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Modern experiments in resonators are moving to ever more extreme quantum regimes, posing major chal-
lenges to established theoretical approaches, such as so-called few-mode models. While these models have
driven major insights for traditional regimes, they are now hitting their limitations for highly open cavities and
extended systems, as encountered in cavity experiments with molecules and solid-state systems. Here, we present
a method that significantly extends the conceptual underpinning of these discrete-mode models, promoting
them to a systematic treatment. We develop an ansatz which allows to quantize the resonator’s resonances
with position-resolved discrete modes, thus naturally incorporating losses in the formalism. Such a construction
effectively unifies key ideas from pseudomodes and quantized quasinormal modes theory. We further present a
criterion for construction of the ansatz parameters at every point in space and semianalytically benchmark the
resulting solution for a paradigmatic one-dimensional example resonator.
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I. INTRODUCTION

A cornerstone for the control of ever larger, engineered
quantum objects—from quantum computers [1] to quantum
materials [2]—is the confinement of the elementary con-
stituents of light and matter. The conceptual underpinning
of such endeavor is the idea of strong coupling. In the
framework of quantum optics, strong light-matter coupling
is achieved, for example, when a photon inside a resonator
coherently interacts with a matter system, such as an atom.
Many phenomena in this scenario can be described by the
Jaynes-Cummings model [3,4], where a single mode of the
electromagnetic resonator field couples (near-)resonantly with
a two-level system. The lossy version of this approach, here
referred to as the open Jaynes-Cummings model, takes into
account the leakage of photons from the single mode to an
environment [5,6], thus describing more realistic resonators.

In the last decade, various experimental platforms in
the field of cavity quantum electrodynamics (cQED) have
emerged that depart from the simple setup encompassed by
the Jaynes-Cummings model and/or of its multimode gen-
eralizations [7]. For example, a parameter regime where the
coupling strength is comparable to, or larger than, the energy
scales of the unperturbed matter system has been reached in
many cQED experiments (see Refs. [8,9] for reviews). Instead
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of atoms, also molecules, their chemical reactions [10-12],
and condensed-matter systems [2,13] are now being modified
and controlled within electromagnetic cavities. Moreover, res-
onators featuring strong losses—compared to the energy scale
of a given resonant mode of interest—such as subwavelength
[14,15], plasmonic [16], and evanescent mode [17] resonators,
have been playing a significant role in cQED experiments,
with potential applications thereof.

Regarding the theoretical description, one naturally has to
accommodate the needs of these new regimes and setups. For
instance, for sufficiently large coupling strengths, the well-
known rotating-wave approximation is no longer applicable
[5,18], and, e.g., the (open) quantum Rabi model [19] is often
applied. While the theory for the latter regime has been exten-
sively discussed [5,20-22], the need for extensions has been
pointed out especially for cavities with large losses, compared
to their free spectral range [23-26]. The important concerns
in this regard are the perturbative and phenomenological na-
ture of the open Jaynes-Cummings and Rabi models, as it
describes losses via master equations based upon a quantized
cavity mode [27-29]. The latter, in turn, becomes ill-defined
when dissipation is large enough, i.e., when the frequency
bandwidth of interaction becomes comparable or larger than
the matter system’s energy scale. As a consequence, common
assumptions, such as the Markov approximation, may not be
valid anymore if the quantized mode is not chosen carefully.

Hence, multiple approaches have been suggested [30-42]
to tackle a central question: How can one extend the con-
cept of discrete cavity modes to wider parameter regimes of
cQED? This question is pertinent simply by the fact that,
for a realistic cavity, the electromagnetic field features, a
priori, a continuum of modes. Consequently, the dynamics of
quantum systems in those cases turns out to be, in general, a
difficult problem to solve directly beyond perturbation theory
[27,43,44], and one often has to rely on numerical methods
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that discretize the mode continuum [45]. On the other hand,
rigorous treatments featuring resonant modes offer a natural
and efficient way to perform such a discretization, typically
converging much faster than a direct sampling of the con-
tinuum [42,45-50], while still applicable to a broad range of
light-matter coupling regimes [39,51-53].

Another important aspect in cQED is the spatial extension
of a quantum emitter within a resonator. This feature be-
comes relevant especially in the fields of polaritonic chemistry
and solid-state physics, where the confinement and control
of molecular [10,54] and crystalline [2,55] systems within
cavities are investigated both theoretically and experimentally.
In these cases, nontrivial quantum properties and/or phase
transitions were observed, which are consequences both of
the cavity’s presence and of the matter systems’ spatial exten-
sion. Despite its importance, the position degree of freedom
is often ignored in the aforementioned discretization models,
which thus cannot continuously resolve the position coordi-
nate: Instead, only local couplings at isolated points in space
are accounted for, and free model parameters are available
to match the effective coupling [39-41,51]. Other discrete-
mode methods explicitly include the position dependence, via
first-principle techniques [36,37,56,57], but do not guarantee
that the cavity-environment mode separation naturally yields
a Markovian dynamics for the constructed cavity system.

In our present contribution, we therefore set out to answer
the question whether it is possible to construct an “ideal”
extension of the open Jaynes-Cummings and quantum Rabi
models, which features the following merits: First, it faithfully
represents a continuous, structured environment of a cavity
by a possibly finite set of confined discrete modes. Second,
these confined modes are able to capture, according to a Lind-
blad master equation yet to be formulated, all non-Markovian
effects of the dynamics of a quantum system coupled to the
cavity, regardless of the light-matter or cavity-environment
coupling strengths. Third, such “ideal” parameters can be
systematically derived, incorporating the spatial profile of a
quantum emitter, thus eliminating the need of their numerical
fitting [39,52]. We refer to the resulting effective mode struc-
ture as “global (or generalized) pseudomodes” (gPM) [58],
and we apply the formalism to a generic cQED scenario, and
spell out how to systematically solve the resulting mathemat-
ical problem.

The paper is structured as follows: In Sec. II, we specify the
setup of interest. The essential idea is to reverse engineer the
free parameters of a discrete-mode ansatz, such as to guaran-
tee a faithful modeling of the dynamics of a quantum system
within a given cavity. In Sec. III, we apply and benchmark the
method for a one dimensional (1D) example geometry and
compare it to alternative approaches. In the Appendixes, we
provide further details on the derivation of the method.

II. GENERALIZED PSEUDOMODE THEORY
A. Setup

Let us begin by defining the cavity (or resonator): It con-
sists of a region in space at whose boundaries the refractive
index n(r) is discontinuous. Outside this region, n(r) is con-
stant. We further assume that the cavity medium has no

absorption or dispersion, meaning that n(r) is real and fre-
quency independent. We will stick to these assumptions here
and throughout the paper.

Within the cavity, we assume a quantum system S which
couples—possibly strongly—to the electromagnetic field. For
simplicity and concreteness, the quantum system is assumed
to be a set of N emitters located at positions {r,}, n =
1, ..., N. We note, nevertheless, that our formalism does not
rely on the specific structure of the matter degrees of freedom,
but only on how they couple to the cavity field, as discussed
in more detail in Sec. II B.

The cavity as defined above is, in general, leaky, meaning
that confined photons can eventually escape to the outside.
In such resonators, the electromagnetic field formally admits
an expansion over a frequency continuum of modes, which
are defined at every point in space [59,60]. Throughout the
present work, we will therefore refer to such a description of
the field as the continuum representation or continuum model
of the field.

Inspired by the so-called pseudomode formalism
[30,31,34,42], we seek to replace the continuum repre-
sentation of the electric field by an effective expansion into
discrete modes, which is, nevertheless, able to reproduce the
exact dynamics of the quantum system. We therefore employ
the following ansatz for the electric field operator in the
Heisenberg picture [58,61]:

N h
Egpn(r,0) =iy 5 0 OmMO+He, (D)
A

where {x,(r)} is a—a priori unspecified—discrete set of
confined (vectorial) modes. The ladder operators {a,} act on
the subspace of the mode with index A and satisfy bosonic
commutation relations,

(@, i) =1[a),al1=0, V2, )

[@,,a]]= 8. 3)

We refer to our proposed representation as gPM. The name
stems from the fact that our approach departs from the concept
of “standard” pseudomodes in two aspects: First, the standard
pseudomode operators are not directly associated with the
electric field, as we do in Eq. (1), but work solely as auxiliary
modes. Second, our ansatz features a continuous parametriza-
tion of the modes x, (r) by the position coordinate.

Our goal with the gPM ansatz is to represent the time
evolution of the entire cavity system—that is, the quantum
system S plus the gPMs—rvia a Markovian master equation of
the form [27]

0 Pstgpm (1)

[N . .
= _E[HSJrgPMv Ps+gpm ()] + Depmlpsigpm(@)], (4

where pPsopm is the density matrix that represents the com-
bined system. The free Hamiltonian in Eq. (4) is given by

Hsoom = Hs + Hopm + 1‘7;11‘)[1\4, 5

where we leave the quantum system’s free Hamiltonian Hg
unspecified. The Hamiltonian Hgpy in Eq. (5) is associated
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with the free gPM system, i.e., not interacting with S, and
reads

Hopm = Y ho,, ), (6)
AN

where the parameters {w;, } account both for the cavity
mode frequencies (when A = A’) and for effective, excitation-
conserving couplings between the cavity modes (when A\ #
A’). Such a coupling can be thought of as encompassing
environment-mediated excitation exchange between different
modes. Furthermore, since ﬂgpM is Hermitian, {w;; } have to
be the elements of a Hermitian matrix of parameters.

The interaction Hamiltonian ﬂé‘f}l\,{ between the matter sys-
tem S and the gPMs is set to be of the form

N
ARy =Y Egu(r,) - Os,. )

n=1

where {@S,n} are the vector operators associated, respectively,
with the nth emitter in the system S. For concreteness, H gi’lltM in
Eq. (7) is assumed to be in the dipolar form, such the system
operators can be written as @S,n = d,,frn+ + H.c., where d, is
the nth emitter’s transition dipole moment.

Finally, the superoperator Dgpy in Eq. (4) accounts for
losses or dissipation, mediated through the gPMs, from the
cavity system to the environment, and has the form [27]

1
Depml o] = ZKUJ |:flk i, — E{fliflw 0}]

AN

1
+Y v [ai o 8, — 58,0, -}] ®)

AN

where {k;,/} and {y,,} are parameters yet to be determined.
We take Dgpyv not to be in diagonal form, to remain gen-
eral, and, consequently, «;;, and y,, are labeled by two
indices. Their diagonal (A = A') terms encode spontaneous
emission and absorption of the gPMs, respectively, while
the off-diagonal (A # 1') terms encompass cross-interaction
processes, such as interferences between different decay chan-
nels. In order to preserve the positive semidefiniteness of
Ps+gpm throughout the system’s time evolution, we note that
{1} and {y;,} are further required to be the elements of pos-
itive semidefinite matrices. We also observe that, with these
assumptions, we impose the gPMs to have the interpretation
of actual physical entities, a requirement that is not necessary
in general: Pseudomode ansitze featuring unphysical master
equations and/or non-Hermitian analogs of the electric field
operator in Eq. (1) have also been investigated in the literature
[32,42,51,62].

With the structure of the master equation given by Eq. (4),
we thus incorporate, in the discrete modes, an open system
evolution that mimics the effect of the unitarily evolving con-
tinuum field on the dynamics of a matter system. In other
words, this formulation can be regarded as a separation of the
structured, continuous environment into a flat continuous part
and the set of discrete cavity modes, which couple weakly
to each other. The discrete modes, in turn, couple—possibly
strongly [63]—to the matter system.

To understand the gPMs, it is important to note that the dy-
namical equation (4)—with both Hamiltonian and dissipation
terms containing free parameters—and the field expansion
in Eq. (1) should be considered merely as tools to describe
the dynamics of the quantum system S [39,51,64]. That is,
these modes form an effective basis set, yet to be determined,
and are required to mimic, by construction, the effect of the
continuous field onto the emitters. The Markovian character of
the Lindblad master equation (4) is then not an approximation,
but a constructive element of the ansatz [42,64].

Equations (1)—(8) thus specify our ansatz for the cavity
system, with free parameters x,(r), wyy, kav, and y;,. In
order to provide a systematic way to recover the latter, we
introduce, in the following subsection, an important criterion
that guarantees that the mathematical structure considered
above is indeed able to capture the dynamics of the quantum
system within the cavity.

B. Frequency domain matching condition

A key assumption behind our formalism—and of pseudo-
mode ansitze in general—is that the advanced and retarded
two-point correlators of the environment’s coupling operators
be sufficient to determine the dynamics of the matter system
in the resonator [42,51,64]. In Appendix A, we provide a more
precise formulation of such a requirement and also show that
it can be equivalently formulated, in a simpler way compared
to the previous literature, in the frequency domain. We refer
to the latter form of the equivalence statement as matching
condition, which we briefly summarize in the following, and
we discuss how it can be exploited in the gPM formalism.

For the present discussion, it is sufficient to define only the
advanced two-point correlator, which reads [65]

Cov(r, ¥, 7) = i(EB(r, 1 + 1) @ E(r', 1)), 9)

fort, T > 0, where ® denotes the dyadic product between two
vectors. The operator E—without any subscripts—represents
the electric field in either the continuous or the discrete repre-
sentation. The expectation value is computed with respect to
a decoupled (from the matter degrees of freedom) initial state
Drea(0) of the field, that is, ( @ ) = Tr[ @ Pgea(0)], where the
field’s state is taken to be stationary [42]. The latter attribute,
in turn, is defined by the property of making the correlator in
Eq. (9) depend only on the time difference v, and not on the
particular instant ¢. For this reason, we fix t = 0 in Eq. (9)
from now on.

For our purposes, it will also be necessary to introduce
the one-sided Fourier transform of the advanced two-point
correlator. We define it as

o0
Coan(r, T, ) = / dt Coar(r, ¥, )6, (10)
0

The one-sided Fourier transform is considered instead of the
standard definition because the advanced correlator [Eq. (9)]
is defined for positive delays 7. The sign convention for the
exponential in Eq. (10) is motivated in Appendix A.

With the definitions in Egs. (9) and (10), we are now able
to state the matching condition. It reads as follows [42]: If the
imaginary part of the advanced frequency domain correlator
defined in Eq. (10) computed in the gPM approach matches
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the one computed for the actual continuous spectrum, that is,
if

Im Cfg‘llvl(r, ¥, w) = Im CSM(r, 1/, w), (11)

for all frequencies w, and at all positions r,r’ inside the
resonator’s volume, then the time evolution of the reduced
(matter) system state ps(¢) is the same in both representations.
In other words, Eq. (11) is a sufficient and necessary condition
[42] for the gPMs to completely capture the dynamics of a
quantum system that, formally, interacts with the (continuous)
cavity field.

The matching condition (11) nevertheless relies on two
fundamental assumptions [42]:

(1) The stationary state of the environment—whether the
gPMs or the continuum field—is Gaussian, and

(2) the coupling Hamiltonian [see, e.g., Eq. (7)] is bilin-
ear, in each representation, in both the matter system’s and
environment operators.

Regarding point (1), we mean, by Gaussian, states that
are completely defined by the two-point correlators of the
associated operators. Although such a property may seem
quite a strong physical restriction to an environment’s state
at a first glance, it actually encompasses many states that are
commonly dealt with in physical setups across the literature
[5,27]. As examples of Gaussian stationary states, one can
mention the vacuum and thermal equilibrium states of the
electromagnetic field [27].

In the case of point (2), the interaction Hamiltonian of the
gPM ansatz [see Eq. (7)] already has the required structure,
while the coupling in the continuum representation was so far
not specified. Hence, in order to comply with (2), we assume
that the quantum system S interacts with the electric field in
the continuum model via dipolar coupling, with the corre-
sponding interaction Hamiltonian having the same structure
as Eq. (7). Nevertheless, we note that the required bilinearity
is not restricted to the latter type of interaction, but is also
realized, for example, in the case of magnetic dipole coupling
[60] or for coupling to the vector potential appearing in other
gauge representations [66,69].

Let us now discuss the physical meaning of the matching
condition (11). The object on the right-hand side, evaluated
for a continuum of modes, is directly related to the classical
electric field’s Green’s dyadic. The latter is defined as the
solution of [60]

2
[VXVX _ nz(r)C:—zi|G(l‘, Yoo =B —r),  (12)

where I is the identity matrix. For the vacuum state of the
field, that is, Pgelq = |0)(0|, one can show [58] that

~ h
Im C'(r, 1, 0) = —60(0)0’ImG(r, ¥, 0),  (13)
€pC

where 6 (w) is the Heaviside function.

The relation in Eq. (13) means that Im CS"(r, 1/, ®) en-
codes the information about the light-matter interaction at
position r originating from the field whose source is located
at position r’. In particular, when evaluated at coincidence
r =r’, Eq. (13) is proportional to the spectral density of the
cavity field. With such an interpretation, the matching condi-

tion can also be understood as matching the spectral densities

of the continuous and discrete environments [39,51], in order
for the gPMs to yield the same dynamics of the matter system
as in the continuum framework.

Regarding the gPM analog of Eq. (13), which appears on
the left-hand side of Eq. (11), it can be computed analytically
by plugging into Eq. (10) the gPM expansion for the electric
field [Eq. (1)]. This calculation is performed in Appendix B,
where we show that

o h
Im C&¥Mr, v, w) = —Im
adv ( ) 26()

> x@H = o)X o) |,

AN

(14)

which we refer to as a gPM expansion of the spectral density,
due to the fact that the modes yx, (r) from Eq. (1) appear ex-
plicitly. In Eq. (14), the dagger denotes the complex transpose
of a vector, and H;,» = wyv — i(kyr — Yiur)/2 1s a matrix of
the free parameters appearing in the gPM Hamiltonian [Eq.
(6)] and in the master equation (4). Such a matrix can also
be interpreted as a representation—in the basis of states asso-
ciated with the gPM ladder operators {a,} [see Eq. (1)]—of
an effective non-Hermitian Hamiltonian [48-50,70-72] that
dictates the evolution of the free gPMs.

Equation (11) thus provides us with a powerful tool, since
it allows us to systematically recover the parameters x, (r) and
H, as described in the next section.

C. From pseudomodes to pole expansions (and back)

In the following, we reverse engineer the parameters x, (r)
and H by exploiting the matching condition (11). Essentially,
the approach can be summarized in three steps: In Sec. [ C 1,
we first manipulate Eq. (14) to cast it as a pole expansion.
Then, in Sec. IIC2, we connect the latter form to resonant
mode expansions from classical resonance theory, by evoking
the matching condition (11). Finally, in Sec. I C 3, this con-
nection leads us to a single matrix equation that needs to be
solved under certain constraints.

1. Hermitization condition

We first follow Ref. [41] to write Eq. (14) in a more
convenient form by diagonalizing the matrix H. Such a di-
agonalization can be interpreted as a change of basis from the
gPMs to states of the field known as resonant [50,73] or quasi-
normal modes [74,75], which have been extensively studied
in the literature. Another related concept are the constant-flux
states from laser theory [76].

Hence, we proceed by defining an invertible matrix V
such that (V[HV’I)W = Q/LBW. The diagonalization of H in
Eq. (14) yields

~ h ~
PM —. —1~ /
Im €' (r, X', @) = 7=Im ;gfL(r)(m—w) g ) |,

s5)
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where the superscript T denotes the transpose of a vector, and
we have introduced the functions

g, =) (VO xim. (16)
A

g.(r)=) Vx5 (17)
A

Equation (15) thus has the form of (the imaginary part of)
a pole expansion, whose poles are the—generally complex—
eigenvalues SNZM of the matrix H. These eigenvalues, in turn,
can be interpreted as the characteristic frequencies of the
modes we denote by g, (r) and g, (r). Being associated with
a complex frequency means that, besides having a natural
oscillation, the latter modes will have a decay rate. The precise
relationship between Q,L and g,(r) and g, (r) is resolved
in Secs. IIC2 and IIC3, in particular, by Egs. (20), (24),
and (25).

As mentioned previously in Sec. IT A, the problem with the
gPM expansion in Eq. (14) is that both the matrix H and the
modes x;(r) are still unknown. Hence, it is unclear, at this
level of the discussion, how to construct the transformation
matrix V. Instead, our approach works in reverse, that is, we
construct the gPM parameters by knowing g, (r), g,(r), and

2,, as we detail throughout this subsection. This task has
previously been identified as an open problem in the standard
pseudomodes framework [30,31] and was termed ‘“undiago-
nalization” in Ref. [40].

Continuously fulfilling the matching condition (11) along
the position coordinate, as demanded for the gPMs x ,(r),
places a strong constraint on the transformation matrix V' and,
therefore, on the gPMs’ parameters. In particular, a constraint
on V can be derived by combining Egs. (16) and (17) into [58]

gu(r)=) V, Vg ). (18)
AV

We will refer to this expression as Hermitization condition, as
a central constraint defining the “undiagonalization” transfor-
mation.

To gain additional insight into the origin of this relation, we
compare the two expansions, Eqs. (14) and (15). In the latter,
the poles can also be understood as the elements of a diagonal
matrix diag({€2 «})- Eq. (14), on the other hand, has the crucial
feature of having the modes {x, (r)} appearing together with
their complex transpose. This property and, by extension,
the Hermitization condition, are a direct consequence of the
Hermitian nature of the gPM ansatz from Eq. (1). We note that
there are schemes where the approach featuring both x ,(r)
and x ZL (r) can be circumvented, by non-Hermitian expansions
of the electric field [32,42,51,62] that can correctly describe
the dynamics of quantum systems. The trade-off is that the
local environment coupled to the emitters is represented by
unphysical modes. In our approach, the requirement of a
physically meaningful, i.e., Hermitian, mode expansion of the
electric field operator leads to Eq. (18).

The Hermitization condition is beneficial as it can be used
to find the transformation matrix V. However, it is only useful
if the parameters of the pole expansion—that is, the functions
g, (r), 8,(r) and poles Q u—can be calculated independently.
As we show in the following, the latter is indeed the case, due

to the relation between the correlator and the Green’s function
given by Eq. (13).

2. Pole expansion in the continuum theory

The modes g,(r), g,(r) and poles 2, appearing in
Eq. (15) can be extracted from the object Im ng‘;t(r, r,w),
appearing on the right-hand side of the matching condition
[Eq. (11)]. We establish such a correspondence by also casting
the latter as a pole expansion [77], but, this time, in terms of
objects that are directly obtained from Maxwell’s equations.
However, as we discuss in the following, such expansions can
never be exact for the vacuum case, and, thus, we will need to
resort to certain approximations.

Let us focus on the Green’s function appearing on the right-
hand side of Eq. (11). It is known from the classical resonance
theory of electromagnetic cavities [74,75] (see Appendix C)
that [78]

2 too o g F o
2 ’ _ ¢ w,ufu re fu(l‘ )
wImG(r,r,w)_EIm Z _

W, —w

., (19)

u=-00

where fﬂ (r) are the resonant states or quasinormal modes
(QNMs) [80]. They are defined as solutions of the wave equa-
tion [75,81]

. a2
VxVxf,(r)— nz(r)c—gfu =0, (20)
subjected to purely outgoing-wave boundary conditions
[75,81-84]. These boundary conditions at r — oco—also
known as Silver-Miiller radiation condition [75]—are ex-
pressed mathematically as

lim & x F,(r) = —ing —“F,(r). 1)
[r|—o00 c
One consequence of this boundary condition is that the
eigenfrequencies @,, are complex in general [75,80]. Math-
ematically, such a property is a consequence of the QNMs
being solutions of a non-Hermitian problem, implying usu-
ally distinct properties compared to the Hermitian case. For
example, the set of QNMs constitutes an overcomplete ba-
sis, meaning that the QNMs are linearly dependent on each
other and, nevertheless, satisfy a completeness relation. This
and other relevant properties are discussed in more detail in
Appendix D, and they are important tools to help us solve the
Hermitization condition [Eq. (18)], as we show in Sec. II C 3.
Plugging the expansion of Eq. (19), for the imaginary part
of the Green’s function, into Eq. (13), one naturally arrives at

+00
Im C"(r, ¥, ) = ie)(a))lm Z
260

adv

b, (r) @ f,(r)
0, —w
H=—00

(22)

By comparing Egs. (15) and (22), we observe that the
matching condition cannot be exactly satisfied. The reason for
such incompatibility is that the Heaviside function appearing
[Eq. (22)] makes Im nggt(r, r’, w) nonsmooth [85] in the
vicinity of w = 0. Consequently, the latter object does not

admit an exact pole expansion, that is, the form of Eq. (15).
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Physically, this restriction means that our gPM ansatz (see
Sec. [T A) cannot exactly mimic the coupling to a continuous
electric field, which was already observed in Ref. [64].

To circumvent such a hindrance, we instead rely on con-
structing an approximate pole expansion, which we refer to
as a meromorphic approximation. We choose to approximate
Eq. (22) as

+00

. i o8, F, ()
cont / A~ 2 : nrtp o
ImC (I', r, CD) ~ 2—60111'1 I —

oy —

, (23)

adv
n>0

where the truncation to p > 0 indicates that we are only
summing over the poles with positive real part [Re(®,) > 0].
The physical and mathematical implications of this truncation,
and how it approximates the low-frequency behavior of the
correlator, will be discussed further in Secs. IID 2 and III.
Essentially, the meromorphic approximation has the role of
smoothing the function in the vicinity of @ = 0. While the
errors in this region can be usually neglected, they become
relevant when the spectral density’s bandwidth resolved by
the TLS reaches the region of w — 0. We reinforce, though,
that the meromorphic approximation as in Eq. (22) is a choice,
and other strategies can be more suitable, depending on the
desired degree of accuracy in the low-frequency region. One
possibility in this direction is to, e.g., replace the step function
0(w) by a smooth alternative, so that a truncation of the sum
is not needed [87]. It is also worth mentioning that other
available low-frequency approximation methods have been
investigated which, nevertheless, depart from Eq. (23) by in-
troducing artificial poles in the expansion, i.e., not associated
with a QNM frequency @, [88].

We can now finally exploit the matching condition by iden-
tifying Eq. (23) with Eq. (15). In the following, we will exploit
this correspondence to recover 2, (r), g,(r),and Q w» Which so
far were left free in Eq. (15), and to solve the Hermitization
condition [Eq. (18)] for V.

3. Linking pseudomodes and quasinormal modes

By the matching condition [Eq. (11)], we demand Egs. (15)
and (23) to be the same. In order to fulfill this requirement,
we demand a one-to-one correspondence between the poles of
Egs. (15) and (23), and, similarly, between their correspond-
ing residues. In the case of poles, we naturally have

&y = iy, (24)

so that we associate the complex eigenvalues €2 u of the effec-
tive Hamiltonian H, appearing in Eq. (15), with the QNM’s
eigenfrequencies @,,.

Setting the residues in Eqgs. (15) and (23) to be the same
leads to a relation between g, (r) and g,(r) and the QNMs

f,.(r). In the following, we opt to identify
gu(r) = d)uf,u,(r)’ gu(r) = f;(l‘) (25)

We note that, with Eq. (25), we made a choice of how to split
the constant factor &, between the two modes. This choice
is motivated purely by mathematical reasons, as it simplifies
the calculations to be performed ahead and has no physical
implications.

We are now equipped with all the necessary ingredients
to solve the Hermitization condition [Eq. (18)] for V. We
again emphasize the crucial feature that the residues of the
pole expansion in Eq. (23) can be complex, which leads to a
nontrivial constraint for the gPMs, demanded by the Hermi-
tization condition. Hence, substituting Eq. (25) into Eq. (18),
we have [58]

wudu () =) Tuf ), (26)
v>0
with
Tow=Y ViV, 27)
A

where the restricted index domain of v > 0 in Eq. (20) is
a consequence of the truncation of the series in Eq. (23)
tou > 0.

With Egs. (26) and (27), we promoted the Hermitization
condition (18) to an explicit constraint on V, since the QNMs
f'ﬂ(r) can, in principle, be obtained by solving their corre-
sponding wave equation (see Sec. II C 2), or by other methods,
for which a large toolbox is available [74,75,89,90].

We observe that the identification of modes as done in
Eq. (25) subsequently equips 7" with the dimension of fre-
quency, and V with the dimension of square root of frequency.
Nevertheless, this does not have any physical implications, as
it does not affect the dimensionality of H and, consequently,
of the gPM’s free parameters, being simply a matter of conve-
nience for the calculations performed in the next subsections.

D. Approximate solution of the Hermitization condition

At this point, it is important to summarize what we have
achieved so far. We began with the gPM ansatz presented in
Sec. IT A, whose field expansion [see Eq. (1)] and associated
master equation [see Eq. (4)] contained free parameters to
be determined. Then, we concluded that such a gPM ansatz
associates a pole expansion, in the frequency domain, to the
advanced correlator [see Eq. (15)]. The pole expansion must
fulfill an additional constraint, the Hermitization condition
(18). Finally, imposing the matching condition (11) to hold,
we were able, with the approximation (23), to convert the
Hermitization condition into Egs. (26) and (27), and to reduce
our whole problem of finding the free parameters to solve
these equations for V, given that the QNMs, introduced in
Eq. (19), are known a priori.

We dedicate this section to solve Eq. (26) for the matrix 7,
with Eq. (27) imposing additional constraints on the solution.
T is constructed explicitly in terms of the QNMs, and it
subsequently allows us to recover all the free parameters in
the gPM setup.

1. Extended index domain solution

First of all, we note that Eq. (26) can be seen as ex-
pressing @Mf'u(r) as a linear combination of other QNMs.
As the QNMs form an overcomplete basis, it suggests that
Eq. (26) can be satisfied, with multiple possible solutions for
T. However, the linear dependence relation [see Eq. (D2)]
involves the whole QNM set, that is, for all u € Z, whereas
Eq. (26) encompasses the restricted index domain v > 0.
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Consequently, only approximate solutions can be found. It has
been conjectured [91], nevertheless, that the set of QNMs with
u > 0 is (over)complete on its own. If this is the case, then
Eq. (26) can be solved exactly.

In order to construct an approximate solution for 7' from
Eq. (26), we slightly modify our problem. We consider the
same equation but with the index domain extended to all
integers, such that all QNMs are included in the sum, that is,

wfu(r) = Y TuE). (28)

V=—00

Equation (28) can then be solved exactly for T. As we detail
in Appendix D, the properties of the QNMs allow for two
independent solutions [58],

T = @8, (29)

and

T = % /R &Sr 2, (1) - F(r), (30)
where R denotes the spatial volume of the resonator. We
observe that 7 is completely anti-Hermitian, that is, 75 =
—T, and that T® holds only for dispersionless and absorp-
tionless media, where n(r) € R.

We can thus create a whole family of solutions of Eq. (28)
from linear combinations of Eqs. (29) and (30), which reads
[92]

Tw=0-aT) +al?, aeC. @31

The solutions in Eq. (31) will subsequently serve as the
approximate solutions for Eq. (26), over the truncated index
domain (&, v > 0). Nevertheless, we still have to ensure that
the constraint of Eq. (27) is fulfilled. We discuss this aspect in
the following subsection.

2. FromT toV

To fully solve the Hermitization condition, one has to con-
struct V from T'. For a solution of VVT = T to exist, 7 must be
Hermitian and, in particular, positive semidefinite, as known
from linear algebra [93]. However, none of the matrices within
the family of solutions for 7 in Eq. (31) are even Hermitian,
due to the presence of a @, factor in Eq. (30).

Hence, we have to proceed by finding a Hermitian matrix
that well approximates one of the solutions encompassed by
Eq. (31). As we have the freedom to choose any complex a in
the latter equation, we take the matrix whose anti-Hermitian
part is minimized [94]. With the choice of a suitable a, we
then approximate the resulting matrix as 7 &~ TH, that is, we
take the Hermitian part of the matrix as an approximation for
itself [95].

Nevertheless, we note that being Hermitian does not guar-
antee yet a matrix to be positive semidefinite, and, thus, to
fulfill Eq. (27). The derivation of the sufficient condition for
TH to be positive semidefinite requires a more careful analysis
and is carried out in detail in Appendix D. In essence, it is
required that Re (aw,,) 2 0, for all considered p. Importantly,
the latter condition is in direct harmony with our meromorphic
approximation [see Eq. (23)], and, consequently, with the

employment of the restricted domain of indices, i.e., u > 0
(see Sec. IID 1).

Provided that TH is indeed positive semidefinite, it is then
an approximate solution of Eq. (26), which can be system-
atically constructed from the QNMs, and that fulfills the
constraint of Eq. (27). Using the latter, one can construct, from
TH, the matrix V, which, in turn, allows one to recover the
gPM parameters, x,(r) and H, from the QNMs f'ﬂ(r) and
its frequencies @,. While an explicit construction of V in
terms of the QNMs is yet to be determined, there are sev-
eral standard numerical techniques to compute matrix square
roots [93].

E. Recovering the gPM parameters

For the sake of clarity, we end this section by summa-
rizing the approximations performed to satisfy the matching
condition [Eq. (11)] with the gPM ansatz, and how the free
parameters of the latter setup can be recovered with the solu-
tion of the Hermitization conditions, Egs. (26) and (27).

The starting point to recover the free parameters in the gPM
ansatz is to the determine the QNMs f'ﬂ (r) of a considered
cavity geometry. They are obtained by solving the wave equa-
tion (20), subjected to the Silver-Miiller condition (21).

With the QNMs, we construct, via Eq. (31), a family of
solutions for 7 that exactly satisfies Eq. (28) for the index
domain w, v € Z. We then truncate the domain to the indices
w,v >0 and take the Hermitian part 7" of the resulting
matrix, in order to comply with Eq. (27). Finally, we use 7!
to write the imaginary part of the half-range Fourier transform
of the advanced correlator as

< f, e THE)

~ h
mCY . r )= —Im| > vy
260 n>0,v>0 Wy — @
~ Im CSM(r, ¥/, w). (32)

The importance of the above expansion is twofold: It is
designed to approximate Im ngﬁ‘(r, r’, w), found with the
continuum approach, while, at the same time, being compat-
ible with the structure demanded by the gPM ansatz, that is,
having the form of (the imaginary part of) a pole expansion
and satisfying the Hermitization condition [Eq. (18)]. The first
property ensures that the matching condition [Eq. (11)] is ful-
filled, at least approximately, while the second property allows
us to compute the gPM free parameters, as we will discuss
below. The quality of the aforementioned approximations will
be investigated in more detail in Sec. III, where we focus on a
concrete example.

We proceed by decomposing the approximate solution of
Eq. (26) as TH = VVT. The gPMs are then constructed from
the QNMs either by inverting Eq. (16), which gives

X;@m =Y ViEm), (33)
or, similarly, by inverting Eq. (17), which yields
X5 = (v na k). (34)

These expressions are equivalent constructions if the trans-
formation matrix can be exactly decomposed in the form

033108-7



WEITZEL, BUCHLEITNER, AND LENTRODT

PHYSICAL REVIEW RESEARCH 8, 033108 (2026)

ng ng

1 L ] »
»

1 1
—L2 0 +L/2 X

FIG. 1. Setup of the one-dimensional example cavity [58]. The
horizontal axis indicates the position coordinate x, while ng and
ng are the refractive indices of the slab and its surroundings,
respectively.

shown in Eq. (27). Otherwise, they coincide approximately.
In the example provided in Sec. III, we use the construction
of Eq. (33), since it is computationally easier to deal with to
approximate the spectral density.

The coupling parameters are recovered from the eigenfre-
quencies @,, by reversing the diagonalization of the matrix H,
which appears in Eq (14). Then, we have that

i = VOV, (35)

K — Yo = 20V @V Y, (36)

where @ is a diagonal matrix whose elements are the QNM’s
frequencies &, and the superscript AH indicates the anti-
Hermitian part. The parameters on the left-hand side of
Eq. (36) can be individually obtained by setting the positive
eigenvalues of 2i(V '@V )AH to be the eigenvalues of «, and
the modulus of the negative eigenvalues of 2i(V '@V )AH to
be the eigenvalues of the y. This association ensures that «
and y are positive semidefinite matrices, thus guaranteeing
that the master equation (4) is physically meaningful [27].

III. EXAMPLE: ONE-DIMENSIONAL SLAB CAVITY

In this section, we apply and benchmark the method de-
veloped in this work for an explicit example geometry. More
specifically, we use our approach to verify the quality of the
approximation in Eq. (32), that is, how well the matching
condition is satisfied.

A. Example geometry
1. Setup

We consider one of the simplest possible cases of a di-
electric resonator: A (1D), dispersionless and absorptionless
cavity, as depicted in Fig. 1. It consists of a slab with constant
refractive index ng and length L, centered at the origin of
the interval [—L/2, L/2], and surrounded by a medium with
refractive index ng. Both ng and ng are real, due to the
absorptionless and dispersionless properties. We emphasize,
however, that the formalism developed in this paper is not
geometry specific and can be applied to more general disper-
sionless dielectrics as well.

This setup is particularly useful as a test bed for
the method, since many of its properties, including the

quasinormal modes, can be obtained analytically, as discussed
in the following.

2. Quasinormal modes

In the considered cavity geometry, the QNMs satisfy the
one-dimensional Helmholtz equation [75],

~2
(83 + nﬁ%)ﬂ(x) —o, @37

subject to the one-dimensional analog of the Silver-Miiller
radiation condition [Eq. (21)], which reads

- 1 ~
lim f,0) = %\/’::gaxfﬂ(xy (38)

The above equations can be solved analytically, and the
QNM solution reads [75]

f‘l’L(x) :Aﬂ(einRE)“x/c + e—i”RL%X/C"ri#ﬂ), (39)

u € Z, with frequencies
c
w, = (ur +ilna)—, 40
W, = (U +1 oz)LnR (40)

where A, = (etH/ an\/ﬁ)’l is a normalization factor and
o = |ng — ng|/(nr + ng). We note that the Green’s function
for this geometry also admits an explicit analytical expression
[75,96,97].

B. Solution of the Hermitization condition

We now apply our prescription for the construction of the
gPM parameters, whose starting point is to solve the Her-
mitization condition, Eq. (26). Recall that only approximate
solutions of the latter can be found, by truncating the solutions
of Eq. (28) to the block w, v > 0. The latter, in turn, can be
constructed directly from the QNMs, as shown in Eqgs. (29)—
(31). Using the explicit formulas for the QNMs [Eq. (39)] and
for their frequencies [Eq. (40)], we show, in Appendix E, that
an exact, although not Hermitian, solution of Eq. (28) is

Zid),,'l’lRl’lB

I+ (=D
ng —ny (u—v)r+2ilna’

TO® = (41)
The above expression is found by choosing a =2 in the
family of solutions [Eq. (31)]. We choose this value as it
completely eliminates all anti-Hermitian terms of the form
Ouby —y-

Next, the approximate solution of Eq. (26) is given by the
Hermitian part of Eq. (41), which reads

14 (=1
U 9
ng —ng (u—v)r +2ilna

Tu(ls)lab),H —_ __ (42)
but is restricted to the w, v > 0 index domain. A more de-
tailed comparison between Eqgs. (42) and (41) is carried out
in Appendix E. Essentially, the overall structure of Eq. (41)
is preserved by Eq. (42), and, thus, the latter is a suitable
approximation of the former.

The next step is to decompose the matrix Eq. (42) as
T©l0.H — vy We recall that this decomposition is guaran-
teed to exist, since @ =2 and Re (a®,,) > 0 for all u, due
to the restriction of the index domain, as we discussed in
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FIG. 2. Spectral density for the one-dimensional slab cavity depicted in Fig. 1, for different frequencies and positions, considering ng = 4
and ng = 1 [58]. Only positions between the center (x/L = 0) and the edge (x/L = 0.5) of the cavity are shown, due to the symmetry of the
latter. In panel (a), we show the exact spectral density obtained from the QNMs Green’s function, via the correspondence in Eq. (13). Panel
(b) depicts the spectral density obtained from a pole expansion constructed via Eq. (43), using M = 30 terms in the summation. In panel (c),
the difference between the spectral densities in panels (a) and (b) is shown. The colorbar is in units of 7i/(¢gL).

Sec. II D 2. In our case, the matrix V was constructed numer-
ically from the eigenvectors and eigenvalues of T¢2-H In
the following, we use this solution for V' to test the resulting
gPM representation of the spectral density for our example
problem.

C. Reproducing the position-resolved spectral density

With our explicit expression in Eq. (42), we can construct
an approximation for the spectral density. For the present
setup, it reads as the one-dimensional version of Eq. (32) with
x = x/, that is,

M
3 i _
ImCEM (x, x, ) = 5 Im > @ MH = o)X () |
0 PY,

(43)

where x,(x) and H are recovered from the QNMs via
Egs. (33)—(36). Furthermore, in Eq. (43), we explicitly chose
an upper summation limit M, which corresponds to the
number of pseudomodes used in our calculations. Here and
thereafter, we take M = 30. We observe, though, that for
more realistic cavities the effects of dispersion start to get
significant the larger the bandwidth of modes.

We again recall that the importance of the expression
in Eq. (43) is to fulfill the constraints demanded by the
gPMs ansatz, while complying with the matching condition,
Eq. (11). We can then check if the latter is satisfied by com-
paring Eq. (43) with Im C’;gg‘ (x, x, w), which, in turn, can be
computed directly from the Green’s function [see Eq. (13)].

We perform this comparison in Fig. 2. The figure shows
the cavity field’s spectral density as a function of frequency
and position. Since the cavity shown in Fig. 1 is symmetric,
we restrict the plots to positions between x/L = 0 and x/L =
0.5, corresponding to the center and the edge of the cavity,
respectively.

We see that there is an overall good agreement between
the exact result and the gPM expansion. More specifically,
the third panel shows that the difference between the two
expansions is, generally, of a much smaller magnitude than
the relevant values of both exact and approximate cases. The
most noticeable deviations appear as two types of edge effects.
The first is in the frequency domain, since we are only able to
include a finite number M of gPMs in the expansion. There is
therefore a frequency cutoff, above which there are large de-
viations, in this case for frequencies higher than wL/c ~ 25.
Also for frequencies just below the cutoff region, there are
growing deviations, since the excluded modes leak into this
region. Physically, this effect is explained by the lossy nature
of the considered cavity, which features overlapping modes.

The second edge effect is observed close to the spatial
boundary of the cavity, at x/L = 0.5. These deviations can be
attributed to a slow convergence of Eq. (43), since the cavity
edge also marks the boundary of the region of convergence
of the Green’s function pole expansion [75,98]. Outside the
cavity, the Green’s function itself does not admit a pole ex-
pansion, and a treatment in this manner leads to a divergent
expansion. We note, however, that leakage of photons to this
region is physically included in the gPMs through the loss
terms in the ansatz, as evidenced by the well-matching spec-
tral density inside the resonator.

In order to illustrate more clearly the quality and implica-
tions of the meromorphic approximation, as done in Eq. (23),
we show in Fig. 3 the spectral density, in logarithmic scale,
at a selected position x/L = 0.15, and for different number of
terms in the sum of Eq. (43). The figure thus is associated with
a horizontal cross section of Fig. 2, enlarged into the region
around wL/c = 0.

We immediately see that the addition of more terms in the
sum has the effect of including more peaks—or valleys—in
the approximation, while correcting [99] the contributions
from previous terms. Due to the form of Eq. (23), these peaks
or valleys will be located at the real parts of the QNM frequen-
cies, w, = Re @,. On the other hand, we observe the presence
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FIG. 3. Exact (dashed line) and approximated (solid lines) spec-
tral densities, in logarithmic scale, for the one-dimensional example
cavity depicted in Fig. 1, as a function of frequency, choosing ng =
4, ng = 1, and position x/L = 0.15. The exact plot is obtained via
Eq. (13), and, thus, corresponds to a horizontal cross section of
panel (a) in Fig. 2 at the aforementioned position. The approximated
plots were computed by using M =1, 2, 4, 7, 11 terms in Eq. (43),
starting from indices A, A’ = 1. The horizontal (frequency) axis is
subdivided into the real parts of the QNM frequencies w, = Re ®,,,
where @, is given by Eq. (40).

of deviations at low frequencies that persist regardless the
number of terms, and that become more apparent the closer
to wL/c = 0. This feature arises because the truncation of the
summation in Eq. (23) discards the contribution of the poles
in the left half of the complex plane, which particularly affects
the low-frequency region. A related observation has also been
made previously in standard pseudomodes theory [52]. Practi-
cally, it has been suggested that quantitative improvement can
be achieved by complementing the gPMs with perturbative
approaches to treat the residual contributions [100]. Nonphys-
ical extensions are also possible [42,51,62].

The above results therefore show that the gPMs method
indeed provides a systematic method to fulfill the matching
condition, even for highly lossy resonators with overlapping
modes, as the one in Fig. 1. In Appendix F, the performance of
our method is further investigated as a function of both the po-
sition arguments of the correlator. That is, we fix a frequency
w and verify the quality of the approximation of Eq. (32) along
the position coordinates x and x’. Again, we conclude that
our prescription leads to a very good approximation of the
imaginary part of the correlator in the frequency domain.

The good quality of the approximation of the spectral
density using the gPM formalism, evidenced by the results
presented in this section, implies that the dynamics of any
quantum system coupling to the cavity field is recovered.
The continuum cavity field has therefore successfully been
represented by discrete lossy modes. Compared to recent-
developed techniques, our formalism promotes, in some
sense, the work in Refs. [39,40,52] to a systematic level,
supported by a solid mathematical background. One of the
key points is to carefully reconstruct the spectral density, a

feature that is not ensured in other approaches that also dis-
cretize a continuous environment, such as Refs. [37,57]. It is
worth mentioning that the formalism of the latter references
do perform well for a single and two modes setups, but were
not benchmarked for multimode cases, as done in the present
work. Due to similarities between our formalism and the one
in Refs. [37,57], we dedicate Appendix G to compare in more
detail the performance of both methods.

IV. CONCLUSIONS AND OUTLOOK

We introduced the method of global pseudomodes and
applied it to the case of cavity quantum electrodynamics. The
approach provides a systematic way to construct effective
discrete cavity modes that mimic the effect of a continuous
environment onto a quantum system. In particular, one of
the central features in the gPMs formalism was to explicitly
incorporate the spatial coordinate in the computation of the
free parameters of the model. This way, the model is able not
only to simulate the dynamics of a quantum emitter at any
position within the cavity, but also to account for the spatial
extension of such emitters.

As a preliminary test bed, we investigated the performance
of our method in the simple example of a one-dimensional and
highly lossy cavity. In this setup, we found that the gPM con-
struction is able to reproduce the field’s exact spectral density
with good agreement, both as a function of the frequency and
as a function of the position coordinate. This implies that our
approach can indeed simulate the continuous electric field in
a cavity. Consequently, it can reconstruct the expected time
evolution of a quantum system placed within the resonator.
The investigation of this aspect will be left for future work.

Our formalism further opens multiple avenues to model
quantum systems coupled to electromagnetic cavities. As an
example, we mention applications in currently investigated
cQED setups with extended quantum systems, such as polari-
tonic [54], crystalline [2,55], gaseous [13], and many-body
[101] targets. In these cases, the standard pseudomodes ap-
proach [30,31,102] is insufficient, as it requires a numerical
fitting in a (an eventually) too large number of points along
the position coordinate [38,39,52]. Our approach offers a
different and advantageous concept in this regard, since it
removes the need of a fitting procedure by incorporating—by
construction—the position degree of freedom.

Importantly, we also envision extending our formalism to
dispersive materials. The main obstacle in this direction is
the issue of the completeness of the QNMs. For comparison,
we were only able to solve Eq. (28) in our case because we
employed the completeness relation valid for dispersionless
media (see Appendix D). While Eq. (28) remains valid with
dispersion, a rigorous derivation of a completeness relation
is nontrivial, possibly requiring the introduction of auxiliary
fields [103], and is has not been found in general [81]. Some
investigations suggest that the QNM completeness relation
employs a simple substitution of the refractive index, being
evaluated at the QNMs frequencies, that is, n(r) — n(r, @,)
[104]. If that is the case, then the solutions of Eq. (28) can be
straightforwardly generalized. Nevertheless, different strate-
gies of approximations may be necessary to comply these
solutions with the Hermiticity criterion of Eq. (27). In any
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case, in the lack of a formal completeness relation, fitting
procedures can again be useful, not directly for the correlator,
as in Refs. [39,51], but, instead, to numerically solve Eq. (18)
for the matrix V.
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APPENDIX A: MATCHING THE TWO-POINT
CORRELATORS OF THE FIELD

In this Appendix, we formulate the correlator equivalence
statement in its original form [42] and show that it can be
reduced to Eq. (11), at least in the case where a quantum
system couples with an electromagnetic environment in the
cavity.

We start with the definitions of the advanced and retarded
correlators of the electric field. They read, respectively [42],

Cov(r, ¥, 7) = i(E(r, 1 + 1) Q B(Y, 1)), (A1)

Co(r, ¥, 1) =i(EB(r,1) @ B, 1 + 1)), (A2)

where ¢, 7 > 0, and ® denotes the dyadic product between
two vectors. The i factor is added for later convenience. The
operator E without any subscripts indicates the electric field
either in the continuum or in the gPM representation. As in
the main text, the expectation value is taken with respect to
an decoupled initial state of the environment pge1q(0), that is,
(o) = Tr[e pPgie1a(0)], which is further required to be station-
ary. As also mentioned in the main text, the latter property
makes the correlators (A1) and (A2) to be dependent only on
the time interval 7, so that we can set + = 0 from now on.

The original equivalence statement from Ref. [42] then
reads as follows: The time evolution of the reduced (mat-
ter) system state pg(¢) obtained through the gPM ansatz (see
Sec. IT A) is identical to the one obtained via the continuum
representation for the fields if the correlators of the coupling
operators in both representations match, i.e., if

cr,r, 1) = Ci(r, 1, 1), (A3)
CE™M(r, v, 1) = C"(r, ¥, 7), (A4)

for all T > 0, and all positions r, r’ within the cavity volume.
In addition, the stationary state of the field is required to
be Gaussian, and the interaction Hamiltonian must have the
bilinear structure already discussed in Sec. I B.

In order to show the equivalence between the statements of
Eqgs. (A3) and (A4), and the matching condition of Eq. (11),

we have to suitably convert the advanced and retarded cor-
relators to the frequency domain. To this end, we note that
the correlators can also be thought of as parts of a gen-
eral piecewise correlator, defined in the whole time domain
as [42]

i(E(r, 1) @ E(r’, 0)),
i(E(r, 0) ® E(r', 7)),

T >0,

T < 0. (A5)

C(r,r',7) = {
Since C(r, r’, ) is defined for all times, we can compute its
(full range) Fourier transform. It reads

o0
C(ra r/’ C()) = / dT Cadv(r, r/’ T)eiwr
0

oo

+ / dt Cp(r, ¥/, 7)™, (A6)

0
where, in the above, the Fourier transform was separated into
two terms: The first is associated with the integration over
positive times. The second term, associated to the integration
over negative times, takes the form appearing in Eq. (A6) after
changing the integration variable as t — —.

The Fourier transform of the full correlator thus motivates
us to define the one-sided Fourier transforms of advanced and
retarded correlators as

o0
Caav(r, T, 0) = / dr Cuay(r, ¥/, 7)€", (A7)
) ~ |
Cri(r, ¥, 0) = / dr Cugy(r, 1, T)e 7, (A8)
0
such that
C(r’ l'/, a)) = Cadv(r: r/’ 0)) + Crel(rs r/’ (l)) (A9)

Therefore, we see that Egs. (A3) and (A4) are equivalent,
respectively, to

CM™Mr, v, ) = C(r, ¥, w), (A10)
CM v, w) = C(r, T, w). (Al1)

Let us focus on the objects on the right-hand sides of
Egs. (A10) and (A4), that is, computed in the continuum
representation of the field. We note that, in this representation,
the advanced and retarded correlators are related by

CCOl’lt(r’ l,/’ t) — _[CCOl'lt(r’ l,/’ t)]*,

adv ret

(A12)

which is a general property satisfied by unitary environments
[42]. The minus sign in Eq. (A12) is due to the i factor in the
definitions in Eqs. (A1) and (A2). Hence, using the definitions
of the one-sided Fourier transforms of Eqs. (A7) and (AS8),
Eq. (A12) implies that [58]

Im C&™(r, ¥/, w) = Im C5M(r, ', w), (A13)
Re C"(r, ', w) = —Re CP(r, 1/, w). (Al14)

In addition, it is known that every function constructed
by one-sided Fourier transforms, as in Eqs. (A7) and (AS8),
satisfies a Kramers-Kronig relation [105,106]. In the present
context, it reads, for the advanced correlator

Im C(r, ¥/, o)

o0
Re C(r, ¥, w) = 73/ do’ adv . (A15)
—o0

d
adv o — w
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with a similar relation holding for the retarded correlator, but
with an overall minus sign on the left-hand side.

Due to Egs. (A13)—(A15), we conclude that the continuum
representation allows one to recover both the advanced and
the retarded correlators solely from Im C"(r, r', w), by re-
verting the steps outlined above.

Turning now to the gPM representation, we show that
the latter yields the very same constraints as Eqs. (A13),
(A14), and (A15). To that end, we have to use the fact that
the gPM ansatz allows for a pole expansion representation
of Im Cfgy(r, r’, w), as shown in Eq. (15). The proof of
this result is provided in Appendix B. Each term of this
expansion therefore has the form of a complex Lorentzian
function: L(z) = r/(z — z9), with r, zg € C. Since it is known
that the Lorentzian function fulfills the Kramers-Kronig rela-
tion [105], we conclude that

~ ©  ImCE¥Mr, v, o
Re C&M(r, 1, w) = 73/ do’ aa @)
—0Q

adv a)/ —w

(A16)

In addition, since we require the gPM coupling operator—
i.e., the discrete mode expansion of the electric field in
Eq. (1)—to be a Hermitian operator, the relation in Eq. (A12)
also holds for the gPMs, even though they constitute a nonuni-
tary environment. Consequently, we have [107]

Im CZM(r, v, ) = Im C&Y(r, ¥/, w), (A17)
Re CZM(r, 1, w) = —Re CE (r, 1, ). (A18)

Finally, we conclude that the advanced and retarded two-
point correlators in the gPM ansatz are completely recovered
by fixing Im Cigivl (r,r', ), just like with the continuum
representation. Therefore, since the correlators fulfill the ex-
act same constraints in both frameworks, the conditions in
Egs. (A3) and (A4) are completely equivalent to

~ 1 ~
Im Cfgyl(r, r', o) =ImC (r, ¥, o),

(A19)

in order to guarantee that Eqs. (A3) and (A4) are satisfied.

APPENDIX B: ONE-SIDED FOURIER TRANSFORM
OF CORRELATORS IN THE GPM FRAMEWORK

For the calculation of the advanced correlator using the
gPM ansatz, we first work out the time evolution of the
ladder operators a,(t), decoupled from the matter system.
From Eq. (4), one can show that the ladder operators in the
Heisenberg picture evolve according to [27],

/AN
at&u (t) = E[HgPMv au (t)]

. 1
+3 ko [&1 (1, (113, (1) = 31 (O (1), <r>}}

AN

1
+) v [@(f)@(r)fz;(t) - 5(a;0a,0), 4, (t)}},

AN
(BI)

where the gPM free Hamiltonian in the commutator is given
by Eq. (6). Employing the canonical commutation relations

between the ladder operators given by Eqgs. (2) and (3), the
master equation straightforwardly reduces to

Bty (1) = —i Y Hyadty (1), (B2)
>

where H is the matrix of coefficients Hyy = wy — i(kyy —
Vi )/ 2.

To find an explicit expression for the one-sided Fourier
transform of the advanced correlator [see Eq. (A7)] in the
gPM representation, we first define

CX (1) = (0la, (1)al, (0)]0), ¢ > 0. (B3)

Also, the half-range Fourier transform allows a natural con-
version to the Laplace transform by redefining the frequency
variable as iw — —s. We denote the Laplace transform as

Co(s) = / dt e™1CY (). (B4)

0

In order to proceed, we take the time derivative of C2$Y(r)
and directly [108] employ the result of Eq. (B2). We thus get
a differential equation for the correlator for positive times,

UCK (1) = =i Y HyyC (1), (B5)
n

which can be converted to an algebraic equation by taking its
Laplace transform, that is,

—adv adv . —adv
SCopr () — G (0) = =i "y, Coi (5). (B6)
n

Next, one can rearrange the terms above to get

Con () = 3 (s + iH);, €22 (0). (B7)
n

We obtain the correlator in the frequency domain upon
substituting s = —iw. Provided that the initial condition is
Cf‘]‘iv(O) = 8,5, since we are assuming the pseudomodes to be
initially in the vacuum state, we find

CiY (@) = i(w — H);,. (B8)

The expression for the one-sided Fourier transform of the
advanced correlator is then found by employing the gPM
expansion in Eq. (1). This yields

C ¢PM

ay (T, )

=i [ Y @ 101,003,010
0 AN

(B9)

where the integration over the time domain corresponds pre-
cisely to the result of Eq. (B8). Finally, we find

- h
R ) = 5= 3 6 = oD, (B10)

AN

which is Eq. (14).
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APPENDIX C: POLE EXPANSION OF 0*G(r, r', ®)

The Green’s function admits a pole expansion over the
QNMs f, (r) as [75]

2 too 2 e /
f f
G(r, r’,w)=2C— > M. (C1)
w = By

From Eq. (Cl), we can straightforwardly calculate the
residues of w?>G(r, ¥, w) at each pole @,

2
Res[0’G(r, ', ), @,.] = —%a)ufﬂ m @) (€2

The above expression for the residues can be used in the
Mittag-Leffler expansion theorem, which provides a way to
construct a pole expansion of a meromorphic function [86].
We find that

) 2 1 1 , N
/ ~, /
o°G(r, 1, w) = > E (‘bu — _&)ﬂ)a)ufu(r) ®f,(r")
HU=—00
2 to & F ooy
c w,f,(r)®f,0")
—A N 2: uly A
(e, 1)+ 2 Wy — w
p=—00
(C3)

In Eq. (C3), there are two terms. The first one is defined as

2 +oo

Ar,v) = % Y Lo eka), (C4)

pH=—00

while the second corresponds to the actual expansion over
the poles. Although the sums in each of the individual terms
diverge, their combination does not. We note, though, that
A(r, ') is not only frequency independent but also a purely
real function, which can be deduced from the properties of
the QNMs discussed in Appendix D. Consequently, only the
real part of the second term on the right-hand side of Eq. (C3)
diverges. Nevertheless, this divergence does not affect our
method, since the matching condition in Eq. (11) involves
only the imaginary part of *G(r, Y, w), via Eq. (13), and
the expansion in Eq. (19) is finite.

For the particular case of the dielectric slab considered in
Sec. I1I, we remark that we can use the completeness property
of the QNMs [Eq. (D1)] to show that

2
Ax,x) = —=8(x — x'). (C5)
nR
In other words, the real part of Eq. (C3) diverges in a delta
functionlike form, i.e., only at the coincidence x = x’. This
divergence is well known and can be renormalized [60]. For
the case of cavities featuring absorption, also the imaginary
part diverges such that so-called local-field corrections may
be required [60].

APPENDIX D: USEFUL PROPERTIES
OF THE QUASINORMAL MODES AND SOLVING
THE HERMITIZATION CONDITION

In this Appendix, we outline some of the most relevant
properties of the QNMs. Thereafter, we use these properties
to solve the Hermitization condition [Eq. (18)].

The QNMs satisfy the following relations:

(1) The complex conjugate of a QNM also belongs to
the set of QNMs, fulfilling the relation £%(r) =f_,(r). The
corresponding frequencies also satisfy a conjugation relation,
given by @), = —@_,.

(2) For dispersionless dielectric materials, the QNMs sat-
isfy a completeness relation [109], given by

1 & . .
3 > eb.meha)=Br-r). (D)

p=—00
(3) The QNMs are linearly dependent to each other, as
expressed by

+00

1 :
> hmefa)=o,

p=—o0 M

(D2)

meaning that the QNMs actually form an overcomplete set.
We can use properties (1)—(3) above to arrive at a solution
for Eq. (28), which we repeat below for clarity

wdu ()= " TuEm), (D3)

v=—00

and encompasses the extended index domain. As already men-
tioned in the main text, we need to extend the index domain
because properties (2) and (3) involve all QNMs. The solution
of Eq. (D3) will then serve as an approximate solution of
the actual Hermitization condition, which encompasses the
restricted index domain of &, v > 0.

First, we note that Eq. (D3) can also be interpreted as
writing @,f,, (r) as a linear combination of f(r). Due to the
overcompleteness of the QNMs, pointed out by property (3),
we see that multiple solutions for the matrix 7 are allowed.
One of such solutions is trivially obtained from property (1),
and reads

T = @80, (D4)

which is Eq. (29). We note that, using the conjugation prop-
erty of the QNM frequencies pointed by property (1), 7} =
—T,)*. In other words, this solution is completely anti-
Hermitian.

A second, independent solution is found by employing

property (2) as follows:

@k, (r) = @, / &' £,()8( —r) (D3)
R
~ +00
- %;}o [ /R d3r’n2(r’)fu(r’)~f3‘(r’):|f;‘(r), (D6)

where R denotes the cavity volume, and we used the prop-
erty that n(r) € R, as the cavity material is assumed to be
absorptionless and dispertionless. Therefore, from Eq. (D6),
we arrive at

7o =2 / &r 2 (0F, (r) - FX(r),
R

> D7

which corresponds to Eq. (30).
Finally, we arrive at the family of solutions of Eq. (31) by
a suitable linear combination of the solutions in Egs. (D4) and
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(D7), as

Tuv:(l acC.

The solutions encompassed by the above family all satisfy
Eq. (D3) and are used in this work as approximate solutions
of Eq. (26). However, as we mention in the text, we choose
an a, which sets all anti-Hermitian terms of the form of TM(]I))
to zero. Such a choice is an important step to find an approx-
imate solution that complies with the constraint imposed by
Eq. (27). Although choosing a = 1 indeed sets the explicit

term with T/fi) to zero, it is not guaranteed to do the same with
the implicit contributions from 7,1?). We leave the derivation
of a suitable a to Appendix E, where we turn to the specific
cavity example discussed in Sec. III.

As a last subject in this Appendix, we prove, in the follow-
ing, that our Hermitian approximation 7 &~ TH, as employed
in Sec. IID 2, indeed yields a positive semidefinite matrix
under some conditions.

First, we use Eq. (D8) to write 71 as

M= 3[aT® +a*(TP)'],

— )T + T2, (D8)

D9)

for any a € C, since TV is purely anti-Hermitian.

Let us now define 2 as the diagonal matrix whose entries
are a@, and define G, = 2@,)"'T\3) [cf. Eq. (D7)]. Then,
we can write Eq. (D9) as

0 = QG+ GQ, (D10)

since G is Hermitian.

Finally, it happens that (QG + GQ') is positive semidefi-
nite only if the eigenvalues Q have positive real parts and G is
positive definite. This is a consequence of a result sometimes
referred to as Lyapunov’s theorem in stability analysis [110].
In our case, G is indeed positive semidefinite, since it has the
form of a Gram matrix [93], and  is already in the diagonal
form. Hence, we conclude, from Eq. (D10), that Re [a®, ] > 0
for all ;1 implies that 7™ is positive semidefinite, which con-
cludes the proof.

We observe that the condition Re [a®, ] 2 0, in turn, com-
plies nicely with our choice of the restricted basis of the
QNMs (see Secs. [IC2 and IID 1), if a > 0, which is indeed
the case, for example, in the cavity example considered in
Sec. II1.

APPENDIX E: APPROXIMATE ANALYTICAL SOLUTION
OF THE HERMITIZATION CONDITION
FOR THE 1D EXAMPLE CAVITY

In the following, we provide details on the calculations
performed to arrive at Eq. (42). As discussed in the main text,
we consider exact solutions of Eq. (28) in the extended index
domain. First, the trivial solution reads

Tlfls)lab D= ~[L8}L —V> (El)

where the frequencies @, are given by Eq. (40). Next, we
calculate the other possible transformation matrix by plugging
into Eq. (30) the QNMs given by Eq. (39), that is, we evaluate

+L/2

Tlils)lab,Z) _ Du dx n o, () (x). (E2)

2 Joip

Performing the integration over the position interval
[-L/2,L/2] leads to
T(sldb 2) a)/l. s _ ZianB 1+ (_l)ufv
. 21" mg =g (w—v)w +2ilna |

(E3)

where « = |ng — ng|/(ng + np).

The family of solutions is subsequently constructed by a
linear combination [see Eq. (31)] of the solutions in Eqgs. (E2)
and (E3). We find

T;t(;ldb) (1 - a)a)u w,—v

awy, 2ingng 1+ (—1)»V
+ T 8[1.,—\) - 2 2 . )
ng —ng (u—v)r +2ilna
(E4)

where a is a free parameter. In order for the matrix to satisfy
the constraints of the Hermitization condition—that is, to be
decomposable as T = VV—it must be Hermitian. Since the
term @,,8,, _, is completely anti-Hermitian, we will choose a
such that this term is eliminated. In other words, we select
the “most Hermitian” solution within the family in Eq. (E4).
Notice that the choice of a = 2 allows the term @,,8,, , to be
completely eliminated, and we arrive at
2id)’uanB

~ 14 (=1
=2 pd—nd (u—v)T+2ilna’

7 (slab
7.l (ES)

While the solution in Eq. (ES) is still exact in the extended
index domain, it is still not Hermitian. Thus, to comply with

the Hermitization condition, we approximate T,ﬁlab) |4=> by its
own Hermitian part

Fi(slab) ~ 1 (slab) (slab) H

TR =3 (TR + T3, (E6)

Finally, the approximate solution to Eq. (26) is found by
restricting the matrix in Eq. (E6) to the block where u, v > 0.
The resulting matrix is the one shown in Eq. (42), that is,

ming 1+ (=D

(”Jr”) n2 —nd (i — vy + 2ilne’ E7)

A (slab),H
T,

In Fig. 4, we show how the approximation in Eq. (42) af-
fects the block corresponding to i, v > 0 of the exact matrix
of Eq. (41). The figure shows that the latter equation con-
serves the general structure of the former. Namely, in both
cases, the “checkerboard” pattern of the matrix—caused by
the 1 + (—1)*7Y factor—is preserved, and in their real parts
the nonzero elements are concentrated in and around the main
diagonal. However, one sees that the imaginary part depicts
more visible differences: The main diagonal of Eq. (ES) has a
nonzero imaginary contribution, which is eliminated by taking
its Hermitian part. Also, we observe that the imaginary part
in the non-Hermitian case is asymmetric with respect to the
main diagonal, compared with the Hermitian case, which is
symmetric by construction. Nevertheless, these differences
occur on a much smaller scale compared to the absolute values
of the matrix elements, as it can be seen from the color code
in Fig. 4. Therefore, we conclude that Eq. (42) well approx-
imates Eq. (41) and, hence, provides a good approximate
solution to Eq. (26).
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FIG. 4. Block corresponding to @, v > 0 of the matrix solution ﬁ
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, given by Eq. (E5), and of its Hermitian part T M( , given by

Eq. (E7) [58]. Panels (a) and (b), respectively, show the real and imaginary parts of the former, while panels (c) and (d) show the real and
imaginary parts of the latter. The parameters ng = 4 and ng = 1 were chosen. The colorbar indicates the numerical value of each matrix

element, in units of ¢/L.

APPENDIX F: COMPARISON OF THE CORRELATOR
FOR A FIXED FREQUENCY AND DIFFERENT
POSITION ARGUMENTS

The main strength of the gPMs lies in the property of
well approximating the spectral density throughout the cavity
region, which promises applications for extended systems
coupling to resonators. In Fig. 5, we extend the comparison
of the imaginary part of the half-range Fourier transform of
the advanced correlator to all accessible position arguments
x, x’, while choosing a fixed frequency, wL/c = 4. We see
that the agreement is good for almost all position arguments:
The order of magnitude of the differences between the two
computed objects is generally much smaller than the relevant
values those objects take. However, there is a more significant
disagreement alongside the position coordinate x, when the
other coordinate is close to the edge of the cavity, that is,
x'/L =~ 0.5. This mismatch stems from the slow convergence
of the pole expansion near the cavity’s boundary. Interestingly,
the disagreement is not symmetrical upon swapping x with
x’. This feature, in turn, is attributed to the fact that the matrix
T;i‘ab)’H, used in the construction of Eq. (43), is only an

approximate solution to the Hermitization condition
[Eq. (18)]. Hence, the construction of the gPMs via Egs. (33)
and (34) are not equivalent anymore, and choosing one
construction—in our case, Eqs. (33)—leads to the visible
asymmetric mismatch, along only one of the position
coordinates.

APPENDIX G: COMPARISON TO ALTERNATIVE
METHODS

From a general perspective, the gPMs are a type of few-
mode theory for cavity QED—that is, an approach that
describes the cavity field by discrete modes instead of a con-
tinuum [38,39]. There have been various such approaches in
the literature with different advantages, with a few of them
surveyed in the introduction (Sec. I). Our approach is mostly
based on pseudomode theory [30,31,42,51,64] and extends it
to a position-resolved description. The concept of gPMs is
set up to fulfill strict physical conditions and a one-to-one
correspondence between modes and resonances. This makes
it rather appealing to subsequently solve problems where
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FIG. 5. Imaginary part of the one-sided Fourier transform of the advanced correlator for the one-dimensional cavity slab depicted in Fig. 1,
for different position arguments x, x’, and a fixed frequency [58]. We consider ng = 4, ng = 1 and set wL/c = 15. In panel (a), we depict the
exact computation from the Green’s function, via Eq. (13); in panel (b), the approximation via Eq. (43), using M = 30 terms, and, in panel (c),
the difference between the two previous plots. The colorbar is in units of 71/(eyL).

quantum systems couple to the cavity. There are, however,
other approaches that feature similar constructions. In this
Appendix, we compare a selection of these methods to the
gPMs by checking how well they approximate the cavity
field’s spectral density.

One particular formalism that has received much attention
recently are the quantized quasinormal modes. Originally in-
troduced in Refs. [37] and further developed in Refs. [57,111—
113], this method attempts to establish an ab initio quanti-
zation of the resonant states, as the name suggests. To this
end, the QNMs are associated with quantum operators, and a
subsequent manipulation of their dynamical equations leads
to a master equation in Lindblad form. Both the final mas-
ter equation and an associated mode transformation—which
the authors call symmetrization [37]—are rather similar to
Eq. (B1) and Egs. (33) and (34), respectively, at a first glance.
However, there are significant conceptual distinctions.

The central difference is that the quantized quasinormal
modes are not explicitly grounded in recovering the spectral
density. In contrast, one of the key features of our formalism
is to ensure the matching condition in Eq. (11) to be fulfilled,
which leads to the Hermitization conditions in Eqgs. (26) and
(27). The latter, in turn, are strict constraints that ensure that
the correct spectral density is well approximated by a setup
featuring quantized modes.

Actually, the employment of a suitable set of quantized
modes is directly related to the necessity of a Markovian
approximation in the cavity-environment interaction. This is
due to the fact that a separation of the total field into the (dis-
crete) cavity and (continuous) environment subspaces can lead
to spurious non-Markovian effects in the dynamics between
them. In the case of quantized quasinormal modes, traditional
cavity-environment separation methods are employed in the
derivation of the master equation, which explicitly lead to a
Markov approximation [37,114] and frequency cutoffs [115].
Our formalism therefore aims to circumvent these issues by
deriving a discrete-mode basis that is Markovian by con-
struction [41]. By the latter feature, we mean to absorb all

non-Markovian effects of the quantum system’s dynamics
with effective discrete modes, such that the whole resulting
extended system undergoes a Markovian dynamics, dictated
by a master equation.

Another important distinction is that the quantized quasi-
normal modes method has so far been benchmarked mainly
using Purcell factors for single and two-mode cavities
[37,111,115,116], that is, for isolated resonances as they ap-
pear in good cavities. In these cases, it happens that the
constructed quantized modes indeed lead a suitable master
equation, meaning that the Markov approximation is accu-
rate. However, such a “mode accuracy” is not guaranteed in
general, as for, e.g., an arbitrary number of modes.

Despite the aforementioned criticism, the quantized quasi-
normal modes approach does have advantages over other
few-mode models available in the literature [30,31,39]: It is
a first-principle model, and it incorporates the position degree
of freedom in the framework. As described in Sec. I, these
features are also a main motivation of the gPMs developed
here, which unites the concepts presents in these works.

As we mentioned previously, we can compare our ap-
proach to the quantized quasinormal modes by verifying if the
matching condition is fulfilled; i.e., we compare the expansion
for the spectral density we obtain in each formalism. In the
following, we start by showing how the spectral density is
computed with quantized quasinormal modes. The method
mainly follows Ref. [37] adapted to one dimension [113].
We note that, to obtain reasonable results, a different cutoff
function compared to Ref. [115] was used.

In the quantized QNM framework [37], the spectral density
of the one-dimensional cavity example considered in Sec. III
can be written with a similar construction as in Eq. (14), as

Im C'E(ENM()C, X, )

h 8 3
= _—Im [Z«/_wxa)y SOX — ) ;,*(x)], (G1)

2
€0 %Y
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FIG. 6. Comparison of spectral densities for the one-dimensional example cavity depicted in Fig. 1, choosing ng = 4 and ng = 1, between
different methods [58]. In the left column, panels (a), (c), and (e) show the spectral densities obtained from the gPMs approach, an alternative
“naive” guess, and the quantized quasinormal modes developed in Ref. [37], respectively. To compare with the exact spectral density, the right
column [panels (b), (d) and (f)] shows the difference between the aforementioned spectral densities and the exact case. The colorbar is in units
of i/(eoL). In all calculations, we used M = 30 terms in the expansion.

where We therefore see that the objects A}, and ff(x) in the
— Re [;] (G2) quantized QNM formalism are analogous to H and y; (x) in
@ = Relond, the gPM approach [see Egs. (14) and (33)~(36)]. The differ-
. 12~ ol)2 ence lies in the matrix S/2: While, in our case, we use the
X = Z S OnSpp (G3) " Hermitization condition [Egs. (26) and (27)] to construct suit-
7 able parameters, here S'/? is defined as the matrix square root
ff(x) — Z Si/xz [ ﬂ (x), (G4) [117] of the following matrix, for a dispersionless medium:

S 24 (@A (@)

) S = / do 2 grd ), (G5)
with @, and fy (x) given by Egs. (39) and (40), respectively. 0 T A/ @iy

033108-17



WEITZEL, BUCHLEITNER, AND LENTRODT

PHYSICAL REVIEW RESEARCH 8, 033108 (2026)

where we introduced [115]

w — W)
Rect( t). (G6)
W — w), + 20"

Here, Rect(x) is a piecewise function which equals to 1 for
—1/2 < x < 1/2 and 0 elsewhere, and w$"" is a cutoff param-
eter that will be discussed in more detail below. In Eq. (G5),
we also used

a ¢t [oF(x, ) -,
S (w) = 5 |:k8—xFN(x, w)
_ F,\(x, w)M} o , (G7)
ox xzi%
where
F.(x,w) =0(x € R)fo(x)
L/2 _
+6(x ¢ R)f dx' G (x, X', 0)[ng — ng ] f.(x)
—L/2
(GY)

are referred to as regularized QNMs [37]. In Eq. (GS8),
R =[—L/2,L/2] is the resonator’s spatial extension and
Gg(x, ¥, w) is the one-dimensional background Green’s func-
tion, given by [75]

. NI
GB()C, X/, (,!)) — emga)lx X \/c'

2iwng

The cutoff function in Eq. (G6) is introduced, based on Ref.
[115], due to the fact that the integral in Eq. (G5) does not
converge when integrated up to infinity. Note, however, that
the cutoff function is modified compared to the one proposed
in Ref. [115], to provide a reasonable approximation of the
spectral density. As in Ref. [115], we chose the value w$™ =
—14Im [@, ] for the cutoff parameter.

Figure 6 shows the resulting comparison of the spectral
density. The gPMs case, already shown previously in Fig. 3,
is repeated for ease of comparison. We see that, while the
quantized quasinormal mode approach also performs well for
intermediate frequencies, the deviations are larger than in the
gPMs approach throughout. In addition, there are even larger
deviations at low frequencies. These results confirm that the
gPMs formalism provides a better approximation for the spec-
tral density, and evidence the necessity of the Hermitization
conditions [Eqgs. (26) and (27)].

(G9)

In addition to the quantized quasinormal modes, Fig. 6
compares one further alternative construction, which we re-
fer to as “naive” Hermitization. From one perspective, our
prescription can also be thought of as trying to make the reso-
nance pole expansion—which features unconjugated modes
[see Eq. (13)]—to be compatible with a Hermitian field—
which leads to conjugated modes in the spectral density [see
Eq. (14)]—as discussed in Sec. II C. The importance of this
requirement was already pointed out in Ref. [30,40], where it
has been called an “undiagonalization.”

We define the naive Hermitization as guessing the matrix
solution of Eq. (26) simply as

(G10)

that is, without taking into account the nontrivial properties
of the quasinormal modes (see Appendix D) or the con-
straint of Eq. (27). With this—at best highly approximate—
choice of the transformation matrix, one could again follow
the steps outlined in Egs. (27)—(36) to deduce an alternative
set of modes and coupling parameters for the gPM ansatz
(see Sec. IT A), avoiding the more involved approximation
scheme introduced in Sec. II D. Effectively, this matrix then
leads to the residues in the pole expansion [Eq. (23)] as being
approximated by

Tp,v ~ |&)/J.|5p.v,

Vot ) ~ /&, T ().

More specifically, Eq. (G10) implies that the residues in
the pole expansion of Eq. (15) are approximately real. This
assumption is not true in general, but can be a good approxi-
mation for good cavities with isolated resonances [41].

As shown in Fig. 6, this naive Hermitization yields a rel-
atively good approximation for the spectral density, to the
extent that the magnitude of the error shown in the corre-
sponding differences plot is generally much smaller than the
values the spectral density takes. However, we observe that
the gPM formalism presented in Sec. II still leads to a better
approximation, since the corresponding plot of differences
depicts an even wider area—in Fig. 6, the region in white—
with an even smaller error, compared to the naive approach.
Interestingly, the naive Hermitization already performs better
than the quantized quasinormal modes over a large range of
the spectrum, illustrating the importance of the gPM concept.

(G11)

[1] C. Monroe, D. M. Meekhof, B. E. King, W. M. Itano, and
D. J. Wineland, Demonstration of a fundamental quantum
logic gate, Phys. Rev. Lett. 75, 4714 (1995).

[2] G. Jarc, S. Y. Mathengattil, A. Montanaro, F. Giusti, E. M.
Rigoni, R. Sergo, F. Fassioli, S. Winnerl, S. Dal Zilio,
D. Mihailovic, P. PrelovSek, M. Eckstein, and D. Fausti,
Cavity-mediated thermal control of metal-to-insulator transi-
tion in 1T-TaS,, Nature (London) 622, 487 (2023).

[3] E. T. Jaynes and F. W. Cummings, Comparison of quantum
and semiclassical radiation theories with application to the
beam maser, Proc. IEEE 51, 89 (1963).

[4] J. Larson, T. Mavrogordatos, S. Parkins, and A.
Vidiella-Barranco, The Jaynes-Cummings model: 60
years and still counting, J. Opt. Soc. Am. B 41, JCM1
(2024).

[5] G. S. Agarwal, Quantum Optics (Cambridge University Press,
Cambridge, UK, 2012).

[6] R.R. Puri and G. S. Agarwal, Collapse and revival phenomena
in the Jaynes-Cummings model with cavity damping, Phys.
Rev. A 33,3610 (1986).

[71 N. M. Sundaresan, Y. Liu, D. Sadri, L. J. Sz6cs, D. L.
Underwood, M. Malekakhlagh, H. E. Tiireci, and A. A. Houck,

033108-18


https://doi.org/10.1103/PhysRevLett.75.4714
https://doi.org/10.1038/s41586-023-06596-2
https://doi.org/10.1109/PROC.1963.1664
https://doi.org/10.1364/JOSAB.536847
https://doi.org/10.1103/PhysRevA.33.3610

POSITION-RESOLVED RESONANCE QUANTIZATION FOR ...

PHYSICAL REVIEW RESEARCH 8, 033108 (2026)

Beyond strong coupling in a multimode cavity, Phys. Rev. X
5, 021035 (2015).

[8] A. Frisk Kockum, A. Miranowicz, S. De Liberato, S. Savasta,
and F. Nori, Ultrastrong coupling between light and matter,
Nat. Rev. Phys. 1, 19 (2019).

[9] P. Forn-Diaz, L. Lamata, E. Rico, J. Kono, and E. Solano,
Ultrastrong coupling regimes of light-matter interaction, Rev.
Mod. Phys. 91, 025005 (2019).

[10] T. W. Ebbesen, Hybrid light—matter states in a molecular
and material science perspective, Acc. Chem. Res. 49, 2403
(2016).

[11] A. Thomas, L. Lethuillier-Karl, K. Nagarajan, R. M. A.
Vergauwe, J. George, T. Chervy, A. Shalabney, E. Devaux, C.
Genet, J. Moran, and T. W. Ebbesen, Tilting a ground-state
reactivity landscape by vibrational strong coupling, Science
363, 615 (2019).

[12] E. J. Garcia-Vidal, C. Ciuti, and T. W. Ebbesen, Manipulat-
ing matter by strong coupling to vacuum fields, Science 373,
eabd0336 (2021).

[13] F. Appugliese, J. Enkner, G. L. Paravicini-Bagliani, M. Beck,
C. Reichl, W. Wegscheider, G. Scalari, C. Ciuti, and J. Faist,
Breakdown of topological protection by cavity vacuum fields
in the integer quantum Hall effect, Science 375, 1030 (2022).

[14] O.S. Ojambati, R. Chikkaraddy, W. D. Deacon, M. Horton, D.
Kos, V. A. Turek, U. F. Keyser, and J. J. Baumberg, Quantum
electrodynamics at room temperature coupling a single vibrat-
ing molecule with a plasmonic nanocavity, Nat. Commun. 10,
1049 (2019).

[15] E. Benz, M. K. Schmidt, A. Dreismann, R. Chikkaraddy, Y.
Zhang, A. Demetriadou, C. Carnegie, H. Ohadi, B. De Nijs,
R. Esteban, et al., Single-molecule optomechanics in “pico-
cavities”, Science 354, 726 (2016).

[16] J. T. Hugall, A. Singh, and N. F. van Hulst, Plasmonic cavity
coupling, ACS Photonics 5, 43 (2018).

[17] E. Vetsch, D. Reitz, G. Sagué, R. Schmidt, S. Dawkins, and
A. Rauschenbeutel, Optical interface created by laser-cooled
atoms trapped in the evanescent field surrounding an optical
nanofiber, Phys. Rev. Lett. 104, 203603 (2010).

[18] J. H. Shirley, Solution of the Schrodinger equation with a
Hamiltonian periodic in time, Phys. Rev. 138, B979 (1965).

[19] I. I. Rabi, On the process of space quantization, Phys. Rev. 49,
324 (1936).

[20] D. Braak, Integrability of the Rabi model, Phys. Rev. Lett. 107,
100401 (2011).

[21] A. Nazir and G. Schaller, The reaction coordinate mapping in
quantum thermodynamics, in Thermodynamics in the Quan-
tum Regime: Fundamental Aspects and New Directions, edited
by F. Binder, L. A. Correa, C. Gogolin, J. Anders, and G.
Adesso (Springer International Publishing, Cham, 2018), pp.
551-577.

[22] S. De Liberato, Virtual photons in the ground state of a dissi-
pative system, Nat. Commun. 8, 1465 (2017).

[23] S. M. Barnett and P. M. Radmore, Quantum theory of cavity
quasimodes, Opt. Commun. 68, 364 (1988).

[24] S. M. Dutra and G. Nienhuis, in Modern Challenges in Quan-
tum Optics, edited by M. Orszag and J. C. Retama, Lecture
Notes in Physics, Vol. 575 (Springer, Berlin, 2001), p. 338.

[25] M. Khanbekyan, L. Knéll, D.-G. Welsch, A. A. Semenov, and
W. Vogel, QED of lossy cavities: Operator and quantum-state
input-output relations, Phys. Rev. A 72, 053813 (2005).

[26] S. Hughes, M. Richter, and A. Knorr, Quantized pseudomodes
for plasmonic cavity QED, Opt. Lett. 43, 1834 (2018).

[27] H. P. Breuer and F. Petruccione, The Theory of Open Quantum
Systems (Oxford University Press, Oxford, UK, 2002).

[28] H. J. Carmichael, An Open Systems Approach to Quantum Op-
tics, Lecture Notes in Physics Monographs, Vol. 18 (Springer,
Berlin, 1993).

[29] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, Atom-
Photon Interactions: Basic Processes and Applications (Wiley-
VCH, New York, 2008).

[30] B. M. Garraway, Nonperturbative decay of an atomic system
in a cavity, Phys. Rev. A 55, 2290 (1997).

[31] B. M. Garraway, Decay of an atom coupled strongly to a
reservoir, Phys. Rev. A 55, 4636 (1997).

[32] C. Lamprecht and H. Ritsch, Quantized atom-field dynamics
in unstable cavities, Phys. Rev. Lett. 82, 3787 (1999).

[33] S. M. Dutra and G. Nienhuis, Quantized mode of a leaky
cavity, Phys. Rev. A 62, 063805 (2000).

[34] B. J. Dalton, S. M. Barnett, and B. M. Garraway, Theory of
pseudomodes in quantum optical processes, Phys. Rev. A 64,
053813 (2001).

[35] G. Hackenbroich, C. Viviescas, and F. Haake, Field quantiza-
tion for chaotic resonators with overlapping modes, Phys. Rev.
Lett. 89, 083902 (2002).

[36] C. Viviescas and G. Hackenbroich, Field quantization for open
optical cavities, Phys. Rev. A 67, 013805 (2003).

[37] S. Franke, S. Hughes, M. K. Dezfouli, P. T. Kristensen, K.
Busch, A. Knorr, and M. Richter, Quantization of quasinor-
mal modes for open cavities and plasmonic cavity quantum
electrodynamics, Phys. Rev. Lett. 122, 213901 (2019).

[38] D. Lentrodt and J. Evers, Ab initio few-mode theory for quan-
tum potential scattering problems, Phys. Rev. X 10, 011008
(2020).

[39] 1. Medina, F. J. Garcia-Vidal, A. I. Ferndndez-Dominguez, and
J. Feist, Few-mode field quantization of arbitrary electromag-
netic spectral densities, Phys. Rev. Lett. 126, 093601 (2021).

[40] M. Séanchez-Barquilla, F. J. Garcia-Vidal, A. 1. Ferndndez-
Dominguez, and J. Feist, Few-mode field quantization for
multiple emitters, Nanophotonics 11, 4363 (2022).

[41] D. Lentrodt, O. Diekmann, C. H. Keitel, S. Rotter, and J.
Evers, Certifying multimode light-matter interaction in lossy
resonators, Phys. Rev. Lett. 130, 263602 (2023).

[42] P. Menczel, K. Funo, M. Cirio, N. Lambert, and F. Nori,
Non-Hermitian pseudomodes for strongly coupled open quan-
tum systems: Unravelings, correlations, and thermodynamics,
Phys. Rev. Res. 6, 033237 (2024).

[43] D. O. Krimer, M. Liertzer, S. Rotter, and H. E. Tiireci,
Route from spontaneous decay to complex multimode
dynamics in cavity QED, Phys. Rev. A 89, 033820
(2014).

[44] A. Strathearn, P. Kirton, D. Kilda, J. Keeling, and B. W.
Lovett, Efficient non-Markovian quantum dynamics using
time-evolving matrix product operators, Nat. Commun. 9,
3322 (2018).

[45] R. Trivedi, D. Malz, and J. I. Cirac, Convergence
guarantees for discrete mode approximations to non-
Markovian quantum baths, Phys. Rev. Lett. 127, 250404
(2021).

[46] R. S. Burkey and C. D. Cantrell, Discretization in the quasi-
continuum, J. Opt. Soc. Am. B 1, 169 (1984).

033108-19


https://doi.org/10.1103/PhysRevX.5.021035
https://doi.org/10.1038/s42254-018-0006-2
https://doi.org/10.1103/RevModPhys.91.025005
https://doi.org/10.1021/acs.accounts.6b00295
https://doi.org/10.1126/science.aau7742
https://doi.org/10.1126/science.abd0336
https://doi.org/10.1126/science.abl5818
https://doi.org/10.1038/s41467-019-08611-5
https://doi.org/10.1126/science.aah5243
https://doi.org/10.1021/acsphotonics.7b01139
https://doi.org/10.1103/PhysRevLett.104.203603
https://doi.org/10.1103/PhysRev.138.B979
https://doi.org/10.1103/PhysRev.49.324
https://doi.org/10.1103/PhysRevLett.107.100401
https://doi.org/10.1038/s41467-017-01504-5
https://doi.org/10.1016/0030-4018(88)90233-7
https://doi.org/10.1103/PhysRevA.72.053813
https://doi.org/10.1364/OL.43.001834
https://doi.org/10.1103/PhysRevA.55.2290
https://doi.org/10.1103/PhysRevA.55.4636
https://doi.org/10.1103/PhysRevLett.82.3787
https://doi.org/10.1103/PhysRevA.62.063805
https://doi.org/10.1103/PhysRevA.64.053813
https://doi.org/10.1103/PhysRevLett.89.083902
https://doi.org/10.1103/PhysRevA.67.013805
https://doi.org/10.1103/PhysRevLett.122.213901
https://doi.org/10.1103/PhysRevX.10.011008
https://doi.org/10.1103/PhysRevLett.126.093601
https://doi.org/10.1515/nanoph-2021-0795
https://doi.org/10.1103/PhysRevLett.130.263602
https://doi.org/10.1103/PhysRevResearch.6.033237
https://doi.org/10.1103/PhysRevA.89.033820
https://doi.org/10.1038/s41467-018-05617-3
https://doi.org/10.1103/PhysRevLett.127.250404
https://doi.org/10.1364/JOSAB.1.000169

WEITZEL, BUCHLEITNER, AND LENTRODT

PHYSICAL REVIEW RESEARCH 8, 033108 (2026)

[47] T. N. Rescigno and V. McKoy, Rigorous method for comput-
ing photoabsorption cross sections from a basis-set expansion,
Phys. Rev. A 12, 522 (1975).

[48] A. Magquet, S.-I. Chu, and W. P. Reinhardt, Stark ionization in
dc and ac fields: An L? complex-coordinate approach, Phys.
Rev. A 27,2946 (1983).

[49] A. Buchleitner, D. Delande, and J.-C. Gay, Microwave ion-
ization of three-dimensional hydrogen atoms in a realistic
numerical experiment, J. Opt. Soc. Am. B 12, 505 (1995).

[50] M. Reed and B. Simon, /II: Scattering Theory (Elsevier, New
York, 1979), Vol. 3.

[51] N. Lambert, S. Ahmed, M. Cirio, and F. Nori, Modelling
the ultra-strongly coupled spin-boson model with unphysical
modes, Nat. Commun. 10, 3721 (2019).

[52] M. Ledneyv, FE. J. Garcia-Vidal, and J. Feist, Lindblad master
equation capable of describing hybrid quantum systems in
the ultrastrong coupling regime, Phys. Rev. Lett. 132, 106902
(2024).

[53] K. Hornberger and A. Buchleitner, Radiative decay of nondis-
persive wave packets, Europhys. Lett. 41, 383 (1998).

[54] C. M. Bustamante, F. P. Bonafé, M. Sukharev, M.
Ruggenthaler, A. Nitzan, and A. Rubio, Molecular polariton
dynamics in realistic cavities, J. Chem. Theory Comput. 21,
9823 (2025).

[55] T. F. Macedo, J. Fatindez, R. R. Dos Santos, N. C. Costa, and
F. A. Pinheiro, Multifractal critical phase driven by coupling
quasiperiodic systems to electromagnetic cavities, Phys. Rev.
B 112, 174202 (2025).

[56] C. Viviescas and G. Hackenbroich, Quantum theory
of multimode fields: Applications to optical res-
onators, J. Opt. B: Quantum Semiclass. Opt. 6, 211
(2004).

[57] C. Gustin, J. Ren, S. Franke, and S. Hughes, Dissipation in the
broadband and ultrastrong coupling regimes of cavity quantum
electrodynamics: An ab initio quantized quasinormal mode
approach, arXiv:2507.21408.

[58] L. Weitzel Dutra Souto, Generalized pseudomode theory
for lossy cavities, Dissertation, Albert-Ludwigs-Universitit
Freiburg, 2025.

[59] R.J. Glauber and M. Lewenstein, Quantum optics of dielectric
media, Phys. Rev. A 43, 467 (1991).

[60] S. Y. Buhmann, Dispersion Forces I (Springer, Berlin, 2012).

[61] We note that the Feshbach projection approach, employed in
Refs. [36,38], is able to construct an analogous expression for
the field expansion in Eq. (1). The central difference in the
former is that the corresponding modes are chosen explicitly as
specific solutions of a wave equation. In our approach, on the
other hand, they are functions yet to be determined, within the
ansatz in Eq. (1). The advantage of our approach, compared
to the Feshbach projections, is that it does not restrict us to
any predetermined mode basis, but aims from the very start
at optimizing it to its purpose describing the dynamics of the
matter system by the Markovian master equation (4).

[62] G. Pleasance, B. M. Garraway, and F. Petruccione, Gen-
eralized theory of pseudomodes for exact descriptions of
non-Markovian quantum processes, Phys. Rev. Res. 2, 043058
(2020).

[63] At this level of the discussion, we do not make assumptions
on the matter-mode interaction strength. Therefore, we also in-
clude, for example, the “ultrastrong” coupling regime (where

counterrotating terms contribute significantly) [9] in the con-
cept of “strong.”

[64] D. Tamascelli, A. Smirne, S. F. Huelga, and M. B. Plenio, Non-
perturbative treatment of non-Markovian dynamics of open
quantum systems, Phys. Rev. Lett. 120, 030402 (2018).

[65] The retarded correlator differs from the advanced one by hav-
ing the first and second time arguments swapped.

[66] The choice of gauge, and hence of the interaction Hamiltonian,
becomes relevant at coupling strengths giving rise to signifi-
cant contributions by counterrotating terms, when the gauge
invariance of perturbative approximations is not guaranteed
anymore. This issue has already been addressed in detail in
the literature [67,68]. Nevertheless, as long as the interaction
Hamiltonian remains bilinear in the sense of point (2), the
main idea of our approach still applies. The difference is that
Ci'(r, 1/, w) could take a different form than in Eq. (13) [69].

[67] O. Di Stefano, A. Settineri, V. Macri, L. Garziano, R. Stassi,
S. Savasta, and F. Nori, Resolution of gauge ambiguities
in ultrastrong-coupling cavity quantum electrodynamics, Nat.
Phys. 15, 803 (2019).

[68] W. Salmon, C. Gustin, A. Settineri, O. D. Stefano, D. Zueco, S.
Savasta, F. Nori, and S. Hughes, Gauge-independent emission
spectra and quantum correlations in the ultrastrong coupling
regime of open system cavity-QED, Nanophotonics 11, 1573
(2022).

[69] C. Gustin, J. Ren, and S. Hughes, What is the spectral density
of the reservoir for a lossy quantized cavity? Phys. Rev. Lett.
134, 123601 (2025).

[70] N.  Moiseyev, Quantum
(Cambridge University Press, Cambridge, 2011).

[71] 1. Rotter, A non-Hermitian Hamilton operator and the physics
of open quantum systems, J. Phys. A: Math. Theor. 42, 153001
(2009).

[72] R. El-Ganainy, K. G. Makris, M. Khajavikhan, Z. H.
Musslimani, S. Rotter, and D. N. Christodoulides, Non-
Hermitian physics and PT symmetry, Nat. Phys. 14, 11 (2018).

[73] V. 1. Kukulin, V. M. Krasnopol’sky, and J. Horacek, Theory of
Resonances (Springer Netherlands, Dordrecht, 1989).

[74] P. Lalanne, W. Yan, K. Vynck, C. Sauvan, and J.-P. Hugonin,
Light interaction with photonic and plasmonic resonances,
Laser Photonics Rev. 12, 1700113 (2018).

[75] P. T. Kristensen, K. Herrmann, F. Intravaia, and K. Busch,
Modeling electromagnetic resonators using quasinormal
modes, Adv. Opt. Photon. 12, 612 (2020).

[76] H. E. Tiireci, A. D. Stone, and B. Collier, Self-consistent
multimode lasing theory for complex or random lasing media,
Phys. Rev. A 74, 043822 (2006).

[77] P. Lambropoulos, G. M. Nikolopoulos, T. R. Nielsen, and
S. Bay, Fundamental quantum optics in structured reservoirs,
Rep. Prog. Phys. 63, 455 (2000).

[78] We note that in the pole expansion [Eq. (19)], the quasinor-
mal modes appear twice in the residues without a complex

Non-Hermitian Mechanics

conjugation [79]. This important feature—as already noted
in Refs. [30,41]—implies that the residues can be complex,
which evidences the necessity of the Hermitization condition
(18), in order to comply with the properties of the electric field
operator.

[79] M. B. Doost, W. Langbein, and E. A. Muljarov, Resonant-state
expansion applied to three-dimensional open optical systems,
Phys. Rev. A 90, 013834 (2014).

033108-20


https://doi.org/10.1103/PhysRevA.12.522
https://doi.org/10.1103/PhysRevA.27.2946
https://doi.org/10.1364/JOSAB.12.000505
https://doi.org/10.1038/s41467-019-11656-1
https://doi.org/10.1103/PhysRevLett.132.106902
https://doi.org/10.1209/epl/i1998-00161-8
https://doi.org/10.1021/acs.jctc.5c01318
https://doi.org/10.1103/gt7l-pyql
https://doi.org/10.1088/1464-4266/6/4/004
https://arxiv.org/abs/2507.21408
https://doi.org/10.1103/PhysRevA.43.467
https://doi.org/10.1103/PhysRevResearch.2.043058
https://doi.org/10.1103/PhysRevLett.120.030402
https://doi.org/10.1038/s41567-019-0534-4
https://doi.org/10.1515/nanoph-2021-0718
https://doi.org/10.1103/PhysRevLett.134.123601
https://doi.org/10.1088/1751-8113/42/15/153001
https://doi.org/10.1038/nphys4323
https://doi.org/10.1002/lpor.201700113
https://doi.org/10.1364/AOP.377940
https://doi.org/10.1103/PhysRevA.74.043822
https://doi.org/10.1088/0034-4885/63/4/201
https://doi.org/10.1103/PhysRevA.90.013834

POSITION-RESOLVED RESONANCE QUANTIZATION FOR ...

PHYSICAL REVIEW RESEARCH 8, 033108 (2026)

[80] E. S. C. Ching, P. T. Leung, A. Maassen van den Brink, W. M.
Suen, S. S. Tong, and K. Young, Quasinormal-mode expansion
for waves in open systems, Rev. Mod. Phys. 70, 1545 (1998).

[81] C. Sauvan, T. Wu, R. Zarouf, E. A. Muljarov, and P. Lalanne,
Normalization, orthogonality, and completeness of quasinor-
mal modes of open systems: The case of electromagnetism,
Opt. Express 30, 6846 (2022).

[82] J. R. Taylor, Scattering Theory: The Quantum Theory of Non-
relativistic Collisions (Courier Corporation, Mineola, 2012).

[83] Y. K. Ho, The method of complex coordinate rotation and its
applications to atomic collision processes, Phys. Rep. 99, 1
(1983).

[84] A.J.E. Siegert, On the derivation of the dispersion formula for
nuclear reactions, Phys. Rev. 56, 750 (1939).

[85] More generally, the object in Eq. (22) is nonmeromorphic, and
it is known that nonmeromorphic complex functions do not
admit pole expansions, by the Mittag-Leffler theorem [86].

[86] M. J. Ablowitz and A. S. Fokas, Complex Variables: In-
troduction and Applications (Cambridge University Press,
Cambridge, UK, 2003).

[87] In fact, the need of a meromorphic approximation, as in
Eq. (23), is a consequence of assuming the initial state of
the field to be the vacuum and does not necessarily persist in
other cases. For example, one can show that Iméggsl(r, r, )
is indeed meromorphic if the initial field state fulfills thermal
equilibrium statistics [58].

[88] See Supplemental Material of Ref. [52].

[89] F. Betz, F. Binkowski, and S. Burger, RPEXPAND: Software
for Riesz projection expansion of resonance phenomena,
SoftwareX 15, 100763 (2021).

[90] F. Binkowski, F. Betz, R. Colom, M. Hammerschmidt, L.
Zschiedrich, and S. Burger, Quasinormal mode expansion of
optical far-field quantities, Phys. Rev. B 102, 035432 (2020).

[91] B. Hoenders, Completeness of a set of modes connected with
the electromagnetic field of a homogeneous sphere embedded
in an infinite medium, J. Phys. A: Math. Gen. 11, 1815 (1978).

[92] We highlight that Eq. (31) does not necessarily encompasses
all solutions of Eq. (28). Nevertheless, the accessible solutions
already reveal a good performance in the application to a
concrete case, as we will see in Sec. III.

[93] R. A. Horn and C. R. Johnson, Matrix Analysis (Cambridge
University Press, Cambridge, UK, 2012).

[94] By minimizing, we mean to choose a such that all anti-
Hermitian terms of the form of TH(,I,) in Eq. (31) are eliminated.
Although a = 1 seems like a straightforward choice, this is
not always appropriate, as discussed further in Sec. III and in
Appendix E.

[95] Our approximation is grounded on the fact that, for a given
matrix A, AY is the Hermitian matrix that minimizes the norm

O |Af, — A,u|?, also known as Frobenius norm [93].

[96] M. S. Tomas, Green function for multilayers: Light scattering
in planar cavities, Phys. Rev. A 51, 2545 (1995).

[97] D. Lentrodt, Pyrot (version 0.0.1), Python Software Founda-
tion, 2023, https://pypi.org/project/pyrot/.

[98] P. T. Leung, S. Y. Liu, and K. Young, Completeness and
orthogonality of quasinormal modes in leaky optical cavities,
Phys. Rev. A 49, 3057 (1994).

[99] Note that the convergence is not uniform, but rather pointwise,
as Fig. 3 evidences in the interval between w; and w,.

[100] C. J. Sanchez Martinez, J. Feist, and F. J. Garcia-
Vidal, A mixed perturbative-nonperturbative treatment for
strong light-matter interactions, Nanophotonics 13, 2669
(2024).

[101] H. Ritsch, P. Domokos, F. Brennecke, and T. Esslinger, Cold
atoms in cavity-generated dynamical optical potentials, Rev.
Mod. Phys. 85, 553 (2013).

[102] B. J. Dalton, S. M. Barnett, and P. L. Knight, Quasi mode the-
ory of macroscopic canonical quantization in quantum optics
and cavity quantum electrodynamics, J. Mod. Opt. 46, 1315
(1999).

[103] W. Yan, R. Faggiani, and P. Lalanne, Rigorous modal anal-
ysis of plasmonic nanoresonators, Phys. Rev. B 97, 205422
(2018).

[104] E. A. Muljarov and W. Langbein, Resonant-state expansion
of dispersive open optical systems: Creating gold from sand,
Phys. Rev. B 93, 075417 (2016).

[105] H. M. Nussenzveig, Causality and Dispersion Relations
(Academic Press, 1972).

[106] S. Scheel and S. Y. Buhmann, Macroscopic quantum
electrodynamics—Concepts and applications, Acta Phys.
Slovaca 58, 675 (2008).

[107] In the light of Eq. (15), we further need to assume that
g'(r) ® 8T (r) = g*(r) ® g () [58]. Physically, the latter re-
quirement is known as reciprocity, and it is already satisfied by
the correlator in the continuum framework, due to its connec-
tion to the Green’s function [60].

[108] Formally, this procedure is guaranteed by the quantum regres-
sion theorem [27].

[109] It is not known, in the general case, for which domain of r
and r’ the completeness relation holds. It is conjectured to be
restricted to the resonator volume, which has been proven to
be the case for the special cases of 1D cavities [98] and a three-
dimensional spherical cavity [75].

[110] R. A. Horn and C. R. Johnson, Topics in Matrix Analysis
(Cambridge University Press Cambridge, UK, 1994).

[111] S. Franke, M. Richter, J. Ren, A. Knorr, and S. Hughes, Quan-
tized quasinormal-mode description of nonlinear cavity-QED
effects from coupled resonators with a Fano-like resonance,
Phys. Rev. Res. 2, 033456 (2020).

[112] S. Franke, J. Ren, S. Hughes, and M. Richter, Fluctuation-
dissipation theorem and fundamental photon commutation
relations in lossy nanostructures using quasinormal modes,
Phys. Rev. Res. 2, 033332 (2020).

[113] S. Franke, J. Ren, and S. Hughes, Impact of mode regulariza-
tion for quasinormal-mode perturbation theories, Phys. Rev. A
108, 043502 (2023).

[114] See Supplemental Material of Ref. [37].

[115] J. Ren, S. Franke, A. Knorr, M. Richter, and S. Hughes, Near-
field to far-field transformations of optical quasinormal modes
and efficient calculation of quantized quasinormal modes for
open cavities and plasmonic resonators, Phys. Rev. B 101,
205402 (2020).

[116] R. Fuchs, J. Ren, S. Franke, S. Hughes, and M. Richter,
Quantization of optical quasinormal modes for spatially sepa-
rated cavity systems with finite retardation, Phys. Rev. A 110,
043718 (2024).

[117] The matrix square root S'/2, in this case, is defined as fulfilling
S = Sl /2 Sl /2‘

033108-21


https://doi.org/10.1103/RevModPhys.70.1545
https://doi.org/10.1364/OE.443656
https://doi.org/10.1016/0370-1573(83)90112-6
https://doi.org/10.1103/PhysRev.56.750
https://doi.org/10.1016/j.softx.2021.100763
https://doi.org/10.1103/PhysRevB.102.035432
https://doi.org/10.1088/0305-4470/11/9/016
https://doi.org/10.1103/PhysRevA.51.2545
https://pypi.org/project/pyrot/
https://doi.org/10.1103/PhysRevA.49.3057
https://doi.org/10.1515/nanoph-2023-0863
https://doi.org/10.1103/RevModPhys.85.553
https://doi.org/10.1080/09500349908231338
https://doi.org/10.1103/PhysRevB.97.205422
https://doi.org/10.1103/PhysRevB.93.075417
https://doi.org/10.2478/v10155-010-0092-x
https://doi.org/10.1103/PhysRevResearch.2.033456
https://doi.org/10.1103/PhysRevResearch.2.033332
https://doi.org/10.1103/PhysRevA.108.043502
https://doi.org/10.1103/PhysRevB.101.205402
https://doi.org/10.1103/PhysRevA.110.043718

