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We present a general theoretical framework for group-resetting dynamics in a potential landscape. While

traditional resetting models typically focus on a single particle, we consider a group of particles whose collective
dynamics govern the resetting. We extend existing resetting theories to cover extreme-value group resetting. This
has applications from bacterial evolution under antibiotic pressure to swarm-search optimization. Using renewal
theory, we derive a Fokker-Planck equation for the spatial distribution of the group’s center of mass, treated as an

effective particle. This formalism yields analytical expressions for key observables such as the stationary mean
position and variance. We also study a group avoidance problem, where the particles must avoid an undesirable
region. Such problems have recently been studied in contexts such as preventing critically high water levels in
dams and controlling excessive financial leverage. Our framework offers insights into how resetting can optimize

group-level search and avoidance strategies.

DOI: 10.1103/zxft-tkq5

I. INTRODUCTION

In traditional stochastic resetting, a particle diffuses
through space and relocates to a distant position at a con-
stant rate in order to, for example, find a target [1-4].
While originally formulated as memoryless, resetting theories
now incorporate non-Markovian processes [5—7], nonequi-
librium environments [8,9], and bounded or nonrenewal
systems [10,11]. These developments have proven useful
across diverse applications, ranging from transport processes
to optimal target search. Yet, there exists a class of prob-
lems that fall outside the standard single-particle framework:
systems with many searchers where the resetting protocol
depends on collective behaviors.

One example is a swarm search [12—14]. Here, multiple
random walkers explore a landscape in parallel, continu-
ously exchanging “fitness” values (with respect to some
objective function), and, from time to time, relocate to the
position of the most fit searcher. While this strategy ac-
celerates the search, it raises challenging questions about
the optimal number of walkers and the resetting rate. An-
other example is bacterial evolution under antibiotic pressure.
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Under such pressure, the microbial population evolves toward
an antibiotic-resistant bacteria through metabolic adaptation
[15-18]. This represents an example of group search in
biological-trait space. Such a process could, in principle, be
halted by resetting the population to the least fit species us-
ing an artificial selection protocol [19-21]. Just as in swarm
search, finding the optimal parameters (e.g., the best resetting
rate) represents a considerable challenge.

Inspired by these examples, we developed a general frame-
work for group resetting in a drift potential, where the
system’s current state determines the resetting point. It en-
compasses common resetting rules, such as returning to
a fixed position or some spatial distribution [22-31], but
also more complex scenarios where, for example, all parti-
cles reset to the location of the most extreme one. So far,
dynamical resetting rules have mainly been considered in
single-particle cases, such as resetting to a fraction of the trav-
eled distance [32,33] or to the maximum position previously
reached [34].

Our framework builds on an effective description in which
the system’s center of mass (CM) diffuses as a single particle.
Within this picture, we use renewal theory to derive a master
equation for the CM’s spatial distribution under group reset-
ting. The theory yields several analytical results that agree
with many-particle simulations, even under extreme resetting
rules. We further apply the framework to a generic avoid-
ance problem, calculating the probability that the CM avoids
a specified region under counteracting drift. This problem
arises in diverse contexts [35,36], including preventing dam
overflow and controlling excessive financial leverage. While
these applications rely on single-particle models, our work
extends the concept to groups, where avoidance is regulated
by resetting to the best-performing member. We schematically
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FIG. 1. Schematic figure of group resetting. (a) Reset dynamics.
All particles relocate to the position of the selected particle in the
group. So does the CM. (b) Avoidance problem. The drift potential
drags the CM toward the minimum, marking the start of the unde-
sired or dangerous area (red). (c) The spatial distributions before
and after the group reset (black lines). All particles instantaneously
relocate to the rightmost particle before resuming diffusion.

illustrate the group-resetting process and the avoidance prob-
lem in Fig. 1.

II. GENERAL FRAMEWORK

We consider n overdamped Brownian particles with coor-
dinates x; (i = 1, ..., n) in a one-dimensional potential V (x;).
All particles start at x; = xo and diffuse with diffusion constant
D. With resetting rate r, the group simultaneously relocates
to a position X (), which in general depends on the particle
positions xi, ..., x,. To describe the collective dynamics of
these particles, we introduce an “effective particle” with coor-
dinate ¢ (¢) that represents the CM motion. It starts at &y = xj,
evolves with diffusion constant D/n in an effective poten-
tial Vg (¢) (which in general, Veg(¢) # V (x;)), and resets to
¢ = X (t) with rate r. Following the approach in Ref. [1], we
describe the spatial distribution of ¢, P(¢, |, tp) = P(¢, 1),
by the Fokker-Planck equation

D pe.ry = —Lia@)P( r)1+3—2[9P( r)}
ot g’_ag L a;zng’

—rP(¢,t) +rR(E,1). @8

The first two terms represent drift and diffusion, whereas the
last two describe removal and reintroduction due to resetting.
The reintroduction position is drawn from the resetting posi-
tion distribution R(¢, t).

The main challenge lies in determining R(Z,t), since it
may depend on the underlying process. Specifically, it is
determined by the kernel (or conditional probability density
function) K, (¢ = X|¢’ = X’; t), which gives the distribution
of the effective particle’s resetting position ¢ = X after a
time 7 since its last reset to {’ = X’. Following Ref. [37],
we employ renewal theory to relate this kernel to R(¢, 1),

obtaining

R(, 1) = WK, (£ 1%051)

+/O df¢(t)/ d¢'K, (51" Rt — 7).
@)

Here, ¢(r) denotes the waiting-time distribution between
consecutive resetting events, W(t) =1 — fot ¢(t)dt is the
survival probability, and the resetting rate is given by r =
[ fooo t¢(t)dt]™". The first term in Eq. (2) accounts for contri-
butions from trajectories without resetting up to time ¢, while
the second term accounts for trajectories whose most recent
reset occurred at time ¢t — t, irrespective of any earlier re-
sets. Together with the initial condition R(¢, 0) = 6(¢ — o),
Egs. (1) and (2) define the framework for analyzing group-
resetting dynamics in different scenarios. Further progress
requires specifying a particular resetting scheme, which leads
to different K,,(¢|¢’; 7).

The simplest example is resetting to the starting or fixed
point ¢p, as in the previous studies [1,22,31,38—40]. In this
case, K,(¢|¢';t) = 8(¢ — &), which yields R(¢,t) = §(¢ —
Zo). Another example is resetting to a randomly chosen
particle in the group, for which K,(¢|¢’;t) = G(¢|¢';T),
where G(¢|¢'; T) denotes the single-particle propagator within
time 7.

A central example in this study is extreme-value group
resetting. In this scheme, all particles reset to the posi-
tion of the rightmost one, X = max(xy, ..., X,). Deriving
K. (¢|¢';t) for this process requires extreme-value the-
ory. For large n, K,(¢|¢’;T) approaches to a Gumbel
distribution, Gumbel(¢; 1, B), as predicted by the Fisher-
Tippett-Gnedenko theorem [41-43]. Here, u = (&', t) and
B = B(¢', t) are the process-dependent location and scale
parameters, respectively. A detailed derivation of the approx-
imation K,(¢|¢’;t) ~ Gumbel(¢; u, B) is provided in the
Appendixes.

II1. RESULTS

For analytical tractability, we consider the harmonic po-
tential V (x;) :kxl-z/Z [Fig. 1(b)]. This corresponds to an
Ornstein-Uhlenbeck process [44,45], which allows us to
determine the parameters p and B analytically from the
single-particle propagator. The location and scale param-
eters are u(¢',t) =X, t)+o0(,t)b, and B, T) =
o(¢’, t)a,, where X and o2 indicate the mean and vari-
ance of the Ornstein-Uhlenbeck process, X(¢', 7) = ¢'e™**
and ¢%(¢', 1) = %[1 — exp(—2kt)]. Here, the coefficients
b, and a, are determined by the inverse cumulative distri-
bution C~!(-) of a unit Gaussian distribution, where b, =
C~'(1—1/n)and a, = 1/b,.

As a basic of avoidance, we first examine the first mo-
ment as it represents the mean displacement from the danger
boundary (¢ = 0). To this end, we compare the dynamics of
the CM with our effective-particle description under resetting.
Figure 2(a) shows the trajectories of n = 10 diffusing particles
(gray), which reset at rate r = 1 to the position of the right-
most particle. The CM trajectory xcv(= + > x;) is colored

n
in blue, where the sudden jumps indicate resetting events.
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FIG. 2. Particle trajectories and average positions. (a) Simulated
particle trajectories with group resetting (gray) and their center of
mass (blue). The red line marks the boundary of the dangerous
region (x < 0). Parameters: (n, r, k, D) = (10, 1, 1, 2). (b) Average
positions over time for n = 100 particles. The blue symbols represent
the average CM trajectory, and the orange ones show the average
from effective-particle simulations. The green line corresponds to the
first moment of P(¢, t) from Eq. (1), and the dashed line indicates
the stationary position (¢ ), [Eq. (5)]. (Inset) Position distributions at
t = 10. Histograms show simulation results for ¢ and xcy, while the
green line is the stationary distribution P;(¢) calculated numerically
from Eq. (1). The dashed line shows the first moment of P ().

Figure 2(b) shows the ensemble-averaged CM motion,
(xem(1)) (10° samples), together with the average trajectory
of the effective particle, (¢) (orange), obtained from stochastic
simulations [46] (also 10° samples; see Appendixes). Both av-
erages are nearly identical and saturate in the long time limit,
(xem(t — 00)) & (¢ (t — o0)). These results demonstrate
that the effective-particle description provides an accurate
representation of the group’s CM.

In addition to the simulations in Fig. 2(b), we show the the-
oretical prediction of the first moment (¢ (7)) (green), obtained
by solving the dynamics of ¢(¢). The dynamics of (¢ (¢)) is
obtained from Eqgs. (1) and (2) by multiplying ¢ by P(¢, t)
and R(¢, t) and integrating over ¢, which yields

d
77 8®) = —k(Z (@) + ({5, () — (£ (©)). 3)

where

(1) = / CR(. 1)dE

= \I—’(l‘)|:§0e_kl + (b, + V%)W}

+/ dfcb(f)[(é“r(t —1))e
0

+(bn + yan)y/ %(1 - 62’”)]- “

Here, y is the Euler-Mascheroni constant. In Eq. (3), the first
term describes the drift toward { = 0, while the last term
represents the resetting contribution, which counteracts this
drift by displacing the effective particle away from ¢ = 0.
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FIG. 3. (a), (b) The stationary mean position (¢ ), and (c), (d) the
squared coefficient of variation (SCV) ;7/(¢); with respect to (a), (c)
n for (r,k, D) = (1,1, 2) and (b), (d) r for (n, k, D) = (100, 1, 2).
(¢)s increases with n and r, while the SCV decreases for both
parameters. However, the SCV saturates at large n. The blue and
orange symbols indicate simulation results for groups of particles and
the effective center of mass, respectively. The green lines represent
theoretical results, and the dashed lines depict scaling trends.

Using ¢(¢) = re™"", we obtain the solution to Eq. (3) [green
in Fig. 2(b)], which is in excellent agreement with the simu-
lations (blue and orange). To further validate our theory, we
compared the stationary solution of Eq. (1) (green), obtained
by numerical integration, with histograms of the stationary po-
sitions ¢ (orange) and xcy (blue) from simulations [Fig. 2(b)
(inset)]. Again, we find good agreement.

Next, the effective-particle description allows us to calcu-
late several analytical results, including the stationary mean
position (¢)s = lim,, (¢ (t)). This is a simple proxy for
avoidance given by

(€)y = (by + >\/§r—23(l i) ©)
s = Ontyany 1 0o\2 2% )

where B(u, v) = I'(w)I'(v)/T'(u 4+ v) denotes the beta func-
tion; I'(+) is the gamma function. Below, we examine how
Eq. (5) depends on key parameters, starting with the group
size n.

The size is essential in group resetting, as it determines
the group’s extreme-value statistics: the bigger the groups,
the more extreme the outcomes. As n grows, this leads to a
growing (¢),. By expanding Eq. (5) and using b, « +/21nn
for large n [41-43], we find (¢), VInn [Fig. 3(a)]. This
growth is slow. The opposite small-n limit is relatively trivial.
When n = 1, the particle has nowhere to jump since there are
no interactions with other particles. Therefore, (¢), = 0.

Next, we study the impact of resetting rate r. Without
resetting (r = 0), we have (¢); = 0, because the effective
particle simply follows the Ornstein-Uhlenbeck process. As r
grows, however, (¢), increases [Fig. 3(b)]. We note that the
system exhibits two scaling regimes for small and large r.
We analyze the small-r regime (r < k) by expanding Eq. (5)
and using that B(1/2, r/2k) = 2k/r — 2r/k. This leads to the
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linear scaling:

(s ~ (b + yan) | 2. ©)
kY k

For large r (r > k), we find () o 4/r by expanding Eq. (5)
and using B(1/2, r/2k) ~ /2nk/r,

[t Dr
(§>s ~ (bn + yan) W (7)

This limiting behavior has an intuitive explanation. During the
time interval between two resets, T &~ 1/r, diffusive spread
grows as /D/r and the particle drifts toward the origin
by a distance of k¢/r. Under stationary conditions, these
two mechanisms balance each other, k(¢ ),/r ~ +/D/r, which
yields (¢); &< v/Dr/k.

As mentioned before, the average stationary position is a
simple measure for avoidance, where we show that it increases
with both n and r. At first glance, one might interpret that
the group successfully avoids the danger in the stationary
state if (¢); > 0. However, this is not guaranteed, because
the group may fail to avoid the danger if the variance ag (=

(¢%)s — (¢)?) grows faster than (), with n and r. To capture
this behavior, we calculate the squared coefficient of variation
(SCV) of the displacement af /(¢ }f as a better dimensionless
measure of avoidance.

To evaluate the SCV, we must first calculate the second
moment in steady state (¢2); = lim,_ o (¢2(¢)). In the same
manner as for (¢),, we find

(§2> 2D + | (by+ ya )24_@ L
! " " k(r + 2k)

= n(r + 2k) 6

(bn + yan)zDr3 1 r 1 r + k
—F— X B| -, — | B| =, . (8
Y A\ w )\ ®)

Using this formula, we illustrate how the SCV changes for
different n and r in Figs. 3(c) and 3(d).

First, we find that the SCV decreases as ~1/n for small
n, and then saturates for large n [Fig. 3(c)]. This indicates
that the stationary distribution P,(¢) broadens proportionally
to the shift of the average position for large n. Second, with
respect to r, the SCV decreases monotonically, but with two
distinct regimes. It scales as ~1/r? for small r (< k), while
for large r > k), it decays as 1/r [Fig. 3(d)]. This monotonic
decrease in SCV with increasing r arises from the fact that
the fast resetting shortens the diffusion time, thereby limiting
the broadening of the distribution. These results imply that the
larger the n and the larger the r, the more likely the group is to
avoid the danger. We also find that (¢ ), and the SCV are more
sensitive to r than n.

Interestingly, although the SCV is an improved measure
of avoidance relative to the average displacement, two groups
with the same SCV but with different parameter combinations
may exhibit different avoidance behavior. This is because
avoidance ultimately is a function of the detailed shape of the
distribution P;(¢ ), not just its mean and variance. Figure 4(a)
shows three stationary distributions P(¢ ) for different param-
eters (n, r) that yield the same SCV value, 0//(¢)7 = 3. The
lines represent results from numerical solutions of Eq. (1), and
the symbols are computed from numerical integration of the
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FIG. 4. (a) Stationary distributions P(¢) for different parameter
values of n and r. These distributions share the same SCV value,
ag /{(¢)? = 3, but differ in their detailed shapes. Red area represents
the dangerous region. (b) Avoidance probability P, as a function of
SCV for different group size n. Symbols represent simulation results,
and lines represent the numerical solution of Eq. (1). The dashed line
indicates 07/(¢); = 3. The parameters are (k, D) = (1, 2).

stochastic differential equation for ¢. Despite having the same
SCYV, the distributions exhibit different shapes.

To get the proper avoidance probability, we calculate
P, = [;° d{Py(¢), which represents the probability of finding
the effective particle away from the dangerous region ¢ < 0.
In Fig. 4(b), we plot P, versus SCV for different n. Successful
avoidance (P, = 1) is achieved when the distribution is en-
tirely shifted to the right of the origin, ensuring that no portion
of it remains in ¢ < 0. This implies that the mean is shifted
farther than the width of the distribution, such that successful
avoidance is associated with a small SCV.

IV. SUMMARY AND DISCUSSION

In summary, we present a general theoretical framework
for group resetting that builds on renewal theory and can
handle extreme-value scenarios. We derive the renewal equa-
tion for the resetting position distribution R and couple it
to a Fokker-Planck equation that governs the group’s center
of mass dynamics. We also derive several analytical results
for the stationary mean position and show how key resetting
and group parameters control the system’s ability to avoid an
undesirable area.

Reset protocols in stochastic resetting are typically cate-
gorized into two classes. One is global resetting, where all
particles reset simultaneously [22,31,37,38,40,47-50], while
the other is local resetting, where particles reset independently
[22,30,38,39,51-54]. The extreme-value group resetting in
our study falls within the global resetting class.

Beyond this classification, however, a more crucial dis-
tinction concerns how the resetting position is determined.
Most previous studies have considered particles, either glob-
ally or individually, resetting to a predefined state, such
as the origin [22,31,37,47-49,51,54] or their initial state
[22,30,37,38,40,50]. In contrast, in our example the resetting
position emerges dynamically from the collective group evo-
lution between consecutive resetting events. As a result, the
resetting position is not prescribed a priori, but is instead
defined collectively by the system dynamics.

At a conceptual level, our model bears a superficial
resemblance to branching Brownian motion [39] in that col-
lective behavior emerges without direct particle interactions.
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However, the underlying mechanisms are different. In branch-
ing Brownian motion, collective effects arise from reproduc-
tion or birth event, with new particles appearing at positions
determined solely by individual trajectories. As a result,
collective behavior emerges only at the level of ensemble
statistics. In the extreme-value resetting case, the resetting po-
sition is explicitly constructed from the group configuration,
through the position of the farthest particle, thereby inducing
collective effects even though the underlying Brownian dy-
namics of individual particles remain independent.

The framework is broadly applicable to a wide range of
group-resetting problems. By appropriately defining the re-
setting position distribution R and the kernel K, it connects
studies on fixed resetting distributions [1,55-58], position-
dependent resetting [32,33,58], simultaneous group resetting
to the origin [31], and time-dependent resetting based on
particle trajectory history [34,59].

Building on this theoretical framework, our approach could
be extended to practical applications such as artificial selec-
tion [60], for example, to design optimal selection protocols,
reduce computational costs, and estimate key parameters such
as bottleneck size, fitness, and selection frequencies. Reset-
ting tied to group thresholds may also offer insights into
allele frequencies and mechanisms that help populations avoid
extinction.
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APPENDIX A: DERIVATION OF KERNEL

Let us assume that a group of particles has reset to ¢’ at
time #’, and the next reset occurs at time ¢ (=t + ) to ¢.
To obtain the kernel K,(¢|¢’; ), we start from the cumula-
tive distribution function Q,(¢[¢";t) = Pr(x (1), ..., x,(t) <
Z1¢’; ). Assuming that the particles diffuse independently
between successive resets, the cumulative distribution func-
tion factorizes as Q,(¢|¢’;t) = [Pr(x(¢) < ¢|¢';T)]", where
the single-particle cumulative probability is given by

Pr(x < ¢l¢'s7) = ffoo dxG(x|¢'; ) = C(¢l¢’, T), with the
single-particle propagator G(x|¢’; 7) from ¢’ to x over a time
interval T, assuming time-homogeneous diffusion. Here, C(-)
is the cumulative distribution of the unit Gaussian distribution.
Differentiating O, with respect to ¢, we obtain

K, (¢1¢; 1) = nG¢IL DICEIE o1

As n increases, K,(¢|¢’;t) approaches a Gumbel distri-
bution (or type I generalized extreme-value distribution)
Gumbel(¢; 1, B) = %exp(—% — exp(—%)) as stated in
the Fisher-Tippett-Gnedenko theorem, since the single-
particle propagator has an exponential tail [41-43]. Parame-
ters w and B represent the location and scale of the Gumbel
distribution, respectively. Such emergence of the Gumbel dis-
tribution is a hallmark of extreme-value theory, reflecting the
fact that the group-resetting process selects the maximal dis-
placement among diffusing particles.

We now demonstrate this relation explicitly, without in-
voking the Fisher-Tippett-Gnedenko theorem. Starting from
the single-particle Gaussian propagator G(x), we scale
the variable as y = (x — X)/o, where ¥ = ¢{’e™*" and o =
J2(1 — e72%7), which gives G(y) = ﬁe*yzﬂ. In this set-
ting, the asymptotic order b, of the maximum follows
from Pr(y > b,) =1 — C(b,) ~ 1/n. This implies that b, ~
C~!(1 — 1/n). For simplicity, we omit the dependence on ¢’
and t in what follows.

To evaluate b,,, we use the Mills ratio m(b,) for the unit
Gaussian,

(AD)

1-Cb, 1
m(b,) = (0n) = T , (A2)
G(by) b, + P ——
2
’Iner
which  reduces to  m(b,) ~ 1/b,(1 +O(b;?)) for
large b,, giving C(b,) =~ 1 — G(b,)/b,. Hence, b, ~

VIn(n2/27) — In[In(n2/27)].

As the group size n increases, the order b, of maximum
also increases. Simultaneously, the tail of the distribution
[G(y)]" for n independent random variables decays more
steeply. With b, identified, we rescale the variables y; as
zi = (yi — by)/a, with a,, = 1/b, to resolve the tail behavior.
The distribution satisfies Pr(zi, z2,...,2, < Z) = [Pr(z <
)" = [C(b, + a,Z)]". Using the Mills ratio, the cumula-
tive distribution can be approximated as C(b, + a,Z) ~ 1 —
G, + a,2)/(b, + a,Z). Moreover, the asymptotic relation
G(b, + a,Z) =~ e 2G(b,)(1 + O(b;z)) yields C(b, + a,Z) =~
1 — e~%/n, since G(b,)/b, ~ 1/n. Thus, in the large-n limit,
[Pr(z < 2)]" ~ (1 — %)" — ¢=¢, which is the cumulative
distribution of the Gumbel distribution.

In terms of x, the cumulative distribution becomes

0n(8) = [Pr(x < O)I" = exp <— exp (—g_TM>> (A3)

where 4 = X + ob, and 8 = oa,. Differentiating Q,(¢) with
respect to ¢, we obtain the kernel for large n as

013227-5



LEE, YANG, PARK, AND LIZANA

PHYSICAL REVIEW RESEARCH 8, 013227 (2026)

Thus, for large n, the kernel is well approximated by the
Gumbel distribution.

APPENDIX B: STOCHASTIC SIMULATIONS

We generate trajectories using the FEuler-Maruyama
method [45,46]. At each time step of size dt, the positions
(x1, X2, ...,x,) of n particles are reset with probability rdt.
When a reset occurs, all particles are relocated simultaneously
to X = max(xy, x, ..., x,). Otherwise, the particles evolve
independently according to

xi(t +dt) = x;(t) — kx;dt + 2D dWi(t),  (B1)

where W;(¢) denotes a Wiener process.

When simulating the effective single-particle dynamics
with coordinate ¢, we keep track of the elapsed time 7 since
the most recent reset. At each time step dt, a reset occurs with
probability rdt. In such case, ¢ is relocated to ., randomly
drawn from K,(¢|¢’; 7). For practical implementation, we
approximate K,(£|¢’; t) by a Gumbel distribution. Between

resetting events, ¢ evolves according to

(@t +dt)=¢@)—ktdt +/2D/n dW, (1), (B2)
where W, (¢) is also a Wiener process.
APPENDIX C: ANALYTIC EXPRESSION OF SQUARED
COEFFICIENT OF VARIATION

An explicit expression for the squared coefficient of varia-
tion can be obtained as

o 8K3(r+k)? 1 r\?
¢ -2
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