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The interplay between spin and charge degrees of freedom in low-dimensional systems is a cornerstone of
modern spintronics, where achieving all-electrical control of spin currents is a major goal. Spin-orbit interactions
provide a promising mechanism for such control, yet understanding how spin and charge transport emerge
from microscopic principles remains a fundamental challenge. Here, we develop a spin-dependent scattering
matrix approach to describe spin and charge transport in a multiterminal system in the presence of Rashba
spin-orbit interaction. Our framework generalizes the Biittiker formalism by offering expressions for spin

and charge current densities as a function of the lead position, along with the corresponding linear response
function. It simultaneously captures the effects of quantum confinement, the response to external magnetic fields,
and the intrinsic properties of the electronic bands, offering a comprehensive description of the spin-charge
interconversion mechanisms at play in a Hall bar, in agreement with experiments.

DOL: 10.1103/zpvy-t4d4

I. INTRODUCTION

In the last decades, spintronics has gained considerable
attention due to its potential to revolutionize storage tech-
nologies and information processing by exploiting the spin
degree of freedom of electrons [1-5]. In this field, spin-charge
interconversion (SCI) provides a reliable and scalable way
to read out spin information electrically, enabling integration
into conventional complementary metal-oxide semiconductor
architectures. Two fundamental mechanisms enabling SCI in
spintronics devices are the Edelstein effect (EE) and the spin-
Hall effect (SHE). The EE [6] refers to the generation of a
nonequilibrium spin density in response to an applied elec-
tric field in systems with strong spin-orbit coupling (SOC),
such as Rashba interfaces or topological insulators. This spin
accumulation can subsequently diffuse or be injected into
adjacent materials, providing a means to manipulate spin cur-
rents electrically. The SHE [7], on the other hand, manifests
itself as the transverse deflection of spin-polarized carriers in
the presence of SOC, leading to the accumulation of spin at
the edges of a material and the generation of a transverse spin
current. Both effects play a crucial role in the functioning of
spin-based electronic devices [8—13], and their interplay in
confined geometries is subject of intense investigation.
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Despite extensive theoretical and experimental efforts, a
comprehensive understanding of spin transport phenomena in
real-space confined systems, particularly in the presence of
complex SOC and magnetic textures, is still lacking.

A widely used approach to investigate transport in meso-
scopic systems is the scattering formalism introduced by
Biittiker [14], which provides a powerful framework to de-
scribe transport in multiterminal geometries. This method has
been extensively used to analyze electrical conductance, shot
noise, and nonlocal resistance signals in systems with spin-
orbit coupling [15-18]. However, while the Biittiker approach
excels in capturing charge-transport characteristics, it does
not inherently provide direct access to quantities such as spin
currents, spin densities, or their spatial distributions. These
limitations stem from the lack of an explicit and general re-
lation among physical observables [19], beyond currents, and
the spin-dependent scattering matrix elements. Even though
some aspects have been partially addressed in previous works
[20,21], a fully developed scattering theory able to analyze
spin transport on equal footing with charge transport is nec-
essary to achieve a more complete understanding of SCI
mechanisms in mesoscopic systems.

In this work, we develop a theoretical framework providing
anontrivial generalization of the Biittiker formalism to explic-
itly calculate spin currents, spin densities, and the Edelstein
response and their real-space distributions. By formulating a
spin-dependent scattering approach, we provide general ex-
pressions for these quantities in multiterminal systems with
arbitrary SOC and magnetization profiles. As a typical ap-
plication of our formalism, we apply it to an H-shaped Hall
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bar with Rashba SOC, a system known to exhibit nontrivial
spin- and charge-transport properties. Through our analysis,
we uncover the real-space features of the EE and the SHE
in the quasiballistic regime, demonstrating the dominance of
the latter in generating spin currents, in accordance to recent
experiments in oxide interfaces [22].

II. THEORETICAL MODEL

Building on the scattering matrix approach of Ref. [14],
we consider a multimode normal metal lead, modeled as an
infinite reservoir, connected to a scattering region, described
by a Hamiltonian encoding arbitrary quantum confinement,
spin and orbital degrees of freedom. The second-quantized
form of the spinful electron field operator in lead j, acting
on the many-body state and expanded in the transverse modes
m, is given by

Lo dE
Yy ) = / ——
mZa: Din [ h|vi(E)|

x [ (67 3D () + x5 B ()],
()

e*iEt/h |O_>

where 7 is the reduced Planck constant and |o), with o €
{1, 1}, stands for the eigenstates of the Pauli matrix o,. In
Eq. (1), we assume spin conservation in the leads in order to
obtain well-defined spin currents, and that longitudinal and
transverse motions are separable, so that the wave function
of the mth transverse mode can be written as x,, (x/,y/) =
exp(Zik,x/ )¢, (y7), see Appendix A. Here, x/ and y/ are local
coordinates in the reservoir j, with x/ being the translationally
invariant direction of the lead and y/ the transverse direction.
Each transverse state m defines a propagating quantum chan-
nel from the reservoir into the scattering region, characterized
by the scattering annihilation operator d;,,(E) and a positive
group velocity v (E), or away from the scattering region,
described by bl.(E)witha negative group velocity. The wave
vector at energy E is denoted by k,,, and the integration do-
main D, is restricted to the energy range of the propagating
states in the channel m of the lead j. The total number of
quantum channels is 2N/, where the factor 2 stems from the
spin degeneracy. The incoming and outgoing scattering oper-
ators in channel m and lead j, &, and bam, are related via the
scattering matrix S as bl (E) = > ormt i Servgrmm (E )&’ (E)
to all the channels m’ and leads j' appearing in the Sys-
tem. These operators satisfy the relation (&{,1,,, (E )&{r’ o (ED)=
877 8, 85 8(E —E") f7 (E), where f/ (E) is the Fermi-Dirac
distribution in lead j’, containing information about the local
electrochemical potential and temperature.

The expectation value of every physical observable 0/ of
the jth reservoir, can be written as (0/) = [ dy/ (/' OI4j7),
where 1/ is given in Eq. (1). According to this procedure,
detailed in Appendix A, we obtain general formulas for the
charge current (J: / ), spin current (J; J/ ), and bias-induced spin
density ((quj) in the normal metal lead j [see Fig. 1(a)]. Their

expressions, which are the central result of this work, when
derived at zero temperature and to linear order in V/, take the

N

8k>

Scattering Region

W\

Rthba SOC

FIG. 1. (a) Schematic representation of a multiterminal scatter-
ing region through which spin-sensitive transport is measured. The
illustration depicts a single scattering event originating from lead
i, contributing to the charge current (J'), the spin current (J:j ), and

the bias-induced spin density (8}]‘), in leads i, j, and k, respectively.
Spin-resolved incoming and outgoing modes are explicitly indicated
by red arrows. (b) Hall bar with Rashba spin-orbit coupling in a
current-biased configuration. A net current flows from lead 1 to lead
0. Nonlocal voltage signal is recorded using leads 2 and 3.

following form:

W)=

5

J

> e
V= >0 =T

Jm,m’

=3 —

o Aol ()

mm' = mm’

2Nj5jj’—ZTr S” TSJJ ) Vj,’ )
(Si7%Gsi7 Y7, 3)
(SJJ T -*SJJ ) (4)

where & is the Pauli matrix vector, e is the electron charge,
while the mode-dependent group velocity vy, (i) characterizes
transport at chemical potential .

The unitarity of the scattering matrix S (S7S =1),
expressed in the form of a tensor product as S =
> jimmoo Pijt © Pum ® Poor SI o ors Where Py = |n) (1|
is the projection operator, allows for a direct derivation
of probability conservation sum rules involving the mode-

resolved scattering amplitudes S/ These sum rules,

mm'oo’
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FIG. 2. (a) Nonlocal voltage, |V»3|, as a function of the external magnetic field applied along y, M,. The blue gradient corresponds to
increasing lead spacings L. (b) Vertical slices from panel (a) illustrating the exponential decay of |V,3| when the lead spacing is increased. (c)
x-polarized spin current, computed using Eqs. (2) and (3) for M = 0. The inset illustrates the generation of the x-polarized spin current via the
Edelstein effect. (d) Computed z-polarized spin current, also obtained from Eqs. (2) and (3) for M = 0. The inset illustrates the generation of
the z-polarized spin current via the spin-Hall effect. The source and drain leads are positioned at the center of the system, while the measuring
probes are placed either to the left or right. The voltage and spin current curves are expressed in units of Vo = 27kl /e* and J? = eV, /47,
respectively, where [ is the applied current bias. For @ = 0, both J and J? vanish identically.

which ensure current conservation at the level of individual
scattering process, are typically nontrivial to identify within
a multimode scattering framework. Let us also note that the
expressions derived in Eqs. (2)—(4) inherently account for
the statistical distribution of the leads, explicitly incorpo-
rating external driving via the sum over the lead-dependent
voltage biases V/. In contrast, a single-process scattering ma-
trix lacks access to this global information and thus cannot
capture such experimentally relevant features. Therefore, our
formalism overcomes this limitation by enabling a direct the-
oretical link to experimentally accessible quantities such as
spin accumulation and SCI signals. Conceptually, our results
within the Biittiker field framework are in the same spirit
as the Meir-Wingreen formula [23,24]: while the latter es-
tablishes a compact relation between Green’s functions and
currents, even in the more general out-of-equilibrium and in-
teracting situation, Eqgs. (2)—(4) provide explicit trace-formula
expressions that connect the scattering matrix to real-space
observables.

To implement the tight-binding Hamiltonian of the scat-
tering region, including arbitrary geometries and spin-orbit
interactions, we employ the kwant package [25] as an efficient
numerical framework to define the system geometry and eval-
uating its scattering matrix [Fig. 1(a)]. While our framework
is applicable to both current- and voltage-bias configurations,
in this work we focus on the current-bias configuration ap-
plied to the H-shaped Hall bar, illustrated in Fig. 1(b). The
Hamiltonian of the scattering region in the continuum limit is

given by

I; + 113 ,
H=—"—+oa(Il,-0cIl)+M.3, (®)]
2 Megr
where me¢ is the effective electron mass, o the Rashba spin-
orbit coupling strength, and M = (M., My, M;) the Zeeman

energy. The generalized momentum [1=p5+eA includes
the vector potential A associated with the external magnetic
field. To model quantum transport, we discretize Eq. (5) on
a square lattice, yielding a tight-binding Hamiltonian of a
strip of dimensions Lg x Ws, connected to four semi-infinite,
nonmagnetic leads, as shown in Fig. 1(b) and detailed in
Appendix B. In line with recent experiments on oxide in-
terfaces, the parameters are set consistently with previous
models for LAO/STO (001) [26-37], thus ensuring realistic
energy scales. The comparison between the low-energy spec-
trum and the electronic structure of the LAO/STO interfaces
is reported in Appendix B. Let us note that the orbital ef-
fect of the magnetic field is incorporated in the tight-binding
model via the Peierls phase, which modifies the hopping am-
plitude as t — rexplie/h) [;' A - dF 1 =1(7, 7), with 1 =
R’ /(2 meir a*). Moreover, since experiments are close to a
quasiballistic transport regime [22,38,39], we introduce dilute
random impurities and perform a statistical averaging of more
than 200 disorder realizations (see Appendix C for details).
The SCI can be realized in experiments by the two-
dimensional spin-Hall effect (2D SHE), which leads to a
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pure spin current transverse to the applied current with an
out-of-plane spin polarization. The electrical generation and
detection of this spin current through the direct and inverse
2D SHE have been demonstrated experimentally [29]. We
thqs consider an injected current / from lead 1 to lead 0, i.e.,
(J7y = (8% — 8%)I and extract the nonlocal voltages at the
four terminals to analyze the SCI. We also compute the spin
densities and currents via Egs. (3) and (4) by changing the
position of the terminal probe, revealing that spin dynamics
are consistent with the quasiballistic transport regime.

III. NUMERICAL RESULTS

Figure 2(a) presents the nonlocal voltage difference be-
tween leads 2 and 3, |Vo3| = |V, — V3], as a function of the
Zeeman energy M,. It has a bell-shaped profile and, sur-
prisingly, decays exponentially when the spacing L between
the leads increases, as shown in Fig. 2(b). This behavior is
expected in the diffusive regime [40] rather than in the bal-
listic regime and has been experimentally verified [22]. In
fact, due to the spin diffusion length A, it is experimentally
found that |Va3| oc e=%/*. This phenomenology is strongly
affected by the low-filling regime, i.e., for low values of
the chemical potential, where Rashba physics dominates. In
contrast, the behavior for higher values of u is nontrivial, as
multiband physics becomes relevant and additional transport
mechanisms emerge [41]. Interestingly, when Rashba SOC is
present, as illustrated in Appendix D, the nonlocal voltage
exhibits a slower decay compared to the normal case (o = 0),
revealing the role of SOC in the SCIL.

Figures 2(c) illustrates the computed x-polarized spin
current J;, at lead 3 as function of its distance from the
source/drain leads. This signal originates from the EE [6]
driven by the electric field along the y direction. Addition-
ally, we observe a J;, component that is absent in bulk
systems. This effect arises from quantum confinement, where
the inability of carriers to cross system boundaries induces a
tangential electric field that generates an x component of the
local field, thereby sustaining Jy, via EE.

Our results also encode the Berry curvature effects, emu-
lating a magnetic field in momentum space [41,42]. In fact,
the Berry curvature for a Rashba electron gas is expected to
generate an effective out-of-plane field that tilts spin polariza-
tion along z, producing a J;, spin current in which spin-up and
spin-down electrons propagate in opposite directions. This
effect, depicted in Fig. 2(d), is characteristic of the SHE.
It can be understood through a gauge field description of
the Rashba coupling, which acts as a spin-dependent vector
potential associated with the effective out-of-plane magnetic
field. Indeed, the gauge field theory, with vector potential
A x (—o0y, 0x, 0), introduces conjugate momenta of the form
I, = p. — 50y, [y = py + 3o, satisfying the commutation
relation [ITy, IT,] =i %ZO’Z. The latter, compared to the com-
mutation relation induced by a perpendicular magnetic field,
i.e., [, IT,] = ifieB, establishes this equivalence. The sign
reversal of J; as probe 3 is placed to the left or right of
the source/drain leads further supports this interpretation [see
Fig. 2(d)]. The residual oscillations in J, and J;;, shown in
Figs. 2(c) and 2(d), stem from quantum coherence in the
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FIG. 3. Charge current density in the scattering region for two
configurations: (a) « = 10, M, = 0; (b) « = 0, M, = —0.5. The cur-
rent is injected from lead 1 and collected at lead O, with no net current
through leads 2 and 3. We set M, = M, = 0. (c) |Va3], expressed in
units of Vo = 2/l /€2, as a function of the external magnetic field
M. The plot compares results with (green curve) and without (orange
curve) the orbital Peierls contribution. The lead distance is fixed to
L=72.

quasiballistic regime, being reminiscent of the oscillatory na-
ture of the resonant wave function modes in the scattering
region (see Appendix E). The spatial distribution of the charge
current density, shown in Figs. 3(a) and 3(b), provides further
insight into the internal transport mechanisms, under condi-
tions where no current flows through leads 2 and 3. In the
presence of Rashba SOC (« # 0, M, = 0), circulating current
patterns emerge across the scattering region due to resonant
mode interference [Fig. 3(a)]. These currents, which develop
both x and y components, are responsible for spin accumu-
lation at the lateral contacts. The same phenomenology is
found in the complementary case (¢ = 0, M, # 0) [Fig. 3(b)],
illustrating the effective equivalence between Rashba SOC
and a spin-dependent Zeeman field along the z axis (see
Appendix F).

The Edelstein nature of the in-plane spin currents is also
evidenced by reversing the Rashba SOC according to the
transformation &« — —o and observing the validity of the
following transformation rules: J;‘i = —JS:“, J;"y = —J;"‘, and
J¢ = J_% (details in Appendix G).

" A direct comparison between Figs. 2(c) and 2(d) reveals
that the spin current along z exceeds its x component by
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approximately one order of magnitude, indicating the dom-
inant role of the SHE in this regime. This conclusion is
reinforced by the behavior of |V»3| under a magnetic field
applied along z, which exhibits an inverted bell-shaped profile,
also known as an inverted Hanle signal [green curve, Fig. 3(c)]
[43-45]. This characteristic shape arises when the average
spin orientation is initially aligned with the external field.
Microscopically, it originates from the orbital contribution of
the magnetic field, which introduces a Peierls phase in the
hopping amplitudes [green curve, Fig. 3(c)]. Neglecting this
orbital contribution leads to a qualitatively different response
[orange curve, Fig. 3(c)], confirming its crucial role in the
observed transport behavior.

IV. CONCLUSIONS

We have developed a scattering matrix approach that pro-
vides general expressions for spin and charge transport in
multiterminal systems with spin-orbit coupling. This frame-
work extends the Biittiker formalism by granting direct access
to spin and charge densities and specially response functions,
enabling a microscopic analysis of transport phenomena in
real space.

Applying this formalism to an H-shaped Hall bar with
Rashba interaction, we uncover bell-shaped nonlocal voltage
profiles that closely resemble those observed in experiments
in the diffusive regime. Our results provide the first real-
space demonstration that these voltage signals originate from
charge-to-spin conversion via the Edelstein and spin-Hall ef-
fects. Additionally, we also uncovered the dominance of the
spin-Hall effect over the Edelstein effect, as evidenced by an
inverted Hanle response under an out-of-plane magnetic field,
in agreement with experimental observations.

By bridging the gap between ballistic and diffusive
regimes, our work establishes a foundation for exploring spin-
orbit-driven transport in confined systems, offering different
insights into quasiballistic spintronic devices and their poten-
tial applications in the field of orbitronics.
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APPENDIX A: DERIVATION OF CHARGE AND SPIN
TRANSPORT EQUATIONS

In this section, we derive the general expressions for the
charge current, spin current, and spin density in a normal
metal lead, modeled as an infinite reservoir connected to a

scattering region. The Hamiltonian of the lead is given by

2 2
P+ D .
H = =2 4V (),

where

vy [0 i -3 <Y <y + T
oo, otherwise.

Here, y{) denotes the center position and N, the transverse
width of lead j. Our derivation follows the scattering approach
outlined in Ref. [14]. The physical observables can be com-
puted from the second-quantized expression of the electron
field operator in each lead j. Considering spin-conserving
electrodes, which is a natural choice in order to obtain well-
defined spin currents, the field operator can be written as

e—iEt/Vl |O'>

U dE
Peyn=y [
ma Pin [ Rvi(E)|

< (X & yDal, (E) + X y)bL, (E)],
(A1)

where |o), with o € {1, |}, stands for the eigenstates of the
Pauli matrix o, and

o 2 mnyj o
+ 7 T — : +ik,,x/
= (x/, = [—sin| —— Je
Xim&77) \ Ny ( N, )

is the wave function of the mth transverse mode belonging
to the j lead having transverse dimension N,. Here, the wave
vector k,,(E) is given by

2m.E mm \?
km(E) = 2 - V >
y

with 7 the reduced Planck constant and m, the electron effec-
tive mass. In Eq. (A1), we have introduced the modes group
velocity v (E) and we have restricted the integration domain
D, to the energy range of the propagating states in channel
m of lead j.

The incoming and outgoing scattering operators, al, and
lS{,m, are related via the scattering matrix S as

(A2)

(A3)

bl(Ey= Y SV  (El, (E) (A4)

o/m/j/
The scattering operators satisfy the relation

(@t (E)al,, (E") = 8/ 8850 S(E—E) 7 (E), (A5)

where f7/'(E) is the Fermi-Dirac distribution of lead ;.
The charge current, spin current, and spin density are
defined as the quantum averages of the corresponding
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operators. Using Eq. (A1), we obtain

A z.me / dy [y, 1) 8 (O, ¥, 1) = (@ud Ty o) (o )]
- Z / dE[28; ;8 — Tr (S17 877 )] 7 (E), (A6)
h e o,
(Il = Zime fdy[wfﬁ(xf',yf,t)& Q! (!, ¥, 0)) = (@ o,y 1) & Y (¥ 1)) ]
Z / dETr (S G ST ) 7 (E), (A7)
m o= o,
) = / U6y 05 e o= Y o [ 5 \vm(m Te (520 5 $1) 7 (E), (A8)

where e stands for the electron charge, & is the Pauli matri-
ces vector, and a trace over the spin degrees of freedom is
taken. d,; is the derivative with respect to the translational-
invariant direction of the lead, being the positive orientation
the one entering the scattering region. The above equations are
derived in an asymptotic point of the lead, far from the scat-
tering region, where the explicit spatial dependence on x is
suppressed. Moreover, as usually done within the scattering
formalism, in obtaining Eq. (AS8), we neglected linear contri-
butions in S, which are significant only in the vicinity of the
scattering region and decay very fast inside the lead. When
a DC voltage is applied to the system, the Fermi functions
shift as f/(E) — f(E + eV/). Thermal transport can be also
investigated within the present framework by considering dif-
ferent temperatures 7/ in each reservoir. Here, for the sake of
simplicity, we set ' = O for every reservoir and to the linear
order in the voltage bias, we obtain

2
(Jg>=22j;_h QNS — ZTr (77757 ) V7, (A9)
=
W= Y TS 5 SV (A10)
Jjsm.m’
(65) = 3 ———Tr(si 5 S v, (A1)

o Aol ()

where 2/ is the number of propagating channels in lead j.
Equation (A11) represents the term depending on the external

(37) -

dE O —E) .
= 2 f 4n\um(E)y

Jjm,m’

voltage, (6ﬁsﬁ) = (87) eq.» Where

J]T—> JJ
Te(S},) & S

represents the equilibrium magnetization induced in the j lead
due to the proximity with a spin-textured scattering region.
Indeed (5 )eq. does not depend on the external voltage and,
as a consequence, it does not enter in the charge-spin in-
terconversion mechanisms investigated in this work. In Eqgs.
(A9)—(A11), the physical observables evaluated at lead j
depend on all incident channels m’ across every lead j'. In par-
ticular, once the voltages are assigned on every lead (voltage
bias), the transport quantities can be consistently computed.

Jjmm’

(

Equivalently, by reversing Eq. (A9) and assigning the current
densities of the leads (current bias), the voltages, spin cur-
rents, and spin densities can be determined.

The above relations are also valid when discrete systems
are considered, provided that low-energy regime (i.e., long-
wavelength limit) is considered.

APPENDIX B: TIGHT-BINDING HAMILTONIAN

The Hamiltonian of the Rashba model can be described as
H = Hy + Hso + Hy, with

Hy =) [(—€ +40)¥] 0y W,

xy

— 11 (W] ,00Wyp1y +Hee.)

— (¥ 00Wy 1 +Hee)l, (B1)
Hso = i Z Wi oy Wepry — W oWy | +He.,
Xy
(B2)
Hy = Z WiM-G W, (B3)

The terms Hy, Hso, and Hy, in the Hamiltonian correspond to
the kinetic energy, spin-orbit coupling, and Zeeman interac-
tion, respectively. Specifically, €, ¢, o, and M= My, My, M)
denote the on-site energy, hopping amplitude, Rashba spin-
orbit coupling, and Zeeman energy. The presence of the vector
potential associated with the Zeeman term M, introduces
Peierls phases in the hoppmg amplitudes, modifying them as

t =te ngy Iy =te R , where g is the Landé g-factor. Since
the system is confined to the x-y plane, only the z component
of the magnetic field contributes to the Peierls phases. W,, =
(Cayt Cxy,y)T denotes a vector whose components are the elec-
tron annihilation operators for a given spin and position. The
summation over indices (x, y) spans over the length Lg and the
width Wy of the strip. oy indicates the identity matrix.

In order to set realistic parameters, we consider an effective
model for (001) interface of bulk LAO/STO, a promising
platform for the investigation of charge-spin interconversion
mechanisms (see Fig. 4). According to Ref. [31], in the
low-energy limit and for small wave vectors k, the xy-like
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FIG. 4. Schematic representation of the oxide Hall bar: (a) net current flux entering from lead 1 and exiting through lead O (current bias),
and (b) fixed bias potentials applied to the four leads (voltage bias). (c) Sketch of the band structure of the LAO/STO (001) interface in one
dimension. The six f,, d orbitals, i.e., d,,-like (blue and orange), d,.-like (green and red), and d,.-like (purple and brown), are shown. The
yellow shaded area highlights the d,, band, matching the Rashba model investigated in the main text when Wy = 1, as depicted in panel (d).

band of LAO/STO can be effectively described by a Rashba
Hamiltonian. In particular, the hopping amplitude ¢ and the
Rashba coupling parameter « in our system can be expressed
in terms of the effective electron mass me¢ = 0.8 m,, the
lattice constant @ = 0.39 nm, the atomic spin-orbit coupling
Ay, = 10meV, the inversion symmetry breaking coupling
y = 40meV, and the tetragonal crystal field potential A, =
—50meV at the (001) interface of bulk LAO/STO. Specifi-
cally, these parameters are given by the relations

hz
_ ~ 313 meV, B4
2megra? e B
2 inh
o= V2 y exp (arcsinh 1¢) ~ 6.026 meV, (BS)

T 2014 exp (2 arcsinh ng)]

where ng = «/i(| A/l + Ay)/4As,. Throughout this work, we
assume € = 0, Ly = 200, and Wy = 20, while considering an
extended o range to encompass the physics of devices fabri-
cated with different materials.

APPENDIX C: FROM BALLISTIC
TO QUASIBALLISTIC REGIME

Through the strip, we add a random strength potential
€xy € [—30, 30] meV randomly distributed over the strip with
a 2% density. A single impurity realization is reported in
Fig. 5(a). In Fig. 5(b), we show the lowest six energy bands
of the Hamiltonian, with the chemical potential p explicitly
highlighted. Incorporating disorder in the scattering region is
a necessary ingredient to account for quasiballistic regime
induced by random electron-impurity interactions. In our
numerical simulations, we consider up to 1000 impurity re-
alizations. In Fig. 6(a), we show the nonlocal voltage as a
function of the number of impurity realizations, n, obtained by
considering different Zeeman energies, both with and without

Rashba SOC, respectively. For small values of M, and in the
presence of SOC, impurity scattering enhances the nonlocal
signal, as shown in panel (b), whereas in the absence of SOC,
disorder reduces the voltage signal |V,3|, panel (c), thereby
reinforcing the key findings presented in the main text. Based
on this analysis and in order to optimize the numerical pro-
cedure, we set the compromise value n = 200 for the disorder
realizations used to obtain the main text curves. Indeed, at this
critical threshold convergence is almost reached compared to
simulations performed using 1000 disorder realizations.

0 o(a) 50 100 150 €y
: — O 20 o 25
p/( ) 2 .- -25
X
70
(b)

50
53]

30

10 P Rashba SOC

-0.4 0, 0.4

FIG. 5. (a) Impurity distribution within a single realization, fea-
turing random potentials distributed with a 2% density across the
strip geometry. (b) The lowest six energy bands of the Rashba SOC
model, with the scattering energy u explicitly highlighted.
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FIG. 6. (a) Convergence analysis of the impurity distribution for a density of 2%, with random on-site energies uniformly distributed in
the range [—30, 30] meV. The quantity |V,3] is averaged over n impurity realizations, increasing in steps of 10 up to n = 1000, for different
values of M, and for « = 6.026 and a = 0. The curves for « = 0 are multiplied by a factor of 10. The |V,3| curves discussed in the main text,
averaging over 1000 impurity realizations and without averaging, are reported in panel (c) for « = 6.026 and panel (d) for « = 0. In all panels,

wesetL =10,M, =M, = 0.

APPENDIX D: EFFECT OF RASHBA SOC
ON NONLOCAL VOLTAGES

In Fig. 7, we investigate the influence of Rashba SOC on
the nonlocal voltage response in the presence of an in-plane
Zeeman field M,. The comparison between scenarios with
o =0 and o # 0 reveals a substantial modification in the
transport behavior along the Hall bar. Specifically, when o =
0, the nonlocal voltages measured between leads 2 and 3 are

s0] (a) i’
601
=40
20-
0_
04 02 0 02 04
My
107 (¢) —— Without SOC
——  soC
301
F 20
10/
O<

5 10 157 2 25

significantly reduced compared to the case with finite SOC, as
illustrated in Figs. 7(a) and 7(b). Furthermore, the voltage de-
cay with increasing lead distance L is markedly steeper in the
absence of Rashba SOC, as evidenced by Fig. 7(c). This ob-
servation suggests that SOC not only enhances the magnitude
of nonlocal signals but also extends their spatial coherence,
mitigating the rapid attenuation induced by the Zeeman field
alone. To quantitatively characterize this behavior, Fig. 7(d)
presents the exponential decay of |V»3], in presence of SOC,

20 —
(b)  [Without SOC| L=

- 15

15 —

FIG. 7. (a) Nonlocal voltage |V,3| as a function of M, in the presence of Rashba SOC. The figure is taken from the main text. (b) Nonlocal
voltage [V»3] as a function of M, in the absence of Rashba SOC. (c) Evolution of V,3 as the lead distance L increases, comparing cases with
and without SOC. (d) The same plot as in Fig. 2(b) of the main text but in log-scale. The interpolating lines for increasing M, are described by
the equations y >~ —0.24x 4+ 5.65, y >~ —0.23x + 5.47,y >~ —0.21x + 5.26, y >~ —0.19x + 4.94. In all panels, we set M, = M, = 0.
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FIG. 8. Probability density along the scattering region for a sin-
gle scattering event, where an electron is incoming from lead 1 with
L = 30. The remaining parameters have been set as M, = M, =0,
M, =0.28, u = 10, and o = 6.026.

as a function of L. The continuous lines represent the linear
fits performed in the logarithmic scale, highlighting the ex-
ponential nature of the decay process, whose mathematical
expressions are provided in the caption of Fig. 7.

APPENDIX E: LOCAL DENSITIES
FOR A SINGLE SCATTERING PROCESS

In Fig. 8, we analyze the probability density for a single
scattering event. An electron is injected from lead 1 with L =
30 in the presence of a strong external field M, = 0.28. The
probability density of the resonant mode extends throughout
the entire system, exhibiting spatial oscillations, with the same
nodal structure appearing in the transport observables of the
main text.

APPENDIX F: CHARGE CURRENT DENSITY
IN THE SCATTERING REGION

In Fig. 9, we analyze the charge current density along
the scattering region in the absence of M., both without and
with «, shown in panels (a) and (b), respectively. Similarly,
panels (c) and (d) correspond to the case M, = —0.5, again
without and with «. A single electron is injected from lead
1 into lead O, while no current flows through leads 2 and 3,
as clearly illustrated in Fig. 9(a). When « # 0 [Fig. 9(b)],
the internal electric field of the scattering region develops a
complex structure, leading to the emergence of both x and y
components in the charge current density. As a result, spin
current components also accumulate inside the Hall bar due
to the Edelstein effect, and are consequently observed in
the nonlocal leads 2 and 3, as discussed in the main text.

Furthermore, the vortex-like structure, which extends across
the entire sample, is reminiscent of the nodal patterns pre-
viously identified in Fig. 8. A similar behavior is observed
for M, # 0 with o = 0, suggesting that Rashba coupling ef-
fectively acts as a spin-dependent Zeeman field along the z
axis. This can be demonstrated via a gauge field description
of Rashba coupling. The standard Rashba Hamiltonian can be
rewritten as:

M+ o

2m Am’
with the modified momenta defined as I1, = p, —
Py + 50.. These satisfy the commutation relation

ay,l'l =

Ol2
[M,, I,] = i—o..

2
In comparison, for a magnetic field B = (0,0, B), the Hamil-
- 2,2
tonian is H = H; T with momenta I, = p, +eBy, I, =

Dy, leading to the commutatlon relation:
(I, IT,] = ifieB.

By comparing these results, we notice that the Rashba inter-

action introduces a spin-dependent effective magnetic field
. 2 .

along z, with field strength of 57 for spin-up electrons and

— 5.7 for spin-down electrons.

In Fig. 9(d), when both M, and « are present, we notice
that an appropriate choice of their relative signs can lead to a
suppression of the charge current density along the scattering
region.

APPENDIX G: FURTHER RESULTS
ON THE SPIN CURRENTS

In Figs. 10(a)-10(c), we present the x, y, and z components
of the spin current density when the Rashba SOC axis is
reversed. We observe that J;, and J; invert their sign under
the transformation « — —o, while J; remains unchanged.
This behavior is consistent with the charge spin interconver-
sion mechanisms described in this work. Indeed, the spinorial
wave function ¢“ with Rashba coupling « is related to the
wave function with the reversed Rashba axis, ¢ ™%, through
the unitary transformation ¢* = &,¢~*. The spin current is

(a) A a=0m=0 5 (b)) A a=w0M=0 -
20 ‘/". — = 0.0012
Y, ) Y, @\f\/\mJ s D °
0 * 50 75 100 125 150 L. 200 0 * 50 75 100 125 150 L. 200
11 x | x 0.0008
's a=0 M,=-0.5 (d) A a=10 M.=-05 ~
.b CI-X Y IR ORI
5o 75 100 125 150 | 200 0 # 50 75 100 125 150 200
a
|

0

FIG. 9. Charge current density along the scattering region for different values of « and M,. The current is injected from lead 1 and
extracted from lead 0, while no current enters or exits through leads 2 and 3. Leads 0 and 1 are attached at x = 20 of the scattering region,

while M, = M, = 0.
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FIG. 10. (a)—(c) Spin currents as a function of L at zero Zeeman field, M = (0, 0, 0), with the two orientations of the Rashba SOC axis.
Panels (a), (b), and (c) show the x, y, and z components, respectively. (d) Oscillatory behavior of spin current components vs L for M, = 0.12.
The enlarged region in panel (e) highlights the weak oscillations of the y component with respect to the other components. We set « = 12 for
panels (a), (b), and (c) and o = 6.026 for panels (d) and (e). (f) J;, and J;, as a function of « for L = 10 and M = (0,0, 0).

given by
J¥ o ~Im[g*'3 (V).

where Im is the imaginary part and V is the gradient opera-
tor. By combining these relations and recalling that 6,6;6, =
(28,; — 1)6;, we obtain the symmetry relations Js"i = —JS:"‘,
Joo=—J % and J§ = J%.

~ In Fig. 10(d), we show the oscillatory behavior of the spin
current as the system length L increases for My, = 0.12. These

oscillations originate from the nodal structure of the proba-
bility density, as reported in Fig. 8. The inset in Fig. 10(e)
emphasizes that the amplitude of oscillations in the y compo-
nent of the spin current is smaller compared to those observed
in the remaining components. Finally, in Fig. 10(f), we present
the dependence of J;, and J;, on «. These spin currents are
induced by the Edelstein effect and exhibit a linear scaling
with ¢ in the small ¢ regime.
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