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We propose a refined definition of mixed-state phase equivalence based on locally reversible channel
circuits. We show that such circuits preserve topological degeneracy and the locality of all operators
including both strong and weak symmetries. Under a locally reversible channel, weak unitary symmetries
are locally dressed into channel symmetries, a generalization of symmetry for open quantum systems. For
Abelian higher-form symmetries, we show the refined definition preserves anomalies and spontaneous
breaking of such symmetries within a phase. As a primary example, a two-dimensional classical loop
ensemble is trivial under the previously adopted definition of mixed-state phases. However, it has nontrivial
topological degeneracy arising from a mutual anomaly between strong and weak 1-form symmetries, and
our results show that it is not connected to a trivial state via locally reversible channel circuits.
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I. INTRODUCTION

Quantum information insights have led to substantial
progress in understanding quantum many-body phenom-
ena. Among them, a circuit-based definition of quantum
phases of matter has become a cornerstone in classifying
and characterizing gapped quantum phases of matter [1,2].
The definition, which states that two gapped ground states
are in the same phase if they are related by a local unitary
circuit, allows one to make rigorous statements about
universal properties of quantum phases, especially those
displaying topological order.
Recently, there has been progress in extending the

notion of phase of matter from pure ground states to mixed
states. This is motivated by the fact that physical systems
can couple with an environment in increasingly control-
lable ways, enabling a large variety of nontrivial mixed

states [3–11]. An analogous circuit definition for mixed-
state phases was proposed in Refs. [12,13]—namely, that
two mixed states belong to the same phase if they can be
related to each other through a pair of local channel circuits
(Definition 1, henceforth referred to as two-way channel
definition). Leveraging this definition, many fruitful results
have been obtained for topological phases in mixed
states [14–30].
A fundamental property of local unitary evolutions U is

that local operators O remain local after the evolution, with
U†OU having slightly larger support compared to O.
Preserving locality is essential for maintaining the defining
properties of a phase, including topological order [2,31].
The locality-preserving nature of local unitary circuits U is
due to the fact that individual forward and backward gates
outside of the light cone of O cancel in local pairs; in this
sense, U is locally reversible. We take this additional
property for granted in local unitary evolution. However,
for local channels, this additional requirement is strictly
stronger: By definition, two-way channels are globally
reversible, but not necessarily locally reversible, with
respect to given input states. As a result, we find that
two-way channels that are not locally reversible may not
preserve the locality of all operations; in particular, we
demonstrate that certain weak symmetries of a mixed state
may not remain local under two-way channels and lead to
an unsatisfactory classification of phases.
Therefore, in this work, we propose a definition of

mixed-state topological phases based on local reversibility,
which is manifestly finer than the two-way channel
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definition. To guarantee local reversibility, we define two
mixed states to belong to the same phase if one can be
evolved into the other by a local channel circuit that
preserves a finite Markov length throughout the evolution
(see Definition 2). Informally, the Markov length of a
mixed state captures how local is a region’s correlation with
the rest of the system. Its precise definition is via the
conditional mutual information in the tripartition shown in
Fig. 1(b). Crucially, the action of a local channel circuit in
which the evolving state’s Markov length remains finite is
guaranteed to be locally reversible.
Using this refined definition of phase equivalence, we

derive the following results, which may be of independent
interest.
(1) We define in Sec. III the topological degeneracy of

mixed states via local indistinguishability, which
generalizes the topological degeneracy in topologi-
cally ordered ground states. We prove that topologi-
cal degeneracy is invariant in each mixed-state phase
defined using locally reversible channel circuits.

(2) We prove in Sec. IV that the spontaneous symmetry
breaking of 1-form symmetries, or, equivalently, the
’t Hooft anomaly associated with the symmetries, is
also a phase invariant. More concretely, if ρ has
spontaneously broken 1-form symmetries, then any
other state σ in the same phase as ρ also possesses a
dressed 1-form symmetry that is spontaneously

broken. Remarkably, the dressed symmetry generi-
cally takes the form of a quantum channel and we
dub this a channel symmetry, whose explicit form is
determined by the locally reversible channel circuits
connecting ρ and σ.

(3) We show in Sec. IVA how the broken weak 1-form
symmetry can be detected by a nonzero topological
entropy in the Levin-Wen partition [32] as well as by
a nontrivial topological degeneracy on an annulus-
shaped subregion.

We use the classical loop ensemble in 2D [33,34] as our
primary example for motivating and demonstrating the
consequences of the refined definition. Despite lacking
quantum coherence, the classical loop state exhibits topo-
logical properties and, in particular, serves as a nontrivial
classical memory. Indeed, we show that, while the loop
state is classified as trivial in the two-way definition, it is
nontrivial under our new definition via the above three
results. Despite using this specific state for concreteness,
our techniques and main findings are generally applicable.

II. TWO DEFINITIONS OF MIXED-STATE
PHASE EQUIVALENCE

A. The two-way channel definition and the
classical loop state

Before introducing our refined definition of phase
equivalence, we first review the one commonly used in
most existing works, which we refer to as the two-way
channel definition.
Definition 1 (two-way channel definition of phase

equivalence [13]). Two states ρ1 and ρ2 are in the same
phase if there exist a pair of local channel circuits E and R
such that

E½ρ1� ¼ ρ2; R½ρ2� ¼ ρ1: ð1Þ

Here, a channel circuit is a circuit composed of quantum
channels each supported on a small region, and “local”
means that both the range of each individual channel in the
circuit and the circuit depth are at most Õð1Þ [35]. We note
that sometimes E and R are replaced by continuous time
local Lindbladian evolutions (e.g., in Ref. [13]). In this
work, we use the two notions interchangeably.
When we equate two expressions involving many-body

states, the precise meaning is that their difference vanishes
in the thermodynamic limit, namely,

x ¼ y ⇔ lim
L→∞

kx − yk ¼ 1=L−∞; ð2Þ

where L is a length scale, usually taken as the linear size of
the total system or that of some subregion. L−∞ denotes a
function that decays quicker than any 1=polyðLÞ. When x
and y are numbers, k·k denotes absolute value. When x and
y are density matrices, k·k denotes the operator trace norm.

FIG. 1. (a) A channel circuit acting on ρ is locally reversible if
each of its gates (e.g., the one highlighted in red) is reversible,
meaning that the gate’s action upon the state at the time can be
reversed locally by some other gate (the gate containing ∼). As
such, local reversibility is a property of both the circuit and the
input state ρ. Locally reversible circuits are natural extensions of
local unitary circuits, which are locally reversible for any input
state, to open many-body systems. (b) Markov length is defined
as the length scale at which the conditional mutual information
IðA∶CjBÞ decays with B’s width for the spatial partition shown in
the figure. A sufficient condition for local reversibility is that the
evolving state’s Markov length ξMarkov [Eq. (9)] is finite through-
out the circuit.
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In the latter case, the superpolynomial decay of kx − yk
guarantees that all local observables and information-
theoretic quantities (e.g., von Neumann entropy) of x
and y are also sufficiently close.
As mentioned in the introduction, the two-way channel

definition has been successfully applied to extend various
quantum orders to open systems, including topological
order. On the other hand, since mixed states also encompass
classical statistical mechanical ensembles, it is desirable for
a complete definition to capture known classifications of
classical statistical mechanics phases. However, the clas-
sification based on Definition 1 is not consistent in some
cases, as we show.
Consider a 2D square lattice Λwith one qubit defined on

each edge e. A product state jsi in the Pauli Z basis (e.g.,
jsi ¼ j01001…i) is called a loop configuration if Avjsi≡Q

e∈ v Zejsi ¼ jsi is satisfied on each vertex v. The
classical loop state ρcl on Λ is defined as the uniform
distribution of all possible loop configurations:

ρcl ∝
X
s

δðs is a loop configÞjsihsj: ð3Þ

If Λ has a nonzero genus (i.e., Λ has “holes”), then we
further require the summation to include only s with an
even number of noncontractible loops around each hole.
For each hole, there is another state ρ0cl which is an
ensemble over all configurations with odd number of
noncontractible loops.
When defined on a disk, the state ρcl can be understood

as the zero-temperature Gibbs state of the following
Hamiltonian:

ð4Þ

This resembles a gauge theory, except that we are associ-
ating the kinetic energy of the gauge fields with vertices
instead of plaquettes (on a square lattice this is equivalent to
the usual formulation where kinetic energy is associated
with plaquettes), and, furthermore, we are not imposing the
Gauss law.
The Gibbs state ρcl possesses a strong 1-form symmetry,

ρcl ¼ Zω̄ρcl, and a weak 1-form symmetry, ρcl ¼ XγρclXγ ,
where Xγ ¼

Q
i∈ γ Xi, Zω̄ ¼ Q

i∈ ω̄ Zi, and γ and ω̄ re-
present any closed loop of edges on the lattice and dual
lattice, respectively. Crucially, the weak symmetry is
spontaneously broken by ρcl since the operators charged
under it, such as ZC̄, where C̄ is a noncontractible closed
loop on the dual lattice, possess long-range correlations; we
elaborate on this point in much more detail in Sec. IV. We,
thus, expect ρcl to be in a different phase from the infinite-
temperature, maximally mixed ensemble ρβ¼0 ∝ I.

Another hint pointing to the same conclusion comes
from the topological entropy, i.e., the subleading term in the
von Neumann entropy [36]. Comparing the topological
entropy γ of ρcl with ρβ¼0, we find that the former has
γ ¼ logð2Þ, while the latter has γ ¼ 0 [33,38,39].
Likewise, ρcl is also nontrivial from the perspective of

error correction. The two states ρcl, ρ0cl serve as a classical
topological memory: They encode a classical bit of
information in the value (�1) of a noncontractible Zω̄ loop
operator and they are locally indistinguishable, to be made
precise shortly.
However, the expectation that ρcl is nontrivial is not

fulfilled by the two-way definition of mixed-state phase
equivalence (i.e., Definition 1). As we now show, there
exists a pair of Oð1Þ-depth channel circuits that relate the
product state ρβ¼0 to ρcl ¼ ρβ¼∞ and vice versa. See also
Appendix B for a thorough discussion on the phase
transitions along both circuit paths.
To obtain ρβ¼0 from ρβ¼∞, one can evolve the latter using

a layer of bit-flip channel:

E ¼
Y
e

�
1

2
Xeð·ÞXe þ

1

2
ð·Þ

�
: ð5Þ

The dynamics independently flips each qubit randomly and
can be understood as the infinite-temperature Glauber
dynamics of the model. It is straightforward to check that
E½ρcl� ¼ ρβ¼0.
The other direction (ρβ¼0 to ρcl) is achieved in two steps.

First, we turn ρβ¼0 into the product state j00 � � � 0i by
applying a layer of damping channel that turns any state
into j00 � � � 0i:

R1 ¼
Y
e

½trð·Þj0ih0je�: ð6Þ

Next, we apply the plaquette-flip channel

ð7Þ

which randomly and independently flips edge qubits
around each plaquette p. The dynamics turns the product
state j0ih0j into ρcl. We remark that both evolutions are
completely classical, despite being represented as quantum
channels.
The local channel E does not preserve the topological

memory (to be formally defined in Sec. III B) of the loop
state, as it maps both ρcl and ρ0cl to the same state. Thus, we
see that global reversibility (two-way local channels) is not
sufficient to preserve key properties of a phase. The
underlying reason is that E andR are not locally reversible
when acting on their input states and do not preserve
locality of certain symmetries of ρcl (see Appendix B 3).
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B. Markov length and a refined definition

To address this shortcoming of Definition 1, we intro-
duce a new definition of mixed-state phase that is “finer”
than the previous one and is motivated by local reversibil-
ity. As we see in the rest of the work, this new definition
characterizes ρcl as being in a nontrivial phase and reveals
several universal properties of mixed-state phases that the
two-way Definition 1 fails to capture.
We provide some motivation before introducing the

definition. In the study of pure-state quantum phases,
gapped ground states of local Hamiltonians naturally
specify a set of “physical” many-body wave functions.
The presence of an energy gap implies various universal
properties shared by all gapped ground states (e.g., area-
law scaling of entanglement and exponential decay of
correlation), which play a crucial role in analyzing and
classifying pure-state phases.
Physical mixed states, on the other hand, come in diverse

types (Gibbs states, Lindbladian steady states, etc.) without
an obvious analog of gapped ground states, and it is unclear
whether one type includes other types. Therefore, it is more
convenient to directly identify properties that should be
generally satisfied by “physical” mixed states.
The Markov length provides one such property and is

defined as follows. For a state ρ and a tripartition of its
support AjBjC, the quantum conditional mutual informa-
tion (CMI) IðA∶CjBÞ is defined as

IρðA∶CjBÞ ¼ SρðABÞ þ SρðBCÞ − SρðABCÞ − SρðBÞ; ð8Þ

where each SρðXÞ ¼ −tr½ρX logðρXÞ� is the von Neumann
entropy of region X. We henceforth focus on the case where
ρ is defined on a 2D lattice that may have a nontrivial
topology, and AjBjC has a geometry as shown in Fig. 1(b),
where A is a local simply connected region, B is an
annulus-shaped buffer region surrounding A, and C ¼
B ∪ A is the rest of the system. We define ρ’s Markov
length ξðρÞ as the smallest length ξ such that

IρðA∶CjBÞ ≤ polyðLÞe−distðA;CÞ=ξ ð9Þ

is satisfied for all valid ðA;B;CÞ choices. To gain intuition,
we rewrite CMI as

IρðA∶CjBÞ ¼ IρðA∶BCÞ − IρðA∶BÞ; ð10Þ

where IðA∶BÞ≡ SðAÞ þ SðBÞ − SðABÞ is the quantum
mutual information, a measure of correlation between
two parties. In this sense, the Markov length captures
how local the correlation is between A and the rest of the
system Ā ¼ BC, because CMI being exponentially small in
distðA;CÞ means that most of the correlation is captured by
a ξðρÞ-width buffer region around A.
Many important classes of pure and mixed states satisfy

the finite Markov length property. In the case of pure states

ρ ¼ jψihψ j, one has the relation

IðA∶CjBÞ ¼ SðABÞ|fflffl{zfflffl}
SðCÞ

þ SðBCÞ|fflfflffl{zfflfflffl}
SðAÞ

− SðBÞ|ffl{zffl}
SðACÞ

− SðABCÞ|fflfflfflffl{zfflfflfflffl}
0

¼ IðA∶CÞ: ð11Þ

For gapped ground states without spontaneous symmetry
breaking, IðA∶CÞ usually decays exponentially with respect
to distðA∶CÞ, leading to a finiteMarkov length. Furthermore,
Gibbs states of commuting Hamiltonians (at any temper-
ature) have exactly zeroMarkov length, because IðA∶CjBÞ is
exactly zero after distðA;CÞ exceeds the interaction range of
the Hamiltonian [40].We note that the loop state ρcl falls into
the latter category [due to Eq. (4)] and has exactly zero
Markov length. For the opposite behavior, states with strong-
to-weak spontaneous symmetry breaking [41–43] are
notable examples of mixed states with diverging Markov
length [41], even though they can have finite correlation
length as defined from mutual information.
Based on the Markov length, we propose the following

modified definition of mixed-state phase equivalence
(Maintaining a uniformly finite Markov length throughout
a channel circuit, as specified in Definition 2, is sufficient
but not necessary for local reversibility. We adopt this
explicit entropic criterion to study the topologically ordered
mixed-state phases considered here. For phases with
power-law-decaying or long-range CMI, one should
instead impose local reversibility directly).
Definition 2 (Markov length definition of phase equiv-

alence). Two states ρ1 and ρ2 are in the same phase if there
exists a local channel circuit C ¼ CT � � � C2C1 (each Ct is a
layer of nonoverlapping local channel gates) such that

C½ρ1� ¼ ρ2; ð12Þ

and, furthermore, for any time t and any C0t ⊆ Ct being a
layer composed of a subset of gates in Ct, C0tCt−1 � � � C1½ρ1�
has finite Markov length; i.e., ξðρtÞ ≤ ξ0 some ξ0 ¼ Oð1Þ
independent of t.
It was shown in Ref. [29] that two states being equivalent

under Definition 2 implies their equivalence under
Definition 1. More precisely, given the conditions in the
definition above, one can construct a quasilocal channel
circuit that reverses the action of C, which further satisfies
local reversibility. This is because a local operation E’s
influence on a finite-Markov-length state can be approx-
imately reversed locally by another operation Ẽ [44], as
depicted in Fig. 2(a). Therefore, if we write the channel
circuit C (“forward circuit”) as

C ¼ Cn � � � C1 with Ct ¼
Y
x

Et;x; ð13Þ

then we can construct the following “reversal circuit”:
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C̃ ¼ C̃1 � � � C̃n with C̃t ¼
Y
x

Ẽt;x ð14Þ

that (approximately) undoes C’s influence on ρ1 in a gate-
by-gate fashion, as long as the evolving state’s Markov
length remains finite throughout the evolution.
Because of the gate-by-gate or local reversibility, the

forward and the reversal evolutions C and C̃ are more
special than a pair of evolutions satisfying only Definition
1. In particular, they are localizable and locality preserving,
as explained below.
Localizable—Local reversibility implies that ρ1 can be

converted to and recovered from ρ2 on different regions
sequentially, as detailed below. Suppose C satisfies

Definition 2. For a partition of the lattice into A and B
(Λ ¼ A⊔B), one can partition C and C̃ accordingly [as
illustrated in Fig. 2(b), right]:

C ¼ CACB; C̃ ¼ C̃BC̃A; ð15Þ

such that CA is supported on A together with the region near
the boundary separating A and B; and likewise for CB.
Referring to Fig. 2(b), we can easily verify that

C̃ACACB½ρ1� ¼ CB½ρ1�; C̃BCB½ρ1� ¼ ρ1; ð16Þ

which is also illustrated visually as follows:

FIG. 2. (a) Illustration of local reversibility of a single gate. We say a channel gate E (red box) is locally reversible with respect to the
input state ρ if there exists another channel Ẽ (green box) localized around E such that ẼEρ ¼ ρ. Each leg represents both bra and ket
Hilbert spaces. If ρ has a finite Markov length ξðρÞ, then any local channel gate E is locally reversible with respect to it. We remark that Ẽ
typically has a larger support than E (see Ref. [29] for more details). For illustrative purposes, here we draw them with identical supports.
In all figures, the support shown for each gate should be understood as suppðEx;tÞ ∪ suppðẼx;tÞ, which should be nonoverlapping for
different gates within a layer of the circuit. (b) The lhs depicts a two-layer circuit C and its local reversal circuit C̃. The latter exists if ρ1 ’s
Markov length remains finite at any time under the evolution of C. Each gate Et;x (in E) and its corresponding Ẽt;x satisfy the local
reversibility condition illustrated in (a) upon the state at the corresponding layer. Thanks to this gate-by-gate reversal property, for any
spatial bipartition into A and B, one can partition the circuit accordingly (rhs) such that Eq. (16) is satisfied. (c) Because of the local
reversibility, action of a channel C̃DC upon ρ1 (lhs) can be mimicked by another channel DC whose support is slightly enlarged.

MIXED-STATE PHASES FROM LOCAL REVERSIBILITY PHYS. REV. X 16, 041014 (2026)

041014-5



In each panel, in the interior of the blue (green) region, the
state looks ρ1 (ρ2). In the second panel, around the
boundary region between A and B, the state may be
different from ρ1 and ρ2.
Locality preserving—C (and C̃) relate quantum opera-

tions on ρ1 and those on ρ2 in a locality-preserving fashion.
Let D be a quantum channel acting on ρ2. It induces a
channel C̃DC acting on ρ1, and its action on ρ1 can be
mimicked by another channel, DC (henceforth termed D
dressed by C), that is localized around the support of D:

C̃DC½ρ1� ¼ C̃XC̃X̄DCX̄CX½ρ1�
¼ C̃XDCX½ρ1�≡DC½ρ1�; ð17Þ

where X denotes the (slightly enlarged) spatial support of
D. Equation (17) holds because the gates in C̃X̄ and CX̄
cancel each other due to Eq. (16). The construction ofDC is
also illustrated graphically in Fig. 2(c). We remark that, in
the special case that C and C̃ are unitary circuits (i.e.,
C½·� ¼ U · U†), we have DC½·� ¼ U†D½U · U†�U, which
manifestly has the same locality as D, just on an enlarged
support. For local channel evolution, we need the extra
assumption of local reversibility to find a local DC.
In the following sections, we see that these properties

make Definition 2 a finer definition than Definition 1, and,
in particular, they distinguish ρcl as a nontrivial phase.

III. TOPOLOGICAL DEGENERACY
OF MIXED STATES

Topological degeneracy (TD) is a hallmark of zero-
temperature quantum topological order. When defined on a
topologically nontrivial lattice, a topologically ordered
quantum Hamiltonian has a ground-state subspace HGS
whose dimension depends on the lattice topology.
Furthermore, different states within HGS are indistinguish-
able using any local observables.
Mixed states of interest are not necessarily associated

with any Hamiltonian’s low-energy states. Thus, when
generalizing TD to mixed states, it is most natural to use
local indistinguishability as the starting point (similar
notions for mixed states were proposed in Refs. [22,45]).

A. Mixed-state TD

Definition 3 (locally indistinguishable set). For a mixed
state ρ defined on a region Λ, its locally indistinguishable
setQðρ; ξ0Þ is the set of states that are identical to ρ on any
topologically trivial subregion and have a Markov length
no greater than ξ0:

Qðρ; ξ0Þ≡ fσ∶ξðσÞ ≤ ξ0; σA ¼ ρA

for all simply connected A ⊆ Λg: ð18Þ

The definition resembles the definition of the informa-
tion convex set in entanglement bootstrap (see, e.g.,
Definition C.1 in Ref. [46]). A few remarks about the
definition.
(1) The finite-Markov-length constraint is necessary for

the definition to be meaningful. As we illustrate with
the ρcl example, the constraint removes “unphysical”
locally indistinguishable states. These unphysical
degeneracies are unstable and do not carry over to
other states in the same phase. We expect that
Qðρ; ξ0Þ’s dependence on ξ0 ¼ Oð1Þ is not impor-
tant in the thermodynamic limit when ξ0 is chosen to
be sufficiently large [in particular, ξ0 needs to be
larger than ξðρÞ]. We henceforth assume that ξ0 is
always chosen to be large enough and drop the ξ0
within Qðρ; ξ0Þ.

(2) QðρÞ defines a convex set, i.e., if σ1; σ2 ∈QðρÞ, then
∀ p∈ ½0; 1�, σ3 ≡ pσ1 þ ð1 − pÞσ2 ∈QðρÞ. To see
this, it suffices to check that σ3 is locally indistin-
guishable from ρ and has a finite Markov length. The
former follows from σ3;A ¼ pσ1;A þ ð1 − pÞσ2;A ¼
ρA for any A. To verify the latter, we notice
that Iσ3ðA∶CjBÞ ¼ Sσ3ðAjBÞ − Sσ3ðAjBCÞ, where
SðXjYÞ≡ SðXYÞ − SðYÞ is the quantum conditional
entropy. Since A ∪ B is a simply connected region in
the definition of Markov length, Sσ3ðAjBÞ ¼
Sσ1;2ðAjBÞ. We cannot treat SðAjBCÞ similarly,
because C is not simply connected, in general
(e.g., when ABC forms a torus). We instead apply
the concavity of conditional entropy: Sσ3ðAjBCÞ ≥
pSσ1ðAjBCÞ þ ð1 − pÞSσ2ðAjBCÞ, which gives us
Iσ3ðA∶CjBÞ ≤ pIσ1ðA∶CjBÞ þ ð1 − pÞIσ2ðA∶CjBÞ,
for sufficiently large L. Thus, ξðσ3Þ is finite and
bounded by maxfξðσ1Þ; ξðσ2Þg.

(3) Reflexivity: If ρ∈QðσÞ, then σ ∈QðρÞ.
(4) A state σ belongs to QðρÞ if and only if, for any

simply connected region A away from Λ’s boundary,
there exists a channel D acting on Ā satisfying only
D½ρ� ¼ σ. To prove the “if” claim, we let B be a
width r buffer region surrounding A and let C be the
rest of the system. Then by definition of QðρÞ we
have ρAB ¼ σAB. Furthermore, since σ have finite
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Markov length ξ, when r ≫ logL, one can find a
channel RB→BC such that RB→BCðσABÞ ¼ σ [44].
Therefore, letting D ¼ RB→BC ∘ trC fulfills our goal.
To prove the “only if” claim, we first notice that,
since D can be pushed out of any local region A, σ
and ρ must be indistinguishable on A. Furthermore,
since ID½ρ�ðA∶CjBÞ ≤ IρðA∶CjBÞ for any D acting
on D only, we have ξðσÞ ≤ ξðρÞ.

We say a mixed state ρ defined on Λ [47] has TD if
the shape of its QðρÞ as a convex set depends nontrivially
on the topology of Λ. Mixed-state TD generalizes the well-
studied ground state degeneracy of quantum topological
order. For instance, consider the 2D toric code
Hamiltonian:

Htc ¼ −
X
v

Av −
X
p

Bp; ð19Þ

where Av and Bp were defined in Eqs. (4) and (7). When
defined on a 2D closed manifold with genus g, the
Hamiltonian has a degenerate ground state subspace V
with a Hilbert space dimension of 2g. As we show, the
locally indistinguishable setQðjψihψ jÞ of any ground state
jψi∈V is given by

Qðjψihψ jÞ ¼ convfjϕihϕj∶jϕi∈Vg; ð20Þ

which is the set of all density matrices supported on the
subspace V. To prove this claim, we first notice that all
states within A are identical on any simply connected
region A; i.e., trĀðjψihψ jÞ is independent of jψi. Second, to
verify that the states have a finite Markov length, it suffices
to check it for pure states jψihψ j withinQ. As we remarked
earlier, for pure states, we have IðA∶CjBÞ ¼ IðA∶CÞ ¼ 0.
Therefore, all states within Qðjψihψ jÞ have zero CMI and
thus zero Markov length.
Nontopologically ordered degenerate ground states, e.g.,

those of spontaneous symmetry breaking of a 0-form
symmetry, do not have nontrivial Q, because different
states in the subspace can be distinguished locally through
an order parameter.

B. TD of the classical loop state

We now study the topological degeneracy of the classical
loop state ρcl defined on lattice Λ being a torus.
To understand the structure of QðρclÞ, we can draw

insights from its similarity to the toric code state jtci. While
ρcl is an incoherent mixture of loop configurations, jtci is
their coherent superposition. In the toric code, distinct
ground states are characterized by the parity of noncon-
tractible loops around the two holes of the torus. This
suggests that a similar mechanism might generate a non-
trivial QðρclÞ, which indeed proves to be the case.
We define four loop states with definite winding number

parity:

ρ
sxsy
cl ∝

X
s∈ loops

δ½fxðsÞ ¼ sx; fyðsÞ ¼ sy�jsihsj; ð21Þ

where fx=yðsÞ measures the parity (modulo 2) of
noncontractible loops around the x=y direction and
sx; sy ∈ f0; 1g. The original loop state ρcl is just ρ00cl .
To demonstrate that each ρ

sxsy
cl belongs to QðρclÞ, we

employ the stabilizer formalism. Given a set G ¼
fg1;…; gmg of commuting and (multiplicatively) indepen-
dent n-qubit Pauli operators, its corresponding stabilizer
state ρ is defined as the maximally mixed state in the
simultaneous þ1 eigensubspace of each gi:

ρ ∝
Y
gi ∈G

�
1þ gi
2

�
: ð22Þ

Here, each gi ∈S is called a stabilizer generator (or
simply stabilizer) of ρ. The generating set of a stabilizer
state is not unique. For example, G0 ¼ fg1g2; g2; g3;…; gmg
defines the same stabilizer state as G. Two generating sets G
and G0 define the same state if and only if they generate the
same Abelian group of Pauli operators, known as the
stabilizer group of ρG.
Each ρ

sx;sy
cl is a stabilizer state. They share a common set

of vertex stabilizers [see Eq. (4) for the definition of Av]
fAvgv which enforce the loop constraint at each vertex [48].
Additionally, each ρ

sxsy
cl has two stabilizers that fix the

parities of noncontractible loops in the x and y directions:

Gðρsxsycl Þ ¼ fAvgv ∪ fð−1ÞsxZω̄x
; ð−1ÞsyZω̄y

g; ð23Þ

where ω̄x=y represents any noncontractible loop along the
x=y direction on the dual lattice (see Fig. 3 for illustration).
The operator Zγ ¼

Q
i∈ γ Zi measures the “flux” of loops

across a closed loop γ. Different choices of γ with the same
topology yield equivalent states, as γ’s shape can be
modified by multiplying with vertex stabilizers Av.
It is straightforward to verify that all ρ

sxsy
cl states are

indistinguishable on any simply connected region A. We
now examine the state’s Markov length. For a stabilizer

FIG. 3. Construction of a stabilizer state σ belonging to QðρclÞ.
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state ρ, the conditional mutual information IðA∶CjBÞ is
given by

IðA∶CjBÞ ¼ min
GðρÞ

jfg∈GðρÞ; support of g

intersects A and Cgj; ð24Þ

where the minimum is taken over all equivalent choices of
GðρÞ [49]. For a partitionΛ ¼ A ∪ B ∪ Cwith the topology
shown in Fig. 3, local Av terms do not contribute to
IðA∶BjCÞ when B’s width exceeds a few lattice spacings.
For the nonlocal stabilizers Zω̄x;y

, we can always choose
paths γ that are supported only in C, as only their topology
matters. Therefore, ξðρsxsycl Þ ¼ 0 and

convfρ00cl ; ρ01cl ; ρ10cl ; ρ11cl g ⊆ QðρclÞ: ð25Þ

We now argue that this inclusion is an equality. Consider
any stabilizer state in QðρclÞ, which must be locally
indistinguishable from ρcl and have finite Markov length.
All Av terms must be retained as stabilizers; otherwise, the
loop constraint would be violated at some vertices, con-
tradicting local indistinguishability. Moreover, no new
stabilizer whose support lies within a simply connected
region X can be introduced, as this would alter ρX, again
violating local indistinguishability.
Therefore, to satisfy local indistinguishability, we must

add stabilizers with non-simply-connected support. While
there are many possible choices, such as Pauli operators of
the form

Q
i∈ κ Zσ where κ is non-simply-connected, most

of these choices increase the state’s CMI and violate the
finite-Markov-length condition.
Consider, for example, adding Zγ where γ is a non-

contractible loop on the primal lattice (not the dual lattice)
as shown in Fig. 3. Unlike Zω̄, the shape of Zγ cannot be
modified by multiplying with Av terms. Consequently, for
any region A that γ crosses (as illustrated in Fig. 3), Zγ

increases the state’s IðA∶CjBÞ by 1 for any B, resulting in
an infinite Markov length ξ. This argument extends to all
non-simply-connected stabilizers wrapping around the
torus, except for the “topological” operators Zω̄ that can
be deformed by multiplying with Av terms.
This analysis generalizes to ρcl on closed surfaces with

higher genus k. The corresponding locally indistinguish-
able set QðρclÞ forms a simplex with 22k extremal points,
with its structure determined solely by the surface topology.
Each extremal point corresponds to a loop ensemble with
fixed winding number parity around each “hole” of the
surface (a genus-k surface has 2k inequivalent holes).

C. TD as a phase invariant

We now examine whether TD is a universal property
shared by all states within a mixed-state phase.

We notice that if one adapts the two-way definition of
mixed-state phase (Definition 1), the answer is clearly
negative: On a torus, ρcl and j0i belong to the same phase
using this definition (Sec. II), while the latter does not
display TD (i.e., the product state’s locally indistinguish-
able set contains only itself).
We now demonstrate that, under the Markov length

definition of phase equivalence (Definition 2), TD is a
phase invariant. More precisely, let C½ρ� be any state in the
same phase as ρ with C being the circuit that keeps the
Markov length finite throughout; then, C and C̃ establish a
one-to-one correspondence between states in QðρÞ and
those in QðC½ρ�Þ:

QðρÞ⇌C
C̃
QðC½ρ�Þ: ð26Þ

Consider a local channel circuit C ¼ Cn…C1 acting on
ρ0 ≡ ρ that keeps its Markov length finite. By definition, all
ρt ≡ Ct½ρt−1� states are in the same phase, and (recall
discussion in Sec. II B) there is another channel circuit C̃ ¼
C̃1…C̃n that reverses C’s action on ρ.
We first prove that, for any σ0 ∈QðρÞ, evolving σ0 using

C also keeps its Markov length finite throughout the
evolution. It suffices to check this for a single time step
C1. The evolved state can be written as

σ1 ≡ C1½σ0� ¼ C1D½ρ0� ¼ C1DC̃1C1½ρ0� ¼ DC̃1 ½ρ1�; ð27Þ
where D is a quantum channel satisfying σ0 ¼ D½ρ0� (see
comment 4 underneath Definition 3). For any partition Λ ¼
A ∪ B ∪ C following the geometry in Fig. 1(b), we can
chooseD’s (and, consequently,DC̃1’s) support to lie entirely
within C (see comment 4 beneath Definition 3). By the
data-processing inequality [50],

IDC1 ½ρ1�ðA∶CjBÞ ≤ Iρ1ðA∶CjBÞ ð28Þ

holds for any A ∪ B ∪ C partition, implying ξðσ1Þ ≤ ξðρ1Þ.
Iteratively applying this argument to the full evolution
Cn…C1, we obtain

ξðσtÞ≤ ξðρtÞ with σt¼ Ct…C1½σ0� ∀ σ0∈Qðρ0Þ: ð29Þ

This condition, combined with the local indistinguish-
ability of ρt and σt, ensures that C̃ reverses C’s action on σ0:

C̃C½σ0� ¼ σ0: ð30Þ

Since this holds for any σ0 ∈Q½ρ0�, C (and C̃) establish an
isometric bijection between Qðρ0Þ and QðC½ρ0�Þ.
Specifically, for any pair of states σ; σ0 ∈QðρÞ and for D
being any distance measure of quantum states satisfying
monotonicity under quantum operation (e.g., trace distance,
relative entropy, fidelity distance), we have
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DðC½σ�; C½σ0�Þ ≤ Dðσ; σ0Þ
¼ D

�
C̃C½σ�; C̃C½σ0�

�
≤ DðC½σ�; C½σ0�Þ

⇒ DðC½σ�; C½σ0�Þ ¼ Dðσ; σ0Þ; ð31Þ
where both inequalities follow from the monotonicity.
We now apply the result above to the classical loop state

defined on a torus. SinceQ½ρcl� in this case is a tetrahedron
as a convex set,QðC½ρcl�Þ must also be a tetrahedron due to
linearity of quantum channels. This geometric preservation
excludes the possibility that ρcl and the product state j0…0i
belong to the same phase on a torus, as the latter has a trivial
Q containing only itself.
We remark that this phase-inequivalence proof assumes

that the total lattice has a nonzero genus [otherwise, both
QðρclÞ and Qðj0…00ih0…00jÞ are trivial, and, thus, the
no-go condition does not hold]. In Sec. IV, we present
another proof that applies to ρcl defined on zero-genus
manifold, e.g., sphere and disk.

D. Preservation of memory encoded
in the TD and coherent information

Asan application of the results above,wenowconsider the
scenario inwhich theTDofQðρÞ serves asmemory for some
encoded information, which is then subjected to noise. We
formalize this scenario as follows: A TD memory of ρ is a
triple ðM; E;DÞ, whereM is a convex set of logical (mixed)
states that we want to encode; an encoding channel
E∶M → QðρÞ; and a decoding channel D∶QðρÞ → M
satisfying D ∘ E ¼ IM.M can be both classical (a simplex)
or quantum (e.g., Bloch ball for a qubit).
Given the definition above, the preservation of the TD

memory of ρ is a direct consequence of the phase invariance
of the locally indistinguishable set QðρÞ, argued in
Sec. III B for the classical loop state. Indeed, if CðρÞ is
another state in the same phase as ρ, then it has a TD
memory ðM; C ∘ E;D ∘ C̃Þ due to the following commuting
diagram [see Eq. (26)]:

M⇌
E

D
QðρÞ⇌C

C̃
QðC½ρ�Þ: ð32Þ

For a quantum memory M, the amount of quantum
information preserved after a channel C acts on a state
σ ∈QðρÞ can be captured by the coherent information
Iðσ; CÞ [51]. It is defined as Iðσ; CÞ ¼ SðQ0Þ − SðRQ0Þ,
where σ is purified to an extended system RQ, which is
then acted upon by IR ⊗ CQ to become RQ0. Hence, it
measures the amount of correlations still present between R
and Q. By the data-processing inequality, the coherent
information achieves its maximum value SðσÞ if, and only if,
the state can be perfectly recovered, which is precisely the
case since C is a locally reversible channel circuit. For the
pure toric code case, this conclusion agrees with previous
explicit calculations of the coherent information [5,52].

IV. SPONTANEOUS BREAKING
OF WEAK 1-FORM SYMMETRY

For quantum topological orders, topological degeneracy
arises from the existence of anyons and their nontrivial
braiding relations. In modern terminology, quantum topo-
logical order (in 2D) results from spontaneous breaking of
1-form symmetries—symmetry operators that take the form
of a loop.
In this section, we demonstrate that the nontrivialness of

ρcl and its corresponding mixed-state phase emerge from a
similar mechanism: the breaking of a weak 1-form sym-
metry and its corresponding fractionalized excitations.
Remarkably, the symmetry action takes the form of a
quantum channel when away from the fixed-point state.
The classical loop state exhibits the following sym-

metries (recall that Xγ ¼
Q

i∈ γ Xi and Zω̄ ¼ Q
i∈ ω̄ Zi):

ρcl ¼ Uγ½ρcl�≡ XγρclXγ;

ρcl ¼ Zω̄ρcl; ð33Þ

where γ and ω̄ represent any contractible closed loop of
edges on the lattice and dual lattice, respectively. Note that
Xγ must act on both sides to preserve the density matrix,
while Zω̄ needs to act only on one side. In the literature,
these are termed a weak 1-form symmetry and a strong
1-form symmetry, respectively.
The strong and weak 1-form symmetries of ρcl exhibit a

’t Hooft anomaly in the following sense. When we truncate
a loop γ into an open string γab between vertices a and b,
Uγab creates two nonlocal pointlike excitations at vertices a
and b by flipping the signs of Aa and Ab. The resulting state
becomes a mixture of closed loops with singular end points
at a and b.
These excitations are nonlocal in the sense that no

operation localized near a and b can remove them to
restore ρcl from Uγab ½ρcl�. To demonstrate this, consider any
dual loop ω̄ that encircles only vertex a while remaining
well separated from both a and b. We find

Zω̄ · Uγab ½ρcl� ¼ −Uγab ½ρcl�: ð34Þ

This follows from the fact that γab and ω̄ intersect once,
implying XγabZω̄ ¼ −Zω̄Xγab . The relation Eq. (34) is the
manifestation of the ’t Hooft anomaly and is also known in
the literature as braiding statistics.
The anomaly structure precludes the possibility of

locally removing the excitations around a and b, as any
such local operation cannot alter Zω̄’s expectation value
from −1 back to trðZω̄ρclÞ ¼ þ1, given that ω̄ is distant
from both vertices. Furthermore, only the topology of γab is
relevant: If γ0ab is another open string connecting a and b,
then Uγ0ab

½ρcl� ¼ Uγab ½ρcl�.
It is also useful to view Xγ as a weak symmetry operation

on the state and Zω̄ as an observable, where trZω̄ρcl ¼ 1.
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The anomaly structure then implies that the weak 1-form
symmetry Xγ is spontaneously broken, with Zω̄ being the
loop order parameter. Alternatively, one can view Zω̄ as a
strong symmetry operation and Xγ as a “fidelity observ-
able” in the sense that Fðρcl;Uγ½ρcl�Þ ¼ 1. The anomaly
structure then implies a strong-to-weak spontaneous sym-
metry breaking (SWSSB) of the 1-form symmetry Zω̄, with
Xγ being the loop order parameter [34].
In this work, we use several phrases interchangeably:

the mutual ’t Hooft anomaly between the strong and
weak 1-form symmetries, the mutual braiding statistics,
SSB of the weak 1-form symmetry, and SWSSB of the
strong 1-form symmetry [53].
We show that these symmetry-breaking properties

extend to all states in the same phase as ρcl (under the
Markov length definition). Each state exhibits both
“dressed” strong and weak 1-form symmetries. Away from
the fixed point, these symmetries may be deformed: The
weak symmetry becomes a “channel symmetry”—a quan-
tum channel supported on a smeared loop—while the
strong symmetry becomes a Hermitian operator on a
smeared dual loop. When truncated, the weak symmetry
action continues to create pointlike excitations at its end
points, detectable by the strong symmetry.
One can obtain explicit expressions of these dressed

symmetries. For a state σ in the same phase as ρcl, there
exists a circuit C̃ and its local reversal C such that σ ¼ C̃½ρcl�
and C½σ� ¼ ρcl, as discussed in Sec. II B. σ possesses the
following dressed weak and strong 1-form symmetries:

σ ¼ UC
γ ½σ�;

σ ¼ C†½Zω̄�σ; ð35Þ

where UC
γ was defined in Eq. (17) [and Fig. 2(c)] and C†

is the dual map of C defined by the relation
trðAC½B�Þ ¼ trðC†½A�BÞ. The first equality follows directly
from Eq. (17): UC

γ ½σ� ¼ C̃UγC½σ� ¼ σ. The second equality
derives from 1 ¼ trðZω̄C½σ�Þ ¼ trðC†½Zω̄�σÞ, which implies
C†½Zω̄�σ ¼ σ by Lemma 1 in Appendix A [54].
Note that the dressed weak symmetry, in general, has the

action of a channel, and the fact that C is locally reversible
is crucial in preserving the locality of this channel sym-
metry. This is essential in ensuring that the dressed weak
1-form symmetry UC

γ on σ also exhibits SSB:

C†½Zω̄� · UC
γab ½σ� ¼ −UC

γab ½σ�; ð36Þ

where the configurations of γab and ω̄ are illustrated in
Fig. 4. We postpone the proof to Sec. IV B. Importantly,
Eq. (36) above it means that anyons are well defined
throughout the phase of ρcl; they are nonlocal excitations
created at the end points of the stringlike channel UC

γab that
can be detected by loop operators C†½Zω̄� encircling them.

One way to quantifiably measure the existence of exci-
tations created by UC

γab is by computing the relative entropy
between σ and UC

γab ½σ� ¼ C̃½UγabðρclÞ� [5]. The reason is that
the relative entropy SðσjjUC

γab ½σ�Þ is high when the two states
are approximately distinguishable to each other, which is to
be expected if UC

γab creates detectable excitations on σ.
Indeed, since σ and UC

γab ½σ� are supported in distinct eigens-
paces ofC†½Zω̄� byEq. (35), their relative entropy isþ∞. Had
we taken care of the approximation errors in the local
recovery equation C̃CðρclÞ ≈ ρcl and in the exponential tails
of the reverse channel C̃, we expect the relative entropy to
scale with the distance between the excitation points a and b
instead of being infinite. This behavior was found in Ref. [5]
for the case of the pure toric code state under Pauli Z and X
dephasing below noise threshold.

A. TD on an annulus and topological entropy

So far, we have shown that ρcl has a nontrivial topological
degeneracy QðρclÞ and that this is a universal feature of its
phase—namely, that any other state σ in the same phase as ρcl
also has a nontrivial topological degeneracyQðσÞ and that it
is in one-to-one correspondence with QðρclÞ. Here, we
present two additional universal features of ρcl that distin-
guish it from any states in the trivial phase, namely, its
nontrivial degeneracy on an annulus-shaped subsystem and a
lower bound on topological entropy. Both properties depend
only on ρcl’s reduced state on a large subregion. We remark
that discussions below apply to any state with spontaneously
broken weak 1-form symmetry.
We again assume σ ¼ C̃½ρcl� is a state in the same phase

as ρcl, both defined on some 2D lattice Λ. Let Γ ⊂ Λ be an
annulus-shaped region with both its width and radius much
larger than C’s range. We investigate the locally indistin-
guishable set QðσΓÞ, where σΓ ¼ trΓ̄σ.
Let γab be a string connecting point a in the interior of Γ

to point b outside Γ, and let ω̄ be a dual loop wrapping
around Γ, as illustrated below:

FIG. 4. Illustration of ’t Hooft anomaly and spontaneous
symmetry breaking of 1-form symmetries for the loop state ρcl
(left) and for a generic state σ in same phase as ρcl. In both cases,
truncating the weak symmetry action from a closed string to a
open one (solid green line) creates two pointlike excitations on
the two ends a and b. Such excitations can be detected nonlocally
by an operator (“strong symmetry,” dashed blue line) wrapping
around it. The weak symmetry UC acting on σ takes the form of a
channel symmetry generically.
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Consider the following state defined on Γ:

σ0Γ ≡ trΓ̄ðUC
γab ½σ�Þ: ð37Þ

The state σ0Γ is locally indistinguishable from σΓ on any
simply connected region A ⊂ Γ, as γab can always be
deformed away from A without altering the resulting state
UC
γab ½σ�. Furthermore, for a closed noncontractible loop ω̄

within Γ that is away from the boundary,

C†½Zω̄� · UC
γab ½σ� ¼ −UC

γab ½σ�
⇒ C†½Zω̄�σ0Γ ¼ −σ0Γ: ð38Þ

Since σΓ satisfies C†½Zω̄�σΓ ¼ σΓ, the support of σ0Γ
in Hilbert space must be orthogonal to that of σΓ.
(Recall that C†½Zω̄� is a Hermitian operator, as the dual
map is Hermiticity preserving.) Therefore, QðσΓÞ is a
nontrivial set:

convfσ0Γ; σΓg ⊆ QðσΓÞ: ð39Þ

This provides another proof that ρcl belongs to a non-
trivial phase: If we take σ ¼ j00…0ih00…0j, then σΓ is
simply a product state with a trivial Q. Remarkably, this
proof imposes no condition on the global topology of the
lattice.
The degeneracy also leads to a lower bound on the

topological entropy—another hallmark of topological
phases. It has long been noticed that ρcl has a nonzero
topological entropy [33]. Here, we show that it is indeed a
universal feature shared by all states in ρcl’s mixed-state
phase. The proof below is inspired by a similar proof for
pure states in Ref. [55].
Using the Levin-Wen tripartition [32] of an annulus into

A, B, and C, as shown in the figure below, the topological
entropy is then given by the conditional mutual information
IσðA∶CjBÞ. In addition, we let A0 be a region shrunk
radially compared to A, and R be a region that covers the
part of γab within A:

Because of the monotonicity of CMI under channels acting
on A or C only,

IσðA∶CjBÞ ≥ ICR½σ�ðA∶CjBÞ ≥ ICR½σ�ðA0∶CjBÞ; ð40Þ

where CR is part of C as defined through decomposition
C ¼ CR̄CR [see Eq. (16)]. Recall that CR½σ� is indistinguish-
able from ρcl in the interior of R.
We define a new state σ00 ¼ 1

2
σ0 þ 1

2
σ ∈QðσΓÞ, which is

the equal mixture of σ and σ0. We have

IσðA∶CjBÞ ≥ ICR½σ�ðA0∶ CjBÞ
¼ ICR½σ00�ðA0∶CjBÞ þ SCR½σ00�ðA0BCÞ
− SCR½σ�ðA0BCÞ

≥ SCR½σ00�ðA0BCÞ − SCR½σ�ðA0BCÞ: ð41Þ

The first inequality is due to the data-processing inequality
for CMI, while the last inequality is because CMI must be
non-negative. Since CR½σ00�A0BC¼ 1

2
CR½σ�A0BCþ1

2
CR½σ0�A0BC

is an equal mixture of two states being orthogonal to each
other, we get

SCR½σ00�ðA0BCÞ − SCR½σ�ðA0BCÞ

¼ 1

2
ðSCR½σ0�ðA0BCÞ − SCR½σ�ðA0BCÞÞ¼0

þ log 2

¼ log 2: ð42Þ

And, therefore,

IðA∶CjBÞ ≥ log 2: ð43Þ

In Eq. (42), the term in the bracket is zero because the two
states CR½σ�A0BC and CR½σ0�A0BC are related by an on-site
unitary action, namely, a product of X along the segment of
γab within A0.
We remark that, following a similar argument as in

Ref. [56], a nonzero topological entropy leads to a lower
bound on the level of topological degeneracy on torus. In
this sense, the lower bound above is related to our
conclusion in Sec. III B.

B. Proof of Eq. (36)

We now go back to prove SSB of dressed 1-form
symmetry in σ ¼ C̃½ρcl�, namely, Eq. (36).
It suffices to show that tr½lhs of Eq ð36Þ� ¼ −1 (accord-

ing to Appendix A). Using Eq. (17) and the definition of the
dual map, we have trðlhsÞ ¼ trðZω̄ · CC̃Uγab ½ρ�Þ. Let A be a
region that intersects with ω̄ and is distant from γab, and let
B be the complement of A. This gives rise to the circuit
partition C ¼ CBCA. Let γ0ab be a curve connecting points a
and b that crosses region A. The geometry of A, γab, γ0ab,
and ω̄ is illustrated below:
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Since γab is well separated from A, Eq. (16) implies
CC̃Uγab ½ρ� ¼ CBC̃BUγab ½ρ�. Additionally, as γab ∪ γ0ab forms
a closed loop, we have Uγab ½ρ� ¼ Uγ0ab

½ρ�. Therefore,

tr½lhs of Eq ð36Þ� ¼ tr
�
Zω̄ · CBC̃BUγab ½ρ�

�

¼ tr
�
C̃†BC

†
B½Zω̄� · Uγ0ab

½ρ�
�
: ð44Þ

A key observation is that C̃†BC
†
B½Zω̄� takes the form

Zω̄A
⊗ C̃†BC

†
B½Zω̄B

�, where ω̄AðBÞ denotes the portion of ω̄

within region A (B). Moreover, C̃†BC
†
B½Zω̄B

� has support
around ω̄B. This leads to the following commutation
relation:

C̃†BC
†
B½Zω̄� · Uγ0ab

½� � �� ¼ ðZω̄A
C̃†BC

†
B½Zω̄B

�ÞXγ0ab
½� � ��Xγ0ab

¼ −Xγ0ab
ðZω̄A

C̃†BC
†
B½Zω̄B

�Þ½� � ��Xγ0ab

¼ −Uγ0ab

h
C̃†BC

†
B½Zω̄�…

i
: ð45Þ

The second equality holds because C̃†BC
†
B½Zω̄B

� and Xγ0ab
commute due to their nonoverlapping supports. Therefore,

tr½lhs of Eq ð36Þ� ¼ −tr
�
Uγ0ab

½C̃†BC†B½Zω̄� · ρ�
�

¼ −tr
�
Zω̄ · CBC̃B½ρ�

�
¼ −trðZω̄ρÞ ¼ −1: ð46Þ

This completes the proof of Eq. (36).

V. DISCUSSION AND OUTLOOK

We have proposed a new definition of mixed-state phases
based on locally reversible channel circuits, and we have
shown that local reversibility implies that operations on a
state are transformed in a locality-preserving fashion. As a
result, all symmetries (strong and weak) and anomalies of
the state are preserved under such channels. The dressed
weak symmetry naturally motivated the concept of a
channel symmetry, a new direction to generalize symmetry
in open quantum systems.
We end with some discussions.
(i) The implications of channel symmetries, especially

with respect to anomalies, deserve further inves-
tigation. Such properties of mixed states are in sharp
contrast to the case of pure state quantum phases,

where dressed symmetries remain unitary. More-
over, the anomaly between dressed strong and weak
symmetries is defined with respect to a particular
state [as in Eq. (36)], in contrast to the pure state case
where anomaly is a property of symmetries only. It is
an important question whether, for two mixed states
ρ and σ in the same phase, unitary strong and weak
symmetries of ρ can induce dressed symmetries of σ
that are also unitary, and can their anomaly hold at
the operator level?

(ii) As a primary application of our general results, we
have demonstrated that the 2D classical loop en-
semble is nontrivial under our new definition,
despite being connected to a trivial product state
via two-way local channels. It would be interesting
to find other classes of states in which our refined
definition leads to a different classification of
phases.

(iii) In our definition, Markov length plays a central role
in ensuring local reversibility. It has recently been
proven that quantum Gibbs states of local Hamil-
tonians possess finite Markov length [57]. It is
interesting to ask the converse question: If a state
has finite Markov length, is it guaranteed to be a
Gibbs state of a (quasi)local Hamiltonian? The 1D
special case of this question was addressed in
Ref. [58], while in higher dimensions the answer
appears to be unknown whenever the Markov length
is not exactly zero.

(iv) Finally, we note that, in Ref. [27], a mixed-state real
space renormalization group (RG) was proposed
which ideally coarse-grains blocks of the system
while preserving correlations between a block and
its complement. Importantly, such an ideal RG
scheme constitutes a locally reversible channel
which as shown in the current work preserves
symmetries and anomalies of the state, as an RG
flow should.

Note added. Recently, we became aware of a recent
independent work [59] that discusses topological degen-
eracy and topological entropy in mixed states using the
entanglement bootstrap approach. We also draw the read-
ers’ attention to a forthcoming work [60] discussing a
different form of emergent channel symmetry acting on
Gibbs states in open system dynamics.
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APPENDIX A: EQUIVALENT
CHARACTERIZATIONS
OF STRONG SYMMETRY

We prove a lemma that was used multiple times in the
main text. It concerns equivalent conditions for a state to
posses a strong symmetry. A similar result appeared also in
Refs. [21,22].
Lemma 1. For a quantum state ρ, an operatorO satisfying

kOk ¼ 1, and a quantum channel E, the following three
conditions are equivalent (λ∈C and jλj ¼ 1):
(1) O · E½ρ� ¼ λE½ρ�;
(2) E†½O� · ρ ¼ λρ;
(3) trðE†½O� · ρÞ ¼ trðO · E½ρ�Þ ¼ λ.
Proof. (1 ⇔ 2) Using the Stinespring dilation of the

channel E:

E½ρ� ¼ trA½Uðρ ⊗ j0ih0jAÞU†�: ðA1Þ

Then, we have

O · E½ρ� ¼ λE½ρ�
⇔ O ·Uðρ ⊗ j0ih0jAÞU† ¼ λUðρ ⊗ j0ih0jAÞU†

⇔ U†OU · ðρ ⊗ j0ih0jAÞ ¼ λρ ⊗ j0ih0jA
⇔ Ah0jU†OUj0iA · ρ ¼ λρ

⇔ E†½O� · ρ ¼ λρ: ðA2Þ

(1 ⇔ 3) Going from 1 to 3 is simply by taking partial
trace. To go from 3 to 1, we consider an eigendecompo-
sition of the density matrix: E½ρ� ¼ P

i pijψ iihψ ij, with
each pi ≥ 0 and

P
i pi ¼ 1. Then, we have

1 ¼ jtrðOE½ρ�Þj ¼
				X

i

pihψ ijOjψ ii
				

≤
X
i

pijhψ ijOjψ iij ≤
X
i

pi ¼ 1: ðA3Þ

Therefore, both inequalities are saturated. To saturate the
first one, all hψ ijOjψ ii must have the same phase. To
saturate the second, each jhψ ijOjψ iij ¼ 1. Combining with
the condition that trðOE½ρ�Þ ¼ λ, we know all jψ ii’s are
eigenstates of O with the eigenvalue λ. We, thus, obtain

O · E½ρ� ¼ λE½ρ�: ðA4Þ

▪

APPENDIX B: EXAMPLE OF TWO-WAY
CONNECTED STATES IN DIFFERENT PHASES

The Markov length definition of phase equivalence
(Definition 2) requires not only that two states ρ and σ
in the same phase are two-way connected by local channels
E and F—EðρÞ ¼ σ and F ðσÞ ¼ ρ, but also that E is
locally reversible by F. Here, we exemplify the importance
of this extra condition with the case of the classical
loop state ρcl and the trivial state ρtr ¼ I= dimðHÞ. We
show they are two-way connected via continuous one-
parameter families of channels Ep and F q (generated by
Lindbladians), even though they are not in the same phase,
since ρcl has classical memory but the trivial state does not.
Hence, the Markov length must diverge along both paths,
which we also show explicitly via mappings to statistical
models.
To go from ρcl to ρtr, we apply X-dephasing channel

Ep¼DXðpÞ¼
Q

e½ð1−pÞð·ÞþpXeð·ÞXe� for p∈ ½0; 1=2�:

ρcl→trðpÞ ¼
Y
e

½ð1 − pÞρcl þ pXeρclXe�: ðB1Þ

At maximal dephasing strength p ¼ 1=2, ρtr ∝ I is reached
because the strong Pauli-Z 1-form symmetries of ρcl, which
completely characterize it, become weak.
The Markov CMI of ρcl→trðpÞ can be shown to be equal

to the one of the X-dephased pure toric code [5,43,61,62],
which is known have Markov length diverging at pc ≈ 0.11
by mapping to the random bond Ising model [29]. Thus, we
conclude that there is a transition from the classical
memory phase to a trivial phase at p ¼ pc.

1. From the trivial state to the classical loop state

Alternatively, to continuously transition from ρtr ¼
I= dimðHÞ to ρcl, we first replace ρtr with the state
j0i≡ j00 � � � 0i, also in the trivial phase, via the replace-
ment channel Rj0i ≡ j0ih0jtr½·�, and then dephase the
plaquette terms Bf¼

Q
e∈fXe via DBðqÞ¼

Q
f½ð1−qÞð·Þþ

qBfð·ÞBf�, resulting in the channel F q ¼ DplaqðqÞ ∘Rj0i:

ρtr→clðqÞ ¼ F qðρtrÞ ðB2Þ

¼
Y
f

½ð1 − qÞj0ih0j þ qBfj0ih0jBf� ðB3Þ

MIXED-STATE PHASES FROM LOCAL REVERSIBILITY PHYS. REV. X 16, 041014 (2026)

041014-13



for q∈ ½0; 1=2�. For q ¼ 1=2, the classical loop state with
no noncontractible loops ρcl ¼ ρ00cl is reached. To prepare
another state in the classical memory QðρclÞ (e.g.,
ρ10cl ¼ Xω̄x

ρ00cl Xω̄x
), one just needs to act with the appro-

priate Wilson loop operator (Xω̄x
) in j0i.

By calculating the Markov CMI and the topological
entropy (see Fig. 5), we find numerical evidence that
ρtr→clðqÞ is in the same (trivial) phase as ρtr→clð0Þ ¼ ρtr
for q < 1=2. The intuition for this is that ρtr→clðqÞ is a
mixture over all loops with weights exponentially decaying
with the area of the loop, and not its boundary, for q < 1=2,
which heavily suppresses long-range correlations necessary
for a topological classical memory.
We can calculate these quantities due to the following

expression for ρtr→clðqÞ:

ρtr→clðqÞ ¼
X

σ ∈C2ðMÞ
ð1 − qÞNf−jσjqjσjj∂σih∂σj ðB4Þ

∝
X

σ ∈C2ðMÞ
λjσjj∂σih∂σj; ðB5Þ

where λ ¼ q=ð1 − qÞ and C2ðMÞ is the space of all two-
cochains of the base space M with Z2 coefficients, i.e.,
C2ðMÞ ≃ f0; 1gNf with Nf the number of faces. Given
σ ∈C2ðMÞ, we define the boundary state on the edges ofM
as j∂σi ¼ ⊗e

Q
f∋e σf, and jσj ¼ P

f σf. The reduced
density matrix to a subset of links A is given by

ρtr→cl
A ðqÞ ∝

X
σ ∈C2ðĀÞ

λjσjjrAð∂σÞihrAð∂σÞj; ðB6Þ

where rA is the restriction map to A and C2ðĀÞ is generated
by all faces that have at least one edge in A. The sum above
includes redundant states j∂σi iff rAð∂σÞ ¼ rAð∂σ0Þ for

σ ≠ σ0. This happens whenever σ and σ0 differ by a cocycle
η∈Z2ðĀÞ. For a connected region A, for example, we have

ρtr→cl
A ðqÞ ∝

X
l∈B1ðĀÞ

�
λjσ�ðlÞj þ λjĀj−jσ�ðlÞj

�
jrAðlÞihrAðlÞj;

ðB7Þ

where B1ðĀÞ ¼ f∂σjσ ∈C2ðĀÞg is the set of all contractible
loops l and σ�ðlÞ is an arbitrary two-cochain whose
boundary is ∂σ�ðlÞ ¼ l. For disconnected A, ρtr→cl

A ðρÞ is
a tensor product over each connected component, as can be
seen from the locality of Dplaq in Eq. (B3).
For q < 1=2 and large regions jĀj → ∞, one of the λ < 1

factors in Eq. (B7) is exponentially suppressed compared to
the other for almost all loops l. Thus, any quantity
depending solely on the eigenvalues of ρtr→cl

A ðqÞ, such as
its entropy SAðqÞ, will follow the probability distribution of
the 2D classical paramagnet on the plaquettes of Ā. Since
the paramagnet is a Gibbs ensemble, its entropy is
extensive in system size, which implies zero (quantum)
conditional mutual information IðA∶CjBÞ for any triparti-
tion AjBjC (see Fig. 5). As such, the Markov length of
ρtr→cl
A ðqÞ does not diverge for q < 1=2, thus constituting a
single phase.
For any finite size, however, the entropy SAðqÞ acquires

nonextensive contributions even for q < 1=2, which, in
turn, leads to a phase transition. We study its critical
behavior in the next section.

2. Critical behavior

With more work, we can also analyze the critical
behavior near the critical point qc ¼ 1=2. Because of
our interest in the CMI IðA∶CjBÞ for both the Markov
and the Levin-Wen partitions, we focus on the deviations of

FIG. 5. Entropic measures of ρtr→clðqÞ that signal the phase transition at qc ¼ 1=2. Left: the nonextensive correction ΔSAðqÞ to the
entanglement entropy, whose magnitude matches the topological entropy γ in the thermodynamic limit. Right: the CMI IðA∶CjBÞ in the
Markov tripartition for different widths L of B, where A and C have fixed length. The solid lines were evaluated using the analytical
approximation for ΔSAðqÞ ¼ SAðqÞ − SpmA ðqÞ given by Eq. (B17), whereas the data points were numerically computed from the exact
expression, Eq. (B11).
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the entropy SAðqÞ from the extensive contribution, which
gets canceled in the CMI. For that, we start from the
expression for SAðqÞ coming from Eq. (B7) and divide it
into two terms:

SAðqÞ ¼ −
1

2Z

X
l∈B1ðĀÞ

ðλjσ�ðlÞj þ λjĀj−jσ�ðlÞjÞ× ðB8Þ

logðλjσ�ðlÞj þ λjĀj−jσ�ðlÞjÞ ðB9Þ

¼ −
1

Z

XjĀj
n¼0

� jĀj
n

�
λn logðλnÞ − ðB10Þ

1

Z

XjĀj
n¼0

� jĀj
n

�
λn logð1þ λjĀj−2nÞ ðB11Þ

¼ jĀjspmA ðqÞ þ ΔSAðqÞ; ðB12Þ

whereZ ¼ 1
2

PjĀj
n¼0ðjĀjn Þðλn þ λjĀj−nÞ ¼ ð1þ λÞjĀj and in the

second line we assumed A to be connected and transformed
the sum over loops l into a sum over the area varia-
ble n≡ jσ�ðlÞj.
The first term above is extensive in A and corresponds to

the paramagnetic entropy. The second term, ΔSAðqÞ, is the
deviation from the paramagnetic limit. Writing
λ ¼ q=ð1 − qÞ, we notice that ΔSAðqÞ equals the expect-
ation value of logð1þ λjĀj−2nÞ with respect to the binomial
distribution PðnÞ ∝ ðjĀjn Þqnð1 − qÞjĀj−n. We are interested in
the behavior of ΔSAðqÞ for q ¼ qc − δq, for small
0 ≤ δq ≪ qc. In this limit, one finds that the binomial
distribution is peaked at n ≈ jĀj=2 − jĀjδq. Defining
n0 ¼ n − jĀj=2, one therefore finds

− ΔSAðqÞ ¼ hlogð1þ e−2n
0 logðλÞÞi ðB13Þ

≈hlogð1þ e8n
0dqÞi ðB14Þ

≈ logð2Þ þ 4hn0idqþ 8hn02iðdqÞ2 ðB15Þ
≈ logð2Þ − 2jĀjðdqÞ2 ðB16Þ

≈ logð2Þe−jĀj=ξðqÞ; ðB17Þ
where ξðqÞ ¼ cðqc − qÞ−ν diverges with critical exponent
ν ¼ 2 as q → qc [c ¼ logð2Þ=2]. Above, all expectation
values h� � �i are with respect to to the aforementioned
binomial distribution, and we have used standard proper-
ties of this distribution to evaluate them for δq ≪ 1.
Contrary to the usual decay in length, ξðqÞ measures a
correlation area. This is not an artifact of the approximation
method and comes from the fact that SAðqÞ depends on the
region A only via its area and number of connected
components.

Since the volume and area-law contributions for the
entropy cancel out in the Markov tripartition, the Markov
CMI is dictated by ΔSðqÞ:
IðA∶CjBÞ

¼ ΔSBCðqÞ þ ΔSABðqÞ − ΔSBðqÞ − ΔSABCðqÞ ðB18Þ

≈ logð2Þe−jB̄j=ξðqÞð1 − e−jĀj=ξðqÞÞð1 − e−jC̄j=ξðqÞÞ: ðB19Þ
From the expression above, we conclude that Markov CMI
converges to zero for all q∈ ½0; 1=2�, while the Markov
length diverges as q approaches qc ¼ 1=2.
The topological entropy γ can also be estimated. As a

sublinear correction to the von Neumann entropy
SAðqÞ ¼ jĀjspmA ðqÞ − γðqÞ, it is clear from Eq. (B17) that
γðqÞ → 0 for q < 1=2 and γðqcÞ ¼ logð2Þ, as expected for
the classical loop state. The same result is found if γ is
calculated from the CMI in the Levin-Wen tripartition, up to
a correction given by the Markov CMI for the same region
sizes, which goes to zero in the thermodynamic limit.
To verify the predicted behavior near the critical point,

we numerically calculate the nonextensive part of the von
Neumann entropy ΔSAðqÞ ¼ S½ρtr→cl

A ðqÞ� − jĀjspmA ðqÞ and
the Markov CMI. For both, Eq. (B11) was used, and the
results are the solid lines in Fig. 5. We were able to verify
that the approximation given by Eq. (B17) not only gives
the correct critical behavior at q ≈ qc, but is also accurate
even for q=qc ≪ 1 (and jĀj large), far from the regime
(q ≈ qc) it was initially derived from.

3. Local nonreversibility and anomaly breaking

We finish the appendix by explaining in more details
how ρtr and ρcl are two-way connected, even though they
are in different phases. Apart from the divergence of the
Markov length that was already discussed, another way to
see that such two-way connection is not locally reversible is
to compute what would the dressed strong and weak 1-form
symmetries be for ρtr. If the channels taking one state to the
other were locally reversible by one another, then the strong
and weak symmetries of ρcl—respectively, Zω̄ and Uγ—
would become dressed symmetries of ρtr maintaining the
same anomalous braiding relations. However, according to
the transformation rule of Eq. (35), we would have

Zω̄ → E�
p¼1=2ðZω̄Þ ¼ I; ðB20Þ

Uγ → Ep¼1=2 ∘Uγ ∘F q¼1=2 ¼ RI: ðB21Þ
These two are valid strong and weak symmetries of the
state ρtr ∝ I, but they are trivially so. In particular, the
anomalous braiding is lost. Moreover, the weak symmetry
Uγ is dressed to a channel with global support instead of
just around the loop γ. Both of these properties signal the
failure of the two channels to be locally reversible by
each other.
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