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We develop a systematic method for constructing asymptotic quantum many-body scar (AQMBS) states.
While AQMBS states are closely related to quantum many-body scar (QMBS) states, they exhibit key dif-
ferences. Unlike QMBS states, AQMBS states are not energy eigenstates of the Hamiltonian, making their
construction more challenging. We demonstrate that, under appropriate conditions, AQMBS states can be
obtained as low-lying gapless excited states of a parent Hamiltonian, which has a QMBS state as its ground
state. Furthermore, our formalism reveals a connection between QMBS and supersymmetric (SUSY) quantum
mechanics. The QMBS state can be interpreted as a SUS Y-unbroken ground state.
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I. INTRODUCTION

Thermalization in isolated quantum many-body systems is
a fundamental issue in statistical physics. A central concept
in this context is the eigenstate thermalization hypothesis
(ETH) [1-3]. If a system satisfies the strong version of the
ETH, the long-time average of the expectation value of a
physical quantity is equal to the microcanonical ensemble av-
erage, indicating that the system thermalizes after a long-time
evolution [4,5]. Although there is no rigorous mathematical
proof of the ETH, extensive numerical studies suggest that
generic nonintegrable systems obey the ETH. However, some
nonintegrable systems are known to violate the strong version
of the ETH. Such systems are referred to as nonergodic. Ex-
amples of nonergodic systems include many-body localized
systems [6-8], quantum many-body scarred systems [9-11],
and Hilbert space fragmented systems [12,13].

In this paper, we focus on quantum many-body scar
(QMBS) states [14—17], which are special energy eigenstates
of nonintegrable Hamiltonians. QMBS states exhibit several
distinctive properties: They are typically high-energy excited
states, while their entanglement entropy (EE) follows a sub-
volume law scaling. The energy spectrum of QMBS states
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is (approximately) equally spaced, a feature referred to as
tower of states [14—17]. Since the experimental discovery of
QMBS states in Rydberg atom quantum simulators [9], they
have been extensively studied both theoretically [18—71] and
experimentally [72-75].

Certain types of QMBS states can be characterized by
algebraic structures known as restricted spectrum generat-
ing algebra (RSGA) [31,32]. When a system satisfies the
RSGA conditions, the existence of tower spectra in QMBS
states and perfect revival behavior can be analytically demon-
strated. The RSGA implies that symmetry emerges within
a specific Hilbert subspace, referred to as the scar sub-
space Hgc,r- We note that several alternative formalisms have
also been proposed to characterize QMBS states based on
symmetry [35,37,43,46,47].

Recently, a class of nonergodic quantum many-body states,
dubbed asymptotic quantum many-body scar (AQMBS)
states, has been proposed [76]. Although AQMBS states are
closely related to QMBS states, they exhibit distinct proper-
ties:

(1) Orthogonality to any exact QMBS state.

(2) Low entanglement.

(3) Vanishing energy variance in the thermodynamic limit.
Among these, property (3) is the most significant. Accord-
ing to the Mandelstam-Tamm bound [77,78], the fidelity
relaxation time is given by Tiox = mh/(2AE), where AE
is the square root of the energy variance. This result implies
that, in the thermodynamic limit, the fidelity relaxation time
diverges when the AQMBS state is chosen as the initial con-
dition. AQMBS states in other models and their properties
have also been investigated [63,68,79,80]. In particular, Ren
et al. [79] pointed out a connection between AQMBS states
and Nambu-Goldstone modes. This finding suggests a direct
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relationship between thermalization in isolated quantum sys-
tems and spontaneous symmetry breaking.

Although AQMBS states exhibit intriguing properties, as
mentioned above, a systematic method for constructing them
remains unknown. All AQMBS states studied in previous
works [63,76,79] were found in a heuristic manner. Unlike
QMBS states, AQMBS states are not energy eigenstates of
the Hamiltonian, which makes their construction challenging.
To address this issue, we propose a systematic method for
constructing AQMBS states. The key idea of our formulation
is to introduce a Hilbert subspace H p, which includes the scar
subspace Hgcor- AQMBS states can be obtained as low-lying
excited eigenstates of the parent Hamiltonian of QMBS states,
defined within the subspace Hp. Our formulation encom-
passes a wide range of scarred models, including the spin-1
XY model [21], the Fermi-Hubbard models [30,32], the DH
model [63,81], the domain-wall-conserving model [24], On-
sager scar model [36,49], and the nonmaximal spin scar
model [35]. Furthermore, based on our formalism, we find that
QMBS is directly related to supersymmetric (SUSY) quantum
mechanics [82—85]. Our results suggest that a QMBS state can
be interpreted as a SUSY unbroken ground state.

This paper is organized as follows: In Sec. II, we present
our formalism for constructing AQMBS states. In Sec. III, we
demonstrate that our formulation applies to several models
that exhibit QMBS states. In Sec. IV, we summarize our
results and discuss the implications of our formalism. Some
technical details are relegated to the appendixes.

II. GENERAL FRAMEWORK

A. Restricted spectrum generating algebra

In our formalism, we assume that the system satisfies the
RSGA [31,32]. For completeness, we recall the definition of
an RSGA of order m (RSGA-m).

Let us consider a nonintegrable Hamiltonian A and an
operator Q' such that O|S;) # 0 for some normalized state
|So), i.e., {So|So) = 1). We further assume that |Sy) cannot be
written in the form Q') for any eigenstate |y/) of A. Under
these assumptions, we say that the Hamiltonian A exhibits an
RSGA-m if it satisfies the following conditions:

H|So) = Eo|So), (1)
[H, 0'11S0) = EQ71So), 2)

[([H,071,0,...1,...11S) =0,
[[[H#,0,0,...1,...1=0, “4)

m+1 times

for2 <r<m, @A)

where Ej and £ are real numbers. If the above conditions hold,
we can obtain the following relations:

H|S,) = (Eo + n&)|S,), 5)

~ )ty
5= {07150

for n < Nmax,
for n > Npax,

(6)

where |S,) is an unnormalized QMBS state and Ny, is a
positive integer. The normalized QMBS state is defined by

[Sq) = |§n)/v (Sl1|§n>~

B. Hamiltonian

In addition to assuming the RSGA, we impose a specific
structure of the Hamiltonian based on the symmetry-based
formalism [35]. The advantage of this formalism is that it
makes the structure of the Hamiltonian explicit, which is oth-
erwise unclear in the RSGA formalism alone. Let us consider
the following form of the Hamiltonian:

A ZHA-}-I:ISG +Hsym. 7
Here, H A annihilates all QMBS states:
ﬁA|Srl> =0. ()

The second term of the Hamiltonian, 1-730, is defined as a lin-
ear combination of Q% and C. Here, Q° = Zj cfj is a generator
of the onsite symmetry acting independently on each lattice
site of the system, i.e., c}j is hermitian and supp(cij:) = {j}. We
assume that Q' can be written as the sum of local operators:
o=y j c}j., where each c}j. has support only in the vicinity of
site j. Furthermore, Q% and O satisfy the following commu-
tation relation:

0%, 0"1= 0" ©)

We note that Eq. (9) is an operator identity in contrast to the
RSGA. Typically, O¢ corresponds to the total magnetization
operator in quantum spin systems or the total particle number
operator in Hubbard-like systems. However, as pointed out
in Sec. III C of Ref. [35], the operators O¢ and Q' are not
necessarily associated with a Lie algebra. For example, the
domain-wall-conserving model [24] and the DH model [63]
do not exhibit any Lie algebra structure. The operator C
satisfies the relations [QZ ,€1=0and [QT, C] # 0. The third
term of the Hamiltonian, I-?Sym, satisfies the commutation rela-
tions [I-?Sym, QT] =0and [I-?Sym, QZ] = 0. We note that setting
ﬁsym = 0 is allowed within the symmetry-based formalism.

Furthermore, we assume that |Sp) is an eigenstate of 0
O%1So) = 0O51S0), where Qf is a real number. This assumption
ensures the orthogonality of |S,) even when £ = 0.

C. Subspace

In this subsection, we introduce the subspace Hp, which
plays a crucial role in our formalism.

First, we define the total Hilbert space H, assuming that
the dimension of H is finite. We also define the scar subspace
Hcar, Which is spanned by all QMBS states generated by O,
as

Hocar = Spaﬂ{|50>, |Sl>a cees |SN.MX>}~ (10)

The total Hilbert space can be expressed as a direct sum:
H = Hinermal D Hscar> Where Hpermar denotes a complement
of Heor and is referred to as the thermal subspace [14]. The
dimension of the scar subspace is typically of the order of the
system size, whereas the dimension of the thermal subspace
scales exponentially with the system size.
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FIG. 1. Schematic of Hilbert subspaces introduced in this paper.

The region surrounded by the red solid and the blue solid line
represents Hp and H.,, respectively. The colored region represents
Hihermas = H,.. The AQMBS states belong to Hp \ Hcar-

scar*

Then, we introduce the Hilbert subspace Hp, defined as

Nmmx
Hp = EBHpn, (1)
Hp, = Span{|m) € ’H | (m|S,) # 0}, (12)

where |m) is a product state and an eigenstate of Q. Since O°
is a generator of the onsite symmetry, we can choose a product
basis that diagonalizes Q°. Given the assumed properties of
Q7 and Q7, all states in Hp, are orthogonal to those in Hp,
for n # m, because the eigenvalues of Q¢ for the states in
Hp, and Hp, are Of + n and O + m, respectively. In general,
the following relation holds: Hy.,r C Hp C H. This hierarchy
results from the fact that QMBS states are formed as superpo-
sitions of states within a specific portion of the total Hilbert
space. Additionally, we define the complement of Hp as Hgp
and introduce the projection operators onto Hp,, Hp, and HQ
as 73,1, P = Z e 73,1, and 0 =1-— 73 respectively, where i
is the unit operator in H. We note that these projection opera-
tors are generally nonlocal. Figure 1 schematically shows the
relation between these subspaces.

We further assume that the term H, can be decomposed
into two parts:

ﬁAEﬁo—Fﬁl, (13)
Ay = Zﬁ,, (14)
J
Nmz\x
0= e Pl P, (15)
n=0

where ﬁo(;é 0) satisfies Hy|S,) = 0, fzj is a local operator,
which has support only in the vicinity of site j, satisfying
Ph j75 = 0 for all j, and ¢, is a real constant with the dimen-
sion of the inverse of the energy (note that setting all ¢, =0
is allowed).

As we will discuss in Sec. II D, the term

H, = PHP, (16)
is a parent Hamiltonian of the QMBS state {|S,)}, which
means that the QMBS state {|S,)} is a ground state
of 75[{7575 as we show below. By definition, the op-
erator PH}P is positive semidefinite (PHZP > 0). It
then suffices to show that Hy|S,) = 0. From the relation

HlS,) = HolS,) + H)|S,) = 0, we see that the first term
Hy|S,,) belongs to Ho (since Ph ﬂs = 0), while the second
term H]|S,) = c,P,Hi P,lS,) belongs to Hp,. Thus, Hy|S,)
and nglSn) are orthogonal. Since their sum is zero, it follows
that Hy|S,) = 0

Here, we remark on the locality of the parent Hamiltonian.
The parent Hamiltonian seems to be nonlocal due to the term
H;. In Appendix A, we show that the parent Hamiltonian is
written as a sum of local operators if Hp has a tensor product
structure.

Finally, we add an assumption on the off-diagonal elements
of the parent Hamiltonian. From Eq. (16), the parent Hamil-
tonian reduces to

fiy = Y PP, a7

We assume that the off-diagonal elements P, H P (n £ m)
vanish. This assumption holds when Hj and Q commute.
Even if they do not commute, the off-diagonal elements can
still vanish due to other algebraic relations. This will be
discussed in Appendix B. Under this assumption, the parent

Hamiltonian becomes
1P, =) A" (18)

=37,

D. Energy variance

Here, we discuss the energy variance, which characterizes
the AQMBS state. Let us assume that |¢,) is a normalized
state in Hp,. The energy variance of |¢,) is defined as

AE? = (@, H?¢n) — (ulHlgpn))?
= <§0n|ﬁnﬂ275n|(/)n> - ((‘pnlﬁnﬂﬁnkpn)yv (19)

where we used P, Igon) |<pn) Usmg the relations P, HO’P =
0 [861, P (H/ + Hsg + Hym)Q = 0, and Q(H/ + Hsg +
Hgym YP, = 0 [87], we obtain

AE} = (@l PuH; Paln)
+ | @l (PHFP.) 100) = (0l Pu3Palen)’ ]
20)

If we choose |¢,) as a normalized eigenstate of 75,,1-70275,,,
the second and third terms in Eq. (20) vanish. Therefore, the
energy variance reduces to

AE,% = <ASn|75nﬁ()275n|ASn>a (21)

where |AS,) is a normalized eigenstate of P,H2P,.

Here, we regard A" = P,HZP, as a Hamiltonian of a
system defined in Hp,. As discussed in Sec. II C, the QMBS
state |S,) is a ground state of I:Ié”). If I-?é”) has gapless excited
states, we can systematically construct the AQMBS states by
obtaining the gapless excited state of ﬁlﬁ").

We discuss how the state |AS,) constructed in this manner
satisfies the conditions of AQMBS (1), (2), and (3) mentioned
in Sec. I. Condition (1) is automatically satisfied because |S,,)
and |AS,,) are eigenstates of ﬁp with different eigenenergies.
Therefore, (S,|AS,,) = 0 always holds. For condition (2), we
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expect that the entanglement entropy of |AS,) does not obey
the volume-law scaling. The reasons are as follows: First, the
QMBS state |S,) typically obeys subvolume law scaling, ex-
cept in the rainbow scar [48,53]. Second, low-energy gapless
excited states of a local many-body Hamiltonian can be well
described by the single-mode approximation in many cases;
i.e., an excited state is given by E£|S,,), where E is an operator
that creates the excitation. According to Ref. [88], the bond
dimension of the matrix product representation of the operator
E scales polynomially with the system size. Combining these
facts, we expect that the state |AS,) obeys subvolume law
scaling. Condition (3) is also satisfied due to the assumption
that |AS,) is a gapless excited state. From these results, we
conclude that |AS,) can be regarded as an AQMBS state.

We note that the optimal AQMBS can be defined from
Eq. (21) based on the variational principle, where optimal
means that the energy variance is minimized. As pointed
out in Ref. [63], the AQMBS states are not unique; several
states can satisfy conditions (1), (2), and (3). By applying
the variational principle, the AQMBS state can be adjusted
to achieve a lower energy variance when we cannot obtain the
exact eigenstate of ﬁp. This aspect will be discussed further in
Secs. IIT A and I C.

At the end of this subsection, we comment on the special
case of a one-dimensional system with periodic boundary
conditions. In our formalism, it is essential that Hp is gap-
less. In general, determining whether a given many-body
Hamiltonian is gapless is a difficult problem. However, for a
translationally invariant local Hamiltonian in one dimension,
the Lieb-Schultz-Mattis theorem [89] can be applied and,
under certain conditions, imposes strong constraints on the
nature of low-energy excitations [90].

E. Relation to supersymmetric quantum mechanics

Here, we show that our formalism, discussed so far, is
directly related to SUSY quantum mechanics. For complete-
ness, we first summarize SUSY quantum mechanics [82-85]
before showing our results.

In A/ =2 SUSY quantum mechanics, we consider two

supercharge operators é and é*, which satisfy the conditions
(0)? = 0 and (QF)? = 0. The SUSY Hamiltonian is defined

as the anticommutator of these operators:
Asusy = {0, 0"} (22)

By definition, the supercharges commute with the SUSY
Hamiltonian:

[Asusy. 01 =0, [Hsusy. 0'1=0. (23)

We also introduce the total fermion number operator £. In
N =2 SUSY quantum mechanics, the following relations are
assumed:

(1. 9y=0. {(-1Y.0"=0. (24)
Equations (22) and (24) lead to Z, symmetry:
[Asusy, (—1)F 1= 0. (25)

Then, we discuss several important properties that follow
from these algebraic relations [84]. By definition, we can

show that Hgygy is positive semidefinite. Let |1/) be an eigen-
state of Hsysy with eigenvalue E. It follows that

E = (00" + 0" O)lw) = 101112 + 107 1¥)]1> > 0.
(26)

where | - - - || denotes the norm /(- - |- --). For any positive
eigenenergy E > 0, there exists a corresponding eigenstate

[) such that Q|v) = 0. From the properties of the super-
charge, it follows that Q|y) is also an eigenstate of Hsysy
with eigenvalue E. This implies that eigenstates with posi-
tive eigenvalues are always at least twofold degenerate [91].
For eigenstates with E = 0 (|1)), we obtain Q|v/) = 0 and
OT|¥g) = 0 because of Eq. (26). If a zero-energy eigenstate
of Hgysy exists, SUSY remains unbroken.

Here, we demonstrate the connection between our formal-
ism for AQMBS and SUSY quantum mechanics. We adopt
the same assumptions as in Secs. Il A—-II D. The matrix repre-
sentation of Hj is given by

Hp Ho, Ho,

0 A O|VHp
At C B |YHo
0 B' D|}H,,

Hy — 27)

where A, B, C, D are nonzero matrices with dimensions
dimHp x dimHg,, dimHgy, x dimHg,, dimHg, x dimHg,,
and dim#Hy, x dimH,, respectively. Here, the subspace Hg
is decomposed as a direct sum: Hp = Hp, ® Hg,. The sub-
space H, is defined by

Ho, = Span{Holm) # 0 | |m) € Hp}, (28)

where |m) is a direct product state in Hp. The subspace Hy,
is defined by the complementary subspace of Hg, in Hp. The
matrix representation of the projection operator onto Hp is
given by

Hp Ho, Ho,

A I 0 O|}Hp

P=10 0 o Yo, (29
0 0 0]}H,

where [ represents the unit matrix. From Egs. (27) and (29),
we define Q and O as

Hp Ho, Ho,

5 _ An [0 A O}Hp

C=PH =15 0 0|y (30)
0 0 0[1H,
Hp Ho Ho,

B _ s [0 0 O] He

Q = OP_> AT 0 0 }HQI- (31)
0 0 0]}He,

The operators O and O satisfy the conditions 07 =0
and (O7)?> = 0 due to the assumption ﬁﬁoﬁ = 0. We can
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construct the SUSY Hamiltonian as

Hp Ho, Ho,

A A AT AAT 0 0 |y#Hp

Hsysy ={0,0'} — 0 ATA 0 |}H (32)
0 0 0 |1Ho,

We introduce the fermionic parity operator as

Hp Ho, Ho,

_1h\F 1 0 O|}Hp

(-1)" - 0 -I 0 }HQII (33)
0 0 0]Ho,

We confirm that the system exhibits Z, symmetry. Therefore,
SUSY quantum mechanics naturally emerges in the Hilbert
subspace Hp @ Hop, within our formalism.

Next, we discuss the ground state of the SUSY Hamilto-
nian (32), which can be written as

Hsysy = 00" + 070

= PA}P + HyPH,. (34)
The first term in Eq. (34) is nothing but the parent Hamiltonian
introduced in Sec. II D, which is a local Hamiltonian under
some conditions and acts on the subspace Hp as shown in
Appendix A. This term corresponds to AA™ in Eq. (32). In
contrast, the second term in Eq. (34), which acts on the sub-
space Hp, and corresponds to ATA in Eq. (32), generically
includes nonlocal terms. While these terms have different
locality, the spectral structure is exactly the same as shown
in this section. Using the relation Hyl|S,) = 0, we establish
that the QMBS state |S,) is a zero-energy eigenstate of the
SUSY Hamiltonian. Consequently, the QMBS state |S,) can
be interpreted as a SUSY unbroken ground state.

F. Summary of our formalism

Here, we summarize our formalism for the systematic con-
struction of AQMBS states. Our assumptions are as follows:

(1) The system satisfies the RSGA.
A (2) The Hamiltonian can be written as H = Hx + Hsg +
Hgym.

(3) The annihilation operator Hy can be written as Hy =
ﬁ() + Hl;

4) Hy= Zj h j is a local Hamiltonian and satisfies
PhiP =0.

(5) The off-diagonal elements of the parent Hamiltonian
are zero: P,HZP,, = 0 (n # m).
Under these assumptions, we can obtain the AQMBS states as
low-energy gapless excited states of the parent Hamiltonian
H, = PH;P.

III. CONSTRUCTION OF ASYMPTOTIC QUANTUM
MANY-BODY SCAR STATES

In this section, we apply our formulation of the AQMBS
states to various systems. Throughout this section, we con-
sider one-dimensional open chains with a total number of
lattice sites M. For simplicity, we assume that M is even.
Although we present results in these specific situations, we

emphasize that our formulation does not depend on dimen-
sionality or boundary conditions, as long as the assumptions
discussed in the previous section are satisfied. We note that
the notation of the parameters in the Hamiltonian is indepen-
dent across the following subsections, as we consider various
models.

In our formalism, the parent Hamiltonian plays a key role
in constructing the AQMBS states, as discussed in the previ-
ous section. In all models considered in this paper, the parent
Hamiltonian is closely related to the spin-1/2 ferromagnetic
Heisenberg model, likely due to the SU(2)-like structure of
the Q' operator assumed in this work.

A. Spin-1 XY model

Here, we consider the spin-1 XY model. The Hamiltonian
is defined by

M M
A=HA5"+hn) #+D> (39 (35)
j=1 =1
ek
Hi'= )0 k) (Hia i), 66
k=13,.M-1 j=1

where %]’.‘ (. = x,y, z) is the spin-1 operator at site j, Ji is the
XY interaction strength of kth neighbor, # is the strength of
the linear Zeeman term, and D is the strength of the quadratic
Zeeman term. We note that the k > 3-th neighbor interaction
terms break the hidden SU(2) symmetry for the spin-1 XY
model with the nearest-neighbor interaction with open bound-
ary conditions [92].

As shown in Refs. [21,76], this model has the QMBS and
AQMBS states. We define the operator 0" and state |Sy) as

U 4
0'= 2 (-IYGE), 37)
j=1

|S0>E|_17_27""_M>7 (38)
+

where £ = #f it} Here, |+;), |0,), and | —;) are the eigen-
states of f]? with eigenvalues +1, 0, and —1, respectively. We
can show that Hyy!, OF, and |Sy) satisfy the RSGA-1. The
QMBS state is given by

1 .
1Sy) = ————=—=(0")"I50). 39)
n!/Nxy (M, n)
M
Nyy (M, n) = <n> (40)
where n =0, 1, ..., M. The QMBS state |S,,) satisfies
H|S,) = (—Mh + 2nh + MD)|S,). 41)

Here, we apply our formalism to the spin-1 XY model.
IIAI this case, Hy = Hy = H}?;l: Hsg = hQ* = h Z’;’I:l 7, and
Hyym =D Zyzl(%;)z. Here, H, = 0. The subspaces Hp and
‘Hp, are given by

Hp = Span{lm) € H | m; = +;, —;}, (42)

Hp, = Span{|m) € Hp | 15,Im) = 2n — M)im)},  (43)

where 73, = Z]y:] ;. We can find that Hp is the same as
the Hilbert space of the S = 1/2 systems with lattice sites M.
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Here, we introduce the spin-1/2 operator at site j as S‘j‘ (n=

x,y,z). Let|1;) and || ;) be eigenstates of 82 with eigenvalues
+1/2 and —1/2, respectively. We assign [1;) — |+;) and
I j) — |—;). For simplicity, we consider only the nearest-
neighbor terms (Ji>3 = 0). Direct calculations show that the

parent Hamiltonian becomes

M—1
1
2 x X
=2Jj E :(z ;S/+1 iSJVJrl S;S;-&-l) 44

This parent Hamiltonian acts on the subspace Hp. We note
that the previous work has derived this parent Hamiltonian in
a different context [61]. The Hamiltonian (44) is transformed
to the ferromagnetic Heisenberg model by the sublattice spin
rotation:

0B Uior = 207 Z ( JH) (45)
U = ]_[ e S, (46)

j=13,...M—1

It is well known that low-lying excitations of the ferromag-
netic Heisenberg model are given by magnon excitations. The
magnon excitation energy for ferromagnetic Heisenberg with
the open boundary conditions is given by (see the details in
Appendix C)

I
AE? = 2112[1 — cos (%)} 1=0,1,....M—1. (47)

Here, ! represents the number of nodes in the wave function
of the magnon excitation with open boundary conditions. For
fixed I = O(1)(s 0), the energy variance goes to zero in the
limit M — oo.

Then, we discuss the EE of the magnon excited state. Using
the matrix product state (MPS) representation, we can show
that the bond dimension of the magnon excited state is at
most 2n. Because the entanglement entropy is bounded by the
logarithm of the bond dimension, the entanglement entropy
of the magnon excited state obeys a subvolume law scaling.
The details are discussed in Appendix C. Therefore, we obtain
the AQMBS states of the spin-1 XY model as one-magnon
excitations of the ferromagnetic spin-1/2 Heisenberg model.

Here, we compare our results with those of the previous
work. According to Ref. [76], they proposed the AQMBS state
of the spin-1 XY model as

1AS,) = OT(1)(QT"I0), (48)
At 1 & J 2l /M a4N2
0'(h =5 Y (=Y M@y, (49)
j=1

where [ =0,1,2,...,M — 1. The energy variance of the
state for the open boundary conditions becomes (see the Sup-
plemental Material of Ref. [76])

AE? = 2]12<1 — Ai/[) [1 — cos <%>:| (50)

For I = O(1) # 0, we show that the energy variance derived
by the parent Hamiltonian (47) is smaller than that of the

previous work (50). This is a direct consequence of the varia-
tional principle discussed in Sec. I D. The state (48) proposed
in the previous work [76] is not an eigenstate of the par-
ent Hamiltonian Flp. Therefore, we successfully modify the
energy variance of the AQMBS by considering the parent
Hamiltonian.

It is worth noting that when J; is constant for all odd &,
we find that the parent Hamiltonian becomes gapped. We also
prove that the parent Hamiltonian becomes gapped when J;
1/k* for o < 1/2. The details are discussed in Appendix D.

Then, we consider the SUSY Hamiltonian. We define the

supercharges é and éT as
b=pns, &
We also define the fermionic parity operator (— I)F as

-nf= [ e (52)

j=13,..M—1

= H3;'P. (51)

We can check that these operators satisfy the conditions of
SUSY quantum mechanics. The SUSY Hamiltonian is given
by

A A A _1\2.A AC—1 A AS—

Hsusy = P(Hyy') P + Hyy ' PHiy (53)
The first term of Eq. (53) is the parent Hamiltonian derived

in this section. The second term of Eq. (53) is a nonlocal
Hamiltonian acting on the subspace H,, which is defined by

Ho, = Span{Hyy'lm) #0 | |m) € Hp}. (54)

The states in Hg, include one pair of [0;0), where j and k
belong to different sublattices, and the others consist of |+;)

or | =) (s # J, k).

B. Fermi-Hubbard model

Here, we consider the Fermi-Hubbard model with corre-
lated hopping terms. The Hamiltonian is defined by

A

EHop-l-H + A, + Hy, (55)

ﬁhop = J+1gcja +Cj ngJrla) (56a)

A
M-
Z
j=1 o=1.

A. = J. Z(ﬁj,_g FAji1 o)y ol + 1),
j.o

(56b)
M
H, = —MZﬁ,, (56¢)
j=1
M
Hy =UY ijahy,, (56d)
j=1

where ¢; » (é; ) 1s the Fermion annihilation (creation) opera-

tor at site j with spin o/(=1, ), fjo = &} 84, ;= ;4 +
fij, J is the strength of the hopping, J. is the strength of
the correlated hopping, p is the chemical potential, and U
is the strength of the onsite interaction. Here, —o represents
the opposite spin direction of o. The pure Fermi-Hubbard
model (J. =0) has exact eigenstates called the n-pairing
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state [93]. The n-pairing state originates from the n-SU(2)
symmetry. As shown in Refs. [30,32], the correlated hop-
ping terms (or density-dependent hopping terms) [94] break
n-SU(2) symmetry, while n-pairing states are still eigenstates
of the Hamiltonian. In this situation, the n-pairing states can
be regarded as QMBS states. We do not consider the case
J = J. because Hamiltonian (55) becomes integrable at this
point [95,96].

The Fermi-Hubbard model with the correlated hopping
terms satisfies the RSGA-1. The operator O and the state |Sp)
are defined by

Z(—w“} s 57

ISo) = |vac), (58)

where |vac) is the vacuum state, i.e., the normalized state such
that ¢;,|vac) = 0 for all j and 0. The QMBS state of the
Fermi-Hubbard model is given by

1 o
Sy = ——————(0")"|S0), 59
1Sn) n!m@)lo) (59)
M
NFH(M»H)E (Vl), (60)
where n =0, 1, ..., M. The QMBS state (59) satisfies
H|S,) = (U = 2uw)n|S,). (61)

Here, we apply our formalism to the Fermi-Hubbard
model. In this case, Hj —Hhop—i—Hc, Hr; =0, Hsg =

—2uQi+C=H,+Hy, O =13 A and Hym =0.
The subspace Hp is spanned by the states containing doubly
occupied sites (doublons |1 | ;)) or empty sites (holons |0;)).
There are no singly occupied sites (singlons, [1;) or || ;))
in Hp. Direct calculations show that the parent Hamiltonian
becomes

M—1

1 v e .
Hy = 4(—J + J.) Z( +SXSj+1+S-j.S§+1—SjS§+1>,
(62)

where we assign a doublon to an up spin and a holon to a
down spin. We note that this parent Hamiltonian acts on the
subspace Hp. Therefore, the parent Hamiltonian of the Fermi-
Hubbard model is identical to that of the spin-1 XY model,
up to an overall constant. The AQMBS state can be obtained
by the same procedure as the spin-1 XY model. The energy
variance is then given by

2 _ A 201 77_1
AE; =4(=J +J.) [1 cos<M>], (63)

where [ =0, 1,..., M — 1. Here, [ represents the number of
nodes in the wave function of the magnon excitation.

It is worth noting that the parent Hamiltonian (62) vanishes
at J = J,. This is because H|y) = —H,|y) for |¢/) € Hp. In
this case, off-diagonal elements of ﬁhop + A, vanish.

Now, we discuss the EE of the Fermi-Hubbard model.
As mentioned above, the parent Hamiltonian of the Fermi-
Hubbard model is the same as that of the spin-1 XY model
up to an overall constant. Therefore, the EE obeys subvolume
law scaling in the Fermi-Hubbard model.

Then, we consider the SUSY Hamiltonian. We define the
supercharges and fermionic parity operator as

0 =Py +He), O = (Hhop + HIP,  (64)
(- = [ ™ (65)

j=13,...M—1
The SUSY Hamiltonian of the Fermi-Hubbard model is given
by
I'?SUSY = ﬁ(ﬁhop + ﬂc)zﬁ + (ﬂhop + Hc)ﬁ(l:lhop + ﬂc)
(66)

The subspace H, is spanned by states containing two sin-
glons 1, | j+1) or [, 1j+1)-

C. DH model
Here, we consider the DH model [81], which is defined by
M—1
A=DY (88, -85, hZSf—— (S5 —8%)
j=1
M M
=D 855 -85 -n 28
j=1 Jj=1
= Hpm + H., (67)

where D is the strength of the Dzyaloshinskii-Moriya (DM)
interaction, 7 is the strength of the Zeeman field, and S5 =
S‘M +1 = —1/2. This model was introduced in the context of
quantum chiral magnetism. Our previous work showed that
the DH model has the QMBS and AQMBS states [63]. In the
following, we show that our previous work can be reproduced
and modified by the present formalism.

The DH model satisfies the RSGA-1. We define Q' opera-
tor and |Sy) as

M
= Zﬁj—ls‘jﬁjﬁ-l’ (68)
1S0) = 41 b2y oos dm)s (69)

where f’j =1/2 - S‘j is the projection operator onto the down

spin state and Py=1and PMH = 1. The QMBS state of the
DH model is given by

1 N
Sp) = ————(0")"|S0), 70
Sn) n!W<QHO> (70)
M — 1
Nou(M, n)s( :+ > 1)
The QMBS state (70) satisfies
N M
HIS,) = (? - n>h|5n), (72)
wheren =0,1,...,M/2.

Here, we apply our formalism to the DH model. In this
case, Hy = Hpy and Hsg = —hQ° = H.. Now, H/ =0 and
ﬂsym = 0. We introduce the subspace Hp, and Hp followed by
Egs. (11) and (12). In the DH model, the states in Hp do not
include any configurations of 1 ;1 ;4. The direct calculations
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show that the parent Hamiltonian of the DH model is given by

R e L WA
H, = > Pj_l(Z -§; -Sj+1>Pj+2. (73)
j=1

See the details of the derivation of the parent Hamiltonian in
Appendix E. We note that ﬂp acts on the subspace Hp. Ac-
cording to the previous works [97,98], the Hamiltonian (73)
in Hp, can be exactly mapped to a pure ferromagnetic Heisen-
berg with M — n + 1 lattice sites, where n (1 < n < M/2) is
the number of up spins. The mapping rule is to delete the
site to the right of up spins except the rightmost up spin. For
example, we obtain the case for M = 10 and n = 3:

O N A A S e A N NSO (74

The parent Hamiltonian projected onto the subspace Hp, is
mapped onto

. D2 M—n 1 o o
j=

where § ; is the spin-1/2 operator after mapping. Because the

above mapping is exact, the energy spectra of A" and H{"
are the same. Therefore, the low-energy gapless excitation
is given by the magnon excitation of the pure ferromagnetic
Heisenberg model. The energy variance in Hp, can be written

as
D !
AE2 =" [1—cos—"" )|, (76)
2 M—-—n+1

where / =0, 1,..., M — n represents the number of nodes
in the wave function of the magnon excitation. The energy
variance goes to zero in the limit of M — oo for fixed
[=0(1)#0.

Here, we compare the above results with those from our
previous work [63]. In Ref. [63], we assumed that the AQMBS
state is given by

AS,) = AT(07)""1So), a7
M
A= [P 8P, (78)
j=1
wj
fj =cos wtl) (79)

We calculate the difference in the energy variance A(AE?) =
AE? — AE?, where AE? is the energy variance calculated
from Eq. (77). The results are shown in Fig. 2. We find that
A(AE?) is always positive. This means that the energy vari-
ance presented in this paper is smaller than that in our previous
work. Therefore, we can obtain the AQMBS of the DH model
in our formalism and improve the energy variance presented
in our previous work.

Now, we discuss the half-chain EE of the state |AS,). Al-
though the excitation energy of the parent Hamiltonian can
be obtained analytically via the mapping, it is difficult to
derive an analytical expression for the EE because the map-
ping alters the wave function. However, we can construct the
wave function numerically, since the magnon excitation wave

103
10—4 L
10-5 L
10»6 L
10—7 L
10-8 L
10»9 L
10—10

A (AE? )/D?

533535
aAprhWON—=

100

FIG. 2. Difference of the energy variance A(AE?) = AF]\E:% —
AE? as a function of the system size for several n. Here, we fix [ = 1
in Eq. (76).

function of the parent Hamiltonian is known (see Appendix C)
and the mapping rules are well defined. Figure 3 shows the
system-size dependence of the half-chain EE for [AS,) with
Il =1, where n = [M/4] 4+ 1. We find that the EE exhibits
subvolume law scaling.

We also find that the DH model exhibits perfect revival
originating from the AQMBS state. The details of this behav-
ior are discussed in Appendix F.

Then, we discuss the SUSY Hamiltonian of the DH model.
The supercharges and fermionic parity operator are defined by

é = PHpw, QQT = ApmP, (80)
A M

(=D = ]‘[ (25), (81)
j=1

where P is the projection operator onto Hp. We can easily
verify that the conditions for SUSY quantum mechanics are
satisfied. The SUSY Hamiltonian is given by

Hsusy = PAZP + HpmPHpy. (82)
22 M5 frodel O —
2.0 [ Onsager A O

0.6

10 20 30
M
FIG. 3. Half-chain von Neumann EE S,y of AQMBS in the DH
model (red circles) and the Onsager scar model (blue triangles).
Here, we fix [ =1 for both models and choose n = [M/4] + 1
for the DH model and n = [M/4] — 1 for the Onsager scar model,

where |-| denotes the floor function. The solid green line represents
(1/2) In(M) + 1/20 for a guide to the eye.
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The subspace Hg, of the DH model is defined by the states
containing one ?1;1 ;4 configuration because the DM inter-
action term always creates one 71;1;4; configuration when
acting on the states in Hp.

D. Domain-wall conserving model
The domain-wall conserving (DWC) model has been pro-
posed by Iadecola and Schecter [24]. The AQMBS of the
DWC model with periodic boundary conditions has been
shown in Ref. [79].
The Hamiltonian of the DWC model with open boundary
conditions is given by

M M M
A=) (8§ —485 818,)—hY S+ 88,
j=1 j=1 Jj=0

= Aint + ﬂz + ﬁlsingv (83)

where J, h, and J, are the strength of the three-spin interaction,
the Zeeman field term, and the Ising interaction, respectively.
As in the case of the DH model, we define S‘é = —1/2 and
S5 =—1/2.

The DWC model satisfies the RSGA-1. The Q' operator
and |Sp) is defined as

M
0" =) (VP8 Py, (84)
j=1

1S0) = 1y 42 - oos dm)- (85)

The QMBS state of the DWC model is given by

1 A
1S4) = ——m——=ae=z(0")"IS0), (86)
n!/Nowc(M, n)
M—-n+1

Nowe(M, n) = < " ) 87)

wheren =0, 1, ..., M/2. The QMBS state (86) satisfies

H|S,) = [h(% - n) +JZ<A$ - n>]|Sn). (88)

We note that the QMBS states of the DWC model are almost
the same as those of the DH model except the phase factor.
Here, we apply our formalism to the DWC model. In
this case, Hy = Hin, Hsg = —hQ*+C = H, + ﬂlsing, I-?l; =
0, and Hgym = 0. The subspace Hp is the same as that of the
DH model. Therefore, the parent Hamiltonian is given by

M—1
A A 1 A Ay A PN .«
2 X QX Z Q2
szzj E PJ](Z +Sij+1+S;Sj]+l _SJSJ+1>PJ+2
j=1
(89)

This Hamiltonian has been derived in a different context in
Ref. [24] and acts on the subspace Hp. Applying the unitary
trapsformation Urgt = Hj=1,3.,.... M1 e_isff.” yielding the T ro-
tation around z axis on one of the sublattices, we obtain

2

M-1
Hy = U HyUr = 27 ) Pj_1<Z -8, .sj+1>Pj+2. (90)
J=1

This transformed Hamiltonian is the same as the parent
Hamiltonian of the DH model (73) up to an overall constant.
Therefore, repeating the same procedure as in the DH model,
we obtain the AQMBS states of the DWC model.

Now, we discuss the half-chain EE of AQMBS in the
DWC model. As shown above, the parent Hamiltonian of the
DWC model and DH model is the same up to a local unitary
transformation. Since the local unitary transformation does
not change the EE, the properties of the EE are identical to
those of the DH model. As shown in the previous section, the
EE of the DH model obeys subvolume law scaling. Therefore,
the EE of the DWC model also obeys subvolume-law scaling.

Here, we discuss the SUSY Hamiltonian of the DWC
model. We define the supercharges and fermionic parity op-
erator as

0=PHy, O =HaP, 1)
A M
(- = H (25%). (92)

Jj=l1
The SUSY Hamiltonian is given by
Asusy = PHLP + Hi PHin. 93)

The structure of the subspace H, is the same as that of the
DH model.

E. Onsager scar model

Here, we consider the Onsager scar [36,49], which is re-
lated to the Onsager algebra [99,100]. The previous work
shows that the spinless fermion model with a density-
dependent hopping term is equivalent to the Onsager scar
model [49]. In this paper, we map the spinless fermion system
to the spin-1/2 system via the Jordan-Wigner transformation.
The Hamiltonian is given by

A=0""+A. +A., 4
M-1
Hyy'? = =20 ) (838, + 838, ). (95)
j=1
M M
ﬁc = Jc Zilcp ﬂz = _hZSZ’ (96)
j=1 Jj=1
R O U
hej = 5( 1P+ PPt + 8 PiSTL + 81, P8,

where J, J;, and h are the strength of the XY interaction,
three-spin interaction, and Zeeman field, respectively, and we
defined P; = 1/2 + Sj: is the projection operator onto the up

spin state, and Py =0, PMH =0, S'SE =0, and S';‘;H = 0. The
bracket form of Eq. (97) can be written as

hej =10 Aidjen) (jm1tid |
+ 301 M)+ o At
X (Pt jdjer T+ {1t e Dy (98)

het = 310 42 (Mida | how = 51—y ta) it |-

99)
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The Onsager scar Hamiltonian (94) satisfies the RSGA-1.
The operator OF and the state |So) are defined by

= Z( DU (100)
1S0) = [1s b2 oo dm)- (101)
The QMBS state of the Onsager scar model is given by

1 A

S,) = ———o—u(Q7)"[S0), 102

|Sn) n!m@)lo) (102)
M —

Now (M, n)z< ) ”), (103)

wheren =0,1, ...,

R M
AlS,) = h(E - 2n> 1S,).

M /2. The QMBS state (102) satisfies
(104)

Here, we apply our formalism to the Onsager scar model.
In this case, Hy = HS 172 ,Hsg = —2h0¢ = Hz,ﬁé = H,., and
I-?Sym = 0. The subspace Hp, is spanned by states containing
2n up spins, where the up spins form clusters with an even
number of up spins. The examples are as follows:

N T A I R AP
—— ——

Size 2 cluster Size 4 cluster

(105)

This comes from the definition of Of. The parent Hamiltonian
of the Onsager scar model becomes

p—2J22< Jj+1)

M—1
5 o Ber & ey
+272 ) (S P8 + S P8,

J=2

(106)

We note that this parent Hamiltonian acts on the subspace Hp
(see Appendix G for details of the derivation of the parent
Hamiltonian). We find that the parent Hamiltonian (106) can
be mapped to a pure Heisenberg Hamiltonian with M —n
lattice sites, where n is the order of the QMBS state. The
mapping rule is to remove half of the up spins containing each
up spin cluster. For example, we obtain

ARSI A L AL )

M M—n

(107)

The parent Hamiltonian projected onto the subspace Hp, is
mapped onto
M—n—1

H(n) 22 Z ( + SX j—ﬁ-l + §3§;’+1 — §j§j+1>, (108)

where S‘f represents the spin-1/2 operator after mapping. We
note that the related mapping has been discussed in the context
of the Bariev-like model [101-105]. Performing the sublattice
spin rotation used in Sec. III D, we obtain the pure ferromag-
netic Heisenberg model. Therefore, the AQMBS state of the
Onsager scar model is given by the magnon excitation of the
parent Hamiltonian (108). The energy variance of this state

reads
wl
M-n)|

AE? = 212[1 — cos ( (109)

where/ =0, 1,..., M — n — 1. Here, [ represents the number
of nodes in the wave function of the magnon excitation.

Now, we discuss the half-chain EE of the state |AS,,). For
the same reasons as in the DH model, it is difficult to derive
an analytical expression for the EE of the Onsager scar model.
Thus, we numerically calculate the half-chain EE. The results
are shown in Fig. 3, where we find that the EE exhibits
subvolume law scaling.

Then, we discuss the SUSY Hamiltonian of the Onsager
scar model. The supercharges and fermionic parity operator
are defined by

O0=Pa, O =A5"P, (110)
= J] e (111)

j=1,3,...M—1

where P is the projection operator onto the subspace Hp.
Therefore, the SUSY Hamiltonian is given by

- A AST1IN2A  AS=]/2A AS=
Asusy = P(Ayy °) P + By PPAG . (112)

The subspace Hg, of the Onsager scar model is defined by
states containing one |1 configuration and an odd up-spin
cluster adjacent to the | 1] configuration. For example, the
following states belong to H,:

Lol o),
| It ).

(113)

(114)

F. Nonmaximal spin scar model

Here, we discuss the nonmaximal spin scar model pro-
posed by O’Dea et al. [35], which is defined for spin-1
systems. The Hamiltonian of the model is defined by

H =Hj, + H), + Hg, + Hp, + H;.

+ Hp + H. + Hpwmo, (115)
M-
A, _112[ #-tn) ——]E ZPS,&,
(116a)
M-2 1
HJZ =/ |:1 E(i’ %]+2) — —%J T]+2i|
j=1
M-2
=1 Z o (116b)
j=1
M—1 ) 5
Ay =B Y [(5.)° - G0 )E +8), 160
j=2
M—1 ) 5
Hy, =B, Z [(£5.1)" = (85.) )% (116d)
j=2
M—1
A, =J.) it (116e)
j=1
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(116f)

(116g)

M—1
Homo =D; ) (%1 x Fjp1):[1 — (sz)z]
j=2
M—1 5
=D, ) (vt =t &)1 = ()] «16h)

=2

~.

where Jy, J, By, By, J;, D, h, and D, are real parameters,

P$=0, and P§7], are the projectors onto the singlet state and

antisymmetric spin-1 states, respectively. The last term Hpyo
is absent in the original paper [35]. The reason for adding this
term will be discussed below.

The nonmaximal spin scar model (115) satisfies the
RSGA-2. The operator O' and state |So) are defined by

A 1
o' EEEZ@ff, (117)
j=1
1
0/ = —= b =2,VY3, =74, .- -, UM—-1, =M
1So) \/z(|0 0 0 )
+|_15027_35045"-7_M—190M))' (118)

In contrast to other models discussed in this paper, |Sp) is not a
direct product state. The QMBS state of the nonmaximal spin
scar model is given by

'&>=Ziﬁﬁiﬁiﬁﬁéhﬂ%% (119)
Nams(M, n) = <Mn/2>. (120)

The QMBS state (119) satisfies
HA|S,) = |:h<2n — %) + A;D]wn), (121)

wheren =0,1,...,M/2.

Here, we apply our formalism to the model. The subspace
‘Hp is spanned by the states |0y, np, 03, ..., Opy—y, ny7) and
|ny, 0y, n3, ..., ny—1, 0p) for nj = —i—,, or —;. In this case,
we obtain H() = H_]l —+ QHJZQ + HB] + ng + H_]z —+ HDMO’
Hsg = hQF = H., I-?sym = Hp, and I?l; = 751-7/275. Here, we
used the fact that PH i Q = 0. We note that for |n) € Hp, the
following relations hold: Ay, |n) = 0, H, |n) = 0, Hz,|n) = 0,
and A 7.In) = 0. The parent Hamiltonian becomes

M—1
By =Dy [1-(%)]
j=2

1 EGE)?

1
x[—Z@;n%%ﬂﬁ

1, . . )
+ 2(7; 1)2(T;+1)2 - ‘?f—lf,f+1]-

We note that this parent Hamiltonian acts on the subspace Hp
(see Appendix H for details of the derivation of the parent

(122)

Hamiltonian). This parent Hamiltonian can be mapped to the
spin-1/2 ferromagnetic Heisenberg on the two independent
ladders. Each ladder has M/2 sites. The mapping rule is given
by

01,12, ..., Op—1s pg) — 2, g, oo ymy) (k= 1),
(123)

ln1, 00, .oy ipy—1, Op) — |y, ns, oo ny—1) (k= 2),
(124)
where n; =% ; or | j and k is the index of the ladder. The parent

Hamiltonian after mapping becomes

<——S]k 8§41, k>

where §;; is the spin-1/2 operator at site j of the ladder
k (k = 1,2). Since there is no interaction between the ladders,
the spectra of I-7p are identical to those of the one-dimensional
ferromagnetic Heisenberg model with lattice sites M/2, ex-
cept that they are doubly degenerate. The degeneracy comes
from the symmetry of the exchange of the two ladders. Here,
we choose the even-parity sector of the symmetry because |S,,)
has even parity under the exchange of the ladders. Therefore,
the AQMBS state is given by the magnon excited state of the
ferromagnetic Heisenberg model with even parity. The energy
variance becomes

D? 27l
AE} = —z[l — cos (i>:|,
2 M

where [ =0, 1,...,M/2 — 1. Here, [ represents the number
of nodes in the wave function of the magnon excitation.

Now, we discuss the half-chain EE of the state |AS),). Since
the parent Hamiltonian is constructed by the ferromagnetic
Heisenberg model on the two independent ladder, we can
obtain the analytical expression of the state |AS,) as

M/2—1
(125)

k=12 j=1

(126)

1
|AS,) ﬁ(
where |AS%Y) and |ASS*") are the normalized states. As
shown in Appendix I, the bond dimension of these states is
given by at most 2n. Then, the bond dimension of the state
|AS,,) is at most 4n because the bond dimension of the sum of
two MPS is given by the sum of their bond dimensions [106].
This means that the half-chain EE of the state |AS,) obeys
subvolume law scaling.

Here, we discuss why we added the term Hpmo. When
D, =0, we obtain ﬁp = 0. This comes from the proper-
ties ﬁ(ﬂjl + Ql‘?sz + I‘AIBl + I:IBZ + ﬂj:)ﬁ = 0and Q(Hj] +
OH;,Q + Hp, + Hg, + H.)P = 0. In order to obtain the
nonzero parent Hamiltonian, we need nonzero off-diagonal el-
ements. The original model does not satisfy this property [35].
From the viewpoint of the subspace, Hp does not have com-
mon elements of Hermar 1IN contrast to the case shown in
Fig. 1. Because the term Hpy has nonzero off-diagonal el-
ements, we can successfully construct the AQMBS states by
our formalism. Here, we note that the absence of Hpyo does
not necessarily imply the nonexistence of the AQMBS in the
model.

|ASSY) + ASEe™), (127)
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Then, we consider the SUSY Hamiltonian of the nonmax-
imal spin scar model. The supercharges and fermionic parity
operator are defined by

0 = PHomo.  0F = HomoP, (128)
(- = [] (129)

j=1,2,5,6,9,10,...

The SUSY Hamiltonian of the nonmaximal spin scar model is
given by

Asusy = PHpyoP + HomoPHpwo. (130)
The subspace Hp, of the nonmaximal spin scar model is
spanned by states in which a local configuration of three con-
secutive Os (i.e., |0;-1,0;,0;4) for some j) appears exactly
once.

IV. SUMMARY AND DISCUSSION

In this paper, we proposed a method to construct AQMBS
states systematically. Our assumptions are as follows: (1) The
system satisfies the RSGA. (2) The Hamiltonian can be de-
composed into three parts, Ay, Hyg, and Hsym as discussed
in the symmetry-based formalism of the QMBS [35] (3) The
annlhilation operator H, can be written as Hxy = Hy + H " (4)

=2 h; is a local Hamiltonian and satisfies P/h;P = 0.
(5) The off—diagonal elements of the parent Hamiltonian are
Zero: 75,,1%275,” =0 (n # m). Under these assumptions, we
can obtain the AQMBS states as low-energy gapless excited
states of the parent Hamiltonian 7517-?0275

In the previous section, we showed that the AQMBS
states in several models can be obtained using our formal-
ism presented in Sec. II. However, our formalism cannot be
applied to certain scar models. One such example is the PXP
model [10,11]. Although Ref. [79] demonstrated that the PXP
model exhibits AQMBS states, our formalism cannot be ap-
plied to it. This is because the PXP model does not satisfy the
RSGA.

Another example is the Affleck-Kennedy-Lieb-Tasaki
(AKLT) model. As shown in Refs. [31,33], the AKLT model
exhibits QMBS and satisfies RSGA-2. Reference [79] demon-
strated that the AKLT model also possesses AQMBS states.
However, the AKLT model does not satisfy the condition
Ph j75 = 0. Therefore, our formalism cannot be applied to
the AKLT model. We note that the parent Hamiltonian of
the AKLT scar states has been discussed in a different con-
text [67], and it is more complicated than those considered in
this paper.

One more example is given by the maximal spin scar
model [30,35] and spin models with scalar spin chiral-
ity [58,69]. Although these models satisfy the RSGA, the
subspace Hp is equal to the total Hilbert space ‘H because

1S0) = 141> 42, -+ -» du) and OF =8 = ZJ ISJJr There-
fore, Ph;P # 0 holds in these models.

From these results, our formalism does not cover all
AQMBS states. Extending our formalism to other AQMBS
states remains an open problem.

In our formalism, the parent Hamiltonian plays a cru-
cial role for constructing the AQMBS states. As shown

in Sec. IIl, the parent Hamiltonians of all models pre-
sented in this paper are related to the spin-1/2 ferromagnetic
Heisenberg model. This may be due to the structure of
Q. In this paper, we assume the existence of a single OF
operator, whose algebraic structure resembles that of the
SU(2) algebra. If we consider cases with higher symme-
try, such as SU(3) [35], we may obtain a different parent
Hamiltonian [107].

We note that our parent Hamiltonian PHZP is similar in
form to the Hamiltonian used in the Shiraishi-Mori construc-
tion [108]. In their construction, the Hamiltonian is assumed
to be

H= ZPJSMEJSMPJ.SM +H, (131)
J
where ASM is an arbitrary local Hamiltonian, P$™ is a lo-

cal projection operator satisfying P?M[yy) =0 for any j
and |y) € T, with T being a target Hilbert subspace. The
term H' commutes with ﬁSM, ie., [H, PSM] =0 for all
j. However, our formalism differs from thelr construction
because the projection operator P is nonlocal. For exam-
ple, in the case of the spin-1 XY model, the projection
operator is given by P = ]_[};/1:1(%;)2, which is nonlocal.
Therefore, our formalism is distinct from the Shiraishi-Mori
construction.

Furthermore, we have identified a connection between
QMBS and SUSY quantum mechanics. In our formalism,
SUSY remains unbroken because the QMBS state is always a
zero-energy eigenstate of the SUSY Hamiltonian. This raises
an important question: What happens if SUSY is broken? This
issue may be related to the robustness of QMBS states against
perturbations. As discussed in Ref. [76], the QMBS states |S,,)
evolve into the AQMBS states when a perturbation is intro-
duced. In this case, the original QMBS states are no longer
exact eigenstates of the perturbed Hamiltonian H + I-?Pert, but
their energy variance (Sn|I-AIpzen|S,,) — ({Su|Hpert|Sn))? vanishes
in the thermodynamic limit, where we used the fact that |S,,)
is an eigenstate of the unperturbed Hamiltonian H. From the
perspective of SUSY, this AQMBS state may be understood
as a SUSY broken state.
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APPENDIX A: REMARK ON LOCALITY OF PHZP

Here, we prove that the parent Hamiltonian ﬁp = 751'-70275

is local under the assumptions that Ph ﬂs =0 for any j, h i

is a local operator, and the subspace Hp has a tensor product

structure. The subspace Hp can be written as Hp = (H5)®M,

where H5 is a local Hilbert space. To prove the locality of the
parent Hamiltonian, we expand the parent Hamiltonian as

Hp == Z 75/,’\1 j],’\lk,]s.

J.k

(AD)

Let |n) and |m) be direct product states in the subspace Hp.
The projection operator P can be written as

75=Z|n)<n|.

Thqrefore, it is sufficient to consider the matrix element
(n|hjhi|m).

Here, we define S; = supp(h ;) and S = supp(hy), where
supp(-) represents the support of the operator. Suppose that
S; NSy = ¢, which means that the regions where the opera-
tors f ; and Iy act nontrivially do not overlap. Let S be the
complement of §; U S;. The set S; U Sy U S represents all lat-
tice sites. From these settings, we can write the direct product
state |r) as |n) = |ng,, ns,, Bs), where |ng,), |ns,), and |ng)
represent the product states in S;, Sk, and S, respectively. The
matrix element reduces to

(A2)

(nlhjhilm) = (ns,|hjlms)) (ns | lms,)Sugms. — (A3)

From the assumptions that Hp has a tensor product struc-
ture and ’ﬁﬁjﬁ =0, we obtain (nsjlﬁj|msf) = 0. Then, the
matrix element (n|h szk|m) must be zero when §; and S; do
not have common elements. The nonvanishing terms of H,
appear when §; and S; have common elements. Since h j and
hy are local operators, the nonvanishing terms are also local
operators. Therefore, we prove that Hp is a local Hamiltonian
under the appropriate assumptions.

Finally, we remark on the case where the Hilbert subspace
‘Hp does not have a tensor product structure. In this case, the
above property does not hold in general, and the locality of the
parent Hamiltonian needs to be verified individually. As an
example, we consider the Onsager scar model with periodic
boundary conditions. In contrast to the case of open boundary
conditions, the locality does not hold. For M = 10 and n = 4,
we consider a state

11 T21314d 5461718 0T 10).

Here, we apply the XY interaction terms hy = S'Z{S'S_ + 5'4_5';
and g = 8§58 + 878 to the state (A4). The support of these
operators does not have common elements. We obtain

hahslt1 2213144546178 o 10)
= |1 TatsdatstedrTsToT10) € Hp.

We find that the state obtained after applying hshe is an ele-
ment of Hp because it contains clusters consisting of an even
number of up spins, i.e., 1g1911071712713 and 157¢. This result
means that a nontensor product structure (nontrivial kinetic
constraint) can lead to nonlocality in the parent Hamiltonian.

(A4)

(AS5)

As other examples, we consider the DH and DWC models,
whose Hilbert subspaces do not have a tensor product struc-
ture due to the kinetic constraint. In contrast to the Onsager
scar model with periodic boundary conditions, we can show
that the parent Hamiltonian of these models is local by direct
calculations (see Appendix E).

APPENDIX B: REMARK ON THE ASSUMPTION
OF THE OFF-DIAGONAL ELEMENTS
OF THE PARENT HAMILTONIAN

Here, we discuss the off-diagonal elements of the parent
Hamiltonian 75,[1:10275,,1 for n # m. As mentioned in Sec. IIC,
when [Qz, Hy] = 0 holds, the off-diagonal element must van-
ish. Then, we consider the case [QZ, Hol # 0. The DH model
and the DWC model are examples of this case.

Here, we present a sufficient condition for the vanishing
of the off-diagonal elements of the parent Hamiltonian. We
assume that the following condition is satisfied:

(0%, AP = AH,P, (B1)
where A is a nonzero real value. Under this assumption, for
any |) € Hp,, the state Hylv¥) # 0 belongs to Hp and is an
eigenstate of (¢ with an eigenvalue Of +n+ A. Using this
relation, we see that the off-diagonal elements of the parent
Hamiltonian vanish. Direct calculations show that both the
DH and DWC models satisfy Eq. (B1) with A = 1.

APPENDIX C: MAGNON EXCITATION OF THE
FERROMAGNETIC HEISENBERG MODEL
WITH OPEN BOUNDARY CONDITIONS

Here, we derive the excitation spectra of magnon excita-
tions in the one-dimensional ferromagnetic Heisenberg model
with open boundary conditions. The Hamiltonian is given by

M-1 1
H =sz:1: (Z =5 ‘Sj+1),

where J > 0 is the strength of the exchange interaction. The
ground states are given by

1GS,) = S5 1w das ooy bu),

where §f = 21;4:1 S'f and n=0,1,..., M represents the
number of up spins. The ground-state energy is zero:
H|GS,) = 0.

The low-lying excitations of the ferromagnetic Heisenberg
model are given by magnon excitations. To derive the excita-
tion spectra, we define the operator

(ChH

(€2

M
Se=) [0S, (€3)

j=1

12j—1
£(1) = cos [%} 1=0,1,....M—1. (C4)
Direct calculations show that
~ A wl\]aA

(A, 8F (D]IGSo) = 1[1 — cos (Mﬂsgt(m(}sm. (C5)
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This result implies that the one-magnon excitation energy and
eigenstate are given by

ml
Hh=J|1l-— — ]| Co6
e(l) |: cos (M >i| (Co6)
IM1(1) = S35 (DIGSo).- (C7)
Using the commutation relation (H, S't“;[] =0 and

[S5.(D),8F1=0, we find that the low-lying excited state
|

S = Z Wo (W)™ (W)™ -« (Wag )" W1 ) (|,

n,n’

o [l AOSS
W= [o 1

where |n) = |ny, ny, .
MPO representation of (Sy,;)"~! is given by

], forl <i< M,

in the n-up spin sector is

M, (1) = $HDIGS, 1) = S5 (DSH 11, b -

ot (0]

i \LM)
(C8)

The excitation spectrum is identical to that of the one-magnon
excitation due to the commutation relations.

Here, we discuss the EE of the state |M,(/)). To evaluate
the entanglement entropy, we consider the matrix product
state representation of the state. To this end, we consider
the matrix product operator (MPO) representation of S;Lot(l),
which is given by

(€9
Wo=1[1 0],

Wy =10 117, (C10)

.., my) with n; =1, |; is the product basis, Wi is an operator-valued matrix, and (W,')”f”ﬁ = (nilvfﬂn;). The

Gr™ =" 8oy ()"« (Sag )™ Spg 1 Im) (| (C11)
L § o
o 1, § o
Si = - n, S=[1 0---0], Sys1=[0 0---0 1]". (C12)
i,’ SJr n n
0o 1

This can be obtained by the technique used in Sec. IV B
of Ref. [88]. Because the bond dimension of the product of
MPOs is given by the product of the bond dimensions of the
individual MPOs, the bond dimension of the state |M,, (1)) is
at most 2n. This implies that the entanglement entropy of the
magnon excited state obeys a subvolume law scaling. We note
that the entanglement entropy for / = 0 has been calculated in
Ref. [110].

APPENDIX D: SPIN-1 XY MODEL
WITH LONG-RANGE INTERACTION

Here, we discuss the spin-1 XY model with a long-range
interaction. For simplicity, we impose the periodic boundary
conditions in this Appendix. The XY interaction term is given
by

M
ce 1 .
Hy'=5 Y A (HHa+EE,),  ©D
k=13,...M-1 j=I
J
=, (D2)
min(k, M — k)*

where we assume that M is even and « is real. Here,
min(k, M — k) represents the distance to the kth neighbor

sites in the ring geometry. In this case, the parent Hamiltonian
after the sublattice spin rotation becomes

5 23 ..
H, = 2: %E:(Z—sj-sw). (D3)
k=1,3,...M—1 j=1

The one-magnon excitation energy of Eq. (D3) is given by

J,f|: (2nlk>:|
E =11—cos|{—)|.
2 M
k=1,3,...M—1

where [ =0,1,2,...,M — 1. Here, we evaluate Eq. (D4).
First, we consider the case « = 0 (all-to-all interacting case).
In this case, we can obtain the one-magnon excitation energy
analytically:

AE} = (D4)

2 J2
AE} = M.

(D5)
This result means that the energy variance diverges in the
thermodynamic limit. For the power-law decaying interacting
case (o > 0), we can show that the system is gapped for o <
1/2 and gapless for « > 1/2. We note that similar techniques
have been used in Refs. [111,112].
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Here, we consider the case / = 1, which corresponds to the
lowest excited state. We rewrite Eq. (D4) as

AE}
J? 2k

Z ﬁ[l—cos<%>], M = 4m,
_ Jk=13,....M/2—1
- J? 2k

Z ﬁ[l—cos<%)}, M=4m+ 2,

k=1,3,...M/2
(D6)

where m is a positive integer. We first evaluate the upper
bound of Eq. (D6). We use the following inequalities:

%2
1 —cos(x) < bR (D7)
1 -1 1
2 — <2 dx—, D8
k:l%ZL—l kP +‘/1 xxﬁ P

where x is real, § > 0, and L is a positive even integer. From
these inequalities, we obtain

-2 12«
AElzgimax[O(M ), O(M'~2%)],

OM™2InM),

o #3/2,

o =3/2. (D9)

The lower bound of AE? can be obtained by the following
inequalities:

2
—x* < 1—cos(x), x| <, (D10)
T
L+1 1 1
k=1,3,....L—1

From these inequalities, we obtain the lower bound of AEl2
for sufficiently large M:

-2 12«
N {max[O(M ), O(M'—22)],

OM™2InM), o= 3/2.

@732 by

Combining Egs. (D9) and (D12), we can find that AE} di-
verges in the thermodynamic limit for @ < 1/2 and converges
to 0 in the thermodynamic limit for @ > 1/2. The one-magnon
energy for o > 1/2 scales as

0(M172a)’

oM~ M),
oM=2),

for1/2 <a < 3/2,
for o = 3/2,
for3/2 < a.

AE? = (D13)

APPENDIX E: DERIVATION OF THE PARENT
HAMILTONIAN OF THE DH MODEL

In this Appendix, we derive the parent Hamiltonian of the
DH model. To this end, we rewrite Hpy in bracket notation:

DM
Hpm = 3 ZL.,', (ED1)

where we introduced the operator L; as
Li= (10 tidien) (o b jer |
+ 1o b (Tt |

= Hjo Tt -4t |
=N Lt =11t D- (E2)

As discussed in Sec. IIIC, [1,) =0 and |1,,,) = 0. Using
this operator, we calculate the parent Hamiltonian:

= qul + Hp2, (E3)

where we used the properties that ’ﬁﬁjﬁkﬁ for |j —k| =2
vanish because this term always breaks the constraint that
there is no 1,1 ;41 configuration in Hp. The first term of
Eq. (E3) becomes

D M
Ay —TZ (I jor b (R iy |

+ 1o bt ot DP

74
D2 M—1
= O S PEBEren + BB OP
=1
Dz M—1
== PP,1<4 ; m) PP, (E4)

where we defined f’jf = 1/2+§§ =|t;)(1;| and Pj=
15,{,, 4+1 = 0. The second term of Eq. (E3) becomes

/\

D 2 M— N
Hyp =~ Z PUtsr L) bimitindy 1 ® 12

— o bt ot 1@ 1j50)
x (s @ 11 il ) (Ml j b2 |

-1 ® N it Tt NP + H.c.
2 M—1

D~ .
= TP Z(_N/j—l $itirtd ) djm1tidjridjae |
j=1

= Njor tidjrdje2d (Lj—1d il NP

D2M71
= =5 2 PPa(8i8ia +855,)PnP, (B

j=1

where 1 = 13j + 13; represents the identity operator at site j.
Therefore, adding Eqs. (E4) and (ES), we obtain the parent
Hamiltonian (73). We note that the parent Hamiltonian of the
DWC model can be obtained in a similar manner.
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APPENDIX F: PERFECT REVIVAL ORIGINATING
FROM THE AQMBS STATE IN THE DH MODEL

Here, we show that the DH model exhibits perfect revivals
originating from the AQMBS. Before discussing perfect re-
vivals, we point out that the Hamiltonian of the DH model
commutes with the soliton number operator [63,81]:

(F1)

where 85 = 8%, | = —1/2. The soliton number operator takes
the values ]\7501 =0,1,...,M/2. In the subspace Hp,, the
value of the soliton number operator is equal to n.

The perfect revival occurs in the sector with Nl =M /2,
whose dimension is M + 1. We can write down all the states

J

in this sector as

1) =y, 12. 43, 14,
12) = 111, 12, 43, 14,
13) = 11, 42, I3, T4,
14) = 111, 42, 13, T4,

|M> = |T1’ ‘l’2$ T3s ‘L41
|M+ 1) = |Tl’ ‘l’2$ T31 \L4,

v dm-1, tu) € He,
ool tu) € Ho,
oo dm—1, tu) € He,
coo dm—1, tu) € Ho,

oo tu- tu) € Ho,
coos T, dm) € He.

(F2a)
(F2b)
(F2¢)
(F2d)

(F2e)
(F2f)

Using the above basis, we can write down the matrix repre-

sentation of H as

0 -D/2 0
-D/2 —h D)2
0 D/2 0 -DJ2
Hon = 0 -D/2 —h D)2
-D/2
0

—h
D/2

D/2
O -

(F3)

This matrix is identical to the matrix representation of the Rice-Mele model [113]. This matrix can be diagonalized analytically.

For simplicity, we assume D, i > 0. The eigenvalue equation is given by
Houz) = ELZL, 1=1,2,...,M)2,

h  h

ml
€, = Dcos )
M+2

] 1
th) = ngt),

h
EL — 5

U = diag[+1, -1, -1,4+1,+1,—1,...],

for E{ # 0,

T
= [+ @+, @ =6, o+ @+ 6Oy T

= [ — (a(l) — b(”)vil), (a(l) + b(l))vg), ...

(1)
oo |Etea o
a’ = OB b = )
2E
) = 2 sin i
TV M+2 M+2)
Hpuzo = 0,

—,/2[10101 0,117
ZO— M+2 b 9 b 9 9 9 .

() My, 7T
—(Cl —b )UM-H] ’

(F4)

(F5a)

(F5b)

(F5¢)
(F5d)

(F5e)

(F51)

(F5g)

(F5h)

(F5i)

(F5))

We note that the zero-energy eigenstate z corresponds to the QMBS state for n = M /2. From these results, we can construct the

states that have nonzero amplitude only in Hp:

AV = —
V2
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The bracket form is given by

M/2+1
l(2s
ADY = s+ g T
W= s 3 [T

Then, we consider the AQMBS state for the n = M/2
case. As shown in Sec. III C, the AQMBS states of the DH
model can be obtained by the low-lying excited states of the
ferromagnetic Heisenberg model with M — n + 1 sites after
mapping. For n = M /2, we obtain the AQMBS states as (see
Appendix C)

Sy () = SEANGEM P 4 o bajag), (F8)

M/2+1 M/2+1

St = Z $t. Sah= Y fanst. (¥

=1 j=1
0y =cos | TEH D] 01 M2 (10
fj( ):COS|:M——}—2i|’ =u,1,..., / ( )

The above results are written by the variables after mapping.
We need to express Eq. (F8) in the original basis defined by
Egs. (F2a)—(F2f). Because the AQMBS states belong to Hp,
Eq. (F8) has a nonzero overlap with the states |j) for odd j.
Taking into account the mapping rule, the AQMBS state (F8)
can be written as

|ASp2(1))
M/2+1
-2 I'2s—1
—_— Z cos w |2S — 1>
VM +2 o M+2

M/2+1

Z( 1y’

, n(l’ +M/2+ D(2s—1)
X Sin
M+2

i||25— ). (F11)

Comparing Eq. (F11) with Eq. (F6), we find that |[A®)
is proportional to the AQMBS state when we set [ = 1" +
M/2 + 1. Therefore, we can analytically calculate the fidelity

[{ASa/2 ()™M ASy o (1) 2

[{ASy2 (1) M| AS Y » (1) 2
h /4 i

1 €
=-{1 2./€X+ h2/4t /R ¢
2{ +e,2+h2/4+e,2+h2/4cos[ €+ h/ /]}

(F12)

This result implies that the fidelity becomes 1 at the integer

multiple of T = nh/,/e? + h?/4. Therefore, we prove that

the perfect revival occurs in the DH model starting from the
AQMBS state forn = M/2.

APPENDIX G: DERIVATION OF THE PARENT
HAMILTONIAN OF THE ONSAGER SCAR MODEL

In this Appendix, we derive the parent Hamiltonian of the

Onsager scar model. To this end, we rewrite H =12 in bracket
notation:
M—1
AP =0 L, (G1)
j=1
Li=11 bWt 1+ 1 ten)(Midjm | (G2)
The parent Hamiltonian becomes
M—1
B, =7PY LP+1P > LiLP
Jj=1 Ik, j#k
= Hy, +I‘A1p2. (G3)
The first term of Eq. (G3) becomes
M—1
=22 Y P(-58.)P @
j=1
The second term of Eq. (G3) can be written as
M-2
Ay =7P| Y (LiLj + L)
j=1
M=3
+ 2 I:jij+2 + P, (GS5)
j=1
where we used [LJ, I:]1 =0 for |j — k| > 2. The first term of
Eq. (G5) reduces to
M=2
P Y ALy +LiL)P

M-2
=P Z(lTj Visdjr2) ity |
=1

+ 1 bt (i jrid s |
+ 1 Nt (Tl |
+ 11 Tird i) (LTt T HP

M—
=7SZ(|¢1 Pt (P jrd e |
=
+ 11 Yirdja2) i+t P

(858,187 + 852,85 ,)P. (G6)

HAere, we usec{ the fact that P|1; ¢j+1¢jt2)(¢j¢j+1Tj+2
P =0 and P4, jpitje2)(Pjdjai b [P =0 because
these terms create a cluster of an odd number of up spins.
For the same reason, the terms PL;L; P (k > 2) are zero.
Therefore, we obtain the parent Hamiltonian of the Onsager
scar model (106).
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APPENDIX H: DERIVATION OF THE PARENT
HAMILTONIAN OF THE NONMAXIMAL SPIN
SCAR MODEL

In this Appendix, we derive the parent Hamiltonian of the
nonmaximal spin scar model. To this end, we rewrite Hpy in
bracket notation:

S

-1
Hpmo = iD; ) Lj,
J

(HI)

Il
S}

where we defined

Li=1+-10j—+1)(0;-10,0;41]
+10-10;0;41) (=10, 441 |
+14-10;0,41)(0;-10; +41 |
+10;-10;—j+1)(—-10;0,41]
—10j-10;0/41)(+j-10; —js1 |
— | =j=10;441)(0;-10,0;41]
= 102104+ 41) (+;-10;0,41]
=1 =j=10;0;11)(0;=10; —j41 |-

The parent Hamiltonian becomes

(H2)

M—1
H,=-D!PY 3P -D2 Y  PLiLP
j=2 Jok, j#k
= Hy + Hp. (H3)

The first term of Eq. (H3) becomes

M1
A, = —D? Z P +j-1 0= j41){—j=10; +jx1 |
=
1 —=j=1 0+ (=10 —j1 |
= +j-10j=j41)(+;j=10; —j1 |

— =21 0441 )(—j10; +j1 DP

1 _ 1 .
x [—Z(ffl)%jﬂf — G

1

ez \27az 22 L. 5
+ E(T;—l) (Tf+1) ) }—1Tf+1}7)- (H4)

The other terms in Eq. (H3) become zero because of the pro-
jection operator. Therefore, we obtain the parent Hamiltonian
of the nonmaximal spin scar model (122).

APPENDIX I: DERIVATION OF THE EXPRESSION
OF THE AQMBS STATE FOR THE NONMAXIMAL
SPIN SCAR MODEL

Here, we discuss the expression of |AS,) for the nonmax-
imal spin scar model. As shown in Sec. IIIF, the parent
Hamiltonian of the nonmaximal spin scar model is given by
the ferromagnetic Heisenberg model on the two independent
ladders. A magnon excited state in the even-parity sector is
given by

1

AS,) =
|AS,) 7

(JASS%) + |ASE¥e"). I

The expressions of the states |[AS!) and |ASS™") can be
obtained using Eq. (C8) and the mapping rule (123) and (124).

We have derived the matrix product presentation of the
magnon excited state of the ferromagnetic Heisenberg chain
(see Appendix C). For convenience, we define the matrix
product representation of the state |M,,(1)) for the site number
M/2 as

MDY= > uMMP My, (12)
NN, M 2
u=[1 0 0, v=[0 0 --- 0 1]F, (@)
2n 2n

where M" is the MPS whose bond dimension is 2n and
n; =1; or |;. Since the state [M,(l)) is a spin-1/2 state, we
need to extend the definition of the MPS from spin-1/2 to
spin-1. To this end, we assign M"=% =0 and M"=*1—i =
Mri=1idi - Although we do not write down the explicit expres-
sion of M", it can be obtained using Egs. (C10) and (C12).
From this expression and the mapping rules, the wave function
before mapping can be obtained by inserting Os at the odd
bonds or even bonds. This can be easily achieved by the MPS
representation by inserting an MPS to [M,,(])). We obtain

AS™) o > T uZM MR Z MM - 20 MM, (14)
ASSM) o Y " uMM R B2 S 2, (15)
n

M= M™M= MY, (16)

2" =8y, 0diag (10;), 10;), ..., 10;)) . a7)
2n

From these expressions, we find that the bond dimensions of
these states are still 2n. Therefore, we prove that the bond
dimension of the state |AS,,) is at most 4n.
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