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Geometric Brownian motion with intermittent entries and exits
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We study a generalized geometric Brownian motion framework that incorporates both entries of new units and
exit mechanisms for the current population, extending earlier stochastic resetting models where these rates are
treated as identical. The model captures realistic features observed in many economic observables, which can be
explained as market-driven firm entries/exits, worker inflow/outflow, and income growth/loss. This model is not
conservative and, despite the asymmetry in the entry and exit rates, we find that the system eventually relaxes
to a stationary distribution. Moreover, our analysis reveals three distinct dynamical regimes in the moments
of the distribution, arising from the interplay between volatility, drift, entry, and exit rates. We further derive
the survival probability and the mean first-passage time associated with the observed variable reaching certain
threshold under the competing entry-exit processes. Interestingly, we identify an optimal exit rate that minimizes
the mean first-passage time, providing insights into how entry and exit policies can influence the outcome of the
system. These results should be useful for understanding the long-run behavior of economic systems in which
growth, volatility, entry, and exit jointly shape the evolution of heterogeneous units.
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I. INTRODUCTION

Geometric Brownian motion (GBM) is one of the central
stochastic processes used to model multiplicative growth in
natural and social systems [1]. By construction, it preserves
positivity and produces log-normal statistics, which made it
the standard model in finance for asset prices [2,3] and a
natural benchmark in economics for income [4–7], wealth
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[8,9], and population dynamics [10–14]. The same structure
also appears in diverse settings such as diffusion in heteroge-
neous media and turbulent transport [15–18], noise-induced
transitions in gene regulatory circuits [19], and many other
systems driven by multiplicative noise [20].

Despite its broad applicability, most existing formula-
tions of GBM describe closed systems, where the number
of trajectories (or agents) is fixed [21,22]. In many empirical
settings, however, the relevant systems are inherently open:
Units continuously enter and exit the population. This is
well documented in firm dynamics, where entry, growth, and
exit are central empirical regularities [23–25]; in credit mar-
kets, where loan origination and default occur continuously
over time [26–28]; and in entrepreneurial ecosystems, where
startup formation and failure are pervasive features of the
underlying dynamics [29,30]. In such systems, the interplay
between multiplicative growth and turnover is central in deter-
mining the stationary distribution, the evolution of moments,
and first-passage properties, as shown in this paper.
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FIG. 1. Schematic illustration of income dynamics governed by
geometric Brownian motion in the presence of entry and exit mech-
anisms. At the initial time of observation, the system consists of two
active individuals with specified income levels that evolve stochas-
tically over time (background trajectories). Entry and exit events
dynamically alter the population size, thereby modifying the aggre-
gate income distribution over time. Using this setup, we study both
the steady-state properties and threshold-crossing time statistics.

This distinction matters because many of the heavy-tailed
size distributions observed in the data arise precisely in
settings with ongoing turnover. Firm sizes are a canonical
example: The empirical distribution is highly skewed, and in
large samples its upper tail is often close to Zipf’s law [31].
Related work has shown that proportional growth, selection,
and entry are central ingredients in accounting for such distri-
butions [32]. More generally, the literature on double-Pareto
and double-Pareto-log-normal distributions has emphasized
that birth-death structure and heterogeneous ages can generate
power-law behavior in one or both tails [33–35]. Yet, these
insights are usually developed either in descriptive distribu-
tional terms or in models tailored to a specific application,
rather than in a unified continuous-time GBM framework with
separate entry and exit mechanisms.

A natural way to extend GBM to open systems is to in-
troduce entries and exits, whereby new trajectories enter at
a characteristic scale and existing ones exit at a constant
rate (see Fig. 1). The closest related literature to this idea is
that on stochastic resetting, in which trajectories are inter-
mittently returned to a reference state [36–40]. Resetting has
proved especially fruitful because it generates nonequilibrium
stationary states [36,38,39,41] and fundamentally reshapes
first-passage properties, often yielding finite and even optimal
search times [36,39,42–44]. See reviews [39,45–47] for recent
developments. For GBM specifically, resetting has already
produced important results on stationary yet nonergodic be-
havior, time averaging, and empirical applications [6,48–51].
At the same time, resetting corresponds to a highly structured
case in which exits and entries are tied together. A closely
related nonconservative variant of GBM regularized by reset-
ting, in which resources are reallocated rather than entering or
exiting the system, was studied in Ref. [52], and displays an
analogous critical-rate structure. The broader setting in which
entries and exits occur separately, and potentially asymmetri-
cally, remains much less explored.

This gap leaves several basic questions unresolved. Under
what conditions does open multiplicative growth produce a
stationary cross-sectional distribution? When does turnover
suppress the explosive growth of moments, and when does it
fail to do so? How do drift, volatility, entry, and exit jointly
determine the shape of the stationary state? And how are
first-passage properties altered once one moves beyond the
balanced resetting case and allows recruitment and attrition to
operate as distinct mechanisms? These questions are relevant
not only for the theory of multiplicative stochastic processes,
but also for the interpretation of empirical size distributions in
systems where turnover is intrinsic rather than incidental.

To shed some light on these aspects, in this work, we
study a geometric Brownian motion with constant entry and
exit rates. At the level of the probability density, this leads
to a Fokker-Planck equation with a source term at the entry
point and a sink term representing exit. We solve this problem
exactly and obtain the stationary distribution reached at long
times. We show that this stationary state is a nonequilibrium
steady state with asymmetric power-law tails around the entry
point, with exponents determined by the drift, volatility, and
the exit rate. We further derive closed-form expressions for the
moments and show that they fall into three distinct regimes.
They saturate, grow linearly, or grow exponentially depending
on whether exits dominates, balances, or is dominated by
multiplicative growth. We also analyze first-passage proper-
ties in the presence of entries and exits, which allows us to
characterize how turnover reshapes the time needed to reach
a target value optimally and to compare these dynamics with
the special balanced case of stochastic resetting.

Our results provide a minimal analytical framework for
open multiplicative systems. In particular, they make explicit
how entry, exit, drift, and volatility jointly determine station-
ary distributions, moment growth, and first-passage times. In
this sense, the paper contributes to both the GBM literature
and the broader literature on heavy-tailed size distributions
by showing, in a transparent stochastic-process setting, how
turnover transforms a standard proportional-growth model
into an open nonequilibrium system with qualitatively new
stationary and dynamical properties.

The paper is organized as follows. In Sec. II, we introduce
the GBM model under entry and exit mechanisms, formulate
the renewal framework, and present analytical results for the
stationary state reached in the long-time limit. We also present
the temporal and stationary properties for the moments and
log moments. In Sec. III, we investigate the first-passage prop-
erties of the system by calculating the survival probability and
the mean first-passage time (MFPT). In Sec. IV, we discuss
our findings and conclude with future directions. Supporting
calculations are presented in the Appendixes.

II. GEOMETRIC BROWNIAN MOTION
WITH ENTRIES AND EXITS

The GBM is defined by the following Langevin equa-
tion [2]:

dx(t ) = μ x(t ) dt + σ x(t ) dB(t ), x0 = x(0), (1)

where x(t ) is the particle position. In practice, it could repre-
sent stock or asset price, fluctuating income, number of firms
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in a sector, etc. x0 > 0 is the initial value of the observable, μ

is the drift rate, σ > 0 is the volatility, and B(t ) is the standard
Brownian motion (BM). Throughout this work, we adopt the
Itô interpretation of the multiplicative noise dB(t ). Its solution
in the Itô interpretation of the multiplicative noise is given by

x(t ) = x0 e(μ−σ 2/2)t+σ B(t ). (2)

In other words, the GBM is a process in which the logarithm
of x(t ) follows a BM with drift. This equation means that the
incremental change dx(t ) in the asset price x(t ) at time t is
given by the deterministic aspects of the asset price, repre-
sented by the drift term μ x(t ) dt , and the stochastic aspects
of the asset price dynamics, represented by the diffusion term
σ x(t ) dB(t ).

The GBM can also be considered as a heterogeneous dif-
fusion process [53,54] with a position-dependent diffusion
coefficient D(x) = σ 2x2/2 and external drift μx(t ). This fol-
lows from the fact that it can be rewritten in the following
form:

ẋ(t ) = μ x(t ) + σ x(t ) ξ (t ), x0 = x(0), (3)

where ξ (t ) = dB(t )/dt is white noise, which in this case is
multiplicative.

The corresponding Fokker-Planck equation in the Itô
interpretation—which, for example, was used in the famed
Black-Scholes-Merton model [2,3]—reads

∂

∂t
f0(x, t ) = −μ

∂

∂x
x f0(x, t ) + σ 2

2

∂2

∂x2
x2 f0(x, t ), (4)

with initial condition f0(x, t = 0) = δ(x − x0). The solution
of this equation is the log-normal distribution

f0(x, t ) = 1

x
√

2πσ 2t
× exp

(
− [(log x − log x0) − μ̄t]2

2σ 2t

)
,

(5)

where μ̄ = μ − σ 2/2. This solution means that the logarithm
of the particle position, log x(t ) (log here means logarithm
with base e), is normally distributed with mean log x0 + μ̄t
and variance σ 2t . As a consequence, x(t ) remains strictly
positive for all times. This is a key feature that makes GBM
well suited for modeling quantities such as prices, firm sizes,
or wealth. The effective drift μ̄ = μ − σ 2/2 reflects the well-
known Itô correction: Even when the instantaneous drift μ is
positive, multiplicative noise suppresses the typical trajectory
relative to the mean, a manifestation of the nonergodic charac-
ter of GBM [21]. In particular, the mean 〈x(t )〉 = x0eμt grows
at rate μ, while the median grows at the slower rate μ̄, so that
the average is increasingly dominated by rare large trajectories
as time progresses [21].

Having established the GBM framework, we now turn to
its extension in which the number of agents is not conserved.
Specifically, we consider the GBM process (4) coupled to
entry and exit dynamics, which is governed by the following
Fokker-Planck equation:

∂

∂t
f (x, t ) = − μ

∂

∂x
x f (x, t ) + σ 2

2

∂2

∂x2
x2 f (x, t )

− λm f (x, t ) + λrδ(x − x0), (6)

where f (x, t ) is the particle density and f (x, t = 0) = δ(x −
x0) is the initial condition. The third and fourth terms from the
right-hand side of the equation are the loss of density due to
exit at x and the gain of density due to entries at x0, and λr and
λm are the entry and exit rates, respectively.

Equation (6) connects naturally to several related mod-
els in the literature. In the special case λr = λm = r, it
reduces to the Fokker-Planck equation for GBM in the pres-
ence of Poissonian resetting [6,7,48,49], while the analogous
problem (although restricted to first passage) for standard
diffusion with mortality and recruitment was recently stud-
ied in Refs. [55,56]. Despite the formal similarity with the
resetting equations, there is an important distinction between
the two dynamics. In the resetting process, the population in
the systems is conserved: An agent that resets remains part
of the system and is simply relocated. In contrast, in the
present entry-exit dynamics, agents can genuinely enter or
leave the system and, mostly at different times, so the total
number of entities is not conserved and fluctuates with time.
Thus, unlike resetting, where the system population remains
fixed, the separate entry and exit rates directly determine the
evolution of the population in the present model.

Interestingly, the parameters λm and λr admit natural inter-
pretations in several empirical contexts: In firm dynamics they
correspond to firm death and birth rates, respectively [32],
while in income dynamics they capture the case where the
retirement and the first employment rates of individuals are
not equal, contrary to the standard assumption where every
“retiring” individual is replaced with a new worker [5]. As we
will show, in both cases a stationary state emerges as a result
of the interplay between entry and exit.

In the remainder of this section, we analyze the probability
density function, its stationary state, and the moments and
log moments of the process. One observation is worth stating
in advance. Under the substitution r → λm, the normalized
stationary state [cf. Eq. (15)] and the moment and log-moment
structure derived below are identical in shape to those of the
symmetric resetting case. The only qualitatively new object
generated by allowing λr �= λm is the long-run population
factor (that will be defined explicitly later) �(∞) = λr/λm,
which rescales the overall population without altering the
shape of the distribution or the location of the moment phase
boundaries.

A. Renewal formalism, probability density
function, and stationary state

The solution of Eq. (6) can be found by using the Laplace-
Mellin transform, which is defined as

ˆ̄f (q, s) =
∫ ∞

0

[∫ ∞

0
e−st f (x, t ) dt

]
xq−1 dx. (7)

By performing the Laplace transform with respect to t and the
Mellin transform with respect to x in Eq. (6), we obtain

ˆ̄f (q, s) = xq−1
0 (1 + λrs−1)

s + λm − [
σ 2

2 (q − 1)(q − 2) + μ(q − 1)
] . (8)

The inverse Laplace transform of the above equation yields
a renewal structure for the probability density function as
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follows:

f̄ (q, t ) = e−λmt f̄0(q, t ) + λr

∫ t

0
e−λmt ′

f̄0(q, t ′) dt ′, (9)

where

f̄0(q, t ) = xq−1
0 exp

(
σ 2

2

[
q + 1

2

(
2μ

σ 2
− 3

)]2

t − μ̄2

2σ 2
t

)
(10)

is the solution of the Fokker-Planck equation (4) for the GBM
in Mellin space. Further doing an inverse Mellin transform, we
identify the renewal structure in the probability distribution
function as follows:

f (x, t ) = e−λmt f0(x, t ) + λr

∫ t

0
e−λmt ′

f0(x, t ′) dt ′, (11)

where f0(x, t ) is the solution (5) of the Fokker-Planck equa-
tion (4), i.e., the case with λr = λm = 0. Note that for λr =
λm = r, we recover the renewal equation for a stochastic pro-
cess under Poissonian resetting [36,38,39,48,57]:

freset(x, t ) = e−rt f0(x, t ) + r
∫ t

0
e−rt ′

f0(x, t ′) dt ′. (12)

As mentioned earlier, the population is not conserved in each
ensemble in the presence of entries and exits. To see this, one
can define the normalization or population factor �(t ), which
is essentially themean number of units at a given time t , and
can be determined by integrating Eq. (11) over space giving

�(t ) =
∫ ∞

0
f (x, t ) dx,

= λr

λm
+

(
1 − λr

λm

)
e−λmt , (13)

where we have used the normalization condition for
the underlying probability density function (PDF), i.e.,∫ ∞

0 f0(x, t )dx = 1.
Notably, Eq. (13) suggests that the mean number of entities

in the system is completely independent of the underlying
spatial dynamics. This follows from the fact that entry and
exit occur independently of the entity’s dynamical state and
can take place at any time. Since we observe the system
over an unconstrained time interval, the evolution is governed
solely by the balance between the entry and exit processes.
The intrinsic dynamics only determine how individuals move
within the system and therefore do not affect the mean
population at a given time. Consequently, the population dy-
namics and the spatial dynamics are decoupled at the level
of the mean population. This can also be proven by taking
a master-equation approach based on the fluctuating number.
This alternative and general (specific dynamics such as GBM
or BM independent) derivation of Eq. (13) is provided in
Appendix A.

In the long-time limit, �(t → ∞) = λr/λm reaches a
steady value that depends strongly on the rates of entries
and exits. This result also extends the stochastic-resetting
framework [48,49], where the balanced condition λr = λm

constrains the steady-state population to unity, by allowing the
long-run units count to take any positive value set freely by the
entry-to-exit ratio. This generalization is empirically relevant

FIG. 2. Stationary state f st
N (x) of GBM under entry and exit

mechanisms. Solid lines represent theoretical results for the steady
state from Eq. (15) with varying μ and σ while keeping the initial
condition x0 = 10, entry rate λr = 100, and exit rate λm = 0.1 fixed.
We set (μ, σ ) = (0.02,

√
0.01) for the plot colored in blue and

(μ, σ ) to (0.05,
√

0.05) for the green curve. Markers indicate results
from the numerical simulation demonstrating an excellent match.

in every open system discussed in the introduction, since entry
and exit rates are almost never equal in firm markets, income
cohorts, credit portfolios, etc. [5,11,23,25,26].

Taking �(t ) into account, the normalized PDF can then be
written as

fN (x, t ) = 1

�(t )

[
e−λmt f0(x, t ) + λr

∫ t

0
e−λmu f0(x, u) du

]
.

(14)

In the long-time limit, from Eq. (11), we obtain that the system
approaches a stationary state with power-law tails

f st
N (x) = lim

t→∞ fN (x, t )

= λr

λr/λm

∫ ∞

0
e−λmt ′

f0(x, t ′) dt ′

= λm f̃0(x, λm),

= λm

x
√

μ̄2+2σ 2λm

⎧⎪⎪⎨⎪⎪⎩
(

x
x0

)− 1
σ2 [

√
μ̄2+2σ 2λm−μ̄]

, x > x0,

1, x = x0,( x0
x

)− 1
σ2 [

√
μ̄2+2σ 2λm+μ̄]

, x < x0,

(15)

which has different behavior for x > x0 and x < x0. Here,
f̃0(x, λm) = L[ f0(x, t )](λm) denotes the Laplace transforma-
tion of f0(x, t ), i.e., f̃0(x, λm) = ∫ ∞

0 dt e−λmt f0(x, t ). The
stationary state for λr = λm = r corresponds to the nonequi-
librium stationary state obtained for the GBM with stochastic
resetting [6,48,50], i.e.,

f st
reset(x) = r

x0

√
μ̄2 + 2σ 2r

(
x

x0

)∓
√

μ̄2+2σ2r

σ2 + μ

σ2 − 3
2

. (16)

The different behaviors of the stationary state for x > x0 and
x < x0 result in a sharp cusp at the initial position x = x0,
which can be seen in Fig. 2.
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TABLE I. Table with a consolidated list of the moments, highlighting the conditions for convergence of the moments as t → ∞, i.e., in
the steady state.

nth moment Condition Value

〈x〉st λm > β(1)(= μ) x0
λm

λm−μ

〈x2〉st λm > β(2)(= 2μ + σ 2) x2
0

λm
λm−(2μ+σ 2 )

...
...

...

〈xn〉st λm > β(n)(= nμ + 1
2 n(n − 1)σ 2) xn

0
λm

λm−(nμ+ 1
2 n(n−1)σ 2 )

Thus, it can be said that Eq. (15) unifies, within a single
exact GBM framework, distributional results that the existing
literature has derived separately for individual applications.
For example, the double-Pareto shape produced by birth-death
Brownian motion [33–35] emerges here as an exact conse-
quence of the asymmetric entry and exit dynamics. Similarly,
the tail exponent—governed jointly by drift μ, volatility σ ,
and attrition rate λm—recovers the Zipf-like upper tail of firm
sizes [31,32], the Pareto tail of income and wealth distribu-
tions [5,8,9], the heavy-tailed loan-balance distributions in
credit markets [28], and the size distributions arising from
proportional growth with turnover in ecological populations
[11,13]. A key contribution beyond the existing literature is
that Eq. (15) makes the joint dependence of both tail expo-
nents on (μ, σ, λm) analytically explicit, so that the effect of
changing the mortality rate on the shape of the stationary
distribution can be read off directly from the formula and
tested across all these domains simultaneously.

B. Analysis of the moments

From Eq. (14), one can find the nth moment of the variable
x by using the following relation:

〈xn(t )〉 =
∫ ∞

0
xn(t ) fN (x, t ) dx

= 1

�(t )

[
e−λmt 〈xn(t )〉0 + λr

∫ t

0
e−λmu〈xn(u)〉0 du

]
,

(17)

where 〈xn(t )〉0 represents the nth moment of the position for
the GBM (λm = λr = 0). Using the following identity [48],
〈(x(t ))n〉0 = xn

0eβ(n)t , with

β(n) = nμ + 1
2 n(n − 1)σ 2, (18)

for the underlying GBM process, one can write

〈xn(t )〉 = xn
0

�(t )

[
λr

λm − β(n)

+
(

1 − λr

λm − β(n)

)
e−(λm−β(n))t

]
, (19)

which is valid at all times. In particular, we observe three
different regimes for the moments in the long-time limit. For
λm > β(n), the moments saturate in the long-time limit to the
value

〈xn(t )〉 
 xn
0

λm

λm − β(n)
; (20)

see Table I for details. Note that with n = 1, one can find
the saturated value of mean, 〈x〉st = x0

λm
λm−μ

with λm > β(1)
as described in Fig. 3(a). For λm < β(n), the moments have
exponential dependence on time with n-dependent exponent,

〈xn(t )〉 
 xn
0

[
λm

λr
+ λm

β(n) − λm

]
e(β(n)−λm )t . (21)

In Fig. 3(b), we illustrate the exponential growth of the mean,
which can be recovered from Eq. (21) with λm < β(1). While
for λm = β(n), the moments are linear in time with same
slope, i.e.,

〈xn(t )〉 
 xn
0
λm

λr
(1 + λrt ). (22)

By setting n = 1 in Eq. (22), we demonstrate the dependency
of the mean on t in Fig. 3(c).

Therefore, there is an interplay between exit rate, volatility,
and drift in the dynamics of the moments. These three regimes
extend both the standard closed GBM, which admits only ex-
ponential moment growth, and the resetting case λr = λm = r,
which is subject to the same saturation condition, yielding
moment saturation only for r > β(n) [48], by identifying the
explicit condition λm ≷ β(n) as the boundary that governs
moment behavior across open multiplicative systems. The
phase boundary λm = β(n) = nμ + 1

2 n(n − 1)σ 2 could trans-
late directly into empirical questions such as whether the exit
rate in a given industry is sufficient to prevent runaway size
concentration, or whether the mortality rate in a population is
high enough to prevent unbounded growth of resource vari-
ance [9,11,25].

Moreover, the microscopic details can be effectively cap-
tured in terms of the mean-squared displacement, which reads

MSD(t ) = 〈(x(t ) − x0)2〉, (23)

where the first two moments can be calculated from Eq. (17)
by putting n = 1 and 2, respectively. In Fig. 3, we provide
the graphical demonstration of the behaviors of mean and
MSD by considering two distinct regimes. Figure 3(a) in-
dicates the convergence to the following values x0

λm
λm−μ

and

x2
0[ λm

λm−(2μ+σ 2 ) − λm+μ

λm−μ
] of mean and MSD, respectively. On

the other hand, the exponential growth can be observed in
Fig. 3(b). In the short-time limit, both the mean and MSD
exhibit the linear temporal dependence; specifically, 〈x(t )〉 

x0 + x0μt and MSD(t ) 
 x2

0σ
2t . A similar growth can be

observed with λm 
 β(2) in the large-time limit for the mean
[see Fig. 3(c)]. Also, by utilizing Eqs. (19) and (23), we obtain

MSD(t ) 
 x2
0

[
3λm − σ 2

λm + σ 2
+ λm

λr
(1 + λrt )

]
, (24)
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(a) (b) (c)

λ   =0.5m λ   =0.05m

λ 
  =

β(1
) =

 μ

m

2

λ   =
 β(2) =

 2μ+σ

m

FIG. 3. Temporal evolution of the mean and mean-squared displacement (MSD) in the presence of entry and exit. Panel (a) indicates
the initial exponential rise followed by a steady-state convergence. Here, we have rate of exit λm = 0.5, x0 = 2, μ = 0.1, σ = √

0.02, and
λr = 100. Panel (b) describes the persistent exponential growth of the mean and MSD with an exit rate λm = 0.05. Panel (c) indicates the
temporal behavior of the mean and MSD over time, which is represented by solid dashed lines for λm = β(1) = 0.1 and λm = β(2) = 0.12.
There, we see the linear growth in long time as predicted by the theoretical estimations [see Eqs. (22) and (24)], respectively. Across all the
panels, solid lines denote the exact analytical results, while markers represent numerical estimations.

the linear dependence of the MSD. The variation of MSD(t )
in large-t–limit is represented in Fig. 3(c).

C. Analysis of the log moments

For economics applications, it is often useful to calculate
the expectation of the periodic log returns, which is defined
by

1


t
〈log (x(t + 
t )/x(t ))〉 ∼
t→0

d

dt
〈log x(t )〉. (25)

This is essentially the rate of the first log moment. The first log
moment (or log mean) can be calculated by using the renewal
structure as follows:

〈log x(t )〉 = 1

�(t )

[
e−λmt 〈log x(t )〉0

+ λr

∫ t

0
e−λmu〈log x(t )〉0 du

]
, (26)

where 〈log x(t )〉0 = log x0 + μ̄t is the log mean of the GBM.
Substituting the same in the renewal equation, we obtain

〈log x(t )〉 = 1

�(t )

[
e−λmt (log x0 + μ̄t )

+ λr

λm
log x0(1 − e−λmt )

+ λrμ̄

λ2
m

(1 − [λmt + 1]e−λmt )

]
, (27)

which in the long-time limit (t → ∞) saturates to the steady-
state value

〈log x(t )〉 ∼ λmL[〈log x(t )〉0](λm) = log x0 + μ̄/λm. (28)

In Fig. 4, we demonstrate the behavior of the first log moment
[see Eq. (27)], indicating its long-time behavior, as mentioned
in Eq. (28). In a similar way, we can calculate the second log
moment,

〈log2 x(t )〉 = 1

�(t )

[
e−λmt 〈log2 x(t )〉0

+ λr

∫ t

0
e−λmu〈log2 x(t )〉0 du

]
, (29)

where 〈log2 x(t )〉0 = log2 x0 + (2μ̄ log x0 + σ 2)t + μ̄2t2 is
the second log moment of the GBM. Thus, the second log
moment reads

〈log2 x(t )〉 =
[

e−λmt (log2 x0 + (2μ̄ log x0 + σ 2)t + μ̄2t2)

+ λr

(
log2 x0

λm
[1 − e−λmt ]

+ (2μ̄ log x0 + σ 2)
1 − e−λmt (λmt + 1)

λ2
m

+ μ̄2 2 − e−λmt [2 + λmt (λmt + 2)]

λ3
m

)]/
�(t ).

(30)

In the long-time limit, it approaches a constant value as well,

〈log2 x(t )〉 ∼ L[〈log2 x(t )〉0](λm)

= log2 x0 + (2μ̄ log x0 + σ 2)/λm + 2μ̄2/λ2
m.

(31)

FIG. 4. Transient behavior of log mean [Eq. (27)] and MSD in
log space [Eq. (30)] as a function of time followed by the steady-
state convergence for the parameters x0 = 2, μ = 0.1, σ = √

0.02,
λr = 100, and λm = 0.5. Both curves approach a stationary value,
as indicated by the dashed lines. Solid lines represent the theo-
retical predictions, while markers show the results from numerical
simulations.
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Thus, in the long-time limit, the variance becomes

〈log2 x(t )〉 − 〈log x(t )〉2 = σ 2/λm + μ̄2/λ2
m. (32)

The MSD for the log moments MSDlog(t ) = 〈(log(x(t )) −
log(x0))2〉 converges to σ 2/λm + 2μ̄2/λ2

m in the large-time
limit. The graphical representation of the first moment [cf.
Eq. (27)] and the MSD in log space as a function of time is
given in Fig. 4.

D. Relaxation to the stationary state

We also analyze the behavior of the solution for large
but finite time t . For large t , the second term in Eq. (11) is
dominant, and thus we have

f (x, t ) ≈ λr

∫ t

0
e−λmt ′

f0(x, t ′) dt ′. (33)

We use the change in variables τ = wt ,

f (x, t ) ≈ λr
√

t

x
√

2πσ 2

∫ 1

0
dw

e−rtw

√
w

× exp

(
− [log(x/x0) − μ̄wt]2

2σ 2wt

)
. (34)

From the Laplace approximation of the integral [58], we find
that the solution has the large deviation form

f (x, t ) ∼ e−t I ( log(x/x0 )
t ), (35)

where the large deviation function I (y) [59] is given by

I (y) =
⎧⎨⎩

√
2a
σ 2 |y|, for |y| < y∗,

a + y2

2σ 2 , for |y| > y∗,
(36)

where y∗ =
√

2σ 2a, a = λm + μ̄2

2σ 2 , and y = log(x/x0 ))
t . There-

fore, the boundary that separates the region in which the
particle reaches the steady state from the transient region
moves with nonconstant velocity, since the stationary state is
established in the inner core region given by

x0e−y∗t < x(t ) < x0ey∗t . (37)

The boundary between these two regions is given in Fig. 5.

III. FIRST-PASSAGE PROPERTIES
AND OPTIMAL BEHAVIOR

A natural question in open multiplicative systems concerns
how the observable x(t ), be it a firm size, an individual
income, a loan balance, or a population count, reaches a pre-
scribed threshold for the first time, and how the entry and exit
mechanisms shape this threshold-crossing statistics. We frame
this as a first-passage problem where the evolving quantity
x(t ) is treated as a stochastic searcher, while the target value
xT plays the role of an absorbing barrier. Exits from the system
are modeled as a mortality mechanism for the searcher, while
entries continuously replenish the pool of active searchers. A
first-passage framework of this type was developed for GBM
under stochastic resetting in Ref. [7]; here we extend it to the
general asymmetric case λr �= λm. This mapping allows us to
characterize how the interplay between multiplicative growth

FIG. 5. Growth of the boundary as a function of time sepa-
rating the regions where the stationary state is achieved (central
region) and the transient region where the system is yet to reach a
steady state. We set σ = 1 and a = 1. Here, we have set aμ = 0.1,

σ = √
0.02, and λm = 0.5.

and turnover reshapes the time needed to reach a target, and
to identify conditions under which the entry-exit asymmetry
provides a speedup relative to the symmetric resetting case.
We also take note that in contrast to the fixed-time observation
considered above, where the population remains indifferent
to the spatial dynamics, a first-passage process imposes a
stronger constraint: The process is stopped when the system
first reaches a prescribed threshold. This stopping condition
couples the evolution of the population entity to the underly-
ing spatial dynamics, making it sensitive to how the system
approaches the threshold.

Analysis of the first-passage properties for diffusive pro-
cesses under entries and exits was recently done in Refs.
[55,56] following some earlier works [60,61]. In this analy-
sis, for the first passage of GBM with entries and exits, we
present a derivation and draw parallels to the approach used
in Ref. [55] along with Ref. [56]. We assume that the process
begins at t = 0 with the deployment of a single searcher in the
presence of a target. In this case, the survival probability that
the target has not been found by the searcher up to time t is
given by

q0(t ) = Prob(T0 > t ) =
∫ ∞

t
dτPT0 (τ ),

= 1 −
∫ t

0
dτ PT0 (τ ), (38)

where it has been assumed that the searcher does not exit and
the corresponding FPT density is denoted by PT0 (τ ).

We now introduce a “mortal” searcher—this means that the
searcher can remain actively engaged until the target is found
or it can also exit, i.e., abandon the search. A successful search
can take place at time τ conditioned that the searcher remains
active, which occurs with the probability e−λmτ . Incorporat-
ing this fact into the above equation leads to the survival
probability for the mortal searcher:

qλm (t ) = Prob(Tλm > t ) = 1 −
∫ t

0
dτ e−λmτ PT0 (τ ), (39)
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from which one can identify the first-passage time density for
the mortal searcher as

PTλm
(t ) = −dqλm

dt
= e−λmt PT0 (t ). (40)

To model intermittent entry, we now define q(n)
λm,λr

(t ) as the
joint survival probability given that exactly n � 1 additional
searchers are introduced by time t . If a new searcher is de-
ployed at some time τ > 0, it only searches for a duration of
t − τ . Therefore, its individual survival probability is qλm (t −
τ ). Assuming entry times τ are uniformly distributed over the
interval (0, t ), the expected survival probability for any single
new searcher is the time average: 1

t

∫ t
0 dτ qλm (t − τ ), which

simplifies to 1
t

∫ t
0 dt ′ qλm (t ′). Since the searchers act indepen-

dently and do not interact, the survival probabilities simply
multiply. Hence, the probability that the initial searcher and
all n − 1 recruits fail to find the target by time t is [55,60,61]

q(n)
λr ,λm

(t ) = qλm (t )

(
1

t

∫ t

0
dt ′ qλm (t ′)

)n−1

. (41)

Next, we account for the random nature of the entry process.
The number of new searchers arriving by time t follows a
Poisson distribution with a mean of λrt . By weighting the
survival probability for n searchers by the Poisson probability
mass function, we obtain the total, unconditional survival
probability Qλm,λr (t ):

Qλr ,λm (t ) =
∞∑

n=1

e−λr t (λrt )n−1

(n − 1)!
q(n)

λr ,λm
(t ). (42)

Finally, substituting Eq. (41) into Eq. (42) and evaluating
the sum yields the closed-form expression for the survival
probability [55,56,60,61,61–63]:

Qλr ,λm (t ) = qλm (t ) exp

(
−λr

∫ t

0
dτ [1 − qλm (τ )]

)
, (43)

from which we can find the MFPT as follows:

〈Tλr ,λm〉 =
∫ ∞

0
dtQλr ,λm (t )

=
∫ ∞

0
dt e−λr t qλm (t ) exp

(
λr

∫ t

0
dτ qλm (τ )

)
. (44)

The above equation can be simplified further by denot-
ing F (t ) := exp(λr

∫ t
0 dτ qλm (τ )) and applying integration by

parts to the rest, leading to

〈Tλr ,λm〉 =
∫ ∞

0
dt qλm (t )e−λr tF (t )

= 1

λr

∫ ∞

0
dt e−λr t dF (t )

dt

=
∫ ∞

0
dt e−λr tF (t ) − 1

λr
.

Finally, substituting back F (t ) = exp(λr
∫ t

0 dτ qλm (τ )) and
after further simplifications, we arrive at

〈Tλr ,λm〉 =
∫ ∞

0
dt exp

(
−λr

∫ t

0
dτ e−λmτ (t − τ )P0(τ )

)
− 1

λr
. (45)

To delve deeper into the role of entry and exit mechanisms, it
is useful to define a relative ratio

λr = αλm (46)

and substitute in Eq. (45). To find the optimal exit rate λ∗
m, we

use the minimization condition

d〈Tαλm,λm〉
dλm

∣∣∣∣
λm=λ∗

m

= 0, (47)

where

d〈Tαλm,λm〉
dλm

= − α

∫ ∞

0
dt e−αλmg(λm,t )

×
[

g(λm, t ) + λm
dg(λm, t )

dλm

]
+ 1

αλ2
m

, (48)

and we further have defined g(λm, t ) = ∫ t
0 dτ e−λmτ (t −

τ )P0(τ ). The optimal exit rate can then be obtained from the
following transcendental equation:

1

(λ∗
m)2

= α2
∫ ∞

0
dt e−αλmg(λm,t )

×
[

g(λm, t ) + λm
dg(λm, t )

dλm

]∣∣∣∣
λm=λ∗

m

. (49)

The existence of λ∗
m generalizes the optimal resetting results

of Refs. [36,42], which are confined to the symmetric case
α = 1, to the full range of asymmetric regimes α = λr/λm �=
1 that characterize many empirical open systems, including
firm markets where entry typically exceeds exit, income and
wealth processes where births and deaths operate at different
rates, credit portfolios where origination and default rates
differ, and ecological populations where recruitment and mor-
tality are independently governed [5,13,23,26]. In Fig. 6, we
present the dependence of the MFPT with respect to the exit
rate for different values of α = λr/λm and fixed α, respec-
tively. We also show the behavior of the optimal exit rates
for various α, which indicates a nontrivial optimization in this
process.

A speedup comparison between entry-exit
and stochastic resetting

As mentioned earlier, the entry and exit dynamics consti-
tute a fundamentally nonconservative process, since the total
number of particles evolves in time and the normalization
factor �(t ) depends explicitly on the entry and exit rates. This
is in sharp contrast to stochastic resetting, where the number
of particles is conserved and resetting merely redistributes
probability within the system without altering the total mass.
Consequently, although both mechanisms can generate sta-
tionary states and accelerate first-passage events, the physical
origins of these effects are markedly different.

In the entry and exit framework, the enhancement of first-
passage properties arises from the combined effect of searcher
injection and removal, which continuously reshapes the un-
derlying population dynamics. In contrast, stochastic resetting
expedites search by interrupting long unfavorable excursions
and repeatedly redirecting trajectories toward the initial con-
figuration. It is therefore important to quantitatively compare
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(a) (b)

FIG. 6. Panel (a) demonstrates the variation of the MFPT (solid lines) with respect to the exit rate λm for different α. Here, we change
λm and λr concurrently keeping α = λr/λm fixed. The minima of MFPTs are indicated with markers (yellow star), and the dashed line is
the locus of the optimal exit rates λ∗

m. The solid lines are theoretical expressions [see Eq. (45)], verified against the markers from numerical
simulations. Panel (b) demonstrates the variation of the optimal exit rate [see Eq. (49)] with α. Here, we have set the initial location x0 = 2
with the following system parameters: μ = 0.05, σ = √

0.02, while the threshold target is located at xT = 3.

the relative speedup achieved under these two mechanisms
when applied independently to the same first-passage process.
To this end, we consider the ratio

εα = 〈Tαλ∗
m,λ∗

m
〉

〈Tr∗ 〉 , (50)

where both the MFPTs in the numerator and denominator are,
respectively, optimized. The numerator is given by Eq. (45)
but optimized at λ∗

m. On the other hand, the MFPT in the
presence of stochastic resetting at a rate r has been studied
extensively over the years and can be written as [42,43]

〈Tr〉 = 1 − T̃0(r)

rT̃0(r)
, (51)

where T̃0(r) = ∫ ∞
0 dt e−rt PT0 (t ) is the Laplace transform of

the first-passage time density PT0 (t ) of the GBM process in
the absence of resetting and is given by [7]

T̃0(r) =
(

xT

x0

) μ̄−
√

μ̄2+2rσ2

σ2

. (52)

Incorporating the above in Eq. (51) yields the MFPT of GBM
under stochastic resetting. The speedup ratio εα for a fixed
initial x0 and target xT is plotted in Fig. 7, which shows the
range of α for which stochastic resetting expedites the entry
and exit model, and vice versa. In particular, the result that
the entry and exit process outperforms optimal resetting for
a range of α > αc, where αc is a critical value that depends
on the system parameters and entry-exit and resetting rates,
shows that allowing entry and exit to operate asymmetrically
is not merely a technical generalization but can qualitatively
improve first-passage efficiency. This finding was inaccessible
within the balanced resetting framework and carries direct im-
plications for understanding optimal turnover across all these
domains.

IV. CONCLUSION

Most analytical treatments of GBM describe closed sys-
tems in which the number of trajectories is fixed. Many
empirically relevant systems are, however, open. Firms
continuously enter and exit markets [23,25], incomes are
generated and extinguished at unequal rates [5,8], loans are
originated and defaulted independently [26,28], and biolog-
ical populations are governed by separate birth and death

1.2 1.8 2.4

c

FIG. 7. Scanning the behavior of the speedup ratio εα as a func-
tion of α. In the domain with εα > 1, stochastic resetting outpaces
the entry-exit process. Beyond α > αc, we observe an alternative
scenario (with εα < 1) in which the optimally conducted entry-exit
process becomes more efficient in optimizing the MFPT, as can also
be seen in the inset plot where we have plotted the MFPTs for
respective cases and marked the optimal points with star markers.
We found that the critical value of the ratio between recruitment
and mortality rate is given by αc ≈ 1.8 for the following set of
parameters: x0 = 2, xT = 3, μ = 0.05, and σ = √

0.02.
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processes [11,13]. The framework of stochastic resetting
[36,42] is the closest existing approach but imposes λr = λm,
ruling out the asymmetry that is typical of all these settings.
The present work removes this constraint and treats λr and λm

as fully independent parameters.
The analysis yields four results. First, the system always

relaxes to a nonequilibrium stationary state whose double-
power-law shape is governed by (μ, σ, λm) through Eq. (15),
with long-run population size �(∞) = λr/λm, which is a
free parameter absent in the resetting case. Second, the nth
moment exhibits three distinct regimes: saturation, linear
growth, or exponential divergence. These are separated by the
phase boundary λm = β(n) = nμ + 1

2 n(n − 1)σ 2 [Eqs. (20)
and (21)]. Third, relaxation to the stationary state proceeds
through an inner core region whose boundary expands with
velocity y∗ =

√
2σ 2(λm + μ̄2/2σ 2). Finally, the MFPT is

minimized at an optimal exit rate λ∗
m, and the recruitment-

mortality process outperforms optimal stochastic resetting
whenever α = λr/λm > αc, where αc is a critical value de-
pending on x0, xT , μ, σ (e.g., αc ≈ 1.8 for the parameters
used in Fig. 7).

These results have implications at both theoretical and
empirical levels. On the one hand, from the perspective of
stochastic process theory, the ratio α emerges as a single
control parameter that governs population size, distribu-
tion shape, moment behavior, and first-passage efficiency
simultaneously, with stochastic resetting recovered as the
special case α = 1. On the other hand, for applications,
Eq. (15) provides an analytical expression for double-Pareto
size distributions observed in firms [31,32], incomes and
wealth [5,9], and ecological populations [11,13], with both
tail exponents shifting analytically as λm changes. The mo-
ment phase boundary translates directly into an empirically
testable condition: Turnover must exceed β(n) for the nth
moment to remain bounded, a question relevant to concen-
tration dynamics in industries [25] and inequality in income
distributions [5].

However, our results are not without limitations. First,
the model rests on several idealizations that might not be
practical. For instance, both rates are constant and state in-
dependent, whereas real exit rates often depend on firm age
or size and entry rates vary cyclically [25]. Similarly, all
recruits enter at the same point x0, whereas real entrants are
heterogeneous; a distribution of entry sizes would modify the
stationary shape. On the analysis side, our findings are exact
within the Itô interpretation. The Stratonovich and Hänggi-
Klimontovich cases can be derived and a systematic empirical
comparison of the three interpretations is left for future works.

Despite these simplifications, the entry and exit framework
provides a minimal, analytically tractable foundation for open
multiplicative systems. The key insight is that the asymmetry
between entry and exit reshapes the dynamics, and in partic-
ular, the stationary distribution, the moment evolution, and
the efficiency of reaching threshold. It would be interesting
to extend this framework to more realistic economic and fi-
nancial settings, including heterogeneous agents, interacting
markets, and time-dependent recruitment or attrition policies.
Calibrating the predicted tail exponents and optimal turnover
rates against longitudinal data on firm and city sizes, income

dynamics, stock portfolios, internet traffic, and ecological
populations is also a natural and promising direction for future
work. This kind of analysis should help economists, financial
analysts, and population ecologists relate the turnover rates
they observe to the size distributions they measure, thus bridg-
ing our theoretical work with the empirical study of open
multiplicative systems.
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APPENDIX A: ALTERNATIVE DERIVATION
OF �(t )—EQ. (13)

Let Pn(t ) denote the probability of having n entities at time
t . We assume that an entry (recruitment/birth) occurs with rate
λr , while exit (loss/death) occurs with rate λm per entity. The
corresponding entry-exit process is given by

n
λr−→ n + 1, n

nλm−−→ n − 1. (A1)

The master equation governing the evolution of Pn(t ) reads

dPn(t )

dt
= λrPn−1(t ) + λm(n + 1)Pn+1(t )

− (λr + λmn)Pn(t ), n � 0, (A2)

with the convention

P−1(t ) = 0. (A3)

The different terms in the master equation have the follow-
ing interpretation:

(1) λrPn−1(t ): gain into state n due to entry from state
n − 1;

(2) λm(n + 1)Pn+1(t ): gain into state n due to exit from
state n + 1;

(3) (λr + λmn)Pn(t ): loss from state n due to either entry
or exit.

Given this, we can now define the mean entity number in
the system as

〈n(t )〉 =
∞∑

n=0

nPn(t ). (A4)
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To derive its evolution equation, we multiply the master
equation by n and sum over all n:

d

dt
〈n〉 =

∞∑
n=0

n
dPn

dt
. (A5)

Substituting the master equation, we obtain

d〈n〉
dt

= λr

∑
n

nPn−1 + λm

∑
n

n(n + 1)Pn+1

− λr

∑
n

nPn − λm

∑
n

n2Pn. (A6)

Now shifting indices appropriately,∑
n

nPn−1 =
∑

m

(m + 1)Pm = 〈n〉 + 1 (A7)

and∑
n

n(n + 1)Pn+1 =
∑

m

(m − 1)mPm = 〈n2〉 − 〈n〉. (A8)

Substituting these expressions back yields

d〈n〉
dt

= λr (〈n〉 + 1) + λm(〈n2〉 − 〈n〉) − λr〈n〉 − λm〈n2〉.
(A9)

The second moments cancel exactly, leading to the closed
equation

d〈n〉
dt

= λr − λm〈n〉. (A10)

Solving this equation with the initial condition

〈n(0)〉 = n0, (A11)

we obtain

�(t ) = 〈n(t )〉 = λr

λm
+

(
n0 − λr

λm

)
e−λmt . (A12)

Since we initiate the process with one entry so that n0 = 1,
from Eq. (A12), we recover

�(t ) = 〈n(t )〉 = λr

λm
+

(
1 − λr

λm

)
e−λmt , (A13)

which was announced in Eq. (13). Thus, the mean population
relaxes exponentially toward the stationary value

�(t → ∞) = 〈n〉st = λr

λm
, (A14)

which was also mentioned in the main text.

APPENDIX B: FIRST-PASSAGE TIME DENSITY
OF THE UNDERLYING GBM PROCESS

In this Appendix, we provide the FPT density in the pres-
ence of an absorbing target xT > 0. To this end, we start by
recalling the governing stochastic equation for the GBM from
the main text [see Eq. (3)]:

dx(t ) = μx(t )dt + σx(t )dB(t ), (B1)

and consider the following transformation y(x(t ))= log(x(t )).
Now, using Itô’s lemma, we get

dy(x(t )) = y′(x(t ))dx(t ) + 1
2 y′′(x(t ))(dx(t ))2; (B2)

further substituting y′(x(t )) = 1
x(t ) , y′′(x(t )) = 1

(x(t ))2 , and

(dx(t ))2 = (x(t ))2σ 2dt , from the above identity, we get

dy(x(t )) = 1

x(t )
(μx(t )dt + σx(t )dB(t )) − σ 2

2
dt . (B3)

Upon rearranging, we finally arrive at

dy(x(t )) = (
μ − 1

2σ 2
)
dt + σdB(t ), (B4)

which we identify as a drift-diffusion process in y space:

dy = μ̄dt + σdB(t ), (B5)

with the initial condition y0 = log x0. One can rewrite the PDF
of this underlying process, in the absence of any target, in the
following way:

g0(y, t ) = f0(x, t )

∣∣∣∣dx

dy

∣∣∣∣ = 1√
2πσ 2t

exp

(
− (y − y0 − μ̄t )2

2σ 2t

)
,

(B6)

where recall that f0(x, t ) denotes the PDF of the underlying
process [Eq. (5)], whereas g0(y, t ) represents the PDF in log
space. In the presence of a target at yT = log xT , utilizing the
image method, the PDF can be easily computed in the log
space as

G0(y, t ) = 1√
2πσ 2t

[
exp

(
− (y − y0 − μ̄t )2

2σ 2t

)
− exp

(
2μ̄

σ 2
(yT − y0)

)
× exp

(
− (y − (2yT − y0) − μ̄t )2

2σ 2t

)]
. (B7)

Furthermore, utilizing Eq. (B7), the survival probability reads

q0(t ) =
∫

dy G0(y, t )

= 1

2

[
Erf

(
μ̄t − (yT − y0)√

2σ 2t

)
− exp

(
2μ̄

σ 2
(yT − y0)

)
Erf

(
μ̄t + (yT − y0)√

2σ 2t

)]
.

(B8)

The FPT density can be written as

PT0 (t ) = −∂t q0(t ) = |yT − y0|√
2πσ 2t3

exp

(
− (yT − y0 − μ̄t )2

2σ 2t

)
.

(B9)

Finally, putting yT = log xT and y0 = log x0, we recover the
FPT density in the x space:

PT0 (t ) = |log(xT /x0)|√
2πσ 2t3

exp

(
− (log(xT /x0) − μ̄t )2

2σ 2t

)
. (B10)
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FIG. 8. Panel (a) illustrates the FPT density of the underlying GBM process [see Eq. (B10)], with different targets xT = 3, 4, and 5. Other
system parameters are fixed at μ = 0.05, σ = √

0.02 and the initial condition x0 = 2. Theoretical analysis is represented with solid lines,
and markers indicate the numerical estimation. In contrast to this, we describe the FPT density of GBM in the presence of entry and exit
mechanisms [see Eq. (C4)] with rates λr, λm, respectively, in panel (b). By keeping fixed λr = 10, we vary the exit rate λm = 0.4, 0.8, 1.2, as
indicated in panel (b).

We plot Eq. (B10) in Fig. 8(a) against the numerical sim-
ulations, which matches perfectly. From Eq. (39), the FPT
density in the presence of mortality with rate λm yields

PTλm
(t ) = −dqλm

dt
= e−λmt PT0 (t ). (B11)

APPENDIX C: FIRST-PASSAGE TIME DENSITY
UNDER ENTRY AND EXIT MECHANISMS

We recall Eq. (43) for the survival probability from the
main text:

Qλr ,λm (t ) = e−λr t qλm (t ) exp

(
λr

∫ t

0
dτ qλm (τ )

)
. (C1)

Using Eq. (39), one can rewrite Eq. (C1) in the following way:

Qλr ,λm (t ) = qλm (t ) exp

(
−λr

∫ t

0
dτ

∫ τ

0
du e−λmuP0(u)

)
.

(C2)

Finally, using PTλr ,λm
(t ) = −∂t Qλr ,λm (t ), the FPT density under

entry-exit mechanism can be found as

PTλr ,λm
(t ) = −∂t Qλr ,λm (t )

= exp

(
−λr

∫ t

0
dτ

∫ τ

0
du e−λmuP0(u)

)
×

(
e−λmt P0(t ) + λr

(
1 −

∫ t

0
e−λmτ P0(τ ) dτ

)
×

∫ t

0
e−λmτ P0(τ ) dτ

)
, (C3)

which can be rewritten in the following way:

PTλr ,λm
(t ) = exp

(
−λr

∫ t

0
dτ

∫ τ

0
du Pλm (u)

)
× [

Pλm (t ) + λr (1 − qλm (t ))qλm (t )
]
. (C4)

In Fig. 8(b), we illustrate the behavior of the FPT density
under entry-exit mechanism [as indicated in Eq. (C4)] against
numerical simulations for different exit rates.
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