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The advent of quantum computing necessitates the transition of worldwide cryptosystems to postquantum
cryptography (PQC), which is founded upon the problem of finding short vectors in high-dimensional structured
lattices. It is assumed that the structure of these lattices cannot be exploited by quantum or classical algorithms
attempting to find short vectors. In this work, we focus on the structure of the lattices used in PQC protocols—
negacyclic (and cyclic) lattices—and provide a quantum algorithmic framework that efficiently encodes the
structured lattices into Hamiltonians by exploiting their underlying symmetries. The efficient encoding substan-
tially reduces the dimension of the corresponding Hilbert space by limiting it to a relevant subspace where
short vectors are likely to be found—leading to significant savings in quantum resources (e.g., qubit count and
circuit depth) required to implement a quantum algorithm for finding short vectors. We analytically prove the
efficient encoding procedure and benchmark the proposed framework using the variational quantum eigensolver,
demonstrating improved results with reduced quantum resources.
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I. INTRODUCTION

Quantum computing poses a substantial threat to the world-
wide cryptosystem [1,2] as Shor’s algorithm can efficiently
solve the mathematical problem on which most cryptographic
protocols are based—factoring [3]. This threat will become
tangible with the availability of fault-tolerant quantum com-
puters [4,5]. To counter it, the American National Institute of
Standards and Technology (NIST) announced in 2024 a new
set of cryptographic protocols believed to be secure against
both quantum and classical attacks [6].

The main postquantum cryptography (PQC) protocols are
based on the mathematical problem of finding the shortest
nonzero vector in a high-dimensional lattice—the shortest-
vector problem (SVP) [7]. That is, given a nonorthonormal
basis for a lattice, the task is to find the minimal distance
between two distinct lattice points. PQC protocols are actually
based on a softer version of the problem [6], the approximate
SVP—one where the goal is to find sufficiently short vectors
whose length exceeds that of the shortest vector by at most a
given polynomial factor of the lattice dimension.

To increase the efficiency of these protocols, lattices with
some special structure—structured lattices—are used [8]. It is
conjectured that the structure of these lattices does not provide
any advantage to quantum (or classical) attacks [7]; i.e., it is
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as hard to solve the approximate SVP for these lattices as it is
for general lattices, even with a quantum computer. Since this
is still an unproven conjecture, the search for counterexamples
is still open [9,10].

Exploiting the structure and symmetries of a system for
efficient encoding is a cornerstone technique in quantum
physics. Tensor networks provide an efficient encoding of
many-body quantum states by exploiting system structure
[11,12] and are used in multiple disciplines such as condensed
matter physics [13], quantum chemistry [14], and quantum
information science [15]. Quantum simulation, which deals
with simulating one quantum system using another, also relies
heavily on exploiting system structure and symmetries for
efficient implementation [16–18].

Hamiltonian encodings of lattices for the SVP have been
proposed and used in previous works by some of us [19,20]
and others [21–30]. To the best of our knowledge, this is
the first work that leverages lattice structure for efficient
Hamiltonian encoding, leading to a significant reduction in the
quantum resources required for finding short lattice vectors.
In addition to notable savings in qubit count and circuit depth,
we show that our method increases the probability of finding
short vectors.

The core idea of our method is to limit the search for
short vectors to a small subspace very likely to contain a state
corresponding to a sufficiently short vector. The existence
of such subspaces and their characterization stem from the
structure of the target lattices. The likelihood of finding short
vectors in these subspaces is conjectured and numerically
supported, whereas the subspaces themselves are rigorously
characterized.

The rest of the paper is organized as follows. The neces-
sary preliminaries regarding lattices are described in Sec. II.
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The symmetries of cyclic and negacyclic lattices that are re-
flected in the quantum formulation of the SVP and numerical
support for our claim are described in Sec. III. The ex-
ploitation of these symmetries for efficient Hamiltonian
encoding—the main result of our work—is the subject of
Sec. IV, while Sec. V gives an explicit detailed description
of the proposed method. Benchmarking of the method using
the variational quantum eigensolver (VQE) [31] is presented
in Sec. VI.

II. LATTICES

A lattice is a periodic arrangement of points in an N-
dimensional Euclidean space. It can be defined in terms of
a basis B comprised of N linearly independent vectors �bi.
While any point in the N-dimensional space can be expressed
as a linear combination

∑
i ni �bi of the basis vectors, lattice

vectors are characterized by the constraint that the expansion
coefficients ni are integers. The collection of all lattice vectors
is the lattice.

A. Structured lattices

Cyclic and negacyclic lattices are lattices with additional
symmetries. Historically, cyclic lattices were first used in the
NTRU cyptosystem [32] and have received much attention
since then [33,34]. Meanwhile, cryptographic protocols in
the NIST final list are actually based on negacyclic lattices
[35,36]. Since, however, situations with cyclic symmetries are
better known in physics and since the classification for the
cyclic case is rather instructive for the subsequent discussion
of the negacyclic case, we will study both cyclic and nega-
cyclic lattices.

Their formal definition requires the cyclic permutation op-
erator � such that ��b = (bN−1, b0, b1, . . . , bN−2)T for any
vector �b = (b0, b1, . . . , bN−1)T , and the negacyclic permuta-
tion operator �, such that ��b = (−bN−1, b0, b1, . . . , bN−2)T .
A basis of cyclic and negacyclic lattices can be defined in
terms of a single vector �b0 via the relation �bi+1 = ��bi for
cyclic lattices and �bi+1 = ��bi for negacyclic lattices.

Most of the relevant properties of a lattice are encoded in its
Gram matrix G, comprised of all the scalar products of basis
vectors, i.e., the matrix with the elements Gi j = �bi �b j .

The symmetries of the bases of cyclic and negacyclic lat-
tices are also reflected in the corresponding Gram matrices,
i.e., G = �G�† for cyclic lattices and G = �G�† for nega-
cyclic lattices. From the unitarity of � and � also follows
the commutativity [G,�] = 0 for cyclic and [G, �] = 0 for
negacyclic lattices, so that the Gram matrix G shares a joint
set of eigenvectors with � or �, respectively.

Since the N th power of the permutation reduces to the
identity, the eigenvalues of � are given by exp(2π i j/N )
with j = 0, . . . , N − 1. Analogously, the eigenvalues of � are
given by exp(π i(2 j + 1)/N ) with j = 0, . . . , N − 1, because
of the relation �N = −1.

The matrix U (c) containing all eigenvectors of � is given
by the Fourier transformation matrix with elements

U (c)
qp = 1√

N
exp

(
−i

2π

N
pq

)
, (1a)

and the matrix U (n) containing all eigenvectors of � has the
elements

U (n)
qp = 1√

N
exp

(
−i

2π

2N
p(2q + 1)

)
(1b)

for 0 � p, q � N − 1.

B. Length of lattice vectors

Since the squared Euclidean length of any lattice vector
�b = ∑

i ni �bi can be expressed as

|�b|2 =
∑

i j

Gi jnin j (2)

in terms of the Gram matrix, a quantum mechanical
Hamiltonian

Ĥ =
∑

i j

Gi jN̂iN̂ j (3)

with mutually commuting operators N̂i that have integer spec-
tra can also encode the length of all the vectors in a given
lattice [19]. The eigenstates of Ĥ are simultaneous eigen-
states of all the operators N̂i and read |�n〉 = |n0, n1, . . . , nN−1〉,
where ni denotes the eigenvalue of N̂i.

III. SYMMETRIES IN THE PROBLEM HAMILTONIAN

The quantum formulation of the approximate SVP is to
find a low-excited state of the problem Hamiltonian given in
Eq. (3). This formulation is applicable for any lattice, irrespec-
tive of potential symmetries.

Our central goal is to exploit the symmetries of cyclic and
negacyclic lattices in order to formulate problem Hamiltoni-
ans that are beneficial for the approximate SVP. Their main
benefit is the reduction in the number of operators N̂q required
for their representation. This yields a reduction in the quantum
resources needed in practical implementations on quantum
devices.

To this end, it is crucial to notice that any Hamiltonian of
the form in Eq. (3) can be expressed as

Ĥ =
∑

q

gqŜ†
qŜq, (4)

in terms of the eigenvalues gq of the Gram matrix and the
operators

Ŝq =
∑

p

UqpN̂p, (5)

defined in terms of the unitary matrix U comprised of the
eigenvectors of G. Commutativity of the operators N̂q implies
that also the operators Ŝq commute. Additionally, Hermiticity
of the operators N̂p implies [Ŝq, Ŝ†

p] = 0. The spectrum of
Ĥ can thus be characterized completely by the simultaneous
eigenstates of all the individual operators Ŝq.

While in the case of a general lattice, the eigenvectors of G
depend on the details of the lattice, in the case of cyclic and
negacyclic lattices, the eigenvectors are lattice independent
and are given by Eq. (1). Thus, the operators Ŝq are completely
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determined by the type of symmetry and dimension of the
lattice.

Since properties of a specific lattice enter the system
Hamiltonian in Eq. (4) only via the eigenvalues gq, there is
the prospect of facilitating the quest for short vectors in terms
of the eigenspaces of the operators Ŝq.

By construction, any quantum state |�n〉 is an eigenstate of
Ŝq and of Ŝ†

qŜq with the corresponding eigenvalues sq
�n and |sq

�n|2.
The eigenvalue of the problem Hamiltonian associated with
the state |�n〉 is thus given by

E�n =
∑

q

gq

∣∣sq
�n
∣∣2

. (6)

The eigenvalues gq of the Gram matrix are non-negative
due to its positive semidefiniteness. Thus, the eigenvalues E�n
of the problem Hamiltonian (and equivalently the lengths of
the lattice vectors) are given as a sum over non-negative terms.
Each of these terms is associated with one of the operators Ŝq.

One might expect that the Hamiltonian’s first excited state
(which corresponds to the shortest nonzero vector of the lat-
tice) is a ground state of most operators Ŝq, and a low-lying
excited state of only one or a few of the operators. This,
however, is not necessarily the case, because the condition that
a given state |�n〉 is a ground state of one operator Ŝq might
imply that |�n〉 is a highly excited eigenstate to some other
operator Ŝp.

Still, in practice, there is a high probability of finding a
low-excited state of the problem Hamiltonian in the kernel
of the operator Ŝq that corresponds to the largest eigenvalue
gq of the Gram matrix. Such an operator is referred here
as the principal operator. Crucially, the existence of kernels
for the Ŝq operators with nonzero states |�n〉 is guaranteed
because of the lattice’s cyclic (negacyclic) structure. The sole
exception is the negacyclic case with a power-of-two lattice
dimension, whose principal operator kernel contains only the
zero vector (see Sec. V B). This is based on the theory of cy-
clotomic polynomials [37]. In order to provide a basis for the
subsequent rigorous construction of low-lying eigenspaces,
we will first give numerical evidence that the first excited
state (corresponding to the shortest vector of the lattice) or
a sufficiently low-excited state lies within the kernel of the
principal operator.

We denote by γ the ratio of the length of the shortest
vector contained in a given subspace and the length of the
lattice’s shortest vector, so that γ = 1 whenever the subspace
contains the shortest vector. Sampling 1000 lattices per lat-
tice dimension, Fig. 1 shows, on a logarithmic scale, the
percentage of lattices with γ = 1 for the principal operator
kernel (blue dots) and, for comparison, for a random subspace
with the same cardinality (red squares). The cardinality of a
subspace denotes the number of lattice states it contains within
the examined range of integer coefficient. The values for the
principal operator kernel exceed that for the random subspace
and their expected value—the mean cardinality ratio (green
triangles)—by 1–2 orders of magnitude.

The γ = 1 percentages for the principal operator kernel
range from (15.8 ± 1.2)% at N = 14 to (47.4 ± 1.6)% at
N = 9. The statistical uncertainty on these percentages is
small at this sample size, such that the variation of the γ = 1

FIG. 1. Percentage of sampled lattices with γ = 1 (the shortest
vector lies within the subspace), out of 1000 lattices per dimension,
on a logarithmic scale. Values for the principal operator kernel (blue
dots) are 1–2 orders of magnitude higher than for a random subspace
of the same cardinality (red squares). Green triangles show the mean
subspace-to-lattice cardinality ratio, i.e., the expected γ = 1 percent-
age for the random subspace. For N = 12 and N = 14, the shortest
vector was not found in the random subspaces (crosses, plotted at
the <0.1% detection threshold). Binary (filled markers) and ternary
(hollow markers) refer to the coefficient ranges defined in the text.

percentage across dimensions reflects the intrinsic number-
theoretic structure of the kernels. The variation seems to track
the mean subspace-to-lattice cardinality ratio. Overall, this in-
dicates a high probability of finding the shortest vector within
the kernel of the principal operator.

The range of examined integer coefficients is limited by
available computational resources, which impose KN � 24.
For lattice dimensions N = 5 to N = 12 (excluding N =
8, a power of 2), the coefficients nq are within the range
[−2K−1, 2K−1 − 1] with K = 2, labeled binary in Figs. 1
and 2. For N = 13, 14, 15, the coefficients are restricted to
{−1, 0, 1} [an effective K = log2(3)], labeled ternary; this
restriction is justified because the majority of the shortest
vectors have coefficients within this range.

For the approximate SVP, only a sufficiently short vector is
required. Figure 2 therefore shows the 90th-percentile value
of γ , P90(γ ), over the sampled principal operator kernels as a
function of the lattice dimensions (blue dots), separated into
prime (solid lines) and nonprime (dashed line) dimensions.
As characterized in Sec. V B, the principal operator kernel for
prime N is typically one dimensional. Therefore, the corre-
sponding P90(γ ) values are higher than for nonprime lattice
dimension, whose kernels are larger on average. Even for
prime lattice dimensions, P90(γ ) is on the order of O(2N )—
linear in the lattice dimension.

For nonprime N , the percentile P90(γ ) appears to be up-
per bounded by the logarithm of the inverse cardinality ratio
between the smallest principal operator kernel and the full
lattice. This quantity approximately equals the difference
between the lattice dimension and the minimal number of
kernel degrees of freedom multiplied by the range coeffi-
cient K , i.e., ∼K × [N − min(#DOF)] (green triangles). The
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FIG. 2. The 90th percentile of γ , P90(γ ), for the principal op-
erator kernels: Blue dots joined by a solid line for prime lattice
dimensions and by a dashed line for nonprime N . Red squares show
the 99th percentile, P99(γ ), for the nonprime dimensions. Both are
qualitatively upper bounded by the logarithm of the inverse cardinal-
ity ratio between the smallest principal operator kernel and the full
lattice (green triangles). Binary (filled markers) and ternary (hollow
markers) refer to the coefficient ranges defined in the text.

99th-percentile values, P99(γ ) (red squares), lie closer to this
qualitative bound and follow the same trend.

To assess the influence of the coefficient range K , we
repeated the simulations for N = 5 and N = 6 with K =
2, 3, 4. For both dimensions, the γ = 1 percentage and
P90(γ ) of the principal operator kernel are independent of K .
The only residual K dependence is in P99(γ ) for N = 6, which
changes from 6.78 at K = 2 to 7.59 at both K = 3 and K = 4.
The weak K dependency therefore indicates that the statistics
reported here are representative of the method’s behavior.

The resulting prospect that low-excited states (which cor-
respond to short lattice vectors) lie within the kernel of an
operator Ŝq motivates the formulation of a reduced problem
Hamiltonian that represents the problem Hamiltonian with the
restriction to the kernel. These reduced problem Hamiltonians
are derived in Sec. IV, and the kernels themselves are derived
in Sec. V in the form of constraints matrices.

IV. REDUCED PROBLEM HAMILTONIANS

The likelihood of finding low-excited states within the
kernels of the operators Ŝq motivates the definition of re-
duced problem Hamiltonians that allow for the search of short
vectors within such kernels. This formulation leverages the
symmetries of cyclic and negacyclic lattices and leads to a
more efficient search for low-excited states of the problem
Hamiltonian, i.e., for short lattice vectors.

A lattice state |�n〉 is an eigenstate of the operator Ŝq =∑
p UqpN̂p with the corresponding eigenvalue sq

�n = ∑
p Uqpnp.

The kernel of Ŝq is thus given by the span of all states |�n〉 with
integer coefficients np that satisfy

N−1∑
p=0

Uqpnp = 0. (7)

In both the cyclic and the negacyclic cases, the complex co-
efficients Uqp are of the form of phase factors and a constant
factor 1/

√
N that has no influence on the solution of Eq. (7).

Since the general solution of linear algebraic equations is
given by a linear combination of individual solutions, the char-
acterization of the kernel of an operator Ŝq can be represented
by all integer vectors �n = (n0, n1, . . . , nN−1)T that satisfy the
vector equation

�n = A �m, (8)

for an (N × M )-dimensional constraint matrix A, and any
M-dimensional integer vector �m = (m0, m1, . . . , mM−1)T ,
with M < N . That is, the solutions to Eq. (7) are given by
a constraint matrix A, which relates the M degrees of freedom
represented by any integer vector �m, to the vector of integers
�n according to Eq. (8). The analytical characterizations of the
constraints matrices, i.e., the explicit solutions to Eq. (7), are
derived in Sec. V.

While the problem Hamiltonian for an N-dimensional
lattice is given in terms of N operators N̂i with Ĥ =∑

i j Gi jN̂iN̂ j , the characterization of the kernels of the op-
erators Ŝq with associated constraints matrices A, can be
exploited to represent the problem Hamiltonian with a re-
duced number of operators N̂i.

The eigenvalues of the problem Hamiltonian (equivalent to
the length of lattice vectors) that lie within the kernel of Ŝq

with the constraint matrix A are given by

N−1∑
i, j=0

Gi jnin j =
M−1∑
i, j=0

Fi jmimj, (9a)

where

F = A†GA. (9b)

The reduced problem Hamiltonian

Ĥ =
M−1∑
i, j=0

Fi jN̂iN̂ j (10)

thus represents the problem with the restriction to the kernel
of Ŝq, just like the original problem Hamiltonian formulation
defined in Eq. (3). The reduction from N to M operators
N̂i, however, implies a substantial reduction in the quantum
resources required in an explicit implementation, such as qubit
count and circuit depth. For example, the spectrum of the
operators N̂i can be represented with K qubits. In that case,
comparing the same implementation with and without our
method, the total number of qubits saved using our approach
is K × (N − M ). The value of (N − M ) can be as large as
N − 1. It depends on the value of the lattice dimension N and
the index of the principal operator q, as rigorously character-
ized in the next section. A concrete example is discussed in
Sec. VI.

V. CHARACTERIZATION
OF THE CONSTRAINT MATRIX

In this section, the constraints matrices A that lead to the
formulation of reduced problem Hamiltonians [Eq. (10)] are
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derived. First, the most general solution to Eq. (7) is charac-
terized in Sec. V A in terms of the constraints matrices. That
is, the kernels of all operators Ŝq are characterized.

These characterizations require a numerical method to find
a solution. Therefore, in Sec. V B, another method for deriving
explicit analytical solutions to Eq. (7) is described. These
solutions yield constraints matrices that are used for explicitly
representing reduced problem Hamiltonians with restrictions
to subspaces within the kernels of the operators Ŝq.

A. Characterization of the kernels

For lattices with cyclic symmetry, the kernel of an operator
Ŝ(c)

q is spanned by the states |n0, n1, . . . , nN−1〉 with integers
np that solve the explicit form

�U (c)
q �n = 0 (11a)

of Eq. (7) for cyclic lattices, with

�U (c)
q = (

1 e−i 2π
N q e−i 2π

N 2q · · · e−i 2π
N q(N−1)

)T
(11b)

and �n = (n0, n1, . . . , nN−1)T . Therefore, characterizing the or-
thogonal space to the vector �U (c)

q over the integers is equal to
characterizing the kernel of the operator Ŝ(c)

q .
The following characterization refers to the case where the

greatest common divisor (gcd) of the dimension N and the
index q is unity, i.e., gcd(N, q) = 1. In this case, the linear
space spanned by the elements of �U (c)

q over the integers (the
complementary subspace to the orthogonal space) has dimen-
sion ϕ(N ) [37]. The function ϕ(N ) is Euler’s totient function,
which is defined as the number of integers between 1 and
N − 1 coprime with N [e.g., for N = 6, ϕ(6) = 2 since only
1 and 5 are coprime with 6]. The quantity N − ϕ(N ) is also
known as the cototient function.

Because the space spanned by �U (c)
q over the integers has

dimension ϕ(N ), there are ϕ(N ) independent exponential
components in the vector �U (c)

q , and all other exponentials
can be written as their integer linear combination [37,38].
Explicitly, the relation is given by⎛

⎜⎜⎜⎜⎜⎝

e−i 2π
N q(ϕ(N ))

e−i 2π
N q(ϕ(N )+1)

...

e−i 2π
N q(N−1)

⎞
⎟⎟⎟⎟⎟⎠ = C

⎛
⎜⎜⎜⎜⎜⎝

1

e−i 2π
N q

...

e−i 2π
N q(ϕ(N )−1)

⎞
⎟⎟⎟⎟⎟⎠, (12)

with the matrix C being an integer matrix of size (N −
ϕ(N )) × ϕ(N ).

Therefore, Eq. (11a), for the case of gcd(N, q) = 1, can be
rewritten as(

1 e−i 2π
N q · · · e−i 2π

N q(ϕ(N )−1)
)
(I | CT )�n = 0, (13a)

where I is the identity matrix of size ϕ(N ) × ϕ(N ) and
(I | CT ) stands for a flat matrix concatenating I and CT .
The phase factors {1, exp(−i 2π

N q), . . . , exp(−i 2π
N q(ϕ(N ) −

1))} are linearly independent over the integers. Equation (18)
is thus satisfied if and only if

(I | CT )�n = �0. (13b)

The solution of Eq. (13b) in terms of the N-dimensional
integer vector �n can be found from the Hermite normal form

(see Chapter 2 of Ref. [39]) of the matrix (I | CT ). Given
an integer matrix X , there is a unique matrix Y in the Her-
mite normal form, in the form of Y = XU , where U is a
unimodular matrix, i.e., an integer matrix whose determinant
is ±1. The matrix Y is upper triangular, that is, Yi j = 0, for
j < i + N − ϕ(N ), and Yi j < Yii, for j > i + N − ϕ(N ). The
Hermite normal form can be found numerically in polynomial
time (see Chapter 2 of Ref. [39]).

The Hermite normal form

Z = (I | CT )U (14)

of the matrix (I | CT ) defines a matrix Z whose first N − ϕ(N )
columns contain only zeros. We denote the first N − ϕ(N )
columns of the matrix U by the submatrix A.

Given the matrix A, the solution to Eq. (13b) is
given by Eq. (8), with �n = A �m (see Proposition 2.4.9 of
Ref. [39]), for any (N − ϕ(N ))-dimensional integer vector
�m = (m0, m1, . . . , mN−ϕ(N )−1)T . That is, the matrix A fully
characterizes the orthogonal space of the vector �U (c)

q . There-
fore, the kernel of the corresponding operator Ŝ(c)

q [for the case
of gcd(N, q) = 1] is given by all states |�n〉 such that �n = A �m,
for an arbitrary integer vector �m and the constraint matrix A.

The above characterization is simply extended to cyclic
operators Ŝ(c)

q for which the greatest common divisor of N and
q is greater than unity (as explained in Appendix A) as well as
for the negacyclic operators Ŝ(n)

q , as explained in the following.
For all cases, however, the solution is fully determined by a
constraint matrix A, which is used to derive reduced problem
Hamiltonians according to Eq. (10) for the specified kernels.

For lattices with negacyclic symmetry, the defining equa-
tion of the kernels of the operators Ŝ(n)

q is

N−1∑
p=0

np exp

(
− i

π

N
p(2q + 1)

)
= 0, (15)

[a special case of Eq. (7)]. Here, let us assume q = 0 for
convenience, whereas the general case q > 0 is handled in
Appendix A. We proceed as in the case of cyclic lattices, with
the difference that there are ϕ(2N ) independent exponential
components. Again, all other exponentials can be written as
their integer linear combination:⎛

⎜⎜⎜⎜⎜⎝

e−i π
N (ϕ(2N ))

e−i π
N (ϕ(2N )+1)

...

e−i π
N (N−1)

⎞
⎟⎟⎟⎟⎟⎠ = C

⎛
⎜⎜⎜⎜⎜⎝

1

e−i π
N

...

e−i π
N (ϕ(2N )−1)

⎞
⎟⎟⎟⎟⎟⎠, (16)

with the matrix C being an integer matrix of size (N −
ϕ(2N )) × ϕ(2N ). Then, we can apply the same procedure to
find the Hermite normal form, and hence the kernel. Now, the
kernel has dimension N − ϕ(2N ) rather than N − ϕ(N ).

B. Explicit characterization of subspaces within the kernels

The characterization of the kernels described in Sec. V A
requires the use of numerical methods in order to find the
constraint matrix A that represents the restriction to a spe-
cific kernel. In this section, however, the explicit analytical
characterization of subspaces within the kernels is described.
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FIG. 3. Schematic solutions of Eq. (11a) for the case of N = 3
on the left and for N = 15 on the right. On the left, a unit circle with
three equally distributed phases across it is depicted. All three phases
are marked with a circle, meaning there is only one solution. All
three circles have the same color (red), meaning their corresponding
integer coefficients must be equal. On the right, next to each phase
there are two shapes—circles and triangles, meaning two sets of
solutions are depicted. For each solution set separately, all integer
coefficients corresponding to the phases marked with shapes with
the same color must be equal.

These are used for explicitly formulating reduced problem
Hamiltonians restricted to these subspaces.

While the explicit characterization of these subspaces will
turn out a bit cumbersome, it can be understood to some
extent by the observation that an equation

∑
p np exp(iφp) = 0

with the phases φp evenly distributed over the unit circle has
nontrivial solutions for the integer coefficients np.

If there are N evenly distributed phases, i.e., φp = 2π
N p, and

N is a prime number, then the general solution of the equation∑
p np exp(i 2π

N p) = 0 reads n0 = n1 = · · · = nN−1 with only
one free integer to choose. In that case, the constraint matrix A
is (N × 1) dimensional and it reads Ai0 = 1, such that the so-
lution is given by �n = (1, 1, . . . , 1)T m for an arbitrary integer
m.

If, however, N is a product of two prime numbers Q and R
(i.e., N = QR), then there are at least two sets of indepen-
dent solutions. The first reads np = np+Q = np+2Q = · · · =
np+Q(R−1), with Q free integer parameters n0, . . . , nQ−1, and
the associated constraint matrix is the (N × Q)-dimensional
block matrix Ai j = δi%Q, j with the Kronecker delta δi, j and
the modulus operation %. The second solution is np = np+R =
· · · = np+R(Q−1), with R free integer parameters n0, . . . , nR−1,
and the associated constraint matrix is (N × R) dimensional
such that Ai j = δi%R, j .

An example is schematically given in Fig. 3 for the cases
of N = 3 as a prime number and for N = 15 as a product of
prime numbers. In both plots, N equally distributed phases
2π
N p of the unit circle are shown, with the index p next to each.

Solutions to the equation
∑

p np exp(i 2π
N p) = 0 are schemati-

cally indicated by the colored shapes attached to each phase.
Each shape represents one solution, and all coefficients having
the same color within the solution need to be equal.

For the case of N = 3 on the left, there is only one solution
since 3 is a prime number, and all the coefficients must be
equal (n0 = n1 = n2). For the case of N = 15 on the right,
two sets of solutions indicated by circles and triangles are

depicted. For each set, all integer coefficients n j with the same
color must be equal, e.g., n0 = n5 = n10 for the circles and
n0 = n3 = n6 = n9 = n12 for the triangles.

The generalization for any dimension N stems from the fact
that every positive integer can be decomposed uniquely into a
product of prime factors. Solutions to Eq. (7) and therefore
the characterization of the subspaces within the kernels will
depend on the prime factors p of the lattice dimension N . In
the simplest case, each prime factor p has an associated class
of states, with an associated constraint matrix. The identified
subspace of the kernel is spanned by all these classes of states,
and the reduced problem Hamiltonian with the associated con-
straint matrix thus represents the problem Hamiltonian with
restriction to the subspace.

This idea generalizes directly to more complicated cases
where prime factors of different functions of N are taken into
account. The multiplicity of the prime coefficients for any of
the cases has no influence on the structure of the kernels.

The explicit characterization of the subspaces within the
kernels of each of the operators is rather technical, and the
reader who is interested in the derivation that relies on number
theory is referred to Appendix B. Any reader who is happy to
skip the derivation can find the classification in the following,
where the cyclic case is described in Sec. V B 1 and the nega-
cyclic case in Sec. V B 2.

1. Cyclic case

The explicit form of Eq. (7) for lattices with cyclic sym-
metry is given by Eq. (11a). The classes of states spanning the
subspaces within the kernel depend on the dimension N of the
lattice and on its greatest common divisor with the index q of
the operator Ŝ(c)

q , that is, K := gcd(N, q). Five cases should be
distinguished:

(1) q = 0;
(2) K = 1 and N is odd or some power of 2;
(3) K = 1 and N is even, but not a power of 2;
(4) K > 1 and N

K is odd or some power of 2;
(5) K > 1 and N

K is even, but not a power of 2.
For each case, the associated constraint matrix (matrices)

A is (are) explicitly characterized. The subspace is spanned
by all states |�n〉 for which �n = A �m, and the reduced problem
Hamiltonian is given by Eq. (10) for each constraint matrix.
The constraints matrices read

(1) The constraint matrix A1 is (N × N − 1) dimensional
with elements

A1
i j = δi, j − δi,N−1, (17)

where δi, j is the Kronecker delta (see Theorem B1 in Ap-
pendix B 1).

(2) Each prime factor p of N has an associated (N ×
N
p )-dimensional constraint matrix A2,p with elements:

A2,p
i j = δi% N

p , j, (18)

where % is the modulo operator (see Theorem B3 in Ap-
pendix B 1). The associated subspace is spanned by all states
|�n〉 that obey �n = A2,p �m for any arbitrary integer vector �m and
for all matrices A2,p according to all prime coefficients p of
the lattice dimension N .
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(3) Each prime factor p > 2 of N
2K has an associated con-

straint matrix A3,p with dimensions (N × (N − N
2K p (p − 1))).

It reads

A3,p
i j = δi j +

K−1∑
k=0

δi+(k+ 1
2 ) N

K −N, j

+ (−1)[ j]
(
δi%( N

2K p )+k N
K , j − δi%( N

2K p )+(k+ 1
2 ) N

K , j

)

−
K−2∑
l=0

δi+(l+1) N
K −N, j, (19)

where [ j] stands for the floor of the quotient of ( j + N
2K − N )

and N
2K p (see Theorem B9 in Appendix B 3).

The associated subspace is spanned by all states |�n〉 for
which �n = A �m for all constraints matrices A2,p and A3,q ac-
cording to all prime factors p of N and prime factors q of N

2K ,
as defined in Eqs. (18) and (19), respectively. Each constraint
matrix is associated with a reduced problem Hamiltonian ac-
cording to Eq. (10).

(4) Each prime factor p of N
K has an associated constraint

matrix A4,p with dimensions (N × (N − N
K p (p − 1))), and it

reads

A4,p
i j = δi j + δi% N

K p , j +
K−1∑
k=1

δ(k N
K +i)% N

K p , j − δk N
K +i−N, j (20)

(see Theorem B4 in Appendix B 1).
(5) The associated subspace is spanned by all states |�n〉

for which �n = A �m for all constraints matrices A3,p and A4,q

according to all prime factors p of N
2K and prime factors q of

N
K , as defined in Eqs. (19) and (20), respectively (see Theo-
rem B4 in Appendix B 1 and Theorem B9 in Appendix B 3).
Each constraint matrix is associated with a reduced problem
Hamiltonian according to Eq. (10).

2. Negacyclic case

In the case of negacyclic symmetry, the explicit form of
Eq. (7) reads

N−1∑
p=0

np exp

(
− i

π

N
p(2q + 1)

)
= 0, (21)

so the kernel of the operators Ŝ(n)
q is spanned by all states

|n0, n1, . . . , nN−1〉 with integer coefficients np that solve
Eq. (21).

Solutions for the general case are based on the solution for
the simplest case for the operator Ŝ(n)

0 with the operator index
q = 0. Equation (21) then reduces to

N−1∑
p=0

np exp(iωp) = 0, (22a)

with the phases ωp = − π
N p evenly distributed in the bottom

half of the unit circle.
If the dimension N is a prime number greater than 2, the

solution is identified in terms of the solution to the equa-
tion

∑
p np exp(−i 2π

N p) = 0 with evenly distributed phases
among the whole unit circle as discussed above. This is

FIG. 4. A schematic solution for Eq. (22a), with N = 3. Three
phases are equally distributed in the bottom half of the unit circle.
Next to each phase, a red circle is drawn, indicating that the integer
coefficient associated with the phases must be equal in their absolute
value. The yellow cross within the circle associated with the phase
indexed 1 indicates the negation of corresponding coefficient, i.e.,
n1 → −n1, and the addition of π radians to the corresponding phase.
The flip of the phase, which is indicated by the dashed black line,
results in the same distribution of phases across the entire unit circle
as depicted in Fig. 3 for the cyclic case.

done by adding π to all phases ωp with odd index p in
Eq. (28) and negating the corresponding coefficients. That
is, np exp(iωp) = −np exp(i(ωp + π )) for all the integer co-
efficients with an odd index. Equation (28) can then be
rewritten as

N−1∑
p=0

yp exp

(
−i

2π

N
p

)
, (22b)

where

yp =
{

n2p, if p � N−1
2

−n2p−N , if p � N+1
2 .

(22c)

Based on the cyclic case with a prime N , the solution to
the above equation in the integer coefficients np has only one
free parameter (e.g., n0) and it reads n0 = −n1 = n2 = −n3 =
· · · = −nN−2 = nN−1.

The solution can be depicted graphically and an exam-
ple for the case of N = 3 is presented in Fig. 4, with three
roots of unity evenly distributed among the bottom half of
the unit circle. By negating the only odd-indexed coefficient
n1, its corresponding phase factor is reflected across the unit
circle as indicated by the dashed black line. After the nega-
tion, the phases are evenly distributed among the unit circle;
thus, the solution requires all integer coefficient to have the
same value. The negation is depicted with the yellow cross
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within the circle associated to the integer coefficient n1, and
all circles have the same color as they are equal in absolute
value.

As in the cyclic case, the above characterization can be ex-
tended to solutions of Eq. (22a) for general lattice dimension
N . Each prime factor of N , which is greater than 2, has an
associated class of states, and all classes corresponding to all
prime factors p span the associated subspace within the kernel
of Ŝ(n)

0 .
The characterization of subspaces within the kernel of a

general negacyclic operator Ŝ(n)
q depends on the dimension of

the lattice N and on the greatest common divisor of 2N and
2q + 1 denoted by L, i.e., L := gcd(2N, 2q + 1). Four cases
should be distinguished:

(1) N = 2l for some positive integer l;
(2) L = 1 and N is not some power of 2;
(3) L > 1 and N = 2lL for some positive integer l;
(4) L > 1 and N �= 2lL for any positive integer l .
As in the cyclic case (Sec. V B 1), explicit constraints ma-

trices are characterized for each case. The associated subspace
is spanned by all states |�n〉 that obey �n = A �m for all the
associated constraints matrices, and for an arbitrary integer
vector �m. The reduced problem Hamiltonian associated with
each constraint matrix is given by Eq. (10). The constraints
matrices are characterized as follows:

(1) The constraint matrix is a zero matrix such that the
subspace (and the kernel) equals the zero state |0, 0, . . . , 0〉
(see Theorem B5 in Appendix B 2).

(2) Each prime factor p > 2 of N has an associated
constraint matrix AII,p with dimensions (N × N

p ) and with
elements

AII,p
i j = (−1)�i p

N 	δi% N
p , j, (23)

where �·	 is the floor operator (see Theorem B7 in
Appendix B 2).

(3) The constraint matrix AIII has dimensions (N × (N −
N
L )) and its elements are given by

AIII
i j = δi, j +

L−1
2∑

k=1

δi−(k− 1
2 ) N

L , j − δi−k N
L , j (24)

(see Theorem B8 in Appendix B 2).
(4) Two types of constraints matrices are defined. First,

for each prime factor p of 2N
L , a constraint matrix AIV,p with

dimensions (N × ( 2N
L − 2N

Lp )) is defined according to

AIV,p
i j = δi% 2N

Lp , j +
∑
k=1

δi%( 2N
Lp )+k 2N

L , j − δi+k 2N
L , j . (25a)

Second, for each prime factor q > 2 of N
L , a constraint

matrix AV,q with dimensions (N × N
L − N

Lq ) is given by

AV,q
i j = δi, j −

∑
k=1

δi+kÑ, j +
∑
l=0

δi+(l+ 1
2 )Ñ, j

+ (−1)�i Lq
N 	

(
δi%( N

Lq )+lÑ, j − δi%( N
Lq )+(l+ 1

2 )Ñ, j

)
,

(25b)

where Ñ is a shorthand notation for 2N
L .

The associated subspace within the kernel is spanned by
all states |�n〉 that obey the relation �n = AIV,p �m or �n = AV,q �m
for an arbitrary vector of integers �m, for all prime factors
p of 2N

L , and all prime factors q of N
L (see Theorem B10

in Appendix B 4). Each constraint matrix has its associated
reduced problem Hamiltonian according to Eq. (10).

VI. BENCHMARKING WITH THE VARIATIONAL
QUANTUM EIGENSOLVER

The reduced problem Hamiltonian Ĥ = ∑
i j Fi j N̂iN̂ j de-

fined in Eq. (10) represents the problem Hamiltonian Ĥ =∑
i j Gi jN̂iN̂ j defined in Eq. (3), with the restriction to the

the kernel of some operator Ŝq (or to a subspace within that
kernel), according to the constraint matrix A for which F =
A†GA. The reduction in the number of operators N̂i in the re-
duced problem Hamiltonian results in a substantial reduction
in the resources needed for searching for low-excited states of
the Hamiltonian in any practical implementation. This method
is now benchmarked with the variational quantum eigensolver
algorithm [31].

A. The variational quantum eigensolver
for the problem hamiltonian

The VQE is a hybrid quantum-classical algorithm. Its input
is some Hamiltonian Ĥ and its output is a quantum state
|
〉 that is highly probable to be a low-excited state of the
Hamiltonian Ĥ [40].

The quantum mechanical component of the algorithm is
the preparation of a parametrized quantum state |
〉 and a
measurement scheme that allows for the evaluation of the ex-
pectation value 〈
| Ĥ |
〉 of the problem Hamiltonian Ĥ with
respect to the prepared quantum state |
〉. The classical part
consists of a variational analysis over the parameters of the
quantum state |
〉 with the goal of minimizing the expectation
value 〈
| Ĥ |
〉.

In any practical implementation, the states |
〉 are realized
with registers of qubits, so that the problem Hamiltonians
given in Eqs. (3) and (10) need to be defined in terms of qubit
operators. With the construction

N̂i = −2K−1 +
K−1∑
j=0

Ẑi j2
k (26)

in terms of the Pauli-Z operator for K different qubits [19],
the operator N̂i has an integer spectrum ranging from −2K−1

to 2K−1 − 1. With d registers of K qubits each, one can
thus realize a problem Hamiltonian defined in Eq. (3) for a
d-dimensional lattice or a reduced problem Hamiltonian as
defined in Eq. (10) with a constraint matrix of size (N × d )
for a lattice dimension N > d .

A Hamiltonian of the form

Ĥ =
∑

i j

Bi j N̂iN̂ j (27a)
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FIG. 5. One layer of the variational quantum circuit for circuits
with six qubits. The layer contains applications of the ry and rz
single-qubit gates on all qubits, followed by circular ladder of en-
tangling CNOT gates.

can therefore be explicitly realized in terms of qubit operators
with

Ĥ =
∑

i j

Bi j

(
2K +

∑
pq

2p+qẐipẐ jq − 2K−1
∑

p

(Ẑip + Ẑ j p)2p

)
.

(27b)

In order to avoid the convergence of the VQE to the
zero state |�0〉 that is the trivial ground state of Hamiltoni-
ans of the form in Eqs. (3) and (10), an additional penalty
term, G00 |�0〉 〈�0|, is added to the Hamiltonian. Thus, the
eigenvalue corresponding to the zero state |�0〉 are the G00 com-
ponent of the Gram matrix instead of the trivial ground state
eigenvalue 0.

B. Numerical methods

The applications of the VQE for the search for low-excited
states of problem Hamiltonians [Eq. (3)] and the correspond-
ing reduced problem Hamiltonians [Eq. (10)] are compared
for 200 six-dimensional negacyclic lattices. The implemen-
tations for the problem Hamiltonians contain six quantum
registers with three qubits each. For the reduced problem
Hamiltonians, d registers of three qubits are used, such that
d < N and is determined according to the associated con-
straint matrix A with dimensions (N × d ). The analysis is
made such that the spectrum of the number operators in both
implementations is equal.

The explicit quantum circuits for both implementations
are chosen to be standard three-layer circuits followed by
measurements. A scheme of one layer for a quantum circuit
with six qubits is depicted in Fig. 5. Each layer consists of
parametrized ry and rz gates applied to all qubits, followed
by a circular ladder of CNOT gates [40]. The algorithms are
emulated with the noiseless quantum simulator default.qubit
of the PENNYLANE package [41].

C. Examples of reduced qubit count and circuit depth

In order to consolidate the understanding of the proposed
framework, consider two specific six-dimensional negacyclic

lattices with bases B and C, which are generated from the two
normalized lattice vectors

�b =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.010
−0.45
−0.50
−0.67
−0.36
−0.18

⎤
⎥⎥⎥⎥⎥⎥⎦

, �c =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.12
−0.34
0.087
0.51
0.56
0.53

⎤
⎥⎥⎥⎥⎥⎥⎦

, (28a)

respectively, represented with two significant digits. That is,
the basis vectors of B (C) are given by {�b, ��b, . . . , �5�b}
({�c, ��c, . . . , �5�c}). The largest eigenvalue of the Gram matrix
G for both lattices is the zeroth eigenvalue g0. Therefore, the
corresponding operator Ŝ(n)

0 is the principal operator, and the
search for low-excited states is limited to a subspace within its
kernel.

The subspace within the kernel of the operator Ŝ(n)
0 is char-

acterized according to case (II) in Sec. V B 2 since the greatest
common divisor of 2N and 2q + 1 equals unity (and 6 is not a
power of 2). The corresponding constraints matrices are given
by Eq. (23), and because 3 is the only prime factor greater than
2 of N = 6, only one class of states spans the kernel (there is
only one constraint matrix). This class of states is explicitly
given by |m0, m1,−m0,−m1, m0, m1〉, with the free integer
coefficients m0, m1.

The explicit constraint matrix A that relates the free integer
vector �m = (m0, m1)T to the six-dimensional integer coeffi-
cient vector �n with �n = A �m is explicitly given by

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0
0 1

−1 0
0 −1
1 0
0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

. (29)

This results in the 2 × 2 matrix F = A†GA according to
Eq. (9b). Therefore, the corresponding eigenvalue of a lattice
state in the kernel of Ŝ(n)

0 (equivalently the length of the corre-
sponding lattice vector) is given by

1∑
i j=0

Fi jmimj + G00δ0,miδ0,mj , (30)

including the penalty term for the zero state.
One layer of the quantum circuit used in the VQE for the

reduced problem Hamiltonian is depicted in Fig. 5. The full
circuit contains three layers followed by a measurement of all
qubits. Because there are only two degrees of freedom (the
constraint matrix has only two columns), the circuit contains
only two quantum registers with three qubits each. The top
three qubits form one register, as well as the bottom three, and
upon measurement of their values, the integer coefficients m0

and m1 are determined, respectively.
The output of the VQE for the reduced problem Hamilto-

nian for the lattice given by the basis B is the quantum state
|1, 0〉 and the corresponding eigenvalue (lattice vector length)
is 0.21. The output of the VQE for the problem Hamiltonian,
however, which uses a quantum circuit with the same structure
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as in Fig. 5 but with 18 qubits, results in the lattice state
|2,−1,−1, 1, 0, 1〉 with the corresponding eigenvalue 0.86.

The ratio between the vector lengths resultant from the
VQE for the reduced problem Hamiltonian and the problem
Hamiltonian is denoted by λ. A value of λ < 1 represents a
lattice for which the VQE for the reduced problem Hamil-
tonian results in a lower excited state than the VQE for the
problem Hamiltonian. This is the case for the lattice given by
the basis B, with a value of λ = 0.24.

For the lattice given by the basis C, the VQE for the
reduced problem Hamiltonian results in the state |0, 1〉
with a corresponding vector length of 0.70, and the VQE
for the problem Hamiltonian results in the lattice state
|1,−1, 1, 0,−1, 1〉 with the corresponding vector length of
0.91. The value of λ for this lattice is thus 0.77, which
is smaller than unity as well, indicating that the VQE for
the reduced problem Hamiltonian results in a shorter lattice
vector.

For both lattices, the VQE for the reduced problem Hamil-
tonian results in lower excited states than the one for the
problem Hamiltonian, even though the the search space of the
former is restricted to the kernel of Ŝ(n)

0 , while for the latter
the search space consists of all lattice states. This is possibly
an outcome of a more complex optimization landscape in the
case of the full problem Hamiltonian compared to the case
of the reduced problem Hamiltonian. The more complicated
optimization landscape might increase the risk of the classical
optimization to get stuck in a local optima rather than con-
verging to the global minimum.

The use of only six qubits for the reduced problem
Hamiltonian implementation instead of 18 for the problem
Hamiltonian with a shorter circuit depth (24 instead of 60),
while resulting lower excited states, encapsulates the key ben-
efits of our work. That is, the framework eases the search of
the algorithm by restricting it to a small subspace that is very
likely to contain a low-excited state that corresponds to a short
lattice vector, and as a consequence, the quantum algorithm
benefits from a significant reduction in qubit count and circuit
depth.

D. Statistics of the results

A histogram that summarizes the ratio between the length
of the output states of the VQE for the reduced problem
Hamiltonians and for the problem Hamiltonians, i.e., the val-
ues of λ, for all lattices examined is presented in Fig. 6. All
bars to the left of the dashed black line indicate cases where
the ratio is smaller than unity. This is the case for 130 out of
the 200 lattices, where the median value of λ is 0.63. That is,
for the majority of lattices, the VQE for the reduced problem
Hamiltonian results in shorter vectors than the VQE for the
full problem Hamiltonian. As argued earlier (Sec. VI C), the
main reason for this is likely a better behaved optimization
landscape that allows the former case to converge to a global
minimum more easily.

The number of qubits used for the VQE implementation of
the problem Hamiltonians is 18, for all lattices, while the num-
ber of qubits for the implementations of the reduced problem
Hamiltonians depends on the index q of the operator Ŝ(n)

q . For
example, in the two cases examined in Sec. VI C, the search is

FIG. 6. Histogram of the ratio between the energy values of the
outputs of the VQE algorithms for the reduced problem Hamilto-
nians and the full problem Hamiltonians. Two hundred lattices are
examined. Bars to the left of the dashed black line indicate lattices
for which the VQE for the reduced problem Hamiltonian results in a
lower excited state than the VQE for the full problem Hamiltonian.
This is the case for 130 out of the 200 lattices.

restricted to a subspace within the kernel of the operator Ŝ(n)
0 ,

and six qubits are used for the implementation of the VQE for
the reduced problem Hamiltonians. The average number of
qubits used for the implementations of the reduced problem
Hamiltonians is 7.74. It requires on average 2.33 times fewer
qubits than the VQE for the problem Hamiltonian. Overall,
the application of our framework to the VQE for the search of
short lattice vectors results in shorter vectors compared to the
original implementation with fewer qubit counts.

VII. OUTLOOK

While symmetries are routinely exploited in physics to
simplify computational problems, there is the common belief
that symmetries of lattices are not beneficial for the shortest-
vector problem and its variants. This might be true even with
access to ideal quantum hardware that allows for unlimited
scaling of qubit and gate counts. As long as an increase
in quantum resources is an actual bottleneck, however, the
present work shows that the exploitation of symmetries can
provide a gain in efficiency that ultimately makes a problem
solvable.

The ability to break down an original SVP problem into
several smaller SVP problems is independent of whether so-
lutions are sought by classical or quantum mechanical means.
The techniques derived in this paper can thus find applications
in a broad range of classical lattice-reduction algorithms, such
as the Lenstra-Lenstra-Lovász algorithm [42] and its variants.
Because the proposed framework can be incorporated into
both quantum and classical algorithms, it appears particularly
promising for hybrid schemes that integrate quantum and
classical components.

The availability of fault-tolerant application-scale quantum
devices [43] will open a new frontier in scientific computation.
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Efficient encoding of lattice-based models into Hamiltonians
is therefore expected to play a central role in quantum numer-
ical methods. We believe our method applies to lattice-based
physical models with cyclic (negacyclic) translational sym-
metry, whose interaction matrix is diagonalized by the Fourier
transform [Eq. (1)]. This is the case, for example, in a classical
lattice Coulomb gas of integer charges. This model is dual to
the Villain form of the two-dimensional XY model—a non-
trivial model exhibiting topological defects [44,45]. Finding
further physical models that can benefit from our method is a
promising direction for future work.
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APPENDIX A: EXTENSION
OF THE CHARACTERIZATION OF THE KERNELS

In Sec. V A, the exact characterization of the kernels is
given, for the case of cyclic lattices where the greatest com-
mon divisor of the the lattice dimension N and the index q,
denoted by K [i.e., K := gcd(N, q)] is unity. In the following,
the extensions of this characterization for further cyclic and
negacyclic cases are described. First, the extension to cyclic
cases with K > 1 is given, followed by the extension to the
negacyclic cases with the index q > 0.

For lattices with cyclic symmetry, the kernel of the corre-
sponding operator Ŝ(c)

q is spanned by all lattice states |�n〉 with
integer coefficients np that satisfy

N−1∑
p=0

np exp

(
−i

2π

N
qp

)
= 0, (A1)

a special case of Eq. (7).
For cases with K > 1, an effective dimension is defined

as Ñ = N
K and an effective coefficient as q̃ = q

K such that
gcd(Ñ, q̃) = 1 by definition. Equation (A1) reduces to

Ñ−1∑
l=0

yl exp

(
−i

2π

Ñ
q̃l

)
= 0, (A2a)

where

yl :=
K−1∑
k=0

nl+kÑ . (A2b)

The solution in terms of the coefficients yl is given by the
method described in Sec. V A, and a direct substitution of the
integers np gives the solution that can be expressed in terms
of a constraint matrix.

For lattices with negacyclic symmetry, since the rank is
ϕ(2N ), we rewrite the exponential terms in Eq. (15) as⎛

⎜⎜⎜⎝
1

e−i 2π
2N (2q+1)

...

e−i 2π
2N (N−1)(2q+1)

⎞
⎟⎟⎟⎠ = D

⎛
⎜⎜⎜⎝

1
e−i 2π

2N

...

e−i 2π
2N (ϕ(2N )−1)

⎞
⎟⎟⎟⎠, (A3)

with the matrix D being an integer matrix of size N × ϕ(2N ).
Note that DT is the counterpart of (I | CT ) in Eq. (13b). Then,
we can apply the same procedure to find the Hermite normal
form, and hence the kernel. Now, the kernel has dimension
�N − ϕ(2N ).

APPENDIX B: EXPLICIT CHARACTERIZATION
OF SUBSPACES WITHIN THE KERNELS

In the following, the explicit characterizations of sub-
spaces within the kernels of the operators Ŝq, as described
in Sec. V B, are proven. Due to dependencies between the
proofs, first the proofs for the cyclic cases (1), (2), and (4)
are given, then for the negacyclic cases (I), (II), and (III), and
then for the rest of cyclic and negacyclic cases.

1. Cyclic cases (1), (2), and (4)

The following theorems refer to lattices with cyclic sym-
metry. The lattice states |�n〉 that span the kernel are all states
with integer vectors �n = A �m with a corresponding constraint
matrix A. The constraint matrix represents the solutions to
Eq. (A1). The greatest common divisor of N and q is denoted
by K .

Theorem B1. For q = 0, the constraint matrix associated
with the kernel of Ŝ(c)

0 is (N × N − 1) dimensional with ele-
ments A1

i j = δi, j − δi,N−1.

Proof. For q = 0, Eq. (A1) reads
∑N−1

p=0 np = 0 with the

solution nN−1 = −∑N−2
p=0 np. Thus, any N-dimensional vector

�n such that �n = A �m is a solution to Eq. (A1), for the (N × N −
1)-dimensional matrix A with elements Ai j = δi, j − δi,N−1,
and for any (N − 1)-dimensional vector of integers �m. �

Lemma B1. For a prime number p, the pth cyclotomic
polynomial is given by f = 1 + ω + ω2 + · · · ωp−1 and is
irreducible over the rational numbers [46].

Theorem B2. If N is a prime number, the only solution to
Eq. (A1) is np = n0 for all p.

Proof. For a prime number N , there are N distinct roots of
unity given by the equation

ωN = 1 ⇐⇒ ωN − 1 = 0. (B1a)

The right-hand side can be factored into product of two poly-
nomials such that

(1 + ω + ω2 + · · · + ωN−1)(ω − 1) = 0. (B1b)

The first polynomial of the product,

f (ω) :=
N−1∑
p=0

ωp, (B2)

is irreducible over the rational (and integer) numbers as
given by Lemma B1. Thus, the roots of the equation f = 0
are linearly independent over the field of rational numbers
Q; i.e., the unique way to express each one of the roots
{1, e−i 2π

N q, e−i 2π
N q2, . . . , e−i 2π

N q(p−1)} as a function of all other
roots is given by the equation f = 0. Hence, up to a multi-
plication with any integer, these roots of unity can sum up to
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zero only with all their coefficients being 1. Hence, for any
prime N ,

N−1∑
p=0

npe−i 2π
N p = 0 ⇐⇒ np = n0, ∀p ∈ [1, N − 1]. (B3a)

In addition, for a prime number N , the roots e−i 2π
N m

with any m = 0, 1, . . . , N − 1 are primitive roots. That is,
the set of taking all the powers of the root from 0 to
N − 1 generates N distinct roots of unity. Hence, for any
q ∈ [0, p − 1] the set {e−i 2π

N qp}N−1
p=0 is equivalent to the set

{1, e−i 2π
N q, e−i 2π

N 2, . . . , e−i 2π
N (N−1)}, so the same argument as

above holds. Thus, for any q ∈ [0, N − 1] the following re-
lation holds:

N−1∑
p=0

npe−i 2π
N qp = 0 ⇐⇒ n0 = np, ∀p ∈ [1, N − 1].

(B3b)

�
Theorem B3. For K = 1, each prime factor p of the dimen-

sion N has an associated class of states |�n〉 that are within
the kernel of Ŝ(c)

q . The class of states is defined according to
Eq. (8), with the (N × N

p )-dimensional constraint matrix A2,p

with elements A2,p
i j = δi% N

p , j .

Proof. For every prime coefficient p of N , Eq. (A1) can be
explicitly written as

N
p −1∑
l=0

e−i 2π
N ql fl

(
e−i 2π

p q) = 0, (B4a)

with

fl (ω) :=
p−1∑
m=0

nl+m N
p
ωm. (B4b)

The polynomial fl (ω) follows Theorem B2 for prime di-
mensions. Thus, Eq. (B4) can be solved if all the integer
coefficients nl+m N

p
for each polynomial fl are equal.

This results in N
p degrees of freedom, where all states of

the form |n0, . . . , n N
p −1, n0, . . . , n N

p −1, n0, . . .〉 are within the

kernel of Ŝ(c)
q . Therefore, all lattice states |�n〉 with �n = A2,p �m

for an N
p -dimensional vector �m and an (N × N

p )-dimensional

matrix A2,p with elements A2,p
i j = δi% N

p , j are within the kernel

of Ŝ(c)
q for K = 1. �

Theorem B4. For K > 1, for any prime factor p of N
K there

is a class of states |�n〉 that are within the kernel of Ŝ(c)
q .

This class is defined according to Eq. (8) with the constraint
matrix A4,p with dimensions (N × (N − N

K p (p − 1))) and with
elements defined in Eq. (20).

Proof. For K > 1, an effective dimension is defined as
Ñ = N

K and an effective coefficient as q̃ = q
K such that

gcd(Ñ, q̃) = 1. Equation (A1) reduces to

Ñ−1∑
l=0

yl exp

(
−i

2π

Ñ
q̃l

)
= 0, (B5a)

where

yl :=
K−1∑
k=0

nl+kÑ . (B5b)

The solution in terms of the coefficients yl is given by
Theorem B3 such that for each prime factor p of Ñ , the
solution has Ñ

p free integer coefficients and it reads

yl = y[l], (B6a)

with [l] denoting l mod Ñ
p .

Substituting Eq. (B5b) into Eq. (B6a) leads to the solution

n j = n[ j] +
K−1∑
k=1

n[
k N

K + j
] − nk N

K + j−N . (B6b)

For each prime factor p of Ñ , there are Ñ − Ñ
p constraints

and N − Ñ − Ñ
p free modes. These are encapsulated by the

constraint matrix A4,p with dimensions (N × (N − N
K p (p −

1))), and with elements defined in Eq. (20). �

2. Negacyclic cases (I), (II), and (III)

The following theorems refer to lattices with negacyclic
symmetry. The lattice states that span the kernel are all states
with integer coefficients that solve Eq. (15). The greatest
common divisor of 2N and 2q + 1 is denoted by L.

Lemma B2. The nth primitive root of unity ζn is a root of a
given polynomial f (ζn) = 0 iff the nth cyclotomic polynomial

n(ω) divides the polynomial f , that is, 
n(ω)| f (ω) [46].

Theorem B5. If N = 2m for some non-negative integer m,
the kernel of Ŝ(n)

q is spanned by the zero state |�0〉.
Proof. For the case of q = 0, Eq. (15) reduces to f (ω) = 0,

with ω = exp(−i 2π
2N ) and

f (ω) :=
N−1∑
l=0

nlω
l . (B7)

The 2N th cyclotomic polynomial is given by 
2N (ω) = ωN +
1. The degree of the cyclotomic polynomial is N , while the
degree of the the polynomial f (ω) is N − 1. Hence, the
cyclotomic polynomial cannot divide f (ω), and according
to Lemma B2 there are no primitive roots for the dimen-
sion 2N that are roots of the polynomial f , specifically
ω = exp(−i 2π

2N ). That is, there is no solution to the equation
f (exp(−i 2π

2N )) unless all the coefficients nl are zero, i.e., the
trivial solution.

For other cases q > 0, the same argument applies, since
ω2q+1 (1 � q � N − 1) are exactly the other roots of the cy-
clotomic polynomial 
2N (ω).

Theorem B6. If N is a prime number, the only nontriv-
ial solution for Eq. (15) is n0 = −n1 = n2 = · · · = −nN−2 =
nN−1. �

Proof. By adding π radians to the phase of each odd-
indexed integer coefficient nl (i.e., l is odd), Eq. (15) can be
rewritten as

N−1∑
l=0

yl exp

(
−i

2π

N
(2q + 1)l

)
, (B8a)
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with

yl =
{

n2l , if l � N−1
2

−n2l−N , if l � N+1
2 .

(B8b)

The solution is given by Theorem B2 in terms of the integer
coefficients yl . Substituting the original coefficients leads to
the only solution n0 = −n1 = n2 = · · · = −nN−2 = nN−1. �

Theorem B7. If L = 1 and N is not some power of 2, for
each prime factor p of the dimension N , all states |�n〉 defined
according to Eq. (8) with the constraint matrix AII,p are within
the kernel of Ŝ(n)

q . The constraint matrix AII,p is (N × N
p ) di-

mensional and its elements are defined according to Eq. (23).
Proof. Following the proof of Theorem B3, for every

prime factor p > 2 of N , Eq. (15) can be decomposed to N
p

polynomials [as in Eq. (B4)]:
N
p −1∑
l=0

e−i 2π
2N (2q+1)l fl (e

−i 2π
2p (2q+1)) = 0, (B9a)

where the polynomial fl (ω) is defined in Eq. (B4b). The
integer coefficients of each polynomial must have the form
defined in Theorem B6 in order for the equation to be solved.

Thus, for each prime factor p of N , all states of the
form |n0, . . . , n N

p −1,−n0, . . . ,−n N
p −1, n0, . . .〉 span a sub-

space within the kernel of Ŝ(n)
q . These are represented by the

constraint matrix AII,p with elements defined in Eq. (23). �
Theorem B8. If L > 1 and N = 2mL for some positive

integer m, all states |�n〉 defined according to Eq. (8) with
the constraint matrix AIII are within the kernel of Ŝ(n)

q . The
constraint matrix AIII is (N × (N − N

L )) dimensional and its
elements are defined according to Eq. (24).

Proof. By defining an effective dimension Ñ := 2N
L and an

effective index q̃ := 2q+1
L , Eq. (15) reduces to

Ñ−1∑
l=0

yl exp

(
−i

2π

Ñ
q̃l

)
= 0, (B10a)

with

yl :=
∑

k:[k]=l

nk, (B10b)

where [k] is a shorthand notation for k mod Ñ . Because the
effective dimension is some power of 2 and K̃ := gcd(Ñ, q̃) =
1, the solution is given by Theorem B3 in terms of the
integers yl .

The substitution by the original integer coefficients nl ,
alongside the fact that 2 is the only prime factor of Ñ , leads
to N

L constraints that are encapsulated by the (N × (N −
N
L ))-dimensional constraint matrix AIII with elements defined
in Eq. (24). �

3. Cyclic cases (3) and (5)

Theorem B9. For any K such that N
K is even and is not some

power of 2, each prime factor p of N
2K has an associated class

of states |�n〉 that are within the kernel of Ŝ(c)
q . The class of

states is defined by the (N × (N − N
2K p (p − 1)))-dimensional

constraint matrix A3,p with elements defined in Eq. (19).
Proof. Equation (A1) can be written as

Ñ−1∑
l=0

yl exp

(
−i

2π

Ñ
q̃l

)
= 0, (B11a)

with Ñ = N
K , q̃ = q

K , and yl = ∑
k nl+kÑ . Because Ñ is even

and the greatest common divisor gcd(Ñ, q̃) equals unity by
definition, q̃ is odd. Thus, the equation can be rewritten as

Ñ
2 −1∑
l=0

zl exp

(
−i

2π

2 Ñ
2

(2q′ + 1)l

)
= 0, (B11b)

with zl = yl − yl+Ñ/2 and q̃ = 2q′ + 1. The last equation can
be recognized as the defining equation for the negacyclic
symmetry, i.e., Eq. (15), with L = 1 and N , which is not some
power of 2 [i.e., case (II) for negacyclic lattices].

Hence, according to Theorem B7 each prime factor p of
Ñ
2 has an associated class of states that lies within the kernel
of Ŝ(c)

q . Expressing the integer coefficients zl in terms of the
original integer coefficients nl leads to the symmetry classes
being defined in terms of the constraint matrix A3,p for each
prime factor p of N

2K with elements defined in Eq. (19). �

4. Negacyclic case (IV)

Theorem B10. If L > 1 and N �= 2mL for any positive in-
teger m, a subspace within the kernel of Ŝ(n)

q is spanned by all
states |�n〉 that obey the relation �n = AIV,p �m or �n = AV,q �m for
an arbitrary vector of integers �m, for all prime factors p of 2N

L
and all prime factors q of N

L .
Proof. By defining the effective dimension as Ñ = 2N

L and
the effective index as q̃ = 2q+1

L , Eq. (15) reduces to
Ñ−1∑
l=0

yl exp

(
−i

2π

Ñ
q̃l

)
= 0, (B12a)

with

yl =
∑
[k]=l

nk, (B12b)

where [k] is a shorthand notation for k mod Ñ . Because the
greater common divisor of Ñ and q̃ is unity by definition [i.e.,
K̃ := gcd(Ñ, q̃) = 1] and Ñ is even but not some power of 2,
the solutions to the above equation are given by cyclic case
(3) in terms of the integer coefficients yl . Substituting the
original coefficients nl and expressing the solution in terms
of constraints matrices results in the two types of constraints
matrices.

First, for every prime factor p of 2N
L , the (N × ( 2N

L − 2N
Lp ))-

dimensional constraint matrix AIV,p is given explicitly by
Eq. (25a). Second, for each prime factor q > 2 of N

L the
constraint matrix AV,q with dimensions (N × ( N

L − N
Lq )) is

given by Eq. (25b). A subspace within the kernel of Ŝ(n)
q is

spanned by all states |�n〉 that obey the relation �n = AIV,p �m or
�n = AV,q �m for an arbitrary vector of integers �m. �
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