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The succeeding derivation follows the manuscript of L. Plaja and L. Roso [1] very closely. Our derivation slightly
differs in the treatment of the electric field and the phase after (13).

We start with the Hamiltonian

o 0 0
HO - (0 W10> ) (1)
that is the same as in our letter, just with shifted energies. The interaction part is
- _ 0 E(t)d
Hl(t) - <E(t)d 0 ) ’ (2)

with the electric field E(t) and the transition dipole matrix element d = (¥ (0)| z |¥1(0)). We express the wavefunction
[W(t)) = Co(t) [¥o(0)) + C1(t) [¥1(0)) 3)

using time-dependent populations Cy(t) and Cy(t). The time-dependent Schrédinger equation for the populations
follows with

SColt) = ~iBC (1) (@

9Cn(t) = ~itroCa(t) — B (1)ACo (1) (5)

From the populations we can calculate the dipole

For the dipole velocity follows
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ZD(t) = IG5 (01 (1) + C5 (O (1)

+C(1)Co(t) + CF (1) Co (1)), (7)
and by plugging in (4) and (5)
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For the dipole acceleration follows
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and with the introduction of the population inversion w(t) = |Cy1(¢)[? — |Co(t)|?
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73 D() + wipD(t) = 20 E(t)dw(?).

Using (4) and (5) we can also derive an expression for the time-derivative of the population inversion by

Cult) = SICHOOL) - Co(CH(1)]

dt
= CI(H)Ci(t) + C1 (¢t )CH( t)
~ G5 ()Co(t) = G (1)Co ()
= [iw10C1(t)" 4+ iE(t)dCj (t)]C1 ()
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) = Co(O)[—1E(t)dC, (¢)]
) = Ci(t)Co(1)].-
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With (8) follows
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We consider a periodic electric field

E(t) = Egcos(wpt — ).

(12)
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If our system is only populating a single Floquet state of the interacting system, all dynamics are adiabatic, and the
dipole and the population inversion will be periodic with the laser period [2]. Therefore, they can be expressed in

terms of multiples of the laser frequency by the Fourier expansion
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with the time-independent coefficients w,, and d,, and the index n running over all integer numbers. Plugging (14)



into (12) yields
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and by comparing the coefficients we obtain
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Analogously, by inserting the Fourier expansions (14) into (10),
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and again comparing the coefficients,
(wiy — n*w?)d, = wioEod*(wny1€™ + wy,_1e7%) (18)

follows. We can utilize (16) to write
Wnt1 = —— _1'_ 1 wE—l(;[(n +2)dy12€" +nd,e”"?], and (19)
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and insert these expressions into (18), to obtain a continued-fractions expression for the dipole coefficients
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For a parameter regime, where each successive harmonic order is substantially weaker than the previous one, we can
neglect the d,,yo-term in (21), resulting in the expression

. n—2 2n? w2y —n2w2 \
d, = —e 2% dn_o ( 4+ 10 L) . (22)
n—1 n2—1 E2d?



4

Due to the nature of the Fourier expansion, the complex coefficient d,, = l~)(nw 1) is equivalent to the Fourier transform
of the dipole at the frequency nwy,. Therefore, the phase of the n-th harmonic can be extracted by ¢, = arg(d,).
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