squared physical dimension of the system). The TN form is
numerically exact, but in general exponentially costly to
contract. Instead, it is convenient to try to find an
approximation as an MPO of length O(N) by contracting
the tensor network transversely, i.e., evolving along the
space direction. The resulting temporal vector approxi-
mates the process tensor [73,91,115].

The transverse folding method was initially proposed to
address the dynamics of local observables after quenches or
the presence of magnetic impurities in translationally
invariant spin chains [89]. This contraction strategy of
the spatiotemporal tensor network that represents the full
evolution of the chain connects naturally the study of local
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properties of the many-body system with an open-systems
framework, where the chain acts as environment for a
reduced subsystem. Modified transverse contraction algo-
rithms have also been proposed [80,82,116-118]. In all
cases, a deciding factor for the method to have an advantage
over standard MPS evolution techniques in the simulation
of real-time dynamics is whether the so-called femporal
entanglement, i.e., the entanglement of the boundary vector
in the time direction, grows more slowly than the physical
(spatial) entanglement of the chain [78,79,82] (see
Ref. [119] for a comprehensive discussion).

This spatiotemporal TN construction naturally con-
nects the process tensor construction to more general
one-dimensional quantum many-body problems. In this
case, the system is a segment of the full chain, the
rest of which acts as bath. While the transverse
contraction allows finding a TN approximation for
the IF for nonintegrable chains, in particular cases
knowledge about the structure of the bath wave func-
tion can be used to assist in the TN approximation. This
is notably the case for quantum impurities coupled to
noninteracting fermionic baths [29,30].

The same spatiotemporal construction has also been
exploited in the context of quantum circuits with the brick-
wall structure of Fig. 7. Particularly relevant are the cases of
dual unitary circuits [120], consisting of gates that are also
unitary in the time direction, and random unitary circuits
[121], in which the gates are uniformly sampled, since they
provide simple models for generic behavior that enable
exact results for certain dynamical properties, for instance,
for operator dynamics [85,122] or temporal entanglement
scaling [86].

If the length of the chain obtained from the unitary chain
mapping is truncated to a finite number of modes, the effect
of the truncated part can be replaced by a Lindblad term
acting on the last retained site, such that the evolution of the
subsystem is unchanged [123]. The resulting system
evolution, according to a master equation, can also be
Trotterized and written as a sequence of MPOs applied to
the initial MPS [56,57]. This gives rise to a space-time TN
analogous to the one in Fig. 7(b), except that the gates
acting on the edge of the bath will not be unitary. Again,
tracing out the retained chain modes after the evolution
yields the process tensor in TN form.

The chain mapping naturally bridges the process tensor
construction with pseudomode and related approaches
[124-127], which deal with non-Markovian effects by
introducing a number of auxiliary modes interacting with
the system and in turn coupled to a Markovian bath. The
number of pseudomodes required as a function of time
can be improved by allowing couplings among them
[128-131]. In those works, the auxiliary modes do not
have a chain geometry. To identify the process tensor, one
could consider them all grouped in a single site, and their
collective dimension would be the one determining the

required bond dimension of the MPO approximation (see
also the discussion in the next section).

B. Hierarchical equations of motion

In the MPO parametrization of the process tensor, the
bond dimension can be understood as the smallest effective
dimension of the environment required to capture its effect
on the evolution of the system. This connection becomes
explicit when constructing the MPO form of the process
tensor from the hierarchical equations of motion [70].

In the HEOM approach [132,133], the effect of the
environment is captured by a set of auxiliary modes,
corresponding to an approximate decomposition of the
environment autocorrelation function in a sum of M
complex exponentials C(¢) ~ j”: yaje’i’. The non-
Markovian effects are encoded in a hierarchy of auxiliary
density operators p,, indexed by a vector of integers
sponds to the density operator of the physical system, and
terms with a higher index n; represent higher order
interactions with the kth auxiliary mode, associated to
the kth frequency. These auxiliary operators evolve accord-
ing to a set of coupled time-local differential equations that
can be written as

pn(t) = ES/)n(t) + ZDn.n’pn’(t>' (8)

Here Lg denotes the system Liouvillian and does not
change the auxiliary state. The term D, , acts to couple
different auxiliary states, but the only nonvanishing terms
of Dy correspond to n’ = n, n & e; [where (e;); = 6;;
i.e., the evolution can raise or lower a single component of
one of the auxiliary indices at a time. The hierarchy, which
in full would be exact, is truncated in practice to a finite
number of auxiliary operators.

It is possible to think of p,, as components of the state of
an extended system, consisting of the physical degrees of
freedom of the system plus a set of M auxiliary bosonic
modes {n;}, and to interpret Eq. (8) as a single dissipative
evolution equation for this quantum many-body system.
Such a perspective allows the use of time-dependent TN
methods to simulate the evolution of the effective system
(system plus auxiliary modes) [134,135].

Repeating the procedure described above, we can
Trotterize the evolution into discrete time steps, and
concatenate them to build a TN that extends in the temporal
dimension. This time the evolution is nonunitary, so one
must start directly from the TN representation of the density
matrix in Liouville space. The process tensor can then be
identified with the section of the TN that corresponds to the
auxiliary modes and their interaction with the system. If we
consider all auxiliary modes in a single site, the TN reduces
to the contraction of an MPO with a set of matrices of the
same form as appearing in Fig. 7(d). The set of matrices
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describes the free propagation of the system site, while
the MPO corresponds to the process tensor. The bond
dimension of the PTMPO will be upper bounded by the
dimension of this site containing all auxiliary modes,
namely, the number of auxiliary density operators in the
HEOM. In Ref. [70] time-translational invariance was
exploited to express the process tensor in terms of a unique
tensor, plus suitable boundaries, but the same construction
could also be used for time-dependent generators.

As discussed in the Supplemental Material of Ref. [70],
the HEOM approach also provides a direct connection
to the time-translation invariant process tensor as we
summarize here. This link is found by the following
procedure. One first replaces the auxiliary labels n on
the density matrix with an auxiliary state space, so
that evolution is governed by L = Lg+ Lgg, where
Lsg = nw Don/m)(n’|. One then discretizes the time
evolution in Eq. (8), performing a Trotter splitting between
the system evolution Us = exp(LsAt) and the environ-
ment effects, Usg = exp(LgeAf). Following Ref. [70], if
one considers cases where the system-environment cou-
pling takes the product form noted in Eq. (4), then one may
work in a basis where Lgg is diagonal in the system state
label a. This then leads to a process tensor of the form

N-1

Faomav — |0)(0] [ exp(£&ANI0)(0].  (9)

n=0

The quantity Lgp here is the auxiliary space operator for
system state @, while |0)(0| is the density matrix for an
empty auxiliary space. This again produces a time-trans-
lation invariant form of process tensor as an MPO, with the
auxiliary space acting as the internal bond of the MPO. In
contrast to the iTEBD approach summarized in Sec. [I C 1,
this does not start from a finite depth quantum circuit, so
one cannot discuss how the computational cost depends on
memory depth. Instead, the computational complexity
depends on the size of auxiliary space used, which

determines the work required to calculate L.

C. Hierarchy of pure states (HOPS)

A conceptually similar approach to HEOM is the
hierarchy of pure states (HOPS) [136], which provides a
quantum trajectory approach with a structure that resembles
that of the HEOM, and can be understood as a stochastic
unraveling of the latter. In the HOPS method, starting from
the Feynman-Vernon path integral, the propagator of the
system density matrix is written as an ensemble of
stochastic propagators acting on the initial state. The
stochastically propagated state of the system satisfies a
non-Markovian quantum state diffusion equation [137]. In
the HOPS approach, this evolution equation is transformed
into a hierarchy of coupled differential equations by
introducing a set of auxiliary states which, as in the

HEOM approach, correspond to a decomposition of
the bath correlation function in a sum of exponentials,
and are labeled by a set of M integer indices
n = (ny,n,,...,ny). The physical state once again corre-
sponds to n = (0,0, ...,0). The classical complex noise
that drives the equations reproduces the temporal correla-
tions of the bath.

Again, each component of the hierarchy index n, can be
thought of as the state of an additional bosonic degree of
freedom, such that the hierarchy can be rewritten as a single
stochastic differential equation for an extended system.
Averaging over realizations of the noise produces the
subsystem dynamics. This allows us to formally connect
also this method to a process tensor construction. We can
start by grouping all auxiliary modes in a single site, as in
the HEOM approach, and discretize the evolution, to
construct a temporal vector. However, this will depend
on the values of the noise, correlated in time, along the
evolution. In order to obtain a process tensor from this
approach, we need to explicitly sum over noise realizations.
Recently, Ref. [138] showed how, for a stochastic Liouville
equation, the effect of the average over a classical noise
field can be captured by an influence kernel, and approxi-
mated by an MPO Ansatz, whose bond dimension reflects
the temporal correlations in the bath. Given this represen-
tation of the noise average, the resulting MPO can be
combined with the temporal vector construction mentioned
above to provide an explicit process tensor construction for
the HOPS case. The bond dimension of the process tensor
in this case would be upper bounded by the product of the
combined dimension of the auxiliary modes with the bond
dimension of the MPO for the noise average.

D. Generalized quantum master equations

An approach that is perhaps most similar to the standard
treatment of Markovian open quantum systems is that of
the generalized quantum master equation. This approach
focuses directly on the reduced dynamics of the system [3].
The most widely used Nakajima-Zwanzig GQME splits the
full state space into relevant and irrelevant parts, with
coupled equations of motion. By formally solving the
dynamics of the second part, the evolution of the system
can be written as a time-nonlocal differential equation of
the form

p0) = L)+ [kl = (). (10)

0

involving the convolution of the system density operator
with the memory kernel K. The complexity of the problem
is thus transferred to the computation of the memory kernel,
which encodes how much the interaction with the envi-
ronment causes the dynamics of the system to depend on its
past states. The memory kernel can be determined in terms
of time-dependent bath correlation functions [139], or from
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the reduced density operator for the system for a complete
set of initial conditions [140]. In many practical scenarios,
this memory kernel decays quickly, such that it becomes
possible to compute it from approximate or quasiexact
simulations of the complete dynamics for finite times. In
such cases, the GQME approach provides an efficient
approach to simulate the dynamics of the reduced system.

Since the process tensor maintains all relevant infor-
mation about the temporal correlations in the bath, it is
logical to expect that it allows retrieving the memory kernel
information. One may also expect that a finite memory
of the GQME kernel should correspond to a less cor-
related process tensor, which, in turn, should also be
easier to represent as an MPO. A connection between
both approaches was first hinted at in Ref. [141], shown
explicitly in Ref. [142], and later generalized in Ref. [143],
by explicitly constructing the discretized memory kernel in
terms of transfer tensors that can be extracted from a
knowledge of the dynamical maps—as provided by the
process tensor—at different times. The transfer tensors T',, ;
(k=0,...,n— 1) are superoperators acting on the state of
the system, which provide a decomposition of the dynami-
cal map for time ¢, £, such that the state of the system at a
given time is expressed as a sum of propagations from past
states, as

Z TP (1)

This can be interpreted as a discrete integral form of the
Nakajima-Zwanzig equation, where the memory kernel can
be read out from the terms that encode the nonlocal in time
propagators (k < n — 1) [142].

A similar connection can be obtained from the quasia-
diabatic propagator path integral framework [19,20,144],
which provides a numerically exact way to evaluate the
discretized path integral for a system coupled to a harmonic
bath. The corresponding process tensor can be expressed as
a product of terms connecting two different times. In the
small matrix path integral (SMatPI) approach [145,146],
each of these terms is split into a factorized component and
a smaller remainder that contains the nonlocal in time
correlations. This allows the propagator of the system to be
rewritten as a sum with the same structure,

p(ty) = E,p(0) = (11)

n—1
&= S M, + M,

m=1

(12)

where the matrices M™" encode the genuine time correla-
tions at distance n — m. Truncating the sum to a maximal
length r,,, thus corresponds to a finite memory of the
GQME kernel (see also Ref. [147]). The complete equiv-
alence between memory kernel and process tensor was
more recently demonstrated for linear interactions of the

system with a Gaussian bath in Ref. [148], which explicitly
connected the components of the memory kernel to the
terms of the functional, and furthermore showed how to
extract the spectral density of the bath from the process
tensor, provided the free Hamiltonian of the system is
known [149]. Note that this equivalence has only been
demonstrated for the reduced density operator. The exten-
sion to standard two-point equilibrium correlation func-
tions is presumably simple, but this is not the case for
multipoint time correlation functions. There has been little
work on extending the projection-operator-based memory
function approach to multipoint correlations, and the
existing formulations are rather cumbersome [152]. In this
regard, process tensor methods would appear to have the
advantage.

IV. COMPARING AVAILABLE APPROACHES

Having outlined a variety of interconnected method-
ologies centered around the concept of the process tensor
for the description of the non-Markovian dynamics of
open quantum systems, a natural question arises as to
which approaches are best tailored to specific problems of
current interest. Of course this question is rather open
ended: It depends on goals (e.g., numerical efficiency
versus flexibility and generality) as well as the specifics
of the physical problem under consideration. At present—
as discussed further below—there have been no compre-
hensive benchmarking or comparison of existing methods.
As such we do not draw strong conclusions here, and we
merely point out (in an illustrative and nonexhaustive
manner) the myriad of useful software packages that exist,
outline ways these and future codes can be put to the test,
and conclude with a discussion of important forefront
physical problems whose dynamical behavior is difficult
to capture and which can potentially benefit from the use of
the methods outlined herein.

We begin by highlighting in Table I a few packages
which exist that enable a numerically convergent treatment
of non-Markovian dynamics in a variety of different open
quantum system contexts. The list we provide is far from
exhaustive, and in many cases the packages mentioned
below employ more algorithmic techniques than the high-
lighted formalism. Path integral methods like QuAPI,
tensor-network approaches like TEDOPA, and HEOM
can be connected to the more general concept of the
process tensor, as discussed earlier in this Perspective. In
addition, we include the multilayer multiconfigurational
time-dependent Hartree (ML-MCTDH) approach. ML-
MCTDH employs a tree-tensor network (TTN) description
of the wave function directly, for which the connection to
process tensor or influence functional approaches has not
yet been put forward. Unlike the algorithms employed in
the codes mentioned above, ML-MCTDH uses a discre-
tized bath with mode frequencies and couplings fit from a
continuous function in cases where the model is described
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TABLE 1. Summary of representative publicly available software packages for non-Markovian open quantum systems.
Package Algorithm Comments
OQupy [153] PTMPO Treats Gaussian bosonic baths. Can use calculated PTMPO for

ACE [154]

UniformTEMPO.jl [70,155]

PathSum [156] QuAPI and related algorithms

QuantumDynamics.jl [157] General IF approaches

MPSDynamics [158] T-TEDOPA

HEOM-QUICK [159] HEOM
HierarchicalEOM.jl [160]
MPSQD [161]

Heidelberg MCTDH [162] ML-MCTDH
Quantics [163]

RENORMALIZER [164]

pyTTN [165]

MesoHops [166] HOPS

mean-field limit of one-to-all coupled systems, and for chains
of coupled systems.
Treats general non-Gaussian (uncoupled) bath modes with
“automated compression of environments” (ACE) algorithm.
Time-translation calculation of PTMPO

Employs iterative form of QuAPI and modular path integrals
(MPI) and decompositions such as SMatPI to reduce memory
overhead.

Approximate and exact frameworks, tensor-network IF as well as

QuAPI formalisms.
Thermalized dynamic MPS-based TEDOPA algorithm.

Treats fermionic impurity problems and baths.
Treats simultaneous or separate bosonic or fermionic baths.

MPS-based HEOM code with direct MPS and MPO functionality.

Codes with ML-MCTDH and in some cases
other functionalities.

Adaptive HOPS code.

by a smooth spectral density. In such cases additional
convergence tests must be performed with respect to the
mode spacing but may prove to be an advantage in cases
where the reservoir contains discrete modes.

A natural question which arises concerns the efficiencies
of the algorithms and codes mentioned above, as well as
those not discussed here. First, we emphasize that there is a
distinction between the potential performance of a theo-
retically formulated algorithm and the efficiency of the
code that employs it, which depends on details of opti-
mization and other considerations. While obvious, this
point complicates the relative comparisons of advantage of
given methodologies. Accepting this reality, one may still
attempt to understand under what physical circumstances it
is preferable to use a given approach over another one.
Even here this will depend very much on the problem and
the observables. A major conceptual benefit of the process
tensor approach is that it unifies many of the methodologies
discussed herein. This unification exposes more general
routes to consider how to optimize tensor-network archi-
tecture and tensor contractions for a given problem.

To illustrate the subtlety of the question of the depend-
ence of efficiency on the target observables, consider the
case of the calculation of multitime observables in open
quantum systems. Once the process tensor has been
constructed, it will still take approximately N”* independent
contractions to extract m-time correlators over N time steps
—this scaling is the number of output values to be

calculated, as m-time correlations lead to m independent
time indices to vary. The number of independent propaga-
tions for other methods that do not explicitly construct the
process tensor will be the same, but the cost of each
propagation would be higher. Unlike with other approaches,
process tensors have an up-front construction cost. If one
uses the original [73] approach to calculating the process
tensor, as opposed to the time-translational invariant process
tensor approach [70], then the up-front costs scale as O(NK)
for memory truncation after K steps, or O(N?) with no
memory truncation. This statement assumes the typical case
where the bond dimension of the MPO saturates at large N,
otherwise the scaling with N would be larger. In this case,
whether the up-front cost exceeds the cost of calculating
desired outputs will then boil down to whether m > 2
(without memory truncation) or m > 1 (with truncation).
When the output contraction cost exceeds the up-front cost,
one would expect the PT method to always be more efficient
due to the reduced cost of calculating the outputs. In other
cases which method is most efficient will depend on the run
times of different methods for a single propagation step.
Moreover, one may then in principle use the eigenspectrum
of the time-translation invariant process tensor to essentially
calculate any correlation in constant time. These consider-
ations will play a role in determining how to tailor a given
approach to a given set of observables.

Simple impurity problems like the spin-boson model
with specific spectral densities have been “go-to”
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benchmark problems for over 30 years since the advent
of numerically controllable deterministic QuAPI calcula-
tions [19,20] and the development of real-time quantum
Monte Carlo approaches [167,168]. Interestingly, while
hundreds of such benchmark papers have been published
showcasing the ability of a given approach to converge to a
“numerically exact” result for a set of parameters of a given
spin-boson problem, we know of no attempt to broadly
compare many different methods on the same problem.
Because the relationship between different approaches, and
the relative computational advantages of each, remain
somewhat underexplored concepts at the present time,
rigorous bounds on complexity and scaling within certain
frameworks are of great utility. Such bounds have been
provided for impurity models such as the spin-boson model
at zero temperature for the case of an Ohmic bath [169] and
in more general settings [76]. Refined approaches making
use of pseudomode methods appear to be particularly
promising for efficiency optimization [76,131]. Further
work to extend these bounds to more general models,
and the exploration and construction of methods that
optimize scaling efficiency guided by such bounds, is thus
of crucial importance. With the goal of encouraging such
studies in the future, we conclude this section with some
comments on points that should be considered in future
work performing such benchmarking.

In general, the simple spin-boson problem can be char-
acterized by the spectral density J(w) = Aw’O(w, ®,)
where A characterizes the strength of the coupling of the
two-level system to the environment and O(w,w,.) is a
function that specifies the spectral width of the environment
with a high-frequency cutoff @, [40]. Some prominent
examples include the Ohmic case s = 1 which is appropriate
to model “bosonic” electron-hole pairs in a metal [40], the
super-Ohmic case s = 3, appropriate to model the coupling
to acoustic phonons with the deformation potential approxi-
mation [170], and the sub-Ohmic case s < 1, appropriate for
some quantum information applications [171]. In addition,
more realistic problems often contain sharp spectral features
on top of a smooth background spectral density which can
model, for example, discrete intramolecular modes that
couple to the system degrees of freedom. Such features
can present a challenge for methods that employ memory
truncation.

A reasonable starting point for comparison benchmarks
would be to consider the most challenging of the simple
spin-boson cases, namely, the sub-Ohmic model. This
model exhibits a line of zero temperature localization
critical points as well as prominent non-Markovian dynam-
ics of the system’s spin degree of freedom at low temper-
atures [172]; it would appear to be a reasonable first test
case even though the model does not contain many physical
ingredients of interest. A convincing benchmark study
would consider the performance of the methods described
above with respect to efficiency across the parameter space

“phase diagram” associated with axes of all independent
energy scales (e.g., temperature, system-bath coupling,
bath cutoff frequency). Various observables (single-point
versus multipoint correlations) can be considered. Despite
the fact that a benchmark of this nature is rather circum-
scribed, it would require a sizable effort. We feel that this
effort is valuable and will be of significant benefit for the
future development and design of process tensor method-
ologies as well as methods for the exact simulation of non-
Markovian processes in general. A further step in the
program of benchmark studies should include spectral
densities with sharp spectral features which represent
individual modes with long lifetimes. Consideration of
these cases may lead to useful hybrid methods that combine
some of the advantages of distinct approaches, such as, e.g.,
process tensor methods with the ML-MCTDH approach.

V. USING PROCESS TENSORS

Having discussed various ways process tensors can be
calculated, in this section we turn to how process tensors,
once compressed into tensor networks, can enable certain
calculations that would otherwise be prohibitively costly or
difficult to formulate. In this section we outline some types
of calculations the process tensor formalism enables. The
next section discusses examples of physical problems
which illustrate where process tensors may be particularly
powerful approaches.

As noted above, process tensors are particularly valuable
when multiple calculations need to be performed on the
same open quantum system. In cases where all that is
needed is to perform time evolution and calculate single-
time expectation values (O(f)) = Trlp(1)O], a process
tensor calculation may not be the most efficient way to
perform such a calculation, although a process tensor may
still be more efficient if approximating it numerically is
easier than simulating the full time evolution of the
observable, as would be the case when the temporal
entanglement grows more slowly than the spatial entangle-
ment [119]. However, there are many scenarios where one
can frame a calculation as first producing, and then
repeatedly using, a process tensor. Examples of this include
the following.

Time-dependent fields. The simplest extension to the
single-time evolution process mentioned above is cases in
which one wants to run a simulation many times, with
either varying static parameters or with some arbitrary
time-dependent Hamiltonian applied to the system, such
as describing the result of a particular pulse sequence
applied to the system by a time-dependent field. This idea
also forms the foundation for two further applications
described next.

Quantum control and optimization. The idea of optimal
quantum control [173,174] is to design control fields that
produce a desired output state in a realistic (and thus open)
quantum system. In addition to process tensors allowing
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one to calculate the result of many different pulse sequen-
ces, they can also allow one to calculate the gradient of the
final state with respect to the time dependence of the pulse
[175]. This allows one to use methods such as the gradient
ascent pulse engineering (GRAPE) algorithm [176] to
produce the optimal pulse sequence.

Self-consistent fields. In addition to external imposition
of time-dependent fields, one can also consider combining
the process tensor with mean-field approaches, in which
each part of the system sees a self-consistent field resulting
from other parts of the system [177,178]. This can be seen
as a special case of time-dependent fields, as discussed
above, but where the time dependence is not externally
imposed.

The combination of process tensor and mean-field
methods provides a potential route to approximately
describe many-body non-Markovian problems. This could
involve a lattice of sites with a non-Markovian dissipation
on each lattice site, and mean-field decoupling between
each site [179,180]. In such a case, mean-field theory is an
approximation, and only valid when the lattice is effectively
high dimensional. Another example is models with one-to-
many coupling, such as the Dicke model describing many
emitters coupled to a central photon mode [181,182]. Here
mean-field theory is expected to become exact as the
number of emitters becomes large [183]. We discuss this
further in Sec. VIA 1 below.

Multitime correlations. This refers to cases where
one wants to calculate a multitime expectation
(01(11)04(12)...0,(t,)) (we restrict here to time-ordered
correlations where #,_; < t,,). These can be directly calcu-
lated from a process tensor by including the appropriate
operators O, at time step 7, along with the pure system
evolution operator. For two-time correlations this can be
used to extract response functions used for linear spectra
[184] or to probe the fluctuation-dissipation theorem [185].
With four-time correlations this can be used to model [186]
two-dimensional coherent spectroscopy [47-49].

Process tensor tomography. A rather different use of
process tensors occurs when considering what measure-
ments of a non-Markovian system need to be made in order
to understand its general evolution. Such an approach
builds on the idea of “quantum process tomography”
[187,188] where one seeks to characterize a quantum
process by a sequence of state preparation and measure-
ments. This has been extended to characterizing a non-
Markovian open quantum system by tomography to mea-
sure the process tensor [189-192].

For a fuller summary of different kinds of calculations
that can be done efficiently with process tensors, see
Ref. [153].

VI. FUTURE DIRECTIONS

We hope the discussion above has made clear the
potential power of the process tensor approach, and

tensor-network representations of the process tensor, as a
practical tool for modeling non-Markovian quantum
dynamics. To conclude this perspective, we discuss some
directions that we expect are likely to lead to future
developments in this field. We divide this into two,
Sec. VI A focusing on applications where process tensor
methods may be usefully applied and Sec. VI B focusing on
methodological improvements that may enable a broader
range of systems to be explored. We note that some
methods may be more or less suitable for some physical
problems, and so there is not always a sharp divide between
these two sections. The applications of process tensors
discussed below are not intended to be comprehensive.
Instead, they are selected to illustrate the range of ways
process tensors can be used.

A. Applications

1. Collective behavior in polaritonic systems
and quantum opftics settings

There has been a surge of recent interest, both exper-
imentally and theoretically, in materials and atomic and
molecular assemblies placed inside an optical cavity, where
strong coupling between the confined electromagnetic field
and the confined matter leads to the formation of hybrid
light-matter (polaritonic) states and the potential induction
of emergent collective phases [193-196].

One example where process tensor methods have already
been used is the investigation of the potential role of
dissipation and dephasing in the Dicke model [182]. This
model describes a system of N two-level systems coupled
to a common cavity mode, and as a closed model may
exhibit zero temperature (quantum) and finite temperature
(classical) phase transitions to a “superradiant state” [181].
It is now understood that if one creates an “open” Dicke
model, where a Markovian (Lindblad) dephasing bath is
connected to each two-level system, then the transition to a
superradiant phase is destroyed [197,198]. This transition
may be restored if, in addition to Markovian dephasing,
Markovian population relaxation is also included. What
happens when each two-level system couples to a general
non-Markovian bath is unclear, except in some limiting
cases [33]. Using process tensors, a model of many
molecules collectively coupled to a single photon mode
and strongly coupled to many individual vibrational modes
has been studied numerically. This system, which serves
as model for organic polaritons, has been explored both
using process tensor methods combined with mean-field
theory [184] as well as with systematic extensions beyond
mean-field theory [199]; it has also been studied with a
combination of HEOM and a Bogoliubov-Born-Green-
Kirkwood-Yvon (BBGKY) expansion going one order
beyond mean-field theory [200].

A more challenging but related problem is the modeling
of putative collective alteration of chemical reaction rates of
assemblies of molecules within solution and confined
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inside a cavity, an effect which has been suggested
by recent high-profile experiments, as reviewed in
Refs. [201-206]. This problem is challenging because
even under the mean-field approximation where an
N-molecule system is transformed to a one-body problem,
the single “body” may consist of many vibronic energy
levels coupled simultaneously to a solvent bath as well
as to a (potentially lossy) cavity. A recent study has carried
out such simulations using the HEOM approach, finding
that while rates are not altered, shorter time nonexponential
dynamics may be markedly altered by nonequilibrium
preparation effects [207]. However, this study made a
number of simplifying approximations, including the
neglect of direct energy transfer pathways between mol-
ecules as well as the invocation of the single mode
approximation for the cavity. Relaxing these approxima-
tions presents challenges for numerical approaches. We
believe that a promising future direction for this problem
would be the use of process tensor methods.

2. Energy transfer dynamics in complex
biological systems

Another long-standing problem of interest where the
process tensor methods outlined in this Perspective can be
of great utility is the description of the non-Markovian
dynamics of energy transfer in biological systems such as
photosynthetic pigments [34-38]. The dynamics of these
systems has been elucidated by a variety of sophisticated
spectroscopic techniques, which has enhanced our mecha-
nistic understanding of this process in a range of different
photosynthetic complexes. A long-standing question in this
field is the role played by coherences, whether electronic or
vibrational, in the energy transduction process. Although
simplified models have been employed to describe non-
Markovian quantum dynamics in photosynthetic systems
using a variety of approaches (TEDOPA [208], the modular
path integral (MPI) approach—a technique conceptually
related to QuAPI which enables the efficient treatment of
extended systems with local couplings [209,210], and
HEOM [211], to name a few), realistic models of photo-
synthetic complexes contain many states coupled to vibra-
tional reservoirs that contain spectral features over a broad
range of frequencies in addition to sharp intramolecular
modes [212].

Furthermore, couplings may not be linear, especially in
cases of intramolecular vibrational modes, which them-
selves may display anharmonicity, thus requiring a more
realistic description than that found in the simple multistate
spin-boson Hamiltonians that have been frequently
employed. While the methods introduced in Sec. II C above
are restricted to harmonic potentials and linear coupling,
the process tensor formalism itself has no such restriction.
This can be seen from the general definition of the process
tensor represented in Fig. 3, which makes no reference to
what the system-environment coupling or environment

dynamics are. As such it is in principle possible to produce
a process tensor that encodes anharmonic potentials and
nonlinear coupling. This has in fact been done for some
specific such problems using the “automated compression
of environments” (ACE) approach [154]. As discussed
further below, this approach does not rely on a harmonic
approximation, but is restricted to independent bath modes.
Lastly, one may note that many experiments use power-
ful multidimensional spectroscopies to probe these sys-
tems. The theoretical calculation of such signals thus
requires the ability to treat multipoint correlation and
response functions. We believe process tensor approaches
can be of great utility for the study of these problems.

3. Coherent multidimensional spectroscopy
of biological systems

The first direct evidence of the role of coherence in
photosynthetic energy transfer came from two-dimensional
spectroscopy, and two-dimensional electronic spectroscopy
in particular has provided a wealth of information related to
energy transfer in these systems [213]. The output of a
multidimensional spectroscopy experiment is a Fourier
map of a multitime correlation function of a system which
arises from specific interventions of controllably timed
external pulses [47-49]. Although very powerful, the
interpretation of multidimensional spectral features in
complex systems is subtle and difficult. For example,
long-lived oscillatory features in two-dimensional spectra
may arise from quantum coherence between electronic
states, semiclassical vibrational motion on one or more
vibronic surfaces, or some combination of both [214].
These features are more prominent at low temperatures,
where coherence of all types is longer-lived, and non-
Markovian relaxation is more pronounced; however, they
may be pronounced even near room temperature due to
sharp spectral features associated with particular environ-
mental modes that strongly couple to the electronic states of
the system.

In general, modeling the multitime correlation functions
associated with experimentally determined multidimen-
sional spectra is difficult, but process tensor methods are
ideally suited for calculating such quantities in a very
general way [186]. As noted earlier, multitime correlation
functions can be naturally calculated in a time-translation-
ally invariant process tensor MPO framework [70] by
contracting a sequence of operations corresponding either
to the insertion of temporally separated probe operators
or field-free propagation, depending on the time interval.
The time evolution between pulses can be calculated via
divide-and-conquer methods or eigenvector projection
approaches, which can greatly reduce the scaling cost,
essential for the modeling of multidimensional spectros-
copy associated with energy transduction in biological
systems such as photosynthetic complexes. Optimal pro-
tocols will depend on the complexity of the underlying
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model system and the particular pulse sequence, among
other factors.

An untapped advantage of the use of process tensor
methods is that distinct pulse sequences can be used to
calculate multidimensional spectra without the need to
recompute the process tensor every time [215]. This feature
means that optimal pulse sequences can be efficiently
designed in silico to target specific features in the multi-
dimensional spectrum and gain insight into the connection
between these features and the underlying microscopic
components of the Hamiltonian and the particular dynami-
cal processes from which they emerge [186].

Another potential direction is to use process tensors as a
tool to explore the potential offered by entangled photon
spectroscopy [216-218]. In the process tensor framework,
as well as processes involving either unitary evolution or
external classical pulses, one can directly introduce quan-
tum states which interact with the system at controlled
times. As such, the process tensor can provide a natural
framework to perform calculations of spectroscopy result-
ing from interactions between the system, the environment,
and an entangled photon source.

The further development and application of tools based
on process tensor methods will be invaluable for the
interpretation of two-dimensional and related spectra of
systems such as photosynthetic complexes.

4. Mobile impurity problems

An area of current research where there is as yet little
connection to process tensors is the area of mobile
impurities, and the formation of Bose and Fermi polarons
[219-223]. Such problems arise in various contexts includ-
ing ultracold atomic gases, exciton-polariton condensates,
and electrically doped semiconductors. They describe cases
in which an impurity (another atom, or some form of
optical excitation) interacts with a medium that can deform
in some way, allowing the mobile excitations to be dressed
by a cloud of excitations of the medium, analogous to the
dressing of a charge by deformations of the lattice in a
standard polaron.

Most work on such systems has not started from the open
quantum system framework, but has instead sought to write
down wave functions in the full space of the impurity and
the medium. However, in any case where the relevant
observables can be cast in terms of properties of the
impurity, an open-systems perspective ought to be possible.
The primary challenge in such cases is that if the impurity is
mobile, the state space it can explore is particularly large.

Very recently, there has been work [224] showing how
process tensors can be derived for mobile impurities in the
Holstein model. This work made use of the flow equation
approach [225] to derive a differential equation determining
how the process tensor evolves with system-bath coupling
strength. This equation can then be solved by standard
tensor-network methods, such as the time-dependent

variational principle [226]. This work both suggests the
possibility of methods that can be extended to other mobile
impurity problems, as well as suggesting another distinct
approach to deriving process tensors.

B. Methods
1. Beyond the MPO Ansatz

The discussion in previous sections has focused on the
use of the MPO Ansatz for the description of the process
tensor. This approximate representation has the practical
advantage of the availability of very efficient numerical
methods, and it allows an almost direct physical interpre-
tation of the bond dimension in terms of the environment
memory. At the same time, the two-time correlations in an
MPO process tensor necessarily decay exponentially with
the time difference. This Ansarz can efficiently capture the
relevant phenomena of multiple physical scenarios, as
numerical studies have demonstrated, but it does not
exhaust the possible structure of environment correlations.
Alternative representations may be useful for the construc-
tion of process tensors with higher degrees of temporal
correlation associated with particular geometries of the
environment.

This possibility was studied in Ref. [227] which intro-
duced the idea of the process tree, a process tensor with the
geometry of a tree-tensor network [54]. The process tree is
parametrized by maps that introduce finer timescales as
moving further from the root. It inherits properties from the
TTN, such as the possibility to efficiently compute corre-
lations, due to its causal structure, and the support of critical
(power-law) correlations (in time). The results in Ref. [227]
show that this Ansatz can efficiently capture the correla-
tions in the critical spin-boson model. A limitation is that
the results of Ref. [227] were found by fitting a TTN to the
already-known process tensor of a particular model. An
open question is whether one can directly proceed to find
the TTN construction from a microscopic model of the
system-bath coupling. Exploring the details of the TTN
structure of ML-MCTDH [228-230] may be a potential
avenue for exploration here.

Finally, we mention the possibility that process tensors
could also be represented through other compressed rep-
resentations, such as restricted Boltzmann machines or
other forms of neural networks. A restricted Boltzmann
machine is a shallow neural network, with one visible layer
and one hidden layer of neurons. It has been used as a
variational Ansatz for the quantum wave function of the
ground state of a many-body problem [231], as well as for a
description of open quantum systems [232-235]. In both
cases, it serves as a representation of a high-order tensor,
which can be variationally optimized to minimize a
Hamiltonian or find the stationary state of a master
equation. The same approach could potentially be used
as an alternative representation of the process tensor.
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2. General environments

One of the major advantages of process tensor methods
is their generality. There always exists a process tensor to
represent the effect of any environment on any system.
As such, in principle, they provide a path to go beyond
the simple models of linearly coupled Gaussian baths,
and can formally treat situations involving nonlinear
coupling, correlated initial conditions, and non-Gaussian
(anharmonic) baths composed simultaneously of fermionic,
bosonic, and spin degrees of freedom. The ability to
describe non-Markovian dynamics in such systems is a
frontier problem for which some strategies are now
emerging [86]. For example, the automated compression
of environments approach [154] can produce a PTMPO for
any environment that is made up of independent (not
mutually interacting) degrees of freedom. It remains an
open question whether there are further classes of interact-
ing anharmonic environment modes for which one can still
efficiently derive the process tensor.

Another interesting direction to pursue is approaches to
extract the process tensor from explicit representations of
environments beyond one dimension. In Sec. III A we
discussed how the process tensor could be directly
extracted from one-dimensional chain representations of
environments. One may also consider whether this
approach can be extended to higher dimensional geom-
etries. This is relevant if one seeks to use process tensors to
describe the dynamics of impurities in a many-body
interacting system, such as if the problem at hand is the
study of local observables in a two-dimensional lattice
model. In this scenario it is possible to construct a
spatiotemporal TN analogous to the one described in
Sec. IT A. Reference [236] showed that if the environment
lattice has the geometry of a tree, i.e., there are no loops, the
process tensor can be approximated by a product of MPS,
which can be found efficiently via an iterative belief
propagation  procedure. For lattices with loops,
Ref. [236] suggested an approximation scheme based on
a cluster expansion of the process tensor.

While the methods mentioned here and above mean that
viable approaches exist for many different forms of
environment, further extensions to other forms (e.g.,
interacting and anharmonic modes) remains a challenge.
Addressing this will greatly enhance the scope of process
tensor approaches to non-Markovian quantum dynamics in
general settings.

3. Large and many-body systems

Another important challenge for future research is to
model non-Markovian dynamics for systems with large
Hilbert spaces. Increasing the size of system Hilbert space
is a challenge for both Markovian and non-Markovian
problems alike, but the larger overhead for non-Markovian
methods makes the combination all the more difficult.
Indeed, as a result of this, most work on non-Markovian

open systems has been restricted to systems represented by
a small number of levels or simple cases such as non-
interacting bosons.

Some approaches have already been introduced which
allow a larger Hilbert space to be considered. One significant
simplification arises when the system operator which couples
to the environment has only a limited number of nonzero
eigenvalues. Using a method first discussed in the context of
QuAPI, Ref. [237] noted that for cases where a Hermitian
system operator O couples linearly to a harmonic-oscillator
bath, the number of required terms describing the system-
bath coupling depends on the number of distinct values of
eigenvalue differences 4, — 4,, where A is an eigenvalue of
Oy. This reduction can be particularly useful when consid-
ering cases where only a subpart of the system couples to the
environment—such as a few-level atom in a cavity where the
environment couples only to the atom, or where an 0 gisa
symmetric combination of system operators such as in
superradiance [71].

More recently, an alternate approach has been proposed
that is highly suited for cases where the system operator O
has many eigenvalues, providing an almost-smooth con-
tinuum of values. In that case, one may write the influence
function in terms of interpolating functions, reducing from
needing to index the Hilbert space to instead indexing the
number of interpolating functions used. This approach,
quantum accelerated stochastic propagator evaluation (Q-
ASPEN)), is discussed in Ref. [138]. For particularly large
Hilbert spaces, there can be an advantage in using stochas-
tic unraveling techniques [238], where one evolves an
ensemble of wave functions of the system, rather than the
density matrix. Non-Markovian versions of this have
recently been explored by Ref. [239]; however, at present,
there is no direct way to relate such wave-function-based
approaches to process tensor paradigm.

One particular physical context where such questions
become relevant is that of multiorbital and multi-impurity
Anderson models [108,240,241]. Recent work has poin-
ted the way toward the formulation of tensor-network-
based process tensor methods for the Anderson model
[29-31,242]. Additional recent work has suggested how
such approaches may be optimized. HEOM formulations to
describe long-time dynamics in this model have existed for
some time, and implementations of HEOM for such
fermionic bath models can be found in several of the
packages mentioned above [159]. The generality of the
process tensor concept, and the fact that it can connect with
the HEOM approach, suggests that this framework can
be of great utility for paving the way to formulate
optimized ways of dealing with Anderson-type models.
While the single impurity Anderson model is already
tractable with currently available methodologies, the
more challenging case of models with multiple orbitals
per site and/or multiple impurity sites is largely unex-
plored and it remains unclear to what degree the bond
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dimensions for tensor-network approaches can be kept
manageable during the course of time evolution. These
more complex models are of great importance in
condensed matter physics and materials science, and
often arise in cluster DMFT studies of complex solids
[28,243]. It should be noted that even sophisticated
imaginary time quantum Monte Carlo impurity solvers
face a difficult sign problem when multiple orbitals and
multiple impurity sites are involved [244].

Another broad context where it is necessary to model
large systems is where the “system” itself consists of many
coupled subsystems. These naturally arise when consider-
ing quantum many-body problems such as lattice models of
interacting spins, or variants of the Hubbard and Bose-
Hubbard models [245]. As noted in the Introduction,
tensor-network methods have already been extensively
applied to approximating the structure of spatial correla-
tions and entanglement in such models when isolated
[11,12] or subject to Markovian environments [246].
This suggests that it may be possible to describe such
systems by combining tensor-network approaches in both
space and time (memory); preliminary work toward this
goal has been discussed in Refs. [185,247].

There are several contexts in which it may be of interest
to describe such many-body non-Markovian open quantum
systems. One context relates to recent interest in driven-
dissipative many-body systems, and the phase transitions
and collective behavior seen in such systems [178,248]. To
date, most discussion of such behavior has assumed
Markovian dissipation. One may however anticipate that
different critical behavior may arise from structured envi-
ronments, as has already been noted in some specific
examples [33].

The other broad context where such problems may arise
is in the context of quantum materials [249], seeking to
include, e.g., vibrational modes or external fermionic
reservoirs as realistic non-Markovian environments. In
particular, such questions become relevant when consid-
ering driven quantum materials, or quantum materials
strongly coupled to optical cavities [250,251]. The mobile
quantum impurity problem mentioned above is one such
problem in this context where methods tackling large
Hilbert spaces become relevant. In addition, in the context
of quantum materials, there is an obvious connection back
to quantum impurity problems and DMFT as discussed
earlier. These introduce the additional feature of self-
consistency in cases where the environment dynamics
should be given by the process tensor found for a given
impurity. As noted in Sec. V, in principle such self-
consistent approaches are compatible with PT approaches.
As such, there is considerable scope to use PT approaches
as impurity solvers [29-31,242] for DMFT. There may also
be ways to relate the PTMPO to other approaches that have
been recently developed for such problems [69], based on
using matrix product states to efficiently evaluate the

multidimensional integrals arising from diagrammatic
expansions.

As commented at the start of this Perspective, any
problem in which one is interested in measuring observ-
ables on only one subset of degrees of freedom can be
framed as an open quantum system problem. Ultimately,
increasing the technical capability of process tensor meth-
ods—in terms of system size, form of environment, and
efficiency of representation—may allow such methods to
be directly applied to studying many-body physics in
quantum materials, significantly expanding the scope of
the open quantum system paradigm.
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APPENDIX: DETAILS OF FREE BOSON
PROCESS TENSORS

Section II C reviewed an exact expression for the process
tensor of a system of free or Gaussian bosons. Here we give
more details of some of the quantities appearing in that
section.

The process tensor can be written as a product of
exponentials with factors »;_; appearing in the exponents.
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These n;_; factors are given in terms of the environment
correlation function C(¢) as

Jilydt i diC(d ") (i # ) "
Ni-j fft,l_l dr ffi] dr'c(d ="y (i=j),
where we have assumed a time-translation invariant envi-
ronment correlation function C(t,,1,) = C(t; — t,). Note
that 7;_; is indeed a function only of the difference of
index i — j, even though the definition in Eq. (A1) appears
to depend on i, j separately—one may readily see
that replacing i,j — i + k,j+ k leaves the expression
unchanged as long as the environment correlation function
C(t; — ) is time-translation invariant. The #,_; therefore
capture correlations of the environment averaged over
intervals of time between the discretized time points
corresponding to process tensor indices.
If the coupling between the system and environment is of
the form

Hgs - Hp = 05 ® By, (A2)

then the environment correlation function is defined as

C(t1, 1) = Tr(pp(0)B(11) B (1)), (A3)
where pg(0) is the state of the environment at time 7 = 0.

For the typical case of a generic linear system-environment
coupling B = 37, ( gkdz + g;dx), environment Hamiltonian
Hp = >k wdecik, and initial environment state taken to
be thermal with inverse temperature f, the environment
correlation function can be shown to be

C(t)= Z|gk|2[c0th(ﬂa)k/2) cos(wyt) —isin(wyt)]. (A4)
k
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