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Solving partial differential equations across multiple length scales represents a formidable challenge where
reaching high precision can require a prohibitive amount of computer memory or computing time. However,
the solutions to physics problems typically have structures operating on different length scales, and as a result
exhibit a high degree of compressibility. Here, we use the quantics tensor train representation to build a tensor
network solver for the time-dependent Gross-Pitaevskii equation. We demonstrate that the quantics approach
generalizes well to the presence of the nonlinear term in the equation. We show that we can resolve phenomena
across length scales separated by seven orders of magnitude in one dimension within one hour on a single core in
a laptop, greatly surpassing the capabilities of more naive methods. We illustrate our methodology with various
modulated optical trap potentials presenting features at vastly different length scales, including solutions to the
Gross-Pitaevskii equation on two-dimensional grids above a trillion points (220 × 220). This quantum-inspired
methodology can be readily extended to other partial differential equations combining spatial and temporal
evolutions, providing a powerful method to solve highly featured differential equations at unprecedented length
scales.
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I. INTRODUCTION

The development of quantum computing has had two
unexpected side effects. First, it is being realized that
many mundane mathematical problems could be put in the
framework of the quantum many-body (many-qubit) formal-
ism [1–6]. Second, one finds that problems that naively appear
to be exponentially hard may not all be as hard as initially
thought, after all [7–11]. In fact, some of these problems
may not even be hard classically as demonstrated by the
successes of tensor network methods [12–18]. A problem that
can potentially benefit from a quantum-inspired speedup is
the solution of partial differential equations [19] of the form
∂t f (t, r) = F (t, r, f ). Here f (t = 0, r) is the initial condition
and F is a possibly nonlinear function of f and its derivatives.
Such problems are ubiquitous in the physical sciences, includ-
ing the Fokker-Planck [20–23], Schrödinger, and Kohn-Sham
equations [24–27], electromagnetism [28–30], computational
fluid dynamics [31–33], and micromagnetism [34–36], among
others. Except for a few special cases, these problems are not
analytically solvable and require a numerical solution.

Solving time-dependent nonlinear differential equa-
tions computationally requires, in turn, some form of
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discretization of the spatial domain (r) using finite elements,
finite volumes, or finite differences [37], into V points
mapping the initial condition into a large vector of size
V . This vector is then propagated in time using one of the
many possible schemes that include Crank-Nicolson [38],
Fourier spectral [39], Runge-Kutta [40], or Trotterization [41]
methods. These methods are typically limited in practice
to V � 109, which can be a serious limitation in three
dimensions (3D) and/or for problems that present vastly
different characteristic length scales, which require the use of
very fine grids. Recent methodological breakthroughs have
shown that, for some problems, a numerical solution in a
computational time scaling as fast as ∼ log2 V was possible
using a (compressed) tensor network representation [42–73].
This representation has the dual quality of being very
parsimonious while allowing one to perform many operations,
including integration and differentiation, directly. These
methodological breakthroughs are made possible by the
recent advent of learning algorithms such as the tensor
cross-interpolation (TCI) algorithm [74–79]. TCI allows
one to efficiently transform the initial conditions and/or the
various operators into the formalism of tensor networks.

In this article, we demonstrate the application of the Quan-
tics Tensor Train (QTT) representation for the numerical so-
lution [80–91] of the Gross-Pitaevskii (GP) equation [24,25].
Our primary goal is to study how the QTT approach per-
forms in the presence of the additional difficulty associated
with nonlinearities. The GP equation describes the dynam-
ics of Bose-Einstein condensates (BECs) or the modeling
of confined particles in optical traps. In comparison to the
Schrödinger equation, the GP equation exhibits an additional,
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“self-interaction” term, which introduces the third power of
the wave function into the equation. Starting from a given
initial state wave function, which is converted into a matrix
product state (MPS), we perform a time evolution by perform-
ing a second-order Trotter evolution of the GP Hamiltonian.
We take advantage of the fact that in the QTT representa-
tion, the Fourier transform can be performed exponentially
faster than in the naive representation, allowing us to treat the
kinetic energy directly in momentum space. The method is
straightforward, easy to implement, and can be generalized
to higher dimensions. We demonstrate it by solving the GP
equation with spatial features ranging over seven orders of
magnitude, requiring a domain discretization of about a bil-
lion increments. This can be achieved at roughly one millionth
the memory cost of a comparable vectorized simulation and
executed within hours on a conventional single-core desktop.
Furthermore, we present two-dimensional solutions of the GP
equation on a 220 × 220 grid, thus with more than a trillion
grid points.

This article is organized as follows. We first introduce
how QTTs and TCI can be applied to the numerical solution
of time-dependent nonlinear differential equations in Sec. II.
In Sec. III, we illustrate the algorithm with the simulation
of BECs in modulated optical trap potentials in both one
and two dimensions (1D and 2D), including quasicrystalline
potentials. Finally, we summarize our conclusions in Sec. IV.

II. A SEMISPECTRAL INTEGRATION APPROACH

The goal of this section is to show how the QTT represen-
tation can be naturally combined with a semispectral method
to solve the nonlinear problem. Although the precise form of
QTT that we used is introduced formally later when we make
the discretization explicit, understanding the technical choices
requires some level of familiarity with tensor networks and the
QTT representation. We refer to Ref. [92] for a short general
introduction to tensor networks. The matrix product operator
(MPO)/MPS general formalism has been described (in the
context of the quantum many-body problem) in Ref. [93].
An overview of the tensor cross-interpolation algorithm and
its application to quantics can be found in Ref. [46], while a
more technical description can be found in Ref. [77]. Readers
interested in a more pedagogical (but lengthy) presentation
of the full formalism can also use the following lecture notes
that describe the entire set of algorithms used in the present
work [91]. An important point to keep in mind is that the
ability of a tensor network to represent a mathematical object
at low computational cost strongly depends on the nature
of this object. More specifically, although the QTT repre-
sentation makes use of an MPS tensor network, this is not
the standard usage of MPSs, which are traditionally used to
represent quantum many-body states. It follows that the main
limitations of MPS many-body quantum states—the growth of
the quantum entanglement with size (in 2D and 3D) or time
(in all dimensions)—do not apply to QTT, which generalize
well to 2D and 3D (see, e.g., Ref. [45]).

For the sake of concreteness, we focus on the time-
dependent Gross-Pitaevskii equation [24,25], noting that
this approach can be directly extended to other nonlin-
ear equations. The time-dependent GP equation governs

the mean-field dynamics of BECs [94] and takes the
(dimensionless) form

i
∂ψ

∂t
=

[
− 1

2m
∇̂2 + V̂ + g|ψ |2

]
ψ. (1)

Here, the wave function ψ = ψ (r, t ) depends on space and
time, and we assume the potential to depend on space only as
V̂ = V̂ (r). The parameter g sets the self-interaction strength.
The initial condition at t = 0 is ψ0(r) defined in the domain
[−W,+W ]d in d dimensions. Except for a few special cases,
such as the soliton solution in one dimension [95], the GP
equation is not analytically solvable.

Our strategy to integrate it is to use a Trotterization of
its evolution using a small time step ht , with the potential
and interacting terms on one hand and the kinetic energy
on the other hand. This choice is dictated by the fact that
the corresponding evolution operators admit a low-rank QTT
representation, respectively, in real space (potential and in-
teracting term) and momentum space (kinetic term), while
one can use the superfast QTT Fourier transform [11,96] to
navigate between the two.

More precisely, we identify the different contributions to
the dynamics as

Ĥ� = − 1

2m
∇̂2

, (2)

ĤV = V̂ (r), (3)

Ĥg(t ) = g|ψ (r, t )|2, (4)

and Ĥ = Ĥ� + ĤV + Ĥg is the total “Hamiltonian” (with a
slight abuse of the terminology to include the nonlinear term).
Correspondingly, the evolution operator for a small time step
ht is defined as

Ûξ (t, ht ) = e−iHξ (t )ht , (5)

with ξ ∈ {�,V, g} and simply Û for the total Hamiltonian Ĥ .
The overall algorithm consists of the following steps:

(1) We define an exponentially fine spatial discretization
step as hr = 2W/2R, where Rd will be the number of indices
of our MPS. We further define the time discretization step
ht � T , where T is the total evolution time.

(2) We use TCI to transform ψ0(r), ÛV , and ÛK ≡
e−ik2ht /(2m) into a QTT form. We further construct the matrix
product operator representations of the fast Fourier trans-
form [54] ÛFFT.

(3) For each of the T/ht time steps, we obtain

|ψ (t + ht )〉 = Û (t ) |ψ (t )〉 (6)

by applying alternatively ÛV Ûg and Û� = Û −1
FFTÛKÛFFT on the

state.
(4) In each time step, the nonlinear evolution

Ûg |ψ (t )〉 is constructed using TCI for the object
exp(−ig|ψ (r, t )|2ht )ψ (r, t ).

This strategy is illustrated in Fig. 1, where panel (a)
visualizes the time evolution expressed through a repeated
application of MPOs. Figure 1(b) shows how an initial con-
dition ψ0(r) and a given potential V̂ (r) can be indexed in
real space via the quantics representation, which associates
given increments in space with an R-adic binary index. Each
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FIG. 1. Overview. (a) We time evolve an initial state |ψ0〉 in
N time slices. Each incremental time-evolution operator Û (ht ) is
represented by a tensor train operator. (b) The domain [−W,W ] is
discretized using the quantics prescription, indexing exponentially
fine increments with their binary representation. The number of
tensors scales as log(spatial resolution). (c) For a Gaussian wave
packet ψ (x) ∝ exp(−x2/2) propagating in a modulated potential
V̂ (x) ∝ sin2(10x) + sin2(105x) with a nonlinear contribution g = 5,
we can resolve the wave function at all relevant length scales.

additional subdivision in length scale results in an additional
tensor added to the corresponding MPO and QTT representa-
tions, shown by the corresponding color codings in Figs. 1(a)
and 1(b). In Fig. 1(c), we show an example of a time evolution
of a Gaussian wave packet ψ0(x) = 1/

√
N exp(−x2/2) in a

doubly modulated potential V̂ (x) ∝ sin2(10x) + sin2(105x),
using R = 30. Two close-ups highlight periodic modulations
in the probability density at the different relevant length
scales, showing that we can resolve the wave function in the
entire domain. In practice, the quantics representation of a
position in 1D real space x can be understood as taking a
binary representation of the position, and assigning that the
value of each local spin of the MPS corresponds to the value of
each binary index [77]. This strategy can be then extended to
higher-dimensional real space by concatenating the spin sites
associated with each dimension [42].

In Fig. 2, we compare the required memory allocation
per Trotter step for our algorithm based on QTT (for a
given bond dimension χ = 10) with an exact vectorized (EV)
finite-difference implementation of the same algorithm, us-
ing a conventional fast Fourier transform and elementwise
multiplications in Julia. With an increase in the number of
increments, the required memory grows exponentially in R
for EV, whereas it grows only linearly with R for TCI. We

FIG. 2. Comparison of the memory footprint for the EV and
the QTT simulation. For a discretization greater than R ≈ 22, QTT
outperforms the exact vectorized approach.

note that the exploration of the configuration space performed
by TCI contains some form of randomness in the sense that it
depends on the initial pivots used in the exploration, leading
to small fluctuations in computing time as well as in the mem-
ory footprint for TCI. For system sizes greater than roughly
R = 22, the TCI algorithm outperforms the vectorized
implementation.

A. Trotterized solution of the Gross-Pitaevskii equation

We now elaborate on the details and technical aspects
of the Trotterized time evolution of the GP equation. In
general, to solve the GP equation numerically, we seek a
finite-difference approximation of the time-evolution operator
Û (t ) in a box [−W,W ]d , with L = 2R spatial increments such
that hr = 2W/L. We implement this time-evolution operator
by Trotterization up to second order. Although other numeri-
cal methods exist to solve such partial differential equations,
such as the Crank-Nicolson or Runge-Kutta algorithms, Trot-
terization has the advantage of being manifestly unitary and
unconditionally stable at every step of the computation. Fur-
thermore, it is not necessary to perform operator inversions as
in the Crank-Nicolson method.

The second-order Trotter approximation of exp(−iĤht ) for
a small time increment ht splits Ĥ into two noncommuting
parts Ĥ� on one hand and ĤV and Ĥg on the other hand. It
reads

Û (ht ) = ÛV +g

(
ht

2

)
Û�(ht ) ÛV +g

(
ht

2

)
+ O

(
h3

t

)
. (7)

Choosing time increments on the order of ht = 10−2 − 10−3

will typically yield acceptably low overall errors. To con-
struct a diagonal finite-difference representation of the kinetic
time-evolution operator Û�, we transform the operator to mo-
mentum space as Û�(t ) = Û −1

FFT exp(−iĤKt ) ÛFFT, with

ĤK = 2L2

m(2W )2

L−1∑
k=0

d∑
i=1

sin2

(
πki

L

)
|k〉 〈k| (8)
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and where ÛFFT and Û −1
FFT denote the fast Fourier transform

operator and its inverse. The complete Trotterized time-
evolution operator is then given by the product

|ψ (T )〉 = ÛV

(
ht

2

)
Ûg

(
ht

2

)
Û −1

FFTÛK (ht )ÛFFT

×
(

N−1∏
i=1

ÛV (ht )Ûg(ht )Û
−1
FFTÛK (ht )ÛFFT

)

× ÛV

(
ht

2

)
Ûg

(
ht

2

)
|ψ0〉 . (9)

B. Quantics tensor train representation

To accurately resolve phenomena ranging across multiple
length scales, we require a grid resolution hr much smaller
than the smallest involved length scale λ. When W/λ � 1
is large, this becomes a problem for conventional discretiza-
tion schemes. An illustration of this problem was shown in
Fig. 1, where W = 200 but λ ≈ 10−5 (the oscillations of the
potential) so that W/hr ≈ 109 discretization points needed to
be used. The QTT representation, described now, solves this
problem.

First, we summarize the idea behind QTT in one di-
mension; the higher-dimensional version works analogously.
By choosing an exponentially fine discretization of the
domain [−W,W ] as hr = 2W/2R, we may identify each
point either by a linear index, x(m) = −W + mhr with
m = 0, 1, . . . , 2R − 1, or by the binary representation of
m = ∑R

i=1 σi2i ≡ (σRσR−1 · · · σ1). Correspondingly, each en-
try ψm = ψ (−W + mhr ) of a discretized wave function ψ (x)
can be identified by the binary expansion of m, as ψm =
ψ (−W + ∑R

i=1 σi2i hr ) ≡ ψ (σRσR−1 · · · σ1). This final step
defines an effective rank-R tensor that has R legs of local
dimension 2. Typically, quantities such as the wave functions
that are solutions to equations of physics are highly structured
objects, and therefore, the tensor ψ (σ1σ2 · · · σR) often exhibits
a high degree of compressibility [46]. QTT representation of
the wave function amounts to parametrize ψ (σRσR−1 · · · σ1)
in terms of 2R matrices,

ψ (σRσR−1 · · · σ1) ≈ MiR−1
σR

MiR−1iR−2
σR−1

· · · Mi1
σ1

. (10)

Here, the ath tensor contains the information describing the
function ψ (x) at length scale 2−a. The “virtual” indices
{i1, i2, . . . , iR−1} are understood to be summed over (Einstein
implicit summation convention). Each virtual index ia has
dimension χa (the “bond dimension”), which controls the
degree of entanglement between different length scales. We
refer to Sec. 10 of Ref. [91] for a detailed introduction to QTT.
To proceed, we need an algorithm to transform the inputs
of the problem (initial conditions and potential) in the QTT
format. This is achieved using the TCI algorithm [77] (see
also Sec. 9 of Ref. [91] for an introduction).

We now explain how we obtain the MPO representation of
the different building blocks of the time-evolution operator Û ,
a crucial step to be able to perform the time evolution within
the QTT manifold. For a given potential V̂ (x), we provide
the function UV (x) = exp(−iV̂ (x)ht ) to the TCI algorithm,
yielding a QTT (UV )τRτR−1···τ1 . This QTT UV can then be

promoted to a diagonal operator by performing an elemen-
twise multiplication with the QTT ψσRσR−1···σ1 representing
the wave function. Formally, this can be achieved by in-
troducing a summation over an auxiliary index defined by
three-dimensional delta functions:

ψ ′
ρR···ρ1

= (UV )τR···τ1 δτRσRρR · · · δτ1σ1ρ1 ψσR···σ1 . (11)

In cases where the potential V̂ (x) is given by a sum of
terms V̂ (x) = ∑

i V̂i(x), such as in small-scale modulations
on top of a large-scale trapping potential, it is advantageous
to construct the MPO representations UVi of each potential
evolution term ÛVi separately. This incurs no additional Trotter
errors, as [V̂i(x), V̂j (x)] = 0. The overall potential evolution is
then given by the product ÛV |ψ (t )〉 = ∏

i ÛVi |ψ (t )〉.
Finally, to implement the nonlinear transformation

ψ (x) → exp(−ig|ψ (x)|2ht )ψ (x) ≡ f (ψ (x)) ≡ f̃ (x), (12)

we apply TCI to the function f̃ (x) defined above. Here, for
each pivot x sampled during the TCI algorithm, the corre-
sponding value of ψ (x) at a given time step is evaluated
to obtain the value of the function f̃ (x). It is therefore not
necessary to construct a separate QTT of the operator Ûg.

C. Kinetic evolution and low-pass filter in momentum space

We now discuss the details of the implementation of the
kinetic energy operator with tensor networks and TCI. We
implement the kinetic time-evolution operator in momen-
tum space, transforming ψ (x, t ) into momentum space via a
Fourier transform. The Fourier transform operator ÛFFT can be
exactly implemented as a discrete Fourier transform in QTT
format as

(UFFT)σ′σ = 1√
2R

exp

⎛
⎝−i2π

2R∑
l,l ′=1

2R−l−l ′σ ′
l ′σl

⎞
⎠, (13)

where σ′ and σ are the corresponding quantics indices, where
the MPO UFFT is of low rank [11]. It is important to note that
the momentum space indices are in reverse order with respect
to the position space indices, which can be intuitively under-
stood as an instance of Fourier reciprocity—Small distances
correspond to high frequencies, and vice versa. This ordering
needs to be accounted for when constructing operators in
momentum space. This allows us to implement the kinetic
evolution operator Û� as a diagonal operator in momentum
space via Û� = Û −1

FFTÛKÛFFT, where ÛK is the exponential of
the finite-difference Laplacian operator of Eq. (8). However,
the maximum rank of ÛK increases rapidly with increasing
resolution R, as shown in Fig. 3 (c). To reach resolutions of
R > 20 in practice, it is necessary to compress the operator
to a lower rank before applying it to a state. This can be
achieved by defining a low-pass operator, which effectively
cuts out the fast-oscillating high-frequency components of
ÛK . We implement this cutoff in the kinetic energy through
a softened step function of the form


̂(k; kcut, β ) =
d∏

i=1

1

exp[(ki − kcut )β] + 1
. (14)
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FIG. 3. Performance metrics of the mixed-spectral Trotterized solution of the Gross-Pitaevskii equation, using quantics tensor trains. We
time evolve a Gaussian wave packet ψ0(x) ∝ exp(−x2/2) in a modulated optical trap V̂ (x) = 0.01x2 + 10 sin2(104x) with time increment
ht = 0.01. (a), (b) Infidelity ε of a forward-backward time-evolved state |ψevol〉 with respect to the initial state |ψ0〉. For larger evolution times
T and nonlinearities g, the error monotonously increases. Higher cutoffs in the bond dimension reduce the error. (c) Maximum rank of the
momentum-space Laplacian exp(−iĤK ht ), as a function of the discretization R. For R � 20, the rank quickly grows to approximately 103.
(d) To describe all relevant features of this given benchmark system, a number of increments 2R much greater than the extent of all involved
length scales is needed. (e) To control the rank of the momentum-space Laplacian, a low-pass filter with a cutoff keeping 28 momenta is
introduced. (f) Maximum bond dimension per time step for different given tolerances. There is no net increase of the bond dimension with
time.

Here, the parameter β regulates the sharpness of the jump
and can be adjusted to smooth out the cutoff value. In our
computations, we have found β = 2 to be a suitable choice.
In practice, by computing the QTT representation (
UK ) of
the product 
̂(k; kcut, β )ÛK , the maximum rank of UK can be
reduced from 100–1000 to less than 10. In each computation,
it is then most efficient to construct the whole kinetic MPO

U� ≡ U −1
FFT (
UK )UFFT (15)

as a single operator, which typically has a maximum bond
dimension of less than 20. This MPO only needs to be com-
puted once, and can then be reused in every time step of
the Trotter evolution. Correspondingly, U� can be constructed
with high accuracy by imposing low relative tolerance cutoffs
on the order of 10−10, as this only leads to an inconsequential
computational overhead in the entire time evolution. We have
observed a better accuracy in the operator construction when
using a naive MPO-MPO contraction, compared to other con-
traction algorithms such as the zipup contraction [97]. For
the construction of (
UK ), we have found that choosing a
momentum space cutoff kcut such that the 28 lowest mo-
menta are kept is typically sufficient for high precision [see
Fig. 3(e)]. To protect against convergence issues, we set the
momentum space cutoff dynamically during the MPO

construction of (
UK ) by computing a single kinetic evolu-
tion step of a trial wave packet. In practice, if kcut is chosen
too low, it will lead to a drastic nonconservation of wave
function norm. Therefore, we monitor the norm of the trial
wave packet and increase kcut iteratively until we observe
approximate norm conservation, which typically happens for
kcut = 28 or 29.

III. ILLUSTRATIVE NUMERICAL SIMULATIONS

For all the calculations discussed here [98], we have
employed the ITensors [99], QuanticsTCI [100], and Ten-
sorCrossInterpolation [101] packages in the Julia language.
The overall discretization R of the computation should be
set such that all involved length scales can be resolved,
meaning that 2W/2R = hr � λ, where λ describes the spa-
tial separation of features at the smallest involved length
scale. Taking hr = 10−2λ typically yields satisfactory results.
The MPO U� representing the kinetic evolution term with a
low-pass filter in momentum space does not depend strongly
on R and has a bond dimension of around 20. The MPO
UV representing the potential evolution term ÛV is, however,
dependent on the exact functional shape of V̂ (x) and may
reach bond dimensions up to approximately 100. We have
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observed that, to obtain a well-converged tensor train repre-
sentation UV of ÛV , the time increment ht should be chosen
such that |V̂ (x)ht | � 1. To implement the MPO-MPS con-
traction for the potential evolution, we utilize a variational
algorithm that finds the optimal compressed MPS in a man-
ifold of a specified bond dimension by executing DMRG-like
sweeps [97], which has a twofold advantage. First, it has a
lower cost in the bond dimension of the MPO, which makes
it suitable for larger potential MPOs. Second, it automatically
takes the previous MPS as an input state for the variational
algorithm, which is especially convenient as the final state
has a high overlap with the initial state. Typically, a bond
dimension comparable to the initial state can be imposed
throughout the entire computation. Throughout the computa-
tion, the norm is not exactly conserved as a consequence of
the momentum-space low-pass filter in the kinetic evolution.
We therefore renormalize the state at every step of the time
evolution.

A. Modulated optical trap potentials in one dimension

As a first example of our method, we simulate a modulated
harmonic potential, defined as

V̂ (x) = Ax

( x

W

)2
+ A sin2(q x). (16)

By defining different modulation frequencies with the wave
vector q, we can change the smallest length scale at which the
potential has nontrivial features. The dynamics in this poten-
tial correspond to dynamics of BECs in optical traps, which
can be realized experimentally in cold atom setups [102–105].
As the initial state |ψ0〉, we take the ground state of a quantum
harmonic oscillator with Ax/W 2 = 1, represented by the wave
function

ψ0(x) =
(

1

π

)1/4

e−x2/2. (17)

Note that other initial conditions could be used; see, e.g.,
Ref. [77] for an informal discussion of which ones are low
rank and which ones are not. To benchmark our algorithm, we
compute the entire evolution up to time T and then compute it
backward in time all the way back to t = 0 (using ht → −ht ).
After this entire forward-backward evolution, we obtain the
state |ψevol〉 that, supposedly, should be equal to |ψ0〉. We
compute the error ε of the time-evolved state with respect to
the initial state as

ε = 1 − |〈ψevol |ψ0〉|2 . (18)

The error ε, containing twice the total propagation time, is
essentially twice the error ε ≈ 2(1 − F ) on the actual fidelity
F = |〈ψ (T ) |ψexact(T )〉 |2. Fidelity is a very stringent error
characterization as F = 1 implies that the entire state is exact.
The results for an optical trap potential with a modulation
of q = 104, requiring precision over a range of six orders of
magnitude, are shown in Fig. 3.

In Figs. 3(a), 3(b), 3(d), and 3(e), we show the error ε

incurred in a forward-backward time evolution as a func-
tion of different system parameters. As expected, the error
ε grows with increasing evolution time, reflecting a buildup

of both the Trotter and TCI errors, and is lower for greater
bond dimensions. Even for evolution times up to T = 100,
the error remains at the per mill level. Furthermore, ε grows
with increasing the nonlinear contribution g. To resolve the
features of the test system, ranging across six orders of mag-
nitude satisfactorily, we need to employ system discretization
considerably larger than 106 ≈ 220, as shown in Fig. 3(d).
Furthermore, it is generally sufficient to keep the lowest 28

momenta in the construction of the kinetic evolution MPO in
momentum space, as for higher numbers of momenta kept,
the error remains in practice unaffected. The typical bond
dimension used for the 1D example is of the order of 10–20,
it typically increases to around 50 when one moves to 2D
examples.

In all the simulations discussed above, the error ε can be
lowered by increasing the maximum allowed bond dimension
for the QTT representation of ψ (x, t ) at a given time slice.
We observe that in this case, a bond dimension of χ = 10
yields a satisfactory precision. The memory needed for the
QTT describing the BEC is therefore upper bounded by a
fraction 30 × 102 × 2/230 ≈ 5.6 × 10−6, compared to a con-
ventional vectorized finite-difference simulation. Finally, in
Fig. 3(f), we show the maximum bond dimension at each
time step for different given per-tensor error tolerances τ

in the TCI and MPO-MPS contraction algorithms. Here, τ

is to be understood as the normalized approximation error
of a given tensor M in the QTT representation of ψ (x), as
τ = ||M̃ − M||/||M|| with M̃ the approximated tensor. Apart
from periodic fluctuations, after an initial buildup, the bond
dimension does not increase with time. This is due to the fact
that the BEC wave function undergoes a periodic evolution
where the features at different length scales, once built up
by tunneling through the wells defined by the fast-oscillating
modulation, do not drastically change with time. This should
be contrasted with conventional MPS time-evolution algo-
rithms such as time-dependent variational principle (TDVP)
or time-evolving block decimation (TEBD) in the context of
quantum many-body problems, where the MPS rank grows
with time, making the time evolution either computationally
more expensive or more inaccurate in the case of truncations
for large evolution times T [97,106].

We show several examples of the BEC evolution in the
modulated optical trap potential for different parameter values
in Fig. 4. The top row displays the case of the nonlinear-
ity g set to 0, i.e., a Schrödinger evolution, and the bottom
row displays a GP evolution with g = 5. From left to right,
we increase the amplitude of the modulation from A = 0
to A = 10. The optical trap is modulated at a frequency of
q = 3, creating potential troughs and crests of a width roughly
equal to 1. In all cases, switching on the nonlinearity leads
to an effective broadening of the BEC’s breathing, while the
breathing frequency in time remains unaffected. A nontrivial
modulation of the harmonic trap potential leads to two effects.
First, the width of the BEC breathing becomes effectively
smaller, as there are additional potential crests that prevent
the wave function from exploring a range as wide as in the
nonmodulated case. Second, the wave function will tunnel
through the potential crests closest to the initial state ψ0(x),
which leads to a smearing of the probability amplitude around
the BEC.
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FIG. 4. Time evolution of a Gaussian wave packet ψ (x) = (1/π )1/4 exp(−x2/2) in the potential V̂ (x) = Ax/W 2x2 + A sin2(qx), with
Ax/W 2 = 0.01 and q = 3. We show different values of the nonlinearity g and the modulation amplitude A. We perform a time evolution
up to T = 50 with ht = 0.01 and bond dimension χ = 10.

B. BEC evolution in two-dimensional optical traps

In the following, we illustrate the application of QTT meth-
ods to solve nonlinear partial differential equations in two
dimensions, which is a crucial step forward in comparison
to conventional, vectorized simulations. For concreteness, we
will again consider the evolution of a BEC represented by a
Gaussian wave packet

ψ0(x, y) = 1√
N

e−(x2+y2 )/2 (19)

in different modulated optical trap potentials

V̂ (x, y) = Ax

( x

W

)2
+ Ay

( y

W

)2
+ Axy

xy

W 2

+ A
∑

i

sin2(qi · r), (20)

with r = (x, y). By adjusting the prefactors Ax/W 2, Ay/W 2,
and Axy/W 2, we can model isotropic and anisotropic po-
tential traps, which may be modulated by a finer grid
of sine functions of amplitude A, defined by their re-
spective wave numbers qi. With conventional methods, the
domain [−W,W ]2 can be discretized into roughly 210 × 210 ≈
1 million increments before the computational cost becomes

prohibitively large, which severely restricts the attainable spa-
tial resolution in both x and y directions. In the following
calculations, we restrict the maximum bond dimension of the
potential evolution operator UV to 50 in each evolution step,
but allow the bond dimension of the nonlinear evolution to
grow until a tolerance of 10−8 is reached.

We first consider a minimal two-dimensional case, namely,
a BEC in an anisotropic potential. In Fig. 5, we show the
evolution of a Gaussian wave packet as defined above in an
anisotropic harmonic potential V̂ (x, y) = 0.01x2 + 0.015y2.
The anisotropy is reflected in the wave packet widths in x and
y directions, which differ in both amplitude and frequency.
The BEC therefore breathes with different periodicities in the
x and y directions, as shown in the insets at selected time steps.

We now consider the dynamics of a BEC in an eightfold
symmetric quasicrystalline potential, a setup recently demon-
strated experimentally [107,108]. In Fig. 6, we show the
evolution of a BEC in a modulated optical trap with eightfold
rotational symmetry, defined by the four wave vectors

q1 = (1, 0), q2 = 1√
2

(1, 1),

q3 = 1√
2

(−1, 1), q4 = (0, 1).
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FIG. 5. Time evolution of a two-dimensional BEC, represented by a Gaussian wave packet ψ0(x, y) ∝ exp(−(x2 + y2)/2), in an anisotropic
harmonic potential V̂ (x, y) = 0.01x2 + 0.015y2. We show the width

√
〈x2〉 − 〈x〉2 (

√〈y2〉 − 〈y〉2) of the wave packet in x (y) direction as
a function of evolution time T . The insets show the probability density in space at selected times. We use a grid resolution of 220 × 220

increments in a domain [−100, 100]2, modeled by a tensor train of length 40, and time increments ht = 0.01. The strength of the nonlinearity
is g = 5. For spatial evolutions, we impose a maximum bond dimension of 50 and for the nonlinear evolution a tolerance of 10−8.

We take an isotropic harmonic trapping potential with
Ax/W 2 = Ay/W 2 = 0.01 and a modulation amplitude of
A = 10. The potential is visualized at two different length
scales in Fig. 6(a), showing both the large-scale trap in the

entire domain and the short-range modulations in a restricted
domain [−10, 10] × [−10, 10] in the inset. Figures 6(b)–6(h)
then show the probability density of the two-dimensional
wave function at selected times during the time evolution,

FIG. 6. Time evolution of a two-dimensional BEC, represented by a Gaussian wave packet ψ0(x, y) ∝ exp(−(x2 + y2)/2), in a harmonic
potential with eightfold symmetric sinusoidal modulations V̂ (x, y) = 0.01(x2 + y2) + 10

∑4
i=1 sin2(qi · r). We use a grid resolution of 220 × 220

increments in a domain [−100, 100] × [−100, 100], modeled by a tensor train of length 40, and time increments ht = 0.01. The strength of
the nonlinearity is g = 5. For spatial evolutions, we impose a maximum bond dimension of 50 and for the nonlinear evolution a tolerance of
10−8.
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FIG. 7. Time evolution of a two-dimensional BEC with initial velocity in x direction, represented by a Gaussian wave packet ψ0(x, y) ∝
exp(−(x2 + y2)/2)eikx with k = 5, in a harmonic potential with eightfold symmetric sinusoidal modulations V̂ (x, y) = 0.01(x2 + y2) +
10

∑4
i=1 sin2(qi · r). We use a grid resolution of 220 × 220 increments in a domain [−100, 100] × [−100, 100], modeled by a tensor train

of length 40, and time increments ht = 0.01. The strength of the nonlinearity is g = 5. For spatial evolutions, we impose a maximum bond
dimension of 50 and for the nonlinear evolution a tolerance of 10−8. The two rows show the probability density at selected times T = 3 and
T = 8 with a progressive enlargement into smaller-scale features.

up to a maximum time of T = 15. We have again used time
increments ht = 0.01 and the strength of the nonlinearity g is
set to 5. At all times shown, the BEC tends to remain localized
in the central potential well, surrounded by eight peaks of the
quasicrystalline modulation. With increasing time, the proba-
bility density leaks into adjacent wells, following the eightfold
symmetry defined by the sinusoidal potential landscape. The
maximum spread is visible around the time steps shown at
T = 5 and T = 7.5. After that, the BEC starts retracting
toward the center of the domain, with the leakage pattern
becoming increasingly faint.

In Fig. 7, we show the time evolution of a BEC with
nonzero initial velocity in the same eightfold symmetric qua-
sicrystalline potential. The initial state is now defined as a
Gaussian wave packet times a plane wave,

ψ0(x, y) = 1√
N

e−(x2+y2 )/2 eikx.

In contrast with the case considered in Fig. 6, we now take a
finite wave number k = 5, which leads to finite momentum in
the BEC. The top and bottom rows of Fig. 7 show two selected
points in the time evolution, displaying the probability density

at T = 3 in Figs. 7(a)–7(c) and at T = 8 in Figs. 7(d)–7(f),
respectively. From left to right, we enlarge progressively into
the domain. As in Fig. 6, we observe a modulation of the
probability density following the modulation of the trapping
potential, but with an additional displacement due to the finite
initial state velocity, leading to the BEC exploring regions
further to the left.

We finally analyze the effects of the nonlinearity on the
evolution of the bond dimension in two dimensions, which is
shown in Fig. 8. Here, we summarize four different optical
trap potentials V̂ (x, y): (1) an isotropic unmodulated poten-
tial with Ax/W 2 = Ay/W 2 = 0.01; (2) an anisotropic and
anharmonic potential with Ax/W 2 = 0.01, Ay/W 2 = 0.015,
and Axy/W 2 = 0.012; (3) an anisotropic potential with a
fourfold rotationally symmetric modulation [Ax/W 2 = 0.01,
Ay/W 2 = 0.015, A = 10 and q1 = (1, 0), q2 = (0, 1)]; and
(4) the isotropic eightfold rotationally symmetric potential
described in Fig. 6 in the preceding paragraph. Figure 8
shows the maximum bond dimension of the object Ug ψ (r, t )
as a function of the evolution time T , which follows from
imposing a per-tensor relative error of τ = 10−8. After each
complete Trotter step, we truncate the bond dimension of
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FIG. 8. Maximum bond dimension of Ug ψ (r, t ) in each Trot-
ter step, as a function of time for the evolution of a two-
dimensional BEC, represented by a Gaussian wave packet ψ0(x, y) ∝
exp(−(x2 + y2)/2), in four different optical trap potentials: (1) an
isotropic unmodulated potential with Ax/W 2 = Ay/W 2 = 0.01;
(2) an anisotropic and anharmonic potential with Ax/W 2 = 0.01,
Ay/W 2 = 0.015, and Axy/W 2 = 0.012; (3) an anisotropic potential
with a fourfold rotationally symmetric modulation [Ax/W 2 = 0.01,
Ay/W 2 = 0.015, A = 10 and q1 = (1, 0), q2 = (0, 1)]; and (4) the
isotropic eightfold rotationally symmetric potential described in
Fig. 6. We use a tensor train of length 40, modeling a [−100, 100]2

domain with 220 × 220 increments, a nonlinearity g = 5, and time
steps ht = 0.01. For spatial evolutions, we impose a maximum bond
dimension of 50 and for the nonlinear evolution a tolerance of 10−8.

the resulting QTT back to χ = 50, which is implemented
in the MPO-MPS multiplication of the spatial time-evolution
operator UV . Across the four different potentials, we see a
clear leveling off of the increased bond dimension due to the
nonlinear term (for T � 2–3), with the modulated potentials
being more expensive to work with than the unmodulated
ones. Here, they typically stabilize in a range between 100
and 200.

IV. CONCLUSION

Here, we have demonstrated a methodology to solve
the Gross-Pitaevskii equation, a nonlinear partial differential
equation, based on tensor networks and the quantics tensor
cross-interpolation algorithm. Conventional approaches based
on numerical finite-difference schemes are limited by the po-
tentially high spatial resolution needed to capture all relevant
features of the solution, which implies an exponential memory
cost. Our approach, based on the combination of TCI and
QTT, circumvents this problem by representing the coarse-
grained function as quantics tensor trains, whose number of
tensors is the logarithm of the desired spatial resolution. By
increasing the bond dimensions at the length scales relevant

for the problem, we can achieve an efficient compression of
the coarse-grained solution. We have implemented the time
evolution by Trotterizing the time-evolution operator of the
GP Hamiltonian and constructing the tensor network repre-
sentation of the nonlinear operator.

To demonstrate our methodology, we have simulated the
dynamics of a Bose-Einstein condensate in various modulated
optical trap potentials. We have obtained high-fidelity solu-
tions for potentials ranging over six orders of magnitude by
setting a space discretization of 230 increments at a fraction of
10−6 of the memory required for a conventional vectorized
finite-difference approach. Furthermore, we have presented
high-resolution solutions of the GP equation in two dimen-
sions, using a grid size of 220 × 220 points. As an example,
we have used this to model the dynamics of a Bose-Einstein
condensate in a quasicrystalline optical trap, realized in recent
experiments. Such a problem has two very different length
scales: the quasicrystalline lattice spacing and the size of the
condensate. This is a situation where quantics is very compet-
itive because the very fine grid is actually needed.

Our article establishes a methodology for solving nonlinear
time-dependent partial differential equations with unprece-
dented precision at a fundamentally reduced computational
and memory cost. Further algorithmic improvements could
be achieved by dynamically tuning the bond dimension on
the fly, including allowing for a slight increase with time if
major deformation of the initial state occurs. Furthermore, as
a state in each step of a Trotterized time evolution is evolved
to a state with very high overlap to the input state, different
tensor train time-evolution algorithms, such as TDVP, could
be considered as an alternative. Our approach can be read-
ily extended to generic nonlinear time-dependent differential
equations, providing a strategy to solve generic problems
in physics and engineering with unprecedented accuracy by
leveraging a quantum-inspired tensor network algorithm.
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