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Momentum squeezed state realized via optimal filtering in optomechanics:
Implications for gravity-induced entanglement
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We analyze the conditional quantum state of a mechanical mirror in an optomechanical system subject to
continuous measurement, feedback control, and quantum filtering. We identify a parameter regime in which
the mirror exhibits momentum squeezing beyond the standard quantum limit, achieved through an appropriate
choice of the homodyne detection angle. In this regime, we show that optimal filtering effectively realizes
a free-particle-like conditional state. When this mechanism is applied to a configuration consisting of two
optomechanical systems, the resulting momentum squeezing significantly enhances the signal of gravity-induced
entanglement. This enhancement arises because the momentum squeezing not only amplifies the distinction
between the common and differential modes, but also, in the high-purity regime, increases the position un-
certainty in accordance with the uncertainty principle, thereby enlarging the spatial extent of the quantum
superposition. Our results provide insights into experimental strategies for probing the quantum nature of gravity

using optomechanical platforms.
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I. INTRODUCTION

Cavity optomechanical systems, consisting of an optical
cavity mode coupled to a mechanical oscillator, provide a
promising and highly controllable platform for realizing and
probing macroscopic quantum states [1-3]. In particular, it
has been demonstrated both theoretically and experimen-
tally that continuous quantum measurement, when combined
with appropriate feedback and quantum control, enables the
cooling of a mechanical oscillator close to or even into its
quantum ground state [4,5]. Beyond ground-state prepara-
tion, this measurement-based approach allows one to engineer
nonclassical conditional states of motion, such as squeezed
and entangled states, in regimes that would otherwise be in-
accessible due to thermal noise and decoherence. Utilizing
these techniques, the authors of Refs. [6,7] demonstrated the
potential for generating and stabilizing entanglement between
spatially separated or distinct macroscopic mechanical objects
under continuous measurement, where the quantum optimal
filter plays a crucial role in extracting the maximum amount
of information from the measurement record and in suppress-
ing classical noise. Such conditional entanglement schemes
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provide a powerful framework for exploring quantum corre-
lations at increasingly larger mass and length scales, pushing
the boundary between the quantum and classical worlds.

More recently, significant attention has been directed
toward the possibility of observing gravity-induced entangle-
ment (GIE) [8-10]. The central idea is that if gravity itself
acts as a quantum mediator, then two massive objects inter-
acting solely through their mutual gravitational attraction can
become entangled [11]. Observation of such entanglement
would provide strong evidence for the quantum nature of
gravity, offering an experimentally accessible test of quantum
gravity in the low-energy, nonrelativistic regime [10]. Recent
theoretical studies suggest that GIE may be experimentally
accessible in optomechanical systems, highlighting their po-
tential as a platform for testing the quantum nature of gravity
[12-17].

In the present paper, we investigate the quantum state of
an optomechanical system subject to continuous measure-
ment, feedback control, and optimal filtering. We identify a
parameter regime in which the conditional state of the me-
chanical mirror exhibits strong momentum squeezing, even
though the measurement readout corresponds to the os-
cillator position. In this regime, optimal filtering yields a
free-particle-like conditional state, which can be interpreted
as enabling backaction-evading momentum detection. We
analytically investigate the conditions under which such a
momentum-squeezed state emerges and clarify the underlying
physical mechanism, highlighting the essential role played by
quantum optimal filtering. Furthermore, we demonstrate that
the momentum-squeezed state significantly enhances GIE in
an optomechanical setup with two mirrors, as proposed in
Ref. [15]. This enhancement may be crucial for experimental
tests aimed at verifying the quantum nature of gravity.
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The present paper is organized as follows. In Sec. II, we
introduce the fundamental formalism of an optomechanical
system and describe how the conditional state of the mechan-
ical mirror is inferred from continuous measurements of the
mirror position coupled to the optical field. We also discuss
how the application of an optimal filter, designed to minimize
the conditional uncertainty, leads to an effective shift in the
resonance frequency and damping rate. In Sec. III, we analyze
the conditional variances and identify the parameter region in
which a momentum-squeezed state emerges, characterized by
a strong reduction of the momentum uncertainty. We further
clarify the conditions under which this regime is realized. In
Sec. IV, we demonstrate that GIE is significantly enhanced
in the parameter region identified in the preceding sections.
Section V is devoted to a summary and concluding remarks.
In the Appendix, we examine the effect of feedback control.
We show that the conditional variances contain no contribu-
tion from the feedback control and that measurement-based
feedback implemented with a high-pass filter does not affect
the conditional variances.

II. FORMULAS

We consider a cavity optomechanical system consisting
of a mechanical mirror described by the canonical opera-
tors (Q, 13), with mass m and bare mechanical frequency €2,
coupled to an optical cavity mode (&, a') with resonance
frequency . and cavity length ¢. The system Hamiltonian is
given by

NN T By S P iont AT —iopt A
H_2m+2mQQ +1+Q/Ea a+ihE@Ee“a' —e """ a),

ey

where the canonical commutation relation [Q, Pl =ihi is as-
sumed. Here, wy, is the laser frequency, and the input laser
amplitude is E = /Py« /(hwr), with P, denoting the input
laser power and « the cavity decay rate. We here expand the
mechanical position operator into a classical mean value and
a quantum fluctuation as O — Q + Q. Moving to the rotating
frame at the laser frequency, the Hamiltonian can be written
as

B2 o s oy
H = 4(q + p°) — hAd'a + hgoga'a, (2)

where the dimensionless mechanical quadratures
G =~2mQ/RQ and p=./2/mhQP satisfy [§, p] = 2i.
The optomechanical coupling strength is given by
g0 = (w./OR/2mR), and A =w; —w.(1 —0/L) is
the detuning parameter.

Assuming a large intracavity photon number, we linearize
the system by expanding the cavity field operator as a —
a + a, where a denotes the classical steady-state amplitude.
Introducing the amplitude and phase quadratures of the optical
field, = a + &' and y=—i(a— a"), which satisfy [%, §] =
2i, the linearized Langevin equations read

G§=Qp, p=-94—28—Tp+~2Tppn, (3
$=—Ay— gx + ik, @

R N A K ~
y=AX—2g4 — §y+ﬁyim (5)

where the linearized optomechanical coupling is

al = [ ohk ©6)
= al = .
=80 mQE (k2 + 4A2)

I" denotes the mechanical dissipation rate, and the mechanical
thermal noise operator pj, has zero mean and satisfies

1 2kgT
S (Bin(@). PN = ( u

T —|—1>3(l—t), @)

where kp is the Boltzmann constant and 7 the temperature.
We assume vacuum input noise for the optical fields, with
correlations

Hi&n (), 5, = L), 5] = 8¢ — 1),
(i (1), 91 () = 0. ®)

Using the input-output relations X = %, — «/k% and ¥ =
Pin — /%P [2,18], and assuming the adiabatic limit « >> @,,,
the equations of motion for the mechanical system and the
output quadratures reduce to

¢ =wnp, P =-wnd —Tp+0@)+Fn), 9

. /AT A dgmic K 8gmAVK
w(t) = 2Fp1n - K2 +4A2xin K'2 +4A2)’1ns (10)
together with the output fields
A 8gm ALK K2 —4N? 4Ak
X =- 7 — b B, (11
@ +and T agaarn e ga e (4D
P NI 4Ak K2 —4A? (12)
Trrant? T aar™ T 2 aa

Here, we have introduced the rescaled quadratures and effec-
tive parameters

i =0 y=p |2 (13)
q9 =4 o’ p=pr o,
Q 1682 A
m = > m = Q? QLo 14
=& o \/ T A 1Y

where w,, is the optically induced mechanical frequency due
to the optical spring effect [19]. In the following, we simply
denote (¢, p') as (4, p).

In Eq. (9), we have added F(7), which represents a feed-
back force applied to the mechanical oscillator based on the
measurement outcome [20]. Although this term modifies the
mechanical damping and contributes additional fluctuations in
the unconditional description, the results presented below do
not depend on the feedback parameters. This is because Fp, is
a known control input constructed from the measurement out-
come and does not affect the conditional covariance matrix.
As shown explicitly in the Appendix, the feedback-induced
terms can be eliminated by applying an appropriate optimal
filter.

Hence, the subsequent analysis remains valid even in the
presence of feedback.

Defining the Fourier transform as f(w) = [ dt f()e'",
the steady-state solutions of the Langevin equations are given
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FIG. 1. Spectral densities of the mechanical position ¢ and
momentum p without and with causal Wiener filtering. The pa-
rameters are chosen as m = 100 g, £ = 10 cm, Q/27 = 1073 Hz,
k/2m =10 Hz, w./27 =2.818 x 10'* Hz, I'/2m = 107'® Hz,
P,=10"° W, T=1K, A=0, and § = —7 /60, which yield
wp/wn, =~ 0.31 and yy/2m >~ 3.0 x 10~* Hz. Without filtering, the
spectral densities of (¢, p) exhibit a peak at the mechanical resonance
frequency w,, (dashed curves). In contrast, when causal Wiener fil-
tering is applied, the spectral densities of the filtered variables (g, p)
show a shifted peak at wy (solid curves).

by

Wy

iw
W(w), plw)=———b(w), (15)

g(w) = F)

where F (w) = wi — iTw — w? denotes the complex mechan-
ical susceptibility characterized by w,, and I', and @ (w) is the
Fourier transform of w(¢). The unconditional spectral den-
sities Sy(w) and S,,(w), which are defined by the variance
of §(w) and p(w), respectively, exhibit resonance peaks at
o = tw,. The dashed curves in Fig. 1 show the unconditional
spectra for w > 0, clearly displaying the resonance at w,,.

Here, we consider a linear measurement of a general output
quadrature,

Iy =X cos® + ¥ sind, (16)

which corresponds to homodyne detection with a local-
oscillator phase 8. Throughout this paper, we assume an ideal
(perfect-efficiency) homodyne measurement at an arbitrary
angle 6. Using the input-output relations derived above, the
general output quadrature f, can be rewritten as

Iy = coq + e, (17)
where we define
o = _ffi—iﬁ cos + jf’jr—";/fz sinf,  (18)
R (k2 —4A?)cos O + 4Ak sin6 |
=" k2 +4A2 in
4Ak cosf — (k2 —4A?)sinf |
+ L AA? Pin- (19)

In the theory of continuous quantum measurement, the
conditional state represents the best estimate of the physical
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FIG. 2. Schematic illustration of conditional states in phase
space. The blue curve represents the trajectory of the conditional
first moments revealed by a continuous measurement process. Infor-
mation acquired through the measurement reduces the uncertainty,
resulting in a blue ellipse that characterizes the conditional uncer-
tainty. The gray circle denotes the unconditional uncertainty obtained
by averaging over all possible measurement trajectories.

state of the system conditioned on the measurement record.
It evolves according to a stochastic master equation, and its
properties—such as the conditional variances—are physically
meaningful and experimentally verifiable through ensemble
averages. The Kalman filter provides such an optimally es-
timated physical state, as illustrated in Fig. 2. Owing to the
equivalence between Kalman filtering and Wiener filtering
in equilibrium, the conditional state obtained with the corre-
sponding conditional variances and correlations is a genuine
physical state. As demonstrated in quantum feedback and
quantum trajectory experiments, this state can be experimen-
tally inferred from the statistics of the measured homodyne
photocurrent.

In the present paper, we adopt a quantum causal Wiener fil-
tering approach under continuous measurement of the output
quadrature fy. Wiener filtering provides a systematic method
for constructing a conditional quantum state with minimal
uncertainty by optimally processing the information acquired
through a continuous measurement record [21]. In practice,
the Wiener filter is determined by minimizing the variances of
the filtered variables,

§(®) = §(w) — Hy() (), plo) = po) — Hy()(o),

(20)

where H,(w) and H,(w) are causal filter functions. It is
well known that the optimal Wiener filters are given by
Refs. [5,17,21] as

1| Su(w)
Hy(w) = Sf,(a))|:S}\I,C(w):|+’ (@2

. 1 Spl(w)
Hp(w) = Sg(a)) |:SII\}C(CU):|+’ (22)
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where [Z(w)], denotes the causal component of Z(w). Here, we define the spectral density for operators A and B as 27w 8(w —

@ )Sap(w) = ({A(w), B (0")}) /2, and the quantities SICI(a)) and S,I\}C (w) represent the causal and noncausal parts of the spectral
density S (w) = S5 (0)SNC(w), respectively. The explicit expressions of the Wiener filters are given by
Hy(w) = —(1- 212 (23)
w)=—1-—=],
! co F'(w)
Hy(w) = — iw~+ (yp — za))ﬂ (24)
CoWp, F'(w)]
where we have defined F'(w) = a)g iypw — w* with
2A A
wop = on 1+ 201 0y = 12 20, (@ + M) + 202 (25)
W W

m

Here, 1y = cé and Ay = cyLy. We note that the parameter Ay represents the measurement rate, namely, the inverse timescale
required to resolve the zero-point motion. The quantities 72 and Ly are defined through the relations ({0(¢), W(t')})/2 = ad@ —t')
and ({0(2), De(t')})/2 = LyS(t — t'). We also note that Egs. (23) and (24) are the extension of Refs. [5,17,21] to a general
homodyne angle, and consistent with their results for an appropriate choice of the homodyne angle.

The conditional spectral densities of the mechanical mirror are defined by the variances of the mechanical quadratures
conditioned on the measurement outcomes, §(w) and p(w). The conditional spectral densities of § and p are explicitly obtained

by

2
1 Za)m(a)2 — a)z) a)z(y(; -2+ (a)2 — a)z)
S~ - 2= [ m Lo + (4 m , 26
) = P {”'"” W 3 =
1 2Lg[w*(wf — wh, — (9 — D)T) — @}, (vs — T)?]
. - - -T 2 21= 0 m m
PP((U) |F/((U)|2 {[(VG ) +w ]n Cownm
@*[(yp = D)F — (05 — )] + (vo — T, 27
o, ’
ypg — I 0® + (w2 — 202 F'(yg —T)— —a) w+w—w2 w?
|F/( )|2 Co Cga)m
These conditional spectra exhibit peaks at frequencies Fwy.
The splld curves in Fig. 1 demonstrate'S'qq and Sj5. This Vyp=— / dwRe[S;5(w)] = Vg L Yo -1 ’ (30)
behavior can be understood from the explicit forms of H,(w) 2w
and H,(w), together with the fact that |[F "(®)|? is minimized - 2 (F — )
at w = fwy. As a consequence, the effective resonance fre- Vop = —— / dwSps(w) =V ( ) + T |’
quency and dissipation rate of the conditional state can be @m ©in
directly identified from the effective susceptibility F’'(w). (€20)

Specifically, wy and yy correspond to the effective resonance
frequency and damping rate induced by the Wiener filtering,
respectively.

The solid and dashed curves in Fig. 1 compare the
conditional and unconditional spectral densities. While the
unconditional spectra exhibit sharp peaks at the mechanical
resonance frequency w,,, the conditional spectra exhibit a
moderate enhancement near wy =~ 0. The parameters used in
the calculation, listed in the caption of Fig. 1, are chosen
to realize the momentum-squeezed regime discussed below.
This qualitative difference in the spectral features originates
from the fact that the effective susceptibility of the conditional
mechanical state is given by F’(w), whereas that of the uncon-
ditional state is described by F (w).

The conditional variances and covariance are obtained by
integrating the corresponding spectral densities as

1 o Yo — r
qu = Z da)Sqq(a)) = )\9 5 (29)
—00

where V,, and V), denote the conditional position and mo-
mentum variances, respectively, and V,, is the conditional
position-momentum covariance. As shown in the Appendix,
all these components remain unchanged even when consider-
ing feedback control.

III. MOMENTUM SQUEEZING

Figure 1 shows that the maximum value of Sj; is sig-
nificantly smaller than that of Sgz;. This implies that the
momentum variance V), is much smaller than the position
variance V,,, a feature that can be explicitly confirmed by
evaluating the conditional variances and covariance.

We find that the regime V,, < V,, emerges in the limit
of wy < w,,. This can be understood as follows. The effec-
tive dissipation rate is always at least as large as the bare
dissipation rate, y» > I', and the second term in Eq. (31)
is nonpositive. Together with the positivity of the variance
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FIG. 3. Contour plot of V,,, in the (A/k, €) plane. The red solid
curve indicates the condition given by Eq. (35), which coincides
with the parameter region where momentum squeezing occurs. All
parameters are the same as those used in Fig. 1, except for 0 and A.
The red dashed curve denotes the zero-measurement-rate condition,
)\.g = 0

V,p > 0, this implies that the momentum variance is bounded
from above by the first term in Eq. (31). Hence, the ratio
wy/wy, determines the ratio V,,/V,,. In the following, we
examine the specific conditions under which wy < @y, is sat-
isfied, leading to the realization of the regime V,, < V,,.

To this end, we introduce

A
o = arctan —, (32)
K

= M = ﬂcoszot, (33)
on(k* +4A%) Oy
where Q,, = w,,/T" is the mechanical quality factor and C,, =
4g2 /('k) is the optomechanical cooperativity. With these
definitions, the quantities Ly, Ag, and Ay can be rewritten
as Ly = /& cos(0 — ), hg = wpé sin®(0 — ), and Ag =
wp& sin(f — o) cos(f0 — ).
Using the relation

4
(ﬁ) =1+ ﬁ + é\/;'2 —|—4sin(29 — 2« — arctan E),
Wi 2 2 2
(34)

which can be straightforwardly derived, we find that the ratio
Wy /@y, 1s minimized for the optimized homodyne angle

yan
6 =a — —arctan | — |, 35)
2 ¢

where ¢ = n + & denotes the total mirror noise normalized
by w,,. Here, n = 2I'2ny, + 1)/w,, represents the normalized
thermal noise, while & corresponds to the radiation-pressure
noise.

For this choice of 6, one finds not only that the momentum
variance is always smaller than the position variance, V), <
Vg, but also that genuine momentum squeezing, V,,, < 1, oc-
curs when the thermal noise contribution is sufficiently small,
as illustrated in Fig. 4. In Fig. 4, the colored region corre-
sponds to V,, < 1, while the blue curve marks the boundary

10°F ! ‘ ‘ ‘ T Vi
0.9
-1
10 0.7
<
0.5
10—2,
0.3
- ! AN o
10° 10° 10! 102 10° 10%

¢

FIG. 4. Contour plot of V,, obtained under measurement at the
optimized homodyne angle given in Eq. (35). The colored region
indicates the parameter space in which momentum squeezing oc-
curs, while the blue curve denotes the boundary defined by V,,, = 1.
The orange dashed line corresponds to né = 1, which defines the
boundary of the approximation adopted in Eqs. (37) and (38). We
also note that the approximate formula in Eq. (36) is valid for n <« &
and 2 < &.

Vpp = 1. In contrast, when thermal noise becomes nonnegli-
gible, momentum squeezing is no longer observed.

Figure 3 presents a contour plot of V), in the (A/k, 0)
plane, with all remaining parameters chosen to be identical
to those listed in the caption of Fig. 1. The colored region
indicates the parameter regime in which V,, < 1, namely,
where momentum squeezing occurs. The red solid curve cor-
responds to the relation given in Eq. (35), while the red
dashed curve represents the zero-measurement-rate condition,
Ao = 0, given by 6 = «. It is evident that the red solid curve
precisely overlaps with the region where momentum squeez-
ing is observed. This clearly indicates that the condition for
achieving momentum squeezing is equivalent to minimizing
the ratio wy/w,,. The zero-measurement-rate condition cor-
responds to a regime in which the measurement outcomes
contain no information about the mirror position. In this case,
the mechanical state cannot be conditioned on the measure-
ment record.

The emergence of momentum squeezing under the condi-
tion wy < wy, can be understood by examining the quantum
estimation problem in the Fourier domain. The conditional
spectral density exhibits a peak at wg, which represents the ef-
fective resonance frequency of the estimated state (see Fig. 1).
When wy < w,,, the Wiener-filtered estimate of the mirror
behaves as an effectively free particle. In quantum mechanics,
it is well known that the momentum of a free particle can
be measured without disturbing the system, a property known
as quantum nondemolition. By analogy, we infer that, in the
present system, the momentum can be estimated with higher
precision than the position.

As the coupling strength g increases, the parameter £ ap-
proaches « /A. Moreover, for large g, the optical spring effect
becomes significant, leading to an increase in the mechan-
ical resonance frequency w,,. In this regime, the parameter
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n can become sufficiently small for momentum squeezing to
occur, as demonstrated in Fig. 4. Therefore, the optical spring
effect, by enhancing the resonance frequency w,,, facilitates
the condition wy K w,,, thereby resulting in an effectively
free-particle state.

We now examine the condition for momentum squeezing in
a quantitative manner. In the regime where the thermal noise
is negligible compared to the radiation-pressure noise, n < &,
and for 2 <« &, one finds that the effective resonance fre-
quency satisfies the approximate relation (wy/w, Y~ (g +
1)/£2. Using this approximation, the variances can be written
approximately as

1
Vag =\25v/n§+ 1, Vpp = \/2(77 + g>\/n$ +1. (36)

In particular, when n§ < 1, these expressions reduce to

2
Vg = V28, V, :\/;, (37)

which clearly demonstrates the emergence of momentum
squeezing for large £. On the other hand, when n&¢ > 1, we

obtain
Vg =\ 26V0E, V= \/20V/0E. (38)

The condition n§ > 1 imposes an upper bound on the input
power Py, which can be written as

P <m€2§22/<3 kT Tk
Y 8w A RQ2A

In this regime, assuming Q < w,,, corresponding to a param-
eter region in which the optical spring effect is strong (A # 0),
the momentum variance can be further approximated as

v K5 (kgTTme>\*? )
oV 4N\ hPao. '
From Eq. (40), the condition for momentum squeezing can
then be approximately expressed as

T\ T /27 3/4 P, —3/4 /27 3/2
300K 10-7Hz 2 x 1073 W 10* Hz
AJic —3/4 o) 2 —3/4 m 3/4
X — — —
0.05 2.8 x 1014 Hz 100 mg

¢ 32
x (10 ) <. (41)
cm

We also note that momentum squeezing can occur even
when A = 0. In this case, no optical spring effect is present,
and the condition for momentum squeezing differs from that
given in Eq. (41).

In the regime ¢ >~ & ~ k/A > 1, we have o >~ 2A /«k and
0 ~ o /2 >~ A/k from Eq. (35). The quantum state of the mir-
ror cannot be inferred when the measurement rate vanishes,
which occurs for Ay = 0, yielding 8 = «. The difference be-
tween this condition and the value of 6 given by Eq. (35) is
approximately 1/& ~ A/k for A/k < 1, indicating that the
two angles are close to each other in this limit, as illustrated
by the solid curve and dashed curves in Fig. 3.

(39)

<=3 common {3
{differential —)>

mirror A | mirror B

gravitational
interaction

differential
mode detector

Input laser

common mode detector

FIG. 5. Configuration of the experimental setup. We consider
two cylindrical mirrors A and B with radius R and thickness h.
The gravitational interaction affects only the differential mechanical
mode associated with the relative displacement of the two mirrors.

IV. GRAVITY-INDUCED ENTANGLEMENT

We next consider the entanglement of a two-mode Gaus-
sian state, which is characterized by the covariance matrix

y= (Vs Ve 42)
Vi V)

where V4 and Vp are the 2 x 2 covariance matrices of sub-
systems A and B, respectively, and V 45 represents the inter-
system correlation matrix. The entanglement of a two-mode
Gaussian state can be conveniently quantified by the loga-
rithmic negativity, defined as Ey = max{0, —log, v_}, where
V2 = (X —+/X2—4detV)/2 and T =detV, +detVy —
2detV 4p. According to the separability criterion for two-
mode Gaussian states, the two subsystems are entangled if and
only if Ey > 0 [22].

We now apply the results of the previous section to the
detection of GIE. In particular, we consider two cavity op-
tomechanical systems, each consisting of a movable mirror,
that interact via Newtonian gravity, as illustrated in Fig. 5 (see
also Refs. [12-17]). The gravitational interaction is described
by

Hip = —@43, (43)

4

where §_ = (44 — §g)/~/2 denotes the differential mechani-
cal position mode. Here, §4 and g refer to the original me-
chanical position operators, prior to the rescaling introduced
in Eq. (13). The dimensionless parameter § characterizes the
gravitational coupling and is determined by the geometry and
configuration of the mirrors, as well as by their material prop-
erties. Specifically,

4Gp A
§ = ——
Q2

depends on the gravitational constant G, the mechanical reso-
nance frequency €2, the mass density p, and a geometric form
factor A, which encodes the spatial mass distribution and the
relative separation of the mirrors.

(44)
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FIG. 6. Same as Fig. 3, but showing a contour plot of the log-
arithmic negativity Ey. We consider two optomechanical systems,
as shown in Fig. 5, each with the same parameters as those used in
Fig. 1, except for 6 and A, and assume a gravitational coupling of
5 ~0.14.

In the present analysis, we assume a low mechanical
frequency, /27 = 1073 Hz, and a high-density mirror ma-
terial corresponding to a Pt-Au alloy with mass density p =
20 g/cm?. The geometric form factor A is evaluated following
the assumptions and procedures described in Refs. [12,16],
where a geometric constraint ensuring a physically realistic
separation between the mirrors is explicitly imposed. For
cylindrical mirrors with radius R = 0.5/ and thickness & =
0.8L, where L denotes the center-of-mass separation, the form
factor approaches an optimal value of order unity, A ~ 1.
Under these conditions, we obtain § >~ 0.14.

The GIE in this optomechanical setup originates from the
asymmetry between the differential and common mechani-
cal modes, which are characterized by 2, = Q and Q_ =
Q4+/1 — 8, respectively. A stronger asymmetry between the
common and differential modes allows for a larger amount
of achievable entanglement. Momentum squeezing not only
accentuates the difference between these two modes, but
also—when the purity of the quantum state is sufficiently
high—enhances the position uncertainty via the uncertainty
principle. As a result, the spatial extent of the mechanical
superposition is enlarged, thereby strengthening the GIE.

Figure 6 shows the contour plot of the logarithmic negativ-
ity Ey as a function of the detuning A/« and the homodyne
angle 6. Strong entanglement is predominantly observed in
the parameter region where momentum squeezing occurs, as
ensured by the condition wg < w,,. This clearly indicates that
the enhancement of entanglement originates from momentum
squeezing.

The condition for momentum squeezing given by Eq. (35)
yields 0 =« — 1/¢y >~ A/k for L > 1, where ¢4 is defined
analogously to ¢, with Q2 replaced by 2. For the parameters
considered in this work, the difference between 1/¢, and 1/¢_
is negligible.

The condition for generating GIE can be expressed in the
form

4GpA
Ar2ng + 1) < P2

(45)

m

which can be interpreted as the requirement that the charac-
teristic generation time of GIE be shorter than the mechanical
dissipation timescale. The inequality (45) can be rewritten as

T r/2n 20g/em® \ [/ 1
(Fe) () (2 (1) <16 0

Following Ref. [23], the dissipation rate for a cylindrical-
shaped mirror due to collisions with a background gas of
particles with mass m,¢m, pressure P, and temperature 7 can
be written as

e [$(1 b 7)

1/3
=27 x2.1x 1078 x P 100¢
1 x 10-13Pa m

2/3
20 g/cm3 / Matom 12 11\ /2
X e Hz,
0 1.7 x 10-27kg T

(47)

where we have assumed a cylindrical geometry with radius
R = 0.5h. Experimentally, pressures as low as 5 x 1073 Pa
at 4.2K have been achieved using cryopumping [24]. Fur-
thermore, Baglin and Kersevan reported that a pressure of
10~'7 Pa was achieved at T = 4.5K in a high-energy physics
experiment [25]. These results were obtained in ground-based
experiments.

The time required to generate GIE scales as 722/(4Gp),
implying that operation at low mechanical frequencies,
Q/2w ~ 1073 Hz, provides a significant advantage.
The space environment offers a promising setting in
which noise can be substantially reduced at such low
frequencies; however, further detailed investigations
are required to fully assess its feasibility (see, e.g.,
Ref. [16]).

V. CONCLUSIONS

We have investigated the conditional state of a mechanical
mirror in an optomechanical system under continuous mea-
surement, feedback control, and quantum filtering. In doing
so, we have identified a parameter regime in which a highly
momentum-squeezed state emerges. Our analysis shows that,
by appropriately selecting the homodyne detection angle 6
close to the condition given in Eq. (35), such that wy < wp,
it is possible to realize a momentum-squeezed regime char-
acterized by V,, < 1, as indicated by the colored region in
Fig. 3. This regime requires that the thermal noise be suffi-
ciently small, as illustrated in Fig. 4. The phenomenon of the
momentum squeezing via optimal filtering itself is expected
to occur in a parameter regime that should be achievable in
the relatively near future, as shown in Eq. (41).
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When momentum squeezing with V,,, < 1 is achieved, the
optimal filtering process effectively realizes a free-particle-
like conditional state. This might be interpreted as enabling
a backaction-evading measurement through momentum de-
tection. Furthermore, we have demonstrated that this regime
enhances the signal of GIE proposed in Ref. [15]. This en-
hancement arises because momentum squeezing increases the
position uncertainty, thereby enlarging the spatial extent of
the mechanical superposition via the uncertainty principle
when the state purity is high. These findings are expected to
play a significant role in advancing the quantum control of
macroscopic systems and in enabling the generation of large
GIE for probing the quantum nature of gravity.

We have also shown that our results do not depend on the
feedback control parameters, even when feedback is included.
Specifically, the noise introduced by the feedback can be
canceled in the conditional state by applying optimal filter-
ing. This has been demonstrated explicitly using the Kalman
filtering approach in the Appendix.

Finally, we emphasize that the primary goal of this work
is not to claim a direct observation of a gravitationally
induced entangled state. Rather, our aim is to show that
conditional momentum squeezing—accessible via continuous
measurement and optimal filtering—enhances the entangle-
ment generation rate. This enhancement can be independently
verified through measurable correlations, providing a realistic
pathway toward experimental tests of the quantum nature of
gravity.
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APPENDIX: FEEDBACK CONTROL

In this Appendix, we consider measurement-based feed-
back control and its effect on the conditional state in the
presence of optimal filtering. The key result is obtained by
designing the estimator sequentially so that it properly ac-
counts for the non-Markovian noise generated by the feedback
process.

In Eq. (9), the term Fg,(¢) is introduced to represent a feed-
back force applied to the mechanical system. This feedback
force depends on the measurement record passed through a
high-pass filter and can be written explicitly as

2

NG Gowp » G
o( )ds:— Owﬂ)lg(l‘)-‘r owp,

Co Co Co

Fan(t) = — / Gt —s) / h O(s)e ™ fiy(t — s)ds, (A1)
oo 0

where G(t) = GO%(G)(Z Jwpe ') is a standard derivative high-pass filter [20]. Here, Gy > 0 denotes the feedback gain, a)g)l is
the characteristic time delay of the feedback loop, and ®(¢) is the Heaviside step function. The second term on the right-hand
side of Eq. (A1) represents the noise introduced by the feedback control, which exhibits a memory effect.

We now consider the estimation of the mechanical motion based on measurements of a general output field. Kalman
filtering [26] and causal Wiener filtering [27] provide essentially equivalent quantum estimation schemes in the steady-state
regime. The distinction between these two approaches lies primarily in their domain of implementation: the time domain for
Kalman filtering and the frequency domain for Wiener filtering.

We first demonstrate that the contribution of the feedback does not appear in the conditional state dynamics when Kalman
filtering is applied in the presence of feedback. To this end, we rewrite the Langevin equations for the mechanical operators
r(t) = (§(t), p(¢))" in matrix form as

dr(t) Gows, Gow

G
~ = = Ar() + biv(t) - B(Cr(t) + by (1)) + bum(t) = <A - ﬂbc>r(z) b)) — 222 iy (t) + bum (1),
Co Co Co
(A2)
where W(t), Dy (), and ¢y are defined in Egs. (10), (19), and (35), respectively. We have also introduced
0 W 0
A= (_wm _F>, b= (1) C=(c 0), (A3)
Goa)tgb o —wons $
Un(t) = O(s)e ™ Iy(t — s)ds. (A4)
Co 0
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The first and second moments of the mirror noise @w(¢) and the shot noise 0y (¢) satisfy

1 16
(W(r)) = (Dp(2)) =0, 5<{ﬁ1(t)7 (")) = <2F(2nth +1)+ %)50 —1t'):=nd(t —1'), (AS)
1
z({ﬁe(t), Do (t)}) = @Nn + 1)8(t —1') := Mpd(t — 1), (A6)
l{At Dot} = 48k 6 — arct 24 8(t —t):=LyS(t — 1’ A7
z(w( ), Do ( ))—<m005< arcan7>> ( ) := Lod( ). (AT)

Here, 7i = (i?) represents the combined thermal and radiation-pressure noise acting on the mirror, while My = (f;g) characterizes
the shot noise associated with the homodyne angle 6. For phase-quadrature measurement with A = 0, the radiation-pressure
noise originates from the amplitude quadrature, whereas the shot noise arises from the phase quadrature. In this case, the two
noise sources are uncorrelated, yielding Ly = 0 when 6 = 0.

We now focus on quantum estimation in the time domain and briefly review why the conditional variances are independent
of the feedback control. Here, we adopt the Kalman filter as a framework for quantum optimal estimation. Although the Kalman
formalism assumes white noise, it provides the standard time-domain approach to optimal estimation. Importantly, the steady-
state conditional variances obtained using the Kalman filter coincide with those derived from the causal Wiener filter employed
in the main text.

The Kalman filter is constructed by designing an optimal estimator based on the measurement record fy(¢). Even when the
system exhibits a measurement-induced memory effect (i.e., non-Markovianity), the estimator can be designed to cancel this
effect. This reflects the fact that, under measurement-based feedback, the experimenter has complete knowledge of when and
how the feedback force is applied. Accordingly, the same non-Markovian noise is injected into the estimator, ensuring that it
cancels exactly in the discrepancy between the system dynamics and the estimator 7(t) = (T]) 1), 79) N’

d_r)(t)_ A Gowp,
dt

bC>7(t)+bum(t)+K(fg(t) —CT7@)). (A8)
Co
Here, K denotes the Kalman gain [5,28], which is chosen to minimize the estimation error de(t) :=dr(t) — d 7 (t). The
feedback-induced noise term bu,,(¢) is included so as to cancel the corresponding term in the bare dynamics (A2).

Under this choice of estimator, the error dynamics can be written as

det) _ (( _ MbC) —KC)e(t) b () — 2 () — Koo (1), (A9)
dt Cp Co

which contains only Gaussian noise terms.
The time evolution of the second moment of the causal conditional state, V() = (e(t)e(t)"), can then be written as

Vo= (s i) e svoo( (a- e -xe)
t)y=({A———=>bC)-KC)V@t)+V(@)||(A—-———bC)—-KC

Co Co
G 2 2G
+bib" + <ﬂ> bMobT + KM,KT — 22 prbT — L, KT — KLsb", (A10)
Co Co
which can be rewritten in a compact form as
Vit)=@A —KC)V({)+V(@)A —KC)" + biiegh" + KMgK™ —bL.gK™ — KLgb ", (A11)
with
G
A=A - 2,
Co
2G G 2 G
fleff i= 11 — wabLe + ( owfb> Mg, Leg:=Lo — wabMe- (A12)
Co Co Co

Since Eq. (A10) is formally equivalent to the forward equations derived in Refs. [5,28], the optimal Kalman gain is given by
K =WV(@)CT 4 bLy M, I Substituting this expression, the evolution equation becomes

V(t)=AV(E)+ VA +bitgh” — (V()CT + bLet)M; ' (V(1)CT + bLeir) " (A13)

By examining each term on the right-hand side in detail, one finds that all feedback-related contributions cancel exactly. As a
result, the evolution equation reduces to

V() =AV()+V(@)AT +biib" — (V()CTb + Lo)M; (V()C b + Ly)". (A14)
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This expression is identical to the result obtained by performing Kalman filtering without feedback (i.e., Gy = 0). The steady-
state solution for the conditional variances, obtained by setting the left-hand side to zero, is therefore the same as that reported

in Refs. [5,15]:
2
vo — T wp C(yp —T) vo — T
Vag = 2 Vop = qu<<w_m> - 260’2” v Vap =V 20)51 :

Since these conditional variances contain no contribution from the feedback parameters (Gy, ws), we conclude that

(A15)

measurement-based feedback control using a high-pass filter does not affect the conditional variances.
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