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Quantum transport in disordered spin networks: Emergent timescales and competing pathways
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Quantum transport in disordered systems poses intriguing fundamental questions, such as the interplay
of disorder, interactions, and decoherence, and has attracted significant interest. These fundamental aspects
also have important implications in real-world scenarios, such as energy transfer in nanoscale systems (e.g.,
light-harvesting complexes) and quantum information transfer. This large body of work spanning broad research
areas in physics, chemistry, and nanotechnology has led to major insights and advances, yet open questions
remain, namely, in terms of the emergence of multiple timescales observed in the dynamics of such systems.
Here, we investigate the emergence of multiple transport timescales in the dissipative dynamics of a spin
impurity coupled to a small, spatially disordered network of spins. Using a two-dimensional tight-binding
model with dipolar interactions and local dephasing, we demonstrate that geometric heterogeneity leads to
hierarchical coupling strengths. This results in pronounced separation of dynamical timescales, far beyond
those expected in homogeneous environments. By analyzing different metrics for dynamics, we identify distinct
relaxation timescales associated with cluster-level equilibration and global equilibration. A minimal three-site
model reveals the physical origin of the longest timescale: Strong internal hybridization generates an effective
detuning that suppresses transfer to other weakly coupled sites, yielding a parametrically enhanced relaxation
time in the weak dephasing regime. We corroborate this picture with nonequilibrium steady-state transport
calculations and extensive simulations of disordered spin configurations, demonstrating orders-of-magnitude
slowing of relaxation when hierarchical couplings are present. Our results highlight the central role of geometry
and connectivity in spin networks and open quantum systems in general, and provide experimentally relevant
predictions for relaxation times in small spin baths.

DOI: 10.1103/znwb-71hy

I. INTRODUCTION

Efficient transport phenomena, including the transfer of
charge carriers, excitations, spins, and quantum states, play a
central role in a broad range of systems and applications, from
energy harvesting [1–6] to quantum information process-
ing [7–9]. Such transport in disordered nanoscale systems can
be optimized through the interplay of coherent and incoher-
ent processes. Operating in this regime mitigates localization
effects and can enable transport that surpasses classical dif-
fusive limits. Consequently, a substantial body of theoretical
work has focused on using incoherent effects to enhance
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quantum transport in quasi-one-dimensional systems [10–28].
In higher-dimensional settings, related phenomena have also
been explored. For instance, spin diffusion of a nitrogen va-
cancy (NV) center strongly coupled to a dipolar spin ensemble
has been studied experimentally (see, e.g., Ref. [29]). Exciton
transport in a small network with a spherical geometry was
shown to exhibit nontrivial transfer dynamics, with optimal
performance occurring at distinct regimes of the decoherence
rate [27]. In the context of superconducting qubits, the relax-
ation time of a qubit coupled to randomly distributed resonant
defects has been analyzed in Ref. [30].

In heterogeneous systems, the thermalization dynamics
often unfolds on multiple timescales. These timescales can
be identified from the system’s dynamical evolution and,
theoretically, are encoded in the spectral structure of the Li-
ouvillian, the generator of open-system dynamics [31–34].
The real parts of the Liouvillian eigenvalues determine the
dissipative timescales: Fast and slow relaxation processes
correspond to eigenvalues with large and small negative
real parts, respectively. The gap between the zero eigen-
value, whose corresponding eigenmode is the steady state of
the dissipative dynamics, and the eigenvalue with the next
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smallest real part is known as the Liouvillian gap and sets the
asymptotic relaxation timescale [35–42]. Its closure signals
the onset of dissipative phase transitions [43–50].

A separation of timescales typically reflects an underlying
separation of energy scales in the system. Recent studies of
local random Liouvillians have shown that separated clus-
ters in the Liouvillian spectrum can encode a hierarchy of
relaxation timescales associated with different classes of re-
laxation modes or the number of quasiparticles involved in
the incoherent evolution [51–54]. Furthermore, this separation
of relaxation timescales allows to engineer distinct relaxation
pathways, which could lead to anomalous relaxation dynam-
ics such as the quantum Mpemba effect [55–67]. In the present
work, we encounter timescale separation in a different set-
ting: a deterministic local-dephasing Liouvillian whose slow
modes arise from geometric hierarchy in the Hamiltonian
couplings. More generally, separation of relaxation timescales
can arise, for example, from quasidegenerate energy levels in
the model [68–73], or from strong system-bath coupling that
generates increasingly dark states in the spectrum [74,75]. A
similar segment structure in Liouvillian also arises in many-
body systems at strong coupling [76]. Related behavior was
reported in Ref. [77], where distinct choices of intra- and
intersite tunneling amplitudes give rise to multiple relaxation
timescales.

Quantum dynamics in disordered networks concerns fun-
damental open questions, especially when coherent evolution
competes with environmental noise. Key questions concern
the following directions: (1) breakdown of localization in two
dimensions (2D) and the interplay of coherence effects, disor-
der, and environmental noise [78–84]; (2) the role of geometry
and many-body interactions in relaxation dynamics [85–88];
and (3) rare versus typical, individual versus statistical behav-
ior [89,90].

In this work, we address the fundamental problem
of quantum equilibration dynamics in heterogeneous two-
dimensional quantum systems where coherent dynamics
coexist with incoherent local dephasing. Motivated by exper-
iments with NV centers [91], we study a finite network of
coupled sites [Fig. 1(a)] that provides a minimal yet versatile
setting for exploring the competition between coherence, dis-
order, and decoherence in quantum transport. Such a network
could represent a single NV center coupled to a collection of
nearby spins. As such, in Fig. 1(a), one site would be desig-
nated as the NV center, while the remaining sites constitute
a small spin bath. To account for additional environmental
effects, e.g., lattice phonons, many-body spin interactions,
and other sources of noise, we introduce local dephasing on
each spin. We focus on the single-excitation regime. This
corresponds to preparing the network close to its ground state
and creating a single localized spin excitation, for example, in
an experiment, by selectively addressing one NV center with
a microwave or optical pulse. Furthermore, the Hamiltonian
we assume conserves the excitation number and the dynamics
are thus maintained within the single-excitation manifold. We
study the population relaxation dynamics leading to the steady
state. Following the standard terminology in NMR and spin
physics, we refer to the associated relaxation timescale as T1.
We further study the properties of the resulting steady state
under nonequilibrium conditions.

FIG. 1. (a) Representative realization of a ten-site spin ensemble
in two dimensions. The setup could represent a single NV center
(one selected blue dot) coupled to nearby spins (the rest of the blue
dots). All sites are subject to local dephasing. (b) Partitioning of the
ensemble into two groups of a strongly coupled (gray region) cluster
and a weakly coupled (light blue) group. These subnetworks (also
referred to as clusters or small baths) are connected on the timescale
calculated with a minimal model (Sec. III) reflecting the underlying
geometric hierarchy of the system.

We address the following open questions:
(1) Emergence of timescales: What mechanisms give rise to

single-step versus multistep relaxation dynamics in disordered
networks? How do geometric heterogeneity and hierarchi-
cal coupling strengths generate widely separated dynamical
timescales, and how are these reflected in dynamical and
Liouvillian spectral diagnostics?

(2) Transport pathways and their competition: What deter-
mines the dominant relaxation pathways in small disordered
networks? How does environmental dephasing control path-
way selection and switching between them?

(3) Geometry-dynamics relations: How does the spatial
structure of the network, such as clustering and connectiv-
ity, translate into effective energy scales, bottlenecks, and
coupling-generated detuning effects that govern transport and
relaxation?

(4) Optimized transport: Can distinct dephasing regimes
lead to different optimal transport conditions? Can heteroge-
neous networks exhibit multiple transport optima associated
with competing pathways?

(5) Ensemble averages: To what extent are the observed
dynamical features, such as hierarchical timescales and path-
way competition, robust across different disorder realizations,
and what statistical signatures characterize these effects?

By analyzing two representative configurations in de-
tail, we address questions (1)–(4) and uncover two defining
characteristics of heterogeneous 2D systems: pronounced
hierarchies of relaxation timescales and the competition be-
tween multiple distinct relaxation pathways. For a fixed
spin density, we further analyze question (5), the scaling of
ensemble-averaged properties with the geometric size of the
system, and demonstrate robust scaling behavior.

The paper is organized as follows. In Sec. II, we introduce
the physical setup, the equations of motion, and the dynamical
and nonequilibrium steady-state measures used throughout
the study. To illustrate the different timescales in the prob-
lem, Sec. III analyzes a minimal three-site model, identifying
relaxation timescales at both high and low dephasing rates.
We then examine two representative configurations in detail.
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Configuration A, discussed in Sec. IV, allows us to examine
the hierarchical nature of the relaxation dynamics. Configu-
ration B, analyzed in Sec. V, illustrates the presence of com-
peting relaxation pathways and the role of dephasing in deter-
mining which pathway dominates. In Sec. VI, we introduce
statistical signatures of the previously studied effect in hierar-
chical networks, and in Sec. VII, we extend our analysis to an
ensemble of configurations, exploring the generality of the ob-
served behavior. Finally, Sec. VIII presents our conclusions.

II. PHYSICAL SETUP, MODEL,
AND DYNAMICAL MEASURES

A. Physical setup

This study addresses general questions associated with
transport in disordered systems, with relevance to a broad
range of physical platforms and realistic scenarios. Never-
theless, it is instructive to consider a particularly relevant
experimental realization consisting of a single NV center
coupled to a small spin environment. Such systems are imple-
mented in diamond samples implanted with a low density of
nitrogen ions, enabling individual NV centers to be optically
addressed using a confocal microscope. This experimental
platform provides a versatile test bed for addressing different
aspects in the field of open many-body quantum systems: sin-
gle spin open quantum system dynamics and control [92–94];
single spin cooling or sensing applications [95]; two-NV spin
dynamics and control [96,97]; bath-mediated synchroniza-
tion [98]; and quantum correlations and quantum information
transfer [99–103].

We refer to the implanted nitrogen ions as a “small bath”
or “spin network.” In terms of energy parameters, we assume
long-range dipolar couplings between all nitrogen impurities,
including both the NV center and the surrounding bath spins.
We further consider the NV center to be energy resonant with
the bath [104]. We include a local dephasing effect for each
spin impurity, representing the impact of, e.g., phonons or
additional spin baths that are not explicitly incorporated into
the Hamiltonian we build for our spin system. Referring to
Fig. 1, one of the blue dots represents the NV center, while the
others correspond to the surrounding spin network. However,
since all spins are taken to be resonant, any given impurity can
equivalently play the role of the NV, with the remaining spins
forming the environment. Consequently, Fig. 1 can represent
ten distinct realizations of the setup, in each of which a differ-
ent impurity is selected to serve as the NV, which is initially
prepared in the excited state.

The dipolar coupling between two electronic spins sepa-
rated by a distance r is given by

J = μ0

4π

(geμB)2

h r3
(1 − 3 cos2 θ ), (1)

where θ is the angle between the interspin vector and the
external magnetic field (or the intrinsic quantization axes
of the spins). Evaluating this expression for the separation
of r � 0.5 nm and θ = 0◦ yields a coupling strength of or-
der J ∼ 1 GHz. In simulations, we therefore normalize one
unit of distance to correspond to 0.5 nm. With this choice,
setting Jmax = 1 fixes the time unit via t0 = 1

Jmax
. One simu-

lation time unit thus corresponds to approximately t0 � 1 ns

in physical units. In particular, we consider a regime corre-
sponding to approximately 100 spins within a radius of 50 nm.
Interpreting this number as an effective three-dimensional
concentration, and using the atomic density of diamond,
nC � 1.76×1023 cm−3, this corresponds to a bulk spin con-
centration of order ∼10 ppm. This concentration is consistent
with implantation doses of order 1×1012 ions/cm2 and lies
within the experimentally relevant range for realistic im-
planted nitrogen spin baths in diamond.

The analysis in this work corresponds to a two-dimensional
spin network. This choice is motivated by the fact that, in
many realizations of implanted spin systems, the relevant
spins occupy a shallow layer near the diamond surface, whose
thickness is much smaller than its lateral extent. Ion implan-
tation energies of up to a few tens of keV typically produce
defect layers confined to depths of only a few to a few tens
of nanometers [105]. Such ensembles therefore form an effec-
tively planar distribution of spins, where the vertical spread
is small compared with the typical lateral separation between
spins. Modeling the system in two dimensions thus provides
a realistic description of the effective spin network while
simplifying the analysis.

B. Hamiltonian and equation of motion

We consider a spin network with N sites and a single
excitation in the system, i.e., all spins are in the ground state
except for one that is excited (“the NV”). The Hamiltonian of
the ensemble of spins is given by a tight-binding model,

Ĥ =
N∑

i=1

Ei|i〉〈i| +
∑
i �= j

Ji j |i〉〈 j|. (2)

Here, Ei is the energy of site i and Ji j is the tunneling en-
ergy between sites i and j (dipolar coupling energy). In the
context of excitation transfer, the diagonal elements represent
the single-excitation energies of each spin, while Ji j denotes
the flip-flop (exchange) coupling between spins i and j. For
simplicity, the tunneling elements are chosen to be real and
positive. We use a dipolar power-law function to describe the
tunneling energies,

Ji j = Jmax

|ri − r j |3 , (3)

with Jmax discussed below [Eq. (1)]. One of the sites in the en-
semble will be considered as the NV, while the rest will serve
as the small spin bath. In simulations, we assume resonant
conditions; thus, we set all energies to Ei = 0.

In Fig. 1(a), we demonstrate a randomly generated con-
figuration consisting of ten sites. We begin by examining the
geometry of this setup. Notably, three sites are located in
close spatial proximity; this cluster is highlighted by a gray
circle in Fig. 1(b). These three sites are, in turn, coupled to
a surrounding layer of approximately two to three additional
sites, which themselves couple to the remaining sites in the
system. We group these surrounding sites within the light-blue
domain.

We refer to each of the gray and light-blue domains as a
minibath or subnetwork. This partitioning is supported by a
quantitative analysis of the tunneling amplitudes: In Fig. 2, we
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FIG. 2. Histogram of tunneling couplings for the geometry pre-
sented in Fig. 1. Two well-separated coupling scales are identified:
values on the order of Ji j ∼ 10−2 to 10−1, and smaller values span-
ning 10−5 to 10−3. The former are associated with the three sites
(gray ensemble) in close proximity to one another. Smaller Ji j values
correspond to all other tunneling elements between sites separated
by distances comparable to the system’s radius.

present a histogram of the coupling strengths Ji j . The three
largest values of Ji j correspond to the intracluster couplings
within the three-site group of the gray domain. The remainder
of the distribution comprises couplings between the two sub-
clusters, as well as couplings internal to the blue spin network.
These two clusters of coupling energies are separated by about
2 orders of magnitude.

We assume that the dephasing environment acts locally and
in an uncorrelated manner on each spin. The local Lindblad
quantum master equation (QME) for the N-site density matrix
ρ̂ is given by (h̄ ≡ 1) [31]

˙̂ρ = −i[Ĥ, ρ̂] +
N∑

j=1

� j

(
L̂ j ρ̂L̂†

j − 1

2
{L̂†

j L̂ j, ρ̂}
)

. (4)

In a compact form, ˙̂ρ = L̂ρ̂(t ), where the Liouvillian L̂ in-
cludes both unitary and nonunitary terms.

Note that the density matrix follows the evolution of all
spins: NV and all other spins, while additional local dephasing
effects are captured by the dissipator. The Lindblad jump
operators are given by L̂ j = | j〉〈 j|, with � j as dephasing rate
constants. The dynamics evolves in the site-local basis. For
simplicity, we assume that all � j are identical. Assuming
a fully connected network, the steady-state solution of this
equation is a state with zero coherences and equal population
on every site, ρ j j (t → ∞) = 1/N , with N the total number of
sites in the system. Thus, for a fully connected ten-site system,
at equilibrium each site’s population is at 10%. Note that
the maximally mixed state is reached under local dephasing
jump operators even when the associated dephasing rates are
spatially heterogeneous. In contrast, other jump operators,
such as amplitude damping or leak-gain processes [described
in Eq. (7)], lead to different steady states and can alter the
excitation number.

The central questions that we address in this study concern
the relaxation times and pathways leading to this equilib-

rium state. In the next subsection, different measures used
to quantify the dynamics and steady state of the system are
introduced.

C. Measures for relaxation and transfer processes

We investigate the dynamics of a single excitation initially
localized on a specific site i, with ρ̂(0) = |i〉〈i|. The resulting
nonequilibrium evolution and its pathways are character-
ized through several complementary observables. We further
consider a nonequilibrium steady-state (NESS) configuration
that, as demonstrated in, e.g., Sec. III B, reveals additional
information about the competing transport pathways.

(1) Population dynamics. The direct measure for relax-
ation timescales is the evolution of populations at each site,
Pj (t ) = ρ j j (t ), j = 1, 2, . . . , N , with N sites, from a given
initial condition.

(2) Purity. The purity of a quantum state is defined as
D(t ) = Tr[ρ̂(t )2], and is bounded from above and below
1
N � D(t ) � 1 [106]. The upper bound corresponds to a pure
state, whereas the lower bound corresponds to a maximally
mixed state. The relaxation dynamics therefore drive the sys-
tem from an initially pure state toward a maximally mixed
state.

(3) Liouvillian spectrum. The eigenvalues of the Liouvil-
lian encode information about the relaxation timescales: The
inverse of the real part of a nonzero eigenvalue sets the corre-
sponding decay time, while the zero eigenvalue corresponds to
the steady state. Furthermore, the projections of the Liouvil-
lian eigenvectors onto the site basis reveal how the different
relaxation modes are distributed spatially across the system.
Such an analysis is carried out in Appendix A. There, we
examine Configuration A, which is introduced in Sec. IV.

(4) Integrated survival and transfer time measures. We
suggest time-integrated population measures, related to the
residence time and mean first passage time (see Appendix A).
Starting from an initial condition ρ(0) = ρii = |i〉〈i|, we de-
fine the measure

Ti j =
∫ ∞

0
ρ j j (t ) dt, (5)

excluding the steady state, as we explain next. Here, ρ j j (t )
is the population at site j at time t . In a vectorized form,
|ρ̂(t )〉〉 = eL̂t |ρ̂(0)〉〉, and the time-integrated population can
be written as

Ti j = −[(L̂+)−1ρii] j j . (6)

Here, (L̂+)−1 denotes the pseudoinverse of the Liouvillian,
defined by excluding the steady-state mode (see Appendix A).
This construction regularizes the time integral, which would
diverge otherwise.

The diagonal elements, Tii, quantify the survival or resi-
dence time of an excitation prepared at site i, to be found at the
same site during the relaxation process. Off-diagonal elements
Ti j (i �= j) quantify the transfer time of excitations from site
i (initial condition) to site j during the relaxation process.
Together, the matrix Ti j provides a compact description of how
relaxation unfolds spatially across the network.

While Ti j are not mean first-passage times (MFPT) in the
strict probabilistic sense, they provide a robust diagnostic of
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population relaxation and transfer in heterogeneous systems,
particularly when multiple timescales are present. Since the
steady-state contribution is removed, Ti j can take negative
values and should be interpreted as a relative, time-integrated
population measure rather than a strictly positive timescale.
More specifically, because the steady-state baseline (1/N)
is subtracted from the definition, sites that remain under-
populated throughout the relaxation process, compared to
the steady-state value, contribute a net negative integrated
area. Formal relations to trapping-based mean first passage
time definitions and spectral representations are discussed in
Appendix A.

(5) Nonequilibrium steady state: Population flux. The
dynamical analysis is complemented by reformulating the
problem as an NESS setup. This is achieved by introducing
a loss process at a designated site m, with a gain at site n,
described by the jump operator

L̂l = √
γl |n〉〈m|, (7)

with a rate constant γl . We further enforce the conservation of
excitations within the system, as we explain next.

We first write the QME in the doubled Hilbert space, where
the density matrix is written in a vectorized form:

d

dt
|ρ̂(t )〉〉 = L̂|ρ̂(t )〉〉. (8)

Here, |ρ̂(t )〉〉 is the vectorized density matrix and L̂ is the
Liouvillian superoperator. The NESS satisfies

L̂|ρ̂NESS〉〉 = 0, (9)

as the state is stationary in time. Next, we consider the popula-
tion normalization relationship and write it as a matrix-vector
operation,

N̂ ρ̂NESS = |1n〉〉, (10)

where N̂ is a matrix that contains all zeros, besides the nth
row, which includes “1” in locations corresponding to popula-
tions. |1n〉〉 corresponds to a vectorized form of |n〉〈n| (i.e.„ a
vector of zeros except for the nth element, which is 1). Adding
these two relations [Eqs. (9) and (10)], we denote the resulting
superoperator with the trace-preserving condition imposed as
L̃. The NESS is obtained by solving the algebraic problem

L̃|ρ̂NESS〉〉 = |1n〉〉, (11)

achieved through a matrix inversion, |ρ̂NESS〉〉 = L̃−1|1n〉〉.
Note that there is freedom to construct the matrix N̂ , that is, at
which row to place the normalization condition. Furthermore,
we could set different boundary conditions instead of normal-
ization. For example, a certain population is fixed to a certain
value.

Once the NESS is found, we reshape |ρ̂NESS〉〉 back into its
matrix form and define the population flux at the extraction
site m as

η = γl〈m|ρ̂NESS|m〉; (12)

see Refs. [24,28] for recent implementations. Directly asso-
ciating the inverse of the flux with a relaxation timescale is
possible in some cases, but is generally nontrivial [107]. In
practice, the loss rate constant γl must be chosen sufficiently

FIG. 3. Scheme of a minimal three-level model for extraction of
relaxation lifetime. Excitation is prepared at site |0〉 and the timescale
for it to transfer to site |2〉 is analyzed. All sites experience local
dephasing at strength �. (a) Hybridized pair and remote site: Sites
|0〉 and |1〉 are strongly connected by a tunneling energy J , and both
connected to site |2〉 with a weaker coupling ε. (b) Homogeneous
system: All sites are connected by tunneling couplings of the same
order of magnitude, ε.

small to not dominate or mask intrinsic decoherence pro-
cesses, but not too small that it becomes the rate-determining
step. This intermediate regime allows the “natural” dynamics
of the model to be observed, as we demonstrate in Sec. III.

III. MINIMAL MODEL ANALYSIS:
TIMESCALE HIERARCHIES

We begin by analyzing a minimal three-site model in order
to describe and identify the physical origins of the distinct
timescales governing the dynamics in our system. The central
result of this section is a minimal physical picture explain-
ing the emergence of the long survival timescale [Eq. (17)]
observed in our simulations. This timescale arises from the in-
terplay among strong internal hybridization of spins (J), weak
coupling to a spatially remote site (ε), and local dephasing
(�).

We consider a three-site model described by the Hamilto-
nian

Ĥ =
⎛
⎝0 J ε

J 0 ε

ε ε 0

⎞
⎠, (13)

where sites |0〉 and |1〉 are assumed spatially close, thus
strongly coupled with tunneling strength J , while site |2〉 is
more distant and weakly coupled to the others, with tunneling
strength ε, such that J � ε.

All sites experience local dephasing at a rate �, repre-
senting coupling to a phonon bath or to 13C nuclear spins.
Importantly, no external detuning is applied; as we show next,
an energy mismatch arises internally from the hybridization
scale J . A schematic representation of the three-site configu-
ration is shown in Fig. 3, where the heterogeneous coupling
setup contrasts with its homogeneous counterpart.

A. Derivation of the effective relaxation timescale

In the limit J � ε, it is convenient to work in the symmet-
ric and antisymmetric basis of the strongly coupled pair,

|+〉 = 1√
2

(|0〉 + |1〉), |−〉 = 1√
2

(|0〉 − |1〉). (14)
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TABLE I. Representative numerical relaxation timescales corresponding to the scalings derived in Sec. III A. We compare hierarchical
connectivity, consisting of a strongly hybridized pair weakly coupled to a remote site, with homogeneous ensemble (bath) couplings in the
weak and strong dephasing regimes.

System/connectivity Relaxation time Numerical value

(1) Weak dephasing regime � 
 J: J = 10−2, ε = 10−4, � = 10−5

Hybridized pair+remote site ttr ∼ J2

ε2�
∼109

Homogeneous baths (coupling J) ttr ∼ 1

�
∼105

Homogeneous bath (coupling ε) ttr ∼ 1

�
∼105

(2) Strong dephasing regime � � J: J = 10−2, ε = 10−4, � = 10−1

Hybridized pair+remote site ttr ∼ �

ε2
∼107

Homogeneous bath (coupling J) ttr ∼ �

J2
∼103

Homogeneous bath (coupling ε) ttr ∼ �

ε2
∼107

In the basis {|+〉, |−〉, |2〉}, the Hamiltonian becomes

Ĥ ′ =
⎛
⎝ J 0

√
2 ε

0 −J 0√
2 ε 0 0

⎞
⎠. (15)

The antisymmetric state |−〉 (energy −J) is completely de-
coupled from the site |2〉 and therefore forms a dark state.
Only the symmetric state |+〉 (energy J) is coupled to the
remote site, with matrix element V = 〈2|Ĥ |+〉 = √

2 ε, and
an energy difference set by J .

In the Markovian limit, the effect of dephasing is incor-
porated into the transition probability as a broadening of the
energy. This is described by a Lorentzian density of states,
D(E ) = 1

π
�

E2+�2 , with E being the Hamiltonian energy dif-
ference between the initial and final states. We apply Fermi’s
golden rule to the off-resonant transition from |+〉 to |2〉, γtr =
2π |V |2D(J ) and identify the transition element |V |2 = 2ε2

from Eq. (15). This yields an effective transfer rate (γtr),

γtr = 4ε2�

J2 + �2
, (16)

where the corresponding transfer timescale to the target site is
therefore

ttr ∼ γ −1
tr = J2 + �2

4ε2�
. (17)

In the weak dephasing regime, � 
 J , this reduces to

ttr ∼ J2

ε2�
, (18)

while in the strong dephasing regime, � � J , one finds

ttr ∼ �

ε2
. (19)

The identification of a long transfer timescale [Eq. (18)] be-
tween strongly coupled sites (J tunneling) and weakly coupled
sites (ε tunneling) is an important observation in our con-
text, which we reproduce in simulations and show to lead

to hierarchical relaxation dynamics and competing relaxation
pathways. This effect can be rephrased as follows: When two
sites are in close proximity (“twins”), they strongly hybridize
with each other, effectively “refusing” to accept or transfer
excitations to sites outside their strongly coupled group. We
refer to this as the “twin fortress” effect when two sites are in-
volved, but a strongly tight subcluster could involve more than
two sites and show the “fortressing” effect. It can be overcome
when local dephasing is sufficiently strong, on the order of the
energetic barrier J , facilitating excitation transfer between the
strongly coupled group and the rest of the network.

It is also useful to compare the heterogeneous model with
homogeneous scenarios [Figs. 3(a) and 3(b)]. In this case, all
sites are coupled via comparable tunneling elements, which
can be large (J) or small (ε). Table I summarizes the transfer
timescales in the limits of weak and strong dephasing for
different connectivity structures. For homogeneous coupling
cases, the excitation is always resonantly coupled between
sites. As a result, the weak dephasing regime is governed by
the timescale 1/�, while strong dephasing leads to a Zeno-like
slowdown controlled by the square of the coupling strength. In
contrast, in the configuration of a hybridized pair plus remote
site, strong internal coupling generates an effective detuning.
In the weak dephasing regime, this produces the significantly
longer timescale J2/(ε2�). Only when the dephasing becomes
sufficiently strong does the system cross over to incoherent
transfer governed by ε.

This comparison demonstrates that the emergent timescale
identified in this work is not a trivial extension of homoge-
neous ensemble physics. Instead, it arises as a consequence
of strong internal hybridization combined with weak external
connectivity and dephasing effects.

To illustrate the emerging long timescale, consider the
weak dephasing limit with � = 10−5. We further assume that
J ∼ 0.01 while ε = 10−4. In the homogeneous case, with
tunneling energies J or ε, the relaxation dynamics will be
dictated by the slow process, with timescale 1/� = 105. In
contrast, in the hierarchical-coupling case, when the system is
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initialized within one of the strongly coupled pairs, the relax-
ation dynamics is further suppressed by a factor (J/ε)2 = 104.
Thus, the hierarchical structure of the tunneling amplitudes
leads to orders-of-magnitude slowing down of the relaxation
dynamics, as we show in Table I.

B. Nonequilibrium steady-state analysis

The emergence of a long lifetime in heterogeneous sys-
tems, which we identified in Sec. III A, can also be derived
in the steady-state limit by formulating the problem in a
nonequilibrium steady-state setting.

We again consider the Hamiltonian in Eq. (13), which
consists of three sites with hierarchical couplings J � ε. The
system is now driven out of equilibrium by introducing a
decay process (loss) at site 2 with a rate constant γl , while
enforcing the conservation of a single excitation: A constant
flux of particles is injected at entrance site 0, and extracted at
site 2 at the same rate, establishing a nonequilibrium steady
state. The population flux is defined as η = γlρ

NESS
22 , where

ρNESS
22 denotes the steady-state population of site 2.

Following Refs. [24,107], we associate the inverse of the
flux with the relaxation timescale. Applying Eqs. (7)–(12), an
exact solution of the steady-state problem leads to

η = 4�γl (2� + γl )ε2

4�3γl + 4γ 2
l ε2 + 4�2

(
γ 2

l + 6ε2
) + �

[
γ 3

l + 4γl (J2 + 5ε2)
] . (20)

For details, see Appendix B. Note that the system reaches a
nonequilibrium steady state that depends on the value of γl ,
as well as on other parameters of the problem.

We now assume the following hierarchy of energy scales,

J � ε � � � γl . We further require J
ε

�
√

�
γl

. This sec-

ond condition ensures that the internal system timescale,
J2/(ε2�), is longer than the leakage timescale, 1/γl . Under
these conditions, we obtain

η ≈ �ε2

J2
. (21)

In the opposite strong dephasing regime, � � J � ε � γl ,
one retains in the denominator of Eq. (20) only the leading
term �3γl , yielding

η ∝ ε2

�
. (22)

This result was derived while further requiring that �3γl �
�2ε2 [see denominator of Eq. (20)], or equivalently � �
ε2/γl . This condition ensures that the leakage timescale 1/γl

is shorter than the characteristic timescale of the internal dy-
namics, �/ε2.

In both strong and weak dephasing limits, we therefore
ensure that γl is not chosen “too” small, in the sense that it
becomes the rate-determining step controlling the observed
trends; when γl is rate limiting, the population flux reduces to
η = γl/3, corresponding to a steady state with an equal popu-
lation distribution among the three sites. We deliberately avoid
this regime as it obscures the dependence on the physically
relevant system parameters.

Organizing these results, we get from Eq. (20) that the
inverse of the flux, which can be regarded as a timescale for
the transfer process, is

η−1 ≈
{

�
ε2 , for � � J � ε, γl � ε2/�,

J2

ε2
1
�
, for J � ε � �, J2γl � ε2�,

(23)

in agreement with timescales identified in Table I for a hy-
bridized pair+remote site, based on the Fermi golden rule.

As the correspondence between dynamical measures and
nonequilibrium steady states was demonstrated here, in

Secs. IV and V we show that steady-state calculations com-
plement dynamical simulations, providing additional pathway
insights.

C. Discussion

The minimal three-level model provides valuable insight
into larger networks with N sites, such as the N = 10 system
shown in Fig. 1. Inspection of the tunneling-coupling his-
togram in Fig. 2 reveals a clear separation into two classes:
strong couplings, with typical magnitude J ≈ 0.01, and much
weaker couplings characterized by an energy scale ε ≈ 10−4,
such that J � ε. This hierarchy of coupling strengths gives
rise to an emergent energy (inverse-time) scale governing the
effective coupling between the two subnetworks, originating
from the interplay between coherent tunneling and local de-
phasing.

In the strong dephasing regime � � J , dynamics initi-
ated at the strongly connected subnetwork [see Fig. 1(b)]
will exhibit multiple timescales: a fast decay of coherences
on a timescale 1/� (which for � = 0.1 is ttr ≈ 10); local
equilibration within the tightly coupled (gray) cluster on a
timescale �/J2, which for � = 0.1 and J ≈ 0.01 yields ttr ∼
103; and global equilibration involving the remaining sites
on a timescale �/ε2, which for � = 0.1 and ε ≈ 10−4 yields
ttr ∼ 107.

In contrast, in the weak dephasing regime, � 
 J , a new,
much longer relaxation timescale emerges, ttr ∼ J2

ε2
1
�

, which
reaches ttr ∼ 109 for J = 0.01, ε = 10−4, and � = 10−5.

In what follows, we illustrate these timescales on two
representative Configurations, A and B. Configuration A, an-
alyzed in Sec. IV, captures the hierarchical nature of the
relaxation process. Configuration B, analyzed in Sec. V, re-
veals the appearance of competing relaxation pathways and
the role of dephasing in determining the dominant pathway.

However, it is important to note that the occurrence of both
effects, long relaxation timescale and pathway competition,
is typical, and the configurations were not carefully engi-
neered for these demonstrations: There is typically a broad
distribution of tunneling elements, as shown in Fig. 2, lead-
ing to timescale separation at weak dephasing. Similarly, in
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FIG. 4. Configuration A: Representative realization of a ten-site
ensemble within a circular region. Sites are labeled according to the
numbering used throughout the dynamical analysis.

disordered networks, multiple distinct relaxation pathways
typically contribute, with each dominating at a different range
of dephasing. However, pathways may not be easily distin-
guished given broadening in the calculated measure, in this
case the population flux. The chosen Configurations A and B,
generated along many others at random, are illustrative as they
clearly demonstrate characteristic physical effects.

IV. CONFIGURATION A: HIERARCHAL RELAXATION

We examine in detail a representative configuration that
illustrates the emergence of hierarchical relaxation. Configu-
ration A, shown in Fig. 4, is analyzed in terms of its relaxation
dynamics, transfer and survival timescales, and steady-state
behavior using several complementary measures.

A. Population dynamics

The hierarchical relaxation process can be exposed by
following the population dynamics. In Fig. 5, the system is
examined when initialized in ten different initial conditions,
with the excitation sitting at one of the sites, 0–9. We increase
the local dephasing � (left to right) and present both the site
populations as a function of time [Figs. 5(a), 5(c), 5(e)] and
the state purity as it evolves [Figs. 5(b), 5(d), 5(f)].

In the weak dephasing regime, shown in panels (a) and
(b), initial oscillations are suppressed at times t ≈ �−1. For
intermediate times, 1/� < t < J2/(�ε2), the system under-
goes a local, internal equilibration within a subset of sites,
which effectively forms a subnetwork. For example, when the
system is initialized at site 0, the population and purity of
its subnetwork in this intermediate regime approach ∼0.33,
reflecting local equilibration among the three neighboring
sites (0–2). The excitation remains confined within this subset

( ) ( ) ( )

FIG. 5. Dynamics of population and purity in Configuration A. Top row: Population evolution Pi(t ). Bottom row: Purity. Results are shown
for three dephasing strengths: (a), (b) � = 10−5; (c), (d) � = 10−3; and (e), (f) � = 10−1. Each curve represents a simulation performed with a
different initial excited site, ρ(0) = |i〉〈i|. In the weak dephasing regime, the strongly hybridized cluster retains the excitation for parametrically
longer times, following the J2/(ε2�) scaling predicted by the minimal model. The final state achieved at each case approaches the maximally
mixed state with a uniform population 1/N on each site.
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for an extended period due to the “triplet fortress effect,”
described in Sec. III for the case of twin sites. Similarly, for
initial conditions at any of the sites 4–9, the population and
purity reach values of approximately 0.14 within the same
intermediate timescale, again reflecting the equilibration of
the local subnetwork. At later times, t > J2/(�ε2), the system
fully equilibrates, with both population and purity approach-
ing 1/10, consistent with a maximally mixed state forming
over all ten sites. Similar behavior is observed in the inter-
mediate dephasing regime, � = 10−3, as shown in Figs. 5(c)
and 5(d).

In the strong dephasing regime, � > J , we show in panels
(e) and (f) that if the system is initialized within the strongly
coupled group (sites 0–2), the equilibration proceeds in two
stages. First, there is an initial relaxation within the local
group, during which the system remains confined for times
�/J2 < t < �/ε2. This is followed by a second stage, where
complete equilibration with the rest of the ensemble occurs.
In contrast, if the system is initialized with excitations in the
larger group of spins (sites 3–9), the population of these sites
decays on a single timescale, �/ε2. In this case, the dynamics
does not show an intermediate plateau, and it is in fact similar
to the relaxation behavior in a homogeneous system with ε

as the characteristic tunneling coupling, as we show in the
three-level model and summarize in Table I.

In Appendix A, we present an alternative approach to
analyzing the dynamics by examining the Liouvillian (dynam-
ical map) in terms of its eigenvalues and eigenvectors. The
eigenvalues encode the relaxation rates, or equivalently, the
associated timescales, as well as the characteristic oscillation
frequencies. The projections of the eigenvectors onto the site
populations quantify the extent to which each site participates
in the corresponding relaxation modes.

B. Integrated survival and transfer time measures

We next demonstrate that the transfer-time measure can be
used to reveal the connectivity of the network, as well as the
presence of embedded subnetworks. Complementing it, the
inverse of the survival time measure identifies the dephasing
energy scale that is optimal for overcoming the “fortress”
effect, thereby enhancing the extraction of the excitation from
the initial site. As such, this measure provides direct access to
the relevant energy scales that govern the dynamics.

We continue with Configuration A, presented in Fig. 4.
Figure 6 presents the transfer-time measure T0i for this geom-
etry. It probes how the population initially prepared on site 0
is redistributed across the network prior to equilibration. Ac-
cording to Eq. (5), the first index denotes the preparation site,
while the second index labels the observation site. A positive
value of T0i indicates accumulation of the transient population
above the steady-state value, while a negative value signifies
depletion relative to equilibrium. The magnitude of T0i char-
acterizes the integrated timescale over which site i participates
in the relaxation dynamics.

In the weak dephasing regime, sites 0–2 exhibit nearly
overlapping curves (appearing at the top), identifying them
as a strongly hybridized subsystem. The population rapidly
redistributes within this cluster before it reaches the rest of

FIG. 6. Configuration A: Integrated transfer measure T0i as a
function of the dephasing strength �, with the system initialized
at site 0. Sites 0–2 exhibit positive values, reflecting transient pop-
ulation accumulation within this strongly coupled cluster above
equilibrium value. More distant sites show negative T0i, reflecting
that their transient population lies below their equilibrium value.
Sites 3 and 4, which bridge the two subnetworks, display a nonmono-
tonic behavior and undergo a sign change near � ∼ J . This crossover
signals the suppression of coherent hybridization in the 0–2 cluster
and identifies these sites as dynamical bottlenecks separating fast
local equilibration from slower global relaxation. For clarity, the inset
displays Configuration A.

the network. The remaining sites (3–9) form a second group,
corresponding to the lower set of curves.

Sites 3 and 4 interpolate between the two structures and act
as dynamical bridges. While for small � they appear as part
of the large group, as � increases and becomes comparable
to the internal tunneling scale J ≈ 0.01, these sites undergo
a change in their dynamical role and begin to align with
the cluster behavior of sites 0–2. This crossover reflects the
suppression of coherent intra-cluster hybridization in the 0–2
subnetwork, and the activation of intercluster transfer.

The transfer time measure, T0i, thus enables the identifica-
tion of distinct clusters within the configuration, as well as
sites that mediate connectivity between them. Furthermore,
it provides access to the characteristic energy scale of the
strongly coupled cluster, as reflected by the value of � at
which the bridging behavior emerges.

We now turn to the analysis of the survival time measure,
Tii (shown in Fig. 7), defined as the time-integrated population
remaining on the initially excited site i, prior to equilibration
(see Sec. II). We plot the inverse of the survival-time measure
so that larger values correspond to faster relaxation from the
initialized site. Each curve corresponds to a different initial
condition and thus reflects the tendency of the system to
transfer population away from the corresponding site.

We make the following observations:
(1) Sites 0–2 (overlapping under the curve of site 2) again

display nearly identical behavior, confirming that they func-
tion as a collective subsystem. For small dephasing below
�∗, where 1/Tii is maximal, coherent hybridization within the
cluster gives rise to localized dynamics. Relaxation out of the
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FIG. 7. Configuration A: Inverse of the survival measure T −1
ii ,

plotted as a function of the dephasing strength � for all sites. The
strongly coupled sites 0–2 exhibit a rightward shift of the maximum.

cluster is then governed by a hierarchical leakage timescale
ttr ∼ J2

ε2�
. Increasing dephasing enhances intercluster transfer,

until dephasing becomes comparable to tunneling in the tight
cluster, at which point the excitation escapes more efficiently
and populates the rest of the spin network.

(2) Sites 3–9 belonging to the larger subnetwork are sim-
ilarly governed by competing effects. For very small �,
cluster-induced energy detuning suppresses transfer from this
group. For very large �, global Zeno suppression reduces
effective tunneling. Optimal relaxation therefore occurs in
an intermediate regime where dephasing is strong enough to
overcome cluster protection yet not large enough to suppress
transport throughout the network.

(3) The shift in the position of the maximum between the
two groups (0–2 and 3–9) reflects the existence of distinct
geometric coupling scales within the network.

C. Nonequilibrium steady-state flux analysis

The system can be analyzed in a complementary fash-
ion through its nonequilibrium steady state, by introducing
injection and extraction sites. The resulting population flux
provides a probe of the dephasing scale � required to over-
come the “fortress” effect and optimize transport, in close
analogy with the survival time measure. More generally,
NESS at varying dephasing strengths reveals the dominant
transport pathways under these conditions. As described in
Sec. II C, the nonequilibrium steady state for the flux analysis
is created by enforcing a constant injection (extraction) flux at
site n (m).

Results for Configuration A are shown in Fig. 8. In this sce-
nario, population is injected into site 0 and extracted from site
8. Specifically, in Fig. 8(a), the population flux at site 8 is plot-
ted as a function of local dephasing rate � for three different
values of the extraction rate constant γl ∈ [10−4, 10−5, 10−6].
Qualitatively similar behavior is found in all cases: The flux
is optimized around � � 10−3, where it is maximized relative
to other values of � while other parameters are held fixed.

1×10−8 1×10−7

FIG. 8. Nonequilibrium steady state in Configuration A. (a) Pop-
ulation flux η = γl〈8|ρ̂NESS|8〉 plotted as a function of dephasing
strength � at different injection/extraction rate constants γl ∈
[10−4, 10−5, 10−6]. The position of the peak is robust to variations in
γl , as is the dominant pathway in the vicinity of the peak. The injec-
tion (extraction) is located at site 0 (8) for the entire simulation. The
red and blue vertical lines at � = 10−4 and 1.419×10−3 are selected
to probe whether distinct transport channels emerge as � is varied.
(b) The dominant steady-state transport channel in Configuration A
is marked, inferred from the absolute value of the probability current
plots |Fmn| = |2HnmImρNESS

mn | at (c) � = 10−4 and (d) 1.419×10−3.
The probability current between sites m and n, Fmn, is determined by
the imaginary part of the coherence and the tunneling energy. Large
nonzero values of |Fmn| mark the most dominant path from 0 → 8.

In Figs. 8(c) and 8(d), we further illustrate the excita-
tion transfer pathways by plotting the probability current
on each site. We consider two representative values of
� ∈ [10−4, 1.419×10−3], denoted by red and blue points in
Fig. 8(a), respectively, for γl = 10−5. The probability current
between sites m and n is determined by the imaginary part of
the coherence, weighted by the tunneling coupling [108],

Fmn = 2HnmImρNESS
mn , (24)

with Ĥ as the Hamiltonian of the network [Eq. (2)].
The magnitude of the probability current, |Fmn|, reveals the

dominant transport pathway connecting site 0 to site 8. For
example, Fig. 8(c) shows pronounced probability flux along
the sequence of links 0 ↔ 2 ↔ 3 ↔ 4 ↔ 5 ↔ 7 ↔ 8. This
sequence therefore defines the dominant pathway for popula-
tion transfer from site 0 to site 8 at � = 10−4, as illustrated
schematically in Fig. 8(b). A corresponding analysis at larger
dephasing, near the peak transport regime [Fig. 8(d)], reveals
essentially the same transport route. Overall, similar current
patterns emerge across different dephasing strengths, indi-
cating the presence of a robust dominant transport pathway
highlighted in Fig. 8(b).
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FIG. 9. Configuration B: Representative realization of a ten-site
spin ensemble within a circular region. Sites are labeled according to
the numbering used throughout the dynamical analysis.

V. CONFIGURATION B: COMPETING
RELAXATION PATHWAYS

As a second example of relaxation dynamics in hetero-
geneous systems, we consider another random configuration,
shown in Fig. 9. This configuration enables us to investigate
the presence of competing equilibration pathways and the
environmental conditions under which different pathways are
favored.

The following analysis focuses on configurations in which
the excitation is initially prepared on site 5, located at the
bottom of the network. The resulting relaxation dynamics and
transport pathways are characterized using several comple-
mentary measures: the time-dependent site populations, Pi(t );
the transfer measure, T5i; and the nonequilibrium steady-state
flux, with site 5 serving as the injection site and the opposite
site 8 (top) acting as the extraction site. In addition, the inverse
survival time measure, T −1

ii , is reported for each site.

The central dynamical feature of Configuration B, as ev-
idenced by Figs. 10–12, is the emergence of two distinct
relaxation pathways that dominate under different dephasing
regimes. Starting from site 5, in the weak dephasing regime,
the excitation predominantly relaxes to the rest of the network
via site 7, which serves as the primary mediator connecting
the initial site to the rest of the network. In contrast, at large
�, when the dephasing becomes comparable to the strong
internal coupling scale of the subcluster formed by sites 0–3,
coherent hybridization within this subcluster is suppressed.
This, in turn, activates an alternative relaxation pathway, ini-
tiated by transfer from site 5 into the strongly coupled region
comprising sites 0–3. We now elaborate on these findings.

A. Integrated survival and transfer time measures

Figure 10 summarizes the integrated transfer diagnostics
for Configuration B. We focus on initialization at site 5
and follow the transfer measure T5i. We also study the
inverse survival measure at each site, T −1

ii . These metrics are
presented as functions of the dephasing strength �. To connect
these measures to the time-domain dynamics, in Fig. 10 we
mark six representative values of the dephasing strength,
� = 10−6, 10−5, 2×10−4, 6.31×10−4, 3.16×10−3, 10−1,
denoted by (a) through (f), with the corresponding dynamics
presented in Fig. 11. Points (a), (b), and (f) probe the two
asymptotic weak dephasing regimes and a strong dephasing
reference point, respectively, while points (c) and (e) lie near
the two local maxima in T −1

ii . Point (d) lies near the local
minimum between them.

The transfer measure T5i shown in Fig. 10 (left) provides
a clear view of defined subclusters in the network at differ-
ent values of the dephasing rate. At weak dephasing, site 5
forms a subcluster with sites 7 and 9 (top left), with which
it equilibrates early in the dynamics. As � is tuned through
a crossover, a collective sign and magnitude redistribution

FIG. 10. Configuration B: Left panel shows the transfer measures T5i and right panel the survival measures T −1
ii as a function of �. The

arrows mark the six dephasing values corresponding to the dynamical regimes in Fig. 11. A clear double peak emerges from the competition
between two transport pathways. As � increases, dominance switches from transfer through sites 7 and 9 to transfer through sites 0–3, reflected
by the exchange of sign and magnitude in T5i. For small �, sites 4–9 all exhibit positive T5i, indicating that the dominant transport pathways
initially involve the left side of the network.
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FIG. 11. Configuration B: Population dynamics at each site for six representative dephasing strengths spanning the weak, intermediate-
crossover, and strong regimes (� = 10−6, 10−5, 2×10−4, 6.31×10−4, 3.16×10−3, 10−1), with the excitation initialized at site 5. Color scheme
is the same as in Fig. 10. At weak and intermediate dephasing, population transfer proceeds predominantly through site 7 before spreading
to the rest of the cluster. As � increases and becomes comparable to the strong tunneling scale, hybridization within the strongly coupled
subcluster is suppressed, activating an alternative equilibration pathway through sites 0–3. This pathway switching reshapes the relaxation
dynamics and underlies the emergence of the double-peak behavior observed in the survival and steady-state measures.

occurs across sites, indicating that the integrated population
weight shifts from the pathway associated with sites 7 and 9
to a pathway involving the strongly coupled subcluster of sites
3–0.

Competition in pathways is also reflected in the double-
peak structure of T −1

ii in Fig. 10 (right). The first peak at
weak dephasing corresponds to a regime in which moderate
dephasing enhances transfer along the pathway mediated by
site 7. The second peak appears at higher �, when dephas-
ing has sufficiently weakened the coherent protection of the
strongly coupled subcluster, thereby enabling efficient trans-
port through sites 0–3. The local minimum between the peaks
reflects the crossover region in which neither pathway is yet
dominant.

Presented population dynamics in Fig. 11 substantiate
these results by clearly showing the transition between the
two relaxation pathways when increasing �. The curves corre-
spond to the population building at each site of the ensemble,
with the initial condition defined at site 5. In weak dephasing,
site 7 initially acts as a mediator to the overall relaxation
dynamics [see Figs. 11(a)–11(c)]. However, as the dephasing
strength increases and once � reaches the large hybridization
range between sites 0–3, they serve as the gateway for relax-
ation dynamics [see Figs. 11(e) and 11(f)].

Thus, Configuration B differs qualitatively from Config-
uration A. In Configuration A, relaxation is governed by
a single hierarchical relaxation structure, which shifts the
optimal dephasing condition but does not generate multiple
maxima. In contrast, Configuration B supports two competing
transport pathways controlled by distinct coupling scales. Be-
cause each pathway becomes optimal in a different dephasing
window, the system exhibits two separate optimal regimes and
therefore a double peak in the survival and transport measures.

The competition between transport pathways and the
resulting “double-peak” structure observed in the survival
measure directly addresses the open question of this observed
feature in previous works [27]. The identification of this
behavior with underlying network features supporting com-
peting transport pathways, activated under different dephasing
regimes, is a central result of this work. This effect is further
investigated below using the NESS framework, together with
an analysis of its robustness from both statistical and ensemble
perspectives.

B. Nonequilibrium steady-state flux analysis

Studies of environment-assisted quantum transport have
predominantly focused on quasi-one-dimensional chains and
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FIG. 12. Nonequilibrium steady state in Configuration B.
(a) Population flux η = γl〈8|ρ̂NESS|8〉 as a function of de-
phasing strength � using different injection/extraction rate γl ∈
[10−4, 10−5, 10−6]. The positions of the two peaks are robust to
variations in γl , as is the dominant pathways in the vicinity of
the individual peaks. The injection (extraction) is located at site
5 (8) for the entire simulation. The red and blue vertical lines at
� = 10−4 and 10−2 correspond to the approximate � values where
the two peaks stand for γl = 10−5. (b) The two peaks correspond to
the dominant steady-state transport channels depending on �. This
can be inferred from the absolute value of the probability current
plots |Fmn| = |2HnmImρNESS

mn | at (c) � = 10−4 and (d) � = 10−2. The
probability current between sites m and n, Fmn, is determined by
the imaginary part of the coherence and the tunneling energy. The
magnitude of the values of |Fmn| indicate on the most likely path from
5 → 8.

specific models of light-harvesting complexes [10–19,21–28].
In such systems, transport efficiency is typically optimized
within a specific range of environmental coupling strengths. In
contrast, Ref. [27] recently demonstrated that more complex
transport networks can exhibit multiple optimal peaks in their
steady-state transport efficiency. However, the microscopic
structure-function relationship underlying this behavior re-
mained unresolved, in particular, the connection between
network geometry and the emergence of single or multiple
efficiency peaks as a function of the dephasing rate, �.

Configuration A supports a single-peak flux-dephasing
curve [see Fig. 8(a)], indicating that transport is optimized
within a single range of the dephasing rate �. In contrast,
Configuration B, as suggested by the transient analysis above,
points to qualitatively different behavior. We proceed to in-
vestigate the NESS transport properties of this setup and
rationalize the emergence of a double-peak structure. Based
on the present analysis, this phenomenon is attributed to the
competition between two transport pathways.

We perform the NESS flux analysis as described in
Sec. IV C. We inject the population into site 5 and extract it

from site 8 (see Fig. 9). In Fig. 12(a), we plot the population
flux at site 8 as a function of the dephasing rate � for three
different values of the leakage rate γl ∈ [10−4, 10−5, 10−5] to
demonstrate robustness in trends. Unlike Configuration A, the
NESS flux demonstrates a two-peak structure. We argue next
that these two peaks indicate the presence of two competing
excitation transfer mechanisms [see Fig. 12(b)]. Specifically,
there are two local maxima, one around � = 10−4 (red) and
the other at � = 10−2 (blue), marked for γl = 10−5.

Under the small value of �, the probability current plot
in Fig. 12(c) shows that an excitation starting at site 5 pre-
dominantly bypasses the tightly coupled sites 2–3 and 1–0,
transferring population through sites 5 → 7 → 9 → 8. In
contrast, under large dephasing, Fig. 12(d) indicates that the
dominant transfer pathway involves populating the two “twin
fortresses” (2–3 and 1–0) since � is large enough to compete
with their internal tunneling coupling. In this case, the ex-
citation travels from 5 → 3 → 2 → 1 → 0 → 4 → 6 → 8,
as seen in the probability flux map. In Fig. 12(b), we depict
these two distinct pathways. We emphasize that the positions
of the two peaks are relatively robust over a wide range of
γl . Furthermore, the probability current evaluated for different
choices of the local dephasing rate �, exhibits clear signatures
of distinct pathways. These signatures are also robust to vari-
ations in �, provided that � is chosen in the vicinity of the
relevant peak.

Despite being a steady-state analysis, the NESS population
flux qualitatively agrees with the dynamical simulations and
measures presented in Figs. 10 and 11 in predicting two dis-
tinct relaxation pathways, thus a two-peak behavior.

VI. STATISTICAL SIGNATURES OF HIERARCHICAL
SPIN BATHS

So far, we have focused on two representative configu-
rations that highlight different aspects of the problem. In a
random two-dimensional geometry, the distribution of cou-
pling strengths is broad. A key outcome is that when sites are
in close proximity such that their mutual coupling is strong
compared to other couplings and to the dephasing rate, they
effectively form a subcluster and undergo rapid internal equi-
libration (the “twin fortress” concept described in Sec. III).
Individual sites act as links between such clusters, facilitating
equilibration across the full system.

Having established this behavior through case studies,
we now aim to systematically investigate the hierarchical
relaxation dynamics that emerges when strongly connected
subclusters (as small as two sites) are present.

A. Generalized model

In Sec. III, a minimal three-site model with two distinct
tunneling energy scales was introduced. In the weak dephas-
ing regime, where � constitutes the smallest energy scale in
the problem, a strongly hybridized pair of sites with coupling
strength J was shown to relax into the rest of the network on
a parametrically long timescale, scaled as J2/(�ε2). Here, ε

denotes the weaker coupling connecting the hybridized pair to
the rest of the network. Although this minimal model captures
the scaling behavior that appears in numerical simulations, it
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FIG. 13. Analysis of hierarchical relaxation from a particular
site, denoted by “excitation site,” to the rest of the network. The
excitation site is placed next to a “gateway” site, with a coupling
strength J that we artificially control. The gateway site connects
the small cluster (excitation+gateway site) to the remainder of the
system through a characteristic coupling parameter εlink. The char-
acteristic coupling within the bath network is denoted by εbath. In
typical settings, εbath/εlink = 0.1–0.01.

does not quantitatively describe the results. To address this
shortcoming, we introduce a more detailed model.

We enrich the minimal three-site model by introducing
an additional structure. In this extended model, three energy
scales associated with the tunnel couplings are introduced: (1)
εbath, a characteristic coupling within the large network (bath);
(2) J , the strong tunneling amplitude between the excitation
site and the “gateway” site. These two sites hybridize and
effectively localize the excitation when J is large; and (3) εlink,
the characteristic coupling between the gateway site and the
rest of the bath.

The distinction between εlink and εbath is essential for an-
alyzing the relaxation dynamics, as these two scales control
different stages of equilibration: the initial escape from the
strongly hybridized cluster and the subsequent spreading of
excitation within the surrounding disordered environment.

The characteristic coupling scale εlink governs the transfer
of excitations from the excitation-gateway cluster into the rest
of the network. This scale reflects the typical strength of the
dipolar interactions connecting the excitation-gateway pair to
the remaining spins, and thus depends on the full N-spin ge-
ometry. The energy scale εbath, in contrast, is the characteristic
interaction scale governing redistribution of excitation within
the residual weakly coupled network, once population has
escaped from the excitation subcluster. This scale is deter-
mined by the typical nearest-neighbor connectivity among the
remaining (N − 1) spins.

The three energy scales are illustrated in Fig. 13. The
hierarchy of energy scales, J > εlink > εbath, gives rise to hi-
erarchical relaxation dynamics. To investigate the emergence
of the long timescale J2/(�ε2

link ), we artificially tune J to take
values above and below the range of εlink. We now elaborate
on the setup shown in Fig. 13. The system comprises an

FIG. 14. Integrated survival time measure from the excitation
site, plotted against � for increasing J value between the excitation
site and the gateway site. The location of the minimum shifts to
higher value in accordance with J , as the hierarchy between the
strong link and the rest of the bath develops. The survival time
scales approximately as J2/(�ε2

link ) at weak dephasing and as �/ε2
bath

at strong dephasing. These scaling relations are depicted on the
figure roughly where they apply.

ensemble of N = 10 spins randomly distributed within a cir-
cular region. Within this ensemble, we identify a subset of
N − 1 spins that form a weakly coupled subcluster, char-
acterized by a typical coupling scale εbath, set by the spin
concentration and dipolar geometry. These spins are indicated
in blue in Fig. 13. Another site (colored in red) serves as the
excitation site. So far, this corresponds to our standard setup.
To enable a controlled investigation of hierarchical relaxation
dynamics, we introduce an additional spin, referred to as the
gateway site. It is placed in the vicinity of the excitation site,
with a tunable coupling J between them. We vary J by ad-
justing the distance between the excitation and gateway sites,
allowing it to span the range 10−4 � J � 1. In the regime of
large J and weak dephasing, the “twin fortress” effect will
emerge, leading to long-lived localization of the excitation
within the excitation-gateway pair.

B. Results

To demonstrate the impact of the energetic hierarchy be-
yond specific cases, we select 100 random configurations of
N = 10 spins each, as shown in Fig. 13. For each realization,
we extract the integrated survival measure Tii, with i as the
excitation site, and analyze its statistical distribution. Rather
than averaging over realizations, we focus on the median re-
laxation time in order to suppress the influence of rare extreme
configurations and capture the typical dynamical behavior.
The results for Tii as a function of � for different values of J
are presented in Fig. 14 and are analyzed in detail in Fig. 15.
Bootstrap uncertainties were calculated using 400 resamples.
This allows us to demonstrate that the enriched generalized
three-energy-scale model yields quantitatively accurate pre-
dictions.

In Fig. 15, we analyze the J dependence of three key as-
pects of the problem, namely, (1) the survival time magnitude
|Tii|, (2) the dephasing rate that minimizes it, and (3) the
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(a) (b) (c)

FIG. 15. Analysis of Fig. 14. (a) The survival-time measure Tii at a fixed � = 3.2×10−5, plotted as a function of J , exhibits an approximate
quadratic dependence. (b) The dephasing strength �∗ that minimizes the survival time, shown as a function of J , displays a linear scaling,
�∗ ∝ J . (c) The minimal survival time, Tmin, plotted as a function of J , shows a linear scaling with J .

minimal value of |Tii|, denoted by Tmin. First, in Fig. 15(a),
we show that in the weak dephasing regime and for large J ,
the survival-time measure scales approximately quadratically
in J . Second, in Fig. 15(b), we show that the value of the
dephasing rate �∗ that minimizes Tii evolves approximately
linearly with J at large values J . Finally, Fig. 15(c) shows that
Tmin grows linearly with J for large J .

Beyond scaling relations, we find that the parameter
choices εbath ≈ 2×10−4 and εlink ≈ 8×10−3 provide a consis-
tent description of the data. These values are in reasonable
agreement with the case study presented in Fig. 2.

We discuss next in detail the scaling results of Fig. 15.
In the weak dephasing regime, the strongly coupled dimer
(excitation-gateway) hybridizes with strength J , while leakage
to the larger subnetwork (characterized by the scale εbath) is
off-resonant and dephasing-assisted. The effective relaxation

rate to the large network scales as t−1
tr ∼ �ε2

link
J2 , leading to

the survival-time measure Tii ∼ J2

�ε2
link

. At fixed small �, we

therefore expect Tii = αJ2, which is confirmed in Fig. 15(a).
Substituting � ∼ 3×10−5 and εlink ∼ 8×10−3 yields a pref-
actor α ≈ 5×108, in good agreement with the simulations.

In the intermediate dephasing regime, ε < � < J , two re-
laxation timescales, namely, the leakage from the dimer to the
large network (bath) and the relaxation within this network,
become comparable. Equating these timescales allows us to
estimate the dephasing at the minimum relaxation time,

Tmin ∼ �∗

ε2
bath

≈ J2

�∗ε2
link

. (25)

From this relation, we obtain

�∗ ≈ J
εbath

εlink
, (26)

the characteristic dephasing strength at which the mini-
mum occurs. In simulations, we obtain �∗ � 0.025 J [see
Fig. 15(b)], which agrees with εbath/εlink = 0.025 using our
chosen parameters.

Furthermore, substituting �∗ into T (�) = J2

�ε2
link

yields

Tmin ∼ J

εbath εlink
, (27)

predicting a linear scaling of the minimum time with J , con-
sistent with Fig. 15(c). Using our parameter values, the slope
falls within the expected order of magnitude, 1/(εbathεlink ) ≈
6.3×105.

Thus, our minimal model, with a controlled excitation-
gateway coupling, provides another major result of this paper.
It demonstrates that a single strong bond within a fixed geom-
etry is sufficient to shift the transport optimum and generate
hierarchical relaxation dynamics. Importantly, this mecha-
nism arises purely from geometric structure and does not rely
on increasing the bath size.

VII. ENSEMBLE STATISTICS OF FINITE
SPIN BATHS AT FIXED DENSITY

So far, we have examined various geometries while keep-
ing the system size fixed. However, in realistic disordered spin
environments, transport may occur in larger networks where
geometric heterogeneity is amplified, and multiple clusters
and pathways coexist. This motivates a systematic investiga-
tion of larger ensembles, aimed at determining the robustness
of hierarchical relaxation dynamics and identifying statistical
features that persist across different disorder realizations.

To probe these effects, we study system-size scaling at
fixed spin density, ensuring that larger systems represent
extended realizations of the same underlying disordered struc-
ture. Consequently, the radius of the system is scaled as R ∝√

N , maintaining spatial statistics and the coupling distribu-
tion as the bath grows. This construction enables us to isolate
intrinsic size-dependent behavior and assess the robustness of
hierarchical relaxation in larger networks.

To ensure comparable statistics across system sizes, we fix
the total number of sampled sites to ∼2000 by adjusting the
number of disorder realizations as ∼2000/N . Thus, smaller
systems are averaged over more realizations, while larger sys-
tems are sampled with fewer, maintaining a constant statistical
weight. For each realization, we compute the site-resolved
survival-time measure Tii for all sites i over a logarithmically
spaced range of dephasing strengths �, enabling a systematic
analysis of relaxation statistics across system sizes.

We begin by examining the survival-time measure across
different system sizes. As shown in Fig. 16, the survival curves
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FIG. 16. (Left) Median survival time measure Tii and (right) inverse survival time measure T −1
ii as a function of � for baths with N = 5 sites

to 60. The left and right panels present the same data on a different scale, highlighting scaling behavior (left) and the behavior near the maximum
of T −1

ii (right). The radius is scaled with system size to maintain constant density, with R = 16 nm for N = 10 and RN = 16(N/10)0.5 nm for
general N .

Tii(�) exhibit a well-defined minimum for all values of N .
Notably, the position of this minimum remains approximately
unchanged as the system size increases. This observation is
further supported by Fig. 17(c), where no systematic depen-
dence of �∗ (the dephasing strength at which Tii is minimized)
on N is observed.

This size independence indicates that the optimal dephas-
ing scale is governed by local coupling statistics rather than
global system size. In other words, the competition between
coherent hybridization and dephasing-induced transfer, which
sets �∗, is controlled by typical local energy scales that remain
invariant at fixed density.

We next examine the system-size dependence of the me-
dian survival time at fixed dephasing strengths [shown in
Fig. 17(a)]. For weak dephasing, � ≈ 10−6, no clear depen-
dence on N is observed. This reflects the fact that, in this
regime, the dynamics are governed by 1/� and by ratios
of coupling strengths, which remain invariant under fixed-
density scaling. Consequently, relaxation is dominated by
local cluster dynamics, leading to an approximately size-

independent survival time. In contrast, for stronger dephasing,
� = 10−1 and � = 100, the median survival measure in-
creases approximately as N1/2. Since the system’s radius
scales as R ∝ N1/2, this behavior suggests that in the strong
dephasing regime the relevant relaxation scale grows with the
linear size of the bath. Since Tii characterizes the equilibration
timescale, it is natural to expect that larger systems generally
require more time ∝ R to reach equilibrium.

Next, we focus on the minimum value of the survival-time
measure, Tmin. As shown in Fig. 17(b), Tmin initially increases
with the size of the system before saturating around N ∼ 20.
This saturation marks the onset of a large-bath regime, where
further increases in N do not significantly affect the relaxation
timescale. This behavior reflects the proliferation of parallel
relaxation pathways: Beyond a certain size, the excitation can
escape through multiple channels, eliminating global bottle-
necks.

In Fig. 17(c), we find that the optimal dephasing strength
�∗ remains approximately independent of system size at
fixed density. This follows from the fact that local coupling

FIG. 17. System size scaling of Tii using the data presented in Fig. 16. (a) Median |Tii| as a function of system size N at a fixed dephasing
strength �, showing a power-law scaling with Nα . In the large dephasing regime, � = 10−1 and � = 100, the scaling is approximately N0.5.
In contrast, for weak dephasing, � = 10−6, the dependence on N is very weak. (b) Minimum value of the survival time, Tmin, presented as
a function of N . An initial increase is observed, followed by a saturation around N ∼ 20. (c) Optimal dephasing �∗, defined as the value of
� at which Tmin is attained, plotted as a function of N . No strong dependence on system size is observed, consistent with the approximately
invariant coupling statistics at fixed density.
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strengths Ji j are statistically invariant with N (see Ap-
pendix C). As �∗ is determined by local energy scales, it
remains insensitive to the size of the system.

In Appendix D, we repeat this analysis while fixing the
system size and increasing the spin density, thereby isolating
the effect of enhanced local coupling strengths. In contrast to
Fig. 16, increasing the density shifts the optimal dephasing �∗
to higher values and reduces the survival time, consistent with
the strengthening of tunnel couplings throughout the network.

VIII. SUMMARY AND OUTLOOK

In this work, we investigated quantum transport and relax-
ation dynamics in spatially disordered spin networks subject
to local dephasing. While our approach was motivated by
experiments with NV centers in diamond, our analysis is
relevant for an extremely broad range of quantum transport
scenarios and provides insights into open questions associ-
ated with optimal coherent transport and the interplay of
interactions and disorder. We focused on two-dimensional
tight-binding models with dipolar couplings and local dephas-
ing. Our main result can be summarized as follows:

(R1) Hierarchical relaxation in disordered systems. We
identified a generic mechanism by which geometry gener-
ates emergent slow dynamics. Geometric disorder naturally
induces a hierarchy of tunneling amplitudes, which, in turn,
gives rise to multiple well-separated relaxation timescales.
These timescales manifest as distinct dynamical stages in the
relaxation process, including rapid coherence decay, equili-
bration within strongly coupled clusters, and much slower
global relaxation governed by weak intercluster connectivity.

To understand the microscopic origin of the slowest re-
laxation process, we introduced a minimal three-site model
consisting of a strongly hybridized pair weakly coupled to
a remote site. Strong internal coupling generates an effec-
tive energy mismatch, which suppresses population transfer
in the weak dephasing regime. This mechanism produces a
parametrically enhanced relaxation time scaling as t ∼ J2

ε2�
,

which can exceed the homogeneous bath relaxation scale by
several orders of magnitude.

Using a combination of dynamical measures, steady-state
transport analysis, and ensemble averaging, we showed that
these hierarchical relaxation processes were robust, persist-
ing across disorder realizations. We further demonstrated that
environmental dephasing not only controls the overall re-
laxation rate but also governs the selection and competition
between distinct transport pathways, leading to optimal trans-
port regimes and, in certain configurations, multiple transport
optima.

More broadly, our results demonstrate that relaxation in
finite dipolar spin baths is governed not by typical nearest-
neighbor diffusion but by geometric hierarchy. Rare strongly
coupled clusters generate slow spectral modes of the Liou-
villian, which control global equilibration. In this sense, the
relaxation dynamics contain information about the geometric
structure of the bath itself.

Using the physical normalization introduced in Sec. II,
where Jmax ∼ 1 GHz, one simulation time unit corresponds
to approximately 1 ns. We focus in particular on the regime
� ∼ 10−4 to 10−3, where the dephasing rate is comparable

to the weak link couplings ε in the configurations studied
here. This regime is experimentally natural if the effective de-
phasing originates from spin dynamics not explicitly included
in the coherent Hamiltonian, such as flip-flop processes of
additional bath spins or magnetic noise from 13C. With this
conversion, the typical relaxation in Figs. 5(c) and 5(d),
around t ∼ 104, corresponds to approximately 10 µs, while
the hierarchical bottleneck dynamics can extend to t ∼ 106,
corresponding to approximately 1 ms. Thus, geometric hierar-
chy can prolong otherwise natural microsecond-scale NV spin
bath dynamics by roughly 2 orders of magnitude, producing
experimentally relevant millisecond-scale relaxation tails.

Our work offers several additional important contributions.
(R2) Dynamical measures. We introduced and analyzed

integrated timescale-related measures to characterize survival
and transfer dynamics, Tii and Ti j , respectively. We expect
these measures to be useful in other systems.

(R3) Twin-peak phenomenon in environment-assisted
transport. By constructing the steady state and examin-
ing competing transport pathways, we showed that two-
dimensional disordered systems can exhibit distinct optimal
regimes for quantum transport, each optimized at different
dephasing strengths. This provides a mechanistic explanation
of, and a framework to engineer, the “twin-peak” phenomenon
recently observed in quantum transport [27].

The emergence of well-separated relaxation timescales, lo-
cal cluster-level equilibration prior to global equilibration, and
bottleneck-controlled transport bears conceptual similarity to
glassy relaxation phenomena, where heterogeneous structures
generate metastable dynamical regimes and broad relaxation
spectra [109].

Our findings have direct implications for experimentally
accessible solid-state spin platforms, such as NV centers
in diamond, where disordered spin environments naturally
give rise to strongly heterogeneous coupling networks. More
broadly, the mechanisms identified here are expected to apply
to a wide class of disordered quantum systems, including
excitonic transport in molecular networks, nanoscale energy
transfer, and quantum information processing architectures.

Recent studies of disordered nuclear-spin networks in di-
amond provide closely related physical setting with related
observations. Experiments reveal anomalous, subdiffusive
spin transport and long-lived polarization associated with
weakly connected regions of the network [110]. A continuous-
time random-walk analysis further attributes this anomalous
transport to geometric trapping: Polarization rapidly explores
strongly coupled local clusters, while weak intercluster links
control long-range transport and generate broadly separated
timescales [111]. These experimental and computational ob-
servations complement the mechanism identified here. Future
work could connect the microscopic quantum relaxation
dynamics studied here to the effective waiting-time distribu-
tions underlying continuous-time random-walk descriptions
of anomalous transport.

Several experimentally motivated extensions of this work
can be envisioned. In particular, extending the analysis to mul-
tiple excitations would enable a direct comparison between
single-particle transport and many-body relaxation processes,
such as those underlying the dynamics of T1 and T2 pro-
cesses and would provide insight into how interactions and
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collective effects modify the transport mechanisms identified
here. Incorporating correlated noise and geometry-dependent
fluctuations could further elucidate the role of environmental
memory in hierarchical relaxation dynamics. Finally, ex-
tending the framework to larger networks and to multiple
excitation centers may enable exploration of bath-mediated
correlations and information transfer in solid-state spin plat-
forms.
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APPENDIX A: DYNAMICAL MEASURES

In this Appendix, we discuss different measures for the
dynamics, starting from the spectrum of the Liouvillian. We
then clarify the relation between integrated population mea-
sures, spectral properties of the Liouvillian, and the definition
of relaxation and transfer times used throughout the paper.

1. Liouvillian spectrum

Dissipative dynamics can be characterized by analyzing the
eigenvalues λi and eigenstates of the Liouvillian [Eq. (4)].
The decay rates are given by the negative real part of each
eigenvalue, γi = −Re(λi); the imaginary part determines the
corresponding oscillation frequency. We present our results
for Configuration A in Figs. 18 and 19.

We begin by examining the real parts of the Liouvil-
lian eigenvalues in Fig. 18. In the strong dephasing regime
(� = 0.1), the majority of eigenvalues (89 out of 100) exhibit
rapid decay with rates γ ≈ 0.1. These modes correspond to
fast dynamics occurring on timescales of order 1/�. In con-
trast, a smaller subset of ten eigenvalues displays reduced
decay rates. These slower modes are associated with interclus-
ter transitions; thus, they govern the long-time equilibration
dynamics of the system. Note that the zero eigenvalue of the
Liouvillian is excluded from this figure.

FIG. 18. Configuration A: Histogram of the eigenvalues of the
Liouvillian. Parameters are the same as in Fig. 5 with � = 0.1.

To better understand what the slower eigenvalues are, in
Fig. 19 we inspect the corresponding eigenvectors, projected
onto the different site populations, 0–9. The corresponding
population dynamics in Figs. 5(e) and 5(f) assists in visual-
izing the processes.

The three modes with decay rates γ ≈ 0.01–0.1 exhibit a
large weight on sites 0–2, which are spatially proximate (see
the geometry in Fig. 4). These relatively large rates corre-
spond to rapid equilibration within this triplet, with γ ≈ J2/�,
where J ∼ 0.1 and � ∼ 0.1. Next, the eigenvector associated
with γ ≈ 10−4 − 10−5 has significant support at sites 3 and 4,
indicating local equilibration within this pair. The correspond-
ing rate again follows γ ≈ J2/�, here with a much smaller
coupling J ∼ 10−3. Finally, the remaining six small eigenval-
ues describe slow equilibration processes between different
clusters. These rates are governed by weak intercluster cou-
plings ε ≈ 10−5 to 10−4, leading to γ ≈ ε2/�.

2. MFPT and residence times

We study the dynamics using the following measures: pop-
ulation dynamics from a certain initial condition, purity of the
state Tr[ρ(t )2], and measures for survival and transfer times,
which we now define by modifying the traditional definitions
of the mean first passage time.

FIG. 19. Configuration A: Projection of the slow eigenvectors of
the Liouvillian on the different sites (0–9). Here, the first 89 values
were ignored, along with the steady-state vector. We used � = 0.1,
with the corresponding eigenvalues presented in Fig. 18.
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Consider an N + 2 site system; the network itself includes
N + 1 sites, where we (arbitrarily) assign the initial condition
to site 0 and wish to study population transfer to site N . From
site N , population leaves irreversibly to site T (trap). Let us
define the MFPT to arrive at site T , τM as follows:

τM =
∫ ∞

0
dττ ρ̇T T (τ ). (A1)

What is the interpretation of this expression? ρT T (t ) is the
population accumulated at site T at time t . Its derivative is the
instantaneous population change. Suppose we discretize the
MFPT into short time intervals: The average arrival time is
given by the net number of particles arriving at site T within a
unit time interval, multiplied by the time interval. We then
sum over the full range of time, from initial conditions to
equilibrium.

We note the normalization condition 1 = ∑N
j=0 ρ j j (t ) +

ρT T , thus ρ̇T T = −∑N
j=0 ρ̇ j j . Plugging this expression into

the MFPT definition, we get

τM = −
N∑

j=0

∫ ∞

0
dττ ρ̇ j j (τ ). (A2)

We integrate by parts; here, we make use of the assumption
that in the long-time limit, all the population sits in the trap
site, thus ρ j j �=T (t → ∞) = 0. As a result, we get

τM =
N∑

j=0

∫ ∞

0
ρ j j (τ )dτ =

∑
j

τ j, (A3)

where we defined τ j = ∫ ∞
0 dτρ j j (τ ). Now, in a vectorized

notation, ρ̂(t ) = eL̂t ρ̂(0) thus

τ j = −[L̂−1ρ̂(0)] j j, (A4)

which is the residence time at each site.
Note that this approach requires us to add a decay process

from site N to the trap T, so we do need to change the
Liouvillian and add the γl in the same fashion as done in the
flux calculation. The critical assumption is that populations in
the physical system go to zero at long times. Next, we build
on this construction and the definition of the MFPT to define
measures for transfer and survival timescales.

3. Integrated transfer and survival time measures

We consider open system dynamics generated by a Liou-
villian superoperator L̂,

˙̂ρ(t ) = L̂ρ̂(t ), ρ̂(t ) = eL̂t ρ̂(0). (A5)

Assuming that the population in the physical subspace decays
at long times, as ensured, for example, by introducing an
absorbing trap,

〈i|ρ(t → ∞)|i〉 = 0, ∀i (A6)

the time-integrated density matrix is well defined and satisfies∫ ∞

0
ρ̂(t ) dt = −L̂−1ρ̂(0). (A7)

Projecting onto a site population operator ρ j j = 〈 j|ρ| j〉 yields∫ ∞

0
ρ j j (t ) dt = −[L̂−1ρ̂(0)] j j, (A8)

which we interpret as the residence time of the excitation at
site j.
This expression admits an equivalent spectral representation.
Let {λk, |Rk〉, 〈Lk|} denote the eigenvalues and biorthogonal
eigenvectors of L̂,

L̂|Rk〉 = λk|Rk〉, 〈Lk|L̂ = λk〈Lk|. (A9)

Formally,

L̂−1 =
∑

k

1

λk
|Rk〉〈Lk|. (A10)

Applying this representation to an initial site population ρii ≡
|i〉〈i| and projecting onto site j yields

−[L̂−1ρii] j j = −
∑

k

〈ρ j j |Rk〉〈Lk|ρii〉
λk

. (A11)

In the absence of an absorbing mechanism, the Liouvillian
possesses a zero eigenvalue associated with the steady state,
and its inverse does not exist. In practice, one may exclude
this mode and define a pseudoinverse acting on the decaying
subspace,

(L̂+)−1 =
∑
λk �=0

1

λk
|Rk〉〈Lk|. (A12)

This procedure regularizes time-integrated observables and
yields finite values for Ti j defined as

Ti j = −[(L̂+)−1ρii] j j . (A13)

The diagonal elements, Tii, quantify the survival time of an
excitation prepared at the site i to be found at the same site
throughout the relaxation process (excluding steady state).
Off-diagonal elements Ti j (i �= j) provide a measure for the
transfer time of excitations from site i (initial condition) to
site j. Importantly, we use these measures to learn about re-
laxation pathways, network connectivity, and its energy scales
rather than the dynamics itself.

However, it is important to emphasize that this construction
is mathematical in nature and does not by itself define a mean
first passage time.

Indeed, in the absence of a trap, the population at a physical
site may first increase and later decrease over time, and ρ̇ j j (t )
may change sign. As a result, quantities such as∫ ∞

0
t ρ̇ j j (t ) dt (A14)

are not guaranteed to be positive and generally do not admit a
first passage interpretation. A proper MFPT is obtained only
when an absorbing trap is introduced, ensuring irreversible
population flow, removal of the steady state from the physi-
cal subspace, and strict positivity of the resulting timescale.
Throughout this work, integrated populations and the associ-
ated Ti j matrix are employed as complementary diagnostics of
relaxation and transport.
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FIG. 20. Histogram of all pairwise couplings Ji j upon increasing
bath size N at a fixed density. The distribution acquires additional
weight at small Ji j due to the inclusion of more distant pairs. This re-
flects geometric enlargement of the system rather than a modification
of the local environment experienced by a typical site. Histograms
were generated by constructing 1000 configurations for each value
of N .

Finally, although the Liouvillian L̂ is generally non-
Hermitian and may possess complex eigenvalues and eigen-
vectors, the quantities Ti j are real. For real Liouvillian
matrices, eigenvalues and eigenvectors appear in complex
conjugate pairs, and each complex contribution to the spectral
sum is accompanied by its conjugate,

〈ρ j j |Rk〉〈Lk|ρii〉
λk

+ 〈ρ j j |Rk〉∗〈Lk|ρii〉∗
λ∗

k

= 2 Re

( 〈ρ j j |Rk〉〈Lk|ρii〉
λk

)
, (A15)

ensuring that Ti j ∈ R. This result holds for both diagonal
elements (i = j), corresponding to survival times, and non-
diagonal elements (i �= j), which quantify integrated transfer
between sites.

APPENDIX B: DERIVATION OF EQ. (20)

We focus on the Hamiltonian in Eq. (13). Using a
row-stacking vectorized form for the density matrix, the Li-
ouvillian, modified to include leak from site 2 and population
normalization on the first row, is explicitly given by

L̃ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 1 0 0 0 1
iJ −� iε 0 −iJ 0 0 −iε 0
iε iε −� − γl

2 0 0 −iJ 0 0 −iε
−iJ 0 0 −� iJ iε −iε 0 0

0 −iJ 0 iJ 0 iε 0 −iε 0
0 0 −iJ iε iε −� − γl

2 0 0 −iε
−iε 0 0 −iε 0 0 −� − γl

2 iJ iε
0 −iε 0 0 −iε 0 iJ � − γl

2 iε
0 0 −iε 0 0 −iε iε iε −γl

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (B1)

The steady-state solution, ρ̂NESS = L̃−1|11〉〉, is derived using
Mathematica [113] by performing a symbolic matrix inver-
sion. The vector |11〉〉 includes zeros besides the normalization
value “1” at the first row. The flux is calculated from the

steady-state population, ρNESS
22 , once multiplied by γl . It is

provided in Eq. (20). Note that in this nonequilibrium steady
state the coherences are nonzero, reflected by the nonzero
probability flux.

FIG. 21. (a) Histogram of the total coupling strength experienced by site i, S(1)
i = ∑

j �=i Ji j . (b) Histogram of quadratic accumulation of

couplings for site i, S(2)
i =

√∑
j �=i |Ji j |2. (c) Histograms of strongest local coupling, Mi = max j �=i |Ji j |, experienced by individual sites. Apart

from minor finite-size effects at the smallest N , the distributions for S(1)
i , S(2)

i , and Mi collapse across system sizes. This demonstrates that the
local geometric environment of a typical site is statistically invariant when N increases at fixed density.
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FIG. 22. Histogram of the bath maximum coupling J (bath)
max . In

contrast to local observables, the distribution shifts systematically
toward larger values as N increases. This behavior reflects extreme
value statistics: Since the number of pairwise couplings scales as N2,
the probability of realizing a rare strongly coupled pair grows with
system size.

APPENDIX C: LOCAL VERSUS GLOBAL
GEOMETRIC STATISTICS

As the system size increases at fixed density, we examine
the corresponding changes in the interaction network. While
the local environment experienced by a given site remains
statistically invariant, global properties such as the extremal
values of the coupling strengths J vary with system size.

1. Pairwise coupling distribution

We first examine in Fig. 20 the histogram of all pairwise
couplings, Ji j , across the bath. As N increases at a fixed
density, the distribution develops an additional weight at small
Ji j values. This is expected: Enlarging the system adds more
distant pairs, and since the interaction decays as a power law
with distance, these additional pairs predominantly contribute
weak couplings. This behavior reflects the growth of the sys-

tem size and the inclusion of larger radii. It does not by itself
imply a modification of the local environment for a typical
site.

2. Local observables

To focus on local effects, we now analyze site-resolved
observables defined “row wise” from the Hamiltonian matrix.
We define the following observables:

S(1)
i =

∑
j �=i

|Ji j |, S(2)
i =

√∑
j �=i

|Ji j |2, Mi = max
j �=i

|Ji j |.

(C1)
Here, S(1)

i measures the total coupling strength experienced
by site i, S(2)

i captures the quadratic accumulation of couplings
for site i, and Mi identifies the strongest neighbor of site i. His-
tograms for S(1)

i , S(2)
i , and Mi are shown in Figs. 21(a)–21(c),

respectively. Strikingly, these distributions exhibit almost no
systematic shift with increasing N , and this effect is particu-
larly notable for Mi. Apart from minor finite-size effects at the
smallest bath size, these histograms collapse nearly perfectly
for larger N . This demonstrates that the local coupling envi-
ronment of a typical site remains statistically invariant when
N is increased at a fixed density.

3. Global extreme statistics

We define the maximum coupling of the N-spin bath as

J (bath)
max = max

i, j
|Ji j |. (C2)

In contrast to local observables, the histogram of J (bath)
max

systematically shifts toward larger values as N increases
(see Fig. 22). This behavior is expected since the total number
of pairwise couplings scales as N2, and therefore the prob-
ability of finding at least one unusually close pair increases
with the size of the system. The strengthening of J (bath)

max is thus
a direct manifestation of extreme value statistics. Crucially,

FIG. 23. (Left) Median survival measure Tii and (right) inverse survival measure T −1
ii as a function of � for bath sizes N = 10 to 60 at a

fixed radius R and growing density. The general downward trend in Tii with N (see also Fig. 24) indicates improved connectivity and reduced
geometric isolation. At the same time, the location of the minimum shifts systematically toward larger �. Error bars represent bootstrap
uncertainties.
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FIG. 24. System size scaling of survival time measure with increasing density using the data presented in Fig. 23. (a) Median |Tii| as a
function of system size N at a fixed dephasing strength �, showing power-law scaling with Nα . For the large dephasing regimes, � = 10−1

and � = 100, the scaling is approximately N−2.6. In contrast, for weak dephasing, � = 10−6, the dependence on N is very weak, suggesting
almost no clear N dependence. (b) Minimum value Tmin vs N , fit to an exponential decay Ce−αN + b, with C = (3.6 ± 0.9)×105, α = (6.8 ±
1.3)×10−2, and b = (1.5 ± 0.5)×101. (c) �∗, the value of � at which Tmin is attained, plotted as a function of N . A rightward shift of �∗ is
observed as N increases.

this shift is not accompanied by any comparable modification
of local statistics, as we demonstrated in Fig. 21. The size-
dependent restructuring of the bath therefore originates from
global, rather than local, geometric effects.

4. Physical interpretation

The combined analysis of local and global observables
leads to clear conclusions: (1) Local geometric statistics are
controlled by density and remain invariant with N . (2) Global
extreme couplings scale with system size.

APPENDIX D: ENSEMBLE STATISTICS OF FINITE
SPIN BATHS: FIXED RADIUS

The analysis presented in Sec. VII and specifically Figs. 16
and 17 was performed at a fixed density, thus when increasing
system’s size. In this Appendix, we present Figs. 23 and 24
corresponding to a fixed-radius setup, in which the spin den-
sity increases with system size.

For bath sizes N = 10–60, approximately 50 independent
realizations were generated at each value of �. For each real-
ization, the full set of site-resolved survival measures Tii was
calculated over 50 logarithmically spaced dephasing strengths
�, with enhanced sampling between 10−4 and 10−2. Since the
distribution of Tii is strongly skewed due to rare configurations
containing unusually strong local couplings, the median was
chosen as the representative statistical measure, rather than the
mean. Uncertainties were estimated using bootstrap resam-
pling across bath realizations. The total number of sampled
sites ranged from roughly 500 for N = 10 to 3000 for N = 60.
A clear trend emerges in Fig. 23. The typical survival time

decreases as N grows. As the spin density increases with N
at fixed radius, the probability of poorly connected edge sites
is reduced and rare protective configurations are suppressed.
The position of the minimum �∗ shifts monotonically toward
larger dephasing strengths as N increases. This behavior mir-
rors the single configuration analysis, where stronger local
couplings displace the optimal noise scale. The increasing
spin density enhances the likelihood of stronger couplings,
which in turn requires larger � to suppress coherent bottle-
necks and enable efficient transport.

In Fig. 24(a), we further show that in the strong dephasing
limit, the following scaling for the survival time measure
develops: Tii ∝ N−2.5. Explaining this trend requires further
simulations and analysis. In contrast, the weak dephasing
regime shows no clear dependence on concentration. This is
interesting, but it is physically reasonable, since the relevant
timescales in this regime are 1/� for a homogeneous bath and
(J2/ε2)/� for the hierarchical case. Under a uniform increase
in density, both J and ε are expected to increase by the same
factor, so the ratio J2/ε2 remains unchanged. As a result,
the characteristic weak dephasing timescales are expected to
remain approximately constant.

Figure 24(b) shows that the minimum survival time
decreases approximately exponentially with density. This
behavior indicates that protective substructures become sta-
tistically suppressed as the bath grows.

The monotonic shift of �∗ with density, presented in
Fig. 24(c), constitutes another statistical feature of the sys-
tem. As the density grows, the typical coupling strengths
increase, leading to a systematic shift of the optimal dephasing
magnitude.
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