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We propose a refined definition of mixed-state phase equivalence based on locally reversible channel
circuits. We show that such circuits preserve topological degeneracy and the locality of all operators
including both strong and weak symmetries. Under a locally reversible channel, weak unitary symmetries
are locally dressed into channel symmetries, a generalization of symmetry for open quantum systems. For
Abelian higher-form symmetries, we show the refined definition preserves anomalies and spontaneous
breaking of such symmetries within a phase. As a primary example, a two-dimensional classical loop
ensemble is trivial under the previously adopted definition of mixed-state phases. However, it has nontrivial
topological degeneracy arising from a mutual anomaly between strong and weak 1-form symmetries, and
our results show that it is not connected to a trivial state via locally reversible channel circuits.
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I. INTRODUCTION

Quantum information insights have led to substantial
progress in understanding quantum many-body phenom-
ena. Among them, a circuit-based definition of quantum
phases of matter has become a cornerstone in classifying
and characterizing gapped quantum phases of matter [1,2].
The definition, which states that two gapped ground states
are in the same phase if they are related by a local unitary
circuit, allows one to make rigorous statements about
universal properties of quantum phases, especially those
displaying topological order.

Recently, there has been progress in extending the
notion of phase of matter from pure ground states to mixed
states. This is motivated by the fact that physical systems
can couple with an environment in increasingly control-
lable ways, enabling a large variety of nontrivial mixed
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states [3—11]. An analogous circuit definition for mixed-
state phases was proposed in Refs. [12,13]—namely, that
two mixed states belong to the same phase if they can be
related to each other through a pair of local channel circuits
(Definition 1, henceforth referred to as two-way channel
definition). Leveraging this definition, many fruitful results
have been obtained for topological phases in mixed
states [14-30].

A fundamental property of local unitary evolutions U is
that local operators O remain local after the evolution, with
UTOU having slightly larger support compared to O.
Preserving locality is essential for maintaining the defining
properties of a phase, including topological order [2,31].
The locality-preserving nature of local unitary circuits U is
due to the fact that individual forward and backward gates
outside of the light cone of O cancel in local pairs; in this
sense, U is locally reversible. We take this additional
property for granted in local unitary evolution. However,
for local channels, this additional requirement is strictly
stronger: By definition, two-way channels are globally
reversible, but not necessarily locally reversible, with
respect to given input states. As a result, we find that
two-way channels that are not locally reversible may not
preserve the locality of all operations; in particular, we
demonstrate that certain weak symmetries of a mixed state
may not remain local under two-way channels and lead to
an unsatisfactory classification of phases.

Therefore, in this work, we propose a definition of
mixed-state topological phases based on local reversibility,
which is manifestly finer than the two-way channel

Published by the American Physical Society
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FIG. 1. (a) A channel circuit acting on p is locally reversible if
each of its gates (e.g., the one highlighted in red) is reversible,
meaning that the gate’s action upon the state at the time can be
reversed locally by some other gate (the gate containing ~). As
such, local reversibility is a property of both the circuit and the
input state p. Locally reversible circuits are natural extensions of
local unitary circuits, which are locally reversible for any input
state, to open many-body systems. (b) Markov length is defined
as the length scale at which the conditional mutual information
I(A: C|B) decays with B’s width for the spatial partition shown in
the figure. A sufficient condition for local reversibility is that the
evolving state’s Markov length {yanoy [EQ- (9)] is finite through-
out the circuit.

definition. To guarantee local reversibility, we define two
mixed states to belong to the same phase if one can be
evolved into the other by a local channel circuit that
preserves a finite Markov length throughout the evolution
(see Definition 2). Informally, the Markov length of a
mixed state captures how local is a region’s correlation with
the rest of the system. Its precise definition is via the
conditional mutual information in the tripartition shown in
Fig. 1(b). Crucially, the action of a local channel circuit in
which the evolving state’s Markov length remains finite is
guaranteed to be locally reversible.

Using this refined definition of phase equivalence, we
derive the following results, which may be of independent
interest.

(1) We define in Sec. III the topological degeneracy of
mixed states via local indistinguishability, which
generalizes the topological degeneracy in topologi-
cally ordered ground states. We prove that topologi-
cal degeneracy is invariant in each mixed-state phase
defined using locally reversible channel circuits.

(2) We prove in Sec. IV that the spontaneous symmetry
breaking of 1-form symmetries, or, equivalently, the
’t Hooft anomaly associated with the symmetries, is
also a phase invariant. More concretely, if p has
spontaneously broken 1-form symmetries, then any
other state ¢ in the same phase as p also possesses a
dressed 1-form symmetry that is spontaneously

broken. Remarkably, the dressed symmetry generi-
cally takes the form of a quantum channel and we
dub this a channel symmetry, whose explicit form is
determined by the locally reversible channel circuits
connecting p and o.

(3) We show in Sec. IV A how the broken weak 1-form
symmetry can be detected by a nonzero topological
entropy in the Levin-Wen partition [32] as well as by
a nontrivial topological degeneracy on an annulus-
shaped subregion.

We use the classical loop ensemble in 2D [33,34] as our
primary example for motivating and demonstrating the
consequences of the refined definition. Despite lacking
quantum coherence, the classical loop state exhibits topo-
logical properties and, in particular, serves as a nontrivial
classical memory. Indeed, we show that, while the loop
state is classified as trivial in the two-way definition, it is
nontrivial under our new definition via the above three
results. Despite using this specific state for concreteness,
our techniques and main findings are generally applicable.

II. TWO DEFINITIONS OF MIXED-STATE
PHASE EQUIVALENCE

A. The two-way channel definition and the
classical loop state

Before introducing our refined definition of phase
equivalence, we first review the one commonly used in
most existing works, which we refer to as the two-way
channel definition.

Definition 1 (two-way channel definition of phase
equivalence [13]). Two states p; and p, are in the same
phase if there exist a pair of local channel circuits £ and R
such that

Elpi] = pa, Rlpal = p1- (1)

Here, a channel circuit is a circuit composed of quantum
channels each supported on a small region, and “local”
means that both the range of each individual channel in the
circuit and the circuit depth are at most O(1) [35]. We note
that sometimes £ and R are replaced by continuous time
local Lindbladian evolutions (e.g., in Ref. [13]). In this
work, we use the two notions interchangeably.

When we equate two expressions involving many-body
states, the precise meaning is that their difference vanishes
in the thermodynamic limit, namely,

x=ye lim|l—y| = 1/L, 2)

where L is a length scale, usually taken as the linear size of
the total system or that of some subregion. L~™* denotes a
function that decays quicker than any 1/poly(L). When x
and y are numbers, ||-|| denotes absolute value. When x and
y are density matrices, ||-|| denotes the operator trace norm.
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In the latter case, the superpolynomial decay of |[x — y||
guarantees that all local observables and information-
theoretic quantities (e.g., von Neumann entropy) of x
and y are also sufficiently close.

As mentioned in the introduction, the two-way channel
definition has been successfully applied to extend various
quantum orders to open systems, including topological
order. On the other hand, since mixed states also encompass
classical statistical mechanical ensembles, it is desirable for
a complete definition to capture known classifications of
classical statistical mechanics phases. However, the clas-
sification based on Definition 1 is not consistent in some
cases, as we show.

Consider a 2D square lattice A with one qubit defined on
each edge e. A product state |s) in the Pauli Z basis (e.g.,
|s) = [01001...)) is called a loop configuration if A,[s) =
[l.e,Z.|s) =|s) is satisfied on each vertex v. The
classical loop state py on A is defined as the uniform
distribution of all possible loop configurations:

Pel X Zé(s is a loop config)|s)(s|. (3)
S

If A has a nonzero genus (i.e., A has “holes”), then we
further require the summation to include only s with an
even number of noncontractible loops around each hole.
For each hole, there is another state p., which is an
ensemble over all configurations with odd number of
noncontractible loops.

When defined on a disk, the state p.; can be understood
as the zero-temperature Gibbs state of the following
Hamiltonian:

7
H=-» A, A, =-27t+r,
; Z—%—Z W

_ _ 1 —BH —BH
Pel = PB=co = Bh_}ngce /tr(e )

This resembles a gauge theory, except that we are associ-
ating the kinetic energy of the gauge fields with vertices
instead of plaquettes (on a square lattice this is equivalent to
the usual formulation where kinetic energy is associated
with plaquettes), and, furthermore, we are not imposing the
Gauss law.

The Gibbs state p; possesses a strong 1-form symmetry,
Pa = Zypa, and a weak 1-form symmetry, py = X,pqX,,
where X, = [[;c, Xi» Zs =[lic5Zi» and y and @ re-
present any closed loop of edges on the lattice and dual
lattice, respectively. Crucially, the weak symmetry is
spontaneously broken by p. since the operators charged
under it, such as Zg, where C is a noncontractible closed
loop on the dual lattice, possess long-range correlations; we
elaborate on this point in much more detail in Sec. IV. We,
thus, expect p to be in a different phase from the infinite-
temperature, maximally mixed ensemble pg_ o L.

Another hint pointing to the same conclusion comes
from the topological entropy, i.e., the subleading term in the
von Neumann entropy [36]. Comparing the topological
entropy y of py with pg_o, we find that the former has
y = log(2), while the latter has y = 0 [33,38,39].

Likewise, p. is also nontrivial from the perspective of
error correction. The two states p, p.; serve as a classical
topological memory: They encode a classical bit of
information in the value (£1) of a noncontractible Z; loop
operator and they are locally indistinguishable, to be made
precise shortly.

However, the expectation that p is nontrivial is not
fulfilled by the two-way definition of mixed-state phase
equivalence (i.e., Definition 1). As we now show, there
exists a pair of O(1)-depth channel circuits that relate the
product state pg_g t0 py = pp—o and vice versa. See also
Appendix B for a thorough discussion on the phase
transitions along both circuit paths.

To obtain pg_ from pj_,, one can evolve the latter using
a layer of bit-flip channel:

e=T1 B&(-)Xe +%(~)] : )

The dynamics independently flips each qubit randomly and
can be understood as the infinite-temperature Glauber
dynamics of the model. It is straightforward to check that
Elpal = Pp=0-

The other direction (ps—g to py) is achieved in two steps.
First, we turn pg_ into the product state [00---0) by
applying a layer of damping channel that turns any state
into |00 --0):

Ry = [ [iw()10)(0L,]- (6)

e

Next, we apply the plaquette-flip channel

1 1

R, = HBBP(-)B,, + 5(-)] By, = )S:X (7)

which randomly and independently flips edge qubits
around each plaquette p. The dynamics turns the product
state |0)(0| into p.. We remark that both evolutions are
completely classical, despite being represented as quantum
channels.

The local channel £ does not preserve the topological
memory (to be formally defined in Sec. III B) of the loop
state, as it maps both p.; and p/; to the same state. Thus, we
see that global reversibility (two-way local channels) is not
sufficient to preserve key properties of a phase. The
underlying reason is that £ and R are not locally reversible
when acting on their input states and do not preserve
locality of certain symmetries of p. (see Appendix B 3).
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B. Markov length and a refined definition

To address this shortcoming of Definition 1, we intro-
duce a new definition of mixed-state phase that is “finer”
than the previous one and is motivated by local reversibil-
ity. As we see in the rest of the work, this new definition
characterizes p as being in a nontrivial phase and reveals
several universal properties of mixed-state phases that the
two-way Definition 1 fails to capture.

We provide some motivation before introducing the
definition. In the study of pure-state quantum phases,
gapped ground states of local Hamiltonians naturally
specify a set of “physical” many-body wave functions.
The presence of an energy gap implies various universal
properties shared by all gapped ground states (e.g., area-
law scaling of entanglement and exponential decay of
correlation), which play a crucial role in analyzing and
classifying pure-state phases.

Physical mixed states, on the other hand, come in diverse
types (Gibbs states, Lindbladian steady states, etc.) without
an obvious analog of gapped ground states, and it is unclear
whether one type includes other types. Therefore, it is more
convenient to directly identify properties that should be
generally satisfied by “physical” mixed states.

The Markov length provides one such property and is
defined as follows. For a state p and a tripartition of its
support A|B|C, the quantum conditional mutual informa-
tion (CMI) I(A:C|B) is defined as

1,(A:C|B) = S,(AB) + S,(BC) = S,(ABC) — S,(B), (8)

where each S,(X) = —tr[py log(px)] is the von Neumann
entropy of region X. We henceforth focus on the case where
p is defined on a 2D lattice that may have a nontrivial
topology, and A|B|C has a geometry as shown in Fig. 1(b),
where A is a local simply connected region, B is an
annulus-shaped buffer region surrounding A, and C =
B UA is the rest of the system. We define p’s Markov
length &(p) as the smallest length & such that

1,(A:C|B) < poly(L)e~dist4.C)/¢ (9)

is satisfied for all valid (A, B, C) choices. To gain intuition,
we rewrite CMI as

1,(A:C|B) = 1,(A:BC) — 1,(A:B), (10)

where I(A:B) = S(A) + S(B) — S(AB) is the quantum
mutual information, a measure of correlation between
two parties. In this sense, the Markov length captures
how local the correlation is between A and the rest of the
system A = BC, because CMI being exponentially small in
dist(A, C) means that most of the correlation is captured by
a &(p)-width buffer region around A.

Many important classes of pure and mixed states satisfy
the finite Markov length property. In the case of pure states

p = |w)(y/|, one has the relation

I(A:C|B) = S(AB) + S(BC) — S(B) — S(ABC)

~Y—— N Y ~—\—
s(C) S(A) S(AC) 0
=1(A:C). (11)

For gapped ground states without spontaneous symmetry
breaking, /(A : C) usually decays exponentially with respect
todist(A: C), leading to a finite Markov length. Furthermore,
Gibbs states of commuting Hamiltonians (at any temper-
ature) have exactly zero Markov length, because /(A : C|B) is
exactly zero after dist(A, C) exceeds the interaction range of
the Hamiltonian [40]. We note that the loop state p falls into
the latter category [due to Eq. (4)] and has exactly zero
Markov length. For the opposite behavior, states with strong-
to-weak spontaneous symmetry breaking [41-43] are
notable examples of mixed states with diverging Markov
length [41], even though they can have finite correlation
length as defined from mutual information.

Based on the Markov length, we propose the following
modified definition of mixed-state phase equivalence
(Maintaining a uniformly finite Markov length throughout
a channel circuit, as specified in Definition 2, is sufficient
but not necessary for local reversibility. We adopt this
explicit entropic criterion to study the topologically ordered
mixed-state phases considered here. For phases with
power-law-decaying or long-range CMI, one should
instead impose local reversibility directly).

Definition 2 (Markov length definition of phase equiv-
alence). Two states p; and p, are in the same phase if there
exists a local channel circuit C = Cy - - - C,C; (each C, is a
layer of nonoverlapping local channel gates) such that

C[pl] = P2 (12)

and, furthermore, for any time 7 and any C, C C, being a
layer composed of a subset of gates in C,, C;C,_; - - - C[p1]
has finite Markov length; i.e., &(p,) < & some &, = O(1)
independent of .

It was shown in Ref. [29] that two states being equivalent
under Definition 2 implies their equivalence under
Definition 1. More precisely, given the conditions in the
definition above, one can construct a quasilocal channel
circuit that reverses the action of C, which further satisfies
local reversibility. This is because a local operation £’s
influence on a finite-Markov-length state can be approx-
imately reversed locally by another operation E [44], as
depicted in Fig. 2(a). Therefore, if we write the channel
circuit C (“forward circuit”) as

C=C,---C; with C,:Hgt,x’ (13)

then we can construct the following “reversal circuit’:
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FIG. 2. (a) lllustration of local reversibility of a single gate. We say a channel gate £ (red box) is locally reversible with respect to the
input state p if there exists another channel g (green box) localized around & such that E’Sp = p. Each leg represents both bra and ket
Hilbert spaces. If p has a finite Markov length &(p), then any local channel gate £ is locally reversible with respect to it. We remark that £
typically has a larger support than £ (see Ref. [29] for more details). For illustrative purposes, here we draw them with identical supports.
In all figures, the support shown for each gate should be understood as supp(&, ;) U supp(E‘xﬁ,), which should be nonoverlapping for
different gates within a layer of the circuit. (b) The lhs depicts a two-layer circuit C and its local reversal circuit C. The latter exists if p1’s
Markov length remains finite at any time under the evolution of C. Each gate &, (in &) and its corresponding ELX satisfy the local
reversibility condition illustrated in (a) upon the state at the corresponding layer. Thanks to this gate-by-gate reversal property, for any
spatial bipartition into A and B, one can partition the circuit accordingly (rhs) such that Eq. (16) is satisfied. (c) Because of the local
reversibility, action of a channel CDC upon p; (lhs) can be mimicked by another channel D¢ whose support is slightly enlarged.

¢

o —————————
< -

o

=C---C, with C, = H&_x (14)  Definition 2. For a partition of the lattice into A and B
. (A = AUB), one can partition C and C accordingly [as
illustrated in Fig. 2(b), right]:
that (approximately) undoes C’s influence on p; in a gate-
by-gate fashlon,-a-s long as the evolving §tate’s Markov C =C,Cp, C=0CuCy, (15)
length remains finite throughout the evolution.

Because of the gate-by-gate or local reversibility, the
forward and the reversal evolutions C and C are more
special than a pair of evolutions satisfying only Definition
1. In particular, they are localizable and locality preserving,
as explained below. . .

Localizable—Local reversibility implies that p; can be CaCuCglp1] = Cilpi]. CsCplp] =p1, (16)
converted to and recovered from p, on different regions
sequentially, as detailed below. Suppose C satisfies  which is also illustrated visually as follows:

such that C, is supported on A together with the region near
the boundary separating A and B; and likewise for Cp.
Referring to Fig. 2(b), we can easily verify that

041014-5
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P1 Cslp] p2 = Clp1]
A e, A R A
________ — e —
CB CA
B B B

In each panel, in the interior of the blue (green) region, the
state looks p; (p;). In the second panel, around the
boundary region between A and B, the state may be
different from p; and p,.

Locality preserving—C (and C) relate quantum opera-
tions on p; and those on p, in a locality-preserving fashion.
Let D be a quantum channel acting on p,. It induces a
channel CDC acting on p;, and its action on p; can be
mimicked by another channel, e (henceforth termed D
dressed by C), that is localized around the support of D:

CDClp;] = CxCxDCxCxlpi]
= CxDCx[p1] = DCpy]. (17)

where X denotes the (slightly enlarged) spatial support of
D. Equation (17) holds because the gates in é;( and Cy
cancel each other due to Eq. (16). The construction of T is
also illustrated graphically in Fig. 2(c). We remark that, in

the special case that C and C are unitary circuits (i.e.,
Cl|=U-U", we have D[] = U'D[U - U|U, which
manifestly has the same locality as D, just on an enlarged
support. For local channel evolution, we need the extra
assumption of local reversibility to find a local DC.

In the following sections, we see that these properties
make Definition 2 a finer definition than Definition 1, and,
in particular, they distinguish p as a nontrivial phase.

III. TOPOLOGICAL DEGENERACY
OF MIXED STATES

Topological degeneracy (TD) is a hallmark of zero-
temperature quantum topological order. When defined on a
topologically nontrivial lattice, a topologically ordered
quantum Hamiltonian has a ground-state subspace Hgg
whose dimension depends on the lattice topology.
Furthermore, different states within Hgg are indistinguish-
able using any local observables.

Mixed states of interest are not necessarily associated
with any Hamiltonian’s low-energy states. Thus, when
generalizing TD to mixed states, it is most natural to use
local indistinguishability as the starting point (similar
notions for mixed states were proposed in Refs. [22,45]).

A. Mixed-state TD

Definition 3 (locally indistinguishable set). For a mixed
state p defined on a region A, its locally indistinguishable
set Q(p; &) is the set of states that are identical to p on any
topologically trivial subregion and have a Markov length
no greater than &:

Qp: &) ={0:&(0) < &o.04 = pa
for all simply connected A C A}. (18)

The definition resembles the definition of the informa-
tion convex set in entanglement bootstrap (see, e.g.,
Definition C.1 in Ref. [46]). A few remarks about the
definition.

(1) The finite-Markov-length constraint is necessary for
the definition to be meaningful. As we illustrate with
the p, example, the constraint removes “unphysical”
locally indistinguishable states. These unphysical
degeneracies are unstable and do not carry over to
other states in the same phase. We expect that
Q(p; &y)’s dependence on & = O(1) is not impor-
tant in the thermodynamic limit when &, is chosen to
be sufficiently large [in particular, &, needs to be
larger than &(p)]. We henceforth assume that & is
always chosen to be large enough and drop the &,
within Q(p; &).

(2) Q(p) defines a convex set, i.e., if 61, 0, € Q(p), then
VY pe€l0,1], 63 = po, + (1 — p)o, € Q(p). To see
this, it suffices to check that o5 is locally indistin-
guishable from p and has a finite Markov length. The
former follows from 634 = poj s+ (1 — ploya =
pa for any A. To verify the latter, we notice
that I, (A:C|B) = S,,(A|B) - S,,(A|BC), where
S(X|Y) = S(XY) — S(Y) is the quantum conditional
entropy. Since A U B is a simply connected region in
the definition of Markov length, S, (A[B) =
Ss,,(A|B). We cannot treat S(A|BC) similarly,
because C is not simply connected, in general
(e.g., when ABC forms a torus). We instead apply
the concavity of conditional entropy: S,,(A|BC) >
pS,,(A|BC) + (1= p)S,,(A|BC), which gives us
1,,(A:CIB) < pl, (A:C|B) + (1 - p)I,,(A:C|B),
for sufficiently large L. Thus, &(o3) is finite and
bounded by max{&(o)), &(0,) }-

(3) Reflexivity: If p € Q(o), then o € Q(p).

(4) A state o belongs to Q(p) if and only if, for any
simply connected region A away from A’s boundary,
there exists a channel D acting on A satisfying only
Dlp] = 0. To prove the “if” claim, we let B be a
width r buffer region surrounding A and let C be the
rest of the system. Then by definition of Q(p) we
have p,p = 04p. Furthermore, since ¢ have finite
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Markov length &, when r > log L, one can find a
channel Rg_pc such that Rp_pc(oap) = o [44].
Therefore, letting D = Rp_,pc o tre fulfills our goal.
To prove the “only if” claim, we first notice that,
since D can be pushed out of any local region A, ¢
and p must be indistinguishable on A. Furthermore,
since Ipy,|(A:C|B) <1,(A:C|B) for any D acting
on D only, we have &(o) < &(p).

We say a mixed state p defined on A [47] has TD if
the shape of its Q(p) as a convex set depends nontrivially
on the topology of A. Mixed-state TD generalizes the well-
studied ground state degeneracy of quantum topological
order. For instance, consider the 2D toric code
Hamiltonian:

Htc:_ZAv_ZBp’ (19)
v P

where A, and B, were defined in Egs. (4) and (7). When
defined on a 2D closed manifold with genus g, the
Hamiltonian has a degenerate ground state subspace V
with a Hilbert space dimension of 2g. As we show, the
locally indistinguishable set Q(|y) (w]|) of any ground state
lw) €V is given by

Qly)(wl) = conv{|p)(#l:|¢) eV}, (20)

which is the set of all density matrices supported on the
subspace V. To prove this claim, we first notice that all
states within A are identical on any simply connected
region A; i.e., trj (|w)(y]) is independent of |y). Second, to
verify that the states have a finite Markov length, it suffices
to check it for pure states |y) (y| within Q. As we remarked
earlier, for pure states, we have I(A:C|B) = I(A:C) = 0.
Therefore, all states within Q(|y)(w|) have zero CMI and
thus zero Markov length.

Nontopologically ordered degenerate ground states, e.g.,
those of spontaneous symmetry breaking of a O-form
symmetry, do not have nontrivial Q, because different
states in the subspace can be distinguished locally through
an order parameter.

B. TD of the classical loop state

We now study the topological degeneracy of the classical
loop state p.; defined on lattice A being a torus.

To understand the structure of Q(py), we can draw
insights from its similarity to the toric code state |tc). While
Pe 18 an incoherent mixture of loop configurations, |tc) is
their coherent superposition. In the toric code, distinct
ground states are characterized by the parity of noncon-
tractible loops around the two holes of the torus. This
suggests that a similar mechanism might generate a non-
trivial Q(p), which indeed proves to be the case.

We define four loop states with definite winding number
parity:

pa” o D Blf(s) = s fy(s) = s5,]ls)(s

s €loops

, (21)

where f,/,(s) measures the parity (modulo 2) of
noncontractible loops around the x/y direction and
sy, 5, €{0,1}. The original loop state p is just p.

To demonstrate that each pi’l‘s" belongs to Q(p.), we
employ the stabilizer formalism. Given a set G =
{91 -, g} of commuting and (multiplicatively) indepen-
dent n-qubit Pauli operators, its corresponding stabilizer
state p is defined as the maximally mixed state in the
simultaneous +1 eigensubspace of each g;:

pe IT(*57) @)

g €Y

Here, each g;€ S is called a stabilizer generator (or
simply stabilizer) of p. The generating set of a stabilizer
state is not unique. For example, G’ = {9192, 92, G3» --+» G }
defines the same stabilizer state as G. Two generating sets G
and G’ define the same state if and only if they generate the
same Abelian group of Pauli operators, known as the
stabilizer group of pg.

Each p_*" is a stabilizer state. They share a common set
of vertex stabilizers [see Eq. (4) for the definition of A,]
{A,}, which enforce the loop constraint at each vertex [48].
Additionally, each pi’l‘s"' has two stabilizers that fix the
parities of noncontractible loops in the x and y directions:

Glpa”) = {A}, U{(=1)"Z5. (-1)"Z5 }, (23)

where @,/ represents any noncontractible loop along the
x/y direction on the dual lattice (see Fig. 3 for illustration).
The operator Z, = [];c, Z; measures the “flux” of loops
across a closed loop y. Different choices of y with the same
topology yield equivalent states, as y’s shape can be
modified by multiplying with vertex stabilizers A,,.

It is straightforward to verify that all pz‘l‘s" states are
indistinguishable on any simply connected region A. We
now examine the state’s Markov length. For a stabilizer

Ay Iy ZV
H 1
i~Z ! z
7—7 y/ |
e i 7
z
IF..Z ..... Z A Z
z |
! Z
y/ |

i A Z B C
z |
! VA
z |
T L
Z |
i VA
Z 1

FIG. 3. Construction of a stabilizer state & belonging to Q(p)-
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state p, the conditional mutual information /(A:C|B) is
given by

I(A:C|B) = IgI}iI)ngE G(p), support of g
p

intersects A and C}|, (24)

where the minimum is taken over all equivalent choices of
G(p) [49]. For a partition A = A U B U C with the topology
shown in Fig. 3, local A, terms do not contribute to
I(A:B|C) when B’s width exceeds a few lattice spacings.
For the nonlocal stabilizers Z; , we can always choose

paths y that are supported only in C, as only their topology

matters. Therefore, &(p.") = 0 and

conv{pl. pal . pef’ . pel € Qlpa)- (25)

We now argue that this inclusion is an equality. Consider
any stabilizer state in Q(py), which must be locally
indistinguishable from p and have finite Markov length.
All A, terms must be retained as stabilizers; otherwise, the
loop constraint would be violated at some vertices, con-
tradicting local indistinguishability. Moreover, no new
stabilizer whose support lies within a simply connected
region X can be introduced, as this would alter py, again
violating local indistinguishability.

Therefore, to satisfy local indistinguishability, we must
add stabilizers with non-simply-connected support. While
there are many possible choices, such as Pauli operators of
the form [[; <, Z, where k is non-simply-connected, most
of these choices increase the state’s CMI and violate the
finite-Markov-length condition.

Consider, for example, adding Z, where y is a non-
contractible loop on the primal lattice (not the dual lattice)
as shown in Fig. 3. Unlike Z;, the shape of Z, cannot be
modified by multiplying with A, terms. Consequently, for
any region A that y crosses (as illustrated in Fig. 3), Z,
increases the state’s /(A: C|B) by 1 for any B, resulting in
an infinite Markov length £. This argument extends to all
non-simply-connected stabilizers wrapping around the
torus, except for the “topological” operators Z; that can
be deformed by multiplying with A, terms.

This analysis generalizes to p. on closed surfaces with
higher genus k. The corresponding locally indistinguish-
able set Q(p,;) forms a simplex with 2% extremal points,
with its structure determined solely by the surface topology.
Each extremal point corresponds to a loop ensemble with
fixed winding number parity around each “hole” of the
surface (a genus-k surface has 2k inequivalent holes).

C. TD as a phase invariant

We now examine whether TD is a universal property
shared by all states within a mixed-state phase.

We notice that if one adapts the two-way definition of
mixed-state phase (Definition 1), the answer is clearly
negative: On a torus, p; and |0) belong to the same phase
using this definition (Sec. II), while the latter does not
display TD (i.e., the product state’s locally indistinguish-
able set contains only itself).

We now demonstrate that, under the Markov length
definition of phase equivalence (Definition 2), TD is a
phase invariant. More precisely, let C[p| be any state in the
same phase as p with C being the circuit that keeps the
Markov length finite throughout; then, C and C establish a
one-to-one correspondence between states in Q(p) and

those in Q(Clp]):

Q(p) == Q(Clp))- (26)

adl o

Consider a local channel circuit C = C,...C, acting on
po = p that keeps its Markov length finite. By definition, all
p: =C,|p,_,] states are in the same phase, and (recall
discussion in Sec. II B) there is another channel circuit C =
él...@n that reverses C’s action on p.

We first prove that, for any o) € Q(p), evolving o using
C also keeps its Markov length finite throughout the
evolution. It suffices to check this for a single time step
C,. The evolved state can be written as

o1 =Ciloo) = C\Dlpo) = C,DC\Cy[po] = DO [py],  (27)

where D is a quantum channel satisfying 6, = D[p,] (see
comment 4 underneath Definition 3). For any partition A =
AU B U C following the geometry in Fig. 1(b), we can

choose D’s (and, consequently, D1’s) support to lie entirely
within C (see comment 4 beneath Definition 3). By the
data-processing inequality [50],

Ipeip, (A:CIB) <1, (A:C|B) (28)

holds for any A U B U C partition, implying &(o;) < E(py).
Iteratively applying this argument to the full evolution
C,...C;, we obtain

&(o;) <&(py) with 0,=C,...Ci[o0] VY 00€Q(po). (29)

This condition, combined with the local indistinguish-
ability of p, and o, ensures that C reverses C’s action on oy:

CC[U()] = 0y. (30)

Since this holds for any 6, € Q[p,), C (and C) establish an
isometric  bijection between Q(py) and Q(Clpy)]).
Specifically, for any pair of states 6,6’ € Q(p) and for D
being any distance measure of quantum states satisfying
monotonicity under quantum operation (e.g., trace distance,
relative entropy, fidelity distance), we have
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D(Clo],C[¢’]) < D(o,0’)
- D(éC[a], @C[a’]) < D(C[o],C[o"))
= D(Clo],C[o"]) = D(o.0"), (31)

where both inequalities follow from the monotonicity.

We now apply the result above to the classical loop state
defined on a torus. Since Q|p] in this case is a tetrahedron
as a convex set, Q(C[p|) must also be a tetrahedron due to
linearity of quantum channels. This geometric preservation
excludes the possibility that p. and the product state |0...0)
belong to the same phase on a torus, as the latter has a trivial
Q containing only itself.

We remark that this phase-inequivalence proof assumes
that the total lattice has a nonzero genus [otherwise, both
Q(pg) and Q(|0...00)(0...00|) are trivial, and, thus, the
no-go condition does not hold]. In Sec. IV, we present
another proof that applies to p. defined on zero-genus
manifold, e.g., sphere and disk.

D. Preservation of memory encoded
in the TD and coherent information

As an application of the results above, we now consider the
scenario in which the TD of Q(p) serves as memory for some
encoded information, which is then subjected to noise. We
formalize this scenario as follows: A TD memory of p is a
triple (M, &, D), where M is a convex set of logical (mixed)
states that we want to encode; an encoding channel
E:M - Q(p); and a decoding channel D:Q(p) - M
satisfying Do £ = 1,. M can be both classical (a simplex)
or quantum (e.g., Bloch ball for a qubit).

Given the definition above, the preservation of the TD
memory of p is a direct consequence of the phase invariance
of the locally indistinguishable set Q(p), argued in
Sec. III B for the classical loop state. Indeed, if C(p) is
another state in the same phase as p, then it has a TD

memory (M,Co &, DoC) due to the following commuting
diagram [see Eq. (26)]:

M= Qlp) = Q(Clp)). (32)
C

For a quantum memory M, the amount of quantum
information preserved after a channel C acts on a state
c€Q(p) can be captured by the coherent information
I(6,C) [51]. Tt is defined as I(0,C) = S(Q') — S(RQ'),
where ¢ is purified to an extended system RQ, which is
then acted upon by Iz ® Cy to become RQ’. Hence, it
measures the amount of correlations still present between R
and Q. By the data-processing inequality, the coherent
information achieves its maximum value S(o) if, and only if,
the state can be perfectly recovered, which is precisely the
case since C is a locally reversible channel circuit. For the
pure toric code case, this conclusion agrees with previous
explicit calculations of the coherent information [5,52].

IV. SPONTANEOUS BREAKING
OF WEAK 1-FORM SYMMETRY

For quantum topological orders, topological degeneracy
arises from the existence of anyons and their nontrivial
braiding relations. In modern terminology, quantum topo-
logical order (in 2D) results from spontaneous breaking of
1-form symmetries—symmetry operators that take the form
of a loop.

In this section, we demonstrate that the nontrivialness of
pq and its corresponding mixed-state phase emerge from a
similar mechanism: the breaking of a weak 1-form sym-
metry and its corresponding fractionalized excitations.
Remarkably, the symmetry action takes the form of a
quantum channel when away from the fixed-point state.

The classical loop state exhibits the following sym-
metries (recall that X, = [[,c, X; and Z; = [[;c 4 Z)):

i€y @

Pel = uybcl} = Xypclxyv
P = Zapals (33)

where y and @ represent any contractible closed loop of
edges on the lattice and dual lattice, respectively. Note that
X, must act on both sides to preserve the density matrix,
while Z; needs to act only on one side. In the literature,
these are termed a weak [-form symmetry and a strong
1-form symmetry, respectively.

The strong and weak 1-form symmetries of p exhibit a
’t Hooft anomaly in the following sense. When we truncate
a loop y into an open string y,;, between vertices a and b,
U,  creates two nonlocal pointlike excitations at vertices a
and b by flipping the signs of A, and A,,. The resulting state
becomes a mixture of closed loops with singular end points
at a and b.

These excitations are nonlocal in the sense that no
operation localized near a and b can remove them to
restore pg from U, , [pq]. To demonstrate this, consider any
dual loop @ that encircles only vertex a while remaining
well separated from both a and b. We find

Z(Z) : uyab [pcl] = _uyab [pcl]' (34)

This follows from the fact that y,, and @ intersect once,
implying X, Z; = —Z;X, . The relation Eq. (34) is the
manifestation of the 't Hooft anomaly and is also known in
the literature as braiding statistics.

The anomaly structure precludes the possibility of
locally removing the excitations around a and b, as any
such local operation cannot alter Z;’s expectation value
from —1 back to tr(Zzp) = +1, given that @ is distant
from both vertices. Furthermore, only the topology of v, is
relevant: If y/, is another open string connecting a and b,
then uy;h [pcl] = uyab [pcl]'

Itis also useful to view X, as a weak symmetry operation
on the state and Z; as an observable, where trZ;p, = 1.
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The anomaly structure then implies that the weak 1-form
symmetry X, is spontaneously broken, with Z; being the
loop order parameter. Alternatively, one can view Z; as a
strong symmetry operation and X, as a “fidelity observ-
able” in the sense that F(p,U,[py]) = 1. The anomaly
structure then implies a strong-to-weak spontaneous sym-
metry breaking (SWSSB) of the 1-form symmetry Z;, with
X, being the loop order parameter [34].

In this work, we use several phrases interchangeably:
the mutual ’t Hooft anomaly between the strong and
weak 1-form symmetries, the mutual braiding statistics,
SSB of the weak 1-form symmetry, and SWSSB of the
strong 1-form symmetry [53].

We show that these symmetry-breaking properties
extend to all states in the same phase as p. (under the
Markov length definition). Each state exhibits both
“dressed” strong and weak 1-form symmetries. Away from
the fixed point, these symmetries may be deformed: The
weak symmetry becomes a “channel symmetry”—a quan-
tum channel supported on a smeared loop—while the
strong symmetry becomes a Hermitian operator on a
smeared dual loop. When truncated, the weak symmetry
action continues to create pointlike excitations at its end
points, detectable by the strong symmetry.

One can obtain explicit expressions of these dressed
symmetries. For a state ¢ in the same phase as p, there
exists a circuit C and its local reversal C such that 6 = C[p]
and C[o] = pg, as discussed in Sec. Il B. o possesses the
following dressed weak and strong 1-form symmetries:

o =US[o],
o =C'Z,lo, (35)

where Z/{f was defined in Eq. (17) [and Fig. 2(c)] and C*
is the dual map of C defined by the relation
tr(AC[B]) = tr(C'[A]B). The first equality follows directly
from Eq. (17): US[6] = CU,Clo] = o. The second equality
derives from 1 = tr(Z;C[o]) = tr(C'[Z;]0), which implies
C'[Z;]6 = 6 by Lemma 1 in Appendix A [54].

Note that the dressed weak symmetry, in general, has the
action of a channel, and the fact that C is locally reversible
is crucial in preserving the locality of this channel sym-
metry. This is essential in ensuring that the dressed weak

1-form symmetry U< on o also exhibits SSB:

Cf [Z(I)} U

Vab

[o] = —Ug,[o], (36)

where the configurations of y,, and @ are illustrated in
Fig. 4. We postpone the proof to Sec. IV B. Importantly,
Eq. (36) above it means that anyons are well defined
throughout the phase of p; they are nonlocal excitations
created at the end points of the stringlike channel L{fab that

can be detected by loop operators C'[Z;] encircling them.

Pcl o= C~ [,001]
u"/ab ll \| Z/{Sab
a /\_‘_/ b /' a b
G =i Cl[Zs) = -1

FIG. 4. [Illustration of 't Hooft anomaly and spontaneous
symmetry breaking of 1-form symmetries for the loop state p
(left) and for a generic state ¢ in same phase as p;. In both cases,
truncating the weak symmetry action from a closed string to a
open one (solid green line) creates two pointlike excitations on
the two ends a and b. Such excitations can be detected nonlocally
by an operator (“strong symmetry,” dashed blue line) wrapping
around it. The weak symmetry UC acting on & takes the form of a
channel symmetry generically.

One way to quantifiably measure the existence of exci-
tations created by M%b is by computing the relative entropy
between o and U [o] = C[U, (pa)] [5]. The reason is that
the relative entropy S(o||U¢  [6]) is high when the two states
are approximately distinguishable to each other, which is to
be expected if Z/{fab creates detectable excitations on o.
Indeed, since ¢ and Z/lfab [6] are supported in distinct eigens-
paces of C'[Z,;] by Eq. (35), their relative entropy is +co. Had
we taken care of the approximation errors in the local
recovery equation CC(py) ~ py and in the exponential tails
of the reverse channel C, we expect the relative entropy to
scale with the distance between the excitation points a and b
instead of being infinite. This behavior was found in Ref. [5]
for the case of the pure toric code state under Pauli Z and X
dephasing below noise threshold.

A. TD on an annulus and topological entropy

So far, we have shown that p has a nontrivial topological
degeneracy Q(p,) and that this is a universal feature of its
phase—namely, that any other state ¢ in the same phase as p,
also has a nontrivial topological degeneracy Q(c) and that it
is in one-to-one correspondence with Q(p.). Here, we
present two additional universal features of p that distin-
guish it from any states in the trivial phase, namely, its
nontrivial degeneracy on an annulus-shaped subsystem and a
lower bound on topological entropy. Both properties depend
only on p,,’s reduced state on a large subregion. We remark
that discussions below apply to any state with spontaneously
broken weak 1-form symmetry.

We again assume ¢ = C[py] is a state in the same phase
as p., both defined on some 2D lattice A. Let I C A be an
annulus-shaped region with both its width and radius much
larger than C’s range. We investigate the locally indistin-
guishable set Q(or), where o = tryo.

Let y,;, be a string connecting point a in the interior of I'
to point b outside I', and let @ be a dual loop wrapping
around I', as illustrated below:
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a /’Vab

Consider the following state defined on I

of = trp(US  [o]). (37)

The state of- is locally indistinguishable from o on any
simply connected region A CI’, as y,, can always be
deformed away from A without altering the resulting state
Ufnh [6]. Furthermore, for a closed noncontractible loop @
within I" that is away from the boundary,

C'(Za) - U5, lo] = =U5, o]
= C1[Zs]o} = —ol.. (38)

Since op satisfies C'[Z;]or = or, the support of of-
in Hilbert space must be orthogonal to that of or.
(Recall that C'[Z;] is a Hermitian operator, as the dual
map is Hermiticity preserving.) Therefore, Q(or) is a
nontrivial set:

conv{oy, or} C Q(or). (39)

This provides another proof that p. belongs to a non-
trivial phase: If we take o = |00...0)(00...0], then oy is
simply a product state with a trivial Q. Remarkably, this
proof imposes no condition on the global topology of the
lattice.

The degeneracy also leads to a lower bound on the
topological entropy—another hallmark of topological
phases. It has long been noticed that p, has a nonzero
topological entropy [33]. Here, we show that it is indeed a
universal feature shared by all states in p’s mixed-state
phase. The proof below is inspired by a similar proof for
pure states in Ref. [55].

Using the Levin-Wen tripartition [32] of an annulus into
A, B, and C, as shown in the figure below, the topological
entropy is then given by the conditional mutual information
I,(A:C|B). In addition, we let A’ be a region shrunk
radially compared to A, and R be a region that covers the
part of y,;, within A:

Because of the monotonicity of CMI under channels acting
on A or C only,

I,(A:C|B) > Ieyo (A:C|B) > Ieyo (A":C|B), (40)

where Cp is part of C as defined through decomposition
C = CiCy [see Eq. (16)]. Recall that Cg o] is indistinguish-
able from p in the interior of R.

We define a new state ¢” =16’ +Jo € Q(or), which is
the equal mixture of ¢ and ¢’. We have

1,(A:C|B) > I¢,1(A': C|B)
= I, (A':C|B) + S¢ 1 (A'BC)
— Se,o) (A'BC)
> S, i1 (A'BC) =S¢, (A'BC). (41)

The first inequality is due to the data-processing inequality
for CMI, while the last inequality is because CMI must be
non-negative. Since Cglo”]yc=3Cr[0]apc+3Crl0 | a5c
is an equal mixture of two states being orthogonal to each
other, we get

Se,f)(A'BC) = S¢, 6] (A'BC)
1
= 5 (SCR[J’] (A/BC) - SCR[a] (A/BC)):O + IOg 2
= log 2. (42)

And, therefore,
I(A:C|B) > log2. (43)

In Eq. (42), the term in the bracket is zero because the two
states Cg[o]ypc and Cg[o’] 45 are related by an on-site
unitary action, namely, a product of X along the segment of
Yap Within A’

We remark that, following a similar argument as in
Ref. [56], a nonzero topological entropy leads to a lower
bound on the level of topological degeneracy on torus. In
this sense, the lower bound above is related to our
conclusion in Sec. III B.

B. Proof of Eq. (36)

We now go back to prove SSB of dressed 1-form
symmetry in o = C[py], namely, Eq. (36).

It suffices to show that tr[lhs of Eq (36)] = —1 (accord-
ing to Appendix A). Using Eq. (17) and the definition of the
dual map, we have tr(lhs) = tr(Z, - CCU, [p]). Let A be a
region that intersects with @ and is distant from y ;,, and let
B be the complement of A. This gives rise to the circuit
partition C = CpCy4. Let ¥/, be a curve connecting points a
and b that crosses region A. The geometry of A, y,;, 7\
and @ is illustrated below:
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Since y,;, is well separated from A, Eq. (16) implies
ccu,, lp) = CpCeld,, ,[p]. Additionally, as y,, U 7., forms
a closed loop, we have U, [p] = U, [p]. Therefore,

tr[lhs of Eq (36)] = tr (Z,;, CyCild,,, [p]>
= w(ChChiZa] - Uy ). (44)

A key observation is that CyCh[Z,] takes the form
Z;, ® CiCh [Z5,], where @,(p) denotes the portion of @
within region A (B). Moreover, CjCp[Z;,] has support
around @g. This leads to the following commutation
relation:

CuChlZa) - Uy, -] = (Z5,C5Ch1Za, )Xy, [ 1X,,

ab

==X, (Z5,CiChlZs,))[ - 1X,,

= Uy, [C}Ch1Z,)--]. (43)

The second equality holds because a};CL[Z,;,B] and X,
commute due to their nonoverlapping supports. Therefore,

trlhs of Eq (36)] = —tr<L{ygb [CLCEZ2) p])

= (2, CoCalp))
— —tr(Z(Dp) = —1. (46)

This completes the proof of Eq. (36).

V. DISCUSSION AND OUTLOOK

We have proposed a new definition of mixed-state phases
based on locally reversible channel circuits, and we have
shown that local reversibility implies that operations on a
state are transformed in a locality-preserving fashion. As a
result, all symmetries (strong and weak) and anomalies of
the state are preserved under such channels. The dressed
weak symmetry naturally motivated the concept of a
channel symmetry, a new direction to generalize symmetry
in open quantum systems.

We end with some discussions.

(1) The implications of channel symmetries, especially
with respect to anomalies, deserve further inves-
tigation. Such properties of mixed states are in sharp
contrast to the case of pure state quantum phases,

where dressed symmetries remain unitary. More-
over, the anomaly between dressed strong and weak
symmetries is defined with respect to a particular
state [as in Eq. (36)], in contrast to the pure state case
where anomaly is a property of symmetries only. It is
an important question whether, for two mixed states
p and o in the same phase, unitary strong and weak
symmetries of p can induce dressed symmetries of ¢
that are also unitary, and can their anomaly hold at
the operator level?

(i) As a primary application of our general results, we
have demonstrated that the 2D classical loop en-
semble is nontrivial under our new definition,
despite being connected to a trivial product state
via two-way local channels. It would be interesting
to find other classes of states in which our refined
definition leads to a different classification of
phases.

(iii) In our definition, Markov length plays a central role
in ensuring local reversibility. It has recently been
proven that quantum Gibbs states of local Hamil-
tonians possess finite Markov length [57]. It is
interesting to ask the converse question: If a state
has finite Markov length, is it guaranteed to be a
Gibbs state of a (quasi)local Hamiltonian? The 1D
special case of this question was addressed in
Ref. [58], while in higher dimensions the answer
appears to be unknown whenever the Markov length
is not exactly zero.

(iv) Finally, we note that, in Ref. [27], a mixed-state real
space renormalization group (RG) was proposed
which ideally coarse-grains blocks of the system
while preserving correlations between a block and
its complement. Importantly, such an ideal RG
scheme constitutes a locally reversible channel
which as shown in the current work preserves
symmetries and anomalies of the state, as an RG
flow should.

Note added. Recently, we became aware of a recent
independent work [59] that discusses topological degen-
eracy and topological entropy in mixed states using the
entanglement bootstrap approach. We also draw the read-
ers’ attention to a forthcoming work [60] discussing a
different form of emergent channel symmetry acting on
Gibbs states in open system dynamics.
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APPENDIX A: EQUIVALENT
CHARACTERIZATIONS
OF STRONG SYMMETRY

We prove a lemma that was used multiple times in the
main text. It concerns equivalent conditions for a state to
posses a strong symmetry. A similar result appeared also in
Refs. [21,22].

Lemma 1. For a quantum state p, an operator O satisfying
[|O|| =1, and a quantum channel &, the following three
conditions are equivalent (A€ C and || = 1):

(1) O-&lp] = A€[pl;

) &70]-p = ap;

(3) w(&T[0]-p) =tr(0-Efp]) = A

Proof. (1 & 2) Using the Stinespring dilation of the
channel &:

Elp] = ra[U(p @ [0)(0],) U] (A1)

Then, we have

0 - &lp] = 2€lp)
©0-Ulp®[0)(0],)U" = 2U(p  [0)(0],)U"
S UTOU-(p ® 0)(0],) = 4 @ [0)(0],
& ,(0]UTOUI0), -p = p

s ET0]-p =dp. (A2)

(1 & 3) Going from 1 to 3 is simply by taking partial
trace. To go from 3 to 1, we consider an eigendecompo-

sition of the density matrix: Ep] = >, pilyw:) (yw;i|, with
each p; >0 and >, p; = 1. Then, we have

1 = [w(0)I = | 3 pitlolv)
< Zpi|<Wi|O|Wi>| < Zpi =1.

(A3)

Therefore, both inequalities are saturated. To saturate the
first one, all (y;|O|w;) must have the same phase. To
saturate the second, each |(y;|Oly;)| = 1. Combining with
the condition that tr(O&[p]) = A, we know all |y;)’s are
eigenstates of O with the eigenvalue 1. We, thus, obtain

0 - Elp] = €] (A4)

APPENDIX B: EXAMPLE OF TWO-WAY
CONNECTED STATES IN DIFFERENT PHASES

The Markov length definition of phase equivalence
(Definition 2) requires not only that two states p and o
in the same phase are two-way connected by local channels
€ and F—&(p) =0 and F(o) = p, but also that £ is
locally reversible by F. Here, we exemplify the importance
of this extra condition with the case of the classical
loop state p. and the trivial state p, = I/ dim(H). We
show they are two-way connected via continuous one-
parameter families of channels £, and F, (generated by
Lindbladians), even though they are not in the same phase,
since p, has classical memory but the trivial state does not.
Hence, the Markov length must diverge along both paths,
which we also show explicitly via mappings to statistical
models.

To go from p, to p,, we apply X-dephasing channel

€, =Dx(p) =ILI1-p)()+pX()X,] for p€l0.1/2]:

pd—)tr(p) = H[(] - p)pcl + pxepclxe]'

e

(B1)

At maximal dephasing strength p = 1/2, p,, I is reached
because the strong Pauli-Z 1-form symmetries of p, which
completely characterize it, become weak.

The Markov CMI of p~"(p) can be shown to be equal
to the one of the X-dephased pure toric code [5,43,61,62],
which is known have Markov length diverging at p. = 0.11
by mapping to the random bond Ising model [29]. Thus, we
conclude that there is a transition from the classical
memory phase to a trivial phase at p = p...

1. From the trivial state to the classical loop state

Alternatively, to continuously transition from p, =
I/dim(H) to py, we first replace p, with the state
|0) = |00---0), also in the trivial phase, via the replace-
ment channel Ry = [0)(0tr[-], and then dephase the
plaquette terms By =[], X, via Dg(q) =][/[(1-¢)(-) +
qBy(-)By], resulting in the channel F, = Dp},4(q) o Ryg):

ptr_)CI(Q) = 'Fq(ptr)

= Ti(1 - 9)10)(0] + gB,|0)(0|B/]
f

(B2)

(B3)
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Markov CMI
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FIG. 5. Entropic measures of p™¢(g) that signal the phase transition at g, = 1/2. Left: the nonextensive correction AS,(q) to the

entanglement entropy, whose magnitude matches the topological entropy y in the thermodynamic limit. Right: the CMI /(A : C|B) in the
Markov tripartition for different widths L of B, where A and C have fixed length. The solid lines were evaluated using the analytical
approximation for AS,(q) = Sx(q) — S} (¢) given by Eq. (B17), whereas the data points were numerically computed from the exact

expression, Eq. (B11).

for g €10, 1/2]. For ¢ = 1/2, the classical loop state with
no noncontractible loops py = p(c)lo is reached. To prepare
another state in the classical memory Q(py) (e.g.,
Py = Xp pX X5 ), one just needs to act with the appro-
priate Wilson loop operator (X ) in |0).

By calculating the Markov CMI and the topological
entropy (see Fig. 5), we find numerical evidence that
p"~¢(q) is in the same (trivial) phase as p"~°(0) = p,
for ¢ < 1/2. The intuition for this is that p™¢(g) is a
mixture over all loops with weights exponentially decaying
with the area of the loop, and not its boundary, for ¢ < 1/2,
which heavily suppresses long-range correlations necessary
for a topological classical memory.

We can calculate these quantities due to the following
expression for p=(q):

P (gq) = Z (1= g)Nr-lelglel|ac) (ds| (B4)
o€y (M)

« Y Aao) (9o,

o€ Cy(M)

(BS)

where 1 = ¢/ (1 — g) and C,(M) is the space of all two-
cochains of the base space M with Z, coefficients, i.e.,
Cy(M) ~{0,1}"s with N, the number of faces. Given
6 € C,(M), we define the boundary state on the edges of M
as |0o) = ®, 5.0/ and |o| =3 ;0. The reduced
density matrix to a subset of links A is given by

Pig) o Y Ara(06))(ra(do),

c€C,(A)

(B6)

where r, is the restriction map to A and C,(A) is generated
by all faces that have at least one edge in A. The sum above
includes redundant states |do) iff ry(do) = ry(dc’) for

o # ¢'. This happens whenever ¢ and ¢’ differ by a cocycle

1 €Z,(A). For a connected region A, for example, we have

Pir@) e Y

(41 1 Oy (£)) (7)),
£€B,(A)

(B7)

where B (A) = {do|o € C5(A)} is the set of all contractible
loops ¢ and ¢*(¢) is an arbitrary two-cochain whose
boundary is do*(¢) = ¢. For disconnected A, pi~(p) is
a tensor product over each connected component, as can be
seen from the locality of Dy, in Eq. (B3).

For ¢ < 1/2 and large regions |A| — oo, one of the 4 < 1
factors in Eq. (B7) is exponentially suppressed compared to
the other for almost all loops #. Thus, any quantity
depending solely on the eigenvalues of p'i~¢(g), such as
its entropy S4(g), will follow the probability distribution of
the 2D classical paramagnet on the plaquettes of A. Since
the paramagnet is a Gibbs ensemble, its entropy is
extensive in system size, which implies zero (quantum)
conditional mutual information /(A :C|B) for any triparti-
tion A|B|C (see Fig. 5). As such, the Markov length of
P4~ (g) does not diverge for ¢ < 1/2, thus constituting a
single phase.

For any finite size, however, the entropy S,(g) acquires
nonextensive contributions even for g < 1/2, which, in
turn, leads to a phase transition. We study its critical
behavior in the next section.

2. Critical behavior

With more work, we can also analyze the critical
behavior near the critical point g, = 1/2. Because of
our interest in the CMI I(A:C|B) for both the Markov
and the Levin-Wen partitions, we focus on the deviations of
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the entropy S4(g) from the extensive contribution, which
gets canceled in the CMI. For that, we start from the
expression for S4(g) coming from Eq. (B7) and divide it
into two terms:

1 o' (¢ Al-|o* (£
Sa(q) = ~32 Z (Al O 4 JAI=" Ay 5 (BS)
¢€B(A)
log(Ale" () 4 lAI=le" (O] (B9)
IA]
— ZZ( )i”log (Am) — (B10)
IA] }
ZZ( >/1” log(1 + AAI=2m) (B11)
= |Als3"(q) + AS4(q). (B12)
where Z = Z‘A‘ (‘A‘)(/l" 4 A=y = (1 4+ 2)/ and in the

second line we assumed A to be connected and transformed
the sum over loops ¢ into a sum over the area varia-
ble n = |6*(¢)|.

The first term above is extensive in A and corresponds to
the paramagnetic entropy. The second term, AS,(g), is the
deviation from the paramagnetic limit. Writing
A=gq/(1 - q), we notice that AS,(g) equals the expect-
ation value of log(1 + /IW‘Z”) with respect to the binomial
distribution P(n) o (":‘)q"(l — q)"I=". We are interested in
the behavior of AS,(q) for g = gq.—dg, for small
0 <dg < g,. In this limit, one finds that the binomial

distribution is peaked at n = |A[/2 — |A|6q. Defining
n' = n—|A|/2, one therefore finds

— AS4(q) = (log(1 + e 1)) (B13)

~(log(1 + %7'47)) (B14)

~log(2) +4(n')dq + 8(n"*)(dg)? (B15)

~log(2) - 2/A|(dq)? (B16)

~log(2)e Al/&@), (B17)

where &(q) = ¢(q. — q)™" diverges with critical exponent
v=2as qg— q. [c =1log(2)/2]. Above, all expectation
values (---) are with respect to to the aforementioned
binomial distribution, and we have used standard proper-
ties of this distribution to evaluate them for 6g < 1.
Contrary to the usual decay in length, £(g) measures a
correlation area. This is not an artifact of the approximation
method and comes from the fact that S, (¢g) depends on the
region A only via its area and number of connected
components.

Since the volume and area-law contributions for the
entropy cancel out in the Markov tripartition, the Markov
CMI is dictated by AS(g):

I(A:C|B)
= ASpc(q) + ASsp(q) — ASp(q) — ASapc(q) (B18)
~ log(2)e1BI/E@) (1 — ¢~|Al/&@)) (1 — ¢~ICI/E@))  (B19)

From the expression above, we conclude that Markov CMI
converges to zero for all ¢ €[0,1/2], while the Markov
length diverges as ¢ approaches ¢g. = 1/2.

The topological entropy y can also be estimated. As a
sublinear correction to the von Neumann entropy
Sa(q) = |A|s5"(q) — r(q), it is clear from Eq. (B17) that
y(g) = 0 for ¢ < 1/2 and y(q.) = log(2), as expected for
the classical loop state. The same result is found if y is
calculated from the CMI in the Levin-Wen tripartition, up to
a correction given by the Markov CMI for the same region
sizes, which goes to zero in the thermodynamic limit.

To verify the predicted behavior near the critical point,
we numerically calculate the nonextensive part of the von
Neumann entropy AS,(q) = S[p5~(¢)] — |A|s"(g) and
the Markov CMI. For both, Eq. (B11) was used, and the
results are the solid lines in Fig. 5. We were able to verify
that the approximation given by Eq. (B17) not only gives
the correct critical behavior at g = ¢,., but is also accurate
even for ¢/q. < 1 (and |A| large), far from the regime
(¢ = q,) it was initially derived from.

3. Local nonreversibility and anomaly breaking

We finish the appendix by explaining in more details
how p,, and p_ are two-way connected, even though they
are in different phases. Apart from the divergence of the
Markov length that was already discussed, another way to
see that such two-way connection is not locally reversible is
to compute what would the dressed strong and weak 1-form
symmetries be for p,. If the channels taking one state to the
other were locally reversible by one another, then the strong
and weak symmetries of p,—respectively, Z; and U,—
would become dressed symmetries of p, maintaining the
same anomalous braiding relations. However, according to
the transformation rule of Eq. (35), we would have

Zy— €1 n(Z) =1L (B20)

Z/{y _)517:1/2 ouyo}'q=1/2 :R]I' (B21)
These two are valid strong and weak symmetries of the
state p, o I, but they are trivially so. In particular, the
anomalous braiding is lost. Moreover, the weak symmetry
U, is dressed to a channel with global support instead of
just around the loop y. Both of these properties signal the
failure of the two channels to be locally reversible by
each other.
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